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Abstract

The Chemical Master Equation (CME) is commonly used to describe the stochastic be-
havior of biomolecular systems. However, in general, the CME’s dimension is very large
or infinite, so analytical solutions may be difficult to achieve. To handle this problem, the
Finite State Projection (FSP) algorithm can be used. However, when multiple time scales
exist, which is common in biomolecular systems, the FSP algorithm also suffers from the
computational issue. To deal with this problem, we propose the Enhanced Finite State
Projection (EFSP) algorithm, which combines the original FSP algorithm and the model
reduction technique that we developed, to approximate an infinite dimensional CME with
a finite dimensional CME that contains the slow species only. We quantify the approxima-
tion error between the slow-species counts’ marginal probability distribution of the original
CME and those of the approximated CME, and prove that this error becomes smaller as 0
(the EFSP error) or € (time-scale separation between the fast and slow species) decreases.
Unlike other time-scale separation methods, which rely on the fast-species counts’ station-
ary conditional probability distributions, our model reduction technique relies on only the
first few conditional moments of the fast-species counts. This is possible because we apply
conditional moment closure to close the fast-species counts’ dynamics, which provides a
significant computation advantage. The benefit of our algorithm is illustrated through a
protein binding reaction and a toggle switch.

Thesis Supervisor: Domitilla Del Vecchio
Title: Professor of Mechanical Engineering
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Chapter 1

Introduction

To analyze the behavior of biomolecular systems, deterministic or stochastic methods can
be used [1]. At the single-cell level, the randomness of molecular events can have sub-
stantial repercussions on an emergent system’s behavior. For example, fluctuations in gene
expression are critical to phenotypic diversity in clonal populations [2][3]{4]. Determinis-
tic models fail to capture the inherent randomness of biomolecular systems, so stochastic
approaches are often needed. The Chemical Master Equation (CME) gives the temporal
description of the progression of a system’s state probability distribution [5]. However,
when the number of molecular counts is large or unbounded, the dimension of the CME
is large or countably infinite. Therefore, analytical or computational solutions of the CME
are very difficult to obtain in general.

To obtain sample paths that result from the CME, the Stochastic Simulation Algorithm
(SSA) [6] is used. However, when the number of reactions increases or there is a large time-
scale separation among reactions, t
resulting in long simulation time. To address the simulation time issue, Rao, Haseltine, and
Gomez [7][8] [9] ran the SSA algorithm only with the slow reactions. These approaches re-
quire an approximation of the fast-species counts as a function of the slow-species counts.
In particular, [7] approximated the stationary conditional probability distribution of the fast-
species counts as functions of the slow-species counts. Obtaining the stationary conditional

probability distribution of the fast-species counts is equivalent to obtaining the fast-species

counts’ stationary conditional moments of all different orders[10], and the number of con-
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ditional moments grow exponentially with the number of the fast-species counts. Instead of
using stationary conditional probability distribution, [9] used stationary distribution of the
first n conditional moments of the fast-species counts. In this process, a moment closure
technique was proposed to close the moments’ dynamics. However, this moment closure
technique does not provide a quantifiable approximation error bound. [8] approximated
the dynamics of the fast-species counts through chemical Langevin equations, which are
inaccurate when molecule counts are low.

Another way to address the CME’s computational issue is to use the Finite State Pro-
jection (FSP) algorithm developed by Munsky et al. [11]. When the number of molecular
counts is unbounded, the system’s state space becomes an infinite set. The FSP algorithm
finds an upper bound to the molecular count of each species and truncates the system’s
state space as a finite set, so that the truncated finite dimensional system’s trajectories of
probabilities are as close as desired to those of the original infinite dimensional CME. In
several examples, the FSP algorithm outperformed SSA algorithms in terms of computa-
tional efficiency as well as accuracy [11]. However, when multiple time scales exist, the
FSP algorithm also confronts a computational issue. This is because the algorithm equally
treats the transition rates between states, even though they typically vary over several or-
ders of magnitude [12].

To handle this problem, Peles [12] combined the FSP algorithm and time-scale separa-
tion. In particular, Peles applied the FSP algorithm to the approximated CME that contains
the slow species only. To obtain the approximated CME with the slow species only, the au-
thor applied the time-scale separation technique developed by Khalil and Yin [13] [10], and
approximated the stationary conditional probability distribution of the fast-species counts
as functions of the slow-species counts as [7] did. However, the size of the vector of these
stationary distributions grows exponentially with the number of the fast-species counts.

In this paper, we propose the Enhanced Finite State Projection (EFSP) algorithm, which
combines the original FSP algorithm and the model reduction technique that we developed
[14] to approximate an infinite dimensional CME with a finite dimensional CME, which
contains the slow species only. Instead of considering the fast-species counts’ stationary

conditional probability distributions, our model reduction technique considers the first few
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conditional moments of the fast-species counts, which provides a significant computation
advantage. We assume that the number of fast-species counts is bounded, which is rea-
sonable in many biomolecular systems of practical interest [5], but allow an unbounded
number of slow-species counts.

For each iteration of the EFSP algorithm, we obtain the truncated state space of the
slow species, which is a finite set. Then, we write Ordinary Differential Equations (ODEs)
for both the marginal probability distribution of the slow-species counts, with the trun-
cated state space at that iteration, and for the first n conditional moments of the fast-species
counts. Here, n is an arbitrary (small) number, which gives a trade off between approxima-
tion accuracy and computational complexity. Next, we apply the conditional moment clo-
sure technique developed by Naghnaeian [15], time-scale separation and linear program to
approximate the fast-species counts’ first n conditional moments as functions of the slow-
species counts. By substituting these functions in the ODEs that describe the marginal
probability distribution of the slow-species counts, we can obtain a low dimensional CME
with the slow species only. Therefore, for each iteration, unlike the original FSP algo-
rithm, which relies on the solution of the full CME, the EFSP algorithm only relies on the
solution of the approximated CME that contains the slow species only. This difference
improves computational efficiency of the EFSP algorithm. In addition, different from [12],
our method does not require the slow-species counts’ stationary conditional probability
distribution, which provides a significant computation advantage. The overall procedure of
the EFSP algorithm is depicted in Fig. 1-1. We quantify the approximation error between
the slow-species counts’ marginal probability distribution of the original CME and those
of the approximated CME. In particular, we can prove that this error becomes smaller as &
(the EFSP error) or € (time-scale between the fast and slow species) decreases. We illus-
trate the application of this method to a protein binding reaction and a toggle switch.

This paper is organized as follows: in Section 2, we define mathematical notations
and derive the CME used throughout this paper. In Section 3, we derive ODEs for the
slow-species counts’ marginal probability distribution and for the fast-species counts’ first
n conditional moments based on the CME. From Section 4 to 6, we introduce a model

reduction technique. In particular, in Section 4, we apply the robust conditional moment
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closure technique to close the dynamics of the fast-species counts. In Section 5, we apply
time-scale separation and approximate the first n conditional moments of the fast-species
counts as functions of the slow-species counts, and obtain an approximate CME with the
slow species only. In Section 6, we derive the approximation error between the original
CME and the approximated CME. In Section 7, we first introduce the FSP algorithm in
general. Then we propose the EFSP algorithm. In Section 8, we illustrate the implementa-

tion of our method through two examples, a protein binding reaction and a toggle switch.

Original CME (2.3)
Proposition 3.0.1

P(X,t): Slow-species counts’ marginal
probability distribution (3.5)

Proposition 3.0.2
Find I, by using
the EFSP algorithm Terue
P(X,t): Marginal Y..(x,t): Fast-specles counts’
probability distribution (3.9) first n conditional moments (3.8)
Conditional

moment closure

P(X,t)(4.5) Zclosed ¥ (x, t): Closed dynamics (@l

Time-scale
Theorem 6.2.2 separation Theorem 6.1.1|
P(X,t)(5.2) Lreduced ¥2(x): Approximated as functions

of the slow-species counts (5.1)

Linear program

m ¥..(x): Proper probability
P(X,t) (5.5) ﬂﬁi distribution (5.4)

Figure 1-1: Schematic diagram illustrating overall procedure of the EFSP algorithm.
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Chapter 2

Preliminaries

In this section, we define notations that are used throughout this paper. Z>¢ and R>¢ are
the sets of nonnegative integers and real numbers, respectively. For any positive integer
n, an'o (]ano) implies the set of n-dimensional vectors with each entry in Z>q (R>0).
Given a nonnegative integer w and an n-dimensional vector Z = [z1,22,...,2a)" , we define

/(] ko

¥..(Z) to be the vector made up of entries of the form z;"z, ...z,,k" where k; € Z>¢, for

i=1,2,...,n,and Y.}_, k; = w. For instance, when Z = [z21,22,23,24),

¥, (Z) = [21,22,23,24) 7,

(2.1)

2 2 2 0T

lIJz(Z) - [Zl ,21422,2123,2124,22 ,2273,2224,23 ,2324,24 ] .
The /.. and /; norms of a vector Z = [71,22,...,24)! are defined as ||Z||, = max;|z]| and
|Z||, = LI, |z, respectively. For the . norm, we eliminate the subscript e and simply

note || Z|| . We call a vector P € RZ a probability vector when ||P||; = 1. The . induced

norm of matrix M is defined as
|M|| = max; ¥}, |mij|.

The /; to [ induced norm of matrix M is defined as [|M||, , = max;; 1m,- j]. We define
R|M); as the i' row of M = [m;;] € R™*", which implies that
EM); = [mil mp ... min]

fori=1,2,...,m.
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Now, we consider a biomolecular system with r species, Si,...,S,, and K reactions of

the form:
d
PiSi+ .+ Sy = quS1+ ...+ quSe, k=1,... K,

where gy — py; is the change in the number of molecules of S; by the k" reaction and dj
stands for the k" reaction rate constant. Let s;, for i = 1,2,...,r, be the molecular count
for each species as a discrete random variable and let s = [sq, 52, . .. ,s,]T be the state of the
system. Then, for any s € ZZ,, the Chemical Master Equation (CME) takes the form

oP s
(S ! Z —ak S t) +ak(s— ’)/k) (S - ’)/k,l)] 2.2)

where ¥ is a stoichiometry vector and ay(s) is a propensity function. When we let p; =
(Prts- -] and qp = [qi1, - - - qur] T, fork=1,2,... K, then %, = gx — p. ax(s) is propor-
tional to dj and ay (s)d is the probability that the k" reaction takes place in an infinitesimal
time step dt [16] [17] .

Let Q; be the state space of all species, which implies s € Q. Since ; is a subset of
a countable set Z%,, it is also countable. Let {s;} = {s1,s2,...} be an enumeration of Q;,

and define S = [s,ss,...]”. Then according to Munsky [11], when we let
P(S,t) = [P(s1,1),P(s,1),...}T,

which is the probability density state vector at time ¢, (2.2) can be written as a single linear

expression:
d
—P(S,t) = MP(S,t), given P(S,15) (2.3)
dt \ 177 \™MIY )Y o \ ERAV R \ J
where,
(
K ep s ,
— Y ak(s;) ifi=,
Mij: ak(sj) iij:S,'—’)/k,
0 Otherwise.

place on two time-scales. Let K be the number of slow reactions and K be the number
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of fast reactions where K; + Ky = K. We are using a small positive parameter (< 1),
which quantifies a time-scale separation between the slow and fast reactions. Then, we
can separate propensity functions as slow reactions’ propensity functions ai(s), for k =
1,2,...,Ky, and fast reactions’ propensity functions ai(s), for k = K, + 1,K; +2,... K, +
Ky = K. Based on the slow and fast reactions, we can define the slow and fast species as
follow. Upon firing the fast reactions, slow species counts never change. On the other hand,
for each fast species, there exists at least one fast reaction that changes the fast-species
counts. According to Jayanthi and Contou [18] [19], there exists a proper linear coordinate
transformation that identifies the slow and fast species in the system. Let Xj,...,X; be the
slow species and Y7,. .., Y, be the fast species, where [ + g =r. Letx;, fori=1,2,...,1,yj,
for j =1,2,...q, be the molecular count for each slow and fast species, respectively. Let
X = [x1,x2,...,x]7 andy = [y1,y2,...,¥4]7 be the state of the system for each slow and fast
species, respectively. Then s € Z%,, can be represented as s = (x,y), where x € Z,, > stands
for the slow-species counts and y € Z{ 5o stands for the fast-species counts. In addition,
fork=1,2,...,K, propensity function a,(s) can be written as a;(x,y). Now we make the

following assumptions:
Assumption 2.0.1. There exist nonnegative integers y,jo, such that
Ogyj Sytjot’ for .]: 1,2,...,q

Assumption 2.0.2. All of the propensity functions are polynomial in s [16]. In addition,

the order of each polynomial is less than or equal to 2.

Acerimntion 2 N1 saa1ivrag tha
ADIDUITIPUVIL £.U. 1 lb\.lullbb uia

c-q»

the number of fast
able in many biomolecular systems of practical interest. For example, in gene regulatory
network models, the fast species are usually complexes formed by transcription factors with
DNA, which are in finite amount [5]. Gillespie derived that propensity functions are poly-

nomial under suitable conditions such as well-mixedness [16]. Assumption 2.0.2 states that

the order of each polynomial for the propensity function is at most two because reactions

S
=
o
Q
=
=.
Q.
(]
]
=]

. This is a standard assumpti

molecular reactions (n > 2) have low probability compared to a sequence of bi-molecular

15



reactions [5]. In addition, propensity functions can be written as follows [14] [15]:

ak<X’Y) = bk(x) + Ck(x)lpl (y) + dk\P2<y)1 fork=1,2,...,Kj,
ak(%,3) = 5 (53 (X) + k()% (¥) + T (), o

fork=K;+1,2,...,K,

where W;(y) and W;(y) are defined in (2.1). bi(x) is a polynomial in x with order less
than or equal to 2. c(x) is a matrix with appropriate dimensions, and each component of
cx(x) is a polynomial in x with order less than or equal to 1. dy is a constant matrix with
appropriate dimension. The propensity functions of the slow reactions are an order of € of
the propensity functions of the fast reactions.

We let ©, and Q,, be the state space of the slow species and the fast species, respec-
tively. Since each slow-species counts is unbounded, £, = le()' On the other hand, because
of Assumption 2.0.1, Q, C Zgo and it is a finite set. Then x and y will be vectors of random
variables taking values in the sets , and Q,, respectively. Then, Q; = Q, x Q,, which is
a subset of Z’zo. Q, is a countable set because it is a finite set, and €, is also a countable
set because it is a finite product of countable sets. Let {x;} and {y,;} be an enumeration of
Q, and Q,, respectively.

Then for any x € Q, and y € Q,, we can rewrite the CME as

d X
d_P X ya Z ak(x y ’yat)
k=1
+ @ (X = Yok ¥ = H) P(X = Yoo ¥ — Yok 1) 2.5
K
+ Z [_ak(xay)P(vaat) +ak(X:Y - %J,k)P(XJy - Yy,k)t)]a
k:Kv’{”l

where, for k = 1,2,...K, ax(x,y) are propensity functions for the slow and fast reactions
defined in (2.4), and ¥ and ¥, are corresponding stoichiometry vectors, for the slow
species and the fast species, respectively [9]. For the fast reactions (k=Ks+1,....K), Yk

is 0, because the slow-species counts are not changed by the fast reactions.
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Chapter 3

Basic setup

In this section, we define ODEs for the slow-spcies counts’ marginal probability distribu-
tion, P(x,t), and for the fast-species counts’ first n conditional moments, Y,(x,?), based
on (2.5). To proceed, we define P(y,|x) as the conditional probability distribution of the
fast-species counts given the slow-species counts. Then, these two distributions, P(x,r)

and P(y,z|x), jointly specify the full distribution P(s,t) = P(x,y,t) via
P(x,y,t) = P(x,1)P(y,t|X),
by Bayes’ theorem. Then we define

tho(x,1) = B[ (Y)[x] = Y Wu(y)P(y,1]x),
YEQy 3.1)

Yn(x’l) = [:ul (th)TnuZ(xﬁt)Ta .. 'vun(x’t)T]T’

forany x € Q, w € Z>p, 1 <n < |Qy|, where L,,(x,7) and Y, (X, ) denote the fast-species
counts’ w'” and first n conditional moments, respectively. For w = 1,2,...,n, let f,, be a

matrix whose multiplication with Y, (x,?) isolates u,,(x,7), i.e.,

/Jw(xat) :wan(xJ)- (3.2)

Now we can derive ODEs from (2.5)

distribution, P(x,t), as in (3.3):

17



Proposition 3.0.1. For the CME in (2.5) with Assumptions 2.0.1 and 2.0.2, given X € Q,

we have
K,

d
—P (x,1) Elag(x,y)|x]P(x,t)
z_: ¢ ] (3.3)

+ Elar (X = Ve ¥) X = ek P(X — Yeks 1))

The proof of Proposition 3.0.1 is in the Appendix. By using (2.4), we can further

express the conditional expectation of propensity function ax(x,y) as

Efax(x,y)[x] = ):ak(x P(y,t|x)
(3.4)

= br(x) + cr(x)py (X, 1) + drpia (x, 1),

for given x and 1 < k < K;. When we let X = [x,Xs,...,]|7, according to Munsky [11],
the slow-species counts’ marginal probability distribution in (3.3) can be written as a single

linear expression:

%P(X,t) = A(Y2(x,1))P(X,t), given P(X,1), (3.5)
where,
P(X,l‘) = [P(X],Z),P(Xz,t),...,P(X,‘,t),...]T (3.6)

is the slow-species counts’ marginal probability distribution vector at time ¢ and

—Yr Elag(xj,y)|xj] ifi=j,

Aij: 3 ]E[ak(xj,y)|xj] ifXj:X,'—’}’x,k,l <k <Kj, (3.7

0 Otherwise.

We can also derive ODEs from (2.5) for the fast-species counts’ first n conditional mo-

ments, Y, (x,7), as in (3.8):

Proposition 3.0.2. For the CME in (2.5) with Assumptions 2.0.1 and 2.0.2, for x € L, and

18



1<n< |Qy|, we have

S%Yn(x, 1) = C(x)Y,(x,1) +c1(X) + coftns1 (X, 1) + EG(2). (3.8)

The proof of Proposition 3.0.2 is in the Appendix. For givenx € Q,and 1 <n < ]Qy

)

let X/, be
SP(X,1) = [A(2(x,)IP(X.1),
Lirue - S%Yn(x,t) :C(X)Y,,(x,t)—i-c](x) (3.9)
+Calbn+1(X,1) +eG(1).

When n = |Q,

, Lrue 1s closed, because W, 1(x,t) can be represented as an affine function

of Y,,(x,1) [9]. However, in general, when 1 <n < |Qy , the dynamics of the fast-species
counts’ conditional moments are not closed, because 1,11 (x,?) is not a function of ¥, (x,?)
anymore. To solve this problem, we apply a robust conditional moment closure method
to approximate U, (x,?) as a function of ¥,(x,#) to close the dynamics. The next section
proposes the robust moment closure technique developed by Naghnaeian [15], and it can

be applied to the conditional moments.
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Chapter 4

Robust Conditional Moment Closure

The Robust Moment Closure (RMC) was originally developed by Naghnaeian [15] for
the moments dynamics. Here we modify it so to make it applicable to the dynamics of
the conditional moments. For any x € Q,, we define the fast-species counts’ conditional

probability distribution as

PYIX(XJ) = [P(yl ,IiX), cee ,P(Yj,[iX), s 3P<y|Q.v| )tix)]T'
Then for each u,1(x,1) and Y, (x,1), there exists unique H, and V,, that satisfy

Hn+1 (X,f) = HnPy‘X(X,t>, Yn(X,t) = VnPylx(X,t).

For example, when g = 1,

an[o 1rtoontl (|Qy|)"+‘}, (4.1)
01 2 .. |o]
0 12 22 ... o)

V=1 aup (4.2)
012 Q[T

Our objective is to approximate i, (xX,) as a function of Y,(x,?), so that (3.9) becomes

closed, denoted as

.un+1(x7t) ~ ¢<Yn(X,t)),

21



where ¢(.) can be a nonlinear function. Since the conditional probability distribution,
Pyix(x,t), is not known, ¢(.) should be chosen such that the worst-case error between

tns1(x,1) and ¢ (Y, (x,1)) is minimized. Therefore, the following min-max problem:

inf  sup ||ar1(x,0) — @ (Ya(x,0))l, (4.3)
Py]x(X,t)E]P

should be solved. Naghnaeian [15] proved that without a priori information on the condi-
tional probability distribution, Py|x (x,), a solution for (4.3) is obtained when ¢ (Y, (x,1))

is an affine function of ¥, (x,#), which can be written as
o (Yu(x,1)) = KYy(x,1) +Kp.

In addition, we can obtain K and Kj by solving the linear program

min Y
Ko.K (4.4)
st.  —y1T <%[H, - (KV,+ Kol )] < y17

fori=1,2,...,p, where p is the number of rows in H,. Let the linear program in (4.4)’s

object value be p,. When n is fixed, p, is a constant. Then

I?

which is the approximation error between U, +1(X,7) and ¢ (Y,(x,t)), is bounded by p, for

”un—ﬂ—l (X>t) - ¢(Yn(xat>)H = ||H"PY|X(X7I) - (KVHPY|X(X’I) +K0>

any Pyx(X,?). On the right-hand side of X;,e, we substitute KY, (x,7) + Ko for tny1(X,1),

and obtain
(45060 = TS NP = AP0

Tetosed : § €LTVE(x,1) =C(x)VF(x,1) +c1(x) 4.5)
+cor(KYE(x,1) + Ko) + €G(1).

Let us define ft€(x,t) = £, ¥,E(x,1).

\

Remark 4.0.1. According to Lemma 10.3.1, if C(X) + 2K is a stable matrix, that is, all
of its eigenvalues have negative real part, the approximation error between Wy (X, ) and

€/

RE(x,t) is bounded. K is not guaranteed in general

via (4.4), we prove that this matrix is indeed stable in our examples. To ensure the stability
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by construction, we can augment (4.4) with a linear matrix inequality and conduct an
iterative algorithm. This procedure is in the Appendix. Here we assume that C(X) 4+ 2K is

a stable matrix.
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Chapter 5

Time-Scale Separation

We can check that (4.5) is written in standard singular perturbation form [13]. Let 79(x)

be the solution of

Cx)P2(x) +¢1 (x) + c2 (K72 (x) + Ko) = 0, (5.1

which can be obtained by letting € = 0 in (4.5). Since C(x) + 2K is a stable matrix,
7£(x,t) converges exponentially fast to 70 (x)[13]. By replacing ¥£ (x,) with ¥ (x) on the

right-hand side of (4.5), we can obtain
Ereduced : { 4p(X,1) = [AYP(x)]P(X,1) =AP(X,1). (5.2)

Y reduced 15 composed of the slow species only, because we approximate the conditional
moments of the fast-species counts, ¥ (x,7), as functions of the slow-species counts, 79 (x).
Y reduced 18 @ positive system if and only if A is a Metzler matrix [20]. However, this is not

guaranteed in general. Because of (3.4) and (3.7), any off-diagonal element of A has the

form
. ~0 ~0
b (x) 4+ cr(x) i1} (x) + di (x), (5.3)
where f10(x) = £, 70(x), for w = 1,2. Therefore, A is a Metzler matrix if and only if (5.3)
is non-negative for all x € Q,. For given x € Q, and k = 1,2,...,K;, we define a linear

25



program

Cmin )~ B9+ )~ 00
1(x),h2(x) (5.4)
s.t. br(x) + ci(X)hy (x) + drhy(x) > 0.

Let the optimal solution to (5.4) be h;(x) = {11 (x) and hp(x) = {12(x) and the object value

be A*. By replacing 1¥(x) and i) (x) with fi; (x) and [I>(X) in Zregyceq. We obtain
Zpinat+ { SP(X,1) = AT (x)IP(X,1) = AP(X, 1), (5.5)

where Y5 (x) = [ (x)7, i2(x)7]7. In (5.5), Zfina is a positive system because A is a Met-
zler matrix, which is guaranteed by (5.4). Furthermore, A is a stable matrix and both

|| (x) — @) (x)]| and || 12 (x) — fiJ (x)|| are bounded by A*.
Remark 5.0.1. When n = IQYI’ both p, and A* are 0.

Proof. p, is 0 because i, (x,?) can be represented as an affine function of ¥,,(x,7). AX=0

is proved by Gomez [9]. U

Now the approximation errors for both the fast-species counts’ conditional moments

and the slow-species counts’ marginal probability distribution should be quantified.
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Chapter 6

Error Quantification

6.1 Conditional Moments of the Fast-Species Counts

Here, we first consider the fast-species counts’ conditional moments. The following theo-
rem derives the approximation error between the fast-species counts’ conditional moments

Of Ztrue, “w)(x, t). and thOSG Of Efl'na!, ‘L’ZW(X).

Theorem 6.1.1. Given ty > to > 0 and X € Q,, the approximation error between |1, (X,t)

and [1,,(x) satisfies
SUPre(1g.1/] [ (x,1) = R (X)|| < Al e +A%+0(¢),

forw =12 where,
Ao = fig 1fwexp{2(Cx) +eak) (ty — ©) } |72 |2

Furthermore, there exist Ae > 0 and € > 0 such that sup,cjy, 1 | Hw(X,1) — Ly (X) | < A +
O(¢€) forall x, € € (0,€*) andw =1 0r 2.

The proof of Theorem 6.1.1 is presented in the Appendix together with several lemmas
that are used in the proof. We provide an outline of the proof here. First, we derive the ap-

proximation error between the fast-species counts’ conditional moments of ;.. and those

of X,

Py IR |
D O X OAY &1 # g hfiaddedind

Then we derive the error between the fast-s

i1 101 CLWY UIT 1asv

of Xjosea and those of X,.4yc0q. The approximation error between the fast-species counts’
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conditional moments of X,gyceq and those of Lfing is derived by (5.4), which is A*. By
combining these three results, using triangular inequality, we can obtain the approximation

error between the fast-species counts’ conditional moments of X, iy (X, 1), and those of

Zfinal’ ﬁw(x)-

6.2 Marginal Probability Distribution of the Slow-Species

Counts

Next, we quantify the approximation error of the slow-species counts’ marginal probability
distribution by using Theorem 6.1.1. In X;,,;, we construct a positive system by making A
Metzler and stable matrix. Now, let us regard X s, as our nominal system and (3.5) as the

perturbed system. Then we can express the perturbed system as follows:
d .
SPX.0) = (A+8(1))PX.1), 6.1)

where
A (1) = [A(Ya(x,1))] = A,
By using Theorem 6.1.1, we can prove that /; — I, norm of A;(z) is bounded.

Lemma 6.2.1. There is a constant k; such that
AL}, -1, < kiAe+O(g),

where Ag is defined in Theorem 6.1.1.

The proof of Lemma 6.2.1 is in the Appendix. Now we can qunatify the approximation
between the slow-species counts’ marginal probability distribution of X, P(X,t), and

those of X fina/, P(X,t), as follows:

Theorem 6.2.2. Given t; > iy > 0, the approximation error between P(X,t) and P(X 1)

satisfies
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Supte[[().}f] HP(X’t)—IS(X,t)“
<k jt:)j |lexp{A}(t; —1)||dTAe + O(e).

The proof of Theorem 6.2.2 is in the Appendix.

Corollary 6.2.3. As € — 0, the right-hand side of the inequality in Theorem 6.2.2 goes to
kAo, where

k= ki ] |lexp{A(ty — 7) }||d7, A = limg0A¢ = sup, (12} xeol (Alo +A%) , and
Ao =lime0A% e =[5 [ fwexp{(C(x) + c2K)t}||d1pnl|c2|

The proof of Corollary 6.2.3 is in the Appendix.

Remark 6.2.4. Whenn = IQ),', the right-hand side of the inequality in Theorem 6.2.2 goes
to O(e). This is because when n = |Qy|, both p, and A* go to 0 by Remark 5.0.1, so A¢

goes to 0.

Remark 6.2.4 shows that when n = [Qy

, the only error that remains will be due to

time-scale separation. In addition, as € — 0, [ P(X,t) - P(X,t) || goes to 0. Now we should
find I, by using the EFSP algorithm, which is illustrated in Section 7.2, to approximate
infinite dimensional CME as a finite dimensional CME, that contains the slow species only

and sufficiently close to the original CME.
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Chapter 7

The FSP and the EFSP algorithms

In this section, we first illustrate the FSP algorithm developed by Munsky[11] in general,
for (2.2) and (2.3). Then we propose the EFSP algorithm which can be applied to (5.5),

where two time-scale exists.

7.1 The FSP algorithm in general

Consider (2.3), which has the infinite state space Q; = {s1,52,83,...}. Let/ ={i1,i2,...,im}
denote a finite ordered index set. Then, for given I, we can define a truncated finite state

space, Q/, as follows:
I _
Q= {8i,Sir,---,Si, }-

For any matrix A and given ordered index set /, let A; denote the principal submatrix of

A, in which both rows and columns have been chosen and ordered according to /. For

1 2 3 4
5 6 7 8 6 7 3
example, when A = J={2,3}, thenA; = . In addition, for
9 10 11 12 10 11
L13 14 15 16

any vector X, X; is the vector of those elements of X indexed by /. For example, when
7

X =10.3,0.7,0.1,1.1]7, I = {3,2}, then X; = [0.1,0.7]". Based on (2.3), and a given finite
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ordered index set I, we define P!(S,1) as solutions of

d
;l;P’(S,t) = M;P'(S,1),P'(S,10) = Pi(S,10), (7.1)

where P!(S,?) is the approximated finite dimensional probability distribution. The FSP
algorithm provides a systematic method to find a finite ordered index set /, so that the
approximated probability distribution, P!(S,1) in (7.1), is sufficiently close to the original
infinite-dimensional probability distribution, P(S,). In particular, the solution of (7.1) for

1 € [to,1f] is
P/(S,t) = exp(M;1) P! (S, 10).
According to [11], for any pair of index sets, I} C I,
lexp(My,)]s, > exp(My,) > 0. (7.2)
Since the probability density vector P(S,?) is always non-negative, (7.2) guarantees that
lexp (Mt 7)1, P (S, 10) > exp(M], t7) P (S, t). (7.3)

This result assures that when we gradually expand ordered index set [j (as [y C ... C
I;...), the approximation monotonically improves.

In addition, for given 8 > 0,1y > 0 and /, if
llexp (Mit;) P (S, 10) ||, = 17 [exp(Mytr) P'(S,10)] > 16, (7.4)

then

exp (M,zf)P’ (S,t0) < Pi(S,15) < exP{(M,)zf}P’ (S,t0)+ 01 (7.5)

is guaranteed [11]. (7.4) and (7.5) imply that the approximate solution, PI(S,t7) =exp(Mity) PI(S,10)
never exceeds the actual solution, P;(S,z7), and ||P(S,t7) — PI(S,tf)H < &, when (7.4) is

We can depict the underlying idea of the FSP algorithm, by representing all possible

32



states as nodes on an infinite r-dimensional integer lattice, where r is the number of species
in the biomolecular system and each node corresponds to distinct state, s;. Fig. 7-1 (Top)
shows a lattice for r = 2. Here, we project this infinite lattice onto the finite subset enclosed
by the gray square, that corresponds to an index set /. This projected state space is shown
in Fig. 7-1 (Bottom), where I represents the truncated state space, and ! represents the
complement of I, where I is aggregated to a single point. (7.1) illustrates the truncated
CME with the index set I. (7.1) reflects transitions between states within / as well as
reactions that starts from / and end in I’ . However, the equation ignores reactions that begin
in/ andendin/lor/. (7.3) shows that as the index set / increases, more trajectories are
maintained and the probability of remaining in / increases. (7.5) shows that the probability
that the original infinite dimensional system is currently in / must be larger than or equal
to the probability that the system has stayed in [ for all times, ¢ € [fo,f].

Now we can apply the FSP algorithm to (2.3) to find a finite ordered index set I that

truncates the original infinite state space to a finite state space such that the error
|P'(S,1) — B (S,1)]| < 6.

x The Finite State Projection Algorithm
Step O.
Choose the final time of interest, ¢;.
Specify the acceptable error, 6 > 0.
Choose an initial finite set of states, /oy for the FSP.
Initialize a counter, j = 0.
Step 1.
Compute Ty, = 1T PYi(S,t7) = 17 exp(My;17) Pli(S, 10).
Step 2.
IfI; > 1—6: =1, Stop.
P'(S,t;) approximates P;(S,t) within error &.
Else: Go to Step 3.
Step 3.

Add more states to I; and obtain /.
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Increment j as j+ 1 and return to Step 1.

In Step 0, Iy can be determined based on the initial probability distribution P(S,t). In
Step 3 of the FSP algorithm, a method to expand /; to /4 is not explicitly stated. There
may be many methods to expand the state space, and Munsky [11] illustrates one way to
perform the expansion, called N-step reachability. Let Iy be the initial state and define /;
inductively. Let ;| contain all states in I; combined with all states which can be reached
from I; in 1 reaction. Then, /; denotes the set of all states which can be reached from the
initial state in j or fewer reactions. This is how the algorithm expands the state space in
Step 3. Munsky showed that for sufficiently large j, I';; = 17 exp (Myts)Pli(S,10) > 1 -8

is satisfied [11]. In addition, for / that we find in the FSP algorithm, we have that

|Pi(S,2) = PI(S,0)|| <8,

for s € [19,1] is guaranteed.

However, when multiple time scales exist, the FSP algorithm suffers from computa-
tional issues for two reasons. First, when the algorithm expands /; in Step 3, it equally
treats the transition rates between states, even though transitions by the fast reactions are
much more probable than transitions by the slow reactions. Second, to compute I';; in Step
1, the aigorithm has to soive the fuli CME at i =iy, 0 obtain P (S,ty), whi
both slow and fast species. To handle these problems, we propose the EFSP algorithm,
when two time-scale exists. In Step 3 of the EFSP algorithm, we aggregate the fast species
and apply the N-step reachability to the slow species, by using the fact that transitions by
the fast reactions are much more probable than transitions by the slow reactions. In Step 1
of the EFSP algorithm, we use the model reduction technique to approximate the original
CME with Z 4,4/, which contains the slow species only, and solve the approximated CME

atr =ty.

34



7.2 The EFSP algorithm where two time-scale exists

Let I, = {iy,i2,...,im} denote a finite ordered index set for the slow species. Then for the

given I, we can define a truncated finite state space of the slow species, Q"g, as follows:
QJICX = {X,‘I,X,'Z, . ,X,'m}.

Based on (5.5), and a given finite ordered index set I, we define P (X 1) as solutions of
d . A A N .
EP’X(X,t) = AL Pl (X,1), P (X ,10) = P, (X ,10), (7.6)

where P*(X 1) is the approximated finite dimensional marginal probability distribution of
the slow-speices counts. In (5.5), f’(X ,1) is an infinite dimensional vector, because £2,, the
state space of the slow species is infinite. Therefore, we apply the EFSP algorithm to (5.5)
to find a finite ordered index set I, that truncates the infinite state space of the slow species

to a finite state space and approximate P(X,7) as P*(X,t) with error §.

x The Enhanced Finite State Projection Algorithm
Step 0.
Choose the final time of interest, 5.
Specify the acceptable error, 6 > 0.
Choose an initial finite set of states, Iy for the FSP.
Initialize a counter, i = 0.
Step 1.
Compute Ty, = 1T PRi(X 1) = 1T exp(Ay, 17) P (X, 19).
Step 2.
IfI'y, > 1—06: Iy = I, Stop.
P%(X,t7) approximates Py, (X,#/) within error 6.
Else: Go to Step 3.
Step 3.

Add more elements to /; and obtain I, ;, ;.

Increment i as i + 1 and return to Step 1.
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In Step 3 of the EFSP algorithm, a method to expand I; to I ;4 is not explicitly
stated. Fig. 7-2 shows a two-dimensional integer lattice when only one species for both
slow (X7) and fast species (Y;) exist. Based on the fact that moving horizontally (by the
fast reactions) is much more probable than moving vertically (by the slow reactions), we
aggregate all state, that have the same slow-species counts, as a single state, and apply the
N-step reachability procedure to the slow species only. It solves the first computational
issue of the original FSP algorithm.

P&i(X,tr) in Step 1 of the EFSP algorithm is defined in (7.6). Unlike the original FSP
algorithm, which has to calculate original CME that contains both fast and slow species,
our algorithm relies on the approximated CME, (7.6), that contains the slow species only. It
solves the second computational issue of the original FSP algorithm. To obtain Pi (X1 7)

at ith

iteration, we have to approximate Y, (x,?) as ¥, (x) for all x € Qi”. However, f,(x) for
x € Q1 g already calculated at (i — 1) iteration, so we additionally need to calculate
¥, (x) only for x € Qi“ \ Q)If‘i"' )

For convenience, let I, be {iy,...,i,}, which is the ordered index set for the slow species

obtained from the EFSP algorithm. Then,
| B (X 1p) — Ple(X 15)|| < &

is satisfied, because we choose I, that satisfies I, > 1 — & in Step 2. Furthermore, we can
claim that

1B, (X, 1) = P(X,1)]| < 6, (1.7)
for t € [tg,17], because we expand our I; by using N-step reachability procedure and it

guarantees the time extension [11] [12]. Now we can claim the following:

Theorem 7.2.1. Given t; >ty > 0, the approximation error between Py, (X ,t) and P (X 1)

satisfies

i P (x ) — Phe(
SUP i r] |[F1:AX5T) *

<k f,:)f Hexp{A}(tf — ’C)Hd’CAg +0(g)+ 6.
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In addition, as € — 0, the right-hand side of the above inequality goes to kAo + &, where
kAo is defined in Corollary 6.2.3.

The proof of Theorem 7.2.1 is in the Appendix. Theorem 7.2.1 shows that we ap-
proximated original infinite dimensional CME, P(X,t), with an m-dimensional CME that
contains the slow species only, P (X ,t), with the quantifiable error bound. This error be-
comes smaller as 8 or € decreases. To show the utility of our algorithm, we consider two

examples.
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Figure 7-1: Schematic for the FSP algorithm. (Top) Schematic of integer lattice that repre-
sents all possible infinitely many states when r = 2. (Bottom) A finite truncated state space
by a projection of the original infinite state space.
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Figure 7-2: Schematic of N-step reachability when two time-scale exists. Here, we visual-
ize a two dimensional lattice, when one slow species (X)) and one fast species (¥7) exist.
Based on the fact that moving horizontally is much more probable then moving vertically,
we aggregate the fast species and apply the N-step reachability to the slow species.
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Chapter 8

Examples

In this section, we consider a protein binding reaction and a toggle switch to show the

utility of our method.

8.1 Protein Binding Reaction

In this subsection, we consider a protein binding reaction, shown in Fig. 8-1, where two

transcriptional components are interconnected [5][21]. Based on the fact that this network

Upstream Downstream
A transcriptional component X  transcriptional component
o .0
N J \\’ o
\»___b Y —/r’
[ 1 [
B R

Figure 8-1: The upstream transcriptional component takes protein A as the input and pro-
duces protein X as the output. The downstream transcriptional component takes protein X
as the input, and X binds with promoter R and produces complex C as the output.

is time-scale separable, the network is analyzed by singular perturbation methods in deter-
ministic models [22]. In Fig. 8-1, the upstream transcriptional component is an input/output
system that takes protein A as the input and produces protein X as the output. The down-
stream transcriptional component takes protein X as the input, and X binds with promoter

R and produces complex C as the output. In the upstream transcriptional component, we
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let k be the production rate of X and let b be the decay rate of X, including both dilution
and degradation. In the downstream transcriptional component, we let a and d be the asso-
ciation and dissociation rate constants of protein X to promoter R. Then we can write the

chemical reactions as follows [5]:
k a
=X, X+R=C. (8.1)
b d

In (8.1), there exists a constant R, that satisfies R, = R+ C, because the total concentration
of the promoter is conserved. We know that aR;, d >> b, k, because the protein and the
promoter’s binding and unbinding reactions are much faster than the protein’s decay and

. . .. . . k
production reactions. Therefore, we can divide reactions in two groups: @ = X are two
b

slow reactions and X + R \i‘— C are two fast reactions. When we define X; = X +C, we can
find out that X is a slow s‘;ecies and C is a fast species which is bounded by R;, because
count of X is never changed and count of C is changed by the fast reactions. When we
define € = IZ’, which satisfies 0 < € < 1l and let k = b, aR, = ‘7’, S = [xl,c]T, we can derive
the following propensity functions and corresponding stoichiometries for both fast and slow

reactions as

where, V is the volume.

The state space of the fast species is Q, = {0,1,2,...,R;}, which is a finite set, and the
eciesis Q, = {0,1,2,... , + which is an infinite set. Based on the

N .
r i ey L 1 . 19 lw

above propensity functions and stoichiometries, for x; € Q, and ¢ € Qy, we can derive the
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CME as follows:

d
EP(xl,c,t) = —b(x; —c)P(x1,c,t)

1 b 1
_ E2VRr (x1 —¢)(R; —c)P(xy,c,t) — —g—bcP(xl,c,z)
—bP(x1,e,0) +b((x + 1) — )Pl +1,60) (82)
1 b
+2avg, 1 (e D)R = (e = 1))Plx,e = 1L1)

1
+ Eb(c+ 1)P(xy,c+ 1,6) +bP(x; — 1,¢,1).

We can check that (8.2) is in (2.5) form. By using (8.2), we can derive ODEs for the

slow-species counts’ marginal probability distribution as follows:

d
EP(xl,t) = —bxP(xy,t) +b(x; + 1)P(x; + 1,1)

— by (x1 + 1,0)P(xy + 1,1) + by (x1,1)P(x1,1) (8.3)
— bP(xy,t) +bP(x) — 1,1).

We can check that (8.3) is in (3.3) form. Then, (8.3) can be written as a single linear

expression, as in (3.5) form, as follows:
d
EP(X],I):A(Yz(xl,[))P(Xl,l), (8.4)

where P(Xj,) is an infinite dimensional vector, and

4

—b(Xj—[,Ll(Xj,l))—b ifi:j,
b(xj_ul(xj’t)) lfl:.]‘la
A,‘jz
b ifi=j+1,
LO Otherwise.

By using (8.2), we can also derive ODEs for the fast-species counts’ first 2 conditional
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moments as follows:

d
E—Yr(xj,t) =
dt 2(x1.1)
_b_b(x]+R,) b
2VR, 2VR, Y2 (xl , t)
b b(sz|Rt—'le—bR1) 2b bwsz]fszt
+ 2VR, o + 2VR, (8 5)
bx1
g w3 (x1,1) + O(e)
ba b 3{X1,
2V VR,

= C(x1)Y2(x1,1) +c1(xy) +c2u3(x1,1) + O(€),

which is in (3.8) form. By combining (8.4) and (8.5), we can obtain ODEs in X, form.
Here, u3(x1,t) is not a function of Y»(xy,7). Therefore, to close the dynamics, we need to

approximate 3 (xy,t) as an affine function of ¥ (xj,r) as follows:
3 (x1,1) = ¢ (Ya(x1,1)) = Kappip (x1,1) + Kz py (x1,7) + K3p.
By solving the linear program in (4.4), we can obtain
K, = 15, K3; = —56, K30 = 30 and ps = 30.

When we substitute u3(x;,t) with ¢(¥2(x1,7)) in (8.5), we can obtain ODESs in X ;4504 form.
To approximate Y, (x;,#) as functions of the slow-species counts, we let € = 0 in X¢/45e4,

and obtain

=0
iy (x1) 3
1 +cp(xp) 4 ca (K3t (x1)

C(x1)
1 19 (x1) (8.6)

+K31!1?(X1) +K3p) =0.

By solving (8.6), we can obtain f1?(x;) and fif(x;) as follows:

,ﬂg(xl) = Kzlﬂ?(xl) + Kpp, where
axiR; +2aK3g

Koo = ,
207 24R, ¥+ 2ax; — 2aK3; —a+2dV

% _2ax1R,—aR,—ax1+2aK31+dV (8.7)
217 4R, + 2ax| — 2aK3 —a+2dV

. akKoo + ax R,

i (x1) =

AR +ax) —aKy +dV’
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We can obtain the CME with the slow species only, by substituting ; (x1,¢) as fi)(x1) in
(8.4). Now we should apply the EFSP algorithm to the infinite dimensional approximated
CME that contains the slow-species only to find I,.

When we let b = 0.4[min"!], R, = 10[molecules], V = 1{um?], o = 0[min], s = 30[min],
X1 (to) = 10[molecules], C() = 2[molecules] and the EFSP error § = 10, we can find
X1 max» the upperbound of X; as 16, by using the EFSP algorithm. This implies we succeed
to truncate €, as Qfgf ={0,1,2,...,X| max }, Which is a finite set. Furthermore, Ag in Theo-
rem 7.1 can be accomplished at x; = S and i = 1, which means [ ||d;exp{(C(x1) + c2K)t}||dt =
0.85. k; in Lemma 6.2is 0.2, ||cz|| = 4 and ||exp{A(t; — ) }|| = 0.1 xexp{—0.45(t; — 7) }.
We can obtain the error bound for the marginal probability distribution of the slow species
in Theorem 7.1 based on these values.

Fig. 8-2(a) compares P(X| = 5) of X, with € =0.1,0.01,0.001 and those of X fina with

Aﬁgroximated with Error Bound vs Original

——truncated, reduced, n=2
upper bound

—— lower bound

original, ¢ 0.1

original, € 0.01
——original, € 0.001

0 5 10 15 2 2 30
Time (min)

(a) Comparing P(X; = 5) of L, with € =0.1,0.01,0.001

and those of Z i withn = 2, with the error bound obtained

from Theorem 7.1.

Approximated with Error Bound vs Original

——truncated, reduced, n=2

0.1016 \
N\ ——upper bound

) asil lower bound
“P ——original, € 0.1
5 K ——original, e 0.01
S 0.1005 {——original, ¢ 0.001

N\
6,\7 875 B;B 8.‘55 BJ.Q
Time (min)

01

(b) Extended view of the above graph.

Figure 8-2: The slow-species counts’ marginal probability distribution, P(X; = 5). For this
simulation, € = 0.1, 0.01,0.001, n =2, b = 0.4[min"!], V = 1[um’], R, = 10[molecules]
are used.
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n = 2 and the error bound obtained from Theorem 7.1. Fig. 8-2(b) is the extended view of
Fig. 8-2(a). The simulation result shows that P(X; = 5) of X, with € = 0.001 is almost
the same as those of Xy, with n = 2 and the error bound obtained from Theorem 7.1.

Therefore, we can conclude that as € — 0, our approach gives a valid result.

8.2 Toggle Switch

In this subsection, we consider a toggle switch, shown in Fig. 8-3 [5] [23] [24]. Here we
consider reciprocal inhibition of two genes A and B, which has been implemented in vivo
by Gardner [25]. In Fig. 8-3, DNA4 produces Proteiny with rate a4. Proteina can bind
(unbind) with DNAg with rate k: (k4 ) and protein-bound DNA stops DNAg to produce
Proteing. Proteins decays with rate d4. The topology is symmetric with A and B, so the

same reactions exist for B. Then we can write the chemical reactions for Fig. 8-3 as follows:

(D) DNAA BN DNA A + Proteing,
@DNA; -2 DNAg + Proteing,
® Proteing A, 0,

@ Proteing —‘-i£> 0,

k+
® Proteina +DNAp == DNA%,
ky

®) Proteing + DNA fi DNABound,
ky

Reactions (I) and (@) correspond to production of protein A and B, from unbound DNA,
respectively. Reactions ) and @) describe the decay of proteins. Reactions ) and ®
depict binding and unbinding of protein and DNA. Bound DNA loses the ability to produce
protein. For convenience, we letay =ag =a,ds =dp =d, ki =kjj =k*, k; =kz =k~.
We point out that k* k™ >> a,d[23]. Then we can divide reactions in two groups: reactions
(D to @ are four slow reactions and () to (6) are four fast reactions. In addition, there exists
a positive constant D, that satisfies DNAA + DNA}Z“’“"d = DNAg + DNA%"und = Dy, due to
mass conservation of DNA. When we define U = Proteiny — DNAg, C = Proteing —DNA4,

Z = DNA,, W = DNAg, we can find out that U and C are slow species, and Z and W are
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|
{ ProtelnB

k*s - ko k'
aa ag
tProtelnB ' l—)
I DNA, > TN

Figure 8-3: Design of a toggle switch. Solid-line species are related to gene A; dashed-
line species are related to gene B. Proteiny is produced by DNA4 with rate as. It decays
with rate d4 and can bind (unbind) DNAg with rate kja- (k; ). Protein-bound DNA stops the
protein production. The same reactions exist for B.

fast species that are bounded by D;. In addition , when we define € = k%, which satisfies
O<e<landletk- =kt,a=4,s=[ucz,w, x=[uc",y= [z,w]T, we can derive
the following propensity functions and corresponding stoichiometries for both fast and slow

reactions as

ay(u,c,z,w) = %z,’yl — [—i—l,O,O,O]T,
ap(u,c,z,w) = %W,’)Q = [0,+1,0,0]T,
az(u,c,z,w) =d(u+w), 3= [-1,0,0,0]7,
as(u,c,z,w) =d(c+z) 7 = [0,—1,0,0]7,
as(u,c,z,w) = L &(u+w)w, % =[0,0,0,— 11,

ag(u,c,z,w) = %d(D —w), % = [0,0,0,+1]7,
a-;(u,c,z, )_%%(C‘—f‘Z)Z, [0:01_1;0]1‘:
as(t,c,z,w) = 2d(Dy - 2),7 = [0,0,+1,017,

where, V is the volume. The state space of the fast species is
Q, = {[0;0],[0;1],...,[0: D],...,[Dy; 0], [Dy; 1],... [Dr; Dy] }, which is a finite set, and the
state space of the slow species Q, is an infinite set, because species counts of proteins are

not bounded. Based on the above propensity functions and stoichiometries, for (u,c) € Qy
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and (z,w) € Q,, we can derive the CME as follows:

d z w
Zp 1) =—d(=+~
o (u,c,z,w,t) d(2+2+(u+w)+(c+z)

1 (u+w)w 1 l(c+z)z 1
T (D, — - (D, —
+8 v +€(, w)+8 v +8(D, 2))

P(u,c,z,w,t) +0.5dzP(u —1,¢,z,w) +0.5dwP(u,c — 1,z,w)

+d(u+14+w)P(u+1,c,z,w)+d(c+ 1+2)P(u,c+1,z,w)

. (8.8)
+EV(u+W+ D(w+1)P(u,c,z,w+1)

1
+Ed(D,—w+ )P(u,c,z,w—1)

1d
+ -y (etzt D+ DPuez+Lw)

1
+ Ed(D, —z+ D)P(u,c,z— 1,w).

We can check that (8.8) is in (2.5) form. By using (8.8), we can derive ODEs for the
slow-species counts’ marginal probability distribution as follows:

d 3

Zi;P(u’C’t) = —EdE(Z+ Wlu,c)P(u,c,t) —d(u+c)P(u,c,t)

d d
+§E(Z|u-— L,c)P(u— l,c,t)-i—zE(Wlu,c— DP(u,c—1)

+d(u+ 1D)P(u+1,¢c,t)+d(c+1)P(u,c+1,1)

(8.9)

+dEWlu+1,¢)P(u+1,c,t) +dE(Zlu,c+1)P(u,c +1,1).

We can check that (8.9) is in (3.3) form. Then, (8.9) can be written as a single linear

expression, as in (3.5) form, as follows:

d

S PX0) = A (x,1)P(X,1). (8.10)

By using (8.8), we can also derive ODEs for the fast-species counts’ first 1 conditional

48



moments as follows:

d —~de—d 0 dD,
e—Yi{(u,c,t) = Y1 (u,c,t)+
dr 0 —du-d dD,
d | E(Z*|u,c (8.11)
— (2 lu.c) +0(¢)

v E(W?|u,c)

= C(u,c)Y1(u,c,t) +c1(u,c) + capa(u,c,t) + O(€).

By combining (8.10) and (8.11), we can obtain equations in X, form. In Xtrues
to(u,c,t) is not a function of Yi(u,c,t). Therefore, to close the dynamics, we need to

approximate U (u,c,t) as an affine function of Y1 (u,c,t) as follows:
Mo (u,c,t) = q)(Yl(u,C,t)) = K/Jl(u,c,t) + Ky.

By solving the linear program in Eq. (19), we can obtain

075 0 0
K=105 05],Ko= |-025| and p; =0.25.
0 0.75 0

When we substitute pp(u,c,t) with ¢ (Y;(u,c,r)) in (8.11), we can obtain our dynamics
in X,5eq form. To approximate Y1 (u,c,t) as functions of the slow-species counts, we let

€ =01in X 5q and obtain
Clu, )0 (1,¢) + 1 (1,¢) + 29 (A (u,¢)) = 0. (8.12)

When we solve (8.12), we can obtain [L?(u, ¢) as follows:

D,V
O(M C) — c+0.75+V
DA DV
u+0.75+V

it

We can obtain the CME with the slow species only, by substituting fif (u,c,1) as A (u,c) in
(8.10). Now we should apply the EFSP algorithm to the infinite dimensional approximated
CME that contains the slow-s

ecies only to find I,

U ix.

When we let d = 0.1[min"'], D, = 1[molecules], V = 1{um?], ty = 15[min], X(0) =

49



Y (0) = 8[molecules] and the FSP approximation error § = 107°, we can find #max and
Cmax, the upperbound of U and C as 10 for both of them. This implies that we succeed to

truncate Q, to

-Q',Itx = {[—Dr; —Dr], [“Dr; —Dy+ 1],-- . ,[—Dz; —Dy + cmax|
ceey [_Dt + Umax; _Dl]1 [_D! + Umax; —D; + 1]:
R [_Dr + Umax; —Dr + Cmax]a

which is a finite set. Fig. 8-4(a) compares P(U =7,C = 7) of £, with € =0.1,0.01,0.001

Approximated with Error Bound vs Original
05F ' ;

3 ——truncated, reduced, n=1
\ — upper bound
\ —— lower bound
J original, e = 0.1
005} | \ ——original, e = 0.01
) original, ¢ =0.001

o} !

0 s 10 15
Time (min)

(a) Comparing P(U = 7,C = 7) of Ly with € =

0.1,0.01,0.001 and those of Efjne with n = 1, with the error

bound obtained from Theorem 7.2.1.

Approximated with Error Bound vs Original

—truncated, reduced, n=1
0.09698 - \ ' '

_ \ —— upper bound
0.09697 - ; lower bound

——original, e =0.1

original, € = 0.01

original, € = 0.001
X

0.00696

0.09685

AN i
. ‘
24225 2423 2.4235 2424 24245 2425 24255 2426 24265

Time (min)

(b) Extended view of the above graph.

Figure 8-4: The marginal probability distribution of the slow-species counts, P(U =7,C =
7). For this simulation, & = 0.1,0.01,0.001,n = 1,d = 0.1[min™'], V = 1[um?] are used.

and those of X fj,q; With n = 1 and the error bound obtained from Theorem 7.2.1. Fig. 8-4(b)
is the extended view of Fig. 8-4(a). The simulation result shows that P(U = 7,C = 7) of
True With € = 0.001 is almost the same as those of Eyinq, With n = 1 and the error bound
obtained from Theorem 7.2.1. Therefore, we can conclude that as € — 0, our approach

gives a valid result.
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Chapter 9

conclusion

In this paper, we propose the EFSP algorithm by combining the FSP algorithm and the
model reduction technique that we developed. By using the EFSP algorithm, we approx-
imated the infinite dimensional CME as a finite dimensional CME that describes the dy-
namics of the slow species only. In addition, we quantified the approximation error bound.
Our method can be useful for the analysis and design of biomolecular systems. Here are
some limitations of our work. First, the conditional moment closure technique does not
guarantee C(x) + c;K as a stable matrix. Second, we should assume that the number of
fast-species counts is bounded. For the future work, we will develop a moment closure

technique which can handle these two limitations.
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Chapter 10

APPENDIX

10.1 Proof of Proposition 3.0.1 and 3.0.2
ODE:s of the slow-species counts’ marginal probability distribution can be derived as

LP(X,1) = % Tyen, P(x,¥,1) = L5 Yyeq, [—ak(x,Y)P(x,y)
Fap(X = Yer ¥ — B P(X = Yk ¥ — Vo))
=Y [~ Ela(x,y)[x]P(x,1)
+E[ar (X = Yo ¥) 1Xi = Yok P(X = Yo 1)),

which is the same as Proposition 3.0.1.
ODE:s of the fast-species counts’ conditional probability distribution are derived by

Gomez[9] as
K

d
e—P(y,x)= ) (—ea(xy)P(y;[x)

k=K;+1 (101)
+Eear(X,y — %) P(Y — Vpk|X) + €G (1)

where G (¢) is bounded. Therefore, from (10.1), we can derive

K
8%“”“("”): Y L [(Fuly+%u) —¥u)
YEZM k=K;+1
K
ear(x,y)P(y,1[x)]+€Ga(t) = Y, Y [(Puly+ %) (10.2)
yeZ™mk=Ks+1

=W () (br(x) + cx(x)¥1(y) +di'P2(y))] + €G2(2)
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for 1 <w < n. Order of W,,(y + Yvk) — Pw(y) is w — 1, so order of the right-hand side of
(10.2) returns at most (w+ 1) h conditional moments. When we consider w from 1 to n,
we can obtain ODEs of the conditional moments of the fast-species counts in Proposition

3.0.2, where C(x),c;(x) and ¢; are implicitly defined.

10.2 Iterative algorithm in Remark 4.0.1

First we solve (4.4) and let K = K* be its optimal solution. Then, we will find K such
that it is close to K* but also makes C(x) + c2K(1) stable. To do this, we will find matrices

Z and P(y) such that K|y = ZP(“I)1 where Z and F(1) can be obtained by solving

minZ‘P(l),Oc(l) HZ—- K*P(I)H s

s.t. C(X)P(l) 4+ Z + (C(X)P(l) +CZZ)T < —ol,
P(]) =0, (1) > 0.

Then, at each iteration, given P;) and @), we first find K(; ) by solving
minKOaK(j+l)7yy

st. —y17 < R[Hy — (K(j1)Va+ Kol )] < y17,
[C(X)+02K(j+1)]P(j) +P6)[C(X)+62K(j+l)]T =< -—%1,

fori=1,2,...,m. Then, given K1), we find F;, 1) and (x(j“) by solving
minp,

Geny T X1 S

[C(x) + 2K )Py + P [C(%) + 2K ()T < =0y,

P(j+1) - O,(X(j+]) > O

We continue until ||K(;, ) — K || converges.
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10.3 Proof of Theorem 6.1.1

Here, we present the proof of Theorem 6.1.1. We first derive a set of intermediate results,

given in Lemma 10.3.1 and 10.3.2, that will be used in the proof.

Lemma 10.3.1. Given t; >ty > 0 and x € Q, the approximation error between [L,(X,1)

and 1§ (x,1) satisfies
SUPyc 1) 1w (x.8) — BEEO < || foexp{ H(CO0) + e2K) e = ) Y[ d e leal| = A%
Proof. To quantify the errors, we first define

e1(x,t) = Y, (x,t) — VE(x,1).

Using (3.9) and (4.5), we can derive

g%el(x,t) = (C(x) +2K)e1 (x,1) (10.3)

+ (M1 (x,0) — (KYo(x,1) + Kop)), e1(X,10) = 0.

By solving (10.3),
t
/ exp{ (C(x) + c2K)(t — T)}

[C2(I'Ln+l(xvr) (KYu(x,7) + Ko))ld7.

(10.4)

Because of Eq (10.4), we can obtain

sup HNW(XJ)_[L»%(XJ)H: sup || fwer (X, 0)||

1€t9,T] r€(to,T]

< sup waexp{ (€ +eaK) - )

(Clin TV 1o
AUV

L ealptuns (%) — (KTax,7) + Kol

< s [llnen]; o+ k)= | (105)

1€(tg,T] 7 1

1

E

_02(.un+1 (X1 T) - (KYV!(X7 T) +KO))
<[

u

ldt

1
fuexp{ L0 +eak)(T ) |2 ea]
= Afv’s.
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Lemma 10.3.2. Given ty >ty > 0 and x € Q, the approximation error between fi5(x,1)

and pd(x) satisfies

M€ _ 0 1y 1 .
SUPre1g.1/] ”.uw(xat) ,LLW(X)“ < jl() waexp{g(C(x) +C2K)(tf - T)}H |G(7)|ldT = O(¢).
Proof. Next we define

er(x,1) = Y&(x,1) — ¥(x).

Using (4.5) and (5.1), we can derive

e Ler(x.1) = (Cx) +eaK)ea(x) + £G(1), ex(x,10) = 0. (10.6)

By solving (10.6), we can derive

't
er(x,1) = / expe(COTK)=7) G(1) 41, (10.7)
1

0

Because of (10.7), we can obtain

sup || f15(%,7) — p(x)|| = sup || fwea(x,1)]
tG[l‘(),T} tE[t(),T]

~ ap || [ fwexp{l(C(x)+cz1<)(t-r)}c(r)dr
ze[t(),T] Z 10 € (108)
< s ['|lnew{ et +ere- o167 1as
t€ty,T] /10 €
= O(¢g).
]

The first inequality of Theorem 6.1.1 can be directly obtained by combining Lemmas

10.3.1 and 10.3.2, result of (5.4) and triangular inequality. For the second inequality, A
can be obtained by

Ag = SUPy (1,2} xeQ, AN e +AY
This completes the proof of Theorem 6.1.1.
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10.4 Proof of Lemma 6.2.1

Since A (1) = [A(Ya(x,1))] — A, (i,]) component of A(r) can be written as [A;(t)];7 =

cx(xip) (1 (Xi,2) — A (xi;)) + di (2 (Xi5, 1) — Ao (xi;)), which is bounded by (Hck(xi;)

lldk]l)Ae + O(€). Therefore, k; can be obtained as

ki = Supk,j(Hck(Xi;) )-

10.5 Proof of Theorem 6.2.2

We define
ex(t) = P(X,t) = P(X 1),

Then, we can derive

dt

using (5.5) and (6.1). By solving (10.9), we obtain
t ~
e3(t) = / exp{A(t — 1) }w(T)dT
o
Here, the norm of w(t) is bounded by
Iw®)ll = 1A (P < AL, 1. < k1Ae +0(€)

By combining (10.10) and (10.11), we can derive

t ~
sup |les(t)|| = sup /exp{A(t—'c)}w(r)dr
1€1,17] teltg,ty]
< sup /Hexp{At—'L‘)}w T)||d7
tE[()l[] o

< sup /t“exp{At— ) H|IIw(T)lldT

€ty ty]

<k sup/ Iexp{At—T}Hd‘L’Ag%—O(S)

[Efotf

57

ie3( -——Ae3(1) +A1<t)P(X,t) :Ae3+w(t),e3(to) =0,

|+

(10.9)

(10.10)

(10.11)

(10.12)



This completes the proof of Theorem 6.2.2.

10.6 Proof of Corollary 6.2.3
We can obtain

limg_,0 Al e = Jo [lfwexp{(C(x) + c2K)1 }[|dtpnllc2].

by substituting % for 7 in Lemma 9.1. This completes the proof of Corollary 6.4

10.7 Proof of Theorem 7.2.1

To prove Theorem 7.2.1, we can combine Theorem 6.2.2, (7.7) and triangular inequality as

follows:

P (X,1) = Pl(X,1)|| < ||P(X,1) - B (X, 0)|| + |8 (X,0) —P(X,1)| <
|P(X,1) = P(X,0)||+ 6 <k f,é’ Hexp{ﬁ.}(_tf —7)||dtAe + O(g) + 6.

This completes the proof of Theorem 7.2.1.
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