Combinatorial Incremental Problems
by

Francisco T. Unda Surawski
Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of
Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
September 2018

@

Massachusetts Institute of Technology 2018. All rights reserved.
41
~1

Signature redacted

A uthor ................
Department of Mathematics
August 15, 2018

Signature redacted
C ertified by ..........................
Mich X. Goemans
Professor of Mathematics
Thesis Supervisor

MASSACUSETTS INSTITUTE
OF TECHNOLOGY

OCT 0 2 2018
LIBRARIES

Signature redacted

............ ...... . . . . . . . . . . . . . . . .

.

Accepted by....

Jonathan A. Kelner
Dhairman, Department Committee on Graduate Theses
/4 kQIVES

2

Combinatorial Incremental Problems
by
Francisco T. Unda Surawski
Submitted to the Department of Mathematics
on August 15, 2018, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract
We study the class of Incremental Combinatorial optimization problems, where solutions are evaluated as they are built, as opposed to only measuring the performance of
the final solution. Even though many of these problems have been studied, it has' usually been in isolation, so the first objective of this document is to present them under
the same framework. We present the incremental analog of several classic combinatorial problems, and present efficient algorithms to find approximate solutions to some
of these problems, either improving, or giving the first known approximation guarantees. We present unifying techniques that work for general classes of incremental optimization problems, using fundamental properties of the underlying problem, such as
monotonicity or convexity, and relying on algorithms for the non-incremental version
of the problem as subroutines. In Chapter 2 we give an e-approximation algorithm
for general incremental minimization problems, improving the best approximation
guarantee for the incremental version of the shortest path problem. In Chapter 3 we
show constant approximation algorithms for several subclasses of incremental maximization problems, including 2 e_--approximation for the maximum weight matching
problem, and a e-approximation for submodular valuations. In Chapter 4 we introduce a discrete-concavity property that allows us to give constant approximation
guarantees to several problems, including an asymptotic 0.85-approximation for the
incremental maximum flow with unit capacities, and a 0.9-approximation for incremental maximum cardinality matching, incremental maximum stable set in claw free
graphs and incremental maximum size common independent set of two matroids.
Thesis Supervisor: Michel X. Goemans
Title: Professor of Mathematics
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Chapter 1
Introduction
In April of 2014, the water service pipe infrastructure in Flint, Michigan became
contaminated with lead.

What followed caught the nation's attention, including

a 60% spike in deaths by pneumonia over the next two years, with twelve deaths
attributed to Legionnaire's disease. Even more worrying were the long term effects.
In particular, lead poisoning in children leads to developmental and health issues
that would affect them for the rest of their lives. What happened is that officials
failed to use corrosion-control treatment to maintain the integrity of the rust-layers
in the pipes when switching the source of the water, and this meant that up to and
maybe more than 15000 lead pipe lines were irrevocably contaminated and need to
be replaced, and furthermore they will continue to pollute the water until they are.
This infrastructure project has been estimated will take up to 15 years and tens of
millions of dollars [31], [34].
This is exactly the type of optimization problem this thesis is about. We know
we need to replace all the pipes, but it is not feasible to do it quickly. We must
choose an ordering of the pipes to replace, and the goal is to minimize the total
consumption of lead contaminated water over the timespan required to rebuild a
clean water distribution network. The precise model to evaluate the lead intake for
a partially rebuilt network would need to be formalized, but this crisis motivates the
need for algorithms that optimize the order of decisions to be taken.
This aspect of combinatorial problems, the efficiency of a partially built solution,
7

is often neglected. Usually the final solution is optimized, but heuristics are used in
the implementation phase. This is a good approximation in the case where the total
number of implementation time periods is small, but in many applications, a solution
is implemented over the span of many time periods, either because it is costly to do
so, or because it takes time. In this thesis we explore one way of including this cost
in the optimization process, by limiting the parts that can be implemented at a time,
and evaluating the partial solution at each time step.

1.1

Model and Preliminaries

There are of course many ways to model the incremental nature of a problem. One
such way, is to have a budget for each time period, and a cost associated to changing
the solution, and only allowing changes that stay within budget. In this case, we
need to define what happens with any excess budget. One could allow rollovers, or
maybe anything that is not used is lost. This of course depends on the problem. One
could even allow budgets to become negative temporarily. On the other hand, the
values we give our partial solution can be very complex, include discount rates or
arbitrary weights for each time step. In this thesis, we derive results about a simple
version. We model our solutions as subsets, and in each time step, we add exactly
one element to this subset. The value we give to a solution on a given time step is a
scalar function on these subsets, and the aggregated value of a solution is the simple
sum of the values at each time step. Even in this simple case, we get very interesting
problems, and furthermore, we get an insight into the extra difficulties one would run
into by changing the model.
We adopt a common notation for all the problems. Namely, let E be a set of
possible elements to be added to the solution, and v : 2E _

+ be a valuation

function. v measures some quantity of interest over subsets of E. We add elements
from E one at a time, until there are no more objects to add. The general incremental
8

problem consists of finding a permutation a- :

-+

{1,...,

E

} that

optimizes

|El

f(-)

v({e C E : o-(e) <i}).

=

(1.1)

i=O

An instance of an incremental problem is encoded in the valuation function v. In
many examples a single computation of the valuation v corresponds to the computation of a solution of a classical combinatorial problem. For example, v might be
the maximum matching of some initial graph augmented by additional edges. The
focus will be in designing and analyzing algorithms for these incremental problems,
whose performance depends on the general properties of the value v(-), rather than
the specific optimization problem that corresponds to it.
We will divide incremental problems into incremental maximization problems and
incremental minimization problems. The reason for this is that the techniques we use
work very differently in each case. Formally, let's define
Problem 1 (INCR-MIN). Given a valuationfunction v
o- : E

E -+ Z+, find a permutation

{1, . . . , IEI} that minimizes f (-).

We define incremental maximization similarly.
Problem 2 (INCR-MAX). Given a valuationfunction v

o- : E

1.2

E -+ Z+, find a permutation

{1, . . . , IEI} that maximizes f(-).

Literature Review

In terms of applications, this kind of optimization shows up in different ways. In a disaster scenario, a network or system is disrupted unpredictably and must be returned
to its normal, optimal operation capacity (See for example [2], [3], [7], [22], 1231).
If the system is to be used throughout the reconstruction period, its capacity at
intermediate steps must be taken into account. The Flint water crisis is a specific application of disaster recovery. This is also related to the study of resilience of systems,
the problem of ensuring amortized production/ efficiency level through disruptions. A
9

slightly different way in which incremental problems arise is when the implementation
itself takes a long time, and hence one must be able to utilize a partially constructed
system, i.e. the international space station is built in stages, but it would be an
enormous waste of resources to wait until all its modules have been deployed. Long
term projects are especially susceptible to this incremental problem paradigm, and
can benefit from their optimization. B.J. Kim et al. propose in [21] algorithms to
improve the investment plan for transportation facilities, noting even though the partial configurations are used for many years, this plan is usually created by optimizing
the network at the planning horizon, and neglecting the intermediate states of the
network. In

[251

and [28] the transformation of an electrical grid to a more modern

form is studied. In [35] the same idea is studied for the design of transportation networks. The authors incorporate uncertain demands to the planning information, and
their valuation function also incorporates a discount rate for gains made in the future.
Their solutions also includes expiration dates that have to be taken into account.
The term incremental has been used to mean many different things in the literature, in particular online problems. In these it is usual to assume that the revelation
of information is adversarial, whereas the incremental problems treated here are fullknowledge, and the difficulty lies mainly in the optimization. The incremental flow
problem was presented first by Hartline and Sharp [17], where they present a model
where capacities increase, and there is a notion of hierarchy between consecutive flows.
That is, for each edge, the flow on that edge may only increase. On a similar vein,
Hassin et al. [18] introduce a version of the incremental maximum weight matching
in which the solution is an increasingly larger matching, such that the min(k, MI)
heaviest edges are close to a maximum weight matching with k edges.

Fujita et

al. [15] extend this notion to matroid intersection, and Kakimura et al. [19] to the
knapsack problem. In this version, a knapsack solution needs to be computed such
that the k heaviest objects in the knapsack are close to the optimal solution with k
objects. A different notion of incrementality for the knapsack problem is presented
by Codenotti et al. in [91, where they include a notion of hierarchy in the objective
function, by encouraging that some packages are stored in the same bin, according
10

to a tree structure. Disser et al. [10] and Megow et al. [26] study a third notion of
incremental knapsack. In this problem it is necessary to find a sequence of objects
such that the solution that puts as many as possible in this order is close to optimal
for any knapsack capacity.
The model of incremental problems considered in this thesis with its notion of
aggregate costs has been studied for the particular cases of maximum flows [20],
shortest paths

[41

and maximum weight spanning trees

[14],

with a special focus on

the performance of two natural greedy heuristics, Quickest-Increment and Quickestto-Ultimate. In the first one, one repeatedly finds a smallest set that increases the
value of the solution, and in the second one, we find a set that maximizes the solution
globally, and then apply Quickest-Increment within this set. We generalize Quickestto-Ultimate into something we call Multi-Point, and apply it to general incremental
problems. In [20] Kalinowski et al. study the incremental maximum flow problem,
and show that in the case of unit capacities, these greedy algorithms are constant
approximations.

In [4], Baxter et al. show a 4-approximation to the incremental

shortest path problem, and that Quickest-to-Ultimate and Quickest-Increment can
fail to be constant approximation algorithms. In

[14],

Engel et al. study the in-

cremental minimum weight spanning tree, and show that both Quickest-to-Ultimate
and Quickest-Increment optimally solve this problem. This is due to the underlying
matroidal structure as we point out in Section 1.3.
Also related to the work presented here, Lin et al. [24] study a class of NP-hard
incremental maximization problems, including k-means, the k-MST, k-vertex cover,
and the k-set cover problems. In the k-means problem one wishes to choose a subset
of k facilities to open to minimize the service cost for some set of customers. In the
incremental version, we want to find an ordering of k facilities, such that for each

j < k the first j facilities chosen are close to optimal for the corresponding j-means
problem. In the k-MST problem, we are given a weighted graph and we wish to find
a minimum-weight subtree that covers k vertices. In the incremental version, we wish
to find a sequence of edges such that the smallest prefix that connects k vertices is
close in weight to the optimal solution of k-MST. In the k-vertex cover problem, we
11

wish to find a set of vertices of minimum weight that covers at least k edges. In the
incremental version, we wish to find an ordering of vertices, such that the smallest
prefix covering k edges is close in value to the optimal solution of the k-vertex cover
problem. The aggregate measure of value Lin et al. use is the largest ratio between a
hierarchical solution (i.e. given by the ordering) and the optimal solution to the cardinality constrained problem, which is called the competitive-ratio in the literature.
In contrast we use an average measure, where we compare the sum of performances
of an ordering against the average performance of optimal solutions. Their stronger
notion of performance requires an additional assumption, which they call the augmentation property of a problem. This allows them to grow partial solutions without
increasing the cost too much. Our result in the first Chapter bears similarities with
the competitive ratios that they find for exponential randomized algorithms, since
they use the same techniques to prove it.
In [61, Bernstein et al. study the best competitive-ratio of cardinality constrained
incremental maximization problems that have monotone and sub-additive valuations,
including maximum matching, knapsack and covering problems. They also require
the valuations they study to have a property they call accountability, which informally
means that solutions can be devalued slowly, i.e. there are elements one can remove
from the working solution that will not decrease it its value by too much. They also
study the performance of the greedy algorithm which takes the element that increases
the valuation the most each time, under a weaker version of submodularity.

1.3

Complexity and approximation

Most of the problems that we are interested in are either NP-hard in their original,
non incremental version, or will become NP-hard when we include the extra robustness required by the incremental paradigm, and hence we are interested in efficient
approximation algorithms. That is, we look for algorithms that are polynomial time,
and give not necessarily the optimal solution, but a provably good one.
This applies for example to the situation in which E corresponds to some of the
12

edges of a directed or undirected graph G = (V, E0 U E) with capacities on its edges,
and v(F) represents the maximum flow value from s to t (where s, t

C V)

in the

capacitated graph (V, E0 U F). The NP-hardness of this incremental problem was
shown by Nurre and Sharkey [30], see also Kalinowski et al. [201.
On the tractable side, the incremental optimization problem (INCR-MAX) can
be solved efficiently if v(F) represents the weight of a maximum-weight independent
subset of F in a matroid M with ground set E. Indeed, an optimum permutation
can be obtained from a maximum-weight independent set B for the entire ground
set E in the following way. First, order B in order of non-increasing weight followed
by all elements of E \ B in an arbitrary order. This follows from the optimality of
the greedy algorithm for matroid optimization and the fact that the truncation of a
matroid is also a matroid. In the case of the incremental spanning tree problem, this
was derived also in [14].
We focus on efficient multiplicative approximation algorithms. For a maximization
problem, we talk about an a-approximation algorithm when the value of the solution
found is always at least a times the value of an optimal solution, and for minimization
problems, this value is at most a times the value of an optimal solution. In other
words, for maximization problems, we have a < 1 and for minimization problems we
have a > 1.

1.4

Overview

Throughout this thesis we assume two basic properties of our valuation functions, and
at first we consider algorithms that work under these, but have no other requirements.
In the case of minimization, this is enough to achieve constant approximation guarantees, but not in the case of maximization, where we need further assumptions. The
first condition is that valuations are monotonically non-increasing (non-decreasing)
for minimization (maximization) problems. This is justified in many applications.
The second assumption is a computational one. We require oracle access to v(-),
that is, we have access to an oracle that outputs v(S) when given S. Furthermore,
13

we assume we can constructively approximate the optimum value of v(S) under a
cardinality constraint IS < k. That is, we can find in polynomial time a set T such
that v(T) approximates

mk := min{v(S) : S

k},

for minimization problems, and the analogous maximization problem in that case.
These values serve as a reference, since for any permutation, the value of a solution
at step k is bounded by Mk, and in the analysis of the algorithms we design, we
typically compare the value of the solution the algorithm produces to Ek

nk.

Our

(approximate) oracle for mk is used as a black box in our generic algorithms, and
we only argue about the implementation of this oracle when dealing with specific
problems. We present algorithms and approximation guarantees in the most generic
form possible, and then refine them for more restricted classes of problems, hereby
improving the approximation guarantees.

1.4.1

Incremental Minimization

We start by considering generic incremental minimization problems in Chapter 2. We
use ideas from Goemans and Kleinberg in [161 to design an algorithm for incremental
minimization. The work in [161 concerns the minimum latency problem, with points
in a metric space. There is a special point called a depot, and one wishes to find a
tour from the depot to the rest of the points that minimizes the average travel time
to each point. Goemans and Kleinberg make use of the fact that it is possible to
find approximately shortest tours that visit k points, and by solving an appropriate
shortest path problem, concatenate a subset of these to find an approximately optimal
global tour. Using these ideas, we design an e-approximation algorithm for the general
incremental minimization problem under very mild conditions, where e = 2.7182....
This is stated in Theorem 2.1. In particular, we show it improves the constant of
approximation for the incremental shortest path problem from 4, found by Baxter et
al. in [4] to e. An instance of the incremental shortest path problem is given by
14

a weighted graph G = (V, EO U E, f) along with two special vertices s, t E V, and
v(F) equal to the minimum length of an s-t-path using edges of EO U F. Baxter
et al. showed that this problem is NP-complete and that simple greedy heuristics
fail to yield constant approximation algorithms. We also show in Section 2.2.2 that
there are instances of the incremental shortest path problem for which our algorithm
cannot approximate better than e asymptotically, and also that in some polynomially
solvable instances studied in [4], namely that of disjoint paths, our algorithm returns
the optimal solution. We also show that there are instances where the lower bound
Ek mk

1.4.2

is a factor of e away from the optimum. This is described in Theorem 2.3.

Incremental Maximization

For generic maximization problems, we show in Chapter 3 that a simplified version
of the techniques used for minimization provide a 0(1/log IE1)-approximation guarantee.
Additionally, in Section 3.3 we show that for the incremental maximum weight
matching problem there is a simple algorithm that yields 1 of the trivial upper bound

(1 + IEi)v(E). We call this type of algorithm a 6-ratio algorithm (here for 6

=

j), and

we show in Section 3.2 that by applying the techniques from Chapter 2, we can amplify
such an algorithm into a e(

-approximation algorithm. In particular, we show that

the maximum weight matching problem has a

2-

-approximation algorithm. As far

as we know, this is the first constant approximation for the incremental maximum
weight matching problem for general (not necessarily bipartite) graphs.
At the end of this Chapter, in Section 3.4, we discuss the case of submodular
valuations. In this case the greedy algorithm already yields a ('-')-approximation
to the cardinality constrained maximization problem, and hence to Mk, as shown by
Nemhauser et al. [29], and this is best possible, but interestingly one can improve
the constant of approximation for the incremental problem to e . This is done in
Theorem 3.5.
15

1.4.3

Incremental Cardinality Maximization

In the Chapter 4 we study cardinality maximization problems. In Section 4.1 we add
two properties to our valuations, that are commonly found on cardinality maximization problems. The first property states that a valuation can increase by at most one
in each time period. The second one is a discrete-concavity property, whose discovery
and application to the approximation of incremental problems is the main contribution of this work. We will postpone the precise definition of discrete-concavity to
Section 4.1, but we illustrate it here on the maximum cardinality matching problem.
Suppose adding a set of edges S to a graph, the maximum cardinality of a matching
increases by two. Then discrete-concavity asserts that there must be a set of size at
most Lf
2 that increases the maximum size of a matching by one. This can be shown by
looking at the symmetric difference of two maximum matchings M and N that differ
by two:

|MI

=

|NI +

2. This symmetric difference must consist of a disjoint set of

paths and cycles, and at least two paths must be N-augmenting. By choosing a path
appropriately, and adding these edges first in the permutation, we can guarantee that
the matching increases by one by using at most half the edges of S. This property
generalizes with 2 replaced by any integer k > 2.
In Section 4.2 we describe a simple asymptotic -approximation algorithm for
general discrete-concave valuations, and in Sections 4.3 and 4.4 show how to get
an asymptotic 0.85-approximation without further assumptions, by using a small
geometric result about concave functions in [0, 1].

This leads to the best known

guarantees for the incremental maximum flow with unit capacities, an improvement
from

2

in [20], in the regime v(E) -+ oc. This is discussed in Section 4.5.

In Section 4.6 we focus on certain valuations that arise from independent systems, and show that in this case concavity arises naturally from the integrality of
certain polytopes related to feasible solutions, when one adds a cardinality constraint
(Theorem 4.3). For example, take the matching polytope
Pm = conrv{X(M) E REOUE : M matching in G = (V, EO U E)},

16

where X(M) is the characteristic vector of M. If we intersect PM with a cardinality
constraint

{x

: E, xe = k}, one can show that the vertices of the resulting polytope

remain integral. We show this implies the discrete-concavity property. We exhibit
several examples where the discrete-concavity condition is met by this polyhedral
condition, including matchings, the family of independent sets in claw-free graphs and
the common independent sets of two matroids (Sections 4.7, 4.8 and 4.9 respectively).
In Theorem 4.5 of Section 4.10, we show that for independent systems there is a
0.9-approximation algorithm. Furthermore, we show that this bound is tight and we
provide instances of the matching that achieve this approximation guarantee.
Kalinowski and Matsypura [20] study the same algorithm for the incremental
maximum matching problem for bipartite graphs.
Quickest-to-Ultimate (Q2U) is a

In particular, they show that

-approximation for this problem.

Their tech-

niques are polyhedral, and rely on the inequalities of the bipartite matching polytope.
This improves the approximation guarantee for the incremental maximum cardinality
matching problem to 0.9, and also generalizes it to several problems, including the
maximum cardinality matching in general graphs.

17

1.5

Summary of Approximation Guarantees

Here we present a summary of the approximation algorithms contained in this work
and how they compare to the state of the art, where a is the approximation guarantee
for constructively computing mk as in Section 1.4. That is, we assume there is an
algorithm that approximates mk to a factor of a. In Chapter 4 we assume a = 1.
Known

Reference

This work

Section

General

-

-

ae

2.1

Shortest Path

4

[4]

e

2.2

General

-

-

O(a/ log(q))

3.1

6-ratio

j

-

Matchings

-

-

2e1

3.3

[29]

e

3.4

Incremental

Weight

Card.

Submodular

_

__

__ _ __ _e_ _

1+e

1 -

General

-

-

Unit Max Flow

2

[20]

Indep. System

-3

-

__

[20]

Matchings
Stable Sets

-

Matroid Int.

-

-

Max

-

Min

18

max

{e

6

3.2

4.4
(m-1)

9+_

4.5

4.10

Chapter 2
Incremental Minimization Problems
Incremental models have gained popularity in the last years, because of their practical
applications to network design problems, disaster recovery, and planning. To mention
some examples, Baxter et al.

[41

study shortest paths, Engel and Kalinowski 1141 span-

ning trees, Kalinowski and Matsypura [201 maximum flows and Nurre and Sharkey

130]

the case of scheduling. This is of course not an exhaustive list. In this Chapter we
use a technique first derived in [16] by Goemans and Kleinberg, to design a general
purpose algorithm for a large class of minimization incremental problems. In

116]

the authors design an approximation algorithm for the minimum latency problem or
traveling repairman problem, a variant of the traveling salesman problem. In the
minimum latency problem, we have customers in need of a repair, represented as
points in a metric space. There is a special point called a depot, and we are tasked
with finding a tour for the repairman that minimizes the average distance traveled
from the depot to a customer. To provide an approximation guarantee, Goemans
and Kleinberg use the solution to the related problem of finding an (approximately)
shortest tour visiting k customers. They then concatenate some of these to obtain a
tour with low latency, and the choice of which ones to use is given by the solution of
an appropriate shortest path problem. We use this idea to design an e-approximation
algorithm, which we call MULTI-POINT, that works for general incremental minimization problems. Then we look at how this algorithm is applied to the incremental
shortest paths problem, where we improve on the best known approximation guaran19

tee of 4

[4].

We also show that the lower bound used in the analysis of MULTI-POINT

can be arbitrarily close to a factor of e away from the optimum even in the disjoint
paths case. Finally, we exhibit a class of instances showing that the value of the
solution returned by MULTI-POINT is arbitrarily close to e times the optimal value.

2.1

A general algorithm

We derive an approximation algorithm for INCR-MIN that satisfies two basic assumptions. First, we assume that adding more elements of E doesn't worsen our solution.
In other words, we assume the function v is non-increasing:
Assumption 2.1 (NON-INCREASING).

VS C T : v(S) > v(T).
Now, we need a way to measure our progress, but in a way that can be computed
without knowledge of the optimal sequence of solutions. Define mk to be the best
value of any solution that uses at most k new elements. That is
mk = min{v(S)I S c E,|SI < k}.
Our second assumption is that these values can be efficiently either computed or approximated. Specifically, we assume we have access to an a-approximation algorithm
A, which for each k returns in polynomial time a set Ek C E such that IEk I = k and
mk

v(Ek) < amk. If a = 1 this is an exact algorithm.

Assumption 2.2 (COMPUTABILITY). There is a constructive a-approximation A
.

for Mk

Note that the values rnk := v(Ek) can be assumed to be non-increasing by our
monotonicity assumption regardless of the algorithm A used to compute them. To see
why that is, suppose we have computed two sets Ei and Ej such that i < j, JEiJ = i
and IEjI = j, but v(Ei) > v(Ej). Then we can replace Ej by Ei U {x}, where x is any
20

element of E \ Ej. By monotonicity we have v(Ej U {x}) < v(E). Also notice that,
for any ordering of the elements of E, when we add the k-th element, the value of the
partial solution is at least mk. This implies that a lower bound for any solution is
q
LB = Em,

(2.1)

i=O

where we define q :=

IEJ

throughout this thesis. Following the ideas from the la-

tency problem, we consider using the partial solutions that come from computing an
approximation nk and concatenating them. On the one hand, if we only want to
minimize the value at step k we would take the optimal set with k elements. Simply
add the elements of such a set in any order, and at the k-th step we will reach the
minimum value possible. But on the other hand, we cannot simply use all of these
sets, since they don't necessarily form a chain of containment. We strive to achieve a
balance between these two opposing forces by considering a sequence
0=-io <ii <... <if < it+, =q,
and for each j = 1,

...

, E+1,

computing Ei, <- A(ij). We proceed to add the elements

from Ej, first, then from Ej2, etc., until we have added Ei,

=

E. As we add the

elements from Eij we have already added all from Eij_,, Eij_ 2 , etc., so we only need
to add e2 := 1E2,

\ (Us<jEi,) I elements.

Note that ej < i3 . Furthermore, since we

have already added all elements from Ei,_,, we know the value of our partial solution
is at most

___,.

All these facts together mean that the value of this algorithm is at

most

ejfij-, + fnq
j=1

ijss

ejsi,_ + (q + l)in-q <

=
j=1

1

+ (q + 1)ffiq =: UB,

(2.2)

j=1

where si = mni - ?q > 0 and we have used for the first equality the fact that there
are exactly q elements to add, i.e.

21

Observe that the bound on the right is pretty naive, since it is entirely possible, and
likely in many cases, that when we add elements from Ei,, it is no longer necessary to
add some elements from Ei, to decrease the value of a partial solution to the desired
value. Despite this, we will show that this approach yields a constant approximation
ratio for INCR-MIN. We haven't said anything about the choice of ii, i2 ,..., it, and
we can optimize over this choice using the following lemma.
Lemma 2.1. Given any non-increasing set of numbers so
is a subset indexed by 0 = io < ii <

...

si > ... >

sq >

0, there

< ij+1 = q such that
q

ijsi

(2.3)

<e ( sk,
_

j=1

k=O

where e = 2.718... is the base of the natural logarithm. Moreover, such a subset can
be found in polynomial time.
Proof. We assume without loss of generalization that sq = 0, since it doesn't appear
on the left hand side. We begin by showing the last part. Indeed the smallest value
of the left hand side can be found as the length of the shortest path in the following
graph. Let V = {0,... q}, and define directed edges (i, j) for each 0 < i < j < q,

with length

jsi.

Then the left hand side corresponds to the length of a path from 0

to q given by 0 = io < ii < ...

< zj < it+1 = q, and the shortest of these paths can

be efficiently computed. To show that the length of the shortest path satisfies the
inequality, we use the probabilistic method. We take a random path, and show that,
in expectation, its length satisfies the inequality. To do this, note that since sq+1
we can write
q

q-1

(sj - sj+ 1)

Sk =
k=0

q-1

k=O j=k

=

Z(sj
j=O

- sj+)(J

+

q

and similarly we have
f+1
E
j=1

f+1

ijsi 1 = E

j=1

q-1

q-1

(sk - Sk+1)

(sk-sk+1) =
k=i,_ 1

k=0
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k

ij,
j=1

=

0,

where

jk

=

k}. Therefore, we can rewrite inequality (2.3) as

max{j > 1 : ij1
q-1

q-1

k

Z 2j
j=1

- Sk+1)

Z(sk
k=

(sk - sk+1)(k

e

+ 1).

k=O

Since the sequence {sk} is a non-increasing, to prove the above inequality it suffices
to show that for every k:
9k

>

e(k +1).

j=1

Following the ideas of Goemans and Kleinberg we take for j > 1, ij = [Loei-1J as
long as this is less than q, and where 1 < L0 < e. Notice that indeed ij < ij+ 1 for all

j > 1. Then the sum in question is
Jk -1

9k

i

=
j=1

[Loe'-

j=1

ejk

(2.4)

< Lo E e < Loe- 1
j=0

Since ij = [Loej-1 ] we have

3k

--

In k
I(Lo

+-)1,

and so if we take L0 = eU, with U C [0, 1], we have from inequality (2.4)
E< 1 ij
(k+1)

Loeik
-(e-1)(k

+ 1)

(e

(2.5)

) ef(U)

where f(U) = [In(k + 1) - Ul - (ln(k + 1) - U) is a bijection in [0, 1].

Now we

randomize our path, by taking U to be a uniform random variable in [0, 1].

The

distribution of f(U) is also uniform in [0, 1] and so by taking expectation in both
sides of (2.5) we obtain

k+1

< (e e
E(eU)
-e -11

lne) =e.
In(e)

)

(

E

Finally, by linearity of expectation, this shows that inequality (2.3) is satisfied in
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expectation, and so there must be at least one path that satisfies it.

El

Using this lemma and the previous discussion, we can already derive an approximation algorithm for monotone minimization incremental problems. This algorithm
is described in Algorithm 2.1, and we refer to it as the MULTI-POINT algorithm.
Algorithm 2.1: MULTI-POINT algorithm for INCR-MIN

Input

A non-increasing valuation function v, and an a-approximation
algorithm A for Mk.
Output: A permutation -of E
1 Compute the values Pni = v(Ei), for i = 0,
2

, q, using Ej <- A(i);
Construct the graph described in Lemma 2.1 for Si = Ti - Mq, and compute a

3

shortest (0, q)-path, given by 0 = io < i < . . < it+, = q;
Output -consistent with how elements appear in the sequence Ei, ....
EV,.

...

We observe that there is nothing random about MULTI-POINT, despite the proof
of Lemma 2.1 being probabilistic. This algorithm has an ae approximation guarantee.
Theorem 2.1. MULTI-POINT(2.1) is an ae-approximation to INCR-MIN for non-

increasing v. In particular, if it is possible to compute the values mi exactly, MULTIPOINT is an e-approximation algorithm.
Proof. Note that the algorithm doesn't completely define the permutation, since it
is possible that several choices of sets E exist, and also the order chosen within
sets is ambiguous. Let ALG be the worst possible value attained by a permutation
consistent with Algorithm 2.1 and let OPT be the optimal value of f(o-). Finally, for
the sequence chosen by the algorithm 0 < ii < ...

< it+1 = q we have seen in (2.2)

that the value of the solution returned by the algorithm is at most
ei

UB =

i (iii- 3 1 - fnq) + (q + 1)'fq.
j=1

On the other hand, we have seen in (2.1) that the value of the incremental problem
is bounded from below by
q-1

LB= Z(m

- mq)+(q+1)mq.

i=0
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Hence it is clear that
LB<OPT<ALG<UB.
Lemma 2.1 implies that
q

q-1

UB < eZ(fi

-

g)+ (q+ 1)gfq

e Eiiq.
i=O

i=O

and hence the approximation guarantee of A implies
q

mi < aeLB,

UB < ae
i=o
hence

ALG < UB < aeLB < aeOPT.

We end this section by observing that if one has access to a polynomial time
approximation scheme (PTAS) to compute Ek such that v(Ek) approximates mk, i.e.
a class of algorithms {A 0 } parametrized by a > 1 such that for any given a > 1,
Ac runs in polynomial time (where the exponent may depend on a) and produces a
solution within a of optimum, one has the following result.
Corollary 2.1. If {A 0 } is a PTAS which outputs a set Ek such that Mk
aMk, then by taking a = 1+e/e

<

v(Ek)

for an arbitraryE > 0, MULTI-POINT is a polynomial

(e + e)-approximation algorithm for the incremental minimization problem.

2.2

Incremental Shortest Path

The classical shortest path problem is, given a graph G with a length function on its
edges and two vertices s and t of this graph, to find a shortest path from s to t. The
graph can be directed and weighted in the general case.

)

An instance of the incremental shortest path problem is given by I = (V, E0 , E,

with two special vertices s, t E V, where E0 and E are disjoint sets of edges on V,
25

and t : Eo U E -+ Z+ is the length or cost of an edge. We assume that s and t are
connected by a path made from edges of E0 . Let v : 2E -+ R be the shortest (s, t)path function, i.e. v(S) is the length of the shortest path using edges of E0 U S. The
incremental shortest path problem consists of finding a bijection -: E -+ {1... .
that minimizes

IEI},

|El
i=O

We now show that there is a pseudo-polynomial transformation to reduce any instance
into an unweighted one. Indeed, replace each edge of E0 of weight f(e) by a path
of length f(e) of edges of E0 , and each edge of E by a path of length f(e) where all
but one of the edges is in E0 . Any algorithm for the unweighted case can be applied
efficiently in this transformed instance, with the same guarantees. The new graph
has e, f(e) edges, so if we have a polynomial algorithm for the unweighted case, we
can naturally apply it to the weighted case, and it will remain polynomial as long
as the number of edges grows polynomially. Since this is a minimization problem,
we must assume that the initial graph has some path from s to t, otherwise, the
cumulative cost will be infinite. Clearly the valuation v satisfies monotonicity. In

[4],

the authors show that this incremental problem is NP-hard to compute exactly, and
they exhibit an algorithm that achieves a 4-approximation. They also show that mk
can be computed efficiently, i.e. there is a polynomial constructive 1-approximation
A, so by the results of the previous section we improve the approximation guarantee
from 4 to e. We observe that it was shown in [41 that both Quickest-to-Ultimate
and Quickest-Increment (see Chapter 4), and even the algorithm that takes the best
between the two, fail to give a constant approximation guarantee for this problem.
Corollary 2.2. Algorithm 2.1 is an e-approximation algorithm for the incremental
shortest path problem.

2.2.1

MULTI-POINT is optimal for disjoint paths

In the case of shortest paths, we can say a bit more about some restricted cases. For
example, in the case where the graph is a disjoint union of (s, t)-paths. Using the
26

notation of the proof of theorem 2.1, we show that in this case, MULTI-POINT returns
an optimal solution. Following this, we show that there are instances where the lower
bound LB (2.1) can be a factor of e away from the optimum, even in the case of
disjoint paths, suggesting that more powerful bounds would be needed to improve
the approximation guarantee.

7

-

t

10

-

3

Figure 2-1: An instance of the incremental shortest path problem for disjoint paths.
Red dashed edges are edges of E, and have zero length. Blue solid edges are edges of

E0 , and their length is given.

In [41 it was noted that if the original instance is a disjoint union of s-t paths (see
figure 2-1), we can compute the optimum value in polynomial time. Indeed, we show
that MULTI-POINT (2.1) achieves this.

Theorem 2.2. MULTI-POINT returns an optimal solution for the incremental shortest path problem in the case of disjoint paths.

Proof. Suppose G is made up of r +1

disjoint paths, each with qi edges from E and of

length ci. We note that this completely characterizes a disjoint paths instance of the
incremental shortest path problem. It can be assumed that co > cl > ...
0 = q0 < qi < ...

> cr and

< qr. Note that algorithm A is trivial in this case; A(k) returns

the set of edges of E in the path with the smallest length that satisfies qi < k. Then
the choice becomes that of which subset of these paths should we complete before
reaching the minimum distance cr. Let 0 = ko < k, < ...

< km = r be this choice of

which paths to complete first. For each choice we need to add qk, edges to complete
the path, and achieve a length
of

Z7_ 1 qkjckj

Ckj.

Since we add them in order, this gives a valuation

After reaching the smallest length Cr, we still need to add all the
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edges from paths we didn't choose so the total valuation is
M

E
j=1

m

kj-1

qkjCk_

- Cr

(

E
s=kj-,+1

q3

+

=

E

qk, (Ck,1 -

Cr)

+

Cr

q,-1

(
s=1

j=1

This was derived by Baxter et al. in [4]. Observe now that in this case mi = cj if and
only if qj < i < qj+1, where we define q,+=

qs. Suppose now that the path

0 = io < il < .,.. < it < it+1 = q is a subset of {0, q1, q2 , ... ,qr+1} that includes 0, qr
and qr+1. Then MULTI-POINT has an upper bound (2.2) of

UB =

ij(mi_

mq)

+ (q + 1)mq = E

qk(Ck

1

q,+1

- cr) + cr(
s8=1

j=1j=1

El

and hence delivers an optimal solution.
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Figure 2-2: Finding the optimal ordering of potential edges in the incremental shortest
path instance above corresponds to finding the shortest path in this auxiliary graph.
This shows that in the case of disjoint paths, MULTI-POINT is actually optimal
(See Figure 2-2). Despite this, we can show that even in the case of disjoint paths, our
original analysis cannot show a better approximation constant than e. In particular
the lower bound (2.1) can be an e fraction of the optimal value. For this, let's look
at a concrete instance.
Example 2.1. For each r, define 1, to be the following instance of the incremental
shortest path problem with disjoint paths. Let qi = i for i = 0,. . . , r, and ci = 1/i for
1 < i < r, co = 1

+ E and c, = 0.

We will show that in this family of instances parametrized by r the ratio between
the optimum value and the lower bound

Z?28

mi approaches e.

Theorem 2.3. Let LB, be the value of the lower bound (2.1) for instance I, (Example
2.1). Similarly, let OPT, be the value of an optimal solution of I,. Then
OPT

e,
LBrL -+

as r -

oc.

Proof. Let ALGr be the value of a solution returned by MULTI-POINT in instance Ir.

We have mi = ci for i = 0,... , r, and mi

0 for i > r. In particular, this means the

=

lower bound is bounded by
q

r-1 1r-2

i+1

Mi = 1+E EZ+ < 2+E+
i==O
~
i=1

I

-1I

dx = 2+E+

dx = 2+E+ln(r -1).

=

On the other hand, since MULTI-POINT returns an optimal solution, OPT has the

form
ALGr = OPTr

Zi(mii

- mq)+ (q+ 1)m=q

j= 1

for some choice 0 < i1 <i2

<

... < ij < q (Note that for disjoint paths, ej = ij). The

equality follows from noting that mq= Cr = 0. Now take
any

j

>

j*, we

ijmTi,_,
j=1

have Zi_1 > r, and hence m

j* =

max{j 1i

1

= 0. On the other hand, for

< r}. For

j

< j* we

have mij_ 1 = ci_,. This means we have
j*

=

ii(1 +E) +

L

j=2

> eln(ij.) > eln(r).
-

OPT

The first inequality can be checked by induction on j*: For x > 1, the convex function
x -+ x - e ln(x) achieves its unique minimum value of zero at x = e, and so if j* = 1,
we have ii

>

r > e ln(r). In the induction step, we have
3*

ii + (

~ij1/_1 > eln(iz*i-) +

j=2
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Z-i-/ij-_1 > eln(ig.),

where the second inequality becomes obvious when we write it as

ij./ij-_1 ;> e ln(ig./ij._1).

Note that OPTr/LB, = ALG,/LB, < e by Corollary 2.2. On the other hand,
e ln(r)
- 2 +E + ln(r - 1)
This implies that
OPT
LBr

2.2.2

+ e.

Worst-case example

Even though we have just shown that the lower bound can be an e fraction of the
optimum, it is not clear that the value of a solution returned by MULTI-POINT can
be this large. In principle it is still possible that using a better lower bound we can
improve the approximation guarantee of this algorithm. In particular, in Example
2.1 the optimum value and the algorithm coincide. We show that this is not the case,
exhibiting a family of instances where the value of the algorithm is an e factor away
from the optimum value. Consider the following instance (See Figure 2-3).
Example 2.2. Given r, let J, be the following instance of the incremental shortest
E0 consists of {s,t} and all edges of the

path problem. Let V = {s,t,V1,... ,Vr}.

form {vi, t} where i c {1,... , r}, and the potential edges E are {s, vi}, and all edges
of the form {vi, vi+1}, where i = 1, ...

, r - 1. Furthermore,for each 1 < i < r, add a

path P of i edges of E connecting s and vi. Finally, we let f(s, t) = 1, f(vi, t) = 1/i,
for i = 1,

...

, r - 1, f(v,, t) = 0, and

- 0

for every other edge.

Theorem 2.4. Let ALGr be the value of a solution returned by MULTI-POINT in
Jr (Example 2.2), and let OPTr be the value of an optimal solution to this problem.
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Figure 2-3: An instance showing that Algorithm 2.1 can't have a better than e approximation guarantee.

Then
ALGr
OPTr
r-S

as r

-+

1

t

00.

Proof. It is not hard to see that the optimum in this case is to include the edges in
the order they were defined, which gives a value of

LBr =OPT

+ Z;

2+

=j 2

-)

i=1

Now consider a solution given by the algorithm, i.e. a sequence 0 = io <e Kre
eie

...

K

i1= q. Observe that mo =1, m=1/i for i= 1, ... ,r - 1andrm =0for

i 2r. For each i3 , the algorithm might use the edges from Ps, to achieve mi3 , which
gives a value of
A LGr ;> 41+ Ziay/ij-1

e ln(r),

j=2

where the last inequality is shown in the same way as in the proof of Theorem 2.3.
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Hence, we have that this family of examples indexed by r satisfies
e>ALGr > e
1) -(+r)
e as r
OPT
-- 2+ln(r -1))'
-

-4

o0

showing that the guarantee for Algorithm 2.1 cannot be improved.
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Chapter 3
Incremental Maximization Problems
We now turn our attention to incremental maximization.
point version of the MULTI-POINT algorithm is a (g

for the maximization problem.

We show that the one

)-approximation algorithm

In the second part of this chapter we show that

by a more nuanced application of the techniques of Chapter 2 we can improve the
guarantees of some simple constant approximation algorithms, including a

(I +

I2)-

approximation guarantee for the incremental maximum weight matching problem. In
the third part of this Chapter, we show that if the valuation is submodular, the
greedy algorithm is a ( e)-approximation algorithm.

We observe that this is an

improvement over the obvious (1 - ')-approximation algorithm that follows from
the results of Nemhauser et al. in

3.1

[29].

General incremental maximization

We show that an algorithm, which we call ONE-POINT (See Algorithm 3.1), is a
logq)-approximation

algorithm for general incremental maximization problems.

This is the one point version of the MULTI-POINT algorithm of the last Chapter.
Our first assumption is that the valuation is non-decreasing:
Assumption 3.1 (NON-DECREASING).

VS C T : v(S) < v(T).
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As in the last Chapter, we define mk to be the best value of a solution that uses
at most k elements. In the case of a maximization problem that corresponds to
mk = max{v(S) : S C E,ISI < k}.
Our second assumption, as before, is that we have access to these quantities. That is,
there is an algorithm A, with an associated constant a < 1, such that A(k) returns
in polynomial time a set Ek C E such that IEkI
Assumption 3.2 (a-COMPUTABILITY).

=

k and amk < v(Ek)

<

mt.

There is a constructive a-approximation

algorithm A for Mk.
Observe that as before, if a = 1, we have an exact algorithm, and by the monotonicity assumption 3.1, the values fik
Furthermore, we can assume that mio

:=

v(Ek) can be assumed to be non-decreasing.

mo and -q

=

= mq,

since A needs only return

0 and E respectively. For any permutation of E, the value of the first k elements of
that permutation is at most Mk, so an upper bound to any solution is
q

UB

mi,

=

(3.1)

i=O

recalling that q

=

IE.

Now suppose we pick one index 0 < i < q and compute using

A a set E such that IE I

=

i and mi

=

v(Ei). If we add the elements of E first, we

can guarantee a value of

P(i) = imo + (q - i)fi

+ Mq.

(3.2)

We show that optimizing over the choice of i already gives a non trivial approximation
guarantee. We will need the following lemma.
Lemma 3.1. Given q

2, and a non-decreasing set of numbers 0 < t1 < ...

there is a choice of 0 < i* < q such that

(q + 1 - i*)ti. > H(q)-'

ti,
i=1
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< tq,

where H(q)

is the Harmonic Junction.

=

q

I tj <_

where H(q)

= E

q

(q +a 1-

(q.

*

Proof. By taking i* maximizing (q + 1 - i)tj we obtain

1i) =H(q)(q +1- i*)ti-,
El

I_

This immediately suggests an algorithm to approximate to order a/log(q) (where
log is the natural logarithm) any incremental maximization problem with a nondecreasing valuation. This is the ONE-POINT algorithm and it is described in Algorithm 3.1.

)

Algorithm 3.1: One-Point Algorithm for incremental maximization of a monotone function
Input A non-decreasingvaluation function v, and an a-approximation
algorithm A for Mk.
Output: A permutation o- of E
1 Compute the values mj = v(Ej), for j
0,... , q, using Ej <- A(j);
2 Compute 0 < i* < q maximizing rii (q + 1 -0
3 Output any permutation -where all elements of Ej. come first;

Theorem 3.1. ONE-POINT is an Q (

-approximation algorithm to INCR-MAX,

with non-decreasingv.
Proof. This algorithm has value at least P(i*) (3.2), and by applying Lemma 3.1 to
tj = fi, we obtain that the value obtained by the algorithm is at least

P(i*) > i*mo + (q + 1

-

i*)fi%* > i*mo + H(q)- 1

E
i=1

> H(q) 1 E ti,
i=O

where H(q) = Q(log(q)- 1 ). Note that the case i* = q corresponds to taking an arbitrary permutation. Now, suppose OPT is the value of an optimal solution, and ALG
the value of the solution returned by ONE-POINT. Since UB (3.1) is an upperbound
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of OPT, we have
q

ALG > P(i*) > H(q)-

1

q

-i > aH(q)- Zmi > aH(q) OPT,
i=O

i=O

hence
ALG > aH(q)-1 OPT,
showing that ONE-POINT is an aH(q)- 1 =

3.2

0

-approximation algorithm.

E

An improvement for instances with high ratio

We now show an algorithm we call REVERSE-MULTI-POINT that improves the value

given by another algorithm B. We require that the value of a solution given by B has
a property we call -RATIO, which informally says that this value comprises at least
a 6 fraction of the total possible. More precisely, note that the value of the algorithm
at any point is bounded from above by mq = v(E). Since there are q + 1 steps in any
construction, the total value cannot exceed (q + 1)mq. We say an algorithm satisfies
the 6-RATIO condition if it returns a solution with value at least 6(q + 1)mq.
Assumption 3.3 (6-RATIo). There is a polynomial time algorithm B with a 6-ratio.
We observe that this implies that B is a 6-approximation algorithm, since (q+)mq
is, in particular, an upper bound on the optimal value. We will show that we can
apply a version of the multi-point algorithm that we used for minimization, to improve
the constant of approximation, provided we have a large enough a.
Fix a sequence 0 = io < ii < ...

< it < if+ 1 = q, and use algorithm A to compute

for each j = 1, . . , e+1, a set Eij such that |E, I = ii and f-ij = v(Eij) > amij. Add
the elements in an order consistent with how they appear in Eg1 , E 2, . . ., and suppose
we add ej elements when adding set Ei,, i.e.
ej = q and ej < i.

ej = jEjj \ (Uj~4Ei) . Note that

Finally, recall that we assume that rnio = mo and fgq = mq,

by changing what A outputs in these cases to 0 and E respectively if necessary. The
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value of our solution is at least

(3.3)

ejffii_- + mq,
j=1

since while we are adding the ej new elements of Eij, we have already added all the
elements of Eij_,, and can guarantee a value of ii,.

Furthermore, we can get rid of

the dependence of ej on the intersection pattern of the Ei, by bounding (3.3) by
f+1

f+1

f+1

ey(ei,_

- mq) + mq (+

e) > (q+ 1)mq - 1ij(mq -

E
j=1

j=1

where we have used that fn

=

mq, en

Pi..i..., = (q + 1)mq

_),

j=1

-

ik and that

fi

5 i(mq- rij_ 1 ).

ej = q. Let

(3.4)

j=1

Observe that the sequence {mq

fah} is non-increasing, so we can apply Lemma 2.1,

-

to optimize over the choice of {ij}. This is the idea behind REVERSE-MULTI-POINT
(Algorithm 3.2). We show that the 6-RATIO condition allows us to turn guarantees
about
ij(mq - Mij_1)
j=1

given by Lemma 2.1 into guarantees about Pj1 ,...,j,.
Theorem 3.2. REVERSE-MULTI-POINT is a

max

{6
le-(I - 6)'

approximation algorithm for INCR-MAX, when v is non-decreasing and satisfies the
6-RATIO condition.
Proof. Suppose 0 = io < i < ..

.

< ij < i+

1

= q is the path computed by REVERSE-

MULTI-POINT, and let ALG be value of the final solution returned by this algorithm.
Note that this value is at least the value of the solution derived from the computed
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Algorithm 3.2: REVERSE-MULTI-POINT for INCR-MAX of a monotone function with 6-RATIO
Input
A valuation v that is NON-DECREASING, an algorithm A that
a-approximates mi, and an algorithm B satisfying the 6-RATIO

condition.
Output: A permutation o- of E
1 Compute the values si = mq - ;i = v(E) - v(Ei), for i = 0, . . . , q, using
Ej <- A(i);
2 Construct the graph described in Lemma 2.1 for {sj} and compute a shortest
(0, q)-path, given by 0 = io < i1 < ... < ij+ 1 = q;
3 Compute a permutation UPATH consistent with how elements appear in the
sequence Egi,... Eie+;
4

Compute o-B

5

Output the maximizer between UPATH and -B;

-- B;

path. Hence, from (3.4) we know that
ei
+

ALG > Pjj,...,j, = (q

1)m-

(3.5)

ij (mq - fi,_,).
j=1

By Lemma 2.1 and our choice of path 0 = io < ii < ...

e+i
ij (mq

e(q
- i,_,) <; ej

j=1

i=0

(Mq

< it < it+, = q, we have
q

-

fi)

=

e ((q + 1)mq -

ni
i=O

and so by (3.5)
ALG > (1 - e)(q +1)mq+ e 1 mz.

(3.6)

i=O

On the other hand, since ALG must also be at least the value of the solution computed
by B, we have
ALG
Let X =

ALG
(qa)mq

and Y =

(q+1)mq

6 (q+1)mq.

(3.7)

. Then inequalities (3.6) and (3.7) can be written

as
X > (1 - e)+eY and X > 6.
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These inequalities imply (See Figure 3-1) that
e6

X > #Y, for 3 =

e - (1 - 6)

E6(, 1].

By multiplying the equation X > /Y by (q + 1)mq, and using the approximation
I
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Figure 3-1: We are guaranteed that (X, Y) is in the gray region. The dotted line
represents the best inequality of the form X > /Y satisfied by all these points.
guarantee of A, we obtain
q
ALG > I EZn-i

i=O

i=O

By recalling that

a

q
Zmi.

mi is an upper bound on any solution, including the optimum

(3.1), we obtain that
ALG > a/3OPT.
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Finally, since B is a 6-approximation algorithm, we have
ALG > 6OPT,
hence
ALG > max{ca, 6}OPT.
Note that if a > 1 - (1 - 6)/e, this maximum is equal to a, improving the constant
6.

3.3

Incremental maximum weight matching

We now show that the specific problem of incremental maximum weight matching
(IMWM) satisfies all the assumptions necessary to apply REVERSE-MULTI-POINT,
and as corollary we obtain a (2e

1 -

E)-approximation

algorithm for IMWM. An

instance of this problem is given by a graph G with initial edges E0 , a disjoint set of
potential edges E, and a nonnegative integer weight function w : Eo U E -+ Z+. The
valuation v(S) is the maximum weight of a matching contained in EO U S. Note that
v is non-decreasing, i.e. v(S)

v(T) whenever S C T. Furthermore mi is the weight

of the heaviest matching that can be attained using at most i edges from E, i.e.
mi = max{w(M) : M matching,IM n El < i}

for i= 0, . . ,q,

where w(M) is the sum of the weights of all the edges in M. In [5j Berger et al. show
that there exists a constructive polynomial approximation scheme(PTAS) for the
budgeted maximum weight problem. An instance of this problem is given by a graph
G

=

(V, E), weight function w : E -+ Q, cost function c : E -+ Q+ and a budget B,

and a solution is a matching M of G such that c(M)

B maximizing w(M). Berger

et al. show a PTAS that returns a matching M such that w(M) > (1- E)OPT. They
first show that one can find in polynomial time a matching within an additive 2wm,,
of the optimum.
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Lemma 3.2. There is a polynomial time algorithm to compute a solution M to the
budgeted maximum weight problem of weight w(M) > OPT - 2wmax, where Wmax =
maxeEE

w(e).

By guessing (or finding by brute-force) the heaviest edges of a solution, one can apply Lemma 3.2 to a modified graph, where we have removed all heavy edges, yielding
a (1 - F)-approximation.

We apply the algorithm of Berger et al. to compute mi, by adding to our instance
G = (V, E0 U E, w) the cost function c(e) = XE(e), i.e. the function that is one on
the edges of E and zero everywhere else, and setting B

=

i. This yields a PTAS A,

for constructively approximating mi. To apply REVERSE-MULTI-POINT it remains

show that there is an algorithm B satisfying the

-RATIO condition. Algorithm 3.3

is such an algorithm. The idea is to compute a maximum weight matching of the
entire graph G

=

(V, E0 U E, w), and then add the edges in decreasing order of weight.

IMWM has the property that any subset of a solution is also a solution, which allows
us to say that there is a relatively heavy matching even when we haven't added all of
the edges of our final solution.
Algorithm 3.3: LRatio Algorithm for IMWM
Input :A graph G = (V, Eo U E).
Output: A permutation o- of E
1 Compute a maximum weight matching M for G;
2 Return o where the edges of M n E appear first and in non-increasing order of
weight, and then the rest of the edges in any order;

Lemma 3.3. Algorithm 3.3 satisfies the '-RATIO condition.
Proof. The maximum weight of a matching when we have added i edges is at least
the weight of the matching M where we are only allowed to use the heaviest i edges
from M n E, that is, at least

w(M n E)

|MnE|
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> q

-

w(M n Eo)+

z:0.613
-E

This means the algorithm has value at least

A LG > E

-mq >

(q + 1)mq.

q

i=

We have all the ingredients to apply REVERSE-MULTI-POINT.

Take B to be

Algorithm 3.3, and A, the PTAS derived from the work of [5], with a = 1 - E.
Corollary 3.1. With these choices of A and B, REVERSE-MULTI-POINT

(Algorithm

3.2) is an approximation algorithm (where the exponent might depend on E) for IMWM
with approximation guarantee

~
e

for any E > 0.

3.3.1

The budgeted matching polytope PV

for 0-1 budgets

In [5] Berger et al. consider the problem of computing a maximum weight matching
under a budget constraint. That is, given a graph, a weight function w, a cost function c and a budget B, they consider the problem of computing among all matchings
M such that c(M) < B one such that w(M) is maximum. They call this the budgeted
maximum weight matching problem and we used in the previous section the polynomial approximation scheme derived there, for the particular case in which the cost
has the form c(S) = |E n S1.
It is argued in

[5] that since there is a straightforward reduction from the knapsack

problem, the budgeted matching problem is NP-hard, which justifies the need of
approximation algorithms. But since the knapsack problem has a pseudo polynomial

time algorithm, instances that reduce to a budgeted matching with cost c(S) = |EnS
have a polynomial algorithm, since the weights are 0 or 1. We conjecture that it is
possible to compute mi exactly in polynomial time, and in an effort in this direction
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we will show a characterization for when two vertices of the polytope
P'

=

conv ({X(M) : M matching and jM n El < k})

are adjacent. We will also show that we can test this property in polynomial time.
We regard this as the cardinality constrained version of the matching polytope
PM = conv ({X(M) : M matching }).
Generally when computing a maximum weight matching in the non budgeted versions,
this is the property that is exploited to optimize locally. That is, given a matching,
we find an adjacent matching that improves upon the current weight, until this is not
possible. This adjacency condition is given for PM by
X(Mi) and X(M 2 ) are adjacent in Pm ->
This was shown by Chvital

[8].

MiAM 2 has one connected component.

We generalize that to

Lemma 3.4. Let M1 and M 2 be two matchings such that iM1 fnE < k and IM2 nE| <
=

U 1 1Ci, where the C are connected components of M1 AM 2

.

k, and let M1 AM2

Then x(Mi) and x(M2 ) are adjacent in Pm if and only if for each proper subset S of
[](i.e. S = 0, S

#

[f]) we have

I(MiA

uics C) n Ej

>

k or (MiA uigs Ci) n EI > k.

This is indeed a generalization, since in the case where k ;>

|EJ, the

condition is

vacuous, and so implies that there are no proper subset S of [f], i.e. f = 1.

Proof. For the forward direction, we show the contrapositive. Define N = MiAUiEsCi
and N' = MIA Uijs Ci, and by assumption we have IN n E| < k and IN' n E < k.
Note that both X(N) and X(N') are points in Pk, and are distinct from X(Mi) and
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X(M2 ).

Furthermore,

(x(Mi) + x(M 2 ))

2

= m
n M 2j
~22

+

(X(N) + X(N')),

IMiAM 2 =-

hence X(Mi) and X(M 2 ) are not adjacent.
For the other direction, we assume that VS c

[f]

with S 4 0 and S 4

[f]

we have

either |(M1 AUiEsCi)nEJ > k or (MiAUigsCi)nE| > k. We define a weight function
on E, and show that X(Mi) and X(M 2 ) are the unique vertices with maximum weight
with respect to w. Let w(e) = 0 if e
for each

j=

1, ...

M1 U M2 and w(e) = 1 if e E M nM2 . Finally

and for each e E Cj, let

,

n CjI+&i(Ml \ M2) nEIXE(e) if e E M2 n C,
iM1C

w(e) =

I

IM2ACJI+ E(M2\ M1) n EXE(e) if e c M 1 n c

First observe that if E = 0, in each component Ci only Mi n Ci and M 2 A C, can have
maximum weight. To see this, recall that C, is either an even alternating cycle, or an
alternating path. If the component C, has an even number of edges, this implies that
the weight is uniform over the component, and so a maximum weight matching is a
maximum cardinality matching. The only possible ones are Mi A Cj and M 2 n C. On
the other hand, if C, has odd size, it must be a path, say of length 2s + 1. Without loss
of generality suppose iM1

n Cj

= s + 1. Then w(Mi

n C,)

=

s(s + 1)

=

w(M 2 A Cj),

and any other matching has cardinality at most s, and at least one of its weights is
s (otherwise it's equal to M1 n Cj), so its total weight is strictly less than s(s + 1).
Since the weights are all integers, if we choose 0 < E < ',

it is still true that

no matchings other than M1 n C, and M 2 A C, can be optimal inside each C,. This
means the only candidates to be maximum weight matchings of the whole graph are
of the form MiA UjEs C, for some S c [f]. Using the notation T

=

[f] \ T for set

complement,

w(MiAiEsC,)

iM1 n CM2 A C l+ E (a(3)3([C]) +

= M1 n M 2f +
j=1
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a([]),(S)),

where aj =IM1nfC nEl and #3 =

IM2 nC nE, and a(S)

= EZes aj, and similarly

for 3. Note that the dependency on S appears only on the last term
(3.8)

a(S)#0([e]) + a([e])fl(S).
The first observation is that if S
w(Mi) = w(M2 ).

=

0 or S = [f], (3.8) is equal to

a([CJ)3([eJ),

so that

On the other hand, if S is not one of these, our assumption says

that either
a(S)-+ 0(3) > k - M1 n M2 nEl
or
a(S) + f(S) > k - IM 1 n M2 nE.
Let's assume without loss of generality, that we are in the first case. Then M2 AUjEsCj

is infeasible, and M1 A Ujes C, is feasible. Note that feasibility of M1 and M 2 implies
that
max{a([e]),f([])} < k- M1 n M2

nEl < a(S) + 0(3),

so we can write

a(S) + /3(S)

=

a([E]) +

l([t]) -

(a(S) + /3(9)) < min{a([e]),

l([e])}.

Now to show that M1 and M2 are the unique maximum matchings for the given
weight it is enough to show

0z(S) 0([A) +#0(S) a([V]) < 0zW0([)#)
and this can be easily shown

a(S)([f]) + 0 (S)a([e]) < min{a([C]),

l([ ])}

max{a([e]),

This completes the proof that M and M2 are adjacent.

l([ ])}

=

a([Q]) ([f]).
EI

We now show that one can test this property in polynomial time, and hence one
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can test if two matchings are adjacent in Pi in polynomial time.
Using the same notation as in the proof of Lemma 3.4, given two matchings M
and M 2 such that

IM

n E < k and IM2 nEI < k, we wish to test if they are adjacent

in Pmk. By taking the symmetric difference of M and M2 , we can then compute the
components C, for

#j

=

j=

1, ... ,f and in particular the values ao = M 1 nCCnE and

IM2 mC nEl. Observe that aj and

and

/3([]) are

SC

[f]

bounded by t := k -

M1

# are non-negative integers, and that a([e])
n M2 n El. We need to check that for each
3

such that S $ 0 and S # [i], we have
max{a(S) + 3(5), a(3) + #(S)} > t.

Observe that checking all sets S explicitly is out of the question, as there might be
exponentially many. But this can be done efficiently by dynamic programming.

Theorem 3.3. Algorithm 3.4 checks in polynomial time if two matchings M1 and M 2
such that |M1 n El < k and M 2 n E| < k are adjacent in Pm.

Proof. First, let's show that Algorithm 3.4 is correct. First, it is easy to check by
induction that

Lj = {(a(S), O(S)) : S c [j], S # 0, S # [f]}.
Now, by construction, this algorithm outputs a 0 or a 1. If it outputs a 0, it must be
the case that there is a set S C [f] such that S = 0 and S # [f] and such that
max{a(S) + 3(5), a(S) + O(S)} < t.
This implies by Lemma 3.4 that M1 and M2 are not adjacent in Pk. On the other
hand, if the output is 1, it must be the case that for every point (x, y) E Le we have
max{x + 0([f]) - y, a([f]) - x + y} > t,
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which implies that for ever S such that S # 0 and S z [f] we have
max{a(S) + 3(3), a(S) + O(S)} > t.
This again implies by Lemma 3.4 that M1 and M2 are adjacent in Pm. To check that
this can be done in polynomial time, it is enough to show that Lj are small. Indeed,
computing the symmetric difference, and its connected components to compute a and
0 can be done in number of steps proportional to the number of edges IEo U El. Note
that a(S) and /(S) are non-negative integers of value at most t, so lLjl

< (t + 1)2.

This means that computing Lj from Lj_ 1 takes at most 2(t + 1)2 operations, and
we do this less than f < Eo U El times. The final check takes also at most (t +

1)2

operations, since we check every point of Le. Note that t < k to conclude.

Algorithm 3.4: Adjacency in Pk, test algorithm
Input : Two matchings M, and M2 of G = (V, Eo U E) s.t. IM1 n El < k and
|M2 nE < k.
Output: Output 1 if they are adjacent, 0 otherwise
1 By taking the symmetric difference M1 AM 2 , compute the number of connected
components f and compute the values aj = M
Cj n El and
2
3

03 = lM2 n C. n El for j = 1, ... ,I;
Set L 1 = 0;

for j=2,...,

do

4

Lj <- Lj

1U{f(x

+ a, y +0j) : (x, y)

E

Lj_1U{f(ce([j -1), #(j - 1), (aj,, #))}.

5 end
6
7

for (x, y) E Le do
if max{x + 0([f]) - y, a([f]) - x + y} < k then

8
9

1

Return 0;

end

10 end

11 Return 1;
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E

3.4

Submodular valuations

In this section we consider non-decreasing valuations v that are also submodular.
That is, they satisfy that for every S, T C E,
v(S) + v(T) > v(S U T) + v(S n T).

(3.9)

This property can be interpreted as a form of concavity, or diminishing returns. This
is because (3.9) is equivalent to
v(B U {e}) - v(B) 5 v(A U {e}) - v(A),
for any A C B, and e

(3.10)

B. We assume as we have been doing that v is given

though an oracle which outputs v(S) when given S. Many interesting problems can
be encoded as a function with these two properties. Some examples include the rank
function of a matroid and the cover function, where v(S) = I UjEs TjI, for some family
of sets T. It was shown in

[29] by

Nemhauser et al. that the problem of computing

mk = max{v(S) : SI < k}
admits a (1 - !)-approximation, and this is in fact achieved by a greedy algorithm,
that adds one element at a time, choosing the one that increases the valuation the
most. (See Algorithm 3.5) This immediately implies the same factor of approximation
for the incremental problem. We have the following result.

Theorem 3.4. Algorithm 3.5 is a (1 - !)-approximation algorithm for INCR-MAX
for non-decreasing, submodularv.

Proof. Let Sk be the first k elements to be added to S in the algorithm. This is a set
returned by the greedy algorithm of

[291

to approximate Mk, so V(Sk)
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>

(1

-

-)mk.

Algorithm 3.5: Approximation Algorithm for the Incremental Maximization
of a Submodular valuation
Input : A NON-DECREASING, SUBMODULAR valuation v.
Output: A permutation a of E
1 Set S = 0;

while ISI < jEJ do
3
Add ito S such that v(SU {i}) = maxjgsv(SU {j});
4 end
5 Return a that orders the elements in the same order they were added to S.
2

Then the value of our solution is at least

Ev(Sk)

(1-) Em,

k=O

( I-

OPT.

k=O

l
We show that in fact, one can do better than this direct application. More precisely, we show that Algorithm 3.5 is actually a
Xk =

(4')-approximation

V(Sk), the value of a greedy solution at step k. Then Xk

we have seen, but x1 = ml and

xq

= mq.

mk

algorithm. Let
<

(ee) Xk, as

Furthermore mk is non-decreasing by the

monotonicity of v and crucially x is concave in the following sense:
Xi+1 - Xi = v(Si+1) - v(Si) < v(Si_. + z) - v(Si_1) < xi - xi_1,
where z E Si+ 1

\

(3.11)

Si. In the first inequality we have used the diminishing returns

property (3.10) of v and in the second one, the definition of the greedy algorithm. We
need the following lemma, which is a continuous version of what we want to prove.
Lemma 3.5. Let

f

: [0, 1) + [0, 1] and g : [0, 1] -+ [0, 1], and suppose

Furthermore, assume f(0) = g(0) and f(1) = g(1) = 1.

f

is concave.

Finally suppose f(x)

Og(x), for some 3 E (0, 1) Then

Sf(x)dx
Proof. Note that g(x)

>

2

g(x)dx.

min {f(x), 1}. Let xo = min{x E [0, 1] : f(x)
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=

0}, and

notice that xo <

/3,

since

f

lies above the line y

=

x. We will first show that f can

be assumed to be linear. We have

o Ig(x)dx

f(x)dx + (1 - xo),

-

<

which implies
T fxf(x)dx + (1- xo)

0% g(x)dx
o f(x)dx

(3.12)

(x)dx + fl f(x)dx

f

-

Now note that by concavity, and since f(1) = 1 and f(xo) = 3, f(x) must lie above
the segment with endpoints (xO,

/)

and (1,1). Therefore,

by
T X 02fa(x)dx

(.2

w ca b

This means we can bound (3.12) by

Sfxf(x)dx + (1- xo)

0' g(x)dx
f f(x)dx

f (x)dx

fx

(3.13)

+ (3l) (1 - xo)

For the next step, consider the function

h(z)=

XO)

z+(

z + P 1(1 - xo)'

and note that the sign of h'(z) is given by

xo)

)

0+1(1
2

1

-z-

(1- Xo) = (1 - xo)

so that h(z) is an increasing function.
supporting line at ( 0, /),

2/3

Furthermore, if (y -

we must have 1

=

f(1)

/

#)

1)

> 0,

= m(x - xo) is a

o), so that m > li.
1- X0

+m(1 -

+ 1-(x

1- 0

-
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xo)) dx =

2

2

-

[O

(

0f

(x)dx <

(

Since f lies below any supporting line, we must have
1-x3
1 - OJX

Note that at this point we have shown from (3.13) that
f0 g1(x)dx

g(x)dx

J1

f1 f(x)dx
where fi(x) = 0 +

(1 (x -

f1(x)d

'

JO

xo), i.e. fi is linear. Consider by a change of variables
fi(x) = a + (1 - a)x,

with 0 < a < 3, and the corresponding g, has the form

-

gi(x) = min

1

+ (1-a)
+ 3,

This implies that

I

f(

1

a

and

II

gi(x)dx =1 -

(1 - a)(/3- a)
(-a)
2(1 - a)

Putting these two together and after simplifying
gi(x)dx
f fi(x) dx

2 - # - a(1

/32) -

-

1 - a

Oa2

(1 2

2

+ 3+I

)

0

1+a

1-a

It is easily checked that this function is convex on the variable a E [0, /], by taking
derivative and observing that it increases with a, so the maximum value occurs when
a = 0 or a =

#

/. These are 2 -

and 2

respectively, so the maximum ratio is
+I

We will apply this to the non-decreasing functions

Xq

Xi+1

,for

Xq

<

-

+ (qx -i)

q

< i +1
q

(3.14)

mi

and
mi

mi

mq
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,

for

i
< X<
q

-

i)

)

g(x) = mq + (qx -

q

.+

(3.15)

and i = 0, . . . , q - 1. Note that this defines f and g for all x E [0, 1], and furthermore,
remembering that m0 = xo and mq = Xq, we have f (0)

g(0) =

mq

, f(1) = 1 = g(1).

The function f is concave, from the concavity property (3.11). Finally, we have

(1

>

-

-

f(x)

Theorem 3.5. Algorithm 3.5 is a (e

Vx E[0, 1].

g(x)

)-approximation algorithm for INCR-MAX for

non-decreasing, submodularv.

Proof. We show that
q

q

Zv(Sk) >
Applying Lemma 3.5, to

f

EiMk.
k=O

e+1

k=O

(3.14) and g (3.15) with 3 = 1 - ', we obtain

I

fg(x) < (i
Now we can compute the integral of
fq-d
l

to obtain

(i+l)/q (X

+ (qx-i) Xi+

/q

i=O fi J

29

5q

(

I

1

=

f ()d

f

(3.16)

f(x).

lI

Note that the integral
(qx - i)dx =

,

+I)lq

so the integral of f simplifies to
q-1 X

f (x)dx = q
I01

1

E

q

j0

xq

XO

Xq

Xq)

By a similar computation, the integral of g is

JO

1 mq

=

+

jg(x)dx

q

Y

,

q
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2

mq

mq)

x, dx.
xq

Remembering once more that mq = q, we obtain using (3.16)

fO f(x)dx
fog(x)dx

e
e+1
where C =

(xq + xO)

-

= i(mq

+

z =o xi -C

<

-mi

C

-K i

-Eq =0mi'

O).

It is worthwhile pointing out that y=

is most likely not the largest constant

one can replace in the inequality

q

q

-Ymi.

Zv(ST)
i=0

i=O

Even though we don't have a proof of this, it is suggested in the numerical solution
of a linear program when one replaces the inequality xi > (1 -

) mi

for the stronger

set of inequalities given in the following lemma.

Lemma 3.6. We have for any 1 < i < q - 1 and any I < j < q

mj > xi

Proof. Let i and

j

+j (xi+
1-

xi)

Vi, j.

be arbitrary and let S* be an optimal solution to
m = {v(S) : ISI < j},

and Si the set computed by the greedy algorithm at step i. Arbitrarily enumerate
the elements of

jx

S* \ Si = {X1, ...
where f < j. We have

f

v(S* U Si) = v(Si) + E (v(Si U {X,.. . , x 3 })
j=1
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-

v(Si U {x,. . . , x1

(3.17)

Now, by the diminishing returns property each term in the sum is
v(Sj U {X, ... , x3 }) - v(S U

.. .. , xj-1}) < v(Sj U {xj}) - v(Si),

and by the definition of the greedy algorithm we have
v(Si U {x,}) - v(Si) < v(Si+1 ) - v(Si) = xi+1 - xi.
Hence, we can bound using the monotonicity of v and (3.17)
m = v(S*) < v(S* U Si) < xi

This is indeed a stronger result, since by fixing

+ J(Xi+ 1 - xi).

j

and writing 6i = mj - xi one can

\i+j

/

rewrite this inequality as

which implies by repeatedly applying this for i + 1 =

i J-1 -

=j <

m3 -x

j, j

i

-

1,

(mj

. ..

1

-xo),

and by rearranging we get

1

j-1
J.

j

(13

(

)

-

x .>

since mo = v(0) > 0.
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XO>

1

-

Iiirr/Ma.

Chapter 4
Incremental Cardinality
Maximization problems
In this Chapter we continue our study of incremental maximization problems. In
Section 4.1 we add some extra assumptions about v(-) for the rest of the thesis. The
first one states that the value of a solution increases by at most one when we add a new
element. The second one is a more subtle condition about the concavity of optimal
solutions.

As we show, this property holds for many combinatorial optimization

problems. We then show in Section 4.2 how these two assumptions lead to a simple

}-approximation

algorithm, which we call CONCAVE-ZERO-POINT. In Section 4.3 we

derive a geometric property of continuous functions in [0, 1], and in Section 4.4 we
use it to improve the 1 constant of approximation to 0.85, with an algorithm we call
CONCAVE-ONE-POINT.

We then show in Section 4.5 that even in this generality, this

algorithm improves upon the best known approximation guarantee for the incremental
max flow problem with unit capacities. Starting from Section 4.6 we concentrate on
valuations that are defined through an independence system, that is, a class of sets
closed for the operation of takings subsets. We give a useful characterization of the
discrete-concavity property for the case of valuations that are defined as the maximum
size of a set in an independence system, and in Sections 4.7 through 4.9 show several
classes of instances where discrete-concavity holds by this characterization. Finally,
in Section 4.10 we study CONCAVE-ZERO-POINT for the case of independence system
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valuations, by using the fact that valuations in this class satisfy the property that for
v(0) < k < v(E) one can find a set F, such that v(F) = k and jFI < k. This shows
that this class of valuations, including the incremental maximum matching problem,
admits an improved approximation guarantee. This algorithm was studied under the
name QUICKEST-TO-ULTIMATE by Kalinowski et al. [20], and we improve on the

results given there.

4.1

Cardinality maximization properties

As in Chapter 3 we assume v is non-decreasing. We need two extra assumptions for
the results of this Chapter and they apply to every problem we encounter from now.
We then explain the computational assumption that we make, and show that this
at least as strong as Assumption 3.2. Finally, we argue informally that these two
computational assumptions are actually equivalent for many classes of valuations,
including all the ones we present.
Our first assumption is that v increases by at most one when we add an element
Assumption 4.1 (BOUNDED-GRADIENT).

VA c E, Ve E E \ A: v(A) < v(A U {e}) < v(A) + 1.
As an example, consider the case of the incremental maximum cardinality matching problem (IMCM). This is the unweighted version of IMWM described in Section
3.3, or equivalently, corresponds to setting a uniform weight on all edges of E0 U E.
Then clearly the maximum cardinality matching can increase by at most one when
adding an edge. Second, we require the following property of our valuations, which in
informal terms quantifies how much value one can get from a partially built solution.
Assumption 4.2 (DISCRETE-CONCAVITY). VA, C C E with v(C) - v(A) > 1, 3B:
v(B) = v(A) + 1 and

IBIJAI:5

|C| - JA|
v(C) - v(A)'

If A c C then A c B c C.
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This property is satisfied for the case of the incremental maximum cardinality
matching problem. To see this, consider two sets A and C as in the statement of
discrete-concavity.

There are two maximum matchings MA and Mc contained in

E0 U A and E0 U C respectively, such that k = IMcI - IMAI > 1. The symmetric
difference MAAMC consists of a disjoint union of paths and cycles, and furthermore
there are at least k MA-augmenting paths. Choose one such path P such that

IP n

C - P n AI is the smallest, and let B = (MA n E)A(P n E). Then

IBI
hence

MAOEI+IMc n El - MA nE|

=MAnE +IPnCI-IPOAI

IBI

< JAl +

(ICl

-

k

|AI). Note that by our definition of B, we have A C B C C

if A C C. Furthermore, the matching MAAP is in E0 U B, and has size IMAI + 1.
Even though discrete-concavity guarantees the existence of such a set B, we need
a way to find it. We assume we can find such a set B of minimum cardinality.
Assumption 4.3 (COMPUTABILITY-2). There is an efficient algorithm B such that
for each A c C C E and any integer f with v(A)

t < v(C), B(A, C, f) computes a

set B that solves
te(A, C) = min{IBI : A c B c C, v(B) = l}.
Observe that by the bounded-gradient assumption, this problem always has a
solution B. As in the previous Chapters, let mk= max{v(S) :

KS k}.

We show

that computing te( 0 , E) for all mo < f < mq is equivalent to computing mk for all
0 < k < q.
Lemma 4.1. For any 0 < k < q, we have

mk

=

max{f : te( 0 , E) < k}

and similarly,
te(0, E) = min{k : mk
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>

l}.

Proof. We have
max{f : te(O, E)

k} = max{f : min{ISI : v(S) = f} < k}
= max{e : ES : jSI < k,v(S) = f}
= max{v(S) : ISI 5k}

= Mk.

and similarly in the other direction:
min{k : mk> }

=

min{k : max{v(S) : ISI < k} > f}

=

min{k : ]S : k > SI, v(S) > f}

=

minJJSI : v(S) > i} = te(A, C),

where the last equality follows from the monotonicity and bounded-gradient properties of v.

0

Hence, being able to compute te(A, C) seems a priori stronger that the ability to
compute Mk. It turns out that computing te(A, C) for all sets A c C is just as hard
as computing it for A = 0 and C = E for all the instances that we study. This
is because all classes of instances we present in this Chapter exhibit a property of
self-reducibility:

Given A C C C E, the valuation VA,C : C \ A

->

Z+, given by

vA,C(F) = v(F) is another instance of the same class, and so computing te(A, C) is

no more difficult that computing te(0, E). For example, for our matching problem
IMCM,

VA,C

simply corresponds to deleting the edges in E \ C, moving the edges of

A to E0 , and deleting all other edges adjacent to A. Finally, we observe that B makes
discrete-concavity algorithmic, in the case of A C C, by allowing us to compute a B
as a solution for

tv(A)+1

(A, C). This is all we need for our algorithms.

We show in Section 4.2 that under these assumptions, we can devise a

}-approximation

algorithm for the incremental problem, and then strengthen this constant to at least
0.85 in Section 4.4 in the regime where mq -* oc. This leads in Section 4.5 to an
improved approximation algorithm for the incremental maximum flow problem with
unit capacities.
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4.2

A L-approximation algorithm

In the continuous case, it is an easy exercise to show that the area under an nondecreasing concave function f : [0, 1]

[0, 1] is at least if(1).

-

The valuations we

consider are non-decreasing, discrete-concave, and have bounded-gradient. We show
that these properties allow us to carry over this intuition to the discrete case by
defining CONCAVE-ZERO-POINT (See Algorithm 4.1), an algorithm that achieves a

I-approximation for these valuations. This result was derived by Kalinowski et al. [20]
for the specific case of maximum flows (in, using the polyhedral description of the
unit-capacity flow polytope. Define r = mq

-

ino.

CONCAVE-ZERO-POINT starts by

computing a minimal set T, that achieves the maximum valuation mq using B. Then,
starting by To = 0, and repeatedly solving tmaOi(Ti-1, T,) using B, we find a sequence
0 C T1 C . .

C Tri C T, such that v(T) = mo + i. Discrete-concavity guarantees

that the size of the {Tj} remains small.
Algorithm 4.1: CONCAVE-ZERO-POINT Algorithm for Incremental Cardinal-

ity Maximization
Input
A non-decreasing, discrete-concave valuation v with
bounded-gradient and an algorithm B that constructively computes
te(_, .).
Output: A permutation o- of E
1 Let mo = v(O), mq = v(E), r = mq 2 Compute Tr <- B(0, E, mq);
3 Set To = 0;
4
5
6
7

no;

for i= 1,...,r -l do
1 Compute Tj +-B(Th_1 ,T,,mo+i);
end
Return o consistent with T1 , . . . , T,;

Theorem 4.1. CONCAVE-ZERO-POINT is a

2-approximation

algorithm for INCR-

MAX for non-decreasing, discrete-concave valuations v with bounded-gradient.
We need a different way to express the value of a solution to prove the guarantees
for CONCAVE-ZERO-POINT. Define for any solution -,

Ek=

{e E E: -(e) < k}
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the first k elements appearing in the permutation -. We define
di(o-)

=

min{k > 0 :

(4.1)

v(0) + i},

v(Ek) =

the size of the prefix needed to increase the valuation to v(0) + i. Observe that by the
bounded-gradient property of v, di is well defined for each i

=

0,

. ..,

r. Furthermore,

since v is non-decreasing, di is increasing. We usually drop the argument

- when it

is clear which solution we are discussing from context. We can express the value of a
solution using the sequence {di} by

di (-).

f(a-) = (q + 1)Mq

(4.2)

i=1

Indeed,
q
f(a-)

V(E) = (q + )mq -

=
i=O

(mq - v(E))
i=O

q

mq

S

= (q + 1)mq

i=O j=v(r2;)+1
r

= (q + 1)mq

dj-1

E

-

1

j=1 i=0
r

= (q+1)mq - Ed.
j=1

Now we prove Theorem 4.1.

Proof of Theorem 4.1. Consider the sets 0 = To c T1 c ...

by the algorithm. Let di
ZERO-POINT. Since v(T)

=
=

c Tr1 c Tr produced

di(o-), where o- is a permutation returned by CONCAVEm 0 +i, we have di

ITI1, and by the minimality of IT I,

di = ITj I. By the guarantee of discrete-concavity provided by algorithm B (except for
i = r, which is trivial) we have that for every i = 1, 2,..., r

di - di- 1 = IT \Ti TI < ITr\ T-1I = dr - d
v(T,)
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1

v(Ti_1)

r- i +1

(4.3)

where the equality follows from v(T ) = mo + i. We show by induction on i that
di <

r, for = 0, 1,

Indeed, this is trivially true for the base case do= IToI

r.

(4.4)

=

0, and in the inductive step

(dj+ 1 - di)+di < dr di + di = dr
rr -1

+ di (1 -

i
r -Z)

,

we have by (4.3) that dj+ 1 is

and by induction this is at most

dr

idr

r-2

r

(i + 1)dr

(1
-

i)

r

Hence, by (4.2) the value of the solution given by the algorithm is
d, (r + 1 ,
2
)

di > (q + 1)mq

-

-

r

= (q

+

(q+ 1)m

i=1

) M1)mq

(4.5)

i=~1

where we have also used (4.4). Now since dr < q and r < mq,
1

dr(r + 1)
2

2 ((q + 1)Mq - d,)

.

(q+1)m-

Observe that by our choice of Tr, we have dr(-*) > dr for -*, the optimal solution to
the incremental problem. Therefore,

+ 1)mq - dr) ;

1

( (q

di(-*)

1)mq -

2 f -).

i=O/

+

I ((q

r-1

That concludes the proof of the approximation guarantee for CONCAVE-ZEROPOINT.
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4.3

A geometric result regarding concave functions
in [0, 1]

In this section and the next, we show that the one point approximation, aided by
concavity, achieves a 0.85-approximation ratio. In this section we show the result in
the continuous case to simplify the analysis. We then apply this result to the discrete
case, and show that asymptotically the same guarantee is possible.
Let F be the set of functions g : [0, 1] -+ [0, 1] such that g(1)

1 and are concave.

That is
g(Ax + (1 - A)y) > Ag(x) + (1 - A)g(y)

Vx, y, A E [0, 1].

Note that this implies that the functions in F are continuous and non-decreasing. We
are interested in comparing the area under the curve g, with the performance of some
algorithm. It is useful to consider the following quantity, which we think of as the
asymptotic version of a concave ONE-POINT algorithm. The idea is to pick a point
0 < x 1 < 1, and use concavity to approximate between zero and x1 and between x,
and 1, so that the constructed function approximates g. That is, suppose that by
choosing xi, we are able to achieve
Q(gX 1 )

-

g(
2

)

g(l) + 1
2

g(xi)
2

(1 - xi)
2

(4.6)

By optimizing over the choice of x, we can obtain a value of

Q(g) = max Q(g, xi).
0X1<1

(4.7)

We are interested in studying the quantity
r := min 1Q(g)
gE f g(x)dx
which we then transfer to the discrete case, providing asymptotic approximation
guarantees.
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Lemma 4.2. We have

2 = V2 ~0.8536...
Proof. We show that we can partition F into subsets where the ratio 7q is easy to
compute, and then minimize over these partitions. Fix z C [0, 1], and consider the
subclass Tz C F of functions g such that there is a pair (xi, yi) E [0, 1]2 such that
Z

=

Yi - X1,

Q(g)
By definition of

Q

=

Q(g, x 1 ) and g(xi) = yi.

(4.7), we must have Q(g, x) < Q(g, x 1 ) for all x C [0, 1], which by

(4.6) implies that any function g C F, satisfies
g(x) <x + z.

(4.8)

Note that on one hand, in this case we have by (4.6)

Q(g) =

Q(g, Xi) =

(4.9)

)2

and on the other, by (4.8)
g(x)dx <

min(x + z, 1)dx

=

1 - (1

2

Z)

(1 + 2z

-

Io1

2

z2).

(4.10)

The concave function min{x + z, 1} is a function of Tz, and this bound becomes an
equality in this case. Therefore by (4.9) and (4.10) we have shown

mi

9EFf

Q(g)
g(x)dx

1+z
+
1 2z -

z2

Finally, note that Fz # 0 if and only if z E [0, 1]. A priori z = y1 - x1 C [-1, 1], but
.

by the concavity, we have g(x) > xg(1) + (1- x)g(0) > x, so we must have y' > x1
We have shown that
1+z
=
2
ze[0,1] 1+ 2z - z

S= mm.
where the maximizing z = v

_2+V5

- 1.
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4

4.4

General algorithm for concave v with bounded
gradient

We now present an algorithm which we call CONCAVE-ONE-POINT (See Algorithm
4.2), by applying the results from the last section in F to the case of discrete valuations. We construct a function g - F using the upperbound (3.1), and we show
that CONCAVE-ONE-POINT provides a good approximation

f.

Recall that there is

an upper bound on the optimal value of a solution given by (3.1):
q

UB

Z

mi.

i=O

By the bounded-gradient property of v, we must have mi+, < mi + 1, and since v
is non-decreasing, so must be mi. The idea of CONCAVE-ONE-POINT is to choose

a middle point i*, and compute, using B a set Ei. that achieves mi.. Now letting
=

mi* - mo and r2 = mq - mi. and using discrete-concavity we find a chain:

0 = To c T c ...

c T1

c T

= Ej* C Tr+1 C ... C T+r2 -1 CTr+r2

,

ri

by applying algorithm B repeatedly between 0 and Ej* and then between Ei* and

Tri+r2 , where Tr+r2 is a minimal set that contains Ei. and attains value mq. These
sets have the property that v(T) = mo

+ j. In order to choose the point i* we use

the function Q(gm, -) from (4.6), on a function gm which is a continuous and scaled
version of the sequence
maximizers of

Q.

{mi};

we show that it is enough to consider multiples of !q as

We can write the function gm explicitly as

gm() =m(qx)

mq

where m : [0, q] -+ [mo, mq] is the upper envelope of
function satisfying m(i) ;> mi.
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{mi}, that is the smallest concave

Algorithm 4.2: CONCAVE-ONE-POINT algorithm for discrete-concave valuations

Input

A valuation v that is non-decreasing, discrete-concave and satisfies
the bounded-gradient property and an algorithm B that
constructively computes t(-, -).

Output: A permutation o of E
1

Compute the values mi = v(Ei), for i = 0, ...

2

Choose 0 < i* < q to maximize Q(g m , j*/q);

3

Set r1

4

for j=1,...r 1 -

5

mi. - m, To

Compute T

+-

=

, q, using B and Lemma 4.1;

0 and T1 = Ei.;

do
B(T_1, Tr,imo + j);

6

end

7

Set r = mq -mo

8

10

for j = r, + 1,...,r - 1 do
| Compute T +- B(Tj, Tr, mo + ri +j);
end

11

Output o- consistent with T1 , ... , Tr,..., Tr.

9

and T, = B(Ti, E,imq);

Theorem 4.2. CONCAVE-ONE-POINT is a polynomial

(/

(-

-

approximation

to INCR-MAX for non-decreasing, discrete-concave v.

To show this result, we show that the value obtained by CONCAVE-ONE-POINT,

appropriately scaled, approximates Q(g). Now we extend the definition of M to all of
[0, q], and show that the discrete concavity of v extends to m. Consider a maximal
sequence 0 = io < ii < . .

< it < it+, = q, such that mi > mi,_,. By maximality,

we must have mij = mnij

+ 1, since otherwise, by the bounded gradient property

there is a k such that iZ_

1

< k < ij and mij_ 1 <

ink

< i,

that we can add to the

sequence. Now define
.
ij+1 -1 ij

(mij 1

-

mi,) for ij < y < ij+1

.

m(y) := m, +

(4.11)

Lemma 4.3. The function m(y) is a concave piecewise-linear function, and mi <
m(i) < mi + 1.
Proof. It is clear that m is piecewise linear, and for ii < i < ij+l we have from the
definition that m(i) E [mij, mij], but by maximality of the sequence ij, i = mi 5
m(i), and m(i) < mi, = mi + 1. Furthermore, m is a concave function. It is enough
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to show that the slopes
mij - mi--1

ij - ig_1

i - ig_1

are non-increasing. Take an arbitrary j, and consider a set A such that IA= i_ 1 , that
1,

mi23 1 . Since v(C) -v(A)

and another set C such that ICI = ij+1 and achieves the value
= mj, 1 -mi,

1

= 2 > 1, we can apply the discrete concavity

property, to show that there must be a set B such that v(B) = mi
JAl + IC-IAI
2

JBI

j+1.

2

1

+ 1 = mij and

Finally, by the definition of i3 we must have

so we have shown that ij - Zig_

lB

=

i

ij+1 - ij.

E]

We now scale m to produce a function of F. Define g : [0, 1]

gm()

,

achieves the value mi,

-

[0, 1] by

m(qx)
mq

g is indeed in F since g(1) = 1. Note also that gm is also a piecewise linear function.
We apply Lemma 4.2 to the function gm, to show that

CONCAVE-ONE-POINT

gives

a constant approximation ratio.

Proof of Theorem 4.2. We let
C Tri = EC
C Tr1+ c . .

C Tr

be the sequence produced by CONCAVE-ONE-POINT. We let {dij = {dj(u)}, where

-

To C . .

is a permutation returned by CONCAVE-ONE-POINT. Note that since v(T) = mo+j,

we have dj <
di =

lTjl.

that for

ITj,

and furthermore, by the minimality of jT , we have equality

In a similar fashion to the analysis of CONCAVE-ZERO-POINT, we show

j= 0,

1, .. ,r 1 we have
dj < jdri,7(4.12)
r1

where r1 =mi. - mo, and for j = ri,..., r we have

- dri < (j - ri)(dr - dri)
r - Ti
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(4.13)

where r = mq -m

. We show the second inequality, since the proof of (4.12) is exactly

the same as for (4.4). Indeed, (4.13) is trivial for
we have that for

j=

r, ... ,r-

= r1 , and by discrete-concavity

1
d~- d
r -j

I
ITr\
V (T) -V(T)

= Tj+1\ T |I

dj+1- d

j

(4.14)

d +dj -dri =d +(dj

dj+1-d

d-d-

< r-j

dr -d

.

-

r-j

dri) (I

-

By adding d. - dri to both sides of (4.14) we obtain

Finally by applying induction (4.13) on the term dj - dri we obtain
(j + 1 - ri)(dr - dri)

)

d - d 1(j- ri)(dr - d1

<

r -

j

(1

+

dj1- dr

r -

F1

1

r - ri

Now by Lemma 4.2 the value of the solution given by the algorithm is
r

(q + 1)mq

-

(4.15)

Zd.
j=1

We obtain a lower bound by computing using (4.12)
rd

(ri + )dri

2

Ei r1
and using (4.13)

j(drdr)= (r -rl)dri
r- r

Hence we have
rd
Edj _< 2
j=1

(r

-

r1 + 1)dr
2
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(r - r, + 1)(dr - dr1
2

)

(r- rl)dr +

+

dj

We obtain that the value of the algorithm (4.15) is at least
(r - r1 + 1)d,
2

rdri
(q+l)mq- 2
Since r2

=

mq - mi., r1 = mi. - mI0 , and dri = i* , the above simplifies to

(2q + 2 - dr (m*i - 1)dr
+
2
2

moi*

Zi* )M

(4.16)

+2

Now we use Lemma 4.2 to continue. By Lemma 4.2, there is a point 0 < x* < 1 such
that

Q(gm, x *)

;> r/

J

/1 0

(4.17)

m (x)dx.

Recall

Q(gm,

x) =

- X

+

2

2'

which is a concave, piecewise linear function, with transitions between linear functions
at points of the form i/q where i is an integer. This implies we can assume that the
maximizer x* = j*/q. Rescaling inequality 4.17 by qmq, we obtain
(q - i*)mq > q
2

qmi*.
*
2
-

qmqQ(gm,

j

1

0m(qx

q
jdx = 77 f m( y)dy.

.3

.

(4.18)

The integral on the right hand side of (4.18) is

- ij)mi + E
m(y)dy = Z(ij+
j=0
j=0
Since mj+ - m

i

(m

- mij)dy.

1, we can compute the last term of the right hand side of (4.19)

by a change of variable

Y
j=0

(4.19)

-

ij+l

f

Zj

ij

dy = E(ij+1

j=0
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xdx =

q2

On the other hand the first term of the right hand side of (4.19) is

f

f ij+1 --

E(Zj+l -

Tij =m

E

Z'j)mij=E

j=0

i=ij

j=O

ij+-

t
j=O

i=ij

q--1
mi = Emi.
i=O

hence we have shown that the integral in (4.19) is
q-1

J

m + q

m(y)dy =
q

i=O

By combining this with inequalities (4.16) and (4.18) we obtain that the algorithm
attains at least
q-1
Mi

+

,q (I:
i=O

(q + 2 - d)mq

q

2)J+

dr

moi*

-2

+2

2

(q - dr)m*

2

which simplifies to

+ mq(1-

moi*

___-d_

q)

2

+

mi
i=O

dr +q

2

Finally, note that by the concavity of gn:
q-1

m> + 2=

m(y)dy = qmq

z=O

J0

Sgm(x)dx >

hence
q(mq - 1)

Zmi >- q(mq2 - 1) +m

2

~-

Then (4.20) can be bound by
-

q

(1 -q)

(

ALG >

)

(Mq - 1)
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E:mi.
i=O

2

2

(4.20)

4.5

Incremental Unit Capacity Max Flow

We show that CONCAVE-ONE-POINT can be applied to the incremental maximum
flow problem with unit capacities and yields a close to 17 approximation guarantee.

An instance of this problem is given by a directed graph G = (V, Eo U E) with
edges of unit capacity, and two vertices s, t E V.

We adopt the convention that

e = (e~, e+) and flow only travels from e- to e+. For each F C E, v(F) is the
maximum flow from s to t using only edges from E0 U F.
Kalinowski et al. showed in [20] that QUICKEST-INCREMENT, a greedy algorithm
that increases the valuation by one repeatedly by adding the least number of edges, is
a L-approximation to this problem. For this they used the polyhedral representation
of unit-capacity max flows. We improve upon this approximation guarantee using an
algorithm we call CONCAVE-ONE-POINT and show a 0.85 asymptotic approximation
guarantee.
Clearly v is monotone (3.1), and has bounded gradient (4.1). Given A C C, we
show how to compute te(A, C) by solving a minimum cost flow problem. But first,
we simplify this by noting the self-reduciblity property of this valuation. Computing
te(A, C) is equivalent to computing JAI + te( 0 , E') in the modified instance where

Eo=

U A and E' = C

\

A, and hence v'(F) = v(A U F) for each F C C

\

A.

Therefore we show how to compute a solution to te( 0 , E), which corresponds to the

following problem: Efficiently find {xe} E REoUE such that:

1. Satisfies the flow equations:

x(+V))-x(6-(V))

=

f

ifv=s

-

ifv=t

f0

otherwise

where 6+(v) = {e : v = e-}, 6-(v) = {e : v = e+} and x(S) = ZeES Xe.

2. Is feasible: 0 < xe < 1 for every e E E0 U E.
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3. Minimizes the cost
e

E0

.

where ce= 1 for e E E, and ce =0 for e

Note that conditions 1 and 2 define the flow polytope Pf'

(for unit capacities),
It remains to

which is known to be integral for integer capacities and integer f.

show that we can indeed compute such a {Xe}, since te(0, E) is the cost of such a
minimum cost flow. We can compute te( 0 , E) for all

e,

using the successive shortest

path algorithm (see for example [1], chapters 9 and 10). The idea is to start from a
zero flow, and compute in the residual graph a shortest path from s to t, where the
length of each edge is given by its cost. Each time we push a unit of flow through
such a path, we increase the flow by one, and it can be shown that after adding f such
paths, we obtain a minimum cost flow of flow value f. This takes O(JEo U EJmq).
Lemma 4.4. The incremental maximum flow problem with unit capacities problem
has a discrete concave valuation v.
Proof Let A and C be as in Assumption 4.2. That is, v(C) - v(A) > 1. We need
to show that there is a set B such that BI - JAl <
there are unit flows

XA

obtain a point of P/low
v(A)+C

. By the definition of v,

C

PC"" By taking x
c Pflow
v(A) and xc E p/low*v()-(A

= XA

+

we

v(C-v(A)

combination of XA and
Indeed observe that x is a convex
A

xC and hence 0 < x < 1. On the other hand

x(6+(s)) - x(6-(s)) = v(A) +

v(C) - v(A)

= V(A) + 1,

and similarly for the rest of the flow conditions. Hence, X E

min

T,

Ye : Y E Pv( A)+1

:!

eEE

I:Xe =
eE

|AI+

and we have

Pv(A)+1

A

.

v(C) -v(A)

The problem on the left has a integral solution y*, so by taking B = {e C E :

=

1}

the result follows. Finally, in the case that A C C, we can by self-reducibility apply
the same polyhedral argument in the modified instance E0 U A, and E' = C \ A, with
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A' = 0 and C' = E'. This yields a B' C C\A, and we conclude by taking B = A U B',
since

IB\A =I B'| <

IE'I

v' (E') - v'(0)

__

_

_

v(C) - v(A)'

Corollary 4.1. CONCAVE-ONE-POINT is an ('q - om(1))-approximationfor the In-

cremental Maximum flow problem with unit capacities.
Hence, CONCAVE-ONE-POINT is an improvement on the 23 of Kalinowski et al.

[201.

4.6

Valuations from Independent Systems

We restrict once more the class of valuations that we study, in order to show improved approximation algorithms for the incremental maximum cardinality matching
problem. This turns out to be more general, and we show that it applies to the incremental maximum independent set in claw-free graphs, and the incremental maximum
common independent set to two matroids. The results of the previous sections, in
particular the approximation guarantees of CONCAVE-ZERO-POINT and CONCAVE-

ONE-POINT also apply to these problems, but they are all particular cases of the
following valuation.
Consider an independence system I on E0 U E, i.e. I C

2

EOUE

and I is closed

under taking subsets. Then if we define v 1 (F) for F C E as the cardinality of the
largest independent subset of E0 U F, we can easily see that vr(.) is non-decreasing,
and satisfies the bounded-gradient property.
On the other hand discrete-concavity is not satisfied by all independence systems.
Take for example the set of colorful matchings in the graph of Figure 4-1. A colorful
matching is a matching such that each color appears at most once in the matching.
If we take A to be the edges labeled U and V, and C to be all the edges of this graph,
the maximum size of a colorful matching in A and C is one and three respectively.
There are three edges to add, however there is no way to add a single edge to increase
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the size of a colorful matching. Hence, discrete-concavity is not satisfied. We observe
that this independence system corresponds to the intersection of three matroids.
Now we show that if a certain family of polyhedra is integral then discrete concavity is satisfied. This shows in particular that the intersection of two matroids satisfies

U

V,

'

discrete-concavity.

0

Figure 4-1: The maximum size of a colorful matching on subsets of this graph is not
discrete-concave. The dot-dashed green edge is at the bottom, the dashed edges are
red, and the solid edges are blue.
Theorem 4.3. Let I C

2 E0uE

be any independence system. Let P(I) ; REOU

be

the convex hull of incidence vectors of all independent sets in I. If for every integer

P(I) n

x

I Z

x e=

k

is integral then discrete con( avity (4.2) holds for

vx(F) = max{I : I E

, I c Eo U F}.

We show that this integral property is satisfied when I corresponds to the matchings in a (not necessarily bipartite) graph, or to the independent set common to two
matroids, or to the (independent or) stable sets in a claw-free graph. This last example, although more esoteric, is interesting as a complete description of P(I) by linear
inequalities is unknown but we can nevertheless use the above theorem.
Proof of Theorem 4.3. For A (resp. C), let IA (resp. IC) be a maximum independent
subset of EO U A (resp. Eo UC). So, v1 (A) = I1A and v,(C) = IIc1. Let e= IIcI-IIA1.
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Now consider y

=

x(Ic) + (1- )x(IA). By convexity y E P and by construction, we

have y(EUEo)

=

IIAI+1. Thus, y E Pn{x: x(EUEo) = IIAI+1}, and by integrality

of this polytope, we have that there exists x = X(S) E P n {x : x(E U Eo)

=

I +

1}

with

=

min{x(E):xEPnx(EUEo)= IAj+1}

< y(E) =

<
Thus B = S

nE

Ic n El + (I - 1 )IA n Ej

1
1
-|C+(1-)|AI=|AI+

fl

-

ICI - JAI

.

ISnE|

v(C) -v(A)

satisfies the first part of the claim in Theorem 4.3. Now consider

the case in which A C C. Proceeding as before, we get
y c P n {x: x(E U Eo) = IA+1} n {x xe = 0 Ve E E \ C},
and this is again an integral polytope since it is the face of an integral polytope. Now
minimizing x(E \ A) over
P n {x : x(E U Eo) = hAl + 1} n {x xe = 0 Ve C E \ C},
weget x=X(T) E Pfn{x:x(EUEo) =

JIIA+1}

withTC EoUC and

IT n (E \ A)l ! y( E \ A ) = -|Ic n (E \ A)| <

E

A

v,(C) - v(A)

.C

This means that B = A U (T n E) is such that A c B C C,

JCl- JAI
and v 1 (B) > v 1 (T) =
by one elements of B

IAl

\

+1.

El (C) - v1(A)

Thus either vi(B) = IAl + 1, or we can eliminate one

A as long as v 1 (-) is not equal to vr(A) + 1. Eventually, we

find a set with the right requirements.
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4.7

Unweighted Matchings

One of the basic problems that falls in this framework is the Incremental Maximum
Cardinality Matching Problem. As we have seen, an instance of this problem is given
by a graph G

=

(V, E0 U E), where E0 denotes the edges already present at the start.

We would like to find an ordering of the edges of E so as to maximize the average size
of a maximum matching in Eo union the edges already selected. This corresponds to
the valuation with v(F) = p(Eo U F) where p(A) equals the size of the maximum
matching in the graph (V, A).
This matching problem, even in the non-bipartite case, satisfies all the assumptions
presented in this Chapter. Namely, the set of matchings is an independent system,
hence v is non-decreasing and has bounded gradient. We show discrete concavity for
the more general case of stable sets in claw free graphs.
We now show the existence of the required algorithm B that finds a solution to
te(A, C) for A c C c E. Note that as we have mentioned, in order to compute
te(A, C) we can instead look at the instance where we add all edges of A to E0 , set
E' = E \ C, and compute tt(0, E') in this new instance. This is the self-reduciblity
property of the maximum matching problem. We show then how to compute te(0, E).
Note that one could show this indirectly if the hypothesis of Theorem 4.3 holds,
since then this problem corresponds exactly to the linear problem of finding x in the
matching polytope intersected with the cardinality constraint x(Eo U E) = f that
minimizes x(E), and since we know how to minimize over the matching polytope,
we can also minimize when intersecting with a plane. But one can also reduce this
problem directly to a maximum weight matching on a related graph G'. For this, add

lVI- 2f vertices to the graph G, and connect each of them to all the vertices in G.

For

the original edges set the weights of E0 to be one, and for E to be zero. Now, give all
of these newly created edges weights W such that when maximizing the weight, it is
always better to cover all newly added vertices. For example, W > lEo U El suffices.
This implies that in a maximum weight matching of these graphs, IVI - 2f original
vertices are covered by new edges, and so there are exactly IVI 75

(IV|

- 2f)

=

2

remaining original vertices not covered by new edges, and these can be assumed to
be covered by a matching of size t, since all edges are non-negative. The resulting
matching in the original graph has the right size, and since it maximizes the edges of
E0 , it minimizes the edges of E.
It was shown in [201 by Kalinowski et al.

that the CONCAVE-ZERO-POINT

(QUICKEST-TO-ULTIMATE in their naming convention), is a

j-approximation

algo-

rithm to the incremental cardinality matching problem. Using the results of Section
4.10, we show that this can be improved to -y = 0.9 . .

4.8

Maximum stable set in claw-free graphs

A graph G = (V, E) is claw-free if it does not include K1, 3 (the star on 4 vertices)
as an induced subgraph. The line graph of any graph is claw-free, but the converse
is not true as there exist claw-free graphs which are not line graphs. Minty [27] and
Sbihi [32] have shown that the maximum stable (or independent) set in a claw-free
graph is polynomially solvable. When the claw-free graph is a line graph, this extends Edmonds' algorithm [11, 12] for maximum matching, as the maximum matching
problem in a graph is equivalent to the maximum stable set problem in its line graph.
By taking the line graph, and renaming the new vertex set Vo U V we can extend
the incremental matching problem to an incremental stable set problem in a claw-free
graph G = (Vo U V, K) in which we are given an initial vertex set Vo and our task is
to choose an ordering of the remaining vertices in V so to maximize the average size
of a maximum stable set in the corresponding prefix. Thus, here v(F) denotes the
size of the largest stable set in G[V0 U F]. As said before, if the claw-free graph is not
a line graph, this is a strictly more general problem than the incremental matching
problem. Now observe that
I = {S C V U V : S is a stable set.}
is an independent system, and so v has the form v1 . In particular, v(F) is non76

decreasing and satisfies the bounded-gradient assumption.

Furthermore, one can

compute v(F) efficiently by using the algorithm in [27] or [32].

4.8.1

Discrete Concavity for Stable sets in claw-free graphs

A complete description of the stable set polytope P for claw-free graphs is still unknown (see, eg, section 69.4a in Schrijver [33]), but we can nevertheless use Theorem
4.3 to show that Assumption 4.2 holds.
Theorem 4.4. Let P be the stable set polytope of a claw-free graph G

=

(V, E). Then

for any integer k, we have that

Pn

xCRV

|V x,

k

is integral.
Proof. We exploit the known adjacency properties of the stable set polytope (of any
graph).

Chvdtal [8] has shown that two stable sets Si and S2 in G are adjacent

vertices in the stable set polytope if and only if their symmetric difference S1 AS 2
induces a connected subgraph of G. When the graph is claw-free, this connected
subgraph G[S1 AS 2 ] must be a path or an even cycle, and therefore this means that
-1

< jS

-

IS2 1 <

1.

Consider any vertex x* of P n

{x

ER

I

xv

=

k}. x* must lie on a face of

dimension at most 1 of P, and therefore must be in the line segment between two
adjacent vertices of P. But since the sizes of these stable sets can differ by at most
1, we derive that x* must be a vertex of P, and integrality follows.

4.8.2

L

Computing te(A, C) for A C C for stable sets in claw-free
graphs

We use once more a self-reducibility property. Consider a modified instance by setting
VO' = Vo U A and V' = C \ A. Then v'(F)

=
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v(A U F) is the largest cardinality of a

stable set on the graph G[V U A U F], and tf(A, C) is equal to JAl + t' (0, V') in the
modified instance. Therefore, we need only show how to compute te( 0 , V) efficiently.
Consider
P = conv{X(S) E RoUV : S is a stable set.},
the stable set polytope, and a projection L: RVouV -+ R2 given by

L(x) =

E

xv,7

\VEVo

Then

Q = L(P)

x

.:

VEV/

is polygon in R 2 with integral vertices, since
Q = conv{L(X(S)) E RVOUV : S is a stable set.}.

We first show we can compute all the vertices of
of

Q we associate

Q, and what

is more, for each vertex

an independent set S, whose projection is that vertex.

Lemma 4.5. We can compute in polynomial time, all the non-zero vertices of (xi, yi),
i = 0,... ,t of Q. Furthermore, xi < xi+1 and yi ;> yi+i, and for each one we can find
a stable set Si such that Lx(Si) = (xi, yi).

Proof. Note Q C R2, and (0, 0) is a vertex of Q since the empty set is stable. Suppose
there are t + 1 vertices other than (0, 0), and consider the vertex (xO, Yo) = (0, Yo)
obtained by projecting the maximum size stable set of V, and the vertex (Xt, Yt) =
(Xt, 0) obtained by projecting the maximum size stable set of V. Clearly

QC

[0, xt] x

[0, yo]. Let (xi, yi), i = 1,... , t - 1 be the rest of the vertices ordered such that xi
is non-decreasing. Since yi < yo, the convexity of Q implies that yi must be nonincreasing. Hence xi - yi is a non-decreasing quantity, but since the vertices (Xi, yi)
are distinct, it is in fact increasing. Now, -yo
integral, there are at most xt + yo

xi - yi < xt, and since (xi, yi) are

|Vol + IVI possible vertices other than (0, 0), i.e.

t +1 I |VoI+IVI.
Now, we have already associated stable sets for (0, yo) and (xt, 0). Next suppose
we have found vertices (u, v) and (u', v'), such that u < u' v > v'. Let c = (ci, c 2 ) be
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a vector perpendicular to the segment joining them, with positive coordinates. If we
set ce = c1 for each e E V and ce = c 2 for each e E V, and find a maximum weight

matching S (using e.g. [27]). There are two possibilities:
1. The projection L of X(S) has value ciU + c 2 v

=

ci'a + c2 v'. In this case, (u, v)

and (u', v') are adjacent vertices in the ordering (xi, yr).
2. The projection L of X(S) has value greater than ciu + c2 v. In this case, we

have found one more vertex that goes between (u, v) and (u', v') in the ordering
(Xi, yi).
Start with (u, v) = (0, yo) and (u', v') = (xo, 0), and by the above procedure either
we guarantee there are no more points, or we get a new vertex (u", v"). Note that by
the convexity of

Q,

U" < u' and v" < v. We recursively repeat the above procedure

between (u, v) and (u", v"), and between (u", v") and (u', v'), at each step we either

guarantee there are no more vertices in between them, or we find one more. Since we
have shown there are at most

|Vo|

+ VI vertices, and each of these takes polynomial

time, the overall procedure takes polynomial time.

Note that each time we find

a new vertex, we find it with an associated stable set, so the second part of the
lemma is also proven. We observe that it is possible that when optimizing, we find a
point in a supporting line of

Q instead

of a vertex. To remedy this one can slightly

perturb the cost function (ci, c 2 ), for example by changing the weights by less than

(IVo

+

IVI)-2.

Now we use our representation of Q to solve te(0, E). We need to find a stable set
S whose projection L lives in the line x + y = f, and that has minimum intersection

|S n

Q must intersect
Q and x + y = f.

V|. Note that since we are assuming te(O, E) has a solution,

x + y = f. Hence, we minimize x on the intersection between

Let (px, py) be the solution to this optimization problem in R 2 . If px = 0, we are
done, since it means the stable set associated to (0, yo) has size at least E, and we can
return a subset of size f. Hence, (p,,py) must lie in the segment joining (xi, yi) and
(xi+ 1 , Yi+i) for some i

=

0, ...

, t - 1. If the intersection happens at either end, we
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can return the associated stable Si or Si+1. Otherwise, observe that we must have

ISil < f and ISi+1 > e, since (p, p..) is strictly inside the segment. Now, similarly
as we have argued in the proof of 4.4, the symmetric difference must consist of a
disjoint union of paths and cycles {C}
of these satisfies -1 <
R, = SiA U,<

lC. n Si+1I

-jC.

1

(considered as sets of vertices), and each

n Si I

1. Hence, the sequence of stable sets

C, satisfies that Ro = Si, Rk = Si+1, and each time we increase the

index v, the cardinality of R changes by one. This implies that for some v, we will
have IRVI = f, and this is our solution.

4.9

Matroid intersection

We show that the incremental version of matroid intersection satisfies the assumptions
of this Chapter. Let M, and M 2 be matroids defined on the same ground set, say
EO U E, and for F C E, let v(F) be the cardinality of the largest common independent
set to the two matroids within E0 U F. v(F) is clearly non-decreasing and satisfies
the bounded-gradient assumption. Now, note that for any matroid M = (S,11) on
a ground set S, and any subset S' of S, the restriction of M to S', that is the
independent sets of M contained in S', is also a matroid. Similarly the truncation of
M to cardinality k, that is, the independent sets of M of cardinality at most k is also
a matroid. On the other hand by the results in [331, we can compute a maximum
weight common independent set for two matroids, or a minimum common base of
two matroids in polynomial time.
Hence, we can compute v(F) simply by applying the maximum weight common
independent set to the restriction of the matroids to E0 U F and uniform weights. To
compute te(A, C), we restrict the matroids to EOUC, and truncate them to cardinality

e.

We find B by computing a minimum weight common base of the resulting matroids

with weights we = 0 for e E E0 U A and we = 1 for C \ A.
For matroid intersection, we can directly use Theorem 4.3 to show that discreteconcavity holds.

The matroid intersection polytope P has been characterized by

Edmonds [13], and the integrality of Pn {xnxI >i xi = k} follows simply by truncating
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both matroids to size k. Thus Theorem 4.3 can be used to prove Assumption 4.2.

4.10

CONCAVE-ZERO-POINT for Independent Systems

We study the performance of CONCAVE-ZERO-POINT (See Algorithm 4.1) for discrete-

concave valuations v1 , where _7 is an independent system. We also show a matching
family of instances of the incremental maximum cardinality matching problem where
this approximation guarantee is asymptotically achieved. This shows that one can't
show better approximation guarantees for CONCAVE-ZERO-POINT for general classes
of instances.
CONCAVE-ZERO-POINT was analyzed by Kalinowski et al. by the name QUICKEST-

TO-ULTIMATE for the case of bipartite matchings, and they showed that it finds a
solution to the incremental matching problem of value at least 3/4 of the optimum,
and they show an instance in which the value obtained is

2 of the value attained

by the optimal solution, we close this gap in Theorem 4.5: We show that CONCAVEZERO-POINT is a ~ 0.9-approximation algorithm for the matching problem (and
other problems), and also show a matching family of matching instances where the
algorithm reaches this approximation.
We note that valuations v that come from an independent system satisfy a further
condition, namely that every solution of value k can be attained using at most k
elements of E.
Assumption 4.4 (START-FROM-SCRATCH). For every k such that v(0) < k < v(E),

~A C E: JA| < k and v(A) = k.
The main result of this section concerns valuations satisfying Assumptions 3.1, 4.1,
4.2, 4.3, and 4.4. In particular, these results apply to independent system valuations
that are discrete-concave.
Theorem 4.5. For a valuation v satisfying Assumptions 3.1, 4.1, 4.2, 4.3 and 4.4,
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CONCAVE-ZERO-POINT is a

i-approximation algorithm for INCR-MAX, where
y=

4.10.1

> 0.9055.

15

Bad instance for CONCAVE-ZERO-POINT

We show a family of worst case instances of the incremental maximum cardinality
matching that is tight for the result of Theorem 4.5. That is, in these instances
CONCAVE-ZERO-POINT reaches the approximation guarantee -Y in the limit, hence
we cannot hope for a better approximation guarantee that works for all classes of
instances.
Consider a graph formed by a disjoint copies of P3 , a path with 3 edges, and one
copy of P4b+3, a path with 4b +3 edges (see Figure 4-2). The edges of Eo correspond
to each middle edge in the copies of P3 , and every fourth edge of P4b+3, starting with
the second one. The rest are edges of E.
In this graph, we have q = 2a + 3b + 2, mo = a + b + 1, and it can grow by
r = a + b +1.

The minimum number of edges we need to add to reach this maximum

matching is cr = 2a + 2b + 2.

CONCAVE-ZERO-POINT adds these edges in pairs

that increase the matching, so it adds two edges for each increment in the maximum
matching. The value it attains is then
a+b+1

2 = 3a2 + 5b2 +8ab+ 7a + 9b+ 3.

fag = (q+ 1)(mo + r) i=1

On the other hand, consider the ordering in which we add the b edges that increase
the maximum matching from m to m + b, then the a pairs of edges to increase the
matching by a and finally the 2b + 2 edges to increase the matching by one. This
ordering shows that

fopt ; 3a 2 +

1 1 b2

2

+ 9ab + 7a + -b + 4.
2

A straightforward optimization over a and b, yields that the corresponding upper
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/i

bound on faig
converges to 9+ 15~ by taking a =
6b, with
2 and a going to
6
2
=6,wt
f0 pt
infinity. This is the worst case for CONCAVE-ZERO-POINT and matches the bound

we prove in Theorem 4.5.

Figure 4-2: Solid black edges are edges of E0 and dashed edges are the edges of E.

4.10.2

Preliminaries and useful definitions

The following sections contain useful definitions and properties that are used in the
proof of Theorem (4.5).
We show that the optimal sequence, the upper bound sequence and the sequence
given by the algorithm inherit the concavity property of the original problem. Furthermore, we show that a known property of maximal matchings, namely that any
maximal matching is known to have at least half of the edges of any other matching,
is recovered by the concavity property.
We denote m = v(0), r = v(E) - v(0), and as before q = JEL. We denote by d*

the values di(a*) (4.1) for an optimal solution a*, and by di the values of di(o-) for the
permutation a output by CONCAVE-ZERO-POINT. Furthermore, we define for each
i{0

. . ,r}
Ci = tm+i (0, E).

Observe that by definition we have ci < di(a) for any or. Also by the bounded gradient
assumption (4.1) we must have ci > i, and by the start-from-scratch property (4.4),
ci < m+ i,
83

(4.21)

for i E

{0,...,

r}. The discrete concavity assumption implies that optimal solutions

are concave. We mean this in the following sense.
Lemma 4.6. An optimal sequence {d;}r

satisfies

1

< i < r - 1.

d*+1 - di > d* - d* _I

Proof of Lemma 4.6. Denote by A the set of elements that have been added up to the
(i - 1)-th increase of the maximum matching in an optimal sequence, and let C be
the set of edges up to the (i + 1)-th increase. By definition v(C) - v(A) = 2 > 1, and
hence by discrete concavity(4.2) there is a B that can be chosen so that A C B c C,
such that v(B) = v(A) + 1, and such that

- A

BI-AI<

2

Note that a reordering of the edges of C \ A can only modify the value of d*, so for a
sequence to be optimal d* has to be minimum under such a reordering. Hence
d*+1 + d*-_,
2

d* < IC| +|JAI
2

We won't need this property in our analysis, but we do need the concavity of the
upper bound curve.
Lemma 4.7. The sequence {cj}_ 1 satisfies
15i 5r

ci+ - ci 2 ci -ci_1,

- 1.

Proof of Lemma 4. 7. Let Si be such that ISil = ci and v(Si) = m + i. Apply discrete
concavity (4.2) to A = Si-1 and C = Sj+ 1 .
v(Si) + 1 = m + i and 2(IBI

-

ISj-1)

(ISj+1|

There exists B such that v(B) =
-

IS-1l). Since ci

IB, the result
L

follows.
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Finally, the solution given by CONCAVE-ZERO-POINT also satisfies this concavity
property.
Lemma 4.8. A sequence

{dj}[__1 obtainedfrom applying CONCAVE-ZERO-POINT sat-

isfies
dj+
Proof of Lemma

- dj 2dj - dj-,

15i

5r

- 1.

4.8. To see this, denote by T the set computed in the inner loop

of the algorithm at step i. That is T_ 1 C T C S such that ITi is minimum and
v(T)

=

m + i. The minimality of

ITi| implies that di = ITil. Now discrete-concavity

(4.2) implies there is a set B such that T_ 1 C B C T+1 and v(B) = m + i and

2(IBI - di- 1 ) < dj+ 1 - di- 1 . By minimality of |Tjj we must have di < BI, which
implies the claim.

1

We also show that the concavity property implies a relationship between local and
global optima, which is well known in the context of maximal matchings. This is used
to derive the optimal upper bound for CONCAVE-ZERO-POINT.

Lemma 4.9. Let S and T be two subsets of E, such that v(S) = m + jS| and
v(T) = m + TI, and let S be maximal with this property, that is for any S' D S we

have v(S') < m + S'|. Then, 21Sj > |TI.
This is a generalization of the well-known result that any maximal matching is at
least half the size of any other matching (in particular, of a maximum matching).
Proof. Use discrete concavity (4.2) with A = S and C = S U T. Then there is a set

B c T\S such that v(SUB) =v(S) +1 and

|<IS UTT -SS IT|

-v(S U T ) -v(S)

-

|T| -|JS|'

On the other hand, by the maximality of S, we must have m + SI + 1 = v(S) + 1 <
m +

IS U BI, and so |B| ;> 2. Putting these two together yields

2<
-

ITI

TI- |S|'
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or equivalently

21S > TI.

Analysis of CONCAVE-ZERO-POINT for Independence System valuations
To analyze CONCAVE-ZERO-POINT, we need to introduce some additional parameters
related to the instance being considered.

By concavity, we know that small sets of

edges that increase the size of a maximum matching appear at the beginning of
an optimal permutation.

In particular, single elements that increase the valuation

contribute greatly to the value of a solution, therefore we need finer control on these.

Define

p = max{IPI : P c E, v(P) = m +P},
the maximum size of a set that, if added sequentially, increases the valuation at each
step. Clearly p < r, and if p = r, we have d*

=

ci = i, for each i = 0, ...

,r. More

generally, ci = i for i < p. But note that cp+1 > p + 2, since otherwise it would
contradict the maximality of p. This implies ci+1 - ci

: cp+1 - c>

2, and so for each

i > p we have c, > 2(i -p) +p.
We are interested in comparing p with the quantity s, the number of times the
set S in the inner loop is a singleton. Note that by Lemma 4.8, all s of these occur
at the beginning, so an equivalent way -to define s is

s = max{i E {1,. .. , r} : di = i}.

Our objective is to relate the quantities s and p, which gives us some control over

the approximation ratio. Clearly, s < p, by the maximality of p. To get a lower
bound on s, define S to be the set of the first s elements added by the algorithm,
and T = P n Tr, where T, is the set of elements chosen by CONCAVE-ZERO-POINT

to first reach mq and P is a set of p edges with v(P) = m + p. Note that we have
v(S) = m + SI and v(T) = m + TI, and S must be maximal, by definition of s.
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Then by Lemma 4.9, we conclude that 21S1I

|Tj =

P n Tr1. A small but important

corollary of this result is

q = |E| > |T, u PI = ITrI + P| -|T,

n P > c.+ (p - 2s)+.

(4.22)

Finally, we need the following inequality. Observe that all the elements that are
used by the algorithm come from Tr, and conversely, all the edges of Tr must be used
by the algorithm to reach valuation mq, by minimality of cr. This means that ITrI
Cr = dr = Z_ 1 (d--dj- 1 ), and using the definition of s, then cr = s+E=s+(

=

from which it follows that
(4.23)

Cr > 2r - s.

We summarize the results derived above, in the following lemma.
Lemma 4.10. Given a valuation v satisfying assumptions 3.1, 4.1, 4.2, 4.3 and 4.4,
the parametersq, m, c., r, p and s satisfy the following inequalities:
1. r

p

s>0

2. q > Cr

3. q

4.

Cr

c,+p-2s
2r - s

5. m+i > c 2 i.

With Lemma 4.10 we are ready to prove Theorem 4.5.

4.10.3

Proof of Theorem 4.5

Proof of Theorem 4.5. If p

=

r, there is nothing to prove since CONCAVE-ZERO-

POINT is optimal, so we can assume that r - p - 1 > 0. For any permutation a, we

can rewrite f(a-) as

r

f (u)

=

(q + 1)(m + r) _
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di d(a),

(4.24)

In particular, for an optimal permutation o-* and its optimum value OPT =
we have:

f(-*),

r

r

OPT= (q+l)(m+r)-Ed*

< (q+ 1)(m+ r) -

ci.

(4.25)

i=1

i=1

Using the definition of p, and the fact that ci > i, we can bound
2
/2 -p/2+pr -r
OPT < (q+1)(m+r)-p

2

+r -Cr.

(4.26)

Now, denoting the value obtained by CONCAVE-ZERO-POINT as ALG, and using the

definition of s, we have
s-i

r

r

di =(q +1)(m +r) - 1:1- Edi.

ALG=-(q +1)(m +r) -

(4.27)

i=S

i=1

i=1

To upper bound the last term of (4.27), we use the following lemma, whose proof is
given in the last section.

Lemma 4.11. Let

f

: {0,

...

, a}

-+ N be a function such that f (0) = 0, f (a) = b and

f (i+1) - f(i) > f (i) - f (i - 1). Furthermorelet b = ka +t, where t E {0 ... ,a-1}.
Then,
(a+1)b

a

f(i) < (b + ka 2 +

t 2 )/2

2

-t)

_t(a

2

i=O

We therefore get
ALG > (q+1)(m+r)-s(s -1)/2- (r -s+1)s - (r-s+1)(cr -s)/2+t(r -s --t)/2,
where t = Cr - s (mod r - s). We first show that the we can ignore all but the

quadratic terms in the variables q, m, r, p, s, t. Denote by OPT' the right hand side of
equation (4.26), and by ALG' the lower bound obtained for ALG. If we double each
of q, m, r, p, s, then t also doubles. All inequalities in Lemma 4.10 are still satisfied.
Furthermore, if we denote OPT" and ALG" the respective values of the bounds for
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the doubled variables, we have
OPT"
ALG"

40PT' - 2(m + r) + p - 2r + 2c,
40PT' - 2(m + r) + c,
OPT'
4ALG'- 2(m+r) + c,
- 4ALG' - 2(m+r)+c, - ALG"

where in the first inequality we have used that c, - 2r + p > c, - 2r + s > 0, and the

second inequality is strict unless OPT' = ALG'. In doing this, all quadratic terms
are multiplied by 4, but linear and lower terms are multiplied by at most 2. This
means that if we repeat this process we can assume there are no linear terms.
OPT

OPT'

q(m+r) - p2 /2 + pr -r

2

ALG - ALG' - q(m + r) - rs/2 - (r - s)c,/2 + t(r - s -t)/2

Now, using the inequality (4.21), we can further bound m, and obtain
OPT<

qcr-p 2 /2+pr -r2

ALG - qcr - rs/2 - (r - S)Cr/2 + t(r - s -t)/2'
Observe now that q > Cr > r > p > s > 0, and we also know that q > Cr, q

Cr+p-2s

and c, > 2r - s. If s > 0, and q > Cr + p - 2s we can decrease all variables, preserve

the above inequalities (maybe losing strictness), and the ratio above doesn't decrease.
If we decrease all variables, the value of t doesn't change. In fact, when we apply this
change, both the numerator and denominator decrease by the same amount
cr + q -r

- 1/2

0,

This implies we can decrease all variables until one of two things happen. Either
s = 0, or q = Cr + p - 2s. In the latter case, since we also have that q

Cr, this

implies that 2s < p. At this point we have shown
OPT

(Cr+ p - 2s)Cr- P2 /2 + pr

ALG - (Cr+p - 2s)cr -rs/2 -(r

_

r2

- s)cr/2+t(r- s -t)/2

If we continue to decrease all variables, both the denominator and numerator of the
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above fraction decrease by
c, + p - r - 2s + 1/2 > 0,

since p > 2s and c, > r. And we can continue this process until s = 0. In both cases
we obtain
OPT
(cr+ p)cr - p2 /2+pr -r 2
ALG - (c.+p)c, -rcr/2+t(r -t)/2

Observe that inequality (4.23) remains valid when we decrease all variables, and then
we have Cr > 2r, and t = Cr (mod r). We look at two cases, depending on the value

of cr.

1. If cr

=

3r + k, for a nonnegative k, and we discard the term involving t, we have

that
(8r 2 +4rp - p 2/2
OPT
< max
ALG
15r 2 /2+3rp

6r+kp+ k
11r/2+p+k
,.

<i. The first one, by setting

The second term on this maximum is at most
a = r/p > 0, is equal to

8a 2 +4a - 1/2
15&2/2+3a
This ratio is maximized for a

=

+ I, and it achieves a value of

112V41+ 656

1

99V4i+615

7-

2. If 2r < Cr < 3r, then c, = 2r + t, and we can include the last term in the

denominator and obtain
OPT 3r2 + t 2 -P 2/ 2 + 3pr + pt + 4rt
ALG 3r2 +t 2 /2+2pr+pt+4rt
This is a function of the form
t2
2

+ at + b

t /2 + at + c

90

It is easy to see that for any constant A > 0, the set

IA = {t E [0, r] : y(t) < A},
is an interval. If A < 2, this is clear since this is the interval where a quadratic
function with non-negative leading coefficient takes non-positive values. It is
not hard to see that this set is equal to [0, r] if A > 2. This implies the maximum
value of this ratio is attained at either t = 0 or t = r. To see this, consider A
to be this maximum. Then

[0, r]

=

IA D y(O) U Iy(r) = Imax{y(O),y(r)}

=

[0, r],

where the last equality follows from the fact that x C Jy(x). This implies that
IA C Imax{y(O),y(r)},
so in particular A < max{y(0), y(r)}.

If we set t = r, we obtain
8r2 +4pr - p 2 /2

1

15r2 /2+3pr
as we have already seen. If t = 0, we obtain
3r2 + 3pr - p2 /2

3r2 + 2pr
which is maximized at a= r/p =

1+-,
2
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6-y

with value I =

4

24

or .y

9+V2Y

15

4.11

Proof of Lemma 4.11

We want to prove Lemma 4.11. Recall we have a function f :{,

... , a} -+ N, such

that f (0) = 0, f(a) = b, and f(i + 1) - f(i) > f(i) - f(i - 1). Furthermore we define

tz=b moda and k= (b-t)/a. Let
nk = JfJ E {1, ... , a} : f (j) - f(I - 1) = k}|.

We must have ni + n 2 + .-..= a, and ni + 2n 2 + .. . = b, and since

f

is convex as a

sequence, the value of ID= 0 f(i) in terms of nk is given by

i+
i=1

n3

n2

(n + 21) +
i=1

(n, +2n2 +3i)+...

(n v + nAn)

,

ni

i=1

where rn is the vector of the nk, Vk = k, and
1

1 1

1

2 2

1

2 3

or Ae = min(k, f). This is a symmetric, positive definite matrix, since its Schur
complement with respect to entry (1, 1) is just a smaller version of the same matrix,
and all its coefficients are positive integers. Note that n v

=

b and so it is a constant

independent of the vector of n. The solution given by the following optimization
problem gives the required upper bound
maximize

n T An

subject to n 1 +n

2

+...

=a

nk+2n2 + .=b..=b
nk EN

k =1, ...

, b.

We show with the following lemma that a solution n to this problem has at most
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two consecutive non zeros.
Lemma 4.12. If there are two positive integers i and j such that

j

-

i > 2, and

ni > 0, nj > 0, defining

n'

n + (ei+

- ei) - (ej - ej-1).

we have that n' is feasible and n'T"An' > n"An.
Proof. Note that n' is feasible. On the other hand, since A is symmetric

n'TAn' - niTAn = (n' + n)TA(n' - n).

Now, n'-n

= (ei+1-ei)-(ej-ej-1),and then A(n'-n) = E-

ek. The coefficients

of n' and n are nonnegative integers, and furthermore (n'+n)i+1 > 0, which implies
the result.
This implies a closed form solution to the problem above.

Theorem 4.6. Suppose b = ka + t, for some integer k, and t E

{0,... , a -

1}. Then

the solution to
nTAn

subject to n 1 +n
n,

2

+... = a

+ 2n2 +

inkEN

... = b

k=1,...,b

is given by nk = (k + 1)a - b = a - t, nk+1 = b - ka = t, and its value is ka 2

+ t2

.

maximize

Proof. By the lemma above, the solution has at most two non zeros, and they are
adjacent. Let these be f and f+1. The solution is given by the solution to ne+nrt+
ine + (f + 1)nt+1 = b. Given that n has two nonzeros, we can compute

nTAn = k(a - t) 2 + 2k(a - t)t + (k + 1)t 2 = k(a
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-

t + t) 2 + t 2 = ka2 + t2

.

and

= a
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