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ABSTRACT

This report summarizes the theoretical formulation of a statistically based fi-
nite element analysis procedure. The stochastic equations of equilibrium are solved
with a first-order perturbation approximation. The terms of the perturbation ex-
pansion are identified as arbitrarily small fluctuating parameters representing the
uncertainty in material properties. The form of the fluctuating parameters are
specified as unbiased Gaussian distributions centered about the mean values of
the Young's modulus and Poisson's ratio isotropic material properties. The user
input to specify the material descriptions includes the mean values, standard de-
viations, autocorrelation matrices and the cross-correlation matrix of the Young's
moduli and Poisson ratios. The output of the statistically based finite element
analysis includes the means and standard deviations of the nodal point displace-
ments and of the element strains and stresses at each element integration point.

In addition to the statistical variation of the material stiffness, the statistical
scatter in strength of brittle materials was modelled. Ceramic materials, as well as
other brittle materials, exhibit linear elastic behavior up to fracture with low crack
arrest capability and identical specimens under the same load and environmental
conditions may have considerably different strengths. The Weibull model referred
to as the "weakest link theory" was implemented for deterministic multiaxial stress
states assuming the "principle of independent action," and a second interpretation
referred to as "a consistent Weibull model" was also implemented. The output
produces the probability of failure and risk of rupture for each element integration
point, total element, element group and complete finite element model.

Thesis Supervisor: Professor Klaus-Jiirgen Bathe
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CHAPTER 1

INTRODUCTION

The finite element method has been traditionally implemented in numerical
analysis to obtain deterministic solutions (1,2). The First-Order/Second-Moment
(FOSM) method has esssentially no implementation in general purpose finite ele-
ment programs. The theoretical details for formulation of the FOSM analysis in
finite element analysis has been published only for specific cases (4,5,6,7,8,9).

This report discusses a perturbation theory first-order expansion solution and
the details of implementation in an isoparametric eight-node two-dimensional finite
element. This implementation allows for material property uncertainty in Young's
modulus and Poisson's ratio in the calculation of the finite element stochastic
stiffness matrix. The Young's modulus and Poisson ratio constants in the element
stiffness matrix assume the form of Gaussian distributions to describe the nature of
the physical uncertainty. The specification of the material distributions is uniquely
defined by entering mean values, standard deviations of the material properties,
the autocorrelation matrices and the cross-correlation matrix.

The FOSM calculation begins with the deterministic solution of the mean
value element strains and stresses that are normally calculated in the traditional
finite element stress analysis. In addition, derivative force vectors are calculated
from the current element strains and derivative material matrices. The deriva-
tive force vectors represent the correction in force equilibrium for the perturbed
equilibrium state from the mean value equilibrium state due to the random fluctu-
ation in each isotropic material constant. These derivative force vectors are used
in a perturbation on the equilibrium equations that are solved for the resulting
derivative displacement vectors. The derivative displacement vectors are phys-
ically the first-order corrections to the deterministic nodal point displacements
due to an arbitrary modification of the material constants. The additional calcu-
lations are performed in the finite element program to provide standard deviations
of the nodal point displacements and element strains and stresses at each element
integration point.

The FOSM calculations can be viewed as post-processing with respect to a
deterministic finite element calculation. The FOSM method was implemented in
the ADINA general purpose finite element program without changing the overall
structure of the program or affecting the existing capabilities for deterministic
analysis (10).

In addition to the uncertainty of material properties governing the stiffness
response of the structure this report also considers the strength of the structure
as provided in terms of the probability of failure and the risk of rupture. The
strength evaluation of the structure is based on Weibull statistics and the weakest
link hypothesis. These numerical calculations provide the probability of survival of
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a structural component fabricated with brittle materials such as ceramic materials.
The probability of survival is dependent on the Weibull parameters and the local
stress state provided from each loading situation. Therefore as an extension of the
finite element stress calculation, the calculation of the probability of failure and
risk of rupture have been implemented in ADINA for the element, element group
and total structure in the finite element analysis.

The verification of the Weibull models for ceramic systems based on specific
theoretical or experimental reasons is beyond the scope of this research. This
report only presents the numerical details of an implementation of Weibull calcu-
lations in finite element calculations. The formulation for the Weibull models was
programmed for the cases of plane stress, plane strain and axisymmetric modelling
conditions for the two-dimensional isoparameteric finite element.

The theoretical and numerical details of the statistically-based finite element
implementation and the Weibull model calculations are presented in the following
sections followed by some demonstrative example solutions.
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CHAPTER 2

FORMULATION OF THE STATISTICALLY-BASED TWO-DIMENSIONAL
FINITE ELEMENT

2.1 Statistical Processes for the Finite Element

The statistical process in the finite element formulation considers the uncer-
tainty in the local material element stiffness and strength. In deterministic finite
element anlysis, the stiffness matrices of the finite elements are calculated given
the average values of Young's modulus and Poisson's ratio. In the FOSM analysis
of the statistically based finite element method, the traditional stiffness matrix
is calculated and derivative matrices of the stiffness matrix are evaluated to rep-
resent the variability of the stiffness matrix given the variability of the material
constants. The stochastic Young's modulus, E*, and stochastic Poisson's ratio,
V*, are introduced.

The stochastic processes included in this formulation are assumed as Gaussian
distributions. The specification of the Gaussian process is defined uniquely by
the mathematical expectation or first moment and the dispersion or first central
moment. The required material property constants for this analysis to specify
the continuously random material distributions are the mean values and standard
deviations of Young's modulus and Poisson's ratio.

E*= {E*,UE* (1.1)

*= {L.*,,U-} (1.2)

where:

E* ; Stochastic Young's modulus,

E* ; Mean value of Young's modulus,

CE. ; Standard deviation of Young's modulus,

v* ; Stochastic Poisson's ratio,

1/ 0  ; Mean value of Poisson's ratio,

a,. ; Standard deviation of Poisson's ratio.

In FOSM analysis of stochastic physical problems, the case of uniformly vary-
ing stochastic system properties leads to some trival cases. Considering, for exam-
ple, the case of a spatially uniform variation of a single stochastic Young's modulus
the solution for all values of Young's moduli may be obtained by linearity. This
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is not the case however for variations in Poisson's ratio. The dependence on Pois-
son's ratio is nonlinear and solutions must be obtained for the nonlinear problem.
An additional feature of stochastic problems is the correlation structure specified
as follows:

p77; Correlation of Young's moduli,

p7 ; Cross-correlation of Young's moduli and Poisson ratios

pt ; Correlation of Poisson ratios.

The added complexity of the correlation structure prevents the direct ap-
proach of using deterministic solutions to the analysis of stochastic problems.

The remaining system properties of the finite element model such as the
element nodal point locations, and the element thickness are considered as deter-
ministic quantities. The applied loads and displacement boundary conditions to
the finite element problem are also limited to be deterministic quantities.

The FOSM solution of the statistically based finite element problem will pro-
vide the stochastic displacements of the degrees of freedom, U*, given in terms
of:

U*= {_ 0U } , (1.3)

where:

_U* ; Stochastic displacements,

U* ; Expectation of the stochastic displacement,

u.; Standard deviations of the stochastic displacements.

The finite element implementation used is a displacement formulation, hence,
the state variables are the nodal point displacement degrees of freedom. The
stochastic strain distributions are expanded in terms of the stochastic displace-
ments and the strain displacement matrix. The element stochastic strains, f*, are
given in terms of:

4*={0,o}, (1.4)

where:

E* ; Stochastic element strains,

E0 ; Expectation of the element stochastic element strain,

4



a-.; Standard deviation of stochastic element strain.

The stochastic stresses, q*, are expanded in terms of the element stochastic
strains, element stochastic material relationships and correlation coefficients. The
resulting calculation for stochastic stresses is given in terms of:

-* = 2 , _} , (1.5)

where:

a* ; Stochastic element stresses,

a* ; Expectation of the stochastic element stress,

a,.g; Standard deviation of stochastic element stress.
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2.2 Stochastic Material Property Description

The stochastic isotropic material Young's modulus, E*, and Poisson's ratio,
V*, are introduced as a two-variate distribution of a stochastic process. The vari-
ability of the material constants within the finite element model is defined by the
local mean values and standard deviations and is restricted to inter-element group
changes. This restriction does not limit the flexibility of the analysis, per se, since
an element group may easily be defined by only one element. The uniformly vari-
ate distribution of stochastic Young's modulus for element group-(m) is defined
by the expression:

E*m)= E'm) + 7(m) , (2.1)

where:

E(m) ;Stochastic Young's modulus of element group-(m),

E ) ;Mean value of stochastic Young's modulus,

17(m) Stochastic fluctuation of Young's modulus.

Likewise, the uniformly variate distribution of stochastic Poisson's ratio for
element group-(m) is defined by the expression:

L(m) = V(M) + O(M) , (2.2)

where:

V(,) ; Stochastic Poisson's ratio of element group-(m),

V(m) ; Mean value of stochastic Poisson's ratio,

O(m) ; Stochastic fluctuation of Poisson's ratio .

By introduction of the parameters 17 and 0, it becomes possible to solve the
stochastic equations of equilibrium. The statistical interpretation of the fluctuat-
ing parameters Y7 and k is the introduction of the uncertainty of Young's modulus
and Poisson's ratio, respectively. These parameters are defined by unbiased, i.e.,
zero mean, Gaussian distributions. The mean values of the stochastic material
properties are captured by the variables E* and v*.

In the general case of some stochastic element group property, P(*m), described
by a Gaussian process as shown in Figure-2.1, the uniformly variate distribution
of the stochastic element property is defined by the expression:
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P()= P(m) + 6(m) ,.

where:

P(*) ; Stochastic element property,

P(m) ; Mean value of stochastic element property,

6(m) ; Stochastic fluctuation of element property.

The relative frequency of the random property of element group-(m) is math-
ematically described by the probability density function, f(P(*m))

f (P(m*) = 1 exp
(M) p*.)N27 L-2 I (in- )

The mathematical expectation or first moment, E[.], of the stochastic element
property is defined by:

E[P()] fi P*f P(*)) dP* - PO (2.5)

The dispersion of the stochastic element property is defined by:

VAR [P(*) () - E [P@ 2 f (Pm) m) dP*m) = (P) 2 (2.6)

The stochastic fluctuation in a single quantity, Pc*), is expressed by the
standard deviation, us>. In the formulation of the stochastic finite element
method of the next sections, also the mathematical expectation of the products of
the fluctuating terms 77(m) and 0n(m) are used. Since the mean values of 7l(m) and
0(m) are zero, the auto-correlation of the Young's moduli between element group-
(m) and element group-(n) is entered by the user in the form of the covariance
matrix:

COV[E(m), E*)] = E [(E*m) - E[E*n)])(E*m) - E[Etf)])] (2.7)

7
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where m and n vary from 1 to the maximum number of element groups.

In terms of the standard deviation, aE,) and the stochastic Young's moduli
correlation coefficients, p77 , the auto-correlation matrix for stochastic Young's
moduli is given as equation-(T-2.1.1) in Table-2.2.1.

Likewise, the covariance matrix defining the auto-correlation for the stochastic
Poisson ratio's is defined by:

COV[v*m), v*)] = E [(V'*) - E[v* n])(v*m) - E[v*<)]) . (2.8)

The auto-correlation matrix for the Poisson ratios in terms of the standard
deviations, a, and the stochastic Poisson ratio correlation coefficients, p , is
presented as equation-(T-2.1.2) in Table-2.2.1.

The covariance matrix defining the auto-correlation between the stochastic
Young's moduli and the stochastic Poisson ratios is defined as:

COV[E*m)L* n)] = E [(E*m) - E[E*n)])(V*m) - E[vcf)])] (2.9)

In terms of standard deviations and correlation coefficients, p'70, the covari-
ance matrix for Young's modului and Poisson ratios is presented as equation-(T-
2.1.3) in Table-2.2.1.

The practical use of the statistically based finite element procedure involves
the specification of mean values, standard deviations and correlation coefficients
for the stochastic Young's moduli and Poisson ratios. The mean values of ma-
terial properties are required as in the traditional deterministic finite element
analysis. Standard deviations of the material properties naturally are not used in
deterministic analyses, but represent information available to the analyst to more
completely evaluate the performance of the structures.
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r 2

(1)

21 E*2) UE()
COV [E*mEtf) = 2) P21

Lm (n 1 ~E

1 n77P 1UE* E*
(1) (2)

o 2
E 2 )

U

(1) (n)

-m = n

2
J,

- 2.1.1)

(a) Covariance matrix for auto-correlation of stochastic Young's moduli

COV V* *=(m) I (n)

or2

P21 or, 0
L)','

(2) (1

(12 1) (2)

a2 *

() (n)

m =n

'I)

(T -2.1.2)

(b) Covariance matrix for auto-correlation of stochastic Poisson ratios

S1 UE* UE*
() (1)

p216v-) E*

LPM10,v/m)OrE*

PF1E 0 OaL/

UE* JU*(2) (2)

-7 -v -(1)O' (n)

m = n

m) ( T -.

(T - 2.1.3)

(c) Covariance matrix for cross-correlations of stochastic Young's moduli and
Poisson ratios

Table-2.2.1 Covariance Matrices for Stochastic Young's Moduli
and Stochastic Poisson's Ratios.
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2.3 Stochastic Finite Element Material Stiffness Matrices

The stochastic stress-strain matrix for each element is expressed as a linear
power series expansion about the stochastic material fluctuations 7 and 0 as:

C(m) = C(m) + 7(m)m) + (<), (3.1)

where:

__m) ; Stochastic stress-strain material matrix,

!2'm) ; Deterministic stress-strain material matrix,

C(m) ; Young's modulus derivative matrix,

(in) ; Poisson's ratio derivative matrix,

0(m) ; Stochastic fluctuation of Poisson's ratio,

i7(m) ; Stochastic fluctuation of Young's modulus.

The expression for the stochastic stress-strain matrix in equation-(3.1) results
by substituting the linear expressions for stochastic Young's modulus (equation-
(2.1)) and Poisson's ratio (equation-(2.2)) into the deterministic stress-strain re-
lationship provided in traditional finite element analysis,

nm) =
aC (E* v*)

(3.2.1)
(in)) 10,=

and

(3.2.2)COay(E* *(M) (. ao
(in) 17=0,0=0

The mean value or deterministic stiffness matrices for this first-order pertur-
bation expansion are equivalent to the deterministic problem and are presented re-
spectively as equation-(a) in Tables-2.3.1, 2.3.2 and 2.3.3 for the plane stress, plane
strain and axisymmetric conditions. Equation-(b) and equation-(c) in these tables
represent the derivative stochastic stress-strain matrices for the two-dimensional
conditions.

11



Numerical evaluation of the mean value stiffness matrix is performed as in the
construction of the deterministic element stiffness matrix. However, the derivative
material matrices are used only during the nondeterministic stress/strain calcula-
tions to obtain the derivative force vectors (Section-2.7) for displacement, strain
and stress dispersion calculations (Section-2.10).
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Cm) = ( ))2)

( 

yM)

0 0
(in)

1 01

1-V0 - 2 m-)

(T - 3.1.1)

(a) Deterministic Stress-Strain Stiffness Matrix.

C11
-(in = 12

1 -- O ))2))

1

[(m)

L0

0 0
(inm) I
1 01

0 2

(T - 3.1.2)

(b) Stochastic Young's Modulus Derivative Matrix.

2vm)

+ (m) )2)

0

( 1+ (*) ))

2Vi'm)

0

0

0

- 1_((iom))2)2

2( (V(My)2 2

2(1+T*)
(T - 3.1.3)

(c) Stochastic Poission's Ratio Derivative Matrix.

Table-2.3.1 Stochastic Stress-Strain Matrices for Plane Stress Condition.
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E'm) 1 - V(m)) [1
1-Li0

(in)

1-L 0

0"

1

01-
(1i

0

0

2v(m

-v/0y

(T - 3.2.1)

(a) Deterministic Stress-Strain Stiffness Matrix.

~(m) (i +
(M) + V*

-

(m))

(1 - 2v/') [1

L-i.
"" ,

1

01-
2 1-

0

0

2v 0

(iM)

(T - 3.2.2)

(b) Stochastic Young's Modulus Derivative Matrix.

A 12  A 13

A 2 2 A 2 3

A 32 A 33 .
(T - 3.2.2)

A 11 = A 2 2 =

A 12 = A 2 1 =

A3 3 = -Em)

[2(1

- '(m) (1 - 2vLm)) + 2v1m) (1 + v(m))]/(1 + 0 )) (1 - 2,)

/2(1+, v~))2

A 13 = A 31 = A 2 3 = A 3 2 = 0

(c) Stochastic Poission's Ratio Derivative Matrix.

Table-2.3.2 Stochastic Stress-Strain Matrices for Plane Strain Condition.
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EO)
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2
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EA 1 1

A 2 1

L A31

where:

+ V* 1 - 2v'

2

- 2v(

0 + VO (1 - VO )) (1 - 2vo(M (M -1+ VOm)) (1 - 2v(



Li
0

1~1,0

(in)

1

1-
0 2(1

1-VO

0

((M)

-Li

2v*

-v* )0

0 1 i

(T - 3.3.1)
(a) Deterministic Stress-Strain Stiffness Matrix.

(m))

1- 2v(*)

1-V
1 1("n)

0

1 *

0

L im
1-L*

(in)

0 1 v*

L 0

0

(b) Stochastic Young's Modulus Derivative Matrix.

A 1 2 A 1 3 A 14 1
A 2 2 A 2 3 A 2 4

A 3 2 A 33 A 34

A 4 2 A 4 3 A 4 4 J

(T - 3.3.3)

A1 1 = A 2 2

= A 4 4 = [2(1 - (m)) (i+ V0m))

A 12 = A 2 1

- (1 ~ (m)) (1- 2vLm)) - (1+ 1/Cm)) (1 - 2v()]

= A 14 = A 4 1 = (1+ vo~)) (1 - 2vo)) ~ (m) (1 - 21,,m)) + 2v) (1+ vo ))

A 33 = E~')/2(1+ v ))2

A 13 = A 3 1 = A 2 3 = A 32 = A 34 = A 4 3 = 0

(c) Stochastic Poission's Ratio Derivative Matrix.

Table-2.3.3 Stochastic Stress-Strain Matrices for the Axisymmetric Condition.
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1

0 1-

1-L(i1
1

(T

C- -

- 3.3.2)

1+

E(

(M)

[A 1 1

A 2 1

A3 1
.A 4 1

where:

- 20*2(m))



2.4 Assembled Stochastic Finite Element Stiffness Matrices

The stochastic element stiffness matrix is expressed as a linear power series
expansion about the stochastic material fluctuations 7 and 4 as

~m) = i(m) + (+ q(m)K)m) (4.1)

where:

K*m) ; Stochastic element stiffness matrix,

K'm) ; Deterministic element stiffness matrix,

K ; Young's modulus derivative element stiffness matrix,

(n) ; Poisson's ratio derivative element stiffness matrix.

The expression for the element deterministic stiffness matrix KOm) in equation-
(4.1) is defined mathematically by substituting the appropriate stress-strain law
from Tables-2.3.1, 2.3.2 or 2.3.3 into equation-(4.2).

KOm) = -B _m)(m)-(m)dV(m) (4.2)

The strain displacement matrix of the isoparametric eight-node two-dimensional
finite element element-(m) is represented by B(m)-

The expressions for the derivative element stiffness matrices K" and KO'(m) -CM)
are mathematically defined by equations-(4.3.1) and (4.3.2), respectively.

K?7 [ K (E*, V*)~

(M) a n (4.3.1)

K(n) II V (4.3.2)

Similar to the evaluation of the element material matrix, the element stiffness
matrices may be obtained by completing a partial differentiation with respect to
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to the stochastic material fluctuations 77 and 4. The geometry of the element is
considered deterministic in this formulation. Thus, the evaluation of equations-
(4.3.1) and (4.3.2) will only require the derivative material stress-strain matrices
(equations-(3.2.1) and (3.2.2)).

An obvious procedure for the evaluation of equations-(4.3.1) and (4.3.2) would
involve numerical quadrature of equations-(4.4.1) and (4.4.2) over the isoparamet-
ric two-dimensional element as:

K V(m m)m)(m)dV(m) , (4.4.1)
V(m) VM M-M ()

and

K- =) B ) )o m dV(m) -(4.4.2)
V(M)

However, the practical implementation of the contribution of equations (4.3.1)
and (4.3.2) is covered in Section-2.7, where the implementation of the stochastic
solution is discussed.

The stiffness of each element within the element group contributes to the
stiffness of the element group. The assembly of the total system stochastic stiffness
matrices is completed for each element group as indicated in equation-(4.5).

K* = E K m) (4.5)

Substituting the linear power series expansion of the stochastic stiffness of
each element group, the series expansion in terms of the material parameters 17
and 0 is presented in equation-(4.6).

_(m)+ E ((m)Kim) + 4(m)Km)) (4.6)

By performing the mathematical expectation on the total stochastic stiffness,
E[K*I provides the expectation or mean assembled stiffness matrix, K*. This
matrix corresponds to the assembled stiffness matrix of deterministic analysis (see
equation- (4 .7)),

17



K0  ZKOm (4.7)
m

The derivative stiffness contributions, _K7m and KO, to the system stochas-
tic stiffness matrix are only calculated at the element level, as discussed in Section-
2.7.
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2.5 Stochastic Equations of Equilibrium

The equations of equilibrium that correspond to the nodal point stochastic
displacements, U*, are given as:

K*U* = R* (5.1)

The linear power series expansion for the system total stochastic stiffness, K*,
is defined by equation-(4.6). Also, a general expression for the total stochastic force
is given as:

( ) + E7(m)R ) + E0(m)R(m) ,
m m m

R*

REm)
(in

(R )

=- ()

(5.2)

Total stochastic load vector,

Element group deterministic total load vector,

Young's modulus derivative load vector,

Poisson's ratio derivative load vector.

The mathematical expectation on the total stochastic load vector, i.e. E[R*I,
provides the expectation or mean value total load vector, R* as:

R* = E R(rn) . (5.3)

This expression is identical to the usual deterministic total load vector corre-
sponding to point loads, pressure loads, body loads, initial deterministic stresses
or deterministic thermal stresses for example. Hence, the total load vector for the
finite element model is assembled from the contribution, R(m), of each element
group.

To obtain an approximate solution to the stochastic equilibrium equations in
equation-(5.1), a linear power series expansion is assumed of the form:

19
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= LO + Z 7(m)U m)+ 0(m)U m))
Em M) ()

where:

U* ; Stochastic displacement solution vector,

_U ; Deterministic displacement solution vector,

U(m) ; Young's modulus derivative displacement solution vector,

(in) ; Poisson's ratio derivative displacement solution vector.

Substituting equations-(4.6), (5.2), and (5.4) into the equilibrium expression
(equation-(5.1)), the stochastic quantities provide:

(K + E n(m)K) + M E (m)K)
m m /M m

+ E O(m)UiM(M

= (i+ E (m)"m)
\ (M) + E O(m) R)

M(M

Completing the multiplication of the K* and U* stochastic
(5.5) and grouping the terms, given the method of perturbation

(5.5)

terms in equation-

analysis, provides:

the zeroth-term:
K0 U* = R0 (5.6.1)

the 27-term:

KO E 7(m) L") +
(M ( 7 (m )K" )) ( E S 7 (m)Rm),

and, the 0-term:

KO O(m)E m ++M
m

(m) K# UO =En(m) Rt).
km (M) n) = m(M

20
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(5.6.2)

(5.6.3)
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The zeroth-term in equation-(5.6.1) is obtained by completing the mathemat-
ical expectation of equation-(5.5).

The "2-term" and "o-term" equilibrium equations result from equation-(5.5)
by neglecting second-order terms. Separation of the result into equations-(5.6.2)
and (5.6.3) is produced by considering arbitrary variations in ?7 and 0. By con-
sidering 0(m) to be set arbitrary to zero, the first-order equilibrium equation for
arbitrary variations of 7(m) is obtained as equation-(5.6.2). Applying the same
principle and setting ?7(m) to zero, the first-order equilibrium equation for arbitrary
variations of 05(m) is obtained as equation-(5.6.3).

Expanding the "7-term" and "q-term" equilibrium equations in the general
case of (m)-element groups, the equations representing the derivative of equilib-
rium with respect to arbitrary material variations for each element group are
provided as:

7+ - ---(+ ) (K U") + K n U0- R =

(2 ~ (25.7.()7(1) {K*IU )+ K U -(+ C2 )j(2)+(2)- - 2 )J +---+M - )+ -(in)

(5.7.2)

Using the definition of 27(m) and q5(m) distributions and applying the mathe-
matical expectation to equations-(5.7.1) and (5.7.2), these expressions are satisfied
and, hence, are independent with respect to the deterministic equilibrium.

From equations-(5.7.1) and (5.7.2), we directly obtain:

+"- - (m) {K flm) + K( * -(} = VAR[Q_] =0 (5.8.1)

VAR ( K*U K K *U R+I2)' U )' O+-

~~1-(')~~~ -()-'}+ (2) i Z()(2)- -(2)
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+ --- (m) {K m) + K m)U - Rm}=VAR[O] 0 (5.8.2)

Since the derivative equilibrium expressions displayed in brackets in equations-
(5.8.1) and (5.8.2) are constant quantities for each element group, we have:

VAR [7(1)] {KOU + K" _U - R'?+

VAR [7(2)] {K*Ui 2 ) + K _U* - R) + - -+ ,(5.9.1)

VAR [7r(m)] {KOU ) + K * = 0

and

VAR [0(1)] KOU# + K U-
- (1) + 1 K) U0 - R +

VAR [O(2)] K* -(2) + K 2)- 2)J + - -- + . (5.9.2)

VAR [P(m)] {KOUm) + _K * =U0

By definition, the expression VAR [7(m)] and VAR [0 (m)] as defined in equation-
(2.6) are non-zero, hence, the expressions in brackets for each element group must
be identically zero. Hence, the following set of derivative equilibrium equations
are obtained for each element group:

1) + K7 Ur - R } = 0

v(m) -(i)- -(i) 

1 KOU7 +:&7U -E R7)= 0
{ -(2)+), (2 )1 (5 .10 .1)

{K* ) + K77)U0 - R )7 0

{ i~ji!M) -(in)- -(Mi) = _

{K*Ef2 + KK2)-U' - RO2) 0
f (2) (2)- -(2. (5.10.2)

{K*Efm + K-0)E* - ROm) 0
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The same result may be obtained by arbitrarily interpreting the distributions
for r7(n) and 0k(n) as delta functions for each (n)-equilibrium equation. For all
equations m not equal to n, the distribution functions 7(m) and 4(m) are set equal
to zero. This is done with no loss of generality since 77(m) and k(m) were defined
as arbitrary, i.e. random, distributions.
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2.6 Nontrival Solution of the Stochastic Equations of Equilibrium

The expression for the stochastic equilibrium (equation-(5.1)) was treated
with the method of perturbation analysis. The resulting expressions for obtaining
the First-Order/Second-Moment stochastic solution require the solution of-three
sets of matrix equations.

The first set of equations represents the mean value or mathematical ex-
pectation of the stochastic solution (equation-(5.6.1)). The mean value of the
displacement vector, U*, is calculated as :

U 0 = (K*) 1 R . (6.1)

It is noted that (1*) is not actually calculated. The solution of K* U0 = R*
is obtained with Gauss elimination written in the form of LDL T factorization. The
resulting operations of LDL T factorization are stored on tape to use again in the
solution of the derivative statements of stochastic equilibrium. In effect, the solu-
tion of the global system of equations is only performed once. The stored LDL T
factorization will be used simply as operator matrices to obtain the derivative
displacement vectors U" and UO) for each element group.

The solution of the "r7-term" and the "q-term" equilibrium equations for
nontrival solutions in the general case provides

r-term:

1m) = (K1 _' ) - K17)_U) , (6.2.1)

q-term:

_U0m) (KO) 1 Rt) -Ko U) (6.2.2)

For the general case of random loads within the context of random mate-
rial properties Young's modulus and Poisson's ratio, the derivative force vectors
RE , and R' , respectively, represent loads that have a functional dependence
on the uncertain properties. This occurs, for example, in the case of thermal stress
analysis with the finite element method.

For the case of deterministic loads only, the derivative matrices of the force
matrices are assumed to be zero for all element groups, hence, equations(6.2)
reduce to:
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rn-term:

=7 -(KO)- Kim 17 (6.3.1)

-term:

) - (KO) K ) . (6.3.2)

The next section details the practical numerical implementation of the deriva-
tive equilibrium equations.
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2.7 Numerical Implementation of the Solution of the Stochastic Equations

The direct solution of the derivative equilibrium equations as discussed in the
Section-2.6 was mathematically presented in equations-(6.3.1) and (6.3.2).

The main emphasis in the solution of equations-(6.3.1) and (6.3.2) is on the
numerical evaluation of the matrix products K(M * and K MU .

The matrices [K *UO and KO UO] for each element group are physically

interpreted as the element group force vectors that correspond to the change in
force equilibrium due to a change in element stiffness as a function of change in
the material properties, Young's modulus and Poisson's ratio. The corresponding
statement in matrix form is presented as:

n-term:
F =KK U* , (7.1.1)

q-term:

m) = _K U* .(7.1.2)

Rewriting equations-(6.3.1) and (6.3.2), the derivative-statement of equilib-
rium for deterministic loads is represented by:

77-term:

U =- (K)~ (E (7.2.1)

q-term:

-(m) = - (KO) - (7.2.2)

The form of these equilibrium equations is identical to equation-(6.1). Given
the appropriate derivative load vectors F' and F ), the same LDL T factor-

(n)

ization is used to obtain the derivative displacements UT' and U . The result

of the LDL T factorization in equation-(6.1) is read from tape and applied as an
operator on the derivative force vectors for each element group-(m). The resulting
derivative displacement vectors UT and UO for each element group-(m) are(n) (in)
stored on tape to be used in the evaluations of dispersions of stochastic displace-
ments, strains and stresses.

The construction of the derivative force vectors for each element group-(m)
is performed by summing over all elements contained within the element group.
Each element in the element group is subscripted with the lower case "1".
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Evaluating f'm and FO for element group-(m) by

level with (1)-elements in element group-(m) provides:
summing at the element

r7-term:

0-term:

(M) Z Z ( ))

1 1

=O (KO) v^ (K ))
(n) -(0 = L...

(7.3.1)

(7.3.2)

The definition of Um is
ment vector for the degrees
the current element.

a corresponding mean value or deterministic displace-
of freedom associated with the degrees of freedom of

The definition of the finite element derivative stiffness was given in equations-
(4.4.1) and (4.4.2). Substituting equation-(4.4.1) into the right hand side of
equation-(7.3.1) provides:

AOK 1 !~l A B TC(B dV (1)

By definition, the deterministic strain, E(,), within the element is given as

B(L)U(). The element displacement vector U() is constant and, hence, is not a
function of the integral over the volume of the element. The element displace-
ment vector is moved under the integral and multiplied by B(l) to obtain the
deterministic strain for the current element as shown in equation-(7.5).

U (Jf BTC' Eo dV
V / (1)

(7.5)

This can also be written using the derivative stochastic stress vectors (k0 )"
and (aO) ry represented by changes in Young's modulus and Poisson's ratio, re-
spectively.

E-) = K17 _O) = k BT (or*)" dV)
(1) (1L \ (v ) (1)

(7.6)
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The derivative load vector for the variation of Poisson's ratio is obtained
similarly as follows:

i l)T(l) = B COB dV) , (7.7)

K= ( J BTCOE0 dV , (7.8)

FO i)L(l) = ( IBT ()0 dV . (7.9)

The total derivative force vector for each element group is assembled and
stored on tape. Once the derivative force vectors have been calculated for all
element groups, the derivative displacement vectors are obtained as was described
above.
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2.8 Calculation of Expectation and Dispersion of Stochastic Displacement

The first-order perturbation series expansion of the stochastic displacement
was assumed in Section-2.5 to have the form:

U* = + E U" (m)O ) + 0(m)U)
m

(8.1)
m

The mean value of the stochastic displacement, i.e. E[U*], is obtained by tak-
ing the mathematical expectation of equation-(8.1). This is operationally obtained
by substituting equation-(8.1) into equation-(2.5) thus resulting in:

E *0=J U*f (U*) dU* ,

where f(_U*) is the probability density function (equation-(2.4)) written in terms
of the stochastic displacement, U*. Hence, the mathematical expectation of _U* is
given as:

E [*] E O +E 7(mE" + Om)L()
E[*I[U+Z7()U)+4M UM)

M m
(8.3)

Since the expectation of a sum of random variables
tive expectations, equation-(8.3) becomes:

E [U*] = E [UL] + E [7(m)] L) + E E
m m

is the sum of their respec-

[0(m)] _Um,) , (8.4)

and

(8.5)

The dispersion of the stochastic nodal point displacements is calculated by
substituting the first-order perturbation series expansion of the stochastic displace-
ments (equation-(8.1)) into the definition of the variance of a stochastic variable
(equation- (8.6)).
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VAR [U*] = E [(U*)2] - (E [E*]) 2

Given the result of equation-(8.5) and substituting E[l(m)] =
0, the variance of U* is given as:

VAR [(* = E [7(m), 17(n)] _U'(m

+E [r(m), 7(n)] Lm

+E [0 (m), fl(n)] Lm

+E [ b~m),q(n]4M)

0 and E[!(m)] =

T

_Utl) T)

(8.7)

The implementation in this study of VAR [U*] does not permit the calcula-
tion of the entire variance matrix. The computer routine obtains only the diagonal
terms corresponding to the square of the standard deviations of nodal point dis-
placements.
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2.9 Calculation of Expectation and Dispersion of Stochastic Strain

The stochastic strain calculation of each element integration point is obtained
by the expression:

B(l) = (9.1)

The element strain-displacement matrix, B(), is calculated for the assumed
two-dimensional conditions at each integration point of the element. The element
group stochastic displacement vector, U*), supplies the corresponding element

stochastic displacement expression, U).
Substituting the appropriate form of equation-(8.1) into the element stochas-

tic strain expression, equation-(9.1), produces:

(l) = ( (l) + (M)() M) + (M)B(I) M)

The mean

completing the

E [E*] =

value of the stochastic element strain, i.e. E [E*), is obtained by
mathematical expectation of equation-(9.2), thus resulting in:

(9.3)E [B(l)Al) + L 7(m):B(l)- 7m) + Z (m>n)_()!m)
m m

Since the expectation of a sum of random variables is the sum of their respec-
tive expectations, equation-(9.3) becomes:

- (9.4)E E B(l) l) + SE [77(m)] B(l) A1m) + E [4(m)] )
m in

By definition, the expectation of the stochastic material fluctuations 77(m) and
4(m) for all element groups is zero. Hence, in equation-(9.4) the terms containing
E[n(m)] and E[4(m)] cancel to zero and the expectation of the stochastic element
strain is given as:
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[E )]= ) ). (9.5)

From equation-(9.5), the evaluation of the expectation of stochastic strain for
the first-order perturbation series solution of the stochastic equilibrium equations
provides a result identical to the deterministic strain calculation.

The dispersion of the element stochastic strains is calculated by substituting
the first-order perturbation series expansion of the stochastic strains (equation-
(9.2)) into the definition of the variance of a stochastic variable as:

VAR E 2] - (E (9.6)

Given the result of equation-(9.5) and substituting E[?l(m)] = 0 and E[O(m)) =
0, the variance of e*j) is given as:

=ZnE [7(m), 7(n)] (B(l) LM) )

+E [rl(m), '(n)]

+E [P(m), (n)]

_(fl(m))

_B A-$ m 7

B())

Rewriting equation-(9.7) in terms of the change in
resulting from a change in material properties given the
variance in stochastic strain is given as:

VAR [ = (E [rl(m), 77(n)] (AJ)

+E [r7(m), 7 (n)](?

+E [0(m), 77(n)] f(

+E [O(m), O(n)] f'O)

the deterministic strains
parameters 17 and 0, the

T

(A7T

) T)
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VAR
B()A T

BT

B (I) -A f

BU)(n )

(9.7)



where:

E~m = lu'im E i = flu$Za
4IE. (9.9)

f(m) = i(I)!(m) (n) = E(l)E(n)

The implementation of the stochastic strain dispersion calculation requires
that the full square matrix be calculated at each integration point within the
element. The full matrix is a four by four matrix, and the resulting complete
strain dispersion matrix is substituted directly as a term in the stochastic stress
dispersion calculation (Section-2.10). The diagonal elements of the variance matrix
for the stochastic element strain contain the squares of the standard deviations of
the element strain components.
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2.10 Calculation of Expectation and Dispersion of Stochastic Stress

The element stochastic stress, oj), of each element integration point is ana-
lytically defined by the product of the element stochastic material stiffness matrix,
C*l), and the stochastic strain, E,):

) = C*I)E) (10.1)

The element stochastic strain, , was defined in Section-2.9
(9.2) and is rewritten here for convienence as:

B(l) ()L(l) + E (77(m)E(l)B$m) + (m)(l)m))

by equation-

(10.2)

The element strain displacement matrix, _(), is a deterministic quantity and
is calculated for the assumed two-dimensional conditions at each integration point
within the element. The products of element stochastic displacement vectors and
strain-displacement matrices are interpreted as stochastic strain expressions result-
ing from the correction of equilibrium due to the change in material properties.
The products in equation-(10.2) are rewritten to indicate the source of the strain
contribution in terms of the subscripts as shown in equations-(10.3).

( L ) = (B 0

-(in) = (l) (m) I (n) = Q(l)L(n)

E m)= V~) E),in = BU)$a)

(10.3.1)

(10.3.2)

(10.3.3)

Substituting equation-(10.3) into equation-(10.2) results
sentational form of stochastic strain, thus:

~(l) =l) + z ((m)m) + k(m) m). )
+m ,

in a simpler repre-

(10.4)

The stochastic material stiffness matrix for the current element-() is given
as:
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C(l) ) + 1(t) + O(L))G (10.5)

Substituting equations-(10.4) and (10.5) into equation-(10.1) provides the el-
ement stochastic stress expression

1() = (i) + ( (0)1j) + (i)A} {s(l) + ((m) m) + k(m)Om))} . (10.6)
m

Completing the matrix multiplications and dropping second-order terms pro-
vides the first-order solution for element stochastic stress:

(1) _(l){A(l) + S (m) lm) + 4(m)4m)
. .(10.7)

+ {7()~)+

The mean value of the stochastic element stress, i.e. E[ A , is obtained by
completing the mathematical expectation of equation-(10.7), thus resulting in:

E[A*(1 )] = E [(*t{) + (m) )} (1
IC . (10.8)

+ 17) + 1!2 jA

Since the expectation of a sum of random variables is the sum of their respec-
tive expectations and since the strain and material property terms are written as
constant derivative matrices for each element group, equation-(10.8) is rewritten
as shown in equation-(10.9). 3

E[A *)] =Cl){f'() + S (E[il(m)I7 ) + E[O(m)
m 

(10.9)
+ {E[r7()]C2") + E[O()]_C )}AO

Since the expectation of the stochastic material fluctuations r7(m),r7(L), (m),
and 0(l) for all element groups is zero, the expectation of the element stochastic
stress becomes:
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E =CO:)1] = A . (10.10)

Similar to the stochastic strain calculation, the expectation of the stochastic
stress is identical to the deterministic stress. This result is a consequence of the
first-order perturbation series solution of the stochastic equations of equilibrium.

The dispersion of the element stochastic stress is obtained by substituting
equation-(10.7) into the definition of the variance of a stochastic variable. Hence,
the expression for dispersion of the element stochastic stress for element-(l) is given
to be:

VAR =E (E . (10.11)

Given the result of equation-(10.10) and substituting E[77(m)] = 0 and E[<(m)=
0, the variance of ) is given in Table-2.10.1.

The implementation of the stochastic stress dispersion requires the full square
matrices of each part of equation-(T-10.1) be calculated within the element. This is
due to the pre and post-multiplications of the derivative material stiffness matrices,

and CO), and the deterministic material stiffness matrix, C .C~ ad (1) (1 The first term
in brackets in equation-(T-10.1) is the result of the strain dispersion calculation
of Section-2.9. The additional terms in equation-(T-10.1) are evaluated after the
strain dispersion calculation phase and added for all element groups such that:

EI(m) 112 $ 0 (10.12.1)

and

A4

|I|(m) 112 0 0 , (10.12.2)

where

||U||2 = (1Ui 12 + 1u2I2 + . .. + lun12) . (10.13)

The diagonal elements of the variance matrix for the stochastic element stress
contains the squares of the standard deviation of the element stress components.

36



VAR _O
n

+ E [77 (m),1q5(n)] 0)M

+ E [(m),77(n)]
(~ )(in)

)T
(n)

S)T

(n))T
(n)

+ E [k(m),)O(n)] f( ) ( )

E [rl(m (0AO

(SE [7(m))7(i)]
in

['k(m),'k(i)] (ji)( J *() C 1

E ( ) ( . T

([r(m) O(j) ] O
in ( ) )}

fI M \( \O)T~

+ ( ) (E E 7(7) (1)]

(AO
(SE [7 (m),

m

+ C7 JE [77(l)77(l)] (A( )) () )TIC") + (1){E [r7(),P(i)] (rI))

+C E [4qi), r ] +A AO T CE i ) ) 

Table-2.10.1 Dispersion of Stochastic Element Stress.

37

(S
m

+ c) {
+ {(

+

+C) {

(AC)
S E

( AO)

(S E

+C)I { (S E

+ c {( A)

(0 T
Ti-) ) .

(T - 10.1)

T

[O(m), r7(1)] (-

0( ) 
1



CHAPTER 3

FINITE ELEMENT IMPLEMENTATION OF THE WEIBULL MODEL

The numerical statistical strength evaluation of a structure fabricated with
brittle materials such as ceramic materials, was investigated. Ceramic materi-
als, as well as other brittle material systems, exhibit linear elastic behavior up
to fracture with low crack arrest capability, and identical test specimens under
the same load and environmental conditions may demonstrate considerably dif-
ferent strengths. The Weibull model referred to as the "weakest link theory" was
implemented for multiaxial stress states. The two interpretations of the Weibull
model considered were the "principle of independent action" and a "consistent
model" by Georgiadis(11,12). The numerical details of implementation for both
interpretations of the Weibull model into the finite element method are discussed
in this section. The appropriate selection and verification of the Weibull models
for different ceramic systems based on theoretical and experimental reasons was
beyond the scope of this research and is not discussed.

In Section-2.10 of this report, the structural response in the presence of ma-
terial property uncertainty was obtained with the FOSM approach. The resulting
numerical calculations, with the finite element method, provided mean values and
dispersions of the typical solution output. The mean value stress calculations
for the FOSM approach is identical to the deterministic solution for stress pro-
vided by traditional finite element analysis. In this report, the application of the
Weibull statistical strength model is written in terms of the deterministic or mean
value stress, and thus is considered independent of the uncertainty in the material
stiffness properties.

From the Weibull model, the probability of failure, Pf (dV), of a small material
volume, dV, subjected to a normal tensile stress, a, is given as:

Pf(dV) = 1 - exp - au dV ;or > , (11
I-( Oo )(1.1)

=0 ;or , U,

where:

au ; Threshold stress below which probability of failure is zero,

o0 ; Normalizing stress,

m ; Weibull modulus.

Directly from equation-(1.1), the probability of survival, P,(dV), for the same
material volume is found from:
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P,(dV) = exp [- u dV . (1.2)

Assuming that the threshold stress, au, is zero, the risk of rupture of the
material volume is:

S(dV) = - m dV . (1.3)

Considering an assembly of material volumes, the probability of survival of the
entire assembly is given as the product of the individual probabilities of survival
for each material volume. Hence,

Pa(V) = ]j P,(dV(i)) . (1.4)

The expression Ili designates the product of each term of S(dV(i)) for all val-
ues of i. Given the result that P8 (dV) = exp[-S(dV)], equation-(1.4) is rewritten
to provide the probability of survival of an assenibly of volumes as a summation
of the individual risks of rupture for each volume. Thus,

P.(V) = exp - S(dV(i)) . (1.5)

The expression E; designates the summation of each term of S(dVi) for all
values of i that are relevant for the probability of survival calculation. This is to
say that we perform calculations only on the regions containing brittle materials
in the finite element model.

The principle demonstrated in equation-(1.5) is used to calculate the risk of
rupture for the finite element model as:

S(V(k)) =r dVo dV .(1.6)
k fVr(k) fV \

The "inner" integration in equation-(1.6) occurs over the reference volume
of material, Vo, corresponding to each integration point of the element. The
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reference volume must be carefully choosen to provide convergence of the risk of
rupture calculations as the finite element grid is refined. The "outer" integration
in equation-(1.6) is an integration performed over the volume of element-(k). To
avoid the possibility of inconsistent results, the reference volume for each finite
element in the model is assumed to be spherical, located at each integration point
of the element and have the volume assigned by the Gauss numerical integration
(the sum of all these integration point volumes is equal to the element volume). For
a fixed volume finite element model, as we change the grid pattern by increasing
the number of elements, the average element volume decreases. In the limit, this
results in a numerical evaluation of probability of failure and risk of rupture to
converge monotonically to a single value.

By summing the risk of rupture calculations at several levels during the de-
terministic stress calculation, the probability of failure, Pf (V) and risk of rupture,
S(V), is provided at each element Gaussian integration point, for each element,
for each element group and for the total finite element model. A summary of
these calculations is provided in Table-3.1.1. The calculations for Pf(V) and S(V)
are provided given the Weibull constants and the selected option for the Weibull
model (see Table-3.1.2).

The Weibull model in conjunction with the "principle of independent action"
states that the probability of survival of a given structure under a multiaxial
stress state is equal to the product of probabilities of survival of the structure for
the principal stresses, al, a 2 , and a3 applied independently. The expression for
probability of failure based on the Weibull model and "principle of independent
action" is given as:

( /m m m-

Pf (V) = 1 - exp{- 1 + (.2 + -3) dV (1.7)
fV [(o ao ao I

Inherent in this formulation is that flaws around a material point in the spheri-
cal representative volume are assumed to have a three-dimensional random uniform
distribution.

The second implementation of the Weibull model termed a "consistent Weibull
model" was introduced by Georgiadis. The probability of failure of a volume of
material is given as:

Pf (V) =1-exp -/ dvi. (1.8)

The normal stress, an, is given as a transformation of the principal stresses
at each location in the element as:
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= 1 sin2 Ocos2 4 + a2sin2 0 sin 2%+ascos2 (1.9)

The spatial angles 0 and q as shown in Figure-3.1.1 sweep through the spher-
ical representative volume to correspond to the normal loading of the three-
dimensional random uniform distribution of flaws.

Substituting equation-(1.9) into equation-(1.3), the risk of rupture for the
triaxial stress distribution is given as:

p2r
S(AV) =

47r
do j

Oll 2 O'O2 2 2 20 I3 2o
- sins 2 qS+ -sin 0 sin2  -Cos q! sin OdO

(o ao ao1
(1.10)

This expression, in the case of equiaxial tension, a, = O2 = O3 = O, yields:

S(AV) =o AV
(O) (1.11)

For the case of plane stress, the risk of rupture is given as:

S(AV) = AAh mP(m)
2y/r(2m + 1)r(m+ )

27r Or o oj2 E c 2 0 +
00oo

02

Oo
sin2o]l d4

(1.12)
where r is defined as the Gamma function.

The principal stresses a, and 02 lie within the plane of the problem. Fol-
lowing the interpretation of the problem as a two-dimensional simplification, the
hypothetical flaws in the material are oriented in the two-dimensional plane and
have a random uniform distribution but only in a two-dimensional sense.
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Table-3.1.1

Locations of Probability of Failure Pr(failure) and Risk of Rupture, S(dV)

Location Purpose
1. Gauss integration a.) Distributions of Pr(failure) within

points element and S(dV(m)) based on local
element stress distribution.

b.) Most likely region of failure is
located within element.

2. Element level a.) Pr(failure) and S(V(m)) for element
to be used in completing convergence tests
to obtain accurate solutions for
Pr(failure) and S of the entire model.

3. Element group level a.) Finite element modelling of multimaterial
or component structures is conveniently done
with element groups.

b.) Pr(failure) and S(EV(m)) is provided
to assess reliability of each component.

c.) Component volume calculation is performed
for the element group.

4. Total finite element model a.) Overall structural reliability is provided
by considering Pr(failure) and S(V) of each
component governed by the Weibull models.

b.) Each component is analyzed with the
specified Weibull model with the local values
of the Weibull parameters.

c.) Components not relevant to Pr(failure)
and S(V) calculations (i.e. that are not
brittle components) are not included in
Pr(failure) and S(V) calculations.

d.) Total structural volume calculation is
provided.
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Table-3.1.2

Weibull Model Implementation and Assumptions

Implementation Assumptions
1. Principle of Independent a.) Flaws around a material point are

Action assumed to be located in a
three-dimensional random uniform
distribution.

b.) The probability of survial of a
given structure under a multi-axial
stress state is equal to the product
of probabilities of survial of the
structure for the principal stresses or,
a 2 , and U3 taken independently.

Consistent Weibull Model (C.Georgiadis)
1. Version-1: Triaxial stress a.) Flaws around a material point are

assumed to be located in a three-
dimensional random uniform distribution
of cracks.

b.) Normal stress for Weibull Model is
calculated with respect to flaw plane
oriented in all three dimensions.

2. Version-2: Biaxial stress a.) Flaws around a material point are
assumed to be a two-dimensional random
uniform distribution of cracks oriented
in the two-dimensional plane.

b.) Normal stress for Weibull Model is
calculated with respect to flaw plane
oriented in two dimensions.
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Figure-3.1.1 Normal Stress Orientation in the Reference Volume.
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CHAPTER 4

ILLUSTRATIVE PROBLEMS WITH THE STATISTICALLY-BASED
FINITE ELEMENT ANALYSIS

This section documents a few sample problems that have been solved us-
ing the statistically based finite element method derived in the previous sections.
The finite element equations from the previous sections were implemented in the
ADINA finite element program and then executed for the problems that follow.
The resulting first-order perturbation solution provides solution averages and dis-
persions known in the literature as a First-Order/Second-Moment (FOSM) solu-
tion. The first-order definition only allows first-order fluctuations in the uncertain
material properties. The expression second-moment describes the number of cen-
tral moments calculated by the program to define the higher order statistics.

The input required for each example problem includes the standard infor-
mation required for a finite element analysis, i.e., the nodal point locations and
element connectivities to define the geometry of the problem, the boundary con-
ditions and the applied loads. In addition, the user must input material property
data to provide a statistical description for the Young's modulus and Poisson's
ratio isotropic material constants. The statistical description consists of the mean
values, the standard deviations, autocorrelation matrices and a cross-correlation
matrix of the material properties.

The output of this statistically based finite element implementation includes
the mean values and standard deviations of the nodal point displacements, and of
element strains and stresses at each element integration point.

Comparision of the statistically based finite element results to analytical solu-
tions are presented in some cases. In general, the closed form analytical solutions
to stochastic problems are difficult to obtain.
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4.1 Perforated Beam with Stochastic Young's Modulus

A beam containing a circular hole is subjected to a constant moment at each
end as shown in Figure-4.1.1(a). The deterministic quantities defining the beam
are the beam dimensions, applied loads, boundary conditions and Poisson's ratio.
The Young's modulus is stochastic and uniform along the entire length of the
beam.

A simple finite element model as shown in Figure-4.1.1(b) was considered
for the analysis. The material properties and correlation coefficients are given in
Table-4.1.1.

The expectation of the displacement solution is illustrated in Figure-4.1.2 in
comparison with the original geometry of the model. A one-standard deviation
deformation plot with Poisson's ratio equal to zero is illustrated in Figure-4.1.3.
In the next series of figures, the finite element results with Poisson's ratio equal
to 0.0 and 0.3 are compared to a beam theory solution. The expectation and
standard deviation of the vertical displacement along the top surface of the beam
are shown in Figure-4.1.4 and Figure-4.1.5, respectively. The expectation and
standard deviation of the beam normal strain along the Z = -1.0 coordinate are
shown in Figure-4.1.6 and Figure-4.1.7, respectively.
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Table-4.1.1

Material Properties and Correlation Coefficients
for the Perforated Beam with Stochastic

Young's Modulus

Case-(a): Finite Element Analysis with v = 0.0

= 1.0x10 7 psi.

= 1.0x10 6 psi.

= 0.0

= 0.0

= 1.0

= 0.0

= 0.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio

Case-(b): Finite Element Analysis with v = 0.3

= 1.0x10 7 psi.

= 1.0x106 psi.

= 0.3

= 0.0

= 1.0

= 0.0

= 0.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio
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(a) Physical problem

Z46
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(b) Finite element model, forty 8-node elements

Figure-4.1.1 Perforated Beam with Stochastic Young's Modulus
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Figure-4.1.2 Expectation of Deformation Plot.
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Figure-4.1.4 Expectation of Beam Vertical Displacement.
Perforated Beam with Stochastic Young's Modulus.
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Figure-4.1.5 Standard Deviation of Beam Vertical Displacement.
Perforated Beam with Stochastic Young's Modulus.
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Beam Theory
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Figure-4.1.6 Expectation of Beam Normal Strain , Ey.
(Z = -1.0 in.)

Perforated Beam with Stochastic Young's Modulus.
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Figure-4.1.7 Standard Deviation of Beam Normal Strain, y.
(Z = -1.0 in.)

Perforated Beam with Stochastic Young's Modulus.
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4.2 Perforated Beam with Two Correlated Regions of Stochastic Properties

A beam containing a circular hole and contructed of two correlated regions
of stochastic materials is subjected to a constant moment at each end as shown
in Figure-4.2.1(a). The deterministic quantities defining the beam are the beam
dimensions, applied loads, boundary conditions and Poisson's ratio. The Young's
moduli are stochastic and uniform within each region of the beam.

A simple finite element model as shown in Figure-4.2.1(b) was considered for
the analysis. The finite element model contains forty elements with eight-nodes in
each element and the plane stress condition was assumed. The material properties
and correlation coefficients for this analysis are given in Table-4.2.1.

In the next series of figures, the finite element results with Poisson's ratio
equal to 0.3 are compared to a beam theory solution and the example problem in
Section-4.1. The expectation of the displacement solution is illustrated in Figure-
4.2.2 in comparison with the original geometry of the model. A one-standard
deviation deformation plot is illustrated in Figure-4.2.3 in comparison with the
original geometry of the model. The expectation and standard deviation profiles
for the Z-deformation along the top surface of the beam are shown in Figure-4.2.4
and 4.2.5, respectively. The standard deviation of the normal strain along the Z
= -1.0 coordinate is shown in Figure-4.2.6.
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Table-4.2.1

Material Properties and Correlation Coefficients
for the Perforated Beam with Two Correlated Regions

of Stochastic Properties

Region-(1):

E = 1.0x10 7 psi.

E= 2.0x106 psi.

V* = 0.3

a = 0.0

Mean value

Standard deviation

Mean value

Standard deviation

Region-(2):

E*=

1 0

1.0x10 7 psi.

8.0x10 5 psi.

0.3

0.0

Mean value

Standard deviation

Mean value

Standard deviation

Correlation Matrices:

; Autocorrelation of Young's Modulus

; Cross-Correlation of Material Properties

; Autocorrelation of Poisson's Ratio
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Figure-4.2.1 Perforated Beam with Two Correlated Regions
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Figure-4.2.4 Expectation of Beam Vertical Displacement.
Perforated Beam with Two Correlated Regions of Stochastic Properties.
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Perforated Beam with Two Correlated Regions of Stochastic Properties.
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4.3 Perturbation of Strain Distribution at the Edge of a Hole

The finite element solution for the beam containing a circular hole and uniform
stochastic Young's modulus (Section-4.1) is compared to an analytical solution for
the standard deviation of normal strain at the edge of the hole. An analytical
expression for the deterministic aq stress at the edge of a hole was presented by
Savin(13).

Ma R
Oa = MaR(sin O - sin 30) (3.1)

For the condition of plane stress the constitutive relationship is given as:

E= SU , (3.2)

wheze

E
0

0
0

2(1+v)
E

1- (3.3)

Assuming the stochastic compliance
modulus gives:

_S*, for the case of stochastic Young's

S =s + 7STI (3.4)

The stochastic compliance derivative, S7, is obtained from:

=[a*(E*)
_ = ~- * (3.5)

Given the above relationships and assumptions, a First-Order/Second-Moment
solution of the strain dispersion at the edge of a hole is given by equation-3.6.

VAR [E*l = E [7,77] .[
si n2 9 + / C82  2

kE2  + E 2 )
V--Sin _ Cos 2) 2

(2(1+v) cos 8 sin 0 2
E2

MaR (sin2O0 -'sin 30)
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Comparison of the analytical expression for the strain dispersion to the finite
element results of Section-4.1 is shown for Poisson's ratio of 0.0 and 0.3 in Figures-
4.3.1 and 4.3.2, respectively.
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Figure-4.3.1 Dispersion of Normal Strain, eyy.
Perturbation of Strain Distribution at the Edge of a Hole.

Poisson's ratio, v = 0.0.
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-- Beam Theory
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Figure-4.3.2 Dispersion of Normal Strain, Ey.
Perturbation of Strain Distribution at the Edge of a Hole.

Poisson's ratio, v = 0.3.
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4.4 Finite Length Beam on an Uncertain Elastic Foundation

A finite length elastic beam on an uncertain elastic foundation is subjected
to a point load at its center as shown in Figure-4.4.1(a). All of the quantities
defining the beam are deterministic and the applied load is deterministic. The
Winkler foundation model is assumed with stochastic foundation stiffness of the
form:

KO Ko+a. (4.1)

The probability density function for the stochastic foundation stiffness is given
as:

1 K! K*-K0  21
f (Ko* = exp I K* , o)2 (4.2) UK*V'f 7 2 K(4

where the material parameters used are:

K* = {KOoK = {1.0X10 5 1.0X102 I(lb./in.2 /in.) . (4.3)

The beam was modelled with eight-node isoparametric elements and the foun-
dation was modelled as a separate element group with four-node isoparametric el-
ements. The finite element model used for the solution is shown in Figure-4.4.1(b).
The finite element solution of the standard deviation of the vertical displacement
along the beam centerline is compared to an analytical solution in Figure-4.4.2.
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Figure-4.4.2 Standard Deviation of Beam Vertical Displacement.
Finite Length Beam on an Uncertain Elastic Foundation.
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4.5 Cantilever Beam with Stochastic Young's Modulus

A cantilever beam is subjected to a concentrated load as shown in Figure-
4.5.1(a). The deterministic quantities defining the beam are the dimensions, ap-
plied load, boundary conditions and Poisson's ratio. The Young's modulus is
stochastic and uniform along the entire length of the beam.

A simple finite element model as shown in Figure-4.5.1(b) was considered for
the analysis. The finite element model contains ten elements with eight-nodes in
each element and the plane stress condition was assumed. The material properties
and correlation coefficients for this analysis are given in Table-4.5.1.

The expectation of the displacement solution is illustrated in Figure-4.5.2(a)
in comparison with the original geometry of the model. A one-standard deviation
deformation plot is illustrated in Figure-4.5.2(b) in comparison with the original
geometry of the model. The expectation and standard deviation profiles for the
Y-deformation along the top surface of the beam are shown in Figure-4.5.3(a)
and (b), respectively. The Z-deformation solution along the top surface of the
beam is shown in Figure-4.5.4. Since the standard deviation for the stochastic
Young's modulus was assumed to be 10 % its mean value, the standard deviation
of the Y and Z deformations are 10% the absolute value of their respective mean
value deformations. Rigid body translations are observed for both expectation
and standard deviation solutions on the unload portion of the cantilever beam.

The expectation and standard deviation of ayy, azz, and ryz stresses along the
top fibers of the beam (Z=0.8873 in.) are shown in Figures-4.5.5, 4.5.6, and 4.5.7,
respectively. Approaching the free end of the beam away from the applied load,
both the expectation and standard deviation of all stress components become zero
for the unloaded porition of the cantilever beam.
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Table-4.5.1

Material Properties and Correlation Coefficients
for the Cantilever Beam with Stochastic Young's Modulus

= 1.0x10 6 psi.

= 1.0x10 5 psi.

= 0.3

= 0.0

= 1.0

= 0.0

= 0.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio
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Figure-4.5.1 Cantilever Beam with Stochastic Young's Modulus.
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Figure-4.5.2 Displacement Solution of Beam.
Cantilever Beam with Stochastic Young's Modulus.
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4.6 Statically Indeterminant Beam with Stochastic Material Properties

A statically indeterminant beam is considered with one end cantilevered and
the other end simply supported. The beam is subjected to a concentrated load as
shown in Figure-4.6.1(a). The deterministic quantities defining the beam are the
dimensions, applied load and boundary conditions. In the next series of figures,
the following stochastic problems are considered:

Case-(a): Stochastic Young's Modulus and Deterministic Poisson's Ratio,

Case-(b): Stochastic Poisson's Ratio and Deterministic Young's Modulus,

Case-(c): Stochastic Young's Modulus and Poisson's Ratio.

The stochastic and deterministic material constants are considered uniform along
the entire length of the beam.

A simple finite element model as shown in Figure-4.6.1(b) was considered for
the analysis. The finite element model contains ten elements with eight-nodes in
each element and the plane stress condition was assumed. The material properties
and correlation coefficients for each case are given in Table-4.6.1.

. For case-(a), the expectation of the deformation solution is illustrated in
Figure-4.6.2(a) in comparison with the original geometry of the model. A one-
standard deviation deformation plot is illustrated in Figure-4.6.2(b). The expec-
tation and standard deviation profiles for the Y-deformation along the top surface
of the beam are shown in Figure-4.6.3(a) and (b), respectively. The Z-deformation
solution along the top surface of the beam is Figure-4.6.4. Since the standard de-
viation for the stochastic Young's modulus was assumed to be 10% its mean value,
the standard deviation of the Y and Z deformations are observed to be 10% the
absolute value of their respective mean value deformations.

The expectation and standard deviation of ayu, azz, and ry, stresses along
the top fibers of the beam (Z=0.8873 in.) are shown in Figure-4.6.5, 4.6.6, and
4.6.7, respectively.

For case-(b), the expectation and standard deviation solutions for the defor-
mations are illustrated'in Figures-4.6.8 through 4.6.10. Different from case-(a),
the expectation and standard deviations of the deviations for case-(b) are not lin-
early related due to the nonlinear effect of Poisson's ratio in the material stiffness
matrix.

The expectation and standard deviation of ayy, azz, and ry, stresses along
the top fibers of the beam (Z=0.8873 in.) are shown in Figure-4.6.11, 4.6.12, and
4.6.13, respectively.

For the case of Stochastic Young's modulus and Poisson's ratio (case-(c)),
the expectation and standard deviation for the deformations are illustrated in
Figures-4.6.14 through 4.6.16. The standard deviations for Y and Z deformations
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are dominated by the variance in Young's modulus given that deformations due
to bending are dominated by Young's modulus and not Poisson's ratio.

The expectation and standard deviation of cy, az,, and ryz stresses along
the top fibers of the beam (Z=0.8873 in.) are shown in Figure-4.6.17, 4.6.18, and
4.6.19, respectively.
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Table-4.6.1

Material Properties and Correlation Coefficients
for the Staticallly Indeterminant Beam with Stochastic

Material Properties

Case-(a): Stochastic Young's Modulus and Deterministic Poisson's Ratio,

= 1.0x10 6 psi.

= 1.0x10 5 psi.

= 0.3

= 0.0

= 1.0

= 0.0

= 0.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio

Case-(b): Stochastic Poisson's Ratio and Deterministic Young's Modulus,

1.0x10 6 psi.

0.0 psi.

0.3

0.03

0.0

0.0

1.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio

Case-(c): Stochastic Young's Modulus and Poisson's Ratio.

= 1.0x10 6 psi.

= 1.0x105 psi.

= 0.3

= 0.03

= 1.0

= 1.0

= 1.0

;Mean value

Standard deviation

Mean value

Standard deviation

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio

81

E*

E*
o,*

p1,7

P" 17

P" 0

E*

aE-

Uv*
p 1lf

P" ?

P" 01

E*

GE.

ov.

p' 7
7

p 147

pd 01



P = 1000.0psi.

5.Oin.

(a) Physical model

LI

I -4-V 4-V4-F7
P = 1000.0psi.

(b) Finite element model

Figure-4.6.1 Statically Indeterminant Beam with Stochastic Material Properties.
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Figure-4.6.2 Displacement Solution of Beam.
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4.7 Perforated Tension Strip with Stochastic Material Properties

A finite element width plate with a circular hole was subjected to a uniform
axial tension as shown in Figure-4.7.1. The deterministic quantities defining the
plate are the dimensions, hole size, applied load and boundary conditions.

A detailed finite element model as shown in Figure-4.7.2 was considered for the
analysis. The finite element model contains 256 elements with eight-nodes in each
element and the plane stress condition was assumed. The material properties and
correlation coefficients for three cases of stochastic material properties are taken
from Table-4.6.1.

The expectation of the deformation solution for all three cases of stochastic
properties is illustrated in Figure-4.7.3.

For the case of stochastic Young's modulus and deterministic Poisson's ratio
(case-(a)), the one-standard deviation deformation plot is illustrated in Figure-
4.7.4. The expectation and standard deviation profiles for Y-deformation along
the Z=0.0 centerline of the plate are shown in Figure-4.7.5. The Z-deformation
solution along the Y=0.0 centerline is shown in Figure-4.7.6. Since the standard
deviation for the stochastic Young's modulus was assumed to be 10% its mean
value, the standard deviation of the Y and Z deformations are observed to be 10%
the absolute value of their respective mean value deformations.

The expectation and standard deviation of oay, orz, andryz stresses along
the Y=0.0 centerline of the plate) are shown in Figures-4.7.7, 4.7.8, and 4.7.9,
respectively. The expectation of -yy, stress leading away from the hole (along
Y=0.0) approachs the far-field applied stress. The standard deviation of ayu in
the same direction approachs zero since the applied stress in deterministic.

For the case of stochastic Poisson's ratio and determinsitic Young's modulus
case-(b), the one-standard deviation plot of the perforated tension strip is illus-
trated in Figure-4.7.10. It is observed from Figure-4.7.10 that variance in Poisson's
ratio results in variance principally in the direction transverse to the applied load.
The expectation and standard deviaton profiles for the Y-deformation along the
Z=0.0 centerline are illustrated in Figure-4.7.11. The Z-deformation solution along
the Y=0.0 centerline is shown in Figure-4.7.12.

The expectation and standard deviation of ayy, ouz, and ry, stresses along
the Y=0.0 centerline of the plate are shown in Figures-4.7.13, 4.7.14, and 4.7.15,
respectively.

For the case of Stochastic Young's modulus and Poisson's ratio (case-(c)), the
one-standard deviation deformation plot and solution profiles are illustrated in in
Figures-4.7.16 through 4.7.21.
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Perforated Tension Strip with Stochastic Young's Modulus.
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4.8 Underground Openning and Support Wall with Stochastic Young's Modulus

An underground openning and support wall was formed in a large granite rock
mass as shown in Figure-4.8.1. The deterministic quantities defining the problem
are the dimensions of the openning and wall, material density and boundary con-
ditions.

A detailed finite element model as shown in Figure-4.8.2 was considered for
the analysis. The finite element model contains 151 elements with eight-nodes in
each element and the plane strain condition was assumed. The material properties
and correlation coefficients for are specified in Table-4.8.1.

The expectation of the deformation solution and the one-standard deviation
deformation solution are shown in Figure-4.8.3 and 4.8.4, respectively.

The expectation and standard deviation of u-,z,ayy, azz, and rTy stresses along
the curved roof of the underground openning are presented in Figures-4.8.5, 4.8.6,
4.8.7, and 4.8.8, respectively.
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Table-4.8.1

Material Properties and Correlation Coefficients
for Underground Openning and Support Wall

with Stochastic Young's Modulus

E* = 0.10512x10 10 lb./ft.2

E- = 0.10512x10 9 lb./ft. 2

= 0.1

= 0.0

= 120.01b./ft3

= 1.0

= 0.0

= 0.0

Mean value

Standard deviation

Mean value

Standard deviation

;Density

Autocorrelation of Young's Modulus

Cross-Correlation of Material Properties

Autocorrelation of Poisson's Ratio
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A All dimensions are in feet.
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Figure-4.8.1 Physical Model: Underground Openning and Support Wall
with Stochastic Young's Modulus.
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Figure-4.8.2 Finite Element Model: Underground Openning and Support Wall
with Stochastic Young's Modulus.
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00

Y



0

1 4

ca

. 0 20.00 40.00

Distance Along Roof (ft.)

(a) Expectation of a,. Stress Profile

U,

02

.00 20.00 40.00

Distance Along Roof (ft.)

(b) Standard Deviation of a.. Stress Profile

Figure-4.8.5 Expectation and Standard Deviation Profiles
for a,. Along the Curved Roof of the Tunnel.

Underground Openning and Support Wall with Stochastic Young's Modulus.

129



I I I I
.88 20.00 40.00

Distance Along Roof (ft.)

(a) Expectation of ayy Stress Profile

.80 20.00 40.00

Distance Along Roof (ft.)

(b) Standard Deviation of ayy Stress Profile

Figure-4.8.6 Expectation and Standard Deviation Profiles
for a-yy Along the Curved Roof of the Tunnel.

Underground Openning and Support Wall with Stochastic Young's Modulus.

130



C12

4-2

1.80 20.00 40.08

Distance Along Roof (ft.)

(a) Expectation ofua,, Stress Profile

N
N

.00 20.00 40.00

Distance Along Roof (ft.)

(b) Standard Deviation of a,, Stress Profile

Figure-4.8.7 Expectation and Standard Deviation Profiles
for a Along the Curved Roof of the Tunnel.

Underground Openning and Support Wall with Stochastic Young's Modulus.

131



U2W

C12

SI I I I
~.8 20.00 40.00

Distance Along Roof (ft.)

(a) Expectation of ry, Stress Profile

4-2

LO)

.00 20.00 40.00

Distance Along Roof (ft.)

(b) Standard Deviation of ry, Stress Profile

Figure-4.8.8 Expectation and Standard Deviation Profiles
for ryz Along the Curved Roof of the Tunnel.

Underground Openning and Support Wall with Stochastic Young's Modulus.

132



4.9 Convergence of Weibull Model for Pure Bending

A simply supported beam was subjected to a uniform moment as shown in
Figure-4.9.1. The Weibull model with the assumption of the "Principle of Inde-
pendent Action" was used to obtain the risk of rupture and probability of failure
for the pure bending case.

A series of finite element models with increasing number of elements through
the depth of the beam were considered. The finite element models contained
eight-nodes in each element and test problems containing 1, 2, 4, 8, 12, 32, and
64 elements are presented. Table-4.9.1 illustrates the risk of rupture, load factor,
volume calculation, maximum stress and probability of failure as a function of
number of elements. Since the stress distribution in the pure bending case is
exactly calculated with a single eight-node element, the results for risk of rupture,
volume calculation and probability of failure are independent of the number of
elements used for this problem. The load factor, k, is a measure of the uniformity
of the stress distribution (14) and is calculated and presented in Table-4.9.1 where:

k )/ o dV
O'max V

The dependence of the load factor calculations on the number of elements is
due to the value of the maximum stress, amax, used. The maximum stress in the
element was determined by evaluating the stress at the integration points in the
elements.
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Table-4.9.1

Weibull Model, Principle of Independent Action
for Pure Bending

Number
of Elements

Risk of
Rupture

Load
Factor

Volume
V

Maximum
Stress, Umax

1 0.0417 0.2779 1.0 774.6 0.0408
2 0.0417 0.2117 1.0 887.3 0.0408
4 0.0417 0.1872 1.0 943.6 0.0408
8 0.0417 0.1765 1.0 971.8 0.0408
16 0.0417 0.1715 1.0 985.6 0.0408
32 0.0417 0.1690 1.0 992.9 0.0408
64 0.0417 0.1678 1.0 996.5 0.0408

Analytical 0.0417 0.1667 1.0 1000.0 0.0408
Values
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Young's Modulus

Poisson's Ratio

Weibull Normalizing Stress

Weibull Modulus

Figure-4.9.1 Physical Model: Weibull Model,
Principle of Independent Action for Pure Bending.
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4.10 Weibull Model Calculation for a Perforated Tension Strip

A finite width plate with a circular hole was subjected to a uniform axial
tension as was shown in Figure-4.7.1. The Weibull model with the assumption
of the "Principle of Independent Action" was used to obtain the risk of rupture
and probability of failure for the perforated strip. Four separate finite element
models with increasing number of elements for each case was considered. The finite
element models contained eight-nodes in each element and the models containing
7, 28, 64, and 256 elements are presented.

The deformation plots for the cases are illustrated in Figures-4.10.1 through
4.10.4. The numerical results for risk of rupture, load factor, model volume,
maximum stress and probability of failure are presented in Table-4.10.1.
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Table-4.10.1

Convergence of the Weibull Model and Principle of Independent Action
for a Perforated Tension Strip

Number
of Elements

Risk of
Rupture

Load
Factor

Volume
V

Maximum
Stress, -max

7 2.6503 0.2143 9.8 2246.2 0.9293
28 2.6573 0.1481 9.8 2704.9 0.9298
64 2.6600 0.1183 9.8 3028.6 0.9300
256 2.6612 0.1045 9.8 3222.7 0.9304
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CHAPTER 5

CONCLUDING REMARKS

This report summarizes the theoretical formulation of a statistically based
finite element analysis procedure. The stochastic equations of equilibrium were
solved with a first-order perturbation approximation. The perturbation expansion
assumed arbitrarily small fluctuating parameters representing the uncertainty in
the material properties. This technique was implemented in the ADINA finite
element program to provide a First-Order/Second-Moment analysis of the statis-
tical problem. The form of the fluctuating parameters are specified as unbiased
Gaussian distributions centered about the mean values of the Young's modulus
and Poisson's ratio isotropic material properties. The user input to specify the
material descriptions includes the mean values, standard deviations, autocorrela-
tion matrices and the cross-correlation matrix of the Young's moduli and Poisson
ratios. The output of the statistically based finite element analysis includes the
means and standard deviations of the nodal point displacements, and of the ele-
ment strains and stresses at each element integration point.

In addition to the statistical variation of the material stiffness, the statistical
scatter in strength of brittle materials was considered. Ceramic materials, as well
as other brittle materials, exhibit linear elastic behavior up to fracture with low
crack arrest capability and identical specimens under the same load and environ-
mental conditions may have considerably different strengths. The Weibull model
referred to as the "weakest link theory" was implemented for deterministic mul-
tiaxial stress states assuming the "principle of independent action" and a second
interpretation referred to as a "consistent" Weibull model. The output produces
the probability of failure and risk of rupture for each element integration point,
total element, element group and complete finite element model. This work does
not indicate the most current research in the field of failure of brittle solids, but
presents a philosophy of implementation of the Weibull model into finite element
analysis.

The results of this research indicate the level of complexity in the finite ele-
ment statistical analysis of solids and yet only a small part of the possible statistical
phenomena that occur in physics has been considered.
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