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Abstract
This thesis consists of four parts, roughly progressing from results in algebraic geometry to
results in number theory. The unifying figure throughout this thesis is an algebraic curve:
we begin with curves over the complex numbers and their realizations in projective space,
move then to curves over number fields, and finally end with arithmetic questions concerning
Galois properties of torsion points on elliptic curves.
The first part generalizes the familiar fact that there always exists a line through 2
points in projective space, but not through 3 points in general position. We consider the
more general fundamental incidence question: when does there exists a degree d, genus g
curve though n general points in P? We work in the case when the curve is of general
moduli, and hence by the Brill-Noether theorem p(d, g, r) = g - (r + 1)(g - d + r) > 0. In
this range, a dimension count predicts the maximal possible n. Using deformation theory to
translate this problem into a stability-like condition on the normal bundle of a general such
curve, when r = 3 and 4 we prove that this naive dimension count is correct in all but two
cases. The work in P4 is joint with Eric Larson.
In the second part, we investigate an arithmetic analogue of the gonality of a smooth
projective curve C over a number field k: the minimal e such there are infinitely many
points of degree bounded by e. We call this invariant the arithmetic degree of irrationality
of the curve C over k. Such an integer is always bounded by the gonality of the curve,
since the preimage of the infinite set of rational points on P1 lie in the set of points of
residue degree at most the gonality. By work of Faltings [Fal94], Harris-Silverman [HS91]
and Abramovich-Harris [AH91}, it is well-understood when this invariant is 1, 2, or 3; by
work of Debarre-Fahlaoui [DF93] these criteria do not generalize to e at least 4. In this
chapter, we develop techniques to compute this invariant that make use of an auxiliary
smooth surface containing the curve. Using this idea, we show that this invariant can take
any value subject to constraints imposed by the gonality. We then use these techniques
to generalize work of Debarre-Klassen [DK94] and show that this invariant is equal to the
gonality for all sufficiently positive curves on a surface S with trivial irregularity (i.e., discrete
Picard group). This chapter is joint work with Geoffrey Smith.
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The third part begins the transition to the arithmetic of elliptic curves by studying the
relationship between the linear algebraic data of (torsion-free, finitely presented) modules
over the endomorphism ring of an elliptic curve, and abelian varieties isogenous to a power of
the elliptic curve. There is a contravariant functor relating these two categories, attributed
to Serre and Tate and appearing in [Gir68, Wat69I, that is fully faithful but not in general
an equivalence of categories. (In [JKP+18, 7J, necessary and sufficient conditions for surjectivity are given). One reason for the failure of surjectivity is that the endomorphism ring
may grow in a (Galois) extension of the ground field. We address this problem here by constructing a functor from Galois-equivariant modules over the endomorphism ring of the base
extension of the elliptic curve to abelian varieties isogenous to a power of the elliptic curve
over the Galois extension. In particularly, this gives a simple new proof that the isogeny
class of an elliptic curve with complex multiplication always contains a curve with complex
multiplication by a maximal order. Such a proof was our original motivation, since it is
useful in the next chapter.
Finally, we turn to local-global principles for level structure on elliptic curves. Namely, we
consider the following problem: if E is an elliptic curve, almost all of whose reductions have a
cyclic isogeny of degree N, then must E globally have a cyclic N-isogeny? Sutherland [Sut12],
Anni [Ann14I, and Banwait-Cremona IBC141 considered this problem when N is prime; they
show that the answer is not always yes, but that the primes N for which this local-global
principle fails for N-isogenies are bounded in terms of the invariants of the number field.
Building on their work, we address the composite degree case. In particular, we classify the
level structure giving rise to exceptions and prove analogous finiteness statements.
Thesis Supervisor: Bjorn Poonen
Title: Claude Shannon Professor of Mathematics
Thesis Supervisor: Joe Harris
Title: Higgins Professor of Mathematics, Harvard University
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Chapter 1
Introduction
This thesis is concerned with the geometry and arithmetic of algebraic curves, i.e., onedimensional algebraic varieties. The early study of algebraic curves over C was always via
their extrinsic geometry as subsets of complex projective space F' := CP", or even more
specifically as nodal plane curves (r = 2). Let us begin with the example of smooth plane
curves, which will be a recurring demonstration of the phenomena studied in this thesis.

Given variables x 1 ,.

..

x, the degree of a monomial xI'x2

x"; is the sum a 1

_..

+an.

A polynomial in the variables X 1,..., x, is homogeneous of degree d if every monomial is of
degree d. A plane curve C = V(f) (over C) of degree d is specified by the vanishing of a
(nonzero) homogenous polynomial with coefficients in C

f(x, y, z) = 0 of degree d. As f is

homogeneous, given any one solution (xo, yo, zo) such that f(xo, yo, zo) = 0, for any A
we have f(Axo, Ayo, Azo) = Adf(Xo, Yo, zO)
vanishing of

f.

=

#

0,

0. Scaling by nonzero A therefore preserves the

The complex points of the curve C are identified with the solutions of

f

modulo scaling:

C(C) := {(xo, yo, zo) 7 0 E C' : f(xo, yo, xo) = 0}/(o, yo, zO)

A plane curve of degree d is called smooth if

=Io = 0. is
A-o = (xo, yo, zo) such that (roC ==IoV(f)

smooth

a
11

-

(Axo, Ayo, Azo)

for A 4 0.

A degree 1 plane curve is a line, specified by a single equation

f (x, y, z)

=

aioox + a01 0 y

+ aooiz = 0.

Such a curve is always smooth, as one of aoo = L, a0 1 0 a =

,

and a001

=1

is assumed to be

nonzero. The space of (homogeneous) degree 1 equations is the 3-dimensional vector space
C -

1 00

e C-

0 10

@ C - a 001 . Given any two distinct points pi and

P2

in the plane, there is

a line passing through, interpolating, these two points. While geometrically clear, let us see
how this follows from basic linear algebra. The condition that C

=

V(aloox + a0 1 0y + aooiz)

pass through pi = (Pio, PI1, P12) is equivalent to

pi E C(C)
Similarly given

4

P2 =

f(p1o, p11, p12) = aioopio + aoiopil + aooip12

(P20,p21,P22),

we need aiOOp 20 + ao1Op 2 1 + a0 0

1P 2 2

=

= 0.

0.

Together we

see that any such interpolating line we are seeking (i.e., the coefficients a 1 0 0 , a 0 1 0 , and aoo1)
solves the linear equation

P20

P21

b
)

P22

=

.

P10 P11 P120

0

In other words, such a line always exists because a matrix with more columns than rows
always has a nontrivial kernel. And conversely, we cannot hope to pass a line through more
than two points that are in general position: a random 3 x 3 matrix has full rank.

A degree 2 plane curve is called a conic. We can analogously determine the number of
points through which a conic interpolates using linear algebra. Homogeneous equations
degree 2 depend upon 6 parameters

a20 0X2 + alioxy + ao2oy2 + aioixz + aoilyz + a0 02 z2
12

f

of

and the condition that a conic passes through pi

=

(pio, Pi, Pi2) is again linear in these

coefficients (a20 0 , allo, a0 2 0 , a 1 01 , ao
01 , ao0 2 ) of f:

Pi C C(C)

<->

a2 00pio+ an1 opopil + a

2
20 p

2
+ a10 1Pi0Pi2 + aon
1 pnp 2 + a002 p

-

0

To have a matrix with a guaranteed nontrivial kernel, we can impose at most one less equation
than the number of variables. We can therefore find a (smooth) plane conic interpolating
through 5 = 6 - 1 general points, but no more.

Interpolation of curves through points is a fundamental problem in algebraic geometry
whose study dates back to antiquity.

The first cases that were studied historically were

rational (genus 0) plane curves, as we discussed above.

Some of these appear in Euclid's

Elements, such as the first postulate that there exists a line through two points, and Proposition 5 from book IV, which shows that every triangle may be inscribed in a circle (i.e. that
there exists a circle through any three non-collinear points). Other classical results include
the formula -

often attributed to Lagrange, but originally discovered by Waring in 1779

lWar79I - for the unique degree d polynomial with specified values at d + 1 distinct inputs.
The modern study of interpolation has focused on extensions of these results to curves of
higher genus in higher dimensional projective spaces. The case of smooth curves in
be solved with linear algebra as above. A degree d equation depends upon
and so we can interpolate a smooth plane curve of degree d through (d+2)
but no more. This number

()

-1

-

(d+2)

2

can

parameters,

1 general points,

is the dimension of the space of smooth plane curves (as

opposed to their equations): the vanishing of an equation depends on it only up to scaling,
However, a smooth plane curve always has

and hence depends on one fewer parameter.
genus g

=

(d21). If we instead fix the genus (of the normalization), then the problem is no

longer linear. In this case, a simple application of the deformation-theoretic arguments used
in this thesis shows that a (nodal) plane curve of degree d and genus g interpolates through

f(d, g, 2) = 3d+g - 1
13

general points and no more. The natural setting for this result, and the problem in higher
dimensions, is to consider Brill-Noether curves, which we now explain.
A turning point in the study of algebraic curves came with the definition of an abstract
algebraic curve, breaking the subject into (1) the intrinsic study of a curve (independent of a
projective embedding) and (2) the "representation theory" of curves: the study of maps from
an abstract curve to projective space. In this first subject there is one discrete parameter:
the genus of the curve g.

For each g, there is an irreducible (coarse) moduli space M.

parameterizing smooth abstract curves of genus g. While this space is not compact, there
is a nice compactification Mg of stable curves described by Deligne and Mumford.

The

stability property constrains the singularities and the automorphisms of the curve: C is
stable if and only if it is nodal and Aut(C) is finite. To make this explicit, let us also consider
nodal marked curves (C, pi,... , N), where pi E C". Every nodal marked curve is built out
of a smooth (not necessarily connected) marked curve (the normalization

0)

by gluing two

marked points above every node.

a

C

Then we say that a nodal marked curve (C,pi,

...

,pa) is stable if every component of the

normalization (0, q1 , . . . , q,) of genus 0 has at least 3 marked points, and every component
of genus 1 has at least 1 marked point.
In the second subject there are many discrete invariants. Maps from C to projective space
p

are in bijection with the data of a line bundle L on C equipped with a choice of r+1 sections

0
vO, v 1 , . .. , Vr spanning a base point free subspace of the global section H (C, L). The degree

of the curve

f:

C + P'r specified in this way is the degree of the line bundle L = f*(Opr(1).

A curve f: C -+ p' is called degenerate if the map
it is called nondegenerate.

f

factors

In other language, a map C

14

-+

f:

C

p

specified by r + 1 sections

-+

Pr- 1 "

pr;

otherwise

VO, vi, ...

,)

of L is nondegenerate if and only if the vi are linearly independent, i.e., give a

basis of an (r + 1)-dimensional subspace. The moduli space Mg (P', d) parameterizes pairs
(C,

f

: C

-+

P'), where C is a nodal abstract curve of genus g and

f

is a degree d stable map.

As for stable curves, the stability condition on maps requires that Aut(f : C
(explicitly, any contracted component of

f

-÷

Pr) is finite

must be a stable curve in the sense above).

A first question to understand these maps of curves to Pr: for what (d, g, r) is there a
nondegenerate degree d, genus g curve C _ Pr? In other words, when is the nondegenerate
locus in M(Pr, d) nonempty? This question is answered by Clifford's theorem:
Theorem 1 (Clifford's Theorem [ACGH85, Chapter 3,

1]). There exists a nondegenerate

curve of degree d and genus g in pr if and only if

d >

g+ r

or

d > 2r.

The range of invariants we need to consider is therefore the entire shaded region of the
following graph.

Clifford range
Nonspecial range

r

Brill-Noether range

d
However, there are two problems with this picture along the bold boundary labeled *:
(1) the maps are not embeddings: they are 2 : 1 covers of rational curves (g = 0) and
(2) the maps (equivalently line bundles with basis of sections) exist only for hyperelliptic
curves. As it happens, solving the second problem automatically solves the first as well. The

15

representation theory of "general curves" of degree d is the field of Brill-Noether theory. The
foundational result here is:

Theorem 2 (The Brill-Noether Theorem. (Griffiths-Harris [GH80I, Gieseker [Gie82], Kleiman-Laksov [KL72],...)). A general genus g curve can be described as a degree d nondegenerate curve in Pr if and only if

p(d, g, r) := g - (r + 1)(g - d + r) = (r + 1)d - rg - r(r +1)

> 0.

In this case, there is a unique component Mg(Pr, d)0 of Mg(P'r, d) parameterizingsuch maps.
In addition, a general such map is an embedding if r > 3 and generically an embedding with
only nodes if r = 2.

We call curves C -+ Pr parameterized by this component M,(Pr, d)' Brill-Noether curves
(or BN-curves for short). The Brill-Noether theorem in particular says that (d, g, r) are the
only discrete invariants of BN-curves and therefore gives a way to talk about a "general curve
in projective space": it is a general point of the irreducible component Mg(P, d) 0 . In this
language, the interpolation problem for BN-curves can be phrased as follows.

Question 3. If you fix n general points in pr, does there exist a Brill-Noether curve of
degree d and genus g through these points?

Rephrasing, the space M,," (pr, d)' parameterizes Brill-Noether curves with n marked
(smooth) points on the source curve; i.e., tuples (f: C
map and (C, pi,. .

. , pa).

contracted component of

-

pr,p,. . .p), where

f

is a stable

(The stability condition encompasses the marked points: every

f

must be a stable marked curve, so every component of genus 1

must have at least 1 marked point or node, and every component of genus 0 must have at
least three marked points or nodes.) There is a natural evaluation map
7

Tg~s(Pr, d)'

16

-v , (pr),

taking the image of the n marked points

(Y: C - P', pi, .. .-P-) -

(f(pi), . ..- , f (pn)).-

Question 3 is equivalently: for what (d, g, r, n) is the map ev dominant?
A necessary condition is that the dimension of the source is at least the dimension of the
target. By the Brill-Noether theorem,

dim Mg,n(IPr, d) 0 = dim M 9.n+ p(d, g, r) + dim Aut(P'r),
= 3g - 3 + n + (r + )d- rg - r(r + )+ (r+

1)2 _1

= (r+ 1)d - (r- 3)(g - 1) + n.
dim (P')' = rn.

The natural first conjecture would be that this condition is also sufficient: a Brill-Noether
curve interpolates through
r)
f (dg,

(r + 1)d - (r - 3)(g - 1)
r -- 1

general points. When r = 3, the expected number f(d, g, 3) simplifies to 2d, and the naive
conjecture would be that a BN-curve of degree d interpolates through 2d general points
(independent of the genus). We can give a (silly) first answer to the conjecture with the
following counterexample: consider curves of degree 5 and genus 2 in P3. Such curves are
expected to interpolate through 10 general points; however every such curve lies on a (unique)
quadric surface (a general degree 5, genus 2 curve in P 3 is a (2, 3) curve on IP1 x P1 -+ p3.)
The space of quadric surfaces in P'3 is a projective space PH(P 3 , Op3( 2 )) ~- P'. Using
ideas from linear algebra similar to the solution for smooth plane curves above, one sees
that quadric surfaces interpolate through 9 general points, but no more. Therefore, the
subset of (P) 10 consisting of points on some quadric is a subvariety that is not equal to
all of

(p3)10.

This proper subvariety necessarily contains the image of the evaluation map
17

ev (2,

10

(P3, 5)0 - (p3)1) and as such it cannot be dominant.

In a similar way, curves of degree 6 and genus 4 are also counterexamples to the conjecture: they are expected to interpolate through 12 general points, but lie on quadrics and so
only interpolate through 9. In light of these counterexamples, a more reasonable conjecture
is the following.
Conjecture 4. For all but finitely many tuples (d, g, r), a Brill-Noether curve of degree d
and genus g in P' interpolates through f(d, g, r) general points (and no more).
In Chapter 2 we prove the following two theorems that completely address this conjecture
when r

=

3 and r = 4. The work on interpolation in p4 is joint with Eric Larson.

Theorem 5 (Theorem 2.2.1(1)). A Brill-Noether space curve (r = 3) of degree d and genus
g interpolates through f(d, g, 3) = 2d general points unless (d, g) = (5, 2) or (6,4), in which
case it interpolates through only 9 general points.
Theorem 6 (Theorem 2.2.1(2) (Larson-Vogt)). Brill-Noether curves in P4 always interpolate through the expected number f(d, g, 4) of general points.
Theorem 2.2.1(1) builds upon the work of Perrin iPer84] who investigated the problem via
liaison, and Atanasov [Atal5], who answered the question in the nonspecial range (d > g+3).
The generalization to nonspecial Brill-Noether curves in P was answered in the nonspecial
range in [ALY18].

The difficult work of both theorems is therefore dealing with special

curves.
The interpolation problem is hardest when the degree is small relative to the genus and
dimension of the projective space. This is for two reasons:
1. All known counterexamples occur when the degree is as small as possible given g and
r. Consequently, any techniques which can probe curves where d is small relative to g
and r, must be complicated enough to work in exactly the cases where the conjecture
is true.
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2. The dimension of the space of maps from a curve of genus g to P' is a decreasing
function of the degree. Therefore the map may only be degenerated in limited ways
when the degree is small. In the nonspecial range (d > g + r) where Conjecture was
settled in [ALY18I, a BN-curve can be degenerated to a union of lines, where each
line is attached inductively to general points on the curve.

Such degenerations are

only available in this range, so methods of [ALY18I cannot hope to probe the range
d < g + r without new ideas.
Additionally, one can study a variant of the above conjecture where we constrain points
to lie on a hypersurface.

In low dimensions (r < 4), the intersection of a general Brill-

Noether curve of degree d and genus g with a transverse hypersurface S of degree n in P'
exhibits behavior that does not appear in higher dimensional projective spaces (r > 5).

Namely, for exactly five values of (r, n) -

(r, n) E {(2, 1), (2, 2), (3, 1), (3, 2), (4, 1)} -

this

intersection is a general set of dn points on S for all but finitely many (d, g) [Larb]. In these
three cases, it is therefore natural to ask a stronger question: can one pass a general BrillNoether curve of degree d and genus g through f(d, g, r) points which are general subject to
the constraint that dn of them lie on a transverse hypersurface of degree n? This question
is straightforward for (r, n)
Theorem 5 for (r, n)

=

C {(2, 1), (2, 2)}, follows straightforwardly from the proof of

(3, 1), and is the subject of [Larb] when (r, n)

=

(3,2). To address

the only remaining case (r, n) = (4, 1), we also prove the following stronger theorem.
Theorem 7 (Corollary 2.2.3 (Larson-Vogt)). A general Brill-Noether curve of degree d and
genus g in P' interpolates through a set of f(d, g, 4) points which are general subject to the
constraint that d of them lie on a transverse hyperplane, if and only if

(d, g)

{(8, 5), (9, 6), (10, 7)}.

In these three cases, the statement fails because the section by a transverse hyperplane
of the general curve is not a general set of d points in the hyperplane; instead it is a set of d
points which are general subject to the condition that they are distinct points which lie on
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a complete intersection of 11 - d quadrics.
The proofs of these theorems involve showing that the normal bundle of the general BrillNoether curve satisfies a property closely related to semistability. (In fact, when 2d + 2g - 2
is a multiple of r - 1, this property implies semistability (see 2.3.2 for more details), so a
corollary of Theorem 5 is the semistability of normal bundles of general Brill-Noether space
curves with (d, g, 3)

{(5, 2, 3), (6,4, 3)}).

The strategy is inductive:

degenerate to the

boundary of Mg(Pr, d)' where the source is reducible and understand the normal bundles of
the components together with gluing data at the nodes.
It has long been known that to study smooth varieties, it is helpful or even necessary to
study degenerate ones. While the interpolation results in Theorems 1 and 2 are proven using
degeneration techniques, these results also yield a flexible and general inductive technique
for proving other statements by degeneration, by gluing two curves along the set of points
through which they interpolate. A variant of Theorem 6 was used in this way in Larson's
proof of Severi's Maximal Rank Conjecture [Larl8, Larl7.
We may also rephrase the Brill-Noether theorem in terms of the loci of line bundles with
sufficiently many sections to define a map to projective space of a certain dimension. The
locus WJ(C) C Picd(C) parameterizes line bundles L on C with hV(L) > r + 1. To specify
a map to projective space, we also need a subspace V C H0 (C, L) of dimension r

+ 1. The

locus Gr(C) parameterizes pairs (L, V), and we call a point in this space a g" on C. The
locus in M. (PI', d) of degree d maps from C

--

p is therefore a PGLr+i-torsor over the locus

in Gr(C) where V is base point free.
If C is of genus g, then a dimension count gives that if Gr(C) is nonempty, then

dim Gr(C) >

-

(r+ 1)(g - d + r) = p(d, g, r),

with the expectation of equality. The basic statement of the Brill-Noether theorem is proved
in two parts:

1. (Existence) If C is a general curve and p(d, g, r)

0, then W(C)

9 Picd(C) is

nonempty. Hence Gj(C) is nonempty and of dimension at least p(d, g, r).

20

2. (Nonexistence) If C is general and p(d, g, r) < 0 then Wd, and hence G(C) is empty.
(This tower explains the dimension of the Brill-Noether component

dim Mg(Pr, d) 0 = dim Mg + dim G(C) + dim PGLr+i
for C general.)
While the classical theory is all for smooth projective curves over C, the definition of
the Brill-Noether loci W '(C) makes sense for C defined over arbitrary fields k. We will
see here that when k is a number field, Faltings' theorem relates the geometry of these loci
to deep problems in arithmetic. In what follows, let C be a nice (smooth, projective and
geometrically integral) curve over a number field k. A basic object of study in arithmetic

geometry is the set of rational points C(k) on C. The behavior of this set depends crucially
on the topology of C(C), namely the genus of C.
If C is of genus 0 (i.e., C(C) = P', the Riemann sphere), then over the algebraic closure
k of k, we have CT ~ P-. While this may fail over k, the anticanonical bundle -KC is very
ample and the complete linear system

I-

C as a smooth plane conic in P 2 . If 0(k)

Kci := PH0 (C, -Kc) associated to -KC embeds

$

0, then stereographic projection from a point

P E C(k) defines a map

wrp: C

-+

Pk

over k. This degree 1 map is an isomorphism that identifies 0(k) = 7-(P(k)). Hence

C(k) is infinite

<->

C(k) # 0.

Even if C(k) = 0, we can still define a projection map from a k-rational point

lrQ: C

Q C P2 (k)

deg2

In this case, the preimage of a rational point on P1 is a pair of conjugate quadratic points
on C, i.e., points with coordinates in some quadratic extension K/k. As C has no rational
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points, to get an infinite set of points, we are therefore naturally led to allow extensions of
k of degree at most 2.

Mbre generally we will attach an invariant to nice curves C that measures how large of
an extension of the ground field we must allow to get an infinite subset of algebraic points.
Given an algebraic point P c C(k), the degree of P is the degree of the residue field extension
[k(p) : k]. We therefore have a tower of sets of algebraic points with constrained degrees:

C() = {P E C(k) with deg(P) arbitrary}
U1

C, :={P E C(k) such that deg(P) < e}=

U

C(F)

{[F:k]<e

U'

C2

{P E C(k) such that deg(P) < 2}

U1
C(k) = C1 := {P E 0(k) such that deg(P) = 1}

In Chapter 3 we investigate how far up in this tower we must go to get an infinite set. Define
the arithmetic degree of irrationality to be

a.irrk(C) := min(e : Ce is infinite).

The situation for genus 0 curves may then be summarized as

:

a.irrk(C) =
12
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(k)

=

0

: CQk) = 0.

However, this invariant is not preserved under extension of the ground field; for example,
if C is a curve of genus 0, there always exists a degree at most 2 extension K/k such that
C(K)

#

0, and hence

CK

-P1.

We therefore also define

a.irrK(C) := min(e : (CK)e is infinite)

K/k finite.

We have that a.irrK(C) < a.irrk(C) for all finite extensions K/k, and we denote the stable
value

a.irrT(C) := min(e : there exists a finite extension K/k with (CK)e infinite).

As is implicit in the notation, this notion depends only upon the k-isomorphism class of C.
As C/k ranges of genus 1, then a.irrk(C) need not be uniformly bounded; indeed, the
minimal degree extension over which a genus 1 curve has a rational point is not uniformly
bounded. (Every such curve is a torsor for its Jacobian J := Pic 0 (C) and hence defines a
class in the Weil-Chatelet group H1 (k, J) that is trivial if and only if C has a rational point.
For every number field k, there exists an elliptic curve J/k and a class in H1 (k, J) not split
by any extension K/k of degree at most n, since H'(k, J) can have classes of arbitrarily
large order.)

However, the theory of heights shows that if C is a curve of genus 1, then

a.irrT(C) = 1. Therefore if C is of genus at most 1, then a.irrT(C) = 1.
The situation is starkly different for curves of higher genus: Faltings' theorem [Fal91
states that if the genus of C is at least 2, then a.irrT(C) > 1. Phrasing Faltings' famous
result this way begs the question: given that a.irrT(C) > 1, what can be said about its
precise value?
There is an inductive component to the arithmetic degree of irrationality.

As we've

observed for plane conics with no points, if f: C -* X is a degree e finite map of curves,
then

f 1 (X(k)) C; Ce.
As such, if X(k) is infinite (and so by Faltings' theorem, the genus of C is at most 1), then
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a.irrk(C) < e. Recall that the (k-) gonality of C/k,

gonk(C) := min(e : there exists a map C -+ P' of degree e),

is a measure of the "geometric degree of irrationality" of C. This notion is also not invariant
under extension of the base field (e.g., a genus 0 curve has k-gonality 1 if and only if it has
a k-point). For that reason we also define the geometric gonality gonT(C) := gon-k(CT) to be
the value stable under finite extensions.

As observed above, if

f:

C -+ Pi is of degree at

most e, then f-1 (P1 (k)) C Ce; therefore we always have the upper bound

a.irrk(C)

This bound cannot always be sharp: if

f:

C

gonk(C).

-*

onto a positive rank elliptic curve E, then f

(1.1)

E is a dominant map of degree at most e
(E(k)) c Ce is also infinite.

When e

=

2

(resp. e = 3) then Harris-Silverman [HS91] (resp. Abramovich-Harris [AH91J) showed

a.irr, (C) = e -

e is minimal such that CV is a degree e cover of a curve of genus < 1.

Debarre-Fahlaoui [DF93] gave examples of curves lying on Pl-bundles over an elliptic curve
that show the analogous result is false for all e > 4. The arithmetic degree of irrationality
is therefore a subtle invariant of a curve, capturing more information than only low degree
maps and Faltings' theorem.
Implicit in the work of Abramovich-Harris [AH91J and explicit in a theorem of Frey
[Fre94], is the fact that Faltings' theorem implies that if Ce is infinite, then C admits a map
of degree at most 2e onto P1. Therefore we have an inequality in both directions

gonk(C)/2 < a.irrk(C) < gonk(C).

(1.2)

In this Chapter 3, we develop and apply geometric techniques to compute a.irrk(C) and
gonk(C) when C lies on a smooth auxiliary surface S. The first result, joint with Geoffrey
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Smith, in this direction is that the inequalities in (1.2) are sharp, and subject to that, the
arithmetic and geometric degrees of irrationality can be decoupled.
Theorem 8 (Theorem 3.2.1 (Smith-Vogt)). Given any number field k and a pair of integers
a, y > 1, there exists a nice curve C/k such that

gonk(C) = gonT(C) = Y

a.irrk(C) = a.irrTy(C) = a,

(1.3)

if and only if y/2 < a < -y.
Using these geometric techniques, we next describe classes of curves where the arithmetic
and geometric degrees of irrationality agree; that is, where there are as few points as allowed
by the gonality.
The first explicit examples of this kind were given by Debarre and Klassen for smooth
plane curves C/k of degree d sufficiently large. Max Noether calculated the gonality for
d > 2 (see Proposition 3.1.9):
1. If C(k) = 0, then gonk(C)

=

d - 1, and all minimal degree maps are projection from

a k-point of C, and

2. If C(k) = 0, then gonk(C)

d.

For smooth plane curves of degree d > 8, Debarre-Klassen [DK941 prove an arithmetic
strengthening of this result:
1. If 0(k) # 0, then C-2 is finite, and so a.irrk(C) = gonk(C) = d - 1. Furthermore, all
but finitely many points of degree d - 1 come from intersecting C with a line over k
through a k-point of C.

2. If C(k) = 0, then CdI is finite, and so a.irrk(C) = gonk(C) = d.
The main takeaway from this result is that once the class of C in P 2 is sufficiently positive (as
measured by the degree being at least 8), the arithmetic and geometric degrees of irrationality
agree.
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In Chapter 3 we prove the following vast generalization of the Debarre-Klassen theorem
to "sufficiently positive" curves on any surface with discrete geometric Picard group (i.e., the
dimension h'(0) is 0, and the surface has "trivial irregularity" in the classical language).
Theorem 9 (Theorem 3.2.6 (Smith-Vogt)). Let S/k be a smooth projective surface with
h1 (S, Os) = 0. For any closed subcone N C Amp(S), there exists a finite set Exc(N) of
integral classes in N such that if C c S is a smooth curve with class [C] E N - Exc(N),
then
a.irrk(C) = gonk(C).
Computations of this exceptional set Exc(N) are very practical (even in the more general
case N = Amp(S)) for certain classes of surfaces. For example, we have the following explicit
results:

1. (Theorem 3.2.2 (Smith-Vogt)) If S/k has geometric Picard rank 1 with Pic(ST) =
Z - Os(l) for some very ample class Os(1), then we may take

Exc(Amp(S)) 9 {Os(1), . . . , Os( 8 )}.

2. (Theorem 3.2.7 (Smith-Vogt)) If S = P' x P', Pic(S) = Z - Os(1, 0) ( Z - Os(, 1),
then we have

Exc(Amp(S))

Os (2, 2), Os(3, 3)}.

Explicitly, if C be a nice curve of type (di, d2 ), with 1 < d, < d2 , on P1 x P'. Then

i
a.irry(C) =

: d

2
d1

1
or(d,d2 ) = (2, 2),

: d, = 2 and d2 > 3, or (dl, d2 ) = (3, 3) and C bielliptic,
=

gonT,(C)

:otherwise.

We say that a point P E C(k) is sporadic if [k(P) : k] < a.irrk(C). From the perspective of the arithmetic of elliptic curves, there is much interest in understanding sporadic
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points on modular curves, e.g.

the classical X 1 (N), since these indicate "unusual" level

structure. As X 1 (N(Q)) h 0, whenever #J(N)(Q)

a.irrQ(Xl(N)) = gonQ(X1(N)).

is finite, Faltings' theorem implies that

In particular this holds for N < 55 and N h 37,43,53;

moreover, Derickx and van Hoeij compute the gonality (and therefore the arithmetic degree
of irrationality when N 4 37) for all N < 40 [DvH14J. When N = 37, the Q-gonality of

X 1 (37) is 18; and so a priori 9 < a.irrQ(X1(37)) K 18. Derickx has computed that X 1 (37) 9
is finite, and so a.irrQ(X1(37)) > 9. It is our hope that the geometric techniques developed
in Chapter 3 might prove useful for specific curves of arithmetic interest.
As in previous work, the proofs of these results begin by translating the problem of
understanding degree e points on C to understanding rational points on Syme C =: C(e),
which is a parameter space for effective divisors of degree e on C. There is a natural map

C(e) _ Pice C,
sending an effective divisor D to the class of the line bundle O(D). The image of this map
is by definition the Brill-Noether locus W,(C), which we denote We(C) for the remainder
of this thesis. We now have two problems: understand the infinitude of rational points on
the fibers of C(e) -+ Pice C (which is related to the dimension of the space of sections of the
corresponding line bundle), and understand the infinitude of rational points on the image
We(C) (which, by Faltings' theorem, is related to positive-dimensional abelian varieties in

We(C)).
The majority of this chapter is therefore consumed proving purely geometric results over
C about nonexistence of positive-dimensional abelian varieties in We(C) for appropriate e.
Using the theory of stability conditions on vector bundles, we show that such an abelian
variety in WeC forces the existence of a certain type of effective divisor on S.

Given a

particular surface S, we can often use the geometry of S to obtain a contradiction; this is
how we proceed with Theorem 3.2.7. When the surface is not explicitly given, the fact that
such a divisor class does not move in a positive dimensional family (from h1 (S, Os) = 0)
allows us to construct an embedding of the abelian variety into Wf C for smaller
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f

and

eventually obtain a contradiction.
Within the general theme of this thesis moving from geometry to arithmetic, in Chapter 4,
we begin to turn our attention to the arithmetic of elliptic curves by proving useful geometric
results about categories of abelian varieties "built out of elliptic curves".
Let E be an elliptic curve over a field k. As in [JKP+181, the theory of abelian varieties
isogenous over k to a power of E is related to the theory of finitely presented torsion-free
modules over the endomorphism ring Rk := Endk E. To recall briefly, there is a functor

ffinitely
*PP
presented
proper
commutative
k

'):

(

f left Rk-modules I

k-group schemes

such that for M a finitely presented Rk-module and C a k-scheme, we have

Homk(C, domRk (M, E)) = HomRk(M, Homk(C, E)).

Restricting to torsion-free modules, we obtain a functor
'(fin.

pres. tors. free
left Rk-modules

*PP

abelian k-varieties
isogenous to E', r E

This functor is fully faithful, but not in general an equivalence of categories. For example,
if char k

=

0 and E does not have complex multiplication, then the image of this functor

consists entirely of the powers of E; yet it is possible for E to be k-isogenous to a nonisomorphic curve.
In fact, this functor is never surjective if E/k acquires complex multiplication (CM) over
a separable quadratic extension k'/k: E is always k-isogenous to its k'/k quadratic twist
E/k, as we now show. Suppose that Ek, has CM by the order 0. Let a E 0 be a purely
imaginary element of 0, so that the nontrivial element o
Multiplication by a composed with the isomorphism Ek'

C Gal(k'/k) acts as 'a = -a.
E, is Galois stable, and so

descends to an isogeny E -+ E' over k.
In Chapter 4 we describe a generalization of the functor Y 6 2omRk (-, E), which in particular addresses the case when Endk E

#

EndT E. More generally, one may also consider
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abelian varieties, as in the case of nontrivial twists, that are isogenous to a power of an
elliptic curve only after passing to a Galois extension of the ground field. When restricted to
torsion-free modules, the image of the functor we construct will lie in the category of abelian
varieties that become isogenous to a power of E over a Galois extension. This functor may
therefore shed light upon abelian varieties that are not isogenous to a power of E over the
ground field, and therefore missed by the previous functor, but become isogenous to a power
of E after making a suitable extension.
In Section 4.3 we give a construction of the following functor.
Theorem 10 (Theorem 4.2.1). There exists an exact functor

fin. pres. tors. free R-module

P

abelian k-varieties
k'-isogenous to Ek, r

with a semilinear G-action

'

{

that agrees with ye'omR(-, Ek,) after forgetting the G-action and base-changing to k'.
Abelian varieties constructed in this way have a straightforward representative of their
isogeny class over the Galois extension k': it is a product of copies of Ek,. In Theorem 4.2.2
we also say something about the isogeny class over k. When k'/k is a quadratic extension, a
representative of the k-isogeny class of a variety in the image of this functor is particularly
simple: it is a product of powers of E and its k'/k quadric twist. In this way, the essential
image of this functor always contains all of the quadratic twists of E, and so addresses this
deficiency of the functor romR(-, E).

As an application of this Galois-equivariant functor, we give a simple and new proof
of the following old result (see [CCS13, Proposition 251, [BP17, Proposition 2.21, [Rub99,
Proposition 5.31, lKwo99, Proposition 2.3b] for other proofs of the same or similar results),
which is useful in reducing questions about arbitrary CM elliptic curves to those with complex
multiplication by a maximal order; this was our original motivation for understanding a
Galois-equivariant version of Y6omR(-, E).
Corollary 11 (Corollary 4.4.3). Let k be a number field and let E/k be an elliptic curve.
Suppose that ET has complex multiplication by an order 0 in an imaginary quadraticfield
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F. Then there exists an elliptic curve E'lk and an isogeny

yp: E' -+ E
defined over k, such that EL has complex multiplication by the full ring of integers of F.
Finally in Chapter 5, with this Corollary in hand, we turn firmly from geometry to
arithmetic and focus on local-global principles for level structure on elliptic curves. Localglobal principles have a long history in number theory, beginning with the Hasse principle for
quadratic forms. In the language we have already introduced in this introduction, the first
case of this is for binary quadratic forms, i.e., smooth plane conics C. The problem is then
to distinguish between the two main cases for the arithmetic of genus 0 curves: C(Q) : 0
(i.e., a.irrQ(C) = 1) and C(Q)
C(Q)

#

0 (i.e., a.irrQ(C) = 2). If we are in the first case, and

0, then for every prime p, using the inclusion Q -+ Qp, we have C(Qp)

$

0. (This

includes the archimedean place, the completion at which gives R.) These local obstructions
are very useful in ruling out the existence of rational points on C; however, are these local
obstructions a complete picture? The local-global question asks whether the converse is true:
if C has a point over every completion of

Q (Qp

for all finite p and R), does C necessarily

have a point over Q?
While it may seem initially that we have merely replaced one hard question with countably many similarly difficult questions, in fact there are only finitely many non-immediate
local questions that are easier to answer, as we now sketch. For finite primes, Hensel's lemma
guarantees that if the reduction C, (a conic over Fp) has a smooth Fp point, then C automatically has a (smooth) Qp point. Furthermore, as a consequence of the Weil conjectures,
if C has good reduction at p, then Cp(Fp) # 0, and so contains a smooth point. For the
remaining places, an extension of Descartes' rule of signs gives an algorithm to determine
if C(R) = 0. Notice that at the cost of throwing out information at finitely many primes
(of bad reduction), we can phrase everything in terms of reductions modulo p, instead of
completions at p.
The Hasse principle is known to hold for quadratic forms in any number of variables
30

(i.e., quadric hypersurfaces in projective space), but known to fail more generally.

The

first counterexamples for genus 1 curves essentially used constraints imposed by quadratic
reciprocity at different primes.

These constraints were explained and generalized in the

Brauer-Manin obstruction, defined by Manin [Man7l]. Such examples demonstrate that the
failure of a local-global principle can be interesting in its own right.
We consider here a local-global question for a different kind of rational structure: level
structure on the torsion points of an elliptic curve. For fixed number field K, we will consider
elliptic curves E defined over K. Recall that the group of N-torsion points E[N] of E(K) is
abstractly a free Z/NZ-module of rank 2. This group inherits a linear action of Gal(K/K),
which we package as the data of the mod N Galois representation attached to E:

PEN:

The image of

PEN

Gal(K/K) -+ Aut(E[N]) ~ GL 2 (Z/NZ).

measures the extent to which the N-torsion points E[N] have some extra

structure defined over K, for example a K-rational N-torsion point or a K-rational cyclic
subgroup of order N.
Given a subgroup G C GL 2 (Z/NZ), we say that an elliptic curve E/K has G-level
structure if the image of

PE,N

is conjugate to a subgroup of G. In general, we will use the

term level structure to indicate that PE,N factors through a proper subgroup of GL 2 (Z/NZ).
If E globally has the K-rational structure of extra endomorphisms, i.e., complex multiplication by an order 0 in an imaginary quadratic field, then the N-torsion points inherit
this extra level structure as well: E[N] is a free O/NO-module of rank 1. As such, the image
of PEN always lies in a substantially smaller Cartan subgroup of GL 2 (Z/NZ) isomorphic to
O/NO*.
A foundational result in the study of level structure is Serre's open image theorem: if
E does not have CM, then there exists an integer mE such that PE,N(Gal(K/K)) is the
full preimage of pE,gcd(NmE)(Gal(K/K))[Ser72 ]. In particular, for all primes f sufficiently
large,

PE,e

is surjective. Originally asked by Serre [Ser8l, p.3991 and formally conjectured by

Sutherland [Sut16, Conjecture 1.1] and Zywina [Zyw15, Conjecture 1.12], when K = Q, there
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is evidence that one can strengthen "i sufficiently large" to be explicitly f > 37. (For elliptic
curves with complex multiplication, an analogous result to Serre's open image theorem holds

with all of GL 2 (Z/NZ) replaced by a Cartan subgroup [Wei56a, Wei56b].)
The reason why Serre's uniformity question when K

=

Q has remained open for so long

is that the existence of global level structure, like K-rational points, is a subtle and delicate
problem. (In fact, it is more than analogy that relates these two: Serre's problem is equivalent
to the nonexsitence of non-cuspical, non-CM K-points on modular curves parameterizing
certain level structure.) We consider here the relationship between this subtle global level
structure, and local level structure modulo primes p of K.
If E has some level structure over K, then for almost all primes p of OK, the reduction
Ep does as well. For example, if E has a cyclic isogeny of degree N over K, then for all
primes p of good reduction such that p j N, E. has a cyclic isogeny of degree N. Say that
E has G-level structure locally at p if E. has G-level structure.
One can then ask about a converse: if E has G-level structure locally at p for almost all
p (locally almost everywhere), does E necessarily have G-level structure over K?
Katz originally asked this question for the property that m I #E(K)tors.

(Note that

this in particular asks about rational f-torsion points, where f is prime.) He showed that
it is not true in general; however, E is always isogenous (over K) to a curve E' such that

m I #E'(K)tos [Kat8l, Theorem 2].
Sutherland asked the analogous question for the property of having an isogeny of degree
f, for a fixed prime f. In [Sut12, he showed that this question again has a negative answer in
general. This local-global question cannot be salvaged by considering isogenous curves since
the property of having an isogeny of prime degree f is itself an isogeny invariant. However,
Sutherland gives a classification of the exceptions that implies, in particular, that if f = 1
(mod 4) and v/7 0 K, then E does have an isogeny of degree t over K. Anni in [Ann14] then
proved that for any fixed number field K, there are only finitely many primes f such that
there exists an elliptic curve E/K with an isogeny of degree f locally almost everywhere,
but not an isogeny of degree f over K. And if f
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$

5,7, there are finitely many j-invariants

of curves over K which give exceptions. The most difficult case of

R E K was treated in

detail in work of Banwait-Cremona [BC141.
For more exotic level structures, namely normalizers of Cartan subgroups, the local-global
problem was investigated by Etropolski [Etr15]. The first step in the proofs of all of these
theorems is to translate the problem into a purely group theoretic statement about the image
of the mod f Galois representation attached to E. (In particular, making no reference to
reductions modulo primes p.) We explain this reduction in Section 5.1.16.
In Chapter 5 we extend the results about i-isogenies to cyclic isogenies of composite
degree N, which we will refer to simply as N-isogenies.

While the property of having an

f-isogeny is an isogeny invariant, this is not true for isogenies of composite degree. For this
reason, following Katz, we will focus on (K-rational) isogeny classes of elliptic curves. For
any field k, and E/k an elliptic curve, we will denote by C(E) = C(E/k) the k-rational
isogeny class of E. We say that C(E) has an N-isogeny if there exist Ei, E2 E C(E) and an
isogeny E1

-+

E2 of degree N. We then ask, if for almost all p, C(E/k,) has an N isogeny

(i.e. C(E) has an N-isogeny locally almost everywhere), must C(E) have one as well? When
the answer is yes (respectively, no), we say that C(E) satisfies the local-global principle (l.g.p.)
for N-isogenies (repsectively, fails the l.g.p. for N-isogenies).
When N is prime, this question about isogeny classes reduces to the question simply
about individual elliptic curves in the isogeny class (i.e., Sutherland's question). There are,
therefore, necessarily exceptions for certain N and K. Define the set of isomorphism classes
of exceptions

E(K, N) :={j E K: j = j(E/K) and C(E) fails the l.g.p. for N-isogenies}.
For fixed K and N, we might want to know:

1. When do all C(E/K) satisfy the l.g.p. for N-isogenies? (i.e., E(K, N)

0)

3. When are there only finitely many j(E) E K with C(E) failing the l.g.p. for N-

isogenies? (i.e., E(K, N) finite)
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2. If C(E/K) fails the L.g.p. for N-isogenies, do E' c C(E/K) have interesting/ proscribed
level structure?
In Chapter 5, we give answers towards all of these questions.
Theorem 12. Forfixed number field K,
1. (Theorem 5.2.4(ii) + [Ann14I) If all prime factors of N are greaterthan max(disCK, 6[K

Q] + 1), then E(K, N) = 0.
2. (Theorem 5.2.2) If N 0 {5, 7, 8,10,16, 24, 25,32,40,49, 50, 72}, then the set E(K, N)
is finite. Furthermore, the union

U

E(K, N)

is also finite.

gcd(N,70)=1

3. (Theorem 5.2.4(i)) Suppose that C(E) globally has an f-isogeny, and locally almost
every has an P"-isogeny. Let k < n be the smallest integer such that C(E) fails to have
a global ek-isogeny. Then

"

6[K :Q] + 1 and k = 2m+ 1 is odd.

K

" There exists E' C C(E) with level structure by subgroup of GL 2 (Z/ekZ) of index
j3m (j+1)

2
"

There exists E" C C(E) with 2 independent f-isogenies, whose isogeny characters
differ only by a quadratic character.

In addition to classifying exceptions for general number fields K, Sutherland proves that
there is exactly one counterexample to the local-global principle for f-isogenies when K
namely
= 7,

{2268945/128}

:

1

: else.

We extend this to prime power degrees and prove
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=

Theorem 13 (Theorem 5.2.8).

U

1.

E(Q, N)

0

geC'd(N,14)=1

2. Furthermore, the set E(Q, fn) is empty unless:
(a) f = 7,. n = 1 or n = 2, in which case, E(Q, 7") = {2268945/128}.
(b) f = 2, n = 4, in which case E(Q, 2") contains j(to) for

-4t 8 + 110640t6 - 221336t4 + 110640t 2 - 4
.
6 - 128t 4 + 64t 2
S(t ) =64t
and to

cQ

outside a thin set.

Whereas in the case of prime degree isogenies there were only finitely many counterexamples over Q, part (b) of Theorem 5.2.8 gives an infinite family with exceptions for isogenies
with degree a power of 2.
Finally, when E has the extra structure of CM over K by an order 0 in an imaginary
quadratic field F, we use the O/NO-module structure of E[N] to more precisely classify
failures of the local-global principle. Theorem 5.2.7 gives the classification for composite
N; however, the results we obtain when N is prime are simpler to state and already new,
correcting mistakes in [Ann14, Lemma 6.1].
Theorem 14 (Special case of Theorem 5.7.1). Let E/K have geometric CM by an order 0,
with fractionfield F. If f > 6[K :Q]+ 1, then E fails the local-globalprinciple for f-isogenies
if and only if F g K, f splits in F, and
* if
* if e

I 1 (mod 4), then K D Q(Vt),
3 (mod 4), then KF = K(v -).
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Chapter 2
Interpolation for Brill-Noether curves in

P 3 and P4
Background and definitions

2.1
2.1.1

Notation

" In this chapter we deal exclusively with varieties defined over an algebraically closed
field of characteristic 0, which we refer to as C.
" All divisor will be assumed to be Cartier unless otherwise noted.
" All curves will be assumed to be nodal unless otherwise noted.
" If E is a vector bundle on a curve C of rank r and degree d. The Euler characteristic of
E is the alternating sum

X(C, E)

ho(C, E) - h'(C, E).

If C is a smooth curve of genus g, then by the Riemann-Roch theorem, X(C, E)
d + r(1 - g). When the curve C is implicit, we write hz(E) := h'(C, E) and X(E)

X(C, E).
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Deformation theory of maps

2.1.2

We begin here by recalling the basic facts of deformation theory for maps, and consequences
for the moduli spaces of stable maps we consider. Let

f:

C -+ X be a stable map of a nodal

curve C to base X defined over a field k.
An infinitesimal deformation of the map f: C
by an Artinian k-algebra A is flat family F: V

-+

X leaving the target fixed parameterized

X x Spec A fitting into a Cartesian diagram

-+

C
tF

tf

X

X x SpecA

I

i
> Spec A

Speck
When A

f:

C

-+

=

Speck[c]/c 2 , we call F:

-+

'

X x Spec k[E]/

2

a first order deformation of

X leaving the target fixed.

Given an extension of k-algebras

with t 2

(2.1)

-+ A -+ 0,

(t)A
-+
M

0, a lifting of an infinitesimal deformation over A to A is a flat family F: V

-

0

X x Spec A fitting into a Cartesian diagram

C
X

I

Spec k

>

X x SpecA

I

> Spec A

> X x SpecA

t

> SpecA

We now describe the geometric object whose (hyper)cohomology parameterizes first order
deformations of

f:

C -+ X with fixed smooth target X, and obstructions to lifting a first

order deformation to all orders.

Following [GHS03,

2.11, and the references [BF971 and

[Beh971 within, we will state the general results and then specialize to our situation. Let Q*
denote the cotangent complex
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-1

0

f*Qx

>

Qc

in the bounded derived category D(C) of coherent sheaves on C. The normal complex of

f:

C -+ X is the (derived) dual in D(C) of Q :
N : = R Homo, (Q7,Oc).

First order deformations of

f

up to isomorphism are classified by the hypercohomology group

Def(f) := H(C, N;).
Given a deformation over a k-algebra A there is a map from the classes of extensions of A
by k as in (2.1), to the obstruction space

Obs(f) :H1 (C, N;),
such that the deformation lifts to A if and only if the obstruction class vanishes.
If we make simplifying assumptions about the map

f:

C -4 X, we can say what the

deformation and obstruction spaces look like in terms of more familiar objects.
chapter, we will work entirely in the situation when the stable map

f

In this

is an unramified

morphism. In this case the map f*Qx -+ Qo is surjective, and hence this complex is quasiisomorphic to the complex supported in one degree

-1

f*

0

QCG

x

I
ker(f*Qx -

I
QoC) -*

0,

and is therefore a sheaf on C. The dual N; is also (quasi-isomorphic to) a complex supported
in one degree, which we call the normal sheaf Nf of the stable map
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f:

C -+ X.

The simplest example of this is when f is an embedding; let Jc denote the ideal of

C C X. Then by definition

0C/-' = ker(f*Qx - Qc),

Nc/x = (Jc/0S)v

and Nf is simply the normal bundle of C in X. We recover the result that the cohomology
of Nc/x controls the deformation theory of an embedded curve

Def(f) = H0 (C, Nc/x),

Obs(f) = H 1 (C, Nc/x).

As a general BN-curve C -+ Pr is an embedding, we will be able to assume that we are
working with the normal bundle Nc frequently; however, we will degenerate to special curves
on the boundary, and hence need the more general description in terms of the normal sheaf.
In another direction, if C is smooth and hence Qc is a vector bundle, then we have

ker(f*Qx - Qc)' ~ coker(Tc -+ f*TX),
and so the normal sheaf fits into an exact sequence of vector bundles

0

-+

Tx

-4

f*Ty -+ Nf -+ 0.

(2.2)

In this case, [Ser06, Theorem 3.4.8 + Lemma 3.4.71 gives a relatively elementary proof that
H0 (C, Nf) and H 1 (C, Nf) control first order deformations and obstructions.
warning: Sernesi uses a different definition of the normal sheaf of a map

f

(A word of

[Ser06, Definition

3.4.5] (essentially the cokernel in (2.2)), whose cohomology only recovers the locally trivial
deformations. This agrees with our definition when C is smooth, but in general is the wrong
object for studying deformations.)
Specializing to a stable map to projective space, the tangent space to Mg(Pr, d) at a
point (f: C -+

Pr) with

f

unramified is isomorphic to the coherent cohomology group

Def(f) = H0 (C, Ni). Obstructions to lifting a tangent vector at
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f

to all orders, and hence

obstructions to smoothness of M,(P'r, d) at
particular, if H1 (C, Nf) = 0, then (f: C

-

f,

are classified by Obs(f) = H'(C, Nf).

In

P') is a smooth point of Mg(P', d).

The same properties about the infinitesimal structure of Mg,,n(Pr, d) are true relatively
over (pr)f

for a marked curve (f: C

ev: M,,n((Pr, d) -+

(pr)d

-+

Pp,.

,p7 ).

As in the introduction, write

for the evaluation map sending a tuple (f: C -+

to (f(pi).... , f (p,,)). One can similarly define deformations of
adding the extra data of sections -1, ...

f

Pr,p1,.... ,pI)

fixing f(pi), . . . , f (pn) by

, of 'W -+ Spec A on which the map to the target

,

is constant. The analogous first order deformation and obstruction spaces are then

Def(f; (pi, . .. , pn))

In the same way, when
0

...

Prp, P1, . .

,p.)) = H 1(C, N7(-pi - - - - -p.)).

f is unramified,

is isomorphic to H (C, Nf(-pi --

Ho(C, N;(-pi - - - - - p.)),

the vertical tangent space Te, at (f : C

-pa);

-+

P', Pi,

... , p)

and obstructions to smoothness of ev at (f : C

-

Obs(f; (pi,

=

p) lie in H1 (C, Nf (-pi - - -- p,)). In particular, if h1 (C, Nf(-pi ----

p,)) = 0,

then ev is smooth at this point. This is the main result from deformation theory we will use
in this chapter.

2.1.3

Interpolation for vector bundles

Ve begin with the main definition of the chapter.

Definition 2.1.4.

Ve say that a vector bundle E on a nodal curve C satisfies the property

of interpolation if

1. it is nonspecial (e.g., h'(C, E) = 0), and

2. for every n > 1, there exists an effective divisor D of degree n satisfying either

ho(C, E(-D)) = 0

or
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h1 (C, E(-D))

=

0.

As E(-D) is required to have at most one nonzero cohomology group, whether h0 or hl

vanishes is determined by the sign of X(E(-D)) = X(E) - r deg(D).
If C is an irreducible curve, then the parameter space of effective divisors of degree n
Sym" C is irreducible. Therefore, if E satisfies the property of interpolation, then a general
effective divisor of any degree has at most 1 nonzero cohomology group.
While we, a priori, need to check a cohomological vanishing statement for countably
many divisors, in fact we only need the statement for two.
Lemma 2.1.5. E satisfies interpolationif and only if x(E) > 0 and there exist two effective
divisors D+ and D_ on C such that
" D+ is of degree

Fx(E)1

and h0 (E(-D+)) = 0, and

" D- is of degree [x(E)J and hl(E(D_)) = 0.
Proof. The "only if" follows directly from the definition. To prove the other direction, we
inductively construct an effective divisor of every degree as required by Definition 2.1.4 by
adding or subtracting points from D+ or D.
if D 1 , and D 2 are effective divisors and D1

The inductive step is achieved by the following:
=

D 2 + p for some p E C, then the long exact

sequence in cohomology attached to

0 -+ E(-D1 )

--

E(-D 2)

-÷

E(-D 2 )|,

--

0

gives

* h0 (E(-D 2 )) = 0 implies h0 (E(-D1 )) = 0
" hl(E(-D 1 )) = 0 implies h(E(-D 2 )) = 0,
as hl(E(-D 2 )p) = 0.

E

Lemma 2.1.5 implies that when r I X(E) and X(E)

0, it suffices to find one effective

divisor of degree X(E)/r with no nonzero cohomology. In fact, we can also do the same when
X(E) is one away from a multiple of r.
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Lemma 2.1.6. Let E be a nonspecial vector bundle of rank r on a curve.

(mod r)). If there exists an effective divisor D

X(E) = 1 (mod r) (respectively X(E) = -1
of degree

I J(resp.

Fx(E)l)

Assume that

such that h 1 (E(-D))

=

0 (resp. ho(E(-D)) = 0), then E

satisfies interpolation.
Proof. Let D be the effective divisor on C specified in the statement of the lemma. As E is
assumed to be nonspecial, the following sequence

0 -+ H(E(-D))

-

H0 (E) -+ EID -+ H 1 (E(-D))

--

0

is exact.
Suppose first that X(E) =1 (mod r), so we can take D- = D. We take D+ = D + p
for p E C general. As hl(E(-D)) = 0, we must have that h0 (E(-D)) = 1, and so E(-D)
has a unique global section. As such a section does not vanish at a general point p E C, the
twist ho(E(-D - p))

=

0 as desired.

Suppose next that we are in the case X(E) = -1

HO(E)

(mod r), so we can take D

= D. Then

+EID ~®EIp
peD

is the inclusion of a hyperplane in a vector space of dimension X(E) + 1. As the subspaces
Ep for p E D generate EID, there is some p E D such that Ep 9 HO(E). Therefore the
composition with the projection map

HO(E) -+ EID --+ EID~p

is surjective, and hence h1(E(-D + p))

=

0.

0

For line bundles, the full property of interpolation reduces to just part 1., namely the
property of being nonspecial.
Lemma 2.1.7 ([ALY18, Proposition 4.7]). A line bundle L satisfies interpolationif and only
if it is nonspecial.
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Proof. It suffices to find a single divisor D

=

D+

=

D_ of degree X(L) = ho(L) for which

L(-D) has no nonvanishing cohomology. Since the base locus of the complete linear system
|L'I for a line bundle L' is always finite (and so for general p E C, ho(L(-p)) = h0 (L) - 1),
we may build D by inductively adding points not in the base locus of L twisted down by the
previous divisor. In the end,

ho(L(-D))

=

h0 (L) - deg(D) = 0 = X(L(-D)) = hl(L(-D)).

L

In the course of this chapter, we will need the following more general definition of interpolation for a space of sections of a vector bundle.
Definition 2.1.8. Let E be a vector bundle of rank r on a curve C and let V C H0 (C, E) be
some subspace of its space of global sections. For points Pi,

V(-p -

-

:-

{a C V

. . . , pn

= ...

E C, we will abbreviate

=0}.

Then we say that V satisfies interpolation if for general points pi, . . . , p" E C,

dim V(-pi - - - - - p,) = max(0, dim V - rn).

With this definition, a vector bundle E satisfies interpolation if and only if X(E) = h0 (E)
and its space of global sections H0 (E) satisfies interpolation.
We next prove some basic lemmas on when interpolation for one bundle implies interpolation for another.
Lemma 2.1.9 (IALY18, Proposition 4.11]). Let E be a vector bundle on a curve C and let
D be an effective divisor on C. If E(-D) satisfies interpolation, then E does as well.
Proof. As E(-D) satisfies interpolation, there exist effective divisors D" for all n E Z, such
that E(-D - Dn) has at most one nonzero cohomology group (which is H0 when n
The divisors D + D, suffice to prove interpolation for E.
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=

0).
l

In some cases we can deduce interpolation in the other direction for the twist down by
an effective divisor.
Lemma 2.1.10 ([ALY18, Proposition 4.12]). Let E be a vector bundle of rank k satisfying
interpolationon an irreducible curve C of genus g and let D be an effective divisor of degree

d. If
X(E)

k(d + g),

then E(-D) also satisfies interpolation.
Proof. We need divisors D+ and D_

of degrees n+

X(E(D))

and n

X(E(D))

for which the twist down of E by these divisors have only one nonzero cohomology group.
Further, by our assumptions, we have that
bundle of degree at least

[x(E(-D))

x(E(-D))

> g, and so by Riemann-Roch, a line

Is automatically effective. We therefore only need line

bundles L+ and L_ of degree n+ and n.
As E satisfies interpolation, we already have effective divisors D,, for all n E Z, such that
E(-D.) has at most one nonzero cohomology group (which is H0 when n = 0). We may
therefore take L

2.1.11

= Oc(Dn +d - D).

Modifications of vector bundles

In this section we recall some basic facts about modifications of vector bundles on curves to
streamline the coming computations. For a more detailed exposition, see [ALY18,

2-31.

Definition 2.1.12. Let E be a vector bundle on a variety X and let D C X be an effective
Cartier divisor. Suppose that U C X is an open subset containing D and that F C Elu is
a subbundle defined on U. Then the modification of E at D towards F, denoted E[D -+ F],
is defined by the exact sequence

0 r nE[D -+ F] -+ E -+ (EmF)nD

The reason for the terminology is that sections of the modification E[D
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o

-F

-

F] "cpoint

towards F" when restricted to the divisor D:
H0 (E[D -> F]) = { E H0 (E): -ID E FD}.
The modified bundle E[D -+ F] is isomorphic to E when restricted to X -" D. Therefore
given another divisor D' C X --, D and another subbundle F' C E, we may form the multiple
modification
E [D
taking our open set U

=

--

F][D' -+ F']

X - D. In this setting E[D -+ F][D' -+ F'] ~ E[D'

-+

F'][D

-+

F];

however we will need multiple modifications in a stronger setting in which D and D' are
allowed to meet. For that reason, we have the following definition:
Definition 2.1.13. Let {F

C

Eu}ie1 be a finite collection of subbundles of E defined on

open neighborhoods Uj of a point x

c X. We say that this collection is tree-like at x E X if

for all index subsets I' C I, either
" The fibers {F l }eiEP C Ex are linearly independent, or
" There are distinct indices i, j C ', and an open U C Uj n Uj containing x such that

Fiu C Fju.
Definition 2.1.14. A modification datum M for a vector bundle E is a finite collection of
tuples {(Di, Ui,

FZ)}iEI,

where Di is an effective Cartier divisor on X, and Uj

subset containing Di, and F

C

c

X is an open

Eu, is a subbundle. We say that a modification datum is

tree-like if for all x E X, the collection of subbundles {F

C E: x E Di} is tree-like at x.

The key result is then the following
Proposition 2.1.15 (jALY18, Proposition 2.171).
cation data M for E such that (D, U, F)

U

There is a bijection p between modifi-

M is tree-like and modification data M' for

E[D -+ F] such that (D, U, F) U M' is tree-like. This bijection is compatible with pullbacks
and restricts to the identity when D

=

0.
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We may therefore recursively define E[M], for M = (D, U, F) U N by

E[M] := E[D -+ F][o(N)].

For simplicity, when M = {(Di, Uj, F)}i<j<n, we will write

E[M] = E[D1 -+ F1 ] - - - [D, -+ F].

We have the following nice properties of tree-like modifications:
Proposition 2.1.16 ([ALY18, Propositions 2.20, 2.21, 2.23]). Let E be a vector bundle on
X and let Al be a tree-like modification datum. Then we have
1. (Commuting modifications) If Al' is any reordering of M, we have E[M] ~ E[M'].
2. (Commuting with twists) If D is any effective Cartierdivisor, then E[M](D)

- E(D)[M].

3. (Combining modifications to the same bundle) If D and D' are effective Cartier divisors, we have

E[D - F][D' -+ F] ~ E[D + D'-

F].

4. (Combining modifications at the same divisor) If F and F2 are independent, then
E[D -+ F1 ][D

--

F2] ~_E[D

-+

F1

e F2](-D).

Remark 2.1.17. Even though we focus in this thesis on modifications of vector bundles
on curves, for which the curve-to-projective extension theorem easily gives the analog of
Proposition 2.1.15 for arbitrary collections of modifications (i.e. if we drop the tree-like
assumption on both sides), we still need the language of tree-like modifications for two
reasons.
First, the properties of Proposition 2.1.16 will not, in general, hold when the modifications
are not tree-like.
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Second, we need the more general formalism of modifications on arbitrary varieties in order to "limit" various modifications together by considering vector bundles on the total space
of a family of curves, see Proposition 2.1.23 below for an illustrative example. Compatibility
with base-change guarantees that the results agrees with the expected result on each curve.

2.1.18

Pointing bundles

We will deal primarily with modifications of the normal bundles of curves C -+ P' towards
pointing bundles NC-A, for A C P' a linear space of dimension -Y. To recall, suppose that
the locus
UCA :=

{p E C: TpC n A = 0}

is dense and contains the singular locus of C. Then on UC,A, we suggestively define NcAIu
to be the kernel of the map
NcIuC,

where N

A NrAIUCA

CA is the normal sheaf of the projection map restricted to UC,A. By our assump-

tions on UC.A, the curve-to-projective extension theorem implies that there is a unique vector
subbundle

NCA C

Nc agreeing on UCA with Nc-+A Iuc.A

When modifying towards a pointing bundle, we will write

Nc[D -+ A] := Nc[D -+

Nc-+A]-

Suppose that p is a point on C. We record here two useful facts about the pointing
bundle Ncp. First, we need to recall the definition of the Euler field. Let V be a vector
space and V = V1 ( V2 a decomposition with dim V = 1. Define a C* action on V by

=

Ax + y,

A c C*,7X

V1 ,y E V2

-

A - (x + y)

This action descends to PV, where the decomposition V = V E V2 corresponds to the choice
of a point p and a complementary hyperplane H. The Euler field associated to (p, H) is the
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differential of this action at A =1 E C*.

Lemma 2.1.19 (IALY18, Prop. 6.3]). We have that Ncap ~ 00(1)(2p).
Proof Sketch. Let H be a complimentary hyperplane. The Euler field associated to (p, H)
vanishes only along p and H and it's restriction to C provides a section of the pointing
bundle Ncap, which vanishes along C n H and to some order at p. Explicit calculation gives
that this order is 2.

E

Lemma 2.1.20 (Implicit in [ALY18]). Let 7r: C

-+

P"

denote the projection map from p.

There is an exact sequence

0 - NC-+p a NC/pr

-+

r*N7(c)/r-1(p) -+ 0.

(2.3)

Proof Sketch. The projection map 7r: IP -- + P

is resolved by blowing up P' at the point

p and as such there is a regular map -k: Bl, P-

P r1

sheaves No/

Blp pr

-+

N,(C)/pr-1.

But No/

B1, pr

Hence there is a surjective map of

Nc/pr (-p). Twisting by p we obtain the

l

right map of (2.3). The kernel is Nc-p by definition.

Modifications of normal bundles

2.1.21

Modifications towards pointing bundles naturally arise when computing the restrictions of
normal bundles of nodal curves to the irreducible factors, as in the following fundamental
result of Hartshorne and Hirschowitz.
Lemma 2.1.22 ([HH851). Let C1 Ur C2 be a nondegenerate nodal curve in P', with
{p1, -

=

p,}. For each i, let p' be a choice of point on the tangent line T, C1 and let p' be a

choice of point on the tangent line TpC 2 . Then we have

Nc1 urc2 Ici ~ Nc 1 (F)[pi
NciUC2 C2

p1'J1'

~ Nc2 (F)p1 -p']
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... [pn

-4p',]

...
- N p' 2]

As indicated above, we will make ample use of the fact that the semicontinuity theorem
guarantees that interpolation for a vector bundle E on C follows from interpolation for some
specialization of E. We make this precise in the following example, but will omit these
details in the future.
Proposition 2.1.23. Let C - P' be a curve and p1 and p 2 distinct points on C. Let q1 and
q 2 be distinct points in P". Then
1. if p 2 is general and Tp, C, q1 ,q 2 span a P', interpolationfor
NVc[p 1 -+ q 1 ][p1 -+ q2]~ Nc(-p1) [p1
implies interpolationfor Nc [pi -- q] [p2

-9

q1 + q2 ]

-+2

2. if q2 is general and T 2 C,q1 span a p2, interpolationfor

Nc[p 1 -+ q1] [p 2 -+1q1~ Nc p1

+ P2 -

q1]

implies interpolationfor Nc [p, -+ q1 ] [p 2 -+ q 2 ].
Proof. For part (1), let B = C and let A C B x C denote the diagonal. Write P for the
divisor B x {pi} c B x C.

Let ri: B xC -+ B and r2 : B x C

-+

C denote the two

projections. The we have inclusions of vector bundles on B x C:
7r*Nc

7r*NC,

.

7*NCoqi

*rNc+q

2

*

By our assumption that Tp C, qi, q2 are in linear general position, the modification datum

M = {(P, B

x C, 7w*NC-+q), (A, B

x

C, 7*Nc-q 2 )}

is tree-like at A n P = (pi, pi) E B x C and hence is tree-like. Therefore the multiple
modification
7*IC[M]

= r*Nc[Pi -
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qi[A

-+ q 2]

is a vector bundle on B x C, which restricts to Nc[pi -+ q1 ][p2
NC[p 1

-

-+

q2]

on the fiber

7r-

1

(p2 ) and

q1 ] [p, -+ qi] on the fiber rj'(p1 ). By the semicontinuity theorem, interpolation for

the second implies interpolation for the first with P2 general, proving part (1).
For part (2), let B = P'. It is shown in [ALY18, Section 5] that as the linear space q2
varies in B, the open subsets UC,q2 C C fit together into an open set UBxC,q 2 c B x C.
Furthermore, over this open subset the pointing bundles Ncaq 2 fit together into a vector
bundle, which we will abusively also denote Ncaq 2 , on UBxC,q2 . By assumption, T 2 Cn q1 =

0, so (q1,P2) E
P2

C UBxCq 2 .

UBXC,q 2 ,

and therefore after shrinking B we may assume that the divisor

Therefore
)

(P2 , UC x B,q2 , Nc--+q 2

is a modification datum for 7r*Nc, and the modification data
M = {(P, B x C, 7r*Ncaqi), (P2 , UBxC,q 2 , Nc-q 2 )}
is vacuously tree-like. Therefore the multiple modification ir*Nc[M] is a vector bundle on
UBXCq

2

which restricts to
Nc [I1 -+ q1I [P2 -- q1,

over the special point qi c B and to Nc [Pi -+ qj] [P2

-- q 2]

for general q2 in a neighborhood

of qi in B. Interpolation for the second therefore follows from interpolation for the first by
l

the semicontinuity theorem.

In the above proof, the generality assumptions on the points in C and linear subspaces in
P' guaranteed that the necessary modifications on the total space of the family of curves were
well-defined and tree-like. In the remainder of the chapter, when we wish to specialize either
points or linear spaces to prove interpolation, we will indicate what genericity assumptions
we are using, but leave the reader to fill in the details of the argument with the above
example as a guide.
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2.2

Statement of results

Recall from the introduction that the expected number of points through which a general
Brill-Noether curve of degree d and genus g in P' interpolates is
(r + 1)d - (r - 3)(g - 1)
_
r -1
_

r)
f (dg,

Stated in this language, the main results of this chapter is the following complete answer to
Conjecture 2 when r = 3 or r = 4.
Theorem 2.2.1. Let C be a general Brill-Noether curve of degree d and genus g in Pr.

1. (r = 3)
C interpolates through

9 general points,
f (d, g, 3) = 2d general points,

if (d, g) = (5,2), (6,4)
otherwise.

2. (r = 4)
C interpolates through f(d, g, 4) general points.
Using the deformation theory from

2.1.2, we deduce these results from results on inter-

polation for normal bundles. In fact we prove the following more general theorem.
Theorem 2.2.2. Let C be a general Brill-Noether curve of degree d and genus g in pr.
1. (r = 3) Nc(-1) (and hence Nc) satisfies interpolation if and only if

(d, g, 3)

{ (5, 2, 3), (6, 4, 3)}.

2. (r = 4) Nc(-1) (and hence Nc) satisfies interpolation if and only if

(d, g, 4) ( {(6, 2, 4), (8, 5, 4), (9, 6, 4), (10, 7, 4)}.

Furthermore, if D is an effective divisor of degree d- 1 supported in a general hyperplane
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section, then Nc(-D) (and hence NC) satisfies interpolationif and only if

(d, g)

$

(6, 2).

This stronger result (plus some additional work in the cases (d, g, 4) E {(8, 5, 4), (9, 6, 4), (10, 7, 4)})
yields the following answer to the interpolation problem when the points are not entirely
general.
Corollary 2.2.3. A general Brill-Noether curve of degree d and genus g in P 4 passes through
a set of f(d, g, 4) points which are general subject to the constraint that d of them lie on a
transverse hyperplane, if and only if

(d, g) ( {(8, 5), (9, 6), (10, 7)}.

The geometry of these three cases is as follows:
" In these three cases, the statement fails because the section by a transverse hyperplane
of the general curve is not a general set of d points in the hyperplane; instead it is a
set of d points which are general subject to the condition that they are distinct points
which lie on a complete intersection of 11 - d quadrics.

" Nevertheless, for (d, g) E {(8, 5), (10, 7)}

-

but not for (d, g) = (9, 6) -

a general

Brill-Noether curve of this degree and genus still passes through f(d, g, 4) + 1 points
which are general subject to the constraintthat d of them lie on a transverse hyperplane
and are distinct points which lie on a complete intersection of 11 - d quadrics.
" This fails for (d, g) = (9, 6) because a general Brill-Noether curve of this degree and
genus lies on a quartic del Pezzo surface in p4. However, such a curve still passes
through f(d, g, 4) points which are general subject to either the constraint that d of
them lie on a transverse hyperplane and are distinct points which lie on a complete
intersection of 11 - d quadrics, or the constraint that d - 1 of them lie on a transverse
hyperplane.

53

2.3

Interpolation for normal bundles of BN-curves

Let us now use the deformation theory of 2.1.2 to relate the property of interpolation of
Nc = Nf for

f:

C -+ pr a general BN-curve to dominance of the evaluation map

ev: Mgn(Pr, d)

Given a BN-curve (f : C

-

Prpi, ... , P) with

-+ (pr)".

f

unramified and h1 (Nf (-pi -

--

pn)) = 0,

then the map
Mg,((PI, d)0 _

(Pr)fn

is smooth at the point (f : C _ pr , p, . .., pa), since the obstruction space vanishes. Furthermore, direct calculation shows that

X(Nf) =dim Mg(Pr, d)' = (r + 1)d - (r - 3)(g - 1).

(This should not be surprising, given the discussion in section 2.1.2: Nf controls the in-

finitesimal neighborhood of (f: C _* Pr) E Mg(Pr, d)0 !) Similarly, for an effective divisor D
on C,
X(N (- D)) = X(Nf)

-

(r - 1) deg(D).

Therefore if Nf satisfies interpolation, then for a general effective divisor D

=

pi +

+ p,

of degree n on C, the following are equivalent:

1. hl(Nc(-D)) = 0

2. x(Nc(-D)) > 0
3. n < f(d, g, r)
Thus if Nc satisfies interpolation for a general BN-curve

f:

C

-+

pr, then for all n < f(d, g, r)

and general effective divisor D = pi+- - - +pn of degree n, the map ev is smooth at the point
(f : C -+ P',p

...

, p), and hence dominant.

54

I"II

I'1 11 |!
NI I fI''pp
inl
I"III'II
III

In order to prove interpolation for the twisted normal sheaf Nf(- 1) (which, if C is general
agrees with the twisted normal bundle Nc(-1) of the image), it actually suffices in some
cases to prove interpolation for the untwisted normal sheaf Nf.
Corollary 2.3.1. If C is a BN-curve in P' of degree d and genus g with

d > (r - 2)g + (r - 3)/2

then
Nf satisfies interpolation

N1 (-1) satisfies interpolation.

#

Proof. This follows from Lemma 2.1.10 as

X(Nf) = (r + 1)d - (r-3)(g - 1) > (r-

1)(d + g)

precisely under the above assumptions.
Further, as C is a BN-curve, we have that p(d, g, r) > 0, which in turn implies

-r + 1
Note in particular, that proving interpolation for Nf and interpolation for N1 (-1) are equivalent when r

=

3 for all (d, g) and when r = 4 for d > 2g. We will use these curves as base

cases in our induction in P4.

2.3.2

Relationship with semistability

Recall that a vector bundle E on a curve C is called semistable if for all subbundles F C E,
we have

X(F)
rk(F)

X(E)
-

rk(E)

Semistability of normal bundles has previously been studied in [Ran07, Sac80 and 1EL921
for rational curves and elliptic normal curves respectively. The property of interpolation is
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quite analogous to that of semistability, as indicated by the following.
Lemma 2.3.3. Suppose that E satisfies interpolation and F C E is any vector subbundle.
Then we have

X(F)
rk(F)

~().(2.4)
rk(E)

-

Proof. Suppose to the contrary that there exists F C E violating (2.4). We now show that
there exists no effective divisor D of degree

ILE :=

Fx(E)/ rk(E)] on C such that E(-D)

has only one nonzero cohomology group.
Indeed, by Riemann-Roch, for any such divisor D we have

ho(F(-D)) > X(F(-D)) = X(F) - rk(F)PE > 0,
X(E(-D)) = X(E) - rk(E)pE < 0-

However, from the inclusion F(-D)

-+

E(-D), we have that

ho(E(-D)) > ho(F(-D)) > 0,

0

and so E(-D) has cohomology in both degree 0 and 1.
This fact has the following consequence
Corollary 2.3.4. Let E be a vector bundle for which rk(E)

I x(E).

If E satisfies interpola-

tion, then E is semistable.
In particular, our results in P 3 , plus an easy analysis of the counterexamples, implies:
Corollary 2.3.5. Let C C P3 be a general BN-curve. Then Nc is semistable if and only if

(d, g) 0 {(5, 2), (6, 4)}.The converse to Corollary 2.3.4 is not true, even when restricted to bundles which are
nonspecial. To construct an example, let C be a genus 2 curve and let L
general line bundle of degree 2 on C. Then

Ext(L, Kc) ~ H1 (Kc 0 Lv) ~ HO(L)v
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=

O(x

+ y) be a

which by Riemann-Roch is of dimension X(L) = 2 + 1 - 2 = 1. Let E be the (essentially
unique) such nonsplit extension

0 - Kc -+ E -L-+

0.

(2.5)

We have that rk(E) = 2 and X(E) = 2, so rk | x. The bundle E is automatically semistable,
as it sits in a balanced exact sequence, where the degrees of the sub and quotient are the
same. But it does not satisfy interpolation, as we now show. Let p E C be any point. Then
as Kc is special,
ho(Kc(-p)) = h 0 (Kc) - 1 = 1 > 0,
and so ho(E(-p)) > 0 as well. But X(E(-p))

= 0, so E(-p) cannot have only one nonzero

cohomology group. Now we show that the assumption that E is a nonsplit extension forces
E to be nonspecial. Indeed, by the long exact sequence associated to (2.5), it suffices to
show that the inclusion H0 (C, Kc) -+ H0 (C, E) is an isomorphism. Suppose not; then there
exists a global section a

C H0 (C, E) whose image in H0 (C, O(x + y)) is nonzero, and hence

vanishes precisely at x + y. The value of the section o- at x and y therefore lives in the proper
subspacc

o-ix+y E Kclx+y C Elx+y.
Since two general points impose independent conditions on sections of KC, there exists a
unique section o of Kc whose values at x and y agree with o-. Subtracting off (the image
in H0 (C, E) of) this section, we have a nonzero section

o-- -o E H0 (C, E(-x - y)) = Hom(O(x + y), E)

providing a splitting of sequence (2.5), which is a contradiction.
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2.4
2.4.1

The case r = 3
Strategy and previous work

For the remainder of this section

f:

C --+ Pr will denote a BN-curve of degree d and genus g

in P3 . (In particular, we will drop the dimension of projective space from notation and label
the discrete invariants by (d, g) :

(d, g, 3).)

In this case, the dimension counts from the introduction simplify to

x(C, Nf) = 4d,

f(d, g, 3) = x(CN)

2 d.

In particular, we are in the simple case where rk(Nj) I X(Nj) and by Lemma 2.1.5 it suffices
to find one effective divisor F on C of degree 2d such that
h(C, Nf(-F)) = 0 (equivalently ho(C, Nf (-F)) = 0.)
One such divisor is the quadric section Oc( 2 ).
Theorem 2.4.2 (lLarb, Theorem 1.4]). Let C be a general Brill-Noether curve of degree d
and genus g in P'. Then h(Nc(-2)) = 0 unless

(d, g) E {(4, 1), (5, 2), (6, 2), (6, 4), (7, 5), (8, 6)}.

(2.6)

This result proves interpolation of Nc (equivalently Nc(-1)) in all but the six cases of
equation (2.6). It therefore suffices to investigate Theorem 2.2.2(1) in these six cases. The
result of [Atal5] in the nonspecial range (d > g + 3) proves interpolation for (d, g) = (4, 1)
and (6, 2).
Thus to prove Theorem 2.2.2(1), it suffices to consider two cases: curves of degree 7
and genus 5, and curves of degree 8 and genus 6. As the property of interpolation is open
[Ata15, Thm 5.81, and the restricted Hilbert scheme parameterizing (limits of) smooth curves
of (d, g) = (7, 5), respectively (8, 6), is irreducible [KK92, Thm 2.7] , it suffices to exhibit
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one such curve whose normal bundle satisfies interpolation. Using this, we resolve these two
cases in the remaining two sections of the paper.
Although both cases are resolved by realizing C C P3 as the projection of a canonical
curve, the techniques are quite different. For curves of degree 7 and genus 5, we give an
explicit description of the sheaf maps arising in a short exact sequence containing Nc/p3.
This reduces the problem to understanding the generators of the homogenous ideal of a
collection of points in p2 . For curves of degree 8 and genus 6, we find our curve lying on a
singular cubic surface. The "normal bundle" of C in the singular cubic is then more positive
than if C lay on a smooth cubic, which then gives the result.

2.4.3

Curves of degree 7 and genus 5

For the remainder of this section, let C

"+ P

be a curve of degree 7 and genus 5 in

p3 . Let 1 C C be a general collection of 14 points on C.
deg(Nc(-7))

=

We have deg(Nc)

=

36 and

8. In order to prove that NC satisfies interpolation, it suffices to show

H1 (C, Nc(-F)) = 0.

Lemma 2.4.4. Let L be a line bundle of degree 7 on C with h(L) = 4. Then L

=

KC - p

for some point p on C.
Proof. By Riemann-Roch, hl(L) = 1 and hence by Serre duality h 0 (Kc - L)
there exists a unique point p such that KC - L

=

p.

=

1. Thus
l

Therefore every curve C of degree 5 and genus 7 in p3 is the projection of a canonical

curve C "+ I

4

from a point p E C.

Call this projection map 7r: C

-+

Furthermore,

.

C ~ C is not trigonal, as projection from p defines an embedding into P

C.

3

Let S c

4

be the cone over C with vertex p. Recall from

2.1.11 that by the "normal

bundle" N /s of C in this (singular) surface S, we mean the unique subbundle (i.e. subsheaf
with locally free quotient) of Nd/p 4 that agrees with the normal bundle of C
This is the pointing bundle N, ,s = New
6

'-.

p in S -, p.

~ C0(1)(2p), which, by Lemma 2.1.20 sits in an
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exact sequence

0

-+ Na/s -* Ncpr

a r*Nr(C)/Pr1 (p)

-~

0.

(2-7)

Furthermore, as C is not trigonal, it is the complete intersection of the net of quadrics on
which it lies; hence we have that. No/p4

0- (2).

The key geometric input to this entire argument is the following lemma, which gives a
description of the injection in (2.7) in terms of the identifications Na/s

0&(1)(2p) and

Na/p4 - 0(
9 ( 2 )D3.
Lemma 2.4.5. The map

O((1)(2p) 2+ Oa(2)e3
in sequence (2.7) is the unique map (up to isomorphism) given by multiplication by three
linearly independent sections of H 0 (KO(-

2

p)).

Proof. Such a map is specified by three sections of Hom(0(1)(2p), 0(2)) = H 0 (0(1)(-2p)) =
H0 (Ko(-2p)).

In our case, the map a comes from restricting the Euler field associated to

(p, H) to (a choice of) three independent quadrics Q1, Q2,
NQ

~(

9

Q3 defining C. As a section of

,( 2 ), the Euler field vanishes along H and TpQi, as any point q with T, p C TqQi

is contained in TQi. The result follows as the three tangent planes TpQ 1 , TQ2, TQ3 are
linearly independent sections of H 0 (O( 1)(-

2

p)).

Consider the twist of exact sequence (2.7) by the line bundle O(-P - I):

0

-*

KO(p - r) -+ K e 2 (-_p _

r

-+ 7r *Nc/p3(-F) -+ 0.

Lemma 2.4.6. The natural map

H 1 (0, KO(p - IF)) -+ H 1 (0, K 12 (_p _ ]e3)
induced by a is an isomorphism.
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(2.8)

Proof. By Serre duality, it suffices to show that the map

H (K (p + f)*3) -+ H (O(-p + F))
induced by a is an isomorphism. As 14 > 5 = dim Pic(C), the line bundle L :=
a general line bundle of degree -8

(p+F) is

+ 15 = 7. By Lemma 2.4.5 this map is simply the tensor

product map
H0 (L) 0 H0 (Ko(-2p)) -+ H0 (L 0 Ko(-2p)).
The proof therefore follows from the following proposition.
Proposition 2.4.7. Let L be a general line bundle of degree 7 and p a general point on a
general curve C of genus 5. Then the tensor product map

H (L) 0 H (K(-2p))

-+

H (L 0 K(-2p)),

is an isomorphism.
As L is general, we have ho(L) = 3 and the complete linear series
onto a plane septic with generically 10 nodes. The linear series

ILl maps C birationally

)K(-2p)l

is therefore cut

by quartics passing through the 10 nodes, and tangent to the septic at p. Let E denote the
zero-dimensional subscheme in P2 of deg 12 consisting of the 10 nodes and the tangent vector
at p. Let I

be its ideal sheaf. Then it suffices to show

H0 (Op2 (1)) 0 H0 (IE (4))

-4

H0 (Ir (5))

(2.9)

is an isomorphism.
We proceed by first showing that the subscheme E is general among all such degree 12
subschemes with multiplicity 1 at 10 points and multiplicity 2 at the last point. Then we
will restrict to a canonical curve containing the points and apply the basepoint free pencil
trick.
Let V7,5 be the Severi variety parameterizing degree 7 plane curves of geometric genus
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5 and U7 ,5 C V7,5 the open dense locus of nodal curves with exactly 10 nodes. There is a
map U7,5

-+

Sym 10 (P 2 ) extracting the 10 nodes. Let H C Hilb 2 (p2 ) be locus parameterizing

degree 2 subschemes supported at a single point. Let S be the incidence correspondence

S = {(C, N, t) C U7 ,5

x

Sym 10 (P 2 )

x

H IN = Csing, t C C}.

Lemma 2.4.8. The map
7r: S -4 Sym

10

(P 2 ) x H

extracting the nodes and the tangent vector is dominant.
Proof. To show that the map is dominant, we will show that at a general point (C, N, t) of
S, the map Tr is smooth. Let p be the support of t. The obstruction to smoothness of 7r at
(C, N, t) lies in H 1 (N(-f- 1 (N) - 2p)), where Nf is the normal sheaf of the normalization

f: C" _+ p2 and f-1 (N) is the collection of 20 points on C" lying above
As f is unramified, N is a line bundle and we have an exact sequence

map
C.

0 -+ Tc. - f*Tp2 -+ N
As such, N1 ~ Kc,

O

f* (Op2(3))

-4

the nodes of

0.

is a line bundle of degree 29 on the genus 5 curve C". Thus

N(-f- 1 (N)) has degree 9 and so by Riemann-Roch

h(N(-f- 1 (N))) = 0.

ho((-f -'(N))) = 5,

For simplicity write F = N(-f- 1 (N)). Now we claim that if p is a general point of CV
then the evaluation map H0 (F) -+ H0 (F2p) is surjective. Indeed, a pencil [s : t] in |FJ
defines a map to P 1 , which in characteristic 0 is generically unramified. So the unique linear
combination of s and t which vanishes at a generic point p does not vanish to order 2. Using
the long exact sequence associated to
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-

and the fact already observed that h 1 (F) = 0, we obtain h(F(-2p)) = h(N(-f-(N)

El

2p)) = 0. Thus the map r is smooth at a general point (C, N, t), and hence dominant.

Lemma 2.4.9. Let X be a smooth degree 4 curve in P 2 , and let D C X be a general effective
divisor of degree 12 supported at 11 general points. Then the map

H"(Kx) 0 H0 (4Kx - D) -+ H (5Kx - D),

is an isomorphism.

-

Proof. The line bundle Ox (D) is a general line bundle of degree 12 on X. As such, H0 (4Kx

D) = 2 and for any point p E X, H0 (4Kx - D - p) = 1 (e.g. it is basepoint-free). By the
basepoint-free pencil trick [ACGH85, 111.3], the kernel of the above tensor-product map is
HO(3Kx - D) =0.

0

Proof of Proposition 2.4.7. We will show that (2.9) is an isomorphism. By Lemma 2.4.8, the
subscheme E can be choose to be a general point in Sym 10 (P2 ) x H. Since the isomorphism
in (2.9) is an open condition on subschemes E, we can specialize these points to lie on a
smooth quartic X.

As both sides of (2.9) are dimension 9, and the kernel of restriction

H0 (Ir(5)) -+ H0 (5Kx - D), which is generated by the equation of X, is clearly in the image
of the tensor product map, it suffices to show the isomorphism when restricted to X. The
E

result now follows from Lemma 2.5.17.

In the long exact sequence associated to (2.8), the map

H 1 (0, KO (p - I')) -+ H 1 (0, K
is an isomorphism, and hence H 1 (,

7r*Nc/,3(-r))

polation for curves of degree 7 and genus 5.
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=

12 (_p _ ]p

3)

0. This completes the proof of inter-

2.4.10

Curves of degree 8 and genus 6

In this section, C -+ P' will denote a curve of degree 8 and genus 6. Let F be a general set of
16 points on C. In this case deg Nc = 42 and deg Nc(-F) = 10. We want to show that for
a general Brill-Noether curve C, we have hl(Nc(-F)) = 0 (equivalently hO(Nc(-F)) = 0).
As in Lemma 2.4.4, OC(1) = Kc - p - q for two points p, q E C. Thus the curve C

+

P3

is the projection of the canonical curve C C P5 from the secant line Ep,q = p-q C P'. A
general canonical curve C in P' is a quadric section of the unique del Pezzo surface T of
degree 5 on which it lies. As such NaIT - 00( 2 ) = 2Kc is a line bundle of degree 20.
The surface T is the blowup of P 2 at 4 points Pi, P2, p3 , p 4 in linear general position,
embedded by the anticanonical series.

Let p

=

Pi, P2 n p3 , p4 in P 2 . By slight abuse of

notation we will also write p for the preimage in T. Let q be a generic point on P1,P3Let t

:= Blp,q T 4

T. Denote by Ep (resp. Eq) the exceptional divisor 3-(p) (resp.

3-1(q)). Note that t is also the blowup of P 2 in the 6 (non-generic) points {p1, p2, p3, p4, p, q}.

Let Lij be the proper transform in t of the line pj, p joining pi and pj in P 2
Lemma 2.4.11.

The anticanonical linear system

I - KtJ

=

|#*(OT(1))(-Ep - Eq)| is

basepoint-free. Furthermore, for any zero dimensional, degree two subscheme D C t with
D

g

L 12 and D 9 L 2 3 and D 9 L 13 , let ID denote the ideal sheaf of D. Then we have
h (t, -Kt 0 ID) = h0 (t, - Kt) - 2.

Proof. This well-known result is claimed without proof on page 643 in [GH94. It also follows

from Th6oreme 1 in [DPT80, IV.3.

E

We can arrange for a canonical curve C C T to pass through the points p and q, as it is
a quadric section of T. Let e,,q C P5 be the line in P5 joining p and q (not to be confused
with the proper transform of the line joining p and q in p 2 !) With such a choice, the line p,q
meets T only at p and q; indeed, the line E,,q is the intersection of all hyperplanes containing
p and q. Since f*(OT(1))(-Ep - Eq) is basepoint-free, all hyperplanes containing p and q
cannot meet T in another point.

64

Let 7r: T -write T

+

P' be projection from fp,.. This is resolved by blowing up p and q; we will

Blp,q T + T. Then write *:

T'

-

P3 for the resolved projection map. Let C be the

proper transform of C in t = Blp,q T. The class of C on t is thus

#3*(OT(2))(-Ep -

Eq)

-2Kt(Ep + Eq). Because we will need it latter, we will show now:

Lemma 2.4.12. The class [0] = -2Kt(Ep + Eq) on t is basepoint-free.

Proof. As -Kt is basepoint free, -Kt + Ep could only have basepoints along Ep. Similarly
the only basepoints of -Kt + Eq could occur along Eq. Hence the sum is basepoint free.

E

Note that we have

[C] - L12 = [C] - L34 = [C] - L 13 = 1.
With this special choice of p and q, Lemma 2.4.11 guarantees that the map * still gives an
embedding of C into P3, since C meets each line of L 12 U L 13 U L 34 only once.
As indicated in the introduction, the idea here is to exhibit a sub line bundle L of NC1 p
of such a degree that it forces ho(Nc(-r))

0. Indeed, by Riemann-Roch, a general line

=

bundle of degree 5 on a genus 6 curve has no global sections. If L " NC has degree 21,
the quotient

Q(-F)

Q

has degree 21 as well. After twisting down by 16 general points, L(-J) and

will both be general bundles of degree 5, and hence force ho(Nc(-)) = 0.

One way of producing subbundles of
then Nc/s

C-

NC/pa

is to exhibit your curve on certain surfaces S:

NcIp3. A general curve of degree 8 and genus 6 lies on no planes or quadrics,

but it does lie on a unique cubic surface. Unfortunately, the degree of the normal bundle
in a smooth cubic is 18. Our idea here is to use a singular cubic surface, which will be the
image of t under the map fr: a cubic surface with three ordinary double points. The key
lemma, which allows us to relate this to the normal bundle in the desingularization, is the
following:

Lemma 2.4.13. Let C C X be an embedding of a smooth curve in a surface and 7r: X -+ Y
a generically unramified map of smooth varieties, whose composition with C " X gives an
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embedding C " Y. Let E c X be the subscheme where d7r: Tx
Nc1 x(E n C)

c+

-*

7r*Ty drops rank. Then

7F*Nc/y,

is an injection of vector bundles.

Proof. The map dir: Tx Ic/Tc

-+

TyIc/Tc is an injection of vector bundles away from EnC.

At points p of E n C, the differential drops rank, but as 7r restricts to an immersion along
C, the differential must vanish along a subspace of Tx,p complementary to Tc,p. Hence it
vanishes on the fiber Tx,p/Tc,p of Nc/x at p exactly to the order of p in E n C. All together,
NC/x -47r*Nc/y(-E) as desired.

We will apply this lemma both to the map 3: Blp,q T

-+

scheme on which do drops rank is the effective divisor Ram(#)

T and r: Blp,q T
=

on which det(d) vanishes [DebOl, 1.411. Hence Nc/(p + q) "-

-+

P 3 . The

Ep + Eq E H'(Kt -

#*Nc/T

O*KT)

is an inclusion of

line bundles and thus an isomorphism. As such, Nc/p ~ /3*Nc/T(-P - q) is a line bundle of
degree 20 - 2 = 18.
,

By Lemma 2.4.11, the map fr: T -+ P 3 is an embedding away from the lines L 12 UL 34 UL 1 3
and hence the scheme E C T where dfr drops rank is supported on L 1 2

U

L 34 U L 1 3. We claim

that it is scheme-theoretically equal to this locus. Indeed, the map ir is just the complete
linear system of cubics in P 2 through the six points P1, P2, P3 , p 4 , p, q.

The curve L 12 is

contracted by r because it is only a codimension 1 condition for such a cubic to contain L 1 2 : it
simply must contain one point on the line. If a higher multiple of the line L 12 is contracted by
fr, then the codimension of the space cubics containing the double line L 1 2 is less than or equal
to 2. But there are no such cubics containing 2L 12 and passing through P1, P2, P3, P4, p, q.
Similarly for L 34 and L 13 . Thus we conclude that E = L1 2 UL 3 4 UL 13 away from codimension
2. We can ignore codimension 2 phenonmena, as the class of [C] = -2Kt + Ep + Eq is
basepoint-free by Lemma 2.4.12.
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Putting this all together,

Nc/I (En C) e- fr*Nclp3,
is an inclusion of vector bundles. Thus Nc/pa has a subbundle of rank 1 and degree 21, as
desired. Using the above observation, for such a curve C, h(Nc(-I)) = 0, which completes
the proof of interpolation.

2.5

The case r

4

This section is joint work with Eric Larson.

2.5.1

Interpolation and degeneration

In this section we record some of the more standard and general degenerative arguments
used to prove interpolation of normal bundles of Brill-Noether curves. We begin with the
key observation that allows one to prove interpolation by degeneration.
Lemma 2.5.2. Let C = X Ur Y be a reducible nodal curve and let E be a vector bundle on
C. Suppose the restriction map
resx,r: H0 (Elx) -+ E~r

is injective. If the space of sections

V := {o E H0 (Ely) : oIr e Im(resx,r)},
has dimension x(E) and satisfies interpolation, then E satisfies interpolation as well.
Proof. By assumption we have that restriction to Y gives an isomorphism
H 0 (C, E)
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-

V.

(2.10)

For any divisor D c Y'NF, the isomorphism (2.10) restricts to an isomorphism H 0 (E(-D))

-+

V(-D); therefore interpolation for E follows from interpolation for V and the fact that

X(E) = dim V.
Corollary 2.5.3. With the setup of Lemma 2.5.2, if there exists a vector bundle F on Y

with
H(F) = V,

X(F) = X(E),

rk(F) = rk(E),

then if F satisfies interpolationas a vector bundle onY, we have that E satisfies interpolation
as a vector bundle on C.
The main techniques in 2.5.15 -

2.5.17 will be degeneration to nodal curves containing

lines which are 1-, 2-, or 3-secant to the remainder of the curve. We give here some results
on the bundle F of Corollary 2.5.3 which will be used there.
In order to deal with modified normal bundles we will set up the following notation.
Suppose that X -+ F

is a nodal curve, and L is a secant line to X meeting X in a set S.

Let NkUSL be a vector bundle on the union X Us L that is isomorphic to NXUSL on some
open subset U C X Us L containing all of L. Then we will write Ni for the bundle on X
which is NXUSL!XNS glued along U to NxUSLIXLemma 2.5.4. Let X -+ p

be a curve and p

E X a smooth point. Let L C Pr be a line

through p distinct from the tangent line to X at p, and denote by C = X Up L the nodal
curve which is the union. Let x E L be anotherpoint and suppose that x' G IP is a point not
contained in the tangent plane to C at p. Then if the bundle

N (- 1)(p) [p -+ x] [p - x + x']
satisfies interpolation (as a vector bundle on X), then N5(-1)[x -+

x']

satisfies interpolation

on C.
Proof. This follows from Lemma 8.5 of [ALY18] taking pi
P2

=

Oc(1)IL and A 2

=

= x

and A 1

=

x'; and taking

D

0-
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We now consider the case r = 4, and prove three different degeneration results for the
normal bundle N0 and the twisted normal bundle Nc(-1).

Lemma 2.5.5. Let X -+ P4 be a curve, p and q be smooth points of X, and x' be a point in
Fr Suppose that the tangent lines to X at p and q, together with x', span P4 . Let L C p be
a 2-secant line through p and q. Let x and y be points on L distinct from p and q. Denote
by C the union X Upq L. If the bundle

N'(-1)[p -+ q][q -+ p]

satisfies interpolation, then the bundle Nc(-1)(-y)[x

-+

x'], and hence Nb(-1)[x

-+

x',

satisfies interpolation.

Proof. Write p' and q' for choices of points on TpC and TqC distinct from p and q respectively.
By assumption p', q' and x' span P', we may therefore choose 3 independent hyperplanes
H1 , H2 , and 113 from the net defining the line L such that p' E H2 n H3 , q' E H1 n H3 , and
x'

E H1 n H2 . With the choice of the Hi, the normal bundle of L is simply

NL

~

NH IL

NH

2

L

@NH1L-

(2.11)

Consider now the bundle

1VC (-1)(-y)x
As p'

-+ x']L ~ NL(-1)(p + q - y)[p -+ p'][q -+ q][x -+ x'].

C H2 n H3 , with respect to the decomposition in (2.11), the modification at p towards

p' is simply a modification towards

NH 1

L at p. Therefore this modification is the simple

twist

NL[P -+ p'] ~ NH1I L

NH 2 IL(-P)

E

NHI L (-p)-

If we use the analogous expressions for the modifications at q and x, we obtain the isomor69

phism

Nc'(-1)(-y)[x -+ x']IL
SNH1 IL(-1)(p + q - y - q - x) ( NH2 L(-1)(P + q - y - p - x) E NH3 IL -1)(P

q- y

~ OL(P - y - x) ED OL(q - y - x) ( OL(-y)
~OL (-1)e13.
As the bundle O(-1) on P 1 has no global sections, the restriction map to p and q is trivially
injective and the desired bundle F from Corollary 2.5.3 is therefore

N(--1) (-y)[x -+

x']Ix(-p

- q) ~ N (-1)[p -+ q][q

-+

p]

which has the correct rank and Euler characteristic.
Lemma 2.5.6. Let X be a curve in VP4 and let L be a 3-secant line meeting X at smooth
points o, p, q such that the tangent lines T0 X, TpX, and TqX span P'. Let C

X Uo+p+q L.

If NGjx satisfies interpolation, then Nb satisfies interpolation.
Proof. Write o', p', and q' for points on T0 X, TpX, and TqX respectively, distinct from o, p,
and q respectively. By our assumption on the tangent directions, we have

N|L ~- NL(o + p + q) [o -+ o' [p -+ p [q -+ q']

OL(2)e.

Restriction to the three points o + p + q yields an isomorphism on global sections

HO(OL

3 ~-+

OL(2)3 o+p+q-

Therefore the bundle F of Corollary 2.5.3 is simply NGjx, which is of the correct rank and
E

Euler characteristic.

Lemma 2.5.7. Let X be a curve in P and let L be a 3-secant line meeting X at smooth
points o, p, q such that the tangent lines T0 X, TpX, and TqX span P'. Let C :=X U+p+q L.
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ITI
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I'II

-

p - q)

Let x and y be points on L disjoint from o, p, and q. If Nb(-1)Ix(-o - p - q) satisfies
interpolation, then Nb(-1)(-x - y), and hence Nb(-1), satisfies interpolation.
Proof. Analogously as in Lemma 2.5.6, our assumptions give

NC(-1)IL ~ OL(1)13

and so NG(-)(-X - y)IL - OL(_1)3

3

, which has no global sections. Therefore, the bundle

F of Corollary 2.5.3 is simply NG(-1)(-x - y)lx(-o - p - q) - NG(-1)Ix(-o - p - q),
which has the correct rank and Euler characteristic.

2.5.8

E

Reduction to a finite list

In this section we reduce the proof of Theorem 2.2.2(2) to a finite set of cases. To make the
notation less burdensome, we make the following definition:

Definition 2.5.9. A pair of integers (d, g) is called a Brill-Noether pair (BN-pair) if p(d, g, 4) >
0. Furthermore, we say that a BN-pair (d, g) is good if for a general BN-curve C of degree
d and genus g, the twisted normal bundle Nc(-1) satisfies interpolation.
The main result is the following lemma:

Lemma 2.5.10. Let (d, g) be a BN-pair which is not in {(6, 2), (8, 5), (9, 6), (10, 7)}. Then
(d, g) is good provided that all pairs {(9, 5), (11,8), (12,10), (13, 10), (13,11), (14, 12)} are
good.
In order to prove this result, we will leverage the interpolation result in P' from Theorem
2.2.1(1) proven in the previous section and in the nonspecial range in P 4 [ALY18J.

More

specifically, we specialize to a reducible curve X Ur Y, where X is contained in a hyperplane
H ~ P3, and Y is transverse to the hyperplane and meets X in a finite set of points F which
are general in H. The key result here is the following:
Lemma 2.5.11. Let s be a positive integer, and X -+ H be a BN-curve of degree d" > s + 1
and genus g" := 2s + 1 - d" in a hyperplane H c P 4 . Let F be a finite set of s general points
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on X.

Let Y be a BN-curve of degree and genus (d', g') passing through F with tangent

direction transverse to the hyperplane H. Let C
degree d

=

d'

=

X Ur Y (which by construction is of

+ d" and genus g = g' + 3s - d"). If both NX/H(-1) and Ny(-1) satisfy

interpolation, then so does Nc(-1).

Proof. Note that
"s

X (NC(- 1))

rk Nc(-1)

2d +1

- g

d"s

2d+ I - g'

3

,

3

Let E and F be general effective divisors on Y and X respectively, of degrees e and
respectively.
e >

2d'+I-g'

We will show that if e <

2d'+1-g'
3

f

=

d" - s

then h'(Nc(-1)(-E - F)) = 0; and if

then ho(Nc(-1)(-E - F)) = 0.

By Lemma 2.7 of [Larbi, to show the appropriate vanishing of h' it suffices to check the
three vanishings

h'(NX/H(-1)(-F - F)) = 0,

h(Ox (F - F)) = 0,

h(Ny(-1)(-E))

=

0.

(2.12)

In the first case, Nx/H(-1) satisfies interpolation by assumption, and so Nx/H(-1)(-7 - F)
has no cohomology as

F + F is general of degree d". In the second case, Ox(F - F) is a

general line bundle of degree g" - 1 (since d" > s + 1 implies s + (d" - s)

2s + 1 - d" = g"),

and so also has no cohomology by Riemann-Roch. Finally, the last vanishing is exactly the
statement that Ny (-1) satisfies interpolation.

To find suitable X and Y as above, we use Corollary 2.3.1. We will now inductively prove
Lemma 2.5.10 by attaching curves X E P 3 to curves Y E P', for which Ny(-1) is already
known to satisfy interpolation. We will only use the following curves for X:
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d"

g" s

9

6

7

-3

3

0

1

15

6

3

4

6

7

4

5

3

8

5

6

0

A(p)

In order to conclude from Lemma 2.5.11 that for a general C

_+

P 4 of degree d' + d" and

genus g'+ 3s - d", the bundle Nc(-1) satisfies interpolation, we must show that X Ur Y is
a BN-curve. In all of our cases this ends up being easily deduced from previous results.
First we use X = (9,6) to reduce to checking small genus:
Lemma 2.5.12. If a BN-pair (d', g') is good and d'

>

7, then the pair (d' + 9, g' + 12) is

good (when it is BN).
Proof. Let Y

-

P4 be a general BN-curve of degree d' and genus g', and H be a general

hyperplane. Since (d', g') is good by assumption, the hyperplane section Y n H is general; in
particular, since d' > 7, it contains a set F of 7 general points which satisfies h' (Ny(--F)) = 0.
Let X be a general curve of degree 9 and genus 6 in H passing through F (again possible as
X satisfies interpolation). Let C be the reducible curve X Ur Y, which is of degree d = d' + 9
and genus g = g' + 12. It suffices to show that C is a BN-curve.
For this, it suffices to show C admits a specialization C' with h1 (Nco) = 0 such that CO
is a BN-curve; indeed, h'(NCo) = 0 guarantees the smoothness of the Kontsevich space at
[C], which implies [C] lies in a unique component of the Kontsevich space.

We shall degenerate C to C' = X 0 Ur Y where X = X1 UA X 2 is a degeneration of X to
a reducible curve which still passes through F; write F = F 1 U F2 with F1 C X 1 and
Let x C X 1 - F1 be arbitrary. From the exact sequences

0
0

-+

-* NCOIXUr Y(-F

Nx 1 UrY(-F 2
0

+

-

A

NX 2/H

4

2

-

A)

-+

Nco

-+

Nco x 2

x) -+ Ncolx 1ur1yQF 2

-

A)-

Ncox 2 -+ Ox 2 (1)(F2) -+ 0,
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-+

0
*

+

0

F2 C

X2 -

where * denotes a punctual sheaf which in particular satisfies h1 (*)

h'(Nco)

0, it suffices to check h1 (Nx2 /H)

=

=

=

0, we see that to check

h 1 (OX 2 (1)(F 2 )) = h 1 (Nxiurj(-

-A-X))

2

=

0.
We shall consider the specialization where X1 is a rational normal curve, and X2 is a
canonical curve of genus 4, which meet at a set A of 3 points. We do this so that #JI
and #F2

4

3; this can be done because X1 passes through 4 general points, while X 2

=

passes through 6 general points, by [ALY18, Corollary 1.4].
h'(Ox 2 ()(F

=

2

))

=

0, so it remains to check hl(NxiuriY(-J

2

By inspection, h'(Nx 2/H)
-

A - x))

=

0. This follows

from the exact sequences

0 -+ Nx1 eUrY|Y(-F)

Nx 1ur 1 Y(-P2 - A - x) -+ Nxlurylx 1(-A - x)

-+

0 -+ NxI/H (-A - X)

-+

0

Nxlur, y Ix 1(-A - x) -+ Ox1 (1)(171 - A - X),

where as before * denotes a punctual sheaf which in particular satisfies hl(*)
It thus remains to show C

-+

=

0.

= (X1UA X 2 ) UrY = (X1 Ur Y)U(riuA)X 2 is a BN-curve. For

this, we can apply Theorem 1.9 of [Lara] twice, first to conclude that X1 Ur1 Y is a BN-curve,
and second to conclude that C' is a BN-curve as desired a deformation which continues to pass through I

1

provided that Xi Ur, Y admits

U A and is transverse to H along IF U A.

Since X1 Up Y is already transverse to H along F,, this reduces by deformation theory
to checking h' (Nxlur y(-IF - A - x)) = 0 for any x E A, which was shown above.
Corollary 2.5.13. Iffor all (d, g) satisfying g < 14 and p(d, g, 4)

L

3, a general BN-curve Y

of degree d and genus g satisfies interpolationfor the twist Ny(-1), then a general BN-curve
of any genus g > 14 does as well.
Proof. If (d, g) is BN and g

15, then d > 16. Hence d - 9 > 7, and we can apply Lemma

2.5.12 to inductively reduce to a curve of smaller genus with p > 3.

Note that all the counterexamples appearing in Theorem 2.2.2(2) have p

El

2, so it suffices

to prove Theorem 2.2.2(2) for g < 14. We now deal with these remaining cases. First by
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attaching twisted cubics at a single point, we show that it suffices to consider three BN-pairs
for each g < 14.
Lemma 2.5.14. If a BN-pair (d', g') is good, then the pair (d' + 3, g') is also good.
Proof. Attach a general BN-curve Y of degree d' and genus g' at a single point to a general
twisted cubic X c H. The union has degree d'
component of

AMgi (P 4 , d'+

+ 3 and genus g', and lies in the correct

3) by Theorem 1.6 of [Laral.

L

Proof of Lemma 2.5.10. Corollary 2.3.1 provides plenty of base cases for the induction: all

curves with d > 2g. If g

5 and (d, g) : (8, 5) or (9, 5), then d> 2g . So, using the result of

Corollary 2.5.13 we will only consider 6 < g < 14. For each such g, let dmin be the minimal d

such that (d, g) is BN and (d, g) 0 {(6, 2), (8, 5), (9, 6), (10, 7)}. By Lemma 2.5.14, it suffices
to prove that (din, g), (dmin + 1, g), and (dmin + 2, g) are good. We do this using Lemma

2.5.11 with curves X = (6, 3), (7, 4), and (8, 5):

9

dmin

certificate for (dmin, g)

certificate for (dmin + 1, g)

certificate for (dmin + 2, g)

6

10

X = (6, 3), Y = (4, 0)

X = (6,3), Y = (5, 0)

12 > 2.-6

7

11

X

8

11

by assumption

9

12

X = (7,4), Y = (5, 1)

10

12

by assumption

11

13

12

(6,3), Y

=

(6, 1)

X = (6,3), Y = (7,1)

X

(7,4), Y

=

(5, 0)

X

=

(6,3), Y = (7,2)

X

(6,3), Y = (7,3)

X

=

(6,3), Y = (8,3)

by assumption

X

=

(6,3), Y = (8,4)

by assumption

X = (7,4), Y = (7,3)

X

=

(6,3), Y = (9,5)

14

by assumption

X = (7,4), Y = (8,4)

X

=

(6,3), Y = (10,6)

13

15

X = (8,5), Y = (7,3)

X = (7,4), Y

X

=

(6,3), Y = (11,7)

14

16

X = (8,5), Y = (8,4)

X = (6,3), Y = (11, 8)

X

=

(6,3), Y = (12,8)

=

(6, 3), Y

=

(5, 1)

X

=

=

(9,5)

In each of these cases, X Ur Y is a BN-curve by Theorem 1.9 of [Laral.
In the remainder of the paper we show that the (d, g) pairs

{(9, 5), (11, 8), (12, 10), (13, 10), (13, 11), (14, 12)}
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are good; and furthermore, we show interpolation for the untwisted normal bundle in the
cases (d, g) E {(8, 5), (9, 6), (10, 7)}.

2.5.15

Degeneration with a canonical curve

The key argument for (d, g) E {(12, 10), (13, 10), (13, 11), (14, 12)} consists of degenerating
to the union of a canonical curve D C P4 of degree 8 and genus 5, and another nodal curve.
Setup. Let D be a general canonical curve ((d, g) = (8, 5)), and let pi, qi, P 2 , q2 ,p 3 , q3 be
6 general points. Let F = p + qi + - - -+q 3 denote the sum of these points on D. For each i,
let p' E TpD be a choice of point on the tangent line. Denote by Li the line pi, qi. Suppose
that C D L1 U L 2 U L3 is a connected nodal curve BN-curve containing the lines L 1 , L 2 and
L 3 . Let Y = C Ur D be the nodal curve obtained from gluing C and D along F; this is a
BN-curve by Theorem 1.6 of [Lara].
Lemma 2.5.16. If Nc(-1)[p 1 - P'1 [P2

-+

P2 P3 - P'] satisfies interpolation, then Ny(-1)

satisfies interpolation as well.
Proof. The canonical curve D is the complete intersection of a net of quadrics in P'4. Note
that no quadric in the net contains all 2-secant lines to D, as the secant variety is of degree
(82i) - 5 = 16. Since it is one condition on a quadric containing D to contain a 2-secant
line to D, we may choose three independent quadrics from the net such that each contains
exactly two of the three lines L 1 , L 2 , and L 3 . This gives an isomorphism

Ny(-1)ID- ~KD(p 1

+ q) (DKD (P2 + q2 ) DKD(P3 + q3 ).

Let w be a general point on D.

(2.13)

The line bundle F := KD(pi

+ qj - w) on D is of

degree 9 and has a 5-dimensional space of global sections, which correspond to meromorphic
differentials on D that vanish at w and have at most poles at pi and qi with opposite residues.
Since we may compute that H0 (F(-F)) = 0, the restriction map
H0 ( F-)

S F|,1 e F(Dq1 e FIv2 e FiIq2 ('Fi
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e Fjq 3

is an isomorphism onto a 5-dimensional subspace of Fr

~- C', which can be described as

the preimage of the antidiagonal (i.e. the two coordinates negatives of eachother) in the
2-dimensional Fip, D Fiqi, under the projection map Filr -+ Fil,, ( FiJq.
The bundle F(-pi-P

2

-P 3 )

KD (qi - w -pj -Pk) on D satisfies h 0 (F(-pi -p 2 -P 3)) = 2

and h1 (F(-pi - P2 - P3)) = 0, as h0 (KD(qi))

=

5 and w, pj, and Pk are general points on

D. For points (x, y, z) in some neighborhood U c D x D x D of the point (P1,P2,P3), the
bundle F(-x

- y - z) therefore also has 2 global sections by semicontinuity. Let Ti denote

the bundle on D x U which specialized to Fi(-x - y - z) on the fiber D x {(x, y, z)}. Let

7r,:

D x U -+ D,

72:

D x U -+ U

denote the two projections.
By the theorem on cohomology and base change, the pushforward

7

2

Fi is a rank 2

vector subbundle of a rank 5 trivial bundle:

r2

*Ji

C r2 .(7r*Fi) = H 0 (F) 0 Ou.

Composing with the restriction map above yields a map

ri :

r2 *,F -+ H 0 (F) 0 Ou -+ (FIr ~ C 6 )

0 Ou,

whose fiber over (x, y, z) extracts the image

2

-fi(),y,z)) = res(H0 (F(-x - y - z))) C Filr

for each point (x, y, z) E U. Write Sxzy := Sxy, D Sx,,

ES

.

S:= ri(

By Lemma 2.5.2, in order to prove interpolation for Ny(-1)(-x - y - z - w), with
x, y, z, w general points, it suffices to prove interpolation for the space of sections

V,,

:= {- E H0 (Ny(-1)lc) : ulr E Scz c Ny(-1)(-x - y - z - w)Ir ~- c1}
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provided that it has the correct dimension. Furthermore as satisfying interpolation and having the correct dimension is an open condition, it suffices to prove that for the specialization
(P1,P2,P3) of the general points (x, y, z) E U, the space of sections

E H 0 (Ny(-l)|c) : olr E Sx'yz'}

,

VP1P2P3= {o-

is of the correct dimension and satisfies interpolation. In this case,

=res(H (K(qi -w

- pj - pk))) = F~jq ( Fiq, c Fr,

ij

k.

When viewed as meromorphic sections Nc(-1), the sections of Ny(-1) c whose restrictions
to F lie in the subspace

SP1P2P3

therefore vanish at the pi and are regular at the qj. Therefore,

it suffices to prove that

4
V
1P2P3 =

-L

E H 0 (Ny(-1)Ic) : o-p,

=

0, o- is regular at qj}

= E H0 (Ny(-1) c(-P1 - P2 - P3)) : o- preserves the node at qj}

is of the correct dimension and satisfies interpolation. This subspace is the space of global
sections of the vector bundle

Nc(-1)[P 1 -+ P'iI[P2 -+ P2][P3 -+ P'3,
which has the same rank and Euler characteristic as Ny(-1)(-x - y - z - w). Therefore it
suffices to prove that this vector bundle satisfies interpolation.

E

We now deal with each of the cases (d, g) c {(12, 10), (13, 10), (13,11), (14, 12)} separately.
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Degree 12, genus 10

In this case we take C in the setup above to be the union of the three general lines L1 UL 2 UL 3
and a line M meeting all 3 lines, which is a BN-curve by Theorem 1.6 of [Lara].

be the points of intersection so that the curve C is precisely the nodal union

C:= (L U L 2 U L 3 ) Um1m 2

m3

M.

By Lemma 2.5.16, it suffices to prove interpolation for the modified normal bundle Nc(-1)[p
p'iI[P2

-

P'2]P3

-+

1

-

mi:= Li n M

Let

p']. By Lemma 2.5.4, we may pull off each of the 1-secant lines Li in turn

to reduce to proving interpolation for the bundle

or, by limiting p' to

[P11 -

P2,

p1][mi

-

p 1 +p'][m

2

-+

-+

p2 p'2][m 3

p 3 ][m3

-

-*

p3+p 3

,

j(-1)(i+mn2+mn3)

and p' to p3, and p' to p, (and using the properties in Proposi-

tion 2.1.16) for the bundle
N,-,(-1)(2m I + 2m 2 + 2m3 )[2m 1
Limiting m 2 , m 3

-+

-+

p 11[m 1

-+

p2 ][2m 2

m 1 is tree-like, as the points Pi,

-+

P2,

p 2 ][m 2

-*

p3 ][2m3

-*

p 3 ][m 3 -+ PI].

and p3 are general in P4 . Therefore,

it suffices to prove interpolation for

N(-

1)(6mi)[3mi -+ p1 ] [3mi

-+ P21 [3m,

-+ p3] ~ NM(-1)[3m -+ P1

+P2

+P3] ~ NM(-1).

The result now follows from the fact that NA! (-1) ~_O* satisfies interpolation.

Degree 13, genus 10

We continue with the notation of the setup above. In this case we take M to be a general
line meeting L 1 and L 2 and N to be a general line meeting L 2 and L 3 . Call M
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n

Li

=: mi

and N n L =: nj. Let

)

C = (N U M) Um+m 2 +n2 +n3 (L1 U L 2 U L 3

be the union, which is a BN-curve by Theorem 1.6 of [Lara]. So by Lemma 2.5.16 it suffices
to prove interpolation for Nc(-1) [p1

-

P'[P2 -- P2][P3 -+

p']. By Lemma 2.5.4, this follows

p2][mi

- pi + p

from interpolation for the bundle

N, := NNun

L 2 Um2 M(-1m

+ n3) [P2

p[m,

n3

-+P 3 1[r 3

By Lemma 2.1.6, it suffices to show the vanishing of h0 (N') where N'

-+

P3 + P3

N1(-x - y) where

x and y are general points on N and M respectively. Restricting to M we have

N'IM

As the points pi,
Hi defining M

- N(-1)(-y

+ m2m

-

-+ p 1][m
1

--+ P1 + pI[rM2

+ P21

-

NM[mi -> p1m1

-[MIPi + p'1][m 2 -+ P21-

P2

and p' are independent, we may make a choice of the three hyperplanes

= H1 n H2 n H3 so that p, E H2 n H3 , P2 E H1 n H3 and p'1 E H1 n H2 . Then

the modifications towards these points become simple twists:

N'|M ~- NH1 M(-m2) E NH2 M(-

2

m)

e

NH3 IM(-mi -

OM (D OM(1)

M2)

2

This restriction has a unique global section, coming from the factor NH1 IM(-m2) of normal
directions pointing to pi. Therefore, applying the argument of Lemma 2.5.2, it suffices to
show the vanishing of h0 of the subbundle of N'INun2 L 2 whose sections at m 2 point towards
pi:

NNun 2

L2

(-l)(-x + n3 + m 2 ) [P2

-

p] [m 2

-+
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fill
11
IIIIIIIII.,vil i'l

111,11

m[M 2 1

P1l f3

--

P3 [ri3

P3 + P-

We may apply the same argument to N to reduce to showing there are no sections of

(n2 + M 2) [P2
~

Limiting

P2

N

-

-P
(L2

2

P2 [n2

-*p'][n 2

2

3

-+

n3

P3 [M 2

-

P31 [m2

-+

-+

M1 M2 +1

M1 + Pi 1

.

NL 2

to n2, which is tree-like as p' is general, it suffices to show the vanishing of h0

for

NL 2

--

n2) (2

-+ 13

+ P3 +

P2 [M2

-+

m

1

~

NL 2 (M-I(

~_

Om (-2) (1 OM (- 1) E[ OKI-

2

)m

2 -+

mA + pI

as mi and pi are in general directions. We are now done as this has no global sections, as
desired.

Degree 13, genus 11

As in the setup above, we choose C to contain the lines L 1 , L 2 , L 3 as well as two further lines
il

and N, where M meets each Li at a single point mi and N meets L1 and L 2 at points

ni and n 2 respectively. As the lines L 1, L 2 , and L 3 are general, the lines can be assumed to
satisfy various genericity conditions: N U M U Li span a P' for i = 1, 2.
Then the resulting union

M) UmI+rn2 +m3 +n+n2 (L 1 U L 2 U L 3

)

C := (N U

is a nodal connected curve of degree 5 and arithmetic genus 2, which is a BN-curve by
Theorem 1.6 of [Laral. By Lemma 2.5.16, it suffices to show that

I :=

Nc(-1)[p

1

-+ P'1I[P2 --+ P'2EP3 - P'3]
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satisfies interpolation. By Lemma 2.5.5, it suffices to show that

N(NUM)Um 2 +m 3 +n 2 (L 2 UL 3 ) (1)[P2

P2 P3 -- p3] [n

--+

m

m -+ n

ni1]

-+

satisfies interpolation. By Lemma 2.5.4, this reduces in turn to showing that

NMU+L 2 UL3 (-1)(n2)[P2

---

P2P3 9 93 Ml

ni [n2

-+

-+

1

n2

n+i m1]

-+e

satisfies interpolation. Again by Lemma 2.5.4, this further reduces to proving interpolation
for
NMUm2 L2 (-1) (n2 + M3) [P2 - P2 [M 1 -. ni][n2

-+

n1 ][n2

--

ni+m1 [

We may limit P2 -+ n 2 , since p2 is disjoint from n 1 , mi

P31 [

-

3

3 -+

P3 +3

and so this is tree-like.

We are

therefore reduced to proving interpolation for the vector bundle

NMUm2 L2

(~(n2

+ in3 )[n2

-+

P21 i[M
-+ niln2

~ NMUm 2 L2 (-1)(m3)[mI - n-1 ][n2

-+

-

ni][n2

-+

n1 ][n2 -+ n,

n1 + m1 n

3

P3 1 m 3

--

-+

P3 + A

+ mi + p2][m 3 -+ P3][m 3 + P3 + p 3j

As p' is general and m1 , n 1 , and L 2 span a P3 , the linear space p2, m 1 ,riL

2

= P4 . Therefore

the above bundle is isomorphic to

~ NMUm 2 L 2 (-1)(in3)[n1 -4

-+ n,][m 3 -+ P3 ][in3 -+ P3

+ p'A

We may now apply Lemma 2.5.4 a final time to reduce to showing interpolation for

NM(-1)(M 2 + M 3 )[M 2 -+ n 2 ][M2 -+ n 2 + n 1 ] [mi 1 -+ n 1 ] [M 3 -+ P3 [m3 -+ P3 + p'A
Limit p' to ni. Then we may limit M 2 and m 3 to
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in 1

, as ni, n 2 and p3 are independent so

this is tree-like. The resulting vector bundle is

NM(-1)(2mi)[mi -+ n 2 ][mi SNM(-1)(4mi)[mi

2
-e

+ ni][mi --+ ni][mi -- P31[MI

n1][2mi -+ n 1 ][2mi

--+

--+

P3 + n1 ]

n 2 ][2m, -+ p3]

~m
N(-1) [mi -- 4 n1] [2m, --+ni + mi + P31,

and as n 1 , m, and p3 are independent, and so span all of P4, we have

~vN(- 1) [mI -+ n 1

OM ( OM (_1)@2

~

which satisfies interpolation by inspection.

Degree 14, genus 12

Continuing in the setup above, let M be a general line meeting each Li at mi and let N be
a general conic meeting each Li at ni. Pick points n' 7 ni on TsN, and a point m E M
distinct from mi,

M2 ,

and m 3 . Let C denote the union

C:= (M U N)

Umi+M 2 +rn 3 +nl+n2 +n 3

(L 1 U L 2 U L 3 ),

which is a BN-curve by Theorem 1.6 of [Lara]. It then suffices to prove interpolation for
N

:Nc(-1)

[P1 -

p'][P2

-+

P'2][P3 -+ p']. This vector bundle has Euler characteristic 5.

So by Lemma 2.1.6, it suffices to show that for 2 points x + y, the twist down satisfies

h(Nc(-)(--x - y)[Pi -+ P'I[P2 --+ P2 [P3
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--

p')

=

0.

(2.14)

We will choose x and y to be general points on M, so that NG(-x - y)IM

0 (-13

Therefore to show that the vanishing of (2.14), it suffices to show that

h

0

(N6|NUn1+n2+n3 L 1 uL 2 UL 3 (-m1 -

iM 3 )) =

-

0,

as in the proof of Lemma 2.5.7. This bundle restricts to each Li to be

-4

n [pi

p] [i

-+

m]

~

OL (_1)e

3

,

NL (-1) (ni)
[ni

as Li, n', p , and m are linearly independent. Therefore as in Lemma 2.5.2, it suffices to
show that

h0(NN(-1)[n1 -+pl][n2

-P2][n3

-

P31= 0,

where the pi are in general directions. By the semicontinuity theorem it suffices to prove
this vanishing after specializing pi,

p2

and p3. Fix a quadric

such that N is the complete intersection

Qn

Q

H1 n H2 . We have

INN;(- 1) ~- NQg(- 1) 1N (1 NNI(- 1)|1N (1 NH2 (- 1) 1N

Specialize p, and

P2

so that they are general in T,

and P3 so that it is general in T,3 (Q

and hyperplanes H1 and H1

(Q n H2 )

ON(D

and T

2

(Q

N .

(.

n H2) respectively,

n H1 ). Then the negative modifications are towards

specific factors in the decomposition (2.15), and so become simple twists:

NN(-1) [n

-

p

2-

P21 [n3

and under an isomorphism Al

-+

P3

-

P,

ON(1)(~P1 -

P2 -

P3) E

ON(-P3)

~0], (- 1) e Opi1(- 1) E O,(- 2),

which has no global sections, as desired.
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11IT'M
I I, '' , I ,

'11111
,

11111

e ON(-P1 -

P2),

2.5.17

Degeneration with a rational quartic curve
)

Let X be a nondegenerate curve of degree d and genus g in P4. Let (pi, qj), (p2, q2 ), (p3 , q3
be three pairs of general points on X. Let I := P1 +P2

+P3 + q 1 + q2 + q 3 . Denote by Li the

2-secant line through pi and qj. There is a unique fourth line M meeting each of the Li (by,
for example, intersection theory in the Grassmannian of lines in P 4). Call Li

nM

=

mi. As

X is nondegenerate, the union L1 U L 2 U L 3 U M spans P4. Call this union

Y := X Ur ((L + L 2 + L3) Um+m2+m3 M),
which is a BN-curve by Theorem 1.6 of [Lara]. We will use this particular degeneration to
prove interpolation for Ny(-1) when Y is a curve of degree 11 and genus 8, and for Ny

when Y is a curve of degree 9 and genus 6 (respectively degree 10 and genus 7).
Lemma 2.5.18.

With notation as above,

(i) Ny(-1) satisfies interpolationif

- qi - P2 - q2 - p3 - q3

)

Ny(--1)x(-pi

Nx(-1)[p 1 -+ q][q1 -+ P1][P2 -+ q 2 ][q2 -+ P2][P3

-+

q 3 ][q 3 -+ P3]

satisfies interpolation.
(ii) Ny satisfies interpolation if

NyIx = Nx(p1+q 1 +p 2+q 2+p 3 +q 3) [Pi -+ q 1][1

-+ P1][P2 -+ q 2][q 2 --+ P2][P3 -+ q3l][q3

P3]

satisfies interpolation. This vector bundle satisfies interpolationif the modified normal
bundle
NX' := Nx[q1
satisfies interpolation.
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+ q2 + q3 --+ P11

Proof. As L 1 U L 2 U L 3 U M spans P4 , the three directions of the Li at the points mi are
independent. By Lemma 2.5.7 (respectively Lemma 2.5.6), it suffices to prove interpolation
for Ny(-1)xUr(L1UL 2 UL3)(-ml -M

2

-M

3

)

(respectively NyIXUr(L1

UL 2 UL 3 ))

in order to deduce

interpolation for Ny(-1) (respectively Ny).

For each of the Li, the three lines Tp,X, Tq1X and M span P4 , and so we similarly have
that NYILj

2

OLJ(2)e. To prove interpolation for Ny(-1) and Ny, we are free to pick our

general points to include a choice of general point xi on each of the Li. Twisting down by
this point for each Li, we have

O

NyILi(-Xi)

3(1)e,

Ny(-1)1Li(-mi

-

Xi)

~

OLi_113

To prove interpolation for Ny(-1), by Lemma 2.5.5, we may peel off each line Li in turn to
reduce to proving interpolation for

Ny(-1)|x(-p 1 - q1 - P2 -

q2 -

P3 - q3 ).

To prove interpolation for Ny, note that evaluation at the two points pi, qi E Li ~_P1 is an
isomorphism
H(1(1)),3
H-Op
Hence sections of Ny(-xi

-

X2 -

.

v (9i1)
0. (1)@33 pi+qi

X 3 ) on X extend uniquely to X

n L 1 n L 2 n L 3 and then

to all of Y. Therefore by Corollary 2.5.3, interpolation for Ny(-x 1
for Ny) follows from interpolation for NyIx.

-

X2

-

X 3 ) (and hence

The formula for NyIx follows directly from

Lemma 2.1.22.

Now limit P2 and p3 to Pi; the corresponding modification is tree-like as q 1 , q 2 , and q3
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arc independent. By the properties of Proposition 2.1.16, the resulting bundle is therefore

Nx(3p1 + qi + q2 + q3 )[P 1 -+ q1][q1
SNx (p1 + q1 + q 2
Nx (p1

-+

p1][p

q2][q2

+ q3 )[pi -+ q1 + q2 + q3

1

-- *

P11[P1 -+ q3][q 3 -+P1

+ q2 + q3
+[q

-*

P1

+ q1 + q2 + q3 )[q1 + q2 + q3 -+ P1].

Interpolation for this bundle therefore follows from interpolation for Nx [qi +q 2 +q

3 -+

Pil.

Degree 11, genus 8
By Lemma 2.5.18, we may reduce interpolation for the twisted normal bundle of a general BN-curve of degree 11 and genus 8 to interpolation for the modified normal bundle

Nx(-1)[pi -+ q

- P1][P2 -+

-][qi

q2][q 2 -+

P21l[P3

-+

q 3 ][q 3 -+

p 3 ], where X is a BN-curve of

degree 7 and genus 3.
denotes some modification

We will further degenerate using the following. As before, N

of Nx, which is isomorphic to Nx over some open containing all of L. N1 is then the bundle
on C obtained by gluing Nx|CNCnlL to NC along this open.

Lemma 2.5.19. Let C be a BN-curve. Let L be a 2-secant line meeting C at two general
points x and y; write X for the union X := C Ux+y L. Suppose that pi and P2 are general
points on L and qlandl2 are general points on C, and D 1 and D 2 are divisors on C. If the
bundle
N(-1)(y)[x -+- y][2y

-+

x][Di

-+ x][D 2

-+

X]

on C satisfies interpolation, then the bundle

N" := N(--)[p1

+

q1][Di -+ P1][p2

+

q2][D 2

-+

P2]

(2.16)

on X satisfies interpolation.
Proof. Let x' E TC and y' E TYC be choices of points on the tangent lines distinct from x
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and y respectively. If we restrict the bundle Ni of (2.16) to L, we have

N1IL ~ NL(-1)(X + Y)[X --+ X

~

Y 'P1 -+q'11P2 -+q2 OL. OL

2

which has one global section. We will do a calculation in local coordinates to more precisely
understand the behavior of this section at x and y as a meromorphic section of NL(-1).
The twisted normal bundle NL(-1)
H0 (NL(-1)).

~ V 0 OL is trivial of rank 3 on L (with V ~

We may therefore assign, to points of P 4 -- L, the corresponding normal

direction to L in PV. Choose appropriate coordinates for V so that

X'

-

[1 : 0: 0], y'

-

[0: 1: 0], qi i-4 [1: 0: 1], q2

-+

[0 : 1: 1.

In addition let t be an affine coordinate on L ~ P' so that x corresponds to t = 0, y
corresponds to t

=

1, and pi and

P2

correspond to t = a and t

=

b respectively. Then the

unique section of N IL up to scaling is given by (scalar multiples of) the tuple

at-a(t - b) 7(1 - b)(t - a) ,a-b
t - 1

I

as a meromorphic function valued in V. The image of this section under the restriction map
to x (i.e. t = 0) is

-o = [-ab, a(1 - b), a - b]
and under restriction to y (i.e. t = 1) is
071 = [a(1 - b), (1 - a)(1 - b), a - b].
By Lemma 2.5.2, it suffices to prove interpolation for the space of sections of N' |c whose
values at x and y are in the 1-dimensional subspace given by (go, a1 ) in NCU1 ,L(-1)-I+Y.
As interpolation is open, we may limit pi and

P2

or, = [A 0, 01,

to x, in which case o and -1 limit to

o-1 =
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[0, 1, 0].

Therefore the sections of NX IL must vanish at x and point towards y' at y. By [ALY18,
Lemma 8.4], the bundle N IL[y -+ X] glues to N IL[y -+ y'] at the point y. Therefore it
suffices to prove interpolation for the vector bundle

NCUX+L(-1 [D 1 -+ x][D 2 -+ x]Ic(-x)[y
~ NC(-1)(y)[x -+ y][2y

-+

x]

x][D 1 -+ x][D 2

-4

--+

X
0

on C.

By Theorem 1.6 of [Laral, we may degenerate our BN-curve of degree 7 and genus 3 to
the union of a BN-curve of degree 6 and genus 2 and a 2-secant line L meeting C at points
x and y. Do this so the points pi and

P2

specialize on to L and the remainder of the marked

points specialize to C. Then we apply Lemma 2.5.19 with Nj
D1

=

Nx[p

=

3 -+

q3][q 3

-+

p3] and

qi and D 2 = q 2 . We thus reduce to proving interpolation for the bundle

Nc(-1)(y)[x -+ y][2y

-+

x] [qi -+ x][q 2 -+ X][p 3 -+

q3 ] [q 3 -+ p 3].

By Theorem 1.6 of [Laral, we may further degenerate C to the union of a curve D of
degree 5 and genus 1 and a 2-secant line M, meeting D at points z and w. Let the points
p 3 and qi specialize to general points on L, and x, q 3 , q 2 , and y specialize to general points
on D. Again we apply Lemma 2.5.19 with p, = p3,

P2

=

q1 , qi = q3 , q2

=

x, D, = q2 and

D2= 0. It therefore suffices to prove interpolation for the bundle

ND (- 1) (y

+ w)[x

-+

y] 2y

-+

x][q 2

-t

x],[q 3

z][2w

-+

z]b[z tw]

on D. We may limit w to x, to obtain the bundle

D

ND (- 1)(x + y) [x

-+

y] [2y

-+

x] [q2
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-+

x][3-+ z]([2x

--+

z] [z

-+

]

which has Euler characteristic 0. This bundle sits in a balanced exact sequence

o -+

ND-,(-1)(y-q3-2x)

-*

IxNI(-)(x-y-q 2 -Z)[X

ND-+

z][2x

-+

-+

-

z] -÷ 0,

Therefore by [ALY18, Proposition 4.16 and the fact that as a nonspecial line bundle NDp(-1)(yq3 - 2x) satisfies interpolation [ALY18, Propsition 4.7], it suffices to prove that

wr

D-1)(X

-

y

-

-

z)[x -

y]fq 3 -+

z][2x

--

z] - 7xlINxI(-)(-y
|*N, X

-

(-y

-

-

z)[q3 + X

- q2 - z) [q 3 + x

satisfies interpolation as a vector bundle on D. As 7r*O(1) (y + q2 + Z) is a general line
bundle on D, it suffices to show that rx*NxiD [q3 + X

--+

z] satisfies interpolation. This is

verified by publicly available code in [ALY18, Appendix B] to prove interpolation for certain
modifications of normal bundles of nonspecial curves:

>>> good(Curve(4,1,3) .add(P100,2))
True

Degree 9, genus 6
By Lemma 2.5.18, interpolation for the normal bundle of a general curve of degree 9 and
genus 6 follows from interpolation for the modified normal bundle

NC := Nc[q1 + q 2 + q 3 -+ p]
of a curve C of degree 5 and genus 1 in P 4 . This is verified by IALY18, Appendix BI:

>>> good(Curve(5,1,4).add(P100,3))
True
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-

z][X
z]

Y

Degree 10, genus 7
As above, by 2.5.18, it suffices to show that for a BN-curve X

-+

P' of degree 6 and genus

2, and p, qi, q 2 , q3 general points of X, the modified normal bundle

N1 = Nx [q1 + q 2 +a

- p]

satisfies interpolation. This is verified by [ALY18, Appendix B:
>>> good(Curve(6,2,4) .add(P100,3))
True

2.5.20

Proofs of the main theorems

In this section we wrap up the preceding computations to prove the theorems and corollaries
quoted in the introduction.

Proof of Theorem 2.2.2(2)
As interpolation is an open condition [Ata15, Theorem 5.8], it suffices to find one BNcurve C of every possible degree d and genus g (with p(d, g, 4) > 0) whose twisted normal
bundle Nc(-1) satisfies interpolation. By Proposition 2.5.10, this follows for all BN-pairs

(d, g)

{(6, 2), (8, 5), (9, 6), (10, 7)} from checking interpolation for BN-curves with d and g

in the following finite list

{(9, 5), (11, 8), (12, 10), (13, 10), (13, 11), (14, 12)}.

-

For (d,g) E {(12,10),(13,10),(13,11),(14,12)}, this was proved in Sections 2.5.15
2.5.15 using a degeneration containing a canonical curve.

For (d, g) = (11,8), this was

proved in Section 2.5.17 using a degeneration with a rational quartic curve as well as several
2-secant degenerations. Let us show that the twisted normal bundle Nc(-1) of a general
BN-curve C of degree 9 and genus 5 satisfies interpolation.
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As x(Nc(-l))

= 14 - -1

(mod 3), it suffices by Lemma 2.1.6 to show that for 5 general points pi,

...

,p5 , the twist

down satisfies

h 0(Nc(-1)(-pi -

P5)) = 0.

As the genus of C is 5, the line bundle Oc(1)(pi

- -+p5) is general of degree 14. Therefore

this vanishing follows from interpolation for the untwisted normal bundle Nc, which is a
special case of [ALY18, Theorem 1.31.
For the converse, we note that hl(Nc(-1))

$

0 if C

PA is a BN-curve of degree

and genus in {(8,5), (9,6), (10, 7)} by [Larb, Theorem 1.61. Moreover, Nc does not satisfy
interpolation if C _+ P 4 is a BN-curve of degree 6 and genus 2.
For any BN-curve C, if the twisted normal bundle Nc(-1) satisfies interpolation, then
by Lemma 2.1.9 the untwisted normal bundle Nc does as well. Therefore for all BN-pairs

(d, g) V {(6, 2), (8, 5), (9, 6), (10, 7)}, this is a corollary of Theorem 2.2.2(2). If C is of degree 6
and genus 2, then C is nonspecial and NC was already observed to fail to satisfy interpolation

in [ALY18].
We conclude with the three cases (d, g) E {(8, 5), (9, 6), (10, 7)}. In these cases we have
that hl(Nc(-1))

$

0, and hence the hyperplane section is not a general collection of d

points in P; however d - 1 of these points are general, and all d points are general subject
to the condition that they are distinct points on the complete intersection of 11 - d quadrics
[Larb, Theorem 1.61.

In Sections 2.5.17 and 2.5.17 we proved interpolation for NC when

(d, g) = (9, 6) and (10, 7). The result for (d, g) = (8, 5) follows from Lemma 2.1.7 since KC2
is nonspecial and NC ~ (KC02)os
However, we have the stronger result that for any collection D of d - 1 general points in
a general hyperplane section, Nc(-D) satisfies interpolation. When (d, g) = (8, 5) we have

X(Nc(-D)) = 15 > genus(C) - rk(Nc).

Therefore interpolation follows from interpolation for NC as in [ALY18, Proposition 4.12].
When (d, g) = (9, 6), we have X(Nc(-D)) = 16. It suffices, therefore, (by Lemma 2.1.6) to
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show that for a general divisor F of degree 5, the twist down has no higher cohomology:

hl(Nc(-F - D)) = 0.
As D = Oc(1)(-p), with p general on C, the above twist NC(-F - D) ~ Nc(-1)(p - F). If
F is a general collection of 5 points, then Oc(p - F), and hence Oc(-1)(p - F), is a general
line bundle. The result therefore follows from interpolation for NC. When (d, g) = (10, 7)
we have

X(Nc(-D)) = 17 = -1

(mod 3).

Therefore it suffices to show that for a general divisor F of degree 6,

ho(Nc(-D - F)) = 0.

As before writing D

=

Oc(1)(-p), with p general on C, we have that Oc(-1)(p - D) is

general. Therefore this result again follows from interpolation for NC.

Proof of Theorem 2.2.1(2)
When p(d, g, 4) > 0, write Mg.,((P4 , d)0 for the unique component dominating Mg of the
Kontsevich space of n-marked genus g curves of degree d in P'.

If n < f(d, g, 4), and

pi, . . . , pn are general points on C, then X(Nc(-pi - - - - - p.)) > 0 and interpolation for NC
implies that h' (Nc(-pi

- ps))

-

=

0. Therefore the map extracting the image of the n

marked points
Mg,n(P4 , d)0
is smooth at the point (f: C

-+

P4 ,pl,

...

-+

(p

4

)"n

,p,), and hence generically smooth. Therefore the

map is dominant. For degree 6 and genus 2, even though the normal bundle does not satisfy
interpolation; however it is still true that for 9
the twist hl'(Nc(-pi - -

=

f(6, 2, 4) general points pi, . . . ,p9 on C,

-p)) = 0. Therefore, the above evaluation map is still generically

smooth and a general curve of this degree and genus still passes through 9 general points
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[ALY18, Corollary 1.41.
Similarly, fix a hyperplane H C P 4 ; then interpolation for Nc(-1) implies that the map
extracting the section by H (when it is transverse) and the image of the n points

Mg,n (P4,

d)

-- + Hd

X

(p4)n

is smooth, and hence dominant, for n < f(d, g, 4) - d. In the case (d, g)
are general points on C, then as 3 > 2 we have that Oc(1)(P1 +

P2

=

(6, 2), if P1,P2, P3

+ P3 ) is a general line

bundle of degree 9 = f(6, 2, 4). Therefore the fact that C passes through 9 general points
implies that its hyperplane section is general and it passes through 3 independently general
points.

Proof of Corollary 2.2.3

Degree 8, genus 5

Let D

=

Pi + - - - + p7 be a collection of d - 1 points in a general hyperplane section.

Interpolation for Nc(-D) suffices to show that a general curve of degree 8 and genus 5
passes through f(8, 5, 4) = 12 points that are general subject to the constraint that 7 of

them lie in a hyperplane.
In fact, something a priori stronger follows. The hyperplane section of a curve of degree
8 and genus 5 (which is the complete intersection of 3 quadrics in P 4 ) is the complete
intersection of 3 quadrics in P3; thus, some subset D of 7 of them determines the 8th.
Therefore any canonical curve in p4 passing through these 7 general points D in a hyperplane
passes through the 8th point automatically. In this way, the previous result implies that one
may pass a curve of degree 8 and genus 5 through f(d, g, 4)

+ 1 points that are general

subject to the constraint that d lie in a hyperplane and are distinct points on the complete
intersection of 11 - d quadrics.

94

Degree 9, genus 6
As above Theorem 2.2.2(2) this implies the corollary about passing a general such curve
through f(d, g, 4) points subject to the constraint that d - 1 lie in a hyperplane.
In a slightly different direction, we show that a curve of degree 9 and genus 6 in P 4
passes through f(9, 6, 4) = 13 points that are general subject to the constrain that d = 9 of
them lie in a hyperplane and lie on the complete intersection of 2 quadrics, i.e. an elliptic
normal curve. Note that an elliptic normal curve in P passes through 8 general points and
is determined by 8 general points on the curve.
Fix 9 general points pi,. .

. , pg

on an elliptic normal curve E c H - P'3 and 5 other

general points q1 , . .. , q 5 in VW. We will show that there exists a curve of degree 9 and genus
6 through the first 13 points pi + -

+ pq + qi + -

+ q 4 but not through all 14

=

f(9, 6, 4)

points.
Let L be a line in P4 which is general relative to Pi,...,p7 and qi, q2 , q3 (and so in
particular disjoint from Pi,... ,P7, qi, q2 , q3 ).

Lemma 2.5.21. The subscheme

q1 U q 2 U q3 Up 1 U... Up 7 U L c P4

lies on a smooth del Pezzo surface of degree 4.

Proof. We will show that if S is some del Pezzo surface, L is a line on S, and qi, q2 , q 3 are
general points on S and pi,

...

,p 7 are general points in a hyperplane section of S, then

H0 (Ns)

is surjective, and h' (Ns)

=

+ H0 (Nsq uq
1 2uq3 up 1U...up 7 uL)

0, so that these points and line are general by deformation theory.

As Ns ~ Os(2)1 2 , we see from Kodaira vanishing that h"(Ns)

=

0. As the points qi are

general on S and so impose independent conditions on sections of a line bundle, it suffices
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to show that
H0 (Os(2)) -+ H 0 (O(2)IPIu...uP7uL)
is surjective, for which it suffices to show the composition

H0 (024(2)) -+ H0 (Op3uL(2)) ~+ H 0 (O(2)|lu. . uP7 )

e

HO (OL (2))

is surjective. Consider the second map first; the map evidently surjects onto H0 (OL(2)), so
it suffices to check that the kernel surjects onto H0 (Op1 . . U 7 (2)). Write p = L n H. Note
that any quadric on H vanishing at p can be extended to a quadric on P' vanishing on L (for
example by pullback under the projection map from some point on L 'x {p}). The restriction
of the kernel to H is therefore isomorphic to H0 (0p3 (2) 0T4), where 1p is the ideal sheaf of
the point p, which surjects onto H0 (OP1 U...UP 7 (2)) as the 8 points Pi, ... ,p7, p are general in
P3.
To complete the proof, define a point p on E by the relation

OE(P1 + - --

+p9)(-

2)

OE(P)-

Note that p is general in H independent from Pi,... ,P7, q 1 , q2 , q3 , q 4 . Let L be the line in
P4 joining p and q4 . Then by Lemma 2.5.21 above, there exists a unique smooth del Pezzo
surface S through q1 U q 2 U q3 U p 1 U ... U p 7 U L. The hyperplane section SfnH is an elliptic
normal curve containing the 8 points Pi,. . .,p 7 and p on E, and hence must be equal to E.
, q4

.

It therefore contains the 13 points pi, ... ,p9 and q 1, ...

The curve class 2H + L is base-point-free of degree 9 and arithmetic genus g satisfying

2g - 2 = (H + L) - (2H + L) = 8 + 3 - I = 10

=

g = 6.

The general member of this linear system on S is therefore a smooth (hence BN by [I1i06})
curve of degree 9 and genus 6 in p4. It suffices only to show that such a curve can be passed
through 4 general points on S and 8 general points in a hyperplane section. By deformation
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h 1(Nc/s(-p-----ps-q1-.---q

4

- - - q 4 )) = 0. We have

)) =h 1 (O(2H+L)(-pi---

-ps-q------q

4

)

theory, it suffices to show that h1 (Nc/s(-p1 - - - - - p8 - q --

= h 1 (Oc(H + L)(pg - q1 - - - - - q4 ))
= hl(Kc(p 9 )(-q1 - - - - -

As h'(Kc(p9 )) = 0, and qi,

...

q4).

,q 4 are general points, the twist Kc(p 9 )(-

- -

q4) is still

nonspecial as desired.
Finally let us show that there does not exist a curve of degree 9 and genus 6 passing
through all 14 points pi, . . . , pg and qI, .. . , q 5 . The strategy will be similar to the constructive
method above, however we will find a smooth del Pezzo containing the first 8 (general) points
pi, - - - ,p8, and qi, . . . , q5 ; using the fact that any curve of degree 9 and genus 6 containing
these points must lie on this surface, we show that such a curve cannot pass through pg.
Lemma 2.5.22. There is a unique smooth del Pezzo surface of degree 4 through the points

,l

-,- - ,q 5

,

pl, - -p

that are general subject to the constraint that the pi lie in a general hyperplane.

.

Proof. First, we show that there is a unique pencil of quadrics passing through pi,.. , Ps, q, .. , q5
As there is a 14-dimensional projective space of quadrics in P4 , this amounts to asserting
that the 13 points above impose independent conditions on sections of Op4(2). Consider the
surjective restriction map to P3

H0 (9p4(2)) -+ H0 (Op3 (2)).

As the 8 points pi,

...

, Ps are general in P', they impose independent conditions on sections

H 0 (0p3(2)) and thus sections of Op4( 2 ).

The points q1 , ...

, q5 then impose independent
.

conditions on sections vanishing at pi,... ,ps as they are general points in P 4

Next, let S be a (smooth) del Pezzo surface and let Pi,
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. .. , p8

be a general collection of

n H = E a general hyperplane section. Let q1 , ... , q5 be 5 other general points

on S. Denote by F the 0-dimensional subscheme of the points p, + -.- +

p8

+ q1 -

+ q5

.

points on S

We will show that the map from such marked del Pezzo surfaces to H8 x (IR ) 5 is dominant,
by deformation theory, by observing that Ns/p4 has no higher cohomology and that the
restriction map

)

H0 (Ns) -+ H0 (NsIr

is surjective. Indeed, Ns ~ Os(2) G Os(2) is nonspecial as Os(2) is ample and so has no
higher cohomology by Kodaira vanishing. To show the surjectivity, note that the restriction
map H0 (Os(2))

-÷

H0 (OE(2)) is surjective, again for example by Kodaira vanishing, as E

is in the class Os(1). Since the points pi, . . . , Ps are general on E, they impose independent
conditions on H'(OE(2)); therefore they also impose independent conditions on sections of
Os(2). The points q 1,...

, q5 ,

Os(2) vanishing at pi ...

7Ps.

being general, impose independent conditions on sections of
n

Now consider any curve C of degree 9 and genus 6 in P 4 passing through F (by Corollary 2.2.3 there exist such curves). By Riemann-Roch, h 0 (Oc(2)) = 18 + 1 - 6 = 13, and
so C lies on at least a pencil of quadrics in P4 . As the points of F lie on a unique, and
general, such pencil, C must also lie on a unique such pencil, and so be contained in the
base locus S, a del Pezzo surface of degree 4. As the Picard group of S is countable, C is
in one of countably many possible curve classes on S. Therefore C n H c E is in one of
only countably many linear equivalence classes of degree 9 divisors on E. This necessarily
contains Pi + - - - + ps, and so the 9th point of intersection is in one of only countably many
classes on E. In particular, it cannot be a general point on E.

Degree 10, genus 7
Let D = pi + - - - + p9 be a collection of points on a general hyperplane section of a curve C
of degree 10 and genus 7 in P4 . As above Nc(-D) satisfies interpolation, therefore C passes
through f(10, 7, 4)

=

14 points that are general subject to the constraint that 9 of them lie

in a hyperplane.
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In [Larb] it was shown that the hyperplane section H n C of a curve C of degree 10 and
genus 7 is a general collection of 10 points on a quadric in H - P'. We show here that there
exists a curve of degree 10 and genus 7 through a collection of f(10, 7,4)

+ 1

=

15 points

that are general subject to the condition that 10 lie on a quadric in H.
We begin in a similar way to our approach for (9, 6). Fix general points pi,..

Q

on a

in H - P'3 , and 5 more general points q1, . . . , q 5 in p 4

.

quadric

, pio

Lemma 2.5.23. There exists a unique smooth quadric through the 14 points

p1,.-

-- , g9,qi, .. I

q57

that are general subject to the constraintthat the pi lie in a hyperplane. (Equivalently through

the 15 points p1 ,...

p1o, q 1 ,...

, q5

that are general subject to the constraint that the pi lie in

a quadric in a hyperplane.)
Proof. As there is a 14-dimensional projective space of quadrics in IW', it suffices to show
that these 14 points impose independent conditions on sections of H0 (Op4 (2)). The points
p1, ..-- , p impose independent conditions on H0 (0p3(2)), being general on P'3 . Furthermore,
restriction is a surjection

H(0p4 (2)) -+ H0 (0p3(2))
so the points pi,... ,pg impose at least as many conditions on H0 (Op4 (2)).

The general

points qi, . . . , q 5 impose independent conditions on sections of O(p (2) vanishing at pi, . . . , p9,
and so the whole collection imposes independent conditions on quadrics.
Now we show that this quadric is general. As above, let S be a general quadric in P'4
and let q1, .

. .,

q 5 be general points on S and pl, . .

, pq be general points on H n S. Then it

suffices by deformation theory to verify that Ns/]p4 has no higher cohomology and that

H(Ns)

-*

H0 (NsIPIup2u...upuq1u...uq5)

is surjective. To show Ns ~ Os(2) has no higher cohomology, we use the exact sequence of
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sheaves

0-

Op4(n - 2) -+

Op4(n) -+ Ns(n) ~ Os(n) -+ 0,

and the vanishing of the higher cohomology of Op4 (n) and Op (n -2)

for n > 1, which shows

that Os(n) has no higher cohomology for n > 1 (in particular for n = 2).
To show that these 14 points impose independent conditions on sections of Os( 2 ), we first
note that the restriction map H0 (Os(2)) -÷ H0 (OsnH(2)) is surjective (since hl(Os(l))
by the above). Since p1 , p 2 , ..

.

, p are general on SnH, and ho(OsnH(2))

=

=

0

hopA xP' (2, 2))=

9, they impose independent conditions on sections of OsnH(2) and thus on sections of Os( 2 ).
Since qi, q 2 ,-

-

-, q5 are general, they impose independent conditions on

ker(HO(Os(2)) -+ H0 (OsnH(2))) ~ H0 (Os(1)).
Combining this, our 14 points impose independent conditions on sections of Os( 2 ), as desired.

,9,

qi, . .. ,q 5

As h0 (Oc(2)) = 20 + 1 - 7 = 14, the curve C lies on a quadric. As the 14 points lie on a
unique quadric S (which is smooth if the points are general), C lies on this quadric.
Finally we claim that the rank 2 bundle Nc/s (-1) satisfies interpolation - this is sufficient
to prove the desired result as the points pi, ...,

p1o are general points in a hyperplane section

of this quadric and q1 , . . . , q5 are general points on this quadric. From

0 -+ Nc/s(-l)

-+

Nc(-1)

-+

Oc(1) -+ 0,

we have x(Nc/s(-1)) = 10. It suffices to show that after twisting down by 5 general points
qi,

.

., q5 on C, we have h0 (Nc/s(-1)(-q 1

- q 5 ))

-

=

0. By the above exact sequence, it

suffices to show that
ho(Nc(-1)(-qi - - - - - q5 )) = 0.

(2.17)

To show this, we will degenerate C to the union of a curve X of degree 6 and genus 2 and
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.

We showed above that there exists a curve C of degree 10 and genus 7 through pi, . .

a degenerate rational normal curve M

Um1+m 2 +m 3

(L1 U L 2

U

L 3 ), where Li

n

M= mi and

Li n C = zi + wi is a 2-secant line as in the setup of Section 2.5.17. Specialize the points qi
so that 2 lie on M and one lies on each of the Li. By [Lara, Theorem 1.61 this is a BN-curve
and as in Lemma 2.5.18 (using Lemma 2.5.7) we have that on global sections

h 0 (Nc(-l)(-q-- --- q5 ))= ho(Nx(-1)[zi

wil[wi

-+

z1[Z2

-

--

W2 1[w 2

z21[z 3

-

-+

Z31)-

-+

0

-*31

Further degenerate X as in Lemma 2.5.19 to the union of a curve Y of degree 5 and genus 1
and a 2-secant line L meeting Y at points x and y. The points x1 and x 2 specialize onto L
and the remainder specialize onto Y. The union is a BN-curve and the global sections glue
to give that

h(Ny (-1)(y)[x -+ y][2y -+ x][w
= h0 (Nx(-1)[zi

-

wi[w1

= ho(Nc(-1)(-qi - -

])

[-+

-

-+

z1[Z2 -+ W21[W2 -- z 2 ][z 3 -+

-- X
3][w 3 -+z3

-

z 3])

)-

-

The bundle

-

[w

-X[W2 -+X1[Z3 -+ w3]w3

z3 ]Ny :=Ny(-1)(y)[x

-+

x

y[2y

sits in an exact sequence

0

--+

Ny

(-1)(y-X-z 3 -w3)

Ny~x(-)(y

-

X

-

-

-+

-+

N, i:(-1)(-y-w 1 -w 2 )[x

w3 ) - Oy(x + y

-

Z3 - W3 )

--+ y][z 3 -W3][3

-+ z 3]

is a general line bundle of degree 0 on

an elliptic curve, and hence has no global sections. It thus remains to show

h(Nly

(- 1) (-y - wi-

w 2 )[X -+

-+

w 3 ][w 3 -+ z 3 ]) = 0.

Since X(Nx,1 (-1)(-y - wi-w 2 )[X - y1[z3 -w W3][W 3 -+za]) =-1 and Oc(1)(y+ wi + w2)
101

w3] [W 3

-+

-*

y] [z 3

-

is a general line bundle of degree 2 on an elliptic curve, it suffices to show N,,I, [x

z3] satisfies interpolation. Limiting y to w 3 , it suffices to show interpolation for

the bundle
N,.,I, [x -+ W3[

This is verified by [ALY18, Appendix BJ:
>>> good(Curve(4,1,3).add(P1O1).add(P100))
True
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w3 [w 3 -+ z3]

Chapter 3

The arithmetic degree of irrationality
Background and definitions

3.1
3.1.1

Notation

* k denotes a number field, that is a finite extension of Q
* k denotes a fixed algebraic closure of k
* C denotes a nice (i.e., smooth, projective, and geometrically integral) curve over k
" Given an algebraic point P E C(k), we write k(P) for the residue field of P, and
deg(P) = [k(P) : k] for the degree of the residue field extension.
" We write Ce set of points of degree at most e on C:

Ce := {P E C(k) : deg(P) < e}

U

C(F).

[F:k]<e

" Given a nice variety X/k, write N' (X) for the cone generated by the numerical classes
of divisors on X. Write N1 (X)R for N1 (X) Oz R, the real vector space they span.
" Write Eff(X)

c

N1 (X)R for the cone generated by the effective divisors on X.
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"

Write Amp(X) 9 N1 (X)R for the cone generated by the ample divisors on X. By

definition, Amp(X) C Eff(X).

" Given a nice variety X/k, write N1 (X) (and Nl(X)R) for the cone generated (over Z or
R) by numerical classes of curves on X. The intersection pairing on X pairs classes in
N1 (X) and N 1 (X); if X is a surface, then N1 (X) = N 1 (X) itself carries an intersection
pairing.

3.1.2

The Picard scheme

The Picard scheme Picc/k is the (fppf sheafification) of the functor

T -+ Pic(C Xk T)

for any k-scheme T. In particular, for any L/k extension of fields with separable closure LS,

Picc/k(L) = Pic(CL)Ga(LS/L).

The k-scheme Picc/k is locally of finite type, with components indexed by d E Z fitting into
an exact sequence

0

-4

PicC/k -+ Picc/k dg

z -+ 0.

We call PicC/k the Jacobian of C, an abelian variety of dimension equal to the genus of C.
For any e 5 0, the scheme Pic'C/k is a torsor for the Jacobian Pico/k.
We write Pice C for the set of line bundles of degree e on C over k.
Pice CT

=

We have that

Pic'/k(k); however, it is not in general true that Pice C is the same as Picc/k(k).

In fact the failure is detected by the Brauer group of k, as in the following exact sequence
coming from the Hochschield-Serre spectral sequence [Poo17, Corollary 6.7.8]

0 -+ Pic C

-+

Picc/k(k) = Pic(C)Gal(T/k) -+ Br(k)
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Rational points of Picc/k are sometimes called twisted line bundles on C, and are related to
maps to Severi-Brauer varieties which may not be isomorphic to P' [Kol16,

4J.

In many of our geometric arguments, we are working over an algebraically closed field
and hence will not care about the difference between Pic C and Picc/k(k).

3.1.3

Gonality

In this chapter, we introduce an invariant that may be considered an arithmetic analogue
of the gonality of a nice curve. Recall that the gonality of a nice curve C/k is the minimal
degree of a dominant map C -

P1. Using the correspondence between maps to projective

space and linear series, we can make an equivalent definition:

gon (C) := min(e : 3L E Pice C, ho(C, L)
Note that we do not need to require the linear system

2).

(3.1)

ILI to be base point free: if D is the

base locus of ILI, then h0 (C, L(-D)) = h0 (C, L) > 2 and deg L(-D) < deg L. In particular,
let us note the following easy consequence.
Lemma 3.1.4. Let P be a very ample line bundle on C defining a projective embedding

pp: C -+P*.

Suppose that Z

e Div(C) is such that h0 (C, P(-Z)) > 1; equivalently, suppose that the

points of Z span linear space of codimension at least 2 in Pr. Then

gonk(C)

deg P - deg Z.

In particular, gonk(C) < deg P and if C(k) : 0, then gonk(C) < deg P.
Proof. The line bundle P(-Z) has at least two sections, and therefore (3.1) gives that

gonk(C) < deg P(-Z) = deg P - deg Z.
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Geometrically, projection from a codimension 2 plane in p

gives a morphism C -+ P1 of

degree at most deg P - deg Z.

L

We write gonT(C) for the geometric gonality of C (i.e., gon(C-j)). Equivalently, this is the
value stable under finite extensions of k

gon-(C) = min(e : ]K/k finite,

f

: CK -+ P , deg(f)

Phrased in this way, we see the basic inequality gonk(C)

=

e).

gonT(C).

We have the

following basic bounds on the gonality:
Lemma 3.1.5. Suppose that g is the genus of C.
1. If g :

1, then gonk(C) < |2g - 21. For every g

# 1, there exists a field k and C such

that gonk(C) = |2g - 21.
2. If C(k) / 0, then gonk(C)

gl +.

3. The geometric gonality gonV(C) is at most

[9j,

and equality is achieved for a general

such curve of genus g.
Proof. We prove the first two of these by exhibiting a line bundle (defined over k!) in Pic C
of the appropriate degree, with at least 2 global sections.

1. If C is of genus 0, then the bundle -KC E Pic 2 C has h0 (C, -Kc)

2 + 1 =3 by

Riemann-Roch. If C is of genus strictly greater than 1, then KC E Pic 2 9- 2 C and so

ho(C, Kc) = g > 2.

The sharpness follows from [Poo07, Proposition A.1(iii)].

2. Given P E C(k), we can define O((g + 1)P) z Picg+l C. Then by Riemann-Roch
hO(C,1O((g + 1)P)) 2 g + 1+ 1 - g = 2.
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3. This follows from Brill-Noether theory:

[9 3 is the minimal d such that

p(d, 9, 1) > 0.

We saw above that the canonical bundle Kc can be used to prove upper bounds on the
gonality of a curve over a general field k.

In addition, the gonality is a measure of the

positivity of the canonical bundle KC, as we now explain.
Definition 3.1.6. A line bundle L on a curve C is p-very ample if for any geometric effective
divisor Z on CT of degree p + 1, the evaluation map

)

H (CT, L) -+ H (CT, L z

is surjective.
In particular, L is 0-very ample if and only if it is base point free, and 1-very ample if
and only if it is very ample.
Lemma 3.1.7. Let L 1 be a p 1 -very ample line bundle and L 2 be a p2 -very ample line bundle.
Then the tensor product L 1 0 L 2 is (PI + p2 )-very ample. In particular,
(a) If L is very ample, then L*P is p-very ample.
(b) If L is p-very ample and M is base point free, then L 0 M is p-very ample.
Proof It suffices to show that any divisor Z of degree pi + P2 + 1 imposes independent
conditions on sections of L, 9 L 2 ; hence it suffices to show that for any Z' C Z of degree
Pi + P2, there exists a section of L, 0 L 2 that vanishes on Z' but not Z. As Li is pi-very
ample, we may partition Z' into Z' + Z' such that Z' and Z2 are subschemes of degrees
pi and P2 respectively, and choose sections si of Li vanishing on Zj but not Z - Z' so that
l

si 0 S2 vanishes on Z' but not Z.
Lemma 3.1.8. Suppose that KC is p-very ample. Then gonk(C) > gon-(C) > p
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+1.

Proof. Assume to the contrary that there exists L E PicP"(CT) with h0 (C, L)
be an effective divisor in the linear system

>

2. Let Z

ILI. The short exact sequence of sheaves

0 -- Kc(-Z) -4Kc -4 Kc~z -4 0

gives rise to the long exact sequence

o

-4

H"(Kc(-Z))

-4

H (Kc)

H0 (Kclz) A H1 (Kc(-Z)) -4H1 (Kc)

-

-÷

0

By Serre duality, h1 (Kc) = h0 (Oc) = 1, and h(Kc(-Z)) = h0 (Oc(Z)) = ho(L) > 2.
Therefore the map a has a nontrivial kernel, and so by exactness, 6

7

0. Hence the evaluation

map ev is not surjective, and Z contradicts the assumption that KC is p-very ample.

L

As an application of this result, let us prove (part of) a classical theorem of Max Noether.
Proposition 3.1.9. Let C be a smooth plane curve of degree d > 2. Then goni(C) = d - 1.
Proof. The upper bound gonT(C) <; d - 1 is exhibited by projection from a point P E C(k).
In the other direction, by adjunction, the canonical bundle of C is

KC ~ (Kp2

+

Op2(C))Ic

-

Oc(d - 3).

The line bundle Oc(d - 3) is (d - 3)-very ample by Lemma 3.1.7(a).

Hence gonT(C)

E

d-3+2= d- 1 by Lemma 3.1.8.

3.1.10

>

Rational points on subvarieties of abelian varieties

There are numerous conjectural pictures of the behavior of rational points on varieties over
number fields k.

The first case, curves, is understood by Faltings' proof of the Mordell

conjecture: there exists a finite extension K/k such that C(K) is infinite if and only if C is
of genus at most 1. Curves of genus at least 2 are exactly those of general type (the canonical
class is big, and so the Kodaira dimension is maximal). We may therefore rephrase the main
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content of Faltings' theorem: a curve of general type over k has only finitely many points
over any finite extension of k.
For higher dimensional general type varieties, asking that the rational points be finite
is not the right generalization - a variety of general type may contain subvarieties which
are not of general type and contain infinitely many rational points. For example, a smooth
surface of degree d > 5 in P3 is of general type; however, one may easily arrange for such a
surface to contain a line. To account for these subvarieties that contribute infinitely many
rational points, let us make the following definition.
Definition 3.1.11 ([Lan9l]). The special set Sp(X) of a nice variety X over k is the Zariski
closure of the union of the images of all nonconstant rational maps

f:

A --

+

XT

from an abelian variety A to X,.
Although a priori the special set Sp(X) is a subvariety of XT, it is Galois invariant and
hence defines a subvariety of X.
We then have the following ambitious conjecture of Lang:
Conjecture 3.1.12 (Lang). Let X be a nice variety and let Sp(X) be its special set, defined
over a number field k. Denote Y := X - Sp(X).
1. Y(K) is finite for any finite extension K/k.
2. The special set is a proper closed subvariety of X if and only if X is of general type.
A weaker conjecture (referred to as the Bombieri-Lang Conjecture) is that the set of
rational points X(k) is not Zariski dense if X is a positive-dimensional variety of general
type.

This conjecture is very strong, and implies, in particular, uniform bounds on the

number of rational points on a curve of general type [CHM97].
Lang's conjecture is wide open for most higher-dimensional varieties. The one class of
varieties for which the conjecture is known is subvarieties of (torsors of) abelian varieties.
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By the Abel-Jacobi map, this class contains all curves of genus at least 1 as well as the
Brill-Noether loci W, we defined in the introduction. In this case we have the following
determination and structure of the special set:

Proposition 3.1.13 ([Lan9l,

1.6] and references therein). Let X be a subvariety of an

abelian variety A over k.

1. The special set Sp(X) is the union of all translates of abelian subvarieties B C A
contained in X.

2. (Ueno [Uen73j) X is general type if and only if the subgroup of A of translations
preserving X is finite.

3. (Kawamata [Kaw80) Given X of general type, there exist finitely many proper closed
subvarieties Zi C X each preserved by a positive-dimensional group of translations,
whose union contains all translates of positive-dimensional abelian subvarieties con-

tained in X.
In particular, if X is not of general type, then the special set is all of X. If X is of general
type, then Sp(X) is precisely this union of subvarieties stabilized by positive-dimensional
abelian subvarieties of A.
Lang's conjecture is known in its entirety for subvarieties of abelian varieties by the work
of Faltings.

Theorem 3.1.14 (Faltings [Fal94I). Let k be a number field. Let X C A be a subvariety of
an abelian variety A over k. Then there exist finitely many translates of abelian subvarieties

Zi

=

zi + Bi,

(Bi C A abelian subvariety)

that contain all of the rationalpoints of X. In particular, if X(k) is infinite, then X contains
a translate of a positive-dimensional abelian subvariety of A.
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3.1.15

Quadratic and cubic points on curves

Recall from the introduction the following theorem of Harris-Silverman (when e = 2) and
Abramovich-Harris (when e = 3) describing when the sets Ce are infinite for e < 3.
Theorem 3.1.16 (fHS91, Corollary 31 IAH91, Theorem 11). For e = 2 or 3, there exists a
finite extension K/k such that (CK)e is infinite if and only if Cg is a degree e cover of a
curve of genus at most 1.
The if direction of the proof is clear: if CT is a degree e cover of a curve of genus at
most 1, then there exists some finite extension K/k, a curve X/K (of genus at most 1) with
X(K) infinite, and a degree e map

f:

CK -+ X. Pulling back rational points from X gives

an infinite set

f-1 X(K) C (CK)eTo give the reader a feeling for what lies ahead, we sketch the main ideas in the proof of the
converse in the case e = 2. Harris and Silverman begin by proving the following key lemma,
whose consequences for gonality are familiar, e.g., [Poo07, Proposition A.1(vii)]. Recall that
a curve over k is called hyperelliptic (resp. bielliptic) if it is a double cover of P} (resp. a curve
of genus 1). By this definition, curves of genus 0 and 1 are considered hyperelliptic; however
some authors require the genus to be at least 2.
Lemma 3.1.17 (tHS91, Proposition 1]). Let X

-+

Y be a finite map of curves. If XT is

hyperelliptic or bielliptic, then YT is also hyperelliptic or bielliptic.
Proof Sketch of Theorem 3.1.16 for e

=

2. Theorem 3.1.16 is clear when the genus of C is

at most 2, since CT is always hyperelliptic.
genus at least 3, the set

(CK)2

Now suppose that for a nice curve C/k of

is infinite. Quadratic points on

CK

give rise to K-points on

CF := Sym 2 CK under the map
P e P +"P,
for o- the nontrivial element of Gal(K(P)/K). In this way, the set of rational points on the
symmetric square C(2) (K) is infinite. We will show that this implies that CT is hyperelliptic
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or bielliptic. If CT is not hyperelliptic, then the Abel-Jacobi map

C(-+ PiCC/K
is injective and by Faltings' theorem 3.1.14, the image contains a positive-dimensional abelian
variety E. Because g > 3, the variety C() is 2-dimensional, but not itself an abelian variety,
and so E -

2

is necessarily an elliptic curve.
------.. finite..

birat.

>CK X CK

IF

*2:1

j2:1

E

CK

C2

-

C). Harris and Silverman
Let F be the preimage of E under the degree 2 map CK X OK

(

show that F is an irreducible curve; let f denote the normalization. Then f is a nice bielliptic
curve over K. Furthermore, for (at least) one of the two projections r:

CK X CK -+ CK,

composite map I -+ CK is a finite map; the result now follows from Lemma 3.1.17.

3.1.18

the
L

Stability of vector bundles

We first recall some of the basic theory of torsion-free coherent sheaves on varieties over
algebraically closed fields k

=

k. Let F be a torsion-free coherent sheaf on a nice variety X

of dimension m. Given an ample class H on X, we define the slope of F with respect to H

PH (F) :=

ci(F) - H"1
rk(F)

In what follows, we leave the reliance on H implicit, and just refer to the slope as p(F).
The sheaf F is called p-unstable (with respect to H) if there exists a coherent sheaf E C F
such that

p(E) > p (F).
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Otherwise we say that F is p-semistable (with respect to .1).
The p-semistable sheaves are the building blocks of torsion-free coherent sheaves on X.
More precisely, for F any torsion-free coherent sheaf, by [HL10, Theorem 1.6.7] there exists
a unique Harder-Narasimhan filtration of F,

0 = Fo c F1 c

...

c F = F,

which is characterized by the following properties
1. Each quotient G := F/F2. If 1 < i <

is a torsion free p-semistable sheaf.

j < n, then p(Gi) > p(Gj).

In particular, we will use the fact that given an unstable torsion free coherent sheaf F, there
is a unique nonzero subsheaf E C F such that F/E is semistable and torsion free, and P(E)
is maximal among subsheaves of F. We call this E the maximal destabilizing subsheaf of F.
Remark 3.1.19. If X is a curve (i.e., m = 1), then a vector bundle F is unstable if and
only if it is destabilized by a subbundle E C F, since the saturation of a destabilizing
subsheaf will yield a destabilizing subbundle. However, saturation does not in general yield
a subbundle (though, by the fact that the quotient is torsion free, the maximal destabilizing
subsheaf of a vector bundle is always saturated [HL10, Definition 1.1.51). If X is a surface
(i.e., m

=

2) and F is a vector bundle, then the maximal destabilizing subsheaf is itself also

a vector bundle (though not in general a subbundle), as we now show. By fHar8O, Corollary
1.41, any sheaf E on X that is reflexive (i.e. the natural map E -+ Evv is an isomorphism)
is locally free. Furthermore, a saturated subsheaf E C F of a locally free sheaf is reflexive
(as Evv/E -* F/E would otherwise be a torsion subsheaf, see also [Har80, Corollary 1.51).
The maximal destabilizing subsheaf is saturated, and hence reflexive, and hence locally free.
We also define the discriminant of a coherent sheaf F on a smooth complex projective
surface in terms of Chern characters as the quantity

.

A(F) := 2 cho(F) ch2 (F) - chi(F) 2
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The following fundamental theorem of Bogomolov [HL10, Theorem 3.4.1 implies that
the property of p-stability of sheaves on surfaces is numerical.
Theorem 3.1.20 (Bogomolov inequality). Let S be a smooth complex projective surface. If
F is a p-semistable torsion-free coherent sheaf on S with respect to some ample class, then

A(F) < 0.
Remark 3.1.21. Once one knows that stability is a numerical property, the fact that A(F)
is the precise combination of Chern classes capturing this follows from the fact that it the
minimal polynomial in the Chern classes that is invariant under twisting by line bundles.
Let us make this more explicit when F has rank 2. Taking the contrapositive, it follows
that if A(F) > 0 we may take a "square root" of F and obtain an exact sequence

0 -+ A -+F-+ Iz 0 B -+ 0,

where Iz is the ideal sheaf of a finite subscheme Z C S and A and B are line bundles on S

satisfying (A - B)2 > 0 and (A - B) - H > 0 for all ample H (in [Laz97, Definition 4.11, this
is taken as the definition of a "Bogomolov unstable" bundle).

3.2

Statement of results

Recall from the introduction the following two definitions:

a.irrk(C) := min(e : Ce is infinite)
a.irrT(C)

:=

min(e : -K/k finite, s.t. (CK)e is infinite)

We first characterize the values these invariants can take:
Theorem 3.2.1 (Smith-Vogt). Given any number field k and a pair of integers a,

;

Iy
1,

there exists a nice curve C/k such that

a.irrk(C) = a.irrT(C) = a,
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gonk(C) = gonT(C) = -

(3.2)

4, the equalities (3.2) are satisfied by all smooth

if and only if y/2 < a < y. In fact, for -y
curves in numerical class (-y, a) with -/

2

< a < -y on S

=

E x PI, for any positive rank

elliptic curve E/k.
This proof comes from new techniques for computing these invariants when the curve is
an ample divisor on a nice surface. Applying these techniques, we show that when the surface
has discrete Picard group (i.e., h'(0) = 0), sufficiently positive curves satisfy a.irrk(C) =
We begin with explicit results when the Picard group is not only discrete, but

gonk(C).
simply Z:

Theorem 3.2.2 (Smith-Vogt). Suppose that C embeds in a smooth surface S/k having
Pic(STy)

=

Z - Os(1), with Os(1) very ample and C c |Os(a)| for a > 9. Then

a.irrk(C) = gonk(C).

Corollary 3.2.3 (Smith-Vogt). Under the hypotheses of Theorem 3.2.2, there are finitely
many points of degree strictly less than (a - 1)Os(1)
Proof. By Corollary 3.3.6, (a - 1)Os(1)

3.2.2, (a

-

2

2

on CK for any finite extension K/k.

< gonj,(C) < gonk(C). Therefore by Theorem

1)Os(1) 2 < a.irrk(C).

Theorem 3.2.2 combined with fHU18, Theorem 3.1] is enough to deduce the analogous
result for most complete intersection curves in P', generalizing Debarre and Klassen's original
result when n = 2:
Corollary 3.2.4 (Smith-Vogt). Let C/k be a smooth complete intersection curve in PIk,
n>

3, of type9<d

1

<d 2

<

--

d,_1. Then

a.irrk(C) = gonk(C).

Corollary 3.2.5 (Smith-Vogt). Under the hypotheses of Corollary 3.2.4, there are finitely
many points of degree strictly less than (d 1 - 1)d 2 ...

K/k.
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dn

1

on CK for any finite extension

Proof. Lazarsfeld [Laz97, Exercise 4.12} computed the lower bound (d, - 1)d 2 ... d,,

1

for

the gonality, and hence, by Corollary 3.2.4, the arithmetic degree of irrationality, of such a
.

curve is at least (di - 1)d2 - - - dn_ 1

In the general version, the explicit condition a > 9 is replaced by the exclusion of finitely
many classes from any closed subcone of the ample cone.

Theorem 3.2.6 (Smith-Vogt). Let S/k be a smooth projective surface with h 1 (S, Os)

=

0.

Let P be a very ample divisor on S, define the

Excp := {integral classes H in Amp(S) such that 9H - P > H 2.

1. If C C S is a smooth curve with class [C] E Amp(S) - Excp, then

a.irrk(C) = gonk(C).

(3.3)

2. For any closed subcone N C Amp(S), the set

Excp(N) := Excp nN

(3.4)

is finite.

For any surface S and any finite polyhedral subcone N C Amp(S), the set Excp(N) in
(3.4) is effectively computable.

Given some particular surface S, our techniques are very

amenable to explicit computations, and can sometimes yield a full computation of all classes

[C] E Amp(S) for which (3.3) fails. For example:

Theorem 3.2.7 (Smith-Vogt). Let C be a nice curve of type (dl, d 2 ), with 1 < di
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d 2 , on

P. Then gonk(C) = gonT(C) = di and

a.irrT(C)

I

: di

2

: d= 2 and d 2 > 3, or (di, d2 ) = (3, 3) and C bielliptic,

d

: otherwise.

<1

or (di, d 2 )

(2,2),

In particular, if (d 1 , d 2) 5 (2, 2) or (3, 3), we have that a.irrk(C) = gonk(C)

3.3

=

d1

.

kx

Abelian Varieties in WeC

In this section we prove purely geometric results (Theorems 3.3.8 and 3.3.11) about nonexistence of abelian subvarieties that will imply our main theorems. Therefore the basefield
is assumed to be C, unless otherwise noted, and gon(C) := gonv(C) denotes the geometric
gonality.
The proofs of these results will proceed by contradiction: the existence of a positivedimensional abelian variety A C WeC will force the existence of a family of effective divisors
of moderately low degree moving in basepoint-free pencils. We will then use a geometric
lemma proved in Section 3.3.2 to produce interesting effective divisors on an auxiliary surface
containing the curve. The proof ideas bifurcate here: when the auxiliary surface is specified
explicitly, we may then directly use the geometry to obtain a contradiction. When the surface
is simply known to have hl (0) = 0, we use the interesting effective divisor to inductively
produce such a family of effective line bundles on C of even lower degree that will force a
contradiction for all but finitely many possible starting classes of curves C.
The first step in this procedure relies on the following observation, due originally to
Abramovich and Harris IAH91, Lemma 11, and whose consequence for the gonality of C
was noted by Frey [Fre94J. Assume that A C WeC is a translate of an abelian variety of
dimension at least 1 and A

t x + We_1C for any x E C.

A x A under the addition map WeC x WeC -*

Let A 2 denote the image of

W2eC. Note that A 2 is (noncanonically)

isomorphic to A: a choice of basepoint in A induces an isomorphism Pic' C ~ Jacc, under
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which the addition map on WeC agrees with the group law on Jacc and A C Jacc is an
abelian subvariety.
Lemma 3.3.1. The line bundle LP corresponding to a point p C A 2

9

W 2 eC C Pic2e C is

basepoint-free and has

h0 (C, L,) - 1 > dim A.
Proof. Let C(e) denote the eth symmetric power of C. We have the following commutative
diagram

C(e) x C(e)

WeC

X

finite > C(2e)
dom.

WeC

Ul

> W2 eC
Ul

A x A

>A2

Given a point p E W 2 eC, the fibers of the map C( 2e) -+ W 2 eC are of dimension ho(CLP) - 1.
,

As the fibers of the bottom map A x A -+ A 2 are (dim A)-dimensional, we see that if p E A 2

the fiber of C( 2e) -+ W 2 eC over p must be at least this large. Furthermore, if x E C is in the
base locus of this (dim A)-dimensional linear system, then it would necessarily be the case
that x is always in the linear system parameterized by the points of A. This is impossible,
as we assumed that A is not contained in a translate of We-IC.

3.3.2

L

Linear series of low degree

In this section we prove the key geometric input on linear series of moderately low degrees
on curves C whose class is ample on a surface S. This is a purely geometric result over an
algebraically closed field of characteristic 0.
Bogomolov's Inequality implies the following geometric result that will ultimately produce
the bounds we desire.
Proposition 3.3.3. Let S be a smooth projective surface and C C S a smooth curve such
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that Os(C) is ample. If F is a divisor on C that moves in a basepoint-free pencil, satisfying
deg F

<

4

C2

then there exists a divisor D on S satisfying the following four conditions

1. h 0 (S,D) > 2,
2. C.D < C 2 /2,
3. deg F > D - (C - D).

4. If E is

any divisor on S such that

h 0 (Oc(Elc - F))

0

=

(3.5)

E -C < C2,

and

then h(Os(E - D)) = 0. In particular, h0 (Oc(Dlc - F)) > 0.
Proof. As F moves in a basepoint-free pencil, there is a choice of two sections generating
the line bundle and hence giving a surjection

0

2

-+ Oc(F). This map fits into an exact

sequence

0
Let i: C

-+

o(c(-r)

-+

012 _+ Oc(F) -* 0.

(3.6)

S be the inclusion map. Then iOc(F) is a torsion sheaf on S. We define

the coherent sheaf F on S via the exact sequence of coherent sheaves

0

-+

F

_

0@2

-+ i*oc(F)

where the right map factors through the surjection

Qs2

S

-+

(3.7)

0,

(C32

As the only associated point of ioc(F) is the generic point of the divisor C

C

S, the

sheaf F is reflexive [Har80, Corollary 1.51, and hence locally free [Har80, Corollary 1.41.
Set e := deg F. Using Grothendieck-Riemann-Roch to calculate the Chern classes of the
pushforward iOc(F), we may compute the discrete invariants of F from the exact sequence
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(3.7):

cho(F) = rk(F) = rk(OE 2 ) = 2
chi(F) = ci(F) = c1(OE 2 )

-

c1(i*Oc(F))

=

-[Cl

ch2 (F) = ch2 (O 2 ) - ch2 (iOc(J))=C2/2 - c 2 (i*Oc(F)) =2/2 - e.
The vector bundle F therefore has Chern character ch(F) = (2, -[C], C2/2 - e) and hence
has discriminant A(F)

=

C2

- 4e. Therefore, by assumption, A(F) > 0, so F is p-unstable

with respect to any ample class on S; we will use C as the ample class on S.
Let L to be the maximal destabilizing subsheaf of F, which by Remark 3.1.19 is a locally
free and hence a line bundle. Write L

O(-D), where D is some divisor on S. We show

this D satisfies properties (1)-(4) of the proposition.
* Property (2): C - D < C2/2:
By the definition of the maximal desabilizing subsheaf, we have

Pc(L) = (-D) -C > (-C) -C/2 = pc(F),
which is equivalent to property (2).
o

Property (3): e > D - (C - D):
In the exact sequence
0 -+ 0(-D) --+
the quotient

Q is

-+ Q -+ 0,

p-semistable with respect to C.

Therefore A(Q)

(3.8)
; 0, which is

equivalent to

e > D - (C - D).
9 Property (1): ho(S, D) > 2:
-+

012,

it suffices to show that the map H0 (S, Q0

2

)

Dualizing the inclusion 0(-D)

H0 (S, O(D)) is injective. If it is not injective, then we may assume that one map
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H0 (S, Os)

-+

H0 (S, 0(D)) is zero, and hence (since Os and O(-D) are reflexive), the

original inclusion must factor O(-D)
the quotient of the inclusion O(-D)
Because C . D <

02/2

Os

-

0B2. In particular, D is effective and

-+

is isomorphic to Os q

-+ 0$2

OD-

and C is integral and ample, we have that D n C must be zero-

dimensional. Hence Hom(OD, iC(F))

=

0. Furthermore, Os admits no surjective

maps onto iOc(F). Therefore OD D OS does not surject onto iOc(F). This is
a contradiction, as the inclusion O(-D)
012/IF -

-+

02

factors through F

-

and

02,

iOc(F). Therefore, we must have ho(S, 0(D)) > 2.

-

* Property (4): A divisor E satisfying equation (3.5) also satisfies h(Os(E
D)) = 0:
Let E be a divisor on S such that
h0 (Oc(Elc - F)) = 0

and

E -C

< C2.

By the projection formula we have

Os(E) 0 i,0c( F) ~ i-*Oc(Elc

F).

We therefore have the diagram with exact rows
F 0 Os(E)

0

> Os(E)E

2

> iOc(F) 0 s(E)

tres
0

>

i*0c(Elc - F)

-

i*Oc(EIc)®

> 0

1
2

*

i*-Oc(EIc + F)

> 0

By assumption we have E - C < C2; therefore as C is ample, h(Os(E - C)) = 0, and
so the vertical map res is injective on global sections. Combined with the assumption

that ho(C, Ejc - F) = 0, we have that h0 (S, F 0 Os(E)) = 0. Tensoring (3.8) with
Os(E) and taking global sections, this implies h 0 (S, E - D)
Since C - D

< C2/2 < C2,

=

0 as desired.

if ho(C, DIc - F) = 0, then we could take E = D and
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obtain the contradiction h0 (S, Os) = 0. Hence we must have that Oc(DIc - F) is
0

effective.

Remark 3.3.4. The use of Bogomolov's inequality as a tool for proving the existence of
divisors satisfying nice positivity properties originally appeared in Reider's proof [Rei88 of
Reider's theorem, and has been developed by Lazarsfeld [Laz97] and others. In particular,
see [HU18, Rasl5 for recent applications in the Picard rank 1 case.
We now make the Proposition 3.3.3 effective in the case that S has Picard rank 1.
Proposition 3.3.5. Let S/C be a smooth projective surface with Pic S ~Z - H for some
ample effective class H. Let a e N and C c

I0s(aH) I be a smooth curve on S, and suppose

that F is an effective divisor on C moving in a basepoint-free pencil. Suppose that there exists
a positive integer k < a such that

deg F < k(a - k) deg S.

(3.9)

(a) If r < a is an integer such that Oc((r - 1)H - F) is not effective, then

deg F > r(a - (k - 1)) deg S.

(b) Oc((k - 1)H - F) is effective.

(c) deg F > (a - (k- 1)) deg S.
Proof. It follows from the arithmetic-geometric mean inequality that k(a - k) < (a/2) 2 and
so 4 <

2ta-k).

Therefore (3.9) implies that

deg F < a2 H2 /4

= C2 /4,

and so we can apply Proposition 3.3.3 to conclude the existence of D
satisfying
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=

aH for some a E N>o

3.3.3(2): aa < a 2 /2, which implies 2a < a, and

3.3.3(3): deg F > a(a - a) deg S.

By inequality 3.3.3(3) and our original assumption (3.9), a(a - a) < k(a - k), so a(a - k) <
(a - k)(a + k). If a > k, then it is in fact strictly greater than k, since the above inequality is
strict. But then a < a + k and 2a < a together imply that a < k, which is a contradiction.
Therefore a ; k - 1.
Let E = (r - 1)H. By assumption we have that H0 (Oc((r - 1)H - F)) = 0 and

E- C

=

(r - 1)aH2 <a 2 H 2

=

C2/2

since a > 0 and r < a. Therefore Proposition 3.3.3(4) implies that H'(Os((r-1-a)H)) = 0,
and therefore a > r. Putting together the two inequalities on a, we have

r < a < k - 1.

(3.10)

Using 3.3.3(3) and (3.10) we get

deg F > a(a - a) deg S > r(a - (k - 1)) deg S.

As Oc(-F) is never effective, we always have

degF > (a - (k - 1)) degS.

0

As an easy consequence, we obtain information about the gonality of curves lying in
ample classes on surfaces of Picard rank 1.

Corollary 3.3.6. With the same assumptions on S, C, and F as above, suppose also that
for some integer 0, f3H is very ample.
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(a) If deg F < deg,3

C, and a > (3 + 1)2, then O(.c(/3HIc - F) is effective and
deg F > (a -

(b) In particular, any smooth curve C

laH|

E

3)H2

with a

>

(0 +

1)2

has gonality at least

(a - O)H2 = degOH C - deg S.
Proof.

(a) Under the assumption a > (3 + 1)2, we have that

,

deg F < dcgg3 C = a,8H2 < (1 + 1)(a - (1 + 1))H2
and so F satisfies the requirements of Proposition 3.3.5(c) with k

=

1+

1. Therefore,

deg F > (a - #) deg S.
(b) Let F be the preimage of a point under a map C
3.1.4, deg F < degg3
deg F < deg,3
Specializing to

-+

P of lowest degree. By Lemma

C Therefore any divisor F on C realizing the gonality satisfies

C, and therefore has degree at least (a -

#)H 2

by part (a).

LI

3 = 1 gives an alternative proof, which does not use the Cayley-Bacharach

condition, of [HU18, Lemma 4.41, used to understand the gonality of complete intersection
curves.

3.3.7

Example: curves on E x P1

As a first example, let us now see how these techniques apply when C is a smooth curve on
S - E x P1. We denote the projection maps

E xlP
PI

E
to E and P1 , respectively. Then

.

Pic S = 7r* Pic E e r* Pic P 1
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As is standard, if L, is a line bundle on E and L2 is a line bundle on P 1 , we write Li
for 7r*L1

9

70*L 2 .
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Furthermore, the N6ron-Severi group is NS(S) = Z D Z, spanned by the

classes F and F2 of fibers of the first and second projections, respectively. These satisfy the
intersection relations
F1

0

F=0,

F1 F2 = 1.

We will denote the numerical class xF + yF2 of a divisor by (x, y). The effective cone of S
is then the set of all classes with x, y > 0, and the ample cone is the set of all classes with
x,y > 0.
The following geometric result is the main ingredient in the proof of Theorem 3.2.1.
Theorem 3.3.8. Let C be a smooth curve on S = E x P' in numerical class (-, a) for
2 < y/2 < a < -y.
(a) gon(C) = -.y
(b) WaC contains an elliptic curve isogenous to E.
(b) If e < a, then WeC does not contain any positive-dimensional abelian varieties.
Remark 3.3.9. Note that Bertini's theorem guarantees that there exist smooth curves in
numerical class (-y, a) once

> 2 and a > 1, as the linear equivalence class is necessarily

basepoint free.
Proof. We have Os(C) ~ OE(ye)M Opi (a) for some point e C E; then C2 = 2ay. The
two projection maps exhibit C as a -y-sheeted cover of P', and an a-sheeted cover of E.
Therefore gon(C) K -y.

Furthermore, we have a nonconstant map E -+ WQ(C) sending

x E E to O(7r1 (x)), proving part (b).
(a) Suppose to the contrary that IF is a divisor on C of degree at most
in a basepoint free pencil. Then
degF < -Y- 1 < ay/2 = C2 /4
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1 that
I moves

as a > 2. So by Proposition 3.3.3, there exists an effective divisor D on S with at least
2 sections, satisfying

3.3.3(2): C- D < C2/2;
3.3.3(3): D- (C - D) < deg F.
The divisor D is in numerical class xF + yF2 for some x > 0 and y > 0, and so these
numerical conditions translate into

ax + 'yy < ay
ax + -y - 2xy

F <-y.

Upon rearrangement we have:
(2'): a(-y/2 - x) + 7(a/2 - y) > 0,
(3'): (-y/2 - x)(a/2 - y) > (-y/2)(a/2 - 1) > 0,
as a > 2. Therefore both -y/2 - x and a/2 - y have to be positive. Furthermore, we
have
(y/2)(a/2 - y)

(-y/2 - x)(a/2 - y) > (-y/2)(a/2 - 1),

so y = 0. Plugging y = 0 back into inequality (3'), we see

(a/2)(y/2 - x) > (-/

2

)(a/

2

- 1)

and so x < y/a < 2. So x is 0 or 1. But every divisor of numerical class 0 or F has
at most 1 section, which is a contradiction.
(c) Suppose to the contrary that there exists a positive dimensional abelian variety A

c

WeC for e < a - 1; and further that e is minimal for this property. Then by Lemma
3.3.1, the points p E A 2 parameterize basepoint free linear systems 7,. On the other
hand,
deg F,

=

2e < 2a - 2 < ay/2 = C2 /4,

since -y > 4. Proposition 3.3.3 produces a divisor D, on E x P 1, say in numerical class
xF + yF2 , satisfying the following properties:

3.3.3(l): ho(D1) > 2;
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3.3.3(2): ax + yy < ay;
2

.

3.3.3(3): ax + yy - 2xy < deg Fp < 2a - 2 < 2y 3.3.3(4): Oc(DpIc - lp) is effective.
We may write the two inequalities as

a(-/2 - x) + 7(a/2 - y) > 0,

(-/2 - x)(a/2 - y) > a(7/ 4 - 1) > 0,

with the rightmost inequality coming from our assumption that 7 > 4. Therefore both
7/2 - x and a/2 - y must be positive. We have

(-y/2 - x)(a/2 - y) > (7/2 - x)(a/2) > a(7/4 - 1),

and so x < 2.

Similarly for y we obtain y < 2a/y < 2.

Combining this with the

requirement that Dp move in a pencil on E x P1, we see that it must be in numerical
.

class F2 or F + F2

Let D be a divisor on S in numerical class F + F2 that contains DP. Let q C- E be

such that Os(D) ~ OE (q) 0 Op(1). Then
Dic - Pp > DpIc - Pp > 0,
by 3.3.3(4). By the Kfinneth formula
H0 (S, D) = H0 (E x P1, OE (q) Z Opi(1)) ~ HO(E, OE(q)) 0 H0 (P1 , Op1(1))
and so every divisor in IDI is reducible, the union of the fiber 7r 1(q) and some fiber of
1r9.

As
Os(D - C) ~- OE(q - -ye) 0 Opl(1 - a),

and both H0 (E, OE (q - -ye)) and H0 (P1 , Op1i(1 - a)) are 0, the Kiinneth formula

implies that ho(S, D - C) = h1 (S, D - C) = 0. Furthermore Ht (S, D - C) = HZ(E x
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P 1 , OE(q - -ye) 0 Op1i(1 - a)) = 0 by the Kiinneth formula, as H0 (E, PE(q - -ye))
H0 (P',Opi(1 - a)) = 0.
isomorphism.

Therefore the map H0 (E x PI, D)

-4

=

H0 (C, DIc) is an

We therefore have ho(C, DIc) = 2 and every divisor on C linearly

equivalent to DIc is the union of -i- 1 (q) n C and 72 1 (z)
linear system IDjcI has base locus exactly wi- (q)
By assumption IF'

n C for some z E P'. The

n C.

is a basepoint free sub-linear series of

element of IFI cannot pass through the basepoints of

IDIc1. As such, a general

IDIc , and so must be supported

in a fiber of the second projection 7 2 : C --+ P 1 . Therefore Opi (1)Ic - P, is effective.
Since Fp is basepoint free,
deg(Fr) ;> gon(C) =
by part (a). We also have deg Opi(1)1c, forces Pp

y,

=

Opi(1)1c for all p. Since p, is

independent of p, the dimension of A 2 is 0. This contradicts the fact that A has positive
dimension.

3.3.10

E

Nonexistence of abelian subvarieties

We now show how Lemma 3.3.1 in combination with Proposition 3.3.3, can prove the nonexistence of positive-dimensional abelian subvarieties in WeC when C lies on an arbitrary
smooth surface with h'(S, Os)

=

0 and e is small.

Theorem 3.3.11. Let S/C be a smooth projective surface with h1 (S, Os) = 0, and let C
be a smooth ample curve on S.

Then for e < 02/9, the locus WeC contains no positive-

dimensional abelian varieties.
Proof. Suppose to the contrary that for some e < C2/9, there exists a positive-dimensional
abelian variety A contained in WeC. Choose e minimal. By Lemma 3.3.1, if p is in A 2

C

W2eC, then the corresponding effective line bundle O(F) moves in a base point free pencil.
By our hypothesis on e, we have that 2e < C2/4.
divisor

Applying Proposition 3.3.3 to the

p, on C, there exists a divisor Dp on S satisfying:

3.3.3(2): C - Dp < C2/2;
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3.3.3(3): Dp - (C - Dp)

deg Fp = 2e;

$

0.

c A 2 such that Oc(Dplc -

For each p, let (A 2 )p be the locus of q

U

q)

is effective. Then

(A 2 )p = A 2

,

3.3.3(4): H0 (Dpjc - Fp)

peA2

by Proposition 3.3.3(4). Further, by the upper semicontinuity of dim H 0 , the locus (A 2 )p is
closed for any particular p. Moreover, the union of all these loci is A 2 . Since h' (S, Os) = 0,
and therefore Pic(S) is discrete and countable, there hence must be some single p such that

= A 2 . Let D = Dp, so Oc(DIc

The map A 2 = (A 2 )p

Dic - Pp

C WC-D-2eC

-

+ WC.D-2eC

Fq) is effective for all q C A 2

-

(A2)p

sending a point p c A 2 to the effective divisor class

is an embedding. Therefore,

WC-D-2eC

contains an abelian subvariety,

and so by minimality of e we conclude that C - D - 2e > e, and hence

C - D > 3e.

Set mo

=

(3.11)

D 2 /(C - D). As the curve C is ample, the Hodge index theorem implies

C 2 D 2 < (C - D) 2 ,

(3.12)

and so mOC 2 < C - D. Combining this with inequalities 3.3.3(2) and 3.3.3(3), respectively,
we get

MO < CD
02

12

moC 2 (1- mo) < C - D(1- mo) = D - (C - D) < 2e.

Furthermore, combining inequality (3.11) with 3.3.3(3) we have

3e(1 - mo) 5 C - D(1 - mo) < 2e,
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(3.13)
(3.14)

and so together with (3.13), we have 1/3 < mo < 1/2.
The function mo(1 - mo) is monotonically increasing in the range [1/3, 1/2), and so (3.14)
gives

2C2
--

9

< mo(1

-

mo)C 2 < 2e,

so we conclude C2 < 9e, which contradicts our hypothesis.
For a very ample divisor P on S, define the exceptional subset with respect to P to be

Excp:= {integral classes H in Amp(S) s.t. 9P - H > H2 }.

Corollary 3.3.12. Let S/k be a smooth projective surface with h 1 (S, Os)

=

0. For any very

ample divisor P, if C C S is a smooth curve with class

[C] c Amp(S) x Excp,
then for all e < gonk(C), the locus WeC does not contain any positive-dimensional abelian
varieties.
Proof. Suppose that e < gonk(C). Then by Lemma 3.1.4, gonk(C) < P - C. As C I Excp,
we have that P - C < C2/9. Combining these, e < C2/9. Therefore, by Theorem 3.3.11,
(WeC)c (and hence WeC) does not contain positive-dimensional abelian varieties.

E

To imply the result stated in Section 3.2, we need the following elementary results about
the intersection
Excp(N)

Excp nN,

for N a closed subcone of the ample cone.
Lemma 3.3.13. For any closed subcone N and any very ample divisor P on S, the set
Excp(N) of exceptional classes in N with respect to P is finite.
We will deduce this from the following elementary result.

I'Mol . ,
IMP IINFIR "M
1110

-

.
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Lemma 3.3.14. Suppose that N C R' is a closed cone and let f: N

-+

R be a continuous

function taking positive values away from 0. Let A be any lattice in R . If for all H E N
and all A > 0 , we have

f(AH)

=

Af(H),

then for any c E R, the set

{H E N : f(H)

c}fnA

is finite.
Proof. Let S be the unit sphere in Rn. Set cmin = inf{f(H)|H

E SnN}. Since S is compact

and N is closed, the intersection S n N is compact. So this minimum is achieved by f on

S n N, and in particular crnin > 0. By the hypothesis f(AH) = Af(H), we then have that
f(H)

>

rcmin for all H E N \ B,, where B, is the closed ball of radius r. Then for any c > 0,

the set
{H E Nf(H)

c}

is a closed set contained in the compact set Bc/c,n and is hence compact. So its intersection
with the discrete set A is finite.

f:

NR

--, {0} -+ R be the continuous function
2
H +f (H) = H

.

Proof of Lemma 3.3.13. Let

9P- H

As H and P are both ample, the function

f is positive

and clearly satisfies f(AH) = Af(H).

Therefore by Lemma 3.3.14 there are only finitely many integral classes H for which
H2

H

.

f( H) = 9P.H
P
<
3.3.15

Example: curves on P 1 x P1

When the divisor structure on S is sufficiently well understood, one may explicitly compute
the exceptional set for the entire ample cone. We present one example here.
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with d1

d2 and (d 1 , d2 )

$

=

P x P1 , and let C be a smooth curve of any bidegree (di, d 2

)

Proposition 3.3.16. Let S

(3,3) or (2,2). Then, for e < d 1, WeC contains no positive-

dimensional abelian varieties.
Remark 3.3.17. The assumption that (di, d2 )

$

(3,3) or (2,2) in the proposition is neces-

sary, as we now explain. The smooth (3, 3) curves on P 1 x P1 (the complete intersection of a
quadric and a cubic surface under the embedding of P' x P1 in P3 by 0(1, 1)) are canonical
curves of genus 4, and there exist bielliptic genus 4 curves. Explicitly, if the cubic surface
is the cone over a smooth plane cubic and the quadric is general, then projection from the
cone point gives a degree 2 map from the curve to the cubic plane curve.

Likewise, if (d,d 2 )

=

(2,2), then C is elliptic and W 1C = C.

Proof. The cases of curves with d, < 1 are trivial. If d, = 2, by assumption d2
genus of the curve is d2
So we may assume d,

-1

>

>

3, so the

1, and W 1C contains no positive-dimensional abelian varieties.

3 and d 2 > 4. Let C be a smooth curve of bidegree (dl, d 2 ) with

d, > 3 and d 2 > 4, and suppose the conclusion of the proposition fails for C.

Let e be

minimal such that WeC contains a positive dimensional abelian variety A so e < dl. By
Lemma 3.3.1, the points p of A 2 give rise to basepoint free pencils rp of degree 2e. Then

deg IP = 2e < 2d1

d 1 d 2 /2 = C2 /4.

So we apply Proposition 3.3.3 to guarantee the existence of an effective divisor D, say of
class (x, y) with x, y

>

0, satisfying

3.3.3(2): dy + d2 x =C - D < C2/2 = did 2;
2d 2

-

3.3.3(3): diy + d2x - 2xy = D - (C - D) < 2e < 2d1

In exactly the same way as in the proof of Theorem 3.3.8, this forces x, y 5 1. Thus (x, y) is
(0, 1), (1, 0), or (1, 1). As in the proof of Theorem 3.3.11, there is a single choice of divisor
class D such that Oc(DIc - F) is effective for all p. In the first two cases, sending F, to
the effective divisor of class Dic - Fr,, whose degree is D - C - 2e < D 2 = 2xy = 0 by
3.3.3(3), induces an isomorphism between A 2 and Wo(C) = pt, which contradicts that A is

132

positive-dimensional.
Now we consider the case (x, y)

(1, 1). By 3.3.3(3) we have the inequality

=

d 1 + d2 - 2 < 2e.
Combining this with
2e < 2d1

-

2 < d1 + d 2 - 2

shows that equality must hold everywhere. Therefore d,
C - deg F, < D 2 = 2, so we have an inclusion A 2
dimensional abelian variety.

-+

d2 and e = d, - 1. Now D-

=

W2 C, so W2 C contains a positive-

This is a contradiction since we have e

=

d2

-

1 > 3 and

assumed e was minimal such that WgC contains an abelian variety.

3.4

Number-theoretic consequences

Recall that C(e) is the eth symmetric power of C, and WeC is the image of C(e) -+ Pice C.
We will apply Faltings' theorem (Theorem 3.1.14) to WeC.
Lemma 3.4.1. If for all e < gonk(C), the subvariety WeCT C Pic' CT does not contain any
positive-dimensionalabelian varieties, then

a.irrk(C) = gonk(C).
Proof. If e < gonk(C), then C(e)(k)

4

WeC(k) is injective, so C(W)(k) is finite if and only if

WeC(k) is finite. As WeC is a subvariety of the torsor Pice C of the abelian variety Pic 0 C,
Faltings' theorem (Theorem 3.1.14) implies that the set of points WeC(L) is finite for all
finite extensions L/k if and only if WeCT does not contain any positive-dimensional abelian
varieties.
Remark 3.4.2. Lemma 3.4.1 shows that a.irrT(C) < e if and only if gon(CT) < e or WfCT
contains a positive-dimensional abelian subvariety for some
only on CT,.
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f

< e. Thus a.irrT(C) depends

Proof of Theorem 3.2.1. Suppose that -y, a are such that 0 < y/

2

< a < -y. It suffices to find

a nice curve C over Q such that a.irrQ(C) = a.irr,(C) = a and gonQ(C) = gon,(C) = -y.
For y = 1, then a = l and we take C = P'. If -y = 2 and a = 1, we may take C to
be an elliptic curve over Q of positive rank. For

y =

any hyperelliptic curve of genus at least 2. For y

=

2 and a
3 and a

=

2, we may take C to be
2, we may take any non-

hyperelliptic curve that is a double cover a positive-rank elliptic curve (see Remark 3.3.17
for a construction in genus 4). For y = 3 and a = 3, we may take any non-hyperelliptic,
non-bielliptic trigonal curve by Theorem 3.1.16 and Lemma 3.4.1 (e.g., a canonical curve of
genus 4 that is non-bielliptic).
Therefore, we may assume that -y > 4 (and so a > 2). Let E be a positive rank elliptic
curve over Q. By Theorem 3.3.8 a smooth curve in numerical class (-y, a) has gonU(C) =
and a.irrU(C)

>

a. As C has a map 7r, of degree a to E, we further have 7r- 1 (E(Q))

and so a.irrU(C) < a; therefore equality holds.

y

C C,
0

Proof of Theorem3.2.6. Suppose that C <-+ S/k is a smooth ample curve and P is any
choice of very ample divisor on S. If 9C - P

<

C2 (i.e. [C]

Excp), then by Corollary

3.3.12, WeC contains no positive-dimensional abelian varieties for e < gonk(C). Therefore

a.irrk(C)=gonk(C) by Lemma 3.4.1.
On the other hand, for any closed subcone N C Amp(S), Lemma 3.3.13 guarantees that
Excp nN is finite.

El

Proof of Theorem 3.2.2. If Pic(ST)

~ Z - Os(1) for a very ample line bundle Os(1) and

Os(C) ~ Os(a), then [C] 0 Excos(l) is equivalent to a > 9.

E

Proof of Corollary 3.2.4. The gonality of any complete intersection curve C C P' of type
(di, d2 , ...

,

d_ 1) is at most deg C = did 2 ... dr-. It therefore suffices by Lemma 3.4.1 to

show the nonexistence of abelian subvarieties in We(Cc) for e < did 2 ... dr_1. By [HU18,
Theorem 3.1], if 4 < d, < d 2 <

...

d,,1, then Cc lies on a smooth complete intersection

surface S/C of type (d2 , - - , d,_ 1) with Pic S ~Z -[Os(1)] and [C] equals Os(di). Therefore,
the result follows from Theorem 3.2.2 with P = Os(1), as P - C = did 2
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...

dr_1.

E

.

Proof of Theorem 3.2.7. Let C be a nice curve of type (di, d 2 ) on Pk x P1 with 1 < di < d 2
Then we claim that gonk(C)

=

gon-(C)

=

di. The upper bound is provided by the projection

C- 1? PiX P1 -+ P,

onto the first factor. The line bundle

Kc = Oc(di - 2, d 2 - 2) = Oc(di - 2, di - 2) ® Oc(O, d 2 - di)
is (di - 2)-very ample by Lemma 3.1.7 (as Oc(O, d 2 - dl) is either trivial or base point free.)
Therefore we have the lower bound gonT(C)

di by Lemma 3.1.8. By Proposition 3.3.16,

$

WeC contains no positive-dimensional abelian subvarieties for e < d, as long as (d, d2 )

(2, 2) or (3, 3). Therefore C,_-1 is finite for all such (dl, d 2) and a.irrk(C) = gonk(C) = di.
If (d, d2 ) = (2, 2), then CV is an elliptic curve and so a.irrT(C) = 1. If (d, d 2 ) = (3,3), then
C is a canonical curve of genus 4, and in particular is not hyperelliptic. If C is bielliptic,
then

(CK)2

is infinite for any finite extension K of k over which the underlying genus 1 curve

acquires infinitely many K-points, so a.irr-E(C) = 2. If C is not bielliptic, then Theorem
3.1.16 implies that

(CK)2

is finite for every finite extension K of k, so

a.irrT(C) > 3 = gonT(C) > a.irrT(C),
so a.irrT(C) = 3.
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Chapter 4
Abelian varieties isogenous to a power of
an elliptic curve over a Galois extension
4.1

Background and definitions

4.1.1

Notation

In this section we begin the transition from the geometry and arithmetic of curves of arbitrary
genus to specifically study the arithmetic of pointed curves of genus 1, i.e., elliptic curves.
In particular, we turn our attention to the problem of understanding abelian varieties A of
arbitrary dimension that, up to quotienting by a finite subgroup, are simply a power of a
fixed elliptic curve. For the remainder of this chapter, let k denote a field that is not assumed
to be algebraically closed or of characteristic 0.

4.1.2

Some algebra and category theory

Let R be a ring without zero-divisors. Recall the following standard definitions from algebra:

* A left R-module M is called finitely presented if there exist integers m, n and an exact

sequence of left R-modules R'

-+ R"n

-*

M
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0.

" A left R-module M is called torsion-free if for all m E M, there does not exist r ,$0 c R
such that rm = 0.

modules over that algebra is a semisimple category; explicitly, if every surjection V

-

* a Q-algebra is called semisimple if the category of finite-dimensional (left or right)

W of modules is split.
If R furthermore has an action of a finite group G, which we write as r

-+

0r for o E G

and r E R, then we may then form the twisted group ring R(G) as the free R-module

R(G)= DR-UEG

with the commutation relation

-r= 'r-. In this way, a module over R(G) is an R-module

with a semilinear G-action.
Lemma 4.1.3. Let R be a semisimple Q-algebra. Then R(G) is semisimple.
Proof. Let V

-+

W be a surjection of finite-dimensional left R(G)-modules. As R is semisim-

ple, we may choose a splitting yo: W -+ V as R-modules. The map 7r: W -+ V given by

7r(w) = Yg(g-1w)
gEG

defines a splitting as R(G)-modules.

0

If R is noetherian, any finitely presented R-module with a semilinear G-action is also
a finitely presented R(G)-module, as we now explain.

As R is noetherian, it suffices to

show that any R(G)-module M, which is finitely generated as an R-module, admits a Gequivariant surjection from R(G)n for some n. If min, -- - , m, are R-module generators of M,
then the map R(G)r -+ M sending ej

i-+

mi has the desired properties.

If S is an R-algebra, M an R-module and N an S-module, we denote by RN the module
N viewed as an R-module by the structure map R
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S. We denote by S the (R, S)-bimodule

S under multiplication by R on the left and S on the right. We also recall the following
standard adjunctions:

0 (restriction and induction [Ben98, Prop 2.8.3(i)]) Homs(S OR M, N) ~- HomR(M, RN)

& (restriction and corestriction [Ben98, Prop 2.8.3(ii)]) HomR(RN, M) ~ Homs(N, HomR(S, M))
We conclude this subsection with Yoneda's Lemma, which is a purely formal, but very
useful, result in category theory. Given an object X in a category C, write hx for the functor
from C to Sets sending Y c C to hx(Y) = Homc(Y, X). Any morphism

f: X

-+ Y, induces

a natural transformation hf E Hom(hx, hy).
Lemma 4.1.4 (Yoneda's Lemma). The association f

-+

hf defines a bijection

Homc(X, Y) -+ Hom(hx, hy).

In the context of algebraic geometry, this implies that a scheme X is determined by its
functor of points (exactly hx); we will use frequently to identify a scheme from its functor
of points.

4.1.5

Categories of group schemes

Let W denote the category of commutative proper group schemes over k. Given an object 9
in W we recall the following
* the identity 0 E V(k)

* the connected component

9'

of the identity

* the dimension r of (the underlying reduced subscheme of) 9
o 9 is finite if it is of dimension 0
As in the category of commutative groups, kernels and cokernels of morphisms in this category exist, making W into an abelian category.
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An isogeny is a surjective morphism in W with finite kernel. We say that 5, 9' E T are
isogenous if there exists an isogeny p: 0 -+ 9' over k. As dimension is additive in exact
sequences, if two group schemes are isogenous, then they have the same dimension.
The category W of abelian varieties over k is the full subcategory of W whose objects
are nice k-varieties (smooth, projective, and geometrically integral). We call objects of this
category abelian varieties; if the variety is of dimension 1 we call it an elliptic curve.

By

the rigidity theorem [Mil08, Corollary 1.2], morphisms of abelian varieties are equivalently
regular maps of the underlying k-schemes sending the identity of the source to the identity
of the target. Every nonzero map of elliptic curves is an isogeny.
The category of abelian varieties up to isogeny, or the isogeny category, W has the same
objects as Q/, but all isogenies are inverted. The category W is a semisimple category: exact
sequences of abelian varieties split up to isogeny.

The simple objects of this category are

called simple abelian varieties. Every abelian variety A is therefore isogenous to a product
A1 x

...

x A, of simple abelian varieties. (All elliptic curves are simple.)

For any elliptic curve E, we define the category of E-isotypic abelian k-varieties dE to be
the full subcategory of d

consisting of abelian varieties over k isogenous to E' for some r.

It follows that W contains all powers E' of E, as well as all powers (E')r of elliptic curves
E' isogenous to E.
Let k'/k be a finite Galois extension and let G := Gal(k'/k). As every proper commutative group scheme over a field is projective (see, for example [Poo17, Theorem 5.2.20]), the
category W of commutative proper k-group schemes is equivalent to the category of commutative proper k'-group schemes equipped with descent data for k'/k [Poo17, Corollary 4.4.6}.
For this reason we may identify commutative proper k-group schemes with commutative
proper k'-group schemes with an action of G, such that all maps, including the structure
maps, are G-equivariant.
We can also define the category of Ek,-isotypic abelian k-varieties dE,, to be the full
subcategory of d

of abelian varieties A over k, whose basechange

AV'

is isogenous to Er,

for some r. By the above remarks on descent, this category is equivalent to the category of
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abelian k'-varieties that are isogenous to a power of Ek', together with an action of G.

4.1.6

Endomorphism rings

Given an elliptic curve E c W, the endomorphism ring of E/k is the ring
EndkE := HomV (E, E).

By slight abuse of notation, we will write Endk'(E) to denote self-morphisms of the basechange
Ek, in the category of abelian varieties over k'. We then have the following structure theorem:

Proposition 4.1.7 ([Sil09, Corollary 9.41). The endomorphism ring Endk E is one of the
following:
1. the integers Z,
2. an order 0 in an imaginary quadraticfield over Q,
3. an order 0 in a definite quaternion algebra over Q.
Furthermore, if k is a field of characteristic0, then only cases 1. and 2. occur.
Note that in each of these cases, Endk E is Noetherian, and Endk E 0 Q is semisimple.
Remark 4.1.8. More generally, if A is a simple abelian variety of dimension g, then Endk A0
Q is a division algebra of dimension at most (2g) 2 over Q. Futhermore, if A ~ A" x -

x Ae,

for pairwise non-isogenous simple abelian varieties A 1 ,.... A, with Endk Aj = Di, then
End(A) o Q =

J

Me, (Dj).

l<i<s

4.1.9

Weil restriction of scalars

Given a finite Galois extension k'/k (with Galois group G := Gal(k'/k))

,

we consider the

Weil restriction of scalars functor

Resk'/k: {comm. proper k'-group schemes} -* {comm. proper k-group schemes}.
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By Yoneda's Lemma 4.1.4, for any A/k', the k-scheme Resk'/k A is characterized by its
functor of points: for any k-scheme T, we have

Resk'/k A(T)

=

A(Tk').

Remark 4.1.10. In light of the adjunctions we highlighted in 4.1.2, it helpful to view the
=

HomSch /k' (Tk', A)

-

universal property of Resk'/k as HomSch /k (T, Resk,/k A)

The functor Resk'/k restricts to a functor from the category of abelian varieties over k'
to the category of abelian varieties over k.
If E is an elliptic curve over k, we will be particularly interested in the abelian variety
Resk'/k Ek'. From the action of G on Spec k' over Spec k, the base change Ek, inherits an
action of G. It also has an action of the endomorphism ring R := End Ek'. These two actions
are intertwined: the ring R inherits a left G-action, and so, in the language of 4.1.2, Ek, has
an action of the twisted group ring R(G). Applying the functor Resk'/k, the k-group scheme
Resk,/k Ek, has a left action of R(G).

4.2

Statement of results

For the remainder of this chapter fix an elliptic curve E/k and let Rk := Endk E. Suppose
that k'/k is a finite Galois extension with Galois group G. Let R = Rk' := End Ek, be the
endomorphism ring of the base change Ek, of E to k'.
We give a construction of the following in Section 4.3.

Theorem 4.2.1. There exists an exact functor

OMR(G)--, Ek):

fin. pres. left Op
R(G)-modules

such that
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commutative proper
k-group schemes

1. For a finitely presented R(G)-module M and any k-scheme C, we have

Homk(C, 0'omR(G) (M, Ek')) = HomR(G) (M, Homk'(Ck', Ek')).

2. The functor agrees with

-9

omR(-, Ek') under the forgetful functors mapping R(G)-

modules to R-modules and base-changing k-schemes to k'-schemes.
In particular, this shows that if M is an R(G)-module that is torsion-free as an R-module,
then

-YeomR(G)(Al, Ek')

is an abelian variety A over k, such that Ak' is isogenous to a power

of E. However, we may say something about the k-isogeny class of A as well. Recall that
the category of abelian varieties over k up to isogeny has the same objects as the category
of abelian varieties over k, but all isogenies are inverted.
Let F = R Oz

Q.

Since F is semisimple, the category of finitely presented modules over

the twisted group algebra F(G) is semisimple (as in the case when the action of G on F is
trivial, see Lemma 4.1.3 above). Let S 1 , -

,

Sj denote the simple objects.

Theorem 4.2.2. There is a functor

f-om'F(G) (-, Ek'):

G ,fin.

pres.

OPP

abelian varieties over k

F(G)-modules

up to isogeny

compatible with the functor -)YomR(G)(-, Ek'). For any torsion-free finitely presented R(G)module M,

-XVomR(G) (M, Ek') is isogenous over k to a product of powers of the abelian

varieties -/lomF(G) (Si, Ek').

4.3

Categorical constructions with an elliptic curve

For any R(G)-module AM, let / omR(G) (M, Ek) be the functor from the category of k-schemes
to the category of sets sending a k-scheme C to

HomR(G}(M, HOmk'G(Ck', Ek)).
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Proposition 4.3.1. The functor
k-group scheme. When M

=

-XomR(G)

(M, Ek) is representableby a commutative proper

R(G), the representingscheme is Resk'/k Ek,.

Proof. We first show that -fomR(G)(R(G), E,)

=

Reskl/k Ekl.

Indeed, by the universal

property of the restriction of scalars we have

Homk(C, Resk,/k Ek)

= Homk(Ck', Ek')
=

= HomR(G)(R(G), Homk'(Ckf , Ek'))

Homk(C, RYomR(G)(R(G), EB))

as desired. Recall from 4.1.9 that the k-scheme Resk'/k Ek, has endomorphisms by R(G).
Now let
R(G)' -+ R(G)"
be a finite presentation of M as R(G)-modules.

M

-+

(4.1)

0

-+

The map R(G)"'

multiplication on the right by a m x n matrix X.

-

R(G)" is given by

Multiplication by X on the left also

defines a map
(Reskl/k Ek,)n

-+

(Resk'/k Ek,)m.

As commutative proper group schemes over k form an abelian category, the above morphism
has a kernel in this category,

0 -+ A -+ (Resk'/k Ek,)n _+ (Resk'/k Ek')T n.

(4.2)

We claim that A represents the functor Y 6 'omR(G) (M, Ek,) defined above. Indeed, we may
apply the left-exact functor Homk(C,

0

-+

-)

to (4.2) to obtain

Homk (C, A) -÷ Homk'(Ck, Ek)"

-+

Homk'(Ck', Ek') m .

(4.3)

Similarly apply the left-exact functor HomR(G) (-, Homk/ (Ck', Ek')) to (4.1) to obtain

0 -+ HomR(G)(M, Homk'(Ck', Ek,))

-+

Homk'(Ck', Ek,)n
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-+

Homk'(Ck', Ek'

(4.4)

As the right maps in both (4.3) and (4.4) are induced by multiplication by X, the kernels
are functorially isomorphic, as desired.

Recall that we let F :

0

R 0 Q. We now show that we have a compatible functor taking

values in the category of abelian varieties over k up to isogeny, as in Theorem 4.2.2. For
objects B1 and B2 in the isogeny category, denote by Homisog(Bi, B2 ) the morphisms in the
isogeny category.
For a finitely presented F(G)-module N, define the functor

9 eOmF(G) (N, Ek,)

from the isogeny category of abelian varieties over k to sets by

B

-

HomF(G) (N, Homisog (Bk', Ek)).

Proposition 4.3.2. The functor YomF(G) (N, Ek) defined above is represented by an abelian
variety in the isogeny category over k.

Proof. As above, let B be an object of the isogeny category of abelian varieties over k. If

N = M OR(G) F(G), we have

HomF(G) (N, Homisog(Bk', EBk))

= HomF(G)(M 0 F(G), Homk'(Bk', Ek') 0 Q),
= HomR(G)(M, R(G) Homk' (Bk, Ek') 0 Q),
= HomR(G)(M, Homk' (Bk', EB)) 0 Q.
And so this functor agrees with the original

--YomR(G)

(-, Ek) after composing with the

localization map to the isogeny category.
Therefore the functor

3i 'omF(G)(F(G),

Ek) is represented by Resk'/k (Ek') in the isogeny

category. Furthermore, as the isogeny category is an abelian category, the same proof as in
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Lemma 4.3.1 shows that for all finitely presented F(G)-modules N, the functor

JIromF(G) (N, Ek)

L

is represented by an object in the isogeny category.

Since the endomorphism algebra of an elliptic curve is always semisimple, Lemma 4.1.3
combined with the above construction proves Theorem 4.2.2.
We now show compatibility with base change and restriction of scalars.
Lemma 4.3.3. Let M be a finitely presented left R-module and set A := JomR(M, Ek').
Then we have that

ReskI/k A ~ RYomR() ((R (G) OR M, Ek').
Proof. By Yoneda's Lemma 4.1.4, it suffices to show that Resk'/k A and

X1OmR(G} (R(G) OR M, Ek'

have the same functors of points.

Let C be a k-scheme.

By the universal property of

restriction of scalars, we have

Resk'/k

A(C) = A(Ck,)

=

HomR(M, Hom(Ck', EBk')).

By the adjunction between restriction and induction, we have

HomR(M, Hom(Ck,, E,)) ~ HomR(G) (R(G) 0 M, Hom(Ck,, Ek)),
which completes the proof.

0

For any ring R and any left R-algebra S, let S denote the (R, S)-bimodule S under
multiplication by R on the left and S on the right.
Lemma 4.3.4. Let M be a finitely presented left R(G) -module and let A
Then the base change Ak' is isomorphic to

YromR(RM, Ek'),
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:= dromR(G) (M, Ek').

where RM denotes the underlying R-module of M.
Proof. By Yoneda's Lemma 4.1.4, it suffices to show that AM' and YfOomR(RM, Ekl) have the
same functor of points. Let D be a k'-scheme. Let kD denote the k-scheme whose structure
morphism is the composition D -+ Spec k' --+ Spec k.

By the universal property of fiber

products,
Ak(D)

=

A(kD)

=

HomR(G) (M, Ek'((kD)k')).

We are thus reduced to showing that

HomR(G) (M, Ek' ((kD) k))

=

HomR(RM, Ek,(D)).

Furthermore, by the adjunction between restriction and coinduction,

HOmR(RAM, Ek,(D)) = HomR(G)(M, HomR(R(G), Ek,(D))).

It suffices then to show that, as left R(G)-modules,

Ek' ((kD)kl)

~- HOMR(R(G), Ek, (D)).

As k'k k' ~JLEG k', we have that

(kD)k' -

where -r E G maps the
represented as tuples

f

'JIEGD,

-th copy of D to the ro-th copy. Elements of Ek' (HIEGD) can be
=

(f,), where

f,

E Ek, (D) and

('f)O. = rf 7 -i7.

Similarly elements of HomR(R(G), Ek,(D)) are tuples g
(g)0

=

gTr. The correspondence

g, =

fo--1i

147

=

(g,), where g E Ek,(D) and

0

shows that these R(G)-modules are isomorphic.
We have the following nice properties of the functor JomR(G)(-, E).

Proposition 4.3.5. Let E/k be an elliptic curve and k'/k a finite Galois extension with
Galois group G. Let R

Endk, E and let M be a finitely presented R(G)-module and let

A :'=omR(G)(M, Ek').
1. ) f-'omR(G)(-, Ek') is exact.
2. A is a commutative proper group scheme over k of dimension rkR(M).
3. If M is torsion-free as an R-module, then A is an abelian variety over k such that Ak'
is isogenous to a power of Ek'.

4.

yeomR(G)(R, Ek') = E.

Proof. Parts (1) - (3) follow from the corresponding properties after base-extension to k'

[JKP+18, Thm 4.4]. For part (4), we have

Homk(C, Y'omR(G)(R, Ek'))

4.4

=

HomR(G)(R, HOmk'(Ck', Ek'))

=

Homk' (Ck , Ek, )G

=

Homk(C, E).

Examples and applications

As an example of Theorem 4.2.2, we have the following in the special case k'/k is a separable
quadratic extension.
Proposition 4.4.1. Let k'/k be a separable quadratic extension and set G

Gal(k'/k)

with nontrivial element -. Let E' denote the corresponding k'/k quadratic twist of E. If
M is a torsion-free R(G) -module, then the abelian variety
B" x (E')

omR(G) (M, Ek') is isogenous to

for some r, r' > 0.
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Proof. As above, we denote the G-action on F by o-(x) =
to decompose F(G) into simple modules.
u(x)

=

x. By Theorem 4.2.2, it suffices

Let 'F denote F endowed with the G-action

-'x for x E F. Then we have an isomorphism

F q'F 4+ F(G),
defined by W(a, b) = a()eomF(G)

+ 1) + b(o- - 1).

By comparing functors of points, we have

(F, Ek') ~ E and dXomF(G) ('F,Ek') - E' in the isogeny category.

L

Example 4.4.2. Consider the special case that k is a number field, and E has complex
multiplication by an order 0 in the imaginary quadratic field F = Frac 0, which is defined
over the quadratic extension k' = kF/k with Galois group G = {1, o-}. Let M be a finitely
presented O(G)-module that is torsion-free as an 0-module. Then as multiplication by a
totally imaginary element of 0 defines an isomorphism 'F ~_F of F(G)-modules, we have
that romo(G) (M, Ek,) is an abelian variety defined over k, which is isogenous over k to a
power of E.

We end by proving the following very useful corollary.
Corollary 4.4.3. Let k be a number field and let E/k be an elliptic curve. Suppose that
EV has complex multiplication by an order 0 in an imaginary quadraticfield F. Then there
exists an elliptic curve E'/k and an isogeny

W: E' -+ E

defined over k, such that EL has complex multiplication by the full ring of integers of F.
Proof of Corollary 4.4.3. This follows from Example 4.4.2 as the full ring of integers OF
of F is a finitely presented O(G)-module, which is torsion-free of rank 1 over 0. The full
endomorphism ring of E is defined over (the at most quadratic extension) k', so we have that
0 = End Ek'. This inherits a (possibly trivial) action of G. We therefore have the following
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exact sequence of O(G)-modules:

0

-+

0

-4

OF --

OF!O -+

0,

where the action of G is induced from the action on F. Applying the functor )Y 9 omo(G) (-,

Ek')

we obtain an exact sequence

0

-+

O(G)(OF/0,Ek') -+ E' -+ E

+

0,

where E' is again an elliptic curve over k and the right map is an isogeny to E. By functoriality, E', has an action of OF, as desired.
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Chapter 5
A local-global principle for isogenies of
elliptic curves
5.1

Background and definitions

5.1.1

Notation

o K denotes a number field with ring of integers OK
* E denotes an elliptic curve defined over K
* NE denotes the conductor of E

rime
enotes
where
Ke.g.,
fas
eduction
ood
E)

p
* kP denotes the residue field OK/P
* q :=

Ikpj
denotes

the cardinality of the residue field

* Ep denotes the reduction of E modulo p, by assumption is an elliptic curve over kp

5.1.2

Hensel's lemma

In the course of this chapter we will need the following strengthening of Hensel's lemma.
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Lemma 5.1.3 (Lan02, Corollary 7.3]). Let f E Z[x] be a polynomial and a E Z such that

vp(f'(a))

<;

n,

and vp(f(a)) > 2n + 1.

Then there exists a unique 0 E Z, such that f (0) = 0 and v(

- a) > n.

This, of course, immediately implies the usual statement of Hensel's lemma: that if
f'(a) # 0 (mod p), then such a lift

#

always exists. Crucially (for our purposes) it also

implies that a unit mod 2' for n > 3 is a square if and only if it is a square mod 2'.

5.1.4

The Galois representation on torsion points

Fix an algebraic closure K of K.

For every natural number N > 1, we will denote by

E[N] := E(K)[N] the group of N-torsion points of E over K. The group E[N] is abstractly
a free Z/NZ-module of rank 2, endowed with a linear action of Gal(K/K) =: GK. We
therefore have a map

GK -+

Aut(E[N]).

Choosing an isomorphism (Z/NZ)2

~ E[N] gives an identification of Aut(E[N]) with

GL 2 (Z/NZ) by action on the left (via column vectors). This defines a representation

PE,N: GK

(5.1)

-+ GL 2 (Z/NZ),

which we refer to as the mod N Galois representation attached to E/K.
We can describe this action very explicitly.

Let t: (Z/NZ) 2 -+

E[N] be a choice of

isomorphism of abstract groups. Call Pi = t(ei) the image of the ith standard basis vector
of the rank 2 module (Z/NZ) 2 : el =

.

,e 2 =

0 )1

Such a choice gives an identification

Aut(E[N]) ~ GL2 (Z/NZ) via the left action of GL 2 (Z/NZ) on (Z/NZ)2 . For o in GK, if

,

'P1 = aP + cP2

,

'P 2 = bP1 + dP2
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then under Aut(E[N]) ~ GL 2 (Z/NZ), the action of the element o E GK is given by the

matrix (,

d)

E GL 2 (Z/NZ).

The map (5.1) factors through the Galois group of finite extension K(E[N])/K

pE,N:

GL 2 (Z/NZ)

GK

Gal(K(E[N])/K)

The field K(E[N]) is called the N-division field of the curve E. Explicitly, it can be described
in terms of the N-division polynomials (see [SilO9, Exercise 3.71). The Neron-Ogg-Shaferevich
criterion guarantees that all primes p of K that do not divide N - NE are unramified (see
5.1.14) in K(E[N]).
Choosing compatible bases for all E[N], we can define the adelic Galois representation

PE,oo: GK --

lim E[N]
Aut (N

~ GL 2 (Z).

Composition with reduction modulo N recovers the mod N Galois representation PE,N.
Similarly composition with the surjection

Z -+

pE,t-: GK

which is the inverse limit of the mod
GE,-

Zf defines the f-adic Galois representation

+

GL2(ZE),

Galois representations.

f"

Let us fix the notation

C GL 2 (Ze) for the image of the e-adic Galois representation PE,IC(GK) of an elliptic

curve E/K. When the curve E and the prime f are clear from context, we simply write

G:= GE,.. Let G(f") denote the image of G under reduction GL 2 (Ze) -+ GL2 (Z/f"Z), i.e.
the image of the mod f"-representation.
The Weil pairing is a nondegenerate, skew-symmetric pairing on E[f] giving a map
2

:

AE[f] -+ p.
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From this, one sees that the determinant
det PE,i = CycE
is the mod ( cyclotomic character.

5.1.5

Subgroups of GL 2 (Z/fnZ)

Recall that a Borel subgroup of GL 2 (Z/e"Z) is the subgroup of automorphisms of (Z/i"Z)2
that preserve a specified submodule L ~ Z/t'Z C (Z/f"Z) 2 (which we will refer to as a line).
Choosing a basis compatible with the flag L C (Z/f"Z)2 , the Borel subgroup associated to
L can be identified with the subgroup of upper-triangular matrices, i.e., of the form (* *).
Call two lines L and L' in (Z/E"Z) 2 independent if they give a direct sum decomposition
L E L' ~ (Z/f"Z) 2 . Associated to two such lines is a split Cartan subgroup of linear automorphisms of (Z/t"Z)2 preserving both L and L'. Again in an appropriate basis, a split Cartan
subgroup can be identified with the subgroup of diagonal matrices, i.e., of the form

(* 0).

We make one new definition which will be useful in what follows:

Definition 5.1.6. A radical subgroup of GL 2 (Z/t'Z) is one that fixes a line L C (Z/j"Z) 2
and an isomorphism between L and the quotient (Z/f"Z) 2 /L up to a sign. Hence there exists
a basis in which a radical subgroup acts as

Rad(f) :=

X

0

X1

Radical subgroups occur "in nature" as the image of PE,e for E with CM by an order in

a field F in which f ramifies [Gro80, Thin 13.1.2].
Finally, recall that a nonsplit Cartan subgroup of GL 2 (Z/tZ) is a cyclic subgroup isomorphic to F' acting on the Fe-vector space Fe2 ~ F2. Let e be a nonquadratic residue mod f.
Then in an appropriate basis, a nonsplit Cartan subgroup can be identified with matrices of
the form (; ')

for x, y E Fe not both 0.
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We call a subgroup Cartan if it is either a split or a nonsplit Cartan subgroup. Recall
that the normalizer NH C G of a subgroup H C G is the subgroup

NH :={g E G : gHg

1

= H}.

CS M: I

x 0
0 YJ

xy : 0

,

Explicitly, if we are in the basis such that

C ns
()

{

x

:(X, y) =" (0, 0) 1,
Y

then the normalizers C+(e) of the Cartan subgroups of GL 2 (Z/tZ) are

CS+(M = CSMf U (10O)CS(f),

Cn~s(f) = Cns(O) U (0 -_0)CnsVf).

We say that a proper subgroup is maximal if the only subgroup in which it is properly
contained is the entire group. Recall the following classification for maximal subgroups of

GL2 (Z/fZ).
Proposition 5.1.7 ([Ser72, 21). Let G c GL 2 (Z/fZ) be a maximal subgroup. Then either
1. G contains SL 2 (Z/fZ),
2. G is a Borel subgroup,
3. G is the normalizer of a Cartan subgroup,
A 4 , S 4 , or A 5

.

4. PG C PGL 2 (Z/eZ) is isomorphic to

We call maximal subgroups G falling into the final case of Proposition 5.1.7 exceptional
subgroups.
There is an involution on the set of subgroups of GL 2 (Z/NZ) sending a group to its
transpose

G:= -{gT : g EG}.
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Many relevant subgroups of GL 2 (Z/NZ) are conjugate to their transpose; for example Borel
and Cartan subgroups.

5.1.8

Modular curves

We begin by recalling the definition of the full modular curve X(N). This is the course space
of the smooth compactification of the stack whose S points parameterize (up to isomorphism)
pairs (E, t), where E/S is an elliptic curve and

t:

is a choice of isomorphism.

(Z/NZ)2 - E[N)

Note that this is the "big" modular curve at level N: it is

geometrically disconnected, with components over

Q(pN)

in bijection with the primitive

elements of pN. It is classical that a connected component X(N) 0 of X(N) can be described
geometrically by

X(N)0 (C) ~(N)\H*
where H* is the extended upper half place H U P'(Q) and F(N) is the full modular group of
level N

r(N) :={'eSL 2 (Z):=(
Precomposition of t with g

1

)

(mod N)}.

E GL 2 (Z/NZ)

g(t) = t o g
defines a left action of GL 2 (Z/NZ) on X(N). The map X(N) to the j-line X(1) forgetting
1}. Note that the Galois group

the level structure at N is Galois with group GL 2 (Z/NZ)/{
GQ also acts on X(N) by postcomposition with t on the left.
Let G be a subgroup of GL2 (Z/NZ) containing -I :=

(-'0 _). We can then define the

modular curve X, associated to G C GL2 (Z/NZ) as the (coarse space of the) quotient of
X(N) by the action of G. The K-points of XG parameterize pairs (E, C), where E is an
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elliptic curve over K and C is an equivalence class of isomorphisms t: (Z/NZ)2 -+ E[N],
-

t a g- 1

.

where t ~ t' if there exists g E G such that t'

Lemma 5.1.9 (IRZB15, Lemma 2.1]). There exists a choice of t such that (E, t) gives rise to
a K-point of XG if and only if Im(pE,N) is contained in a subgroup of GL 2 (Z/NZ) conjugate
to G.
Note that in [RZB15] the Galois representation is defined in terms of row vectors, and so
one must take the transpose G

'-*

GT to match our modular curves.

Recall the following classical modular curves:

o X 1 (N)

:=

X

0

)}CGL2(Z/NZ)

(roughly) parameterizes pairs (E, P) where E is an

elliptic curve and P is a torsion point of order N
o Xo(N)

:=

X{(

* )}*GL 2 (Z/NZ) (roughly) parameterizes pairs (E, C) where E is an

elliptic curve and C is a cyclic subgroup of order N (i.e., the kernel of a cyclic isogeny
of degree N)
If G does not have surjective determinant, then XG is also geometrically disconncected.
There is a similar classical description of the complex points of a connected component of
XG. Given a subgroup S C SL 2 (Z/NZ) define the congruence subgroup

's :={-y E SL 2 (Z) : (Y
For convenience let

mod N) E S}.

: G n GSL2(Z/NZ).

Lemma 5.1.10. Let G C GL 2 (Z/NZ) contain -I.

Then

X (C) ~ F7\H*.

Proof. This follows from the classical fact for X(N). Indeed by the description of the components of X(N)(C), the action of G preserves the components (and is in fact the stabilizer
of any one component). This action restricts on I(N)\H* to the action of Fr/7(N) ~ G.
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F(N)\H
conn.

comp.

I-11
G/{

X(N)(C)

FZT\H*
Xil}

Xy(C)

XG(C)

The result now follows from the following elementary fact about group actions:

Lemma 5.1.11. If a group G acts on a set X and X = Uj Xi so that for all g e G, g(Xi)

=

X(g,) for some function f, then the image of Xi in X/G is isomorphic to Xil(G in Stab(i))

In particular this implies that we may compute the genus of XG using the description

r-U\H*

5.1.12

Galois representations of curves with CM

The first step in proving many theorems about curves with CM by an order 0 in F is
reducing to the case of curves with CM by the maximal order OF. That is achieved by the
following Lemma, a simple proof of which is given in Chapter 4.

Lemma 5.1.13 (Corollary 4.4.3). Let E/K have CM by 0 C

OF.

Then there exists an

elliptic curve E'/K with CM by OF and an isogeny E -+ E' defined over K.

From this point forward we will assume that E over K has CM by the maximal order
O :=

OF in

the imaginary quadratic field F. We have the following tower of field extensions:
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I <F

H

Q(j(E))
F

Q

The field Q(j(E)) is the field of moduli of E and HF denotes the Hilbert class field of F.
Recall that H :=

HF

= F(j(E)). We let d = [KF: H] for simplicity.

As a consequence of the main theorem of complex multiplication we have that E[N] ~
O/NO as 0-modules and

PE,N(GH)

acts on E[N] through CN(O) := (0/NO).

By the

Chinese remainder theorem we have a canonical isomorphism

H

(0)

-

1

CN(0)

fIIN

It is easy to show [BC, Lemma 2.21 that

#Cen (0) =

1

n-2(

As in [BC, Theorem 1.11, for any E defined over H = F(j(E)) with CM by 0, the reduced
Galois representation

p:GH -+

(0/NO)

is surjective. As a consequence, if K is arbitrary,

17 [Q (O) : pen(GKF)]

As as Z-module, we have 0 = [I,

N ()

(dF+

).

PN(GKF)]

< #0 x[KF: H]

6d.

(5.2)

Therefore, in this basis, the image of the mod
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N Galois representation of EKF is contained in matrices of the form

a

bdF(l-dF)
4

I

b a+bdF
for a, b E Z/NZ.
If E is defined over the field of moduli Q(j(E)), then the full group pN(GQ(j(E))) also
contains an element corresponding to complex conjugation of F/Q acting on OF. In terms
of our chosen basis above, this is of the form

1 dF

C :=.

-1

(0

In general, if F t K, then the group PN(GKF) C PN(GK) is an index 2 normal subgroup.
So PN(GK) is an index less than or equal to 6d subgroup of the group generated by CN(O)
and c, which need not contain c. All elements of PN(GK) not in PN(GKF) are of the form

hab

cga,b =

4bdF(-dF)

adF

a

b

-a

for some a,b.

5.1.14

The Chebotarev density theorem

Given a finite Galois extension L/K, and a prime q3 of OL over p, write DT for the decomposition group at 1P, i.e., the subgroup of Gal(L/K) of elements preserving q3:

DT := {o- C Gal(L/K) : o-(3) = '}.
Writing fT for the residue field OL/l3 at 93, we have a natural exact sequence

1 -+ IT

DT -- Gal(fT/k,) -+ 1,
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where IT is called the inertia subgroup at T. The group Gal(fT/kp) is generated by a single
element (x

xq) (recall 1k.1 = q). We have that I

'-+

= 1 for almost all primes (unramified

primes); and hence there is a well-defined lift of the element (x

-

xq) E Gal(fT/k,) to the

Frobenius element FrobT E DT C Gal(L/K).
As L/K is Galois, the decomposition groups for the primes

{1,...,

3} lying over p

are conjugate in Gal(L/K). Hence the Frobenius elements Frob , for primes over p lie in a
single conjugacy class in Gal(L/K). We write Frob, for such an element (up to conjugacy),
which depends only upon p and not the choice of 1P over p.
Write P(K) for the set of prime ideals of K. Given a subset S C P(K), the natural
density of S as the limit

6(S) := lim #{p C S: Nm(p) < X}/#{p E P(K) : Nm(p) < X}
X-cOQ

when it exists.
Theorem 5.1.15 (Chebotarev density theorem). Let L/K be a finite Galois extension of
number fields. For any conjugacy class C in Gal(L/K), the set

Sc := {p E P(K) : p is unramified, and Frobp E C}

has natural density 6 (Sc)

=

#C/#Gal(L/K).

We also say that a subset S C P(K) contains almost all primes if 6(S) = 1. Naturally, we
say that some property holds for almost all primes if the set of primes for which it hold contains
almost all primes. (For example, for fixed L/K, almost all primes of K are unramified in L.)

5.1.16

Local and global level structure

Recall that the local-global question for G-level structure is: if E has G-level structure locally
at p for almost all p (locally almost everywhere), does E necessarily have G-level structure
over K?
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Explicitly, we are asking:

if for almost all p the image of

PE,,N,

the mod N Galois

representation attached to E,, is conjugate to a subgroup of G C GL2 (Z/NZ), then is the
image

PE,N(GQ)

of the (global) mod N Galois representation attached to E conjugate to a

subgroup of G?
The Chebotarev density theorem 5.1.15 allows us to translate this problem into a statement involving only the image of the global Galois representation attached to E as a subgroup
of GL 2 (Z/NZ), as we now show.
First we review some local and global compatibility.
division field of E and assume that p

Let

KN

:= K(E[N]) be the N-

{ N - NE. Then the residue field extension of KN/K

for any prime above p is the N-division field of E,. As the Galois group Gal(kp(Ep[N])/kp)
is cyclic, generated by the q-power Frobenius Wp := (x

-_

xq), the condition that pEp,N(Gk,)

is conjugate to a subgroup of G reduces to the condition that PEp,N(Wp) is conjugate to a
element of G. Under our assumption on p, the pair (E, E[N]) has good reduction at p.
Explicitly, if P1 , P2 are a basis of the N-torsion E[N] used to define the mod N Galois
representation, we can choose an integral model (6, (6

1,

62)) over Spec OK [N-E] so that

over the special fiber Ep, the points P, P2 are a basis of Ep[N]. Hence the condition that
PE,,N(Wp) is conjugate to an element of G is equivalent to the condition that pE,N(Frobp) is
conjugate to an element of G.
Lemma 5.1.17. Almost all P satisfy pE,,N(Gk,) conjugate to a subgroup of G if and only if
every element of PE,N(GK) is conjugate to an element in G.
Proof. For the "if" direction, if every element of PE,N(GK) is conjugate to an element in G,
then pE,N(Frobp) is conjugate to an element of G for all p

{ N -NE. Hence for all but finitely

many p (in particular a density 1 set), the image of pEp,N(Gk,) is conjugate to a subgroup

of G.
Conversely, since all but finitely many p satisfy p

{ N - NE, if a density 1 set of p satisfy

pEp,N(Gkp) conjugate to a subgroup of G, then a density 1 set of p satisfy pE,N(Frobp)
conjugate to an element of G.

By the Chebotarev density theorem 5.1.15, the elements

Frob, equidistribute over the conjugacy classes of Gal(KN/K) and every conjugacy class of
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Gal(KN/K) is represented by a Frobenius element Frob, for a positive density set of primes
p. Hence this positive density set cannot be contained in the complement of the density 1
set of p for which pE,N(Frobp) conjugate to an element of G, and we see that every element
of PE,N(GK) is conjugate to an element of G.

I

In light of Lemma 5.1.17, our local global question has the following equivalent grouptheoretic avatar:
Question 5.1.18 (Local-global question for G-level structure). If every element of PE,N(GK)
is conjugate to an element of G, is PE,N(GK) conjugate to a subgroup of G?
As this chapter is concerned with the particular level structure of isogenies of composite
degree, we also consider the following more general question. Say that G-level structure is an
isogeny invariant of elliptic curves over K if for all isogenies p: E --+ E' over K, E has G-level
structure if and only if E' has G-level structure. The level structure of a cyclic isogeny of
degree N is an isogeny invariant when N is prime, but fails to be an isogeny invariant in
general for composite N. We therefore also consider level structure on an entire isogeny class.
For any field k, and E/k an elliptic curve, we will denote by C(E) = C(E/k) the k-rational
isogeny class of E. We say that C(E) has an N-isogeny if there exist El, E2 E C(E) and an
isogeny E1 -+ E 2 of degree N.

5.2

Statement of results

The main question of this chapter is
Question 5.2.1 (Question

(*N)

for E/K). If C(E/k,) has a (kr-rational) N-isogeny for

almost all p (i.e. C(E) has an N-isogeny locally almost everywhere), must C(E) have a
(K-rational) N-isogeny as well?
When this is true, we say that C(E) satisfies the local-global principle for N-isogenies
(or, for short, satisfies

(*N)).

For any particular E defined over K, if C(E) satisfies the

local-global principle, we say that E satisfies the local-global principle up to isogeny. If not,
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we say that C(E) is an exceptional isogeny class and that E is exceptional (for N-isogenies)

j $

0, 1728, this depends only upon the j-invariant of E; it

is therefore convenient to say (N,

j) is exceptional for K if there exists a curve E/K with

over K. One checks that for

j(E)

=

j

that is exceptional for N-isogenies over K.

E(K, N) :=

{GE

K j = j(E/K) and C(E) fails (*N)

-

Define the set of isomorphism classes of exceptions

By the work of Sutherland, Anni, and Banwait-Cremona surveyed in the introduction, there
must be exceptions for some N and K. Our first theorem is the following finiteness statement
for counterexamples:
Theorem 5.2.2. For fixed number field K,

1. If N

{5, 7,8, 10, 16, 24, 25, 32, 40,49, 50, 72}, then the set E(K, N) of j-invariants of

exceptions to

(*N)

is finite.

2. The union A(K) :{=

0

E(K, N)

is finite.

1ged(N,70)=1

If N

=

J17
ri,

then C (E) has an N-isogeny locally almost everywhere if and only if for

all i, C(E) has an fgi-isogeny locally almost everywhere. And C(E) has a global N-isogeny

if and only if C(E) has a global ef'-isogeny for all i.
For this reason, we begin by classifying exceptions when N

=

f"

is a prime power.

Given the results of [Sut12, Ann14, BC 141 in the case n = 1, a key component of the proof of
Theorem 5.2.2 is understanding when a global e-isogeny can be "lifted" to a global e"-isogeny
using the local data of an

f"-isogeny

locally almost everywhere.

We make the following

definition:
Definition 5.2.3. Assume that C(E) globally has an f-isogeny, and locally almost everywhere has an

fn-isogeny.

If C(E) does not globally have an

fn-isogeny,

then we say that

e is

a lift-exceptional prime for E/K and call (n, j(E)) a lift-exceptional pair for K. If there exists
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an n and a prime

such that (", j(E)) is a lift-exceptional pair, then we say that j(E) is a

lift-exceptional j-invariant.
Using this terminology, we prove
Theorem 5.2.4. Let E be an elliptic curve over a number field K, and f an odd prime such
that E has a global e-isogeny and C(E) locally almost everywhere has an

n -isogeny.

(i) If fk is the minimal lift-exceptional power of f, then k is odd. Writing k = 2m + 1,
for some E' in the isogeny class of E, the image of

pE',jk

must, up to conjugacy, be

contained in the group

R(f 2 rnl+)

{

. r= t
j"'(6s)

(mod

t

D"'

Et

Furthermore, C(EF) has an fk-isogeny for some extension F with [F : K]
(ii) If there exists

j

2.

E K such that for some n > 2, (f n, j) is lift-exceptional, then

f K 6[K : Q] + 1.

(iii) There are finitely many lift-exceptional j-invariantsj(E) over K.
Remark 5.2.5. Note, in particular, that there are no elliptic curves with an f-isogeny for
which the local-global principle fails for

f 2 -isogenies

(up to taking isogenous curves).

Remark 5.2.6. This result bounds exceptional primes by a constant depending only upon
K, not E. It is not possible to strengthen this to an absolute constant. For any f, there exists
a number field K and an elliptic curve E defined over K such that f is a lift-exceptional
prime (see Corollary 5.3.27 below).
Theorem 5.2.4 applies only to odd primes f. Similar to part (i), in Proposition 5.4.1 we
classify all exceptional Galois representations for 2'-torsion for n < 6 (in particular minimal
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ones).

This covers all counterexamples to the local-global principle for 2"-isogenies that

could occur infinitely often over a number field.
When E/K has the extra structure of complex multiplication by an order 0 in an imaginary quadratic field F, we can classify exceptional pairs up to a factor which is polynomially
small in the degree of K over Q. We denote the maximal abelian extension of F, the Hilbert
class field of F, by HFTheorem 5.2.7. Let E/K be an elliptic curve with geometric complex multiplication by an
order 0 C

OF.

If C is any integer of the form C =

]7J

f

where for all i,

ei

splits in F and

one of
1 (mod 4) and K D Q(vKT), or

" fi
"

=i

"

=

3 (mod 4) and KF = K(V/Zf), or

2, ni ;> 3 and K D Q(v/2) and KF = K(vC2),

then E has a C-isogeny locally almost everywhere up to isogeny. Conversely, if E has an
N-isogeny locally almost everywhere up to isogeny, then there exist relatively prime numbers

A, B, C such that N = ABC and
A < (#(F[KF: HF])4 < (6[K : Q])4,
E has a B-isogeny up to isogeny, E fails to have a C-isogeny up to isogeny, and C is of the

form above; if F C K then C = 1.
When N = f is prime, the quartic polynomial bound for A can be improved to linear.
More precisely, we show in Section 5.7 that for f > 6[K : Q] + 1, the pair (f,j(E)) is
exceptional if and only if F t K and f is of the form of the integer C in the statement of
Theorem 5.2.7. This shows that if K does not contain the CM field F, then exceptional
primes can be larger than 6[K : Q] + 1, correcting [Ann14, Lemma 6.1].
When K = Q, we can use extend Sutherland's computations of the sets E(K, N) when
N is prime, to the case that N is a prime power.
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Theorem 5.2.8. Let C(E/Q) have an t1 -isogeny locally almost everywhere. If E is not
Q-isogenous to a curve with an p_-isogeny over Q, then f" and j(E) are in the following list:

1.

=7, n = 1 or n = 2, and j(E) = 2268945/128.

2.

= 2, n = 4, and j(E) =j(to) for

3(t)

-4t0 + 110640t6 - 221336t 4 + 110640t 2
64t 6 - 128t 4 + 64t2

-

4

and to E Q.
Conversely j = 2268945/128 is exceptional for 7- and 7 2 -isogenies and for every to E Q an
elliptic curve with j-invariantj(to) has a 24 -isogeny locally almost everywhere up to isogeny.
For to outside of a thin set, (24, j(to)) is exceptional.

5.2.9

Overview of techniques

As for isogenies of prime degree, these theorems are proved by analyzing the mod N
Galois representation attached to E and modular curves XH for exceptional subgroups
H C GL 2 (Z/NZ).

The paper is organized as follows: results on prime power isogenies

and lift-exceptional pairs are covered in Sections 5.3.9 - 5.6 of the paper. The group theory necessary to classify lift-exceptional subgroups of GL 2 (Z/f"Z) is contained in Sections
5.3.9 and 5.3.17.

At this point we will be able to deduce part (i) of Theorem 5.2.4. The

results of previous sections do not apply to the prime 2, so in Section 5.4 we summarize
the techniques used to computationally investigate this problem. In Section 5.5 we prove
part (ii) of Theorem 5.2.4, which bounds lift-exceptional f. We prove part (iii) of Theorem
5.2.4 and the finiteness result of Theorem 5.2.2 in Section 5.6 by examining the appropriate
modular curves. Section 5.7 contains more precise characterizations of exceptional primes
for curves with complex multiplication and a proof of Theorem 5.2.7.

Finally, in Section

5.8, we turn to the problem of finding the rational points on the relevant modular curves to
prove Theorem 5.2.8. This relies heavily on the recent work on Rouse-Zureick-Brown and
Sutherland-Zywina.
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We will prove Theorem 5.2.4 by proving that, for f large enough, we may perform a
f 2 -isogeny

sequence of lifts of our global f-isogeny to an

up to isogeny, then an P3-isogeny

up to isogeny, and so forth to successively higher powers of f. The technique applied splits
the problem naturally into two cases: (1) we are lifting from an odd power of f to an even
power, and (2) we are lifting from an even power to an odd power of f. We will show that
lift-exceptional subgroups only arise when lifting from an even to an odd power of f.
Key to this argument is the fact that everything here is only "up to isogeny".

In the

course of our inductive argument, we are naturally led to assume that E/K is isogenous to
an E'/K which has a global P-"-isogeny. This does not imply that GE(0-~) is contained in
a Borel, but GE'(' 1) is contained in a Borel. Furthermore, C(E) has a global f"-isogeny if
and only if C(E') does, as C(E) = C(E'). Thus, without loss of generality, in our inductive
argument we will assume that E itself has an tn''-isogeny globally by replacing E by an
appropriate curve in C(E).

5.3

Group theoretic analysis of GL 2 (Z/t'Z) for odd

f

In this section we will always assume that f is an odd prime.

5.3.1

Exceptional subgroups

In light of the Chebotarev density theorem and its implications for local and global level
structure explicated in 5.1.16, whether or not E satisfies
as a subgroup of GL2 (Z/t"Z).
isogenies
C1, C2

#1

and

02

depends only upon GE(ti)

(*n)

We will now make that criterion explicit.

with kernels C,

c

We say cyclic

(Z/NZ)2 , C 2 c (Z/N2 Z) 2 are independent if the lines

2
are independent in (Z/ gcd(N1, N 2 )Z)

Lemma 5.3.2. Let

#1:

E -+ E, 42: E

-+

E2, and

03

: E -+

E 3 be independent cyclic

isogenies with kernels C, ~ Z/NZ, C2 ~ Z/N2 Z, and C3 ~ Z/N3 Z.
-+ E2

is cyclic of degree N, - N2

.

1. The isogeny 42 o 0': E1
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2. The image

# 2 (C 1 )

is the kernel of a cyclic isogeny $': E2 -+

E' that is independent

from #$.
3. The images 0 3(C1) and

03(C2)

are the kernels of independent cyclic isogenies.

Lemma 5.3.3. An isogeny class C has a cyclic i -isogeny if and only if for all curves E c C,
there exists an integer 0

j

n/2 such that E has independent isogenies of degrees Li and

n-j
Proof. The "if" direction follows immediately from part 1 of Lemma 5.3.2.
assume that E has a cyclic L"-isogeny 0 and E'
isogenous by a cyclic isogeny

#:

E

-

E

Conversely,

C(E). The curves E and E' are always

E'. Applying parts 2 and 3 of Lemma 5.3.2, we can

assume that 0 factors nontrivially through

#;

otherwise E' also has a cyclic isogeny of degree

tn. Hence E has two independent isogenies of degrees multiplying to i".

For

j

E

< n/2, write Aj 9 GL 2 (Z/L/Z) for the subgroup of matrices that are diagonal

modulo V and upper-triangular modulo L"-j. We therefore have the following group-theoretic
criterion
An isogeny class C has an L"-isogeny if and only if for all E E C, PE,

(GK)= G E(L) is

conjugate to a subgroup of Aj.
Lemma 5.3.4. Let M E Mat 2 (Z/t"Z) be a 2 x 2 matrix. Then the characteristicpolynomial
XM(t) has a root in Z/fnZ if and only if, up to conjugation by an element of GL 2 (Z/L"Z),
M is diagonal modulo L

and upper-triangularmodulo i"-- for some

Proof. In the reverse direction, up to conjugacy we have that M

=

j < n/2.
a
i-jc

XM(t) = (t - a)(t - d)-

If we let M

=

c 1 M'+ c 2 1 for some constant c1 E (Z/lZ)x, c 2 E Z/L"Z, then

XM(t) has a root mod tn

4
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XM'(t) has a root mod L.

Lib
d

and so

If we let M = M", then

X<
XM(t) has a root mod fn2

XM(t) has a root mod f"

1. M has distinct eigenvalues modulo f. In this case, the projectivized eigenvector equation for M has a solution mod f with nonzero derivative. Hence by Hensel's lemma
it has a solution modulo all orders. Therefore M has an eigenvector in (Z/i"Z)2 , and
hence is conjugate to an upper-triangular matrix.
2. M is scalar modulo

e.

Up to subtracting a scalar matrix, we have that M = fM';

hence by induction we can assume that n < 2. The conclusions are then satisfied as it
is diagonal modulo f.
3. M is not diagonalizable modulo f. In this case, up to conjugating, adding a scalar,
and scaling, we can assume that M

0

1

=

. In this case

at bf

1
is an eigenvector
x

precisely when x is a root of XM(t).
In light of these result, we begin by making several definitions of exceptional subgroups.

Definition 5.3.5 (Failing (*en)). A subgroup G C GL 2 (Z/f'Z) is exceptional if
1. For every element g E G, the characteristic polynomial Xg(t)
a root in Z/"Z. Equivalently, if

e5

= t2

- tr(g)t + det(g) has

2, for all g E G, A(g) = tr(g)2 - 4det(g) is a

square in Z/fnZ.
2. There does not exist 0 <

j

< n/2 such that G(P) is contained in a split Cartan sub-

group of GL 2 (Z/tVZ) and G(P-i) is contained in a Borel subgroup of GL 2 (Z/t"~ Z).
Given that we work inductively modulo higher and higher powers of f, and that at each
stage we may move to isogenous curves in C(E), it is convenient to have a group-theoretic
phrasing of the condition that E satisfies (*jn)

but fails (*jn).

Definition 5.3.6 (Satisfying (*en-) but failing (*n)). We will say that a subgroup G C
GL 2 (Z/f"Z) is a lift-exceptional subgroup at step it if
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1. G(f --1) is contained in a Borel subgroup of GL2 (Z/t-

1

Z).

2. For every element g E G, the characteristic polynomial xg(t) = t2 - tr(g)t + det(g) has
a root in Z/f"Z. Equivalently, if f -4 2, for all g E G, A(g)

=

tr(g) 2 - 4 det(g) is a

square in Z/fnZ.
3. G() is not contained in a split Cartan subgroup of GL 2 (Z/fZ) and G is not contained
in a Borel subgroup of GL 2 (Z/t'Z).
This section contains the group-theoretic results necessary to prove the following theorem:
Theorem 5.3.7. Let f be an odd prime and suppose that C(E) has an f-isogeny and locally
almost everywhere has an t"-isogeny. Then:
" If n = 2, C(E) has a rationalP2 -isogeny,

" If n > 2, C(E) has a rationalf'-isogeny or GE,(

R(f2m{+1)

r
f2" (,s)

s
Ct

: r

= t

2

m+l)

is contained in

(mod f")

for some 0 < m < (n - 1)/2 and some E' E C(E). In that case, C(E) has a rational
P2m-isogeny.
The inductive proof of Theorem 5.3.7 reduces to the following group-theoretic result:
Theorem 5.3.8. Let f be an odd prime and let G C GL 2 (Z/t"Z) be lift-exceptional at step
n. If G(t) is not contained in a split Cartan subgroup, then n is odd and G is contained in
R(y") C GL2 (Z/jnZ).
Theorem 5.3.8 implies Theorem 5.3.7. If E has 2 distinct t-isogenies, i.e. G(f) is contained
in a split Cartan subgroup of GL 2 (Z/fZ), then E is either isogenous to a curve which does
not have 2 distinct -isogenies, or by composing the chain of distinct
fn-isogeny.
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-isogenies, E has an

So we may assume that G(f) is contained in a Borel subgroup but not contained in a split
Cartan subgroup. Our inductive hypothesis is that G(V-1) is contained in a Borel subgroup
(up to replacing E with another elliptic curve in its isogeny class) for
contained in a Borel subgroup, or it lift-exceptional at step

j.

j

> 1. Either G(Pi) is

Hence by Theorem 5.3.8,

j is

odd and G(eP) c R(P).

0

The proof of Theorem 5.3.8 relies in a crucial way upon the following map. Given a Borel
subgroup B c GL 2 (Z/fl-lZ), we get a map

0 := OB:

G(t- 1) ; B -+ (Z/,"11 z) X= Z/efn- 2 (f - I)

defined as the ratio of the diagonal characters:

*1

*

*1

1(0

*2

*2

in the basis in which B is upper-triangular. (Note the map depends on the choice of B!)
Under our inductive hypothesis that G(ef-1) is contained in a Borel subgroup B, we
consider the composite map

0': G(f") -+ G(t" 1 )
where the first map is reduction mod en-1.

-4

(Z/f"-Z)x,

As (Z/fn-'Z)x is cyclic, the group G(f") is

generated by a preimage of a generator of the image of

4', and the kernel of l'. To show

that G(p") is contained in a Borel, we use the local data that every element of G(f") has
square discriminant to show that each of these pieces is contained in the same Borel f c

GL 2 (Z/f"Z) lifting the Borel B C GL 2 (Z/f"~'Z) containing G("- 1 ).
This analysis is carried out in 5.3.9, with the result of proving a necessary but insufficient
condition on exceptional subgroups.

These "potentially exceptional" subgroups are then

analyzed more carefully in 5.3.17, leading to a proof of Theorem 5.3.8.
At this point we will have shown (i) of Theorem 5.2.4.
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5.3.9

Lifting Borel level structure

Let G denote a closed subgroup of GL 2 (Ze). We will eventually take G to be the image of
the f-adic Galois representation of E. Denote by G(f") the reduction of G mod f'. When
1 Z), we mean that (H mod fn1) = H'.
we say that H C GL 2 (Z/enZ) lifts H' c GL 2 (Z/t"

Lemma 5.3.10. Let

E G(f) have 2 distinct eigenvalues. If

then -y has 2 distinct eigenvalues mod

fn

-y C

G(f") reduces mod f to 17

with corresponding eigenvectors.

Proof. As the eigenvalues of 7 are distinct, the derivative of the characteristic polynomial of
7 evaluated on any eigenvalue is nonzero. Hence Hensel's lemma guarantees the existence of
distinct eigenvalues of -ymod

f".

Similarly, the derivative of the projectivized eigenvector equation evaluated on the projectivized eigenvector is nonzero as tr2(7) - 4 det(7)

$

0

0.

Lemma 5.3.11. Assume that G(t- 1 ) is containedin a fixed Borel subgroup B C GL2(Z/f" IZ)Let -y E G(t"), with reduction 7 E G(C) having distinct eigenvalues. Then there exists some
Borel subgroup B' C GL 2 (Z/f"Z) lifting B which contains -y.
Proof. Let ^-' denote the reduction of y mod

By Lemma 5.3.10 y and y' each have

n-1.

two distinct eigenspaces. Since -y' E B fixes only its two distinct eigenspaces, the group B
necessarily fixes one of the eigenspaces L' of 'y, which is the reduction of an eigenspace L of
'.

The Borel associated to L lifts B and contains -y.

Recall that for G(fn- 1)

9

B, the map

:=

B:

1

1

)

_+ (Z/fn1Z)x

) to be the kernel of the map

-+ G( "')
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-+

(Z/n 1 Z)

,

be the kernel of the composite map

0/: G(fn)

is defined as

*2

*2)

Define the subgroup I(f"-1) C G( "

G( "

#.

Let K(f") C G(t")

which is alternatively the subgroup generated by the preimage of
K(f")

>G(j")

I(tn-') <

> G(i

*

)

I(en- 1 )

in G(0"):

(Z/f-Z)

The group G(t") is generated by K(t") and a preimage X E G(t") of a generator of the

image #'(G(j")).
Lemma 5.3.12. Assume that every element of G(t1 ) has square discriminant and that
G(t"-') is containedin a Borel subgroup, but G(?) is not contained in a split Cartansubgroup.
Assuming that the image of

#':

the Borel mod fn-

G(fn)

-

is nontrivial, there exists a preimage X of a generator

(Z/tf- 1 Z)x that is contained in some Borel subgroup lifting

1

.

of the image of

#

Proof. We work in a basis in which G(tl)

is upper-triangular. Let X be some choice of

preimage of a generator of the image of 0'; by assumption X has distinct diagonal entries
mod tn-. If X has distinct diagonal entries mod f, the Lemma follows from Lemma 5.3.11.
Otherwise n > 3 and it has equal diagonal entries mod I for some 0 <
will prove this by induction on

j,

showing that either the conclusions are satisfies or X

has equal diagonal entries modulo V1+.
0 <j
Vi,

j < ["-.1. We

Eventually, the argument will terminate for some

< ["-!1]. Note that this implies that all of G(fn- 1 ) has equal diagonal entries modulo

and hence every element of G("- 1 ) is of the form

a + fix

b

0

a+;iw)

Because we have

a+
0

x

b

a +jw

+ ix + bkfn-j-1

(a

(a + fiw)kfn"

kk--1]

-1-
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(a +

1

(x + bkk

1

i1

G(f - 1) is contained in the intersection of all of the Borels fixing the lines spanned by
I

kf"n-j-1 )for

is necessarily of the form
any k. The element X E G(fn)

a

+ Oix

(

b

a + OW

k"1

and f f b since X is not contained in a Cartan mod . The discriminant of X

e2j

((x - w) 2 + 4b('-2j-1 ) 7

)

A(X) =

is a square mod V" by assumption. For

to be an eigenvector of X for some k,

we must have

1

(a + fix + bkf"~i-1) =,n E"-'( + (a + fVw)k"~-t

1
2
kl(x - w) + bk n-- -

1

,

ke"i j

+1C,

k(x - w) + bk2n-2j-1

* If 2j = n - 1, then this equation becomes
bk 2 +(x-w)k-( =-O

{ b and the discriminant (x

-

which has a solution in k mod f because f

(mod f),
w)2 + 4b( is

forced to be a square by the assumption that A(X) is a square.

k(x - w) 2

This has a solution k if f

(

* If 2j < n - 1, then this equation becomes

{ (x - w) or f I ( Hence if j is strictly less than [- 1 J then
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either there is a solution or f I (x - w) and hence the diagonal characters are congruent
modulo an even higher power of f.
It suffices to show that the induction terminates. If N is odd, then it terminates at or before

j

=

[-1J, which

was already dealt with above. Otherwise, if n = 2m then 2j < n - 1 and

either the induction terminates, or when

j

= m -1

=

L2 "7 1J from

above we have fI(x - w).

Computing
A(X)

This is a square modulo

2m

= f2mn-2

((X

_

W)

2

i I b(, forcing fI(

2.

(mod

f2)

if and only if

2
(x - w)

is a square modulo

+ 4b(f)

But if f

I (x -

+4b(f

w), then 4b(C must be a square modulo 2, and hence

and G(P") is contained in a Borel lifting the one corresponding to k = 0.

Thus the induction terminates at

j

= [n

or before.

E

Lemma 5.3.12 guarantees the ability to lift the Borel structure mod P-1 to a Borel
containing an appropriate choice of X. We must now try to lift the Borel structure to one
containing K. To do this, it is necessary to consider the cases of lifting from mod
mod 2' and lifting from mod

2m

to mod

f2n+1

2m-1

to

separately.

Definition 5.3.13. Let K( 2 n+1) for m > 0 denote the subgroup of GL 2 (Z/ 2 m+lZ) given
in an appropriate basis by

K :-

K( 2 m+l)

-

s

r= t

(mod

2m)}

Lemma 5.3.14. Assume that G( ) is not contained in a split Cartan, G(n--1) is contained
in a Borel B, and that every element of G(p") has square discriminant. Let
K(fn) be as above.
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IN

11
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IM 1111111111111111,911,
11

I(in-1)

and

1a
+
f"-x
f"yb+

(i) If n = 2m is even, then K(f 2 ") is contained in the intersection of all Borel subgroups

of GL 2 (Z/f 2 "mZ) lifting B.

(ii) If n = 2m

+ 1 is odd, then either K(f 2 n+1) is contained in the intersection of all Borel

subgroups of GL 2 (Z/f2 "mZ)lifting B, or G(f) is contained in a radical subgroup and

K(f2m+l) C K(2m+1),

in an appropriate basis.

Proof. Choose a basis for (Z/f"Z)2 such that some Borel B' C GL 2 (Z/f"Z) lifting B is
upper-triangular. Any lift of a generator of K(p") is of the form

=
i"-1z

a + "-1 w

where a, b, c E Z/f"- 1 Z and b # 0 (mod f). The matrix A has discriminant mod

fn

A(A) = 4"-1 bz.

If n
that z

=

2m is even, then f2m"1 is not a square mod e 2 "n. Hence, as f { b, we must have
0 (mod f) in order for A(A) to be a square mod

f2rn.

As such, all generators of

K(f"~) are necessarily upper-triangular in this basis and as such contained in B'. Thus
G(f") is contained in the intersection of all such Borels lifting B.
If n = 2m + 1 is odd, then

2m

is a square mod

2rn+1

and we must have zb a square mod

f for A(A) to be a square mod f2m+1. We will show that if G(f) is not contained in a radial
subgroup, then the Borel structure mod f"-1 must lift to mod fn in order for K(f") to be a
normal subgroup of G(t").
For the discriminant A(A) to be a square, we are equivalently concerned with whether
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/3 - ( is a quadratic residue mod f, where

=-

b

a

modf,

(=-

z

a

modt.

a n-1 x

n-1 Y

n-1X

b+ n-1

/

The operation of matrix multiplication on elements of K(f 2 mn+):

acts as
b z)

b'(Y z)

a' a

a' a'

(b

a

b'
a'
a'' za +z')

As such the set of possible (0,() is a nontrivial additive subgroup of F', in which /3( is
necessarily a quadratic residue. Hence it is necessarily a line (6x, -yx) Vx E Ff in which

x

2

If G(f) is not contained in a radical subgroup then it contains some element G
where f 2

=

(

,

is a quadratic residue.

f)

#

g 2 . The action of conjugation by (a lift to G(t2 m+l) of) G defines an operator

on the group of (/, () whose action is

(0, () F-

#

.1g

In order for this to stabilize the line (necessary if K(f") is a normal subgroup), either (= 0
(as desired) or f2

2,

which is a contradiction.

Otherwise we have that G(f) is contained in a radical subgroup. Further, for all elements
of K(f"), bz is a square mod f and b/z is a fixed element of F' (determining this line in F ).
Up to conjugation (e.g. in an appropriate basis), we may assume that this ratio is 1. Hence
K(f 2m+l) is contained in

K(f2,n+1).
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2

Definition 5.3.15. We say that H C GL 2 (Z/f
at step 2

* H(f2

m+1Z),

m

>

0, is potentially lift-exceptional

+1 if
+rn
is contained in a Borel subgroup of GL 2 (Z/f2 ",Z),and

& For all h E H, the discriminant A(h) E

Z/f

2

m+1Z

is a square, and

* H(t) is contained in a radical subgroup, and

* ker (0': H -+ (Z/f2 nmZ)x) is contained in K(j2 +1).
Lemma 5.3.16. Let H c GL 2 (Z/fnZ). If H(f) is not contained in a split Cartansubgroup,
then H is lift-exceptional at step n only if n

=

2m + 1 is even and it is potentially lift-

exceptional at step 2m + 1.

Proof. Fix a Borel B C GL 2 (Z/ft"Z) such that H(fl-l) C B. Recall that K(t") is the
kernel of the map 0': G(yn)

_+

(Z/enlZ)x, and X is a preimage of a generator of the

image. Together they generate G(t").
By Lemma 5.3.12, we can assume X is contained in some Borel B'

C GL 2 (Z/t1 Z)

lifting B, or G(f") C K(y"). But further by Lemma 5.3.14 either K(f") is contained in the
intersection of all Borel subgroups of GL 2 (Z/f"Z) lifting B, or n = 2m +1 is odd. In the first
case, the generators of G(t1 ) are contained in the Borel subgroup B', implying the same of
G(e"). In the second case,

j

=

2m+ 1 is odd, and Lemma 5.3.14 gives that G(f) is contained

in a radical subgroup and K(f 2mn+l) C K(e 2 ,m+1).
In the next section, we consider exactly when groups with G(f) radical and
K(f 2 m+l)

0

K(j

2

,n1)

C

give rise to lift-exceptional subgroups. This will lead to the classification cited in

the introduction and to the proof of Theorem 5.3.8.

5.3.17

Lift-exceptional subgroups

The goal of this section to to determine which potentially lift-exceptional subgroups are
actually lift-exceptional.
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2

For ease of notation we will drop the degree from K(
the fact that it is a subgroup of GL 2 (Z/f
Lemma 5.3.18. A vector v E

2

(Z/f 2 m+Z)

will be implied.

m+1Z)
2

m+1) and refer to it simply as K;

is a simultaneous eigenvectorfor all elements of

K precisely when
v

,

C

k =

Em'

(mod

f2m-1)

Proof. The up to multiplication by an invertible scaler, vector v can be normalized to be of
the form (k)

as K mod

contains the matrix

is an eigenvector for any matrix

( j,

k 2S

).

(

The condition that such a vector

') in K reduces to

(mod

f2m-2

-2l)

As K contains matrices with f{ s, we conclude that necessarily k _ t"1

(mod f2-l).

D

This suggests a method of understanding exceptional subgroups that arise from the inability to "obviously" lift the Borel structure on the matrices with equal diagonal entries
mod

2

e m.

If the matrix X, which is a preimage under

#'

of a generator of the image of

#',

also has one of these vectors as an eigenvector, then the group generated by X and K - what
we will denote X - K 1 - is contained in the corresponding Borel subgroup, and hence is not
exceptional. Otherwise, if every element of X - K has square discriminant, but X shares no
eigenvectors with all elements of K, then X -K is lift-exceptional. (Note: a subgroup of X -K
may fail to be lift-exceptional even when X - K is.)
Lemma 5.3.19. Let X E GL 2 (Z/f2 m+Z) be contained in a Borel subgroup mod C2 m. Then
X -K is contained in a Borel subgroup mod t2m+1 if and only if X has equal diagonal characters
mod f m and writing
X =
X

a + t"nx

b

2mz

a + mw)

'In our context K is a normal subgroup of this composite, so every element of the group can be represented
as a power of X times an element of K. We will always work under this assumption on X.
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we have
i(x -w)

=-(z -b)

(mod f).

Proof. It suffices by Lemma 5.3.18 to consider when X

spanned by

(x

b

1

t2mz

(

for k

fm-

(mod

f2m-1).

stabilizes the line

X2)

The eigenvector equation reduces to

kf
2

+ kx 2 =2m kx 1 + k 2lib.

-lZ

A consideration of valuations of the monomials gives that fi

(x 1

j

2

m+1 Z)

x 2 ).

Now letting

be contained in a Borel subgroup mod

equal diagonal entires modulo Va for 0 < j < m.

i

(z - b) as desired.

x, = a + fmx and x 2 = a + fiw, the above simplifies to (x - w)

Lemma 5.3.20. Let Y E GL 2 (Z/f

-

f2"

with

If every element of Y - K has square

discriminant then Y has equal diagonal entries modulo 0+1.

Proof. By hypothesis, every element of Y -K is a power of Y times an element of K. Write

a

+ix

(

2"

z

b

+fX)k

yk

+

+ 2 (k)(

s
t

2"s.

a + Pw

for an element of K (recall that r = t (mod

Y

r

R=

, and

)

Y=

2

f2m)).

It is easy to prove by induction that

+ lb +
kak

nak-2zb

fiw)k + (k)f2nak-2 zb}

(a

kf2" za k-1

2(-)

Now consider the product

((a

+ fix)em
0

s

(r
(a + fw)

2"s
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t

aem _ s +f(*)

r(a+fx)i
i2an

"~s

t(a + fim)e m

'

=

-

Y'm_,

This element has discriminant

A(Yem-. -R)

(:
=

+Wlma 2f-3 s 2

,

- t(a +lrw)

(r(a + fix)

+ 4f2 ma 2tm-

m

2

2

fmM-j

J

)

k=O

2

jm-3

r'a EM-(X

2m+1

- w) +

z (7;-

jjk~

~

-r - kWk))

+4&ma 2fm-j s2,

k=2

since every term in sum includes some power of f, and r

=f2m

t. Notice that the minimal

e-adic valuation of any term of the above expression is 2m. By Hensel's lemma (and our
assumption that f = 2) the discriminant A(Ye m- -R) is a square modulo

j2m+1

if and only if

it is zero or an even power of f times a (nonzero) quadratic residue mod F. Hence the above
discriminant is a square iff

r2 a2 1m-3-

2

(x - w)

2

+

2
2
2
4 a em-i s2 = a m3-2(r (x

- w) 2

+ 4a 2S 2 ),

is a square mod f. In order for every element of Y - K to have square discriminant, the
quadratic form

Q(r, s)

=

(x

-

2
w) 2 r 2 + 4a 2 S

must be zero or a quadratic residue modulo f for all r, s mod f. Hence the discriminant of
this form,

-16(x

-w)

2

a2 , must be zero mod f (any form with nonzero discriminant represents

a quadratic non-residue). As f

{ a,

we have t

I (x

are equal modulo fj+1.

Lemma 5.3.21. Let Y

- w). So in fact the diagonal characters
E

=

b

a
(2"mZ

2e+
mw

)

k ika" - ~_ tk )

=

a

1"2
182

have equal diagonal entires modulo em. If

every element of Y - K has square discriminant then

(mod f).

(x - w) =_ (z - b)
r
Proof. As above,
let R =

s

4

2is

Then we have
be an element of K.

,

A(Y) = f2, ((X W)2 + 4bz)
=

2

'r 2 (X

W) 2 + 4 2 "(zr

= r2A(Y) + 4f 2m(a 2

If A(Y) is a square, then it is

f2n62,

2

+ as)(as + bt)

+ asr(z + b)).

for some 6 E Z/fZ. In order for A(Y - R)

= f 2 "(6

2

r2

+

A(Y - R)

4a(z + b)rs + 4a 2 s 2 ) to be square, we must have that the quadratic form

Q(r, s)

+
= 62r2

2
4a(z + b)rs + 4a2S

does not represent any quadratic nonresidue of Z/fZ. Hence the discriminant of

Q must

be

0 mod f:

(z+b)2

(x -w)

2

+4zb

(mod ),

which implies

(x - w) =_ (z - b)

(mod f),

as desired.
Proposition 5.3.22. Let X be radicalmod e and upper-triangularmod f 2 m, but not diagonal
mod f. Then X - K is lift-exceptional (at step 2m + 1) if and only if the diagonal characters
of X are opposite modulo rn+l.
Proof. In order to be lift-exceptional (at step 2m + 1), X - K must not be contained in a
Borel subgroup and every element of X -K must have square discriminant. We consider two
cases separately:
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X

=

a

+ Ox

(

2"z

b

e:

in this case, write

, and

R=

a + Ow )(12m

r

s

,

X has equal diagonal characters mod

s

t

for some J > 1. Lemma 5.3.19 shows that X -K is contained in a Borel subgroup if and only
if

j

= m and

(x - w) =

(5.3)

(mod f).

(z + b)

But Lemmas 5.3.20 and 5.3.21 with Y = X show that the congruence (5.3) must hold if
every element of X - K has square discriminant. So X - K is never lift-exceptional.
X has opposite diagonal characters mod f: in this case, Lemma 5.3.19 shows that
X K is never contained in a Borel subgroup; so it suffices to show that every element of
X - K has square discriminant precisely when X has opposite diagonal characters modulo
m+1.

If X has opposite diagonal characters modulo V, then X 2 has equal diagonal characters
modulo V. Hence Lemma 5.3.20 applied to Y = X 2 shows that this assumption forces the
diagonal characters to be opposite modulo em (since the sum and difference of the diagonal
characters of X can't both be divisible by f while X is contained in a Borel and invertible
mod f). Similarly, Lemma 5.3.21 applied to Y = X 2 shows that the diagonal characters
are opposite modulo fm+1, since the "z" and "b" of Y

= X2

are both 0 mod f. So this

congruence condition is necessary for X - K to be lift-exceptional. It is an easy calculation
that all elements of X - K have square discriminant if this congruence condition is met.

5.3.23

L

Proof of Theorem 5.3.8

To prove Theorem 5.3.8, it suffices to prove that for any choice of X subject to the constraints
of Proposition 5.3.22, the exceptional subgroup generated is contained in the group

-

s
r
{2m+1)

R2m (

,s) Et
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E(mo

r

t

(mod fm+1)

in an appropriate basis.
Proposition 5.3.24. For any X of the form

b

a + fm+1X

X =

2

1 mz

-a+ fm+1w

X - K is contained in R(f 2 mn+l) up to conjugation.
Proof. If X has the above form with z = -b

(mod f), then so will all of its powers. Hence

it suffices to check that something of this form times an arbitrary element of K is contained

in

R(f 2

n+l):

a + t+
-f2"b

1x

r

b
-a +

fn.+1

s

(

t

s

(2"

r(a+fm+1)
2

m

+

2"bs

s(a + tr+lx)

t(-a + gn+l) _

(sa - br)

+ bt
f2msbJ

which is clearly true.
Now it remains only to show that we may conjugate X and K by an appropriate matrix
.I

so as to bring K into itself and bring X' = M-1 XM into another matrix of the same
(mod t). This is achieved by

form except with off-diagonal entries of X' so that z' = -b'
the a matrix of the form M =

(

as we have that:

(0

A/P.4M~(

1)

1+-2am+lx
emz

As a is a unit, we may choose p = '

-

2

2pa+b+rn+lp(x

Z

-a + em+lw +

w)_C 2 mP 2z
.

2

(mod f).

Finally, on some element R of K this acts as

M-1 - R-M

(r

2"sp
f2"

2

I (r

-

2

t + f2mt,

.

which is again an element of K as

s+p(r-t)-

t)
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Remark 5.3.25. R(e 2 m+l) is itself exceptional and corresponds to X - K( 2 m+) for

1

X =.

0

0 -1 +M+1
We now prove the last part of Theorem 5.2.4 (i),
2
Corollary 5.3.26. If E/K has an j m-isogeny up to isogeny but fails to have a global f2mn+1

isogeny up to isogeny, then there exists some quadratic extension F/K such that E is Fisogenous to a curve E"/F having an f 2 m+l-isogeny over F.
Proof. The index 2 subgroup of R(J 2 mn+1) where c =
corresponding to the vector

+1 is contained in the Borel subgroup

I
().
p

Corollary 5.3.27. For every f, there exists a number field K and an elliptic curve E over K
having a rationale-isogeny, and locally almost everywhere having a rationale2 misogeny up to
isogeny, but which is not isogenous to an elliptic curve with a global rationalf 2 m+1_-isogeny.
2

Proof. It suffices to demonstrate a subgroup H of GL 2 (Z/

m+1Z) giving rise to an excep-

tional f for any choice of f. By Galois theory, there then exists a K and an E given as the
base-change of an elliptic curve E'/K' with surjective
the above Remark, we can simply take H = R(

2

-adic image of Galois. As noted in

+l).

Remark 5.3.28. If instead of asking for a local-global principle for the isogeny class of E
(e.g. our up to isogeny results) we asked for a strict local-to-global principle, our potentially
lift-exceptional restrictions would still give a necessary condition on exceptional subgroups
if G(f) is not contained in a split Cartan subgroup. The following example shows that the
set of exceptional subgroups is still non-empty even when you add the extra structure of E
itself having an t"-isogeny locally almost everywhere:
Let H C GL 2 (Z/f 3 Z) be the subgroup generated by
(
f2

1

1

1)(0

0
-1
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H is not contained in a Borel mod 0s as the only two Borels containing X are the upper and
lower-triangular matrices. M itself is contained in a Borel, as

1

(

1

=1I
)

(1+

.

1

Q

Hence H cannot be the image of the mod 0s Galois representation of an elliptic curve E
satisfying the strict conclusions of the local-to-global principle (it also fails "up to isogeny").
All that remains is to show that it satisfies the hypotheses - that is that every element is
contained in a Borel.
To show this, we may replace H with the quotient by all scaler matrices PH. In this case
we have the relations M,3

=

1, X 2

= 1, XMX =

M- 1 . This implies that we have an exact

sequence
0 -+ (M) -+ PH -+Z/2Z -+ 0,

I
Z/2Z is 1, then mod f, the matrix is of the form

*

where the last map counts the number of copies of X in a word modulo 2. If the image in
(modulo scalars), and hence has

(0 -1)
distinct eigenvalues mod f. Lemma 5.3.10 guarantees that the same is true mod 0a, and it
is necessarily diagonalizable, hence contained in a Borel. If a matrix is in the kernel of this
map, then it is in the group generated by M, and hence contained in a Borel.

5.4

Analysis at f = 2

Although the above analysis in
explore the picture at 2.

5.3 only holds for odd primes, we may computationally

The SAGE and MAGMA code necessary to find all exceptional

subgroups of GL 2 (Z/2nZ) for n < 6 can be found at stuff .mit.edu/~ivogt/isogeny.
This classification differs from the case of odd primes f in two ways.

There we only

classified minimally exceptional images of Galois, which were assumed to Borel modulo one
lower power of f.

This ignores (1) exceptional groups which are images of fr-isogenous
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curves and (2) exceptional groups mod higher powers of

whose reduction is contained in

a minimal one. However, if there is an exception, then there is a minimal exception, so
this simplification turned out to be harmless since there are finitely many lift-exceptional
subgroups modulo every odd prime power. The presence of genus 0 and 1 modular curves
for 2-power levels necessitated the finer analysis.
We summarize the results here.

Proposition 5.4.1. Let H C GL 2 (Z/2'Z) be exceptional. Then
1. n> 3.
2. If n = 3, 4, 5 or 6, then H is a subgroup of one of the maximal exceptional subgroups
listed in Table 1.
3. If n > 6, then the corresponding modular curve XH has genus at least 2.

5.5

Boundedness of lift-exceptional primes

A prime f is called lift-exceptional for the number field K if there exists an elliptic curve
E/K with an f-isogeny and an f"-isogeny locally almost everywhere up to isogeny, but which
is not isogenous to a curve with an

f"-isogeny.

The classification Theorem 5.3.7 shows that if f is lift-exceptional for K, then there
exists some curve E/K with GE(e 2 m+1) C R(f2m+1 ) for some m > 1, and hence GE(f 2m+1) is
necessarily Borel modulo

f2'

and radical modulo im+1. Using this, we bound lift-exceptional

primes f, depending on the number field alone.
We begin with a bound analogous to the bound in [Sut12, Theorem 11 of Sutherland.
Being radical mod t alone puts a condition on the number field K when f = 1 (mod 4).
Proposition 5.5.1. For f - 1 (mod 4), if K 2
radical subgroup.
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Table 5.1: Maximal exceptional subgroups of GL 2 (Z/2'Z) for n < 6. The SZ label corre-

sponds to the paper [SZ17] and the RZB ldA
paper [RZB15].

corresponds to the transpose group in the

612

Proof. As det

PE,e

= cyc is the cyclotomic character, if we have that K ; Q(Vi-), then the

image of
cyc = detpEe: GK -] F

is not contained in (Fx ) 2 . Further, if f = 1 (mod 4), then for any x E F'
that x 2

'

(Ff ) 2 we have

(FX) 4 , and so

(det PE,t (GK)2
However, every element of the radical subgroup

(f
X
0

4
*
tXi

has

.

det 2 = X4 E (Fx )4

Corollary 5.5.2. If t = 1 (mod 4), and f is a lift-exceptional prime power, then

f

< AK.

Remark 5.5.3. In fact, if f = 1 (mod 4), then it is exceptional only if vKf E K.
We can obtain a better bound depending on only the degree of the number field using
the following Lemma and a large image result of Serre.
Lemma 5.5.4. Rad( )-level structure is an isogeny invariant.
Proof. If E and E' are isogenous by a prime-to-f degree isogeny, then E[f] ce E'[] as Galois
modules.
Therefore we can assume that E and E' are f-isogenous. Let

4

denote the isogeny, with

kernel C 1. We then have an exact sequence of GK-modules
0 -+ C1 -+ E[i]

-+

C -+ 0.

Write x for the isogeny character of 0 (giving the action of GK on C1). The Galois module
C is isomorphic to the kernel of the dual isogeny 0'; write x' for the isogeny character of
190

0V. Taking top exterior powers we have

cyc = det E[] ~ xx'.
Now assume that

GE(e)

(5.4)

is contained in a radical subgroup.

L C F' and an index (at most) two subgroup H

C

Then

GE(f)

fixes a line

GE(e) acts isomorphically L ~ E[f]/L.

Therefore H acts isomorphically on L ~ Ci; and so

x4

= cyc2,

as proscribed by GE(f) being radical. From equation (5.4) we see that

x' 4

= CyC2 , and so

GE'(f) is radical as well.

Lemma 5.5.5 (c.f. Lemma 18' of [Ser8l] in the case K
every A above f > 5 in

OK

Q). The inertia subgroup at A for

of PG(f) contains an element of order at least 3dK
f.

Remark 5.5.6. Serre's argument naturally gives

4dK' ,

but this can be strengthened slightly.

In fact, in the case of potential good reduction at f, if E attains good reduction over an
extension of ramification index 4, then over a ramified quadratic extension, a quadratic twist
of E has good reduction. Therefore in that argument, we may assume that e < 3.
Corollary 5.5.7. If GE(e) is contained in a radical Cartan subgroup, then

f < 6dK + 1Proof. Under these hypotheses, PG(f) would have order at most 2. Hence, by the previous
Lemma, we have that

2 >

- 1

3dK

,

->

1 < 6dK

+ 1-

Corollary 5.5.8. If (fk, j( E)) is lift-exceptional, then f < 6dK + 1.
Proof. From the classification of lift-exceptional subgroups, there exists E' E C(E) with
GE'(f2m+l) C R(f 2 ,m+l) for

m > 1. Therefore GE'(M) is necessarily radical and GE(
191

2

)

is

necessarily Borel. Hence E is isogenous to a curve which has two independent f-isogenies
(factoring the t 2 -isogeny).

But by Lemma 5.5.4, such a curve is also radical mod f. The

result now follows from Corollary 5.5.7.

5.6

0

Finiteness of exceptional j-invariants

In this section, we prove the finiteness results in Theorem 5.2.2. Recall the notation

E(K, N) := {j E K j = j(E/K) and C(E) fails (*N)},

A(K)

U

E(K, N).

(N,70)=1

Corollary 5.5.8 guarantees that for any number field K, there are only finitely many primes
f for which some power

e

could be lift-exceptional. Define also the set of lift-exceptional

j-invariants

E+(K, f) :={j E K : j = 3j(E/K), (ek, j) lift-exceptional for some k}.
Proposition 5.6.1. For a fixed odd prime e, E+(K, f) is finite.
Proof If

(ek, j(E))

is a lift-exceptional pair, then for some E'/K isogenous to E, GE'(g3

R(P) or E has an O4-isogeny up to isogeny. In both cases, the modular curve XR(e) and
X0 (e 4 ) are genus > 2 for e > 3.

l

Having addressed the problem of lift-exceptional pairs, we now apply this to say something about exceptional pairs, where we make no assumption that E has an -isogeny. If
E locally almost everywhere has an e-isogeny up to isogeny, then it may fail to have an
f"-isogeny globally up to isogeny because it fails to have an -isogeny. This could be the case
whenever f is an exceptional prime (in the sense of [Sut12]) for the number field K. The
following theorem of Anni, building on work of Sutherland, bounds such examples:

Theorem 5.6.2 (Thm 4.3, Cor 4.5, Thm 5.3 of [Annl4j). Let E/K be an elliptic curve
with an -isogeny locally almost everywhere.

Then E has an f-isogeny globally or i

;
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max(AK, 6dK + 1). Further, for fixed f, there are finitely many exceptional pairs (f, j(E))

unless f = 5, 7.
Using this, we can now prove part (2) of Theorem 5.2.2.
Proof of Theorem 5.2.2 (2). Fix a number field K.
finitely many exceptional
SK :{

3, 11,

-

m}

We want to show that there are only

j-invariants as N ranges over all integers coprime to 70. Let

be the list of primes less than max(AK, 6[K : Q]

+ 1) coprime to

2,5, and 7. Any exceptions must "come from these primes", i.e. for any exceptional pair
(N, 3j(E)), there exists a prime f E SK and

"n

N such that (f", j(E)) is exceptional. We

may therefore assume that N is a power of a prime in SK, as all possible exceptional

j(E)

are already realized with these primes alone.
For any f 4 2, 5, 7, the set E(K, f) is finite by 5.6.2.

Combining this with Proposition

5.6.1, the set E+(K, f) is also therefore finite. We then have
m

A(K)

J E(K, fi) U E+(K, fi).

Note that this set is finite.
To prove part (2) of Theorem 5.2.2 we need to more deeply analyze counter-examples
arising from the failure of the local-global principle mod f = 5, 7, since there exist number
fields where these occur infinitely often. Recall the following result of Anni and BanwaitCremona.

Proposition 5.6.3 (Prop 1.3 of [BC14 and Prop 3.8 of [Annl4].).
1. If (5, j (E)) is an exceptional pair for K then v5 E K and
* PG(5) ~ D 4 , the Klein 4 group, and G(5) is contained in the normalizer of a split
Cartan.
2. If (7, j(E)) is an exceptional pair for K then
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0 K and

"

PG(7) ~ D 6 , the Dihedral group of order 6, and G(7) is contained in the normalizer of a split Cartan,

" E admits a 7-isogeny over K(v/-7).
We can explicitly describe the (maximal) exceptional group in these cases. Let a be a
generator of F' for t = 5,7. Then

9

aei

0

I \ 0

a,

H,exc :=

ai

0

,

G(f)

) \a-,

0/ i=j (mod

2)

Define Hen,exc to be the full preimage of H,exc in GL 2 (Z/trZ). Then we have
Proposition 5.6.4. Let f = 5,7.
1. Every element of HJ2,exc has square discriminant.
2. If

GC

HJ3,exc satisfies the property that PG(f) = PHe,exe = D 4 and every element has

square discriminant, then genus(XG) > 2.
Proof. Part (1) is an easy calculation. For part (2), if f = 7 this is also easy. As E always
has an f-isogeny over K(Vi--7), (7 3 , j(E)) either gives rise to a K(v

7) point on Xo(73 ) or

XR(73). Both of these modular curves have genus > 2.

If f = 5, we use the following elementary observations from representation theory. We
represent D 4 ={e, x, y, xy} with x 2

=

y 2 = e. The Klein four group D 4 has character table:

e

x

y

xy

A

l l

11

B

1

-1

-1

1

C

1

1

-1

-1

D

1

-1

1

-1

Let V := M2 (F5 ) be the 4-dimensional vector space of 2 x 2 matrices over F5 . We have
an action of D 4 = PH5,exc on V by conjugation. Using character theory, it is easy to show
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IRiipli||!illlTillill
ilIII
1

that

V=ADB eC

D,

as a representation of D4 . We explicitly write this as

A=

a 0

,

B=

b

0

,

C=

0

D=

,

0

d
0

0)-d

-b )(C

(0 a )(0

C

Note that we have a lift of H5 ,exc to GL 2 (Z/5"Z) for any n by replacing a with & E
(Z/5"Z)X of order 4 lifting a. We will call this lift

H 5 ,exc.

Using this, we claim that it suffices to show that if G C GL 2 (Z/53 Z) such that PG(5)
equals PH5 ,,xc and every element of G has square discriminant, then

G(25) 9;; I -H 5 ,exc,
where I C GL 2 (Z/25Z) is a subgroup of 1 + A E B, or 1 + A e C, or 1 + A E D. Indeed,
in these cases an easy Magma computation shows that these groups define modular curves
with genus at least 2.
To prove the claim, first notice that every element of G can be written as either

5z

5y
.
&i+5w

,

or
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5x
.
a'+5z

at + 5y
)

a' + 5x
g1=

5w

We can calculate

A (gi) = (a' - a') ((ai - a') + 2 -5(x - w)) + 52 ((X

A(9 2 ) = 4a'a3

_

W) 2 + 4yz),

(mod 5).

So by Hensel's lemma, A(g 2 ) is always a square. And A(gj) is a square if i ,
then A(gl) is a square if and only if (ix

j. If i = j,

) has square discriminant modulo 5. We see that

this condition depends only upon gi mod 25. So it suffices to determine which subgroups of
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H

5

2, exc

C GL 2 (Z/25Z) satisfy this property. Since all such groups G(25) are presented as,

1 -+ I -+ G(25) -+ H5 -+ 1,
where H5 C H5,exc is a group such that PH5 = PH5,exc = D 4 , it suffices to classify I. Further
I

1 + 5 - J for some additive subgroup J of M2 (F5).

The matrix (' V ) above is the

corresponding element of J in this decomposition.
The group J has an action of H5 by conjugation, making it a representation of D4 =
P(H5 ). Our claim is that the maximal representations giving rise to groups with the desired
properties are A 0 B, A

C, and A D D. We have

( a+b c+d

c-d

=4(b2 +c 2 -d2).

a-b

If b, c, d are drawn from additive subgroups VB, Vc,

VD

of F5 , at least two of which are

nontrivial, then the above discriminant represents nonsquares. Hence we have the claim,
E

which completes the proof.

Proof of Theorem 5.2.2 (1). To prove part (1) of Theorem 5.2.2 we must combine information at different primes. Fix a number field K and a positive integer N. Write

If there exist infinitely many exceptional pairs (N, j(E)) for K, then for each fi, either
(a) genus(Xo(ty')) < 1, or
(b) there are infinitely many counter-examples for f"-isogenies over K,
and for at least one prime fi I N, we must be in case (b). Case (a) includes prime powers
2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19, 25, 27, 32, 49. We may further characterize the
counter-examples in case (b): by Proposition 5.6.1, we are in one of the following two cases:
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*

f

= 2 and E/K has G(2') contained in one of the genus 0 or 1 groups in Table 1; in

this case n = 3, 4 or 5.
*

= 5, 7 and (f, j(E)) is exceptional. In this case, Proposition 5.6.4 gives that n = 1 or
n

2.

=

However, there is a further condition: the modular curve parameterizing the level structure
mod N (which includes the exceptional level structure in case (b) and the Borel level structure
in case (a)) must also have small genus. This is a much stronger condition, which says that
the fiber product
Xr1x

-XX(l)

X x(),Xnk
k

1

where Xefl is short-hand for the modular curve parameterizing the given level structure mod
is', has small genus.
To find the finite list in Theorem 5.2.2, we compute the genera of the fiber products

XG

XX(1)

where G is one of the groups with n

XH

XX(l)

Xo(N),

; 5 in Table 1, and H is one of H5,exc or H,exc,

and genus(Xo(N)) = 0 or 1, and the levels of all factors are coprime. This is achieved by
functions in the file ram. py available at stuf f .mit . edu/~ivogt/isogeny. The results are
as follows:
* XG X>X(1) XH has genus >

"

XG

1 for all G and H,

XX(l) XO(N) has genus = 0, 1 if and only if G = G 2 1 4 7 or G 2 1 77 and N = 3,5,9,

" XH XX(1) XO(N) has genus = 0, 1 if and only if H = H5 ,exc and N = 2.
From this information one can assemble the list

L ={5,

2 17 72}

U {23, 2 , 2 } U {3 * 23, 5 * 23, 9 * 2 } U {2 * 5,2 * 25},

= {5, 7, 8, 10, 16, 24, 25, 32, 40, 49, 50, 72}.
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Exceptional curves with complex multiplication

5.7

In this section we use the extra 0-module structure on E[N] when E has complex multiplication by an order 0 in an imaginary quadratic field F to more precisely classify exceptional
j-invariants corresponding to CM curves. Let HF denote the Hilbert class field of F, which
is the field of moduli of elliptic curves with CM by the maximal order OFTheorem 5.7.1. Let E/K have complex multiplication by 0 with Frac(0) = F. Let

OF

denote the maximal order in F. If (N, j( E)) is exceptional, then there exist relatively prime
numbers A, B with N = A - B such that

A < (#Ox - [KF: HF])4 < (6[K : Q])4,
and if F C K, E has a B-isogeny, or if F 9 K, B factors as B

=

fJj ri

such that for all i

one of the following holds

" ni = 1 and fildF, or
"

fi splits in F, f

1 (mod 4) and K D Q(v), or

&i splits in F, fi

3 (mod 4) and KF = K(vJ-

i

=

2 splits in F and

-

ni

-

ni > 3 and K D Q(v/2) and KF = K(v/ Z),

=

), or

1 or 2, or

and E does not have an

p

ii I dF, or 2 splits in F and

-is ogeny up to isogeny over K for C I | B unless ni
j

=

1 and

=2,4.

The main tool in proving Theorem 5.7.1 is the following result for prime powers:
Proposition 5.7.2. Let E/K have CM by

OF

the full ring of integers of F and let f be a

prime. Assume that E/K has an en-isogeny locally almost everywhere up to isogeny. Then
either
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1. n =1 and f I dF and E has an t?-isogeny over K, or
2. f splits in F, and
* (F C K): E has an f"-isogeny over K,

* (F 0 K): f = 1 (mod 4), K D Q(V7), and E does not have an in-isogeny up to
isogeny over K,
* (F 9 K): f = 3 (mod 4), KF = K(vj-), and E does not have an Cn-isogeny
up to isogeny over K,
e (F t K): in = 2 or 4, and E has an "-isogeny up to isogeny over K,
e (F

K): 1

2, n > 3, K D Q(/2) and KF = K(\/-2), and E does not have

an "-isogeny up to isogeny over K.
3. The index

{n/21(
-

[Cen(0) : pen(GKF)]

f(n-)/2

1)

n>4 even orf odd andn=2,
n > 3 odd
n =lIor f= 2,n -2.

Corollary 5.7.3. Let E/K have CM by 0 with Frac 0

=

F and let f be a prime. If

#Oxd,
f"/4

n> 1

then (tn, j( E)) is exceptional if and only if f splits in F, F t K and

" f

1 (mod 4), K D Q(Vf-), or

" f

3 (mod 4), KF C K((j), or
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. f

= 2, n > 3 and both K D Q(v/) and KF = K(V'~P2).

Remark 5.7.4. In the case K = Q, this gives an alternate proof that for i > 7, there are
no exceptional CM j-invariants.
Proof of Proposition5.7.2. In order for E to have an e"-isogeny locally almost everywhere
up to isogeny, every element of pef

(GK)

must have a root of its characteristic polynomial

(equivalently square discriminant when f is odd). We begin by considering the condition
this imposes on elements of the index < 2 subgroup pen(GKF). Any element has the form

/

bdF(1-dF)

1

ga,b

b

a+bdF

with characteristic polynomial and discriminant

Xa,b(X) = x 2

+ (2a + bdF)x + a(a + bdF) -

b 2 dF(1

-

\(ga,b) =

dFV)4,

b2 dF-

Let us split into the following cases:
f is inert in F. If f is odd, then dF is a nonzero nonsquare mod f, and so in order for
all ga,b E P(GKF) to have square discriminant, we need ve(b)
of perni

(GKF)

[n/21. Therefore the image

is contained in the scalar matrices in GL 2 (Z//f lZ). And so

[Cen(0) : pjn(GKF)]

f 2[i1- 2(f - 1)(f + 1)

#Cefrl (0)
#

/

-

-

#pjr-/21(GKF)

frl-

hil-((+

-

1

1)

1).

Therefore this falls into case (3).
If f = 2, then dF = 5 (mod 8). Assume that 2 { b, then

Xa,b(X) = X 2

+ x+ 1

(mod 2).

Therefore there are no solutions mod 2, and hence mod any power of 2.
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P

If 2 1 b, then write b = 2b' for simplicity. In this case we may change variables to complete
the square,
Xa,b(x)

(x + (a + b'dF)) 2

_

(b' ) 2 dF

to reduce to the question of whether (b') 2 dF is a square mod 2'.

(5.5)
This is impossible if

v 2 (b') < [n/21 - 1, since dF is not a square mod 8. The case v 2 (b') > [n/21 - 1 implies
v 2 (b)

[n/21 which in turn implies

[C2 (O)

: P2-(GKFI >

22[n/21-2 .3

3 2n/21-1 >

n/2

and so also falls into case (3).

f ramifies in F. This is the case when f
need ve(b)

I dF.

If f is odd, then ve(dF) = 1 and so we

[n/2] for all g,b E p(GKF). As above this implies that

[Cen (0) : pen (GKFI

:

[CfLnI2] (0)

P

n/2j

(GKF)] > f[n/2

and so falls into case (3) if n > 2. If n = 1 then as dF is zero mod f, A(ga,b) is trivially
always a square. In addition (0) is a simultaneous eigenvector of all gab E p(GKF) as well
as c; hence it is necessarily a simultaneous eigenvector of all elements of pe(GK). Therefore
E/K always has an f-isogeny. For a discussion of this isogeny, see [Gro80, Sections 12 and

13].

If f = 2, then v2(dF)

2 or 3, corresponding to whether dF/4 is 3 or 2 mod 4, respectively.

We change variables to complete the square and the characteristic polynomial of

ga,b

simplifies

to
2
(x - (a + bdF/2))

-

b2 dF/4.

This has a solution if and only if b 2 dF/4 is a square mod 2'.

If dF/4 = 2 (mod 4), then it has odd 2-adic valuation and hence b 2 dF/4 does as well. So
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it is a square if and only if v 2 (b) > [n/2]. Exactly as in the odd case, this implies that

[C2n(0) : p2n(GKF)] > 2 Ln/2

and so falls into case (3) unless n = 1. In that case (0) is again a simultaneous eigenvector
of all of p2(GK) and so E has a 2-isogeny over K.
If dF/4 = 3 (mod 4) and 2

{ b, then b2 dF/4 is a unit, which is not a square mod 4. If

v 2 (b) < [n/2J, then b 2dF/4 is not a square mod 2 . If v 2 (b) > [n/2], then we are in case (3)
unless n = 1, in which case we are in case (1). One of a or b is always 0 mod 2. Therefore

(})

is a simultaneous eigenvector of all of p2(GKF) and also c, and therefore all of

p2(GK)-

f splits in F. If f is odd, then dF is a nonzero square mod f and so we have D E (Z/fnZ)x

such that D 2 =

dF

(mod ri). If f = 2, and 2

{ b,

then the characteristic polynomial of ga,b

reduces to x 2 + X mod 2. By Hensel's lemma this has distinct roots mod all powers of 2. If
2 1 b, we again let b = 2b' and complete the square as in (5.5) to get that (b') 2dF must be a
square mod 2". But this is always a square mod all powers of 2 as dF is a unit square mod 8.
Hence for all primes f splitting in F, all elements of pfn(GKF) have a rational root of their
characteristic polynomial. Let us now determine when the same is true for Pen(GK) in the
case that F t K.
Every ha,b E p(GK) -,, p(GKF) is of the form

ha,b = cga,b =

a adF - b
b
-a

+

Since this is trace 0, the characteristic polynomial has a root if and only if - det = a2
abdF - b2 dF(1 - dF)/4 is a square. We split into the following cases:

If f = 1 (mod 4), then using multiplicativity of determinants, the discriminant of g E
p(GK) is always a square if and only if the determinant is always a square. Using the Weil
pairing this occurs if and only if K D Q(vxf).
If f = 3 (mod 4), then the discriminant of g E p(GK)) is always a square if and only if
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for all g E p(GKF) we have that det(g) is a square and for all h E p(GK) -,, p(GKF) we have
that det(h) is not a square. Hence the normalizer character for (KF)/K factors through the
determinant character, which is the cyclotomic character. In fact it must factor through the
quadratic character of the unique quadratic subfield of K((j), so equivalently,

KF = K( V').

In particular, note that f ramifies in K, since it splits in F.

If f

=

2 and n > 3, then by Lemma 5.1.3 the negative of the determinant of

ha,b

is a

square if and only if it is a square mod 8. Therefore every element of P2- (GK) has square
discriminant if and only if the determinant restricts to +1
mod 8 on

P2 (GK)

mod 8 on

P2n(GKF)

and -1

This implies first that K contains the quadratic subfield

-- p2 (GKF).

of Q((s) determines by { 1} C (Z/8Z)X, namely

Q(x/2).

Furthermore, the normalizer

character for KF/K must factor through the cyclotomic character. Therefore

KF = K(( 8 ) = K(vC2),
as K already contains

V.

This completes the forward implication of Proposition 5.7.2. All that remains is to show
that for split prime powers large enough to be excluded from case (3), V" is exceptional if

and only if F ge K and ffl

The elements ( D +

$

2,22.

v7I-)/2 E

OF represented by the vectors

Va :=

(

(-dF k D)/2

are simultaneaous eigenvectors of all of pj-(GKF). Therefore EKF has an f"-isogeny. So we
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may assume that F 0 K. Changing into the [v+, v-] basis, everything is of the form

a + b (F+D)
ja0

0

2~

1112 D

and complex conjugation simply swaps v+ and v-.

Since this is scalar mod 2, 2" is not

exceptional for n < 2.
Define

r:=

min

(ve(b)).

90 ,bEp(GKF)

The only simultaneous eigenvectors of all ga.b mod fk are congruent to v

hence in the v basis, are given by (ek r X),

(,k',)

k

ek-r,

and

for any choice of x. In order for a vector

congruent to v mod ek- to be an eigenvector of a ha,b := ca,=
mod

mod

(a+b(dF-D)/2 a

0b(dF+

we must have
f2(,-r )X2(a

But by assumption a

F bD) = a k bD

(mod fk).

bD is a unit in O/0"O, and hence we must have k = r. Therefore

there are no common eigenvectors for the entire normalizer (e.g. for the ga,b and the hal,b/)
modulo any larger powers of f then jr.
If we assume that r < Ln/21, there do not exist j, k with

j+ k

= n such that pej (GK)

is contained in a Cartan mod Vi and pek(GK) is contained in a Borel mod fjk. Therefore EK
does not have an E"-isogeny up to isogeny over K. As above, modulo f', p(GKF) is contained
in the scalar matrices, so

[Cen(0) : pen (GKF)] >

1)2 =

1

fr(Y - 1)
So r > [rn/2J is in case (3).
Finally, "4

is a lower bound for the more refined bounds in part (3).

Proof of Theorem 5.7.1. Factor N as

RES

E,"n. By assumption of E having an N-isogeny

locally almost everywhere up to isogeny, E has an
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0

ni-isogeny

locally almost everywhere up

to isogeny for each i.
We will define B as a subproduct of those prime powers such that f" > [Cjn (0)

pefl (GKF )

4

and

1. (Fc K)
* ni = 1 and

jIdF

* fi splits in F.

2. (F t K)
" ni

1 and iIdF

" fi splits in F, Li

1 (mod 4) and K D

" 1i splits in F, Lf

3 (mod 4) and KF =K(v/-i)

o L = 2 splits in F and either ni = 1, 2 or K D Q(V/2) and KF = K(v
Proposition 5.7.2 implies that E has a
ni = 1 and Ei

I dF, or

Cj

fn' -isogeny

for each

1i

).

|1 B if and only if F c K or

= 2 and ni < 2.

What remains is to show that the quotient A := N/B is small. Let A =JJ p7'. By

(5.2) and Proposition 5.7.2

6d > [CA(0) : PA(GKF)]
> f[C

- (0) : pp m(GKF)],

si a

i

and each prime Pj not in B must fall into case (3) of Proposition 5.7.2, s0
4
> Hlpi/ =

A1 / 4

and the result follows.

LI
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Exceptional primes for K = Q

5.8

From [Sut12, Thm 2], the only exceptional pair for prime N over Q is (7,2268945/128).
Hence for all other primes f, if E locally almost everywhere has an f-isogeny, then it has an
e-isogeny over Q. Since our goal here is to find all prime power exceptions over Q, we can
use Theorem 5.3.7 for odd prime powers and Proposition 5.4.1 powers of 2.
By considering XO(f')(Q), it has been shown that there exist t"-isogenies over Q if and

only if f" = 2, 3,4,5, 7,8,9, 13,16,25, 27, 37,43,67,163 (see table in [Ken8l]). In particular,
there are no

f 2 -isogenies

over Q for f > 7. As 5 =1 (mod 4), Corollary 5.5.2 guarantees

that the only exceptional pairs over Q could come from f = 2,3, 7.

Exceptional subgroups at f = 3

5.8.1

As any exceptional subgroup

Xo(3')(Q) has only cuspidal rational points when r > 4.
modulo

3'

must be lift-exceptional, all exceptional j-invariants must give rise to rational

points on the modular curve

XR(27),

as we now show. Indeed, by Theorem 5.3.7, if (3', j(E))

j(E')

E XR(27)(Q) or j(E') E Xo(34)(Q), for E' Q-isogenous

is lift-exceptional, then either

to E. But Xo(34 ) has no noncuspidal rational points.
The group R(27) corresponds to the congruence subgroup 27B 4 in the Cummins-Pauli
database, and as such XR(27) is genus 4. The group R(27) is not "arithmetically maximal"

(as in Definition 3.1 of [RZB15I). It is conjugate to a subgroup of the genus 2 group G 32 C
GL 2 (Z/33 Z) with generators

26

0

11

21

19

9

16 3

8 18

1

0

1 6

10 2

1 9

0

26

0

5

0

10

0

0 26

0 26

0 1

18 1

0

1

Using the publically available Magma code from [RZB15] in the case f

=

3, Jeremy Rouse

and David Zureick-Brown computed that the corresponding modular curve X 32 has equation
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3 z3

- 7z 6

,

X32 : Y2 + (X 3 + z 3 )y = -5x

1

in the weighted projective space P(1, 3,1). They also computed that the map X32 -+ X(1)
is given by
3
6
12 3
3 6
3
2 3
3
3
6 3
3 2
-(-3x 9 + 99x 6 y - 189x z + 63x y + 126x yz - 441x z + 25y - 21y z + 147yz - 343z ) (-3x + y - 7z3)3
3

+ y) 9 (27x 6 + 18x 3 y + 63x 3 z 3 + 7y 2 + 7yz 3 + 49z6

)

(4y - 7z 3 )(x

The Jacobian of X3 2 is rank 0, so the implementation of Chaubaty's method in Magma
gives that

X 32 (Q)
Using the

-1: 0], [1 : 0 : 0]}.

j-map above, both rational points of X 32 are cuspidal, and so the same must be

true of any rational points on

5.8.2

{[1

=

XR(27).

Exceptional subgroups at f= 7

Since there are no elliptic curves over
come from exceptions mod 7. Thus
exceptions over

Q.

j

Q with 72 -isogenies, all exceptions 7-adically over Q
=

2268945/128 is the only

From Proposition 5.6.4 we have that this

j-invariant giving 7-adic

j-invariant is also excep-

tional mod 49. However, it is not exceptional mod 73; by sampling Frobenius elements, one
quickly sees that every element of P73 (Ge) need not have square discriminant. For example

#E(F

3) =

58, so a53 = -4 and
A(p(Frob5 3 )) = -2272

(mod 73),

which is not a square as 7 - 3 (mod 4).

5.8.3

Exceptional subgroups at f = 2

Proposition 5.4.1 gives all maximal exceptional subgroups of GL 2 (Z/2"Z) for n < 6 (which in
particular covers all exceptions over Q since Xo(32) contains no noncuspidal rational points).
In order for G C GL 2 (Z/2 Z) to occur over Q, the determinant map det: G

-

(Z/2 nZ)I

must be surjective. Table 5.4 gives labels from the recent work of Sutherland-Zywina [SZ17
and Rouse-Zureick-Brown [RZB15] for such groups which can occur over Q. The relevant
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label
n RZB label
lae
lae rRZ
27445
92
189621
353
189900
305
189995
314
190435
278
255
190525
890995
667
891525
627
891526
617
891735
636
891737
621
891738
638
893009
612
893011
614
893326
603
893327
544
894711
541

RZB cover
Q-points on RZB cover
RZ coeQpotsoRZcvr
92
family 1i
353
cuspidal
168
cuspidal
158
cuspidal + (j=287496 (CM by -16))
54
cuspidal + (j=1728)
54
cuspidal + (j=1728)
354
cuspidal
168
cuspidal
159
cuspidal
168
cuspidal
cuspidal
159
168
cuspidal
52
cuspidal
cuspidal + (j=8000 (CM by -8)
51
54
cuspidal + (j=1728)
53
cuspidal + (j=1728)
cuspidal + (j=8000 (CM by -8))
51

Table 5.2: Rational points on 2-adic exceptional modular curves.
information from [RZB15] is contained in Table 2. The curve X 27445 is genus 0 with infinitely
many Q-points, while the remainder have no noncuspidal non-CM rational points.

The

modular curve X2 74 45 has j-parameterization:

.i= -4t

8

+ 110640t6 - 221336t 4 + 110640t 2
64t6 - 128t 4 + 64t2

-

4

Outside of a thin subset, points of X2 7 4 4 5 (Q) correspond to elliptic curves E/Q with pE,16(GQ)
conjugate to the group 27445, and hence are exceptional; see Remark 6.2 of [RZB15].
As above we rule out the CM j-invariants not 1728 by sampling discriminants of Frobenius
elements. For any E/Q with j(E) = 1728, and any rational prime p which is inert in Q(i), the
Frobenius element Frobp is contained in the complement of the Cartan subgroup
As in

PE,25

(GO(j)).

5.7, such matrices have trace 0, and hence the discriminant depends only upon the

determinant. Hence A(pE,25(Frobp)) is a square modulo 25 if and only if -4 - p is a square
modulo 25, which is visibly independent of twists. As -11
Frobl, witnesses the fact that

j

=

1728 is not exceptional.
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= 5 (mod 8) is not a square,
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