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Abstract

Numerical simulation has become a vital tool for predicting engineering quantities
of interest in reservoir flows. However, the general lack of autonomy and reliability
prevents most numerical methods from being used to their full potential in engineering
analysis. This thesis presents work towards the development of an efficient and robust
numerical framework for solving reservoir flow problems in a fully-automated manner.
In particular, a space-time discontinuous Galerkin (DG) finite element method is
used to achieve a high-order discretization on a fully unstructured space-time mesh,
instead of a conventional time-marching approach. Anisotropic mesh adaptation is
performed to reduce the error of a specified output of interest, by using a posterior:
error estimates from the dual weighted residual method to drive a metric-based mesh
optimization algorithm.

An analysis of the adjoint equations, boundary conditions and solutions of the
Buckley-Leverett and two-phase flow equations is presented, with the objective of de-
veloping a theoretical understanding of the adjoint behaviors of porous media models.
The intuition developed from this analysis is useful for understanding mesh adaptation
behaviors in more complex flow problems. This work also presents a new bottom-
hole pressure well model for reservoir simulation, which relates the volumetric flow
rate of the well to the reservoir pressure through a distributed source term that is
independent of the discretization. Unlike Peaceman-type models which require the
definition of an equivalent well-bore radius dependent on local grid length scales, this
distributed well model is directly applicable to general discretizations on unstructured
meshes.

We show that a standard DG diffusive flux discretization of the two-phase flow
equations in mass conservation form results in an unstable semi-discrete system in the
advection-dominant limit, and hence propose modifications to linearly stabilize the
discretization. Further, an artificial viscosity method is presented for the Buckley-
Leverett and two-phase flow equations, as a means of mitigating Gibbs oscillations in
high-order discretizations and ensuring convergence to physical solutions.

Finally, the proposed adaptive solution framework is demonstrated on compress-



ible two-phase flow problems in homogeneous and heterogeneous reservoirs. Compar-
isons with conventional time-marching methods show that the adaptive space-time
DG method is significantly more efficient at predicting output quantities of interest,
in terms of degrees-of-freedom required, execution time and parallel scalability.

Thesis Supervisor: David L. Darmofal
Title: Professor of Aeronautics and Astronautics

Thesis Committee Member: Steven R. Allmaras
Title: Research Engineer of Aeronautics and Astronautics

Thesis Committee Member: Ali H. Dogru
Title: Saudi Aramco Fellow

Thesis Committee Member: Youssef M. Marzouk
Title: Professor of Aeronautics and Astronautics



Acknowledgments

I would like to express my sincere gratitude to all those who have helped, in numerous

ways, to make this research study and thesis possible.

First and foremost, I would like to thank my advisor, Prof. David Darmofal, for
giving me the opportunity to be a part of his research group, and for his consistent
guidance, inspiration and encouragement throughout my graduate study. His insights,
critiques and constructive feedback have been vital to the progress of this work. I
would also like to thank Dr. Steven Allmaras for his valuable feedback and advice
throughout my time at MIT, and for his dedication to the weekly meetings despite
being three time zones away. The long chains of emails and discussions we have had
about adjoints, boundary conditions and stability have taught me a lot on the subtler
aspects of CFD analysis. Dr. Marshall deserves acknowledgement for his significant
contributions to the two research codes developed and used by our group, ProjectX
and SANS, and for patiently teaching us the ways of writing good code (with unit-
tests of course). His vast programming experience and unparalleled availability for
debugging, brainstorming and discussing various topics definitely made my graduate
life a lot easier. I would also like to thank Nick Burgess and Eric Dow for their valuable
input and perspectives from the industry at the weekly meetings, which helped shape
the course of this thesis work. I would also like to thank the other members of my
thesis committee, Dr. Ali Dogru and Prof. Youssef Marzouk, for their feedback on
this thesis work. I'm also grateful to Prof. Abbas Firoozabadi and Prof. Qiqi Wang

for reading the initial drafts of this thesis.

This work would have not been possible without the efforts and contributions of
the entire ProjectX/SANS teams, both past and present. I would specifically like to
thank Arthur, Ben, Carmen, Cory, Hugh, Philip and Shun for their contributions to
SANS, and for being a passionate and helpful group of colleagues over the past few
years. Masa also deserves recognition for laying down the foundations of the adaptive
framework that is used in this work. I would also like to thank all the ACDLers for

creating a productive and friendly working environment, including my fellow system



administrators, Chaitanya and Chi, for their support in setting up computers, moving
clusters, and helping with all the other sysadmin things that kept the computational
resources in the lab running smoothly. Being an ACDL sysadmin was truly a great
learning experience outside research. Furthermore, I would also like to thank Beth,
Jean, Kate, Meghan and Robin for their help with scheduling meetings, making travel
arrangements and all the other important administrative tasks.

Outside the lab, I'm deeply grateful to Charith, Maleen, Sandamali, Nawodya,
Prashan, Thulith, Tharanga, and Chamithri for making my life in Boston fun and
colorful, with all the game-nights, movies and hikes. Thank you Thanuja, for the
Skype calls from the other end of the world, and for being a great friend all these years.
Narmada, no words will do justice for the love, support, and wonderful memories you
have given me over the past five years. Thank you for making MIT feel home.

Lastly, I would like to thank my parents and sister for their unconditional love
and constant support, without which I would never have gotten this far. I'm forever
indebted for all the sacrifices you have made to help me pursue my goals. 1 wish all

of you the best of happiness and health.

This research was supported through a Research Agreement with Saudi Aramco,
a Founding Member of the MIT Energy Initiative (http://mitei.mit.edu/), with tech-

nical monitors Dr. Ali Dogru and Dr. Eric Dow.



Contents

1

2

Introduction 17
1.1 Motivation . . . . . . . . . 17
1.2 Thesis objective . . . . . . . ..o 19
1.3 Background . . . . .. ... 19
1.3.1 Space-time adaptive methods . . . . .. ... ... ... ... 19
1.3.2 Solution adaptive methods . . . . . . . . ... ... ... ... 22
1.3.3 High-order methods . . . . . . . ... .. ... ... ... ... 23
1.3.4 Adjoint solutions . . . . . .. ... 24
1.35 Wellmodels . . . . . . ... .. 25
1.3.6  Shock-capturing methods . . . . . . . .. ... ... ... ... 27
1.4 Thesis overview . . . . . . . . . Lo 29
Discretization, Error Estimation, and Output-based Adaptation 33

2.1 Space-time formulation . . . . . .. ..o 33
2.2 Space-time DG discretization . . . . . ... .. ... .. 35
2.2.1  Advective flux discretization . . . . . ... ... 36
2.2.2  Diffusive flux discretization . . . . . ... ... ... 36
2.2.3  Source discretization . . . . ... ... 38
2.2.4  Solution method . . . . .. ... ... ..o 39
2.3 Output error estimation . . . . . . ... ... ... ... .. ..... 39
2.3.1 Dual-weighted residual method . . . . .. ... ... ... .. 40
2.4 Mesh adaptation . . . . . ... ... 43
24.1 Continuous mesh framework . . . . . ... ... .. ... ... 44



2.4.2  Mesh Optimization via Error Sampling and Synthesis . . . .

3 Adjoint analysis of the Buckley-Leverett and two-phase flow equa-

tions

3.1 Scalar conservation laws with shocks . . . . .. .. ... ... ...
3.1.1 Output: spatial integral at t =T . . . .. .. .. ... ...
3.1.2  Output: volume integral over space-time domain . . . . . . .

3.2 Buckley-Leverett equation . . . . . .. ... .. ... ..
3.2.1 Output: spatial integral at t =T . . . .. .. .. ... ...
3.2.2  Output: volume integral over space-time domain . . . . . . .

3.3 Two-phase flow equations . . . . . . . . .. ... ... ...
3.3.1 Output: volume integral over space-time domain . . . . . . .
3.3.2 Relationship with Buckley-Leverett . . . . . .. . ... ...
3.3.3 Numerical results . . . . .. ... ...

3.4 Summary ... ..

Upwinding the two-phase flow equations

4.1 Continuous linearized analysis . . . . . . .. .. .. ... ... ...
4.2 Discrete linearized analysis . . . . . . . . . ... ...
4.3 Modification to discretization . . . . . . . ... ...

4.4 Numerical results . . . . . . . .

A distributed bottom-hole pressure well model

5.1 Review of Peaceman’s well model . . . . . . . . . . . . ... ....

5.1.1 Extensions to anisotropic media and rectangular meshes

5.2 Distributed well model . . . . . .. .. ... 000
5.2.1 Desired characteristics of a well model . . . . . .. ... ..
5.2.2  Analytic equations . . . . ... ... oL
5.2.3 Extension to anisotropic permeability . . . . . .. ... ...
5.2.4  Extension to multi-phase flow . . . . . . ... ... ... ..

5.3 Numerical results . . . . . . . . . .

51
52
56
29
60
63
67
70
71
75
7
80

81
83
85
88
91



5.3.1 Steady single-phase flow problem . . . .. ... ... ... .. 119

5.3.2 Two-phase flow problem . . . . . ... ... ... ... .... 128
5.4 Summary ... ... 136
Compressible two-phase flow in a homogeneous reservoir 137
6.1 Problem statement . . . . . .. ... 0oL 137
6.2 Numerical results . . . . . . . ... o 138
6.3 Summary . . . ... 147
PDE-based artificial viscosity for two-phase flow 149
7.1 Entropy-violating Buckley-Leverett solutions . . . . . . . .. ... .. 149
7.2 Artificial viscosity PDE . . . . . . ..o oo 152

7.2.1 Spatial formulation . . . . ... ..o 152

7.2.2 Space-time formulation . . . . ... ..o 156
7.3 Artificial viscosity for Buckley-Leverett . . . . . . . . ... ... 157
7.4 Artificial viscosity for two-phase flow . . . . ... ... 163
Compressible two-phase flow in a heterogeneous reservoir 167
8.1 Problem statement . . . . . . ... .. oL 167
8.2 Numerical results . . . . .. .. .. o 169
8.3 Summary . . .. ... 177
Conclusion 181
9.1 Summary . . . . . .. 181
9.2 Future work . . . . . ... 183

Cost analysis of the space-time DG mesh adaptation framework 185

Linearization of the weighted residual 191
Output sensitivities via adjoint solutions 195
Adjoint relationships between equivalent sets of PDEs 197

9



E Timing data for adapted cases 201

10



List of Figures

1-1
1-2
1-3

2-1
2-2

3-4

3-6

3-7

3-8
3-9

Space-time mesh for an elastodynamics problem (Hughes [76]) . . . . 21
[Mustration of different space-time meshes . . . . . . . .. ... ... 21
General outline of the adaptation framework . . . . . . . ... .. .. 23
Mesh metric-field duality (Modisette [99]) . . . . . . ... ... ... 45

Example split configurations with associated metric tensors (Yano [137]) 47

Schematic of space-time domain Q. . . . . . . ... ... 53

Primal solution of Buckley-Leverett problem using a second-order space-

time DG method with 750,000 DOF. . . . . .. ... ... ... ... 62

Comparison of space-time DG (solid lines) and exact (dashed lines)

primal solutions at different times. . . . . . . ... .. ... 62

Primal characteristics of the Buckley-Leverett problem entering the
shock (blue region) or exiting the top (grey region) and right (red

region) boundaries. . . . . . ... Lo 63
Exact adjoint solution for output Jr. . . . . . ... ... L. 65

Numerical adjoint solution for output Jr from a second-order space-

time DG method with 750,000 DOF. . . . . . . ... ... ... ... 66

Comparison of space-time DG (solid lines) and exact (dashed lines)

adjoint solutions at different times, for output Jp. . . . . . . . . . .. 66
Exact adjoint solution for output J. . . . . . . ... ... 68

Numerical adjoint solution for output J from a second-order space-time

DG method with 750,000 DOF. . . . . . ... ... ... ... .... 69



3-10

3-11

3-12

3-13

3-14

4-1
4-2

4-4

5-1

5-2
5-3

5-5

Comparison of space-time DG (solid lines) and exact (dashed lines)
adjoint solutions at different times, for output J.. . . . . . . . .. ..
Numerical adjoint solution ), for output J from a second-order space-
time DG method with 750,000 DOF per state variable. . . . . . . ..
Numerical adjoint solution 1, for output J from a second-order space-
time DG method with 750,000 DOF per state variable. . . . . . . ..
Space-time contour plot of ¥pr = puwtw — prtn, computed from the
numerical adjoint solutions. . . . . . .. ... ...
Comparison of ¢ g, with the exact Buckley-Leverett adjoint at different

tIMeS. . . .

Outline of linearized analysis for deriving upwinding modifications . .
Generalized eigenvalues of a DG PO discretization of the linearized
two-phase equations with periodic BCs, for different mean solutions .
Generalized eigenvalues of a DG P1 discretization of the linearized
two-phase equations with periodic BCs, for different mean solutions .
Generalized eigenvalues of a DG P1 discretization of the linearized
two-phase equations with Dirichlet BCs, for different mean solutions .
Generalized eigenvalues of a DG P1 discretization of the nonlinear two-
phase equations with Dirichlet BCs, evaluated at a P1 L2-projection of

the mean solution . . . . . . . . . . .

Flow rate error convergence for Peaceman’s well model with different
r. definitions . . . . . . .. ...
Non-uniform grid spacings in 1D for  =0.01,0.1and 1 . . . . . . ..
Flow rate error convergence for Peaceman’s well model with FV on
uniform and non-uniform meshes . . . . ... ..o
Polynomial activation functions f,,(s) for different orders of pressure
continuity . . . . . . ...
Comparison of analytic pressure profiles between Peaceman and the

distributed model . . . . . ...,

69

78

78

79

79

83

93

93

95

95

101
104

104

112



5-6 Comparison of analytic source term distributions . . . . . .. .. ..
5-7 Comparison of analytic volumetric flowrate distributions . . . . . . .
5-8 Comparison of analytic pressure derivatives for different orders of pres-
sure continuity m . . . . . ... L Lo
5-9 Pressure solutions obtained with a finite volume method on a 81 x 81
quadrilateral mesh . . . . . . ... ... oo
5-10 Pressure solution obtained with a piecewise linear (P1) discontinuous
Galerkin method on a 81 x 81 quadrilateral mesh, using the distributed
well model withm=6and R=100f . .. ... .. ... ... ...

5-11 Pressure solutions obtained with a discontinuous Galerkin method on
simplex meshes adapted to 10,000 degrees of freedom, using the dis-
tributed well model with m =6 and R=1001ft . ... ... ... ..

5-12 Comparison of discrete pressure profiles along x = y with Peaceman’s
analytic solution . . . . . . ... ...

5-13 Volumetric flow rate errors for distributed well models with different
continuity orders . . . . . ...

5-14 Zoomed-in plots of the final adapted meshes for piecewise cubic (P3)
DG solutions with 50,000 degrees of freedom, using the distributed well

model . ...

5-15 Volumetric flow rate error vs. average mesh size for different discretiza-

5-16 Volumetric flow rate errors for Peaceman’s well model and the dis-
tributed well model with m = 6 and different model radii . . . . . . .
5-17 Volumetric flow rate error vs h/R for distributed well models with
different model radii . . . . .. ...
5-18 Volumetric flow rate errors on uniform and non-uniform rectangular
meshes, with Peaceman’s well model and a distributed well model with

m=6, R=100ft . . . . o

5-19 Schematic of reservoir . . . . . . . . ..

115

121

121

122

122

123

124

125

126

127



5-20

0-21

5-22

5-23

5-24

5-25

6-1

6-2

6-3

6-4

6-5
6-6
6-7
6-8
6-9
6-10

Solutions from a F'V method with BDF1 using Peaceman’s well model,

on a 63 x 63 grid with 625 timesteps (At = 4 days), at ¢t = 2500 days 132
Solutions from a FV method with BDF1 using a distributed well model

with m = 6 and R = 100 ft, on a 63 x 63 grid with 625 timesteps

(At =4 days), at t =2500days . . . .. ... ... 132
Solutions from a piecewise linear (P1) DG method with BDF2 using a
distributed well model with m = 6 and R = 100 ft, on a 63 x 63 grid

with 625 timesteps (At = 4 days), at t = 2500 days . . . .. ... .. 133
Piecewise linear (P1) solutions from the space-time adaptive DG method
using a distributed well model with m = 6 and R = 100 ft, on a fully
unstructured, tetrahedral space-time mesh adapted to 250,000 DOF . 134
Output vs. space-time DOF plot for Peaceman’s well model and the
distributed well model with m =6 and R=100ft . . . . . . .. ... 135
Volumetric flow rate errors for Peaceman’s well model and the dis-

tributed well model with m=6and R=1001{t . .. ... .. .. .. 136

Primal solutions from the FV method with BDF1 on a 63 x 63 grid
with 625 timesteps (At = 4 days), at t = 2500 days . . . . . ... .. 140
Primal solutions from the P1 DG method with BDF2 on a 63 x 63
grid with 625 timesteps (At = 4 days), at ¢t = 2500 days . . . . . . .. 140
Space-time mesh after 20 iterations of the adaptive algorithm, with P1
DG primal solutions adapted to 10 DOF . . . . . . . . . . ... ... 141

Cross-section of final adapted space-time mesh, with P1 DG primal

solutions adapted to 10 DOF . . . . . . . . .. .. ... ... .... 141
Cross-sections of P2 DG adjoint solutions in the space-time domain . 142
Slice of P1 space-time DG solution at ¢t =625 days . . . ... .. .. 143
Slice of P1 space-time DG solution at ¢t = 1250 days . . . . . . . . .. 143
Slice of P1 space-time DG solution at ¢t = 1875 days . . . . . . . . .. 143
Output vs. space-time DOF for different discretizations . . . . . . . . 144
Output error vs. mesh size h for discretizations . . . . . ... .. .. 144

14



6-11 Wall time required to achieve 0.1% output error vs. MPI process count 146

6-12 Speed-up factor vs. MPI process count . . . . . . ... ... .. ...

7-1

7-2

7-4

-7

7-9

Space-time DG solutions to the Buckley-Leverett problem, on a struc-
tured mesh with 100 x 100 x 2 triangles . . . . . .. .. .. ... ..
Comparison of the PO space-time DG solution (solid lines) with the
analytic solution (dashed lines) at different times . . . . . . . .. ..
Comparison of the P1 space-time DG solution (solid lines) with the
analytic solution (dashed lines) at different times . . . . . .. .. ..
Saturation contours from P1 space-time DG solutions on a structured
mesh with 100 x 100 x 2 triangles, using different artificial viscosity
formulations . . . . . ..o
Artificial viscosity contours from P1 space-time DG solutions on a
structured mesh with 100 x 100 x 2 triangles, using different artifi-
cial viscosity formulations . . . . .. ... .. oL
Zoomed-in views of artificial viscosity contours from P1 space-time
DG solutions on a structured mesh with 100 x 100 x 2 triangles, using
different artificial viscosity formulations . . . . . . . .. .. ... ...
Piecewise constant cell sensor contours in the log scale, obtained using
different artificial viscosity formulations . . . . . . . .. ... ... ..
Comparison of the P1 space-time DG S,, solution (solid lines) with the
analytic solution (dashed lines) at different times, with the v solution
plotted at the bottom. These solutions were obtained using the spatial
artificial viscosity formulation. . . . . . . ... ..o
Comparison of the P1 space-time DG S, solution (solid lines) with the
analytic solution (dashed lines) at different times, with the v solution
plotted at the bottom. These solutions were obtained using the space-

time artificial viscosity formulation. . . . . . . . ... .00 L

7-10 Plot of j1, 222 vs. S, using quadratic relative permeability functions,

AwtAn

for different phase viscosity ratios . . . . .. .. ...

15

146



8-1
8-2

8-3

8-4

8-6

8-7

8-8
8-9
8-10
8-11
8-12
8-13

E-1

E-2

E-3

E-4

Schematic of heterogeneous 2D reservoir . . . . . . .. .. ... ... 168

Primal solutions from the FV method with BDF1 on a 63 x 63 grid

with 500 timesteps (At = 8 days), at t = 4000 days . . . .. ... .. 171
Primal solutions from the P1 DG method with BDF2 on a 63 x 63
grid with 500 timesteps (At = 8 days), at t = 4000 days . . . . . . . . 171
Primal solutions from the P1 DG method with BDF2 on a 63 x 63
grid with 500 timesteps (At = 8 days), at t = 2000 days . . . . . . .. 172
Primal solutions from the P2 DG method with BDF3 on a 63 x 63
grid with 500 timesteps (At = 8 days), at ¢ = 2000 days . . . . . . . . 172
Space-time mesh after 20 iterations of the adaptive algorithm, with P1
DG primal solutions adapted to 10 DOF . . . . . . . ... ... ... 173
Cross-section of final adapted space-time mesh, with P1 DG primal
solutions adapted to 10 DOF . . . . . . . . .. ... ... ... ... 174
Slice of P1 space-time DG solution at ¢ = 1000 days . . . . . . . . .. 175
Slice of P1 space-time DG solution at ¢ = 2000 days . . . . . .. ... 175
Slice of P1 space-time DG solution at ¢t = 3000 days . . . . . .. ... 175
Output vs. space-time DOF for different discretizations . . . . . . . . 178

Wall time required to achieve 0.1% output error vs. MPI process count 178

Speed-up factor vs. MPI process count . . . . .. ... ... .. ... 179

Breakdown of wall-clock times of the P1 adaptive space-time DG method
using 16 MPI processes, for different target DOFs . . . . . . . . . .. 202
Breakdown of wall-clock times of the P2 adaptive space-time DG method
using 16 MPI processes, for different target DOFs . . . . . . . . . .. 202
Breakdown of wall-clock times of the P1 adaptive space-time DG method
with 400k DOF, for different MPI process counts . . . . ... .. .. 203
Breakdown of wall-clock times for the P2 adaptive space-time DG
method with 150k DOF, for different MPI process counts . . . . . . . 203

16



Chapter 1

Introduction

Over the past few decades, numerical simulation has become an indispensable tool
for understanding and predicting the behavior of many physical phenomena, ranging
from fluid dynamics to electromagnetics. In the context of hydrocarbon reservoirs,
numerical simulations are frequently used to investigate flow processes, assess the
viability of recovery methods, and predict the overall reservoir performance under
different operating conditions. Since the results of these numerical simulations have
a significant impact on engineering and management decisions, their accuracy and

reliability is of great importance.

1.1 Motivation

A computational fluid dynamics (CFD) method typically utilizes a mesh structure to
discretize the domain of the flow, and the numerical flow solution can be interpreted
as a distribution of values on this discrete mesh. The resolution of the mesh directly
impacts the number of degrees of freedom in the numerical solution, and thereby also
the accuracy of the solution. Even with the advances in parallel computing, most
large scale reservoir simulators typically solve problems with hundreds of millions of
cells, with the most powerful simulators only recently entering the billion-cell regime.
For large scale reservoirs which may span tens of kilometers, the size of an average cell

in a mega-cell model could easily be larger than a city block, inside which all subscale

17



features are averaged out [46]. However, the length scales at which seismic data is
provided is typically about an order of magnitude smaller (~ 25 m) [48], suggesting
that existing CFD methods may not be fully utilizing the geological data.

Reservoir performance predictions have improved significantly over the years, pri-
marily driven by the exponential growth of processing power and computer hardware
technologies, allowing for ever-increasing mesh resolutions [48, 47, 104]. Finer meshes
allow the model to accurately capture localized features such as sharp saturation
fronts, gas breakthroughs, and regions of trapped oil, all of which may affect the
global performance of the reservoir. However, this approach needs to be done care-
fully to be cost-effective. For example, increasing the mesh density in regions of
smooth flow may not yield significant improvements in accuracy, in comparison to
doing so in regions with distinct solution features. Due to the multi-scale nature of
the problems, heterogeneity of the geology and the nonlinearity of governing equa-
tions, reservoir flows usually contain important local solution features that need to
be captured accurately. However, knowing the size, location, and orientation of these
features and their impact on the global output of interest is a non-trivial task. As
a result, most reservoir simulations performed today require a significant amount of
human intervention, particularly during the mesh generation process where the distri-
bution of mesh elements is decided based on “best practices” and expert knowledge of
the problem at hand. Furthermore, such “human-in-the-loop” solution processes are
known to produce unreliable predictions of engineering outputs, since the engineer’s
ability to identify all the solution features relevant to the output diminishes as the

complexity of the problem increases.

In such cases, where the desired mesh resolution is not known a priori, a more
attractive alternative is to develop an adaptive method that can autonomously and
iteratively modify the mesh, or more generally the discretization, to systematically

produce more reliable and accurate output predictions.
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1.2 Thesis objective

The objective of this thesis is to develop an efficient and robust solution framework
for solving partial differential equations (PDEs) that describe flows in porous media.
In particular, this work presents a space-time finite element discretization, coupled
with an automated mesh adaptation framework, for accurately predicting output
quantities of interest in multi-dimensional, heterogeneous porous media flows.

The proposed solution approach may be viewed as a fusion of three main ideas:
space-time methods, solution adaptive methods, and high-order discretizations, with

the goal of improving the following aspects of reservoir simulation:

e Efficiency: Reducing the amount of computational effort required to produce

an output prediction of a given level of accuracy.

e Autonomy: Minimizing the amount of user intervention required in the entire
PDE solution process, including the mesh generation steps. It is also desirable
to isolate the physics of the problem from the numerics, such that users require

minimal specialist knowledge of the discretization used.

e Robustness: Improving the ability of the solver to produce reliable solutions

over a wide range of physical conditions.

1.3 Background

The following sub-sections present a review of the literature pertaining to the work

in this thesis.

1.3.1 Space-time adaptive methods

Typically, an unsteady partial differential equation (PDE) is first discretized in space
to produce a set of ordinary differential equations that are then discretized in time,
following what is often referred to as a method of lines approach. Most reservoir

simulations use first or second order accurate temporal discretizations, such as the
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Backward Euler method [10, 112, 122]. However, an alternative is to apply the finite
element method along the temporal axis as well. The idea of using this “space-time
finite element method” dates back to the 1960s, to the work of Oden [106], Argyris
and Scharpf [7], and Fried [57].

In a conventional time-marching approach, the ordinary differential equations re-
sulting from the spatial discretization are integrated using the same temporal dis-
cretization, producing a structured space-time discretization. From a space-time per-
spective, this is equivalent to using a tensor-product space-time mesh, where each
space-time element is a tensor-product of a spatial element and a time-interval. How-
ever, as discussed in [76], the potential of the space-time finite element method lies
in the use of unstructured space-time meshes, where arbitrarily oriented, anisotropic
space-time elements can capture solution features more efficiently compared to more

constrained tensor-product elements.

Hughes and Hulbert solved the second-order hyperbolic elastodynamic PDE us-
ing a space-time method with a continuous Galerkin (CG) method in space and a
discontinuous Galerkin (DG) method in time [76, 77]. Their method partitions the
space-time domain into decoupled time-slabs, which are solved sequentially by em-
ploying the solution at the end of the current time-slab as the initial condition for the
next. However, they allow the space-time mesh to be unstructured within each time-
slab, as seen in Figure 1-1, making their method attractive for space-time adaptive
schemes. More recently, Chen et al. [36] developed a DG method in both space and
time to solve a single-phase porous media flow problem using a quadrilateral mesh. In
both Hughes and Hulbert and Chen et al, a specific space-time adaptive algorithm is
not proposed. In [137], Yano and Darmofal proposed a space-time DG method with
fully-unstructured anisotropic mesh adaptation, and demonstrated that it can signifi-
cantly improve the error-to-degrees-of-freedom efficiency of solving wave-propagation
problems for one and two-dimensional spatial domains, compared to tensor-product
space-time mesh adaptation. They motivate their method by comparing the number
of space-time degrees of freedom (DOF) required to accurately capture an impor-

tant flow feature of characteristic length ¢ < L, using different types of space-time
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meshes, where L is the domain length. Assuming the flow feature is transported
through space at a constant speed, its motion can be represented by the red lines
on the space-time diagrams in Figure 1-2. Their analysis shows that the required
space-time DOF scale as O(672),O(67!), and O(1) for the uniformly refined, tensor
product, and fully unstructured space-time meshes respectively. The outcome of their
simple analysis clearly highlights the potential for large computational savings with

space-time adaptive methods, especially for wave propagation problems.

1
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Figure 1-1: Space-time mesh for an elastodynamics problem (Hughes [76])
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Figure 1-2: Illustration of different space-time meshes

In our previous work, the approach of Yano and Darmofal was extended to porous
media flows problems, specifically in the context of reservoir simulations. Fully un-

structured space-time mesh adaptation was shown to be significantly more efficient, in
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terms of output accuracy for a given amount of computational work, for single-phase
and two-phase flow problems in 1D spatial domains [78, 79]. The work presented
in this thesis is an extension of the same methodology to more realistic flows in 2D

spatial domains.

1.3.2 Solution adaptive methods

The objective of a numerical reservoir simulation is to accurately predict outputs of
interest, such as the oil recovery factor, oil production rate, or the average pressure
in the domain. A solution adaptive numerical method can autonomously arrive at
accurate estimates of these outputs of interest, without any prior knowledge of the
problem. This minimizes the amount of human intervention required and allows
for systematic and reliable output predictions. In this work, this is achieved via a
posteriori output-based error estimation and mesh adaptation algorithms.

The general outline of the output-based solution adaptation framework can be
described using Figure 1-3 as follows. The process begins with a problem statement,
which includes the initial mesh, the PDE to be solved, boundary conditions, initial
conditions, output function, desired error tolerance and typically a parameter denot-
ing the amount of computational resources available (e.g. tp.x = maximum number
of CPU hours). The PDE is then solved on this initial mesh and the output error
estimates are computed. If the error estimate is larger than the specified tolerance
and there is more CPU time available (f < ty.x), the adaptation algorithm will utilize
localized error estimates to generate a new mesh. The process is then repeated with
the new adapted mesh until the output error meets the tolerance criterion or the
solver runs out of the allocated resources.

A variety of approaches exist for determining where adaptation should occur based
upon the solution on the current mesh. For example, the magnitude of solution gradi-
ents can be used to identify important features [50, 13, 30, 38, 111]. Other approaches,
based on the magnitude of residuals, have been demonstrated for porous media flows
by Klieber [85] and Lee [88] using finite element methods, and by Amaziane et al.
[4] using the finite volume method. The output-based adaptive method employed in
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Figure 1-3: General outline of the adaptation framework

this work utilizes the dual-weighted residual (DWR) approach proposed by Becker
and Rannacher [24, 25] to obtain both global and local output error estimates, which
are then used to drive the mesh adaptation.

This work focuses on h-adaptation, which involves changing the size and shape of
elements in the mesh to control the total output error. Isotropic mesh refinement is a
widely used mesh adaptation strategy, where selected elements are uniformly refined
to decrease the error, as seen in [50, 85, 111, 38, 4, 88] for flows through heterogeneous
porous media. However, it is well known that anisotropic mesh adaptation is signifi-
cantly more efficient for problems involving highly anisotropic features. In this work,
we use the Mesh Optimization via Error Sampling and Synthesis (MOESS) algorithm
proposed by Yano and Darmofal [137, 138] to combine output error estimates with
anisotropic adaptation. The MOESS algorithm constructs surrogate error models via
element-wise local solves to describe how the output error responds to local changes
in the mesh, and then optimizes this error model subject to computational cost con-
straints to obtain an optimal Riemannian metric tensor field. This metric tensor
field, which describes the sizes and orientations of mesh elements, is then passed to a

metric-conforming mesh generator to produce a new mesh.

1.3.3 High-order methods

Reservoir simulations are often computed with low-order discretizations based on
the finite volume method (FVM) [10, 55] and finite difference methods (FDM) [112],

where the term “low-order” typically refers to numerical methods that have at most
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second-order accuracy in space and time [133]. However, in recent years, high-order
methods are being applied to porous media flow problems. Finite element methods,
such as the DG method, offer a means to obtain high-order accurate solutions by
increasing the order of the polynomial basis functions, and have been successfully
applied to single-phase [123, 122, 92], two-phase [121, 122, 51, 85, 52, 6, 23|, and three-
phase [100, 120] flow problems. Additional properties such as local mass conservation
on the primal mesh and ease of implementation on unstructured grids make the DG
method a competitive alternative to the conventional low-order methods.

The use of a space-time DG discretization in this work also allows for high-order
temporal discretizations, without being restricted to the first-order time-marching
schemes that are largely used in practice for reservoir simulation. For smooth prob-
lems, the higher convergence rates allow high-order methods to achieve a given level
of accuracy with fewer degrees of freedom compared to low-order methods [12]. How-
ever for problems with low regularity, the efficiency gains of high-order methods may

not be realized without also utilizing mesh adaptation.

1.3.4 Adjoint solutions

The adjoint equations to a set of partial differential equations (the primal equations)
are useful for computing the sensitivity of an objective function to perturbations in
the primal problem. For optimization of PDE-constrained problems, adjoint analysis
is an efficient approach to determine the sensitivity of a problem when the number
of objective functions and constraints is much smaller than the number of design
parameters (controls) [65, 93]. For porous media flows, an important application
of adjoint analysis is data assimilation (or history-matching) in which the initial
conditions, boundary conditions, and model parameters are adjusted so that the flow
solution best matches the available measured data. The optimized primal problem
can then be used as the basis of a predictive model for future behavior. Adjoint-
based sensitivity analysis methods have been used for performing history matching
in single-phase [35, 33, 134, 107], multi-phase [136, 93, 68, 9] and compositional flow
problems [54, 86].
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Adjoint solutions also play an important role in the analysis and control of nu-
merical errors. The dual-weighted residual (DWR) method developed by Becker
and Rannacher is based on the fundamental result that the residual of the approx-
imate primal solution weighted by the adjoint is the error in the objective function
[24, 25]. With this insight, Becker and Rannacher developed a grid adaptive method
to control a DWR-based estimate of this objective function error. While the DWR
method fits most naturally with finite element discretizations, the key ideas have
been extended to other discretizations [61, 62, 18]. An extensive literature now exists
on a variety of DWR-based adaptive methods applied to a wide range of problems
(130, 131, 72, 137, 56, 95, 78, 79].

1.3.5 Well models

Representing the behavior of wells is an important part of the numerical simulation
of fluid flows in the subsurface. The large disparity in length scales between a typi-
cal well-bore and a reservoir makes it computationally infeasible to explicitly model
the near-well pressure behavior by increasing mesh resolution. Therefore, in most
practical applications, a mathematical well model is used to capture the interaction
between the well-bore and the reservoir, while still allowing the use of grid cells that
are a few orders of magnitude larger than the well-bore.

One of the first theoretical studies of wells was done by Peaceman in [113], where
a well model is presented for a cell-centered finite difference method on square grids.
The analysis provides an interpretation of the well-block pressure and relates it to the
flowing bottom-hole pressure of the well, under assumptions of single-phase flow in
a homogeneous, isotropic reservoir. Peaceman associates the numerically computed
well-block pressure with the steady-state flowing pressure of the actual well at a radial
distance r, away from the well center, which is defined to be the equivalent well radius.
Various definitions for the equivalent well radius, including the popular rule of thumb
re &~ 0.2h where h is the grid spacing, are obtained via numerical experiments and
semi-analytic calculations. Peaceman later extended his original well model to allow

for non-square Cartesian grids and diagonally anisotropic permeability tensors in
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[114], and investigated the effects of off-centered and multiple wells within a well-block
in [115]. Abou-Kassem and Aziz [1] also present an analytical approach for computing
the equivalent well-bore radius for wells that are located arbitrarily inside the well-
block, in a manner that is applicable to both five- and nine-point finite difference
schemes in 2D. Peaceman-type well models have also been developed for horizontal
wells [11, 110, 58|, and inclined wells [89]. Although most well models have been
developed for finite difference or finite volume schemes, there also exist a few works
which derive well models for the continuous Galerkin finite element (CG), control
volume finite element (CVFE) and mixed finite element methods [59, 140]. The
recurring theme in all of the well models found in the literature above is the calculation
of an equivalent well radius r., which is obtained either via tedious mathematical
analysis or numerical experiments of a particular numerical discretization. As a result,
the derived well models are inherently tied to the specific numerical method and type

of mesh that was used to calculate r,.

Although these methods have been applied to a variety of flow problems with
promising results, the literature lacks a generic, rigorously derived well model that can
relate the bottom-hole well pressure to the flow rate in a discretization-independent
manner. Therefore, most existing works using unstructured meshes, high-order finite
element methods or mesh adaptation resort to less attractive approaches for modeling
the behavior of wells. One such approach is to impose a Dirichlet boundary condition
(BC) for the pressure at the well-bore radius by cutting out the region inside the
well-bore from the mesh, as done in [121, 85, 52]. However, this approach is clearly
infeasible for large problems since the length scale disparity between a typical well-
bore and a reservoir requires an impractical level of mesh resolution in the near-well
regions. Furthermore, the presence of “holes” in the mesh increases the complexity
of the mesh generation process significantly. One of the contributions of this thesis
aims to bridge this gap in the literature, by developing a discretization-independent
bottom-hole pressure well model that can be readily used with general discretizations
on arbitrarily unstructured meshes, without requiring mesh resolution down to the

well-bore.
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1.3.6 Shock-capturing methods

High-order linear discretizations produce Gibbs oscillations in regions around dis-
continuities in the solution (e.g. saturation fronts) and under-resolved features more
generally. These unphysical oscillations may propagate and pollute the solution down-
stream. In the context of multi-phase flows, the oscillations may give rise to unphys-
ical values of saturation and cause the numerical solution to converge to entropy-
violating solutions. The goal of shock-capturing methods is to mitigate or eliminate
the unphysical oscillations by modifying the discretization through some form of non-
linearity. There exists a wide body of literature of such methods, but only a few of

the most suitable ones will be reviewed here.

Slope limiters

The goal of using slope limiters (or flux limiters) is to limit solution gradients to
physical values, in order to avoid spurious oscillations that may occur in high-order
numerical solutions near solution discontinuities. The use of slope limiters make the
numerical solutions total variation diminishing (TVD), which implies that no new
local extrema are created, the values of local minima do not decrease, and the values
of local maxima do not increase. One of the first applications of slope limiters to
DG schemes was in a series of papers by Cockburn and Shu, where a Runge-Kutta
discontinuous Galerkin method (RKDG) was used with minmod-type slope limiters
[41, 40, 39, 43]. In the context of reservoir simulation, slope limiters have been used
with DG methods to discretize the saturation equation in two-phase flow problems
[34, 102, 75], and the species mass balance equations in compositional flow problems
(74, 100]. However, one of the major disadvantages of slope limiting methods is
that they do not work well with implicit time-marching schemes, since the clamping
of higher-order solution modes near discontinuities and the non-differentiability of
most limiters tend to produce ill-conditioned Jacobian matrices, and thereby poor

convergence behaviors.
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Artificial viscosity

An alternate method is to explicitly add extra dissipation into the problem by in-
troducing diffusion terms to the govering PDE. A simple approach is to increase the
amount of physical viscosity in the problem, for example by increasing capillary ef-
fects [78], but this has the downside of degrading the accuracy of the solution globally.
Hence, a better approach would be to add artificial viscosity in a controlled manner
such that the artificial viscosity is zero in smooth regions of the solution and non-zero
only in the vicinity of shocks where oscillations occur. Furthermore, the artificial
viscosity must vanish as h — 0, in order to ensure the consistency of the numerical

discretization.

The amount of artificial viscosity added may be driven by the residuals of the
original PDEs or some other predefined sensor quantity that is a function of the local
solution. The work of Johnson et al [82], Bassi and Rebay [20], and Hartmann and
Houston [71], successfully demonstrate the use of residual-based artificial viscosity
to control oscillations in finite element solutions of the compressible Euler equations.
Similar residual-based methods have been applied to miscible displacement and three-
phase flow problems in [128, 127]. The entropy viscosity method introduced in [69]
stabilizes the solution by adding an artificial viscosity that is proportional to the
entropy residual, and is demonstrated for nonlinear scalar conservation laws and the
Euler equations using a continuous Galerkin (CG) method. The entropy viscosity
method has also been extended to the DG method in [141], and for miscible displace-
ment problems using the enriched Galerkin method in [88]. The streamline-diffusion
shock-capturing (SD-SC) space-time DG method proposed and analyzed by Hilte-
brand and Mishra [73] also makes use of a residual-based artificial viscosity operator,
and is later modified by Zakerzadeh and May in [139]. The amount of artificial vis-
cosity added can also be controlled by a sensor variable that detects discontinuities
and under-resolved regions in the solution. In [118], Persson and Peraire propose
an artificial viscosity driven by a discontinuity sensor, which uses the decay rate of

higher order solution modes to identify regions with large jumps in the solution. Their
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method is demonstrated for the 1D Burgers’ equation and 2D Euler equations using
the DG method. In [101], Moro et al use a dilation-based sensor to compute the
artificial viscosity for Navier-Stokes problems, which exploits the presence of strong
negative velocity divergences (dilation) near shocks. Barter and Darmofal [17] show
that a piecewise-constant artificial viscosity field can introduce spurious oscillations
on the gradient of the solution which may corrupt the downstream solution. Hence,
they propose a PDE-based artificial viscosity method, where an additional equation
is solved in a coupled manner with the original PDE(s) in order to determine the dis-
tribution of artificial viscosity over the domain. A reaction-diffusion PDE is used for
the auxiliary equation which smoothly diffuses away the artificial viscosity generated
by the reaction term. The application of this approach to compressible Navier-Stokes
problems demonstrates greater solution accuracy and smoother artificial viscosity
distributions compared to piecewise-constant approaches. Unlike slope limiting tech-
niques, artificial viscosity methods obtained by modifying the governing PDE(s) can
be discretized using implicit schemes in a straight-forward manner.

Jiang and Shu [81] prove that the standard DG method for scalar conservation
laws using Lipschitz continuous monotone fluxes (or E-fluxes) satisfies a cell entropy
inequality, but claim that convergence to the unique entropy solution may only be
achieved if the flux function is convex. As this is often not true for porous me-
dia flow equations (i.e. Buckley-Leverett equation), h-dependent modifications such
as streamline diffusion and shock capturing operators need to be added to the DG
scheme to show convergence in the case of non-convex flux functions or systems of

conservation laws [73, 139].

1.4 Thesis overview

This thesis presents work towards the development of an efficient and robust nu-
merical framework for solving porous media PDEs, based on a space-time DG finite
element discretization coupled with output-based mesh adaptation. The primary

contributions of this thesis are given below.
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e Formulation of a space-time discontinuous Galerkin method for compressible

two-phase flow problems in both homogeneous and heterogeneous reservoirs.

e Analysis of the adjoint equations, boundary conditions and analytic adjoint
solutions of the Buckley-Leverett and two-phase flow equations, with the goal
of developing a theoretical understanding of the adjoint equations and solution

behavior.

e Derivation of additional stabilization terms for the standard DG discretization
of the two-phase flow equations in mass conservation form, which effectively

upwind the underlying saturation equation.

e Development of a distributed bottom-hole pressure well model that is discretization-
independent, and therefore applicable to finite element discretizations on un-
structured meshes. The proposed well model also includes extensions to anisotropic

permeability tensors and multi-phase flows.

e Demonstration of the adaptive space-time DG framework on a slightly compress-
ible two-phase flow problem in a homogeneous reservoir, including performance

comparisons with conventional time-marching methods.

e Extension of the PDE-based artificial viscosity method in [17] to the two-phase
flow equations, to increase the stability and robustness of the space-time DG

method for flows with little or no physical diffusion (capillary effects).

e Demonstration of the adaptive space-time DG method with artificial viscosity

on a two-phase problem in a heterogeneous reservoir, with zero capillary effects.

This thesis is organized as follows. Chapter 2 presents the space-time DG method
and reviews the DWR method for output error estimation and the MOESS mesh adap-
tation framework. Chapter 3 presents an analysis of the analytic adjoint equations
and solutions of the Buckley-Leverett and two-phase flow equations. Chapter 4 de-
rives the upwinding stabilization terms for the DG discretization of the two-phase flow

equations, and presents numerical results for a 1D test problem showing the effect of
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the stabilization terms on the linear stability of the discretization. Chapter 5 reviews
the Peaceman well model and presents a new distributed bottom-hole pressure well
model. Numerical results are presented for incompressible single-phase and two-phase
flow problems, with comparisons between Peaceman’s well model and the distributed
well model. Chapter 6 demonstrates the adaptive space-time DG framework on a
slightly compressible two-phase flow problem in a homogeneous reservoir, and com-
pares its performance with conventional methods. Chapter 7 presents a PDE-based
artificial viscosity method applicable for space-time discretizations of the two-phase
flow equations. Chapter 8 demonstrates the adaptive space-time DG method with ar-
tificial viscosity on a two-phase flow problem with heterogeneous rock permeabilities,
and compares its performance with other approaches. Finally, Chapter 9 summarizes

the work presented in this thesis and discusses areas of future work.
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Chapter 2

Discretization, Error Estimation,

and Output-based Adaptation

This chapter first reviews the space-time discontinuous Galerkin (DG) method for
general conservation laws. Then the dual-weighted residual (DWR) method proposed
by Becker and Rannacher [24, 25] is presented as a way of estimating the output
error. Finally, a summary of the MOESS framework for mesh adaptation presented
by Yano and Darmofal [137, 138] is given. Appendix A presents an analysis of the
computational costs involved with each of the key steps in the space-time DG mesh
adaptation algorithm given below, and shows that the proposed approach scales in a

computationally feasible manner to multi-dimensional problems.

2.1 Space-time formulation

Consider a general unsteady conservation law of the form,

gt (Frr(u)) + V- (F*(u) — F(u, Vu)) + S(u, Vu,7,t) =0, VFeQ, tel

(2.1)

where u € R™ is the m-variable state vector, & represents the spatial coordinates

in the d-dimensional spatial domain €, and ¢ denotes time. F'*™P(u) represents
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the temporal or unsteady flux, whereas F24(u) and F4f(u, Vu) represent the spa-
tial advective and diffusive fluxes respectively. Any solution-, coordinate- and time-
dependent source terms are given by S(u, Vu, Z,t). In a space-time formulation, the
d-dimensional unsteady conservation law given above is recast as a (d+1)-dimensional

conservation law, yielding,

el 5 . 41 g i . R A
jzl aijj (u>—;%ij (u,Vu) =S(u,Vu,7), VZeQ,  (2.2)

where Q0 = Q, U € R¥! is the space-time domain, and = [7,] € R is the
augmented space-time coordinate. The space-time advective flux Fad¥(u) € Rm>(@+1),

and the space-time diffusive flux F(u, Vu) € R™*(@+1) can be written in terms of

the fluxes in Eq. 2.1 as

A

Fod (1) = [ Fodv(y), Frome(y) } : (2:3)

Fif(u, Vu) = [ Fdiff(y, Vu), 0 } : (2.4)

The space-time diffusive flux is also assumed to be a linear function of @u, and hence

decomposed as,

A

Fiif(u, ¥u) = A(u)Vu, (2.5)

where A(u) is a solution-dependent tensor containing the diffusion coefficients. The

boundary conditions are imposed using an operator B defined as,
B(u, F*Y(u) - i, F(u, V) - 7,7, BC) =0, VI € 99, (2.6)

where 7 is the space-time unit normal vector pointing out of the domain and BC
represents the boundary condition data. The initial condition of the original unsteady
conservation law is transformed by the above formulation into a Dirichlet boundary
condition at the ¢ = 0 boundary of the space-time domain 2. This “temporal”

boundary condition is implemented like any other spatial boundary condition using
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Note that in Eqs. 2.2 - 2.6, hat accents have been used (i.e. V(-)) to distinguish
(d+ 1)-dimensional space-time vectors, fluxes and operators from their d-dimensional
spatial counterparts. The rest of this chapter assumes a space-time formulation,

hence, the hat accents will be omitted for clarity.

2.2 Space-time DG discretization

The space-time discontinuous Galerkin discretization seeks a solution in a finite di-

mensional function space V}, ,,, which is defined as,
Vip = {v € [LA(Q)]™ : V], € [PP(r)]", V5 € T} . (2.7)

Vhp represents the piecewise discontinuous solution space of p*-order polynomials
on each element of 7, where 7}, is a triangulation of the space-time domain €2 into

non-overlapping elements x of characteristic size h.

Multiplying Eq. 2.2 by a test function v, € V}, and integrating by parts yields
the weak formulation of the governing equation. Solving this weak formulation in-

volves finding a solution uy, € V;, that satisfies,
Rip(Unp; Vip) =0, YVip € Vip: (2.8)

where the semi-linear weighted residual Ry, : Vip X Vi, — R is composed of three

terms,

Rh,p(uh,ﬁ Vh,p) = 2?;(“11,19; Vip) + Rgfg(uh,zﬁ Vh,p) + ?:;rce(uhm; Vip)- (2.9)

RN (Whpi Vip)s RN (g p; Vi) and RE(up,; vip) represent the contributions of

the advective, diffusive and source terms to the weighted residual, respectively.
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2.2.1 Advective flux discretization

The DG discretization of the advective flux term is given by,

R (wv) = — 3 / VvT - B () dO (2.10)
HEﬁL
+ Z/ v ) 'H(ut u;at) dl
fels

+Z/v "HE(ut, uB (ut; BO): #t) dT,
fel'p
where (-)™ and (-)~ denote the trace values evaluated from opposite sides of a face f
and 7" is the unit space-time normal vector pointing from the (4) side to the (—)
side of a face. I'; and I'g represent the set of interior and boundary faces in the mesh,
respectively. H and H? are the numerical flux functions on the interior and boundary

faces, respectively. In this work, H takes the form,

Ho(ut,u;ah) + Fady(ut) -nS, ifnf >0,
H(ut u it = o t : (2.11)
Hs(uT,u™; 7)) + FiY(u™) - nf,  otherwise,

where 77 and n; denote the spatial and temporal components of the unit space-time
normal vector 7. For problems containing spatial advective fluxes, the operator H,
upwinds the spatial fluxes using a Riemann solver, such as Roe’s solver [125] for the
Euler or Navier-Stokes equations, or Godunov’s exact flux [91] for scalar equations.
The advective flux in the temporal direction is evaluated using the solution in the
direction of decreasing time (i.e. in the past), in accordance with the laws of causality.
At the domain boundaries, the numerical flux #? is evaluated using a boundary state
u®?, which itself is a function of both the interior state u* and the user-specified

boundary condition data BC.

2.2.2 Diffusive flux discretization

In most of the previous work where a pressure-saturation formulation of the two-

phase flow equations is considered [121, 85, 53, 51|, the diffusive fluxes in the pressure
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equation are discretized using either the Oden-Baumann-Babuska (OBB) method
[105], or a generalized form of the non-symmetric interior penalty Galerkin method
(NIPG) [124], the symmetric interior penalty Galerkin method (SIPG) [8, 135] and the
incomplete interior penalty Galerkin method (IIPG) [44]. In this work, the diffusive
flux terms are discretized using the second method proposed by Bassi and Rebay
(BR2) [21, 22]. For simplicity of notation, the jump [-] and average {-} operators are
defined for a scalar s and a vector ¢ on an interior face as,

1

(sh=5G 45, {0 =3

[s] =stat +s 7, [0 =ot-at+0 7.

(F + i), (2.12)

The diffusive flux discretization can then be written as follows,

Riyn(w;v) = > /VV ( (u )Vu) dQ (2.13)
KETH
- AT vv - [u] dr
Py 2
-3 1" {Awva} ar
—g/hﬂ wisy([ul)} dr
— AEVV (ut —uP) At ar
3 [ (&) ()
—f; /f(v*ﬁ*) - ApVu® dr
—fZ/f V+ﬁ+)T ApnsFr((u” —u”)at) dr,

where the boundary fluxes are set using u? (u*; BC), Ag(u®; BC), and Vu?(Vut; BC).
The lifting operator, T : [Vi,(f)]*™ — [Vap?™!, penalizes jumps in the solution

across a face, and is defined for an interior face f as,

3 /*T £y (g) dQ = —/f{§}T-§dF, VS, & € V|, (2.14)

K€Ky VR
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where ky is the set of elements sharing the face f. For boundary faces, the lifting

operator is defined as,

/ £ (g) dQ = —/f§+T g dl, VS, & € Vil (2.15)
KB

where kp is the element containing the boundary face. The stability of the DG
discretization requires that the BR2 stabilization parameter, 7y, is greater than or
equal to the number of faces in an element [70]. In this work, 7 is set to a slightly
conservative value of twice the number of faces in an element, e.g. 6 for triangular

meshes and 8 for tetrahedral meshes.

Although standard diffusive flux discretizations such as the BR2 method work
well for diffusive problems, they may suffer from stability issues if the diffusive fluxes
being discretized are concealing an underlying advection-dominant behavior. In such
cases, although counter-intuitive, it is necessary to modify the standard diffusive flux
discretization such that the underlying advection-dominant operator is “upwinded”.
In particular, the two-phase flow equations in mass conservation form contain this

complexity, which is discussed and addressed in Chapter 4.

2.2.3 Source discretization

The discretization of the source terms follows the formulation proposed by Bassi et
al. in [19] where the state gradients are augmented with a global lifting operator as

shown below.

) = 0 [ VIS0, Yt o (w), 5) d, (2.16)

RET “F

where the global lifting operator Ty, : Vi, — [Vhp}d“ is defined as the sum of local

lifting operators,

Faon() = > Fr([u]) + Y & ((u —uP)iit). (2.17)

fery fel'p
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This approach was also shown to be asymptotically dual-consistent by Oliver in
[109]. Dual-consistent or asymptotically dual-consistent discretizations have been
observed to yield higher convergence rates for an output of interest, compared to

dual-inconsistent schemes [108].

2.2.4 Solution method

Expressing the solution u; and the test function v, in terms of an element-wise
discontinuous polynomial basis yields a discrete nonlinear system of equations, which
is then solved using Newton’s method with a line search algorithm to ensure that
residuals decrease. The Jacobian matrices are computed through operator overloaded
automatic differentation [60] of the residuals. The ensuing linear systems are solved
using the implementation of the restarted generalized minimal residual (GMRES)
method [126] given in PETSc [15, 14, 16]. The convergence of the GMRES algorithm
is improved by right-preconditioning the linear system using an ILU (k) preconditioner
with a minimum discarded fill (MDF') ordering [119]. For parallel solves, the domain is
partitioned using ParMETIS [84] and the ILU(k) preconditioner with MDF ordering
is applied to each sub-domain, together with a restricted additive Schwarz (RAS)

preconditioner [28] with a single layer of overlap for the global system.

All linear systems produced from time-marching discretizations in this work are
solved using an ILU(0) preconditioner with the MDF ordering. The space-time DG
discretizations in Chapter 6 and 8 are solved with ILU(1) and ILU(2) preconditioners

respectively. In all cases, the GMRES algorithm was restarted after 300 iterations.

2.3 Output error estimation

Let the exact value of the output of interest be denoted by,

J=J(u), (2.18)
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where J : V — R is the output functional of interest and u € V is the exact solution
to the governing PDE. This is usually expressed as an integral quantity over a surface,
such as the mass flow across a boundary, or over a volume, such as the average pressure
in the domain. Since the exact solution is not available, an approximation to the exact

output can be computed using the discrete DG solution uy,, € V,, as

Jhp = jh,p(u/up)v (2.19)

where Jp : Vi, — R is the discrete output functional. The true error between the

exact output and its approximation is given by,
Eirue = J — Jh,p = j(U) - jh,p(uhp)- (220)

Since &, cannot be directly computed in general, the goal of output error estimation
is to approximate this true error in the output functional. In this work, the dual-

weighted residual (DWR) method proposed by Becker and Rannacher [24, 25] is used.

2.3.1 Dual-weighted residual method

Following the work of Carson et al. in [32], a mixed formulation of the weak residual

is used for computing the DWR error estimate, which is given by,

Riup(Unp; Vip) = Rip((Wnp, Thip); (Vg Shp))

= Rz?;(uh,p; Vip) + R%ig(uhm? Thpi Viyp) + ?S;rce(uh,p; Vip)

+ R}fg(uhm, I_'»h,p; gh,p), (221)

where the definition of the lifting operators on the interior and boundary faces is

lift

appended to the weak form residual given in Eq. 2.9 via Ry, which is given by,

Rijwes - ¥

ferr

S [ A [ {57l df)

KEK§F
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-3 (/ﬁBg}F.ff dQ+/f{§f}T.(u+—uB)ﬁ+ dl“), (2.22)

felr's

where I and § € S;,, where Sy, is the collective space of the lifting operators on all
faces, defined as Spp = [1fer,ury [Va p]dﬂ. r; and Sy are the elements corresponding
to face f in r and Srespectively. The Rdlff operator in Eq. 2.21 is the BR2 diffusive flux
operator described in Section 2.2.2, but with modified arguments to accept the lifting
operators as an input. For notational simplicity, the arguments of Ry, ,, are specified
as the tuples Uy, = (Unp, Thp)s Vip = (VapsShp) € Vhp X Shyp. The corresponding

infinite dimensional tuples are given by U = (u,r),V = (v,8) € V x S.

Then, the DWR method represents the true output error as follows,
gtrue = j(U) - jh,p(“h,p) = _Rh,p(Uh,p; ‘Il>7 (223)

where ¥ = (¢,6) € W = (V + Vi) X (S + Shyp) is the true adjoint tuple that
consists of the primary adjoint (%), and the lifting operator adjoint (&) respectively.
It is worth noting that the true lifting operator r is identically zero, and that similarly,
the true lifting operator adjoint & is zero for volume integral outputs over € [32]. The

adjoint solutions satisfy the following dual problem,

—

(w, &) € (2.24)

R, (U, Up (Wi ®) = 7,,[U, Uyl (w), YW

where R}, ,[U,Up,] - Wx W — R and J,,[U,Uy,] : (V+ V) — R are the
mean-value linearizations defined as,
_ 1
R),[U, U, (W; V) = / R, (1= 0)U + 0U,,| (W; V) do, (2.25)
T3, [U, U l(w / T (1= 0)U +6U,,] (w) db. (2.26)
hpl2l(--) and Jy [z](-) denote the Fréchet derivatives of Ry, (-,-) and Jj () with

respect to the first argument, evaluated about z.

The true output error may also be expressed using the definition of the mean-value
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linearized residual as
Eirue = —Ryp[U, Uy J(U = Uy s & — Ty, ), (2.27)

which shows that the true output error is a function of the error in the primal solution,
U — Uy, as well as the error in the adjoint solution, ¥ — ¥, ..

The true adjoint ¥ = (4, ) is not computable in general since it lives in an
infinite dimensional space W, and its computation requires the true primal solution
U. Hence, the true adjoint solution is approximated by a finite dimensional adjoint
W) 5 = (Yrp, Onp) € Vip X Shyp (for p > p) which is obtained by solving the following

dual problem linearized about Uy, ,
R plUnpl (Vg Wnp) = T plUnpl(Vig),  YVip € Vip X Shp (2.28)

It is worth noting that the lifting operators 1}, and the lifting operator adjoints &y, ;
are computed via post-processing steps (i.e. static condensation), and hence are not
solved as a part of the global system of unknowns.

The DWR error estimate of the output is obtained by substituting this approxi-
mate adjoint into Eq. 2.23,

gtrue ~ _Rh,p<Uh,p; \Ilh,ﬁ)- (229)

The approximate adjoint ¥, ; needs to exist in a space that is richer than that of the
approximate primal solution Uy, (i.e. Vhp D Vhyp), else the DWR estimate yields
zero due to Galerkin orthogonality. In this work, the polynomial order of the adjoint
approximation is chosen to be one order higher than that of the primal solution, i.e.

p=p+1.

Error localization

A global estimate of the output error is not sufficient for mesh adaptation since it

needs to identify regions in the domain with large and small contributions to the
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error. Therefore, a localized error estimate 7, associated with element «, is obtained

by an element-wise restriction of the adjoint weight as follows,
Mk = | Rp(Unps ®rple)] - (2.30)

A bound of the error estimate can be obtained by summing the local error estimates

over all elements,

£=Y n. (2.31)

KEThH

The localized error estimate 7, is a conservative estimate due to the presence of the
absolute value operator in Eq. 2.30. If this absolute value operator is omitted, the
sum of local error estimates over all elements will recover the global error estimate

given in Eq. 2.29.

2.4 Mesh adaptation

The goal of mesh adaptation is to use localized output error estimate information to
produce a new mesh that achieves a lower output error. This is frequently done by
performing isotropic mesh refinement on the current mesh, where elements in selected
regions are either uniformly refined or de-refined according to their contribution to
the total output error [85, 4, 38]. But reservoir flows often contain features such
as saturation fronts and jumps in pressure gradients caused by discontinuities in
geological properties, which can be captured more efficiently with anisotropic elements
than with isotropic elements. Therefore the mesh adaptation algorithm needs to be
able to represent and manipulate the anisotropy of elements in the mesh, in addition

to a measure of their size h.
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2.4.1 Continuous mesh framework

The anisotropic information of a space-time element x can be represented using a
metric tensor M, which is a (d + 1) x (d + 1) symmetric positive definite (SPD)
matrix [131]. This metric tensor can be interpreted as a straight-forward extension of
the scalar valued element size h, which not only contains a measure of the element’s
size, but also its orientation. By collecting the elemental metric tensors, { M, }xeTs,,
a continuous Riemannian metric field {M(Z)}zcq can be constructed. A metric-
conforming triangulation is a triangulation where all the edges are close to unit length
as measured under the Riemannian metric field {M(Z)}zcq. The length of a segment

% from point a € () to point b € €2 under the metric is given by,

Lu(ab) = /01 Vab? M(a + abs)ab ds. (2.32)

Note that this length measure reduces to the standard Euclidean distance if the metric
M is the identity tensor.

An example of a metric-mesh pair is given in Figure 2-1, where the metric tensor
field is illustrated by ellipses. Relying on the geometric duality between the discrete
mesh and the Riemannian metric field, Yano shows that the polynomial approxima-
tion errors and the output errors incurred on a metric-conforming discrete mesh are a
function of the Riemannian metric field from which the discrete mesh was generated
[137, 138]. This key result allows the development of a mesh adaptation algorithm
that attempts to decrease the output error by optimizing a continuous metric tensor

field, instead of a discrete mesh.

2.4.2 Mesh Optimization via Error Sampling and Synthesis

This sub-section contains a short review of the MOESS algorithm developed by Yano
and Darmofal [137, 138], which is used for mesh adaptation in this work.

The objective of the mesh adaptation algorithm is to manipulate the current

triangulation 7, to reduce the errors in output predictions. A formal statement of
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Mesh Generation

Metric Field {M(Z)}zeq ~— Mesh T,

Implied Metric

Figure 2-1: Mesh metric-field duality (Modisette [99])

this problem involves finding the optimal triangulation 7,* given by,
T = arg i;rlfg(ﬁ) s.t. C(Tr) < Crax, (2.33)
h

where &£ is the error functional that represents the output error incurred by solving on
T, and C is the cost functional that represents the cost of solving on 7. In this work,
the cost is taken to be the number of degrees of freedom in 7, and therefore C\ .«
is the maximum number of DOF allowed in the solution, which is usually set by the
amount of available computational resources. Since the triangulation 7, is defined by
node coordinates and node connectivity, the optimization problem presented above

is a discrete-continuous optimization problem, and is generally intractable.

However, an approximate solution to the problem can be found by considering the
continuous relaxation of the discrete problem, as proposed by Loseille and Alauzet
[96], where a continuous Riemannian metric field, M = {M(Z)}zeq is optimized
instead of the discrete mesh. This relaxed optimization problem involves finding an

optimal metric field, M*, where,
M = argmeS(M) st. C(M) < Chax- (2.34)
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In order to apply a DOF constraint, the cost functional C(M) is defined as,

(M) = /Q e/ det (M (T))dZ, (2.35)

where ¢, is the number of degrees of freedom in the reference element, normalized by
its size. Furthermore, it is assumed that the total error is the sum of the elementwise
local error contributions 7),, and that each local contribution 7, is also a function of
the elemental metric tensor M,. The error functional £ can then be approximated

as,

EM) = Y ne(M,). (2.36)

KETH
To complete the problem statement, a definition of the local error function 7, (M,) is
needed, but since their form is not known a priori, surrogate models of these functions

are constructed via a sampling procedure on each element.

Local error sampling

The objective of the local error surrogate model is to capture how changes to an
element’s configuration affects its output error contribution. This surrogate model is
constructed by solving local problems with different local configurations of a given
element, and then recalculating the local error estimate associated with each config-
uration. In particular, for each space-time element o € €2, let there be a set of new
local configurations, {x;}.<7", each of which is obtained by splitting one or multiple
edges of ky. Figure 2-2 shows an example of the split configurations used for a triangle
element, and the implied metric tensors M, associated with each configuration.

For each split configuration x;, an element-wise local problem is solved to find the
local solution uy’, € Vy (k) that satisfies,

Ry (u,";”fp; Vpr) =0, VVpr € Vip(Ki), (2.37)

P

where the local semi-linear form R}’ (-, -) imposes boundary fluxes on x; by assuming
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Figure 2-2: Example split configurations with associated metric tensors (Yano [137])

that the solution on neighboring elements does not change. Next, a localized DWR

error estimate associated with the configuration x; is computed as,

Mo = R (UR hgly) (2.38)

where Uy’ = (uy’,, ;") and p = p + 1 as before. Finally, the local metric M,,

associated with configuration x; is obtained by computing an affine-invariant average

of the implied metric tensors of each sub-element in «; [116]. The set of metric-error
Nconfig

pairs, { M., }io7"®, computed using this local sampling procedure can then be

synthesized to form a continuous local error model.

Local error model synthesis

The continuous metric-error function 7,(-) : Symj ; — RT aims to capture how
the local error is affected by local changes to the metric field. For this purpose, a
symmetric “step” tensor, S,(M,), is defined to characterize the change in the metric
tensor from configuration kg to some new configuration x. This measurement is based

on Pennec’s affine-invariant framework [116] as follows,
1 1
S, (M) = log (MROZMRMH()?) , (2.39)

where log(-) is the matrix logarithm. Note that the above function maps the metric of

the original configuration M, to the zero tensor (i.e. Sy, = 0). Similarly, a measure
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of the change in error between configurations is also defined as,

fri = log <Z”> : (2.40)

The information from the pairs {S,,, fi, }ic7"™ is then synthesized to construct a

continuous function f, () : Sym,,; — R, which is assumed to be of the linear form,
[(Sk) = tr(RiSk), (2.41)

where R, € Sym, ; is a “rate” tensor that is synthesized from the known data by

performing a least-squares regression as follows,

TNconfig

R.=arg min Y (fu — tr(QS. (M) (2.42)

QEeSym, 4 =

The rate tensor R, can be thought of as a generalization of the convergence rate for
isotropic scaling to anisotropic changes. Finally, the local error model can be written

in terms of a step tensor S, as,
N (M (Sk)) = Ny exp(tr(RySk))- (2.43)

Metric optimization

The final step of the adaptation process is to optimize the Riemannian metric field
{M(z)},eq using the error and cost models constructed above. Since the metric field
is described by the vertex values { M, },cy, the objective is to find the vertex step
matrices, {S,}yev, that minimize the error functional. S, € Sym,,, represents the
change in the metric that is required at vertex v.

Upon formulating the error objective function and the cost constraints in terms of
the design variables {S, },cy, the constrained optimization problem given in Eq. 2.34
is solved using a gradient-based optimization algorithm as shown by Kudo [87].
This work utilizes the globally-convergent method-of-moving-asymptotes (MMA) al-
gorithm [129] implemented in NLopt [83] to solve the optimization problem.
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The resulting optimal vertex-based metric field is then passed to a metric-conforming
mesh generator to generate a new mesh. All adapted meshes (2D and 3D) used in this
thesis were generated using the FeFlo.a mesher developed by Loseille and Loéhner

97, 98].
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Chapter 3

Adjoint analysis of the
Buckley-Leverett and two-phase

flow equations

Adjoint solutions play an important role in the dual-weighted residual (DWR) method
used in this work for estimating output errors. Since the error estimates are obtained
by replacing the continuous adjoint solution with a discrete adjoint solution, as shown
in Section 2.3.1, it is imperative that the numerical method used to compute the dis-
crete adjoint solution employs an adjoint-consistent formulation, which ensures that
the discrete adjoint problem is a consistent discretization of the continuous adjoint
problem.

Although the discrete adjoint method (via the linearization of the discrete residual
operator) works for general problems, it does not necessarily provide a clear insight
into the nature of the adjoint solution. An analytic approach can be used to provide
a theoretical understanding of the adjoint PDE, boundary conditions, and solution
behavior, which can then also be used to verify discrete adjoint solutions on simplified
problems. The work in this chapter is motivated by the desire for a theoretical
understanding of the adjoint equations for representative models of porous media
flows. Specifically, the focus is on the Buckley-Leverett equation and a two-equation

two-phase flow model. The results of this chapter were published in [80].
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3.1 Scalar conservation laws with shocks

This section presents a derivation of 1D scalar conservation law adjoint equations for
different output functional types. These general results are later specialized to the
case of the Buckley-Leverett equation and compared against numerical results. Con-
sider the 1D scalar conservation law given in Eq. (3.1), with the initial and boundary

conditions given by Eq. (3.2) - (3.3).

ou Of

5 T3 =0, (3.1)
u(z,0) = up(x), xz € [0, L] (3.2)
w(0,t) = ur(t), t€0,7] (3.3)

Without loss of generality, characteristics are assumed to enter the domain from the
left boundary at all times (% > 0 at z = 0). If the solution u(z,t) contains shocks,

then the Rankine-Hugoniot jump condition,

& [ul — [/ = 0, (3.4)

must be satisfied, where z4(t) and i, represent the spatial location and speed of the
shock respectively. The jump operator in 1D, defined as [-] = () — (-)~, represents
the jump in a certain quantity between the left (+) and right (—) sides of the shock.
The primal problem described by Eq. (3.1) - (3.4) is represented in the following

space-time form,
V-F=0, ZTeq, (3.5)

where ¥ = (z,t) is the augmented space-time coordinate, 2 = [0, L] x [0, 7] is the

space-time domain, and F' represents the space-time fluxes,

F = (Fy(u), Fy(w) = (f(u),u). (3.6)
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The Rankine-Hugoniot jump condition given in Eq. (3.4) transforms to the equivalent

jump condition in space-time, given by,
[{-ﬁﬂ -0, fel,, (3.7)

where I'y is the curve that tracks the path of the shock, and the jump operator
definition has been extended to multiple dimensions for scalar and vector quantities

as follows,

[s]=sTit+s 7 =(s" —s )i, (3.8)

[6] = & -t + 0 -7 = (@ —5) -7, (3.9)

where 77" is the space-time unit normal vector pointing from the left to the right of

interface I'y, and 7~ = —n". The components of the space-time unit normal vector

—.

nt = (n;f, ny ) depend on the shock speed as follows,

1 iy
nt=—— nt= 22 (3.10)

A schematic of the space-time domain and the shock path is given in Figure 3-1.

>

0 u(z,0) = up(x) L

Figure 3-1: Schematic of space-time domain 2

Let ©Q; and 5 be partitions of the space-time domain to the left and right of
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the shock respectively, separated by the interface I'y as shown in Figure 3-1. The
boundaries of €2; and €25, including Iy, are denoted by I'y and I's respectively. Next,
consider the weak form of the primal equations in €2y U €2y and the Rankine-Hugoniot

relation across I';,
R(u, xs;w, ws) :/ wV - FdS —/ (] [[ﬁ]] ar, (3.11)
Q1UQ I's

where w and w, are admissible test functions. The linearized form of Eq. (3.11)
is obtained by considering infinitesimal perturbations of the solution, denoted by
du(z,t), and the shock location, denoted by dz4(t). Perturbing the shock location
by dz4(t) results in a horizontal perturbation of the shock interface I'y by a vector

5, = (6z,(t),0). The resulting perturbed weak form is given by Eq. (3.12),

R+0R= wV - (F 4 0F)d (3.12)
Q1UQs

+ [ wt(V-FNd, - idtdl — | w (V-F)d,-@tdl

I's I

_/sts [[(ﬁ+5ﬁ>]] dr—/F w, (F* — F~) - 6" dr.

E]

Using the definition of R in Eq. (3.11) to cancel out terms, and rewriting in terms of

the jump operator yields,

R = wV - (6F)dQ + Hw(v - ﬁ)]] L&, dr (3.13)

Q1UQ T's

- [ w, Haﬁﬂ dr —/ w, (F* — F~) - 87" dT.

Note that the second integral in Eq. (3.13) vanishes since V - F =0. Invoking the

chain rule to represent the flux perturbations §F in terms of du and dx, gives,

0R = wV - (Adu) d2 — / w, ﬁ(&su) + ‘ﬁaxsﬂ dr (3.14)

QU0 s ox

—/F w, (F* — F~) - it T,
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where A = aF . Performing integration by parts on the volume integral yields,

R = — /QIUQ2 Vuw - (fﬁu) dQ) + w (/Yéu) - dl’ (3.15)

' ul'y
_/S ﬁ(Aéu) ‘355 ]‘ dF—/FSwS (F* — F~) - git* dr.

The boundary integral in Eq. (3.15) is separated into an integral over the shock
interface I'y and an integral over the domain boundary, I'p = (I'y UT')\I', as shown

below,

SR = — /Q V- (Asu)d+ [ w(Asu) - dr (3.16)
+/ ([[ Aéu ﬂ — Wy H(ﬁéu)ﬂ) dI’
—/F w,s (wgaxsm +(Fr-F") -6ﬁ+) dr.

The expression inside the brackets in the last integral of Eq. (3.16) is simplified using
the approach outlined in Appendix B, resulting in the following equation for R,

IR(du, dxg; w,ws) = —/Q o Vuw - (ff(ht) dQ) + w (/Yéu) -1 dl’ (3.17)

I'p

+/ ([[ Asu)] - w, [[(fﬁsu)]]) dr

+ - +
+/Fs w% ((F — Fy)w,) nidr.

Given a generic output functional J(u) and its linearization 6.J(du, dz;), the adjoint

solutions ¥ and v, satisfy the following equation for all du, dz; [64],
IR (Ou, dxs; 1), 15) = dJ(0u, 0xs). (3.18)

The relationship of these adjoint solutions to the calculation of output sensitivities,
as required for inverse analysis and design optimization, is described in Appendix C.
The following sub-sections formulate the adjoint equation and boundary conditions

for two different output functionals.
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3.1.1 Output: spatial integral at t =T

This section assumes that the output functional of interest is the spatial integral of

some solution dependent quantity g(u) at t =T,

Jr = /OLg(u(:L‘,T))dx. (3.19)

Splitting the output into integrals to the left and right of the shock and linearizing

gives,

o 8g(5u

- (‘39(5u(:z: T) dx + [g],_p 025(T), (3.20)

L
8Jr(5u, ba,) = /0 (. T)det [ o

where [g],_, represents the jump in the value of g across the shock at the final time

T. The adjoint definition (Eq. (3.18)) with this output yields:

Qlum ( ) dQ) + w (%fdu) -1 dl’ (3.21)
([[ H(Aéu)ﬂ) dr
[ gy (B = s, mar = / g I ju(z, T) da

+/ agéu T) dx

+ [gll,—q 0s(T).

The adjoint PDE is obtained by equating volume integrals on both sides of Eq. (3.21)

and noting that the resulting equation is valid for any perturbation du.

— (Adu) dQ = 22
e VY (Au) o =0, (3.22)
Vi - 85 0. (3.23)

The adjoint boundary conditions are obtained by collecting the domain boundary

integrals in Eq. (3.21). All domain boundary integrals at t = 0 and x = 0 vanish
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since the primal initial condition and left boundary condition requires du(z,0) and
5(0,t) to be zero, respectively. As a result, there are no adjoint boundary conditions
at the bottom (¢t = 0) and left (z = 0) boundaries. The absence of a primal boundary
condition at the right (zr = L) boundary implies that ou(L,t) # 0, hence requiring
the following adjoint boundary condition in order for the boundary integrals at x = L

to satisfy Eq. (3.21),

W(L,t) = 0. (3.24)

The boundary integrals at t = T give,

/“(T)@p( DL s 1) d +/ T) 75 (2,7) dz (3.25)
0 s au u Z, xXr ZL‘ u\xr .
(7T Og L (9g

_ /0 gudu@ ) dot [ 5 ou(w,T) dr.

Requiring Eq. (3.25) to hold for any perturbation du(x,T) yields the following adjoint

boundary condition at ¢t =T,

OF,
ou

Oz, T) (2, T) = gi(x,T), Va % 2,(T). (3.26)

The behavior of the adjoint variables at the shock is found by analyzing the shock
interface integrals in Eq. (3.21). Collecting all shock interface integrals that depend

on dx4 gives,

[ vy (< F)dw) nidl = [g],_q 82s(T). (3.27)

Performing integration by parts in time using dI" = dt/n;", and noting that dz4(0) = 0

due to the primal initial condition yields,

YlT) [l g 60 (T) — [ 08 (= )bt = [l pbe(T), (329)
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where [F;],_; is the jump in F; across the shock at time T". Requiring Eq. (3.28) to
hold for any dz4(t) gives the following conditions for (%),

V(1) [F]ier = [9] i1 - (3.29)
dis
prai 0. (3.30)

Solving the ordinary differential equation (ODE) above shows that 1, is a constant

with the following value,

_ [[g]]t:T
Ys = Fl_ (3.31)

Lastly, the third integral on the left-hand side of Eq. (3.21) gives the following con-

dition across the shock,

[[w (/Téu)ﬂ = 1, [[(fféu)ﬂ . (3.32)

Expanding all components of Eq. (3.32) using the definition of A yields,

or,t _ OF™" _ or,~ . OF,~ 3
(w*—ws)<6u — et )5u+—(¢ _¢8)<8u gt >5u = 0.

(3.33)
Conditions on 1™, 1~ and 1, are obtained by analyzing the nature of the terms in

Eq. (3.33). If (%LJ+ - x’s%Jr) is non-zero, then ¥+ = ¢ satisfies Eq. (3.33) for any

. . + - . oF, — - OF — . .
variation du™. By the same argument, )~ = vy, if ( 5 — Iyt ) is non-zero. This

is the case for the Burgers’ equation, where the adjoint is continuous across the shock

(ie. ¥F =1y, =97) [3].

ou S ou

e (OF,F . OFt o — L am—
However, if (de iy Ok )or (de OFy

52— Egt ) is identically zero for a particular
set of primal fluxes, then the equality of ¥ and 1), or ¥~ and 1), respectively,
cannot be inferred from Eq. (3.33) alone. In particular, the Buckley-Leverett equation

contains this complexity, and Section 3.2 gives a more detailed analysis of Eq. (3.33)

in this context.

58



3.1.2 Output: volume integral over space-time domain

This section assumes that the output functional of interest is the integral of some

solution dependent quantity g(u) over the entire space-time domain,

J:/Qg(u)dQ. (3.34)

The linearized output variation is given by:

5.7 (8u, 61,) = / %

o pedudQt / [g] - .dr. (3.35)

Using the same approach as in Section 3.1.1, the adjoint definition given by Eq. (3.18)
yields,

- / Vo - (A5u) d + / o (A5u) - it dr (3.36)
Q1UQs

i rs<[[w (f‘Y w)] - [{(Am)ﬂ) i

d (pi e + g
+/Fs Ve (B = Fy)dw,) il =

99 su dQ / 5.dr.
Q1UQ au Y + [[g]]

From this, the adjoint PDE is inferred to be,

OF g

S (3.37)

The adjoint boundary conditions are determined as before, by following the discussion
in Section 3.1.1. However, the change in output functional gives a different adjoint

BCatt=T,

Y(z,T) =0, Vo # x4(T). (3.38)

Manipulating the integrals along the shock in Eq. (3.36) gives the following ODE for
¥s(t),

dys gt —g
dt - Ft+ - Ft_7 <339>
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subject to the condition,

Vs(T) = 0. (3.40)

3.2 Buckley-Leverett equation

This section applies the results of Section 3.1 to the case of the Buckley-Leverett

problem,
0 0
Sw(z,0)=0.1, x€]|0,L] (3.42)
Sw(0,t) =1, t€[0,7] (3.43)

where the wetting phase saturation 9, is the dependent variable, porosity ¢ = 0.3, and
total velocity up = 0.3 ft/day. S, is a non-dimensional quantity that takes physical
values in the range [0,1]. The fractional flow function f,(S,) [10] is a nonlinear,
non-convex function defined as,

SQ
TS24 (] = §,)2

Hn

fuw(Sw) (3.44)

In this work, the wetting-phase to non-wetting phase viscosity ratio Z—: is assumed to
be equal to 0.5, and the relative permeabilities are modeled as quadratic functions.
The domain length L is equal to 50 ft, and the final time 7" is 25 days. The space-time
fluxes for this PDE are,

F = [F(Su), Fi(Sw)] = [ur fu(Sw), $Su]. (3.45)

The solution to this particular problem is a combined rarefaction-shock wave that
originates at x = 0. The downstream state of the shock is given by the initial
saturation value in the domain,

Su(aT,t) = 0.1. (3.46)

S )
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The upstream state of the shock is obtained by solving the following nonlinear prob-
lem, which equates the characteristic speed on the upstream state of the shock to the

shock speed given by the Rankine-Hugoniot jump condition,

ur dfu(S3)  ur (fw<s;> —fw(S;)>

df(SH)  fu(SH) — fu(0.1)
w — w ‘4
dS,y, StH—0.1 ’ (3.47)
V249 —
Su(at 1) = 2%13 ~ 0.53249. (3.48)
The corresponding shock speed is given by,
. ur afw +
s(t) = ——— =1.61324 ft/day. 3.49
()= 5e fday (349

Figure 3-2 contains a plot of the primal space-time solution obtained using a second-
order discontinuous Galerkin (DG) finite element method, on a structured triangular
space-time mesh with 750, 000 degrees of freedom (DOF). Figure 3-3 shows the famil-
iar Buckley-Leverett saturation front propagating to the right at a constant speed,
obtained from constant-time slices of the space-time solution in Figure 3-2. The
numerical solutions from the space-time DG method (solid lines) agree well with
the analytical solution (dashed lines). This figure clearly shows the compound wave
behavior of the Buckley-Leverett solution, where a rarefaction wave is observed up-

stream (to the left) of the propagating shock.

Figure 3-4 depicts characteristic paths of the Buckley-Leverett problem defined
above. The characteristic paths downstream of the shock either end at the shock (blue
region), or leave the domain through the top (¢t = T') and right (z = L) boundaries
(grey and red regions respectively). Upstream of the shock, all characteristics leave
the top boundary. The equality of the limiting upstream characteristic speed and the
shock speed (Eq. (3.49)) causes the limiting upstream characteristic to be parallel to
the shock front.
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Figure 3-2: Primal solution of Buckley-Leverett problem using a second-order space-
time DG method with 750,000 DOF.
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Figure 3-3: Comparison of space-time DG (solid lines) and exact (dashed lines) primal
solutions at different times.
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Figure 3-4: Primal characteristics of the Buckley-Leverett problem entering the shock
(blue region) or exiting the top (grey region) and right (red region) boundaries.

3.2.1 Output: spatial integral at t =T

This section presents the adjoint problem and its solution for the Buckley-Leverett
problem defined above, for the output functional given in Eq. (3.50),

Jr = /OLg(Sw(x,T))dx — /OL S2 (x, T)dx. (3.50)

Using Eq. (3.23), the adjoint equation for this problem is

o Ofw\ OV
—+ — | = =0. 51

¢ ot (uT (9Sw> Ox 0 (3.51)
Following the discussion on boundary conditions in Section 3.1.1, no adjoint boundary

conditions are required at the left or bottom boundaries. The boundary conditions

at the right and top boundaries follow from Eq. (3.24) and (3.26) respectively,

P(L,t) =0, vt €10,T] (3.52)
2S,(z,T)

r— Vo # x4(T). (3.53)

(x,T) =
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The value of 15 is computed from Eq. (3.31),

_ lgl,—r 1 -
Wy = sl (Su(xd, T) + Sulx;, T)) . (3.54)

The analytical values of S,, on either side of the shock, given previously, reduce

Eq. (3.54) to
1
e = (a7, 1) = 5-(5V249 — 3) ~ 2.10830. (3.55)
Finally, Eq. (3.33) gives

<¢+ - %) (uT%v+ B ¢555> dut — (w_ - ?ﬂs) (ungfu_ — ¢:i:8> ou” =0. (3.56)

Since the upstream characteristic speed converges to the shock speed (Eq. (3.49)),
the upstream flux term in Eq. (3.56) vanishes, yielding,
_ Ofw™ . _
(¥(xs,t) =) (“Tasw - ms) Su~ = 0. (3.57)
Recognizing that the characteristic speed to the right of the shock does not generally

match the shock speed, and requiring Eq. (3.57) to hold for any du~ gives the following

condition on the adjoint:

(g, t) = bs(t). (3.58)

Eq. (3.56) cannot give a relationship between v (zf,t) and v4(t) because the first
term vanishes, which means that these two quantities differ by an arbitrary amount.
However, by using the method of characteristics, the value of ¢ (x,t) is obtained by
tracing the characteristic path to the top (¢t = T') boundary, where the value of 1) is
given by Eq. (3.53). Note that this result differs from the usual result obtained for
PDEs with convex fluxes, such as the Burgers’ equation, where characteristics flow
into the shock from both sides causing the adjoint variable to be continuous across

the shock (i.e. (xf,t) = ¥(x;,t) = 1s(t)) [66, 63]. However, the rarefaction-shock
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Figure 3-5: Exact adjoint solution for output Jr.

behavior of the Buckley-Leverett equation causes this property to no longer hold,

allowing a finite jump between ¢ (z},¢) and ,(¢).

Figure 3-5 shows a contour plot of the analytical adjoint solution in the space-
time domain, computed by analyzing the characteristics of the adjoint equation in
Eq. (3.51) (as outlined in Appendix C of [80]). Figure 3-6 contains the same plot
with a numerical adjoint solution, obtained by a second-order space-time DG finite

element method, on a structured triangular mesh with 750,000 degrees of freedom.

The adjoint solution has a constant value of ¢, along all characteristics emanating
from the shock. Furthermore, the absence of a source term in the adjoint PDE
(Eq. (3.51)) means that ¢(z, t) is also constant along each characteristic that emanates
from the top and right boundaries. Figure 3-7 compares the DG adjoint solutions
(solid lines) at different times, with the corresponding exact solutions (dashed lines).
The numerical results agree well with the analytical solutions, with the largest errors

occuring around discontinuities as a result of numerical diffusion.
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Figure 3-6: Numerical adjoint solution for output Jp from a second-order space-time

DG method with 750,000 DOF.
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Figure 3-7: Comparison of space-time DG (solid lines) and exact (dashed lines) adjoint

solutions at different times, for output Jr.
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3.2.2 Output: volume integral over space-time domain

This section presents the adjoint problem and its solution for the Buckley-Leverett

problem, with the output functional given in Eq. (3.59),
J= / )dQ = / S2 (x, 1)d). (3.59)

Noting that J is exactly in the form of the general output function considered in
Section 3.1.2, the results derived previously are applicable to this specific problem.
Using Eq. (3.37), the adjoint equation for this problem is given by,

P ( 0fw> o 9g

d)* T9s, ) oxr —  09S, (3.60)

As before, no adjoint BCs are required for the left and bottom boundaries, and the
right boundary remains a homogeneous Dirichlet condition. The adjoint boundary

condition at t = T is exactly as given in Eq. (3.38),
Y(z,T) =0, Vo # x4(T). (3.61)

The results given in Eq. (3.56) - (3.58) are valid for this output functional as well,
showing that ¢ (x;,t) = ¥4(t), and that ¢ (z], t) and 1s(¢t) may differ by an arbitrary

amount.

The ODE governing ,(t), given by Eq. (3.39) - (3.40), simplifies to

dy, 1 .
;”t = (Sulat,t) + Sulz7, 1)), (3.62)

subject to the condition,

¥s(T) = 0. (3.63)
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Figure 3-8: Exact adjoint solution for output J.

Noting that the exact solution of S, to the left and right of the shock is constant in

time, and solving the ODE given by Eq. (3.62) - (3.63) yields the following expression

for 1s(t),

bult) = % (Sule? 1)+ Sulay, ) (T~ 1) (3.64)
_ %(5\/@ _3)(T—1). (3.65)

Figure 3-8 shows a contour plot of the analytical adjoint solution in the space-

time domain (obtained using the approach outlined in Appendix C of [80]). Figure 3-9

contains the same plot for the numerical adjoint solution, obtained by a second-order

space-time DG finite element method on a structured triangular mesh with 750, 000

degrees of freedom. The source term in Eq. (3.60) causes the adjoint to increase along

each characteristic path emanating from the shock, or the top and right boundaries.

Figure 3-10 compares the DG adjoint solutions (solid lines) at different times, with the
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Figure 3-9: Numerical adjoint solution for output J from a second-order space-time
DG method with 750,000 DOF.
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Figure 3-10: Comparison of space-time DG (solid lines) and exact (dashed lines)
adjoint solutions at different times, for output .J.
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corresponding exact solutions (dashed lines). The space-time DG solutions agree well

with the analytical results in general, except in the vicinity of solution discontinuities.

3.3 Two-phase flow equations

This section presents a derivation of the adjoint equations for the 1D compressible
two-phase flow equations in mass conservation form. The wetting phase pressure
p(z,t) and the wetting phase saturation S(z,t) are chosen as the dependent states.

The governing equations for the wetting (w) and non-wetting (n) phases are given

by,

(ngbS)t - (pr/\wp:c)x = PwGw, (366)

(Pnop(1 — S))t — (P KA (P2 "‘p/csz))x = Pnln, (3.67)

where p,(p) and p,(p) are the phase densities, A, (S) and A, (.S) are the relative phase
mobilities, K is the rock permeability, ¢(p) is the rock porosity, p.(S) is the capillary
pressure, and ¢, (p,S) and g,(p, S) are source/sink terms for each phase. All spa-
tial and temporal derivatives are denoted with (-), and (-); subscripts respectively,

while all derivatives with respect to the state variables are denoted with primes (i.e.

%;” = pl, and % = X.)). Furthermore, %’z; is replaced with ~(.S) for the rest of this

section.

Egs. (3.66) and (3.67) are written in the space-time formulation as,
V- -Fu,Vu)— Qu) =0, Zeq, (3.68)

where u = (p, 5)",

l

F(u, Vu) = (3.69)

!

3
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_ _pr)\wp:r pw¢S
Qw prw
Q(u) = = , (3.70)

and ) = [0, L] x [0,T] is the space-time domain as before.

3.3.1 Output: volume integral over space-time domain

The adjoint analysis of the two-phase flow equations assumes the following volume

integrated output functional,

J:/Qg(u) ). (3.71)

The extension of this analysis to boundary integral outputs follows the procedure
described in Section 3.1.1 for the Buckley-Leverett equation. As before, the adjoint
derivation considers infinitesimal perturbations to the solution, du, and equates the

linearized weak form to the linearized output,

/Q " (V- 0F - 6Q) d0 = /Q 5g dS), (3.72)

where the adjoint vector ¥ = (1), ¢n)T contains the adjoint solutions for the wetting
and non-wetting phase equations respectively. Expanding out the terms of each phase

equation yields,

/wa (V- 6F, - 6Q.) d + /an (V -6, - 5Q,) d2 = /Q(sg Q. (3.73)

Performing integration by parts and substituting in the flux definitions, the integrand

of the volume integral is given by,
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— (Yw)t 6 (puwdS) (3.74)

(
— U 0(puwlw) — Un 0(pngn) = 0g.

Further use of integration by parts and the chain rule produces the following form of

the volume integrand where only variations of p and S appear,

— (w)t (Pl + puwd')Sp + pu @S] (3.75)
— (W)t (@ + pn¢) (1 — S)p — padS]

+ (Yw)e [P K Awpsdp + PN, p20S]

+ (Un ) (PRI An) (P + 7S2)p)]

+ (Vn)z [(0n KN, (P2 + 752)05]

+ (Vn)a [P KA S0 S]

— Y (P @w + P, )P + Puus OS]

— Vu [(PnGn + Pndn,)0p + Prlns05]

— [P K\ (V)2 Op

— [P KA (¥n)a]w Op ~ [P KAy (¥n) 2]z 0S = g,0p + 9505,

where qu, = G, qus = G tn, = G tns = G 9p = 55 and gs = 5.

Grouping together terms that multiply dp and noting that Eq. (3.75) holds for any
dp, yields the first adjoint equation, given in Eq. (3.76). Repeating the process for
terms multiplying 65 yields the second adjoint equation, given in Eq. (3.77).
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— (Yw)t - (0@ + pud)S (3.76)

- [pr)\w(@bw)z}x - [anAn(¢n)z]m

— Y (PG + Puwlw,) — Un - (P + Puln,) = Gp

= (Yw)t - (Pu?) (3.77)
= (¥n)e - (=pnd)

+ (Yw)s - (P N,ypa)

+ (Un)a - [(pn KN, ) (D2 + 7S2) + pn NS, ]

= [P Ay (V)

— Yy - (prws) — Yp - (anns) = gs

Next, the boundary conditions of the adjoint problem are derived by collecting the
boundary integral terms from Eq. (3.72), and accounting for the integration by parts

that led to Eq. (3.76) and (3.77). Specifically, the boundary integrals at ¢t = T are

[ e T 60 + )81 6 (.79
b [l T + pud) 1~ 8)]6p

4 [ e T)0u0) + il T (=pud)] 58 i =0

Requiring Eq. (3.78) to hold for any dp and 0.5 gives the following conditions on the

adjoint variables,

Uu (@, T)(P® + pud)S + ¥n(, T)(pno + pnd') (1 = 5) = 0, (3.79)
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and,

Similarly, isolating the boundary integrals for the right boundary gives,

T

| 0B ety = B NP+ 7200 6 (381)
T

[ oK Nu(@n)a + puK (). 3p
T

+ / _prA, pxww]

+ / —(pn KN, (D2 + ¥S2) + pu KAy Se)hn] 65

+ /0 [Pn KAy (Yn)] 05
T

+ /0 [_prAw¢w - an)\nwn] 5px

T
+ / [_anAn’ﬂDn] 05, = 0.
0

Inspecting the integrands in Eq. (3.81), and accounting for the nature of the im-
posed primal boundary conditions yields the adjoint boundary conditions at the right
boundary. For example, if the primal problem imposes Dirichlet boundary conditions
for pressure and saturation at the right boundary, then dp(L,t) = 6S(L,t) = 0, and
therefore the adjoint solutions would only need to satisfy the conditions corresponding

to the dp, and 65, terms. Specifically,

P A (L, ) + pu K Antbn (L, ) = 0, (3.82)
P (L, ) = 0. (3.83)

Assuming v # 0, the two conditions above reduce to ¥, (L,t) = ¥,(L,t) = 0. Iso-
lating the boundary integrals for the left boundary produces an equation similar to
Eq. (3.81), from which the adjoint boundary conditions can be determined in an anal-
ogous manner to the right boundary. As before, the primal initial condition eliminates

the need for an adjoint boundary condition at ¢t = 0.
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3.3.2 Relationship with Buckley-Leverett

It is possible to reduce the two-phase flow equations presented in Eq. (3.66) and (3.67)
to the Buckley-Leverett equation given in Eq. (3.41) by assuming incompressibility
(i.e. pl, = pl, = ¢’ = 0), zero capillary pressure (i.e. v = 0), and the absence of source
terms (¢, = ¢, = 0). Under these assumptions, the primal equations in Eq. (3.66)
and (3.67) reduce to,

Taking the sum of Eq. (3.84) and (3.85) produces an elliptic pressure equation,

— (K (A + )‘n)pm)x = 0. (3.86)

The Buckley-Leverett equation is a combination of the wetting-phase saturation equa-
tion (Eq. (3.84)) and the pressure equation (Eq. (3.86)). Integrating Eq. (3.86) in
space shows that —K (A, + \,)p. is equal to a constant (namely, the total velocity
ur), thereby allowing the spatial flux in Eq. (3.84) to be written as,

A
—KA\ype = — = w(9), 3.87
Pe = Ur ur fu(S) (3.87)
where the last equality uses the definition of the wetting phase fractional flow func-

tion, f,(S) = )\w)\‘t})\n' Using Eq. (3.87) in Eq. (3.84) yields the Buckley-Leverett

equation given in Eq. (3.41).
Eq. (3.84) and (3.86) are written in the space-time formulation as,
V- F(4,Va) =0, (3.88)

where @ = (p, S)T, and,
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- FBL _K)\wpa: ¢S
F= - , . (3.89)
F, —K(Aw + A\n)pa 0

As before, the adjoint problem for this new, but equivalent, set of primal equations

is obtained by equating the linearized weak form to the linearized output,

/Q Vi (V : 613:&) dQ + /Q " <v - 51331,) 0 = /Q 5g dQ, (3.90)

where the new adjoint vector 1ﬁ = [¢YBrL, wp]T contains the adjoint solutions for the

Buckley-Leverett and pressure equations respectively.

The relationship between 172 and 1) is obtained by via the analysis presented in
Appendix D, which derives a simple relationship between the adjoint solutions of two
equivalent sets of primal equations that are linear combinations of each other. Fol-
lowing the definitions given in Appendix D, the transformation matrix H from the
wetting-nonwetting primal equations to the Buckley-Leverett-pressure primal equa-

tions is,
H-= . (3.91)

Eq. (D.16) states that 1,5 = H T4, which when applied to this particular problem

gives,

wBL waw - pnwn
= . (3.92)

77ij pn¢n

The ability to derive analytical solutions for )5, makes the above relationship useful
for verifying numerical adjoint solutions of the two-phase flow equations, which do

not have analytical solutions in general.
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3.3.3 Numerical results

The space-time DG finite element method described in Chapter 2 is used to compute
the adjoint solutions of a two-phase flow problem that is consistent with the Buckley-
Leverett problem defined in Eq. (3.41) - (3.43). This requires setting Dirichlet BCs
for saturation S along the ¢t = 0, x = 0 and * = L boundaries. The pressure p
requires a Neumann BC at the x = 0 boundary, and Dirichlet BCs at the t = 0 and
x = L boundaries. The pressure gradient used for the Neumann BC is calculated from
Eq. (3.87), to be consistent with the Dirichlet saturation condition given by Eq. (3.43)
on the x = 0 boundary. No boundary conditions are imposed at the ¢ = T" boundary,
where all fluxes are evaluated from the states in the interior of the domain. The
problem is incompressible and contains no source terms. However, a small amount
of capillary pressure (7 = 0.1) is required to stabilize oscillations that occur at the
shock due to the Gibbs’ phenomenon. Although this is a slight deviation from the
Buckley-Leverett problem, which assumes zero capillary effects, it has no discernible
impact on the numerical solutions.

Figures 3-11 and 3-12 show contour plots of the two-phase flow adjoint solutions,
1, and 1, respectively, obtained using a second-order space-time DG finite element
method with approximately 750,000 degrees of freedom per state variable. Figure
3-13 shows a plot of ¥gr, computed using 1, and v, according to the first equation
in Eq. (3.92). Visually comparing Figure 3-13 with Figure 3-8 demonstrates that
¥pr, agrees well with the adjoint solution of the Buckley-Leverett equation. However,
in order to make a more formal comparison, profiles of ¥y at different times are
compared with the analytical Buckley-Leverett adjoint derived in Section 3.2.2, as
shown in Figure 3-14. The near-perfect agreement between the two solutions except in

the vicinity of the shocks provides a satisfactory numerical confirmation of Eq. (3.92).
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Figure 3-11: Numerical adjoint solution ,, for output J from a second-order space-
time DG method with 750,000 DOF per state variable.
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Figure 3-12: Numerical adjoint solution 1), for output J from a second-order space-
time DG method with 750,000 DOF per state variable.

78



30

__NNNNNRRER

Adjoint - psi_BL: 0 40 80 120 160

t - days

|—|—r||||\|

L
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Figure 3-14: Comparison of ¢ g, with the exact Buckley-Leverett adjoint at different
times.
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3.4 Summary

This chapter presented a derivation of the adjoint equation and boundary conditions
for a scalar conservation law containing a shock, for two different output function-
als: one involving a spatial integral and the other involving a space-time integral of
solution dependent quantities. The results were specialized to the Buckley-Leverett
problem, where attention to the combined rarefaction-shock wave behavior of the
equations was essential to produce the correct analytical solution. In contrast to the
behavior of equations with convex flux functions, such as the Burgers’ equation, where
the adjoint is continuous across a shock, the Buckley-Leverett equation is found to
admit a discontinuous jump in adjoint value across a shock.

The adjoint equations for the compressible two-phase flow equations in mass con-
servation form were also presented, including a relationship between the adjoint so-
lutions of the two-phase flow and Buckley-Leverett problems under appropriate as-
sumptions. Numerical results from the space-time DG method were observed to be

in good agreement with the derived analytical solutions.
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Chapter 4

Upwinding the two-phase flow

equations

It is well known that the incompressible two-phase flow equations possess a hyperbolic-
elliptic nature due to the presence of an underlying elliptic pressure equation and a
hyperbolic (or near-hyperbolic) saturation transport equation. Under assumptions of
zero capillary pressure and one dimensional flow, this saturation equation reduces to
the well-known Buckley-Leverett equation. This relationship was used in the previ-
ous chapter to derive a relationship between the adjoint solutions of the two-phase
flow and Buckley-Leverett equations. However, if the two-phase flow equations are
expressed in mass conservation form, as is done in most industrial practices, the equa-
tions “appear” as a pair of coupled parabolic equations, effectively concealing their
hyperbolic nature. Consider the two-phase flow equations given in mass conserva-
tion form below for the wetting (w) and non-wetting (n) phases, with the primary
unknowns being the non-wetting phase pressure p,, and the wetting-phase saturation

S,

0
a (pw¢Sw) -V (pw/\wKVpn - pw)\prcsvsw) - 07 (41)

gt (pnd(1 = Su)) = V + (paXKVp,) =0, (4.2)
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where p,, p, are the phase densities, \,(Sy,) = IZ‘w,/\n(Sw) = % are the relative

phase mobilities, ¢ is the rock porosity, K is the absolute rock permeability tensor,

and p., = jé’; where p.(S,,) is the capillary pressure. The work in this thesis neglects

gravitational effects, but they can be easily incorporated if needed by replacing the
phase pressures with phase potentials that include the hydrostatic pressure. If the
spatial fluxes inside the divergence operators in Eqs. 4.1 - 4.2 are interpreted as
diffusive fluxes and discretized using a standard DG method such as the BR2 method
given in Eq. 2.13, it results in a centered discretization of the spatial operators.
However, a centered discretization of an advection-dominant problem is known to
cause oscillations and instabilities. This therefore suggests that the DG discretization
of the spatial operators in Eqs. 4.1 - 4.2 requires some modification, typically an

upwinding bias, in order to be stable in the advection-dominant limit.

This chapter presents the derivation of such a modification to the BR2 scheme,
obtained via a linearized analysis of the two-phase flow equations in both continuous
and discrete settings. The various steps of the analysis are summarized in Figure 4-
1, where the blue blocks represent the continuous equations, yellow blocks represent
the standard DG weak form equations that result in centered discretizations, and
the green blocks represent modified DG weak form equations where the saturation
behavior has been correctly upwinded. The analysis first linearizes the continuous
two-phase flow equations in mass conservation form and then manipulates them into
a linearized pressure-saturation form (bottom-left block). This is then discretized
using the DG method to obtain a centered discretization for the linearized pressure
equation, and an appropriately upwinded discretization for the linearized saturation
equation (bottom-right block). The desired modification terms to the DG weak form
(dashed arrow) are designed such that a similar linearization of the final modified DG
discretization (top-right block) would produce the same discrete linearized pressure-

saturation form.

Although the analysis is performed using the BR2 scheme, it is expected that
the resulting modifications to the discretization will be equally applicable to other

centered DG diffusive flux discretizations such as the local discontinuous Galerkin
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method (LDG) [42], compact discontinuous Galerkin method (CDG) [117] and the
interior penalty Galerkin methods (SIPG, IIPG).

Continuous Standard DG Upwinded DG
. discretize Discrete modify Upwinded discrete
Mass conservation . [T .
mass conservation mass conservation
linearize linearize linearize
. . . . . . . : Upwinded
Linearized discretize | Discrete linearized modify . ® . .
. ) discrete linearized
mass conservation mass conservation .
mass conservation
weighted weighted
sum /diff sum /diff
Linearized 1 discretize ( Discrete linearized

pressure—saturatlonJ centered pressure, upwinded saturation L pressure-saturation

Figure 4-1: Outline of linearized analysis for deriving upwinding modifications

4.1 Continuous linearized analysis

Consider a solution that is expressed as a perturbation about some mean pressure

and saturation distribution,

Pu(T,1) :ﬁn<fat) +p/rz(f7t)v (43)

Su(Z,1) = Su(@,t) + S. (1), (4.4)

where the mean solutions p, and S, satisfy Eqs. 4.1 - 4.2. Substituting the above
perturbed solutions into Eqs. 4.1 - 4.2, canceling out the mean flow terms, and ig-

noring products of perturbations yields the linearized incompressible two-phase flow
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equations,

a8, 5 KV Nosfon + Ao 5
pwgb ot +V. (_pw/\wsKvpn S{u + Pw (Awspcs + /\wpcss) KVS, S{U) (45)
—-V (pwj‘wKVp:z - pw;‘wKﬁCSVS{”) =0,
aS;U N — / \ /
PtV (=P K VB, S,) = V- (0 A KVH,) =0, (4.6)
_ a 2
Whel"e AO&S - % S,w) pcg - ;g: §w7 and pCSS = (jiSI%f S’w

Taking the weighted sum of the linearized equations, p, X (Eq. 4.5)4p,, X (Eq. 4.6),

yields an elliptic “pressure” equation,

V- (_pwpn (st + 5\”3) KVp, S:u + PwPn (;\wsﬁcs + ;\wﬁcss) Kvgw S:u)
-V (pwpn (/_\w + S\n) KVp, — pwpnwaﬁcSVS{U) =0. (4.7)

Similarly, taking the weighted difference of the linearized equations, p,A, x (Eq. 4.5)—

Puww X (Eq. 4.6), yields a parabolic “saturation” equation,

pupn (M + ) ¢a§t{”

+9 (= pupn (Cushn = Mdng ) KV, = (Mughabes + Mwdnboss ) KVSw) S,)
~V - (= pupnduAnPes KV S, ) = 0.
(4.8)

The saturation equation above may be written in the form of the unsteady advection-
diffusion PDE;,
oS!

S84V (&s;u - Dvs;,) —0, (4.9)

where the advection velocity V' and the diffusion coefficient D are given by,

- A — A\
Vo= _Luwsln CWMSEGh 4
Cwt A

Mg AnPes + A

npcss o
cs T 7 KVS,, 4.10
P(Aw + An) (410)
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D= ~wrnres (4.11)

Note that the saturation equation reduces to a purely hyperbolic PDE when there
are no capillary effects (p. = 0).

4.2 Discrete linearized analysis

Consider the following discontinuous Galerkin weak form for the incompressible two-
phase flow equations in Eqgs. 4.1 - 4.2, with additional stabilization terms g, and
gn that are yet to be determined. The DG method seeks a discrete solution uy,, =

[Pn, Sw] € Vi, that satisfies,

Z /vagzﬁa;:) dQ) + Z /VU (PwAo K VDy — puAupe KV S,) d

k€T 7 F KETy 71
= 3 [T (oK (Tp+ g7, ([p1)} T

el
= 32 Il (prne K (TS0 4 07 (1SLD)} T
—%j] /f {[pudKTV0} - [p,] dl“—f;[ /f [ puropesKTV0} - [S,] dT

+3 /fgw(vi,u;p,vu;p;ﬁﬂ dr =0,

fery

Yu € lﬁhp, (4.12)

98,
> [—vpo St a2+ Y [ Vo (puAKVp,) dQ

wE€Th KETR "

= 3 [ 1) Ap MK (4, ([pul)} T

fery

-y /f{pn)\nKTVv} [pn] dU

fery

+ 3 /fgn(vi,uip,Vuip;ﬁJ“) dl’ = 0,

fery

Yv € lﬁhp. (4.13)
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All of the spatial flux terms in Eqs. 4.12 - 4.13, except for the g, and g, terms, are
obtained by expanding the BR2 operator given in Eq. 2.13 for the wetting and non-
wetting equations separately, and ignoring the boundary terms for simplicity. The
lifting operators for the primary variables p, and S, are represented by 7, and s

respectively.

As done previously for the continuous case, the DG weak form given by Eqs. 4.12
- 4.13 is then linearized about the mean pressure and saturation solution, yielding

the linearized weak form of the incompressible two-phase flow equations,

> / v,oquas i+ Y / Vo (puhosKVP,S,, + puhKVH,) d2
KETH KETH
+y / V0 (= puusBos + Aabese KVE0S — putafe KVS.) dS2
KEThH
-y / [0] - {urus KPS, + puda (Vo + g, (I,])) } dr
fery
= 2 [ {=pu sy + Ao, JKYS,S, ) I
fery
= [ 1 {=pudu K (VS g ([SLD)} dr
ferr
- Z/ puhKTV0} - [p] dT — Z/ —putube KV} [S,] dT
ferr fery
—l—Z/gwdF—O Vv € Vi p,
ferr
(4.14)
and,
3 / —up, (M KBS, + pu MKV, d0
KETH KETH
- / [0] - {purnc KBS, + pudaK (Vi + 7, ([p])) dT

fery

- Z/ P K VU} [pl] dr

fery

—l—Z/gndF—O Yo € Vi,

fery

(4.15)
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where it is assumed that [p,] = [S.] = 7 ([Bn]) = 7s([Sw]) = 0. Note that
Eqgs. 4.14 - 4.15 are also equivalent to the weak form obtained by discretizing the
linearized two-phase flow equations directly (discretize-then-linearize is equivalent to

linearize-then-discretize).

Taking the weighted sum of the linearized weak form equations, p, x (Eq. 4.14) +

pw X (Eq. 4.15), gives the discrete weak form of the “pressure” equation,

3 / V0 pupn (s + s KV, + (A + XKV, d2
KET 7 F
+3 / V0 - pupa (~CusPes + Mobess KV SuS, — XupoKVS,,) d0

KETH

ferr

- / [0] - {pupn (Vs + MK (Y, + 175} dT

fery

)

)
-2 / [] - { pupn (Vs + Ans) KV, S, } dT

j

o}

- / [] - { =pupn(MusPes + Aubess KV S, S,

fery

o Z / [[U]] pwpn wpcs (VS;U‘F?HFIS)} dl’

ferr

. Z/ pupn(u+ M)KTV0) - [pl] dT

fery

- Z/ pwpn)‘wpcsKTVU} [S.] dr

fery

+Z/pngw+pwgndf—0 Yo € Vi

fery

(4.16)

Similarly, the weighted difference of the linearized weak form equations, p,\, X

(Eq. 4.14) — puAy x (Eq. 4.15), gives the discrete weak form of the “saturation”

equation,
08!
> /vapn¢(>\ + )2 dS
KET ot
+ 3 [ V0 pupn (Musha = Moo ) KV5,S, 492

keTp O F
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+y / V0 - pupa (~Cushabies + Mdabose KVS,5,,) €

KETH T

+ 3 / V- pupn (~MAabes KVS,)

KETH

fers

2)
-2 /ﬂv]] pupn (Aushn = Mudns ) KVD,S,, | dT
o}

-y / Hv]] pwpn()\ws)\npcs + AodnPess ) KVS, S, L dl

fery

- Z /[[U]] pwpnj‘wj\npcsK (stiu—f_nffg)} dl’

fery

- Z/ — PP )\npcSKTVv} [S.] dr

fery

+ 3 /pn e = pudeds AT =0, Yo € Vi,

fery

(4.17)

4.3 Modification to discretization

The goal of this analysis is to find the appropriate stabilization terms, ¢, and g,,
such that the linearized weak forms for the pressure and saturation equations given
by Eq. 4.16 and Eq. 4.17 are consistent with the standard DG discretizations of the
elliptic pressure equation in Eq. 4.7 and the advection-diffusion equation for saturation

in Eq. 4.8 respectively.

All of the terms in Eq. 4.16, except for the last integral involving g/, and ¢/,, are
consistent with a centered (BR2) DG discretization of the elliptic pressure equation
in Eq. 4.7. Assuming that a centered discretization is desired for the purely elliptic
pressure equation, this implies that the last integral in Eq. 4.16 should be zero,

producing the condition,

Next, consider the DG discretization of the linearized saturation equation in

88



Eq. 4.9,

> v aS/ -y [Vv-VS, e+ Y [Vo-DVS, a0

k€ThH kE€ThH kETH

—I—Z/[[v]] £ dr

fery

- / [v] - {D (VS +ny7%)} dI - Z/ {D'Vo}-[s,] dr =0,  (4.19)

fery fery

where the numerical flux F/(S%, S’ 7t) is the exact upwind (Godunov) flux given

w I Mw
by,

V.at|[s]. (4.20)

= = 1
P {vs;u}+2

Multiplying Eq. 4.19 by puwpn®(Aw+An) and comparing the result with Eq. 4.17 shows

that the following condition needs to be satisfied on each face f € I'; in order for the

two equations to match each other,

/fpwpnqb(/\w + ) [v] - F dl = —/ ﬂv]] . pwpn (;\ws;\n — ;\wj\ns) KVﬁnS:U} dr
- / [0 - {~pupn Vs abes + Modubess KVS, 5L} dT

+ / PrdnGy — Purwdl dT. (4.21)
!

Substituting the expression for F and canceling the average fluxes on both sides

yields,

/ [o] - pw,om + ) |V — pudugl dD. (4.22)

Substituting the constraint in Eq. 4.18 into the right-hand side of the equation above

and simplifying gives,

1 -
! dT = /fv - P ‘V-ﬁ*
/fg fQ[[]]pcb

[S.] dr, (4.23)
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(4.24)

/g%d
f

Therefore, under the assumption of [[Sw]] = 0, the nonlinear form of the stabilization

terms required for upwinding can be inferred as,

1 -
/f o dT = /f 5[] Cului, Vi i) [Su] dT, (4.25)

1 .
/f g dl = — /f 5[] - Cului, Vi ;%) [Su] dr, (4.26)

where Ca(uip, Vuip; nt) is given by,

)\w )\n - )\w)\n — —
C, = max (’—pa< 5 S)K(Vpn—i-rp)-nJr

Uh,pe{u;p,u;_p} )\w + >\n

+ pa (AwSAanS + Aw)\anSS

K Fg) -t
IS ) (VSw + 7“5) n

) . (4.27)

for € {w,n}. The addition of the stabilization terms g,, and g, modifies the BR2

operator for diffusive fluxes given in Eq. 2.13 as follows,

Rﬁi’g'upwmd(u; V)= %‘E wv)+ Y / vE,u®, Vutat) dr (4.28)

fery
where g = [gu, gu]”. For the rest of this thesis, the DG discretization of two-phase flow
equations use the upwinded diffusion operator above, instead of the standard BR2
operator. Although the upwinding terms g, and g, were derived under assumptions
of incompressibility, they are also successfully used for slightly compressible flows

later in this thesis.
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4.4 Numerical results

The semi-discrete form of the DG discretization of a linear PDE can be expressed

compactly using the following system of ODEs,
Mu + Au = b, (4.29)

where u(t) is the discrete solution vector and the matrices M and A are formed from
the temporal and spatial parts of the DG weak form respectively. The right-hand side
vector b usually contains forcing function and boundary condition data. Substituting
a perturbed solution u(¢) = u(t)+u’(t) into the equation above and simplifying shows

that the perturbations need to satisfy the following homogeneous equation,
Mu' + Au’' = 0. (4.30)

Solving this system of ODEs shows that the evolution of the perturbations, u'(t), is
given by,

u'(t) =D aje, (4.31)

where w; and @ are the generalized eigenvalues and eigenvectors, respectively, of the

following generalized eigenvalue problem,
Al = —wMi'. (4.32)

In this section, the stability of the DG discretization of the linearized equations
(Egs. 4.14 - 4.15) is evaluated numerically by forming the M and A matrices, and

checking if the real components of the generalized eigenvalues w are non-positive.

Consider a 1D incompressible two-phase flow problem in the domain x € [0, 100],

with the following flow parameters,

pw = 62.4 1b/ft* pn = 52.1 1b/ft?,
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¢ —=0.3, K — 2001 mD,
kT’w(Sw) = Sgn krn(Sw) - (1 - Sw>27

/’L'UJ:1CP7 /l/n:2CP

Capillary effects are ignored in this problem (i.e. p. = 0) in order to test for the
worst-case of a purely hyperbolic saturation equation. The mean solution about
which the two-phase flow equations are linearized is chosen to be a linear pressure and
constant saturation solution, which satisfies the nonlinear two-phase flow equations.
The DG weak form given in Eqs. 4.14 - 4.15 is then used to discretize the linearized
problem with the above parameters, on a 1D grid with 100 uniformly sized elements.
Figure 4-2 shows the generalized eigenvalues obtained from a piecewise constant (PO0)
DG discretization of the linearized two-phase flow equations with periodic boundary
conditions, for two different mean solutions. The black circles, which represent the
eigenvalues of the standard BR2 discretization without the upwinding modification,
lie on the imaginary axis showing that the system is only neutrally stable. This is
similar to the result obtained when a linear advection equation is discretized with
a central difference scheme. However, with the addition of the linearized upwinding
terms ¢, and g/, given in Eqgs. 4.23 - 4.24, the generalized eigenvalues move off the
imaginary axis to form a circle in the stable left-half of the plane, as shown by the blue
crosses. Figure 4-3 shows the results for a piecewise linear (P1) DG discretization,
where the upwinding terms stabilize the system in a similar manner. Note that the
figures only show the finite eigenvalues corresponding to the saturation equation, since

the eigenvalues of the elliptic pressure equation do not exist.

The effect of the nonlinear upwinding terms g, and g, (Eqgs. 4.25 - 4.26) on
the DG discretization of the nonlinear two-phase equations is investigated below,
using the same test problem given above. Let J(uy,) be the Jacobian matrix that
arises from the DG discretization of the nonlinear two-phase equations (Eqs. 4.12
- 4.13), when evaluated about a discrete solution uy,. Further, let J;(uy,) and
J.(ay,) be the temporal and spatial contributions to the Jacobian matrix, such that

J(up,) = Ji(an,y) + Jo(up,). Then, if the discrete solution uy, ), is equal to the mean
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Figure 4-2: Generalized eigenvalues of a DG PO discretization of the linearized two-
phase equations with periodic BCs, for different mean solutions
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Figure 4-3: Generalized eigenvalues of a DG P1 discretization of the linearized two-
phase equations with periodic BCs, for different mean solutions

solution about which the continuous equations are linearized (i.e. Uy, = [pn,

Sw)), it

is expected that the generalized eigenvalues of the problem [J, 0’ = —wJ, @] will be

equal to those obtained for the linearized two-phase flow equations.
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In order to test this, the J; and J, matrices from a P1 DG discretization of the
nonlinear equations are evaluated at a discrete solution that is an L2-projection of
the mean solution onto V;,. A P1 DG discretization is used since a linear pressure
and constant saturation solution can be represented exactly in the P1 discrete space.
Figure 4-4 shows the generalized eigenvalues obtained from a P1 discretization of the
linearized two-phase equations with Dirichlet BCs for p/, at both boundaries, and
a Dirichlet BC for 5], at the left boundary. The addition of Dirichlet BCs shifts
the eigenvalues of the upwinded cases away from the origin. Figure 4-5 shows the
generalized eigenvalues obtained from a P1 discretization of the nonlinear two-phase
flow equations, where the Jacobian matrices are evaluated at the same mean solution.
The similarity of the eigenvalues in Figures 4-4 and 4-5 confirms that the discretization

of the nonlinear upwinding terms g, and g, behave as expected when linearized.

94



Im(w)

T T T T T T

o Without upwinding] o Without upwinding

= With upwinding = With upwinding
1 = 4 |- xxx 4
of | 3 : x f
Atk i L % 4
2F ] L x"xxxx 1
3 . . . . . . . . . . . |

5 4 -3 2 1 0 5 4 -3 2 1 0
Re(w) Re(w)
dpn _ - dpn _ Q

Figure 4-4: Generalized eigenvalues of a DG P1 discretization of the linearized two-
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Chapter 5

A distributed bottom-hole pressure

well model

This chapter presents a new bottom-hole pressure well model for reservoir simulation.
In contrast to Peaceman-type well models, the proposed well model relates the vol-
umetric flow rate and the bottom-hole pressure of the well to the reservoir pressure
through a distributed source term. The discretization-independent formulation of this
well model makes it readily applicable to finite element discretizations on arbitrarily
unstructured meshes, and hence serves as a key component of the adaptive space-time

DG framework developed in this thesis.

5.1 Review of Peaceman’s well model

The derivation of a mathematical well model is based on the assumption that the
flow is radial in the neighborhood of a well. In simplified scenarios, the flow can
then be described using analytic equations. In particular, the rest of this section
assumes a single-phase, incompressible, steady-state flow in a homogeneous, isotropic
reservoir. Peaceman’s model [113] represents the well as a single line source which,

without loss of generality, is located at the origin and aligned with the z-axis. The
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mass conservation equation for this flow in cylindrical coordinates is given by,

V- (pi(r)) = pQined (r), (5.1)

where p is the fluid density, @(r) is the fluid velocity, Q. = @/L, is the strength
of the line source, and §(r) is the Dirac delta function. @) represents the volumetric
flow rate of the well, and L, is the constant depth of the reservoir. Darcy’s law for a

homogeneous, isotropic reservoir without the gravity terms is given by,
ﬁ(?") - _7Kvp = —— €, (52)
r

where K = KT is the isotropic absolute permeability tensor, u is the constant fluid
viscosity, p(r) is the fluid pressure, and €, is the unit radial vector. Integrating Eq. 5.1
over a small cylindrical volume enclosing the origin and applying the divergence the-

orem Yyields,

L, 2 L, 2w prr
/ pu - €. rdf dz = / / / PQiined (1) T dr df dz,
0 o Jo Jo

0

— — Q
€ = . 5.3
we 2nL,r (5:3)
Substituting the Darcy velocity from Eq. 5.2 into the above equation gives,
d
b ___n @ (5.4)

dr — 2nKL, 71’

which can then be integrated radially from the well-bore radius 7, to some radial
distance r, to produce the following analytic expression for the fluid pressure at a

radial distance 7,

panalytic(r) = p(rw) - QWlL[?L In (:) . (55)

Peaceman then uses the above expression to obtain a relationship between the flowing

bottom-hole pressure of the well and the pressure calculated for the cell that contains
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the well using a finite volume discretization. The application of a two-point flux
approximation (TPFA) finite volume scheme to the single-phase pressure equation on

a structured 2D grid with uniform grid spacing h yields,

pK L,

(4pi,j —Di-1,5 — Pi+1,5 — Dij—1 — pi,j+1> = pQ, (5-6)

where p; ; is the pressure value in the cell containing the well. Due to the symmetry
of the pressure field around the well cell (i.e. p;_1; = piv1; = Dij—1 = Pij+1), the

above equation simplifies to,

AKL,

(Pij — Pir1j) = Q. (5.7)

If it is assumed that the pressure in the adjacent cells is computed accurately according

to Eq. 5.5, it follows that,

pQ h
Dit1,5 = panalytic(h) = Pwf — o KL In <7’> ) (58)

where p,,r = p(r,) is referred to as the bottom-hole pressure. Substituting the above

equation in Eq. 5.7 gives,

I
P = puy no <> L _hQ

oKL, \ry AKL.'
_ A T LU
“Per T oK L, . Tw 2/’
jue; ( Te )
— Dy — In(-% .
Por = orkr. U \r, ) (5:9)

where 7, is the equivalent well radius defined as,
re = e ™2h ~ 0.20788h. (5.10)

Comparing Eq. 5.5 with the right-hand side of Eq. 5.9 shows that the equivalent well
radius is the radius at which the steady state flowing pressure for the actual well,

Panalytic(Te), 1S equal to the numerically computed pressure for the well cell, p; ;. If the
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bottom-hole pressure is known, Eq. 5.9 can be inverted to produce Peaceman’s well

model for the unknown volumetric flow rate as follows,
2rK L,
pln (32)

It’s worth noting that although the definition of r. given in Eq. 5.10 is widely used

Q= (Pij = Puy) (5.11)

in many textbooks, papers and numerical simulators, it is still an approximation
since Eq. 5.8 is largely an assumption. In [114], Peaceman provides the following
alternate expression for the equivalent well radius r., which is derived by analyzing
the pressure distribution for a TPFA finite volume method on an infinite grid using

Fourier analysis,

6_7

2V2

Te =

h ~ 0.19851h, (5.12)

where v = 0.577215... is the Euler-Mascheroni constant. In addition to the r, defini-
tions given by Eqgs. 5.10 and 5.12, the rule of thumb r. = 0.2h is also prevalent in the

literature.

The effect of these slightly different r. definitions on the accuracy of Peaceman’s
well model is investigated below. The steady single-phase pressure equation used in
Peaceman’s analysis is discretized using a finite volume scheme with a two-point flux
approximation on a square grid with uniform spacing. The isotropic permeability is
specified to be K = 200 mD and the fluid viscosity i = 1 ¢P. A single production well
is located at the origin of a square domain €2y = [—L, L] x [-L, L], where L = 1000 ft.
The bottom-hole pressure and the well-bore radius of the well is set to p,, s = 2000 psi
and r,, = 2 inches respectively. Dirichlet boundary conditions are imposed on all four
boundaries of the domain, where the pressure is set according to the analytic solution
Panalytic(7) given by Eq. 5.5, for a specified “true” flow rate Q@ = —1000 ft*/day.
The well is then modeled using Peaceman’s well model with the three different r,
definitions, and the accuracy of each case is evaluated based on how well the predicted

flow rate (), converges to the true flow rate ) with grid refinement. The results of
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this numerical investigation are given in Figure 5-1, which shows how the relative
error in the predicted flow rate behaves with the average mesh size h, for different

variations of Peaceman’s well model.

It is clearly visible from Figure 5-1 that the versions of Peaceman’s well model
with r, = 0.2h (solid blue line) and r, = e~™/2h (solid red line) are not consistent
with the analytic pressure profile given in Eq. 5.5, since their flowrate errors do not
decrease with uniform mesh refinement. However, the Peaceman well model using

¢ _h (solid black line) yields a second-order convergence to the true value.

Te = 573
These results present clear evidence to the fact that the definition of the equivalent

well radius r. has a profound impact on the error convergence behavior of Peaceman’s
well model, and that the r, definition in Eq. 5.12 should be used instead of the other

approximations when a TPFA finite volume method is applied.

Flow-rate error - logy, (Q’};Q)

5+ i
-7 F i
—o—Peaceman with r, = 0.2h
—&—Peaceman with r, = e~ ™/2h
8 . _ e -
—»—Peaceman with r, = mh
1 | I ‘
0 0.5 1 15 2

logo(h = 2L/\/N)

Figure 5-1: Flow rate error convergence for Peaceman’s well model with different r,

definitions
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5.1.1 Extensions to anisotropic media and rectangular meshes

Peaceman’s well model has also been extended to the case of diagonally anisotropic
permeability tensors and rectangular meshes [114]. The equivalent form of Eq. 5.5

for this general case is given by,

pQ <f>
Panalytic\T, Y) = Pw - —————In(— s 5.13
el ) = Pus = o kuckyy L. \Tu (5:13)
where,
) by \® o, (Fe)\®
= — — 5.14
' (kml"> ! +<kyy> v ( )
and,

1 kN T (k)
" 2Tw ((kwaﬂ> " <kyy> ) ’ (5 5)

where k,, and k,, are the horizontal components of the diagonal permeability tensor
K = diag(kys, kyy, k.2). The \/kyk,, factor in Eq. 5.13 is a result of the coordinate
transformation: 2’ = (ky,/ ko)1 and yf = (kpo/ l{:yy)iy. Similarly, the general form

of Eq. 5.9 is given by,

jue; <n>
Pij =Puwf — —F——In|(—], (5.16)
S o AR

where the definition of the equivalent radius r, is generalized to,

1/2
e (ke han)' 7 12+ (i) 1)

2 (kyy/k$$)1/4 + (k$$/kyy)1/4

, (5.17)

where h, and h, are the grid spacings in the x and y directions respectively. The
reader is referred to [114] for a more detailed derivation. All subsequent numerical
results obtained using Peaceman’s well model in this chapter use the general model

given above in Eqgs. 5.16 and 5.17.
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Although Peaceman’s well model was originally derived for finite difference or
TPFA finite volume discretizations on uniform rectangular meshes [114], it is be-
ing widely applied by the reservoir simulation community on increasingly complex
configurations and meshes. Hence, it is desirable to study how deviations from a
uniform mesh affects the accuracy of Peaceman’s well model. Figure 5-3 contains the
results of a grid convergence study performed on the steady, isotropic single-phase
flow problem described earlier, using Peaceman’s well model (Egs. 5.16 and 5.17)
with the finite volume method on rectangular meshes. The solid black line represents
results obtained on uniform square meshes, whereas the solid blue, red and green
lines represent results on slightly non-uniform meshes where the node locations are

transformed using the exponential mapping given by,

ePlul _ 1

x(u; B) = sgn(u) (65 — ) L, Vu € [—1,1] (5.18)
oAbl _

i) =salo) (S5 weeloLy (5.19

where [ is a parameter that characterizes the nonlinearity of the transformation. In
the limit as § — 0, Egs. 5.18 and 5.19 reduce to the linear transformations = = ulL
and y = vL respectively. The non-uniform meshes are produced by first generating
uniform meshes in the u — v space, and then transforming the node coordinates to
the x — y space via the mappings given above, for a given value of 5. This nonlinear
transformation produces elements that grow in size away from the origin, as seen
by the 1D grid spacings given in Figure 5-2. The flow rate predictions on these
non-uniform meshes clearly show that Peaceman’s well model is unable to achieve
second-order convergence to the true value even with a very small deviation away
(i.e. f=0.01) from a uniformly spaced mesh. Larger [ values produce larger errors
in the predicted flow rate, thereby highlighting the adverse sensitivity of the well

model to the non-uniformity of the mesh.

Furthermore, it can be observed from Eq. 5.11 that Peaceman’s well model breaks
down when r, < r,. For the case of a square mesh with an isotropic reservoir, this

means that the local grid size h should be larger than about five times the well-bore
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Figure 5-2: Non-uniform grid spacings in 1D for = 0.01,0.1 and 1
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Figure 5-3: Flow rate error convergence for Peaceman’s well model with FV on uni-
form and non-uniform meshes

radius r,. Special care is required to ensure that this constraint is not violated on
hand designed grids, and especially when this well model is used with adaptive mesh

refinement algorithms, where there is lesser control over the size of individual grid

cells.
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5.2 Distributed well model

This section presents the derivation of an analytic expression for a source term that
models the behavior of a well which, unlike Peaceman’s model or its extensions, does
not inherently depend on the discretization or the mesh that is used to numerically
solve the pressure equation. As before, the analysis assumes a single-phase, incom-
pressible, steady-state flow in a homogeneous, isotropic reservoir. Without loss of
generality, the well is considered to be centered at the origin and aligned with the

z-axis. The mass conservation equation is given by,

V- (pi(r)) = pq(r), (5.20)

where p is the fluid density, «(r) is the fluid velocity, and ¢(r) is some source function
that models the volumetric flow rate per unit volume of the well. In contrast to
Peaceman’s well model, where ¢(r) is assumed to be a Dirac delta function, this
analysis allows the source term to take a much more general form. The goal of this
analysis is to find a particular form of the source term ¢(r) that possesses certain

desired characteristics and features.

5.2.1 Desired characteristics of a well model

This subsection provides a brief discussion of some characteristics that are deemed

desirable in a well model.

e Discretization agnostic:
The well model should be defined independently of the numerical method or
grid that is used to solve the problem. The source term ¢(r) should not have an
explicit dependence on the grid length scales, so as to avoid any model break-
down behaviors as in the case of Peaceman’s well model. Local grid length
scales may also be ambiguous for certain types of grid elements or unstructured

meshes, and are therefore best avoided.
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e Agreement with Peaceman:
The pressure profiles and flow rates produced by a new well model should agree
with the results produced by Peaceman’s well model for the same flow condi-
tions. Although the pressure behavior inside the active region of the well may
differ with Peaceman, a pressure probe located outside the modeled region of
the well should not be able to distinguish between Peaceman’s well model and
the new well model. The widespread use of Peaceman’s model and its validation
against decades of field data has made it a valuable benchmark for any new well

models.

e Well-behaved:
The source term ¢(r) should be well defined, and readily discretizable as a
volumetric source term in the governing PDE. Dirac delta functions and other
singular behaviors must be avoided. Furthermore, if the numerical method
uses an adaptive mesh refinement scheme, any large gradients in pressure near
the well center are likely to be detected by the algorithm, and would thereby
cause it to increase the mesh resolution inside and near the well to resolve those
pressure gradients. Therefore, it is desirable to have a model that is capable
of producing an analytic pressure profile that is smooth and benign inside the
modeled (active) region of the well, which would avoid such mesh refinement

behaviors.

e User controllable modeled region:
The user needs to be able to specify the size of the region modeled by the well
model. This size is typically governed by the extent to which the user desires
to “resolve” the near-well region through mesh refinement. Ideally, the size of
the modeled region of the well model should be independent of any grid length
scales, so that the user may decide the extent of modeled region based on geo-

logical or other physical data, and not based on the grid.
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e Smoothness:
When developing a well model that can also be used with high-order discretiza-
tions and mesh adaptation schemes, it is worth noting that the mesh refinement
behavior for high-order methods may be driven not only by discontinuities or
abrupt changes in solution value and gradients, but also in its higher deriva-
tives. Therefore, ideally, it is desirable to have a well model that can produce
infinitely smooth analytic pressure profiles in order to avoid unnecessary mesh
adaptation behaviors. However, if such a well model is unrealizable, it is still
preferable to be able to produce analytic pressure profiles of any specified finite

level of smoothness (i.e. C!,C?,C3,...).

5.2.2 Analytic equations

This analysis assumes a homogeneous, isotropic reservoir for which Darcy’s law is
given by Eq. 5.2. Substituting Darcy’s law into Eq. 5.20 yields the following relation-

ship between the pressure and the source term,

o) =214 (po> _ (5.21)

Integrating the above equation yields the pressure distribution,

p(r) = p(0) = 57 I /O ' fo)dr. (5.22)

where @Q(r) is the volumetric flow rate inside the region of radius r, defined as,

Q(r)=2rL, /Or q(r) r dr. (5.23)

The active region of the well is set by a user controllable radius R, which can be
much larger than the well-bore radius r,,. In order to produce a smooth and benign
pressure profile inside the active region of the well, as discussed in Section 5.2.1, the
logarithmic pressure profile present outside the well must ideally be smoothly driven

to a finite value at the origin (r = 0). Hence, the pressure profile inside the active
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region may be assumed to be of the following form,

P*(r) = puy +a(1+ fo — f(s)), SZ%SL (5.24)

where p,, ¢ is the bottom-hole pressure, and « is a free parameter. The “activation”
function f(s) satisfies f(0) =0 and f(1) = 1, such that the pressure at radius r = R
is equal to p, s +a fo by design, where fj is a constant parameter that accounts for the
fact that the well is active over a larger radius than r,. If R = r,, then fy = 0. The
exact form of f(s) and the value of f; is to be determined later. The corresponding
form of the source term is found by taking derivatives of the assumed pressure profile

p*(r) and substituting them into Eq. 5.21, which yields,

¢ (r) = _f;a <_7{f’és> ~ f'];f;))
) [’j; Cf,(s) i f”(s)) ’ rs k. (5.25)

The free parameter a can be eliminated by using the pressure profile assumed in

Eq. 5.24, yielding the following source term function,

K (p(r)*ow ) 1 (lf’(s) + f”(5>) r<R
pw \1+fo—f(s)) R? \s ’ =+H
q(r) = (5.26)
0, r> R,

which can be readily implemented as a solution-dependent source term in any discrete
numerical method. Substituting the assumed pressure profile in to Eq. 5.26 and

integrating gives the volumetric flow rate inside the well,

Q(r) =2rL, /T q(r)rdr,
0
K

=2nL,—asf'(s), r <R, (5.27)
0

under the assumption that f’(0) is finite. Note that the volumetric flow rate is

constant beyond the radius R since the source term ¢(r) is zero outside the well.
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Hence, the volumetric flow rate in the complete domain is given by,

QWLZ%@S]N(S), r <R,
Qr) = (5.28)
27TLZ%af’(1), r > R.

The volumetric flow rate function above can be substituted into Eq. 5.22 to solve for

the pressure distribution in a piecewise manner as shown below.

Ifr <R,

p(r) = puwr +a(l+ fo — f(s)). (5.29)

Ifr >R,
p(r) = pus + afo — af'(1)In(s). (5.30)

The absence of a source term outside the radius R causes the pressure to take a
logarithmic form in that region. The value of fj is derived by imposing the condition
that the pressure far away from the well needs to remain constant for any choice of
model radius R. First, consider the case where R = r,,, for which Eq. 5.30 simplifies

to,

r

p(r) = puy — af'(1)In <> : (5.31)

T
Next, consider the case where R > r,,, for which the pressure is given by,

r

pﬁ):pw+%Wb—&fﬂ)m<R). (5.32)

Imposing the equality of the two cases above for large r yields the following expression

for fo,

fo=—f(1)In () . (5.33)



Up to this point in the analysis, the exact form of f(s) was left undefined. One pos-
sible choice for f(s) is to assume a polynomial form that imposes additional smooth-
ness constraints on the resulting pressure profile. In particular, it is desirable to have
a continuity of pressure derivatives across the » = R boundary, such that the pressure
profile inside the well-bore transitions to the logarithmic profile outside in a smooth,
continuous manner. Furthermore, vanishing higher derivatives of pressure at the ori-

gin allows for greater continuity of the solution across the well center.

The pressure profiles given by Eqs. 5.29 and 5.30 show that the pressure value is
continuous across r = R, provided that f(1) = 1. The k-th radial derivative of

pressure (for k > 0) is given by,

dkp a dif

- < < .
drk RFE dsk’ rek (5:34)
d*p a (—=1)M(k —1)!
—T= "% ‘(1) < 7 : r> R. (5.35)

The limiting values of the radial pressure gradient as evaluated from inside and outside
the well-bore radius are obtained by evaluating the above equations for £ = 1 at
r = R, which yields,

dp
dr

_dp
r=R~ B dT

o
r—R+ R

f(D). (5.36)

The equality of the gradients above show that the radial pressure gradient is contin-
uous across the r = R boundary, regardless of the form of f(s). However, imposing
the continuity of second or higher order pressure derivatives across r = R requires
f(s) to satisfy the additional constraints given below,

d f

e F1(1) (=) (k= 1)1, for k > 2. (5.37)

The continuity of the pressure profile and its derivatives across the well center is a de-

sirable property for mesh adaptation schemes, since it avoids unnecessary adaptation
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near the well center. This requires p(r), and consequently f(s), to have vanishing
odd derivatives at r = 0. Further imposing zero even derivatives of f(s) at s = 0
produces “flatter” and more benign pressure profiles inside the well. Based on these
observations, requiring all derivatives of f(s) to vanish at the origin seems an attrac-
tive option. However, if both f/(s) and f”(s) tend to zero as s — 0, then it is evident
from Eq. 5.26 that the source term ¢(r) also tends to zero as s — 0, giving rise to
an undesirable stagnant flow near the center of the well. In multi-phase flows for
example, this could cause a particular fluid phase to remain trapped near the center
of the well, producing unrealistic solutions. Fortunately, this situation can be easily
avoided by allowing only f”(s) to be nonzero at s = 0. The constraints on f(s) at

the origin are therefore given by,

] 0 for k> 1 and k # 2 (5.38)
— = r n : :
dSk s=0 ’ -

The value constraints f(0) = 0 and f(1) = 1, and the derivative constraints in

Egs. 5.37 and 5.38 show that a C™-continuous pressure profile requires a total of 2m
constraints on f(s), for m > 1. Therefore, one possible choice for the function f(s)

is to consider polynomial functions of the form,

22:0 ags®, form =1,

Jm(s) = (5.39)

am L aps®, for m > 1,

where the constants ag, ay, ...as,_1 are tuned to satisfy the value and derivative con-
straints. Table 5.1 gives a list of polynomial functions f,,(s) derived in this manner
for pressure solutions that are continuous up to the sixth derivative (m = 6). Figure

5-4 contains a plot of the activation functions given in Table 5.1.

Figures 5-5 to 5-8 provide comparisons of the pressure and flow rate distributions
obtained by Peaceman’s well model and the proposed distributed well model. All the
profiles shown in the figures are analytically derived for a single well located at the

origin in a reservoir of unit depth, with constant, isotropic permeability K = 200
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Order of pressure
continuity (m)

Polynomial activation function

C! fi(s) = s

c? fa(s) = %SQ — %s?’

c? fa(s) = BPs? — 254 4 265

ct fa(s) = 32s% — UIs5 4 12866 — 1067

CP fs(s) = 502857 — 322846 4 S0A 6T — 390968 4 8509

6 fo(s) = 2082052 _ S2T0G7 4 1334035 g8 _ 1355200 59 4 640832 410 _ 1LT6U0 11

Table 5.1: Polynomial activation functions f,,(s) for different orders of pressure con-

tinuity

fm(s)

Figure 5-4: Polynomial

continuity

—fi(s)

e f
08 |50 |
0.7 t 1
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04 r 1
03 r 1
0.2 r 1
0.1 r 1

0 0.2 0.4 0.6 0.8 1

S

activation functions f,,(s) for

different orders of pressure

mD and fluid viscosity = 1 c¢P. Both well models are set up to have a bottom-hole

pressure p,, s = 2000 psi

rate of 1000 ft*/day.

at a well-bore radius of r,, = 2 inches, and a total outflow

Figure 5-ba compares Peaceman’s pressure profile obtained using Eq. 5.5 (black

dashed line) with the profiles obtained from Eqs. 5.29 - 5.30 for a distributed well
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Figure 5-5: Comparison of analytic pressure profiles between Peaceman and the dis-
tributed model

with C® pressure continuity (m = 6) at different model radii (solid lines). Tt is clearly
visible that the distributed wells produce pressure profiles that have the form of fs(s)
inside the radius R, which smoothly transition to the logarithmic Peaceman pressure
profile outside the radius R. Figure 5-5b shows the pressure profiles obtained from
distributed wells of the same model radius R, but with different orders of pressure
continuity (varying m). All the solid lines match up with Peaceman’s profile for
r > R = 100 ft, but the differences in the continuity of pressure derivatives cause

them to be different inside the active region of the well.

Figures 5-6a and 5-6b show the source term distributions for distributed well
models of different model radii and pressure continuity orders, respectively. The
source term of Peaceman’s well model is a Dirac delta function at the origin, and hence
is not shown on these figures. The distributed well sources are non-zero (active) only
within the specified radius R, and models with larger m exhibit smoother transitions
to zero at r = R. Similarly, Figures 5-7a and 5-7b contain plots of the volumetric flow
rate distributions of each well model plotted against the radial distance away from

the center of the well. Recall that the volumetric flow rate Q(r) is the radial integral
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q(r) - [1/day]

Q(r) - [ft*/day]

of the source term ¢(r), as given in Eq 5.23. Therefore, Peaceman’s model (black
dashed line) has a constant flowrate equal to the specified value of —1000 ft*/day,

whereas the distributed wells (solid lines) have monotonously decreasing profiles that

-0.15

-0.2

-0.25

-0.3

-0.35

-0.4

-0.45

-100

-200

-300

-400

-500

-600

-700

-800

-900

-1000

-1100
0

—— Distributed: m = 6, R = 50 ft
—— Distributed: m = 6, R = 100 ft
—— Distributed: m = 6, R = 200 ft

100 150 200
r - [ft]

50

(a) Varying model radius R

q(r) - [1/day]

250

0

-0.02 |
-0.04 b
-0.06 b
-0.08 b
-0.1 —— Distributed: m =1, R = 100 ft|+

——Distributed: m =2, R = 100 ft

—— Distributed: m = 3, R = 100 ft
012 L —— Distributed: m =4, R =100 ft| |

: ——Distributed: m =5, R = 100 ft

0 50 100 150 200
r - |[ft]

(b) Varying pressure continuity order m

Figure 5-6: Comparison of analytic source term distributions
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Figure 5-7: Comparison of analytic volumetric flowrate distributions

reach the specified flow rate at r = R and remain constant for r > R.

Figure 5-8a shows that the first derivative of pressure is continuous across r =
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Figure 5-8: Comparison of analytic pressure derivatives for different orders of pressure
continuity m

R = 100 ft for all five distributed well models. However, Figure 5-8b shows that
the pressure profiles produced by the m = 1 and m = 2 distributed well models

have discontinuities in the third derivative across r = R, whereas the profiles for

m > 3 remain continuous. This behavior is expected since an order m distributed
well produces pressure profiles that are C™-continuous.

5.2.3 Extension to anisotropic permeability

This subsection extends the proposed distributed well model to problems with di-

agonally anisotropic absolute permeability tensors, similar to Peaceman’s extension
discussed in Section 5.1.1. The key idea behind this extension is to find a coordinate

transformation which transforms the anisotropic problem into an isotropic problem,

which can then be solved using the formulation given in Section 5.2.2.
Consider the following coordinate transformation from elliptic cylindrical coordi-
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nates (7, 0, Z) to Cartesian coordinates (z,y, z),

{(E) +(f) Jrmo o
()

where k;, and k,, are the horizontal components of the diagonal permeability tensor
K = diag(kyz, kyy, k.-) and curves of constant 7 form ellipses. The above transforma-

tions can be differentiated and used with chain rules to show that,

k a—Qerk @—i—k Op _ hushyy (0p f82p+18—2p +k Op (5.41)
Toxr T oy 022 | or o2 F062 oz '

where |J| is the determinant of the Jacobian matrix of the coordinate transform,

1 1\ 2
1 ka:a: : kyy : =
= [ [>== v . 42

The pressure equation for the anisotropic problem is given by,

given by,

o(x,y, z
g1 =[S

2

1 9*p 0%p &*p
—— koo + k== 4+ ko= | = G(z,v), 5.43

U ( 8.1'2 + yyayg + 82’2 Q(l' y) ( )
where G(x,y) is the distributed source term required for the anisotropic problem.
Applying the coordinate transform by substituting Eq. 5.41 into the above equation
yields,

!

7 \ar a2 T 7 op 972

1 (ke (0p 0% 107 o .
( yy( Dyr p+p>+kzz p):q(f,e). (5.44)

Assuming that the pressure is independent of 6 and Z simplifies the above equation
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to,

ik (0 _0F
SR (4 Z8) = a1,

u \or o
1 1\ 2
\/kw:pk 16}? 82p i~ 1 k‘xw 1 k 1
—pry (77877 + 8f2> == q(r) Z (k) + <kyy> . (545)
vy T

Furthermore, rewriting Peaceman’s analytic solution in Eq. 5.13 in the elliptic cylin-

drical coordinates yields,

o g 1@ [ () ()
analytic wf 1 k:mknyz %rw ((kzz)‘ll+(];yy>éll) )
pQ 7

&
- —1n< ) 5.46
T on Jkankyy L. \Tw (5.46)

Comparing the above equation with Eq. 5.5 shows that the anisotropic problem writ-
ten in the elliptic cylindrical coordinates is equivalent to an isotropic problem with
an effective permeability of K = /k;.k,,. Hence, the source term required for the
anisotropic problem can be of the same form as the distributed source term derived
for the isotropic problem in Section 5.2.2; with the elliptic radius 7 being used in-
stead of the usual cylindrical radius r. In particular, comparing the source terms of

Eqgs. 5.45 and 5.21 shows that,

q(F) = q(F) - 4 ((Zi)i + (:Z) i) ) : (5.47)

where ¢(7) is the source term derived for the isotropic problem and ¢(7) is the modified
source term required for the anisotropic problem. Using ¢(7) from Eq. 5.26, the final

form of ¢(7) is given by,

(e ) e (<16) - 16), PSR
. o\ 1-f(3)-f/(1)n(Z) ) R? 3 ) = 1,
i) - ) (5.48)

0, 7> R,
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where,

O L TR (5.49)
() + ()

and 7 is the elliptic radius from Eq. 5.40 rewritten as,

r = - (5.50)
1 kyy
()" + ()")
and § is defined as,
f
§=—. 5.51
= (551)
Note that for the special case k,, = k,, = K, the coordinate transformation in

Eq. 5.40 reduces to the standard cylindrical coordinates, and the source term §(7)
reduces to ¢(r). All subsequent numerical results obtained using the distributed well

model in this thesis use the source term defined above in Eqs. 5.48 - 5.51.

5.2.4 Extension to multi-phase flow

The distributed well model derived for single-phase flow in Sections 5.2.2 - 5.2.3 can
also be extended to multi-phase flows by weighting the source term G(7) by the relative

mobility of each phase. The source term for phase « is then given by,

_k"ra % p(F)fpwf L _l S~ B s ~
Ha K <1f(§)f/(1)ln( R )) =2 ( §f (8) f (5))7 7 <R,

where p, represents the phase viscosity and k,, is the relative permeability function
of phase «. If the well is an injection well, the relative permeability is evaluated from
the saturation of the injected fluid. If the well is a producer, the relative permeability

is evaluated from the saturation of the outgoing fluid.
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5.3 Numerical results

This section presents numerical results for a steady, single-phase flow problem with
a single well, and an unsteady two-phase flow problem with two wells. These prob-
lems are solved with a finite volume method using a two-point flux approximation
(TPFA) on uniform structured quadrilateral meshes, with both Peaceman’s well
model (Eq. 5.16) and the proposed distributed well model (Eq. 5.48). Further, the
finite volume results are also compared with results from a high-order discontinuous
Galerkin method using the distributed well model. In this work, the DG method
uses the second formulation proposed by Bassi and Rebay (BR2) [21, 22] to discretize
diffusive fluxes. The DG results are obtained on uniform quadrilateral meshes and
also on unstructured simplex meshes produced by the output-based mesh adaptation

framework described in Chapter 2.

5.3.1 Steady single-phase flow problem

The objective of this problem is to ensure that the proposed distributed well model
demonstrates a pressure - flow rate relationship that is consistent with the analytic
relationship assumed in Peaceman’s work (Eq. 5.13). This problem considers a ho-
mogeneous reservoir in a square domain Q, = [—L, L] x [—L, L], where L = 1000 ft,
with a single production well located at the origin. The depth of the reservoir is not
explicitly modeled due to the assumed uniformity of the solutions in the z-direction,
thus reducing the 3D problem to a 2D problem (i.e. L, = 1). The absolute perme-
ability field is assumed to be diagonally anisotropic. Since an infinite domain cannot
be solved numerically, the problem is posed in reverse where the pressure on the four
boundaries of the square domain is set using panaiytic(%,y) for a specified flow rate
Qspec; and the well models are evaluated on how closely their predicted flow rates

match Qgpec. The governing PDE for the fluid pressure p(z,y) is given by,

1( & 0?
- (/cma;; + kyyaZ/Q) = q(z,y), V(z,y) € s, (5.53)
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with the Dirichlet boundary condition,

p(x, y) = panalytic(fba y), \V/(ZE, y) S 895, (554)

where panalytic(2, y) is evaluated using Eq. 5.13 with a flow rate Qgspec. The relevant

parameters for the problem are listed below,

ke = 200 mD, k,, = 100 mD,
pu=1cP, Qspec = —1000 ft* /day,
Pws = 2000 psi, rw = 2 inches.

The source term ¢(z,y) is modeled using either Peaceman’s well model or the dis-
tributed well model, and results of both cases are presented below. Figure 5-9 shows
contour plots of pressure obtained using a finite volume method with a two-point flux
approximation on a structured quadrilateral mesh. Figures 5-9a and 5-9b contain
the results of Peaceman’s well model and a distributed well model with sixth-order
pressure continuity (m = 6) respectively. Figure 5-10 contains a plot of the pressure
distribution produced by a piecewise linear (P1) discontinuous Galerkin method, on
the same quadrilateral mesh. Finally, Figures 5-11a and 5-11b show piecewise linear
(P1) and piecewise quadratic (P2) DG solutions on unstructured triangle meshes,
which were adapted to minimize the error in the total volumetric flow rate, subject to
a cost constraint of 10,000 degrees of freedom (DOF) in each solution. Both adapted
solutions shown use distributed wells with m = 6 and a model radius of R = 100 ft,
and were obtained after 20 iterations of the output-based mesh adaptation algorithm

given in Chapter 2.

The pressure distribution outside the radius r = R = 100 ft appears identical in
Figures 5-9 - 5-11, and this is further verified by Figure 5-12 which contains line plots
of the pressure along the x = y line. Figure 5-12 shows that the discrete pressure
profiles, from both Peaceman’s well model and the distributed well model, agree well

with the analytic pressure profile (dashed black line) given by Eq. 5.13 in the region
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r > R. When the well block size is roughly equal to the diameter of the modeled
region of the distributed well (2R), the well block pressure predicted by Peaceman’s
well model is nearly identical to that of the distributed well model (black and brown

dotted lines).
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(a) Peaceman’s well model (b) Distributed well model with m = 6 and
R =100 ft

Figure 5-9: Pressure solutions obtained with a finite volume method on a 81 x 81
quadrilateral mesh

1000 pressure [psi]
3600
3500
3400
3300
3200
500 3100
3000
2900
2800
2700
— 2600
E o
>
500
. oq?OOO -500 0 500 1000
x [ft]

Figure 5-10: Pressure solution obtained with a piecewise linear (P1) discontinuous
Galerkin method on a 81 x 81 quadrilateral mesh, using the distributed well model
with m = 6 and R = 100 ft

The volumetric flow rate predictions for the finite volume method with Peaceman’s

well model are obtained using Eq. 5.16, whereas the predictions of the distributed
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Figure 5-11: Pressure solutions obtained with a discontinuous Galerkin method on
simplex meshes adapted to 10,000 degrees of freedom, using the distributed well model
with m = 6 and R = 100 ft
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Figure 5-12: Comparison of discrete pressure profiles along x = y with Peaceman’s
analytic solution

well model are obtained by numerically integrating the distributed source term ¢(r)
over the domain. The accuracy of these flow rate predictions rates is evaluated by

comparing with the true volumetric flow rate Qgpec. Figure 5-13 shows how the
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Figure 5-13: Volumetric flow rate errors for distributed well models with different
continuity orders

relative error in the predicted volumetric flow rate varies with the order of pressure
continuity of the distributed well model. The solid blue, red and green lines represent
piecewise linear (P1), piecewise quadratic (P2) and piecewise cubic (P3) DG solutions
respectively, on unstructured triangle meshes adapted to 10,000 degrees of freedom
over 20 mesh adaptation iterations. The circular markers plot the average flow rate
error of the last 5 mesh adaptation iterations, and the vertical error bars represent the
range or the “spread” of flow rate errors over the last 5 adapted meshes. It is clearly
observed that the smoothness of the pressure profile greatly impacts the accuracy
of the output, and higher-order discretizations require distributed well models with

larger m to consistently predict flow rates with smaller errors.

Figure 5-14 highlights the impact of the smoothness of the distributed well on
the final meshes produced by the mesh adaptation algorithm. Figure 5-14a shows
the final mesh obtained using a distributed well with m = 2, which has an analytic
pressure profile that is continuous up to the second derivative. Similarly, Figure 5-14b
shows the final mesh for a distributed well with m = 6, which has an analytic pressure

profile that is continuous up to the sixth derivative. Both problems are solved using a
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piecewise cubic (P3) DG discretization. The ring-like adaptation feature seen around
the active region of the well in Figure 5-14a is a result of the adaptive algorithm trying
to accurately capture the discontinuity in the third derivative of pressure across the
boundary of the well, which is “seen” by the P3 DG solution. However, using a
distributed well model with m = 6 shifts the discontinuity in the analytic pressure
profile to the seventh derivative, thereby making the discontinuity invisible to a P3
DG solution. As seen in Figure 5-14b, this eliminates the need for additional mesh
resolution along the boundary of the well, and instead allows for increased resolution
inside the well. Since this work only considers high-order discretizations up to P3,
a pressure continuity order of m = 6 was deemed appropriate based on Figure 5-13.
Therefore, all subsequent distributed well models in this work use the f4(s) activation

function given in Table 5.1.
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Figure 5-14: Zoomed-in plots of the final adapted meshes for piecewise cubic (P3)
DG solutions with 50,000 degrees of freedom, using the distributed well model

Figure 5-15 shows how the relative error in the volumetric flow rate behaves with
an average mesh size h, for different discretizations. In order to facilitate a fair com-
parison between solutions of different orders, on both structured and unstructured

meshes, the average mesh size h is taken to be inversely proportional to the square
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root of the total number of degrees of freedom NN in each solution. The dashed black
line shows results from Peaceman’s well model, whereas all other lines represent re-
sults from a distributed well with m = 6 and R = 100 ft. The finite volume results
(dashed lines) exhibit a second-order convergence rate, which agrees with the accuracy
of the F'V scheme for elliptic problems. The P1, P2 and P3 DG finite element results
(solid lines) on structured and adapted meshes show second-, fourth- and sixth-order
convergence rates respectively, thereby confirming the expected output superconver-
gence rate of O(h?F). Peaceman’s well model is observed to work exceptionally for
the situation it was designed for, which in essence, allows the behavior of the well
to be modeled in a single grid block. It is also worth noting that Peaceman’s well
model is invalid in the grey region of the plot, where the h values are sufficiently small

to violate the r, > r, constraint. In contrast, the distributed well model allows for

arbitrarily small h.
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Figure 5-15: Volumetric flow rate error vs. average mesh size for different discretiza-
tions

The effect of varying the size of the modeled region of the well is shown in Fig-
ure 5-16, where the flow rate error convergence behavior of Peaceman’s well model

is compared to those of distributed wells with a fixed continuity order of m = 6
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and different model radii. The plot only shows results obtained on uniformly refined
quadrilateral meshes, using both FV and DG discretizations. The finite volume and
DG P1 results exhibit a second-order convergence rate while the DG P2 (solid purple
lines) results show fourth-order convergence as expected. It is clearly visible that
increasing the model radius R of the distributed well produces a lower error, for the
same convergence rate. Furthermore, if the distributed well results are plotted against
an abscissa of h/R instead of h, as done in Figure 5-17, the curves for different R
collapse to a single line for each discretization. This implies that the output error

depends explicitly on the ratio h/R, instead of h and R separately.
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Figure 5-16: Volumetric flow rate errors for Peaceman’s well model and the distributed
well model with m = 6 and different model radii

The sensitivity of the well models to the nature of the mesh is investigated in Fig-
ure 5-18, which shows the results of Peaceman’s well model and the single-parameter
distributed well using the finite volume method on four different families of rectan-
gular grids. The black lines represent results on uniformly refined square meshes
with constant spacing, whereas the blue, red and green lines represent results on
non-uniform rectangular meshes generated using Eqs. 5.18 and 5.19, with £ values

of 0.01, 0.1 and 1, respectively. Peaceman’s well model outperforms the distributed
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Figure 5-17: Volumetric flow rate error vs h/R for distributed well models with
different model radii
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Figure 5-18: Volumetric flow rate errors on uniform and non-uniform rectangular
meshes, with Peaceman’s well model and a distributed well model with m = 6,
R =100 ft
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well model on the uniform meshes as seen before, but fails to achieve second-order
convergence on the slightly non-uniform meshes. This poor convergence behavior is
due to the violation of the uniform mesh assumption used in the derivation of the
equivalent radius r. in Peaceman’s model. Although some of the non-uniform meshes
are virtually indistinguishable from the uniform meshes (i.e. § = 0.01), the sensi-
tivity of 7. to the mesh is significant enough to cause Peaceman’s well model to lose
second-order convergence. It can be argued that the reason Peaceman’s well model
performs exceptionally well only on uniform rectangular meshes is because it is, in
effect, fine-tuned to that particular class of meshes through the definition of r.. In
contrast, the discretization-agnostic nature of the distributed well model (solid lines)
enables it to achieve a robust second-order convergence with similar error levels across

all four mesh families.

The results presented in this section clearly show that the proposed distributed
well model produces pressure profiles and flow rates that are consistent with the
analytic relationship derived by Peaceman. In terms of predicting the flow rate accu-
rately, Peaceman’s well model outperforms the distributed well model with the finite
volume method on uniform rectangular meshes. However, the generality of the dis-
tributed well model enables it to be used on non-uniform structured and unstructured

meshes as well as with any discretization without any modifications.

5.3.2 Two-phase flow problem

The unsteady, incompressible two-phase flow problem considered in this section in-
volves a two-spot well configuration in a square domain Qg = [0, L] x [0, L], where
L = 3000 ft. As before, the depth of the reservoir is assumed to be unity (L, = 1)
and is not explicitly modeled, resulting in a 2D spatial problem. As shown by the
schematic in Figure 5-19, the problem consists of an injector and a producer located
at coordinates (500, 500) and (2500, 2500) respectively. The injection and production

wells have fixed bottom-hole pressures of 4000 psi and 2000 psi respectively.
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Figure 5-19: Schematic of reservoir

The governing equations for this problem are given by Eq. 5.55 below,

0 krw
0 krn
a (pn¢Sn) -V Pn KVpn = PnAn, V(l’, y) € Qsa

where p,, and p, are the phase fluid densities (with subscripts w and n denoting
the wetting and non-wetting phases, respectively), ¢ is the rock porosity, K is the
absolute permeability tensor, k.., and k,, are the relative permeability functions, and
M and p, are the fluid viscosities. The behavior of the wells is modeled using the
source terms ¢, and q,, which use the distributed well model formulation given in
Eq. 5.52, or the equivalent multi-phase extension of Peaceman’s well model. The
phase pressures and saturations are given by p,,p, and S, .5, respectively, which

are related via the closure equations,

DPw + De = Dn, (556)
Sw+ S, =1,
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where p. is the capillary pressure. The primary variables p,(z,y,t) and S, (z,y,t)

have the following initial conditions,

Pn(x,y,0) = 3000 psi (5.57)

Sw(z,y,0) =0.1.

The boundary conditions represent no flow conditions on all four boundaries of the

domain, written as,

KV, -7 =0, (5.58)
KVp, -1 =0, V(x,y) € 08,

where 77 is the outward pointing unit normal vector on each boundary. The constitu-

tive relationships and parameters for this problem are given by,

kro = S2, for a € {w,n} (5.59)

pC = pcrnax(l - SH})’

and,

pw = 62.4 1b/ft’, pn = 52.1 Ib/ft*,
¢»=0.3, K =200 I mD,
o =1 cP, fin = 2 cP,
pcmax = 5 pSl? Tw = 2 HlCheS

The objective of this problem is to compare the results of using Peaceman’s well
model with those of the proposed distributed well model across different numerical

discretizations of Eqgs. 5.55 - 5.58. Assuming a water-oil system, the output functional
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of interest is the oil recovery factor given by,

Vo
J = - 5.60
Vorp (5.60)

where V,

Nout

is the total volume of oil extracted from the production well over a period
of T' = 2500 days, and Vprp is the total volume of oil-in-place at ¢t = 0, defined as

follows,

T rL pL
Vi = La [ [ [ ~au du dy at, (5.61)
0 0 JO

L rL
Vorp = Lz/ / ¢ - (1 — Sy(z,y,0)) dz dy = 2.43 x 10° ft>. (5.62)
0 0

The two-phase flow problem described above is first solved with a finite volume
method using a two-point flux approximation (TPFA) and a backward Euler (BDF1)
time-marching scheme with a constant timestep, on structured quadrilateral meshes.
Figures 5-20 and 5-21 show snapshots of the pressure and saturation solutions ob-
tained from the finite volume method at t = 2500 days, for Peaceman’s well model and
the distributed well model respectively. The distributed well model uses a formulation
with sixth-order pressure continuity (m = 6) and R = 100 ft. Similarly, Figure 5-22
shows the solutions from a piecewise linear (P1) DG method with a second-order
backward difference (BDF2) time-marching scheme, on a structured quadrilateral
mesh. The solutions from both well models are visually identical, except for the

small difference in pressure observed inside the active radius of the distributed well.

The water flooding problem is also solved using the adaptive space-time DG finite
element method described in Chapter 2. The adaptive DG method is only used with
the distributed well model, since Peaceman’s well model is not readily applicable to
finite element discretizations on fully unstructured meshes. Figure 5-23 shows the
space-time pressure and saturation solutions obtained from the adaptive DG method
with a piecewise linear (P1) approximation. In each sub-figure, the horizontal axes
represent the spatial axes, and the vertical axis represents time. The solutions are

represented on a fully unstructured, tetrahedral space-time mesh that is adapted to
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Figure 5-20: Solutions from a FV method with BDF1 using Peaceman’s well model,
on a 63 x 63 grid with 625 timesteps (At = 4 days), at ¢t = 2500 days
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Figure 5-21: Solutions from a FV method with BDF1 using a distributed well model
with m = 6 and R = 100 ft, on a 63 x 63 grid with 625 timesteps (At = 4 days), at
t = 2500 days

minimize the error in the output J, subject to a maximum cost constraint of 250,000
DOFs. 1t is clearly visible from the cross-sections in Figures 5-23c and 5-23d that the
output-based mesh adaptation algorithm has allocated most of the DOFs to regions
that have the greatest impact on the accuracy of the output, namely, the near-well
regions and along the saturation front propagating through the spatial domain.
Figure 5-24 shows the convergence of oil recovery factors predicted by Peaceman’s

well model and a distributed well model with m = 6 and R = 100, using both FV
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Figure 5-22: Solutions from a piecewise linear (P1) DG method with BDF2 using
a distributed well model with m = 6 and R = 100 ft, on a 63 x 63 grid with 625
timesteps (At = 4 days), at t = 2500 days

and DG discretizations. It is clearly seen that the space-time DG adapted methods
(solid red and green lines) achieve the required error tolerance of +0.1% (marked by
the dotted horizontal lines) with about 4 orders of magnitude fewer space-time DOFs
compared to the time-marching methods. Similarly, Figure 5-25 compares the output
errors obtained from the two well models for different discretizations. The output
error is defined as & = |J — J,,|, where J, is the discrete output for each case, and
J is obtained from a high resolution reference solution computed using an adapted
P2 DG solution containing 1 million DOFs. In order to fairly compare the results of
time-marching and space-time discretizations, the non-dimensionalized average mesh
size h is taken to be the cubic root of the number of space-time DOFs in each solution.
The number next to a data point on the plot gives the total number of space-time
DOFs in that discrete solution.

Unlike the results of the steady single-phase problem in Section 5.3.1, the finite vol-
ume results for Peaceman’s well model and the distributed well model (dashed lines)
show very similar levels of error in the output, for a given h. Both FV curves exhibit
a first-order convergence in the output, where the output error is likely dominated by
the error of the first-order time-marching scheme. The solid blue line represents solu-

tions from the piecewise linear (P1) DG method with a BDF2 time-marching scheme,
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Figure 5-23: Piecewise linear (P1) solutions from the space-time adaptive DG method
using a distributed well model with m = 6 and R = 100 ft, on a fully unstructured,
tetrahedral space-time mesh adapted to 250,000 DOF

using the distributed well model. This method has a second-order accuracy in both
space and time, and hence its output errors show a second-order convergence rate.
Similarly, the solid purple line represents solutions from a piecewise quadratic (P2)
DG method with a BDF3 time-marching scheme, where the output errors exhibit a

third-order convergence rate. Lastly, the solid red and green lines represent the results
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of the adaptive space-time DG method with the distributed well model, for piecewise
linear (P1) and piecewise quadratic (P2) solutions respectively. Fully unstructured
mesh adaptation enables the space-time DG method to achieve superconvergence in
the output, i.e. second- and fourth-order convergence for P1 and P2 respectively.
Thus, it is capable of producing output values that are orders of magnitude more
accurate for the same h, compared to the results of the time-marching schemes on

structured meshes.
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Figure 5-24: Output vs. space-time DOF plot for Peaceman’s well model and the
distributed well model with m =6 and R = 100 ft

The results of this two-phase flow problem provide further evidence for the con-
sistency of the distributed well model with the widely used Peaceman’s well model.
Further, the generality of the distributed well model makes it an attractive candi-
date for mesh adaptation frameworks and high-order discretizations, which allow the
problem to be solved in a much more computationally efficient manner compared to

conventional approaches.
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Figure 5-25: Volumetric flow rate errors for Peaceman’s well model and the distributed
well model with m = 6 and R = 100 ft

5.4 Summary

This chapter presented a distributed well model for describing the behavior of a fixed
bottom-hole pressure well in reservoir simulation. The proposed well model uses
a distributed, solution-dependent source term to mimic the behavior of a Dirichlet
boundary condition that enforces the pressure at the well-bore radius to match the
specified bottom-hole pressure. Unlike Peaceman-type well models, the distributed
well model employs a discretization-independent formulation, which makes it directly
applicable to the adaptive finite element framework used in this work. Furthermore,
the presence of a user-specifiable model radius and benign pressure profiles inside the
modeled region prevent the mesh adaptation algorithm from resolving down to the
well-bore scale, thereby making the method feasible for realistic problems in large
reservoirs. Extensions of the well model to anisotropic permeabilities and multi-
phase flows were also presented. Results from grid convergence studies showed that
the distributed well model produced volumetric flow rates that were consistent with

Peaceman’s model, while also being significantly more robust on non-uniform meshes.
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Chapter 6

Compressible two-phase flow in a

homogeneous reservoir

This chapter presents numerical results for a slightly compressible two-phase flow
problem in a two-dimensional homogeneous reservoir. Output predictions from the
adaptive space-time DG method are compared to those from conventional time-

marching methods for computational efficiency.

6.1 Problem statement

The problem considered in this chapter is identical to the two-phase flow problem
described in Section 5.3.2, except that the flow is slightly compressible in this case.
As shown by the schematic in Figure 5-19, the problem consists of an injector and
a producer located at coordinates (500, 500) and (2500, 2500) respectively, with fixed
bottom-hole pressures of 4000 psi and 2000 psi respectively. The governing equations,
boundary conditions and initial conditions are given by Eqs. 5.55 - 5.58, with the rele-
vant constitutive relationships for the phase densities, porosity, relative permeabilities

and capillary pressure given below,

Do = Pay,; €5 PaPre) for o € {w, n}, (6.1)

¢ = (ot €@ PrPrer), (6.2)
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kra = S2, for o € {w,n} (6.3)

pc = pcmax<1 - Sw)7 (64)
where,
gbref - 037 DPref = 14.7 pSi,
Pu = 62.4 Ib/ft%, P = 52.1 Ih/ft?,
Cw =5 x 1078 psit, e =1.5x107° psi~?,
co =3 x 1070 psi™!, K =200 I mD,
ILLw:]‘C]':)7 ,unZQCP,
pcma:c = 5 pSi7 Tw = 2 iIlCheS.

The objective of this problem is to accurately predict the oil recovery factor given by,

Va
J = Jnet 6.5
Vorp (6.5)

where V,

Nout

is the total volume of oil extracted from the production well over a period
of T' = 2500 days, and Vy;p is the total volume of oil-in-place at ¢ = 0, defined as

follows,

T L L
V.. =L / / / g dz dy dt, (6.6)
0 0 0

L L
Vorp = Lz/ / ¢ (1= Sy(x,y,0)) dr dy = 2.4519 x 10° £, (6.7)
0 0

6.2 Numerical results

The compressible two-phase flow problem described in the previous section is solved
using the different discretizations listed below, and their output predictions are com-

pared for accuracy and efficiency.

1. Finite volume (FV) method using a two-point flux approximation with upstream

mobility weighting, and a backward Euler (BDF1) time-marching scheme. Solved
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on uniformly spaced quadrilateral meshes. This method is representative of cur-

rent industrial practices.

2. Piecewise linear (P1) DG method using a second order backward differentiation
formula (BDF2) time-marching scheme. Solved on uniformly spaced quadrilat-

eral meshes.

3. Piecewise quadratic (P2) DG method using a third order backward differen-
tiation formula (BDF3) time-marching scheme. Solved on uniformly spaced

quadrilateral meshes.
4. Piecewise linear (P1) space-time DG method on structured hexahedral meshes.
5. Piecewise quadratic (P2) space-time DG method on structured hexahedral meshes.

6. Piecewise linear (P1) adaptive space-time DG method on unstructured tetra-

hedral meshes.

7. Piecewise quadratic (P2) adaptive space-time DG method on unstructured

tetrahedral meshes.

All of the DG discretizations mentioned above use the additional upwinding terms
from Chapter 4. Furthermore, all seven methods use the distributed well model
introduced in Chapter 5 for specifying the well behavior, with continuity order m = 6
and model radius R = 100 ft.

Figures 6-1 and 6-2 show snapshots of the pressure and saturation solutions, ob-
tained from the finite volume method with BDF1 and the P1 DG method with BDF2
respectively. These solutions are very similar to the ones presented in Section 5.3.2,
since the addition of compressibility effects does not change the overall flow behav-
ior significantly. Figure 6-3 shows the final space-time mesh obtained after 20 mesh
adaptation iterations, where the P1 DG solutions are adapted to a target of 10°
degrees-of-freedom per primary variable. A crinkled cross-section of the final adapted
mesh along the z = y plane is given in Figure 6-4, together with the primal solutions

which show the propagation of the water saturation front across the spatial domain.
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Figure 6-1: Primal solutions from the FV method with BDF1 on a 63 x 63 grid with
625 timesteps (At = 4 days), at ¢ = 2500 days
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Figure 6-2: Primal solutions from the P1 DG method with BDF2 on a 63 x 63 grid
with 625 timesteps (At = 4 days), at t = 2500 days

The behavior of the wetting and non-wetting phase adjoint solutions is shown
in Figure 6-5, as obtained from the P2 space-time DG adjoint solutions generated
for output error estimation. The cone-like structure shown by the blue-green region
in Figure 6-5a represents the domain of influence for all adjoint characteristics that
propagate backwards in time from the production well. Since the error estimates from
the DWR method depend on the approximation errors of both primal and adjoint

solutions, the adaptive algorithm focuses on regions where both these errors are large
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Figure 6-3: Space-time mesh after 20 iterations of the adaptive algorithm, with P1
DG primal solutions adapted to 105 DOF
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Figure 6-4: Cross-section of final adapted space-time mesh, with P1 DG primal solu-
tions adapted to 10° DOF

(e.g. around the wells and along the water saturation front). Figures 6-6 to 6-8 show
cross-sections of the P1 adapted space-time DG solution at t = 625,1250 and 1875
days, respectively. The crinkled slices of the space-time mesh at different times, and
the corresponding pressure and saturation contours show how the spatial resolution

of the mesh evolves with the solution. Although the nearly-steady pressure behavior
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causes the resolution around the wells to remain fixed throughout the simulation, the
mesh resolution around the saturation front closely tracks the front as it moves across

the spatial domain.
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Figure 6-5: Cross-sections of P2 DG adjoint solutions in the space-time domain

Figure 6-9 shows the convergence of the oil recovery factors predicted by each of
the seven discretizations with mesh refinement. For the adaptive methods, the mean
oil recovery factor of the last five adapted meshes is plotted. The number next to a
data point on the plot shows the total number of space-time DOFs in that discrete
solution. In terms of total space-time degrees of freedom required to achieve an error
tolerance of +0.1% (marked by the dotted horizontal lines), the time-marching finite
volume method (black dashed line) requires ~ 10° space-time DOF, whereas the P2
adapted space-time DG method (solid green line) requires only ~ 10° unknowns.
Figure 6-10 shows the error convergence behavior of each discretization, where the
output error £ is defined relative to the output J from a reference solution computed
using an adapted P2 space-time DG solution containing 1 million DOF. As before, the
non-dimensionalized average mesh size h is used to fairly compare the time-marching
methods with the space-time methods. The time-marching finite volume method is
observed to have a first order convergence rate, which is likely dominated by the

temporal errors of the backward Fuler scheme. All of the P1 DG methods exhibit
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Figure 6-8: Slice of P1 space-time DG solution
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second-order convergence rates as expected, with the P1 adapted space-time DG

method being the most efficient among them. Comparing the space-time DG results

between structured and adapted meshes shows that mesh adaptation enables the DG

method to achieve super-convergence in the output with significantly lower errors for

the same h. Overall, the P2 adapted space-time DG method (solid green line) is the
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most efficient in terms of degrees of freedom required to achieve a given level of error.
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Figure 6-9: Output vs. space-time DOF for different discretizations
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The relative performances of the different discretizations are analyzed further by
comparing the wall-clock times taken to achieve a 0.1% error level. For each line in
Figure 6-10, the case with an error level closest to 0.1% is selected, and executed
with 2 to 64 parallel MPI processes. All cases were run on a high performance
computing (HPC) cluster where each compute node contained two Intel Xeon E5-2660
v3 (2.6 GHz, 10-core) processors, each with a 25 MB cache. The wall-clock times of
each of these simulations are shown in Figure 6-11. The timing data shown for the
adaptive space-time DG method represent the total time taken for 20 intermediate
mesh adaptation iterations, which include the time taken for the primal solves, adjoint
solves, error estimation, and local sampling. In contrast, the data of all the remaining
methods only represent the time taken for a single primal solve.

The time-marching FV method, the P2 space-time DG method on structured
hex meshes, and the P1 adaptive space-time DG method have comparable wall-clock
times, and are also the slowest to achieve a 0.1% error level out of the methods
tested. Compared to these methods, the P1 time-marching DG method and the P2
adaptive space-time DG method are faster by factors of roughly 5 and 10 respectively.
The P2 time-marching DG method is about a further 5 times faster for a small
number of processes, but it does not scale well with increasing process count, as
seen in Figure 6-12. In general, the space-time DG methods (on both adapted and
structured meshes) are observed to have a greater scalability with increasing MPI
processes compared to the time-marching methods. This is because the space-time
methods can parallelize in both space and time, whereas the time-marching methods
can only parallelize spatially within a given time-slab. Furthermore, the adaptive
space-time DG results also automatically provide additional information, such as
adjoint solutions and output error estimates, for which all of the other methods have

to do extra work.
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6.3 Summary

In this chapter, the output prediction performance of the adaptive space-time DG
method was compared against time-marching and space-time discretizations on struc-
tured meshes, for a slightly compressible two-phase flow problem in a homogeneous
reservoir. The P2 adaptive space-time DG method, which is third order accurate
in both space and time, was found to be the most efficient in terms of degrees of
freedom required to achieve a given level of output accuracy. Furthermore, com-
parisons of wall-clock and CPU times of the different methods showed that the P2
time-marching DG method required the least amount of time to achieve a 0.1% er-
ror in the output. However, in terms of parallel scalability, the P1 and P2 adaptive

space-time DG methods significantly outperformed the others.
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Chapter 7

PDE-based artificial viscosity for

two-phase flow

High-order discretizations of hyperbolic conservation laws are known to produce spu-
rious oscillations in the vicinity of solution discontinuities, which may also spread to
regions of smooth flow and corrupt the accuracy of the solution globally. As discussed
in Section 1.3.6, the key ingredient for mitigating these unphysical oscillations is to
add dissipation, preferably in a controlled manner that does not affect smooth re-
gions. In this chapter, we extend the PDE-based artificial viscosity method proposed
by Barter and Darmofal [17] to high-order space-time DG discretizations of two-phase

flow problems.

7.1 Entropy-violating Buckley-Leverett solutions

This section presents space-time DG solutions of the Buckley-Leverett equation,
which show that high-order discretizations may converge to entropy-violating solu-
tions in the absence of physical or artificial diffusion.

Consider the Buckley-Leverett problem given in Section 3.2, but with a larger final
time of T' = 50 days, such that the saturation front exits the domain out of the right
boundary. Figure 7-1 shows the PO and P1 space-time DG solutions to this problem,

on a structured mesh with 20,000 triangle elements. Both solutions show a combined
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rarefaction-shock wave propagating through the domain, but the saturation front is
clearly more diffused in the PO solution as a result of the greater numerical dissipation.
Comparisons of these discrete solutions with the analytic Buckley-Leverett solution
are given in Figures 7-2 - 7-3, where the discrete solutions at different times are plot-
ted using solid lines and the analytic solution using dashed lines. The PO solution,
although significantly diffused, appears to predict the correct front speed and has sat-
uration values that are physical. In contrast, the P1 space-time DG method converges
to a solution that has an incorrect front speed, an incorrect saturation jump across
the front, and significant unphysical oscillations. The flat solution profile downstream
of the front is also different to the analytic solution. This residual-converged P1 solu-
tion is clearly entropy violating in the sense of Oleinik’s entropy condition [91], since
it contains characteristics that emanate out of the shock on the downstream side. It
should also be noted that the P1 DG method does not converge to an entropy satisfy-
ing solution even with further mesh refinement, unless dissipation is added explicitly

(e.g. through capillary effects).
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Figure 7-1: Space-time DG solutions to the Buckley-Leverett problem, on a structured
mesh with 100 x 100 x 2 triangles

Considering that the Buckley-Leverett equation is a simplified model for the sat-

uration transport in the two-phase flow equations, it is reasonable to assume that
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Figure 7-2: Comparison of the PO space-time DG solution (solid lines) with the
analytic solution (dashed lines) at different times
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Figure 7-3: Comparison of the P1 space-time DG solution (solid lines) with the
analytic solution (dashed lines) at different times

high-order discretizations of the two-phase flow equations may also converge to en-
tropy violating solutions, especially in the limit of vanishing physical diffusion. This
therefore motivates the development of a discontinuity-capturing method for the two-

phase flow equations.
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7.2 Artificial viscosity PDE

This work uses a modified version of the PDE-based artificial viscosity method in-
troduced by Barter and Darmofal [17], where the distribution of artificial viscosity is
governed by a reaction-diffusion equation. The reaction term generates artificial vis-
cosity in regions with solution discontinuities, as dictated by a “shock sensor”, and the
diffusion term helps to smooth the generated artificial viscosity. This auxiliary PDE
is then solved together with the primary equations (e.g. Buckley-Leverett, two-phase
flow) in a coupled manner.

In Barter’s original formulation, the artificial viscosity equation is cast as an un-
steady equation with a time derivative term, with a time scale chosen such that the
artificial viscosity evolves at least as fast as the primary equations. However, most
reservoir flow problems, such as the two-phase flows considered in this thesis, are
driven by an underlying pressure equation that is elliptic or near-elliptic. Hence,
it seems reasonable to modify the artificial viscosity equation to be elliptic as well,
thereby eliminating any lag between the need for artificial viscosity and the produc-
tion of artificial viscosity. Therefore in this work, the hyperbolic temporal term in
Barter’s original equation is omitted, and spatial and space-time diffusion approaches

for smoothing artificial viscosity are investigated.

7.2.1 Spatial formulation

In this formulation, the artificial viscosity v(Z,t) is governed by the reaction-diffusion

PDE given below,

-V <01H2vV> +v= fswitch(g(s)) Vmax; (71)

where H(Z) € Sym; is the generalized length scale tensor that describes the spatial
size of the local mesh elements, and (' is a constant that roughly determines the
number of mesh elements over which artificial viscosity is diffused. In this work, C

is set to 3. Although Barter’s original formulation uses axis-aligned bounding boxes
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to measure the local mesh sizes, the formulation presented here uses Yano’s modifi-
cation to the length scale calculation [137], where the Riemannian metric tensor is
used to compute the generalized length scale tensor as H(#) = M~'/2(%). The use of
tensor-based length scales instead of vector-based length scales has been shown to im-
prove the resolution of shocks on meshes with arbitrarily oriented, highly anisotropic
elements [137]. For space-time discretizations, the length scale tensor obtained from
the Riemannian metric field contains both spatial and temporal scales of the elements
in the space-time mesh, and is hereafter denoted by IA{(%) € Sym,, ,, where  is the
space-time coordinate. For these space-time cases, the spatial length scale tensor
required by Eq. 7.1 is obtained by omitting the last row and column of H, which

contain entries corresponding to the temporal scales.

In this work, the generalized length scale tensor field is represented using a discon-
tinuous, piecewise constant (P0) solution basis, where the length scale tensor value in
an element x is computed as the inverse matrix square root of the elemental metric
tensor of k. This produces a length scale tensor field that is discontinuous between el-
ements for unstructured meshes. Alternatively, the length scale tensor field may also
be represented using a continuous, piecewise linear (P1) solution basis, where the H
value at a mesh vertex is computed from a log-Euclidian average of the elemental
metric tensors of the elements around that vertex. However, this approach tends to
produce more negative artificial viscosity values on unstructured meshes compared to

the piecewise constant representation, and is therefore not used in this work.

The production of artificial viscosity is driven by the forcing term on the right-
hand side of Eq. 7.1, which becomes non-zero in the vicinity of solution discontinu-
ities. The function fyyiten(:) : R — (0,1) is a nonlinear, monotone switch such that
fswiten(0) = 0 and fyyiten(1) &= 1. This switch operates on a cell discontinuity sensor
s, which quantifies the magnitude of solution discontinuities present around a given
mesh element. This cell discontinuity sensor s is then also filtered, via £(s), to ignore
small discontinuities (i.e. smooth regions) and to cap the discontinuity level at which
artificial viscosity production is maximized. In this thesis, s is represented using a

scalar, piecewise constant (P0) DG solution, and is computed by solving the following
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linear local problem on each element k,

1
W/vsdQ—

where |r| is the volume of element «, | f| is the area of interior face f, and g(u™,u™)

!f| /v g(ut,u7) dr, Yo € Vi, (p=0), (7.2)

feornI'y

is a scalar quantity used to detect a shock, which depends on the primary solution
variables on either side of a face. Solving Eq. 7.2 on an element x causes the value of
the cell sensor s in that element to be the average value of g over the faces of x. Since
this work is concerned with detecting and stabilizing oscillations in the saturation

solution, ¢ is defined to be the absolute value of the jump in saturation across a face,

glut,u) =8} = S, |. (7.3)

Solving Eq. 7.2 repeatedly for all elements in the mesh causes interior face integrals
to be computed twice. Hence, for computational efficiency, Eq. 7.2 is summed over all

elements in the mesh and re-arranged to produce the following alternate weak form,

!ff+| U+ |/<3_\ v _
0= / + T B

KEThH fery

(7.4)

where N, and Ng, ., represent the number of faces of k™ and £~ respectively. As-
suming the mass matrix inverse of each element is computed and stored beforehand,
this formulation allows the cell sensor s to be computed efficiently through accu-
mulation, using only a single loop over the interior faces of the mesh. Higher-order
representations of the cell sensor s can be easily obtained through this formulation by
changing the order of the polynomial basis used for v and s, but the effects of doing
so are not considered in this thesis.

Once the cell discontinuity sensor s is computed, it is filtered through £(s) as
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follows,

logo(|s| 4+ €) — logo(Smin
5(8) — 10(’ | ) 10( )7 (75)
10g10(8max) — 10g;0(Smin)

where spin and sy represent thresholds for the addition of artificial viscosity. When
€(s) is fed through the nonlinear activation function fyiten(+), regions with sensor
values lower than s,,;, do not produce any artificial viscosity, whereas regions with
sensor values greater than s, produce the maximum amount of artificial viscosity.

In this work, spmin = 1073, Smax = 107! and € = 10716,

The last component of the artificial viscosity PDE is v,.x, which represents the
maximum amount of artificial viscosity that is added to the primary equations. As
proposed by Persson and Peraire in [118], vay needs to be O(h/p) to allow for sub-
cell shock resolution, where h is the local mesh size and p is the polynomial order of
the solution. The form of v, used in this work is based on a multi-dimensional and

higher-order extension of the grid Péclet number, given by,

= Ve = (7.6)

where H(Z) is the generalized spatial length scale tensor from before, ¢(u) is a
problem-dependent characteristic velocity, and p is the solution order. The maxi-
mum artificial viscosity is designed to achieve a local grid Péclet number of Pe = 2,
inspired from the stability theory of second-order finite difference schemes for 1D

linear advection-diffusion problems.

The boundary conditions of the artificial viscosity PDE were specified to be of
the radiation-type (i.e. Robin) by Barter and Darmofal [17], where the flux of v is
proportional to the difference between the boundary value and an ambient viscosity
value (vs), multiplied by a local length scale. Since it is possible for a shock or
discontinuity to leave the domain at an arbitrary angle to the boundary, homogeneous

Dirichlet (v = 0) or Neumann (9% = 0) BCs are not appropriate. The strong form of
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the Robin BC used in this work is given by,

— (YY) -7t = /Oy (ATHT) (v — 1), (7.7)

where 77 is the outward unit normal vector of the spatial boundary, and the ambient
viscosity value is set to zero (Vs = 0). Since the term on the left-hand side of Eq. 7.7
is exactly the diffusive flux of the artificial viscosity PDE, this BC is discretized by
setting the discrete boundary flux equal to the term on the right-hand side, where v

is evaluated from the interior of the domain (v? = v1).

7.2.2 Space-time formulation

For space-time discretizations, it is possible to modify the “spatial” artificial viscosity
formulation described in Section 7.2.1 to include diffusive effects in the temporal
direction as well. Although this seems counter-intuitive, this idea arises naturally
if the primary equations are thought of as “steady” state equations in a (d + 1)-
dimensional domain, instead of as unsteady equations in a d-dimensional domain. For
example, a discontinuity that is traveling across a 1D spatial domain at a constant
speed can be viewed as a stationary discontinuity on a 2D space-time domain that
lies at some angle to the spatial axis (e.g. the saturation front in Figure 7-1b). The
idea behind a “space-time” artificial viscosity formulation is that such a discontinuity
can be diffused or smeared-out in a direction that is orthogonal to the discontinuity
in the space-time domain, as opposed to diffusing it only spatially.

In order to achieve this, the artificial viscosity PDE presented in Section 7.2.1 is

modified as follows,
_@ : (011:12@V) +v= fswitch(f(S» Vmax; (78)

where the only difference is that all spatial gradient operators, V(+), are replaced with
space-time gradient operators, @(), and the spatial length scale tensor H is replaced

with its space-time counterpart H, which is obtained from the Riemannian metric
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field of the space-time mesh. As before, I:I(f) is represented using a discontinuous,
piecewise constant (P0) solution basis on each space-time element. The definition
of the maximum artificial viscosity in Eq. 7.6 is left unchanged, and still uses the
spatial length scale tensor H. Eq. 7.8 is elliptic in space-time, and therefore diffuses
the artificial viscosity produced by the source term both spatially and temporally.
The Robin boundary condition given previously in Eq. 7.7 is also modified to the

following,
- (ClﬂQ@V) = \/a (ﬁTI:Iﬁ) (V — Vo), (7.9)

where 71 represents the unit space-time normal vector of the boundary. Numerical
results from both “spatial” and “space-time” artificial viscosity formulations are pre-

sented and compared in the next section.

7.3 Artificial viscosity for Buckley-Leverett

This section presents results for the Buckley-Leverett problem considered previously
in Section 7.1, but now modified with the proposed artificial viscosity term to help
mitigate unphysical oscillations that may occur when high-order discretizations are

used. The original Buckley-Leverett equation is modified as follows,

o) 0 0 ([, .08,
5652+ 3 urfu(a) = - (60552, (7.10)
where,
v(v) = smoothmax(v, 0), (7.11)

and the artificial viscosity v(z,t) is an auxiliary variable that is governed by the
artificial viscosity PDE. The primary state vector is augmented to include the artificial
viscosity (i.e. u = [S,,]|") and Eq. 7.10 is solved in a coupled manner with one of the

artificial viscosity PDEs presented in the previous subsection. The artificial viscosity
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variable is passed through a smoothmax function, as given by Eq. 7.11, to ensure
that the viscosity added to the Buckley-Leverett equation is always positive, since it
is possible for a piecewise polynomial representation of v to produce negative values,
especially on highly anisotropic elements. The characteristic velocity of the Buckley-

Leverett equation required for the calculation of v,y is given by,

= T8 7.12
V= s, (7.12)
where f,,(S,) is the fractional flow function as given in Section 3.2. The coupled
system of equations is then solved for u(z,t) using a piecewise linear (P1) space-time

DG scheme on a structured triangle mesh as before.

Figures 7-4 to 7-7 offer side-by-side comparisons of the solutions obtained from
the “spatial” and “space-time” artificial viscosity formulations. The wetting phase
saturation contours given in Figure 7-4 show the combined rarefaction-shock wave
propagating through the domain, with sharp resolution of the saturation front. The
artificial viscosity contours in Figure 7-5 show that the spatial formulation produces a
larger artificial viscosity at the discontinuity compared to the space-time formulation.
This also implies that the saturation front is slightly more diffused for the spatial
formulation than for the space-time formulation. Figure 7-6 shows zoomed-in views
of the artificial viscosity contours at the right boundary where the saturation front
exits the domain. The presence of solely a spatial diffusion operator in the spatial
formulation causes the artificial viscosity to be diffused spatially within a given time-
slab, and be decoupled from other time-slabs, as seen in Figure 7-6a. As a result,
the distribution of v is forced to be orthogonal to the boundary, which is inconsistent
with the exit angle of the discontinuity. Using the space-time formulation diffuses
the artificial viscosity in a direction that is orthogonal to the discontinuity, as seen
by the contours in Figure 7-6b. The space-time boundary condition also appears to
be more consistent with the exit angle of the saturation front. Figure 7-7 shows the
distribution of the piecewise constant cell sensor s, in the log scale, where large s

values illuminate the path of the saturation front in both formulations. Figures 7-8
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and 7-9 contain cross-sections of the space-time solutions of S, and v at different
times, using the spatial and space-time artificial viscosity formulations respectively.
As before, the dashed line on each plot shows the analytic Buckley-Leverett solution.
Comparing these saturation solutions with Figure 7-3 shows that the addition of
artificial viscosity enables the second-order P1 DG scheme to converge a physical
solution that has less dissipation (and therefore sharper fronts) compared to the PO
result. The artificial viscosity solutions plotted at the bottom of Figures 7-8 and 7-9
further show that the space-time formulation produces a smaller peak value of v at
the front compared to the spatial formulation, which is diffused over similar length
scales.

It was also observed that the space-time formulation typically requires fewer non-
linear solver (i.e. Newton) iterations to converge, and is generally more robust com-
pared to the spatial artificial viscosity formulation. Hence, for the remainder of this

thesis, the space-time artificial viscosity formulation described in Section 7.2.2 is used.
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(a) Spatial artificial viscosity (b) Space-time artificial viscosity

Figure 7-4: Saturation contours from P1 space-time DG solutions on a structured
mesh with 100 x 100 x 2 triangles, using different artificial viscosity formulations

159



nu: 0 0.03 006 009 0.12 nu: 0 003 006 009 0.12

50 50
40 40
30 30
" 14
> >
(1] [}
T T
- -
20 20
10 10
0 0
0 10 20 30 40 50 0 10 20 f 30 40 50
X-

(a) Spatial artificial viscosity (b) Space-time artificial viscosity

Figure 7-5: Artificial viscosity contours from P1 space-time DG solutions on a struc-
tured mesh with 100 x 100 x 2 triangles, using different artificial viscosity formulations
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Figure 7-6: Zoomed-in views of artificial viscosity contours from P1 space-time DG
solutions on a structured mesh with 100 x 100 x 2 triangles, using different artificial

viscosity formulations
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Figure 7-7: Piecewise constant cell sensor contours in the log scale, obtained using
different artificial viscosity formulations
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Figure 7-8: Comparison of the P1 space-time DG S, solution (solid lines) with the
analytic solution (dashed lines) at different times, with the v solution plotted at the
bottom. These solutions were obtained using the spatial artificial viscosity formula-
tion.
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analytic solution (dashed lines) at different times, with the v solution plotted at
the bottom. These solutions were obtained using the space-time artificial viscosity
formulation.
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7.4 Artificial viscosity for two-phase flow

This section describes a method for adding artificial viscosity to the two-phase flow
equations in mass conservation form, in order to mitigate Gibbs oscillations in the
saturation solution. Since the hyperbolic nature of the two-phase flow equations
originates from the underlying saturation transport equation, it is important to add
artificial viscosity in a manner that stabilizes the saturation behavior, while minimiz-

ing its effect on the elliptic pressure behavior for accuracy.

Intuitively, a capillary pressure based (i.e. physics-based) artificial viscosity model
seems a reasonable choice, where any existing capillary pressure is augmented with
an artificial viscosity of the same form, i.e. by substituting (p., — v) for p., in
Eq. 4.1. Linearizing the two-phase flow equations with this form of artificial viscosity,
as done previously in Section 4.1, shows that the diffusion coefficient of the linearized

saturation equation is,
(v — pey) K, (7.13)

where all quantites with an overbar (7) are evaluated at the mean state. Note that p.,
is non-positive, so the diffusion coefficient D is non-negative as long as the artificial
viscosity v is non-negative. However, the presence of a product of relative mobilities
in the numerator of Eq. 7.13 implies that D vanishes in the limit of S, — 0 or
S, — 1, regardless of the values of v and Des- Figure 7-10 shows examples of how
the mobility-dependent term in Eq. 7.13 varies with .S,,, for different phase viscosity
ratios. As a result, this form of artificial viscosity is unable to add dissipation and
stabilize regions with saturation values close to zero or one, which unfortunately, are

also the regions that are most likely to give rise to unphysical saturations.

Therefore in this work, we propose a slightly more contrived artificial viscosity
formulation for the two-phase flow equations, which is capable of adding dissipation

in a more uniform manner for all values of saturation. Consider the following form
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of the two-phase flow equations modified with artificial viscosity,

gt (Pw®Sw) =V - (purAu KV py + pu/VSy) = 0, (7.14)
Q (pnd(1 = Sy)) — V- (ppo N\ KV, — ppvVS,,) = 0, (7.15)

ot

where the artificial viscosity v > 0. Furthermore, unlike for the capillary pressure-
based artificial viscosity formulation described earlier, taking the weighted sum of
the augmented equations, p, x (Eq. 7.14) + p, X (Eq. 7.15), in the incompressible
limit causes the artificial viscosity terms to cancel each other out. This shows that
the addition of this form of artifical viscosity does not affect the underlying pressure

equation.

In order to complete the description of the artificial viscosity formulation, a def-
inition of the maximum artificial viscosity vp.x is also required. In this work, .y
is defined such that when v = vy, and capillary effects are ignored (i.e. p. = 0),

the linearized saturation equation has a grid Péclet number equal to Pe = 2. Using
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the multi-dimensional and high-order extension of the grid Péclet number for the

linearized saturation equation yields the following expression for vy,

: (7.16)

where 1? is the saturation advection velocity given in Eq. 4.10. However, the presence
of relative mobilities (A, \,) and their derivatives (Ayg, Ang) in the expression of 1%
makes the expression for vy,.., and consequently also the artificial viscosity PDE,
highly nonlinear with respect to saturation. This nonlinearity is alleviated for better
discretization robustness, at the expense of using a more conservative velocity esti-
mate, which does not contain the nonlinear relative permeability functions. Hence,

the saturation advection velocity V is replaced with Vi given below,

Vs = arg Vaer?\%u},{%} (‘VQD , (7.17)

where 17& represents the seepage velocity of phase «,

- 1 KVp,
V,=—— : 7.18
¢ o (7.18)

The physical significance of Vmax above is that it represents the seepage velocity of
the faster moving phase. For a problem with no capillary effects (i.e. p, = pn), Vmax

is always the seepage velocity of the less viscous phase.

The final form of the two-phase flow equations augmented with the space-time

artificial viscosity PDE is given below,

0
5 (Pw®Sw) — V - (pur K VDy + pu?VSy,) =0, (7.19)
0 -
5 (pnd(1 — Sy)) = V- (pu MK VD, — p,VS,) =0,
_@ : (Clﬂ2$y) +v= fswitch(g(s)) Vmax;
where u = [p,,, Sy, V|7 is the augmented state vector, and ¥ represents the value of
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viscosity obtained after passing v through the smoothmax function given in Eq. 7.11.
As before, 7 ensures that the artifical dissipation added to the primary equations is
positive. Numerical results obtained using this formulation are presented in the next

chapter.
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Chapter 8

Compressible two-phase flow in a

heterogeneous reservoir

This chapter presents numerical results for a slightly compressible two-phase flow
problem in a two-dimensional heterogeneous reservoir. This problem is challenging
for high-order discretizations due to the presence of a discontinuous rock permeability
field and the absence of physical diffusion (zero capillary effects). In contrast to the
homogeneous problem considered in Chapter 6, the problem considered here requires
artificial viscosity to robustly converge high-order discretizations. Output predic-
tions from the adaptive space-time DG method with artificial viscosity are compared
to those from conventional low-order time-marching methods (without artificial vis-

cosity) for computational efficiency.

8.1 Problem statement

The problem considered in this chapter involves a slightly compressible water-oil
system that is driven by a two-spot well configuration in a square, heterogeneous
reservoir. The spatial domain is given by Q, = [0, L] x [0, L], where L = 3000 ft. The
schematic in Figure 8-1 shows the locations of the injection and production wells,
at coordinates (500,500) ft and (2500,2500) ft, with fixed bottom-hole pressures
of 4000 psi and 2000 psi respectively. The darker region in the figure represents
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the quadrilateral heterogeneity in the absolute rock permeability field, where the

permeability is 100 times smaller compared to the rest of the reservoir, and thus

manifests as a barrier to the flow between the wells. The corners of the quadrilateral

block are at spatial coordinates (800, 1400), (2000, 1000), (2300, 1300) and (1100, 2200)

ft. The permeability changes discontinuously across the boundary of the quadrilateral,

representing an abrupt change in the geology.
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Figure 8-1: Schematic of heterogeneous 2D reservoir

The governing two-phase flow equations, no flow boundary conditions and initial

conditions are given by Eqs. 5.55 - 5.58, with the relevant constitutive relationships

and numerical constants are replicated below,

Pa =
¢:
kra:

Pec =

pOéref eca(Pa—Pref) fOI‘ o E {w,n}’

Brot eczi’(pn*pref)’
S2 for o € {w,n}

pcmax<1 - Sw)7

168



where,

Gret = 0.3, Pret = 14.7 psi,

P,y = 62.4 1b/ft?] P = 52.1 1b/ft%,
Cw =5 x 1070 psi~!, cn=1.5x 1077 psi?,
cyp =3 X 1070 psi?, Dermas = D DSI,

Kot = 200 I mD, Kpoek =2 I mD,
ey =1 cP, iy = 2 cP,

rw = 2 inches.

As before, the objective of this problem is to accurately predict the oil recovery factor

given by,
Va
J =2 (8.5)
Vorp
where V,,,,, is the total volume of oil extracted from the production well over a period

of T' = 4000 days, and Vp;p is the total volume of oil-in-place at ¢ = 0, which are

defined as follows,

T prL oL
Vi = Le [ [ [ ~au da dy a, (3.6)
0 0 JO

L L
Vorp = LZ/ / 6 (1— Sy(x,y,0)) dr dy = 24519 x 105 ft3.  (8.7)
0 0

8.2 Numerical results

The two-phase flow problem described above is solved using the different discretiza-
tions listed below, and their output predictions are compared for accuracy and effi-
ciency.
1. Finite volume (FV) method using a two-point flux approximation with upstream
mobility weighting, and a backward Euler (BDF1) time-marching scheme. Solved

on uniformly spaced quadrilateral meshes.
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2. Piecewise linear (P1) DG method using a second order backward differentiation
formula (BDF2) time-marching scheme. Solved on uniformly spaced quadrilat-

eral meshes.

3. Piecewise quadratic (P2) DG method using a third order backward differen-
tiation formula (BDF3) time-marching scheme. Solved on uniformly spaced

quadrilateral meshes.
4. Piecewise linear (P1) space-time DG method on structured tetrahedral meshes.

5. Piecewise quadratic (P2) space-time DG method on structured tetrahedral

meshes.

6. Piecewise linear (P1) adaptive space-time DG method on unstructured tetra-

hedral meshes.

7. Piecewise quadratic (P2) adaptive space-time DG method on unstructured

tetrahedral meshes.

The first-order finite volume method does not require artificial viscosity since
it does not introduce spurious oscillations, and therefore solves the two-phase flow
equations directly without any artificial viscosity. In contrast, the DG methods use
the space-time artificial viscosity method from Sections 7.2.2 and 7.4, and solve a
coupled system of three equations. The DG methods also use the upwinding terms
from Chapter 4. Furthermore, all seven methods use the distributed well model
introduced in Chapter 5 for specifying the well behavior, with continuity order m = 6
and model radius R = 100 ft.

Figures 8-2 shows snapshots of the pressure and saturation solutions at the fi-
nal time t = 4000 days, as obtained from the finite volume method on a 63 x 63
structured quadrilateral grid with 500 timesteps. The pressure distribution shows
significant gradient changes across the boundary of the quadrilateral block where the
permeability changes discontinuously, and the saturation front is observed to flow

around the low permeability region, with water breakthrough occuring at around
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Figure 8-2: Primal solutions from the FV method with BDF1 on a 63 x 63 grid with
500 timesteps (At = 8 days), at ¢ = 4000 days
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Figure 8-3: Primal solutions from the P1 DG method with BDF2 on a 63 x 63 grid
with 500 timesteps (At = 8 days), at t = 4000 days

t = 3250 days. The solutions from the P1 DG method with BDF2 are very similar to

the finite volume solutions, as seen in Figure 8-3.

Figures 8-4 and 8-5 show contour plots of the saturation and artificial viscosity at

the halfway point (i.e. t = 2000 days), as obtained from the P1 and P2 time-marching

DG methods respectively. The artificial viscosity is observed to track the saturation

front closely in both solutions, but the P2 discretization requires a smaller amount of

artificial viscosity on the same mesh due to its greater sub-cell resolution.
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Figure 8-4: Primal solutions from the P1 DG method with BDF2 on a 63 x 63 grid
with 500 timesteps (At = 8 days), at t = 2000 days
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Figure 8-5: Primal solutions from the P2 DG method with BDF3 on a 63 x 63 grid
with 500 timesteps (At = 8 days), at t = 2000 days

Figure 8-6 shows the final space-time mesh obtained after 20 mesh adaptation
iterations, where a P1 DG solution is adapted to a target of 10° degrees-of-freedom per
primary variable. A crinkled cross-section of this final mesh along the x = y plane is
shown in Figures 8-7a and 8-7b, overlaid on the p,, and S, solutions respectively. The
adaptive algorithm focuses on the near-well regions as seen previously in Chapter 6,
with more anisotropic resolution around the production well than around the injection

well. The algorithm also automatically targets the boundaries of the heterogeneous
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Figure 8-6: Space-time mesh after 20 iterations of the adaptive algorithm, with P1
DG primal solutions adapted to 10° DOF

block, without any prior knowledge of its existence, in order to accurate capture the
permeability discontinuities. The saturation front is not as sharply resolved as in
the homogeneous problem of Chapter 6, but this can be attributed to the fact that
the mesh optimization algorithm now has a greater number of important features
to resolve using the same DOF budget, and as a result, certain solution features
are prioritized over others. Figure 8-7c shows the evolution of artificial viscosity
in the space-time domain. Since the artificial viscosity is driven by a sensor that
detects inter-element jumps in the saturation variable, artificial viscosity is constantly
produced at the moving saturation front, and then spread smoothly in space-time by
the diffusion operator in the artificial viscosity PDE. The large values of v observed
at the production well after water breakthrough are due to large pressure gradients
near the well, which lead to large flow velocities and thereby large values of vyax.
Although vy, is large near the wells at all times, v itself becomes large only after

water breaks through and activates the cell sensor s in that region.

Figures 8-8 to 8-10 show cross-sections of the P1 adapted space-time DG solution
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Figure 8-7: Cross-section of final adapted space-time mesh, with P1 DG primal solu-
tions adapted to 10° DOF

at t = 1000, 2000 and 3000 days. The first column shows the crinkled surface of the

space-time mesh sliced at different times, as viewed from directly above the z—y plane.
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Figure 8-9: Slice of P1 space-time DG solution
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Figure 8-10: Slice of P1 space-time DG solution at ¢ = 3000 days

The second and third columns show the distribution of saturation S,, and artificial

viscosity v respectively, at the above times. The figures above clearly show how the

spatial resolution of the mesh evolves with time, in order to accurately capture the

solution features that are important for the output of interest at a given time.
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An accurate representation of geological heterogeneities does not appear to be
equally important at all times, as evidenced by the varying levels of resolution allo-
cated to the boundaries of the low permeability region by the adaptive algorithm, at
t = 1000, 2000 and 3000 days. It is expected that the ability of the adaptive space-
time DG method to reallocate degrees-of-freedom between static solution features
(e.g. wells, geological heterogeneities) and dynamic solution features (e.g. moving
saturation front) will enable it to outperform other numerical methods based on

“fixed” meshes.

Figure 8-11 shows the convergence of the oil recovery factor predictions with mesh
refinement. In order to make a fair comparison between the FV and DG methods,
the abscissa represents the total number of space-time unknowns in each solution,
given by (NporNstate), Where Npop is the number of space-time degrees-of-freedom
per state variable, and N is the number of state variables used by the discretiza-
tion. For the finite volume method which only solves for pressure and saturation,
Ngtate = 2, whereas for the DG methods Nyt = 3, since they also solve for artifi-
cial viscosity. However, even with the additional degrees-of-freedom associated with
artificial viscosity, the P1 and P2 adaptive space-time DG methods (solid red and
green lines) only require ~ 105 unknowns to achieve an error tolerance of 4-0.1%
(marked by the dotted horizontal lines). In contrast, the time-marching finite volume
method requires ~ 10° unknowns to achieve the same error level. The time-marching
DG methods and the space-time DG methods on structured tetrahedral meshes fare

inbetween the two extremes discussed above.

The runtime performance of the time-marching and adaptive space-time DG meth-
ods is investigated below by comparing the wall-clock times taken to achieve a 0.1%
output error level. For each time-marching and adaptive space-time method in Figure
8-11, the case with an error level closest to 0.1% is selected, and executed with 2 to
128 parallel MPI processes. All cases were run on a high performance computing
(HPC) cluster where each compute node contained two Intel Xeon E5-2660 v3 (2.6
GHz, 10-core) processors, each with a 25 MB cache. The wall-clock times of each of

these simulations are shown in Figures 8-12. The timing data shown for the adaptive
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space-time DG method represent the total time taken for 20 intermediate mesh adap-
tation iterations, which include the time taken for the primal solves, adjoint solves,
error estimation, and local sampling. In contrast, the data of all the time-marching
methods only represent the time taken for a single primal solve.

The time-marching FV method and the P1 adaptive space-time DG method have
comparable wall-clock times, especially for larger numbers of MPI processes, and are
also the slowest to achieve a 0.1% error level. The P1 time-marching DG method
and the P2 adaptive space-time DG method also have comparable wall-clock times,
and are roughly 2-3 times faster than the time-marching FV method. The P2 time-
marching DG method is about a further 5 times faster. It appears that repeatedly
solving the smaller linear systems produced by the time-marching discretizations at
each timestep is more runtime efficient compared to solving the larger linear systems
produced by the space-time DG discretizations. However, the adaptive space-time
DG methods include the time taken for 20 intermediate solves, and also automatically
provide additional information such as adjoint solutions and output error estimates,
for which the time-marching methods require additional work. The runtime efficiency
gains of the high-order DG methods, relative to the FV method, are significantly
lower for this heterogeneous problem compared to the results of the homogeneous
problem in Chapter 6, primarily due to the costs associated with solving for the
additional state variable v. Figure 8-13 shows the speed-up factor of each method
relative to a serial execution for different MPI process counts. As before, the space-
time parallelism of the adaptive space-time DG methods enable them to achieve a
significantly greater scalability compared to the time-marching methods, which only
have spatial parallelism. A more detailed investigation of the wall-clock times of the

P1 and P2 adaptive space-time DG methods is presented in Appendix E.

8.3 Summary

In this chapter, the output prediction performance of the adaptive space-time DG

method was compared against time-marching and space-time methods using struc-
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tured meshes, on a slightly compressible two-phase flow problem in a heterogeneous
reservoir. Due to the absence of capillary effects, the high-order DG discretizations
relied on the space-time artificial viscosity method proposed in Chapter 7 for stability
and robustness. Numerical results from the different discretizations were presented,
where it was observed that the artificial viscosity in the DG methods closely tracked
the saturation front, successfully avoiding the onset of Gibbs phenomenon. Results
from the adaptive space-time DG method showed that most of its degrees-of-freedom
were spent resolving the near-well regions, the permeability discontinuities, and the
saturation front, as expected. A comparison of the oil recovery factor predictions from
the different discretizations showed that the P1 and P2 adaptive space-time DG meth-
ods were significantly more efficient compared to the other methods considered, in
terms of degrees-of-freedom required to achieve a given level of output accuracy. The
P2 time-marching DG method required the least amount of wall-clock and CPU-time
to achieve a 0.1% error in the output. However, the P1 and P2 adaptive space-time

DG methods outperformed the time-marching schemes in terms of parallel scalability.
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Chapter 9

Conclusion

9.1 Summary

This thesis presents work towards the development of an efficient and robust numerical
framework for solving reservoir flow problems. In particular, a high-order space-time
discontinuous Galerkin finite element discretization is coupled with the MOESS mesh
adaptation algorithm [137], to reliably predict output quantities of interest in porous
media flows. Following the previous work done in [78], where this approach was
demonstrated on one-dimensional reservoir flow problems, the focus of this thesis
is to extend and apply the solution framework to more realistic problems in higher
dimensions.

In order to understand and validate the mesh adaptation behaviors observed on
certain reservoir problems, it was necessary to develop a theoretical understanding
of the adjoint equations and solution behavior for representative models of porous
media flows. This motivated the adjoint analysis work in this thesis, where the adjoint
equations and boundary conditions were derived for the Buckley-Leverett and two-
phase flow equations. The analytic adjoint solutions derived for the Buckley-Leverett
equation also serve as useful reference data for verifying the adjoint consistency of
numerical schemes.

One of the major obstacles in extending the adaptive framework to multi-dimensional

reservoir flow problems was the lack of a feasible well model for capturing the inter-
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action between the well-bore and the reservoir for finite element methods on unstruc-
tured meshes. The discretization-agnostic distributed well model developed in this
thesis addressed this issue, and numerical results were presented to show that the
flow rate predictions of the proposed well model were not only consistent with the

widely used Peaceman well model, but also more robust to changes in the mesh.

A significant portion of this thesis is also aimed at improving the stability and
robustness of the DG discretization, particularly for the two-phase flow equations
in the advection-dominant limit. Modifications to the BR2 diffusive flux [21, 22]
were derived based on a linearized analysis of the analytic and discrete two-phase
flow equations, which effectively upwind the underlying saturation equation. The
additional interior interface terms produced from this analysis were shown to stabilize
the BR2 discretization of a 1D test problem. Later in the thesis, a modified form
of Barter’s PDE-based artificial viscosity method [17] was proposed for the Buckley-
Leverett and two-phase flow equations, as a means of mitigating Gibbs oscillations
that usually occur in high-order discretizations, and ensuring convergence to physical

solutions.

The adaptive space-time DG method developed in this work was demonstrated
on two compressible two-phase flow problems, with homogeneous and heterogenous
reservoirs. Comparisons with conventional time-marching methods and space-time
DG methods on structured meshes showed that the adaptive space-time DG method
is significantly more efficient at predicting output quantities of interest, in terms of
degrees-of-freedom required to achieve a given level of accuracy. Studies of wall-clock
times also revealed the superior parallel scalability of the adaptive space-time DG

method relative to time-marching methods.

With the results of this thesis clearly demonstrating the significant potential of
solution adaptive space-time methods, it is hoped that the contributions of this thesis
are adopted, improved and extended to more realistic and practical reservoir flow

problems.
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9.2 Future work

This section contains a few brief discussions on possible areas for further research.

3D spatial domains

The extension of the space-time adaptive framework to 3D spatial problems re-
quires the development of one major tool: a 4D metric-conforming mesh genera-
tor. Although there have been a few attempts at 4D unstructured mesh generation
[26, 103], none of the methods are known to generate highly anisotropic or metric-
conforming meshes. It is speculated that an incremental, local mesh refinement tech-
nique based on a modified Delaunay-kernel is a good starting point for developing
a metric-conforming 4D simplex mesh generator. Such an approach is presented for
2D meshes in [27] and for 3D meshes in [45]. The dimension-independent, Delaunay-
based anisotropic meshing algorithm proposed recently by Caplan et al. [31] also
seems to be an attractive option for this work. Extending the local sampling step of
the MOESS algorithm to pentatope meshes will also require the solver infrastructure

to construct and solve 10 local configurations (10 edge-splits) for each element in the

4D mesh.

Preconditioners

Although the ILU(k) preconditioner with the minimum discarded fill-in (MDF) ele-
ment ordering [119] is used successfully for the problems in this thesis, its performance
on more heterogeneous problems remains to be investigated. Furthermore, it may also
be possible to design an efficient, problem-specific preconditioner that exploits the hy-
perbolicity of the space-time problem in the temporal direction, or the ellipticity of
the pressure solution. There exist many preconditioners for the latter case in the con-
text of time-marching problems [132, 29, 2, 94], but their applicability for space-time

discretizations requires further study.

183



Discrete geological models

The geological heterogeneity considered in this work consists of a discontinuous de-
crease in rock permeability, which was confined to a single analytically-described
quadrilateral region of the reservoir. However, in practical reservoir simulation prob-
lems, the geological data is usually provided as node-averaged or cell-averaged values
on a discrete grid. For large scale reservoirs, the geological models are often defined
on finer meshes compared to the meshes used by the flow solver, thereby requiring
the geological data to be upscaled before it can be used in the simulation. This
is especially true for the adaptive method, since the mesh adaptation process usu-
ally starts with significantly coarse meshes. In order to be able to work with such
discrete geological models, the adaptive method requires the implementation of an
appropriate “sampling” process, where the reservoir properties at any given point in
the unstructured space-time mesh can be evaluated from the data in the fine-scale
geological model. A simple approach would be to perform an L? projection of the
geological data on to each adapted space-time mesh, thus reducing the data to a
piecewise polynomial representation that can be evaluated at each quadrature point
by the finite element method. However, this approach unnecessarily replicates the
spatial data in the temporal direction, and therefore requires further investigation
for improving data storage efficiency. The waterflooding problem of the 10th SPE
Comparative Solution Project (SPE10) [37] is proposed as a suitable test case for
studying the performance of the adaptive space-time DG method on problems with

discrete geological models in the future.
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Appendix A

Cost analysis of the space-time DG

mesh adaptation framework

In the interest of fairly comparing computational costs between different spatial di-
mensions d, the mesh resolution is assumed to be fixed and characterized by an average
mesh size h < 1 in each dimension, with the volume of the space-time domain being
equal to 1. The number of (d + 1)-simplex elements in the space-time mesh is given

by,

1
‘/simplex(d + 1) : hdJrl’

Nelem ~ (A.1)

where Viimplex(d) represents the volume of a unit d-dimensional regular simplex,

1 /d+1
‘/simplex(d) = E od . (AQ)

For a space-time DG discretization, the number of degrees of freedom per element,

M, is given by:

(p+d+1)!
M(d,p) = D Nstates (A.3)
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where p is the polynomial order of the DG solution and N is the number of state
variables. Therefore, the total number of degrees of freedom on a space-time mesh

with Neem elements is given by:
N(d,p) = M(d,p) - Nelem, (A.4)

For simplicity, it is assumed that the complexity of the linear solver can be mod-
eled as O(kM3NY,...), where k is a constant that captures the nonlinearity and the
conditioning of the physical problem. Highly nonlinear, poorly conditioned problems
result in larger k£ values. The cubic power on M is a result of the dense coupling of
DOFs within each element, which produces a dense matrix block of size M x M that
needs to be solved for each element. However, since the DG discretization has sparse
interactions between elements, the Jacobian matrix has a block sparse structure that
can be exploited by sparse matrix solvers to produce a more efficient scaling on Ngjepy, .
Thus, the exponent r typically takes values in the range 1 < r < 2 for well precon-

ditioned iterative solvers of sparse systems. Therefore, the cost of solving the primal

problem is given by:
C1primaul =0 (kprimal ' (M(dap))g ' (Nelem>r> . (A5)

Similarly, the cost of solving the adjoint problem in the richer (p + 1) space is:

Cadjoint =0 (kadjoint ' (M(dap + 1))3 : (Nelem)r) (A6)
B p+d+2\° .
=0 (kadjomt (M(d7 p) p + 1 > (Nelem) ) (A7)

Cadjoint kadjoint ) <p +d+ 2) 3

e (A.8)

Cprimal kprimal

Although the cubic term in Eq. (A.8) suggests that the adjoint solve may be more
expensive compared to the primal solve, the linearity of the adjoint problem compen-
sates for this via the Kadjoint/Kprimal ratio, often making the adjoint solve cheaper than

solving the nonlinear primal problem. The relative cost of the adjoint solve further
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diminishes with increasing p.

In the local sampling step of the MOESS algorithm, each local configuration is ob-
tained by splitting an edge of an element to produce two sub-elements. The cost of
performing a single local solve to compute the solution on these two sub-elements is

given by:
Ceontig = O (Kuoear - (M(d. p))*) . (A.9)
Therefore, the cost of all local solves is given by:
Clocal = Ceonfig * Neonfig = Nelem (A.10)

where Neonsig is the number of split configurations per element, which is equal to the

number of edges in the (d + 1)-simplex element:
1
Neonfig = 5(d +1)(d+2). (A.11)
Hence, the cost of local solves simplifies to:

Cioat = O (hicat - (M(d,p))°) - 5(d+ 1)(d+2) N (A12)

- O (klocal : (M(d’p))g ' (Nelem)T> ' (d + 1)(d + 2) ' (Nelem)l_r (A]'S)

C]ocal -~ klocal . (d+ ]-)(d+ 2) . (‘/simplex(d+ 1) . hd+1>7’—1 (A14)

Cprimal kprimal

If r > 1, the exponential decrease of Viimpiex(d+1) - h*t! with d ensures that the cost
of all the local solves is cheaper compared to the primal solve at higher dimensions.
Furthermore, each of the local problems are generally less nonlinear and better con-
ditioned than the global problem. This is also observed in practice, where the primal
solve typically takes ((10) nonlinear iterations whereas each local solve takes only

O(1) nonlinear iterations. Therefore, even for the worst-case of r = 1 and d = 3,
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the (d+ 1)(d+ 2) factor in Eq. (A.14) can be compensated by the kiocal/kprimal ratio,

making the local sampling procedure cheaper than the primal solve.

The cost of generating a space-time mesh may be approximated by the complexity of
computing a Delaunay triangulation of n points in d + 1 dimensions, which is known
to be O(n) in the expected case and O(n/(@+1/21) in the worst-case [5, 49]. The rela-
tionship between n and Ngem for an isotropic space-time mesh can be approximated

by the following relation:
n~&d+1)- Neem, (A.15)

where £(d) is ratio between the number of vertices per d-simplex and the average

number of regular d-simplices around a vertex, S(d),
§(d) = == (A.16)

Under the assumption of an isotropic mesh, a good approximation for S(d) is the

ratio:

@sphere (d)

S(d) ~ @vertex(d)’

(A.17)

where Ogpnere(d) is the solid angle subtended by the surface of the d-dimensional unit
ball at the origin, and Oyerex(d) is the solid angle subtended by a face of the regular
d-simplex at its opposite vertex. Using the formula for the solid angular content at

each vertex of a regular simplex given in [90], the above ratio can be written as:

@sphere(d) o 2d
@vertex(d) d' Fd (% sec—l(d))

, (A.18)
where Fjy(a) is the recursive Schlafli function defined in Section 7.2 of [142]. Table
A.1 contains evaluations of the above ratios up to d = 4.

By assuming the expected linear complexity of the Delaunay triangulation, the cost
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d| S(d) | &(d)
1 2 1

2| 6 0.5
3| 22.795 | 0.175
4

102.200 | 0.049

Table A.1: Numerical values of S(d) and &(d)

of mesh generation relative to the primal solve is given by:

C1mesh =0 (é-(d + 1) : Nelem)

Cmcsh £<d + 1)
Cprimal kprimal ' (M(d7 p))3 ' (Nelem)T_l

r—1
C(mesh f(d + 1) ’ (‘/Simplex(d + 1) : hd+1>
Cprimal k'prjmal : (M(d, p))3

(A.19)

(A.20)

(A.21)

If r > 1, the decrease of the h®*! term in Eq. (A.21) dominates (since h < 1), and

causes Cpesh t0 be smaller relative t0 Cpimal as d increases. The ratio &(d+1)/M(d, p)?

also decreases with increasing d. Thus, even for an optimally scaling primal solver

(i.e., 7 = 1), the mesh generation cost is a decreasing fraction of the primal solve cost

as d increases.
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Appendix B

Linearization of the weighted

residual

In order to simplify Eq. (3.16) further, consider the expression inside the brackets in
the last integral of Eq. (3.16). Expanding out all components of space-time fluxes and

normal vectors, and rewriting the expression in terms of 1D jump operators, yields,

. ug%]] (P F) o 5.1
T
OF, OF,
= |[< 5y + 81’tnt> 5msﬂ + [F.] ont + [F] on, (B.2)

where dn; and dn;” are the spatial and temporal components of the perturbed unit

normal vector of I',. Since dx, is unique for both sides of the shock, it is moved out

of the jump operator, and the %Z; z term is replaced with —% using the space-time

primal equation in Eq. (3.5), giving,

B OF, OF, ny . . N
£= <|[ o7 ﬂ + H&[ﬂ @> n, 0xs + [Fp] on, + [Fi] on, (B.3)

- @ y @ + + n

- <|[— 5 T O H) nyoxs + [F.] on. + [Fi] on, . (B.4)
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Following the approach used in [67] and using the definition % = % + :ts%, yields,
d[F] oF, . OF,
= s— 1, B.5
dt H at " or (B-5)
and therefore,
d [ F
£=— [C[itt]] nfoxs + [F.] ont + [Fi] on; . (B.6)
Expanding the space-time jump condition in Eq. (3.7) gives,
J’_
n
[F:] = —[F] é (B.7)
which is substituted in Eq. (B.6) to obtain:
d[F ngon;t
£=— [([ﬁt]] nfoxs — [F] < thr £ — 5n:r> . (B.8)

The final step requires a relationship between dx, and the components of the per-
turbed unit normal vector 7. This is derived by linearizing the ratio of n /nl as

defined in Eq. (3.10),

+
Ly
Ts = _E (B.9)
- +
_ . ng +ony
Ts+ 005 = ey (B.10)

Eq. (B.10) is simplified further using a Taylor series expansion of the right-hand side

and retaining the linear terms as follows,

‘ _ 1 on;t

+ O((Snjf‘f)) (B.11)

ng on; B ony

2+ +
nil? nCE

(B.12)

0ts =
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Noting that the right-hand side of Eq. (B.12) appears inside the brackets of the last
term in Eq. (B.8), the expression for ¢ is finally given by,

dF]

£E=— o niox, — [Fy] dint (B.13)
z—iwﬂwawg (B.14)
= (B~ Fr)sw) (8.15)
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Appendix C

Output sensitivities via adjoint

solutions

This section outlines how solutions to the continuous adjoint problem can be used to
compute the sensitivities of an output functional to parameters in the model. Assume
that the weak form residual equation which needs to be satisfied by the primal solution

u(x,t, «) is given by,
R(u,w,a) =0, (C.1)

where w(z,t) is an admissible test function and « is a model parameter. The weak
form residual R may be nonlinear in v and «a, but it is linear in w. The linearized
form of the above equation is obtained by considering infinitesimal perturbations of
the model parameter, da, which also results in perturbations of the primal solution,
ou. Linearizing the weak form residual equation with the above perturbations about

a primal solution u(x,t, «) yields,

R(u + du,w,a + da) = 0,
R(u,w,a) + §R(du, w, dar) = 0,
IR (6u,w,da) = 0. (C.2)
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Furthermore, the § R constraint in Eq. (C.2) can be expanded as,

SR(6u,w,0) + dR(0,w,da) = 0. (C.3)

For a given generic output function J(u, «), the adjoint solution v (z,t) satisfies the

following equation for all du,

dR(6u,1,0) = §J(0u,0). (C4)

The total perturbation in the output is given by 6.J(du, d), which can be decomposed
and re-written using Eq. (C.4) and (C.3) as,

0J (du, da) = 0J(0u,0) + 0J(0, dcx)
= —dR(0,v¢,0a) + 6J(0, ). (C.5)

Note that the absence of du in the right-hand side of Eq. (C.5) allows the output
perturbation to be evaluated directly from da without first calculating du. Therefore,
this adjoint-based sensitivity method is more efficient than the direct method when

multiple sensitivity evaluations are required.
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Appendix D

Adjoint relationships between

equivalent sets of PDEs

Consider the following linearized primal problem,

Lu=f, in €, (D.1)

Bu =, on I, (D.2)

where v € R™ is the primal solution vector, L : R® — R" is a linear differential
operator in the domain Q € R? and B : R® — R" represents the primal boundary

condition operator on I' € R4~1,

The following notation for volume and boundary inner products,

(u,v) = /QuTv s, (D.3)
(u,v) = AuTv dr, (D.4)

allows the output of interest to be written as

J = (g,u) + (95, u). (D.5)
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The duality condition produces the following relationship,

(.gv ’LL) + <gB>u> = (77Z}7 f) + <C*¢7 6>7 (DG)
which is used to derive the corresponding dual problem,

L™ =g, in €, (D.7)
B*C* =g¢gp, onl, (D.8)

where the adjoint operators L*, B* and C* are derived using integration by parts, as

described for the porous media model equations in Chapter 3.

Next, consider an equivalent set of primal equations defined by the transformation

matrices M € R™™" and H € R™*":

= Mu, (D.9)

f=Hf. (D.10)

Rewriting the primal problem in terms of these new quantities yields,

La=f, inQ, (D.11)
Bi =, on I, (D.12)

where I, = HLM=! and B = BM~!. Similarly, rewriting the output functional gives
J = (gva) + <§B,ﬂ>, where g = MﬁTg and gB — MngB'

The duality condition for the transformed problems is manipulated as follows,

(§,0) + (g, @) = (&, f) +(C™4he) (D.13)
(M~"g, Mu) + (M~ Tgg, Mu) = (¢, Hf) + (C*, ) (D.14)
(9,u) + (g5, u) = (H", f) + (C*), €) (D.15)

198



Comparing the volume integrals of Eq. (D.6) and Eq. (D.15) gives the relationship
between the adjoint variables of the original primal problem and those of the trans-

formed primal problem:
o =HTy. (D.16)

Further, comparing the boundary integrals yields C* = C*HT. Note that the adjoint
variable transformation given in Eq. (D.16) is independent of the solution variable

transformation matrix M.
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Appendix E

Timing data for adapted cases

This appendix presents a detailed breakdown of the wall-clock times of the adaptive
space-time DG method for the heterogeneous two-phase flow problem in Chapter 8.

Figures E-1 and E-2 show the wall-clock times taken by the P1 and P2 adaptive
space-time DG methods respectively, to complete 20 mesh adaptation iterations using
16 parallel MPI processes. The different bars on each figure represent results for
different target costs, ranging from 50,000 to 400,000 DOFs per state variable. Each
bar is subdivided vertically into blue, green and yellow regions to show the proportion
of the total time required for the primal solves, adjoint solves, and the local sampling
procedures respectively. The time taken for error estimation, mesh generation and
solving the mesh optimization problem are ignored since they only constitute a minor
fraction of the total time. The percentage labels in each bar show the proportion of
time taken by each of the three main steps, as a fraction of the height of the bar. As
the size of the problem increases, it is observed that the time-fraction of the primal
and adjoint solves increases, whereas the time-fraction of the local sampling procedure
decreases.

Similarly, Figures E-3 and E-4 show the breakdown of wall-clock times for a P1
space-time DG method adapted to 400,000 DOF, and a P2 space-time DG method
adapted to 150,000 DOF respectively. The different bars on these figures represent
results from parallel runs using 2 to 128 MPI processes. The local error sampling

times are observed to scale almost perfectly with increasing process count, since the
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sampling process is embarassingly parallel. In contrast, the time-fraction of the primal

solves is observed to increase with the number of processes.

4 x10*
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|| Local error sampling
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I

0.5
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Figure E-1: Breakdown of wall-clock times of the P1 adaptive space-time DG method
using 16 MPI processes, for different target DOFs
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Figure E-2: Breakdown of wall-clock times of the P2 adaptive space-time DG method
using 16 MPI processes, for different target DOFs
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Figure E-3: Breakdown of wall-clock times of the P1 adaptive space-time DG method
with 400k DOF, for different MPI process counts
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Figure E-4: Breakdown of wall-clock times for the P2 adaptive space-time DG method
with 150k DOF, for different MPI process counts
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