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Thesis Supervisor: Martin Rinard
Title: Professor of Electrical Engineering and Computer Science






Contents

1 Introduction

1.1 Subproblems and Traces . . . . . .. .. ... ... ... .......

1.2 Asymptotic Convergence . . . . . . . . . . . . . ...

1.3 Contributions . . . . . . . . . .

2 Language and Execution Model

3 Independent Subproblem Inference

3.1 Soundness . . . . . ...

3.2 Completeness . . . . . . . . ...

4 Convergence of Stochastic Alternating Class Kernels

4.1 Preliminaries . . . . . . . ..

4.2 Class functions and Class Kernels . . . . . . . . . . .. .. ... ...

4.3 Properties of Class kernels . . . . . . . ... ... .. ... ......

4.4 Stochastic Alternating Class Kernels . . . . . . ... ... ... ...

5 Inference Metaprograms

5.1 Preliminaries . . . . . . . . .

5.1.1
5.1.2
9.1.3
5.14
2.1.5

Probability of a Trace . . . . .. ... ... ... ... ....
Reversible Subproblem Selection Strategy . . . ... ... ..
Class functions given a subproblem selection strategy . . . . .
Probability of the subtraces . . . . ... .. ... .. .....

Generalized Markov Kernels . . . . . . . . . . .. . ... ...

11
12

15

25
29
68

99
99
105
108
111



5.2 Inference Metaprogramming

6 Related Work



List of Figures

3-1
3-2
3-3

o-1
0-2
9-3

Probabilistic Lambda Calculus . . . . . . ... ... ... ... ... 15
Execution Strategy for Probabilistic Programs . . . . . . . . ... .. 16
Traces . . . . o . e 16
Valid Traces . . . . . . . . . . . 18
Rolling back Traces to Probabilistic Program . . . . . . . ... .. .. 19
Dependency Graph fora Trace t . . . . . . . . .. . ... ... .... 20
Equivalence Check for correct Inference . . . . . . . . . .. .. .. .. 23
Extraction Relation . . . . . . . . ... ... ... L. 26
Stitching Transition Relation . . . . ... ... .. ... ... .... 27
Entangled vs Independent Subproblem Inference . . . . . . . . .. .. 29
Probabilistic measure over traces . . . . . . . . ... ... ... ... 118
Inference Metaprogramming language . . . . . . . . . ... .. .. .. 134
Execution Semantics for Inference Metaprograms . . . . . . . . . .. 134






Chapter 1

Introduction

Probabilistic modeling and inference are now mainstream approaches deployed in
many areas of computing and data analysis [33, 36, 22, 28, 12, 9]. To better support
these computations, researchers have developed probabilistic programming languages,
which include constructs that directly support probabilistic modeling and inference
within the language itself [26, 14, 15, 23, 16, 40, 17, 38, 5, 20]. Probabilistic inference
strategies provide the probabilistic reasoning required to implement these constructs.

It is well known that no one probabilistic inference strategy is appropriate for
all probabilistic inference and modeling tasks [24]. Indeed, effective inference often
involves breaking an inference problem down into subproblems, then applying differ-
ent inference strategies to different subproblems as appropriate [24]. Applying this
approach to probabilistic programs, specifically by specifying subtask decompositions
and inference strategies to apply to each subtask, is called inference metaprogramming.
Inference metaprogramming has been shown to dramatically improve the execution
time and accuracy of probabilistic programs (in comparison with monolithic inference

strategies that apply a single inference strategy to the entire program) [24].

1.1 Subproblems and Traces

When a probabilistic program executes, it produces a sample in the form of a pro-

gram trace. Probabilistic inference algorithms for probabilisitic programs operate by
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changing stochastic choices in these traces to produce new traces. In this context,
subproblems are subtraces and subproblem inference algorithms operate on these sub-
traces. The current state of the art defines subproblem inference as operating over
the full program trace even though the inference algorithm should change only the
subproblem [24]. This definition entangles the subproblem with the full program trace

and complicates the implementation of the inference algorithms.

Independent Subproblems: I present a new techniqué that extracts each sub-
problem from the original program trace into its own independent trace. Inference
is then performed over the full extracted trace, with the newly generated trace then
stitched injected back into the original trace to complete the subproblem inference.
By detangling the subproblem from the full trace, this approach simplifies the im-
plementation of the inference algorithm and enforces the isolation of the inference
algorithm within the target subproblem. It also enables the recursive application of

inference metaprogramming to the extracted subtraces.

Successfully detangling the subproblem requires extracting a legal subtrace that
an inference algorithm can successfully process. The first challenge is that the sub-
trace must be a valid trace of some probabilistic program, i.e., the subtrace must
include all dependences required for the computation to be well defined and all de-
terministic computations must be correct within the trace. The second challenge is
that the subtrace must not contain any stochastic choice outside the subproblem.
To overcome these challenges, I present a new technique that appropriately converts
outside stochastic choices into observe statements , then appropriately updates the
extracted subtrace to reflect these changes. The dual stitching operation, which must
reincorporate the newly inferred subtrace back into the original trace, then reverses

the extraction while preserving the changes from the inference algorithm.

I present the technique in the context of a core probabilistic programming lan-
guage based on the lambda calculus. I define an extraction operation that, given a
subproblem defined over a current execution trace, extracts a corresponding subtrace.
I also define a stitching algorithm that, given an inference result from the execution

of the extracted subprogram, updates the execution trace to reflect the subproblem
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inference.

Soundness and Completeness: I present new soundness and completeness results
for the extraction and stitching operations. The soundness result states that if the
sequence subproblem extraction, inference over the extract subproblem trace, then
stitching produces a new trace t, the direct subproblem inference applied to the sub-
problem entangled with the original trace can also produce the new trace t. The
completeness result states that if direct subproblem inference applied to the subprob-
lem entangled with the original trace can produce a new trace t, the the sequence
subproblem extraction, inference over the extract subproblem trace, then stitching

can also produce the new trace t.

1.2 Asymptotic Convergence

Probabilistic programs produce traces as samples from a distribution. Many proba-
bilistic inference algorithms (such as Metropolis-Hastings [6] and Gibbs sampling [25])
take a sample as input and produce a new sample as output, with the new sample
serving as input to the next iteration of the algorithm. A standard correctness prop-
erty of such algorithms is asymptotic convergence — a guarantee that, in the limit as
the number of iterations increases, the resulting sample will be drawn from the de-
fined posterior distribution. Markov-Chain Monte-Carlo (MCMC) algorithms (which
include both Metropolis-Hastings and Gibbs sampling) comprise a widely-used class
of probabilistic inference algorithms that often come with asymptotic convergence
guarantees.

Using inference metaprogramming to decompose and solve inference problems into
subprograms produces new hybrid probabilistic inference algorithms. Whether or not
these new hybrid inference algorithms (as implemented in the inference metaprogram-
ming language) also asymptotically converge is often a question of interest (because
it directly relates to the compositional soundness of the inference metaprogram).

I present a new asymptotic convergence result for inference metaprograms that

apply asymptotically converging MCMC algorithms to appropriately defined subprob-
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lems. This result identifies a key restriction on the subproblem selection strategies
that the inference metaprogram uses to identify subproblems. This restriction guar-
antees asymptotic convergence for inference metaprograms that apply a large class
of asymptotically converging MCMC algorithms to the specified subproblems. This

restriction requires:

e Reversibility: The subproblem selection strategy must be reversible, i.e., given
a trace t that can be transformed into a new trace ¢’ by applying the subproblem
selection strategy to t, then applying the specified inference algorithm to the
resulting subprogram to obtain the new trace t’, it must also be possible to apply
the subproblem selection strategy to ¢/, then apply the inference algorithm to

obtain the original trace t.

e Connectivity: The combination of all of the subproblem selection strategies
in the inference metaprogram must connect the entire sample space, i.e., given
any trace t, it must be possible to reach any other trace ¢’ in the sample space
by repeatedly applying subproblem selection selection strategies and specified

inference algorithms.

1.3 Contributions

I claim the following contributions:

e Independent Subproblems: I present the first formulation of subproblem ex-
traction for probabilistic programs. This formulation involves dual subproblem
extraction and stitching operations. I state the first soundness and complete-
ness properties that the combination of the extraction and stitching operations

must satisfy and prove that my formulation satisfies these properties (Theorems

1 and 2).

e Asymptotic Convergence: I present the first asymptotic convergence result

for hybrid probabilistic inference algorithms applied to subproblems in proba-
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bilistic programming languages (Theorem 11). This result characterizes sub-
problem selection strategies that guarantee asymptotic convergence for infer-
ence metaprograms that apply asymptotically converging MCMC algorithms to

suproblems.

Effective probabilistic programming requires subproblem identification and hybrid
probabilistic inference algorithms applied to the identified subproblems. The results
in this paper enable the sound and complete decomposition of otherwise intractable
probabilistic inference problems into tractable hybrid inference algorithms applied to
subprograms. It also characterizes properties that entail asymptotic convergence of

these resulting hybrid probabilistic inference algorithms.
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Chapter 2

Language and Execution Model

I work with a core probabilistic programming language (Figure 2-1) based on the
lambda calculus. A program in this language is a sequence of assume and observe
statements. Expressions are derived from the untyped lambda calculus augmented
with the Dist(e) expression, which allows the program to sample from a distribution

Dist given parameter e.

ey € B, = z|Aze,l(ee)
e;er,es € E = x| Ax e | Dist(e) | (e; e2)
s€ S := assume x = e | observe(Dist(e) = e,)
peEP = 0]s;p

Figure 2-1: Probabilistic Lambda Calculus

Dist(e) can be seen as a set of probabilistic lambda calculus expressions {eyleq €
Dist(e) C E,}. Based on the parameter expression e, Dist(e) makes a stochastic choice

and returns an expression e, € Dist(e). I define:
Dist(e)[z/y] = Dist'(e[z/y]) = {ealz/y]lea € Dist(e[x/y])}

FreeVariables(Dist(e)) = U FreeVariables(ey)

eqg€Dist(e)U{e}
Because of the nondeterminism associated with stochastic choices, the execution

strategy matters for the semantics of the language. I use call by value as the execution
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I =T Are—=>Axe

e e — € er > Azxe
ev E D|St(el) 62 — 6,2 62 - 6/2
€ = ¢, e1# Az e elel/z] — €
Dist(e) — €, (e1 €2) — (€] €)) (e1 €2) = €'
e— e , ,
p[el/x]__)p/ e —e p—p
observe(Dist(e) = e,);p —
0—0 assume z = e;p = p (Dist(e) v)p/

observe(Dist(e’) = e,);p
Figure 2-2: Execution Strategy for Probabilistic Programs

strategy and forbid the reduction of expressions within a lambda. Figure 2-2 presents
the execution strategy.

Traces: When my framework execute a program, it produce a trace of its execu-
tion (Figure 2-3). This trace records the executed sequence of assume and observe
commands, including the value of each evaluated (sub)expression. It also assigns a
unique identifier to each evaluated (sub)expression and stochastic choice. These iden-

tifiers will be later used to construct a dependence graph which helps in defining valid

subproblems.
veV = x| (Azeo0y04) | (v v2)
aa €aA = 1 |x=ae
ae € aF = (x:z)#id | (z(id) : v)#id
| (A\z e:v)#id | ((ae; aez)aa : v)#id
| (Dist(ae#id') = ae’ : v)#id
as € aS := assume r = ae | observe(Dist(ae#id) = e,)
teT = 0|as;t

Figure 2-3: Traces

Two traces are equal if and only if they differ in the choice of unique identifiers
selected for each augmented expression and stochastic choice.
I define the execution, including the generation of valid traces ¢, with the transition

relation =,C ¥, X 3,4 x P — T (Figure 2-4). Conceptually, the transition relation
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executes program p (in accordance to my execution strategy defined in Figure 2-
2) under the environment o, ;4 to obtain a trace t, where o, : Vars — V and
0iq : Vars — ID. o, is a map from variable name to its corresponding assigned
value, whereas ;4 gives the id of the expression which assigned this value to that
variable.

Given a program p, I define the set of all valid traces which can be obtained by

executing p as T, = Traces(p).

t € Traces(p) <= 0,0 -p=,t

A trace contains all the information about the underlying program from which the
trace was generated. Given a trace, we can drop the computed values and assigned
ids and reroll the augmented expressions to recover the underlying program. The
transition relation =,C T — P (Figure 2-5) formalizes this procedure. Given a trace
t, I define

p = Program(t) <= t=,p

Note that V ¢,p. t € Traces(p) => p = Program(t). The reverse may not be true as
there are additional constraints that valid traces must satisfy.

Dependence Graphs: Given a trace t, I define the dependence graph (N, D, &) =
Graph(t) as a 3-tuple (N, D,€&) where N : ID — {L,Sample} is a map from ID
to either | (when the corresponding augmented expression for an id € ID is a
deterministic computation) or Sample (when the augmented expression for an id € 1D
makes a stochastic choice).

D C ID x ID are data dependence edges. There is a data dependence edge
(idy,ids) € D if the value of the augmented expression id, directly depends on the
augmented expression id;.

E C ID x ID are existential edges. There is a existential edge (id;,ids) € & if
the value of the augmented expression id; controls whether or not an augmented
expression idy executed. For example, in a lambda application (ae; aes)xr = aes,

all augmented expressions in aez were executed only because of the value of ae;.
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id < Fresh ID  y ¢ dom o,
Ov, 0id H Y=sY, Zd, (y : y)#Zd

id < Fresh ID  z € dom o,

O, Oia b T =5 0y(x),1d, (x(0:4(x)) : 0p(z))#id

td < Fresh ID
o, = RestrictKeys(o,, FreeVariables(\.z ¢))
0;; = RestrictKeys(o;4, FreeVariables(\.z €))

v=(\reol, o0l

Ou, Tig E Az e =5 v,id, (A\x e : v)#id

id < Fresh ID  ¢d’ < Fresh ID
0y,0:q F e =5 v,id,, ae
e, € Dist(v)  0y,04F €, =, v,id,, ae,

Ov, 0iq b Dist(e) =, v, id, (Dist(ae#id') = ae, : v)#id

id < Fresh ID z < Fresh variable name
Ov, 0ig - e1 =5 (\y e,0,,0},),id1, aey
Oy, 0iq F €3 =, V', 1ds, aey
ollx = V], ol lx — ido) b e[z /y] =5 v, id,, ae,

Oy, 0ig - (€1 €2) =5 v,1d, ((ae; aes)r = ae, : v)#id

id < Fresh 1D
Oy, 0iq = €1 =5 v1,idy,ae1 0y, Tig - €3 =5 Vg, 1d3, aey

v # (Aze,0,,00) v= (v v2)

O, 0ia | (€1 €2) = v,1d, ((aey aeg) L: v)#id

(a) Executing expressions, =;C X, X X;g x E -V x ID X aE

Oy, 0id F@ =5 @

Oy, i - € =5 v,id,ae o[z = v],0u[x > id|Fp=st

Oy, Oiq = assume y = e;p =, assume r = ae;t

id < Fresh ID
Oy, 0ig - e =5 €, id., ae O, Oigbp =4t

0Oy, 0iq - observe(Dist(e) = e,); p = observe(Dist(ae#id) = e,);t

(b) Executing Programs, =,C X, x Xjg x P —» T

Figure 2-4: Valid Traces
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(z:z)#id =, x (z(id') : v)#id =, x

ae; =, €1 aeg =, €9

Az e:v)#id =, Az e ((aey aez)aa : v)#id =, (e1 e2)
ae =, e

(Dist(ae#id') = ae’ : v)#id =, Dist(e)

(a) Rolling back Augmented Expressions, =,C aE — E

ae =, € t=,p
0=,0 assume T = ae;t =, assume T = ¢e;p
ae =, e t=,p

observe(Dist(ae#id) = e,); t =, observe(Dist(e) = e,);p
(b) Rolling back Traces, =,C T — P

Figure 2-5: Rolling back Traces to Probabilistic Program

Changing the value of ae; would require dropping the augmented expression aesz and
recomputing another expression based on the new value of ae;.

I formalize the dependence graph generation procedure as a transition relation
=,C T — (N,D,€) (Figure 2-6) . I use the shorthand (N, D,E) = Graph(t) if
(N, D, &) is the dependence graph for trace t i.e. t =, (N, D, E).

Valid Subproblems: Subproblem inference must 1) change only the identified sub-
problem and not the enclosing trace while 2) producing a valid trace for the full prob-
abilistic program. Valid subproblems must therefore include all parts of the trace
that may change if any part of the subproblem changes. I formalize this requirement
as follows.

Given a trace t with dependence graph (N, D,&) = Graph(t), a valid subproblem
S C dom N must satisfy two properties: 1) there are no outgoing existential edges
and 2) all outgoing data dependence edges must terminate at a stochastic choice
(Sample node).

The first property ensures that parts of the trace which were executed due to
values of expressions in the subproblem are also part of the subproblem. An example

of this is lambda evaluation (ae; aes)x = aez. If the value of ae; can be changed by
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(z: 2)#id =, id, ({id —L},0,0) (z(ed') : v)#id =, id, ({id =L}, {(id',id)}, D)

Az e: (\z e, 04, 0))#id =, id,
({id —1},0,0)

aey =4 idy, (N1, D1, &1) aey =g idy, (N2, Dy, &) ae =g ide, (Ne, De, &)
(N,D,E) = MUN; UN,, Dy UDyUD,,ELUEUE,)

((ae1 aex)x = ae : v)#id =,
id, (N'[id = L], D U {(idy, id), (ide,id) }, € U {(id1, idy)|id, € dom N.})

ae; =, idy, (N, D, E) aey =4 idy, (N, D', E")

((aey aeg) L:v)#id =4
id, N UN'[id — L], D UD'{(idy, id), (ide,id)},E U E)

ae =4 ide, (N, D, E) ae' =4id.,, (N, D', &)
(-/\/7‘7 Dra gr> =
(N UN'[id" — Sample], DU D' U {(id,,id")},E U E U {{(id', id,)|id,, € dom N'})
(Dist(ae#id') = ae' : v)#id =4
id, (N [id — L], D, U {(id.,id), (id',id)}, E,)

(a) Dependence Graph generation for augmented Expressions =,C aE — ID x (N, D,€)
ae =4 1id, (N, D, &)
assume z = ae =, (N, D, E)

ae = id , (N, D, E)
observe(Dist(ae#id) = e,) =, (N[id — Sample], D U {(id',id)}, E)

(b) Dependence Graph generation for augmented Statements, =4C aS — (N, D, £)

as =4 (Ns, Ds, &) t =4 WN,D,E)
0=, (0,0,0) as;t =, N UN,, DUD,, EUE)

(c) Dependence Graph generation for Traces, =,C T — (N, D, £)

Figure 2-6: Dependency Graph for a Trace ¢
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the subproblem inference, ae; may or may not exist. Hence aez should be within the
subproblem to ensure that the inference algorithm can change it if necessary.

The second property ensures that any change made by the subproblem inference
can be absorbed by a stochastic choice. For example, when the internal parameter of
a Dist changes, one can absorb the change by changing the probability of the trace to
account for the change in the probability of the value generated by the execution of
the absorbing Dist node. The changes are absorbed by the stochastic choice and do
not propagate further into the remaining parts of the trace outside the subproblem.

I formalize the two properties as follows:
o Vid € §. (id,id,) € £ = id, €S
e Vid € S. (id,id,) € D Nid, € dom N — S = N (id,) = Sample

The absorbing set A C dom N —S of a subproblem S is the set of stochastic choices
whose value directly depends on the nodes in the subproblem i.e. A = {id,|id, €
dom N —SA3Jid; € 8. (id;,id,) € D}.

The input boundary B C dom N — S of a subproblem S is the set of nodes on
which the subproblem directly depends on i.e. B = {idy|id, € dom N — S AV id; €
S. (idy,id;) € D}.

Entangled Subproblem Inference: Following [24], I define entangled subproblem
inference using the infer procedure [24], which takes as parameters a subproblem
selection strategy SS, an inference tactic IT, and an input trace t. The subproblem

inference mutates ¢t to produce a new trace t'.

SS(t)y=8 ¢ =I1T(¢,S)
t' € Traces(Program(t)) Skt=t

infer(SS, 1T, t) =; t/

This formulation works with arbitrary subproblem selection strategies SS. The
requirement is that, given a trace ¢, SS must produce a valid subproblem S over ¢.
I also work with inference algorithms IT that take as input a full program trace ¢

and a valid subproblem S and return a mutated full program trace t'. I require that

21



the output trace t’ 1) is from the same program as the trace ¢t and 2) ¢’ differs from
t only in a) the stochastic choices from the subproblem S and b) the deterministic
computations that depend on these stochastic choices. I formalize these constraints

as
e t' € Traces(Program(t))
e SkHt=t¢

Figure 2-7 presents the definition of =. Note that operating with entangled subprob-
lems forces the inference tactic IT to take the full program trace ¢ as a parameter

even though it must modify at most only the subproblem.
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St (z:x)#id = (x: x)#id S+ (z(idy) : v)#id = (z(id),) : V') F#id'

St Az e:v)#id= Az e:v)#id

ID(ae)) ¢ S St ae; = ae)

—_ / — !/
Stael,=ae;, St ae; = ae;

S+ ((aeq aex)x = aes : v)#id = ((a€) aeh)x = ael : v')#id

ID(ae;) ¢ S

Stae; =ae) St ae, = ae
S F ((aeq aes) L:v)#id = ((ae) aey) L:v")#id

lD(ael) € S

Staeg =ael St oaey = ae,
St ((aey aeg)aa : v)#id = ((ae] aey)aa’ : v')#id'

ide ¢ S

Stae=ae St ae, =ae,
S F (Dist(ae#id.) = ae, : v)#id = (Dist(ae'#id.) = ael : v')#id’

id, €S Stae=ae
S+ (Dist(ae#id,) = ae. : v)#id = (Dist(ae'#id.) = ae, : V')#id’

(a) Equivalence Check over augmented expressions, =C P(ID) x P(ID) x aE x aE
Stae=ae Stkt=t

SFEO=0 S assume r = ae;t = assume z = ae’; t’

Stac=ae Skt=t
S + observe(Dist(ae#id) = e,);t = observe(Dist(ae'#id) = e,);t’

(b) Equivalence check over traces, =C P(ID) x P(ID) xT x T

Figure 2-7: Equivalence Check for correct Inference
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Chapter 3

Independent Subproblem Inference

The basic idea of independent subproblem inference is to extract an independent sub-
trace ts from the original trace t given a subproblem S, perform inference over the
extracted subtrace ¢, to obtain a new trace t., then stitch ¢, back into t. Here, consis-
tent with standard inference techniques for probabilistic programs [24], t, and ¢, are
valid traces of the same program p, (the subprogram for the subtraces ¢; and t.). The
key challenge is converting the entangled subproblem (which is typically incomplete
and therefore not a valid trace of any program) into a valid trace by transforming the
subproblem to include external dependences and correctly scope both internal and
external dependences in the extracted trace without given the inference algorithm ac-
cess to any external stochastic choices (including latent choices nested inside certain
lambda expressions which would otherwise override choices outside the subproblem)
which it must not change.

Extract Trace: I define the extraction procedure ts = ExtractTrace(t,S) using the
transition relation =.,C P(ID) x P(ID) x T — T (Figure 3-1).

The extraction procedure removes Dist(ae#id) = ae, augmented expressions
which are not within the subproblem and converts them into observe statements.
This transformation constrains the value of these stochastic choices to the values
present in the original trace. It leaves the stochastic choices in the subproblem in
place and therefore accessible to the inference algorithm.

For augmented expressions of the form (ae; aes)y = aes, when ae; is within the

25



S+ (z(id) : v)#id =, (x(id) : v)#id, 0

St (z:z)#id =, (x: z)#id, 0

SE Az e:v)#id = (A\x e:v)#id, D

St ((aey aex)aa : v)#id =, ((ae] aey)aa : v)F#id, ts; t,

ID(ae1) ¢S St aey = ael,ts St aes =, aeh, t,
S+ ((aey aes) L: v)#id, t, =, ((ae] aeh) L: v)#id, ts;t,

ID(ae;) ¢ S St ae; =, ael, ts
S Faey =, aeh,tl, St oaez =, aef, ty
z + Fresh variable name
no__ . —_ [ TN - [T
ty = ts;assume x = aey;t,; assume y = aey; by

S ((aey aex)y = aes : v)#id, t, = e, aey, ty

id ¢S Stae=aety ae,=re, Stk ae, =¢ ael,t.

v 7S

S F (Dist(ae#id’) = ae, : v)#id =, ael, ts; observe(Dist(ae'#id') = e,);

ideS Stae = ae,t,
S - (Dist(ae#id’) = ae, : v)#id =, (Dist(ae'#id’) = ae, : v)#id, ts

(a) Extracting subtrace from an Augmented Expression, =¢,C P(ID) x P(ID) x aE —
aE xT

id = ID(ae)
Skae =g ae,ty Skt=et,

SFEO=. 0 S |- assume 7 = ae;t =, t;assume T = ae’;t,

Stae=eaety Skt=et,
S + observe(Dist(ae#tid) = e,);t =>¢; ts; observe(Dist(ae'#id) = e,); t),

(b) Extracting subtrace from a given trace, =¢,C P(ID) x P(ID) xT - T

Figure 3-1: Extraction Relation
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St (z:v)#id, (z: V)#id b, =4 (x:V)#id 1,

S+ (z(idy) : v)#id, (z(id,) : v')4kid  t, = (2(id)) : ') Hid', t,

SE Az e:v)#id, ( Az e:v)#id, t, = (A\x e:v)#id,t,

ID(ae}) € S St aeh,aeq, t, =4 aey,t, Sk aey, aey,t, =g aey, ty

S F ((ae) aey)aa’ : v )#id', ((aer aez)aa : v)#id,t, =g ((ae] aey)aa : v)#id, t,

ID(ae}) € S S aes, aes, t, =4 acy, t,;assume y = ae;

St aey, aey, t, = aey, ty;assume v =ae; S Foael, ae, ty =5 ael, t)

1»%p
S F ((aey aey)y = aey : v')#id, aes, t, = ((ae] aey)y = aey : V(aey))#id, )

ID(ae}) ¢ S St aey, aeq, ty, =4 ael, v S Faey, aey, t, =4 ael, ty

S F ((aey aey) L:v)#id', ((aer aey) L: v)#id, t, = ((ae] aey) L:v)#id, t,

id,€S St a€ aet, =g ae t,

S t (Dist(ae'#id,) = ae), : v')#id’, (Dist(ae#id,) = ae, : v)#id, t, =4
(Dist(aeftid,) = ae, : v)#id, t,

id, ¢S St aey, ae, t, = aey, t,; observe(Dist(ae#id,) = e,)

v
! ' 1! "
S tae',ae, t;, =4 ae’,t]

S+ (Dist(ae'#id,) = ae;, : V') #id', ae,, t, = (Dist(aedtid,) = aey : V(aey))#id, t,

(a) Stitching augmented expressions, =3 C P(ID) x P(ID) x aE X aE x T = aE x T

St ae,ae’ t, =g ae",t, Sktt, =gt

SEO,0=40 S F t;assume z = ae, t,; assume T = ae’ = assume = = ae”;t]

St oae,ae’,t, =g ae’,t, Skttt =ut,

S | t; observe(Dist(ae#id) = e,), tp; observe(Dist(ae'#id') = e,) =«
observe(Dist(ae”#id) = e,); t,

(b) Stitching trace and subtrace, =4C P(ID) x P(ID) x T xT — T

Figure 3-2: Stitching Transition Relation
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subproblem, its value can change and hence existential edges place the augmented
expressions in aegz within the subproblem. When ae; is not within the subproblem,
then some stochastic choices may or not be within the subproblem. If I keep the
augmented expression as is, the inference algorithm may unroll aes and execute it
again, changing some stochastic choices in aez but not in the subproblem. If I modify
aes, the constraint of aes being a valid lambda application breaks. I solve this problem

by introducing assume statements and correctly scoping the resulting dependences.

Stitch Trace: Given a trace t, a valid subproblem S over the trace and a subtrace
ts, the stitching procedure stitches back the trace t, into ¢ to get a new trace t'.
I define the stitching procedure t' = StitchTrace(t,t5,S) using a transition relation
=+C P(ID)x P(ID) xT xT — T (Figure 3-2). Stitching is the dual of extraction.
It uses the original trace to figure out the structure of the resultant trace and stitches

back the expressions to get a new trace t'.

Independent Inference: I define independent subproblem inference using the infer
procedure. infer takes as input a subproblem selection strategy SS, a trace t and
an inference tactic IT. This differs from tangled inference in that inference tactic IT
takes only the extracted subtrace as input and not the entire program trace. This
approach enables the use of standard inference algorithms which are designed to

operate on complete traces (and not entangled subproblems).

The new inference procedure works as described below:

SS(t)=S  t, = ExtractTrace(t,S)  t, = 1T(t,)
t. € Traces(Program(ts))  t' = StitchTrace(t,t),S)

y Vg

infer(SS,IT), t =; t/ (3.1)

Soundness and Completeness: Given a trace ¢, a valid subproblem S, an infered
trace t' and t;, = ExtractTrace(t,S), I prove that my subprogam inference method
of extraction and stitching is sound and complete. Soundness in this context means
that for all possible mutated subtrace t, € Traces(Program(ts)), the stitched trace

t' = StitchTrace(t, t,,S) is a valid infered trace. Completeness refers to the fact

1 Vs
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t' € Traces(Program(t))

SkHt=t
t >t
an_ /\/(8\
Il g
m -
x =
= 7]
o
[«Y] 8]
o S
- =
= =
[+) (]
s =
o =
\-H- m
Il
\./v S
t,ts > ¢, b,

t. € Traces(Program(t;))

Figure 3-3: Entangled vs Independent Subproblem Inference

that for all possible infered traces t’, there exists a mutated subtrace ¢, such that
t. € Traces(Program(t,)) and t' = StitchTrace(t, t., S).

I summarize the comparison between the entangled subproblem inference and
independent subproblem inference approaches in Figure 3-3

I present the theorems, lemmas and their respective proofs to prove the soundness

and completeness of my interface below.

3.1 Soundness

Observation 1. Note that whenever a rule in =, wntroduces an assume statement
in the subtrace, it creates a new variable name. Therefore variable names in the new
subtrace do not conflict with any variable names previously introduced in another part

of the trace. This fact will be used at various points within this paper.

Observation 2. Note that whenever S b ae =>¢, aes, ts, V(ae) = V(aes) and when-

ever S & ae, aeg, ts =5 ae’, V(ae') = V(aes).

To prove soundness of our interface we start by proving that for a given trace ¢ and
a valid subproblem S on trace ¢, if for any subtrace ts the stitching process succeeds,

the output trace t’' differs from trace ¢ only in parts which are within the subproblem
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(ie. SFt=1).

Formally, for any trace ¢t and subproblem &,
t' = StitchTrace(t, t,,S) = Stt=+¢
Using the definition of StitchTrace, the above lemma can be rewritten as
Skt, =4t = Skt=t

One will note that the stucture of t; does not play a significant role in proving the
above condition.

To prove the above statement we require a similar condition over augmented ex-
pressions embedded within traces. The lemma over augmented expressions is given

below:
Lemma 1. For all augmented expressions ae, ae’,

Stae, , =gae, = Stae=ae

Proof. Proof using induction.
Base Case:

Case 1: ae = (z : x)#id,

By assumption

!
Stae, , =g ae,

By definition of =
St (z:2)#id, , =g (x:x)#id, _

Then ae’ = (z : z)#id'.
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By definition of =
St (z:z)#id = (z : x)#id

Therefore
St ae=ae
Therefore when ae = (z : x)#id,
Stae, , =gad, = Stae=a¢
Case 2: ae = (z(id,) : v)#id
By assumption
Stae, , =gae,

By definition of =
S+ (z(idy,) 1 v)#id, _, =4 (z(id) : v")#id',

Then ae’ = (z(id)) : v')#id'.

By definition of =
S+ (z(id,) : v)#id = (z(id)) : V') #id’

Therefore

St ae = ae’

Therefore when ae = (z(id,) : v)#id,

Sl—aea_v_:>stae/,__ = SFCLGECLQ/

Case 3: ae = (\.z e: v)#id

By assumption

Stae, , =g ae,
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By definition of =

St(Aze:v)#id, _, =4 Aze:v)#d,

Then ae’ = (A\.x e : v')#id'.
By definition of =
St Az e:v)#id= Az e:v)#id

Therefore

S+ ae = ae'

Therefore when ae = (A\.x e : v)#1id,

Stae, , =gae, = Stae=ae

Induction Cases:
Case 1: ae = ((ae; aes) L: v)#id and ID(aey) ¢ S
By assumption

Stae, , =gae,

By definition of =

St ((ae; aes) L:v)#id, _, =4 ((ac] aey) L:v)#id', _

Then ae’ = ((ae; aep) L: V)#id', S+ ae;, , =g ae}, ,and St aey, _,_ =

!
CL€2, _

By induction hypothesis

! — I
Stae, , =gae;, = Stae; =ae;

/
Because S - ae;, _, =g ae}, _

St ae; = ae)
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By induction hypothesis

/ — /
Stae, , =g ae,, = Stkae =ae,

!
Because S - aes, , =g aey,

— /
S aey = ael

Because S | ae; = ae} and S F aey = ae)y, by definition of =

S+ ((ae; aey) L: v)#id = ((ae] aey) L: v')#id'

Therefore

St ae = ae

Therefore when ae = ((ae; aes) L: v)#id,

Stae, , =gae, = Stk ae=ae

Case 2: ae = ((ae; aeg)aa : v)#id and ID(ae,) € S

By assumption

Stae, , =gae,
By definition of =
St ((ae; aex)aa : v)#id, _, =>4 ((ae] aey)aa’ : V')#id, _
Then ae’ = ((ae; aeg)aa’ : V)#id', S Faey, , =4 ael, _, and S F aey,
aey,
By induction hypothesis
Staey, , =gacl, = Stae =ae)

33
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!
Because S - aey, , =g aej,

—_ /
St ae; = ae]

By induction hypothesis

Staey, , =gae, = St aey =ac

!
Because S - aes, _, =g ae),

— /
St aey = ae,

Because S |- ae; = ae} and S F aey = ae), by definition of =

S F ((aeq aes)aa : v)#id = ((ae] aey)aa’ : v')#id'

Therefore

St ae = ae

Therefore when ae = ((ae; aes)aa : v)#id,

Stae, , =gae, = St ae=ae

Case 3: ae = ((ae; aey)r = aes : v)#id and ID(ae;) ¢ S

By assumption

Stae, , =gae,
By definition of =
St ((aer ae)r = aes : v)#id, _, _ =« ((ae] aey)y = aey : v')#id', _
Then ae’ = ((ae; aex)y = aey : V)#id, S + ae;, , =>g a€},_, and S +

’
aeg, _, _ =>st g, _
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By induction hypothesis

Stae, , =gae], = Stae =ae)

!
Because S Fae;, , =g ae),

— /
S Fae; = ae;

By induction hypothesis

/ —_— ’
Skaey, ,_ =gae,, = Sk ae; = ae,

!
Because S Faey, , =4 aey,

— /
S aes = aey

By induction hypothesis

— /
Staes, , =gae;, = Sk ae;=acy

!
Because S Fae;, , =g aefy,

— /
St ae3 = ae;

Because S F ae; = ae}, S F aes = ael, and S F aes = aef, by definition of =

S F ((ae; aes)x = aes : v)#id = ((ae] aey)y = aey : V')#id

Therefore

St+ae=ae
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Therefore when ae = ((ae; aesx)z = aes : v)#id,
Stae, , =gae, = Stae=ae

Case 4: ae = (Dist(ae,#id,) = aey) : v)#id and id, ¢ S.
By assumption

!
Stae, , =gae,

By definition of =
S+ (Dist(ae;#id.) = aey) : v)#id, , =>4 (Dist(aei#ide) = aey) : v')#id, _

Then ae’ = (Dist(ae|#id.) = aey) : V)#id, S F aey, _,_ =4 ae}, _, and S F
aez, _, _ = st (1,6,2, _

By induction hypothesis
Staey, , =gael, = St ae =ae]
Because S Fae;, , =4 ae), _
St ae; = ae)
By induction hypothesis
Staey, , =gaey,, = St ae; =ae,
Because S Faes, , = ae,,
S F aey = aél,
Because S - ae; = ae)| and S F aey = ael, by definition of =

S + (Dist(ae #id.) = aey) : v)#id = (Dist(ae,#id,) = aey) : v')#id’
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Therefore

St ae =ae

Therefore when ae = (Dist(ae;#id.) = aes) : v)#id and id, ¢ S,

Stae, , =gae, = Stae=ae

Case 5: ae = (Dist(ae,#id.) = aey) : v)#id and id, € S.

By assumption

/
Stae, , =gae,

By definition of =

S + (Dist(ae, #id,) = aey) : v)#id, , = (Dist(ae|#id,) = aey) : v')#id', _

Then ae’ = (Dist(ae|#id.) = aey) : v')#id and S+ aey, _, =4 ael, _

By induction hypothesis

Stae, , =gae], == St ae; =ae]

!
Because S Fae;, , =g aeq,

— /
S Faey = ae)

Because S | ae; = ae), by definition of =

S I (Dist(ae; #id,) = aes) : v)#id = (Dist(ae}#id,) = aeh) : V') #id'

Therefore

St ae = ae'
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Therefore when ae = (Dist(ae; #id,) = aeg) : v)#id and id, € S,

S}—aea_,_éstaela_ > S*‘G@Eae,

Because all cases are covered, using induction, the following statement is true for all

augmented expressions ae, a¢’ and subproblems S.

Stae, , =gae, = Stk ae=ae

Next we use Lemma 1 to prove the lemma below::

Lemma 2. Given traces t and t' and a subproblem S,

Skt, =4t = Skt=t

Proof. Proof by Induction
Base Case: t = ()

By assumption

Skt =ut
By definition of =
SHO, =40
Then ¢’ = 0.
By definition of =
SEO=0
Therefore
Skt=¢

Therefore when t = ()
Skt, =ut = Stt=t
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Induction Case:
Case 1: t =t ;assume = = ae
By assumption

Skt =gt

By definition of =

/
Sk ts;assume z = ae, =>4 t,;assume T = ae

Then t' =t ;assume z = ae’, Sk ae, , =g ae, ,and Skt _

By induction hypothesis

Stty, =gt., = Skt,=t.

S

Because S Ft;, =gt

Stt,=t,
From Lemma 1
Stae, , =gae, = Stae=ac
Because Stk ae, , =g ae,
St ae = ae’

Because S It = t;, and S F ae = ae’, by definition of =

S I ts;assume x = ae = t.; assume x = ae’

Therefore
Skt=+¢

Therefore when t = t,;assume z = ae

Skt, =4t = Skt=¢t
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Case 2: t = t,; observe(Dist(ae) = e,)

By assumption

Skt, =ut

By definition of =,

S I t,; observe(Dist(ae) = e,), _ =4 t.; observe(Dist(ae’) = e,)

Then t' = t/; observe(Dist(ae’) = e,), Stae, ,_ =>gae,_,and Skt,, =4t

By induction hypothesis

Stty, =4t — Skt, =t

Because S Ft,, =4t

Skts=t,
From Lemma 1
Stae, , =gae, = St ae=ae
Because S - ae, , = ae,
St ae=ae

Because S -t = t; and S - ae = ae’, by definition of =

S | ts; observe(Dist(ae) = e,) = t;; observe(Dist(ae’) = e,)

Therefore

Skt=t

Therefore when t = t,; observe(Dist(ae’) = e,)

Skt, =4t = S+t=t¢
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Because all cases have been covered, using induction, for all traces ¢, ¢, subproblems
S and subtrace t,,

Sttt,=>u4t = Stt=t
O

Corollary 1. Given a valid trace t, a valid subproblem S, a valid subtrace tg, for all
traces t' :

t' = StitchTrace(t,t,,S) = Skt="t

Therefore, given a trace t and a valid subproblem S on t, if the stitching process
succeeds, then the output trace t’ will only differ from trace ¢ with parts which are
within the subproblem S.

Next, we prove that given a valid trace ¢, a valid subproblem S on trace t, and
a subtrace t; = ExtractTrace(t,S), for any subtrace t, € Traces(Program(t,)), the
stitched trace ¢’ = StitchTrace(t, t%, S) is a valid trace from the program of trace t (i.e.
t' € Traces(Program(t))).
Formally, given a valid trace t, a valid subproblem S on t, and a subtrace t;, =
ExtractTrace(t, S),

V t. € Traces(Program(t,)). t' = StitchTrace(t, t.,S) A t' € Traces(Program(t))

s bgoy

To prove the above statement, we require a few lemmas first which prove a similar

condition for augmented expressions and traces under non-empty environment

Lemma 3. Given environements oy, 04,0, and o;; such that dom o, = dom oy =
dom o, = dom ¢}, an augmented expression ae within a trace t, and a valid subproblem

S over trace t

Jeps.oy,0qte=s | Jae NSt ae =, ae,, t;

Ats; assume z = aes =, ps A\ 0., 0jy = s = t,; assume z = ae’,

/ /

1

= Jae .St ae ael,t. =4 ae’, Aol o

s17s

sme=s _, ,ae
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Proof. Proof by induction
Base Case:

Case 1: ae = (z : x)#id
By assumption

0v,Oig-e=s , ,ae

By definition of =

O, 0ig T =5, ,(x:x)#id

Then e = z and = ¢ dom 0,.
By assumption

St ae =, aeg, t

By definition of =,
St (z:x)#id = (z: x)#id, D

Then aes = (z : z)#id and t, = 0.
By assumption

ts;assume 2z = aeg =, Ps

By definition of =,

assume z = (z : z)#id =, assume z = x

Then p, = assume z = z.

By assumption

Pt ’. _ ’
Oyy Oig = Ds =5 tg;assume 2 = ae;

By definition of =, dom ¢, = dom o,

r . - g
0,0,y - assume z = x = assume z = (z : x)#id

Then ¢, = 0 and ael, = (z : z)#id.
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Consider ae’ = (x : z)#id'.

By definition of =

St (z:z)#id (z: x)#id, 0 =4 (x: x)#id

Therefore

St oae,ael, t. =4 ae’

By definition of = and « € dom o,

/

oy, 0utr=s , (x:x)#id

Therefore

’

! /
00yt e=s _,_,ae

Therefore when ae = (z : x)#id

Je,ps.oy, 00 e=, , ,ae NSt ae =, ae,, t;

/

. _ ! /. _ /
Ntg;assume z = aes =, ps A 0, 0jq | Ps = 1 assume z = aey

= Jae'.St aeae,,t, =>gae’, ANol,o,be=s , ae

$r7s

/

Case 2: ae = (z(id,) : v)#id

By assumption

Ou,Oigd-e=s , ae

By definition of =
O, 0ia =, (z(id,) : v)#id

Then e = z, v = 0,(x), and id, = 0,4(x).

By assumption

S ae =, ae,, t
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By definition of =,

S+ (z(idy) : v)#id =, (z(id,) : v)#id, D

Then aes = (z(id,) : v)#id and ts = 0.

By assumption

ts;assume 2z = aes =, Ps

By definition of =,

assume z = (z(id,) : v)#id =, assume z = x

Then p, = assume z = .

By assumption

o ’, — ae’
O,: 0ig ™ Ds =5 tg;assume 2 = ae;

By definition of =, dom o] = dom g,

o), 0., F assume z = z =, assume z = (z(id,) : v')#id’

Then t., = 0, ae, = (z(id)) : v')#id', v' = o, (z), and id), = o},(x).
Consider ae’ = (z(id,) : v")#id'.

By definition of =

S+ (z(id,) : v)#id, (x(id)) : V") #id , 0 =4 (z(id)) : V') #id’

Therefore

St oae,ac.,t. =4 ae’

§17s

By definition of =,,v" = 0, (z), and id,, = o},(x)

o oubtr=s , (x(id) :v)#id
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Therefore

/ 7 /
0,0 g e=s _,_,ae

Therefore when ae = (z(id,) : v)#id

de,ps.oy,0uFe=s | ae NSt ae =, ae, ts

. _ / / !, _ ’
Nts;assume z = aes =, ps N\ 0,05 F ps =5 t;assume z = ae,

/ /

= Jae' .St aeael,t, = ae’, Aol o,Fe=, , ae

s Vs

Case 3: ae = (A.x € : v)#id

By assumption

Op,0ig-e=s _, ,ae

By definition of =

O, Oiab Az e =5 . (Axe:v)#id

pa—

Then e = \.z €.

By assumption

St ae =, aeg, t,

By definition of =,
SE Az e :v)#id = ANz e v)#id, D

Then ae; = (A\.z € : v)#id and t, = (.

By assumption

ts;assume z = ae; =, P

By definition of =,

assume z = (A.z €' : v)#id =, assume z = \.x €
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Then p, = assume z = \.z €.

By assumption

rot ’. _ ’
Oy Oiq = Ds =5 t;assume z = ae;

By definition of =, dom o, = dom o,

ro N _ . .
0y, 0,4 | assume z = A.x € = assume z = (A.xz € : v')#id

Then t. = 0 and ael, = (A\.xz € : v')#id.
Consider ae’ = (A.x € : v )#id'.

By definition of =

St Az e :v)#id,( Az e v )#id, 0 =4 Az & v )H#id

Therefore
S+ ae,ael, t. =4 ae’
By definition of = and o),0l,F Az e =5 _, ,(Az e v )#id
o0yt Are =g,  (Aze:v)#id
Therefore
0;, agd Fe=s _,_, ae'

Therefore when ae = (A.x €' : v)#id

Jde,ps.oy,0iat-e=s , ,ae NSt ae =, aeg, L,

. . !/ / !, — /
Atg;assume z = aes = ps N\ 0, 0,4 ps =5 t,;assume z = ae;

/ /

= Jae'.Stae,ael,t, =>gae, Ao, o,Fe=s _,_,ae

Induction Cases:

Case 1: ae = (Dist(ae;#id.) = ae, : v)#id and id, € S
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By assumption

Oy,04d Fe s _,_,0€
By definition of =,
0y, 0ia F Dist(e;) =, _, _, (Dist(ae,#id,) = ae, : v)#id
Then e = Dist(e1), 0y,0uFe1 =5 _, _, aey.

By assumption

St ae =, aeg, tg

By definition of =,
S + (Dist(aei#id.) = ae, : v)#id =, (Dist(ael#id.) = ae, : v)#id,t}

Then ae, = (Dist{ae#id.) = ae, : v)#id, t; = t!, and S+ ae, =, ael, t!

s8?7s"

By assumption

ts;assume z = aes =, Ps

By definition of =,

assume z = (Dist(ae,#id,) = ae, : v)#id =, assume z = Dist(e!)

1
s

Then p, = p;;assume z = Dist(e!l) and ae! =, e
By assumption

0., 004 F ps =5 t.;assume 2z = ae,

By definition of =,

0y, 04q - ps;assume z = Dist(e;) = t2;assume z = (Dist(ae?#id.) = ae’, : v')#id’

Then t, = t2, ae, = (Dist(ae#id.) = ael, : v')#id', and o/, 0!, F pl;assume z

e1 = t2;assume z = ae?.
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By induction hypothesis

1 41
s?ts

3 el,p;,ei.av,oid Fei=s , ,ae; ASt ae; =, ae

1. S| 1. _ 1
Ntg;assume z = ae; =>, P,;assume z = e

Ao, ol - pliassume 2 = e} = t2;assume 2 = ae’

= Jae|.Staey,ae t2 =, aei Aol ol -er =5, ,ae)
Because 0,04 F e1 =5 _, ,ae;, S b ae; =, ael tl tl;assume z = ae! =,

pl;assume z = el, and o), o}, I pl;assume z = el = t2; assume z = ae?.

/
Sk aeq, a@g,ti = st ae,l A U;,O’;d E €1 =s _, _,ae;

Consider ae’ = (Dist(ae)#id.) = ae,, : v')#id'.
By definition of =, S I ae;, ae?, t2 =, ae}

S + (Dist(ael#id.) = ae, : v)#id, (Dist(ae2#id.) = ael, : v')#id', t,
= (Dist(ae|#id,) = ael, : V') #id’

Therefore
S Fae, ael, t, =4 ae’
By definition of = and o0,,0], Fe; =, _, _,aey,
o o,Fe=s _,_,(Dist(aei#id,) = ael, : v')#id’
Therefore

/

! 14
0 Oigbe=s _, _,ae

Therefore when ae = (Dist(ae; #id.) = ae, : v)#id

3 €,D05.0y,0id e =5 _s_,ae NS Fae ey 0€s, ts
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Atg;assume z = aes =, ps A 0y, 01y - Ds =5 ts; assume z = ael,

/ /

= Jae' Stae,ae,t, = ae, Ao, o,Fe=, , ,ae

§17s

Case 2: ae = (Dist(ae1#id,) = aey : v)#id and id, ¢ S
By assumption

0u,Oig-e =5 |, jae

By definition of =,

0,05 b Dist(e;) =5, ,(Dist(ae #id,) = aey : v)#id

—

Then e = Dist(ey), 0y,0 €1 =5 _, _,ae1, aeg =, eg and o, 04 F e =5, aes.
By assumption

St ae =, ae,, t,

By definition of =,

S + (Dist(aei#id,) = aey : v)#id =, ael, t}; observe(Dist(ael) = ey);t3

$1 78

Then ae; = aed, t; = t!;observe(Dist(acl) = e5);t3, S + ae; =¢p ael,tl, and S +

R

aey =>ep aed 3.
By assumption

ts;assume z = ae; =>, Ds

By definition of =,

t.; observe(Dist(ael) = e;); t3; assume z = aed =,

pt; observe(Dist(el) = e;); p2assume z = Dist(el)

Then p; = p!;observe(Dist(e}) = ey); p?; assume z = €2, ael =, el, t! =, pl, aed =,
2 3 2

es, and t] =, p;.

By assumption

1o ’. _ !
Oy, 0ig b ps =5 t; assume 2 = ae
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By definition of =,

/

o', al, - pl; observe(Dist(e}) = es); p%; assume z = e2 =,

4

t2; observe(Dist(ae?) = ey); t1; assume z = ae’

/o 2. : 2y — .44 I 4 r 1. — pl
Then t, = t2; observe(Dist(ael) = e3);t5, ae, = ae;, 0,0y = pg;assume z = e; =

2. — 2 ro 2. — o2 4. — et
t2;assume z = ae;, and o, 0;; - p5;assume z = e =, t;;assume z = ae;.

By induction hypothesis

11 1,1
dey,p;,e,.00, 001 =>5 _,_,ae1 NSt aep =, aeg, t;

1. ol 1, _ 1
Atg;assume z = ae; =, pg;assume z = e

Aol ol - plassume z = el =, t2; assume 2 = ae?

= Jae|.Stae,ae t: =g ael Ao, 0 e =5 _,_,ae}
Because 0,04 F €1 =, _, _,ae;, S b ae; =, ael,tl, tl;assume 2z = ael =,

1. — ol 1o 1. — ol 2. — g2
Dg;assume z = e, and o,, 0,, - py;assume z = e; = t7;assume z = ae;.

!
St aeq,ae’ t2 = aei N0, ol e =5, ,ae}

By induction hypothesis
3 2 e? qF AS 543
€2,Dg, €5.04,04d €9 =5 _s_,0ae€s aey = ey aeg,lg

/\ti; assume z = aeg =, pg; assume z = ei

P 4
Aol ol - plassume 2z = €2 =, t!; assume z = ae]

’ i
= Jae),. St aeyaet t? = ae, Nl ol Fes =5 _,_, a€,

. — 3
Because 0,01 - €3 =, _, ,aes, S F aey =, aed td, t3;assume z = ae] =,
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2
s

4

p2;assume z = e2, and o), 0}, I p2;assume z = e? =, t}; assume z = ael.

)

/ !/

t =g aeb Aol ol ey =, ae)

S+ aeq, aeg, t;

Consider ae’ = (Dist{ae|#id.) = ael, : v')#id'.

By definition of =4, St aey,ae?, t2 = ae), and S & aey, ael, t! = ael,

s?7s §?7s

S + (Dist(ae, #id.) = aey : v)#id, ae?, t!

§77s

= (Dist(ae|#id)) = ael, : v')#id’

Therefore
St oae,acl,t. =4 ae
By definition of =, 0,0}, - e1 =, _, _,ae|, 0,00, ea =5, _, _,aey,
o0, e=, , ,(Dist(ae|#id,) = aey : v')#id’
Therefore
! / /
Oy, Oig - € =5 _, _,ae

Therefore when ae = (Dist(ae; #id.) = aey : v)#id

Je,ps.oy, 00 e=s , Jae NSt ae =, aeg, ts

Ntg;assume z = aes =, ps A\ 0,054 F ps =5 t; assume z = ae,

= Jac' .St aeae,t. =>gae’, Aol ,o,te=, , ,ae

8'7s

/

Case 3: ae = ((aey aey) L: v)#id and ID(ae,) ¢ S
By assumption

Oy, 0ig-e=s , ,ae

By definition of =

0p,0ia F (€1 €2) =5 _, _,((aey aes) L: v)#id
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Then e = (ey €3), 0y,0iq €1 =5 , _,aer, and 0,04 €2 =5 _, _,aes.

By assumption

S F ae =, aeg, ts

By definition of =,

S F ((ae, aey) L:v)#id = ((ael ae®) L:v)#id, tL;

ylgy lg

Then ae;, = ((ael aed) L: v)#id, t, = t};t3, S b ae; =, ael,tl, and S F aey =,
aed 3.
By assumption

ts;assume z = aez; =, Ps

By definition of =,
tl: 13 assume z = ((ael ae?) L: v)#id =, pl;plassume z = (e} €2)

1.2, — (ol p2 1 141 1.3 2 3 2
Then ps = p;;p:;assume z = (e; €2), aey =, e}, tg = p;, aes =, e, and t3 =, p3.

By assumption

/
0y, Oig b Ds =5 t; assume z = ael,

By definition of =,

1o 1.2, (o] 2 2. 44, _ 2 4y . :
0,014 D3 D5 assume z = (e, e5) =, t5;t;; assume z = ((aes aey) L: v)#id
1o 4244 o0 2 o4y | . g 1. _ Ll

Then t, = t;ts, ae, = ((ae? ae;) L: v)#id, o,,0i, b pi;assume z = e; =

4

t2; assume z = ae?, and o), o/, - p?; assume 2 = e =, t!; assume z = aes.

By induction hypothesis

11 1 41
3 €1, P, €5-0v; Oid = €1 =5 _, _,ael A S ae; =z aeg, tg

1. — ol 1. _ 1
Atg;assume z = ae, =, p,;assume z = €;
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Aol oty - pl;assume 2 = e} = t%; assume z = ae?
= Jae|.Stae,ae’ t2 =g aei Nol ol Fer =, aé)
Because 0,04 - €1 =5 _, _,ae;, S b ae; = ael tl, tl;assume 2 = ael =,

py;assume z = el, and o), o), I pl;assume z = el = t2;assume z = ae?.

/ I
Sk ael,aeg,tg =g aey Aoy, 0 e1 =5, ae)

By induction hypothesis

2 2 3 .3
d es, p5,e5.00, 00 ea =5 _, _,aea NS aes =, ael, t;

At3; assume z = ae =, p?; assume z = e?

Ao, oty - p2assume 2 = e2 = tt; assume z = ael

= Jaeh.St aey, ael,ts =g aey Aol ol ea =, , , ae,

Because 0,,0, - €2 =5 _, _,aey, S F aey = aed 3 t3assume 2z = aed =,

2. _ 22 ro 2. — 2 4. — o4
ps;assume z = e;, and o0,, 0j; = p5;assume z = el = t;assume z = ae;.

Sk aeg,ae‘;,t;1 =g aey N0, 0, e =5, ae,

Consider ae’ = ((ae] aeh) L: v')#id'.

By definition of =, S F aey, ae? 2 = ae}, and S - aey, aet, t! = ael,

SF ((aey aez) L:v)#id, ((ae? ael) L: v )#id ¢t

= ((a€] aey) L: v )#id

Therefore

/
St oae,ael, t, =4 ae

By definition of =, 0,0/, - e; =, _, _,ae}, 0,0l ea =, _, _,ae, and because

33



ae; is not in the subproblem &, therefore its value will not change

/

0,0 e=s _, ((ae] aehy) L:v')#id

)

Therefore

/

/ !/
0, 0q-e=>s _,_,ae

Therefore when ae = ((ae; aes) L: v)#id, ID(ae;) ¢ S

Jde,ps.op,0iabe=s |, Jae NS ae =, ae, it

Atg;assume z = aes =, ps A 05, 01y b ps =5 t.; assume 2z = ae’,

= Jae' St ae,ael, t, =g ae', Ao, oute=, , ae

81 7S

/

Case 4: ae = ((ae; aey)aa : v)#id and ID(ae,) € S

By assumption

0v,Oig-e=s , ,ae
By definition of =
Ov, 0 (€1 €2) =5, ,((aey aey)aa : v)#id
Then e = (e1 €3), 0y, 0.a €1 =5 _, ,ae, and 0,,0i4 - €3 =, _, _,aes.

By assumption

S Fae =, aeg, t

By definition of =,

S F ((aey aez)aa : v)#id =¢, ((ael aed)aa : v)#id, ;3

yYs1 Vs

Then ae;, = ((ae} aed)aa : v)#id, t; =t 3, S F ae; =e, ael,tl, and S F aey =,

S 8’ 78

3 43
aeg, tg.

o4



By assumption

ts;assume 2 = aeg =>, Ps

By definition of =,

1

tg;t;assume 2 = ((ael aed)aa : v)#id =, p!; plassume z = (¢! €?)

— pl.2. — (ol o2 1 11 1.3 2 3 2
Then ps = pg;ps;assume z = (e] €2), ael =, el, tL =, p!, aed =, €2, and 3 =, p2.

By assumption

0y, 0l b ps =5 t,;assume z = ae,

By definition of =,

2

=, t2; 2 assume z = ((ae? aet)aa’ : v)#id
S S S S

/ / 1.2, _ 1
0y, 0iq = Dg; P assume z = (e e s

Then t, = t2;t], ae, = ((ae? aet)ad’ : v)#id, o', 0/, F pliassume z = e! =,

s 3

4

s

t2;assume z = ae?, and o, o, - p%; assume z = e2 =, t*; assume z = ae

By induction hypothesis
3 el,p;, eé.av,aid Fei=s , ,ae; AStae; =, ae;,t;

1. R | L — ol
Alg;assume z = ae; =, pg;assume z = e

Aoy, 014 b= pl;assume z = el = t%;assume z = ae?
= Jae|.Stae,ael,t = ael Aol ol ber =, | aey
Because 0y,0i & €1 = _,_,ae;, S & ae; =, ael,tl, tl;assume z = ae! =,

ps;assume z = eg, and 0, 0}, - pi;assume z = el =, t2; assume z = ae?.

2 42 / /
St aey,ae;, t; =5 aey Ao, o e =, ae)
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By induction hypothesis
3 43
J ey, 02, €2.00,01u b €2 =5 _,_,aea NS aey =y ael, t]

At3; assume 2 = ae® =, p?;assume z = e?

/

Aa! ol p?rassume z = e =, t1; assume 2 = ael

8

= Jae).Staey,aet tt =, ael Aol ol ea =5 _, _,aéh
Because 0,,0iq F €3 =, _, _,aey, S F aey = aed t3, t3;assume z = aed =,

4

p?;assume z = €2, and o), 0}, - p%;assume z = €2 = t; assume z = ae;.

2

S+ aeg,ae‘s‘,t‘s1 = aey N0y, 00y ea =5 _, _,ae,

Consider ae’ = ((ae] aeh)aa : v')#id'.
By definition of =, S - ae;, ae?, 12 =, ae}, and S t- aeq, ael, ti =4 ael,

S+ ((ae; aez)aa : v)#id, ((ae? aet)aa’ : v')#id', ¢,

S

=4 ((ae] aeh)aa’ : V')#id'

Therefore

S ae,aél, t. =4 ae’

By definition of =, 0},0},F e; =5 _, _,ael, 0,00, ea =4, _, _,ae,, and because

V(ae)) = V(ae?), V(aeh) = V(ae?) (Observation 2)

ol ol Fe=s _,_,((ae] aey)aa’ : v")#id

—

Therefore

/

!
0,0 e=>s _, ,ae

/

Therefore when ae = ((ae; aeg)aa : v)#id, ID(ae;) € S

Je,ps.oy,0iat €= . _,ae N S ae =, aeg, tg
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Alg;assume z = aes =, ps A 0, iy b Ds = t.; assume z = ael,

/

= Jae' .Staeae,t, =gae', Ao, o,Fe=s _,_,ae

/

Case 5: ae = ((ae; aes)y = aez : v)#id and I D(ae;) ¢ S

By assumption

0p,Oidl-e=s |, ,ae
By definition of =
0y, 0 b (e1 e2) =5 _, _, ((aer ae)y = aes : v)#id
Then e = (e; e€2), 0y, 014 €1 =5 _, _,ae1, 04,00 €3 =5 , ,aeq, o, 0l e3 =

_,_,aes, and V(aey) = (A\.x ez, 0, al).

By assumption

Stk ae = aeg, t

By definition of =,
St ((ae; aey)y = aes : v)#id =, ae’ tl;assume © = ael;t3;assume y = ae?;
Then ae; = aed, t; = tl;assume z = ael;t3;assume y = ae3;t5, S+ ae, =, ael,t!,

Sk oaey =, aed, t3 and S+ aes =, aed, 2.

By assumption

ts;assume 2z = aeg =, Ps

By definition of =,

1. — 01.43. — 03.45 5
ty;assume r = aeg; t;assume y = ael; t;assume z = ae;, =,

1. — ol.2. — 2.3 _ .3
Dy;assume T = e,; ps; assume y = eZ; pi;assume z = e

Then ps = pl;assume z = e}; p?; assume y = e2; p3; assume z = €3, ael =, e}, t! =, pl,

3 2 43 2 .5 3 5 3
ae; =, ez, t3 =, p3, ae; =, €3, and t; =, p3.
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By assumption

ol 0l b ps =5 t.; assume z = ael,
By definition of =,

o!, ol - plyassume T = el; p?; assume y = e2; p¥; assume z = €2 =,

2. — g2 4. — ot 6 — 268
t5;assume x = aes; t;;assume y = aeg; t,assume z = ae;

1 2. — o2 4. o446 ot o6 1. —
Then t, = t2; assume z = ae?; t;;assume y = aeg;ty, ae; = aey, 0, 0y - pg; assume z =

el =, t2;assume z = ae?, 0!, 0}, F p?;assume z = e =, t!; assume z = aey, 0}, 0

3. — o3 6. — 06
py;assume z = e; = t;;assume z = ae;.

By induction hypothesis

11 141
Jel,pg, €00, 01 =5 _, _,ae1 NS Fae; = aeg, tg

1

At);assume z = ae; = p;; assume z = e,

Aol ol pliassume 2 = e} =, t2; assume z = ae’
— Jae|.Stae,ael 2 =, aei Aol ol Fer =5, _,ae}
Because 0,0, F €1 =, _, _,ae;, S F ae; =, ael,tl, tl;assume z = ae}

1. — ol 1o 1. — ol 2. = ge2
p,;assume z = eg, and o,,0,; - py;assume z = e; = t; assume z = aeg.

2 /
St oaey,ae t2 =g aei Aol ol e1 =5 _, _,a€)

By induction hypothesis
3 2 e? i b ANSH 3¢
€2,Pg,€5-0v,04d €3 =5 _y_,a€2 A€y =ex aeg, g

3. — 03 2. — 2
Aty;assume z = qe; =, pg;assume 2z = e;

4
Aa', ol - p?;assume z = e? = t¥; assume 2 = ae;

!
= Jae),. Sk aeyael tt = a6, N0l ol es =5 _, _,a€

o8

"
id



Because 0,014 F €3 =5 _, _,aes, S F aey =y aed 3 t3assume 2z = aed =,

p?;assume z = €2, and o, o}, - p?;assume z = €2 = t*; assume z = ae’.

/
Stk oaey,aet tt = aeh Aol ol Fes =, ae

By induction hypothesis

3 3 _n " 5 45
Jes,ps.es.0,, 0 e3 =, _,aes NSt aez =, ael,t]

At2;assume 2 = ae’ =, p*; assume z = e?

Aol ol p3;assume z = e® = t5; assume 2z = ae’
= Jae;.Staes,aed 8 =g aes Aol ol Fes =, ae}
Because o),0; F es =5 _, _,ae3, S b aes =>¢, aed,t3, t5;assume z = aed =,

3. — 3 " _m 3. — 53 6. — 6
py;assume z = e3, and o,, 0, | p2;assume z = e] =, t7; assume z = ae’.

Stoaes, ael t® =, aes Aol ol es =, _, ,ae}
Consider ae’ = ((ae) aeh)y = aely : v')#id'.
By definition of =4, S F aej,ae?, 2 =4 ae}, S F aep,ael t? =, ae), and S

aes, ael t5 = ae}

S+ ((aer aes)y = aes : v)#id, ((ae? aed)y = ael : v')#id  t,

=5 ((ae) aeh)y = aely - V) #id

Therefore

S - ae, ael, t, =4 ae’
By definition of =, o), 0, Fe1 =5 _, _,ael, 0,0l F ea =5, _, ,ael, and because
V(ae)) = V(ae?), V(ae}) = V(ae?) (Observation 2), o ol b e3 =, , ,ae}

0., 0 e=s _,_,((a€] aey)y = aey : v')#id
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Therefore

/

! /
0,0 e=>s _,_,ae

Therefore when ae = ((ae; aes)y = aez : v)#id, ID(ae,) ¢ S

Je,ps.0p,0qte=5 |, Jae NSt ae =, aeg, it

Ats;assume z = aes = Ps A 0, 0iq b ps =5 ti; assume z = ael;

/

=> Jae' .St aeael,t, =ae’, Aol o,be=>s , a€

Because we have covered all cases, using induction, the lemma is true. O

Lemma 4. Given environements oy, 0iq,0, and o;,; such that dom ¢, = dom o0y =
dom o}, = dom ¢}, a partial trace t within a trace t,(t is a suffiz of trace t,), and a

valid subproblem S over trace t,

/

3D, Ps 00, Oig F D= tASHt = ts ADs = ts Ao, Oig b Ds =5 t,

= VSt 2t Ao, olgFp =t

Proof. Proof by induction
Base Case: t = ()
By assumption

U’Uao-id‘_p:>st

By definition of =,

Uvao'idi_ @ :sw

Then p = 0.
By assumption

Stkt=, ts
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By definition of =,

SFD=.10
Then t, = 0.
By assumption
ts = Ds
By definition of =,
D=0

Then p, = 0.
By assumption

0,, 01y = ps = t.

By definition of =,

(Tz,n Jgd + @ =s @
Then ¢, = 0.
Consider t' = (.

By definition of =
SHEDO=40

Therefore

Sttt =t
By definition of =

Ty Oig =0 =5 0
Therefore

0,0 p=st

Therefore when t = ()

/
S

/
i

3p,ps 00, 0ia b Pt ASHE =ty Aps = ts Ao, ol b ps =4 t
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!

= Skt t.=ut' Ao, oubp=>st

Induction Case:
Case 1: t = assume = = ae; t;

By assumption

Oy, 0id - P =s t
By definition of =
Oy, 0iqg - assume T = e;p; =, assume = = ae;t;
Then p = assume & = e; p1, 0y, Oiq = € =4 v, id, ae, ol = o,[T — v], ol = oig[x —> 4d),
and o, 0}, F p1 =5 t1.

By assumption

Sk t=ets

By definition of =,
S F assume x = ae;t; =es t;; assume T = aeg; t:;

Then t, = tl;assume = = ae,; 83, S F ae =, aes, t}, and S+t =y t2.

By assumption

ts =r Ps

By definition of =,
1. _ 43 1. 2
t,;assume T = aeg; ty =, pg;assume T = €g; P

Then p, = pl;assume = = e,; p2, t: =, pl, ae, =, e,, and 2 =, p2.

By assumption

! ! !
Ops Oig F Ds =5 Ly
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By definition of =

ol 0l F pliassume 7 = ey p? =, t2;assume T = ael;t?

Then t, = t?;assume = = ae;td, o), 0/, - pl;assume z = e, =, t;assume = = ael,
I/ —— / m o__ o / " _n 2 4 3
o) = ol[r — V(ael)], ol = ol lx = ID(ael)], and o), ol F p? = t5 (Observation 1,

variable names in ¢2 do not collide with variable names in t%).

By induction hypothesis

"

Ug,O'gji_pl =5 tl /\S H tl ex t:;/\ti = p?/\o';”’o'id |—p§ =5 t;l

/

= Skt,ti=at) Ao, ol pL =t

Because 07,0/, F p1 = t;, St ) =ep 13, Sty = t3, 3 =, p?, and o, 0

4
pz :>S t57

Skttt =, thno ol Fp =t
s 1 v d 1

2

By statement 3
0p,Oige=s , ,ae NSt ae =, aes,ti
Atl;assume 2 = ae, =, pl;assume 2 = e,

Aa', ol - pl;assume z = e, =, t2; assume z = ae,

’

= Stoae,ae,t2=gae Nol,olyre=, , ,ae

Because 0,014 F € =5 _,_,ae, S b ae =, ae, tl, ti;assume z = ae; =,

/

ia P;; assume z = €5 = tf; assume z = ae’;,

pl;assume z = e; and o), 0

SFoae,ae., 2 =4 ae’ A ol ouFe=, , ,a€

Consider ' = assume z = ae’; t,.
Y1
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By definition of =, S t;,t! = t}, and S+ ae, ael, t? = ae’,

8178

S I assume x = ae, t2; assume T = ael; ts =>; assume T = ae’;t}

Therefore

Skttt =gt

By definition of =, o), 0l,F e =, _, ,ae’, and o, ol p? =, t2 (V(ae') = V(ael)

and ID(ae’) = I D(ae),) Observation 2)

o, 0;, b assume z = e;p; = assume = = ae’; t)

Therefore

o, 0 Fp=st

Therefore when t = assume x = ae; t;

’

3.p,ps 0u, Cia F P =s tAS Et =y ts ADs = ts N0, 05y b Ds =5 t

’

= Sttt =4t Ao, o Fp=st

Case 2: t = observe(Dist(ae) = e,);t;

By assumption

Oy, Oig=p =5t

By definition of =
0y, 0iq - observe(Dist(e) = e,); p; =, observe(Dist(ae) = e,);t1

Then p = observe(Dist(e) = e,); p1, 0y, 0iq F € =, v,id, ae, and 0y, i F P1 =5 t1.

By assumption

Stt=ets
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By definition of =,
S - observe(Dist(ae) = e,);t; =, t.; observe(Dist(ae,) = e,);t>

Then t; = t;; observe(Dist(ae;) = e,); 13, S - ae =, aeg, tl, and S+t =, 3.

By assumption

ts = Ds

By definition of =,

t1; observe(Dist(ae;) = e,);t2 =>, p}; observe(Dist(e;s) = e,); p2

Then ps = p}; observe(Dist(aes) = e,); p2, t! =, pl, ae; =, e, and 3 =, p2.

By assumption

/

0ys Oig - Ds =5 T
By definition of =,

/ 2

., 0, = pi; observe(Dist(es) = e,); p? = t2; observe(Dist(ae’) = e,); t*

y» Vg

Then t, = t2;observe(Dist(ael) = e,);ti, o), 0, + pl;observe(Dist(e;) = e,) =5
t2; observe(Dist(ael) = e,), and a),0), & p? =, t* (Observation 1, variable names

in ¢2 do not collide with variable names in t).

By induction hypothesis

/

O Oia b D1 s ti ASHt S 3N =, p2 Aol oly b p? =, t

/
i

- S}‘tl,tg :>slt,1A0:;aUdl_p1 = tll

Because 0y,0iq F p1 =5 61, S bE ] = 13, S b t1 =, 83, 12 =, p?, and 7),0),; +
2 4
ps is ts?

Skt ti=ati Aol ol p =t
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By statement 3

Oy, 0ia e =s _,_,ae NSt ae =, aes, t,
Atl: observe(Dist(ae,) = e,) =, p;; observe(Dist(es) = e,)

Ac, al, - pl;observe(Dist(e;) = e,) =, t2; observe(Dist(es) = ae})

— Stoaeae,t2 =, 0 Nol, ol e=>s _,_,ae
Because 0,04 F e =, _, _,ae, S F ae =, ae, t, ti; observe(Dist(aes) = e,) =

pl; observe(Dist(e;) = e,) and a),, o}, - pl; observe(Dist(es) = e,) =, t2; observe(Dist(ae),) =

ev),

St ae,ae,,t? =, ae Aol ol be=s _, _,ae

Consider ' = observe(Dist(ae’) = e,); t].

By definition of =, S F t1,t =, t), and S I ae, ael, t? = a€’,
s 1

87 7s

1 Y8

S  observe(Dist(ae) = e, ), t*; observe(Dist(ae’,) = e,); ts =>4 observe(Dist(ae’) = e,); t]

Therefore
Skt t, =gt

By definition of =, 0,0, e =>s _, _,ae, and 0}, 0}, t p? =t}

o' al, - observe(Dist(e) = e,); p1 =5 observe(Dist(ae’) = e,); t]

Therefore

/

oo Ep=st
Therefore when t = observe(Dist(ae) = e,);t;

/

ELpaps Oy, 0id |_p:>st/\8|_t:>em ts /\ps = tsAU;;aU1d "_ps =5 tls

= Skttt.,=>aqt' Ao, o bp=st

2
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Because we have covered all cases, using induction, the below statement is true.

!

a'paps OU,O'MFP:XSt/\S}— t =ex ts/\ps = ts /\O’;,O’Zd |_ps =5 t;

/

= Sk tt.=4t Ao, ol Fp=,t

Lemma 5. Given a valid trace t and a valid subproblem S and subtrace t; = ExtractTrace(t, S)

for all possible subtraces t’, :

t. € Traces(Program(t;)) = 3 t'.t' = StitchTrace(t, .

s

,S) A t' € Traces(Program(t))

’

Proof. Since statement 4 is true for all 0,, 0,4, 0,,, and o}, given dom o, = dom g;; =

dom o, = dom o},, replacing o,, 04,0, and o}; with § (empty environment) will

result in

Jd.p,pst € Traces(p)AS b t =, t:sAts, t, € Traces(ps) = SFt,t, =4 t'At' € Traces(p)

a

Theorem 1. Given a valid trace t, a valid subproblem S, subtrace t; = ExtractTrace(t, S).

For all possible subtraces t, t. € Traces(Program(ts)) implies there exist a trace t' such

that:
o t' = StitchTrace(t,t., S)
e t' € Traces(Program(t))

e SkHt="¢

Proof. From Corollary 1 and Lemma. 5. O
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3.2 Completeness

Within this section we prove that our interface is complete, i.e. given a valid trace t, a
valid subproblem S on ¢, a subtrace ts = ExtractTrace(t, t,, S), for any trace ¢’ which
can be achived from entangled subproblem interface (i.e. ¢t € Traces(Program(t))
and S F t = t'), there exists a subtrace ¢, € Traces(Program(ts)) such that ¢ =
StitchTrace(t, t,, S).
Formally, given valid trace ¢, a valid subproblem § on ¢, a subtrace t,, and any trace
tl

ts = ExtractTrace(t,S) A t' € Traces(Program(t)) A S+t=1¢

= 3 t.. t, € Traces(Program(ts)) A t' = StitchTrace(t,t},S)

1v8)

We need to prove a few lemmas which will aid us in proving the above statement.

Lemma 6. Given an augmented expression ae and a subproblem S, a subtrace ts,

subaugmented expression ae, and an augmented expressions ae’ such that

Stae =, ae,,t;, \Stae=ae' N e. ae=>,eNoy,0qFe=, , ae

then, there exists an ael, t,, ps and es such that
St oae,ae, t, =>4 ae’ Nts =, ps N aes =, e;

A Oy, 0ia b ps;assume z = e; = t.; assume z = ael,

Proof. Proof by Induction
Base Case:

Case 1: ae = (z : z)#id
By assumption

St ae =, aeg, t,

By definition of =,
SF(x:z)#id =ep (x: x)#id, D
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Then ae;, = (z : z)#id and t; = 0.
By assumption

SFae=aée

By definition of =

St (z:x)#id = (x: z)#id
Then ae’ = (x : z)#id'.
By assumption

ae =, e

By definition of =,
(x:z)#id=, x
Then e = x.

By assumption

v, 0. e=s , ,ae

By definition of =

Op, g T =g, ,(x:x)#id

Then = ¢ dom o, and id’ is a unique id.

Consider ael, = (z : z)#id, t. = 0, ps = 0 and e, = z. By definition of =>4

St (z:x)#id, (z: 2)#id 0 =4 (x: x)#id

Therefore

St ae, ael, t, =4 ae’

By definition of =,

Therefore

ts = Ds
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By definition of =,

(z: z)#id =, x

Therefore

a€g =, Eg

Because = ¢ dom ¢,, the definition of =, implies

Oy, Oiq - assume z = T =>, assume 2z = (z : x)#id

Therefore

Op, Oid | Ds; assume z = e; = tg;assume 2z = ael

Therefore when ae = (z : z)#id,

Vi, aes, ae’ S F ae =, aes,ts AN Stae=ae’ de.ae =, e N 0,014 F € =

implies

Jael, t, ps, es. S ae,ael, t, = ae' A ts =, ps N aes = e

/
A Oy, 04 - ps;assume z = e, = t,; assume z = ae,

Case 2: ae = (z(id,) : v)#id
By assumption

S ae =, aeg, t

By definition of =,

S+ (z(idy) : v)#id =ep (x(id,) : v)#id, 0

Then aes = (z(id,) : v)#id and t; = 0.
By assumption

S F ae = ae’
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By definition of =
S+ (z(id,) : v)#id = (z(id)) : V') #id'

Then ae’ = (z(id)) : v)#id'.

By assumption

ae =, e

By definition of =,
(z(idy) : v)#id =, x

Then e = z.

By assumption

A
0v,0iqFe=s | Lae

By definition of =

Op, 0=y , (x(id) : V') #id
Then o,(z) = ', 0,4(x) = id),, and id’ is a unique id.

Consider ael, = (z(id.) : v')#id', t. = 0, ps = 0 and e, = z. By definition of =

S+ (z(id,) : v)#id, (z(id)) : v")Fid 0 =4 (z(id)) : V') #id

Therefore

/
St ae, ael, tt =4 ae

By definition of =,
0=,0

Therefore
ts = Ds
By definition of =,
(x(id,) : v)#id =, x
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Therefore

aeg =, €4

Because o,(z) = v/, 0;4(x) = id,,, the definition of = implies

Oy, 0iq - assume z = x =>; assume z = (z(id,) : v')#id’

Therefore

Oy, Oia | ps; assume z = e; = t5;assume z = ae,

Therefore when ae = (z(id,) : v)#id,

Vi, aes,ae’ S ae =, aeg,ts AN Stae=ae Je.ae =, e A 0,04 € =

implies

Jael, t,, ps, es. St ae,ael,t, =g ae’ Aty =, ps N aes =, e

A 0y, 044 b ps;assume z = e; = to; assume z = ae),

Case 3: ae = (A\.x € : v)#id
By assumption

St ae =, ae, t,

By definition of =,

SE Az e :v)#id =e, Nz € v)#id, D

Then aes = (A.z €' : v)#id and t, = 0.
By assumption

St ae=aée

By definition of =
Stz e :v)#id= Az e :v)#id
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Then ae’ = (A\.z € : v)#id'.

By assumption

ae =, e

By definition of =,
Az e :v)#id =, \x €

Then e = \.z €.

By assumption

0v,0ig-e=s , ,ae

By definition of =

OOt Az e =, , (A\ze v)#id

)

Then id’ is a unique id.

Consider ae), = (A.xz ¢ : v )#id, t, =0, ps = 0 and e; = A\.x ¢’. By definition of =

St (Aze:v)#id Az e :V)#id, 0 =4 (\x e V)#id

Therefore

St ae,ael,t. = ae

§17s

By definition of =,
0 =0

Therefore

ts =r Ps

By definition of =,
Az e :v)#id =, \x ¢

Therefore

aes =, €
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Because 0,04 Az e =, , ,(Ax € :v)#id, the definition of =, implies
Oy, Oiqg - assume z = T =>; assume z = (z(id)) : V') #id’

Therefore

Oy, 0ig = Ds;assume z = e; = tg;assume z = ae,
Therefore when ae = (A\.x € : v)#id,

Vi, aes, ae’ S F ae =>ep aeg,ts N Stae=ae Je.ae =, e A 0,040 e=s _, ,a€

implies

Jael, t,, ps,es. St ae, ael, th =g ae’ A ts =, ps N aes =, e

81 7S
A 0y, 0iq F ps;assume z = e, = t.; assume z = ae,

Induction Case:
Case 1: ae = (Dist(ae #id,) = aes : v)#id and id, € S

By assumption

S Fae =, aeg, 1

By definition of =,
S F (Dist(ae, #id.) = aey : v)#id =, (Dist(ael#id,) = aeq : v)#id, ts

Then ae, = (Dist(ael#id.) = aey : v)#id, S F ae; =, ael,t! and t; = tl.

s 7s
By assumption

St ae=ae

By definition of =

S + (Dist(ae; #id,) = aey : v)#id = (Dist(ae|#id,) = aey : V') #id
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Then ae’ = (Dist(ae|#id.) = ael : v')#id and S - ae; = ae).
By assumption

de. ae =, e

By definition of =,
(Dist(ae 1 #id,) = aey : v)#id =, Dist(e;)

Then e = Dist(e;) and ae; =, e;.

By assumption

Oy, 0iat- =5 _, _,ae

By definition of =,

0y, 0ia F Dist(e;) =, _, _, (Dist(ae)#id.,) = aely : v')#id’

Then 0,,04 e1 =, _, _,ae), es € dom Dist(v'), and 0,014 ea =5 _, _,ae,.
By induction hypothesis

/

Ll A Sl—aelzae’l A aey =r e Noy,0iqber =5 _,_,ae;

s?7s

S+ ae; =, ae

= St aey,ael t> =, ae) At =,pl N ael =, el
1. _ 1 2, 2
N 0y, 04 F pg;assume 2 = e, =, t;assume 2 = ae;

Because S \ ae; =, ael,tl, St ae; = ae, ae; =, ey, and 0,04 e, =, _, _,ael,

St oaey,ael t? =, aey A tl=,p! A ael =, el

A 0y, 04 b pr;assume z = el =, t2; assume 2z = ae?

Consider ae!, = (Dist(ae?#id,) = ae}, : V')#id', t. = t2, p, = p!, and e, = Dist(el).
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Because S I aeq, ae?, t2 = ae} and id, € S, the definition of = implies

S + (Dist(ae #id,) = aeq : v)#id, (Dist(ae2#id,) = ael, : v')#id, t,
= (Dist(aej#id,) = ael, : V') #id’

Therefore

St oae,ae,t. =4 ae

87 7s

1 1
Because t; =, p;,

ts =7 Ds
Because ae! =, el, the definition of =, implies
(Dist(ae.#id.) = ae, : v)#id = Dist(e})

Therefore

a€g =, €4

Because 0,04 b pl;assume z = el = t!;assume 2 = ae?, 0,04 €3 =5, aeh,

S?

and all variable names introduced by ¢2 do not conflict with variable names in ae),

(Observation 1), the definition of =, implies
0y, 0ia | ps;assume z = Dist(el) =, t.; assume z = (Dist(ae.#id.) = aely : v')#id'

Therefore

Oy, Oia | Ds; assume z = e, = t.; assume z = ae’,

Therefore when ae = (Dist(ae;#id.) = aes : v)#id and id, € S, and assuming

induction hypothesis,

Vts,aes,ae’ St ae =>o; aes,ts A Skae =ae’ Je.ae =, e A 0y, 04 e=, , ,ae

= dael, t.,ps,es. Stk ae,ael,t. =>4 ae A ts=,ps N aes = e

s) s
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A Oy, 0iq b ps; assume z = e; =, t.; assume z = ae,

Case 2: ae = (Dist(ae,#id,) = aes : v)#id and id, ¢ S
By assumption

St ae =, aeg, t,

By definition of =,

S+ (Dist(ae; #id.) = aey : v)#id =, (aed : v)#id, t,

S

Then ae, = (aed : v)#id, S F ae; =, ael,tl, S F aey =, ae® 3, aes =, e;, and

87 78) sy Vs

ts = ti; observe(Dist(ael) = ey); 3.
By assumption

St ae = ae

By definition of =
S F (Dist(ae,#id.) = aey : v)#id = (Dist(ae|#id.) = aey : v')#id’

Then ae’ = (Dist(ae|#id.) = ael, : V' )#id', S+ ae; = ae}, S F aey = ael,.
By assumption

de. ae =, e

By definition of =,
(Dist(ae; #id,) = aey : v)#id =, Dist(e;)

Then e = Dist(e;) and ae; =, e;.

By assumption

O, 0iae=, , ,ae

By definition of =

0y, 0ia - Dist(ey) =5 _, _, (Dist(ae| #id.) = ael, : v')#id’

7



Then 0,,0i4 - e =5 _, _,ae), ea € dom Dist(v'), and 0,04 - ea =5 _, _, aeh.

By induction hypothesis

St ae; = aei,t; A Stae =ae] N\ aeg =, e Aoy, 0t €1 =5 _,_,ae]

= SFae,ae t? =4 ae) A th=.p! A ael =, el
1. _ ol 2. — g2
A 0y, 04 b pg;assume 2z = e, =, t5;assume z = ae;

Because S & ae; =, ael,tl, St ae; = ael, ae; =, €1, and 0y, 04 €1 =5 _, _,ael,

St aey,ae t2 =, ae) At =, pl A ael =, el
A 0y, 044 F plyassume z = el =, t%; assume z = ae?

By induction hypothesis
St aey = aed 2 A Staey=aey, N aey =, ey Aoy, 0 €2 =5 _, _,ac,

2
= St aeg,aeﬁ,t‘; =g ae'2 N tg =, pi N ae;3 =, €
/\ }’_ 2. - 2 4. —_— 4

Oy, Oiqd I~ pg;assume z = e = t,;assume 2 = aej

Because S | aey =, aed 3, S+ aey = aehy, aey =, ez, and 0y, 004 - €2 =5 _, _, aeh,

S Faey,aed tt = ael, A 2=, p? A aed =, €2

A Oy, 0ig - p2;assume z = €2 = t; assume z = ae’

Consider ael, = (ae? : v')#id', t, = t2; observe(Dist(ae?) = e5); t2, ps = p;; observe(Dist(e}) =
2
S

e2);p?, and e; = e2. Because S & aej,ae? t? = ae}, S - aey, ael, tt =4 ael, and

ide € S, the definition of =, implies

S F (Dist(ae1 #id.) = aey : v)#id, (ael : V) #id , t, = (Dist(ae)#id.) = ael, : v')#id'
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Therefore

St ae,ae,t. = ae

87 7s

Because t! =, pl, t2 =, p?, ael =, e!, definition of =, implies
t!; observe(Dist(ael) = e;); t3 =, p!; observe(Dist(e!) = e3); p?

Therefore

tS :T pS
Because ae® =, €2, the definition of =, implies

(ae? : v)#id = &2
Therefore

aes =, €y

Because 0, 0,4 | pl;assume z = el =, t2;assume z = ae?, 0,0, F p?;assume z =

e2 = ti;assume z = ae?, and all variable names introduced by ¢ do not conflict with

variable names in ae? and t! (Observation 1), the definition of =, implies

[N

Oy, Oiq - ps; assume z = e? =, t;assume z = ae;

Therefore

Oy, Tiqg - Ds; assume z = e, = t.; assume z = ae,,

Therefore when ae = (Dist(ae;$id.) = aey : v)#id and id, € S, and assuming

induction hypothesis,

Vis, aes, ae’ St ae =, aes,ts N Stae=ae’ Je.ae =, e A 0,,04te=, ,  ae

= Jael,t.,ps,es. St ae,ae,, t, =, ae’ Nty =, ps N aes =, e

s$?7s
N 0y, 044 b= Ps; assume z = e, = t.; assume z = ae,
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Case 3: ae = ((ae; aes)aa : v)#id and ID(ae;) € S
By assumption

St ae =, aeg, t

By definition of =,

S F ((aey aex)aa : v)#id e, ((ael ae)aa : v)#id, t,

S

Then ae, = ((ael aed)aa : v)#id, S  ae; =e ael,tl, S + aey =, aed, t3, and

8 srYs? ST Vs

ts = th; 3.

By assumption

S F ae = ae’

By definition of =
S ((ae; aeg)aa : v)#id = ((ae) aey)aa’ : v')#id

Then ae’ = ((a€] aey)aa’ : v')#id, S aey = ae}, S+ aes = ae),.
By assumption

Je. ae =, e

By definition of =,

((aey aes)aa : v)#id =, (e e2)

Then e = (e; e3), ae; =, e, and aey =, €.

By assumption

0y, 0t e=, _,_,a€
By definition of =,
ou, gt (e1 €2) =5, ((a€} aey)aa’ : v')#id’
Then 0,04 e1 =5 _, ,aej and 0,04 ea =5 _, _,ael.
If V(ael) = (A\x €,0,,0},), olly = V(ae,)], olyly = ID(aeh)] F €'ly/x] =5 _, _, aee,
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aa =y = ae,, else aa =_1.

By induction hypothesis
St ae, = ael tl A Skoae = aey N ae; =, ey Aoy, 0uber =5 , ,ae)

2 42 ' 1 1 1 1
=> St oaey,ae;, t; =4 ae] Aty =, p, N aey, =, €
1. _ 1 2, _ 2
N 0y, 054 I pgiassume z = e, = t;assume z = ae;

Because S b ae; =, ael,tl, St ae; = ae), ae; =, e1, and 0,04 e =5, ,a€),
2 2 / 1 1 1 1
St aej,ae;, t; =g ae] A t, =, p, N ae; =, e
A Oy, 04 F pliassume z = e} =, t2: assume z = ae?
vy Yid ps7 - Y5 8 Yg» ~ s
By induction hypothesis
S Faes =y aeg,tz’ N Stae;=aey; N aeg =, €3 N0y, 0iab €3 =>s , ,ae,

= St aeq, aei‘,ti =g aey A ti =, pg A aeg =, eg

4

A 0y, 0iq b p2;assume z = e =, t¥; assume z = ae?

Because S - aey =, aed, 13, St aey = aeh, aey =, ey, and 0,050 F €3 =5 _, _, aéb,

S aeq,aes, ts =g aeh A 2=, p2 A aed =, €

4

A 0y, 0iq b p;assume z = €2 =, t*; assume z = ae?

Consider ael, = ((ae? aed)ad’ : V)H#id, t, = t%;t!, p; = pl;p?, and e, = (e} €2).
Because S |- aey, ae? t2 =, ae, St aeq, ael t? = ael, and id, € S, the definition
of =,; implies

S F ((ae; aeg)aa : v)#id, ((ae? aet)aa’ : v')#id . =4 ((ae) aey)aa’ : v')#id'
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Therefore

St ae,ael t. =4 ae’

Because t! =, p! and 3 =, p?, definition of =, implies

thtd =, plip?

s17s

Therefore

ts =r Ps
Because ae? =, €2 and ael =, e}, the definition of =, implies

((ael ae)aa : v)#id = (el e?)
Therefore

aes =, €g

Because 0,,0;q - pl;assume z = el = t2;assume z = ae?, 0,04 b p?;assume z =

s?

e? =, t4;assume z = ae?, and all variable names introduced by ¢ do not conflict with

variable names in ae? and t? (Observation 1), the definition of =, implies
. —_ (sl 2 /. — 2 4 /
Oy, 0iq = ps; assume 2 = (e, €5) = t; assume z = (ae; aeg)aa

Therefore

Oy, Oig = Pg; assume 2 = e, = t.; assume z = ae|,

Therefore when ae = ((ae; aes)aa : v)#id and id. € S, and assuming induction

hypothesis,

Vi, aes,ae’ S F ae =y aes,ts AN Stae =ae’ Je.ae =, e A 0y, 0uFe=>, , ,ae

/

= Jael, t,,ps,es. St ae, ael,, t, =g ae’ N ts =, ps N aes = e

CRIRSC]
A Gy, 0iq - Ds; assume 2 = e, =, t,; assume z = ael,
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Case 4: ae = ((aey aey) L: v)#id and ID(ae;) ¢ S

By assumption

St ae =, aeg, ts

By definition of =,

St ((ae; aey) L: v)#id =, ((ael ae®) L:v)#id, t,

S F aey =, aed, t3, and

ERINE B

Then ae; = ((ael aed) L: v)#id, S + ae; =, ael
te = tl; e

s vs”

°s) s’

By assumption

St ae=ae

By definition of =

St ((aey aey) L: v)#id = ((ae] aey) L: v')#id'

Then ae’ = ((ae] aey) L: v )#id', S ae; = ael, S F aey = aé.

By assumption

Je. ae =, e

By definition of =,
((ae; aey) L: v)#id =, (e; e3)

Then e = (e; e3), ae; =, €1, and aey =, €.

By assumption

0y, 0at €=, ,  ae
By definition of =
! / ! =/
0u,0ig b (1 €2) =5 _, _, ((a€] aey) L:v")#id
Then 0,,0i4 e =5 _, _,aej and 0y,0i4 Fex =5 _, , aey.
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By induction hypothesis

St ae; = aei,t; A Skae =ae] N ae; =, e; N0y, 0t e =5 ,_,ae)

= Stoae,aet? =>4 ae) At =t A ael =, el

2

A 04,04 F pl;assume z = e} =, t;assume 2 = ae’

Because S - ae; =, ael,tl, St ae; = ae}, ae; =, e1, and 0,04 - €1 =5 _, _, ael,

St oaey,ae t2 =4 aey A tL =, pl A ael =, e}

A Oy, 044 p;; assume z = ei =, ti; assume z = aeg

By induction hypothesis

St aey = aed,t2 N St aey =aey, N aey =, €9 N0y, 0iq b €3 =5 _,_,ae)

= S} ae,, aeﬁ,t‘: =g A€y N tz’ =, p? A aeg =, e§
A ‘_ 2. 2 4. o 4
Oy, 0iq = Dg;assume 2 = e; = t_;assume z = aeg

Because S F aey =, aed 13, S+ aey = aeh, aey =, €3, and 0y, 04 - €2 =5 _, _, aes,
St oaey,aet tt = aeh A 2=, p2 A aed =, €2
A 0y, 0iq 2 assume z = €2 =, t%; assume z = ae}
Consider ae’, = ((ae? ae?) L: v )#id', t, =ttt p, = pl;p?, and e, = (el €2). Because
S F aey,ael t2 =4 ae), S+ aey, ael, tt =, aé), and id. € S, the definition of =
implies

St ((aey aey) L:v)#id, ((ae? aet) L: v')#id ,t, =4 ((ae| aey) L:v')#id'
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Therefore

St ae, ael, t, =4 ae

Because t! =, p! and ¢3 =, p?, definition of =, implies
tyit; = pai s
Therefore
ts = Ds

Because ae? =, €2 and ael =, €!, the definition of =, implies

((ael ae?) L: v)#id = (e} €?)

8

Therefore

aes =, €

Because 0,0, - pl;assume z = el =, t2;assume z = ae?, 0,,04 F p?;assume z =

S?

e? = t*;assume z = ae?, and all variable names introduced by t? do not conflict with

variable names in ae? and t2 (Observation 1), the definition of =, implies
. 1 .2 /. 2 4
Oy, 0iq | Ds; assume z = (e, €5) = t,;assume z = (ae; aey) L

Therefore

Oy, Oiq - Ds; assume z = ey = t.; assume z = ac,

Therefore when ae = ((ae; aep) L: v)#id and id., ¢ S, and assuming induction

hypothesis,
Vts, aes,ae’ S ae =¢p aes,ts A St ae=ae’ Je.ae =, e A 0,04 e=>, _, ac
= Jael,t.,ps, 5. St ae,ael,t. =, ae’ N ty =, ps N aes =, e

N Oy, 0iq - Ds; assume z = e, = t.; assume z = ae’,
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Case 5: ae = ((ae; aez)y = aes : v)#id and ID(ae;) ¢ S
By assumption

St ae =, aeg, t

By definition of =,
S+ ((aer aer)y = aez : v)#id =, (ae® : v)#id, t,

Then ae, = (ael : v)#id, S F ae; =¢, ael,tl, S F aey =¢, e, 13, S F aes —e,

s) Vs

5t5

— 41 — ool 43, — 0345
5,15, and ts = tg;assume = = aeg; t); assume y = aes;t

8§31 7s) ERI

ae

By assumption

S+ ae = ae

By definition of =
St ((aey aer)y = ae; : v)#id = ((ae] aey)y = aej : v')F#id’

Then ae’ = ((ae] aeh)y = aes : V)#id, S + ae; = ae, S + aey = ae), and
1 aey 3 1 2

— /
S |- ae3 = aej.

By assumption

de. ae =, ¢

By definition of =,

((aey aex)y = aez : v)#id =, (e; e3)

Then e = (e e3), ae; =, e1, and aey =, es.

By assumption

0p,0iate=; , ae

By definition of =

0y, 0iq - (€1 €2) =5 _, _,((a€} aey)y = aejy : v')#id’
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Theno,, 04 ey =s _, ,aejando,,oiqb ea =5 ,  aeh, V(ae)) = (\x e}, 00, 0%,),
es = es[y/x], and o)y = V(aeh)], olyly = ID(ae))| b es =5 _, _, ael.

By induction hypothesis

St ae, =y aeltt A Skaey =ael A aey =, e, Aoy, 0t el =s ,_,ae]

= St oae,ael t? =, ae) A th=,p. A ael =, e,

2

A 0y, 054 - Ly assume z = el = t2;assume 2 = ae>

Because S - ae; =, ael,tl, St ae; = ael, ae; =, ey, and 0y, 000 F €1 =5 _, _, ael,
SFaey,ae® t? =4 ae] At =.p! A ael =, el

A Oy, 0iq - pl;assume z = el =, t2; assume z = ae?

By induction hypothesis
St aey = aei,tj:’ A St aey=aey, N aeg =, ey Noy, 0t €2 =5 _,_,ae,

= SFoaeyaet t! =, ael, A 3=, p2 A aed =, €
2, _ 2 4, 4
N 0y, 04 b ps;assume z = e] =, t;assume 2 = ae;

Because S F aey =, aed t3, S+ aey = aely, aeg =, €2, and 0y, 054 - €2 =5 _, _, aeh,

S Faey,aed tt =, aeh A 2=, p2 A aed =, el

4

N Oy, Oiq pi; assume z = ei = t‘s‘; assume z = ae,

By induction hypothesis
St aez = ae t° A St ae; =aey A aes =, ez N0y, 04 es =5 _,_, aey

= S| ae;z, aeg,tg =g aez N ti’ = pf;’ A aej:’ =, e:;’
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6

A Oy, Oig - pg;assume z = ei‘ = tS; assume z = ae,

Because St ae3 =, ae,t3, S aes = ae}, aez =, e3, and 04,04 b e3 =, _, , ae},

St aes,aed 5 =, ael A 2=, P2 A aed =, €3

6

A 0y, 04 F pi’; assume z = ei = tg; assume z = ae,

Consider ae, = (ael : v')#id', t, = t?;assume T = ae?;t;assume y = ael; 18, p, =
pi;assume x = el; p?; assume y = e2;p3, and e, = €3. Because S & aey, ae?, t2 = ael,

St aey, ael, tt =, aeh, S Faes, aeb, t8 =, ael, the definition of =, implies
S+ ((aey aex)y = aes : v)#id, (ael : v #id'  t, =4 ((ae) aeh)y = aejy : V') #id’
Therefore

/ !
S F ae, ael, t, =4 ae

1
s9

Because t; =, pl, t3 =, p?, 5 =, P, ael =, el, and aed =, €2, definition of =,

implies
1. _ o143, _ 345 1. _ 1.2, 2.3
t;;assume x = aeg; ty;assume y = ae,t; =, pg;assume T = e ; p;;assume y = e;; Py

Therefore

tS :>r pS
Because ae® =, €2, the definition of =, implies

3
s

(aed :v)#id = e
Therefore

aes = €5

Because 0, 0;4 - pl;assume z = el =, t?;assume z = ae?, 0,04 b p?;assume z =

e? =, tt;assume z = ae?, and all variable names introduced by 2 do not conflict with

88



variable names in ae? and t} (Observation 1), the definition of =, implies

0y, 0iq F ps; assume 2 = €2 =, t.;assume z = ae’

Therefore

0y, 0ia | ps;assume z = e, =, t.; assume z = ae

o~

Therefore when ae = ((ae; aes)y = aes : v)#id and id, ¢ S, and assuming induction

hypothesis,

Vts, aes,ae’ S b ae =, aes,ts A Stac=ae’ Je.ae =, e A 0y, 04 e=s , ,ae

P
= Jael,t,,ps,es. St ae, ael, t, =g ae’ Nty =, ps N\ aes =, e
A 0y, 0ig F ps; assume z = e, = t.; assume z = ae,,

Because we have covered all cases, using induction, the following statement is true

Vi, aes, ae’ S b ae =, aes,t; N Stae=ae’ Je.ae =, e A 0y, 04 e=>, , ,ae

9
= Jael,t.,ps,es. St ae,ael, t. =4 ae’ Aty =, ps N aes =, e,
A 0y, 0iq F ps; assume z = eg = t.; assume z = ae,

O

Lemma 7. For any two traces t,t', a valid subproblem S on t and a subtrace S +

t =ex ts

Stt=t'Nt=,pAoy,0qbp=,t

implies there exists a subtrace t!, such that

A psts = Ps AN Oy, g b s s tLASE L, =g
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Proof. Proof by Induction
Base Case: t = ()

By assumption

Stt=ts
By definition of =,
SEO=e0
Then t, = 0.
By assumption
Sktt=t
By definition of =
SFO=0
Then t' = 0.
By assumption
t=,p
By definition of =,
0=,0

Then p = 0.
By assumption

Oy, Oid + D =5 t,

By definition of =

O'U,O'idl" q) =5 @

Consider ¢, = ), p; = 0. By definition of =,

0=,0

Therefore

ts = Ds
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By definition of =

Oy, Oid = @ :>s®

Therefore

Oy, 04d = Ds =5 t’s

By definition of =
SED,0=40

Therefore

Sttt =gt

Therefore when t = 0,
Vi t,p Skt =gt NSHt=t At=,pAcoy,oubp=st

= Jt,psts =, Ds A Ou,0iabDs st N SELE =4t

Induction Case:
Case 1: t = assume = = ae; t;

By assumption

Stt=.t,

By definition of =,
S F assume © = ae;t] =y t;;assume T = aeg; tg

Then t, = tl;assume T = ae,;t3, S ae = ae,, t! and S+t =, 3.

By assumption

Skt="¢

By definition of =

S | assume z = ae; t; = assume = = ae’; t]
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Then t' = assume z = ae';t], S+ ae = a€’, and SFt; = ¢t].

By assumption

t=,p

By definition of =,
assume r = ae;t; =, assume T = e; p;

Then p = assume x = ¢; p;, ae =, e, and t; =, p;.

By assumption

Oy, 0id F P =5 tl

By definition of =,
0y, 0ig |- assume z = e;p; = assume = = ae’; t;

Then oy,0i4 F e =5 _, _,a€, o,,0l; F p1 = t}, and o, = o,[x = V(ae)], o, =

oidlx = ID(ae’)].

By induction hypothesis
Sttt =e tz NSt =t ANty=,pr Aoy, ol F p1L=s t]
= JtI P2t =02 N ooy b2t A SEE =t
Because S &ty =, 13, Skt = ¢}, t1 =, p1, and 0}, 0, F p1 =5 t],

2= p2 Aol o, bpP=stt A SHEL =t
s s v d s s s 1

1

By induction hypothesis

Vil aes,ae’ St ae =, aes,t! A Skae=ae Je.ae =, e A 0y, 0qbe=, , ,a€

= Jae,,t2,p}, e;. St ae, ael, 2 =>4 ae’ A tl =, pl A ae, =, e,

§17s
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/
N Oy, 059 b p;; assume z = e; = tz; assume z = ae,

Because S F ae =, aes, tl, St ae=a€', ae =, ¢, and 0,04 e =, _, _,a€,

SFae ael,t> =y ae’ A th=,pt A ae;, =, e,

A Oy, 0iq b pL;assume z = e, = t2; assume z = ael,

Because S  ae, ael, t? = ae’ and S+ t1,t! =, ¢}, the definition of =,; implies

/_t4

S I assume z = ae; t;,t2;assume T = ac.;ts =, assume T = ae’;t)

Therefore

Skt =gt

2

Because t2 =, p?, t! =, pl, and ae; =, e, the definition of =, implies

1, _ .43 1. — 5 m2
tg;assume T = ae,; t; = p,;assume T = eg; Py

Therefore

t=,p

Because 0,04 I pl;assume 2 = e, =, t2;assume z = ael, o), 0l, b p? =, i all
variable names introduced by t? do not conflict with variable names in ¢; (Observa-
tion 1), V(ae') = V(ae,), and ID(ae’) = ID(ae),) (Observation 2), the definition of
=, implies

!, t4

Oy, 0iq I DLy assume T = ey p? =, t2; assume = = ae;

Therefore

Oy, 0id + Ds =5 t,s

93



Therefore when t = assume x = ae;t1, and assuming the induction hypothesis,
Vit te,p. Sht=ets NSEt=t ANt=,pA0Gy,0iqFp=>st

= 3 t,lsyps~ts = Ps N\ Oy, 0ig }_ps =5 t; N SH t7t; = st t'

Case 2: t = observe(Dist(ae) = e,);t;

By assumption

Skt=.ts

By definition of =,

S + observe(Dist(ae) = e,);t; =, t; observe(Dist(ae,) = e,); t>

Then t; = t!; observe(Dist(ae;) = e,);t3, S ae =, ae;, t! and S Ft) =, 3.

By assumption

Skt=t

By definition of =

S  observe(Dist(ae) = e,); t; = observe(Dist(ae’) = e,); t]

Then t' = observe(Dist(ae’) = e,);t}, SFae =ae’, and S+ t; =¢].

By assumption

t=,p

By definition of =,

observe(Dist(ae) = e,); t; =, observe(Dist(e) = e,); p1

Then p = observe(Dist(e) = e,);p1, ae =, e, and t; =, p;.
By assumption

Ou, Tig = p =4t/
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By definition of =,

0y, 0iq | observe(Dist(e) = e,); p1 =5 observe(Dist(ae’) = e,); t]

Then o,,0:q e =, , ,ae and 0,04 p1 =, t}.
3 — 3 1

By induction hypothesis

Shti =t ANSHHL =t Aty =, p1 Aoy, 0t D1 = t,

= 7 tg,pg.ti =, pf A Oy, 0iq l—pg = ti AN SHE tl,tg =q b
th, t1 =, p1, and 0, 00 F p1 =5 1],

Because S t; =, t3, S+ t;

t? :>er A vaaidl_pg =5 t;l A S'_tl,ti =5t tll

By induction hypothesis
!
, ae

—_

Vil aes, ae’ S ae =ep aes,tt A Sk ae=ae Je.ae =, e A 0y, 04 F e =

= Jae, 12 pl e, Sk ae,ael, t? =, a¢ A tl=.pl A ae, =, e

N Oy, 0 pé; assume z = e; =>4 tz; assume z = ae,

/
) A€,

—

Because S b ae =, ae, tl, St ae =ac, ae =, e, and 0,04 - € =,

Sk oae,ael,t? =, ae’ A th =, pl A ae; =, e,

A 0y, 0ig - Di;assume 2 = e, =, t2; assume z = ae,

Because S | ae, ael, t2 = ae’ and S b ty,t! =, t,, the definition of =, implies

S F observe(Dist(ae) = e,); t1, t; observe(Dist(ae;)
95
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Therefore
SEtt, =4t

Because t3 =, p2, t! =, p!, and aes =, e,, the definition of =, implies

t;; observe(Dist(ae;) = e,);t> =, p}; observe(Dist(e;) = e,); p?

Therefore

t=,p

Because 0,0,y F pl;assume z = e, =, t%;assume z = ael, 0,04 F p? =, ti,
and all variable names introduced by t2 do not conflict with variable names in ¢}

(Observation 1), the definition of = implies

0y, 0iq F pL; observe(Dist(e;) = e,);p? =, t%; observe(Dist(ae’) = e,); t4

1vs

Therefore

Oy, 0id H Ps =5 t;

Therefore when ¢ = observe(Dist(ae) = e,); t;, and assuming the induction hypothesis,
Vitep Skt =ets NSHt=t At=,.pA0oy,0uFp=>,1

= Ftl,psts =rPs A Op,0ig b ps =5t N SELE, =t

All cases have been covered therefore by induction the following statement is true.
Vit,p. SEt=pts N SHt=t ANt=,.pAoy,00aFp=>,t

=> 31, Dsts = Ds N\ Oy, 0 ps =>sts AN SELE =gt
[l

Theorem 2. Given a valid trace t and a valid subproblem S of t and a subtrace

ts = ExtractTrace(t, S). For all possible tracest', t' € Traces(Program(t)) A SFt=¢
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implies there exists a subtrace t, such that
e t. € Traces(Program(t;))

o t' = StitchTrace(t, t,, S)

Proof. From definitions of Traces, Program, ExtractTrace, and StitchTrace, given a

trace t and a valid subproblem S
ApStt=pts NSHt=t AD,OFp=st AN D, DFp=>,t

_—_> Ht;Sl_t7t; :>Stt’ /\ t8:>7"ps /\ ®7®'_p5 iStS

Because Lemma 7 is true for all environments o, 0,4, 0, and o;;. The theorem is

equivalent to the lemma, but with oy, 0,4, 0,,, and o/, set to 0. O
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Chapter 4

Convergence of Stochastic

Alternating Class Kernels

In this chapter, I introduce the concept of class functions and class kernels which I use
to prove the convergence of hybrid inference algorithms based on asymptotically con-
verging MCMC-algorithms. I present key definitions, theorems, and lemmas required

to prove these results.

4.1 Preliminaries

I begin by introducing some key measure theory definitions required for my proof

[13, 25, 37].

Definition 1 (Topology). A Topology on set T is a collection T of subsets of T

having the following properties:
1.0eT and T e T.

2. T is closed under arbitrary unions. i.e. For any collection {A;}icr, if for all

te LA, €T, then |JA € T.

iel
3. T is closed under finitely many unions. i.e. For any finite collection {A;}icr,

if forallie I, A; €T, then (A, €T.

el
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Given a set T and a topology T defined on T, the pair (T, T) is called a topological
space.

Given a topological space (T,T), all sets A € T are called open sets.

Note: From this point on, when I say T is a topological space, I assume I are talking

about any topology 7 on T

Definition 2 (o-algebra). Let T be a set. A collection ¥ of subsets of T is a o-field
or a o-algebra over T if and only if T € 7 and 7 is closed under countable unions,

intersections and complements, i.e.,
1. TeX and e x.
2. A€ X implies A° € X..

3. ¥ is closed under countable unions, i.e. For any countable collection {A;}icr, if

forallie I, A; € X, then ] A; € L.

iel
A measurable space is a pair (T, %) such that T is a set and ¥ is a o-algebra

over T'.

Definition 3 (Measure). m : ¥ — R U {—o00,00} is a measure over a measurable

space (T, %) if
1. m(A)>m(0) =0 forall A€ X,

2. For all countable collection {A;}icr of pairwise disjoint sets in X,

m((JA:) =) m(A)

i€l iel

Given a measurable space (T,X), a measure m on (T,%) is called probability
measure if 7(T) = 1.

I call the tuple (T, %, w) a probability space, if 7 is a probability measure over
the measurable space (T,X).
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Given a set T, a collection of subsets A, C T (not necessarily countable), I denote

the smallest o-algebra ¥ such that A, € ¥ for all a by o({A44}).

Definition 4 (Borel o-algebra). Given a topological space T', a Borel o-algebra,
B(T) is the smallest o-algebra containing all open sets of T
(T, B(T)) is called a Borel Space when T is a topological space and B(T) is a

Borel o-algebra over T'.

Consider a topological space (T, T ), for any set A € T, (A, T4) is also a topological
space (where Ty = {ENA|E € T}).

Given a measurable space (T,Y), for any set A € ¥, (A, X 4) is also a measurable
space (where X4 = {ENA|E € ¥}).
Topology and c-algebra over Reals: Consider the smallest topology R over the
real space R which contains all intervals (a,00) C R for all —oco < a < oo. To avoid
confusion, I will refer the topological space over R with the symbol R. I can now use
this topology to define a borel o-algebra B(R) over this topological space. Using the
above defined topology and o-algebra I can define a topological space and a o-algebra

for any open or closed intervel in R.

Definition 5 (Measurable Function over Measurable Spaces). Given measur-
able spaces (T1,%1) and (Ts,%;), a function h : Ty — T, is a measurable function
from (T1, %) to (Ty,Ls) if h"H{B} € X, for all sets B € ¥y, where h"'{B} = {z :
h(z) € B}. [13]

The measurable function h is also know as a Random Variable from measurable
space (T1,%;) to (T, X9).

If h «+ Ty — Ty is a measurable function from measurable space (T1,%,) to a

measurable space (Ty, X3), and let T be a probability measure on (T1,%;), then m, :

Yo — [0, 1] defined as

18 a probability measure on (Ty, Xy).

Definition 6 (Pushforward measure). Given a probability space (11,21, ™) and a

measurable function to a measurable space (T, ¥5), then the pushforward measure of
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7 is defined as a probability measure f,(w) : Lo — [0, 1] given by
(fu(m))(B) = n(f~}(B)) for B € %,

Definition 7 (Measurable). A function f is measurable if f is a measurable func-

tion from a measurable space (T, %) to (R, B(R)).

f is measurable if and only if

Va e R{z € T|f(z) >a} X

Intustively, for every real number —oo < a < oo, there exists a set A € T contain-

ing all elements which f maps to real numbers greater than a.

Definition 8 (Simple Function). Given a measurable space (T,X), s : T — [0, 00)
is a simple function if s(t) = BN a;14,(t), where a; € [0,00), A; € X, I4,(t) =1 if
t € A; and 0 otherwise, and the A; are disjoint.

Definition 9 (Lebesgue Integral). Given a measurable space (T, X) and a measure

m over (T, X), for each A € ¥ and disjoint A; € 3, I define

/ La.()m(dt) = m(4; N A)

Hence

N
/A ZazmAﬂA

=1

Given a function f: T — [0,00) which is measurable, I define

/f m(dt) —sup{/ is simple ,0 < s < f}

where s < f if Vt.s(t) < f(t), as the Lebesque Integral of function f over a set E in

measurable space (T, T) with measure m.
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Given a function f : T — R which is measurable, I define

[ somtae = [ oomian = [ r-omian)

where f,(t) = max(f(t),0) and f_(t) = max(—f(t),0). An integral of a measurable
function f is the sum of the integral of the positive part and the integral of the negative

part.
Note: From this point on, [ f(t)m(dt) denotes [, f(t)m(dt) where T is the set over

which the measurable space and measure m is defined.

Definition 10 (Markov Transition Kernel). Let (T, %) be a measurable space. A
Markov Transition kernel on (T,X) is a map K : T x ¥ — [0, 1] such that :

1. for any fivred A € X, the function K (., A) is measurable function from (T, %) to
[0,1].

2. for any fired t € T, the function K(t,.) is a probability measure on (T,%).

Definition 11 (m-irreducible). Given a probability space (T, T,7), a Markov Tran-
sition Kernel K : T x T — [0,1] is w-irreducible if for each t € T and each A € T,

such that w(A) > 0, there exists an integer n = n(t, A) > 1 such that
K"(t,A) >0

where K™(t, A) = [ K" !(t,dt')K(t', A) and K'(t, A) = K(t, A).

Definition 12 (Stationary Distribution). Given a probability space (T, 7, m), m is
the stationary distribution of a w-irreducible Markov Transition Kernel K : T x 7 —

[0,1] 4f

TK=m
where (nK)(A) = [ K(t, A)m(dt).

Definition 13 (Aperiodicity). Given a probability space (T, T,7), a mw-irreducible

Markov Transition Kernel K : T x 7 — [0,1] is periodic if there exists an integer
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d > 2 and a sequence {Ey, E1, ... E4_1} and N of d non-empty disjoint sets in 7 such
that, for alli =0,1,...d — 1 and for allt € E;,

1. (VL4 E)UN=T
2. K(t,E;) =1 for j =i+ 1(mod d)
3. w(N)=0

Otherwise K is aperiodic.

Definition 14 (Asymptotic convergence). Given a probability space (T, T, ) and
samplet € T, a Markov Transition Kernel K : T x 1 — [0, 1] is said to asymptotically
converge to 7 if

limMn_soo| [K™(,.) — || = 0

where ||.|| refers to the total variation norm of a measure A\, defined over measurable

space (T, 1), defined as
1Al = supe,A(A) — infacr A(A)

Theorem 3. Given a probability space (T,7,7) and a Markov Transition Kernel
K :Tx71 — [0,1. If K is w-irreducible, aperiodic, and 1K = 7w holds, then for
m-almost all t,

liMsoo| |K™(¢,.) — || = 0

t.e., K converges to m. m-almost all t means that there exists a set D C T such that

(D) =1 and for allt € D, lim,,||K"(t,.) — 7|| = 0.

Athreya, Doss, and Sethuraman (1992) present the proof for this theorem [2].
All popular asymptotically converging Markov Chain Algorithms, like variants of
the Metropolis Hasting and Gibbs Algorithm, when parameterized over probability

space (T, 1, ), are m-irreducible and aperiodic with stationary distribution .

Definition 15 (Subalgebra). £ is a o-subalgebra of a measurable space (T,7) if £

1s a o-algebra of some set ACT and € C 1.
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Definition 16 (Induced Probability space). Given a probability space (T, T, )
and A € 7, define T4 = {BN A|B € 7}. Note that since T is a o-algebra, 74 is a
sub-algebra over set A. (A,Ta) is a measurable space. If m(A) > 0, then function
Ta:Ta — [0,1], defined as ma(z) = w(x)/w(A), is a probability measure over (A, T4).

(A, Ta,ma) is the probability space induced by A € T.

4.2 Class functions and Class Kernels

I next introduce the concept of class functions and class kernels which formalize the
concept of subproblem based inference metaprograms. To aid the reader, I reduce

the concepts to analyze the special case of Gibbs sampling.

Definition 17 (Two way measurable function). Given a measurable space (T, %1)
and a measurable space (Ty, Xs), a measurable function f from (T1,%;) to (Tz, Xy) is
a two way measurable function, if for all sets A € ¥y there exists a set B € Xy,

such that
B={f(t)|t € A}

t.€., the map of any set A € X1 is a set in 2.

Given a two way measurable function f, I can trivially extend f to a function
g : X1 — Xy between sets in X, to sets in Lo, where g(A) = {f(t)|t € A}. Since f is
a measurable function, the function f~!: Xy — X, is also defined which maps sets in
29 to sets in Y.

Note: From this point on, given a two way measurable function f, I will simply
use it to represent function g defined above, mapping sets from ¥, to Xo. I also use
f~! as a reverse map from Xy to ¥, defined above. Note that f~1 may or may not be

the inverse of the function f.

Example 1. Given measurable spaces (X, X), (Y,Y) and product space (X xY, X ®
Y), the projection functions proj, and proj, are two way measurable functions from

(X XY, X®Y) to (X,X) and (Y,)), respectively.
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Definition 18 (Generalized Product Space). Given countable sets of disjoint
measurable spaces {(X;, X;)|i € I} and {(V;, Vi)|i € I}, I construct a countable set of
product spaces

{(Xix Y, X @ W)li €I}

Given the product spaces defined above, I define generalized product space

(C,C) as a union of product spaces,

(c,0)= (X x Vi, o JXi @ W)
iel iel
Given a probability measure ™ on a generalized product space (C,C), I can define

a conditional distribution m; over each product space (X; x Y;, X; ® ;) such that

m(A) =Y m(ANX; x Yi)n(X; x Y;)
iel
I assume, for each product probability space (X; X Y;, X; ® V;, m:) I can construct
a regular conditional probability measure vy, : X; x YV; — [0,1], such that for each
UxVeXRV

(U x V) = / v (2, Vs(dz X V)

Note: When constructing the generalized product space, one has to prove the above

assumption t.e., the regular conditional probability measure exists.

Example 2. Given measurable spaces (X, X), (Y,)), the product space (X xY,XR®Y)
s a generalized product space if and only if, given a probability measure © on the

product space, the regular conditional probability v, : X x Y — [0,1] is defined.

Definition 19 (Class functions). Given a measurable space (T, %) and a generalized
product space (C,C), a Class function is a one-to-one two way measurable function

f from (T, %) to (C,C).

Given a class function f and the target product space (C,C), the projection
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functions
fzzprojzof:T—>UXi andfy:proijf:T—>UYi
iel iel

are also a two way measurable functions from space (T,%) to projection spaces

(UXi,o(U &)) and (U Yi,o(U Vi) respectively.

i€l i€l i€l i€l
Example 3. Given measurable space (X, X), (Y,Y) and generalized product spaces
(X XY, X®Y) and (Y x X,Y ® X), the identity functionid: X xY — X xY and
the reverse functionre : X XY — Y x X (i.e. re((z,y)) = (y,z)) are class functions
from (X XY, XQY) to (X XY, XR)Y) and (Y x X, Y X).
Note that id, = proj, and re, = proj,,.

Definition 20 (Connecting the space (T, X, 7)). Given a probability space (T, %, ),
a finite set of class functions F = {f1, fa... fu} connect the probability space (T, , ),
iof for all sets A € ¥ and any two functions f,g € F

m(fx (f2(A4) N gz (92(A))) = 7 (£ (fo(A)) N g (92(A))) = 0
= 7(fz ' (f2(4)%) = 0 or m(g; " (g.(A)")) = 0

Example 4 (Connected product space). Given a probability space (X XY, X ®
Y, ) and class functions id and re, then id and re connect the space (X xY, X®Y, ),
if forall sets U xV € X ® Y,

TUXxV)=a(UxV)=0 = 71(U*xY)=0orn(X xV¢) =0
as
m(id,  (id, (U x V) Nre (re; U x V)9) =a(U x Y N X x V) =7(U x V)
and

m(id;  (id, (U x V)) Nre;t(re, (U x V) =n(Ux Y NX x V) =a(U° x V)
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Definition 21 (Class Kernels). Given a probability space (T, X, ), a class function

f to a generalized product space (C/,Cf) = (J X! x v/, o(

i€l

each point t € T to some point (z,y) in X! x Y/ for some i.

U X/ @ Y))), f maps
el

For each i € I, I define a function K; : X{ — (Y x YI) = [0,1] such that

o Ki(z): Y/ xY! = [0,1] is avs,(n),(,.)-irreducible, aperiodic Markov Transition

Kernel with v, (), (x,.) as it’s stationary distribution.

o K;()(y,A) is measurable for ally € Yy and all A€ Y/ .

Given these kernel functions, for each i I define a Class Kernel Ky : T x X —

[0,1] as a Markov Transition Kernel defined as

Ky(t, A) = Ki(z)(y,V)I(z,U)

where f(t) = (z,y) € X; xY; and U x V = f(A) N (X; x Yj).

4.3 Properties of Class kernels

Consider a probability space (T, X, 7) and a class function f to a generalized product

space (C7,CF) = (U X! xY/,0(U &/ @ Y/)). Below, I prove properties of a Class
i€l i€l

(2
Kernel Ky within this context.

Lemma 8. For allt €T and A € ¥,

K§(t, A) = K{(z)(y, V)I(z,U)

where f(t) = (z,y) € Xi xY; and U x V = f(A)N X; x Y;.

Proof. Proof by induction.

Base case:

Ky(t, A) = Ki(z)(y,V)I(z,U)
using definition of Kj.

108



Induction Hypothesis:

For all 1 < n < m, the following statement is true
K7(t,A) = K(2)(y, V)I(z,U)
Induction Case:

K7t A) = K7(t', A)Ky(t,dt")

t'eT

- / KP(f(2 o), A Ki(2) (9, dy ) (. do’)
reX; Jy'ey;

Note that f(2',y) € X; x Y]

- /’eX- /’ey. K" (), V)2, U)Ki(2)(y, dy') (z, dx')

K(x)(y, V)I(z,U)K(z)(y, dy')

1
y'ey;

Il

/ KP(2) (', V) (2, U) Ki(2) (g, dy)

/eYL
= K" Y(z)(y, V) (2, U)
Hence proved. O

Lemma 9.
T(A) = / K (t, A)yr(dt)
, teT
Proof. Every set A € ¥ can be written as f~}(U x V) for some U x V € C/ as fisa

two-way measurable function.

/ Kj(t, Ayn(dt) = / Kt U x V)£ (de)

I can split the integral into sum over the constituent product spaces X; x Y;,

— Z/ex, o Ki(f7H (), f7HU x V) fu(m)s(dz x dy) fu(m)(X; x Y7)

el
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I can rewrie K;(f*(z,y), f7HU x V)) as K(z)(y,VNY)I(z,U N X;).

/ ] K@@V 0Y)Ie U0 X010 x ) ) (X < )

iel

Joex, F@)(z,U N Xi)m(dz) = [,cpnx, f(z)m(dz) as I(z,U N X;) is zero for all

:Z/ 1/@“ (2)(y, V NY3)fu(m)i(dz x dy) fu(m)(X; x Yi)

I can rewrite f.(m);(dz’ x dy) as vy, (m),) (2, dy) f«(7)i(dx’ x Y;) using the definition of

regular conditional probability distribution.

/ y/ oo, K@V OYu(, dy)f(m)i{de x Y £ () (i x X)

i€l

/em _, K@@V 0¥0)0s .z, dy) )£ (m)de X YO L.(m) (i x Y)

iel
feri Ki(z)(y, V N Y)vs (m), (2, dy) = v, (m),(x, V NY;) as v, (n),(2,.) is the stationary
distribution for kernel K;(x).

B Z/ oy, (@ V X V) fo(m)i(d Y £u(m) (X x V)

i€l
=Y L(miU x VN Xi x V) fum) (X x Y) = fum)(U x V) = 7(4)
el

a

Lemma 10. K is aperiodic if for at least one x € X; for some ¢ € I, Ki(x) :
Y; x YV; — [0,1] is aperiodic.

Proof. Proof by contradiction. Let me assume K is periodic, i.e., there exists an
integer d > 2, and a sequence {Ey, F1,... E;_1} and N of d non-empty disjoint sets
in 7 such that, for alli =0,1,...d — 1 and for all t € E;,

1. (UWL,E)UN=T
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2. K¢(t,E;) =1 for j =i+ 1(mod d)
3. 7(N)=0

For all t € E;, K¢(t, E;) = 1 for j = i+ 1(mod d) Consider any k € I, any z € X,
and U; x V; = f(E;) N Xi X Yy

Consider a trace t € E;, such that f,(t) = z. Since Kf(t, E;y1) = 1 < I(z,Uit1),
forall i =0,1...d — 1, there exists a trace t' € F;, such that f(t') = (z,y).

K¢(t, Eip1) = 1 < K(x)(y, Vis1), Hence if K is aperiodic, then for all z, K(z) is
aperiodic.

O

4.4 Stochastic Alternating Class Kernels

Consider a probability space (T, X, 7) where ¥ is countably generated. I construct
a new Markov Chain Transition Kernel using a finite set of class functions F =
{f1, f2... fm} and respective class Kernels Ky, Ky, ... Ky, .

m

Given m positive real numbers p € (0, 1) which sum to 1 (i.e. > pr = 1), I define
k=1
a stochastic alternating Markov Chain Transition Kernel K : T' x ¥ — [0, 1] as

m
K(t,A) = peKy(t, A)
k=1

This transition kernel corresponds to randomly picking a class kernel Ky with
probability p, and using it to transition into the next Markov Chain State.

I will now consider the question of convergence of this transition kernel.

Let Rf = {A € X A31 <n < kK"t A) > 0} be the set of all sets in ¥ which
are reachable by kernel K in k steps starting from element ¢t € T.

Consider the limiting case R®°. Let B = {t e TIV A€ L. A¢ R = t ¢ A}
which is the set of elements ¢ € T such that any set A in ¥ which contains ¢’ is

reachable by kernel K.

Lemma 11. For any f € F, any element t' € B such that f(t') = (z,y) € X/ xY/,
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and any set U x V € o(X] @ Y!) such that A= f~Y(U x V), the following condition
holds true
Vi, V) > 0Nz eU = A€ R?

Proof. Consider class Kernel K;(t', A) = K;(z)(y,V)I(z,U). Since vy, (), (z, V) > 0

and K is vy, (x),-irreducible, there exists an n such that
K} (z)(y,V) >0
Since xz € U, using Lemma 8
K7 (t',A) = KI'(z)(y, V)I(z,U) > 0

K;(t',A)>0 = K"(t',A)>0

Since ¢ € B, there exists an n’ such that, for all sets B € £ with ¢’ € B, K" (¢, B) >
0. Hence

K™ (t, A) > / K", A)K" (t,dt') >0 = A€ R?
B
O

Lemma 12. For any positive probability set A and any function f € F, if A C
[ (fo(Bf®)) then A € Ry

Proof. Given a set A, I can treat f(A) as a union of sets {U; x V;|i € I/}, where
U; x V; are elements of set f(A) which are elements of the set X/ x Y,/ (i.e. Uyx V; =
f(A N X! xY!). Since 7(A) > 0, f.(7)(f(A)) > 0 and for at least for one i € I,
F(m)i(Us x V3) > 0.

Since A C f1(fz(BX®)), for each x € U, there exists at least one element ¢ € B{®
such that f,(t') = x.

If fu(m)i(U; x V;) > 0, there exists at least one t' € B{° such that f(t') = (z,y) €
U; x Y/ and v, (n), (2, Vi) > 0. Hence f~(U; x V;) € R,

Lemma 13. If F connects the space (T,X,7) then there does not exist a positive

probability set A € X, such that A C Nz f; ' ((f2(B2))°).
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Proof. Proof by Contradiction.

Let me assume such a set A exists. If A is a positive probability set, then

T(Nyer f  ((f(BF))S)) > 0.

For any two functions f,g € F,

m(fy H(fo(B))%) N gy (9.(B))) = 0

The set f71((f.(B{®))¢) only contains elements which are not in B® and g5 !(g.(B{°))
contains elements ¢’ such that there exists at least one element t” € B with g,(t') =
92 (t").

Any positive probability set B C g;'(g.(Bf®)) is also a subset of B{® (using

Lemma 12). Hence

m(fe (£(BF))) N g7 (92(B7))) = 0
Similarly
m(fe (fo(B)) Mgz ' ((9:(B))) = 0

Since W(ﬂfef fo (f(B)))) > 0,
(£ (T (f2(BE))9)) > 0 and 7(g; ' ((92(B£%))%)) > 0

But this contradicts the fact the F connects the space (7,3, 7). Hence no such
set A exists. a

Theorem 4. If F connects the space (T, X, ) then the Markov Transition Kernel K

1s m-1rreducible.

Proof. Proof by contradiction. Let me assume K is not m-irreducible, then there
exists a positive probability set A € 3 such that A ¢ R{®, then

If (AN Bg°) > 0, there exists a set B C B and B C A which implies A € RS®.
Hence 7(AN B{*) = 0.
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For any f € F, m(AN f71(f.(Bf*))) > 0, there exists a set B € R® and BC A
which implies A € R%®. Hence n(AN f71(f.(B>))) = 0.
Since f, is a 2-way measurable function (and one-one function from sets to sets),

for any set B f; ! (fz(B))* = f7'(f(B)°).
Since (A) > 0 and For any f € F n(AN f71(f(B°))) = 0 this means

a(AN () £ (£f(B)?)) > 0

fer

which means there exists a positive probability set B € ¥ and B C f;'(f.(B®))),
which is impossible.

Hence no such set A exists. K is mw-irreducible. |

Theorem 5. 7 is the stationary distribution of Markov Kernel K, i.e.

/K(t, A)r(dt) =n(A) forall Ae X

Proof.
[eT Kt, Ajmlt) = /teT ;pini(ta A)m(dt)

= ;pi /tET Ky, (t, A)m(dt) = ;PW(A) = m(4)
O

Theorem 6. The Markov Transition Kernel K is aperiodic if at least one of the class

kernels Ky, is aperiodic.

Proof. Proof by Contradiction.

Let me assume K is periodic. i.e., there exists an integer d > 2 and a sequence
{Eo,Er,...Eq_1} and N of d non-empty disjoint sets in 7 such that, for all ¢ =
0,1,...d —1 and for all t € E;,
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2. K(t,E;) =1for j =i+ 1(mod d)
3. m(N)=0

If K(t, E;) = 1thenforall f € F, K¢(t, E;) = 1. Therefore, foralli =0,1,...d-1
and for all t € E;, Kf(t, E;) =1 for j =i+ 1(mod d).
Hence if K is periodic, then for all f € F, K/ is periodic.

Hence by contradiction, K is aperiodic. O
Theorem 7. Markov Transition Kernel K converges to probability distribution 7.

Proof. Using Theorems 3, 4, 5, and 6. O
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Chapter 5

Inference Metaprograms

Within this Chapter, I formalize the concept of the probability of a trace, introduce
inference metaprogramming and use the results in Chapter 4 to prove the convergence

of inference metaprograms.

5.1 Preliminaries

Within the Section, I will tie mathematical concepts introduced in Chapter 4 to more

concrete concepts used in probabilistic programming.

5.1.1 Probability of a Trace

Given two traces are equal if and only if they differ in the choice of unique identifiers,
within this Section, for clarity, I drop the id’s associated with augmented expressions
and stochastic choices in traces and augmented expressions wherever it is not required.

Assuming a countable set of variable names allowed in my probabilistic lambda
calculus language, a countable number of expressions and a countable number of
programs can be described in my probabilistic lambda calculus language.

Within my probabilistic lambda calculus language, I assume that all stochastic
distributions Disty : V' x P(E) — [0, 1] are functions from a tuple of value and set

of lambda expressions in my language to a real number between 0 and 1, such that
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pdf[z:z] = 1

pdffz:v] = 1
pdf[Aze:v] = 1
pdff(ae; aey) L:v] = pdffae;] * pdffaes]
pdf[(ae; aex)z =ae:v] =  pdffae;] * pdffaes] * pdfac]
pdf[Disti(ae) = ae. :ve] =  pdffae] * pdffae.] * pdfp,. (V(ae), e)
where p =ae, =, ¢
pdf[0] = 1
pdf[assume z = ae;t] =  pdffae] * pdf[{]

pdf[observe(Dist(ae) = €);t] =  pdfp(V(ae),e) * pdfae] * pdf[t]
Figure 5-1: Probabilistic measure over traces

for any v € V, Disti(v,.) is a probability measure over probability space (E, P(E)).
I assume that for each distribution Distg, I am given a probability density function

pdfpig, : V' X E = [0,1], such that

Distx(v, A) = Y pdfpi, (v, €)
ecA
Let T, = Traces(p) be the set of valid traces of a program p. T, contains a countable
number of traces. I define a o-algebra 3, over set T, such that, for all ¢ € T,
{t} € £,. Given a trace ¢, pdf[t] is the unnormalized probability density of the trace
t (Figure 5-1). The normalized probability distribution y, : 3, — [0, 1] for a given

program p is defined as

>~ pdf[¢]

o) = S e

teT)

5.1.2 Reversible Subproblem Selection Strategy

Let p be a probabilistic program, ¢t and ¢ be valid traces from program p (i.e. t,t' €
Traces(p)), and SS be a subproblem selection strategy that returns a valid subproblem

over t.

Definition 22 (Reversible subproblem selection strategy). A subproblem se-
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lection strategy SS is reversible if for any two traces t,t' € Traces(p),

SS(t)Ft=t < SS(t')Ht =t

L.e., if given a trace ¢t and a valid subproblem SS(t) on trace ¢, an inference algorithm
can modify trace ¢t to achieve trace t’, then given trace ¢’ and a valid subproblem
SS(t') on t, an inference algorithm can modify trace ¢’ to achieve trace ¢.

In essence, reversible subproblem selection strategies always allow a subproblem
based inference algorithm to reverse the changes it has made to a trace.

I use the shorthand SS ¢ = t' to denote SS(¢) - ¢t = t'. Note that SS F t =

t" < SSt t' =t for reversible subproblem selection strategies.

Theorem 8. A reversible subproblem selection strategy SS divides the trace space of

program p into equivalence classes.

Proof. SS -t =t is an equivalence relation over traces t,t' € T.
Reflexivity : SSF ¢t =t is true by definition.
Symmetry : By definition of reversibility.
Transitivity : SS F t; = ¢, SSF ¢ty = t3 then SS F ¢; = ¢35 (by definition of =). O

A reversible subproblem selection strategy SS divides the trace space T, into a
countable number of equivalence classes where each equivalence class contains traces
which can be modified into any other trace in that class under the subproblem selec-
tion strategy.

A trace from a equivalence class cannot be modified by any subproblem based
inference algorithm to a trace from a different equivalence class under the given sub-
problem selection strategy.

Given a reversible subproblem selection strategy SS, let Css = {c1,...¢cn,. ..} be
the countable set of equivalence classes created by SS over the trace space T, and
{T.,,...T.,,...} be the equivalence partitions created by SS over Tp.

Note that for all ¢ € Cgg and ¢, € T,

SSHt=¢t ASSHt =t
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and for all ¢;,¢c; € Cgg,t € T,. and t' € T, , where ¢; # ¢;
¥) % 5 )

(SSkHt=t" Vv SSEH =t)=false

In practice, subproblems are often specified by associating labels with stochastic
choices, then specifying the labels whose stochastic choices should be included in
the subproblem [24]. A standard strategy is to have a fixed set of labels, with the
labels partitioning the choices into classes. Any strategy that always specifies the
subproblem via a fixed subset of labels is reversible. Because of this property, all of

the subproblem selection strategies presented in [24] are reversible.

Any subproblem selection strategy that always selects a fixed set of variables is
also reversible. This property ensures that the subproblem selection strategy in Block
Gibbs sampling, for example, is reversible. Hence if two traces only differ in the choice
of their id’s, all reversible subproblem selection strategy will assign them to the same

equivalence class.

5.1.3 Class functions given a subproblem selection strategy

Consider a reversible subproblem selection strategy SS which creates equivalence
classes Css = {c1,...¢,...} and equivalence partitions {7,,...T,,,...}. I create
a generalized product space and class functions using the given subproblem selection

strategy.

Consider the countable set of disjoint measurable spaces
{(C1,C1), ... (Cp,Cy), ... }
where Cy = {¢} and Cy = {0, Cy}, and

(T, 2e1)s - (Te, Be)y - )
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where 3., = {ANT,|A € X,}, | construct the generalized product space

(C’C) = ( U Ci X Tci’a( U Cr ®Eck))
c;€Cs5 ck€Css
Given 7 a probability measure on (C,C), I can compute the conditional distribution
m; on (C; X T,,,Css @ £, ), when 7n(C; x T,,) > 0 where

_ m(A)
mi(4) = 7(C; x T,

and then I can trivially define the regular conditional probability measure v; : C; X
Y., — [0, 1], where
vi(ci, A) = mi(C; x A)

I create the class function fgg: T, = C, where
fss(t) = {(c,t) where c is the equivalence class of trace ¢

Since fgg is a one-to-one function, it is trivial to see that fsg is a two way measurable

function.

5.1.4 Probability of the subtraces

For all traces t,t' € T,, such that SS -t = ¢/, subtraces t, = ExtractTraces(t, S5(t))
and t, = ExtractTraces(#',SS(¢')) are traces from the same program, i.e., t, t; €
Traces(ps), where p; is the subprogram (Soundness).

Similarly, for all traces t € T, and subtraces ¢t; = ExtractTrace(t,55(t)), for all
subtraces t, € Traces(ps) (where p; = Program(t,)) and t' = StitchTrace(t,t, SS(t))
then SS ¢t = t’ (Completeness).

Hence given a equivalence class ¢; and partitioned trace space 7., created by
subprogram selection strategy SS, there exists a subprogram pg, such that for all

traces t € T,,, subtraces t, = ExtractTrace(t,SS(t)) are valid traces of p; i.e. t; € T},.

I can therefore associate traces from an equivalence class to valid subtraces of a
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subprogram.

Lemma 14. For any augmented expression ae and subproblem S,

St ae =, aes,ts = pdffae] = pdffaes] * pdf(t,]

Proof. Proof by Induction
Base Case:

Case 1: ae =z : z,

By assumption

St ae =, aeg, t

By definition of =,

Stz rx=erx:2,0
Then ae;, =z : x and t, = 0.
By definition of pdf, pdf[z : ] = 1 and pdf[0] = 1. Therefore

pdffae] = pdffaes] * pdf[ts]

Case 2: ae =2z : v,
By assumption

St ae =, aeg, t

By definition of =,

Stz :v=p 20,0

Then ae, = z : v and t, = 0.

By definition of pdf, pdffx : v] = 1 and pdf[0] = 1. Therefore

pdf[ae] = pdffaes] * pdf[ts]

Case 3: ae = A.x e : v,
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By assumption

St ae =, aeg, t,

By definition of =,

StAze:v=gAze: v,

Then pdf[A.z e : v] =v,1 and pdf[@] = 1. Therefore

pdfae] = pdffaes] * pdf[ts]

Induction Case:
Case 1: ae = (ae; aey) L: v,

By assumption

St ae =, aeg, t,

By definition of =,

St (ae; aey) L: v =, (ael ae?) L:v,tl;t2

1781 Vs

Then ae, = (ael ae?) L:v, ts =112, S+ aey =, ael,tl, and S+ aey =, ae?, 2.

S §?7s) s$77s

By induction hypothesis

St aey =y ael,tl = pdfae,] = pdf[ael] * pdf[t}]

ERIS]

ltl

Because S - ae; =, aeg, t;,

pdffae;] = pdffael] * pdf[t}]

By induction hypothesis

St aey = ae?, t2 = pdffaey] = pdf[ae?] * pdf[t?]

87 7s
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2t2

Because S F aey =, aes, t:

pdf[aes] = pdffae?]  pdf(t?]

From definition of pdf
pdffae] = pdfae;] * pdfae,]

= pdf[ael] * pdf[ae?] * pdf[tl] * pdf[t2]

From definition of pdf pdffae,] = pdf[ael] * pdf[ae?] and pdf[t,] = pdf[ti] * pdf[t2].
Therefore
pdf[ae] = pdf[aes] * pdf[ts]

Case 2: ae = ((ae; aey)xr = aes : v)#id and ID(ae;) € S
By assumption

S F ae =, ae,, t

By definition of =,

S b (ae; aey)x = aes : v =, (ae) ael)z = aes : v, th; ¢

Then ae, = (ael ae?)z = aes : v, t, = tl;t2, St ae; =, ae},t}, and S F aey =,

2 42
aeg, ts.

By induction hypothesis

St ae; = ael,tt = pdffae,] = pdffael] = pdf[t;]

s?7s

1t1

Because S - ae; =, aeg, t;,

pdfae;] = pdffael] * pdf[t,]
By induction hypothesis

St aey =ep ae, t? = pdffaey] = pdf[ae?] * pdf[t2]

LRI
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2t2

Because S F aey =, aes, t:

pdffaes] = pdffae?] * pdf[t’]

From definition of pdf
pdffae] = pdffae;] * pdffaes] * pdffaes]

= pdffael] * pdfae?] * pdf[aes] * pdf[t] * pdf[t?]

From definition of pdf pdffae;s] = pdf[ael] *pdf[ae?] *pdf[aes] and pdf[ts] = pdf[tl]*
pdf[[t2]. Therefore
pdfae] = pdffaes] * pdf[ts]

Case 3: ae = ((ae; aex)x = aes : v)#id and ID(ae;) ¢ S

By assumption

SFae =, aeg, t

By definition of =,

L. 42 assume = = ae’: 2

S+ (ae; aex)T = ae3 1 v =, ae’ : v, tl;assume y = ael; t2; ot

ALY

ltl

Then aes = aed : v, ts = tl;assume y = ael;t?; assume z = ae?; t3, S+ ae; =, ael, tl,

8§87 7s8? 8178

St aey =y ael t2, St aez =, ae, 3

§17s"

By induction hypothesis
S & ae; =, acl, tl = pdffae,] = pdffael] * pdf[t!]

1 41
Because S F ae; =, ae,, 1,

pdfae,] = pdf[ael] * pdf[t!]
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By induction hypothesis

St aey e ael t? = pdffaey] = pdffae?] * pdf[t?]

s8?'7s

2 42
Because S - aey =, aes, t2

pdffae;] = pdfae?] * pdf[t2]

By induction hypothesis

S aes = acd 2 = pdf[aes] = pdfael] = pdf[t?]

s$?7s

3 43
Because S - ae3 =, ae, t;

pdffaes] = pdffael] * pdf[t]

From definition of pdf
pdf[ae] = pdf[ae;] * pdffaes] * pdfaes]

= pdf[ael] * pdf[ae?] * pdfael] = pdf[tl] * pdf[t2] = pdf[td]

From definition of pdf pdffae,] = pdf[ae?] and pdf[ts] = pdf[tl] * pdf[ael] x pdf[t2] *
pdf[ae?] * pdf[t3]. Therefore

pdf[ae] = pdffaes] * pdf(ts]

Case 4: ae = Dist(ae;#id,) = aes : v and id, € S

By assumption

St ae =, ae,, t,
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By definition of =,

S+ Dist(ae;) = aeg : v =, Dist(ael) = aey : v, t!

Then ae; = Dist(ae;) = aey : v, t; = i}, and S F ae; =, ael, tl.

By induction hypothesis

S Faey =, ae,,t; = pdffae,] = pdf[ael] * pdf[t!]

8§ 7s

Because S I ae; =, ael, t!

§178)

pdffae;] = pdffael] * pdf[tl]

From definition of pdf, aey =, e
pdfae] = pdffae,] * pdffaes] * pdfp.. (V(ae,), e)

= pdffael] * pdfaes] * pdf[t!] * pdfp,. (V(aey), e)

From definition of pdf pdf[ae,] = pdf[ael] * pdfaes] * pdfp,, (V(ae:), €) and pdf[t,] =
pdf[ti]. Therefore
pdfae] = pdffaes] * pdf[t,]

Case 5: ae = (Dist(ae #id,) = aey : v)#id and id, ¢ S

By assumption

S ae =, aeg, t,

By definition of =,

S+ Dist(ae;) = aey : v =¢; ae? : v, t1; observe(Dist(ael) = e,); t2

sy bgy

Then ae; = ae? : v, ty = t}, St ae; =, ael,t}, aey =, e,and S F aey =, ael, t!.
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By induction hypothesis

Sk ae; =¢ ael,tl = pdffae,] = pdffae.] * pdf[tl]

8$77s

1 41
Because S \- ae; =, ae;, t,,

pdffae,] = pdffael] * pdf[t]
By induction hypothesis

S & aey =y ae’ 2 = pdffaes] = pdffae?] * pdf[t]

8§78

Because S & aey =, ae?, t2,
pdfaes] = pdfae?] = pdf[t2]
From definition of pdf,

pdffae] = pdffae,] * pdf[aes] * pdfp(V(ae1), €)

= pdffael] * pdffae?] * pdf[tl] * pdf[t2] * pdfpi(V(aey), €)

From definition of pdf pdf[ae,] = pdfae?], pdf[ts] = pdf[tl] * pdfaei] * pdf[t3] *
pdfpi(V(ael), e) and V(ael) = V(ae;) (Observation 2). Therefore

pdfae] = pdffaes] * pdf[ts]

Because we have considered all cases, by induction, for augmented expression ae,

subproblem S, augmented subexpression aeg, and a subtrace s,

Sk ae =, aes, ts => pdffae] = pdffae,] * pdf[ts]
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Theorem 9. Given a trace t and a valid subproblem S on t, then for subtrace ty =

ExtractTrace(t, S),
pdf[t] = pdf[ts]

i.e. for the unnormalized density of t and t, is equal.

Proof. Proof by induction
Base Case: t = ()

By assumption

Skt=., t

By definition of =,
SFEQ=.0

Then t, = 0.
By definition of pdf, pdf[0] =1

pdf[[t]] = pdf[[ts]]

Induction Case:
Case 1: t = assume = = ae; t;

By assumption

Skt=,, t

By definition of =,
S F assume z = ae;t| =, t;; assume r = aes;t§

Then S - ae =, aes, t}, St =, t2

By induction hypothesis

Skt = t2 = pdf[t] = pdf[t?]
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Because S F t] =, t2,
pdf[t,] = pdf[t?]

From Lemma 14 over augmented expressions
St ae =y aes,t. = pdffae] = pdffae,] * pdf[t;]
Because S F ae =, aeg, t!

pdffae] = pdffaes] * pdf[t;]

From definition of pdf

pdf[t] = pdf[ae] * pdf[t,] = pdffae,] * pdf[tl] = pdf[t]

Because pdf[t,] = pdf[aes] * pdf[tl] = pdf[t]

pdf[] = pdf[t.]

Case 2: t = observe(Dist(ae) = e);t;

By assumption

Sk t=ets

By definition of =,
S F observe(Dist(ae) = e);t; =, t.; observe(Dist(aes) = e);

Then S F ae =>¢; aes, th, S+t =, t2.

By induction hypothesis

Sty =, t2 = pdf[ti] = pdf[t]
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Because S &t =, t2,
pdf[t1] = pdf[[t?]

From Lemma 14 over augmented expressions
S F ae =, aes, t! = pdffae] = pdffaes] * pdf[t]

1
Because S - ae =, aes, t,

pdffae] = pdffae] * pdf[tl]
From definition of pdf
pdf[t] = pdffac]«pdft:]*pdfpi(V(ae), ) = pdffae,]xpdf[ti]*pdf[t]xpdfp, (V(ae), e)

Because pdf[t;] = pdffae;] * pdf[ti] * pdf[t2] * pdfp(V(ae), e) and V(ae) = V(ae,)
(Observation 2)
pdf[t] = pdf[ts]

Because we have covered all cases, by induction, for any trace ¢ and subproblem

S
Skt = ts = pdf[t] = pdf[ts]

Therefore for any trace ¢t and subproblem S

ts = ExtractTrace(t,S) = pdf[t] = pdf[i;]

Consider an equivalence class ¢; and partitioned trace space T, let ps; be the
subprogram, such that all subtraces of traces in T, are valid traces of ps. (Tp,,%,,)

is the measurable space over traces of subprogram p,. The normalized probability
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distribution p,, : ¥, — [0, 1] for the subprogram p; is

2 pdffts] 3 pdfff]

_ ts€A _ teA’ _ LAY — MP(A,) = vi(cs. A
D DI 3 Al I G A X Y R

where A’ = {t’lts € A, t' = StitchTrace(t, t,, SS(t))} for any trace t € T,,.
Hence, sampling/inference over subprogram p; is equivalent to sampling/infer-
ence over the original program p with the constraint that all traces belong to the

equivalence class c¢;.

Theorem 10. Consider equivalence class ¢; and partitioned trace space T,,, let ps be
the subprogram, such that all subtraces of traces in T,, are valid traces of ps. Then
giwen a Markov Kernel K : T,, x L, — [0, 1] which is p,, -irreducible, aperiodic and
with stationary distribution w,,, the Markov kernel K(c;) : T, x X, — [0,1] defined
as

K(cy)(t, A) = K(t;, A")

where t; = ExtractTrace(t,SS(t)) and A’ = {ts|t € A,t; = ExtractTrace(t,55(t))}, s

v;(¢s, .)-irreducible, aperiodic and with stationary distribution v;(c;, .).

Proof. ExtractTrace is one-one function from T, to T),, and push forward measure of

Ui(ci7') is Mp, - O

5.1.5 Generalized Markov Kernels

Definition 23 (Generalized Markov Kernel). A Generalized Markov Kernel K
is a parameterized Markov Kernel which when parameterized with a probabilistic pro-
gram p, which defines the probability space (T, Lp, ptp) (as defined above), returns a
Markov Kernel K(p) : T, x £, — [0, 1], which is p,-irreducible, aperiodic and has the

stationary distribution p,.

A generalized Markov Kernel formalizes the concept of Markov chain inference al-
gorithms. The inference algorithms used within the probabilistic programming frame-

work are generally coded to work with any input probabilistic program p and still
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provide convergence guarantees. For example, Venture [24]| allows the programmer
to use a variety of inference algorithms which in general work on all probabilistic

programs which can be written in that language.

Definition 24 (Generalized Class Kernels). Given a generalized Markov Ker-
nel K and a subproblem selection strategy SS, a generalized class Kernel Ky is a

parameterized with a probabilistic program p (which defines space (T, £p, 1)), where
Ko (p>(t7 A) = K,(Ci)(ta A) = K(ps)(ts, A/)

where ts = ExtractTrace(t, SS(t)), ps = Program(t,), fss(t) = (c;,t) and A’ = {ts]t €
A, t, = ExtractTrace(t,SS(t))}.

5.2 Inference Metaprogramming

Using the concept of independent subproblem inference (Chapter 3) and generalized
Markov Kernels, I define an Inference Metaprogramming Language (Figure 5-2). An
inference metaprogram is either one of the black box Generalized Markov Kernel
inference algorithms b; : T, — T, in my framework, which takes a trace from an
arbitrary program p as an input and returns another trace from the same program,
or a finite set S = {p1 ic1,py ica ... px ick} of inference statements with an attached
probability value p; € (0,1), such that ijpk = 1. These probability values are used
to randomly select a subproblem inferenlczeostatement to execute. Each infer statement
is parameterized with a subproblem selection strategy SS, which returns a valid sub-
problem over input trace ¢t and an inference metaprogram that is executed over the
subtrace. Figure 5-3 presents the execution semantics of my inference metaprogram-
ming language. In comparison with entangled subproblem inference, one benefit of

the approach is that it is straightforward to apply independent subproblem inference

recursively.

Theorem 11. If all the subproblems used in my inference metaprograms are reversible

and connect the space of their respective input probabilistic programs, then all inference
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ice IC := infer(SS,ip)

k
ip€ IP := bjl{p; ic1,p2icy...pr ick} where > pp=1
i=0
Figure 5-2: Inference Metaprogramming language

n ~ multinomial(py,ps...pr)  ic, = infer(SSp,ip,)  SSu(t) =S
ts = ExtractTrace(t,S)  ipn,ts = t.  t' = StitchTrace(¢, ¢}, S)
t' = b(t) where ¢! € Traces(Program(t;))

bt =t/ {p1ici,paicy...prick}, t =it
Figure 5-3: Execution Semantics for Inference Metaprograms

metaprograms in my inference metaprogramming language implement a generalized

Markov Kernel.

Proof. Proof by induction over structure of inference metaprograms,
Base Case: All black box inference algorithms in my inference metaprogramming
language are generalized Markov Kernels. Hence given traces of program p (which de-
fine probability space (T}, 3, 1tp)) the black box inference algorithm is j,-irreducible,
aperiodic and has the stationary distribution .
Induction Case: Consider the inference metaprogram ip = {p; ic1, p2, ica, . . . Dx iCk },
where ic; = infer(SS;, ip;) and ipi =1.

Using induction hypothesi;,zll assume, for all i € {1,2,...k}, all ép; implement
a Generalized Markov Kernel K*:. Since my subproblem SS is reversible, I lift the
Generalized Markov Kernel to Generalized Class Kernel (Definition 24) Ky, , where
for any program p (which defines space (T}, £,, 1t,)), defines a class kernel.

Given an probabilistic program p, the inference metaprogram ip implements the

Generalized Markov Kernel K, where
k
K(p)(t,A) = Zpinssi (t. A)
i=1

Using Theorems 4, 5, and 6, if the class functions fsg,, fss,, - - - fss, connect the space

(Tp, Ep, p), K (p) is pp-irreducible, aperiodic and has p, as its stationary distribution.
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Corollary 2. Given an input probabilistic program p (defining trace space (T, 3p, tip) ),
inference metaprograms which use reversible subproblem selection strategies which con-

nect the space of their respective input probabilistic programs, will converge to p,.
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Chapter 6

Related Work

I discuss related work in three areas: probabilisitic programming languages, subprob-
lem inference in probabilistic programming, and asymptotic convergence.
Probabilistic Programming Languages: Over the last several decades researchers
have developed a range of probabilistic programming languages. With current prac-
tice each language typically comes paired with one/a few black box inference strate-
gies. Example language/inference pairs include Stan [5] with Hamiltonian Monte
Carlo inference [1]; Anglician [38] with particle Gibbs, etc. Languages like LibBi [29],
Edward [39] and Pyro [20] provide inference customization mechanisms, but without
subproblems or asymptotic convergence guarantees.

The Augur 18, 40] compiler generates efficient compiled implementations of Markov
Chain Monte Carlo inference algorithms that operate over a fixed set of stochastic
choices. Our techniques, in contrast, work with traces that have a dynamically chang-
ing and potentially unbounded set of stochastic choices.

Subproblem Inference: Both Turing [10] and Venture [24] provide inference metapro-
gramming constructs with subproblems and different inference algorithms that op-
erate on these subproblems. In Venture subproblem inference is performed over full
program traces, with subproblems entangled with the full trace. The inference algo-
rithms in Venture must therefore operate over the entire trace while ensuring that the
inference effects do not escape the specified subproblem. Our extraction and stitch-

ing technique eliminates this entanglement and enables the use of standard inference
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algorithms that operate over complete traces while still supporting subproblem identi-
fication and inference. Turing only provides mechanisms that target specific stochastic
choices in the context of the complete probabilistic computation.

Asymptotic Convergence: There is a vast literature on asymptotic convergence of
Markov chain algorithms in various statistics and probability settings [25, 37]. Our
work is unique in that it provides the first characterization of asymptotic convergence
for subproblem inference in probabilistic programs. Complications that occur in this
setting include mixtures of discrete and continuous variables, stochastic choices with
cascading effects that may change the number of stochastic choices in the compu-
tation, and resulting sample spaces with unbounded numbers of random variables.
Standard results from computational statistics, computational physics, and Monte-
Carlo methods focus on finite dimensional discrete state spaces, a context in which
linear algebra (i.e., spectral analysis of the transition matrix of the underlying Markov
chain [8] or coupling arguments [21]) is sufficient to prove convergence. State spaces
with continuoﬁs random variables are outside the scope of these formal analyses.
Measure-theoretic treatments are more general [31]. Our results show how to ap-
ply the concepts in these treatments to prove asymptotic convergence results in my

probabilistic programming with subproblems contexts.
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