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Abstract
The use of computational fluid dynamics (CFD) in the aerospace industry is limited
by the inability to accurately and reliably predict complex transitional and turbulent
flows. This has become a major barrier to further reduce the costs, times and risks
in the design process, further optimize designs, and further reduce fuel consumption
and toxic emissions. Large-eddy simulation (LES) is currently the most promising
simulation technique to accurately predict transitional and turbulent flows. LES,
however, remains computationally expensive and often suffers from accuracy and
robustness issues to the extent that it is still not practical for most applications of
interest.
In this thesis, we develop a series of methods and techniques to improve efficiency,
accuracy and robustness of large-eddy simulations with the goal of making CFD a
more powerful tool in the aerospace industry. First, we introduce a new class of highorder discretization schemes for the Euler and Navier-Stokes equations, referred to as
the entropy-stable hybridized discontinuous Galerkin (DG) methods. As hybridized
methods, they are amenable to static condensation and hence to more efficient implementations than standard DG methods. As entropy-stable methods, they are superior
to conventional (non-entropy stable) methods for LES of compressible flows in terms
of stability, robustness and accuracy. Second, we develop parallel iterative methods
to efficiently and scalably solve the nonlinear system of equations arising from the
discretization. The combination of hybridized DG methods with the proposed solution method provides excellent parallel scalability up to petascale and, for moderately
high accuracy orders, leads to about one order of magnitude speedup with respect
to standard DG methods. Third, we introduced a non-modal analysis theory that
characterizes the numerical dissipation of high-order discretization schemes, including
hybridized DG methods. Non-modal analysis provides critical guidelines on how
to define the polynomial approximation space and the Riemann solver to improve
accuracy and robustness in LES. Forth, we investigate how to best account for the
effect of the subgrid scales (SGS) that, by definition, exist in LES. Numerical and
theoretical results show the Riemann solver in the DG scheme plays the role of an
implicit SGS model. More importantly, a change in the current best practices for

3

SGS modeling is required in the context of high-order DG methods. And fifth, we
present a physics-based shock capturing method for LES of high-Mach-number and
high-Reynolds-number flows. The shock capturing method performs robustly from
transonic to hypersonic regimes, provides sharp shock profiles, and has a small impact
on the resolved turbulent structures.
These are all critical ingredients to advance the state-of-the-art of high-order
methods for LES, both in terms of methodology and understanding the relationship
between the physics and the numerics.
Thesis Supervisor: Jaime Peraire
Title: H. N. Slater Professor of Aeronautics and Astronautics
Thesis Supervisor: Ngoc-Cuong Nguyen
Title: Principal Research Scientist
Thesis Committee Member: Qiqi Wang
Title: Associate Professor of Aeronautics and Astronautics
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Short-term diffusion curves as a function of the P6clet number for
standard upwinding 3, = 1 and polynomial orders ps = 1 (left) and
p8 = 6 (right). The exact solution of the convection-diffusion equation
is shown in dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . .
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Short-term diffusion curves as a function of the upwinding parameter
for ps = 3 in convection-dominated Pe* = 103 (left) and diffusiondominated Pe* = 0.1 (right) regimes. The exact solution of the convectiondiffusion equation is shown in dashed black line. Note a different scale
in the y axis is used for each figure. . . . . . . . . . . . . . . . . . . .
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5-4

Results for the Burgers turbulence problem.
energy spectra from t = 2 L/uo to t
Center:

Time-averaged

8 L/uo for p, = 1, ...

The spectra are shifted up by a factor of 4Pvisualization.

Top:

,

7.

to allow for easier

Short-term diffusion curves from non-modal

analysis. Bottom: Diffusion curves from eigenanalysis. The right limit
of the x axis corresponds to the grid Nyquist wavenumber. A different
scale in the y axis is used for the non-modal analysis and eigenanalysis
curves.........
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....................................
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Time evolution of one-dimensional kinetic energy spectra for the TaylorGreen vortex at (from top to bottom) Reo = 100, 400, 1600 and oo

with 0, = 0.25 (left) and #, = 1.00 (right).

The modified P6clet

number Pe* at each time is indicated in the legend. The right limit of
the x axis corresponds to the grid Nyquist wavenumber.
5-6

. . . . . . .

Short-term diffusion curves with 0, = 0.25 (left) and /, = 1.00 (right)
from non-modal analysis.

These curves are to be compared to the

energy spectra for the Taylor-Green vortex in Figure 5-5.

The right

limit of the x axis corresponds to the grid Nyquist wavenumber.
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Time evolution of kinetic energy dissipation rate in the Taylor-Green
vortex at Re = 1600 (left) and Re = oc (right) for the Riemann solvers
considered . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Time evolution of numerical dissipation of kinetic energy, as defined in
Eq. (6.2), in the Taylor-Green vortex at Re = 1600 (left) and Re = 00
(right) for the Riemann solvers considered. . . . . . . . . . . . . . . .
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One-dimensional kinetic energy spectrum in the Taylor-Green vortex
at Re = 1600 and t = 8 L/Vo (left), and Re = oc and t = 9 L/Vo
(right) for the Riemann solvers considered. . . . . . . . . . . . . . . .
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Time evolution of kinetic energy dissipation rate in the Taylor-Green
vortex at Re = 1600 (left) and Re = oc (right) for ILES, static
Smagorinsky, dynamic Smagorinsky, WALE and Vreman LES. . . ..
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Time evolution of volume-averaged dynamic Smagorinsky constant in
the Taylor-Green vortex. Note C., = 0.16 in static Smagorinsky
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Snapshot of vorticity norm

1851. . 117

IIwi I L/Vo on the periodic plane x = -L7

of the viscous Taylor-Green vortex at t = 8 L/Vo. Left to right: ILES,
static Smagorinsky, dynamic Smagorinsky and Vreman. The WALE
model leaded to nonlinear instability and the simulation breakdown at
t ~ 4.59 L/ Vo. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6-7

One-dimensional kinetic energy spectrum in the Taylor-Green vortex

at Re = 1600 and t = 8 L/Vo (left), and Re = 00 and t = 9 L/Vo (right)
for ILES, static Smagorinsky, dynamic Smagorinsky and Vreman. The
WALE model leaded to nonlinear instability and the simulation breakdown at t ~ 4.59 L/V and 2.75 L/V in the viscous and inviscid cases,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Mean velocity profile in turbulent channel flow at Re

arget =

118

182 (left)

and 544 (right) for the Riemann solvers considered. The wall friction
in the simulations is used to compute the near-wall velocity and length
. . . . . . . . . . . . . . . . . . . .

scales for non-dimensionalization.
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Reynolds stresses in turbulent channel flow at Re'target = 182 for the
Riemann solvers considered.

The wall friction in the simulations is

used to compute the near-wall velocity and length scales for nondim ensionalization.

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6-10 Mean velocity profile in turbulent channel flow at Re trget = 182 for the
SGS models considered. Inner (based on the wall friction in the simulation) and outer boundary layer scales are used for non-dimensionalization
in the left and right figures, respectively.

. . . . . . . . . . . . . . . .
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6-11 Mean velocity profile in turbulent channel flow at Re arget = 544 for the
SGS models considered. Inner (based on the wall friction in the simulation) and outer boundary layer scales are used for non-dimensionalization
in the left and right figures, respectively.

. . . . . . . . . . . . . . . .

6-12 Reynolds stresses in turbulent channel flow at Re

rg'et =

124

182 for the

SGS models considered. The wall friction in the simulations is used to
compute the near-wall velocity and length scales for non-dimensionalization.
The color legend is shown in Figures 6-10 and 6-11.
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6-13 Dynamic Smagorinsky constant in turbulent channel flow at Ret"r'et
182 and 544. Note C, = 0.16 in static Smagorinsky 1851.
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6-14 Resolved eddy viscosity (top) and total eddy viscosity (bottom) in
turbulent channel flow at Rettarget

=

182 (left) and 544 (right) for the

SGS models considered. The definition of these eddy viscosities is given
in Eq. (6.5). The wall friction in the simulations is used to compute
the near-wall velocity and length scales for non-dimensionalization.
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An illustrative example of L(s; so, smax) and f(s; so, smax) with so = 1
and smax = 2. The inset figures show the close-up view at the two
singular points of L(s; so, smax).

. . . . . . . . . . . . . . . . . . . . .

15

132

7-2

Non-dimensional density p/p,

(left) and pressure p/(pV2)

(right)

fields of the strong-vortex/shock-wave interaction problem at times
ti = 0.35

1/

2

L V-' (top) and t 2 = 1.05 y1/ 2 L V-' (bottom). After the

shock wave and the vortex meet, strong acoustic waves are generated
and propagate on the downstream side of the shock. . . . . . . . . . .
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Mach number field of the strong-vortex/shock-wave interaction problem at times ti = 0.35y1/ 2 L Va1 (top) and t 2

=

1.05-y 1/ 2 L V

1

(bot-

tom). Zooms around the shock wave are shown on the right images.
The shock is non-oscillatory and resolved within one element . . . . .
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Snapshot of the non-dimensional artificial bulk viscosity
(left), artificial thermal conductivity
tificial shear viscosity p*p

i*

145

#*plV-IL-1

pV-lc-'L-1 (center) and ar-

V-;L-1 (right) fields of the strong-vortex/shock-

wave interaction problem at times t1 = 0.35- 1/2L V- 1 (top) and t 2 =
1.05y 1 / 2 L V- 1 (bottom). Note 0* vanishes outside the shock, including
the strong vortex and acoustic waves. . . . . . . . . . . . . . . . . . .
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Time-averaged pressure (left) and skin friction (right) coefficients on
the upstream half of the hypersonic cylinder. . . . . . . . . . . . . . .
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Snapshot of the non-dimensional temperature c, T/V,
locity magnitude IlVII /V

147

(top left), ve-

(top right) and vorticity d w/V,

(bottom

left) fields for the hypersonic cylinder. A zoom of the Mach number
field around the center of the shock is shown in the bottom right image.
The shock is non-oscillatory and resolved within three elements.
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Snapshot of the non-dimensional artificial thermal conductivity

K*

. .

p

147
V

cvld-

(left) and artificial shear viscosity p*pV-d-l (right) fields for the
hypersonic cylinder. Note K* is nonzero in a small region downstream
the cylinder. This corresponds to a sharp thermal feature that cannot
be stabilized with a shock capturing only approach.
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Isentropic Mach number M, (left) and skin friction coefficient Cf (right)
on the T106C low-pressure turbine blade. The stagnation pressure at
inlet is used for non-dimensionalization of the skin friction coefficient.
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Pressure (top), temperature (center) and Mach number (bottom) fields
for the transonic T106C low-pressure turbine. Time-averaged and instantaneous fields are shown on the left and right images, respectively.
The unsteady shocks involved are resolved within one element. . . . .
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7-10 Time-averaged (left) and instantaneous (right) spanwise vorticity fields
for the transonic T106C low-pressure turbine.

The shock capturing

method has a negligible impact on the vortical structures across the
shock. ........

...................................
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7-11 Temporal evolution of mean kinetic energy, mean-square vorticity, temperature variance and dilatation variance for the TGV problem. The
ref subscript denotes the reference solution with no shock capturing,
and ( - ) denotes spatial averaging. . . . . . . . . . . . . . . . . . . . .
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7-12 One-dimensional kinetic energy spectrum at times t = 5 L/Vo (left)
and t = 10 L/Vo (right) for the TGV problem.

The grid Nyquist

wavenumber is kN = 96/L. The theoretical -5/3 slope of decay of the
inertial range of turbulence is shown in purple on the right figure.

. .
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7-13 Temporal evolution of mean-square velocity, mean-square vorticity,
temperature variance and dilatation variance for the compressible isotropic
turbulence problem. The zero subscript denotes the initial value and
( -) denotes spatial averaging.
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Chapter 1
Introduction
1.1

Current status and grand challenges in computational fluid dynamics

Simple analytical models and experiments in facilities such as wind tunnels dominated
the design process in the early stages of the aerospace industry

[10]. Wind tunnel

experiments were expensive and time-consuming, and this significantly restricted the
number of potential designs that engineers could test. During the last three decades
of the 20th century, advances in computational fluid dynamics (CFD) and computing
power allowed reducing design costs and perfecting designs to a far greater extent
than previously possible [1051, and eventually relegated wind tunnel testing to a role
of verification [10]. Even though computing power has increased by over four orders
of magnitude since the beginning of the 21st century [208], the impact of CFD on the
design process has experienced a much slower growth this century [10].
Several studies have been recently conducted [1, 91, 178, 197, 206, 2251 to evaluate
the current state-of-the-art of CFD in the aerospace industry, assess its future potential, and identify what the impediments are for the potential to be realized.

From

these studies, the use of CFD in the aerospace industry is severely limited by the
inability to accurately and reliably predict complex transitional and turbulent flows.
Advances in materials and manufacturing processes should allow engineers to design
more complex and optimized geometries, but this potential is usually not realized due
to the inability to simulate the complex flow physics that such geometries involve.
This is a major obstacle, for example, to significantly increase fuel efficiency, reduce
CO 2 and NOx emissions, and meet the climate change goals of the International Air
Transport Association (IATA) [103] and the International Civil Aviation Organization
(ICAO) of the United Nations [104]. Trustworthy simulation would also drastically
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reduce design costs and cycle times as certification by demonstration could be eventually replaced by certification by simulation [101. In addition, it would allow predicting
complex physics that cannot be reproduced experimentally and occasionally lead to
multi-million-dollar problems for manufacturers, such as aeroelastic instabilities at
high altitude in turbomachinery.

1.2

Simulation techniques for turbulent flows

The three main techniques to simulate turbulent flows are, in increasing order of
fidelity and computational cost, Reynolds-averaged Navier-Stokes (RANS) based approaches, large-eddy simulation (LES) and direct numerical simulation (DNS) [201].
On the one hand, RANS based simulations are well established and computationally inexpensive, but fail to predict complex flow physics [145, 201, 2301, including
separation, transition to turbulence, vortex transport, shock-wave/boundary-layer
interactions, heat transfer effects, and aeromechanics instabilities.

On the other

hand, DNS provides accurate predictions but will remain computational intractable
for practical applications for a number of years [2011.

LES and hybrid RANS/LES methods, such as detached-eddy simulation (DES)
1200] and delayed DES (DDES) [202], are currently the most promising techniques
to simulate complex turbulent flows [178], and have experienced a dramatic growth
over the last few years. In particular, LES could become a major breakthrough in
aerodynamic design if the following challenges are met. First, it remains computationally expensive to the extent that it is not practical for most applications of interest.
Second, LES predictions are sometimes not accurate and a better understanding
of how to account for the turbulent scales that are not resolved, referred to as
subgrid scales (SGS), is still required. Third, large-eddy simulations of high-Reynoldsnumber and high-Mach-number flows often suffer from numerical instability and lack
of robustness. Substantial advances in simulation capability, including the simulation
of complex turbomachinery flows, hypersonic flows and high-lift configurations, are
foreseen upon successful solution of these challenges [178].

1.3

Large-eddy simulation

The central premise of LES is that large-scale eddies dominate the turbulent transport
and energy budget, so that a numerical simulation will provide a realistic depiction of
the flow if it captures those scales explicitly and somehow accounts for the small scales
that are not resolved. Furthermore, the small scales tend to be more homogeneous
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and isotropic, and thus easier to model. Strategies for dealing with the subgrid scales
include explicit and implicit modeling.
In the classical (explicit) LES approach, the large-scale eddies of the flow field are
resolved and the small scales are modeled using an SGS model. The development
of SGS models has been a subject of intense interest for decades, in particular in
the 1990s [123, 1401.

It turns out, however, that the truncation error introduced

by some numerical schemes is similar in form and magnitude to conventional SGS
models 1881. Stable numerical schemes in fact often achieve stability by introducing
truncation errors or stabilization terms that replicate the effect of the subgrid scales
on the resolved scales 1100, 1011; which corresponds to dissipation in under-resolved'
turbulence simulations [82, 189]. This has been known to be the case for monotone
(and thus stable) numerical schemes for about 20 years [20,56,76,88,137,1841 and is
now also thought to be the case for high-order discontinuous Galerkin (DG) methods

[83, 150, 153, 170].
A natural alternative to the classical LES approach is therefore to use the numerical dissipation of the discretization scheme to account for the dissipation due to
the subgrid scales, leading to the so-called implicit LES (ILES). The ILES approach
was first introduced in 1990 by Boris et al. [191 and has been successfully applied
with a number of different schemes, including finite volume (FV) methods [75,77,781,
standard [871 and compact [79,219] finite difference (FD) methods, spectral difference
(SD) methods [126, 233], continuous Galerkin (CG) methods [130], flux reconstruction

(FR) methods [171,216,217], and DG methods [15,61,64,65,74,83,153,157,183,212,
213, 226, 2291.

ILES benefits from its easy implementation without an SGS model

and currently gains considerable attention from researchers in the computational fluid
dynamics community. As pointed out by Spalart [2011, this increase in popularity may
be attributed to the fact that research has failed to show an advantage of sophisticated
SGS models over the same-cost LES with a simplistic model -or even with no model-,
which would have a slightly finer grid.

1.4

High-order DG methods for large-eddy simulation

The use of second-order finite volume schemes is almost ubiquitous in computational
fluid dynamics.

These schemes are well-suited for the needs and capabilities in

the 1980s, 1990s and 2000s, such as the simulation of two-dimensional Reynolds'As is customary, we use the term under-resolved to refer to simulations in which the exact
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.

solution contains scales that are smaller than the grid resolution (the so-called subgrid scales).

averaged flows.

In recent years, it has been argued [178, 197, 2251 that high-order

numerical schemes may be better suited for the current needs, particularly for largeeddy simulation of transitional and turbulent flows. Indeed, transitional and turbulent
flows share many features with wave propagation phenomena for which high-order
accuracy is known to be key.

Let us consider natural transition to turbulence.

The main difficulty to numerically capture transition is the very small magnitude
of the perturbations that get exponentially amplified along the unstable portion of
the laminar boundary layer. These small perturbations are ultimately responsible for
the so-called nonlinear breakdown and transition to turbulence.

The amplitude of

these instabilities at the location in which the boundary layer becomes unstable is
up to ten orders of magnitude below the freestream velocity [1901. As a result, very
small amount of numerical dissipation and dispersion is needed to capture them and
accurately predict the transition location. Overdissipation of low-order schemes may
kill these small perturbations and lead to inaccurate transition prediction. The low
numerical dissipation and dispersion properties of high-order schemes are also critical
to accurately propagate small-scale, small-magnitude vortical structures in turbulent
flows.

High-order finite difference [126, 172, 233], finite volume [57, 2071, flux reconstruction [171, 216, 217], continuous Galerkin [25, 1301 and discontinuous Galerkin

[15,25,74,83,157,183,213,2261 methods have been developed for large-eddy simulation.
Among them, discontinuous Galerkin methods offer several advantages.

First, DG

methods are based on a strong mathematical foundation that can be exploited for
error estimation and mesh adaptation purposes.

Also, they provide local conser-

vation, a stable discretization of the convective operator, and are well-suited for
turbulence simulations due to the ab initio separation of scales in the variational
formulation. Most importantly, DG methods allow for high-order discretizations on
complex geometries and unstructured meshes; which is a critical feature to simulate
transitional and turbulent flows over the complex three-dimensional geometries commonly encountered in industrial applications.

In addition, they are well-suited to

emerging computing architectures, including graphics processing units (GPUs) and
other many-core architectures, due to their high flop-to-communication ratio [3,

4].

Successful numerical predictions, e.g. [15, 61, 64, 65, 74, 83, 157, 183, 213, 226], further
encourage the use of DG methods for LES.
However, high-order DG methods are more computationally expensive than highorder FD, FV, FR and CG methods, and often suffer from numerical instability in

under-resolved turbulence simulations [15,83, 136,151,153,157,229].
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1.5

Outline and contributions of the thesis

In this thesis, we develop a series of methods and techniques to improve efficiency,
accuracy and robustness in LES with the ultimate goal of making computational
fluid dynamics a more powerful tool in the aerospace industry. Since the transition
from legacy second-order codes to high-order codes in industry will not be straightforward [10], and in addition the benefit of very high-order methods for LES is not
clear, we propose a moderately high-order LES framework as a first step towards
this end. The proposed framework encompasses a new class of DG discretization
schemes, parallel iterative solvers, a shock capturing method, a non-modal analysis
theory that characterizes the numerical dissipation of the scheme, and a series of
investigations on explicit and implicit subgrid-scale modeling with DG methods.
These are necessary ingredients to build an efficient, accurate and robust large-eddy
simulation framework, and advance the state-of-the-art of high-order methods for LES
in terms of methodology and understanding the relationship between the physics and
the numerics.
The remainder of the thesis is organized as follows. In Chapter 2, we introduce the
hybridized DG methods for the compressible Euler and Navier-Stokes equations. In
Chapter 3, we develop parallel iterative methods for the solution of the nonlinear
system of equations arising from the discretization. Entropy-stable schemes are
devised in Chapter 4. In Chapter 5, we present a non-modal analysis theory that
characterizes the numerical dissipation and the implicit subgrid-scale model of the
scheme. Implicit and explicit subgrid-scale models are further investigated in Chapter
6. In Chapter 7, we present a physics-based shock capturing method for large-eddy
simulation. We conclude with some future perspectives in Chapter 8.
The main contributions of the thesis are summarized below. A detailed literature
review on each topic is presented in the corresponding chapter.

1.5.1

Entropy-stable hybridized DG methods

In the spirit of making high-order DG methods more computationally efficient, we
develop hybridized DG methods, a class of discontinuous Galerkin methods that
generalizes the Hybidizable DG (HDG) [39,161,1761 and the Embedded DG (EDG)
[39, 40, 177] methods. These methods are termed as hybridized DG methods since
they are amenable to hybridization (static condensation) and hence to more efficient
implementations. In particular, they result in spatial discretizations that have fewer
globally coupled unknowns than standard DG methods, thereby reducing the computational cost and memory footprint.
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Like other high-order DG methods, hybridized DG methods may suffer from numerical stability issues in under-resolved turbulence simulations. In order to improve
stability, we develop entropy-stable hybridized DG methods. Under a suitable choice
of the numerical flux, the scheme can be shown to be entropy stable and satisfy the
Second Law of Thermodynamics in an integral sense.
As hybridized DG methods, the entropy-stable hybridized DG methods are superior to standard DG methods in terms of computational cost. As entropy-stable
schemes, they are superior to conventional hybridized DG methods in terms of stability and robustness. Entropy stability is also critical for subgrid-scale modeling (i.e.
accuracy) in LES of compressible turbulence.

1.5.2

Parallel iterative solvers

We develop a series of parallel iterative methods to efficiently and scalably solve the
nonlinear system of equations arising from the discretization. Domain decomposition
methods, linear and nonlinear solvers, and subdomain and parallel preconditioners
are presented, together with numerical examples to illustrate their performance. The
combination of hybridized DG methods with the proposed solution method provides
excellent parallel scalability up to petascale and, for moderately high accuracy orders,
leads to about one order of magnitude speedup with respect to standard DG methods.

1.5.3

Non-modal analysis

We introduce a non-modal analysis theory that describes the numerical dissipation
characteristics of high-order hybridized DG methods, including the scales affected by
numerical dissipation and the relationship between the amount of numerical dissipation and the level of under-resolution in the simulation. These points give critical
insights on why some high-order DG methods suffer from numerical stability issues in
LES, whereas others are robust and successfully predict turbulent flows even without
an explicit subgrid-scale model [15, 68, 83, 136, 151, 153, 157, 183, 212, 213, 226, 229}.
Most importantly, the non-modal analysis theory provides guidelines on how to define
the polynomial approximation space and the Riemann solver so that the scheme is
robust and the numerical dissipation resembles a subgrid-scale model. The non-modal
analysis theory can be extended to other high-order methods, including SD methods,
FR methods, CG methods and standard DG methods.
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1.5.4

Subgrid-scale modeling

We investigate the ability of DG methods to accurately simulate under-resolved
turbulent flows, and how to best account for the effect of the subgrid scales on the
resolved scales with DG methods. The role of the Riemann solver and the subgridscale model to predict a variety of flow regimes, including transition to turbulence,
wall-free turbulence and wall-bounded turbulence, are examined. Numerical results
show that DG methods have a built-in (implicit) subgrid-scale model and introduce
numerical dissipation in under-resolved turbulence simulations; thus confirming nonmodal analysis predictions. For the test problems considered, the implicit model provides a more accurate representation of the actual subgrid scales in the flow than that
by state-of-the-art explicit eddy viscosity models, including dynamic Smagorinsky,
WALE and Vreman. Implicit modeling also outperforms explicit modeling for laminar
flows that do not contain subgrid scales; which is a critical feature to accurately
predict transition to turbulence.

Theoretical results will be used to justify the

numerical observations.

1.5.5

Shock capturing

Numerical simulation of high-speed flows remains a challenging problem due to lack
of robustness, particularly in the context of high-order methods [941 and large-eddy
simulation [106, 135,1971. In order to overcome this issue, we present a novel shock
capturing method for LES. The proposed method relies on physical viscosities to
resolve and smooth sharp under-resolved flow features that may otherwise lead to
numerical instability, such as shock waves and sharp thermal and shear layers. To
that end, we devise various sensors to detect when and where the shear viscosity, bulk
viscosity and thermal conductivity of the fluid do not suffice to stabilize the numerical
solution. In such cases, the fluid viscosities are selectively increased to ensure the cell
P6clet number is of order 1 so that these flow features can be well represented with
the grid resolution.

Numerical results show the shock capturing method performs

robustly from transonic to hypersonic regimes, provides sharp shock profiles, and has
a small impact on the resolved turbulent structures. These three features are critical
to enable robust and accurate large-eddy simulations of shock flows.
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Chapter 2
The hybridized DG methods for
compressible flows
2.1

Introduction

We present the hybridized DG methods for the discretization of the compressible
Euler and Navier-Stokes equations using conservation and entropy variables.

The

main ingredients to devise this family of schemes are (i) a local Galerkin projection
of the underlying partial differential equations at the element level onto spaces of
polynomials of degree p, to parameterize the numerical solution in terms of the
numerical trace; (ii) a judicious choice of the numerical flux to provide stability
and consistency; (iii) a global jump condition that enforces the continuity of the
numerical flux to obtain a global system in terms of the numerical trace; and (iv) a
proper choice of the approximation space for the numerical trace. These methods are
termed as hybridized DG methods since they are amenable to hybridization (static
condensation) and hence to more efficient implementations.
The remainder of the chapter is organized as follows. The governing equations
are presented in Section 2.2. The notation used for the discretization is described in
Section 2.3. In Sections 2.4 and 2.5, we introduce the hybridized DG methods using
conservation variables and entropy variables, respectively. The boundary conditions
and the conservativity of the scheme are discussed in Sections 2.6 and 2.7. Examples
of hybridized DG methods are presented in Section 2.8, and a comparison with
standard DG methods in Section 2.9. We conclude with a discussion on time-marching
strategies in Section 2.10.
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2.2
2.2.1

Governing equations
The compressible Euler equations

Let tj > 0 be a final time and let Q C Rd, 1 < d < 3 be an open, connected and
bounded physical domain with Lipschitz boundary &Q. The unsteady compressible
Euler equations in strong, conservation form are given by

t+ V -F(u) = 0,
B(u) = 0,
u - UO = 0,

in Q

(2.1a)

[0, t),

on &Q0® [0, tf),

(2.1b)

on Q

(2.1c)

{0}.

Here, u = (p, pV, pE) E X, j = 1, ... , d is the m-dimensional (m = d + 2) vector
of conservation variables, uO G Xu is an initial condition, XU c R' is the set of
physical states (i.e. the states with positive density and pressure), B(u) is a boundary
operator, and F(u) are the inviscid fluxes of dimension m x d,
p Vj

(

F(u) =

pVjV/ + 6 ,jp

(2.2)

)

V(pE + p)
where p denotes the thermodynamic pressure and 6ij is the Kronecker delta. For a
calorically perfect gas in thermodynamic equilibrium, p = (7 - 1) (pE - p IIVI12 /2),
1.4 for air.
where y = cp/c, > 1 is the ratio of specific heats and in particular -y
cp and c, are the specific heats at constant pressure and volume, respectively. The
steady-state compressible Euler equations are obtained by dropping Eq. (2.1c) and
the first term in Eq. (2.1a).

2.2.2

The compressible Navier-Stokes equations

The unsteady compressible Navier-Stokes equations in strong, conservation form are
given by

at

+ V F(u) + V -G(u, Vu)
= 0,
B(u, Vu) = 0,
U - Uo = 0,
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in Q ® [0, t1 ),

(2.3a)

on &0 [0, tf),

(2.3b)

on

(2.3c)

{0},

where G(u, Vu) are the viscous fluxes of dimension m x d,

0
G(u, Vu) =-

i

,

Z,] = 1, ...

,I d.

(2.4)

Virij - fj
For a Newtonian fluid with the Fourier's law of heat conduction, the viscous stress
tensor and heat flux are given by
Tij =

T
O

z&+

oxj

+

V-

Oxi

3

&V
k
+/ O 6 i ,

2
&x

3a~

_T

f

(9xk

x'

(2.5)

Oxxj'

respectively, where summation over repeated indices is implied, and where T denotes
temperature, ILthe dynamic (shear) viscosity, # the bulk viscosity, K
cp P/Pr the
thermal conductivity, and Pr the Prandtl number. In particular, Pr 0.71 for air,
and additionally,# = 0 under the Stokes' hypothesis.
Under these assumptions, the viscous fluxes are linear in Vu and can be written
as
Gij (u, Vu)

-[Cjk(u)]

aus
i

Z, s = 1, ... , m,

j, k = 1, ... , d,

(2.6)

where ICjk (u) E R m xm are symmetric positive semi-definite matrices [991. In explicit
large-eddy simulation, the viscous stress tensor and heat flux are augmented with
modeling terms to account for the effect of the subgrid scales, as discussed in Chapter 6
and Appendix G. The steady-state compressible Navier-Stokes equations are obtained
by dropping Eq. (2.3c) and the first term in Eq. (2.3a).

2.2.3

Entropy pairs and symmetrization of the governing equations

Nonlinear hyperbolic systems of conservation laws [124] arising from physical systems,
such as the compressible Euler equations, commonly admit a generalized entropy pair
(H(u), F(u)) consisting of a convex generalized entropy function H(u) : R m * R
and an entropy flux F(u) : R m - Rd that satisfies
i,k= 1,...,m,
OUk

i9Uk OUi'

j= 1, ... , d.

(2.7)

Entropy pairs exist if and only if the hyperbolic system is symmetrized via the
change of variables v(u) = &H/Ou [86,1461, where v are referred to as the entropy

I

1-MMMMM"MM

I

I

,
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variables.

Such entropy pairs exist, among others, for the Euler equations and

the magnetohydrodynamic (MHD) equations.

An important property of entropy-

symmetrized hyperbolic systems emerges when the inner product of the conservation
law is taken with respect to the entropy variables, namely, the following identities
hold for smooth solutions [121
au(v)
t.&*
au

=

OH

,

V' - (V - F(v)) = V - F(v).

(2.8)

These identities will be used for some of the proofs in Appendices D and E. The
following family of generalized entropy pairs for the Euler equations

H = -pg(s),

F = HV,

(2.9)
-

was proposed by Harten 189], where V denotes the velocity vector, s = log(p/p7)

so is a non-dimensional thermodynamic entropy, so is a baseline entropy level, and
g : R ->

R is any smooth function such that g' > 0 and g" < g'/7.

entropy pairs in this family, only the subset of affine functions g(s)
further symmetrizes the Navier-Stokes equations

199].

=

Among the

co + cis, ci > 0

For this reason, we consider

the following entropy pair in this thesis

F = -psV,

H = -ps,

(2.10)

which leads to the mapping
-s

+

+1

pE

S= V(U) =(--1)

(2.11)

We shall denote the set of physical states in v space by Xo, i.e. X" = v(X"). The
expressions for the inverse mapping u = u(v) and the Jacobian matrices ov/&u and

au/av are presented in [991. We finally note that entropy-satisfying solutions of the
Euler and Navier-Stokes equations satisfy

OH
H+
V -F < 0
'it0

(2.12)

in the sense of distributions, where equality holds pointwise for smooth (classical)
solutions of the Euler equations. Equation (2.12) follows from the entropy transport
inequality (Second Law of Thermodynamics), and vice versa.
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Preliminaries and notation

2.3
2.3.1

Finite element mesh

We denote by Th a collection of stationary, non-singular, conforming, p.-th degree
curved elements K that partition Q, and set Th := {&K : K E Th} to be the
collection of the boundaries of the elements in Th. To simplify the notation, Th
denotes both the collection of mesh elements and the subset of Rd spanned by the
elements. The same abuse of notation is used with 9Th. For an element K of the
collection 7h, F = aK n &9 is a boundary face if its d - 1 Lebesgue measure is
nonzero. For two elements K+ and K- of 7h, F = OK+ n &K~ is the interior face

between K+ and K- if its d - 1 Lebesgue measure is nonzero. We denote by E/ and
EhB the set of interior and boundary faces, respectively, and we define s := eh U EhB
as the union of interior and boundary faces. Note that, by definition, aTh and Eh are
different. More precisely, an interior face is counted twice in aTh but only once in Eh,
whereas a boundary face is counted once both in 9Th and Sh.

2.3.2

Finite element spaces

Let Pp, (D) denote the space of polynomials of degree at most p, > 1 on a domain
D c Rn, let L 2 (D) be the space of Lebesgue square-integrable functions on D, and
C 0 (D) the space of continuous functions on D. Also, let #2 denote the pg-th degree
parametric mapping from the reference element Krej to an element K C Th in the
physical domain, and #bFj be the pg-th degree parametric mapping from the reference
face Fef to a face F E S in the physical domain. We then introduce the following
discontinuous finite element spaces in Th,
Qps = {r E [L 2 (
(WE 0lb~)IK[Pp,(Kf)]m VK E h}, (2.13b)V : =

mx

: (r o 4'IK

{w c [L 2(Th)]m

c

[pp(Krj)]mxd

VK G Th},

(2.13a)

K

and the following finite element spaces on the mesh skeleton E,
.__ "=
.4-h

=

[L2 (4)

{p

E [C(4)]m

(p odg4) E [Pps(Frej)]' VF E &h},
(0p

) C [Pp s(Fref)]"VF

E

h}.

(2.14a)
(2.14b)

'Strictly speaking, the finite element mesh can only partition the problem domain if &Q is
piecewise p.-th degree polynomial. For simplicity of exposition, and without loss of generality,
we assume that the elements in Th actually partition Q. In addition, the term partition refers to
Lebesgue mod 0 partition throughout the thesis.
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Note that AMh consists of functions which are discontinuous at the boundaries of
the faces, whereas
of the faces.

4

hS consists of functions that are continuous at the boundaries

a finite element space on

We also denote by MA4

4h that satisfies

E ~MJs C Mhj. In particular, we define

MP

M4PS

{p E [L 2 (gS)]"

(I0O'<) E [Pp(F,,re)]' VF E

4h,

andtp~g E [CO(E)
(2.15)

where E is a subset of

4S.

on Eh and discontinuous on Eh :=
and if EE = E then

consists of functions which are continuous

Note that MA't

Furthermore, if E = 0 then

h\Eh.

MS =

S

Different choices of E will lead to different

4Ms = )4".

discretization methods within the hybridized DG family.
It remains to define inner products associated with these finite element spaces.
For functions a and b in [L 2 (D)]', we denote (a, b)D

ID a - b if D is a domain

in Rd and (a, b)D

Likewise, for functions A

=D

a - b if D is a domain in Rd-1.

2

ID tr(A'B) if D is a domain in Rd and

and B in [L (D)]mxd, we denote (A, B)D

(A, B)D = fD tr(AtB) if D is a domain in Rd-1, where tr (.) is the trace operator of
a square matrix. We finally introduce the following inner products

(a, b)Th=

>

(a, b)K,

(A, B)Th=

KEh

3 (A, B)K,

(a, b)ah

KETh

3(a, b)aK.
KETh

(2.16)

2.4

The conservation-variable hybridized DG methods

2.4.1

The conservation-variable hybridized DG methods for
the compressible Euler equations

The conservation-variable hybridized DG discretization of the unsteady compressible

Euler equations reads as follows: Find (Uh(t),
h W

at'
fA, A)

-F(u,),

Uh(t)

Vw

+ Kah(Uh,
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+
Uh;

E

V" 0 M

A w0,

ua),

Th(21a

= 0,

such that
(2.17a)
(2.17b)

for all (w, M) E V"

.A4'- and all t E [0, tf), as well as
(Uh Ilt=O - UO, W)

(2.17c)

= 0,

for all w 2 V's. Here, Uh and Uh are the numerical approximations to u and uIlh,
bh is the boundary condition term (whose precise definition depends on the type of
boundary condition), u0 is a boundary state with support on OQ, and fh is the
inviscid numerical flux. Equation (2.17a) weakly imposes the Euler equations, Eq.
(2.17b) weakly enforces the boundary conditions and the flux conservation across
elements, and Eq. (2.17c) weakly imposes the initial condition.
We consider the two following definitions for the inviscid numerical flux
fA = fh('i,
f

f

- n +0( h, uh; n) (Uh - Uh),
1
1
h; n) - (Uh
(F) 2 )+ F(uh)) - n + 2

(2.18a)

uh)= F(ih)
U(ii,

-('h,

-

Uh),

(2.18b)

where n denotes the unit normal vector pointing outwards from the elements, and
a E R"x' is the so-called stabilization matrix. The stabilization matrix plays an
important role in the accuracy (see Section 2.9.1) and stability (see Chapter 4) of
the scheme. Note that this form of the numerical flux does not involve an explicit
Riemann solver. Instead, it is the stabilization matrix that implicitly defines the
Riemann solver in hybridized DG methods. A discussion on the relationship between
the stabilization matrix and the resulting Riemann solver is presented in Appendix
A.
For numerical fluxes (2.18a), we consider stabilization matrices of the form
o0(U,uh;n)
h(G, Uh;

2

n) = #, jAn (U,('h,7

o('h, Uh; n) =3, Ama(u*('h,

Uh)) +c(u *(ih, )),
B+#h, IA.(u((u

)) 1,
Uh))

I,

(2.19a)

(2.19b)
(2.19c)

where f 0 > 0 is a positive constant, A, = (&F/&u) -n is the Jacobian of the inviscid
flux along the direction n, u,(Uh, Uh) is a smooth function that satisfies u,(u, u) =
u Vu E X, I - I denotes the matrix absolute value operator, Amax is the maximummagnitude eigenvalue of A,, and I is the m x m identity matrix. The precise form
of u, used for the numerical examples will be specified in the subsequent chapters.
For numerical fluxes (2.18b), we consider the stabilization matrices (2.19b)-(2.19c).
For the inviscid numerical flux (2.18a), the stabilization matrices (2.19a) and
(2.19b) with /3, = 1 lead to Roe-type Riemann solvers, and (2.19c) with #, = 1
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yields a Lax-Friedrichs-type solver. The same holds true for (2.19b) and (2.19c) with
OU = 1 and the numerical flux (2.18b). For the particular case of linear hyperbolic
systems and the numerical flux (2.18a), the stabilization matrices (2.19a) and (2.19b)
with 3, = 1 lead to upwind numerical flux and upwind numerical trace, and upwind
numerical flux and centered numerical trace, respectively, and additionally they result
in the same numerical solution

For any 0, > 0, the inviscid numerical flux (2.18b)

Uh.

with stabilization matrix (2.19b) leads to the same

Uh

and Uih as (2.18a) with (2.19a).

This is not the case, however, in the nonlinear setting or when diffusion is taken into
account. In addition, the semi-discrete systems obtained with different stabilization
matrices have different stability properties; which may lead to significant differences in
the performance of iterative solvers [591. Additional details are presented in Appendix

A.
In practice, the matrix functions

1

-(s+|s|)
2
|s|

--

(s -c)

+

I -)/2 and |- in Eq. (2.19) are replaced by

(atan(b (s - E))
1
+
7F2!

atan(b)

-+

atan(b) +

+

2 s

--

(-

7

1 +61
+e
2

(2.20a)
22a

-

- s + E,

(2.20b)

where b = 100 and 0 < E < Ama, is a small positive constant. Equations (2.20a) and
(2.20b) are smooth surrogates for max{(s +

Is)/2, E} and max{IsI, E}, respectively.

The use of smooth functions and positive E improves linear and nonlinear stability.
In addition, E serves in general as an entropy fix. Note Eq. (2.20a) applies to the
particular case S, = 1, and an extra term of similar form to (2.20b) needs to be
included in the general case 0,

1. Note also that the surrogates (2.20) assume s is

in non-dimensional form and require the non-dimensionalization to be such that Ama,,
is larger than ~ 10 b-

1

to be good approximations.

The conservation-variable hybridized DG discretization of the steady-state compressible Euler equations is obtained by dropping Eq. (2.17c) and the first term in
Eq. (2.17a). We note that, due to the discontinuous nature of V's, Equation (2.17a)
can be used to locally (i.e. in an element-by-element fashion) eliminate
a weak formulation in terms of

Uh

Uh

to obtain

only, and thus only the degrees of freedom of

are globally coupled 11621.
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Uh

2.4.2

The conservation-variable hybridized DG methods for
the compressible Navier-Stokes equations

The conservation-variable hybridized DG discretization of the unsteady compressible
Navier-Stokes equations reads as follows: Find (qh(t), Uh(t), Uh (t))
Q 0 VPh
that
MhS such
(qh, r)h - (Uh,
(

h

at

w)

-

h

- (F(uh) + G(Uh,qh), Vw

+
Th

A + gh, Mi
for all (r, w, p)

V r)

c QP3 0 V 9

\

M

+Kh(Uh,
and all t

(,

0,

(2.21a)

0,

(2.21b)

=

0,

(2.21c)

=

0,

(2.21d)

=
hn

fh+
A

Uh,

r - nr,

wa,)
g

arh

qh; ua), tL)

c [0, tf), as well as
(Uh It=o - UO, w)T

for all w E Vis. We refer to Eq. (2.21a) as the auxiliary equation. The strong form of
the auxiliary equation is presented in Appendix B. In addition to the nomenclature
previously introduced, qh is the numerical approximation to Vu, and Yh is the viscous
numerical flux. Two common options for gh are
9h -- gh(Uh, qh)= G(uh, qh) - n,

(2.22a)

G(i, qh) - n.

(2.22b)

gh - gh(Uh, qh)=

Equations (2.21b)-(2.21c) can be used to locally eliminate (qh, Uh) and obtain
a weak formulation in terms of 'h only. Hence, only the degrees of freedom of
Uh are globally coupled. The conservation-variable hybridized DG discretization of
the steady-state compressible Navier-Stokes equations is obtained by dropping Eq.
(2.21d) and the first term in Eq. (2.21b).
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The entropy-variable hybridized DG methods

2.5
2.5.1

The entropy-variable hybridized DG methods for the
compressible Euler equations

The entropy-variable hybridized DG discretization of the unsteady compressible Euler
equations reads as follows: Find (Vh(t),
(

atw)

(F(vh), Vw)

fh,
for all (w, ft) E V 5 0 Ms

(2.23a)

((Vh)

(

-

V" 0 A4" such that

E

ii(t)

c

W

(bh(V, Vh; V9Q),t\

\+

and all t

+ (f,

[0,

tf),

(2.23a)

= 0,

(2.23b)

0,

(2.23c)

as well as

(vh It=o - v(Uo), w)T
for all w E V.

0,

=

=

and -h are the numerical approximations to v and vE h, and

Vh

F(vh) = F(u(vh)) denotes the inviscid flux in entropy variables.

In analogy with the choices with conservation variables, we consider the two
following definitions for the inviscid numerical flux
fh = fh(Vh, vh) = F(&h) - n + a (h,

h; n) ' (Vh -~

1
fh - fh (Vh, Vh)

(F(h) + F(vh)) - n +

=

fh

(2.24a)

h),

1

(2.24b)

a-c ,vh; n) - (Vh - Vh).

For numerical fluxes (2.24a), we consider stabilization matrices of the form

o( h, vh; n)
o ( -,

=

(A.v(uhvh
-v.

,j,(v

(h,,Vh)))I
Vh; V))--

Or(V, vh;

n) =3, Am..(v.(Vh, vh))

with 3, > 0. Here,

Ao = Du/&v

(2.25a)

(v,(vh, v))A,
A,(2.25b)

o,

(2.25c)

is the (symmetric positive definite) Riemannian

metric tensor of the change of variable u = u(v), A,

=

AnAo is the Jacobian of

the inviscid flux along n with respect to entropy variables, Il A 0 = Ao0 A'An =
|A jZo0 is the generalized absolute value of A with respect to the metric tensor

AO, and v,(G,

Vh)

is a smooth function that satisfies v,(v, v) = v Vv

C

X..

The

particular form of v. used for the numerical examples will be specified in the subsequent chapters. For numerical fluxes (2.24b), we consider the stabilization matrices
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(2.25b)-(2.25c). These stabilization matrices are used in conjunction with the smooth
surrogates (2.20).
The entropy-variable hybridized DG discretization of the steady-state compressible Euler equations is obtained by dropping Eq. (2.23c) and the first term in Eq.

(2.23a).

The entropy-variable hybridized DG methods for the

2.5.2

compressible Navier-Stokes equations
The entropy-variable hybridized DG discretization of the unsteady compressible NavierStokes equations reads as follows: Find (qh(t),

h(t)) E

Vh(t),

0 V" ® MP" such

QS

that

(qh, r)

(U(Vh)
at

,F--

h) +G(vh,

qh),VW +

fA +
for all (r, w, p) C Q s 0 V

gh,

+ (Vh,

w) --,)

=0,

r -

-r) 7--(,

n

(2.26b)

= 0,

(2.26c)

0,

(2.26d)

® Ms and all t E [0, tf), as well as
(vhIt=o - v(uo), w)

for all w

(2.26a)

ah

+ ( h(V'h,vh,qh;v aQ),)

P)

= 0,

=

e V's. In addition to the nomenclature previously introduced, qh is the

numerical approximation to Vv, and G(vh, qh) is the viscous flux in entropy variables

Gij (v, q)
where i, 1, s = 1,

=

Gij (u(v), Vu(v, q))

... , m

and

j, k =

for the viscous numerical flux

1, ...

= -[KAk(U(V))]

, d.

il Ov)

(2.27)

We consider the two following definitions

9h

Yh = gh(Vh, qh) = G(vh, qh) - n,
9

qh,sk,

(- gh(Vh, qh) = G(-h, qh) - n.

(2.28a)

(2.28b)

The entropy-variable hybridized DG discretization of the steady-state compressible
Navier-Stokes equations is obtained by dropping Eq. (2.26d) and the first term in

Eq. (2.26b).
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2.6

Boundary conditions

We consider boundary condition (BC) terms

Ph

of the form

+ Ph,

(2.29a)

bh =Uh - u,

(2.29b)

bh =

where

bh

is some target inviscid boundary flux and

=

L

Lb(Uh,

u"; n) is some target

traced boundary state. We refer to (2.29a) and (2.29b) as flux-based and state-based
BCs, respectively.

Mixed-type approaches (e.g. state-based for the continuity and

momentum equations, and flux-based for the total energy equation) can also be used.
The target inviscid boundary flux is defined as

fh

=

f, 1 (Uh, Ub;

-n), where ub

ub(uh, uo; n) is some target exterior state. The precise form of ub and Uj

on the type of boundary condition.

depends

Some examples are given in Tables 2.1 and

2.2. For other types of boundary condition, such as far field with prescribed pressure,
subsonic turbomachinery inflow with prescribed stagnation conditions and flow angle,
and subsonic turbomachinery outflow with prescribed static pressure, the states ub
and Lj are defined in a similar manner.
We note that, while standard DG methods usually require flux-based BCs, hybridized DG methods allow for state-based and mixed approaches since the boundary
conditions are imposed independently from all the other equations in the discretization
if F c EH. Note also we have omitted the viscous terms in (2.29a) due to the built-in
extrapolation of the solution gradient from the interior of the domain in hybridized
DG methods. Equation (2.29a) can be trivially extended to prescribe some target
viscous boundary flux g-

2.7

by writing b-

f= +-

+

A+

g^

instead.

Conservativity of hybridized DG methods

Even when conservation variables are not used as working variables, the hybridized
DG methods are u-conservative by construction.

We formalize this result in the

following theorem.
Theorem 2.1. The entropy-variablehybridized DG discretizations of the compressible
Euler (2.23) and Navier-Stokes (2.26) equations are u-conservative in the sense that

dIu(v) --- j
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-h-f- - -h).

(2.30)

(Zh 2:m

Boundary Condition Type

Target Exterior State

Inflow and outflow

b = U49

b
U2:m-1

= Uh,,

Ur

= Uh,2:m-1
Ub

No-slip, adiabatic wall

Uh,,

Ub

No-slip, isothermal wall

h,m

U

U2:m-1
=

,2:m-1 *n

(h

-2

1b

Ub

= Uh,m

2

IU

U

-h,2:m-1

U

b

Uh,1,

Ur = Uh,1 cv Ta"
UM

+ 2:m-1

+

2

h,2+i
E15i5d U ,1+i

/

U

Slip wall & Symmetry

/ 22h
2 Uh,1

0
denotes the
Table 2.1: Target exterior state for flux-based boundary conditions. Ta
temperature at the state ua.

Target Traced Boundary State

Boundary Condition Type

Inflow and outflow

Un= (Uh - uO) / 2 + A,('h)
U

=

,

2:m-1 =
Uh

U,2:r-1

-

=

Slip wall & Symmetry
ba

- (,2:.-1

m

U1=

Uh,,

n)n

Uh1,Nm1

=E~~

U

No-slip, adiabatic wall

(Uh - u)

jsm-ni )2 / 2 Uh,1
2143u,+j

=

UM UI

No-slip, isothermal wall

n(h

-

Uh,m

=0
-

l<i<d

:M-1 = 0,

h,1+i

U=

/ 2 Uh,1
Uh,1 c

To

Table 2.2: Target traced boundary state for state-based boundary conditions. T'0
denotes the temperature at the state u
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/2

In the particularcase the problem domain is periodic, then

J
for all t E [0,tj).

U(VhtO)

U(Vh(t))

(2.31)

The analogous u-conservation result holds with conservation

variables.
Proof. We present the proof for the particular case of entropy variables and the
Navier-Stokes equations. The proofs for conservation variables and the Euler equations are analogous:
Equation (2.30) follows by setting w and p to be constant functions in (2.26b)-(2.26c),
subtracting the latter from the former, and using the fact that the mesh Th is
stationary.

Equation (2.31) then trivially follows by dropping the right-hand side

in Eq. (2.30) and applying the Newton-Leibniz formula.

l

Remark 2.1. If the boundary conditions are of flux type, Eq. (2.30) reads as

u(v)=-

(2.32)

which is a more intuitive statement for u-conservation.

2.8

Examples of schemes within the hybridized DG
family

Different choices of

hEl

in the definition of the space M4P- lead to different schemes

within the hybridized DG family. We present three interesting choices in this section.
The first one is Eg = 0 and yields MiS

A4 h . This corresponds to the Hybridizable

Discontinuous Galerkin (HDG) method [39,161,1761. The second choice is E = Eh
-Ps
and implies Mis =A4 h . This corresponds to the Embedded Discontinuous Galerkin
(EDG) method [39,40,177] and makes the approximation space Mps continuous over
Eh.

Since MA< C

APs

the EDG method has fewer globally coupled degrees of

freedom that the HDG method. The third one is E' = Eh and thus X 4 P c M4q C
.A4Ps The resulting approximation space consists of functions that are continuous
everywhere but at the borders of the boundary faces. Therefore, the resulting method
has an HDG flavor on the boundary faces and an EDG flavor on the interior faces,
and is referred to as the Interior Embedded DG (IEDG) method.
Figure 2-1 illustrates the degrees of freedom for the entropy-variable HDG, IEDG
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HDG

1EDG

EDG

Vh
Figure 2-1: Illustration of the degrees of freedom for the entropy-variable HDG,
IEDG and EDG methods. The blue nodes represent the degrees of freedom of the
approximate solution (Vh, qh), while the red nodes represent the degrees of freedom
of the approximate trace -Vh.
and EDG methods in a four-element mesh. The three schemes differ from each other
only in the degrees of freedom of the approximate trace u-h.
We note that the IEDG method enjoys advantages of both the HDG and the
EDG methods. First, IEDG inherits the reduced number of global degrees of freedom
and thus the computational efficiency of EDG, as discussed in Section 2.9.2. In fact,
the degrees of freedom of the approximate trace on E' can be locally eliminated
without affecting the sparsity pattern of the Jacobian matrix of the discretization,
thus yielding an even smaller number of global degrees of freedom than in the EDG
method.

Second, the IEDG scheme enforces the boundary conditions as strongly

as the HDG method, thus retaining the boundary condition robustness of HDG.
These features make the IEDG method an excellent alternative to the HDG and
EDG methods.

2.9
2.9.1

Comparison with standard DG methods
Accuracy

If the stabilization matrix is c- E Q(1) in the mesh refinement limit, and the limiting
meshes satisfy the usual uniformity assumptions, see e.g. [231, Section 3.11, the
hybridized DG methods provide optimal accuracy for the approximate solution U
and
9, refer to the asymptotic Bachmann[158, 161, 162]. In this section,
Landau notation, and optimal accuracy refers to the fact that the numerical solution
converges to the exact solution in the Lr2norm at the optimal rate of p

f +r given by

the polynomial approximation space.
For the particular instance of the HDG method and second-order elliptic problems,

44

the approximate gradient

qh

attains optimal convergence if o E 0(1) [39,41,42. In

addition, a ps +2 superconvergent approximate solution u* can be computed through
an element-by-element, highly parallelizable and usually inexpensive post-processing
step if a c E(1) [39, 41, 421.

Hence, the HDG method compares favorably with

standard DG methods since it achieves optimal orders of convergence for both the
approximate solution and the approximate gradient.
These optimal convergence rates are known to hold with conservation variables.
In Appendix F, we show that they are preserved with entropy variables.

2.9.2

Efficiency

We compare hybridized DG methods to standard DG methods, such as the Local DG

(LDG) method [371, the Compact DG (CDG) method [1751 or the BR2 method of
Bassi and Rebay [13], in terms of the number of globally coupled degrees of freedom
and the number of nonzero elements in the Jacobian matrix of the discretization.
For polynomials of degree up to about five, the number of nonzero entries in the
Jacobian matrix provides an indication of the computational cost of the scheme and,
for many implicit time-integration implementations, also of the memory requirements.
We note this is no longer a good cost metric for higher polynomial degrees since other
operations, that are not accounted for by the number of nonzeros, start to dominate.
The cases of triangular (2D) and tetrahedral (3D) meshes with polynomials of degree
P, - 1, . . . , 5 are considered. We assume that if N, is the number of mesh vertices, the
number of triangles in 2D is 2N, and the number of tetrahedra in 3D is 6N,. These
assumptions are reasonable for large and well shaped meshes, and are consistent with

those in 198].
For a hyperbolic system of conservation laws with m components (e.g. m = d + 2
for the Euler equations), the number of global degrees of freedom is given by

DOF = Nv m aDOF,

(2-33)

whereas the number of nonzero entries in the Jacobian matrix is given by

NNZ = Nv m 2 aNNZ-

(2.34)

The coefficients aDOF and aNNz are collected in Tables 2.3 and 2.4, respectively. We
note the coefficients aDOF and aNNZ for the IEDG method are bounded above by
those of the EDG method, but cannot be determined exactly since they depend on
the ratio of interior faces and boundary faces in the mesh. For second-order systems

45

3D

2D
Degree

ps=

DG
HDG
EDG
IEDG

6
6
1
<1

1

p,=

2

p,=3

P,= 4

20
12
7
<7

30
15
10
<10

12
9
4
<4

PS=

5

42
18
13
<13

ps=

24
36
1
<1

1

2

ps

60
72
8
<8

3

p=

120
120
27
<27

p.= 4

p,=

210
180
58
<58

5

336
252
101
<101

Table 2.3: Values of the coefficient aDOF for triangular and tetrahedral meshes as a
function of the approximating polynomial order p, and the discretization algorithm.
This coefficient can be used in Eq. (2.33) to determine the number of global degrees
of freedom in the problem. The accuracy order of the scheme is ps + 1.
3D

2D
Degree

DG
HDG
EDG
IEDG

p,=

1

p,=

72
60
7
< 7

2

288
135
46
< 46

ps=

3

800
240
115
< 115

4

Ps=5

ps = I

1,800
375
214
< 214

3,528
540
343
< 343

480
756
15
< 15

ps=

Ps =

2

3,000
3,024
230
< 230

ps =

3

12,000
8,400
1,311
< 1, 311

ps =

4

36,750
18,900
4,410
< 4, 410

Table 2.4: Values of the coefficient aNNZ for triangular and tetrahedral meshes as a
function of the approximating polynomial order p, and the discretization algorithm.
This coefficient can be used in Eq. (2.34) to determine the number of nonzero entries
in the Jacobian matrix. The accuracy order of the scheme is ps + 1.
in space, such as the Navier-Stokes equations, the numbers in Tables 2.3 and 2.4
remain the same for hybridized DG methods but they increase for some instances of
standard DG methods.
In all cases, EDG and IEDG provide a dramatic reduction in global degrees of
freedom and number of nonzeros in the Jacobian matrix with respect to standard
DG methods. For meshes in which the number of interior faces is much larger than
the number of boundary faces, the coefficients for the IEDG method are only slightly
smaller than those for the EDG method. For meshes in which the number of interior
faces is about the number of boundary faces, the coefficients for the IEDG method
are significantly smaller than those for the EDG method.
For moderately high polynomial orders, hybridized DG methods are significantly
superior to standard DG methods in terms of computational cost and memory requirements.

2.9.3

Connections with standard DG methods

Under some conditions, standard DG and hybridized DG methods reduce to the same
numerical scheme. In these cases, hybridized DG methods can be interpreted as a
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ps = 5

94,080
37,044
11,183
< 11, 183

reformulation of the standard DG method to obtain the same numerical solution with
a smaller number of globally coupled unknowns. The connections between standard
DG and hybridized DG for linear and nonlinear hyperbolic systems of conservation
laws are discussed in Appendix A. The connections for pure diffusion are presented

in [39, 1581.

2.10

Time-marching methods

The conservation-variable hybridized DG discretization of the Navier-Stokes equations (2.21) is a semi-explicit differential-algebraic equation (DAE) system of the
form

M

c[U
+ Ru(U, Y, t) = 0,
dt
Ry(U, Y, t) = 0,
U = U0 ,

t > 0,

(2.35a)

t > 0,

(2.35b)

t = 0,

(2.35c)

where M is the so-called mass matrix, U is the vector of degrees of freedom for
E V , Y is the vector of degrees of freedom for (qh, Uh) E Q" 0 MA", and
UO is the vector of degrees of freedom for the (projection of the) initial condition
Uh

Uhlt=O

E

V'.

If the discretization is well-posed, M and MRy/DY are invertible and

the DAE thus of index 1.
We describe time-marching methods to integrate in time DAE systems of this form.
The conservation-variable discretization of the Euler equations, and the entropyvariable hybridized DG discretization of the Euler and Navier-Stokes equations, lead
to DAE systems of a similar form. For simplicity of exposition, we focus on conservation variables and the Navier-Stokes equations, and in addition we assume the
time-step size At > 0 is the same for all time steps.

2.10.1

Linear multistep methods

We denote by Un an approximation of U(t) at time t' = n At, where n is a nonnegative integer. Linear multistep (LM) methods use information from the previous
s steps, {Un+iJ,-1, to calculate the solution at the next step Un+s. When an LM
method is applied to the differential part (2.35a) and the algebraic part (2.35b) is
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treated implicitly, we arrive at the following algebraic system:

E (a,

Un+i + At bi

M-lRu(Un+i, yn+i, tn+i)) = 0,

(2.36a)

0.

(2.36b)

i=0
Ry(Un+s) yn+,7n+s) -

The coefficient vectors a = (ao, a,..., a.) and b = (bo, bi,... , b,) determine the
method. If b, = 0, the method is called explicit; otherwise, it is called implicit. Note
the system of equations (2.36b) needs to be solved regardless of whether the LM
method is explicit or implicit.

For this reason, and due to their superior stability

properties, we use implicit methods for the temporal integration. Indeed, it is with
implicit time integration methods that the reduced number of nonzeros in the Jacobian matrix allows for more efficient implementations than standard DG methods.
Backward difference formula (BDF) schemes are the most popular implicit LM
methods. For a BDF scheme with s steps, the system (2.36) becomes
S-1

as Un+s + At buMRu(Un+s yn+s In+s) +

aj Un+i =0,

(2.37a)

Ry(Un+s, yn+s, tn+s) = 0.

2.10.2

(2.37b)

Implicit Runge-Kutta methods

The coefficients of an s-stage implicit Runge-Kutta (IRK) method, aij, bi, ci, 1 <
i, j

s, are usually arranged in the form of a Butcher tableau:
c1

all a12

..-

als

C2

a2 1

..

a2s

a22

(2.38)
c.

as,

a. 2

...

ass

b1

b2

...

bs

If the matrix aj3 is lower triangular, the IRK method is called diagonally implicit

RK (DIRK) [7]. Otherwise, it is called fully implicit RK (FIRK). In both cases, we
assume the matrix aij is non-singular. Let dij denote the inverse of aij, and let Un'i
be the approximation of U(t) at the discrete time t"'i

-

t"

+ c, At, where 1 < i < s.

An s-stage FIRK method for the DAE system (2.35) can be sketched as follows.
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First, we solve the following 2s coupled systems of equations

-

U")

+ At M-Ru (U', Y

t"n'i)

0,

1,...

i

,

dij (U"'n

(2.39a)

j=1

Ry (U"ni, Y"ni, t n#) =0,1
for the unknowns (Un'i, Ynli), i

1,...
S

Un+ 1 =

\

where e3 =

, s.

= 1, . .. ,Is,

We then compute Un+ 1 as

S

bi E di) Un + Eej
i=1 j=1 /
j=1

U"'3 ,

(2.39b)

_ bi dij. Finally, we solve the following system of equations for yn+1
Ry (Un+1 yn+1, tn+1) = 0.

(2.39c)

Note the system (2.39a)-(2.39b) can be advanced in time without solving (2.39c).
Hence, in practice we only solve (2.39c) at the time steps that we need yn+1 for
post-processing purposes.
In the case of DIRK methods, each stage of the system (2.39) is uncoupled from
the previous ones and can be viewed as a BDF step of the form (2.37). As a result,
diagonally implicit RK methods are more computationally efficient and require less
memory than fully implicit RK methods.
The use of high-order, L-stable methods for the temporal discretization is important for accuracy and robustness in large-eddy simulation, particularly when dealing
with turbulent shock flows. Unlike BDF methods, IRK schemes can be high-order
and L-stable. Due to their lower computational cost with respect to FIRK methods,
we focus on DIRK schemes in this thesis.
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Chapter 3
Parallel iterative solvers
3.1

Introduction

The implicit time discretization of the DAE system (2.35) by BDF and DIRK methods
yields a nonlinear system of equations of the form (2.37) at every (sub) time step.
In this chapter, we develop linear and nonlinear solvers to efficiently and scalably
solve this nonlinear system.

In Section 3.2, we introduce a domain decomposition

method for hybridized DG discretizations.

In Section 3.3, we propose a Newton-

Krylov-Schwarz method for the solution of the nonlinear system.

Implementation

aspects are discussed in Section 3.4. Numerical results illustrating and comparing the
performance of our solution procedure to other approaches are presented in Section
3.5.

We conclude the chapter with some remarks and future work in Section 3.6.

Implementation aspects that are not related to the solution of the nonlinear system
(2.37), such as the element domain decomposition and the assembly of the Jacobian
matrix, are omitted. For simplicity of exposition, and without loss of generality, we
focus on conservation variables and the Navier-Stokes equations.

3.2

Domain decomposition for hybridized DG methods

Let P denote the set of nodes {il,P2,

...}

used to approximate the solution trace, i.e.

the red dots in Figure 2-1. These nodes are referred to as traced nodes. We present
a domain decomposition for P that is required to perform matrix-vector products in
parallel and to define our parallel preconditioner.
We first partition P into N nonempty, nonoverlapping subdomains
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i,

I

=

1,..., N, that is,
N

j, 0 for i N. (3.1)

U(o) n

) = 0 for i

.

This is the zero-overlap decomposition and is computed by minimizing the edge-cut of
the

1

-to-p connectivity graph using the multilevel k-way partitioning algorithm with

weight balancing constraints (i.e. the sum of the weights of the nodes assigned to each
partition is the same across the partitions) [1081 in the METIS software [109]. The
weight of each node is proportional to the number of adjacent nodes in the connectivity
graph, so that the work of the matrix-vector product is well-balanced among parallel
instances. We then define the one-overlap decomposition as the collection of supersets
of R(O) obtained by including all the traced nodes immediately neighboring the nodes
in P 0. - Using this idea recursively, we define a 6-overlap decomposition J9W for some
nonnegative integer 6.

Note that the S-overlap decomposition depends on which

hybridized DG method is used for the discretization. Figure 3-1 shows an example
of the one-overlap decomposition for the HDG and IEDG schemes. This figure shows
how the traced nodes are first decomposed into two nonoverlapping subdomains. The
one-overlap decomposition is obtained by adding all the traced nodes immediately
neighboring nodes in the nonoverlapping subdomains.

3.3

A Newton-Krylov-Schwarz parallel iterative solver

We propose a Newton-Krylov-Schwarz parallel iterative method for the solution of
the nonlinear system of equations (2.37).

3.3.1

Nonlinear solver

Newton's method
Let us denote

Zh

=

(qh, Uh) E

Q' ® V . At any given (sub) time step n (e.g.

n = q (f - 1) + s for a DIRK(q, r) scheme, where q is the number of stages, r the
accuracy order, f the current time step, and s =1,

... ,

q the current stage within the

current time step), the nonlinear system of equations (2.37) can be written as
RCL (Zh, Uh

(3.2a)

RFC(ZhUh

(3.2b)
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Domain decomposition for HDG

Nonoverlapping subdomains

One-overlap subdon ains

Domain decomposition for IEDG

Nonoverlapping subdomains

One-overlap subdomains

Figure 3-1: Illustration of the one-overlap decomposition for the HDG and IEDG
schemes. The traced nodes are first decomposed into two nonoverlapping subdomains.
The one-overlap decomposition is obtained by adding all the traced nodes immediately
neighboring nodes in the nonoverlapping subdomains.
where RCL and

RFC

are the discrete nonlinear residuals associated to Eq. (2.21a)-(2.21b)

and Eq. (2.21c), respectively. Here, CL stands for Conservation Law and FC stands
for Flux Conservation.
(3.2).

Linearizing (3.2) around the solution (zh'",

at the Newton step m

U"'"l)

-

A bisection line-search Newton's method is used to solve the nonlinear system
0,1, ... , we arrive at the following linear system

[

m
Acn,
A"'"'

m

B"'"

D n'"r

6Un~mJ

(3.3)

G~

where 6Z'"' is the vector of degrees of freedom for z,"' = (6q"', 5U,'") E
VPS

and 6U"l," is the vector of degrees of freedom for

6

,""' E

4

9.

Q

®
0

The next

(z"',i"")+a (za'', 6"'"'), where

Newton iterate is defined as (zhl~mt+1

+

a E (0, 1] is the line search parameter.

The Newton iteration is repeated until the

norm of the full residual vector RF := (RCL, RFC) is less than a specified tolerance.
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3.3.2

Minimal residual algorithm for the initial guess

The convergence of the Newton's method depends on the initial guess (zh', Uh ). In
particular, the Newton's method provides quadratic convergence for smooth functions
if the initial guess is sufficiently close to the root [52, Theorem 5.2.11. One common
initialization strategy used for nonlinear time-evolution laws in computational mechanics is to take the initial guess to be the solution at the previous (sub) time
step, namely, (z

(zn

n, 0O)

1

, -n-1). In order to reduce the number of Newton

iterations relative to this simple initialization strategy, we propose a minimal residual
algorithm (MRA) to compute a better initial guess.

In particular, we express the

initial guess as a linear combination of the solutions at the J > 1 previous (sub) time
steps, namely, (zh', UhU) := E _1 aj (z-

3

, ii-

).

The coefficients aj are found as

the minimizer of the following nonlinear least squares problem
2

) / ( nh

)

arg min RF
(

The optimization problem (3.4) is solved by using a bisection line-search GaussNewton (GN) algorithm [52,166, Section 10.2 in both references]. The GN algorithm
requires us to compute the gradient vectors

&RF/a/j;which

are approximated by

finite differences. Since this requires a small number of residual evaluations and each
residual evaluation is several orders of magnitude faster than the Jacobian assembly,
the minimal residual procedure adds very little to the overall computational cost
of the solution method. In our experience, J = 3 provides a good balance between
computational cost and quality of the resulting initial guess, and is therefore employed
for the simulations in this thesis.
We note that E _11ajI

> 1 indicates the minimal residual initial guess is not

a robust optimal and may lead to numerical instability issues. We therefore discard
the solution of the MRA and set (z',

i)

= (z

1

,U

) whenever E>

aj

> 2.

As an alternative approach to improve robustness, the optimization problem (3.4)
can be solved together with the convexity constraints aj > 0 and

E_

aj = 1. In

our experience, the former strategy provides a more accurate and robust initial guess
than the latter, and it is therefore employed for the simulations in this thesis.
For large-eddy simulation applications, one GN iteration in the minimal residual
algorithm reduces the full residual norm by two to three orders of magnitude and
leads to about 10-30% reduction in computational time.

Although the minimal

residual algorithm was originally devised for LES, it has been applied to other timedependent PDEs in computational mechanics, including elastodynamics [71] and
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magnetohydrodynamics [34,35].

3.3.3

Linear solver

We describe next our approach for solving the linear system (3.3).

Hereinafter, we

shall drop the superscripts n, m to simplify the notation.
Static condensation
Due to the discontinuous nature of the finite element spaces Q

S

and VPS, the matrix

A has block-diagonal structure. This allows us to compute its inverse and eliminate
6Z to obtain a smaller linear system in terms of JU only as follows

K U = R,

(3.5)

where K = D - C A-"B and R = G - C A- 1 F. This static condensation procedure
is inexpensive for accuracy orders up to about five, and becomes more and more
expensive as the accuracy orders increases.
Equation (3.5) is the global system to be solved at every Newton iteration. As
discussed in Section 2.9.2, the size and number of nonzeros of K are much smaller
than those of the global matrix in other DG methods.
Generalized Minimal Residual method
The linear system (3.5) is solved in parallel using the restarted Generalized Minimal

Residual, GMRES(m), method 1187] with iterative classical Gram-Schmidt (ICGS)
orthogonalization.

The ICGS method requires less communication instances per

GMRES iteration than other orthogonalization strategies and thus results in better
parallel performance. m denotes the restarting parameter.
A left preconditioner M-' ~ K-

1

is used in order to accelerate GMRES conver-

gence, so that the linear system (3.5) is replaced by
M-

1

K 6U = M-' R.

(3.6)

We develop parallel and subdomain preconditioners, as well as a low Mach number
diagonal preconditioner. Effective preconditioners are critical to obtain efficient and
scalable iterative solvers [188].
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Low Mach number preconditioner
Let

Md

be a square diagonal matrix of the same size as K with diagonal entries equal

to one for rows associated to the continuity and momentum equations, and equal to
max{ 1.0,

Mr-2}

for rows associated to the total energy equation, where

the reference Mach number. We then redefine K +- M-

1

Mref

denotes

1

K and R +- M- R in Eq.

(3.6). This row equilibration technique makes all the equations of the same order of
magnitude and reduces stiffness due to separation of scales at low Mach numbers.
The parallel and subdomain preconditioners developed in the next sections refer to
the new K.
Remark 3.1. The low Mach number preconditioner is of this form since we use
PrefVref and prefV2f as reference density, momentum and total energy for nondimensionalization, where pref and Vrf are some characteristic density and flow velocPref,

ity. For other choices of non-dimensionalization, such as reference total energy Pref cef

where cref is some characteristic speed of sound, the low Mach number preconditioner
needs to be redefined accordingly and may require column equilibration, i.e. a right
diagonal preconditioner.
Parallel preconditioner: Restricted additive Schwarz method
We employ the restricted additive Schwarz (RAS) method [241 for the parallel preconditioner in order to achieve excellent scalability of the linear solver. This approach
relies on a decomposition of the unknowns in the vector 6U among parallel workers;
which is performed as described in Section 3.2.
defined as

The RAS preconditioner is then

N

M-1 := ZR K-

1

R6,

(3.7)

i=1

where Ki = R K R is the so-called subdomain problem and R6 is the restriction
operator onto the subspace associated to the traced nodes in the 6-overlap subdomain
number i. From our experience, 6 = 1 provides the best balance between communication cost and number of GMRES iterations for a variety of flow regimes, accuracy
orders and number of subdomains, both in two and three dimensions, and is therefore
employed for the simulations in this thesis. This is consistent with the observation

in [185}.
Subdomain preconditioner: Block incomplete LU factorizations
In practice, we replace K-' by the inverse of the block incomplete LU factorization
with zero fill-in of Ki. We shall refer to this as the BILU(0) factorization of Ki. In
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this approach, the approximate LU factors, Li and Uj, exactly preserve the sparsity
pattern of Ki, so that no entry in Li or Uj is nonzero outside of the sparsity pattern
of Ki. This factorization is inexpensive to compute and requires the same memory
as Ki. Dropping the subscript i in Li and

U

to simplify the notation, the BILU(O)

factorization for hybridized DG methods is outlined in Algorithm 1. For the sake of
simplicity, Algorithm 1 assumes the block size is equal to the number of components
of the governing equation m. A generalization for larger block sizes will be presented
in Section 3.4.2.
Data: Ki
Result: L, U
U0 +- Ki, L +- I;
for Pj in Pj do
for P, in F|, neighboring Pj, and such that 1 >

j do

Uig Uf ;

ZLij

U11 - U 11 - LI 3 Ui;
for

1

k

in PF , neighboring Pj and P1, and such that k >

j do

Iel
- U-1 -- LijUjk
end
end
end
Algorithm 1: BILU(O) factorization for hybridized DG methods.

The condition number of (U7

1

- ) is usually much larger than that of Ki.

Although the forward error in an LU solve is almost always much smaller than what
this condition number and forward stability analysis would suggest [227], the accuracy of the computed solution eventually deteriorates if the condition number grows
large enough. The main mechanism responsible for ill-conditioning in the BILU(O)
factors is mesh ill-conditioning, particularly if the traced approximation space M's
is continuous across faces.

We say the mesh is ill-conditioned if the elements are

highly anisotropic or if the singular values and singular vectors of the mesh metric
tensor rapidly change over the computational domain.

If the preconditioner is ill-

conditioned, the residual of the linear system (3.5) may be much larger than that
of the preconditioned linear system (3.6) [51, Trivial extension of the analysis in
Section 2.4], and 6U that solves (3.6) may not be a descent direction for the nonlinear
problem (3.2) even if (3.6) is solved to machine precision. In addition, some matrix
identities the GMRES method relies on may not hold in finite precision. When the
BILU(O) preconditioner becomes ill-conditioned, we switch to the stabilized block
incomplete LU factorization with zero fill-in introduced in Algorithm 2, referred to
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as SBILU(O).

To our best knowledge, this preconditioner is new in this work and

has not been proposed in the literature before. The SBILU(O) factorization requires
neither swapping data during the preconditioner computation nor non-consecutive
memory accesses during the preconditioner solve, and in our experience leads to
more stable and computationally efficient implementations than block pivoting and
iterative refinement [51, Section 2.5] techniques.
Data: Ki
Result: L, U
U +- Ki,L +- I;
for P. in P6 do
for P, in EP, neighboring j3, and such that 1 >

if

L3

F

j do

> LM then
FF

end

Un

U11 - L13 Up ;
for Pk in P', neighboringPj
-

and P1, and such that k >

j

do

.

Uilk - Ulk - lEU jk
end
end
end
Algorithm 2: Stabilized BILU(O) factorization for hybridized DG methods. 11 -1IF
denotes the Frobenius norm. The parameter L'
is set to (sz, - sze) 1/ 2 , where sz,
and szc denote the number of rows and columns in Lt1
Remark 3.2. Algorithms 1 and 2 can be easily generalized to ff > 0 levels of fill-in,
leading to BILU(ff) and SBILU(tf) preconditioners. In our experience, the reduction
in the number of GMRES iterations with f ;> 1 is much smaller than the increase in
computational cost per iteration, and for this reason we focus on f = 0 in this thesis.
Ordering algorithms
The accuracy and stability of an incomplete LU preconditioner depends on the ordering of the equations in the linear system (3.6), as this determines what blocks are
discarded with respect to the exact LU factors. This motivates us to compute the
BILU(0) subdomain preconditioner in conjunction with the minimum discarded fill
(MDF) ordering algorithm. The MDF algorithm was introduced in [180J for standard
DG methods, and its extension to hybridized DG methods here is straightforward
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and summarized in Algorithm 3. The SBILU(O) subdomain preconditioner is used in
conjunction with the row diagonal dominance (RDD) ordering that we introduce in
Algorithm 4. In practice, we compute the ordering using some reference solution, such
as the initial condition or the time-averaged solution, in order to reduce computational
cost and improve stability with respect to recomputing the ordering at every Newton
iteration.
Data: Ki
Result: Pi

B +-(MBJ) Ki
Cij
11||KiIJIg|F
Di - ||B~IH
for Pk in Pi do
AF +- 0
for P, in Pi and neighboringPk do
for Pj 7 fhi in F, neighboring Pk, and not neighboringPi do
AFlj = ClkDk.
end
end
Wk --

|| AF||F

end
for l = 1, 2, ... do
(Pi) 1
arg minj wj
for Pk in P|, neighboringP1, and not yet numbered do
I Recompute Wk only considering neighbors not yet numbered
end
end

Algorithm 3: Minimum discarded fill (MDF) ordering for hybridized DG methods.
- F denotes the Frobenius norm, MBI is the block Jacobi approximation to Ki,
and Pi denotes the permutation vector to reorder the nodes in P.
In order to improve the parallel scalability of the RAS preconditioner, Algorithms
3 and 4. can be equipped with the constraint that the nodes in the interior of the
subdomain are ordered first and the boundary nodes are ordered last. This way, the
block ILU solve can start without the need to wait for the result of the matrix-vector
product in other processors.
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Data: Ki
Result: Pi
for Pk in PIo do
Wk =0

AF <- 0
for P, in PJ' and neighboringPk do
Wk -- Wk

S

ikk

F

i~lF

end
Wk

--

Wk1/2

end
for l = 1,2, ... do
(Pi), <- arg minj wj
W(Pi) , + 00
for Pk in Fj6, neighboring P1, and not yet numbered do
I Recompute Wk only considering neighbors not yet numbered

end
end
Algorithm 4: Row diagonal dominance (RDD) ordering for hybridized DG
methods. 11 -I| denotes the Frobenius norm, MT is the block Jacobi approximation
to Ki, and Pi denotes the permutation vector to reorder the nodes in 6F.
Summary
Our parallel preconditioner is thus given by
N

o RfJ UE-1 R6.

M-1 :=

(3.8)
M- 1 K r, where r is the current

Each GMRES iteration requires us to calculate y
Krylov vector. This is computed in two steps as
x=Kr,

y =M

1

x.

(3.9)

Next, we describe the implementation of these two operations: Matrix-vector product
and preconditioner solve.

3.4

Implementation aspects

We discuss implementation aspects and modifications to the algorithms in Sections
3.2 and 3.3 to reduce the time-to-solution.
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3.4.1

Quasi-Newton method

We reuse the Jacobian matrix K for several Newton iterations (and time-steps) and
recompute it periodically, leading to a quasi-Newton method. Keeping the ratio of
time assembling Jacobian matrices vs. time solving linear systems at at most 1:1
provides a nearly optimal implementation for a variety of flow regimes, accuracy
orders and quadrature rules, both in two and three dimensions. Up to 5x speedups
are obtained with quasi-Newton for high accuracy orders in three dimensions.
The quasi-Newton method can be combined with low-rank updates, leading to a
variant of the limited-memory BFGS method [1291. The Sherman-Morrison correction
[1941 is then applied to the preconditioner to account for the Jacobian update. No
significant differences in total computational cost have been observed in practice with
and without low-rank updates.

3.4.2

Node clustering

To simplify the discussion, we have assumed that the blocks in the BILU(O) and
SBILU(O) factorizations are of size m x m. We recall that m denotes the number of
equations in the conservation law. Next, we present a generalization of the subdomain
preconditioner that operates with blocks of larger size.
Let H1,

H2,

... HNc be clusters of traced nodes that partition

Py and such that all

the nodes in each cluster neighbor the same traced nodes, namely, some superset of
the cluster. Then, the block incomplete LU factorizations and ordering algorithms
still apply if the role of the traced nodes Pj is replaced by that of the clusters H1, and
then the blocks become of size (m - nj) x (m - nj), where n denotes the cardinality
of Hj. The advantages of node clustering are twofold. First, operating with larger
blocks improves the accuracy of the BILU(O) and SBILU(O) factorizations. Second,
the matrix-vector product and preconditioner solve are computed faster due to the
improved cache memory use as the block size increases, as discussed below.

,

For the HDG method, and provided the domain decomposition in Section 3.2 is
such that all the nodes on a given face belong to the same nonoverlapping subdomain2
all the nodes on the same face can be grouped together and there is a simple one-

to-one mapping between clusters and faces. In practice, we use node clustering only
with the HDG method.

iThat is,

=UJ_ 1 f

with H 3 #0forj=1,...,Nc, and H=H1 = 0 for j # k. Here, N,
denotes
the
number
of
clusters
in the partition of Pi.
2
This is trivial to implement by partitioning the face-to-face connectivity graph instead of the
j3-to-P connectivity graph.

i
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3.4.3

Mixed-precision algorithm

A mixed-precision algorithm is used for the GMRES iteration. In particular, the
matrix-vector products and preconditioner solves are performed in single precision,
while the orthogonalization is performed in double precision. Since the former are
memory bound operations, a factor of two speedup is achieved. The Jacobian matrix and preconditioner are computed in double precision, and then converted to
single precision. In our experience, the number of GMRES and Newton iterations is
unaffected in practice by the type of arithmetic for the matrix-vector product and
preconditioner solve. This is attributed to the fact that the preconditioner and the
Newton linearization are (in a relative sense) approximately equally accurate when
these operations are carried out in single and double precision.

3.4.4

Matrix-vector product and BILU(O) solve

Fast matrix-vector products and preconditioner solves are required for an efficient
solution of the linear system. We exploit computer memory hierarchy and cache
policies when performing these operations. A block compressed row format is used to
store Ki, as well as its BILU(O) factors LZand U. In order to take advantage of cache
lines, the blocks are stored in memory in the same order as they will be accessed for
the matrix-vector product and the preconditioner solve. For the BILU(O) factors, this
is in turn determined by the ordering algorithm. This storage strategy increases the
hit rate and thus improves the performance of these memory bound operations. Also,
the diagonal blocks of Uj are overwritten by their LU factors 3 when the preconditioner
is formed.
The block matrix-vector products that comprise the full matrix-vector product
are performed first for the nodes on the interface between subdomains and then for
the interior nodes in order to overlap communication and computation as much as
possible. Depending on the block size, we use one of the two following implementations for the block matrix-vector products involved in the full matrix-vector product
and the preconditioner solve. For large block sizes, i.e. when the number of nodes in
the corresponding cluster is large, the matrix-vector products are computed through
the Basic Linear Algebra Subprograms (BLAS). This way, we exploit the structure
of K and M while performing the actual computations through highly optimized
dense linear algebra libraries. For small block sizes, i.e. when the cardinality of the
3

Alternatively, the diagonal blocks of U2 can be overwritten by their QR factors to enhance
numerical stability. No significant differences have been observed in practice between using the LU
and the QR factors.
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cluster is small, the BLAS call overhead becomes significant, and in-house hardwareoptimized kernels are used instead. These kernels are based on f or loops and low-level
instructions that are optimized to the host device.

3.4.5

Stopping criterion and adaptive tolerance

The Newton iteration is performed until the norm of the full residual vector RF is less
than a specified tolerance. The stopping criterion for the GMRES method is based
on the relative magnitude of the norm of the preconditioned linear residual and the
preconditioned right-hand side in Eq. (3.6). In particular, the GMRES iteration is
performed until a quadratically convergent Newton iterate is obtained, without the
need for solving the linear system to machine precision.

This is typically achieved

by reducing the initial linear residual norm by four to six orders of magnitude. Also,
the GMRES tolerance is adaptively modified to avoid unnecessary iterations in the
Newton's method when the nonlinear residual is sufficiently close to the nonlinear
tolerance so that convergence is expected in the following Newton iteration.

For

large-eddy simulation applications, this simple adaptive strategy can reduce the total
number of GMRES iterations by about 30%.

3.5
3.5.1

Performance and parallel scalability
Preconditioner performance

We consider the large-eddy simulation of the

Ecole Centrale de Lyon cascade [801 with

no end-wall on 128 processors. The Reynolds number is 382,000, the Mach number
0.12, the stagger angle 42.7 deg., and the angle of attack 15.8 deg. All boundaries
other than inflow/outflow are periodic. The third-order IEDG and DIRK(3,3) methods are used for the spatial and temporal discretization. The mesh is generated by extruding a two-dimensional mesh of 46,252 quadrilaterals along the spanwise direction.
The extrusion length is 0.5% of the chord and the resulting three-dimensional mesh
has 138,756 hexahedra. The elements in the boundary layer are highly anisotropic;
which as discussed before may lead to stability issues in incomplete LU factorizations.
Figure 3-2 (left) shows the number of GMRES(100) iterations to converge the
linear system to a relative tolerance 106 as a function of the time-step size. The
x-axis is shown in logarithmic scale, and the right limit corresponds to global convective and acoustic Courant numbers of 81.3 and 692, respectively.

Block Jacobi,

BILU(0)/RAS(0), BILU(0)/RAS(1) and SBILU(0)/RAS(1) preconditioners are considered. The results for the BILU(0)/RAS(1) preconditioner and the HDG method
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Left: Number of GMRES(100) iterations as a function of the timeFigure 3-2:
step size for different preconditioners. Right: Weak scaling of our solver on the
OLCF Titan supercomputer. The scaling efficiency up to 65,536 processors is 96%.
The results correspond to the large-eddy simulation of the Ecole Central de Lyon
cascade [80] with no end-wall.
are shown as well. We note that block Jacobi is a common preconditioner for LES
with standard DG methods [25,173,174,183,2261. The higher memory requirements
in standard DG methods fosters matrix-free implementations and even simpler preconditioners than block Jacobi, such as diagonalized Alternating Direction Implicit

(ADI) [53, 54], Fast Diagonalization Method (FDM) [54] and approximate block
Jacobi [173,174] preconditioners.
BILU(0) for IEDG becomes ill-conditioned and the GMRES method does not converge for time-step sizes larger than At ~~10-

c/Vc. No such ill-conditioning issues

are observed with either SBILU(0) for IEDG or BILU(0) for HDG. The SBILU(0)
preconditioner requires approximately the same number of iterations as the BILU(0)
preconditioner when the time-step size is small, that is, our stabilization procedure has
a very minor impact on the accuracy of the preconditioner when it is well-conditioned.
If the time-step size is chosen so that the linear system is solved in about 50 iterations,

SBILU(0)/RAS(1) allows taking 2-3 times larger steps than BILU(0)/RAS(1).

In

addition, for a given number of iterations, SBILU(0)/RAS(1) allows for two orders
of magnitude larger time steps than block Jacobi. The lower number of nonzeros in
the Jacobian matrix with respect to standard DG methods not only reduces the cost
of the matrix-vector product (i.e. lower cost per GMRES iteration), but usually also
allows storing the Jacobian matrix without running into memory issues, and thus
using better preconditioners and converging in fewer iterations. Additional results,
including multigrid and Gauss-Seidel preconditioners and the effect of the stabilization
matrix, are presented in [59].
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3.5.2

Parallel sparse linear algebra kernel performance

We assess the performance of the sparse matrix-vector product and preconditioner
solve for LES of the Ecole Centrale de Lyon cascade [80] on 65,536 processors (4,096
compute nodes) on the OLCF Titan supercomputer.

Each Titan compute node

contains a 16-core 2.2GHz AMD OpteronTM 6274 (Interlagos) processor and 32 GB
of memory.

The L3 cache size is 2x8 MB and the peak memory bandwidth 51.2

GB/s-node.

Two nodes share one GeminiTM high-speed interconnect router.

use the Cray compiler.

Implementations No.

We

1 and 2 are tested for the forth-

order HDG method and the third-order IEDG method, respectively, on hexahedral
meshes. The sparse linear algebra kernels perform at sustained 36.8 GB/s-node and
38.9% GB/s-node, respectively, that correspond to 71.9% and 76.0% of the peak
memory bandwidth.

This performance metric includes inter-node and intra-node

communication overheads.
Similar % of peak performance has been obtained on the ALCF Mira supercomputer (IBM Blue Gene/Q architecture, 16-core 1.6 GHz PowerPC A2 processor
and 16 GBytes of DDR3 memory per compute node, 5D Torus Proprietary Network
interconnect, IBM XL compiler) and the MIT Engaging cluster (8-core 16-thread
2.00GHz Intel® Xeon@ Processor E5-2650 and 64GB of memory per compute node,

GNU C++ compiler).

3.5.3

Parallel scalability

Figure 3-2 (right) shows the weak scaling of the proposed solution procedure up to
65,536 processors (4,096 compute nodes) on the OLCF's Titan supercomputer. The
y-axis is normalized by the time-to-solution with 4,096 processors. The results correspond to the large-eddy simulation of the Ecole Centrale de Lyon cascade [80] with no
end-wall. The numerical discretization is based on third-order IEDG and DIRK(3,3)
schemes with BILU(0)/RAS(1) preconditioning. The various runs differ from each
other on the extrusion length along the spanwise direction, and consequently on the
number of elements along the spanwise direction and the total number of elements.
The two-dimensional mesh on the periodic plane and the time-step size are kept
constant in all runs. The weak scaling efficiency up to 65,536 processors is 96%.

3.5.4

Performance with respect to other DG codes

The computational cost of DG methods for large-eddy simulation has been recently
examined in the 2018 5th High-Order Workshop for CFD [1]. Table 3.1 shows the
time-to-solution of various DG codes, both explicit and implicit, for the large-eddy

64

Discretization scheme
Space
Time

IEDG
DG
DG
DG

Normalized time-to-solution

DIRK
ERK
BDF
IRK

0.17
1.13
2.68
2.88

Normalized time-to-solution (in TauBench work units per degree of
Table 3.1:
freedom) for different DG schemes. Results for LES of the T106C low-pressure turbine
from 2018 5th High-Order Workshop for CFD [1].
simulation of the T106C linear low-pressure turbine (LPT) [81, 93, 1441. From these
results, the combination of hybridized DG methods with our solution procedure leads,
for moderately high accuracy orders, to significant computational savings with respect
to standard DG methods.

3.6

Conclusions and future work

We presented a series of linear and nonlinear methods to efficiently and scalably solve
the system of equations arising from the discretization. Some of these methods are
new in this work, such as the minimal residual algorithm to compute the initial guess
of the nonlinear problem, the stabilized block incomplete LU subdomain preconditioner, and the row diagonal dominance ordering algorithm, and others are extensions
of existing methods in the literature to hybridized DG methods, such as the domain
decomposition and the minimum discarded fill ordering algorithm.
The combination of hybridized DG methods with the proposed iterative solvers
provides excellent parallel scalability up to petascale and, for moderately high accuracy orders, leads to about one order of magnitude speedup with respect to standard
DG methods. For very high accuracy orders, the static condensation procedure in
Section 3.3.3 becomes expensive and hybridized DG methods no longer offer computational advantages with respect to standard DG methods. The particular accuracy
order at which standard DG methods become more efficient depends on the number
of spatial dimensions, the element type, the implementation, the computing architecture, and the problem conditions (stiffness), among other factors.
Future work regarding iterative methods include the development of preconditioners for anisotropic and nonuniform meshes, viscous-dominated flows (in the cell
P6clet number sense), and exascale computing. In addition, residual-based nonlinear
solvers, such as the recently introduced accelerated residual methods [163], are worth
further investigation.
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Chapter 4
Entropy stability
4.1

Introduction

We present an entropy stability analysis of the DAE system arising from the entropyvariable hybridized DG discretization of the Euler and Navier-Stokes equations. To
this end, we first derive an identity governing the evolution of total entropy in the
numerical solution. The entropy stability of the scheme is then ensured by a proper
choice of the numerical flux. From a physical perspective, entropy stability implies the
numerical solution satisfies the integral version of the Second Law of Thermodynamics
in the computational domain, and this allows for improved robustness in underresolved simulations.

The entropy stability analysis also provides insights on the

mechanisms that are responsible for the implicit subgrid-scale model in hybridized
DG methods, namely the numerical dissipation introduced by the Riemann solver as
a consequence of the inter-element jumps. The conservation-variable hybridized DG
methods are in general not provably entropy stable, as discussed in Appendix E.
We also present a series of numerical examples to compare entropy variables
and conservation variables in practice. Numerical results show the entropy-variable
hybridized DG methods are significantly superior to their conservation-variable counterparts in terms of stability and robustness, particularly for under-resolved and shock
flows, even when the numerical flux is defined in a way that the scheme is not provable
entropy stable.

Entropy stability is shown to be also important for subgrid-scale

modeling in LES of compressible turbulence.
The remainder of the chapter is organized as follows. In Section 4.2, we introduce
some definitions and notation. Entropy stability results for the compressible Euler
and Navier-Stokes equations are presented in Sections 4.3 and 4.4, and L 2 stability
results in Section 4.5. Numerical examples are presented in Section 4.6. We conclude
with some remarks in Section 4.7. Entropy stability results for conservation variables
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are presented in Appendix E. A linear stability analysis for linear convection-diffusionreaction systems is presented in Appendix C.

4.2

Definitions and notation

In addition to the nomenclature introduced in Chapter 2, we denote by

C ([O, 1]; X,) a smooth path such that 'i(O) = v 1 , 6(1) = v 2

vi, v 2 ) E
and & E X, V\ E [0, 11.
fb(6;

Since Xv is an open connected subset of R', infinitely many such paths exist provided
V 1 , v 2 E X,. The results hereinafter hold for any choice of path. We also introduce

some definitions that are required for the subsequent discussion.
Definition 4.1 (Mean-value stabilization matrix).

(0;v1 , v 2 ); n) IA.

+ IA,(b (6; v 2 , v1); n)

) d

.

( -6) (Ai(

O-J1V (VI, V2; n) :=

(4.1)
Definition 4.2 (Entropy-stable stabilization matrix). A stabilization matrix satisfying
(v 2 - v 1 )' - U-(vI, v 2 ; n) - (v 2 - v 1 ) > (v 2 - vl)' - E(v 1 , v 2 ; n) - (v 2 - V 1 )

(4.2)

for all v 1 , v 2 E Xv and all InII = 1, is said to be entropy stable, where

E(V,

V2;

n)

(1 - 6) (A,(,&(0; v1 , v 2 ); n) - A. (b(0; v2 ,vi); n)) dO

j

j(I - 20) Anl,(0(; V1, V2); n) dO
-

(4.3)

(1- 20) A,((o; v 2 ,v); n) dO.

Remark 4.1. The last two equalities in Eq. (4.3) follow from the change of variable
6' = 1 - 0 applied to the second and first terms in the integrand, respectively.
Remark 4.2. Examples of entropy-stable stabilization matrices include the mean-value
stabilization matrix (4.1), and the stabilization matrices (2.25b)-(2.25c) with v,, such
that
, (V2 - V1)' -|Z,(

,)

- (V2 - V1) > sup (v2 vi) - )IAn (6(0; vi, v2))K(v2 - v).
Oe[O,1]

(4.4)

67

Definition 4.3 (Projection viscous numerical flux).
IQPS [G(vh,qh)])(x) - n(x),

^(g

(4.5)

where x C F, F C 0Th, and HQP3 is the projection operator onto Qps
Remark 4.3. 4' is not a local operator in the sense that 47(x) does not depend only
on (qh(x), Vh(X), Vh(x)) but on the solution over the entire element. In addition, g is
asymptotically consistent but not consistent. Here, we use the term consistent in the
sense of numerical flux consistency defined in [9, Section 3.111, and asymptotically
consistent in the sense that consistency holds in any mesh refinement limit that
satisfies the usual uniformity assumptions, see e.g. [231, Section 3.1].
Definition 4.4 (Entropy-stable viscous numerical flux). A viscous numerical flux
satisfying
ah(X))' - h()

(vh(X) -

for all (qa, Vh,
stable.

Vh)

E

Qps

> (Vh(X) -

0V

0 A4

'h (X))

t

- [QPS [G(vh,qh)])(x)

- n(x)]

(4.6)

and all x C F VF E 0Th, is said to be entropy

Entropy stability results for the compressible Eu-

4.3

ler equations
In this section, as well as in Section 4.4, the numerical solution at time t is assumed
to be physical in the sense that the density and pressure are pointwise positive.

Time evolution of total entropy

4.3.1

Proposition 4.1. The time evolution of total generalized entropy in the entropyvariable hybridized DG discretization of the compressible Euler equations (2.23) with
inviscid numerical flux (2.24b) is given by
d

fQ
H(u(vh))

+ BaQ(Vh, vh; v)
J~h

+ 2

1(4.7)

( sVh - V (h)L , Vh; n) - , vh; n) - (Vh - Vh) =0,

'Strictly speaking, the set of functions for which the consistency condition must hold is different
than in the linear, constant-coefficient case presented in 19]. We omit the details here.
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where E (-

, vh;

n) is defined in Eq. (4.3),

BaQBan(Q)
h, vh;

V&Q) =a an

J

aUs

U -F-- G)
(Vh (aQK (ih
(4.8)

j

)

(fVQ(5,, Vh) - bh (h, vh; vh
1-~

is a boundary term, and Fn(-) =F(u(-5)) - n is the normal component of the
entropy flux in entropy variables.
Proof. The proof is given in Appendix D.
Corollary 4.2. The time evolution of total generalized entropy for the compressible
Euler equations with inviscid numerical flux (2.24b) and the mean-value stabilization
matrix (4.1) is given by

d I

+

j(

H)
-(A V-adh

h

-6) (Vh -

+ BaQ (Vh, vh; va)

ti -

A+

(b ((;vhli);n)

--

A

(b(6; V, vh);n))

(Vh - vh)

0,

=

(4.9)

A+

(v; n)= A+(v; n) Ao(v; n) = 1A(v; n) + A
,(An v n)
2
) +n

S

(V;

)io( ;
"'v-

(4.10a)

n) + IAn(v; n) ),

A- A(v;n)= An(v;n)Ao(v;n) =

(An(v;n)
2

=(An(v;

;

)

where

n) -

An(v; n)

-

IAn(v;n)I) Ao(v; n)

~(4.

10b)

).

Proof. The desired result follows by combining Equations (4.1), (4.3) and (4.7), and
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dO

noting that

j

1 OMV (Vh,;

n)

(-h, vh n

-

(((,))

-

+ (1 - 2)A(i'(0; vh, n));)n dO

(1 -0) (i(O

6j'o

-

((;hh) )4.d1

-

ij

d

;vhfih);n)

(n6ii~(;vhii); n) --A

!A(d(;viG);n)A dO

((;

vA,i); n)K

(1 - 0) (An (iY(O;v,

V);n)

+ An(b (0; v,

;)

v)); n)

-

(1-

(Anb, ((;,

(1 - 0) (A+

dO
n);
n)IA

(4.11)
d

I

(& (o; vhl,);n) -

A

(

V(;ihv); n))

dO.
El

4.3.2

Entropy stability

Theorem 4.3 (Semi-discrete entropy stability for the compressible Euler equations).
The entropy-variablehybridized DG discretization of the compressible Euler equations
(2.23) on a periodic domain with inviscid numerical flux (2.24b) and stabilization
matrix as in (4.2) is entropy stable, that is, the total generalized entropy is nonincreasing in time,

+

H(u(vh(t)))

0,

(4.12)

and the following entropy bounds are satisfied

/H(u*(Vh,O))

H(U(Vh(t))) <_

H(u(Vh,O)),

(4.13)

where u* is called the minimum total entropy state and is defined as
U*(Vh)

JU(Vh),

-=

(4.14)

and pL(Q) denotes the Lebesgue measure of Q.
Proof. The proof is given in Appendix D.

El

Corollary 4.4. The entropy-variable hybridized DG discretizationof the compressible

70

Euler equations on a periodic domain with the inviscid numerical flux (2.24b) and
with either the mean-value stabilization matrix (4.1) or the stabilization matrices
(2.25b)-(2.25c) with v. as in Eq. (4.4), is entropy stable.
From a mathematical perspective, Theorem 4.3 implies the scheme is unconditionally entropy stable in the sense that entropy stability holds for any polynomial order
p, and any non-singular finite element mesh 7h. From a physical perspective, Theorem
4.3 implies the numerical solution satisfies the integral version of the Second Law of
Thermodynamics in the problem domain Q. Also, Theorem 4.3 provides sufficient,
but not necessary, conditions for entropy stability. We note that periodic boundary
conditions are an adequate choice of boundary conditions to characterize the entropy
stability of the scheme. The development of entropy-stable boundary conditions is
beyond the scope of this thesis.

4.4

Entropy stability results for the compressible NavierStokes equations

4.4.1

Time evolution of total entropy

Proposition 4.5. The time evolution of total generalized entropy in the entropyvariable hybridized DG discretization of the compressible Navier-Stokes equations
(2.26) on a non-curved (i.e. pg = 1) mesh with inviscid numerical flux (2.24b) is
given by

dt

S

H(u(vh))

qt

+(V
2

j

"

(vh) qh

h- U&h - 0 ,( Vh; n) -- ( , Vh; n)-(Vh --&)

7ah

(4.15)

(Vh - Vh) t

[ h -

(nQ

s[G(vh, qh)] n

+ B3Q(ih, Vh, qh; van) = 0,
where E(V,vh;n) is

1, ...

,d

defined in Eq.

(4.3), KiC(Vh) --

i(u(vh)) Ao(vh), i,j

=

are symmetric positive semi-definite, and
Vh, V , q ;v

--

Y

+ fn

( a) -

j

(4.(A16)
hgbV,h

'9QG
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- F(

)

(4.16)

is a boundary term. - in the second term in Eq. (4.15) denotes contraction of the two
rightmost indices of the tensor on the left and the two leftmost indices of the tensor
on the right (one of the indices is of length m and the other is of length d).
Proof. The proof is given in Appendix D.
Corollary 4.6. The time evolution of total generalized entropy for the compressible
Navier-Stokes equations on a non-curved mesh with inviscid numerical flux (2.24b),
the mean-value stabilization matrix (4.1) and the projection viscous numerical flux
(4.5) is given by
-

H(u(vh)) +

q' - k(vh) - qh

-) (vhs ih)t.

+Jj(1

+B3o(-7, v, qh; v

A

(v(6; Vh, i5); n) - Av(Ah(b (6; Vh, vh); n))

(Vh

--

0,

(4.17)
where A+

and A-

are defined in Eq. (4.10).

Proof. The desired result follows by combining Equations (4.1), (4.3), (4.5), (4.11)

and (4.15).

4.4.2

0

Entropy stability

Theorem 4.7 (Semi-discrete entropy stability for the compressible Navier-Stokes
equations). The entropy-variable hybridized DG discretization of the compressible
Navier-Stokes equations (2.26) on a non-curved (i.e. p9

=

1) mesh with periodic

boundaries, inviscid numericalflux (2.24b), stabilization matrix as in (4.2) and viscous numerical flux as in (4.6) is entropy stable, that is, the total generalized entropy
is non-increasing in time,
dt

H(U(Vh(t))) <_ 0,

4.8

and the following entropy bounds are satisfied

J

H(u*(vh,o)) 5

H(u(vh(t)))

H(u(vh,o)),

where u* is the minimum total entropy state defined in Eq. (4.14).
Proof. The proof is given in Appendix D.
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(4.19)

ih)

dO

Corollary 4.8. The entropy-variable hybridized DG discretization of the compressible
Navier-Stokes equations on a non-curved mesh with periodic boundaries, the inviscid
numerical flux (2.24b), the projection viscous numerical flux (4.5), and with either
the mean-value stabilization matrix (4.1) or the stabilizationmatrices (2.25b)-(2.25c)
with v,, as in Eq. (4.4), is entropy stable..
We note again that Theorem 4.7 implies the numerical solution satisfies the
integral version of the Second Law of Thermodynamics in Q, and that it provides
sufficient, but not necessary, conditions for entropy stability. Also, entropy stability
holds for any approximating polynomial order p, and any non-singular, non-curved
mesh. The need for the projection viscous numerical flux to ensure entropy stability
suggests that if gh is as in Eq. (2.28a), it is when

)C(vh)

significantly changes inside an

element, and consequently G(vh, qh) is not well represented in Q', that the viscous
terms may lead or contribute to numerical instability. A similar logic applies to other
definitions of it.

L 2 stability

4.5

We conclude the theoretical discussion with a quick note on the L 2 stability of the
scheme.
Proposition 4.9. If the scheme is entropy stable and AO remains uniformly bounded
in the sense that there exist positive constants C > c > 0 such that

c IIZII'2(Rm )

<

z' - Ao(v) - z

for all z E R"' and all v G CR ({vh(x,t),
convex hull, then the scheme is L

(-

IIuvh,o) - U* (Vh,0)II[L2(Q)]m

(4.21)
Iuv(t) ) -

2

<C

IIZII1 2 (Rm)

(4.20)

x E 'Th t E [0,tj)}), where C7(.) denotes

stable in the sense that
C )1/2

U*(V1),0)II[L2(q)]mn

-

for all 0 < t < tf. This result applies both to the compressible Euler and Navier-Stokes
equations.
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Proof. For any 0 < t < tf, it holds that
<

2

-

('i.()

.i

J

m

& 2 H(ii(x, t))((Vt)-U(h,)

*vO)

H(u(vh(t)))

=
<

U(hO)I
(u(v((t)) L2()

H(u(vh,o))

-

-

H(u*(vh,o))

-

J

h

(4.22)

H(u*(vh,O))

U(h,O

t(u.v)2H

(x))

(u(Vh,O)

-

U*(VhO

C11

< -|Iu(vh,o)

-

U*(Vh,O)[L2(Q)]m

where fL(., t) and fto(-) are in the convex hull of U(Vh(-, t)) and U(Vh,o(.)), respectively.
The equalities in (4.22) follow from the Taylor series with remainder in Lagrange form 2
and the definition of u*; the second inequality follows from entropy stability; and the
first and third inequalities from (4.20). Equation (4.21) then trivially follows.

4.6

LI

Numerical examples

We present a series of numerical examples to illustrate the improved robustness of
entropy-variable formulations. Steady and unsteady flows in subsonic, transonic, and
supersonic regimes are considered. The performance and robustness is compared to
the conservation-variable hybridized DG methods. For entropy variables, we use the

numerical fluxes (2.24b)-(2.28b) and the stabilization matrix (2.25c) with #. = 1
and v, = -.

For conservation variables, we use the numerical fluxes (2.18b)-(2.22b)

and the stabilization matrix (2.19c) with

= 1 and Iu* = Uh. Slip wall and no-

slip, adiabatic wall boundary conditions are prescribed on the solid surfaces for the
inviscid and viscous problems, respectively. The state-based approach (2.29b) is used
for all the boundary conditions. The time marching is performed with the third-order
DIRK(3,3) method

17].

Pr = 0.71, y = 1.4 and

#

= 0 are assumed in all the test

problems.
We note that entropy stability is not necessarily preserved upon DIRK(3,3) time
discretization.

In addition, the inner products involved in the hybridized DG dis-

2

Note that Eq. (4.20) implies H is sufficiently regular for this form of the Remainder Theorem
to apply everywhere in space and time. Also, the Remainder Theorem ensures ft(-, t) and fo(-) are
in the convex hull of U(Vh(-, t)) and u(vh,o(-.)
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Figure 4-1: Steady inviscid flow past a circular duct at M,"= 1.4. Figures show
the Mach number (left) and non-dimensional density p/p, (right) for the entropyvariable IEDG method without (top) and with (bottom) shock capturing.
No
visual differences are observed between the entropy-variable HDG, IEDG and EDG
solutions. Conservation-variable HDG, IEDG and EDG failed to converge for this
problem without shock capturing.
cretization are approximated using Gauss-Legendre quadrature.

The number of

quadrature points is such that polynomials of degree 3p, are integrated exactly. No
robustness issues have been observed in practice due to inexact integration. Finally,
1 and v, = Vh may not satisfy Eq.
the stabilization matrix (2.25c) with #
(4.2) for pathological choices of the numerical solution

(Vh, Vh), and similarly the
viscous numerical flux (2.28b) may not satisfy (4.6). We consider this stabilization

matrix and viscous numerical flux since they lead to more computationally efficient
implementations and the numerical scheme remains entropy stable in practice, as
illustrated in the numerical examples below.

4.6.1

Inviscid supersonic flow past a circular duct

This test case involves the steady supersonic flow in a two-dimensional channel with a
4% thick circular bump on the bottom side. The length-to-height ratio of the channel
is 3:1, the flow is inviscid, goes from left to right, and the inlet Mach number is
= 1.4. We use a finite element mesh with 2,400 isoparametric triangular elements
and polynomials of degree 4 to represent both the solution and the geometry.
Numerical results for entropy-variable IEDG without a shock capturing method
are presented on the top images in Figure 4-1. No visual differences are observed
in the numerical solution with the entropy-variable HDG and EDG schemes (not
shown).

Despite the severe Gibbs oscillations near the shock wave, the entropy-

variable hybridized DG schemes are stable in all cases. Conservation-variable HDG,
IEDG and EDG failed to converge for this problem without shock capturing. The
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solution with the entropy-variable IEDG scheme and the shock capturing method
presented in Chapter 7 is shown at the bottom of Figure 4-1. In Chapter 7, we show
that entropy stability is preserved with shock capturing. The shock is well resolved
and non-oscillatory in this case.

4.6.2

Shu vortex

Case description and numerical discretization
The goal of this test problem is to investigate the stability of the scheme for the
long time integration of vortex transport phenomena.

To this end, we consider

the two-dimensional inviscid vortex problem proposed by Shu3 [196].

The vortex

is homentropic, initially located at (x, y) = (0, 0) and advected downstream by the
freestream velocity V). The exact solution is given by

p

o= 1 -

=
V = V,,
P=

-

27L

=

((x

-

exp (2 (1 - r2/L2

27rL exp

(1- r2/L2),

exp

(4.23)

(I -2L2)

p1;--y V2

_y M.2

where r

16-Y2

v)2 Mo

V, t)2

X P-I

+ y2)

denotes the distance to the vortex center, 0 is the

vortex strength, and po and MO are the freestream density and Mach number. In
particular, we set

4

= 5 and MO = -- 0 5 , with -y = 1.4 as discussed before. This

completes the non-dimensional description of the problem.
The Shu vortex is simulated in a doubly periodic square Q

=

(-5L, 5L) 2 . The

computational domain is partitioned into a triangular mesh obtained by splitting a
uniform 10 x 10 Cartesian grid into 200 triangles. Conservation-variable and entropyvariable HDG schemes are considered, and polynomials of degree ps = 4 are used to
approximate the solution. The time-step size is At
is performed from to = 0 to tf

=

500 L V;.

76

=

0.05 L V;

and the simulation
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Figure 4-2: Time evolution of the L 2 -norm of the error in non-dimensional
conservation variables (top) and entropy variables (center), as well as the evolution
of total thermodynamic entropy in the computational domain (bottom), for the Shu
vortex. Conservation-variable and entropy-variable HDG schemes are considered.
The subscript h in the error norms denotes the numerical solution and no subscript
denotes the exact solution. The initial entropy is used as baseline entropy so. We
recall s is already in non-dimensional form.
Numerical results
Figure 4-2 shows the time evolution of the L 2 -norm of the error in non-dimensional
conservation variables and non-dimensional entropy variables, where p", p.V

and

poV2 are used as reference density, momentum and total energy for the non-dimensionalization.
The evolution of total thermodynamic entropy in the computational domain is shown
at the bottom of the figure.

Conservation-variable HDG breaks down at time t

3

=

While this and other similar types of exact solutions of the Euler and Navier-Stokes equations
have been known for a number of years (see, e.g., 147]), we refer to this problem as the Shu vortex
since, to our best knowledge, it was Shu 11961 that first proposed it to assess the advantages of
high-order methods for long time simulations, and then other authors followed 127,92,203,216,218,
224, 2251.
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1

, whereas entropy-variable HDG remains stable throughout the simulation.

The total thermodynamic entropy is non-decreasing in entropy-variable HDG and
non-increasing in conservation-variable HDG (i.e. the total generalized entropy is
non-increasing and non-decreasing, respectively).

That is, under-resolution in this

problem makes the discretized system evolve through entropy-satisfying and entropyviolating paths for entropy and conservation variables, respectively; which provides
critical insights on the mechanisms responsible for numerical instability in the latter
case.

Induced by the entropy-violating evolution, the error in the conservation-

variable solution is much larger when measured in the v-norm than in the u-norm.

4.6.3

Inviscid compressible Taylor-Green vortex

Case description and numerical discretization
The goal of this test case is to examine the stability of the scheme for severely underresolved compressible flow simulations. To this end, we perform implicit large-eddy
simulation of the inviscid compressible Taylor-Green vortex (TGV) [205]. The TGV
problem describes the evolution of the flow in a cubic domain Q = [-Lw, Lir) 3 with
triple periodic boundaries, starting from the smooth initial condition

V=Vosin(
V2

=

-Vcos

cos(

cos(

()sin(-)

,

P =POI

cos

,

(4.24)

V3 =0,
P =PO+ PO 0

Cos2x

+ Cos

where po, V and PO are positive constants.

-y)

Cos

+2

,2

The large-scale eddy in the initial

condition leads to smaller and smaller structures through vortex stretching.

For

Reynolds numbers Reo = po V L/p below about 1, 000, the flow remains laminar at
all times [22]. Above this threshold, the vortical structures undergo structural changes
near t ~~7 L/Vo, and around t

7 - 9 L/V they break down and the flow transitions

to turbulence 4, where the exact times depend on the Reynolds number [211. In the
viscous TGV, the smallest turbulent structures and the maximum dissipation rate of
4 Note that no temporal chaos (chaotic attractor) exists in the viscous Taylor-Green vortex since
the flow eventually comes to rest due to viscous dissipation. We use the term turbulence to refer to
the phase of spatial chaos (spatial decoherence) that takes place after t ~ 7 - 9 L/VO for Reynolds
numbers above about 1, 000 [211.
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kinetic energy occur at this time. After transition, the turbulent motion dissipates all
the kinetic energy, and the flow eventually comes to rest through a decay phase similar
to that in decaying homogeneous isotropic turbulence, yet not isotropic here. In the
inviscid TGV, there is no decay phase due to the lack of viscosity and the smallest
turbulent length and time scales thus become arbitrarily small as time evolves.
We focus on the inviscid TGV at reference Mach number Mo = Vo/co = 0.8, where
co is the speed of sound at temperature To = Po/(-y - 1) c, po. The dynamic viscosity
is assumed to be y is constant. This completes the non-dimensional description of
the problem.
For this problem, we consider conservation-variable and entropy-variable EDG
schemes.

In both cases, the computational domain is partitioned into a uniform

32 x 32 x 32 Cartesian grid, and polynomials of degree p, = 2 are used to approximate
the solution. The time-step size is set to At = 5.71 - 10-2 L V-1 and the numerical
solution is computed from to = 0 to t=

40 L VC-1.

distinguished in the simulation. Before t

3.5 L/Vo, the flow is laminar and with no

Three different phases can be

subgrid scales. This is followed by an under-resolved laminar phase (i.e. subgrid scales
appear in the flow) that lasts until t ~ 8 L/Vo. From then on, the flow is turbulent
and under-resolved.
Numerical results
Figure 4-3 shows the temporal evolution of the mean thermodynamic entropy, meansquare vorticity, variance of temperature, and variance of dilatation from t = 0 to
t = 10 L V-1. The vorticity and dilatation are defined as w = V x V and 0 = V - V,
respectively, and ( -) is used to denote spatial averaging. While (0) = 0 in the exact
solution due to periodicity in all directions, we note this does not hold exactly, and
thus variance of dilatation and mean-square dilatation are different (6' 0)

$

(00), in

the discrete solution. The conservation-variable EDG scheme is unstable and breaks
down at t ~

7.12 L V-1, whereas entropy-variable EDG is stable throughout the

simulation (from t

=

10 L V-1 onwards not shown here). From the results in Figure

4-3, we emphasize that:
1. When the exact solution does not contain subgrid scales and the simulation
is well resolved, that is, before t

~ 3.5 L/V, the conservation-variable and

entropy-variable solutions agree well with each other. As subgrid scales appear
in the flow and the simulation becomes under-resolved, both numerical solutions
start to differ from each other.
2. Before t ~ 3.5 L/Vo, the total entropy remains approximately constant in both
79

simulations. The conservation-variable and entropy-variable schemes therefore
succeed to detect there are no subgrid scales and do not numerically affect
entropy under those conditions.
3. The entropy production is non-negligible when there are subgrid scales in the
flow. In the entropy-variable scheme, under-resolution leads to an increase in
total thermodynamic entropy (decrease in total generalized entropy), and in particular the entropy production is an increasing function of the energy contained
in the subgrid scales, that we recall increases over time. In the conservationvariable scheme, however, under-resolution does not lead to an increase entropy.
In particular, the numerical oscillations due to under-resolution, which are
present in both schemes, are less physical (in the sense of being less consistent
with the Second Law of Thermodynamics) with conservation variables than with
entropy variables, and this eventually leads to the breakdown of the simulation.
These three observations are justified as follows: On the one hand, if the exact
solution does not contain subgrid scales, it is well represented in the approximation
space and the scheme is in the asymptotic convergence regime. Due to the optimal
accuracy order of hybridized DG methods, this implies the inter-element jumps in the
numerical solution are small and in particular of order
denotes the element size and

I[VhF

Vh IF -

IIvhJFII

= O(h-"),

Vh IF is the inter-element

where h

jump. From

Proposition 4.1, the amount of entropy introduced by entropy-variable schemes is of
order 0(|[fVh]IFI 12), and therefore negligible when the simulation is well resolved. As
shown in Appendix E, the amount of entropy introduced by conservation-variable
schemes is also of order 0(1[u]hFI 12), although not necessarily positive in this case.
On the other hand, if the exact solution contains subgrid scales (i.e. if the simulation
is under-resolved), the inter-element jumps grow as shown in Chapter 6 and entropystable schemes lead to an increase in thermodynamic entropy. Since the amount of
entropy introduced by conservation-variable schemes can be negative, this property
is not necessarily preserved with conservation variables. In fact, since ps = ps(p, p)
is strictly concave for physical states, arbitrary oscillations in density and pressure
usually reduce the total thermodynamic entropy.

It is therefore not completely

surprising that, unless entropy stability is explicitly enforced, thermodynamic entropy
decreases in under-resolved simulations of compressible flows due to oscillations in
density and pressure.
Finally, we note that the numerical scheme increasing entropy in under-resolved
computations is not only important for stability, but also for accuracy (subgrid-scale
modeling) in large-eddy simulation of compressible flows.
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Figure 4-3:
Temporal evolution of mean thermodynamic entropy, mean-square
vorticity, temperature variance, and dilatation variance for the inviscid compressible
Taylor-Green vortex. (-) denotes spatial averaging. The mean initial entropy is used
as baseline entropy s0 . We recall s is already in non-dimensional form.

4.6.4

Decay of compressible, homogeneous,

isotropic turbu-

lence
Case description and numerical discretization
We perform implicit large-eddy simulation of the decay of compressible, homogeneous,
isotropic turbulence with eddy shocklets 1122]. The goal of this test problem is to
investigate the stability and accuracy of the scheme for under-resolved simulations
of compressible turbulence. The problem domain consists of a cube Q = [-L7r, L7r) 3
with triple periodic boundaries. The initial density, pressure and temperature fields
are constant, and the initial velocity is solenoidal and with kinetic energy spectrum
satisfying E(k) ~ k 4 exp[-2 (k/km)

2

],

where km corresponds to the most energetic

wavenumber and is set to km = 4/L. The details of the procedure to generate the
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initial velocity field are described in [106]. The initial turbulent Mach number and
Taylor-scale Reynolds number are

(17ioVi,0 )
(co)

ReAO - (Po) Vrmso

0.6,

(po)

where the zero subscript denotes the initial value,

Vrms

(Vi Vi)

A

,

= 100,

(4.25)

(-) denotes spatial averaging, and
=(V2

)

MIo

(4.26)

are the root mean square velocity and the Taylor microscale, respectively. Also, the
dynamic viscosity is assumed to follow a power-law of the form

A= - (T)3.
TO

(4.27)

This completes the non-dimensional description of the problem. Due to the imbalance
in the initial condition, strong vortical, entropy and acoustic modes (i.e. all the
compressible modes) develop and persist throughout the simulation.

Weak shock

waves (eddy shocklets) appear spontaneously from the turbulent motions as well.
The computational domain is discretized into a uniform 32 x 32 x 32 Cartesian grid
and polynomials of degree p, = 2 are used to approximate the solution; which leads to
severe spatial under-resolution for this problem [94,1061. The simulation is performed
from to = 0 to tj = 4 70 with time-step size At = 1.183 - 10-2 ro, where To = AO/Vms,o
denotes the initial eddy turn-over time. This corresponds to a Courant number based
on the initial mean-square velocity of Vrms,o At/h = 0.02. Conservation-variable and
entropy-variable EDG schemes are considered.
Numerical results
Figure 4-4 shows the temporal evolution of the mean-square velocity, mean-square vorticity, temperature variance, and dilatation variance for conservation-variable EDG,
entropy-variable EDG, and the DNS data from Hillewaert et al. [94]. The conservationvariable EDG scheme is unstable and breaks down at t ~ 0.450 ro, whereas entropyvariable EDG is stable throughout the simulation. In addition, the entropy-variable
scheme shows very good agreement with the DNS data, particularly when compared to
the LES results obtained with other numerical schemes [94,106] and despite a slightly
higher resolution was used in the simulations therein. The main discrepancy with DNS
is observed for the time evolution of dilatation variance. We note, however, that the
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grid resolution h* in DNS was such that the P6clet number Pe* := (po) Vrms,o h*/(po)
is approximately 3.3.

While this suffices to stabilize the shock waves, it may not

suffice to accurately resolve them and it is therefore unclear whether the DNS results
are grid converged.

Some differences between unfiltered DNS solutions computed

with a finite-volume code and a DG code are indeed reported in [94]. In short, Figure
4-4 shows the use of entropy variables stabilizes the scheme while having a small
impact on the propagation of vortical, entropy and acoustic modes; which is critical
for large-eddy simulation of compressible flows.
Figure 4-5 shows the time evolution of total thermodynamic entropy in the computational domain as well as of the quantity

dt Q

f
1
ps - -

(

cV

2

+rTVT
T

)

d
HS := -

(4.28)

T2

where <D = VV : r is the viscous dissipation of kinetic energy and : is the Frobenius
inner product of two matrices. The second term in the right-hand side of Eq. (4.28)
corresponds to the generation of thermodynamic entropy due to physical mechanisms
and is non-positive provided P,,3,

;> 0.

Hs is therefore the contribution to the

entropy production due to the numerical scheme, and is referred to as the numerical
generation of entropy (if positive) or numerical destruction of entropy (if negative).

We note that (P and VT can be computed using either
converges suboptimally, whereas

qh

(Vh,

Vvh) or

(vh, q).

Since VVh

converges optimally for some schemes within the

hybridized DG family, as discussed in Section 2.9.1, the latter approach is adopted
here.

From this figure, the total thermodynamic entropy in the domain increases

over time (total generalized entropy decreases) both with conservation and entropy
variables.

Conservation variables, however, lead to very large numerical entropy

destruction and this is in turn responsible for the simulation breakdown.

This

behavior is not observed with entropy variables.
Remark 4.4. For the Euler equations, ]7s vanishes and entropy stability implies
HS is non-negative.

For the Navier-Stokes equations, however, entropy stability is

not a sufficient condition for Hs > 0.

In particular, it follows from the entropy

stability proof for the Navier-Stokes equations in Appendix D that non-negativity of
Is requires both entropy stability and
q'h - K(vh)
-rh

qh >

-cv f
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2
D( +II T1
)

T

T2

(4.29)

While

VVi -k(v) - Vv

I(

c,

T

+KIIVhI2 )

(4.30)

T2

holds pointwise as an identity for any physical and differentiable v field, Eq. (4.29)
cannot be ensured regardless of whether (Vh, Vvh) or (vh, qh) are used to compute <1
and VT (see footnote ' for further discussion).

4.7

Conclusions

5

For non-curved elements (i.e. pg = 1), it is shown in Appendix B that qh = VVh+Rar,(vha7rh
-+ Q's ; a -+ R7?r- (a) is a lifting operator such that

-

We presented an entropy stability analysis of the entropy-variable hybridized DG
methods. Under a suitable choice of the inviscid and viscous numerical fluxes, the
scheme can be shown to be entropy stable and satisfy the Second Law of Thermodynamics in an integral sense. As discussed in Appendix E, entropy stability is not
preserved in general with conservation variables. Numerical results showed that, even
when the numerical flux is such that the scheme is not formally entropy stable, the
hybridized DG methods in entropy variables are significantly more robust than their
counterparts in conservation variables, particularly for under-resolved compressible
flows and shock flows. Entropy stability is also important for subgrid-scale modeling
in LES of compressible turbulence.

bij ainj =

-

with i = 1, ... ,m and

T

j

fqht'k(Vh).qh = 1
qi ~~
v

=

bij[Raa-h(a)]1j,

Vb E Q

,

v h; n), where RarT: VP IEh

1, ... ,d. Using this result and Eq. (4.30), it follows that

IVT

T

~
T

2

)1

~
(VhVvh)

+2

7

vt
'
J
)
97-),,=k~T2 ar (Vh)-Voh+ Oara -(Vh)-Rara

T'Th

This equality holds true and is to be compared to the desired inequality in Eq. (4.29). For curved
elements (i.e. p. ;> 2), a similar result applies.
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Figure 4-4: Temporal evolution of mean-square velocity (top left), mean-square
vorticity (top right), temperature variance (bottom left), and dilatation variance
(bottom right) for the decay of compressible, homogeneous, isotropic turbulence.
The zero subscript denotes the initial value and ( -) denotes spatial averaging.
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Chapter 5
Non-modal analysis
5.1

Introduction

The numerical dissipation characteristics of the discretization scheme play a key role
in the robustness and accuracy of under-resolved simulations, such as large-eddy
simulations. In particular, it is critical to understand the scales affected by numerical
dissipation, and the relationship between the amount of numerical dissipation and the
level of under-resolution in the simulation. These points justify why some schemes
suffer from numerical stability issues in LES, while others are robust and successfully
predict turbulent flows even without an explicit subgrid-scale model [15,68,83,136,

151,153, 157, 183, 212, 213, 226, 2291.
For numerical schemes with more than one degree of freedom (DOF) per computational cell, such as in continuous Galerkin methods, standard DG methods,
hybridized DG methods, spectral difference methods and flux reconstruction methods, several ways of investigating the diffusioni and dispersion characteristics of the
scheme are possible.

The state-of-the-art and most popular technique to analyze

numerical diffusion in these methods is the eigensolution analysis; which has been

extensively applied to CG [152, 1951, standard DG [6,96, 97, 136, 142, 150, 195] and
FR [1431 methods.

Eigenanalyses address the diffusion and dispersion character-

istics, in wavenumber space, of the discretization of the linear convection-diffusion
equation.

In the context of high-order methods, Fourier modes exp(ikx), where

k denotes wavenumber, are in general not eigenmodes of the discretization, and
are therefore given by the contribution of several eigenmodes.

All but one of the

eigenmodes are typically dismissed as secondary (or unphysical), and the focus is
'While the terms diffusion and dissipation are commonly used interchangeably in the literature,
in this chapter we will reserve the latter for situations in which it is some form of energy that is
affected, such as kinetic energy in the nonlinear examples considered.
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placed on the so-called primary (or physical) eigenmode [150,1521. Considering only
the primary mode is a good approximation for well-resolved Fourier modes (i.e. wellresolved wavenumbers), but the secondary eigenmodes play an important role for
wavenumbers near the grid Nyquist wavenumber.

Hence, the primary eigenmodes

accurately characterize the behavior of the scheme in well-resolved simulations, but
not in under-resolved simulations such as in large-eddy simulation.
As an alternative approach to eigenanalysis, we are interested in the exact (i.e.
non-modal) short-term dynamics of the discretization of the linear convection-diffusion
equation. This is motivated by the idea that nonlinear dynamical systems behave
similarly to its linearized version during a short period of time, and it is some form of
the short-term behavior of the linearized system that is likely to be most informative
about the nonlinear dynamics. To this end, we introduce a new analysis framework
and refer to it as non-modal analysis as it resembles non-modal stability theory 2 [191,
210,2111. Our non-modal analysis does not require Fourier modes to be eigenmodes
of the discretization, and reconciles with eigenanalysis whenever they actually are. In
particular, it is informative of the behavior of the numerical scheme for time instants
immediately after an initial condition is prescribed. For this reason, we use the term
short-term to refer to the behavior of the numerical discretization described by the
non-modal analysis framework.

We note that the numerical solution at any time

can be thought of as an initial condition for the remaining of the simulation, and
this interpretation is particularly useful when employing linear techniques to analyze
complex nonlinear systems, such as in large-eddy simulation.

Although the focus

of this thesis is on LES, the proposed non-modal analysis can be applied to underresolved simulations in other fields.
The remainder of the chapter is organized as follows. In Section 5.2, we introduce
the non-modal analysis framework and apply it to hybridized DG methods.

The

short-term diffusion characteristics of hybridized DG methods are investigated in
Section 5.3. In Section 5.4, we assess how non-modal analysis results extend to the
nonlinear setting. To that end, we compare non-modal analysis with numerical results
for the Burgers, Euler and Navier-Stokes equations. A discussion on how to devise
more robust and accurate schemes for LES using insights from non-modal analysis
is presented in Section 5.5. We conclude the chapter with some remarks and future
work in Section 5.6.
2

Non-modal stability theory 1191,210,2111 studies the transient growth of non-modal disturbances
in linear dynamical systems (non-modal in the sense that they are not eigenmodes) and was a major
breakthrough to characterize nonlinear instabilities by analyzing the short-term behavior of the
linearized dynamics.
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5.2

Non-modal analysis theory

We illustrate the non-modal analysis framework by applying it to the hybridized DG
methods. To this end, we first derive the hybridized DG discretization of the linear
convection-diffusion equation, step by step, to facilitate the understanding of the
analysis. The quantities x, U, Uh, qh, Uh, F, G, fh, gh and - are scalars in this chapter
and thus not boldfaced to simplify the notation.
The non-modal analysis can be easily extended to other high-order methods,
including CG, standard DG, SD, and FR methods. We emphasize that the analysis
can be extended to other high-order methods, but that does not imply the results
for hybridized DG methods, such as Figures 5-1, 5-2 and 5-3, also apply to other
high-order methods. Note that, since standard DG and hybridized DG methods are
equivalent for linear convection (see Appendix A), our analysis for pure convection
does however apply to standard DG. The results for pure convection also carry over
to certain types of FR schemes (see [49, 141, 218] for the connections between DG
and FR methods). Hybridized DG methods are also equivalent to some instances of
standard DG methods for pure diffusion (see [39,1581).

5.2.1

Spatial discretization of the linear convection-diffusion
equation

We consider the linear convection-diffusion equation with constant coefficients in a
one-dimensional domain Q = (-oo, oc), given by

OU

+a

On

0 2U

v-,

u =u o,

t>0,

(5.1a)

t = 0,

(5.1b)

where a is the convection velocity, v > 0 is the diffusion coefficient, and uO C C 2 (IR; C)
is a twice continuously differentiable (possibly complex-valued) initial condition. Note
that u plays the role of both conservation variable and entropy variable. In order to
discretize Eq. (5.1) in space by hybridized DG methods, we first rewrite it in the
following mixed, conservation form
q =

Ou

Ou

-,

OF(u)

at
Ox
U = u0 ,

OG(q)

0

t > 0,

(5.2a)

t > 0,

(5.2b)

t = 0,

(5.2c)

Ox
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where q is the auxiliary gradient variable, and F(u) = a u and G(q) = -v q are the
convection and diffusion fluxes. After Q is partitioned into uniform non-overlapping
elements K of size h, the numerical solution and its gradient in a given element K
are approximated by polynomial expansions of the form
PS

Uh IK

where

#j

PS

qh IK

j ((X)),

E fh,j (t
j=0

Eqh,j
j=0

(5.3)

t Oj( (x)),

are polynomial basis functions of degree up to p5 , defined in the reference
The mapping between the physical coordinate x in an

domain Kref = (-1, 1).
to be linear.

(x) in the reference element Kref is assumed

=

element K and the coordinate

Multiplying Equations (5.2a)-(5.2b) by Oi, integrating over K, and

applying integration by parts leads to

S'j
2K
f
2
J

qhci

+

o

KJ

-

=

h i

-

(5.4a)

Uhoil
i

A-A-gh

=

(5.4b)

K(F+G)y,
0

atKref

where the symbols

e and D denote the left and right boundaries of K, respectively.

Equations (5.3) are then inserted into (5.4); which are then required to hold for
0, . . .,J.
fh,e

fh,

The numerical fluxes

fh

= - F(- ,e) + a(uj,,e =+

F(ah,) +

-

and -h are defined as
- ,e),
Uh,e),

The stabilization parameter is defined as o- =
upwinding parameter.

Yh,e
eU(,e
=

G(qh,e),

(5.5a)

+ G(qh,E).

(5.5b)

-

Ial, where 0, > 0 is the so-called

This convective numerical flux and stabilization parameter

correspond to (2.18a) and (2.19b) for the particular case of linear convection.

We

focus on this form of the numerical flux since it allows us to consider the cases of
under-upwinding, standard upwinding and over-upwinding, as opposed to Eq. (2.18b)
that does not allow for under-upwinding. For pure convection, 3, 4 0 and
to centered flux and standard upwind flux. 0 < 0, <

1 and

/,

3

, = 1 lead

> 1 are referred to

as strong under- and over-upwinding, respectively. Additional discussion is presented
in Appendix A.
It remains to enforce the flux continuity from the left (L) to the right (R) elements
sharing an interface, that is,
fhe

g

+ fh,e + gh,e = 0.
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(5.6)

The numerical trace

is implicitly given from the flux continuity at interfaces by

and qR

Uh)

)

vR
- ) = a'Uh - vq'
-vqL
au
~h,e + o(ue - Uh)

awhere q9L

U7h

-

-

in turn depend on the values of '

(5.7
(5.7)

at two other interfaces via

(5.4a).
To simplify the analysis, we rewrite the hybridized DG discretization in matrix
notation. To that end, we note that
PS

Uh,E =

PS

qh,e = E

j(- 1),

iUh,j
PS

Uh,e

(5.8a)

dh(-1),

j=0

j=0

PS

Zih,j

qh,

Oj(+ 1),

=

,h,j

j (+1),

(5.8b)

j=0

j=0

4 ={,.
.. ,,f
e = f0(+j),...,
and introduce the vectors h - {io, .,j}T,
and qe = {#o(-1), ... , p1)}IT. The flux continuity condition (5.6) then can be

expressed as
E
T

e

+

T

(5.9)

_-4 Tqh
.

Uh

Likewise, the auxiliary equation (5.4a) can be written as
h
2Mh+ Diih = E'he-

(5.10)

OEUh,)

where M and D are the mass matrix and differentiation matrix (also referred to as
convection matrix in the finite element community) defined as
Kref

Di = I e

j,

-

(5.11)

0.

Kref

'

Mij =

Finally, Eq. (5.4b) becomes
h

diih

-M

dt + #D(fh&E

+ gh,E) + #e (fh,e

+gh,E)

=

aDiih -

vDqh,

(5.12)

with
aUh,e + o(0.ilh - Uh,e),

fh,e

-

fh,,@

+ aUh,E,

+ U(O5Diih - Uh,E),

gqh,

(5.13a)

= -- VfTh.

(5.13b)

gh,e =

Yhe

+Z

Note that (5.9) is a scalar equation written from the point of view of a given interface,
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whereas (5.10) and (5.12) are vector equations written from the viewpoint of an
arbitrary element K of size h.
At this point, it is convenient to eliminate dh from the formulation and work with
the variables it, and -,

only. To this end, we use (5.10) to obtain q, as a function

a,,

and then substitute the resulting expression into (5.9) and (5.12). The
of Uh and
former substitution leads, after some algebra, to

(

.e

@

Pe

Pe )

e

e

-R
-EJ3L
h,e - -Uh,( = OE)BEDkm(m
+@e B h| M6
(5.14)_ i Te

Uh+--- M

~ei'

U~

'®-Pe

-Pe

~~4,

(.4

=/Ial is a non-dimensional
where
stabilization
M parameter and Pe denotes the cell
P6clet number Pe

JaJh/v. Note

=,

for our choice of stabilization. Moreover,

the following scalar constants 'm'
me
m

me =) eM-I ED,

M
e

e,
5 .1 5

D(

)

e,

=TM-l
E
-e

e

TM-l3

=

and matrices
BE

M-1D
2

(0

Be=

Pe

have been introduced in (5.14).

Note that Eq.

M-'D

-I+
2

Pe

),

(5.16)

(5.14) links the solution vectors

on two adjacent elements (KL and KR) with the three interface variables Ui,
corresponding to the boundaries of these elements.
Ui

The second substitution, namely inserting

4h

from (5.10) into (5.12), and using

also Equation (5.13) for the numerical fluxes, yields

h dii,,
M
+ Aft = AeieU7 ,,e + ADED UD ,
dt
2a

(5.17)

where

((p) + <D*) +

NPe -1 D,

(5.18a)

2N
AE)=(

+ 1) I -

Pe

2N
,N

A@ = (&-1) I1+

Pe

,N

(5.18b)

and

4P I = EDTs,

e = 50,
N =

(DD - (De - D) M-.

(5.19a)
(5.19b)

Note that Eq. (5.17) links the solution vector ii, and its time derivative to the two
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interface variables -i at the boundaries of the considered element.
The hybridized DG discretization of the linear convection-diffusion equation (5.1)
in matrix notation is given by Equations (5.9), (5.10) and (5.12); which are required
to hold in all elements and all faces. Equations (5.14) and (5.17) are an equivalent
formulation in terms of Uh and U only. Both formulations need to be further equipped
with the discretized version of the initial condition (5.2c), i.e. th (t = 0) = ih,O, where
the right-hand side is the vector of coefficients of the Galerkin projection of uO and is
given by
Uho= M-

1 d,

(5.20)

where we have introduced the vector
djJref

U

O.

(5.21)

We note that all the methods within the hybridized DG family, including HDG, EDG
and IEDG, reduce to the same scheme in one-dimensional problems, and therefore no
difference between them has been made here.

5.2.2

Non-modal analysis formulation

Like in eigenanalysis works [142,143,150,152], we focus on the analysis of diffusion,
which is more relevant and usually dominates dispersion errors in under-resolved turbulence simulations [6,96,136,150]. In particular, we are concerned about the shortterm diffusion properties, in wavenumber space, of the hybridized DG discretization
of Eq. (5.1). That is, if the initial condition is a single Fourier mode no c exp(ikx),
where k C R denotes the wavenumber, how does the magnitude of the numerical
solution evolve over time, and in particular right after t = 0? To this end, we define
the short-term diffusion as
ICUg
: ,logJJ (5.22)
dT*

where |
is the L 2 (R) norm and T* = T (ps +1) = t a (p, + 1)/h is a non-dimensional
time based on the convection time between degrees of freedom. Note that we define
the distance between degrees of freedom as h* = h/(p, + 1) and that T* = 1 is the
time it takes for a flow with speed a to travel a single DOF. The * superscript, such
as in z*, T* and h*, is used to indicate that a (p, + 1) factor has been applied to
account for the p, + 1 degrees of freedom per element. Also, we note that Eq. (5.22)
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can be rewritten as
-r*10 T*

(5.23)

,

L* = lim -log
(

Uh,01

.

which some readers may find easier to interpret. As we shall see, Lv* depends on
the wavenumber k, the modified P6clet number Pe* = lal h*/v = Pe/(p + 1) and
the details of the hybridized DG scheme, such as the polynomial order p, and the
upwinding parameter
Intuitively, w* informs of the decay rate of the numerical solution, per unit
convection time between degrees of freedom, at early times, starting from the initial
condition exp(ikx). In particular,
Iluh,OII exp(1C*T*)

I|uh(T*)

(5.24)

at early times, and thus exp(w*) can be considered as a damping factor per DOF
crossed.
Next, we derive an explicit expression for z*. It can be shown 3 that if ao c<
exp(ikx), then the relations
iiL
h

h= texp(-ikh),

-'R(52a

(5.25a)

hf = u4 exp(+ikh),

(5.25b)

Uhe =Uh, q exp(-ikh)

hold for all elements and all times. Similarly to the notation adopted above for the
elements neighboring an interface, we use the superscripts L and R in (5.25a) to
denote the left and right neighboring elements of a given element.

The wave-like

behavior of the numerical solution allows reducing the dimensionality of the problem
from countably many (infinite) degrees of freedom to ps + 1 degrees of freedom, and
this in turn makes our non-modal analysis possible. In particular, it now follows from
Equations (5.14) and (5.25b) that
Uh

(B@Be

+

eBeih) b 1 ,

(5.26)

where b = b(kh; Pe, p, d) is a scalar defined as

b =

+ (m" - m exp(-ikh) - m* exp(+ikh) + m ) Pe

1

.

(5.27)

3The Galerkin projection of exp(ikx) trivially features this wave-like behavior, and thus (5.25a)

holds at t = 0. Equation (5.25b) at t = 0 then follows from (5.14). Since Equations (5.25) are satisfied
at t = 0, it follows from (5.28) (which holds at any given time under the previous assumptions) that
they are also satisfied at all subsequent times I > 0.
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Inserting (5.25a) and (5.26) into (5.17), one finally obtains
h diA

Sdt=
where Zh

Z

=

(5.28)

Zhih,

Zh(kh; Pe*, ps, -) is a square matrix given by

=

2b- 1 M- 1 (Aeb'Be+AeQDBe exp(-ikh)+AeQ* Be exp(+ikh)+AeDBE -Ab),
(5.29)

with I and 4, given by (5.19a), and
,E =

,

((

ED

=

(5.30)

.

Since z* is independent of the choice of basis, we assume without loss of generality
that
is the orthonormal Legendre polynomial of degree j in Kref
(-1, 1); in which
case we can obtain a closed-form expression for vu*. Combining Equations (5.22) and
(5.28), using inner product properties, orthonormality of Legendre polynomials and
the wave-like behavior of the numerical solution, it follows that

ej

Sd log IuIh|
dT*

h*
-t=p h h
dt Uh

(5.31)

r*=O

1

1

Ps + 1

d1luhil

IluhJl

di4,

dr*

Atdah

2au u +

2a iift
=

1

_

Re

hO ZU

hO

_

h*

a

r--O

1

1

1
(it

4

d (iti)1/2

dt

h)1/2

,_O

fit Z' UhO +UZh UhO

t==dt dUh
s 6,O

15,
.

f, Uh,o

where the t superscript denotes conjugate transpose and Re the real part of a complex
number. Note that the value of z* is independent of the amplitude of the Fourier
mode. Taking uo = exp(ikx), it follows that ui,O = a = a(kh) with
ao 2 sin z ,
a0 =V

iV6 sin z
ai= (i

-

cos z),

(5.32a)

and, for j > 1,
-

aj+1 =

sin z
4j + 6 (msin
(mj sin z +-

k + 1/2m+k+1 ak,

coszm++
k=1

(5.32b)
where z = kh/2 and mj = mod(j, 2) is the modulus of j after division by two.
Equations (5.32) hold for orthonormal Legendre polynomials and are presented in
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[150]. Equations (5.29), (5.31) and (5.32) provide a closed-form expression for W* =
W*(kh; Pe*, ps, ).
We note that A is the same matrix (up to complex sign) as that in eigenanalysis.
The difference between eigenanalysis and our non-modal analysis is that the former
is concerned about the modal behavior (i.e. the eigenvalues and eigenmodes) of
Zh, whereas we are concerned about its non-modal behavior (i.e. we consider the

contribution of all the eigenmodes for each wavenumber), and in particular about
its non-modal short-term dynamics. Also, our definition of short-term diffusion -W*
is consistent with the definition of diffusion introduced in eigenanalysis (1501: If the
Fourier mode is an eigenmode of Zh, as it is the case for ps = 0, then (ps + 1) W*
coincides with the real part of the corresponding eigenvalue, and non-modal analysis
reconciles with eigenanalysis. Similarly, if our evaluation is applied to the primary
eigenmodes (instead of to the Fourier modes as described above), our results will
match the primary eigencurves.
Remark 5.1. Strictly speaking, Equations (5.22) and (5.23) should read as

W

W

= lim

d logJ|XIn,n] Uh0

nnw

dr*

lim lim - log
,nor*10 T*

(5.33)
r*=O

X

IIX[-n,n] Uh,Oj

I

(5.34)

respectively, where X[-n,n] denotes the indicator function of [-n, n], in order for the
norms and thus w* to be well-defined.

A limiting process is also required, and

intentional abuse of notation has been used, when dealing with I luhi I elsewhere.

5.3

Non-modal analysis results

We present the non-modal analysis results through the so-called short-term diffusion
curves. For given Pe*, ps and /,, the short-term diffusion curves show w* (y axis)
as a function of the non-dimensional wavenumber kh* = kh/(p, + 1) (x axis). The
left limit of the x axis in Figures 5-1, 5-2 and 5-3 corresponds to the constant mode
k = 0, and the right limit to the grid Nyquist wavenumber, defined as kN

7/h*, and

thus kNh/(ps + 1) = T. The exact diffusion curves are indicated with dashed lines.
The short-term diffusion curves satisfy the symmetry condition c*(kh*) = c*(-kh*)
but, unlike the eigencurves [6,136,150], they do not satisfy the periodicity condition

u*(kh*) = z*(kh* + 27re), f C Z.
Before presenting the short-term diffusion curves, we briefly discuss how these
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curves should look like from the perspectives of robustness and accuracy.

For ro-

bustness purposes, monotonic (d-*/dk < 0) and slowly-varying curves are preferred
as they lead to more stable discretizations, particularly for nonlinear systems due
to the nonlinear interactions between wavenumbers. Regarding accuracy, the shortterm diffusion should agree as much as possible with the exact diffusion curve for
well-resolved simulations, such as in DNS. However, for under-resolved computations
of systems featuring a kinetic energy cascade, such as in LES, additional diffusion is
desired, particularly at large wavenumbers, in order for the eddy-viscosity effect of the
missing scales [28,117,1201 to be accounted for by the numerics. Also for robustness
purposes, additional numerical diffusion at large wavenumbers is beneficial to provide
further regularization (i.e. damp oscillations) and avoid energy accumulation at the
smallest scales captured. These considerations are based on a priori knowledge and
a posteriori insights from the numerical results in Section 5.4.

5.3.1

Effect of the polynomial order

Figure 5-1 shows the short-term diffusion curves as a function of the polynomial
order for standard upwinding 0, = 1 in convection-dominated Pe* = 103 (left) and
diffusion-dominated Pe* = 0.1 (right) regimes. The exact solution of the convectiondiffusion equation is shown in dashed black line. We recall the accuracy order of the
scheme is p, + 1.
For convection-dominated flows, high polynomial orders lead to non-monotonic
short-term diffusion characteristics. In particular, very small diffusion is introduced
at some specific wavenumbers. As discussed before and shown by the numerical results
in Sections 5.4.1 and 5.4.2, this may lead to nonlinear instabilities. Also, we recall that
some amount of numerical diffusion near

kN

(preferably monotonic in wavenumber

space) is desired, both for accuracy and robustness, in under-resolved turbulence
simulations to replicate the dissipation that takes place in the subgrid scales. The
short-term diffusion properties that are better suited, both in terms of accuracy per
DOF and robustness, for convection-dominated under-resolved turbulence simulations, seem to be those for polynomial orders p,

=

2, 3 and 4. For p, = 1, diffusion is

introduced at scales that are much larger than the Nyquist wavenumber. We note that
convection-dominated, from the cell P6clet number perspective, is the regime most
commonly encountered in large-eddy simulation. For diffusion-dominated problems,
higher p, improves both accuracy per degree of freedom and robustness.
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5.3.2

Effect of the Pe'let number

Figure 5-2 shows the short-term diffusion curves as a function of the P6clet number
for standard upwinding

3, =

1 with polynomial orders p, = 1 (left) and p, = 6

(right). The exact solution of the convection-diffusion equation is shown in dashed
lines. As noted in the polynomial order study, high p, schemes are better suited to
diffusion-dominated problems, both in terms of accuracy and robustness. As for low
polynomial orders, moderately high wavenumbers are poorly resolved regardless of the
P6clet number. Robustness of low p, schemes seems to improve in the convectiondominated regime.
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Effect of the upwinding parameter

5.3.3

Figure 5-3 shows the short-term diffusion curves as a function of the upwinding parameter for p, = 3 in convection-dominated Pe* = 10 3 (left) and diffusion-dominated
Pe* = 0.1 (right) regimes. The exact solution of the convection-diffusion equation
is shown in dashed black line. Note that, in compressible flow simulations, the case

#

> 1 is obtained with Riemann solvers that are based on the maximum-magnitude

eigenvalue of the Jacobian matrix of the Euler fluxes, such as (2.19c), (2.25c), the
Lax-Friedrichs solver and the HLL solver [209].
For convection-dominated regimes, strong under/over-upwinding is to be avoided
as it causes dissipation at large wavenumbers to rise too slow/fast. The former leads to
a lack of small-scale regularization, and the latter causes the bottleneck phenomenon
and its associated energy bump, detrimental to both solution quality and numerical
stability [153]. Nevertheless, it may be the case that a controlled level of under/overupwinding may be useful for certain simulations, e.g. when the eddy-viscosity effect of
the missing scales is not represented correctly by the standard upwind condition. For
diffusion-dominated problems, the scheme benefits form over-upwinding; which is not
completely surprising since no explicit stabilization has been used for the diffusion
operator.

5.4

Application to nonlinear problems

In order to assess how the non-modal analysis results extend to the nonlinear setting,
we apply it to the Burgers, Euler and Navier-Stokes equations. One-dimensional and
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three-dimensional examples are considered.

5.4.1

Application to the Burgers equation

Problem description
We consider the following one-dimensional forced Burgers turbulence problem [32]
OU
Ot

+

lOu 2
2 Ox

AF

ON(t)

/ At

N

exp

t >0

(.2N
LX

Ulx=L/2,

Ulx=-L/2

(5.35a)

_

U = no,

t > 0,

(5.35b)

t = 0,

(5.35c)

where uO > 0 denotes the initial velocity (constant in the domain), L is the length
of the computational domain, At is the time-step size used in the simulation, AF
, Nc} is a collection
is an amplitude constant for the forcing term, NF ={1,...
of integers, and

-N is a standard Gaussian random variable (zero mean and unit

variance) that is independent for each wavenumber and each time step.
N, = 80 and AF

/

10-1

U3/2

We set

2

L-1/ for the numerical experiments in this section.

This completes the non-dimensional description of the problem.
The choice of forcing in (5.35) yields, for wavenumbers below the cut-off wavenumber k, = 27rNc/L, a -5/3 slope for the inertial range of the energy spectrum [5,32,
150,2351 and thus resembles Navier-Stokes turbulence within the Burgers setting. As
is customary in the literature, we use the term Burgers turbulence to refer to the
chaotic and turbulent-like behavior featured by the solution of the Burgers equation.
Details of the numerical discretization
We use the hybridized DG method with various polynomial orders to discretize Eq.
(5.35) in space.

We recall that HDG, EDG, IEDG and all other schemes within

the hybridized DG family reduce to the same scheme in one-dimensional problems,
and there is only one type of hybridized DG method for this problem. We refer the
interested reader to [159] for the details of the hybridized DG discretization of the onedimensional Burgers equation. The numerical flux

fh

is the Burgers version of (5.5)

(equivalently, (2.18a)) and the stabilization parameter is

- = max{Iuhj, IuhI} (i.e.

#3. = 1). The total number of degrees of freedom is NDOF

(Ps +1) *F1024/(ps +1)]

1024, where

[ ] denotes the rounding of a positive real number to the closest larger

(or equal) integer. Note this is required to obtain an integer number of elements
1,... , 7.
in the computational domain. We consider the polynomial orders ps
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Exact integration is used both for the Burgers flux and the forcing term. For the
former, Gauss-Legendre quadrature with the required number of points to ensure
exact integration of polynomials of degree 3p, (and thus of the Burgers flux term in
the hybridized DG discretization) is used. The Galerkin projection of the forcing term
is integrated exactly using the analytical expressions in 11501. The backward Euler
method is used for the temporal discretization so that the scheme is fully-discrete L 2
stable. The Courant number based on the initial velocity is uo At/h* = 0.01 and the
solution is computed from to = 0 to tf = 8 L/uo.
Numerical results
The time-averaged kinetic energy spectra from t = 2 L/uo to t = 8 L/uo for p,
1,.

. .,

7 are shown on the top of Figure 5-4. The spectra are shifted up by a factor

of 4P-1 to allow for easier visualization. All the spectra feature an inertial range of
turbulence with slope -5/3 up to logio(ke L) = logio(27rNc) ~ 2.7, as expected from
the forcing strategy adopted. After the cut-off wavenumber, a slope of -2, typical of
unforced Burgers turbulence [14], takes place whenever numerical dissipation is still
small enough over these wavenumbers. In all the simulations, numerical dissipation
eventually becomes significant and affects the shape of the energy spectra near the
grid Nyquist wavenumber kN L = WrNDOF ~ 3217; which corresponds to the right
limit of the x axis.
The short-term diffusion curves from non-modal analysis are shown on the center
of Figure 5-4, where the x axis has been mapped from k h/(p, + 1) (as in Figures
5-1-5-3) to k L to facilitate the comparison with the energy spectra. The diffusion
curves from eigenanalysis are shown on the bottom of Figure 5-4, where the y axis
represents an analog of c* in the eigenanalysis context. Note that Pe* = oo in this
problem due to the lack of physical viscosity.

The trends observed in the energy

spectra are consistent with non-modal analysis results. First, a numerically induced
dissipation range near kN is observed in the spectrum of the p, = {1, 2} and, to a
lesser extent, p, = 3 discretizations; which is consistent with the large short-term
diffusion of these schemes right before the Nyquist wavenumber. Second, bottlenecks
in the turbulence cascade (in the sense of energy accumulations at some specific
wavenumbers) are observed for the high p, discretizations; which is consistent with
the non-monotonicity in the short-term diffusion curves.

In particular, the spikes

in the spectrum for p, = 7 nearly coincide with those wavenumbers where numerical
dissipation, as estimated from non-modal analysis, is approximately zero, and hints as
to why instabilities can occur and high-order DG methods are usually less robust than
their lower-order counterparts [83,151,153,2291. All these trends are not predicted by
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eigenanalysis. Note that these results differ from those obtained with standard DG
in [150] since an eigenfilter was applied in that work to the forcing term to eliminate
the effect of secondary eigenmodes, whereas now all eigenmodes contribute to the
This highlights the relevance of our non-modal analysis for large-eddy

dissipation.

simulation and other applications where a precise eigenfilter is unfeasible.

5.4.2

Application to the Euler and Navier-Stokes equations:
The Taylor-Green vortex

Problem description
A detailed description of the Taylor-Green vortex (TGV) problem is presented in
Section 4.6.3. In order to investigate different P6clet numbers and flow regimes, we
consider the Reynolds numbers Reo = 100, 400, 1600 and oo. The reference Mach
number is set to Mo = 0.1 in all cases. The dynamic viscosity p is constant, the

fi = 0, the Prandtl number Pr = 0.71, and the ratio of specific heats

bulk viscosity

7 = cp/c, = 1.4. This completes the non-dimensional description of the problem.
Details of the numerical discretization
The computational domain is partitioned into a uniform 64 x 64 x 64 Cartesian grid and
the EDG scheme with ps = 2 is used for the spatial discretization. Equations (2.18a)
and (2.22b) are used for the inviscid and viscous numerical fluxes, and Eq. (2.19b)
with u, =

= 0.25 (under-upwinding) and 3, = 1.00 (standard upwinding)
for the stabilization matrix. We recall a Roe-type Riemann solver is recovered in the
case

Uh

and

/,

, = 1.00. The DIRK(3,3) scheme is used for the temporal discretization with

convective Courant number Vo At/h* = 0.1. The solution is computed from to = 0 to
t = 15 L/Vo.
Numerical results
Figure 5-5 shows the time evolution of one-dimensional kinetic energy spectrum at the
Reynolds numbers considered. The left and right images in these figures correspond
in the legends.

The modified P6clet number in this problem is defined as Pe*

-

to 0, = 0.25 and 1.00, respectively, and the value of Pe* at each time is indicated
h* (pV),rrs/ip, where (pV)rms is the root mean square momentum. We note that,
for a given Reo, the P6clet number slightly changes over time due to differences in
(pV)rms. The short-term diffusion curves from non-modal analysis at the relevant
P6clet numbers are shown in Figure 5-6, where the x axis has been mapped from

101

10 2
10

10-1

...

p,

--

3

2

10- . .

-0.5

=7

Forcing~cut-off

10 ---

3 --

......

1.

--p, = 3
=4

1.....

p,

..... ..........

--

p.

7

-2-2 .5

P
2

p, =
p, =

-

Forcing cut-off.

-5 10

3

102

,=

.

10

kL
-1

-3 -7. -

p, =3
-=
.----p, =5

P,

~

p..

6

--Forcing

cut-off:

-3

-

- - .,.= 2...-

-

-

101

- ocn c

is

2
103

kL

Figure 5-4: Results for the Burgers turbulence problem. Top: Time-averaged energy
spectra from t = 2 L/uo to t = 8 L/uo for Ps 1, .. ., 7. The spectra are shifted up by
a factor of 4Ps to allow for easier visualization. Center: Short-term diffusion curves
from non-modal analysis. Bottom: Diffusion curves from eigenanalysis. The right
limit of the x axis corresponds to the grid Nyquist wavenumber. A different scale in
the y axis is used for the non-modal analysis and eigenanalysis curves.

102

10 0

1001
-

9

-

10

6

1:0
10

--

108

0-

o t = 2L/Vo
o t=4L/Vo
o
o

10-12

(Pe' = 0.7)
(Pe' =0.7)
-0=6L/V (Pe' =0.7)
t=8L/Vo (Pe =0.6)
t = 10 L/V (Pe' = 0.5)

4
1

10

00

0

Zl10-1

.

10-10.

10 -12
10 -1

102

10
kL

10

-0

" t = 2 L/Vo (Pe' = 0.7)
" t =4 L/V (Pe' =0.7)
St=6L/Vo (Pe =0.7)
o t=8L/Vo (Pe' =0.6)
t = 10 L/Vo (Pe' = 0.5)
101

102

kL
10,

100

10-2

0

00

.00

-*

N
cc 0

10-

to

10-2

00

10-1-

0

0

0C

10-

-

10

S = 3 L/Vo
t = 5 L/Vo
> t = 7 L/Vo
o t = 9 L/Vo

o
10

o I

(Pe' = 3.0)
(Pe' = 2.8)
(Pe' = 2.6)
(Pe' = 2.3)

10

1

10 2

101

0

0

t =

o

t
t

=
=

3 L/l
5 L/Vo
7L/Vo
9L/o

(Pe' =
(Pe' =
(Pe(Pe'

3.0)
2.8)
2.6)
2.3)
10 2

1

100

kL

kL
100

100

10--

102

0I

--

-00

_

100

-

10-4

00

00Q

10-0

10 -6

10 8

10
F
o

t=

t

3L/Vo (Pe'
(Pe*

= 4L/o

=
=

[ t

11.8)
11.9)1

10.10
10

S
10

10

2

t

=

3 L/Vo (Pe'

11.8)

4 L/Vo (Pe'

11.9)1

I 0410

10 2

10'

100

kL

kL
100

100

0
102

10-

2

,o
00,

10 -4

000

0

-

10

g

-0

o

-

000 0
S10-4

10's

FJt =3L/Vo (Pe' = 3c)
a

10,0

1

00

t=

[Ft =3L/Vo (Pe' = x)
I t =4L/Vo (Pe' = x)

4L/ VO (Pe' = o)

101
kL

102

1 .0

100

101

102

kL

Figure 5-5: Time evolution of one-dimensional kinetic energy spectra for the TaylorGreen vortex at (from top to bottom) Reo = 100, 400, 1600 and oc with 0, =
0.25 (left) and 1, = 1.00 (right). The modified P6clet number Pe* at each time is
indicated in the legend. The right limit of the x axis corresponds to the grid Nyquist
wavenumber.
103

-2-3.-

-3-

-5

0.5

- --

Pe' = 2
Pe" = 4
-Pe
= 10

-6 -7
-

5

-

Pe*

-6

-

Pe'
Pe*
Pe*
Pe'
Pe*

-7

=20
Pe' = -c

-

-8

0.5
= 2
= 4
=10
20
=

oc

-82
10 011102

0001102

k L

kL
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from non-modal analysis. These curves are to be compared to the energy spectra for
the Taylor-Green vortex in Figure 5-5. The right limit of the x axis corresponds to
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k h/(p, + 1) (as in Figures 5-1-5-3) to k L, where L is the characteristic length scale
of the TGV domain Q = [-L7r, Lr)3 , to facilitate the comparison with the energy
spectra.
Like in Section 5.4.1, non-modal analysis results show good agreement with the
turbulent energy spectrum in the simulations. First, energy pileups at large wavenumbers are observed in the spectrum when the short-term diffusion curves are nonmonotonic and diffusion decreases after a maximum. Particularly informative is the
Reynolds number 400.

From non-modal analysis, the short-term diffusion curves

at the corresponding Pe* a 2.0 - 3.0 are non-monotonic and monotonic near the
Nyquist wavenumber with 0, = 0.25 and 1.00, respectively. As a consequence,
0.25; which does not occur
energy accumulates at large wavenumbers with #
with standard upwinding.
Second, non-modal analysis predicts a small diffusion at high wavenumbers with
under-upwinding in convection-dominated regimes, and this directly translates to
the TGV results.

In particular, when the physical viscosity is small (i.e. in the

high Reynolds number cases), the dissipation at high wavenumbers with 0, = 0.25
does not suffice to dissipate all the energy that is being transferred from the larger
scales through the turbulence cascade. As a consequence, and despite the diffusion
curves are monotonic, energy starts to accumulate near the Nyquist wavenumber
from the beginning of the simulation. As time evolves, this accumulation extends
to larger scales due to the insufficient dissipation of energy at high wavenumbers,
and eventually leads to nonlinear instability and the simulation breakdown at times
t e 4.42 L/Vo and 4.01 L/Vo for Reo = 1600 and oo, respectively. In addition to
non-monotonic dissipation characteristics, insufficient dissipation (specially at large
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wavenumbers) is per se another mechanism for nonlinear instability in under-resolved
turbulence simulations.
These features in the energy spectra are not predicted by eigenanalysis (eigencurves not shown here).

Guidelines for the construction of robust and

5.5

accurate schemes for LES
We present essential guidelines to improve the accuracy and robustness in LES using
insights from non-modal analysis. Robust large-eddy simulations require
e Monotonic and slowly varying short-term diffusion characteristics to avoid energy bottlenecks at some specific wavenumbers.
e Sufficient dissipation near the grid Nyquist wavenumber to avoid energy accumulation at large wavenumbers.
If these two requirements are not met, numerical instabilities can develop and ultimately result in the crash of the simulation.

These two requirements apply more

generally to under-resolved simulations of nonlinear systems, especially systems featuring a kinetic energy cascade.
If these two conditions are met, in addition, the numerical dissipation resembles an explicit subgrid-scale model.

In particular, non-modal analysis indicates

that, for moderately high accuracy orders and standard upwinding, hybridized DG
methods introduce numerical dissipation in under-resolved simulations of convectiondominated flows, and this dissipation is localized near the Nyquist wavenumber.
This can be interpreted as an implicit subgrid-scale model similar to variational
multiscale [46, 101, 102, 156], spectral vanishing viscosity [107, 112, 2041 and MoriZwanzig [168,169] approaches in the sense that dissipation is applied to the smallest
resolved scales and the amount of dissipation depends mostly on the energy in those
scales.

Therefore, by choosing the element size h, the numerical flux fA and the

polynomial order p, inside of each element, the diffusion properties of the scheme can
be tuned to obtain an equivalent filter width and SGS model that can be used in an
implicit LES context. The information regarding diffusion properties can also be used
to improve accuracy in classical (explicit) LES, by better decoupling the wavenumber
of the LES filter from the dissipation introduced by the numerics.
From a non-modal analysis standpoint, polynomial orders p, = 2, 3 and 4 with
standard upwinding seem to be the most adequate for LES, at least in the implicit
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LES context. For lower polynomial orders, dissipation is introduced at scales that are
much larger than the grid resolution. Strong under/over-upwinding, as well as higher
polynomial orders, may lead to numerical stability issues. We note that Riemann
solvers that are based on the maximum-magnitude eigenvalue of the Jacobian matrix
of the Euler fluxes, such as (2.19c), (2.25c), the Lax-Friedrichs solver and the HLL
solver [209], produce over-upwinding at low Mach numbers.

5.6

Conclusions and future work

We introduced a non-modal analysis framework to investigate the short-term dynamics, and in particular the short-term diffusion in wavenumber space, of the semidiscrete system arising from the spatial discretization of the linear convection-diffusion
equation.

While applicable to other high-order schemes, the non-modal analysis

methodology was illustrated for the particular instance of the hybridized DG methods.
The effect of the polynomial order, the P6clet number and the upwinding parameter
on the short-term diffusion were investigated.

From these studies, the diffusion

characteristics that are better suited for LES, in terms of accuracy per DOF and
robustness, seem to be those for polynomial orders p, = 2, 3 and, to a lesser extent, 4.
Beyond these polynomial orders, the diffusion curves become strongly non-monotonic;
which may lead to numerical instability due to bottlenecks in the energy spectrum.
Strong under-/over-upwinding, such as with Lax-Friedrichs type Riemann solvers at
low Mach numbers, may similarly lead to numerical stability and accuracy issues.
While devised in the linear setting, non-modal analysis succeeded to predict the
trends observed in the nonlinear problems considered. In particular, non-modal analysis results showed excellent agreement with numerical results for the Burgers, Euler
and Navier-Stokes equations. From a practical perspective, non-modal analysis gives
insights to devise more robust high-order methods for LES, as well as to understand
and improve the built-in subgrid-scale model in the scheme.
The non-modal analysis framework can be generalized in several ways. First, one
may study the finite-time behavior of the system (for some fixed t > 0), as opposed
to its short-term behavior (limit t

4 0). Second, the interactions and energy transfer

between wavenumbers could be examined.

Third, the analysis can be extended to

arbitrary initial conditions, instead of Fourier modes only. We note, however, that
Fourier modes are arguably the best choice to provide insights on the robustness and
accuracy of the scheme for LES. Forth, more complex discretizations, including nonuniform meshes, non-constant coefficients and multi-dimensional problems, could be
considered. These generalizations, however, would add more parameters to the anal-
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ysis and partially defeat its purpose; which is to provide with a tool that, with a few
inputs, approximately describes the behavior of the scheme for nonlinear problems.
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Chapter 6
Subgrid-scale modeling
6.1

Introduction

Despite the significant research investment on discontinuous Galerkin methods for
large-eddy simulation [16, 65, 69, 136, 153, 229], the precise role of the subgrid-scale
model (if any) and the Riemann solver of the DG scheme in the ability to predict
transitional and turbulent flows remains unclear. This can be partially attributed to
the fact that most works on discontinuous Galerkin methods for fluid mechanics come
originally from the applied mathematics community, as opposed to the traditional
LES community that is closer to the flow physics community and dominated by finite
volume and finite difference methods. In this chapter, we investigate the ability of
hybridized discontinuous Galerkin methods to simulate a variety of flow regimes,
including transition to turbulence, under-resolved wall-free turbulence, and underresolved wall-bounded turbulence.

The Taylor-Green vortex problem [205] and the

turbulent channel flow [1211 at various Reynolds numbers are considered to that end.
Although hybridized DG methods are used for the numerical experiments, the results
are expected to apply to standard DG methods as well.
The remainder of the chapter is structured as follows. In Section 6.2, we summarize
the test problems and studies performed. Numerical results for the Taylor-Green vortex and the turbulent channel flow are presented in Sections 6.3 and 6.4, respectively.
We conclude with some remarks and future work in Section 7.6.

6.2

Summary of test cases and studies performed

We consider the nearly incompressible Taylor-Green vortex [2051 and turbulent channel flow [1211 problems at various Reynolds numbers. The focus in the Taylor-Green
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vortex is to investigate the effect of the Riemann solver and the SGS model on the
dissipation of kinetic energy. The focus in the turbulent channel flow is to investigate
the effect on the turbulent transport. In both test problems, the dynamic viscosity A
is assumed to be constant, the bulk viscosity 3 = 0, the Prandtl number Pr = 0.71,
and the ratio of specific heats -y = cp/c, = 1.4. The complete description the problems
is presented in Sections 6.3.1 and 6.4.1.
Since hybridized DG methods are most competitive for moderately high accuracy
orders, we focus on third-order methods. For this accuracy order, the large scales
in the flow are affected to a lesser extent by the numerical dissipation due to the
hybridized DG scheme than by the viscous dissipation due to the eddy viscosity
in the explicit SGS models considered.

(See footnote

1

for additional details.)

A

discussion on how our results are expected to extend to higher accuracy orders is
presented in Section 7.6. Since conservation and entropy variables lead to the same
numerical solution in the incompressible limit, as discussed in Appendix E, we focus
on conservation variables.
entropy variables.

Analogous numerical results have been obtained with

We use the numerical fluxes (2.18a)-(2.22b).

The third-order

DIRK(3,3) scheme is used for the temporal discretization, and the time-step size is
chosen sufficiently small so that the spatial discretization error dominates the time
discretization error [651.
For each test problem, we perform two studies:

One for the Riemann solver

and another for the SGS model. For the Riemann solver studies, we consider the
stabilization matrices (2.19a)-(2.19c) with

1 and u, =

Uh.

We recall that the

stabilization matrix implicitly defines the Riemann solver in hybridized DG methods.
The stabilization matrices (2.19a)-(2.19b) lead to Roe-type Riemann solvers, and
(2.19c) yields a Lax-Friedrichs-type solver. Additional discussion on these stabilization matrices and the resulting Riemann solvers are presented in Chapter 2 and
Appendix A. No explicit SGS models are used for the Riemann solver studies.
For the SGS model studies, we focus on state-of-the-art eddy viscosity models.
These models are based on the Boussinesq eddy viscosity assumption and enter the
governing equations through an augmented viscous operator. In particular, the static

Smagorinsky [1981, dynamic Smagorinsky [1281, WALE [1651 and Vreman [2201 models
are considered, in addition to implicit LES without an explicit model. The explicit
models are further equipped with the Yoshizawa model [222] for the isotropic part of
'The numerical dissipation in i-th order DG methods vanishes at the rate 0(k V) in the small
wavenumber limit k -+ 0 [6]. The viscous dissipation of a second-order operator, such as the viscous
operator of the Navier-Stokes equations, vanishes at the rate 0(k 2 ). This is, the decay rate of a
signal is proportional to the 2V-th power of its wavenumber and to the square of its wavenumber,
respectively. From the non-modal analysis chapter, the numerical dissipation at high wavenumbers
is more localized near the grid Nyquist wavenumber than the viscous dissipation.
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the SGS stress tensor, the Knight model [115] for the turbulent diffusion, and an SGS
eddy Prandtl number approach with Pre = 0.7 for the subgrid-scale heat transfer.
All other extra terms arising in the Favre-filtered Navier-Stokes equations [82] are
not modeled due to their negligible magnitude compared to the previous terms [138].
The length scale involved in the SGS models is set to A = V1/ 3 /p, where VK is the
element volume. For the dynamic Smagorinsky model, projection onto the space of
polynomials of degree p' = [p,/

2

J is used for the coarse-graining, where [p,/2J is

the greatest integer less than or equal to ps/

2

. Additional details on these models

are presented in Appendix G. The stabilization matrix (2.19a) is used for the SGS
studies.
Compressibility effects will be neglected for the two following purposes: (i) Incompressible DNS results will be used as reference data, and (ii) spatial filtering and
Favre filtering will be assumed to be equivalent in the presentation of the numerical
results. We finally note that, for some of the Reynolds numbers considered, the mesh
resolution is intentionally insufficient to match the DNS data, thus allowing for a more
meaningful analysis of the role of the implicit and explicit models in under-resolved
simulations.

6.3
6.3.1

Taylor-Green vortex
Case description

The Taylor-Green vortex is a canonical problem in fluid mechanics to study vortex
dynamics, turbulence transition, and turbulence decay.

It contains several flow

regimes in a single construct and is therefore an excellent test case for our purpose.
A detailed description of the problem is presented in Section 4.6.3. We consider here
the Reynolds numbers Reo = 1600 and oo. At Reo = 1600, the subgrid scales are
moderate compared to the resolved scales. In the inviscid TGV, however, the smallest
turbulent scales become arbitrarily small, and the range of subgrid scales arbitrarily
large, as time evolves. The reference Mach number is set to Mo = 0.1. This completes
the non-dimensional description of the problem.

6.3.2

Details of the numerical discretization

The computational domain is partitioned into a uniform 64 x 64 x 64 Cartesian grid
and the third-order EDG scheme [177] is used for the spatial discretization.

The

solution is computed from to = 0 to t1 = 15 L/Vo. Three different phases exist in the
simulation. Before t ~ 4 L/Vo, the flow is laminar and with no subgrid scales. This is
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followed by an under-resolved laminar phase (i.e. with subgrid scales) that lasts until
t ~ 7 - 9 L/Vo. From then on, the flow is turbulent and under-resolved.

6.3.3

Numerical results

Riemann solver study
Figure 6-1 shows the time evolution of kinetic energy dissipation rate,

dEk
dt

d

1 PIVI2(61

dt J

2

in the viscous (left) and inviscid (right) Taylor-Green vortex for the three Riemann
solvers considered. Figure 6-2 shows the time evolution of the quantity
HEk.

dEk

(6.2)

IjIWI 12

f-

where w = V x V denotes vorticity. The second term in the right-hand side of (6.2)
corresponds to the dissipation of kinetic energy due to physical mechanisms. HE,
is therefore the contribution of the numerical scheme to the dissipation of kinetic
energy, and is referred to as the numerical dissipation of kinetic energy. We note that
should approximately account for the transfer of kinetic energy from resolved
scales to subgrid scales 2 . Also note that Eq. (6.2) is derived from the incompressible
HEk

kinetic energy equation since numerical results suggest the incompressible kinetic
energy equation is more appropriate than the compressible kinetic energy equation
to assess numerical dissipation in nearly incompressible flows [65].
Tables 6.1, 6.2, 6.3 and 6.4 collect the average absolute-value jump across elements
on the periodic plane x = -L7

for each conservation variable

J(Uh,j)

(uZ3 IF + Uh

8 L/V, respectively.
F)/

2

... ,

5, defined as

(6.3)

(h~J)F

at Re = 1600 and t = 3L/Vo, Re = 1600 and t = 8L/Vo, Re
(Uh,j)F =

1,

(uh,3F ,x-Lir

=
fx=-L7r

and Re = c and t

j

Here, [Uh]jF

oc and t = 3L/Vo,
UhjF

-

UhJIF and

denote the face jump and face average operators. From

these figures and tables, several remarks follow.
(i) The DG scheme adds numerical dissipation when the exact solution contains
2

For the particular case of statistically stationary flows, which is not the case in the Taylor-Green
vortex, the transfer of kinetic energy from resolved to subgrid scales is approximately equal to the
(more common concept of) viscous dissipation in the subgrid scales.
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Figure 6-1: Time evolution of kinetic energy dissipation rate in the Taylor-Green
vortex at Re = 1600 (left) and Re = oo (right) for the Riemann solvers considered.
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Figure 6-2: Time evolution of numerical dissipation of kinetic energy, as defined in
Eq. (6.2), in the Taylor-Green vortex at Re = 1600 (left) and Re = 00 (right) for the
Riemann solvers considered.
4 L/V. This suggests discontinuous Galerkin methsubgrid scales, that is, after t ~11
ods have a built-in (implicit) subgrid-scale model and introduce additional dissipation
in under-resolved simulations.
(ii) The numerical dissipation is negligible before subgrid scales appear in the
flow. Unlike the explicit SGS models in the next section, the implicit model succeeds
to detect there are no subgrid scales and does not add numerical dissipation under
those conditions.
Observations (i) and (ii) are

justified by a similar logic to that presented in the

compressible TGV results in Chapter 4: On the one hand, if the exact solution
does not contain subgrid scales, it is well represented in the DG approximation
space and the scheme is in the asymptotic convergence regime. Due to the optimal

accuracy of hybridized DG methods, this implies the inter-element
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jumps are small

and in particular |f[uJf| = 0(hPs+l), where h denotes the element size and p, is
the polynomial order of the DG approximation. Indeed, we note the very small
magnitude of the inter-element jumps in Tables 6.1 and 6.3.

Since the amount of

numerical dissipation per unit element face area is of order O(| I[Uhl

112),

as shown in

Chapter 4 and Appendix E, it is therefore negligible when there are no subgrid scales.
On the other hand, when the exact solution contains subgrid scales (i.e. when the
simulation becomes under-resolved), the inter-element jumps grow and stabilize the
scheme by adding numerical dissipation. Hence, hybridized DG methods account for
the effect of the subgrid scales in a qualitatively analogous manner as explicit SGS
models do. We note that, while subgrid scales are most commonly encountered in
the simulation of turbulent flows, they may also exist in laminar flows, such as in the
Taylor-Green vortex between t ~ 4 L/Vo and t

7 - 9 L/Vo.

(iii) Despite under-resolution, no significant differences between Riemann solvers
are observed in the viscous case. Even in the inviscid limit the role of the Riemann
solver is still moderate. We note that the stabilization matrix o- = Ama

yields much

smaller jumps in the momentum fields than the other two stabilization matrices. This
is due to the over-upwinding for the momentum equations provided by this Riemann
solver at low Mach numbers, and indicates that DG methods have a (nonlinear)
auto-correction mechanism that adapts the magnitude of the inter-element jumps
to partially compensate for overshoots in the Riemann solver. This auto-correction
mechanism in turn justifies the minor role of the Riemann solver.
(iv) All the Riemann solvers slightly underestimate the peak dissipation with
respect to the DNS data 1215]. That is, the numerical dissipation is smaller than the
true SGS dissipation (only) when the smallest turbulent structures appear.

(Only)

under those conditions, the DG scheme could benefit from the addition of an explicit
SGS model.

However, as will be discussed in Section 6.3.3, this is not the case in

practice since the implicit model is partially inhibited by the use of an explicit model.
Figure 6-3 shows the one-dimensional kinetic energy spectra at t = 8 L/VO and
t = 9 L/Vo for the viscous and inviscid Taylor-Green vortex, respectively.

In all

cases, we observe an inertial range in which the spectrum follows a power law with
exponent close to the theoretical value of -5/3

1116]. The inertial range is followed

by a dissipative range, until the grid Nyquist wavenumber kN = 96.0/L is achieved
and no smaller scales exist in the discretization.

In the viscous case, the inertial

range extends up to k a 20/L, whereas DNS results

1215] indicate it extends until

k a 40/L. This numerically-induced premature end of the inertial range is predicted
by eigenanalysis [150], Fourier analysis
5.

181 and our non-modal analysis in Chapter

Also, note that no significant differences in the spectra are observed between
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J(pV)

J(pE)

1.1487E - 4
1.0178E - 4

1.7206E - 4
1.5361E - 4

1.4890E - 3
1.4649E - 3

Amax

5.1404E - 6 5.7829E - 6 2.9427E - 5
Study of the SGS model

7.1974E - 5

1.2707E - 3

ILES

9.8011E - 6

2.9010E - 5

1.1487E - 4

1.7206E - 4

1.4890E - 3

Static Smagorinsky
Dynamic Smagorinsky
Vreman

8.6188E - 6
7.5943E - 6
8.6570E - 6

3.3968E - 5
2.7226E - 5
8.1831E - 5

1.0798E - 4
9.6104E - 5
1.1643E - 4

1.6477E - 4
1.4933E - 4
1.7149E - 4

1.4208E - 3
1.4087E - 3
1.4754E - 3

J(p)

J(pV)

J(pV2 )

Study of the Riemann solver

(An +An|)/2

IAnI

9.8011E - 6
8.0801E - 6

2.9010E - 5
2.5949E - 5

Table 6.1: Average absolute-value jump across elements on the periodic plane x
-Lwr of the Taylor-Green' vortex at Re = 1600 and t = 3 L/Vo.

(An +

IAn)/2

JAnJ

Amax

ILES
Static Smagorinsky
Dynamic Smagorinsky

Vreman

J(PV)

J(pE)

3
3
4

1.3590E - 3
1.1662E - 3
3.6441E - 4

2.0834E - 2
2.0692E - 2
2.2635E - 2

3
4
4

1.3590E - 3
6.9583E - 4
8.6082E - 4

2.0834E - 2
1.1127E - 2
1.5112E - 2

8.0182E - 4

7.4466E - 4

1.1585E - 2

6(pV2 )
J(pV)
J(p)
Study of the Riemann solver
8.8732E - 5 2.5180E - 4 1.3662E 8.7631E - 5 2.0863E - 4 1.2062E 9.0532E - 5 6.4432E - 5 3.7080E Study of the SGS model
8.8732E - 5 2.5180E - 4 1.3662E 4.7639E - 5 1.4676E - 4 7.4274E 6.4393E - 5 1.7776E - 4 8.8756E -

4.9367E - 5

3.3538E - 4

=

Table 6.2: Average absolute-value jump across elements on the periodic plane x
-L7 of the Taylor-Green vortex at Re = 1600 and t = 8 L/Vo.

J(p)
(An +|An|)/2
JAn|

Amax

ILES
Static Smagorinsky
Dynamic Smagorinsky
Vreman

J(pV 1)

J(pV)

J(pE)

- 4
- 4
- 5

2.3329E - 4
1.8016E - 4
7.3344E - 5

1.9081E - 3
1.6249E - 3
1.5169E - 3

-

2.3329E
1.8851E
1.7016E
1.9255E

J(pV2 )

Study of the Riemann solver
3.8325E - 5 2.5293E - 4 1.6103E
3.0998E - 5 2.7685E - 5 1.2543E
7.7441E - 6 5.7671E - 6 3.4419E
Study of the SGS model
3.8325E - 5 2.5293E - 4 1.6103E
1.9543E - 5 3.1352E - 5 1.2723E
2.9271E - 5 2.7791E - 5 1.1150E
1.7323E - 5 3.5460E - 5 1.3224E

4,
4
4
4

-

4
4
4
4

1.9081E
1.6236E
1.5298E
1.6687E

Table 6.3: Average absolute-value jump across elements on the periodic plane x =
-L7r of the Taylor-Green vortex at Re = oo and t = 3 L/Vo.

Riemann solvers in the viscous case (neither at the times shown nor at other times);
which shows that at this Reynolds number the viscous dissipation has a much larger
impact on the dynamics of all the scales than the Riemann solver. We also note the
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-

3
3
3
3

J(pV3 )

J(pE)

4.7186E - 3
4.7063E - 3

4.9416E - 3
4.7594E - 3

4.0504E - 4 5.6643E - 4 1.8876E - 3
Study of the SGS model

1.9245E - 3

5.3469E - 2
5.8251E - 2
1.0114E - 1

J(pV2 )
J(pV)
J(p)
Study of the Riemann solver

(An +IAnI)/2

IAnI
Amax

2.3608E - 4
2.4658E - 4

1.2680E - 2
1.0320E - 3

ILES

2.3608E - 4

1.2680E - 2

4.7186E - 3

4.9416E - 3

5.3469E - 2

Static Smagorinsky
Dynamic Smagorinsky

1.1676E - 4
1.7943E - 4

3.7351E - 4
1.2174E - 3

1.8456E - 3
2.7746E - 3

2.1074E - 3
3.0035E - 3

2.7445E - 2
4.3530E - 2

Vreman

1.3084E - 4

4.0653E - 4

2.1125E - 3

2.3270E - 3

3.1185E - 2

Table 6.4: Average absolute-value jump across elements on the periodic plane x =
-L7r of the Taylor-Green vortex at Re = oc and t = 8 L/Vo.
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Figure 6-3: One-dimensional kinetic energy spectrum in the Taylor-Green vortex at
Re = 1600 and t = 8 L/V (left), and Re = oo and t = 9 L/Vo (right) for the Riemann
solvers considered.
presence of an energy pileup at large wavenumbers in the inviscid case for the Riemann
solver - A=ax. These pre-dissipative bumps are predicted by eigenanalysis [1501
and non-modal analysis theory, and are consistent with results in the literature for
inviscid low Mach numbers flows when using Riemann solvers that are based on the
maximum-magnitude eigenvalue of An [151,153]. From these results and the insights
from eigenanalysis and non-modal analysis, the Riemann solver has some impact on
the dynamics of the smallest resolved scales, particularly at low Mach numbers and
high Reynolds numbers (more precisely, at low Mach numbers and high cell P6clet
numbers); whereas the large-scale dynamics are affected to a much lesser extent by the
Riemann solver. As the Mach number increases and the cell P6clet number decreases,
the small scales are expected to behave also more similarly regardless of the Riemann
solver.
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Subgrid-scale model study
Figure 6-4 shows the time evolution of kinetic energy dissipation rate with ILES,
the static Smagorinsky, dynamic Smagorinsky, WALE and Vreman models at both
Reynolds numbers. The time evolution of the volume-averaged dynamic Smagorinsky
constant is shown in Figure 6-5. The average absolute-value jump across elements on
the periodic plane x = -L7r

for the viscous and inviscid cases, both at t = 3 L/V

and t = 8 L/Vo, are collected in Tables 6.1, 6.2, 6.3 and 6.4. Also, Figure 6-6 shows
snapshots of the vorticity norm on x = -Lw

for the viscous case at t = 8 L/Vo. These

results can be summarized as follows:
(i) The eddy viscosity in all the explicit SGS models fails to vanish when there
are no subgrid scales in the flow, and produces unphysical dissipation during this
phase and also during the under-resolved laminar phase. Among the explicit models,
dynamic Smagorinsky introduces the least amount of dissipation in these two phases.
We note that a larger dissipation of kinetic energy corresponds to effectively solving a
lower Reynolds number flow; which is consistent with the maximum dissipation rate
occuring at an earlier time that is characteristic of the Taylor-Green vortex at lower
Reynolds numbers [22].
We emphasize that the built-in stabilization due to inter-element jumps (i.e. the
implicit subgrid-scale model) in the DG scheme provides a more accurate mechanism to
detect there are no subgrid scales, and not to add dissipation under those conditions,
than the explicit models. This is a critical advantage of the implicit model to simulate
transitional flows.
(ii) When subgrid scales appear in the flow, the amount of dissipation introduced
by the implicit model is closer to the true SGS value than that introduced by the
explicit models.

Only in the inviscid case in fully turbulent regime, the dynamic

Smagorinsky model performs similarly to the implicit model. We note that, whenever
the simulation is under-resolved, the inter-element jumps with an explicit SGS model
are much smaller than with no model (see Tables 6.1-6.4); which is due to the
additional stabilization provided by the eddy viscosity. The use of an explicit model
therefore partially inhibits the implicit model, and in fact the dissipation of kinetic
energy in turbulent regime is smaller with the explicit models.
(iii) While the inter-element jumps in the numerical solution are smaller and the
vorticity norm field is smoother with an explicit SGS model (due to the eddy viscosity
dissipation), ILES provides more accurate results.

Therefore, lack of smoothness

in the DG solution is not an indicator for low solution quality -and, as discussed
previously, the inter-element jumps are actually responsible for the built-in model in
the scheme.
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Figure 6-4: Time evolution of kinetic energy dissipation rate in the Taylor-Green
vortex at Re = 1600 (left) and Re = oc (right) for ILES, static Smagorinsky, dynamic
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Figure 6-5: Time evolution of volume-averaged dynamic Smagorinsky constant in
the Taylor-Green vortex. Note C, = 0.16 in static Smagorinsky [85].

(iv) Regarding the relative performance of the explicit models, no major differences
are observed between static Smagorinsky and Vreman. The WALE model leaded to
nonlinear instability and the simulation breakdown at t ~~4.59 L/Vo and 2.75 L/V in
the viscous and inviscid cases, respectively. This lack of robustness is due to the high
nonlinearity of the WALE model and may limit its applicability with high-order DG
methods. The dynamic Smagorinsky model provides the most accurate representation
of the subgrid scales among the explicit models.
Figure 6-7 shows the one-dimensional kinetic energy spectra for ILES, the static
Smagorinsky, dynamic Smagorinsky and Vreman models at t = 8 L/Vo and t = 9 L/Vo
for the viscous and inviscid cases, respectively.
these times.

The WALE model crashed before

We recall that the grid Nyquist wavenumber is

kN

kinetic energy spectrum in ILES agrees with the theoretical -5/3
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= 96.0/L.

The

slope of decay of

Figure 6-6: Snapshot of vorticity norm I wI L/V on the periodic plane x = -L7r
Left to right: ILES, static
of the viscous Taylor-Green vortex at t = 8 L/Vo.
Smagorinsky, dynamic Smagorinsky and Vreman. The WALE model leaded to
nonlinear instability and the simulation breakdown at t ~~4.59 L/Vo.
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Figure 6-7: One-dimensional kinetic energy spectrum in the Taylor-Green vortex at
Re = 1600 and t = 8 L/Vo (left), and Re = oo and t = 9 L/Vo (right) for ILES,
static Smagorinsky, dynamic Smagorinsky and Vreman. The WALE model leaded to
nonlinear instability and the simulation breakdown at t ~ 4.59 L/Vo and 2.75 L/Vo in
the viscous and inviscid cases, respectively.
the inertial range for a larger range of wavenumbers than the explicit models. Small
differences are observed between the static Smagorinsky, WALE and Vreman models,
both at the times shown as well as at all other times. The dynamic Smagorinsky
spectrum is in between that with implicit LES and those with static models.

All

the explicit models, especially the static ones, dissipate kinetic energy at larger scales
than the implicit model, and in particular at scales that are much larger than the grid
Nyquist wavenumber. This is consistent with eigenanalysis 16,150], Fourier analysis [8]
and our non-modal analysis. The fact that explicit models dissipate energy at larger
scales than the implicit model may have important consequences on the turbulent
transport, as discussed later in this chapter.

6.3.4

Summary

The Taylor-Green vortex results indicate that:
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o Hybridized discontinuous Galerkin methods have a built-in (implicit) subgridscale model and numerically dissipate kinetic energy in under-resolved turbulence simulations.

The inter-element jumps and the Riemann solver are

responsible for the implicit model.
o The amount of dissipation implicitly introduced by the DG scheme is closer to
the actual dissipation in the subgrid scales than that with the explicit models
considered.
o The implicit dissipation is more localized near the grid Nyquist wavenumber
(i.e. more localized in the smallest resolved scales) than that introduced by the
explicit models.
o The implicit model does not add dissipation when there are no subgrid scales,
whereas the explicit models do.
Except for the second one, these numerical observations have been justified by theoretical results for hybridized DG methods. The second observation could be justified
by relating the DC stabilization due to the inter-element jumps with the subgridscale closure terms arising from variational multiscale (VMS) 11011 or Mori-Zwanzig
(MZ) [168, 1691 approaches.

For one-dimensional linear convection, the MZ-VMS

procedure with the assumptions of finite memory and linear quadrature, also known
as T-MZ-VMS, actually leads to a subgrid-scale closure term that is equivalent to
the standard upwind flux [170], i.e. the implicit model with standard upwinding is
the same as that given by T-MZ-VMS. Extending these ideas to the Navier-Stokes
equations is beyond the scope of this work.

6.4
6.4.1

Turbulent channel flow
Case description

We consider the turbulent channel flow [121] at Re, = 182 and 544, where Re, =
is the Reynolds number based on the volume-averaged density po, the friction
T/po and the channel half-width 6, and where T, denotes the
velocity u, =
pouT6/

mean wall shear stress. The bulk Mach number is Mb

=

Ub/c = 0.2, where Ub

=

u(y) dy /26 and c are the bulk velocity and the speed of sound at the mean
temperature. The flow is statistically stationary and driven by a uniform pressure

f0

gradient, which varies in time to ensure that the mass flux through the channel
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remains constant. The top and bottom walls of the channel are no-slip and adiabatic.
This completes the non-dimensional description of the problem.
As is customary in channel flows, the three velocity components are denoted by
(u, v, w), the time-averaged velocity by a capital letter, the fluctuations by a prime,
and the ensemble average by ( - ). Thus, U = (u) and u = U + u', and similarly for
the wall-normal and spanwise velocity components.

6.4.2

Details of the numerical discretization

The channel flow is simulated in a doubly-periodic domain Q = [0, 4r6) 9 [0, 26) 0
[0, 276). Periodicity is imposed along the x (streamwise) and z (spanwise) directions.
The computational domain is partitioned into a 48 x 32 x 40 Cartesian grid and the
third-order IEDG scheme is used for the spatial discretization.

The element size is

constant along the streamwise and spanwise directions. The high-order nodes in the
wall-normal direction y are uniformly distributed in a mapped coordinate

that is

related to y through

y
J-

sin((w/2)
si= r2 + 1,
sin(,7/2)

-1 5

1.

(6.4)

The distance between high-order nodes (in wall units) is summarized in Table 6.5. As
is customary, the near-wall velocity, time and length scales for non-dimensionalization
are u., p/poU2 and p/pour, respectively, and the superscript + is used to indicate a
quantity is expressed in wall units. A run-up time Tf = 2000 is used for the flow
to achieve its stationary distribution on the chaotic attractor. The flow statistics are
then collected over a time window T2 = 1000 to ensure statistical convergence of the
mean velocity and the Reynolds stresses. The state-based approach (2.29b) is used
to prescribe the boundary conditions.
We note that the pressure gradient is such that the mass flow is the one that
leaded to the desired Re, in DNS [121]. As a consequence, the Re, computed from
the wall stress in LES (denoted by ReES hereinafter) may not exactly agree with
the target Re, (denoted by Re'r9et) if the resolution is not sufficiently fine to match
the wall stress in DNS. This will be the case at Re'ret

=

544 and, for some of the

explicit models, also at 182.

6.4.3

Numerical results

Prior to presenting the numerical results, we note that homogeneity in the x and
z directions holds pointwise in the exact solution, but only elementwise in the DG
solution. We shall omit this nuance and compute ensemble averages (i.e. time av-
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Re target = 182
15.9
0.29

Retarget = 544
47.5
0.87

AY+

3.79

11.3

Az+

9.53

28.5

Ax+
Ay+

Table 6.5: Distance between high-order nodes (in wall units) for turbulent channel
AY+g denotes the average distance along the wall-normal direction. Ay+
flow.
denotes the distance from the wall to the first high-order node along the wall-normal
direction.
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Figure 6-8: Mean velocity profile in turbulent channel flow at Ret"'g = 182 (left) and
544 (right) for the Riemann solvers considered. The wall friction in the simulations is
used to compute the near-wall velocity and length scales for non-dimensionalization.
erages) as time-, streamwise- and spanwise- averages. This accelerates convergence
of the statistics of the flow, and allows comparison with DNS results for which the
ensemble-averaged quantities are only a function of the wall-normal coordinate.
Riemann solver study
Figure 6-8 shows the mean velocity profile at Retarget

=

182 and 544 for the Riemann

solvers considered. The Reynolds stresses at Rearget - 182 are shown in Figure 6-9,
and the values of Re'ES at both Reynolds numbers are collected in Table 6.6. There
are no significant differences between Riemann solvers in terms of wall friction, mean
velocity and Reynolds stresses. Further analysis of these results is presented in the
comparison between implicit and explicit models below.
Subgrid-scale model study
Figures 6-10 and 6-11 show the mean velocity profile at Retr9et = 182 and 544,
respectively, with ILES, the static Smagorinsky, dynamic Smagorinsky, WALE and
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Riemann solvers considered. The wall friction in the simulations is used to compute
the near-wall velocity and length scales for non-dimensionalization.

Vreman models. Two different types of non-dimensionalization are used on the left
and right images. On the left images, the inner boundary layer scales, namely the
near-wall velocity and length scales, are used for non-dimensionalization. These scales
are computed from the wall friction in the simulations, as opposed to the target
wall friction. This is the proper choice to investigate if the viscous, buffer and log
sublayers of the boundary layer are accurately resolved, as we will discuss below.
On the right images, the outer boundary layer scales, namely

Ub

and 6, are used for

non-dimensionalization so that all simulations are non-dimensionalized with respect
to the same reference values. This way, the scaling factor between dimensional and
non-dimensional data is the same in all cases, and the dimensional velocity profiles
can be directly compared. Both choices of non-dimensionalization complement each
other to understand the performance of the models and the reasons for the mismatch

(if any) between LES and DNS.
Figure 6-12 shows the Reynolds stresses at Re"!Yget

=

182, Figure 6-13 the dynamic

Smagorinsky constant at both Reynolds numbers, and Table 6.6 the values of RerES
at both Reynolds numbers. Prior to discussing these results, we introduce the two
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Retarget
Re'arget - 182
Study of the Riemann solver

=

(An + 1An)/2

180.8

478.7

1An 1

181.0

479.1

181.1

477.7

Amax

Study of the SGS model
180.8
ILES
191.5
Static Smagorinsky
177.6
Smagorinsky
Dynamic
173.3
WALE
170.1
Vreman

544

478.7
658.1
474.4
452.6
468.4

Table 6.6: Values of Re LES computed from the wall friction in the LES simulations.
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following quantities

(6.5a)

dy }

e%

,

p; = - ('R'+ , dy+

(dU+y-

-

I].

(6.5b)

-

From these definitions, it follows that 4' dU/dy = -po(u'v') and (p + p*) dU/dy =
Tr(1 - y/ 6 ). Note the mean shear stress varies linearly across the channel due to
the uniform pressure gradient and x-momentum conservation, and therefore T.(1
y/ 6 ) = (rxy). Note also that -po(u'v') = -(pu"v"), where u" and v" are the Favre
fluctuating velocities, and thus this term corresponds to the net resolved x-momentum
turbulent transport, per unit area, across y-planes. From these considerations, ft can
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be interpreted as an eddy viscosity due to the resolved turbulent motion, and will
be referred to as the resolved eddy viscosity; whereas p* can be regarded as a total
eddy viscosity or an effective eddy viscosity in the simulation, and accounts for the
turbulent transport due to the explicit model, the implicit model and the resolved
turbulence. Note that, for the exact solution, it holds that p* = p'. Also, a modeled
eddy viscosity, accounting for the implicit and explicit models, is hard to define in the
context of DG methods and in particular it cannot be computed as pL* - p.
The resolved eddy viscosity in the viscous and buffer layers for the SGS models
considered is shown in the top of Figure 6-14. The total eddy viscosity is shown in
the bottom of the figure. Except for static Smagorinsky, y* vanishes as expected in
the viscous layer, and grows in the buffer layer as the turbulent transport increases
and dominates the molecular transport. We emphasize that these eddy viscosities
inform of the turbulent transport, and not of the dissipation of kinetic energy which
was the focus in the Taylor-Green vortex. While eddy viscosity SGS models account
for the subgrid scale contribution to these two terms through an (the same) explicit
eddy viscosity, these terms are of a fundamentally different nature, as apparent from
the filtered momentum and kinetic energy equations [821.
All the ingredients are now in place to discuss the numerical results. We focus
first on the viscous sublayer, then on the buffer layer, and finally on the log layer.
Viscous sublayer (y+ ;< 10): This layer is characterized by (rT

)

- r, and the fact

that molecular transport dominates turbulent transport; which yields the well-known
result U+

y+. Since this velocity law is independent of the Reynolds number, all

simulations should ideally match the DNS data on the left images of Figures 6-10-611, despite the slightly different Reynolds number in LES. From these two figures, the
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viscous sublayer is accurately resolved at both Reynolds numbers by implicit LES,
the dynamic Smagorinsky, the WALE and the Vreman models. Provided that there
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eddy viscosities is given in Eq. (6.5). The wall
of
these
definition
The
considered.
friction in the simulations is used to compute the near-wall velocity and length scales
for non-dimensionalization.
is enough resolution to capture the mean flow and that no eddy viscosity is added
by the SGS model, this is expected due to the lack of subgrid scales in this laminar
sublayer. The eddy viscosity, however, does not vanish near the wall with static
Smagorinsky (see p* in Figure 6-14) and this leads to inaccurate wall friction and
mean velocity in this layer. While no significant differences were observed between
static Smagorinsky and the other static models, namely WALE and Vreman, for the
wall-free flow conditions in the Taylor-Green vortex, this is not the case for this wallbounded flow and, as expected, points to the incapability of the static Smagorinsky
model to vanish near walls as one the main limitations of the model.
Buffer layer (10 < y+ < 40): The mean velocity U+ = U+(y+) in the buffer layer
is also approximately independent of the Reynolds number [17, 50,95, 121, 131, 149J,
and therefore LES should ideally match DNS on the left images of Figures 6-10-611.

At Re arget = 182, the buffer layer is only accurately resolved with ILES. At
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Reta'rget = 544, the buffer layer is not only accurately resolved in any of the LES
simulations. From the top images in Figure 6-14, the use of an explicit model reduces
the resolved turbulent transport. As discussed before, the explicit models damp the
large scales more than the implicit model does. Since the large turbulent scales are
responsible for most of the turbulent transport, this justifies the smaller y'. From
the bottom images in Figure 6-14, the total eddy viscosity /-* is also smaller with an
explicit model, and so is the total turbulent transport.
Log layer (y+

i> 40):

This layer is characterized by (T,)

r,
T

and the fact

that turbulent transport dominates molecular transport. This, combined with the
mixing-length hypothesis f =K~ d , where f is the mixing length, 'K is the von
Kdrmdn constant and d, is the distance to the wall, leads to U+
KK 1 log y+ + B,
where KK, B > 0 are positive constants that, for channel flows, are approximately
independent of the Reynolds number. DNS [17,50,95,121,131,1491 and experimental
[147, 192] data have confirmed the existence of this log layer, and in particular
- 0.384 and B e 4.27 11211. The left images in Figures 6-10 and 6-11 show
that all simulations succeed to predict this logarithmic dependence with the correct
mixing length f = 1 KLES dw, KK,LES a 0.38. The matching velocity between the
buffer and log layers, however, does not agree with DNS, and thus BLES / 4.27, if
the buffer layer is not accurately resolved. This leads to an incorrect outer velocity
seen by the viscous sublayer; which is responsible for the misprediction of the wall
friction and thus Re LES in Table 6.6.
To conclude, we note that the Reynolds stresses have a stronger dependence on
the Reynolds number [1211. Since the simulations with different SGS models predict
slightly different wall frictions, and thus solve slightly different Reynolds numbers, it
is challenging to infer additional conclusions, beyond those already discussed, from
the Reynolds stresses in Figures 6-9 and 6-12.
rK

6.5

Conclusions and future work

We investigated the ability of hybridized discontinuous Galerkin methods to predict
under-resolved turbulent flows. The Taylor-Green vortex and the turbulent channel
flow at various Reynolds numbers were considered to this end. Although hybridized
DG methods have been used for the numerical experiments, the findings are expected
to apply also to standard DG methods. Numerical results showed that hybridized
DG methods without an explicit subgrid-scale model (implicitly) introduce numerical
dissipation in under-resolved turbulence simulations. This implicit subgrid-scalemodel
is due to the inter-element jumps and the Riemann solver, and provided a more accu127

rate representation of the actual subgrid scales than that by state-of-the-art explicit
eddy viscosity models. Furthermore, the implicit model did not add dissipation if no
subgrid scales existed in the flow, which is a critical feature to accurately simulate
transitional flows.

Theoretical results for DG methods were used to justify these

numerical observations.
Some premises that are widely accepted in the LES community do no longer hold
in the context of high-order DG methods. First, the built-in subgrid-scale model in the
DG scheme is partially inhibited when using an explicit model, and the total amount
of dissipation does not necessarily increase with an explicit model. Second, since eddy
viscosity models dissipate kinetic energy at larger scales than the implicit model, they
reduce more significantly the energy content of scales that are larger than the grid
Nyquist wavenumber; which can have negative consequences on the resolved turbulent
transport for some type of flows. A change in the current best practices for subgridscale modeling may be therefore required in the context of DG methods. This is not
completely surprising considering that the state-of-the-art subgrid-scale models, based
on the Boussinesq eddy viscosity assumption and an augmented viscous operator,
have been developed and successfully applied with discretization schemes whose builtin stabilization (if any) and dissipation characteristics are different from those in
discontinuous Galerkin methods [8, 69, 150].

For example, explicit eddy viscosity

models may not allow taking advantage of the low numerical dissipation at large scales
of high-order DG methods; which is critical for transition prediction and moderateReynolds-number turbulence.
We briefly discuss how our results are expected to extend to higher accuracy
orders. For accuracy orders up to about seven, similar results to those in this chapter
are expected. For accuracy orders beyond about eight, the numerical dissipation in
the DG scheme becomes very small also at high wavenumbers (see Section 5.3.1),
and some form of regularization/model may be required to enhance stability and
accuracy. It will be critical that the explicit regularization/model used with high-order
DG schemes localizes dissipation at the desired wavenumbers and is consistent with
the expected SGS dissipation spectrum [28,117,1201; which could be achieved with

Spectral Vanishing Vicosity [107,113,152, 204], Variational Multiscale [46,101, 102]
and Mori-Zwanzig [168-1701 type approaches.
Future work includes investigating higher Reynolds number flows as well as anisotropic,
unstructured and curved meshes. In addition, the work by Parish [170] on the
exact subgrid-scale closure terms arising from the MZ-VMS procedure, and how
they connect with the implicit model due to the Riemann solver, is worth further
investigation.
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Chapter 7
Physics-based shock capturing
7.1

Introduction

Large-eddy simulations are, by definition, under-resolved computations. Two types
of under-resolved features can exist in LES. (i) Small-magnitude features that are
lost in the numerical solution due to the filter introduced by the numerics, such as
the turbulent structures that are smaller than the grid size.

This type of subgrid

scales are accounted for, and stabilized, by the implicit or explicit SGS model. We
refer to them simply as subgrid scales. (ii) Large-magnitude, sharp features that
remain in the discrete solution.

A number of such sharp features may appear in

LES, especially in transonic, supersonic and hypersonic flows, including shock waves,
contact discontinuities, strong thermal gradients, and thin shear layers. We shall refer
to them as sharp subgrid-scalefeatures or simply sharpfeatures. Insufficient resolution
to capture sharp features usually leads to Gibbs oscillations and inaccurate results,
and may even lead to numerical instability and simulation breakdown.
Despite the large number of works on shock capturing since the dawn of computational fluid dynamics, numerical simulation of turbulent shock flows remains a
challenging problem [106,135,197], particularly for high-order discretization schemes
[941. First, many shock capturing methods have been developed for steady-state or
inviscid problems, but their extension to unsteady viscous flows is not straightforward.
Second, the majority of the existing methods are by construction not able to stabilize
sharp features other than shock waves. This compromises robustness and limits the
applicability of the method to some particular types of flows. In order to enable largeeddy simulation of transonic, supersonic and hypersonic flows, a method to detect
and stabilize all sources of numerical instability is required.

While this is referred

to as a shock capturing method for consistency with the common terminology in the
literature, we emphasize the need to deal with other sharp subgrid-scale features in
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LES.
Prior to describing the proposed shock capturing method, we present an overview
of strategies in the literature for the detection and stabilization of shock waves and
other sharp features. As for shock detection, perhaps the most popular approach is
to take advantage of the strong compression that a fluid undergoes across a shock
wave and use the divergence of the velocity field as a shock sensor [11, 148, 160].
An assessment of dilatation-based shock detection methods is presented in [223]. In
our experience, the existing methods in this category provide non-oscillatory shocks
for steady flows, such as laminar and Reynolds-averaged turbulent flows, but fail
for unsteady turbulent flows. Alternatively, a number of methods rely on the nonsmoothness of the numerical solution to detect shocks as well as other sharp features

[48, 110, 111, 114, 118, 167, 179, 181].

Among them, the sensor by Krivodonova et

al. [118] takes advantage of the theoretical convergence rate of DG schemes for smooth
solutions in order to detect discontinuities. By construction, this sensor is limited to
high-order DG methods, hyperbolic systems of conservation laws such as the Euler
equations, and stabilization mechanisms that do not introduce artificial viscosity. The
shock sensor by Persson et al. [179, 181] is based on the decay rate of the coefficients
of the DG polynomial approximation.

Like the sensor by Krivodonova, it requires

accuracy orders beyond about 5 to provide accurate results. Other approaches that
rely on high-order derivatives of the solution include [48, 110, 111, 1671, but again
apply only to schemes for which such derivatives can be accurately computed, such as
spectral-type methods and high-order finite difference methods on structured meshes
and simple geometries. Also, most methods based on the smoothness of the numerical
solution involve user-defined parameters that are flow-dependent and usually hard to
tune for new problems. This compromises the adoption of these methods in industry
due to the high robustness and flexibility that these applications require.
Regarding stabilization of sharp features, most methods lie within one of the
following two categories: Limiters and artificial viscosity. Limiters, in the form of

flux limiters [23, 36, 119] or solution limiters [38, 118, 132, 133, 182, 199, 2341, are in
general not well suited for implicit time integration schemes and additionally pose
challenges for high-order methods on complex geometries. As for artificial viscosity

methods, Laplacian-based [90,134,148,160,179,181] and physics-based [2,48,110,111,
167, 179, 193] approaches have been proposed. An assessment of artificial viscosity
methods for LES is presented in [135].

In general, these methods perform poorly

for unsteady flows and/or require accurate high-order derivatives of the numerical
solution.
In this chapter, we present a shock capturing method for large-eddy simulation
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that aims to address the limitations above. Our approach comprises physics-based
sensors to detect shock waves and other sharp features, as well as physics-based
artificial viscosities to stabilize them. Although the shock capturing method is devised
in the context of hybridized DG methods, it can be used with other numerical schemes.
The performance of the method is examined through numerical simulation of external
and internal flows in transonic, supersonic, and hypersonic regimes. A comparative
study is conducted between the proposed approach and a Laplacian-based approach,
widely used in the DG community, in order to illustrate the importance of using
physical viscosities, as opposed to Laplacian viscosities, for large-eddy simulation of
turbulent flows.
The remainder of the chapter is organized as follows. Sections 7.2 and 7.3 describe
the sensors to detect sharp features and the procedure to stabilize the numerical
scheme, respectively.

In Section 7.4, we discuss the impact of the shock capturing

method on the convergence rate and the entropy stability of the scheme. The performance of the shock capturing method for a number of flow conditions is illustrated
in Section 7.5.

We conclude the chapter with some remarks and future work in

Section 7.6. The extension of the shock capturing method to magnetohydrodynamics
is presented in

7.2

1341.

Sensors

We present physics-based sensors to detect the sharp subgrid-scale features that may
appear in the simulation of unsteady turbulent flows, including shock waves and other
high-gradient features such as shear and thermal layers.

Limiting function
It is critical to ensure the sensors remain bounded below by zero and above by an
a priori positive value throughout the simulation, in order to avoid accuracy and
stability issues. The lower bound is required to ensure that the artificial viscosities are
non-negative, while the upper bound is needed to avoid adding an excessive amount
of viscosity.

Furthermore, it is important to introduce a shift so that the sensors

are active only whenever they are above some threshold. Suppose that smin = 0 and
smax > 0 are lower and upper bounds of the (non-dimensional) sensor s. The following
function
Lo(s; smax) = min{max{s, 0}, smax}
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(7.1)
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Figure 7-1: An illustrative example of L(s; so, smax) and f(s; SO, Smax) with so
and smax = 2. The inset figures show the close-up view at the two singular points of
L (s; So, smax).-

acts as a limiter that strictly enforces the desired property. Shifting the above limiter
by so, we arrive at the following function
L(s; so, smax) = min{max{s - so, 0} - smax,

0} + smax,

(7.2)

where so represents the value of the shift. Since the limiting function (7.2) is nonsmooth in the sense that its derivative is discontinuous at the points so and SO + smax,
it is not well suited for numerical discretization that requires calculation of the partial
derivatives. Therefore, we introduce the following smooth approximation
(s; s0,

Smax) = tmin(Emax(s -

so)

-

Smax) + smax,

(7.3)

where
tmax(S)

=

S
- arctan(bs)

7

+

s
2

- --

i

1
2

arctan(b) + -,
7r

(7.4)

tmin(S) = s - tmax(s),
with b = 100. Note that tmax(s) is a smooth approximation of the function max{s, 0},
while tmin(s) is a smooth approximation of the function min{s, 0}. The function f is
smooth, and in particular continuously differentiable everywhere. This is important
for implicit time integration schemes, in which a nonlinear system of equations needs
to be solved at every time step. Discontinuous derivatives can worsen the conditioning
of the system and lead to slow convergence or even the crash of the iterative solver.
The limiting function L and its smooth approximation i for a shift so = 1 and an
upper bound smax = 2 are illustrated in Figure 7-1. This particular choice of so and
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smax will be used for the thermal and shear sensors presented below.

7.2.1

Shock sensor

The goal of the shock sensor is to identify shock waves. As such, it is to activate in
shocks and vanish elsewhere, including smooth regions of the flow and other sharp
features. To this end, we propose a shock sensor

so (X)

so

of the form

(7.5)

so(X) = so -s",

=(So; S0.0, s8ma)

where so is a dilatation sensor, s, is a vorticity (or, more precisely, anti-vorticity)
sensor, and x c- Q denotes spatial location. The dilatation and vorticity are defined
as 6 = V - V and Lo

V x V, respectively. The dilatation sensor is to activate in

shock waves. The vorticity sensor is to vanish in vorticity-dominated regions of the

< I wI, as well as in non-shocky regions in which (-6) is large due

flow, in which 101

to under-resolution. In particular, these sensors read as follows

-*V

shV
Ps

(V. V)

c

(V . V)

2

2

+ 11v x V

2

+ E(

The latter sensor was originally proposed by Ducros in [581. Here,

ho (x) = href

(7-7)

12

(Vpt - M 1 - Vp + Ch)

is the characteristic element size along the direction of the density gradient, p, denotes
the polynomial order of the numerical approximation, c* = c*(x) is the critical speed
of sound (i.e. the speed of sound at sonic conditions),

Mh =

M(x) is the metric

tensor of the mesh (see [125,221] for additional details), href the reference element size
used in the construction of Mh, and c, 6 h

2

are constants of order machine epsilon

squared.

We note that so is uniformly bounded above for stationary D(-)/Ot = 0,
plane-parallel (.)/Dy = (.)/z
= 0 shocks, namely,
=

sup so < sup so

O~ma M1>in - Mi M
1i>1

hfl/p,
Mu1

<K

C

6s

hlps AVn

sup

2M? - 2
( + 1)M1

-1+ I
2 + (y

2
-

spn
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-

1)M&

ho/p,
6s

2
/2_

(7.8)

/ci denotes the

where the superscript th stands for theoretical value, Ml, = V1

normal incident Mach number, and J, is the (dynamic) thickness of the shock in the
numerical solution. We take advantage of this theoretical upper bound by setting
S13,max

=

y2

2/

-

1.

Similarly, the use of Sfl,min = 0 ensures that no negative

artificial bulk viscosity is introduced in the scheme. Without these upper and lower
bounds in the sensor, numerical oscillations could produce non-physical values of

sl

that positively reinforce the oscillations and lead to numerical instability and the
simulation breakdown. Finally, s8,0 is set to 0.01. This value usually suffices to avoid
introducing artificial bulk viscosity away from shocks, while having a minor impact
in shock waves.

7.2.2

Thermal sensor

The purpose of the thermal sensor

so

is to detect thermal gradients that are larger

than possible with the grid resolution, and may thus lead to numerical instability. In
this spirit, we define

sz)=

ss(x) = hrej

ss;s,~O, s~max),

Ps

IIVc TI
(7.9)

Ti

where T = T(x) denotes the stagnation temperature, and VT is the temperature
gradient under the metric of the reference element, that is,

Ve T

OT Oxj

OT

a(i

Also, we set s.,o = 1 and

=

j<d ax, a8(
S,,max

- V T,

i =1,...,d.

= 2. The thermal sensor

s,

(7.10)

as a function of s, is

plotted in Figure 7-1. We note that the thermal sensor is active only when s" > s,,o =
1, i.e. when the thermal gradient cannot be resolved with the mesh resolution. When
s_

<

1, i.e. when the mesh resolution suffices to resolve the temperature gradient, the

thermal sensor is inactive. In particular, it can be shown that s. 1

4

y/(7y +

1)2 < I

in stabilized stationary normal shock waves, regardless of the incident Mach number.
Since shocks will be stabilized by a mechanism that is independent of

s,,

namely

through artificial bulk viscosity as described below, it is a desired property that the
thermal sensor vanishes in shock waves.

The upper bound s ,max = 2 is used to

improve nonlinear stability in a similar way as with the upper bound for the bulk
viscosity sensor.
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7.2.3

Shear sensor

Like the thermal sensor, the purpose of the shear sensor is to detect velocity gradients
that are larger than possible with the grid resolution and may lead to numerical
instability. In this spirit, we define the shear sensor

(X) =
where

1

sA

as

11(v)

s, (X) = href
Ps

s,,o,
,(s; St,max),

X Jj 2

(7.11)

max

1-12 denotes the spectral norm,

I - jij),

L(V) = V.V - diag(VXV) =

(7.12)

axj

and

(|VI12

Vmax(X)

2

(7.13)

c2)

is the maximum isentropic velocity, defined as the velocity the flow if all total energy
was converted into kinetic energy through an isentropic expansion. The presence of
the diag(VV) term in L(V) is for the shear sensor to vanish in shock waves, as
these will be stabilized through artificial bulk viscosity instead.
For the same reasons as with the thermal sensor, we choose s,,,o = 1 and s/i,max =2.
The latter improves nonlinear stability and the former ensures the sensor activates
only for sharp shear features that may potentially lead to numerical instability.

7.3

Stabilization through artificial viscosities

We increase selected fluid viscosities to resolve sharp features over the smallest distance allowed by the grid resolution. The bulk viscosity, thermal conductivity and
shear viscosity are thus given by the contribution of the physical (/f, f, 1uf) and
artificial (0*,

K*,

pu*) values, that is,

f +0*,

K =
Kf

+K*

=
Kf

+

2

,

=/ pf + p*.

(7.14)

Shock waves, thermal gradients, and shear layers are stabilized by increasing the bulk
viscosity, thermal conductivity, and shear viscosity, respectively. Contact discontinuities are stabilized through one or several of these mechanisms, depending on their
particular structure. The thermal conductivity is also augmented in hypersonic shock
waves through the term

K*,

as discussed below. Our stabilization procedure is consis-

tent with mathematical and physical arguments that identify these as the mechanisms
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responsible for stabilizing these various flow features. Also, it is consistent with our
choice of sensors in the sense that the penalty is imposed directly on the quantities
that are used for sensing.
We emphasize that shock waves are stabilized through 3* and

,*

only. The latter

term is used in hypersonic shocks only, in order to improve nonlinear stability and
make the thermal thickness of the shock 0., of the same order as the dynamic thickness
6.. Note that 0, ~ 6, is obtained in non-hypersonic shocks even without i*. Also,
while artificial shear viscosity can also stabilize shock waves, the bulk viscosity has
a much smaller impact on the dissipation of vortical structures crossing the shock
and is thus preferred for LES applications. Finally, we note that the jump conditions
across a shock wave (i.e. the Rankine-Hugoniot conditions) are given by conservation
arguments on a larger scale than the shock wave thickness and do not depend on the
constitutive equation for the viscous stresses inside the shock wave (as these appear
inside of the divergence operator and their contribution vanishes on scales that are
larger than the shock wave thickness). Thus, the jump conditions are not violated by
the use of artificial physical viscosities inside the shock wave.
The artificial viscosities are devised such that the modified cell Peclet number is
of order 1 (note the sensors are of order 1 when active), and in particular are given
by
2 + c*2)1/

(pV11

3*(x)=
**x=r*+

K*

,

P
pc

P*(
Here
3* and

,
i*,

= D

k

(

2

(p

s

(7.15a)

(IIV1

k, h

(IIV11

11 2 + c*2)1/

2

s

2

2 +

c*2)1/

+ c*2)1/

2

2

g1

g(71b

(7.15c)

.

[] are smoothing operators, Pr* is an artificial Prandtl number relating
k{l,,,,,,} are positive constants, and

(7.16a)

h.(x) = href
(VxTt - M1 - VxT +Eh)

h,,(x) = href omin(Mh)

href

inf
11aJJ=1

{at - Mh - a}

(7.16b)

are the element size in the direction of the temperature gradient and the smallest
element size among all possible directions, respectively. The remaining nomenclature
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in Equations (7.15)-(7.16)

was introduced in the previous sections.

Theoretical

estimates of kfl and Pr* to optimally resolve a stationary normal shock over a
thickness 6, 0, re h8/p, are presented in H. In particular, we set

ko = 1.5,

Pr*(x) = Pr*

[1 + exp

( -2

ap, (M - Mthr))],

(7.17)

where M = M(x) denotes the local Mach number, Mth, = 3 is a threshold Mach
= 0.9, and aPr' = 2. These constants have been tuned to obtain

number, Pr*

sharp, non-oscillatory one-dimensional shocks over a wide range of Mach numbers
while using the smallest possible amount of artificial viscosity. Note that Pr* = 0.9
would also lead to well-resolved shocks at the expense of introducing unnecessary
thermal conductivity in non-hypersonic shocks. Also, the local Mach number in Eq.
(7.17) can be replaced by a (constant) reference Mach number, such as the freestream
Mach number in the case of external flows. This simpler choice makes the Pr* field
constant in the computational domain but could negatively impact the weak shock
waves that may spontaneously appear in highly compressible turbulent flows. Finally,
we set k{,,,= 1.0.

Smoothing operators
Large inter-element jumps in the numerical solution, as it occurs in under-resolved
sharp features, lead to large discontinuouties in the artificial viscosity fields. According the previous results in the literature [11, 181] and our own experience, this may
degrade the accuracy of the solution and lead to numerical stability issues. Hence,
we equip the artificial viscosities with smoothing operators I{fl,,} that map onto a
CO-continuous space (a > 0). In our experience, further smoothness beyond a = 0
does not provide additional stability. This is consistent with the fact that the artificial
viscosities only enter in the discrete system (2.23) through the terms (F+ G, Vw)T,
(fh

+ gh, W

rh,

(f

+Th, ph)ah\a and (b, I)aQ, and the notion of C 0-continuity

for a > 0 is thus lost upon discretization.

(Indeed, even a weaker condition that

continuity would suffice for the purpose of the smoothing operator.) Also, positivity of
@4,,,

in the functional analysis sense, is important to ensure the artificial viscosities

are pointwise non-negative.
Convolution with an isotropic or anisotropic truncated Gaussian filter [48}, projection onto a lower dimensional continuous approximation space, and elementwise reconstruction procedures [148] are examples of smoothing operators. The appropriate
choice of smoothing operator depends on the type and accuracy order of the numerical
scheme.

Since hybridized DG methods are most competitive for moderately high
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accuracy orders, we employ an elementwise linear reconstruction procedure analogous
to that introduced in [148] for the element size. For very high accuracy orders, we
recommend smoothing operators with sub-cell resolution. Devising new smoothing
operators is beyond the scope of this work.

Other comments and practical suggestions
"

In the context of implicit time integration schemes, the artificial viscosities can
be computed using the solution at the end of the previous time step (or, in the
case of multi-stage methods, at the end of the previous time stage) or using
the solution at the end of the current time step (or time stage in multi-stage
methods). For the small time-step sizes required in large-eddy simulation, no
significant differences have been observed between both approaches. The former
one is adopted for the numerical results in Section 7.5.

" If the latter approach was used, negative thermodynamic quantities, such as
negative density and pressure, could be potentially encountered during the
iterative procedure used to solve the nonlinear system of equations arising from
the discretization.

For this reason, we suggest replacing the thermodynamic

quantities involved in the evaluation of the sensors and artificial viscosities by
smooth strictly positive surrogates, e.g. by limiting functions similar to those
introduced in Section 7.2.
" For the simulation of inviscid flows, we suggest suppressing the artificial viscosities near slip walls so that the discretization remains well-posed.
" In Sections 7.5.4 and 7.5.5, we show that the use of artificial physical viscosities,
as opposed to a Laplacian artificial viscosity, is critical to reduce the dissipation
of the turbulent structures in the flow. The additional dissipation provided by
the Laplacian operator can, however, be beneficial in the first time steps of the
simulation if the initial condition is far from equilibrium.
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7.4

Effect of the shock capturing method on accuracy and entropy stability

7.4.1

Accuracy order

Theoretical results
We provide a set of sufficient conditions for our shock capturing method to preserve
As is customary in the

the accuracy order of the spatial discretization scheme.

uniformly regular meshes {Th,,}nEN with strictly decreasing mesh diameters h,

-

study of convergence rates, see e.g. [231, Section 3.11, we consider a sequence of
maxKEThf, hK,n, where hK,n is the exterior diameter of the element K in h,.. We use
the term regularto refer to meshes in which the condition number of the mesh metric
tensor is bounded above by a positive constant, and the term uniformly regular to
refer to a sequence of regular meshes in which this constant is independent of n.
Proposition 7.1. Let the smooth limiter f in the definition of the sensors (7.5),
(7.9) and (7.11) be replaced by the non-smooth limiter L in (7.2). If the following
conditions hold
1. The sensor thresholds are strictly positive, i.e. s{4,,.1,0
2. The smoothing operators
),,,,I(V))I(x)

=0

,

Vx E Q

>

0.

satisfy

V7P E f

:O(x) = 0 Lebesgue a.e. in Q}

E D4

where D4 ,,3} denotes the domain of 43,,,,.
3. The gradients of the numerical solution in the reference element vanish in the
sense that
lim

sup |hgV - V| = 0,

lim sup |IVT|| = 0,

n-oc xErh,

n-oo

nEh,

lim sup I L(V)-x~I 2 =0.

4.

The numerical solution is asymptotically uniformly physical in the sense that
there exist n 4 c N and C4 > 0 such that

inf

inf c* > C4 ,

fl>l4 XiThnn

inf
fl

inf4

inf

n4 XETh,,
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inf

inf T > C4,

XETh

Vmax > Cii.

Then there exists h C N such that *
=*(x)
(x) = 0 Vx E Q Vn > h.
Hence, the same numerical solution is obtained both with and without shock capturing
for all meshes n > h, and consequently the same convergence rate is achieved in any
norm of choice.
Proof. Let s{I3,K,,I,O > 0, C4 > 0 and n4 E N be as in the first and forth conditions.
From the third condition, there exists n 3 c N such that
sup |VgTI| < P C4 sO

sup Ih)V - V| < ps C4 s p,o,
XE~h,.

XETh,.

href

sup IIL(V) - Xt 12 < Ps C4 sO
href

X EThj,

for all n > n 3 . Hence, s{,3 ,,,}(x) < s{,,,},o(x) Vx c T,n Vn > h := max{n3, n 4},
and therefore s
,(x) = 0 Vx E Th,, Vn > h. The desired result then follows' from
the second condition.

l

Remark 7.1. The first and second conditions are satisfied by our shock capturing
method.

Under the assumption of uniformly regular meshes, the third condition

is satisfied by any exact solution of the Euler and Navier-Stokes equations whose
velocity gradient and temperature gradient fields are bounded in the supremum norm.
The forth condition is satisfied by any exact solution of the Euler and Navier-Stokes
equations that is uniformly physical. The third and forth conditions are satisfied by
the numerical solution if they are satisfied by the exact solution, the exact solution is
uniformly physical, and the numerical solution (Uh, qh) converges to the exact solution

(u, Vu) in the supremum norm. We omit the proofs here.
Remark 7.2. Although the non-smooth limiter (7.2) is required for Proposition 7.1
to hold, the optimal accuracy order is obtained in practice to working precision also
with the smooth limiter (7.3), as illustrated in the numerical example below.
Numerical results
We verify the previous theoretical result with a numerical example. We consider the
Ringleb flow, an exact smooth solution of the two-dimensional steady-state Euler
equations obtained using the hodograph method [33]. The radial velocity V, at (x, y)
'This step is actually not trivial to prove since the function inside the smoothing operator could
not be well-defined in some subset of Ta, e.g. if density vanishes. The key is that no such subset
with positive Lebesgue measure can exist in the numerical solution. We omit the details here.
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is given by the following nonlinear equation
10V

(x - 0.5A4c

(7.20)

,

where
V2

A

5'

1
c

+

1
3c

+

2

1
5c

1
5

2

In

(1+c\
1-c

.

(7.21)

The exact solution is then computed as
p =c5 ,

pV= c 5 V cos

5VC
pV, = c5 V sin 0,

pE=

0,

'(7y-1)

(7.22a)

1502
+-cV
2

(7.22b)

where
1

0 = arcsin(VV),

203

-

c 5 (x - 0.5A).

(7.23)

All quantities in Equations (7.20)-(7.23) are given in non-dimensional form. Note
the second equation in (7.22b) assumes the reference density po, velocity V and
total energy pEo for non-dimensionalization are related through pE0 = poVO2. For
other choices of non-dimensionalization, the expression for pE needs to be adapted
accordingly.
We solve the Ringleb flow on the domain Q = (-5, -1) 0 (1, 5) and prescribe the
exact solution as boundary condition on OQ. The computational domain is partitioned
into triangular meshes that are obtained by splitting a uniform n x n Cartesian grid
into 2n 2 triangles. We perform grid convergence studies for polynomial orders p, = 1,
2, 3, 4 using mesh resolutions 1/h = 2, 4, 8, 16, where h = 4/n is the characteristic
element size. We use entropy variables with numerical fluxes (2.24a)-(2.28b) and
stabilization matrix (2.25c). Table F.1 presents the errors and convergence rates,
measured in the L 2 -norm of non-dimensional conservation variables, for the entropyvariable HDG scheme with and without shock capturing. The numerical solution
converges to the exact solution with optimal accuracy ps + 1 in both cases. When
the error is sufficiently small, the artificial viscosities vanish and the same numerical
solution is obtained both with and without shock capturing.

7.4.2

Entropy stability

If a hybridized DG scheme is entropy stable without shock capturing, it will remain
entropy stable with our shock capturing method. This result holds for other entropy141

Mesh

Ps=

1

P=

1/h

Error

Order

Error

2
4
8
16

4.92e-3
1.27e-3
3.26e-4
8.25e-5

1.95
1.96
1.98

6.79e-4
1.05e-4
1.61e-5
2.21e-6

2
4
8
16

4.62e-3
1.26e-3
3.27e-4
8.28e-5

1.88
1.94
1.98

7.33e-4
1.10e-4
1.61e-5
2.21e-6

2

ps=

Order

Error

3

Ps=

Order

Error

3.58
4.17
3.86

4.79e-6
2.01e-7
7.46e-9
2.67e-10

4.99
5.01
3.86

7.91e-5
2.01e-7
7.46e-9
2.67e-10

4

Order

2.69
2.71
2.86

3.94e-5
3.29e-6
1.83e-7
1.26e-8

-

Without shock capturing

4.57
4.75
4.80

2.73
2.78
2.86

1.87e-4
5.89e-6
1.83e-7
1.26e-8

-

With shock capturing

8.62
4.75
4.80

Table 7.1: History of convergence of the entropy-variable HDG method for the
Ringleb flow with and without shock capturing.
stable schemes, e.g. t26,31,72,73,84,139,228,2321, and is formalized in the following
proposition.
Proposition 7.2. Let the entropy-variablehybridized DG discretizationof the NavierStokes equations be entropy-stable without shock capturing. If soj,{,,,} > 0 and
<D1' ,1, > 0 in the sense that

[<DI,,,)(0)](x) > 0
where D0

Vx

CQ

V0 E fq E

denotes the domain of

: #(x) > 0 Lebesgue a.e. in

}

, then the scheme remains entropy stable

upon addition of our shock capturing method. The same result holds for the Euler
equations if the viscous numerical flux with shock capturing is entropy stable.
Proof. Under the above assumptions and our usual assumption Vh(X, t) E X Vx E
7h Vt e [0, tf), the artificial viscosities are pointwise non-negative. Hence, /Cj, i, j
1,.. . , d continue to be pointwise symmetric positive semi-definite, and our entropy
stability proof in Appendix D holds.

7.5

Numerical results

We examine the performance of the shock capturing method for unsteady flows in
transonic, supersonic and hypersonic regimes. The robustness, shock resolution and
impact of the model on the turbulent structures and acoustic waves are investigated.
In order to assess robustness without additional stabilization, we use conservation
variables with the numerical fluxes (2.18a)-(2.22b) and the stabilization matrix
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(2.19c) with

3

, = 1 and u. =

Analogous numerical results have been obtained

Uh.

with entropy variables. Two-dimensional and three-dimensional problems, as well as
different accuracy orders, are considered. The time marching is performed with the
third-order DIRK(3,3) method. The state-based approach (2.29b) is used to prescribe
the boundary conditions. Constant dynamic viscosity,
and -y

=

3

f = 0, Prf = cp pti /nf = 0.71

1.4 are assumed in all the test problems unless stated otherwise. All results

are presented in non-dimensional form.

7.5.1

Inviscid strong-vortex/shock-wave interaction

Case description and numerical discretization
We consider the two-dimensional inviscid interaction between a strong vortex and a
shock wave. The problem domain is Q = (0, 2L) x (0, L) and a stationary normal
shock wave is located at x. = L/2. A counter-clockwise rotating vortex is initially
located upstream of the shock and advected downstream by the inflow velocity. In
particular, the inflow Mach number is M, = 1.5 and the vortex is initially radius
b = 0.175 L and centered at (x, y) = (L/4, L/2). The top and bottom boundaries are
slip walls. The initial velocity, temperature, density and pressure fields upstream the
shock are given by

V(r) =Vo(r) + V"' 6,

I
V 9 (r) =Vm

&e6 -

if r < a,
a < r < b,

a2b(r

0
T(r)

=

if b<r

f,

fr -v 0tr' dr' if r < b,

To
p(r) = p.

if b < r,
T (r)

)

~iT

(TO
where a
3V

/5

(7.24)

p

=p
=(r) (

(r)
TO

),

-Y-

0.075 L is a constant, r denotes the distance to the vortex center, V =
is the maximum tangential velocity of the vortex, V, the inflow velocity
=

magnitude, T

the inflow temperature, and 6x and 60 are unit vectors along the x-

and the tangential (around the vortex center) directions, respectively.

The initial

condition downstream the shock wave is given by one-dimensional stationary shock
wave theory. This completes the non-dimensional description of the problem. While
not turbulent, this unsteady laminar flow serves as a preliminary test case to examine
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Figure 7-2: Non-dimensional density p/p. (left) and pressure p/(p"V2) (right) fields
of the strong-vortex/shock-wave interaction problem at times t1 = 0.35 -y 1/ 2 L V 1
(top) and t 2 = 1.05 -y1/2 L V- 1 (bottom). After the shock wave and the vortex meet,
strong acoustic waves are generated and propagate on the downstream side of the
shock.

the performance of the shock capturing method.
The problem domain is partitioned into 400 x 200 uniform quadrilateral elements,
and the sixth-order IEDG method is used for the discretization. The time-step size
4

L V-

1

.

is set to At = 3.00 - 10Numerical results

Figure 7-2 shows the density and pressure fields at the times t1 = 0.35and t 2 = 1.05

1
-Y /2L

V

1

1/2L

V

1

. When the shock wave and the vortex meet, the former is

distorted and the latter split into two separate vortical structures. Strong acoustic
waves are then generated from the moving vortex and propagate on the downstream
side of the shock. The Mach number fields, together with zooms around the shock
wave and the details of the computational mesh, are shown in Figure 7-3. The shock
is non-oscillatory and resolved within one element.
The artificial bulk viscosity 0*, artificial thermal conductivity ,* and artificial
shear viscosity p* fields at the target times are shown in Figure 7-4.

Despite the

strong pressure waves and the correspondingly large negative velocity divergence at
t 2 , the artificial bulk viscosity vanishes everywhere outside the shock wave. Similarly,
it is active only in the shock wave at t1 despite the strong interaction between the
vortex and the shock at this time. Note there are no other sharp features than the
shock wave in this problem and thus K* and p&* vanish in the entire domain.
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10L5

0.5

Figure 7-3: Mach number field of the strong-vortex/shock-wave interaction problem
1 2
at times t 1 = 0.35 -y1 / 2 L V- 1 (top) and t 2 = 1.05 'y / L V-1 (bottom). Zooms around
the shock wave are shown on the right images. The shock is non-oscillatory and
resolved within one element.

Figure 7-4: Snapshot of the non-dimensional artificial bulk viscosity 3*p'VZ'-11
1
(left), artificial thermal conductivity r,* p-jVf c;'L- (center) and artificial shear
viscosity p*p-jV-1L (right) fields of the strong-vortex/shock-wave interaction
2
1/ 2
(bottom). Note
L V; (top) and t 2 = 1.05 y1/ L V
problem at times tj = 0.35'y
/3* vanishes outside the shock, including the strong vortex and acoustic waves.
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7.5.2

Two-dimensional hypersonic cylinder

Case description and numerical discretization
The second numerical example is the hypersonic flow around a two-dimensional adiabatic cylinder at Reynolds number Re, = p, V, d/p = 376,930 and Mach number
M... = V,/c, = 17.605, where p,, V., c,, and d denote the freestream density,
freestream velocity, freestream speed of sound, and cylinder diameter, respectively.
The computational domain spans 2.5 diameters away from the center of the cylinder
and is discretized using an isoparametric O-mesh with 16,000 quadrilateral elements.
The time-step size is set to At = 10- d/V. The forth-order HDG method is used
in this example.
Numerical results
Figure 7-5 shows the time-averaged pressure (left) and skin friction (right) coefficients
on the upstream half of the cylinder. Snapshots of the temperature, velocity magnitude and vorticity fields are shown in Figure 7-6. A zoom of the Mach number field
around the center of the shock, together with the computational mesh, are shown in
the bottom right of this figure. Despite the high incident Mach number, the shock is
non-oscillatory and resolved within three elements.
Figure 7-7 shows a snapshot of the artificial thermal conductivity ,* and artificial
shear viscosity p* fields. Both viscosities vanish in the shock wave. Unlike in the
strong-vortex/shock-wave interaction problem, the artificial thermal conductivity is
nonzero in a small region downstream the cylinder. This corresponds to a strong
thermal gradient that cannot be stabilized with a shock capturing only approach.
Indeed, removing i* from the model leaded to the simulation breakdown. The use
of artificial thermal conductivity stabilizes this feature without affecting the shock
wave. This exemplifies the need to stabilize other under-resolved sharp features than
shock waves for the simulation of high Reynolds, high Mach number unsteady flows.

7.5.3

Transonic T106C low-pressure turbine

Case description and numerical discretization
We consider next the three-dimensional transonic flow over the T106C linear lowpressure turbine (LPT) [144] in off-design conditions. The isentropic Reynolds and
Mach numbers on the outflow are Re 2 ,8 = 100, 817 and M 2,, = 0.987, whereas the
angle between the inflow velocity and the longitudinal direction is a, = 50.54 deg.
The extrusion length in the spanwise direction is 10% of the blade chord Cb. The
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Figure 7-5: Time-averaged pressure (left) and skin friction (right) coefficients on the
upstream half of the hypersonic cylinder.
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Figure 7-6: Snapshot of the non-dimensional temperature c, T/V2 (top left), velocity
magnitude IV II/V, (top right) and vorticity d w/V (bottom left) fields for the
hypersonic cylinder. A zoom of the Mach number field around the center of the shock
is shown in the bottom right image. The shock is non-oscillatory and resolved within
three elements.
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3

35

3.5

Snapshot of the non-dimensional artificial thermal
Figure 7-7:
* p;-Vlc-jd-1 (left) and artificial shear viscosity p*plVldl (right)
hypersonic cylinder. Note i* is nonzero in a small region downstream
This corresponds to a sharp thermal feature that cannot be stabilized
capturing only approach.

conductivity
fields for the
the cylinder.
with a shock

computational mesh consists of 712,080 isoparametric tetrahedral elements and the
time-step size is At

=

6.94 - 10-

Cb

Vpt,1/pti, where pt,i and pt,1 are the inlet

stagnation pressure and inlet stagnation density.

The third-order HDG scheme is

used for the discretization. The blade surface is no-slip and adiabatic, and periodicity
is imposed on the tangential and spanwise directions.
Numerical results
Figure 7-8 shows the time- and spanwise-averaged isentropic Mach number (left)
and skin friction coefficient (right) on the blade surface.

The stagnation pressure

at inlet pt,i is for non-dimensionalization of the skin friction coefficient. The timeaveraged (left) and instantaneous (right) pressure, temperature and Mach number
fields are shown in Figure 7-9. Several unsteady shocks that oscillate around a baseline
position are present in this flow, as illustrated by the smoother shock profiles in
the average fields compared to the instantaneous fields. These unsteady shocks are
resolved within one element. Also, from the spanwise vorticity fields in Figure 7-10,
the shock capturing method has a negligible impact on the vortical structures across
the shock. As discussed before, this is justified by the minor role of the bulk viscosity
on the vorticity equation and will be further supported by the numerical results in
Sections 7.5.4 and 7.5.5. Finally, we emphasize that both

Ki

and

jt*

are necessary

to stabilize sharp thermal and shear features in this flow, such as the strong thermal
gradient when the pressure and suction side boundary layers merge after the trailing
edge.
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Figure 7-8: Isentropic Mach number M. (left) and skin friction coefficient Cf (right)
on the T106C low-pressure turbine blade. The stagnation pressure at inlet is used for
non-dimensionalization of the skin friction coefficient.

7.5.4

Inviscid Taylor-Green vortex

Case description and numerical discretization
The goal of this test problem is to examine the impact of the shock capturing method
on the solution quality for severely under-resolved, shock-wave-free turbulence. The
dissipation of kinetic energy, vortical structures and acoustic waves due to the shock
capturing method is investigated. Not dissipating these features is critical to accurately simulate turbulent flows away from shocks. To this end, we perform large-eddy
simulation of the inviscid Taylor-Green vortex at Mach number Mo = 0.1; which
renders the flow nearly incompressible and shock-wave free. A detailed description
of TGV problem is presented in Section 4.6.3. This completes the non-dimensional
description of the problem.
The third-order EDG scheme is used for the discretization of the Euler equations.
The computational domain is partitioned into a uniform grid with 64 x 64 x 64
hexahedra; which leads to severe spatial under-resolution for this problem. The timestep size is At

=

3.68. 10-2 L/V and the numerical solution is computed from to

=

0

to tf = 10 L/Vo. Three different phases can be distinguished in the simulation. Before
t ~ 4 L/Vo, the flow is laminar and with no subgrid scales. This is followed by an
under-resolved laminar phase that lasts until t ~~7 - 9 L/Vo. From then on, the flow
is turbulent and under-resolved.
Numerical results
The results with our physics-based method are compared to the results with no shock
capturing (reference solution) and with the Laplacian-based method presented in
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Figure 7-9: Pressure (top), temperature (center) and Mach number (bottom) fields
for the transonic T106C low-pressure turbine. Time-averaged and instantaneous fields
are shown on the left and right images, respectively. The unsteady shocks involved
are resolved within one element.
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Figure 7-10: Time-averaged (left) and instantaneous (right) spanwise vorticity fields
for the transonic T106C low-pressure turbine. The shock capturing method has a
negligible impact on the vortical structures across the shock.
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Figure 7-12: One-dimensional kinetic energy spectrum at times t = 5 L/Vo (left)
and t = 10 L/V (right) for the TGV problem. The grid Nyquist wavenumber is
kN = 96/L. The theoretical -5/3 slope of decay of the inertial range of turbulence
is shown in purple on the right figure.
[1481. The goal of the comparison with the Laplacian method in this and in the next
test problem is to illustrate the importance of accurately detecting sharp features, as
well as using only the physical viscosity that is required to stabilize the sharp feature,
for large-eddy simulation of turbulent flows.
Figure 7-11 shows the temporal evolution of the mean kinetic energy, mean-square
vorticity, variance of temperature and variance of dilatation.

The semi-analytical

solution for the mean-square vorticity by Brachet et al. [21] is shown as well. While
(9) = 0 in the exact solution due to periodicity in all directions, where ( -) denotes
spatial averaging, we note this does not hold exactly, and thus variance of dilatation
and mean-square dilatation are different (6' 0')

$ (9 0), in the discrete solution. When

the flow is well-resolved and with no subgrid scales, i.e. before t ~ 4 L/Vo, both
shock capturing methods agree with the reference solution; which in turn matches
the semi-analytical data for the mean-square vorticity.

As subgrid scales appear

and the simulation becomes under-resolved, the physics-based method continues to
have a minor impact on the numerical solution, whereas the Laplacian-based method
dissipates all the compressible modes (i.e. vortical, entropy and acoustic modes).
The superior performance of the physics-based method is mainly due to improved
detection of sharp features by the sensors in Section 7.2. We emphasize that, while
some small oscillations can be expected in under-resolved computations, particularly
with high-order methods, the sensors should activate only for sharp features that
cannot be resolved with the grid resolution and may lead to numerical instability.
Figure 7-12 shows the one-dimensional kinetic energy spectrum at times t = 5 L/Vo
(left) and t = 10 L/Vo (right). Note the Laplacian viscosity damps mostly the smallest
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resolved scales, as illustrated by the lower kinetic energy near the grid Nyquist
wavenumber at t =10 L/Vo. The larger damping of the small scales is consistent
with the second-order behavior of the Laplacian operator in wavenumber space, i.e.
the decay rate of a signal is proportional to the square of its wavenumber.

7.5.5

Decay of compressible, homogeneous,

isotropic turbu-

lence
Case description and numerical discretization
The goal of this test case is to investigate the robustness and the impact of the shock
capturing method on the numerical solution for under-resolved compressible turbulence simulations. To this end, we consider the decay of compressible, homogeneous,
isotropic turbulence with eddy shocklets [1221. The description of the problem is
presented in Section 4.6.4.
The third-order EDG scheme is used for the discretization. The computational
domain is partitioned into a uniform 32 x 32 x 32 Cartesian grid; which leads to severe
spatial under-resolution for this problem. In order for the space discretization error
T0

,

to dominate the time discretization error, the time-step size is At = 1.183- 10-2

where ro = AO/Vms,o denotes the initial eddy turn-over time. This corresponds to a
CFL number based on the initial mean-square velocity of V,,rns,o At/h = 0.02. The

simulation is performed from to = 0 to tj = 4TO.
Numerical results
We present results for the physics-based method, the Laplacian-based method [1481,
and a simulation with no shock capturing (reference solution). In addition, we
consider the three following variations of the physics-based method. First, we set
Pr* = 0.9 instead of using Eq. (7.17). This will introduce some artificial thermal
conductivity in shock waves through the term K*. Note that in the standard version of
the model Pr* >> 1, and thus * ~ 0, for the Mach numbers in this problem. Second,
we take k{f,, = 0 so that the terms i* and p* vanish by construction. Third, we
combine the two previous modifications and set Pr,* = 0.9 and kt{,, = 0. We finally
consider the DNS data from Hillewaert et al. [94]. The grid resolution h* in DNS is
such that the modified P6clet number Pe* = (po) Vrms,o h*/(po) is approximately 3.3.
While this suffices to stabilize the shock waves, it may not suffice to accurately resolve
them and it is therefore unclear whether the DNS results are grid converged. Some
differences between unfiltered DNS solutions computed with a finite-volume code and
a DG code are indeed reported in [94].
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Figure 7-13 shows the temporal evolution of the mean-square velocity and vorticity, as well as the variance of temperature and dilatation, for all the methods
considered. Since it is not obvious from these figures, we note that the two solutions
with Pr*

=

0.9 display the same time evolutions, and the same is true for the two

solutions with Pr as given by Eq. (7.17). The reference simulation is unstable and
breaks down at t

0.450 To. A time refinement study confirmed the breakdown occurs

independently of the time-step size, and it is therefore due to the lack of stability
in the spatial discretization with no shock capturing. As discussed in Section 7.1,
the role of the shock capturing method is to stabilize sharp features while having
a small impact on the resolved turbulence and acoustic waves, and it is the role of
the implicit or explicit SGS model to account for the effect of the subgrid scales.
Hence, the solution with shock capturing should remain as close as possible to the
reference solution without shock capturing, whenever the latter is stable. Note that
no agreement with the DNS solution is expected a priori due to under-resolution,
especially for quantities involving spatial derivatives of the numerical solution. The
results in Figure 7-13 can be summarized as follows:
" Except for dilatation variance, the physics-based method agrees with the reference solution before the latter breaks down, that is, it does not affect the
numerical solution when no stabilization is required.
" The dilatation in the reference solution suffers from severe Gibbs oscillations
before the crash of the simulation, and this is in turn responsible for the
breakdown. The physics-based method stabilizes the scheme by damping the
Gibbs oscillations in dilatation. On the one hand, it does so without affecting
the other compressible modes (i.e. the vortical and entropy modes).

On the

other hand, the damping of acoustic modes is excessive at that time compared
to the DNS data.

As discussed previously, it is unclear whether the DNS

predictions, particularly of dilatation variance, are grid converged, and it is
therefore challenging to infer additional conclusions from this figure.
" The physics-based method dissipates significantly less kinetic energy, vortical
structures, temperature fluctuations and acoustic waves than the Laplacianbased method.

The smaller impact on vortical, entropy and acoustic modes

is critical for large-eddy simulation. In particular, shock stabilization through
bulk viscosity, as opposed to shear viscosity or Laplacian viscosity, is key in
order not to dissipate vortical structures across shock waves.
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problem.
averaging.

9 Overall, the physics-based method shows very good agreement with the DNS
data, particularly when compared to the LES results with other shock stabilization methods [94,1061 and despite the slightly lower resolution in the simulations
here.
o If Pr* is set to 0.9, the term

K*

damps temperature fluctuations.

If Pr* is

as in Eq. (7.17), K* vanishes and the scheme is still stable. This justifies the
proposed form for Pr* in Eq. (7.17): Large for low and moderate Mach numbers
(i.e. when

,*

is not necessary) and asymptoting to 0.9 for large Mach numbers

(i.e. when it is required for stability and to obtain thermal and dynamic shock
thicknesses of the same order).
o No differences are observed between setting kl,, 1 = 1.0 (the default value) and
kI4,} = 0. This shows that the thermal and shear sensors succeed to vanish in
this problem, in which there are no sharp features other than shock waves.
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7.6

Conclusions and future work

We presented a physics-based shock capturing method for large-eddy simulation of
turbulent flows. The proposed method performed robustly and provided sharp shock
profiles for the transonic, supersonic, and hypersonic flows considered.

Numerical

results also indicated the method has a negligible impact on
All the previous features are critical to enable robust and accurate large-eddy
simulations of shock flows. From our experience, the key ingredients towards this end
include: i) Shock stabilization through artificial bulk viscosity. This is an efficient
mechanism to stabilize shock waves while having a negligible impact on the vortical
structures across the shock. ii) Introducing also a small amount of artificial thermal
conductivity in hypersonic shocks, required for stability and optimal shock resolution
in hypersonic flows. iii) Accurate shock detection via dilatation- and vorticity-based
sensors. iv) Artificial thermal conductivity and artificial shear viscosity to stabilize
other under-resolved sharp features, such as strong thermal and shear layers.

v)

Accurate thermal and shear sensors that are active only in regions where the thermal
and shear gradients are larger than possible with the grid resolution and may lead
to numerical instability. vi) Smoothing the artificial viscosity fields to make them C'
continuous; which is critical for robustness. vii) Accounting for mesh anisotropy.
Future work includes reducing the dissipation of acoustic modes across shocks.
Since the scales that are responsible for numerical instability are near the grid Nyquist
wavenumber, a promising approach to that end is to use our artificial physical viscosities in cojunction with a Spectral Vanishing Viscosity [1071 or a hyperviscosity [48]
operator so that the artificial dissipation is applied only near the smallest resolved
scales.

Finally, as discussed before, the use of smoothing operators with sub-cell

resolution is recommended for very high accuracy orders.
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Chapter 8
Summary and future perspectives
8.1

Summary of contributions

We have presented a series of methods and techniques to improve efficiency, accuracy
and robustness of large-eddy simulations. First, we introduced a new class of highorder discretization schemes for the Euler and Navier-Stokes equations, referred to
as the entropy-stable hybridized DG methods.

As hybridized methods, they are

amenable to static condensation and hence to more efficient implementations than
standard DG methods. As entropy-stable methods, they are superior to conventional
(non-entropy stable) methods for LES of compressible flows in terms of stability, robustness and accuracy. Second, we developed parallel iterative methods to efficiently
and scalably solve the nonlinear system of equations arising from the discretization.
The combination of hybridized DG methods with the proposed solution method provides excellent parallel scalability up to petascale and, for moderately high accuracy
orders, leads to about one order of magnitude speedup with respect to standard
DG methods. Third, we introduced a non-modal analysis theory that characterizes
the numerical dissipation of high-order discretization schemes, including hybridized
DG methods. Non-modal analysis provides critical guidelines on how to define the
polynomial approximation space and the Riemann solver to improve accuracy and
robustness in LES. Forth, we investigated how to best account for the effect of the
subgrid scales that, by definition, exist in LES. Numerical and theoretical results
showed the Riemann solver in the DG scheme plays the role of an implicit SGS model.
More importantly, a change in the current best practices for SGS modeling is required
in the context of high-order DG methods. And fifth, we presented a physics-based
shock capturing method for LES of high-Mach-number flows. The shock capturing
method performs robustly from transonic to hypersonic regimes, provides sharp shock
profiles, and has a small impact on the resolved turbulent structures.
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These are all critical ingredients to advance the state-of-the-art of high-order
methods for LES, both in terms of methodology and understanding the relationship
between the physics and the numerics.

8.2

Future perspectives

We conclude with some reflections and future perspectives on discontinuous Galerkin
methods for large-eddy simulation, that complement the discussion at the end of the
previous chapters.
First, the development of more computationally efficient and robust DG methods
for LES has gained considerable attention over the last decade. Much less efforts,
however, have been devoted to the development of time-integration schemes that are
high-order accurate and preserve the stability properties of the DG scheme. Time discretization techniques are lagging behind and, in our experience, are often responsible
for lack of robustness in LES. In addition, the role of the time discretization scheme
and the time-step size on the implicit SGS model remains unclear and is worth further
investigation.
Second, high-performance computing (HPC) hardware is progressing rapidly and
the technologies that will prevail are difficult to predict.

It is therefore unclear

what numerical algorithms will be better suited to the characteristics (e.g. memory,
bandwidth, latency, clock speed, instructions per cycle, number of parallel workers)
of the upcoming HPC systems. For example, if the ratio of main memory per flop/s
continues to decrease, the development of more efficient and scalable matrix-free
preconditioners will be critical for the success of high-order DG methods for LES.
And third, the benefits of high-order DG methods for large-eddy simulation remain
controversial in the community. In this author's opinion, the answer depends on the
flow conditions and the level of under-resolution. On the one hand, the low numerical
dissipation and dispersion of high-order DG methods at large scales makes them wellsuited for transition prediction and aeroacoustics. For LES of moderate-Reynoldsnumber turbulence, the exact SGS dissipation at large scales is also small [28, 55
and a similar logic applies. On the other hand, the SGS dissipation at large scales
is not negligible in the high Reynolds number limit [117,1201, and this makes the
dissipation properties of high-order methods less attractive for very-high-Reynoldsnumber turbulence. A number of questions, however, need to be addressed before any
definitive conclusions are drawn. For example, how high does the Reynolds number
need to be for the low numerical dissipation of high-order DG methods to no longer be
a favorable property? Could the low numerical dispersion still make them superior for
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high-Reynolds-number turbulence? How sensitive is the time-averaged LES solution
to inaccurate dissipation and dispersion properties at each wavenumber? These are
all open questions that require further investigation.
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Appendix A
Connections between standard DG
and hybridized DG methods
We discuss the connections between standard DG and hybridized DG methods for
linear and nonlinear hyperbolic systems of conservation laws. The connections for
pure diffusion problems are presented in [39,158].

A.1

Linear hyperbolic systems

We consider linear hyperbolic systems of conservation laws
V(Au)=0,
B(u) = 0,
u - uo = 0,

in Q0® [0, tf),

(A.1a)

on 0Q0 [0, tf),

(A.1b)

on Q 9 {0},

(A.1c)

where A E C'([0, tf); Rmxmxd) is a continuous function A : [0, tf) -+
independent of the spatial coordinate x E Q and such that sup[otf)

Rmxmxd

I AlI < oo

bounded. In this appendix, - denotes tensor contraction of the rightmost index of
the left tensor and the leftmost index of the right tensor whose dimensions match.
Note that A, := A(t) - n is diagonalizable with real eigenvalues for all n E R d and
all t E [0, tj) due to hyperbolicity.

The hybridized DG discretization of (A.1) reads as follows: Find (Uh(t), 4h(t
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C

Vhs 0 M'S such that
0 Uh

t

-W)
(A-uh, VW)+K

A, p')
for all (w, M) E V 5 0 .MA

h \O

+

h,w

b(Uh, Uh; no"), 0

= 0,

(A.2a)

= 0,

(A.2b)

= 0,

(A.2c)

and all t E [0, tf), as well as

(Uh It=o - uo, W)
for all w E V'-. We consider numerical fluxes of the form

f=

An - (-h + Uh) +

fh = An - ih + 0' - (h

(A.3a)

uh-ih),

(A.3b)

-- h),

which are (2.18b) and (2.18a) for the particular case of linear systems, and stabilization matrices of the form
o = y,
U

with a, > 0 and #

=/#c

(An,+ 3, IAn),
Anij,

(A.4a)
(A.4b)

> 0. The stabilization matrix (A.4b) corresponds to (2.19b) and

(A.4a) is a generalization of (2.19a). No smooth surrogates (2.20) are used here.
We summarize the connections between the HDG method and the standard DG
method in the three following propositions.

Some particular cases of interest are

given as corollaries. We assume the same definition for the boundary condition term
is used in HDG and standard DG. We also assume A, is invertible on 'Th 09 [0, tf).
The results do not hold in general for other hybridized DG methods than HDG.
For simplicity of exposition, we focus on numerical fluxes of the form (A.3a) and
(A.3b). The results below can be extended to the more general case

fh -- Oc, A,'

h + (1-Uh

n-n +-Yo a-(Uh -- U)

(A.5)

with 0, C R and -/, > 0.
Proposition A.1. The HDG discretization (A.2) with non-curved (i.e. p9 = 1)

interior elements, numerical flux as in (A.3b) and stabilization matrix as in (A.4a)
leads to the same numerical solution ul, as the standard DG method with numerical
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flux
ff=An+ -(u+ + u-) +

+ a.. 00. |An+

-

(U

(A.6)

+ U:F).

Furthermore, the numerical trace in HDG is given by
Uh =

-2

A

An+

~-I

The HDG discretization becomes singular for a,=

I An+)
-Uh + -- |AI - A-u. (A.7)

n)-U

0 and or

/0

=

0.

The HDG

discretization may be unstable for 0, < 1 - (2 a,.)- 1.

Sketch of Proof. (i) Non-curved interior elements -> An
each face in
(ii)
Z.
h.
C A't. (i) + (ii) -- > (+

and a.

are constant on
Cz
E)
P
--

f' + f^-

= 0 pointwise on ' ==>- Eq. (A.7) holds pointwise --- Eq. (A.6) holds
pointwise.
Note the third-to-last ' -> 'follows from the flux conservation equation (A.2b).
The second-to-last ' ==- 'requires some algebra and using the fact that An -JAn -1An+= IAn , which holds since A, is diagonalizable with real eigenvalues due to
hyperbolicity.The potential numerical instability for /3, < 1 - (2 a,)- 1 I follows from
the linear stability analysis in Appendix C.
E
Corollary A.2. The following particular cases are of interest in Proposition A.1.
aa = 1 leads to
A(A8 (u +uF)
AnI

1

An A- (u+ + U )

(A.8)

The particularcase a, = 1/2 leads to

(u+
+-

-(U+UT).
(A.9)

-

A+

+

The particularcases that satisfy a,0 /3-a, -

0,

+ 1 = 0, such as (a,

/0)

=

(1/2, 1),

lead to the standard upwind flux
_

A

Yhff= IA
2 n2+ - (U+

1

+ U~) + I A+
nA -( (U +u)
+UT).

The particularcase /3, = 1 leads to upwind numerical trace
U

--

+IA,+ 1-1 - An+)
+

-hut+ I

n-|- An -,u-.
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(A. 11)

(A.
10)
A.0

Centered numericalflux

f=
is recovered in the

/,

-+

-

(A. 12)

A,- (u+ + u-

a3-1, 3- + o,0

-+

0 limiting process, such as a,=

1 and

0. Centered numerical trace
Uh=-(U

1
2

+

(A.13)

)

is recovered in the 0, -+ oc limiting process. The convergence in the limiting processes
(A.12)-(A.13) is uniform in space and time since SUPQ[o,tf) ||All < o bounded.
Proposition A.3. The HDG discretization (A.2) with non-curved (i.e. pg = 1)
interior elements, numerical flux as in (A.3b) and stabilization matrix as in (A.4b)
leads to the same numerical solution Uh as the standard DG method with numerical
flux

ffl=u-

2

A

(I+

U )+

2

IA,

(u + uT).

(A.14)

Furthermore, the numerical trace in HDG is centered in the sense that
1
(U+ + u-).
2

(A.13)

Uh = -

The HDG discretization becomes singularfor 0, = 0.
Proof. The proof is analogous to that of Proposition A.1.

l

Corollary A.4. The following particular cases are of interest in Proposition A.3.
3, = 1 corresponds to the standard upwind flux (A.10). Centered numerical flux
(A.12) is recovered in the 3, - 0 limiting process, where convergence is uniform in
space and time since supQ[otf) f|A|| < oo bounded.
Proposition A.5. The HDG discretization (A.2) with non-curved (i.e. p9 = 1)
interior elements, numerical flux as in (A.3a) and stabilization matrix as in (A.4b)
leads to the same numerical solution Uh as the standard DG method with numerical

flux
f

=-A
2h

.(+2 + u~)

[L"+
_2

22
3

JA,*| -(u

+ uT).

(A.15)

Furthermore, the numerical trace in HDG is given by
Uh =

A,+ - (uf - uT).

(ut +uK) + 2/3

The HDG discretization becomes singularfor 0, = 0.
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(A.16)

Proof. The proof is analogous to that of Proposition A.1.

0

Corollary A.6. The following particular cases are of interest in Proposition A.5.
Bo = 1 corresponds to the standard upwind flux (A.10) and upwind numerical trace
(A. 11). The numerical flux is over-upwinded for any other 0,.

A.2

Nonlinear hyperbolic systems

We establish connections between the stabilization matrix in hybridized DG methods and the resulting (implicitly defined) Riemann solver.

This allows connecting

hybridized DG and standard DG methods for nonlinear hyperbolic systems, and
extending the theory of Riemann solvers [186,209,2141, and in particular results on
their dissipation and stability properties, to the context of hybridized DG methods.
We summarize the main results in the two propositions below. In addition to

c C ([0, 1]; Xu) denotes a

the notation introduced in Chapters 2 and 4,

ft(0;

smooth path such that ii(O)

and ft E X, VO E [0, 1]. Since X, is an

=

u1, it(1)

= U2

U1 ,u2)

open connected subset of R
1 m, infinitely many such paths exist provided U 1 , U 2 E X..
The results in this appendix hold for any choice of path. We also define

An (U1, U2; n) =o A. (,&(;

An (V1, V2; n)

=O

U1, U2);

n) dO,

Zn (,b(O; Vi, V2); n) dO.

(A. 17a)
(A. 17b)

Note that in the particular case of the compressible Euler equations,

An(ui, u2 ; n) = An(IRoe(U, u 2 ); n),
where

URoe(U1,

u 2 ) is the Roe state

(A.18)

11861.

Proposition A.7. Let F denote the flux of a (possibly nonlinear) hyperbolic system of
conservation laws, let F be a non-curved face in SEI n E', and let the Riemann problem
on F be quasi-one-dimensional. The numerical flux (2.18a) in the conservationvariable hybridized DG discretization implicitly defines a linearized Riemann solver
between the left u- and right u+ states of F
(F(u-) + F(u+))

.

+

'D(uguj;ni)-
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(ug - ut),

(A.19)

where the dissipation matrix D E Rrm"x

D(ui, u 2 ; n)

=

u(0, U 2 ; n)

is of the form
ui; -n) + Ou(U, U 2 ; n)))

(0(,

-(i,

+ =a(',
U ; n) -(i(, Ui; -n) +o(i, U2 ; n) o(, u 2;n)
-An(u2, U; n) -(o(U, ui; --n) + O(, U2; n))

ul; -n)

-r (U, U2; -n)
(A.20)

The numerical trace Uih is implicitly given by

u-; n-) +oa (ih, ut; n+))

1

(ar( ih, u;

n)

.U

-- o(ihU

; n)

)

Uh=(aQ iih,

(A.21)
The non-curved assumption can be relaxed to pg < ps if the stabilization matrix is

independent of n and (O-(hus) + o(Uiut)) is non-singular.
If the hyperbolic system admits a generalized entropy pair, Equations (A.19)-(A.21)
hold for the entropy-variable hybridized DG discretization with numericalflux (2.24a)
if u{ 1 ,2 }, ut, Uh and An are replaced by v{ 1 ,2 }, Vh, Vh and An.
Sketch of Proof. The claimed results follow from algebra manipulations of the flux
conservation equation and noting that the flux conservation equation holds pointwise
on F (not only weakly) under the assumptions that F is non-curved, F c 91 n H
L
and the Riemann problem is quasi-one-dimensional.
Proposition A.8. Let F denote the flux of a (possibly nonlinear) hyperbolic system of
conservation laws, let F be a non-curved face in SIn/E, and let the Riemann problem
on F be quasi-one-dimensional. The numerical flux (2.18b) in the conservationvariable hybridized DG discretization implicitly defines a linearized Riemann solver
between the left u- and right ut
1

-) + F(ut)) - n'

where the dissipation matrix D
D(Ui, U 2 ; n)

states of F
1
+ -D(utut;n+)

T)
- ut),

(A.19)

c R"*' is of the form

=

o(U, U 2 ; n)- (o(U, u 1 ; -n) +

-

o(,

U 2 ; n)

- (u

a(U, U 2 ; n))

- o(il, ui; -n)

; n))

-An(Ui, U 2 ; n)

(OQ(u, ui; -n) + U(,

2

+ Aa(ui, U; n) - (-(ui, ui; -n) + O(U, U 2 ; n)

-

i(U, U 2 ; n)

+ A.(ui, ii; n) - (o(U, u1 ; -n) + o-(', U 2 ; n))

- An(U 1 , U 2 ; n).
(A.22)
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The numerical trace Uh is implicitly given by
?Ih =

- o(i, u ;n+-1.(o(, u
u;n-)
(0'('h, u-; n-) + 0'('h, U ; n )
(0'(h,

n) u +;h, uh; n) u)
- A,(uT-, +); ne) (u

-

uT).
(A.23)

The non-curved assumption can be relaxed to p9 < p, if the stabilization matrix is

independent of n and (0('h, uh) - o(ih, ut)) is non-singular.
If the hyperbolic system admits a generalized entropy pair, Equations (A.19),
(A.22) and (A.23) hold for the entropy-variable hybridized DG discretization with
numerical flux (2.24b) if U{ 1,2 1 , Uh, Uh and An are replaced by v{ 1 ,21, Vh, Vha and

An.
Proof. The proof is analogous to that of Proposition A.7.

l

Note that, when simplified to the particular case of linear hyperbolic systems,
Propositions A.7 and A.8 are consistent with Propositions A.1, A.3 and A.5.
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Appendix B
Strong form of the auxiliary equation
We consider the conservation-variable hybridized DG discretization of a second-order
system of conservation laws, such as the Navier-Stokes equations.

The auxiliary

equation reads as
(qh, r)T +

V

(Uh,

r),

-

Kih, r - n)a,

= 0,

(2.21a)

for all r E Q', where (qh, Uh, Uh) E QiS 0 V" 0 Mps. The discussion hereinafter
applies both to linear and nonlinear systems. We focus on conservation variables for
simplicity of exposition. Analogous results hold for other working variables.
[C

For non-singular elements, it holds that Vs c

(T)1', Qi

c

[C(Th)]rxd

and OTh is Lipschitz continuous. Equation (2.21a) can then be integrated twice by
parts and rewritten as
--=(Uh, r) - - (Uh -Uh, r - n) an.

(qh, r)

(B. 1)

We next introduce the following lifting operators:
* Ra

h

ain

J bjZ [Ranh(a)]ij, Vb C Qis.

: VPI arh - QPs ; a

(B.2)

-

-a

b

F-

Rarh(a) such that

hh

Ja

* For any K E Th, RaK : VsI aK -Q-sI

-

JaK

bi 3 ainj =

K

K;

a

i-+

bj [RK(a)] ij,
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RaK(a) such that

Vb E QI"

K.

(B.3)

* For any K E Th and

-

f

E OK, Rf : V" If -+ QifK; a

bijain
J

f

j

bij[Rf (a)]i,

'

lf(a) such that

Vb E QPSIK.

(B.4)

K
JK

m, j = 1, . . . , d, and summation over repeated indices is implied.
The fact that the lifting operators above exist, are well-defined and have image onto
the stated spaces follows from Riesz representation theorem by noting that, for 0Th
Lipschitz continuous and for any a in the stated spaces, the face integrals are linear
Here, i = 1,

.7. ,

bounded functionals on the Hilbert spaces QiS and Qs IK. Abusing of notation, we

note that the following relations hold
R1Z

ZJ

RZK

RZ K,

h=

f.

From Eq. (B.1), using the operators above and denoting the [L 2 (h)]mxd
onto Q{S by

HQPS,

(B.5)

fEK

KEzh

projection

we obtain the strong form of the auxiliary equation
qh = 1-1Qs VUh + RaTh(uh - Uh).

(B.6)

In the case of non-curved elements, i.e. pg = 1, it holds that V(VPs) C Q{h and
therefore Eq. (B.6) reduces to
qh = VUh + RaTh (Uh -
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'h).

(B.7)

Appendix C
Linear stability analysis
C.1

Problem statement

We consider linear convection-diffusion-reaction systems of the form
att + V -(A - u - K - Vu) + R - u = 0,
au

B(u, Vu) = 0,
u - uO = 0,
where R E Cb(O

in Q 0 [0, tf),

(C. Ia)

on Q0 [0, tf),

(C.1b)

onQ0 {},

(C.Ic)

0 [0, tj); Rmx") is the reaction tensor, A

E C' (Q 0 [0, tf )

m xmxd)

is the convection tensor, and K E C ([0, tf); Rdxmxmrnxd) is the diffusion tensor. We
further assume V - A E C'O(Q 9 [0, ti); Rm m n). Here, C 1 1,0 2 (Di 0 D2 ; D 3 ) denotes the
set of functions from D1,

D 2 to D 3 that are CQI-continuous in the first argument,

continuous in the second argument, and such that supD1 ®D2

1D

3

Ca2.

< oo bounded.

Also, - in this appendix denotes tensor contraction of the rightmost index of the
left tensor and the leftmost index of the right tensor whose dimensions match.

If

more than one such index exists, they are all contracted. Note that the reaction and
convection tensors may depend on the spatial coordinate x E Q, but the diffusion
tensor does not.

The three of them may depend on time.

We also assume that

the convection tensor satisfies the symmetry condition Ai 3 k(x, t) = Aik(x, t) for all

ij

{1,. . . ,m}, k E {1, ...d}, x E Q and I E [0, tf).
The hybridized DG discretization of (C 1) reads as follows: Find (qh(t), Uh(t),
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Uh(t)

E

Qps

® Vps 0 Mps such that

(9h

,)

-

(A

Uh -

K
)T

at

qh, Vw)

-

+ (R uh, w)

Th(C.2b)

fh+ 9h

+

K
\

(C.2a)

+ (uh, V - r)T - (Uh, r - n)T = 0,

(qh, r)

h
+ h, +Kh(Uh,
Uh, qh; u p) = 0,
anh\aQ

(C.2c)

/aQ

for all (r, w, p) E Qps 0 Vps 0 M's and all t E [0, tf), as well as

(uh lt=o - Uo, W)r

=

(C.2d)

0,

for all w E Vs. The inviscid and viscous numerical fluxes are defined as

f(Uh, Uh)

=

An - ('h +

2

(K

gh(uh, Uh, qh) = -

h) +

- qh)

2

-U- (Uh -

(C.3a)

_h),

(C.3b)

n,

where An := A -n. For simplicity of exposition, we focus on inviscid numerical fluxes
of the form (C.3a), i.e. (A.3a). Stability results for the case (A.3a) will be given
without proofs as remarks. These results can be extended to the more general case

(A.5).

C.2

Time evolution of L 2 -norm

Proposition C.1. The time evolution of L 2 -norm in the hybridized DG discretization
of the linear convection-diffusion-reaction system (C.2) with inviscid and viscous
numerical fluxes as in (C.3) is given by
1

(Uh, Uh)

2 d)

((R +
+ -0-

2

A)

Uh, Uh

- (uh - Uh), Uh

-

hU-'h)arh

h

Uh

+

K

qh, qh)

7h2

+ Ba'(Qi,
ii, 9j;
h U)
UUh

(C.4)
=

0,

where Ban is a boundary term defined as
B U,, q; ua) =

-

+

Uh

A

( A

-U Ui,

(C.5)
+

gh -
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bh(Uh, Uh,

qh; UaQ, Uh

-aQ

Note (Uh, Uh)T =
Proof. Using

-

IIIL2(rh;R)

and Gh as test functions in Equations (C.2b) and (C.2c), respectively,
and subtracting the latter from the former, we obtain

2 dt

Uh

Uh

(Uh,

- (A-uh - K -qh, Vuh)
+

gh,
,h

+ZUh

\

-

+.h +gh- h

+ (R-uh, U()

(C.6)

0,

/

where we have used that the mesh Th is stationary to take the time derivative outside
Using integration by parts1 and Aijk a3 (DUi/Oxk)
Aijk [D(uinu)/&xkI/2 (due to symmetry of A), it holds that
of the first inner product.

- (A

-Uh, VUh)

An Uh, Ua

-

Also, K independent of x implies K qh

E

+

Q S.

((V - A) -Uh, Uh)

=

(C.7)

.

Hence, using K - qh as test function

2

in Eq. (C.2a), integration by parts , and symmetry of real inner products, we arrive
at
(K - qh,Vuh

=

(K - qh,qh)

(K - qh)

+

- nfUh -

ih)a

(C.8)

.

The desired result follows by combining Equations (C.6), (C.7), (C.8), the definition
of the numerical fluxes (C.3), and using
-

which holds due to

2

KAn

- Uh, Uh

(C.9)

0,
)a-r\aQ

duplication of interior faces in

El

Th\OQ.

Remark C.1. If the inviscid numerical flux is defined as (A.3a), Proposition C.1 holds

with Eq. (C.4) as
1

2 dt

('uh, Uh)

+

+ ((R +

(u- -2

A)

2

V - A) - Uh,

Uh)

(Uh - _h), Uh -i

+ (K

Th 2

ah

(C.
10)

- qh, qh)

+ BfQ(iuh, q; u)

=

0,

where B', is the boundary term in Eq. (C.5).
'We can integrate by parts since

Th

is Lipschitz,

V's C C (7h;Rm ) and Q's C C (Th;Rmxd)

for non-singular elements, and A and K are also sufficiently smooth by assumption.
2
C (T;Rmxd) for non-singular
We can integrate by parts since Th is Lipschitz and Qh;
elements, and K is also sufficiently smooth by assumption.
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C.3

L2 stability

Theorem C.2 (Semi-discrete L 2 stability for linear convection-diffusion-reaction
systems). The hybridized DG discretization of the linear convection-diffusion-reaction
system (C.2) on a periodic domain with inviscid and viscous numerical fluxes as in
(C.3), and with reaction, convection, diffusion and stabilization tensors satisfying

((R + 2- V - A) -w, w
(K-rr

T

> 0,

(C.11a)

>0

a-pp
for all (r, w, p) E QS & V's 0 M's

(C.lb)
(C.I1c)

> 0,

and all t E [0, tf), is L 2 stable. That is, the

L 2 -norm is non-increasing in time,
dt
and the following L 2 -norm bound holds

0 < (uh(t),uh(t)),

(h,0, 7UO)

(C.13)

for all t E [0,tf).
Proof. Equation (C.12) is a corollary of Proposition C.1. The upper bound in Eq.
(C.13) then trivially follows from the Newton-Leibniz formula and positivity of integration, and the lower bound from positive definiteness of the L 2-norm.
Remark C.2. The scheme is strictly L 2 stable (i.e. Eq.

l

(C.12) holds with strict

inequality for any UhO - 0) if Eq. (C.11a) is replaced by

((R + V -A) - w, )

>0

for all we

V' \{0},

(C.14)

and/or if Eq. (C.11c) is replaced by

Ku
-,i

> 0

for all p E M's\{}.

(C.15)

Remark C.3. If the mesh elements are non-singular, the problem domain is periodic,
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Equations (C.11a)-(C.11b) hold, and Eq. (C.11c) is replaced by
a*P, 11

<C

C<

(C.16)
for all p E A4

\{0} and all t

-

e [0, t) for some C

> c > 0 independent of t, it can be

shown that the solution (qh(t), Uh (t), Uh(t)) to the hybridized DG discretization (C.2)
exists and is unique for all t E [0, tf). This follows from finite-dimensionality, the reaction, convection, div-convection and diffusion tensors being continuous and uniformly
bounded in time, sup*,Uh,

IIRy/OYII

< oc and sUP(qh,UhJa,t)||(&Ry/&Y-| <
oc (following the notation in Section 2.10) under these assumptions, and the global
&O)|

Picard-Lindeldf theorem for index-i DAEs. We shall omit the formal proof.
Remark C.4. If the inviscid numerical flux is defined as (A.3a), Theorem C.2 holds
with Eq. (C.11c) as

K(o-

2A

,)-1

arh

> 0.

(C.17)

When simplified to the particular case of the HDG method and the scalar linear
convection-diffusion equation, these stability requirements reduce to those derived

in [159].
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Appendix D
Proofs of the results in Chapter 4
D.1

Supporting lemmas

Lemma D.1 (Jump entropy identity). For any n E Rd and any pair of physical
states v 1 , v 2 E X,, the following identity holds:

[-F], + 2(V + V2

(v2 - V 1 )t - E(v 1 , v 2 ; n)

n] 2

(v 2 - v 1).

(D.1)

We recall that E (v 1 , v 2 ; n) was defined in Eq. (4.3) as

E(vi, v 2 ; n) :=

j(1 - 0) (An ((0;

j

(1 - 20)
S

vi, v 2 );n) -An (b(6; v 2 , vi); n)) dO

An(b(; vi, v 2 ); n)

( - 20) An (b(0;

2

(4.3)

dO

,vi); n) do.

Proof. Equation (D.1) is a trivial generalization of Lemma 11 in [121. The last two
equalities in Eq. (4.3) follow from the change of variable 0' =1 - 0 applied to the
second and first terms in the integrand, respectively.
0
Corollary D.2 (Pointwise entropy production due to face jumps). Let F E 07h be
a face, n G Rd be the unit normal vector to F pointing outwards from the element,
and ii(x),
vh(x) E X, be physical states for all x in F. The following identity holds
pointwise on F:
[y]Vh
VhFn

1
2

)
(Vh +Vh)t -

[F(+
n]
L2

vh

--

-

2

'
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(--).

)t - E(,;)

Vh-VhIzAVhhhfl

'

''

(D.2)

D.2

Proof of Proposition 4.1

Let (Vh(t), Vh(t)) denote the numerical solution at time t > 0, and let ah(Vh, Vh, &Vh/t; W
and bh(vh, Vh; p) be shorthand notations for the left-hand sides in Equations (2.23a)
and (2.23b), respectively. Note we have omitted, and will omit hereinafter, the time
dependency of the solution to simplify the notation. Integrating the inviscid flux term
in

ah

by partsi, these maps can be rewritten as
ah(vh, Vh,,Vh/t w)

J

U

w t - (V - F(vh))
at
h(D.3a)

11h

+

- F.(vh)),

Wt- (

bs~va, p) = p' - fA- p- (fha - bh (Vh, Vh; a). (.b
bh(hV; 9;)=Jah
JanM

Vp 0 MP-, and (ii) the

approximation and test spaces are the same, it follows that ah(vh,,
bh(vh, Vh; Vh)
0, that is,

=

Jh1 *

- (V -F(Vh))+

+ jV

Vt -UV

0=

-ij

-(

-hh

V -t

Vh, OVh/Ot; Vh)

-

Since (i) Equations (2.23a) and (2.23b) hold for all (w, pt) E

-F~a

(v)- Fh(Vh

an

-1

2J~h v

a(iivh

; n)

(V -ih)
+ JT

(f

(v;

F(DA)

where we have used the identities in Eq. (2.8) (note Vh E V" is smooth for (2.8)
- J a~~h
J aR~h
flux (2.24b), and the fact that the
to apply), the definition of the inviscid numerical
mesh Th is stationary. Applying the divergence theorem and noting that
J

h,V()=0,

F i- F (Vh) =0 (D.5)

wWe can integrate by parts since, first,
(Eis Lipschitz and sm CCoo; for non-singular
elements, and, second, F E C(X;
Rmx) for physical states v 2 X2F(Va) e C(th1 Rmxd)
for physical solutions and non-singular elements.
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due to

duplication of interior faces in &Th\OQ, Eq. (D.4) can be written as
0=

H(vh) -

(-F-Vh) - F:(vh))

(Vh + V5) t - (Fn(s) - Fn(vh))

+

(D.6)

h

+

2

(Vh -V h)

u(h,
a v; n)

- (Vh - Vh)

'7h

-n (

ah K;&

The desired result then readily follows by applying Corollary D.2.

D.3

Proof of Theorem 4.3

Equation (E.13) is a corollary of Proposition 4.1. The upper bound in Eq. (E.14)
then trivially follows from the Newton-Leibniz formula and positivity of integration.
For the lower bound, let us consider the Taylor series with integral remainder of the
entropy function between the states u*(vh) and U(Vh), namely,
t

H(u) = H(u*) +
+

[1(1 -

1

0) (u - u*)-

-U*)
(u - u*)
(92H(u*

H

+ 0 (u - u*))
+

(u - u*) dO.

Note that, for physical solutions, H is sufficiently regular for Eq.

(D.7) to hold

everywhere in Th. Integrating (D.7) over Th, the second term in the right-hand side
vanishes by definition of u*. It then follows from convexity of H that

J H(u*(vh(t))) ; J H(u(vh(t))).

(D.8)

The lower bound is finally established by noting that u*(t) is constant in time, and
in particular equal to

u*(Vh,O),

since the entropy-variable hybridized DG methods are

u-conservative by construction, as discussed in Section 2.5.1.

D.4

Proof of Proposition 4.5

Proposition 4.5 is an extension of Proposition 4.1. In particular, let ch(vh,
Vh, vh/t; 'W)
and dh(vh, qh, vh; P) be shorthand notations for the left-hand sides in Equations
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(2.26b) and (2.26c), respectively, where we have again omitted the time dependency
of the solution. Since (i) Equations (2.26b) and (2.26c) hold for all (w, [L) E V's 0
4

and (ii) the approximation and test spaces are the same, it follows that

hs,

Ch (Vh, qh, Vh,

Vh &t; Vh)

-

0 = ah(vh, Vh, aVh/t; vh) - bh(Vh,

+

iTh

(Vh

-

0, that is,

dh(vh, qh, Vh; -h) =

VGh) t - 9'h +

JaQ

;"h h

Vi

h) -

h;i

(Vh,

-

(D9)

G(h, qh)

qh, VhV

where bV; denotes the viscous contribution to the boundary condition term, i.e. the
viscous terms in bh.

Furthermore, using the Q

S

projection of G(vh,

qh)

as test

function in the auxiliary equation (2.26a), the following identity holds for non-curved
elements (i.e. Pg = 1)

-

J

(

Vvi- G(vh, qh) =7h

-

[G(vh, qh)] *n

h

a~h

+

qt

h(D.10)

- )(vh)

qh,

where we have used (i) integration by parts 2 , (ii) Qis-orthogonality, and (iii) the
fact that VVh

G

Qps and VnIF = 0 VF E 9Th for non-curved elements. Note that

KXy = K y Ao, i, j= 1,. . ., d are symmetric positive semi-definite [991. The desired
result then readily follows from Equations (D.9)-(D.10) and Proposition 4.1.

D.5

Proof of Theorem 4.7

Equation (4.18) is a corollary of Proposition 4.5. The upper bound in Eq. (4.19) then
trivially follows from the Newton-Leibniz formula and positivity of integration. The
lower bound is established through an analogous procedure to that presented in the
proof of Theorem 4.3.

2
We can integrate by parts since, first, Th is Lipschitz, VPS c C(; Th;RM) and QPS c
C (Th; Rmxd) for non-singular elements, and, second, G e C (X, ® R"xd; R"Xd) for physical
states v e X, -- > Gv, qt ) E C (T; RImxd) for physical solutions and non-singular elements
-- > (rI9P [G(vh, qh)j) E C (Th; R"1xd) for physical solutions and non-singular elements.
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Appendix E
Entropy stability of
conservation-variable hybridized DG
methods
From the proofs of Propositions 4.1 and 4.5, the main limitation for the conservationvariable hybridized DG methods to be entropy stable is the fact that v(Uh) and v(ih)
are not, in general, in the test spaces V's and M's. In this appendix, we show that
entropy equalities similar to those in Propositions 4.1 and 4.5 can be derived when
using conservation variables. The difference is the appearance of an extra term; which
vanishes if

V(Uh)

and

V(Uh)

are in the test spaces. This implies the conservation-

variable hybridized DG methods are also entropy-stable in some particular cases,
including when the thermodynamic quantities are constant over the computational
domain and some incompressible limits of the Euler equations.

E.1

Theoretical results

We summarize the main results in the following series of propositions, theorems and
corollaries.
Proposition E.1. The time evolution of total generalized entropy in the conservationvaiable hybridized DG discretization of the compressible Euler equations (2.17) with
inviscid numerical flux

-

I

(F( h) + F(uh))

22(E)
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1
h,

Uh; n),

(E.1)

where h" is an stabilization term, is given by

J

H(u,) +

(V(Uh) - V(Uh)) - h'('h,Uh; n)

2 ./O~(V(Uh)

-

-

+ B30Q(Uh, Uh; U

h), v(uh); n) - (V(Uh)

E(V(

V(Uh))

-

V())(E.2)

=H-

Here, E(V(ih), v(uh); n) is defined in Eq. (4.3),
3

j

Q(ih, uh; U)

.Ffn(ih) -

v (i4)' - F,(Qih)

V(Uh)t -

+
is a

j

bh-b(Uh, uh; ua))(

boundary term, and the right-hand side EH is given by

EH

ah Uh, Uh, uh 10t;V(uh)
-

bh uh, h; v((h)

-

U
fl.Ps

-

((UhE

)V

nV

_ hS(E.4)
U_
V( h),

where Hvps and Ims are the projection operators onto VP

and MPS respectively.

Proof. The proof is analogous to that of Proposition 4.1, but replacing

Vh

and

Vh

as test functions.
USVG)-V(a)+V(Gh))

(HVgsV(Uh)-v(uh)+V(Uh)) and (F

by

0

Two particular cases of Proposition E.1 are of interest and given as corollaries.
Corollary E.2. If v(ul,) E VP8 and v(ih) E MPs, the entropy identity (E.2) holds
with

CH =

0.

Corollary E.3. Let C

c

Z be a parameter (or set of parameters) involved in the

conservation-variablehybridized DG discretization of the compressible Euler equations
with inviscid numerical flux (E.1), where Z C B is a non-empty subset of a finitedimensional normed vector space B. ( may denote, for example, a non-dimensional
quantity such as the Mach number. Let us consider the limiting process

-

Ct c(

Z, where Z denotes the closure of Z.

We assume the computational mesh Th and

polynomial orderps are fixed in the

t limiting process. If the following conditions

-t

hold
1. There exists E > 0 such that the solution exists and is unique for all ( E
[(t - 6 t+61
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{Z n

2. The density and pressure are bounded above and below in the sense that there
exist e > 0 and 0 < pmin(t), pmin(t), pmax(t), pmax(t) < o such that

for all x

M) < Px t ;

h, tc [0,tf) and c {Zn[(t

<Pmax (t

)

Pmin (t) < P(x,7 t; (n) < Pmax (t), 7Pin

E, (t + Ell.

3. The momentum fields are bounded above in the sense that there exist E > 0 and
pVmax(t ) < oo such that

||IPV(x, ti;1,

|L(Rd)

for all x ETh, t E [0,tf) and( E Z

4.

<p max

(t)

(I-- e,Ct +E.

The entropy variables are asymptotically in the test spaces in the sense that
li
t

lim

n

- H

h

rs V(Uh)
h[L

v(h) -

rPs (h)
h ([L

2

(Th)]m

2

(eh)]m

=

0,

=0

for all t E [0,tf).
Then,
(E.5)

lim EH = 0,

that is, the entropy identity Eq. (4.7) holds in the limit. If Pmin, pmin, Pmax, Pmax
and PVmax are independent of time and the convergence in Assumption 4 is uniform
in time, the convergence of SH is uniform in time.
Sketch of Proof. If Assumptions 2 and 3 hold,
product in [L

2

h)]m 0

8

H

can be interpreted as an inner

[L2 (.Ehm. The desired result then follows from the Cauchy-

Schwarz inequality, the triangle inequality, and Assumptions 1-4.
Proposition E.4. Let C

c

L

Z be a parameter (or set of parameters) involved in the

conservation-variablehybridized DG discretization of the compressible Euler equations
with inviscid numerical flux (E.1), where Z C B is a non-empty set of a finitedimensional normed vector space B. ( may denote, for example, a non-dimensional
quantity such as the Mach number. Let us consider the limiting process
Z, where Z denotes the closure of Z.
polynomial orderps are fixed in the

-t

(t E

We assume the computational mesh Th and

Qlimiting process. If the following conditions

hold
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1. There exists e > 0 such that the solution exists and is unique for all (

{Z

fn

1+}.

V -Et

2. The density and pressure converge uniformly in space to strictly positive values,
i.e. there exist pt > 0 and pt > 0 such that

lim sup Ip(x, t; o) - pt= 0,
C-+(t XGn
lim sup jp(x, t; () -pt|
c

[0, t),

) -pA1 = 0

lim sup |p(x, t;

0,

(-(t XEE

for all t

lim sup |p(x,t; ) - pI = 0,
C-QCt XEsh

C-t XEih

including the assertion that the limits exist.

3. The momentum fields are bounded above in the sense that

lim

sup

(-Ct XE

IIpV(x,t; '0IL2(Rd) <

limt sup

pV(x, t;()

00,

< 00

Eh IEI

L2(Rd)

for all t E [0,tj), including the assertion that the limits exist.
Then,

liMu

(E.7)

= 0,

that is, the entropy identity Eq. (4.7) holds in the limit.
Sketch of Proof. Let us define u t = ut(u) as the state with density pt, pressure pt
ut(uh) and i

and momentum U2:m. We denote u

ut(ih). If Assumptions

1-3 hold, then
lim sup Iv(Uh(X, t;'0) - v(u (x, t;

L

lim sup

L 2 (Rm)

2

(-(tf XETh

(Ct

V(ih(X, t; 0) - v(i4(x, t; 0)

(Rm)

-÷0 for all t

[0, tf),

(E.8a)

-÷0 for all t E [0, tf).

(E.8b)

XEEh

Hence, since the problem domain is bounded,
lim

v(Uh( ,t;

lir

v(I

( iht;

~ t)(.- t;
))-V(Uth( -, t;

-+ 0 for all t

2
[L (h)m

) [L

2

-+

(Eh)]m

Also, v(u( -.,t)) E Vps and v(i4( -,t)) C Ms
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[0, tf),

0 for all t E [0, t).

(E.9a)
(E.9b)

Vt e [0, tf) by construction, and it

thus holds that
ah (Uh, 'h, auh/t; v(Uh) + V (U) - V(tth))
bh(Uh,ih;v(h)+V fi)

-

V(Uh)) =E

)

-

for all t E [0, tf). Using an analogous procedure as in the proof of Propositions 4.1

and E.1, it follows that Eq. (E.2) holds with
SH=ah(uhuhOuh /t;v(Uh)

-

v(uh))

-

bh(uh,ih;v(h)

-

v(

)).

(E.11)

If Assumptions 2 and 3 hold, EH can be interpreted as an inner product in [L 2 (h)]m
[L 2 (8 h)]3m. The claimed result lim(,(t EH = 0 then follows from the Cauchy-Schwarz

inequality, the triangle inequality, Equation (E.9a), and Assumptions 1-3.

LI

Theorem E.5. The conservation-variablehybridized DG discretization of the compressible Euler equations (2.17) on a periodic domain with inviscid numerical flux
(E.1), stabilization term
hW(ih, uh;

n) = 0(V(h), v(uh); n) - (V(Uh) - V(Uh)),

(E.12)

stabilization matrix as in (4.2), and the assumptions in either Corollary E.3 or
PropositionE.4, is asymptotically entropy stable, that is, the total generalized entropy
is asymptotically non-increasing in time,

df

lim -di J r, H(u(vh(t))) < 0,
got

(E.13)

and the following entropy bounds are satisfied

lim

H(u*(Vh,O)) :!

lim

H(U(Vh(t))) <_

lim

H(U(Vh,O)),

(E. 14)

where u* is the minimum total entropy state defined in Eq. (4.14).
Proof. The proof is analogous to that of Theorem 4.3, where we additionally use the
properties of limits as necessary.

LI

Similar results to Propositions E.1-E.4 and Corollaries E.2-E.3 hold for the
Navier-Stokes equations if the mesh is non-curved (i.e. pg = 1) and the auxiliary
equation is discretized in entropy variables. If additionally the viscous numerical flux
is as in (4.6), Theorem E.5 holds for the Navier-Stokes equations. We omit further
details here.
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E.2

Discussion

We summarize the two main takeaways from the previous theoretical results. First,
if the initial and boundary conditions are defined appropriately, a limit ( -+ (t of the
form in Proposition E.4, Corollary E.3 and Theorem E.5 is obtained in the incompressible limit of the Euler equations. That is, the conservation-variable hybridized
DG methods with a proper choice of the numerical flux are entropy stable in many
incompressible limits of practical interest.
Second, the conditions in Corollary E.2 hold, and thus EH = 0, if the thermodynamic quantities are constant over the computational domain. If the characteristic
length scales in which the thermodynamic quantities change are much larger than the
element size, then EH ~ 0. That is, the conservation-variable hybridized DG methods
are approximately entropy stable for well-resolved simulations and, as expected,
entropy stability is recovered in the mesh refinement limit.
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Appendix F
Accuracy order of entropy-variable
hybridized DG methods
If the stabilization matrix is o- E Q(1) in the mesh refinement limit, and the limiting
meshes satisfy the usual uniformity assumptions, see e.g. [231, Section 3.1], the
conservation-variable hybridized DG methods are known to provide optimal accuracy
of order p, + 1 for the approximate solution

1158, 161, 162].

refer to the asymptotic Bachmann-Landau notation.

Here, Q, 0 and

E

For the particular instance

of the conservation-variable HDG method and second-order elliptic problems, the
approximate gradient also attains optimal convergence if o- E 0(1) [39,41, 42]. In
addition, a ps + 2 superconvergent approximate solution can be computed through
an element-by-element, highly parallelizable and usually inexpensive post-processing
step if o- E 0(1) [39,41,421. Additional details on how to define the traced space M'sh
and the stabilization matrix to achieve superconvergence are presented in [41-45].
In this appendix, we present two steady-state numerical examples to show that
the optimal accuracy order is preserved with entropy variables. This result is not surprising since, when restricted to any compact subset of physical states, the mappings
between conservation and entropy variables are bijective and Lipschitz continuous.
We use the numerical fluxes (2.24b)-(2.28b) and the stabilization matrix (2.25c)
with

=

1 and v, =

Vh.

The dynamic viscosity p is constant, the bulk viscosity

/3 = 0, the Prandtl number Pr = 0.71, and the ratio of specific heats -y

F.1

=

1.4.

Ringleb flow

We verify the optimal accuracy order for smooth solutions of the Euler equations
through the Ringleb flow problem presented in Section 7.4.1.
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The computational

4
8
16

Ps=I
Error
Order
4.92e-3
-

Ps= 2
Error
Order
6.79e-4
-

PS= 3
Error
Order
3.94e-5

ps= 4
Error
Order
4.79e-6

1.27e-3
3.26e-4
8.25e-5

1.05e-4
1.61e-5
2.21e-6

3.29e-6
1.83e-7
1.26e-8

2.01e-7
7.46e-9
2.67e-10

1.95
1.96
1.98

2.69
2.71
2.86

3.58
4.17
3.86

-

Mesh
1/h
2

4.57
4.75
4.80

Table F.1:
History of convergence of the entropy-variable HDG method for the
Ringleb flow.

2

Ps
Error
5.49e-3

4
8
16

1.42e-3
3.62e-4
9.30e-5

1/h

1

Order
-

1.95
1.97
1.96

ps= 2
Error
Order
9.01e-4

p,= 3
Error
Order
4.20e-5

PS= 4
Error
Order
5.65e-6

1.59e-4
2.56e-5
3.50e-6

3.38e-6
1.74e-7
1.18e-8

2.56e-7
9.90e-9
3.70e-10

2.50
2.64
2.87

3.64
4.28
3.88

-

Mesh

4.47
4.70
4.74

History of convergence of the entropy-variable IEDG method for the
Table F.2:
Ringleb flow.
PS= 2
Error
Order
8.96e-4
-

ps= 3
Error
Order
4.03e-5
-

PS= 4
Error
Order
5.54e-6

4
8
16

1.46e-3
3.67e-4
9.21e-5

1.55e-4
2.47e-5
3.36e-6

3.25e-6
1.66e-7
1.15e-8

2.47e-7
9.46e-9
3.55e-10

1/h

2.01
2.00
1.99

2.53
2.65
2.88

3.63
4.30
3.85

-

2

Ps= 1
Error
Order
5.88e-3
-

Mesh

4.49
4.70
4.74

Table F.3:
History of convergence of the entropy-variable EDG method for the
Ringleb flow.

domain is partitioned into triangular meshes that are obtained by splitting a uniform
n x n Cartesian grid into 2n2 triangles.

We perform grid convergence studies for

polynomial orders p. = 1, 2, 3, 4 using mesh resolutions 1/h = 2, 4, 8, 16, where
h

=

4/n is the characteristic element size. Tables F.1, F.2 and F.3 present the errors

and convergence rates, measured in the L 2 -norm of non-dimensional conservation
variables, for the entropy-variable HDG, IEDG and EDG schemes, respectively. The
numerical solution converges to the exact solution with accuracy order of p. + 1
for the three schemes; which is the optimal accuracy order given by the polynomial
approximation space.

185

Couette flow

F.2

To that end, we

We verify the convergence rates for the Navier-Stokes equations.

consider a two-dimensional steady-state compressible Couette flow with a source term
on a square domain Q = (0, L) 2 . The exact solution is given by

V, = V

log(1 + 9),

V = 0,

(F.1)

VosPr
T = To (cec + 9 ( 3c - ac)) + 2 ,y
2 coy (
where V, PO, ac, and

#c

are positive constants, To = V

)

p = PO,

-

1) y M2 c,) is the

temperature such that V corresponds to a Mach number MO, and 9

=

y/L is a non-

dimensional distance along the wall-normal direction. The density is given by the
ideal gas law p = p/ ((- - 1) c, T).

The source term, appearing in the right-hand

side of the Navier-Stokes equations (2.3a), is determined from the exact solution and
reads as
0

0 LVO 2+
'kL
-

2

(1+9)2'

J(log2(1+
y)+
2 (+y)+9
p o

log (I + 9) ++iy (3 + 29) log'(1 + 9)-2
(1+9)2
+
L29
__________

-1

)t

(F.2)
F2

In particular, we take ac = 0.8, 3c = 0.85 and MO = 0.15, with Pr = 0.71 and y = 1.4
as discussed before. While the exact solution is independent of the Reynolds number
Reo = poVoL/[, where po = - Po M2/V2, we set it to 0.1 in the simulations. This
completes the non-dimensional description of the problem.
The computational domain is discretized into a uniform n x n Cartesian mesh and
each square is further divided into two triangles. The exact solution is prescribed as
boundary condition on &Q. In order to assess the accuracy of the numerical solution,
we compute the L 2 -norm of the error in the non-dimensional density p* = p/po,
momentum p* = (pV, pV)/poVo, total energy pE* = pE p-- V~2, viscous stress
tensor -r*= L -rpIV-

1

, and heat flux

f*

= L f p-7-

1

, for different mesh sizes and

polynomial orders. Note that the approximate stresses and heat fluxes are computed
from the approximate solution Vh and the approximate gradients

qh.

Table F.4 shows the errors and convergence rates for the entropy-variable HDG
scheme.

All the quantities converge with the optimal accuracy order of ps

186

+ 1.

The fact that HDG yields optimal accuracy both for the approximate solution and
the approximate gradients is a very important advantage since most DG methods
provide suboptimal convergence of order p, for the approximate gradients. All other
schemes within the entropy-variable hybridized DG family, including IEDG and EDG,
converge at the more common rates of p, + 1 for the approximate solution and p, for
the approximate gradients (not shown).
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Degree

Mesh

Ip*h -

Ps

L/h
8

Error
8.28e-5

Order
-

Error
7.79e-4

Order
-

Error
6.00e-3

Order
-

Error
3.28e-3

Order
-

Error
6.65e-4

Order

1

16
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1.69e-5
3.79e-6

2.29
2.16

1.98e-4
5.01e-5
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1.98

1.32e-3
3.12e-4

2.19
2.08

9.90e-4
2.95e-4

1.73
1.75

1.68e-4
4.21e-5

1.99
1.99

64
8

1.06e-6
8.33e-6

1.84
-

1.26e-5
1.20e-5

1.99
-

8.50e-5
5.37e-4

1.88
-

8.70e-5
7.61e-5

1.76
-

1.06e-5
4.16e-6

2.00
-

16
32

1.51e-6
2.49e-7

2.47
2.60

1.52e-6
1.92e-7

2.98
2.98

9.68e-5
1.59e-5

2.47
2.60

1.15e-5
1.66e-6

2.72
2.80

5.30e-7
6.72e-8

2.97
2.98

64
8

4.14e-8
1.18e-7

2.59
-

2.43e-8
2.30e-7

2.98
-

2.64e-6
7.63e-6

2.59
-

2.37e-7
2.28e-6

2.81
-

8.49e-9
5.73e-8

2.99
-

16
32

8.31e-9
5.44e-10

3.83
3.93

1.44e-8
9.70e-10

4.00
3.89

5.37e-7
3.52e-8

3.83
3.93

1.90e-7
1.73e-8

3.58
3.46

3.77e-9
3.40e-10

3.93
x

64
8

3.48e-11
6.05e-9

3.97
-

5.42e-11
5.16e-9

4.16
-

2.25e-9
3.88e-7

3.97
-

9.99e-10
5.20e-8

4.12
-

4.26e-10
9.91e-10

x

16
32

2.43e-10
7.55e-12

4.64
5.01

2.21e-10
6.60e-12

4.54
5.07

1.35e-8
3.47e-10

4.84
5.28

2.21e-9
8.30e-11

4.56
4.73

1.90e-10
2.59e-10

x
x

64

2.31e-13

5.03

2.04e-13

5.02

8.82e-12

5.30

8.04e-11

x

1.20e-10

x

00
00

3

4

I pEl - pE*IIL2 (Q)

||r* - 7*|I[L2(Q)]dxd

If* - f*||[L2

a

-

I|Ph - P*I[L2Q

-

2

P*Ist()

Table F.4: History of convergence of the entropy-variable HDG method for the Couette flow. The subscript h denotes the
numerical solution and no subscript denotes the exact solution. x indicates the convergence rate cannot be accurately computed
due to finite precision arithmetic issues. Note finite precision affects before the errors in r* and f* than the errors in p*, p*
and pE* due to the larger condition number to evaluate the former.

Appendix G
Explicit subgrid-scale models
In the context of explicit subgrid-scale modeling, we augment the viscous stress tensor

in Eq. (2.5) with a subgrid-scale term, i.e.

+- Tri + rTjGS.

Tij

We focus on state-of-

the-art eddy viscosity models. Eddy viscosity models are based on the Boussinesq
eddy viscosity assumption and enter the governing equations through an augmented
viscous operator, that is,
2 Vk
(G.1)
30Xx

Vj

vi

_GS

Gr

e= pve334) +iso SiG.

(Oxj

SGS

istcp

Gxi

oh

GS is the isotropic part of the

ve is the so-called kinematic eddy viscosity and

subgrid-scale stress tensor. The Yoshizawa model [222] is used for the isotropic term.
The static Smagorinsky 11981, dynamic Smagorinsky f128J, WALE 11651 and Vreman
[220] models are considered for the deviatoric term.

The eddy viscosity in these

models is given by
Smagorinsky:

WALE:

VeS

(CSA) 2 (2 SpqSpq)1/ 2 ,

W A)(C(WiiW
2
vw= (Cw
(s
V

Vreman:

ve

A)2

(G.2b)

)5/2 +(WdiWfl5/41
1/2

QG

(CvA) 2 (

)3/2

/

{g

e

(G.2a)

(G.2c)

)

where A is a characteristic element length, Sij = (Jij + Jji)/2 is the symmetric part
of the resolved velocity gradient tensor Jjj = DVi/oxj, W4 denotes the deviatoric
part of Wi

= SikSk 3 -- RikRki, where Rij is the skew-symmetric part of Jjj, and

QG = (G2k-G GijGji)/2 is the second invariant of the tensor Gij =
length scale is defined as A = V

3

/p, where

VK

JikJjk.

The

is the volume of the element and

p, the polynomial degree of the approximation. The model constants are CS = 0.16
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for static Smagorinsky [85, 127], Cw = 0.50 for WALE [165] and Cv = 0.26 for
For the dynamic Smagorinsky model, projection onto the space of

polynomials of degree p'

Lp/2j is used for the coarse-graining, where [p,/ 2J is the

greatest integer less than or equal to p,/

fh

2

.

Vreman [2201.

The heat flux in Eq. (2.5) is also augmented with a subgrid-scale term, i.e. f3 <+ ffs. The subgrid-scale heat flux is modeled through an SGS eddy Prandtl

number Pre = 0.7 as follows
fSGS

P
V Ce CP

.

Pr, Oxj

(G.3)

The model by Knight et al. [1151 is used for the SGS turbulent diffusion. All other
extra terms arising in the Favre-filtered Navier-Stokes equations [82] are not modeled
due to their negligible magnitude compared to the previous terms [1381.
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Appendix H
Theoretical estimate of the optimal
value of ko
We present an estimate of the value of kf3 to optimally resolve a stationary normal
shock wave with the grid resolution.

First, let us define a modified viscosity

4 y/3 + 3 and a modified Prandtl number Pr = cp,
of the physical and artificial viscosities.

fi

/s, where (3, r,, p) are the sum

For a Newtonian, calorically perfect gas

in thermodynamic equilibriumi, the entropy production across a stationary normal
shock can be shown to be approximately given by

S2 -

S

22
~

V12 (E
(H.T)

p~~

(f2-

+2K

2

1)2(T2 + 1)-

V R + 1)

where the subscripts 1 and 2 denote the upstream and downstream conditions, and
6. is the dynamic thickness of the shock. We have assumed the dynamic and thermal
thicknesses are of the same order 6, ~

6

; which is the case for example if Pr is of

order 1. In addition, the following approximations have been used inside the shock

dV
V2 - V
(x) ~
dx
65

dT
(
dx

T2 - T1
6S

T1 + T2
2

.

(H.2)

Alternatively, the entropy jump can be expressed in terms of the density and temperature ratios using Gibbs' equation, namely,

S2 - 81 = Cv In [T

T1

P)''.

P2

(H.3)

'Although these assumptions may not hold inside an actual shock wave, these are the physical
models used for the numerical discretization and therefore those to be used to estimate the value of

.

k3
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Combining Equations (H.1) and (H.3), it follows that

pV

2(,y - 1) M(

-

1)2

Z2-+

A

+ 4- Pr (1

+ 1)+

2

-

1) In [-I(')-](H.4)

=T(Mi, y,Pr).
Moreover, 0*

>> Of, pf, p* in a shock wave with our method, and thus A ~ #.

assuming Pr* is set to be of order 1, it follows that

#*~J

i*

>

K,

Further

Pr ~ Pr* and

(H.5)
)

jF(M1, - I,Pr
Note that Pr,*

1 in turn ensures the previous assumption J, ~

., holds.

The artificial bulk viscosity in a stationary normal shock is

0*(x) ~ k,3

(M (X), M1, -),

-

(H.6)

where

2M2 -2
71 MA, Y)

(-y + 1) M1

2
2 + (7-

(Y+1

1) M12

1/2

(H7

M2

Note that the artificial bulk viscosity is a function of the position x due to the M(x)
term. From Equations (H.5) and (H.6), an estimate of the value of kf3 to optimally
resolve the shock with the grid resolution, i.e. 6J, O, ~ h3/ps, is given by

k = [F(Mi,-, Pr) R(M, M,,y)],
which needs to be used in conjunction with Pr*

(H.8)

1. Figure H-1 plots kt for the

particular case of y = 1.4 and Pr* = 0.9. While kt is between 0.1 and 0.2 for incident
Mach numbers below 30, our experience from numerical experiments is that k3 ~~1
is required for stability in practice. The difference between the theoretical estimate
and the value required in practice is mostly attributed to the approximations used
in the derivation of kt. Numerical experiments also indicate that Pr~

1 is only

necessary in practice for hypersonic shocks. This justifies the proposed form for Pr*
in Eq. (7.17); which is large for low and moderate Mach numbers (i.e. when K* is
not necessary) and asymptotes to 0.9 for large Mach numbers (i.e. when it is required
to stabilize the scheme and to obtain thermal and dynamic shock thicknesses of the
same order).
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Figure H-1: Estimate of the value of kf, denoted by k, to optimally resolve a
stationary normal shock wave. The case = 1.4 and Pr* = 0.9 is shown.
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