
Parametric and nonparametric approaches to explain
and predict nonlinear population dynamics in

changing environments
by

Simone Cenci

B.S in Physics and Astrophysics, University of Rome "La Sapienza", 2012
M.S in Physics, University of Pisa, 2015

Submitted to the Department of Civil and Environmental Engineering in partial
fulfillment of the requirements for the degree of

Doctor of Philosophy in Civil and Environmental Engineering

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June 2019

@Massachusetts Institute of Technology. All rights reserved

Signature redacted
Signature of Author ............... ..........

Department of Civil and Environmental Engineering
I May 16, 2019Signature redacted -

C ertified by ....................... .............

K 4erguei Saavedra,
Assistant Professor, Department of Civil and Environmental Engineering

/I Thesis Sppervisor,

Signature redacted
A ccepted by ....................................

Heidi Nep.
Donald and Martha Harleman Professor of Civil and Environmental Engineering,

MASSACHUSETTS INSTITUTE Chair, Graduate Program Committee
OF TECHNOLOGY >

JUL 10 2019

LIBRARIES ca



Parametric and nonparametric approaches to explain
and predict nonlinear population dynamics in

changing environments
by

Simone Cenci

Submitted to the Department of Civil and Environmental Engineering On May 16,
2019, in partial fulfillment of the requirements for the degree of Doctor of

Philosophy in Civil and Environmental Engineering

Abstract

Many aspects of human societies, from the sustenance of national economies to the
control of population health, depend on the dynamics of biological populations
within a given environment. Therefore, understanding and predicting the effects
of changing environments on the dynamics of biological populations evolving in a
continuously changing world is, nowadays, one of the most important challenges in
biology.

In this thesis we have addressed this challenge using two different approaches. The
first approach, called the structural approach, is deductive, i.e., the effects of chang-
ing environments on population dynamics are studied using parametric models un-
der equilibrium assumptions. In this context, firstly we have shown that, while the
approach was originally introduced to investigate the structural stability of the clas-
sic Lotka-Volterra dynamics; it can be applied to a much larger class of nonlinear
models and to stochastic systems. Then, we used the approach to analyze empiri-
cal data to investigate how structure and dynamics of species interactions regulate
species coexistence under fast environmental changes. The generalizability of this
approach however, has been limited because equilibrium dynamics are seldom ob-
served in nature and exact equations for population dynamics are rarely known.

Therefore, in the second part of the thesis we took an inductive approach. Specif-
ically, we proposed a nonparametric framework to estimate the tolerance of non-
equilibrium population dynamics to environmental variability. To apply the frame-
work on empirical data we have improved/developed nonparametric computational
methods to infer biotic interactions and their uncertainty from nonlinear time series
data. Using our approach we were able to recover important ecological insights
without the explicit formulation of parametric models. That is, we have shown that
it is possible to build ecological theories inductively from observational data with
minimal assumptions on the data-generating processes.

Overall, we believe that the increasing amount of biological data available nowadays
paves the way for moving theoretical population biology from being a deductive,
assumption driven science towards an inductive data-driven science. In this context,
this study is a step forward towards the foundations of a nonparametric data-driven
research to monitor and anticipate the response of populations to the increasing rate

of environmental changes.
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CHAPTER 1

INTRODUCTION

This is an introductory chapter which is intended to provide the motivations

for the work of this thesis. The chapter is divided in four sections. In the first

section we will discuss, with an example, why there is growing interests in

explaining and predicting the dynamics of biological populations in changing

environments. Then, in the second section, we will review challenges and stan-

dard approaches proposed in the literature to tackle this issue. Finally, in the

last two sections, we will state the goal of the thesis and outline its structure.

1.1 The role of biological populations in human soci-

eties

In 2004 (Thompson et al., 2004) have shown that microscopic plastic fragments and

fibers (i.e., plastic debris of size smaller than - 1mm) are widespread in the oceans

and, through years of plastic over consumption, have accumulated in the pelagic

zone and sedimentary habitats. Since this seminal publication, extensive research

has shown that long-term exposure to the physical presence of microplastics in the

environment has measurable effects on marine organisms (Gallo et al., 2018). For

example, it has been shown that microplastics can reduce reproductive output and

fitness in marine species by altering their food consumption and energy allocation

(Desforges et al., 2015; Sussarellu et al., 2016). Similarly, microplastics debris provide

13



Chapter 1. Introduction

habitats for the assemblage of communities different from the ones in the surround-

ing environments (Zettler et al., 2013) increasing the risk of emergence of compet-

itive interactions between native and invasive species. Moreover, evidences show

that microplastics can alter gene expression, have impact on cells and tissues and

can alter how species develop and disperse (Rochman et al., 2016; Borrelle et al.,

2017).

With laboratory or field experiments one can measure the effects of microplastics

pollution on species' physiology and species-species interaction parameters. Yet,

with such experiments alone we cannot provide predictions about how these effects

will change the overall dynamics of populations (i.e., a community of interacting

species). Importantly, this lack of knowledge of how impacts of microplastic on in-

dividual organisms might lead to ecological harm has been one of the main limit-

ing factors for the development of stringent regulations to restrict the mass flow of

plastic debris into the ocean (Galloway et al., 2017). To bridge the gap between our

understanding of the effects of pollutant at organisms and population level we need

a better understanding of population dynamics in changing environments

Notice that this is not only a problem of scientific interest. The example of microplas-

tics pollution provide a good case to understand why predicting population dynam-

ics in changing environments is relevant for different parties in human societies.

Here we discuss three classic examples. Firstly, marine organisms are consumed

as part of regular source of proteins worldwide and there is growing concern (not

yet supported by enough quantitative results (Cauwenberghe & Janssen, 2014)) that

the microplastics ingested by these organisms may have negative impact on human

health. Secondly, the presence of microplastics in the ocean has an economic impact.

The net export-import trade value of seafood products is estimated at US$35 billion

in 2012 (as term of comparison, this value is greater than the net trade income of

the other agricultural commodities combined (Gallo et al., 2018)). Moreover, a large

number (estimated at about 260 million) of jobs directly or indirectly depend on this

trade (Teh & Sumaila, 2011; Lusher A, 2017). Hence, microplastics-driven decaying

growth rates of marine species together with the possible risk associated with their

14



consumption jeopardize both the job availability and the economic development of

many countries. Thirdly, marine organisms play a key role in climate regulation (Sun

et al., 2016). For example, marine microbial species such as Diatoms and Cyanobac-

teria are important contributors to the ocean carbon cycle(Yool & Tyrrell, 2003; Rousk

& Bengtson, 2014; Stuart et al., 2015). Thus, there is concern about the impact of ma-

rine biodiversity loss, possibly induced or accelerated by microplastics pollution, on

the global climate.

Microplastics pollution in the oceans is just one among numerous examples of glob-

ally relevant issues that, to be dealt with, require a better understanding of popu-

lations dynamics in changing environments. An incomplete lists of issues that can

be better addressed with a full comprehension of the interactions between biolog-

ical populations and their surrounding environments includes disease outbreaks

(Cunningham et al., 2012), impact of gene-editing technologies on organisms and

populations in the wild (Patr~o Neves & Druml, 2017), spreading of antibiotic resis-

tance (Hiltunen et al., 2017; Estrela & Brown, 2018), cancer dynamics (Korolev et al.,

2014) and climate change (Worm et al., 2006; Scheffers et al., 2016).

What are the main challenges that prevent us to explain and predict population dy-

namics in changing environments? In the next section we will answer this question

with a literature review. Before proceeding however, we would like to make a note to

clarify some important terminology for the reader: throughout this chapter and the

rest of this thesis we will use interchangeably the terms "community" and "biologi-

cal populations". That is, a (biological) community is a set of biological populations

co-occurring in the same location at the time of observation. Hence, following this

nomenclature, we will also use interchangeably the terms "community dynamics"

and "populations dynamics".

15 Chapter 1. Introduction



1.2 Populations dynamics in changing environments

The first step towards an understanding of how biological populations respond to

changing environments is the determination of the driving forces of the dynamics.

Intuitively, it is clear that the dynamics of living systems is driven by an interplay be-

tween stochastic (random) events and deterministic (predictable) processes (Chave

et al., 2002; Mutshinda et al., 2009). Yet, which component (stochastic or determin-

istic) is dominant and which variable (biotic or abiotic) is the main driver of the

dynamics has been a matter of debate for decades (Fargione et al., 2003; Houlahan

et al., 2007; Mutshinda et al., 2009; Gamelon et al., 2017).

1.2.1 Determinism or stochasticity?

The debate about whether deterministic or stochastic forces are the main driver of

the dynamics is originated from the difficulties associated with ruling out simple

explanations of the data from empirical observations. The most striking example

of this issue is the classic and challenging problem of distinguish noise from non-

linearity in empirical time series. This problem originate from the fact that because

populations dynamics is an intrinsic discrete process that take place in finite pop-

ulations, fluctuations of species abundances emerge even without the influence of

external drivers (changing environments) or nonlinear interactions (Bartlett, 1960).

However, biological theories and experimental evidences suggest that demographic

stochasticity cannot be the only driver of population dynamics. Other processes,

such as species interactions and environmental factors, strongly contribute to the

dynamics (Volterra, 1928; Hardin, 1960; Huisman & Weissing, 1999; Brown et al.,

2001; Drake, 2005; Beninca et al., 2015). Conclusively distinguish between stochastic-

driven and interaction-driven fluctuations required years of data collection (Bjorn-

stad & Grenfell, 2001), mathematical theories (Takens, 1981; Casdagli et al., 1991)

and algorithm development (Sugihara, 1994).

Chapter 1. Introduction16
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1.2.2 Biotic or abiotic drivers?

It is now well established that, generally, demographic stochasticity play an impor-

tant role, but fluctuations of species abundances are mainly driven by nonlinear (de-

terministic) biotic or abiotic interactions (Gamelon et al., 2017). However, establish-

ing which of the two processes (biotic or abiotic interactions) is the main driver of the

dynamics still remain a topic of active debate(Rosso et al., 2007; Freitas et al., 2009;

Zunino et al., 2012; Ravetti et al., 2014). The issue is not trivial as, most likely, all

forces (i.e., stochasticity, determinism, environments and species interactions) will

act together nonlinearly (Mutshinda et al., 2009; Gamelon et al., 2017) and is there-

fore challenging to determine the relative importance of one process over another.

Historically, the question has been addressed mainly by means of correlation stud-

ies (Mysterud et al., 2001; Rod6 et al., 2002; Sugihara et al., 2012). Yet, nonlinear dy-

namics are characterized by ubiquitous mirage correlations that do not reflect true

causations. Therefore, to properly disentangle the effects of different variables on

the observed dynamics studies should abandon correlation analysis and focus on

causality tests (Sugihara et al., 2012). Causal inference in nonlinear population dy-

namics is a growing and fascinating subject that we will touch upon in the last two

chapter of these thesis. Moreover, in the conclusions we will discuss in further depth

the role of causal inference for the development of population dynamics theories.

1.2.3 The need for models

A challenge strictly related to the topic of this thesis can be stated as the follow-

ing question: provided we understand what are the relevant variables to include

in our analysis, how do we model the effects of these variables on the dynamics of

the populations? In other words, which laws do species obey when they interact

within communities and with the surrounding environments? The problem raised

by this question can be understood in terms of the example of the ocean microplas-

tics discussed in section 1.1. As discussed above, extensive research has shown that

microplastics is a variable to include in the analysis of marine organisms since it has

17
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effects on their physiological properties such as their growth rates or fitness. Yet,

how changes in the physiological properties (e.g. growth rate) will affect the overall

dynamics of the community is a far more challenging issue to address. To predict

these effects we need models. How do we build a population dynamics model?

Broadly speaking we can identify two type of approaches: parametric and nonpara-

metric.

1.2.3.1 Parametric approaches: assuming the model from theories

Parametric approaches have been the gold standard of population dynamics studies

since the formulation of the first population models that date back to the first half of

the nineteenth and twentieth century (Verhulst, 1838; Lotka, 1920; Volterra & Brelot,

1931). To formulate parametric models one needs to make assumptions about the

mechanistic or phenomenological processes that generate the dynamics. Because

the space of all possible assumptions is large (e.g., analytic form of the functional re-

sponses, including or ignoring spatial structure how to incorporate stochastic effects,

... ) a large number of models have been proposed in the literature. These models are

typically expressed in the form of discrete or continuous differential equations that

depends on a number of parameters that have a clear biological interpretation. For

example, probably the most notorious, parametric, model for population dynamics

is the discrete Lotka-Volterra model:

Xt+1 x[r 1 - Oziixt - 12Yt1

Yt+1 yt[r2 - a2lXt - a22yt] (1-1)

In the equation above the parameters have a straightforward interpretation. Specif-

ically, rl, r 2 are interpreted as the intrinsic growth rate of a population (i.e., x, y,

respectively); whereas the matrix a with entries ai is a matrix of interaction rates of

individuals within a population (a,,) and between populations (a,,).

18
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Eq. (1.1) is just an example of a parametric population dynamics model. Generally,

when facing with the problem of constructing a parametric model we should at-

tempt to achieve a parsimonious but robust characterization of the system under

investigation (Wood & Thomas, 1999). That is, a model should be simple (i.e. it

should depend on a small number of parameters) and robust to misspecification of

either its parameters or the structure of the model itself. Simple and robust mod-

els such as the notorious Lotka-Volterra (Lotka, 1920; Volterra & Brelot, 1931), the

replicator equation (Hofbauer & Sigmund, 1988) or the Leslie matrix model (Leslie,

1945) have contributed significantly to our understanding of the laws that regulate

interactions between different species within populations. For example, parametric

studies revealed the importance of intra- and inter-specific interactions of species in

response to changing environments (May & Mac Arthur, 1972), the effect of differ-

ent network structure on the stability properties of a system (May, 1972; McCann,

2000). Yet, while originally parsimony was the key driver for the formulation of

population dynamics model, population biology literature is now characterized by

the opposite trend: increasing computational power has lead to the formulation of

models of ever-growing complexity (i.e., models that include many state variables

and that depend on a large number of parameters) (Perretti et al., 2013b; Buckland

et al., 2004).

Complex parametric models are problematic for two reasons: firstly they require un-

feasibly large dataset to be validated. Secondly, even if we assume the existence of

datasets over which to validate these type of models, which is a rarely justifiable as-

sumption in population dynamics, the actual validation will be challenging. In fact,

leaving over-fitting problems aside, large nonlinear models are rarely structurally

identifiable (i.e., it is rarely possible to associate a unique value with the model pa-

rameters from empirical measurements) (Bellman & Astr6m, 1970; Villaverde et al.,

2016). Hence, generally, complex parametric models are of limited use for explaining

and predicting nonlinear population dynamics in changing environments (Perretti

et al., 2013a; Ye et al., 2015).

Another fundamental drawback of complex models is known as "super-sensitivity
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to model structure" (Wood & Thomas, 1999; Fussmann & Blasius, 2005). A model

is super-sensitivity to its structure if small changes in the model formulation (i.e.,

model structure) can induce large changes in the overall dynamics (Wood & Thomas,

1999). This issue is particularly relevant for biological modeling but has not attracted

much attention in the literature(Perretti et al., 2013a). In fact, in the physical sci-

ence, a field from which biology is largely inspired, models are constructed based

on well-understood mechanisms or first principles. Hence, there is strongly sup-

ported evidence that models (and most time their parameters) are well formulated.

Conversely, in biology, and population dynamics in particular, it is rare to have such

a clear understanding of the first principles that regulate the system and therefore

models are prone to be misspecified (Mols et al., 2004; Gunawardena, 2014; Babtie

et al., 2014). Moreover, even if a model was well specified (which, again, is a strong

assumption in biology) both its true parameters and its true structure can change in

time because species passively or actively respond to changing environments (e.g.,

the growth rate of a species can change in time as we saw discussed in the example in

section 1.1 or species can adapt rapidly to changing environments (Bell & Gonzalez,

2011; Gonzalez & Bell, 2013)). Clearly, models that exhibit super-sensitivity to their

structure are of limited use for the analysis of empirical data as small misspecifica-

tion of errors in the estimation of their parameters will results in completely different

conclusion about the system. Indeed, (Wood & Thomas, 1999) suggested that super-

sensitivity to structure associated with a large uncertainty on model specification is

the reason why many population dynamics model cannot be used for predictive

studies.

Finally, a fundamental problem to bear in mind when a parametric model is fit to

empirical data is that the conclusions drawn from the fitting and the analysis of the

model are "conclusions [... I about the model's mechanism, and not about nature's mecha-

nism" (Breiman, 2001). This statement is true regardless of the robustness or the sim-

plicity of the proposed model. From this observation, it follows that, if the observed

system does not actually follow the assumed model, then conclusions are necessary

wrong. This is a key concept to bear in mind particularly in biology where, as dis-

cussed in the previous paragraph, model uncertainty is particularly problematic.
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Overall, we believe that parametric approaches can be of great value to advance

theories and even make predictions but only when the dynamics of the populations

can be expressed in terms of tractable and robust equations. As we will see later, this

issue is going to be one of the motivations for a key chapter of this thesis (chapter 2).

1.2.3.2 Nonparametric approaches: learning the model from data

A promising route to overcome the complexity associated with modeling the dy-

namics of biological populations in changing environments consist on learning the

model directly from data (Perretti et al., 2013b,a; Ye et al., 2015; Martin et al., 2018).

Statistical learning of model structure from observational data can be accomplished

with different approaches. The most important and successful, at the time of writing

this thesis, are: nonlinear state space reconstruction and symbolic regression.

Nonlinear state space reconstruction is a set of numerical techniques developed for

constructing nonlinear predictive models from time series data (Takens, 1981; Cas-

dagli, 1989; Kantz & Schreiber, 2004). The framework is based on a theorem by Floris

Takens (Takens, 1981) which can be explained as follow: consider a scalar variable

x(t) which is observed (or sampled) at discrete (but constant) time intervals t = nr.

We refer to x(t) a scalar time series. Assume that the underlying data generating

process of x(t) is a nonlinear dynamical systems of dimension d. Takens theorem

states that for a generic T and m < 2d + 1 there exists a smooth map S : Rm -- IR that

for 1 < n < oc satisfies:

f(x((n + m - 1)7),... , x(nr)) = x((n +m)T) (1.2)

In Takens formalism m is called embedding dimension and T is the time lag (Casdagli,

1989). These two parameters can be estimated directly from data following standard

approaches (Kantz & Schreiber, 2004). In practice, Takens theorem provide a frame-

work to reconstruct invariant manifolds M e R' (i.e., a shadowed version of the true

dynamics) from a scalar observation of x(t) (i.e., the observed dynamics). From the

reconstructed invariant manifold it is then possible to construct predictive models.
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Moreover, it is possible to estimate important quantities of the dynamics such, as the

largest lyapunov exponent, that are preserved in the manifold reconstruction pro-

cess. An important extension of Takens framework to reconstruct invariant manifold

from multivariate time series data has been proposed in (Deyle & Sugihara, 2011).

Overall, nonlinear state space reconstruction is a powerful framework to build pre-

dictive models and, as we will see in the second half of this thesis, it will be a central

focus of this work. Since its original formulation this framework has found numer-

ous applications particularly in finance (Huang et al., 2017), climate science (Perez-

Muinuzuri, 2000) and physics(Descalzi & Rosso, 2018). The main limitation for the

applicability of this approach in population dynamics is data availability. However,

currently we are observing a worldwide data collection effort that is providing the

scientific community with an unprecedented amount of information (Marx, 2013;

Gharajeh, 2018). Hence we believe that nonlinear state space reconstruction meth-

ods will find continuously growing applications in population dynamics too.

An alternative approach to Takens theorem and its multidimensional generaliza-

tions for learning models from data is symbolic regression (Bongard & Lipson, 2007;

Schmidt & Lipson, 2009; Brunton et al., 2016; Quade et al., 2016; Martin et al., 2018).

Symbolic regression uses genetic algorithms to reconstruct the analytic form of the

model itself (not just a shadow invariant manifold) from multidimensional time se-

ries data. Recovering the structure of a model from data would undoubtedly be

the most promising route because, once exact equations are known, it is possible to

both explain and predict the dynamics of biological populations in changing envi-

ronments. However, while the method has been successfully applied to discover the

governing equations of physical systems (Brunton et al., 2016; Quade et al., 2016),

its applicability to biological dynamics is still far from reach. An interesting discus-

sion about symbolic regression and example of its applicability to discover dynamic

equations in biology can be found in (Martin et al., 2018).
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1.3 Thesis statement

Going back to the original problem, the goal of this thesis is to develop analytical

and numerical methodologies to estimate the tolerance of biological populations to

changing environments. To this end, it is clear that no approach (i.e., parametric

or nonparametric) can be superior to another under all circumstances. Parametric

approaches fail if the model does not accurately describe the system under inves-

tigation. Similarly, nonparametric approaches fail if data are either scarce or not

informative enough to properly implement the model learning algorithms. Gener-

ally, to deal with complex problems such as explaining and predicting population

dynamics in changing environments we should tackle the issue from different per-

spective, i.e. we need to use different approaches and understand their advantages

and disadvantages for each particular problem we are interested in. Moreover, to

advance science there should always be a feedback of ideas and results from one

world (parametric or nonparametric) to the other.

That being said, it is important to be aware of the fundamental limitations of the

chosen approach. The major drawback of parametric approaches is the difficulty of

translating unknown biological mechanisms into models that are at the same time

tractable (depends on few parameters) and robust (can be misspecified and still pro-

duce consistent results). This is a major drawback that cannot be overcome with

neither more experiments nor more theory, i.e., if the true data generating process

depends nonlinearly on many parameters then no tractable model can be derived.

Moreover, many results derived from parametric approaches hold true only under

the restrictive assumptions of the model, making the derivation of general theories

difficult to justify. In this context, an important goal of the first half of this thesis will

be to establish the range of validity of a novel parametric framework that has been

recently use to validate important biological theories. We will show that indeed the

framework is successful because it does not have to rely on strict assumptions about

the data generating process.

Issues with nonparametric approaches are of different nature. Their major draw-

backs are (1) strong dependence on data quality and availability and (2) the diffi-
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culties associated with using predictive models for explanatory purposes. The first

issue can be overcome with the advancement of data collection technologies and

more funding to experimental or observational studies. Hence is not a fundamental

limitation. Overcoming the second issue, which is more fundamental, will be the

ultimate goal of this thesis. Indeed, chapter seven, which is the major contribution

of this thesis is devoted to this goal.

Overall, we believe that the increasing amount of biological data available nowadays

paves the way for moving theoretical population biology from being an assumption-

driven towards a data-driven science. Hence we foresee that nonparametric ap-

proaches will find continuously growing applications.

1.4 Summary

In section 1.1 we have used a classic example to illustrate the reasons why it is impor-

tant to explain and predict the dynamics of biological population in changing envi-

ronments. Then, in section 1.2 we have reviewed what are the main challenges that

we face when we try to address this issue. The goal of the section was to illustrate

advantages and disadvantages of both parametric and nonparametric approaches

to modeling. The rest of this thesis is devoted to develop a systematic framework

to understand the effect of changing environments on the dynamics of biological

populations and to predict how populations may respond to these changes.

1.4.1 Structure of the thesis

Each chapter of the thesis has an abstract that link the chapter with the previous

discussions and summarize its main contributions. The thesis is organized as follow:

Part I: parametric approaches

* In chapter two we introduce the basic approach (known as the structural ap-

proach) upon which we construct our parametric framework. Then we show
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that this approach does not suffer of the problems discussed in section 1.2.3.1.

Specifically, it is robust to perturbations in model structure. Hence, conclu-

sions drawn based on this framework are not based on the assumption of a

specific parametric form of a model but on the assumption that the observed

dynamics is generated by a model that belong to a large class of possible para-

metric structures. The chapter is based on reference (Cenci & Saavedra, 2018a)

" In chapter three we use the structural approach to challenge the view that the

structure of species interaction networks is a good predictor of species's per-

sistence in changing environments. The chapter is based on reference (Cenci

et al., 2018b)

" In chapter four we develop a framework based on the structural approach to

predict species' likelihood to adapt to fast changing environments. The chapter

is based on reference (Cenci et al., 2018a)

Part II: nonparametric approaches

The first two chapter of this section are devoted to develop a methodology to

infer biotic interactions and their associated uncertainty from noisy nonlinear

time series data. The results of these two chapters will then be used in the

chapter seven to explain and predict, nonparametrically, biological population

dynamics in changing environments

" In chapter five we propose a methodology to improve a state of the art inference

algorithm to infer Jacobian coefficients from noisy nonlinear time series data.

The chapter is based on reference (Cenci et al., 2019).

" In chapter six we proposed a methodology to quantify the uncertainty asso-

ciated with Jacobian coefficients estimated from empirical data with the al-

gorithm proposed in the previous chapter. The chapter is based on reference

(Cenci & Saavedra, 2018b)

" Chapter seven is the most important chapter of the thesis. Here we propose

a novel nonparametric approach to estimate the effects of changing environ-
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ments on the dynamics of biological populations. The chapter is based on ref-

erence (Cenci & Saavedra, In press)

" In chapter eight, we present an application of the theoretical framework de-

rived in the previous chapter.

" Finally, in chapter nine we summarize the main finding of the thesis and we

discuss future directions of research.



Part I

Parametric approaches
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CHAPTER 2

STRUCTURAL STABILITY OF
NONLINEAR POPULATION

DYNAMICS

In this chapter we introduce an established framework, known as the struc-

tural approach, developed to systematically investigate the effect of changing

environments on the dynamics of biological populations. This parametric ap-

proach is build upon the concept of structural stability, i.e., the stability of a dy-

namical system against perturbation of the model structure or its parameters.

Originally, this approach was introduced to explain what type of structure of

species interactions maximize the capacity of a system to withstand environ-

mental perturbations. Yet, the approach could only be applied to communities

that follow the standard Lotka-Volterra dynamics. In contrast, here we show

that the validity of the approach extend beyond the standard Lotka-Volterra

dynamics to a much larger class of nonlinear models. Importantly, this class

covers a large number of nonlinear functional responses that have been inten-

sively investigated both theoretically and experimentally. We also investigate

the applicability of the structural approach to stochastic dynamical systems

and we provide a measure of structural stability for finite populations. Over-

all, we show that the structural approach can provide reliable and tractable

information about the qualitative behavior of many nonlinear dynamical sys-

tems.
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Chapter 2. Structural stability of nonlinear population dynamics

2.1 Introduction

Quantifying the tolerance of interacting populations to environmental perturbations

has been the center of theoretical population-biology research for many decades

(Levins, 1968; Thom & Fowler, 1975; Ye et al., 2015). As already discusse in chapter

1, the big challenges behind this task are: the difficulty in producing a large number

of exact experimental replicates on which to test theories, the analytical intractabil-

ity of complex mechanistic models, and the possibility that the functional form of

the model itself can change throughout time (Vandermeer, 1969; Ye et al., 2015). In

order to deal with these challenges, a typical approach is to focus on simple, yet, in-

sightful models derived from first principles (Logofet, 1993). However, while simple

models of population dynamics can be tractable, they are often criticized for provid-

ing a non-realistic deterministic version of the factors shaping the time evolution of

population abundances (Tilman, 1987). The classic example of a simple determinis-

tic model that has attracted much of attention, but that has been strongly criticized,

is the Lotka-Volterra (LV) model (Lotka, 1920; Volterra & Brelot, 1931). While this

model has been derived from thermodynamics principles (Michaelian, 2005), prin-

ciples of conservation of mass and energy (Logofet, 1993), from chemical kinetics

in large populations (Tauber, 2011), and can exhibit a rich behavior such as chaotic

dynamics (Vano et al., 2006) and limit cycles (Hofbauer & So, 1994); it seems unrea-

sonable to believe that such a simple deterministic model could describe the time

evolution of population abundances that we observe in nature (Tilman, 1987).

Certainly, despite its mechanistic foundation, the classic LV dynamics does not take

into account many important biological and environmental processes ranging from

fluctuations in birth and death processes to saturating effects of species growth (Lo-

gofet, 1993). In order to deal with some of these limitations, recent theoretical work

has developed structural approaches that are based on the concept of structural sta-

bility (Thom & Fowler, 1975; Lewontin, 1969). That is, stability of the qualitative

behavior of a dynamical system against fluctuations of its parameters (Rohr et al.,

2014; Saavedra et al., 2014, 2017b). Following a structural approach, studies have

been able to reconcile foundational hypothesis in ecology with observational data
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(Saavedra et al., 2014, 2016b, 2017a; Song et al., 2017). Importantly, here we show

that this approach can be directly applied to a larger class of population dynamics

models with nonlinear functional responses. The main implication of our findings

is that the applicability of the structural approach does not depend exclusively on

the assumption of pairwise interactions or that dynamics are generated by one sin-

gle deterministic model whose functional form remains fixed in time. We also show

how to extend the approach to investigate the structural stability of stochastic dy-

namics.

This chapter is organized as follows. In the second section (2.2), we briefly review

the details of the structural approach focusing on its geometrical interpretation. In

the third section (2.3), we derive the conditions under which we can apply the struc-

tural approach to study the structural stability of nonlinear population dynamics. In

the fourth section (2.4), we examine the applicability of this approach to stochastic

dynamical systems focusing on the stochastic LV model. Finally, in the last section

(2.5), we discuss the implications of our findings.

2.2 Background: the structural approach

The structural approach is a geometric methodology recently introduced (Rohr et al.,

2014; Saavedra et al., 2014, 2017b) to provide a quantitative measure for the structural

stability of the classic LV dynamics:

x =(- - As), (2.1)

where i is the vector of population abundances (i.e., the state variables), j' is the

vector of intrinsic growth rates (i.e., difference between death and birth rate), A is the

d x d interaction matrix, and d is the dimension of the state space (i.e., the number of

species). The classic LV dynamics is a deterministic model derived from the infinite

population limit of a multispecies stochastic process with mass action assumption

on the transition rates (Constable & McKane, 2015, 2017).
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A dynamical system is said to be structurally stable if smooth variations of the model

(e.g., its parameters) leave some properties of the system unchanged (Mayo-Wilson,

2015). For example, hyperbolic dynamical systems are a typical case of structurally

stable models because smooth changes of their parameters will leave the sign of

the largest eigenvalue, and therefore the stability property of the fixed points, un-

changed (Hofbauer & Sigmund, 1988). Interestingly, structural stability has a geo-

metrical interpretation. That is, the parameter space of structurally stable dynamical

systems can be partitioned into structurally stable domains separated by regions that

are structurally unstable (Kauffman, 1993). Within the structurally stable domains,

smooth changes of the parameters (caused for example by environmental perturba-

tions) do not change the nature of the fixed point. For instance, if a fixed point of a

dynamical system exists and is feasible (i.e., all species have positive abundances on

the attractor), perturbations that keep the parameters within the structurally stable

domains preserve its feasibility.

The structural approach uses the size of the structurally stable domains of feasi-

ble fixed points as a measure for the structural stability of the population dynam-

ics model (Rohr et al., 2014; Saavedra et al., 2014, 2017b). This domain is known

as the feasibility domain (Logofet, 1993; Saavedra et al., 2014), i.e., a convex region

within the parameter space of a dynamical system from which it is possible to sam-

ple parameters that generate feasible solutions. The larger the feasibility domain, the

larger the structurally stability of a feasible fixed point (see Figure 2.1). Formally, for

classic LV dynamics, because of the linearity of the functional response, the feasi-

bility domain is a convex hull in the parameter space of the intrinsic growth rates i

spanned by the columns of the interaction matrix A:

DF(A) = f E Rd 3A,,..., Ad > 0, rj = A3aij} (2.2)

A fixed point is feasible if the vector of intrinsic growth rates lies within the feasi-

bility domain (Logofet, 1993) (see Figure 2.1 for a graphical example). In fact, by

considering a non-singular interaction matrix A, the vector of state variables can be
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Figure 2.1: Structural approach to infer the structural stability of feasible fixed
points in the classic Lotka-Volterra dynamics. The figure shows the feasibility do-
main in the parameter space of the intrinsic growth rates. A fixed point of the classic
LV dynamics is feasible if the vector of intrinsic growth rates falls within the feasibil-
ity domain spanned by the columns of the interaction matrix A, such as the vector
rf illustrated in the figure. Otherwise, a vector F, would generate an unfeasible so-
lution, i.e., one or more species would be extinct at the fixed point. The structural
approach uses the size of the feasibility domain as a measure for the structural sta-
bility of the feasible fixed point.

rewritten as a combination of a standard basis of Rd , i.e., Y = x1ei + - + xnen

and AX' = Jy xjAej. Therefore the positive orthant (i.e., the state space of LV) is

contracted to a n-hedral angle with generatrices formed by the columns of the in-

teraction matrix. Hence a feasible (positive) solution of AX' = r exists if r' E DF(A)

(Logofet, 1993; Saavedra et al., 2014). This is precisely the non-zero fixed point of

Eq. (6.5).

Following the structural approach (Saavedra et al., 2014, 2017b), the structural sta-

bility of the classic LV dynamics can be quantified by measuring the volume of the

feasibility domain in the Lp norm:

Q IdetAl
Q = Id dHl (2.3)

1|JA ei I IL, . . . IA edj IL

where d is the dimension of the system. The choice of the norm or the normaliza-

tion factors of the interaction matrix do not change the computation of the volume
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(Rohr et al., 2014; Logofet, 1993). Particularly, the relevance of the feasibility domain

relies on its quantitative characterization of structural stability and its conceptual in-

terpretation as the tolerance of a dynamical system to environmental perturbations

(Saavedra et al., 2017b,a; Cenci et al., 2018a).

2.3 Generalization to nonlinear functional responses

One important question that remains to be answered is to which other models the

structural approach can be extended. To answer this question, let us consider a more

general form for the classic LV dynamics:

x = 5(i - Af ()), (2.4)

where f(S) denotes a general functional response. This type of models have been

typically called generalized Lotka-Volterra (GLV), and their association with the

classic LV dynamics has been extensively studied (Takeuchi, 1996). For example,

under classic LV dynamics, the non-negative equilibrium point is the solution to the

linear complementary problem (LCP) for A and r (i.e., LCP(A, -r)). Similarly, the

non-negative equilibrium point of GLV is the solution to the nonlinear complemen-

tary problem (NCP) for Af(Y) and r'(i.e., NCP(Af (Y), -)). It is also known that if

f(S) is continuous and monotone in Rd, then there exists a non-negative equilibrium

of Eq. (2.4) for some ' e pd. Importantly, these associations allow us to be more con-

crete and redefine the question above to whether it is possible to apply the structural

approach to study the structural stability of the feasible fixed point of Eq. (2.4).

Here, we derive the sufficient conditions for the applicability of the structural ap-

proach to Eq. (2.4). We do this by mapping the nonlinear functional response into a

linear response and finding the conditions for f(S) under which this change of vari-

able leaves the state space of Eq. (2.4) unchanged. Then, we ensure that the system

in the new variable is topologically equivalent to LV. Formally, let us call Z = f (Y).

Then, S = f
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=) d(f-(5)) f_()(i - Ar), (2.5)

which can be rewritten as

d5 1=z f- ()( - AF). (2.6)
dt V(f-1())

Because we are interested in a feasible fixed point, we need to guarantee that the

inverse of the transformation must map points in the state space Y of Eq. (2.6) to

points in the positive orthant of the original dynamical system of Eq. (2.4) (i.e., f-1 :

SC ~RJ - R ). The topological equivalence to the classic LV dynamics also

implies that Eq. (2.4) and Eq. (2.6) must have only two fixed points in Y: one feasible

stable point and one feasible (or unfeasible) unstable point. Thus, the change of

variable also must map the unstable fixed point of Eq. (2.4) onto the unstable fixed

point of Eq. (2.6) and the same for the stable one. Specifically, this translates into

requiring the condition that _ is well defined in 9 (i.e., V(f'(5)) f 0) and
V Yf (IF))

that its (only) root is an unstable fixed point of Eq. (2.6). Formally, the conditions

under which we can consider Eq. (2.4) and Eq. (2.6) to be topologically equivalent to

the classic LV can be written as:

X! -E Rdo 0 1 Afp- = 0, f -I: y C Rdo 0 __Rd0, E]! '* E Rd = 0,> X)-> > > VU f 1 ( *)
(2.7)

where z' is an unstable fixed point of Eq. (2.6). Note that the first two conditions

derive directly from previous results on GLV dynamics (Takeuchi, 1996). To illus-

trate the conditions of Eq. (2.7), let us consider a practical example. If we take

f (Y) - = X, -= zO:

- =(- Ay1) (2.8) z = i 3 -A5) (2.9)

then a feasible solution of Eq. (2.9) guarantees the feasibility of Eq. (2.8) given that

the inverse function f- maps each point onto the positive orthant of Eq. (2.9) to
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Figure 2.2: Topological equivalence between classic and generalized Lotka-
Volterra dynamics for a polynomial response function. Panel (a) shows the di-
rection field of Eq. (2.4) with a polynomial response function, i.e., f (Y) = 22. Panel
(b) shows the direction field of the linear transformation of GLV dynamics, as given
by Eq. (2.9) with 3 = 2. As a reference, panel (c) shows the direction field of the
classic LV dynamics, i.e., Eq. (6.5). The figure shows that the state spaces are equiv-
alent. Note that changing the exponent of the polynomial would just modify the
qualitative picture of the state space but would leave the structure of the state space
unchanged. The polynomial response function satisfies the conditions in Eq. (2.7).
Parameters: ri = 0. 5, Ai = 0.9 and A = 0.1

the positive orthant of the original system. Furthermore, because the system ' has

a linear stationary state (see Figure 2.2), we can apply the structural approach to

Eq. (2.9) to measure the structural stability of the fixed point of Eq. (2.8).

Following the rationale above, we can generalize our results beyond GLV dynamics.

To illustrate this, let us now consider the following general population dynamics

model:

7 = g(X)[' - Af(Y)]. (2.10)

Using the change of variable '= f(Y), we can rewrite Eq. (2.10) as

di 1
d t I - ( ))(F - A ).dt V (f ( F))

(2.11)

We call Y1 and Y2 the state spaces of Eq. (2.10) and Eq. (2.11), respectively. Note

that Y 1 is not necessarily the entire positive orthant, but we continue to assume that

the function g(xi) has at most one zero in Y 1 and it is an unstable fixed point of
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Eq. (2.10). It is now straightforward to see that the conditions leading to topological

equivalence are: (1) the system r - Af (X) = 0 has only one solution in the positive

orthant, (2) f 1 : C IRIJ - Y1, and (3) (._f has at most one root in Y 2. This

last condition needs to be satisfied given that we have imposed that g(i) has only

one root.

In sum, in this section, we have provided the sufficient conditions that need to be

assumed on a response function in order to study the structural stability of nonlin-

ear models under the structural approach derived for linear functional responses.

As a final note, we want to stress that the conditions in Eq. (2.7) are sufficient but

not necessary. To illustrate this point, let us consider the case of a functional re-

sponse of type II, that is f,, (X) = M-, where M is a diagonal matrix with diagonal

entries Mi = x. For this type of functional response the conditions in Eq. (2.7)

are not satisfied. Specifically, because - e R'O, then f-1 : RO a Rd and there also

exists an additional feasible fixed point which is not globally (and locally) stable.

Nevertheless, it has already been shown that the structural approach can still be ap-

plied to these type of functional responses (Saavedra et al., 2017b). As illustrated

in Figure 2.3, the basin of attraction of the only stable fixed point is the only subre-

gion of 2 that can be mapped back into the positive orthant of the original system.

The basin of attraction of this feasible stable fixed point (plus the origin) is, indeed,

topologically equivalent to the classic LV dynamics. This example suggests that (1) if

there exists a basin of attraction 4 of the stable fixed point of Eq. (2.11) topologically

equivalent to LV, and (2) this is the only subregion of Y2 that is mapped back by f -1
to Y1, then we can still apply the structural approach to the restriction of the state

space on W. These results imply that we can relax the conditions in Eq. (2.7), and

extend the validity of the structural approach to a much larger class of functional

responses if there exists a unique subregion of the state space of Eq. (2.11) for which

the conditions in Eq. (2.7) hold.
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Figure 2.3: Direction field of Lotka-Volterra dynamics with a functional response
of type II. While the state space of Eq. (2.10) with a functional response of type II
(Panel (a)) is mapped into a state space that is not topologically equivalent to LV
(Panel (b)); the restriction of this state space on the basin of attraction - = [0, 1) x
[0, 1) of the stable fixed point it is. As a reference, Panel (c) shows the direction field
of the classic LV dynamics.Parameters: ri = 0.5, Aii = 0.9 and Aij = 0.1

2.4 Structural stability of stochastic dynamics

The analysis in the previous section was limited to deterministic dynamical systems.

This is a good approximation in the limit of infinitely large populations. However,

when this limit cannot be assumed, noise in the state variables (i.e., demographic

stochasticity) cannot be neglected. That is, fluctuations of the state variables need

to be considered explicitly. In this section, we show under which conditions we can

study the structural stability of stochastic LV dynamics (SLV) under the structural

approach derived for linear functional responses. Then, we introduce an extension

of the structural approach to take into account the extinction probability in finite

populations.

The SLV can be derived from the linear noise approximation (LNA) of the chemical

master equation (Van Kampen, 1992; Gardiner, 2004) for the probability distribution

of the stochastic process that generate the classic LV dynamics.

2.4.1 Derivation of the stochastic Lotka-Volterra model

To derive the stochastic dynamics we write down the master equation, which in its

most general form is written as:
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p(ii, t) num of reactions

t T( - [Ti n I)p( -it)-,T( +R )p(, t)1, (2.12)
gain loss

where - = (ni,..., nd) is the state vector, p(fi, t) is the probability of observing a

system in state n and I = (a, b, c),... , inum of reactions are stoichiometric coefficients

(Constable & McKane, 2015). The stoichiometric coefficients are introduced for a

notational convenience that will be clear in Eq. (2.16).

The solution of the master equation provides us with the probability distribution

of observing a state n- at time t. The reaction rate can be written easily in terms of

chemical reactions. As an example take the reaction A + B -÷ A + A that takes place

at rate AAB. Then, if we call nA and nB the number of reactant A and B, respectively,

the reaction term reads:

Ta(nA + 1, nB - II nA, nB) = AAB nAnB (2.13)V 2

where we have assumed mass action on the reaction rates and V is a measure of

system size. Obviously, the solution of the master equation in a closed analytical

form is extremely challenging to find. Therefore, following standard methods of

stochastic dynamics, we take the Van Kampen system size expansion of the master

equation to recover the Fokker-Plank equation (Van Kampen, 1992; Gardiner, 2004):

&p(7 ,T) d 1 d aa = - Di()P( T), ) + a7jJ (X'J()p(, ), (2.14)OT i= xi 2V .~~ . xjc'xj
i=1 i,j=1

where we have used the change of variable: i = (ni/V,... , nd/V) and T = t/V.

The drift and diffusion term of the Fokker-Plank equation (i.e., first and second term

on the right hand side of Eq. (2.14)) can be written explicitly following (Constable &

McKane, 2015):
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R

X) Pi,kTk(Vx X+Vx) (2.15)
k=1

R

R3 (x) = E Pi,kPj,kTk (V ' + Pk|VY) (2.16)
k=1

Using the stoichiometric coefficients and the equations above (Eq. (2.16)), we can

write down the stochastic dynamics explicitly in term of an Ito stochastic differential

equation as Eq. (2.18) in the main text:

1
X = X~) + ((-, T), (2.17)

vV

where D(i) will be the deterministic vector field and (, r) is a Gaussian random

variable with ( (, T)) = 0 and (j ( ', T) j (', T')) = Tj (T - T').

Finally, we can write down the stochastic Lotka-Volterra dynamics. The reaction

terms T, can be written explicitely following the same reasoning of Eq. (2.13). Hence,

following Eq. (2.16) the stochastic Lotka-Volterra dynamics reads (Constable & McK-

ane, 2015):

X = x(-- A) + - v(t), (2.18)
/N

where the first term on the right hand side is the deterministic vector field, N is

the system size, and v(t) is Gaussian white noise (McKane et al., 2014) with zero

mean and correlations given by (vi(t) v(t')) = Bi6(t - t'). Where Bij = A3 (+ Ai)

V i = j and zero otherwise The 6 function in the last expression characterizes the

white noise.
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2.4.2 The structural approach in finite populations

Here we ask whether we can apply the structural approach to finite populations,

i.e., to Eq. (2.18). For globally stable systems, because the dynamics away from the

fixed point are dominated by the deterministic component, the deterministic vector

field pushes back the perturbations induced by stochastic fluctuations of the state

variables to the feasible solution. Nevertheless, note that the extinction probability

is always different from zero because the system size is finite. That is, globally stable

fixed points are only metastable since demographic stochasticity will eventually in-

duce a transition into an absorbing state (Rulands et al., 2013). Generally, the smaller

the system size, the larger the extinction probability. However, the time for extinc-

tion Text due to stochastic fluctuations is typically very large, and in globally stable

SLV systems this time scales as Text oc eN (Dobrinevski & Frey, 2012). Note that N

is finite but assumed to be large, hence Text can be regarded as infinity for practi-

cal purposes. Thus, in this limit, the structural approach can be applied to globally

stable SLV systems.

However, recently it has been shown that in neutral and quasi-neutral conditions, the

argument provided above does not hold anymore (Dobrinevski & Frey, 2012; Con-

stable & McKane, 2015; Constable et al., 2016). Specifically, the extinction time for

neutrally stable SLV models scales proportionally to the system size N, i.e. Text,neut ~

N0 rather than exponentially (Dobrinevski & Frey, 2012; Cremer et al., 2009; Rulands

et al., 2013). The reason for this change in behavior of the system is that, near neu-

trality, there exists a new dynamics on the center (CM) and slow (SM) manifold of

SL, that cannot be studied in the deterministic setting. That is, extinctions of species

in time proportional to Text,neut are driven by a stochastic drift on the CM or the SM

(Constable & McKane, 2015; Constable et al., 2016).

Importantly, the existence of a center manifold is a hallmark of structural instability

given that the dominant eigenvalue of the Jacobian matrix is zero (Duan, 2015). That

is, the feasibility domain shrinks to a line. Then, because stochastic fluctuations of

the state variables in the vicinity of the fixed point are equivalent to fluctuations of

the parameters (Arnoldi et al., 2016), infinitesimally small demographic noise can

41



Chapter 2. Structural stability of nonlinear population dynamics

2.5

- CM
2 -Stochastic Dynamics

DDeterministic Dynamics
1.5

1

00.8 r 2 +. Ae2

0 0.5 1 1.5 2 2.5 .. 0 .V

Species 12Up

0 4 - Stoch a tic Dynamics

sa 
r2 1 . d e e i n s c sDetermainistic Dynamics

0.8

0 0.05 0.1 0.5

Size of the feasibility domain

0 0.5 1 1.5 2

Species 1

Figure 2.4: Extinction probability as a function of the structural stability of the
system. The figure shows the fraction of stochastic extinctions in a two species LV
system, that is predicted to be feasible in the deterministic setting, as a function of
the size of the feasibility domain. We observe a transition from a state in which
the probability of extinction is effectively one (i.e., the structural approach fails) to a
region where this probability is approximatively zero (i.e., validity of the structural
approach). The structural stability of the feasible solution increases with the size
of the feasibility domain, reducing the effect of stochasticity on feasibility. We run
simulations for a time T < Text ~ eN, where eventually all finite systems will go
extinct.

turn feasible into unfeasible solutions. As discussed above, within this regime of

parameters (i.e., near neutrality) Txt ~ N", extinction takes place with probability

one in finite time. Note that globally stable fixed points correspond to the opposite

side of the spectrum, for which Text eN. Thus, focusing on a finite time scale, by

moving from one side of the spectrum to the opposite we can observe an abrupt

transition for the extinction probability in times that are small compared to eN (see

Figure 2.4). Notably, this probability is a function of the dominant eigenvalue of the

Jacobian, and therefore, of the size of the feasibility domain.

The statement above has an important implication for the structure of the feasibil-

ity domain itself. In fact, the investigation of the explicit stochastic dynamics re-

veal that, within the feasibility domain, there exists a non-uniform distribution of

the extinction probability. This was already noticed in previous work (Rohr et al.,

2016) in the context of environmental stochasticity. Importantly, for a given (fixed)

population size N and a given (fixed) interaction matrix A, the distribution of the
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extinction probability is non-homogeneous in space (in the parameter space of in-

trinsic growth rates). As shown in Figure 2.5 panel (a), regions near the border of

the feasibility domain have a larger extinction probability than regions that are far

away from the border. Therefore, using the size of the feasibility domain to study

the structural stability of stochastic systems can be misleading. Instead, one needs

to use the size of the region within the feasibility domain for which, in finite times,

Pext = 0. Note that other regions are deterministically feasible, but will undergo

extinction with probability one in the presence of demographic noise.

While measuring the extinction probability as a function of the parameter space of

high-dimensional feasibility domains is a challenging task, we propose that this can

be estimated by the difference between the largest and the smallest eigenvalue of

the Jacobian matrix of the deterministic system (see Figure 2.5 panel (b)) (Parsons &

Rogers, 2017). Indeed, the lack of structural stability is characterized by a strong sep-

aration of time scales between the most stable (largest eigenvalue Amax) and the least

stable (smallest eigenvalue Amin) dynamics. Importantly, this separation reaches its

minimum within the interior of the feasibility domain, where the slow and fast dy-

namics are not fully separated. On the contrary, along the borders of the feasibility

domain, this separation will be maximum (see Figure 2.6). Thus, we can quantify

the structural stability of a community by measuring the size of the region, within a

feasibility domain, in which the fast and slow dynamics are not well separated. For

example, a possible way to perform this analysis is to measure the relative difference

of time scales AT = Amax-Amin across the feasible region of the parameter space (see
Amax

Figure 2.6). Then, we can fix a threshold E on AT (typically c = AT at which Pext goes

from zero to one) and measure the size of the feasibility domain that falls below this

threshold. Generally, the larger this region is, the larger the structural stability of a

SLV dynamics. Note that, for fixed N and A, AT is a function of the location of a

system in the feasibility domain (i.e., a function of -), and resembles the distribution

of the extinction probability (see Figure 2.5).
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Figure 2.5: Partition of a two species feasibility domain in regions that undergo
extinctions within different time scales. Panel (a) shows the extinction probability
as a function of the position of a vector of intrinsic growth rates inside the feasibility
domain. To generate Panel (a), we selected a vector of intrinsic growth rates ron one
of the columns of the feasibility domain and compute the extinction probability of
Eq. (2.18) over an ensemble of 10' realizations. Then, we selected a new vector f until
we reached the opposite border. The x-axis shows the distance (in the L1 norm) of
the new sampled vector ' from the border of the feasibility domain, which we have
fixed as origin. Panel (b) shows how the separation of time scales AT changes as a
function of space on the surface of a two dimensional feasibility domain (i.e., a line).

2.5 Conclusion

The structural stability of a population dynamics model can be used as a measure

to quantify the tolerance of biological communities to environmental perturbations

(Thom & Fowler, 1975). For example, the structural approach based on the classic

LV model uses the size of the feasibility domain (the set of parameter values that

guarantees the existence of a fixed point at which all species coexist) as a measure

for structural stability (Rohr et al., 2014; Saavedra et al., 2014). Although this ap-

proach was derived to investigate the structural stability of the LV dynamics, its

applicability is not limited exclusively to population dynamics models with linear

functional responses (Saavedra et al., 2017b). Indeed, in this chapter, we have shown

that the structural approach can be applied to investigate the structural stability of

biological communities governed by a large class of deterministic nonlinear models.

Furthermore, we have shown how to extend this approach to stochastic models.

In particular, we have shown that in order to guarantee the validity of the struc-
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Figure 2.6: Structural approach applied to stochastic Lotka-Volterra dynamics.
The figure shows the surface of two different feasibility domains in the parameter
space of intrinsic growth rates ri of 3-dimensional systems. The colors within the
feasibility domains show the relative difference between the largest and smallest
eigenvalue of the corresponding Jacobian matrix. Note that the separation of time
scales between the most and least stable direction is proportional to the extinction
probability. Then, the structural approach can be applied by measuring the size of
the region with minimum time-scale separation (center blue region).

tural approach under a general nonlinear model, the functional response of Eq. (2.4)

needs to satisfy Eq. (2.7). Importantly, these conditions are satisfied by many func-

tional responses that have been found to reasonably explain experimental data (Ay-

ala et al., 1973). The results of section 2.3 imply that the structural approach can be

applied even when the underlying population dynamics model changes across time,

provided that every model satisfies Eq. (2.7). This is relevant for the analysis of em-

pirical data. In fact, because the functional response of biological communities are

typically context dependent (Dick et al., 2017), it is advantageous to have methods

that do not rely too strictly on the assumption of a particular functional form.

Finally, we have discussed the applicability of the structural approach to investigate

the structural stability of the feasible fixed point for populations governed by the SLV

dynamics. We have shown that in finite populations, structural stability is strongly

correlated with the time-scale separation between fast and slow dynamics. Thus,

it is possible to divide regions of the feasibility domain into those where the pop-

ulation exhibits either a zero or non-zero extinction probability in finite times. We
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have proposed that the size of the region for which the extinction probability is zero

can be used as an appropriate measure of structural stability in finite populations.

Note that because the SLV dynamics are derived from a linear noise approximation

of a master equation, the extension of the structural approach to Eq. (2.18) applies

to finite but small noise. This should not be seen as a strong limitation of this ap-

proach. Empirical studies have shown that stochastic effects are not always the main

drivers of community dynamics (Stegen et al., 2012). Indeed, recent experiments

have shown that population dynamics, in closed communities, exhibit a strong de-

terministic component with stochasticity mainly driven by environmental variations

(Frentz et al., 2015). Overall, we hope that this research will serve as a baseline for

future studies investigating the structural stability of biological communities, where

the dynamics are typically driven by time-varying, nonlinear, functional responses

and by small demographic stochasticity.
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SPECIES INTERACTIONS IN
CHANGING ENVIRONMENTS

Interactions among species within a community are typically represented in

terms of networks of which nodes represent species and links interactions.

The structural approach presented in the previous chapter was originally in-

troduced to explain what type of structure of species interaction network max-

imize the capacity of a community to withstand environmental perturbations.

In this chapter however, we show that network structure alone cannot be used

as predictor of the robustness of biological populations in changing environ-

ments. Specifically, here we demonstrate that such a perspective leads to in-

consistent conclusions and that tolerance to environmental changes can only

be understood as an interplay between species interactions and environmen-

tal perturbations. Thus, we discuss a research agenda to investigate the rela-

tive importance of the structure of ecological networks under an environment-

dependent framework. Overall, we hypothesize that only by studying system-

atically the link between network structure and population dynamics under

an environment-dependent framework, we can uncover the limits at which bi-

ological populations can tolerate environmental changes.
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3.1 Introduction

Since the beginnings of modern network theory (Newman, 2003, 2010), studies have

assessed the importance of particular network structures (e.g., exponential or scale-

free networks) by their capacity to tolerate an external perturbation acting on their

structure or dynamics (e.g., a random or targeted sequential removal of nodes, Al-

bert et al. 2000). This has paved the way for a similar research agenda in network

and community ecology (Pascual & Dunne, 2005; Bascompte & Jordano, 2013). In

particular, theoretical studies have been investigating this importance by quantify-

ing the effects of network structure on community persistence (Montoya et al., 2006).

To capture these effects, a typical approach has been centered on randomly remov-

ing species (removing interactions or sampling randomly model parameters) and

comparing the extent to which different network structures avoid additional species

extinctions. This tolerance has then been taken as evidence for a structure's advan-

tage, disadvantage, or lack of any importance over other structural patterns (James

et al., 2013; Sales-Pardo, 2017). However, the large number of degrees of freedom

involved in these analyses (e.g., parameter values, choice of perturbation) has been

a central limitation. In fact, it is unclear the extent to which such conclusions can

be generalized (Saavedra et al., 2013; Grilli et al., 2016). Therefore, the question has

become whether it is possible at all to infer the importance of a network structure

through its capacity to tolerate external perturbations (Rohr et al., 2014).

In this chapter, we use a simple example to demonstrate that the tolerance to ex-

ternal perturbations of different network structures under the same dynamics can

quickly change as a function of the type, direction, and magnitude of the pertur-

bations. That is, the importance of a network structure depends on the external

perturbations faced by a community at any given point in time (Song et al., 2017;

Coulson et al., 2017; Cadotte & Tucker, 2017). Thus, if studies focus on a specific set

of external perturbations in order to infer the general importance of a network struc-

ture, it would lead to inconsistent conclusions. This implies that the importance of a

given network structure in a community should always be understood in relation to

local environmental settings. In this line, we propose and discuss a research agenda
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to investigate the relative importance of the structure of ecological networks under

an environment-dependent framework. We strongly believe that this new synthe-

sis can move the field of ecology towards a more systematic and predictive science

(Petchey et al., 2015).

3.2 Linking network structure and persistence

To investigate the tolerance of an ecological network to external perturbations, stud-

ies have been linking the structure of interaction networks with community persis-

tence. Traditionally, this structure has been derived from the topology of species

interaction networks, i.e., the binary representation of who interacts with whom in

a given location and time (Pascual & Dunne, 2005; Bascompte & Jordano, 2013). This

topology can be represented by a binary matrix, whose elements denote the pres-

ence or absence of a direct interaction between two species. In order to talk about the

structure of a network, it has also been necessary to talk about the lack of structure

in a network (Newman, 2010). In this context, random networks (or null models)

have been the gold-standard benchmark of no structure. Generally, these random

networks are simple ensembles of binary matrices with a given number of is and Os

randomly shuffled. Statistically significant deviations from these random networks

have been taken as a sign of a structure in an observed interaction network (Ulrich

et al., 2009). Note that the characterization of a structure is not restricted to its topol-

ogy, and many different definitions (e.g., weighted instead of binary patterns) and

null models can be used (Schupp et al., 2017). Yet, the conceptual framework is ex-

actly the same.

This framework has revealed that many real-world networks exhibit a distribution

of interactions that depart from null expectations (Newman, 2010). For example,

in network ecology, two of the structures that have captured most of the attention

are modular and nested structures (Pascual & Dunne, 2005; Bascompte & Jordano,

2013). Modular structures are those in which groups of species have many interac-

tions among them, but few interactions with the rest of the species in the network.

Nested structures are those where highly connected species interact with both highly
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connected and poorly connected species, while poorly connected species interact al-

most exclusively with highly connected species. Thus, many studies have been in-

terested in understanding the existence and importance of such network structures

through their potential links with community persistence.

Formally, community persistence corresponds to the capacity of a given community

to sustain positive abundances for all its constituent species (Hofbauer & Sigmund,

1998). In many cases, this definition has been relaxed and taken as the fraction of

species that can sustain positive abundances in a community when subject to some

initial conditions or external perturbations (Pascual & Dunne, 2005; Ives & Carpen-

ter, 2007; Bunin, 2017). In the absence of empirical data, the challenge has been how

to model the temporal evolution of species abundances and their response to exter-

nal perturbations (Rohr et al., 2014). Therefore, some studies have analyzed com-

munity persistence by assuming a random or targeted sequential removal of species

(or interactions) in an interaction network, and considered extinctions (i.e., when

abundances go to zero) whenever a species is left without interactions (Pascual &

Dunne, 2005). Other studies have used population dynamics models to investigate

the fraction of species that ends up with positive abundances at equilibrium under

some random initial conditions (Rohr et al., 2014). Similarly, using population dy-

namics models, other studies have systematically investigated the range of parame-

ter values (initial conditions) compatible with positive abundances of all species in

a community (Saavedra et al., 2017b). Overall, regardless of the method employed,

community persistence has been broadly defined as the capacity of a community to

avoid species extinctions.

One can now link the two concepts above and ask, for example, to what extent mod-

ular or nested structures can increase the capacity of communities to avoid species

extinctions under random perturbations. In fact, this has been a recurrent question

in network and community ecology (Pascual & Dunne, 2005; Bascompte & Jordano,

2013; Sales-Pardo, 2017). To address this question, studies have fixed a community

size, changed the structure systematically by re-arranging the interactions of the

networks, adopted a measure of community persistence, introduced some external
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perturbation or condition, and investigated how this measure of community per-

sistence changes as a function of a network structure (Stouffer & Bascompte, 2003;

Bastolla et al., 2009; Thebault & Fontaine, 2010; James et al., 2013; Rohr et al., 2014).

Importantly, these theoretical studies have shown significant associations between

network structures and community persistence under given external perturbations.

However, the reading of these findings has many times led to a belief that a struc-

ture is either advantageous (important) or not for a community (Sales-Pardo, 2017).

For example, modular and nested structures have been positively associated with

community persistence in antagonistic and mutualistic communities, respectively

(Th bault & Fontaine, 2010). Thus, changes of a presumed important network struc-

ture in a community across temporal or environmental gradients have been directly

translated to changes in robustness (Dalsgaard et al., 2013; Takemoto & Kajihara,

2016; Welti & Joern, 2015). Moreover, this view has led other studies to suggest that

the absence of a given structural pattern in a community can be related to the lack

of importance of such network structure overall (James et al., 2013; Strona & Veech,

2015). Yet, all these generalizations are derived from particular scenarios of exter-

nal perturbations, and currently it is unknown whether these results are consistent

under a more systematic analysis (Saavedra et al., 2013; Grilli et al., 2016).

3.3 Inconsistent conclusions about the importance of

network structure

To illustrate how naive simulations of external perturbations can lead to inconsis-

tent conclusions about links between network structure and community persistence

we follow the structural approach (Thom & Fowler, 1975; Rohr et al., 2014; Cenci &

Saavedra, 2018a) discuss in chapter 2. This approach is particularly useful for our

purposes as it allows us to focus on how the qualitative behavior of a dynamical

system changes as a function of the parameters of the system itself. For example,

the dynamics of the system can be approximated by a population dynamics model

(Case, 2000). Then, the qualitative behavior of this dynamical system can be trans-

51



Chapter 3. Species interactions in changing environments

lated into a given measure of community persistence. Thus, one can investigate the

extent to which different interaction networks can tolerate external perturbations

(changes in parameter values) without pushing species towards extinction.

Let us consider a 2-species community as a conceptual example. The axes of Figure

5.1 represent the 2-dimensional parameter space of species intrinsic growth rates.

The colored regions correspond to the set of those intrinsic growth rates compatible

with positive species abundances (the necessary condition for community persis-

tence). The size and shape of this region depend upon network structure (Cenci

et al., 2018a). This region is what in chapter 2 we called the feasibility domain. (Lo-

gofet, 1993; Rohr et al., 2014; Cenci & Saavedra, 2018a). Notice that in chapter 2 we

have shown that the structural approach has a precise geometrical interpretation

(see Figure 2.1 and Eq. (3.2)). Here we will be somehow less rigorous and we will il-

lustrate our point with a cartoon example. This simplified example make it is easier

to generalize the idea in higher dimensions (i.e., larger communities). The open and

colored symbols represent some initial and final parameter values, respectively, i.e.

the parameters of the system before and after a hypothetical external perturbation.

Rows correspond to the same external perturbation under two different network

structures (for the moment the reader can think of any type of structures). Columns

correspond to the same network structure under two different external perturba-

tions. Note that positive species abundances will be satisfied as long as the param-

eter values fall inside the feasibility domain. The Figure clearly illustrate that, if we

were to focus on the first row only, we would conclude that structure 1 is more ro-

bust that structure 2. However, if we were to focus on the second row, then we would

conclude the opposite. Similarly, if we were to focus on each column separately, we

would arrive to contrasting conclusions. Moreover, these inconsistent conclusions

can be repeated by moving the perturbation (parameter values) to almost any other

direction. That is, there is no conceptual support to think of either a positive or

negative association between structure and persistence without taking into consid-

eration external environmental conditions, i.e., the direction and the magnitude of

the perturbation.
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Figure 3.1: Linking external perturbations, network structures, and community
persistence. The blue region represents the feasibility domain (parameter space
compatible with community persistence) of a population dynamics model. The or-
ange and red circles represent a vector of species intrinsic growth rates r [r , r 2]
before and after a hypothetical perturbation, respectively. The necessary condition
for community persistence is to have a vector of intrinsic growth rates within the fea-
sibility domain (as we show on the top-left and bottom-right panels). The cartoon
shows that not only the structure of an interaction network is important for commu-
nity persistence, but also the direction of the perturbation. In fact, just by changing
the direction of the perturbation, one may not observe community persistence under
the same network structures (as we show on the top-right and bottom-left panels).
That is, structure per se says little about community persistence if not seen in the
light of its local environment.

Figure 5.1 provided a conceptual example. To quantitatively illustrate the incon-

sistent conclusions about the importance of the structure of interaction networks

through their tolerance to external perturbations, we test the association of commu-

nity persistence with modular and nested structures under LV dynamics. Yet, we

need to stress that, in principle, our approach can be applied to any combination of

structures, perturbations, and models. Indeed as shown in chapter 2 the following

analysis could be carried out using any GLV dynamics belonging to the class of the
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structural approach. We measure community persistence as the capacity of a partic-

ular structure to avoid extinctions. We build interaction networks on communities of

21 species (this number allows us to easily divide the network into modules, but dif-

ferent dimensions generate the same qualitative results). Interactions are distributed

among the species so that there is a clear distinction between the two types of struc-

tures analyzed (see 5.2 for a graphical representation). For comparison purposes,

the elements of the interaction matrix A are taken from a normal distribution with

parameters chosen such that the resulting interaction matrices for each structure

have same mean and standard deviation (so to compare fairly among structures). In

the absence of an interaction between two species, the corresponding entry in the

interaction matrix is zero. Communities (each with a different type of structure) are

initialized inside the feasibility region by fixing a lognormal distribution of species

abundances 5* (Begon et al., 2009), and then finding the corresponding vectors of in-

trinsic growth rates i.e., K = AY* (Rohr et al., 2016). Once the communities (with the

different structures) are initialized with all species present (Y* > 0), we introduce

random and directional perturbations on either the interaction matrix or the vector

of intrinsic growth rates. While random perturbations act on all the elements of the

interaction matrix or the vector of intrinsic growth rates, directional perturbations

act on one single column or element. These changes are equivalent to random and

targeted perturbations either on the interactions or nodes of a network (Saavedra

et al., 2013, 2014). After the perturbations, we compute the new equilibrium so-

lution with the changed parameters. Then, we record which community (network

structure) avoids extinctions. We repeat this process 5000 times.

Figure 5.2 shows the estimated community persistence (number of times a given

structure avoids extinctions) derived for each combination of structure and pertur-

bation. The first row corresponds to the community persistence under random per-

turbations acting on either the interaction matrix (Panel A) or the vector of intrinsic

growth rates (Panel B). The second row corresponds to the community persistence

under directional perturbations acting on either the interaction matrix or on the vec-

tor of intrinsic growth rates of the most and least connected species. In the same line

as in Figure 5.1, if we were to focus on the first row only, we would conclude that
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modular and nested structures are more robust under perturbations acting on the

interaction matrix and intrinsic growth rates, respectively. However, if we were to

focus on the second row, then we would conclude the opposite (Panels C and F), or

simply that there is no difference between the structures (Panels D and E). Similarly,

if we were to focus on each network structure separately, we would arrive to contrast-

ing conclusions as a function of the perturbations. Note that these inconsistencies

are not exclusive to the perturbations here analyzed. Overall, these simple concep-

tual and quantitative analyses demonstrate that the association of a given network

structure with community persistence completely depends on the type, direction,

and magnitude of perturbations.

3.4 A plea for an environment-dependent framework

As it is known, species interaction networks are the result of different evolutionary

and ecological processes acting at the individual and the collective level (Thomp-

son, 2005). Because these processes typically yield to adaptation to local environ-

ments (Grant & Grant, 2014; Valverde et al., 2018), it becomes useful to think about

the relative importance of a network structure under a particular environmental

setting. That is, the importance of a network structure should be studied under

an environment-dependent framework (Chamberlain et al., 2014; Song et al., 2017).

This research agenda can be achieved by using environment-dependent parameters

as the link between community dynamics and environmental conditions (Rohr et al.,

2016; Cadotte & Tucker, 2017). The goal will be to investigate the range of environ-

mental conditions compatible with community persistence under a given network

structure, the expected environmental conditions in a given location, and their over-

lap. Below, we explain this environment-dependent framework in more detail.

The first step is to systematically study the set of environmental conditions tolerated

by a community with a given network structure. This requires to link community

dynamics and environmental conditions, which can be achieved through specify-

ing environment-dependent parameters in a model (e.g., species carrying capacities)
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Figure 3.2: Inconsistent conclusions about the importance of network structures.
As an example, we show the response of two different network structures (a modular
and a nested structure) to different external perturbations (see text for details on the
simulations performed using a Lotka-Volterra competition model). All communi-
ties are initialized inside the feasibility domain having the same species abundance
distribution (see text for details). The y-axis corresponds to the number of times (out
of 5000) that the community tolerated a perturbation (i.e., no species goes extinct).
That is, the large the bar, the more tolerant the network structure. Panel A corre-
sponds to random perturbations on species interactions. Panel B corresponds to
random perturbations on species intrinsic growth rates. Panels C and D correspond
to directional perturbations on species interactions. That is, only the values of one
column of the interaction matrix are changed in each case. Finally, Panels E and F
correspond to directional perturbations on species intrinsic growth rates. That is,
only one growth rate of one species is changed in each case.

(Coulson et al., 2017; Cadotte & Tucker, 2017). That is, instead of studying the toler-

ance of a network structure as a function of random environmental conditions, we

propose to study the set of conditions (range of environment-dependent parameter

values) compatible with the persistence of the community. This set is what we have

previously called the feasibility domain. Recall that this domain is defined by the

particular dynamics and network structure of a community (Rohr et al., 2014). As

an illustration, Figure 8.2A shows the feasibility domain of two different network

structures under the same population dynamics. Importantly, in many cases, the

size and shape of the feasibility domain can be analytically investigated (Saavedra

et al., 2017b).
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The second step involves estimating the range of environment-dependent parameter

values compatible with the environment in a given location (i.e., the local environ-

ment over a period of time) (Petchey et al., 2015; Coulson et al., 2017). For example,

it may be possible to map the influence of environmental conditions; such as tem-

perature, humidity, or soil composition, into species carrying capacities (Kuang &

Chesson, 2009; Levine & HilleRisLambers, 2009; Narwani et al., 2013; Godoy et al.,

2014; Germain et al., 2016; Song et al., 2017). Similarly, species carrying capacities

can be linked to the total amount of available resources per consumption rate, where

monocultures have been used as an experimental ground to estimating such values

(Case, 2000). Note that this estimation could also be represented by a probability

distribution for the carrying capacities (Cadotte & Tucker, 2017). That is, a measure

of which type of carrying capacity are more likely to be observed in a given environ-

ment. As an illustration, Figure 8.2B shows, a hypothetical environment in a given

location as a function of environment-dependent parameters. Note that this char-

acterization would also require knowledge about climatic conditions or the use of

weather models (Schleuning et al., 2016), as well as knowledge about how individ-

ual species respond to those changes. While this task could be challenging, both

new theoretical (Benadi et al., 2013; Amarasekare & Coutinho, 2013; Poisot et al.,

2015; Cserg6 et al., 2017; Hunter-Cevera et al., 2017; Holt et al., 2017) and empiri-

cal studies (Vdzquez et al., 2009; Schleuning et al., 2016; CaraDonna et al., 2017) are

providing a good guideline towards this goal. Overall, the task is to characterize a

representative set of potential environmental conditions for a given location rather

than an arbitrary set of random external perturbations.

The third step corresponds to merging steps one and two. Because it is virtually

impossible to know the type, direction, and magnitude of environmental conditions

acting on a community at every given point in time; it becomes useful to study the ex-

tent to which the environmental conditions compatible with a given network struc-

ture overlap with the environment faced by a community in a given location. This

overlap corresponds to the proportion of the feasibility domain of a community that

is inside the set of environment-dependent parameter values expected in a given lo-

cation (for a graphical example see Figure 8.2C). Formally, this proportion can be
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defined by the ratio of the following volumes

F(DF(Ai) n Ej) =Vol (DF(Ai) n -7j)/ VolI( :7) (3.1)

where we recall from chapter 2 section 2.2 that:

DF(Aj) =1 dl3A,,. . ., Ad > 0, r = Akakj}.)
k

corresponds to the feasibility domain of a community i (network structure) and 3

corresponds to the distribution j of environment-dependent parameter values ex-

pected in an environment. In other words, community persistence should always be

measured under an environment-dependent framework (Levins, 1968). This defini-

tion implies two important concepts: (1) under the same environment BE, differences

among structures (A, and A 2) can reflect differences among feasibility domains,

and, in turn, differences among community persistence (Fij). (2) under different

environments (E1 and 32), differences among feasibility domains do not directly re-

flect differences between community persistence. That is, a community with a small

feasibility domain can have a much greater community persistence that a commu-

nity with a large feasibility domain if the environment happens to overlap more

with the domain of the small one (see 8.2C for an illustration). While this approach

certainly does not remove the existence of inconsistent conclusions under different

environments (e.g., moving from -1 to B2), it allows us to better characterize the link

between network structures and environmental settings.

3.5 Final thoughts

We have shown that it is necessary to rethink the importance of the structure of eco-

logical networks under an environment-dependent framework; otherwise, we may

miss the forest for the trees. Because local adaptation is the leitmotiv of natural se-

lection, a plausible hypothesis is that network structures are emergent responses of
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Structure Environment Persistence

r2 -r2 r2

r1 r r1

Figure 3.3: The relative importance of network structures under an environment-
dependent framework. This cartoon illustrates the extent to which the importance
of network structures depends on local environmental settings. The left panel shows
two different feasibility domains (range of environment-dependent parameter val-
ues compatible with community persistence) of a hypothetical 2-dimensional sys-
tem. These domains are generated by two different network structures character-
ized by their corresponding interaction matrices. Note that the left domain is larger
than the one on the right. The middle panel corresponds to a hypothetical character-
ization of an environment in a given location (e.g., set of environmental conditions
over a period of time) as a function of environment-dependent parameters. This
region of parameters can also be represented by a distribution. The right panel cor-
responds to the overlap between the environment and the two network structures
(i.e., community persistence). Note that the smaller feasibility domain A 2 can have
a larger overlap with the environment E (i.e., F2 > F, in the Figure), providing a
higher probability of persistence for the community.

communities to their environment (Odum, 1969; Margalef, 1968; Levins, 1968; Levin,

2005; Coulson et al., 2017; Cenci et al., 2018a; Valverde et al., 2018). That is, there is

no one better network structure than other in general. However, there can be one

network structure more tolerant than other structure to a particular environment.

This also implies that a change in network structure is neither advantageous nor

detrimental per se. Changes in network structure can be the result of different factors,

such as: external perturbations, ecological or evolutionary processes, invasions, and

extinctions, among others. Similarly, these changes can be adaptive or non-adaptive,

revealing that changes of a presumed important network structure in a community

across temporal or environmental gradients cannot be directly translated to changes

in robustness. In fact, studies have already shown contrasting effects of structural

changes on adaptability (Kondoh, 2003; Gilljam et al., 2015). Thus, again, these anal-

yses can only make sense within an environmental context. Therefore, the lack of a

structural pattern in one or several communities does not imply that such structure



has no importance at all. It may only imply that such structure is not particularly

advantageous under the current environmental settings.

While we have developed a non-exhaustive quantitative exercise of the many possi-

ble structures, dynamics, and perturbations, we have shown clear counter-examples

of how conclusions about the importance of a network structure derived from partic-

ular combinations are inconsistent. Thus, because it is virtually impossible to know

a priori all the characteristics of future perturbations (Stenseth et al., 2002; Walther,

2010; Scheffers et al., 2016); we need to abandon a dichotomous view, and system-

atically link network structure and community persistence under an environment-

dependent context. While the approach we have outlined in this work is by no means

the only possible one, we hope it can be used as a guideline towards a better under-

standing of both the existence of structural patterns in ecological networks and how

communities may respond under future scenarios of climate change.

Building on the ideas developed in this chapter, in the next chapter we will perform

a more quantitative analysis. Specifically, we will extend the structural approach to

systematically understand the importance of network structure and the reorganiza-

tion of species interactions under and environment-dependent framework.
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CHAPTER 4

ADAPTABILITY IN CHANGING
ENVIRONMENTS

Building on the discussions of the previous chapter, here we will derive an

extension of the structural approach to estimate the effects of the reorganiza-

tion of interactions on the adaptability of species to changing environments.

Specifically, looking at species interactions under an environment-dependent

framework we derive a measure of network structure that can be used as pre-

dictor for likelihood of adaptability in fast changing environments. This mea-

sure estimate the size of what we call adaptation space, i.e., the set of envi-

ronmental conditions compatible with the persistence of species in changing

environments. To test our theoretical framework we analyze data from several

biological populations divided in controlled and artificially perturbed. Over-

all, we find that the groups of species present in both control and perturbed

populations are among the ones with the largest adaptation space. We believe

that the results derived from our framework point out towards new directions

to understand and estimate the adaptability of species to changing environ-

ments.
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4.1 Introduction

In chapter 3 we have shown that environmental variations can change the conditions

compatible with the persistence of species in biological populations by affecting rela-

vant biological parameters, e.g. the intrinsic growth rates. This is not only a math-

ematical statement but rather a well known issue in population dynamics studies

(Levins, 1968; Odum, 1969). For example, it has been shown that variations in re-

source availability can have significant effects on species fitness (Dmitriew, 2011),

species interactions (Dirzo et al., 2014), and, eventually, community composition

(Snyder, 2008; Scheffers et al., 2016). Although biodiversity changes have been well

studied and documented (Walther et al., 2002; Atkins & Travis, 2010), predicting

them is still difficult (Sala et al., 2000; Dirzo et al., 2014; Scheffers et al., 2016). Yet,

understanding and anticipating the impact of environmental disturbances on bio-

logical populations is of central importance for developing strategies for sustaining

ecosystem services that depend on biodiversity, such as: nutrient cycling, water pu-

rification, and soil formation, among others (Dirzo et al., 2014; Scheffers et al., 2016).

Forecasts of biodiversity loss, due to global changes (Kumar Duraiappah & Naeem,

2005), have been criticized for not considering species capacity to adapt to novel en-

vironmental conditions (Skelly et al., 2007; Martin et al., 2012). Indeed, this is also

a pitfall of the structural approach which depict a static view of community dy-

namics in changing environments. For example, in chapter 3 we have shown that

different network structure can be more or less resilient under different tpye of per-

turbations but we did not include in our analysis the possibility of adaptive changes

of species interactions. The extension of the structural approach to take into consid-

eration ecological adaptive dynamics is going to be the main focus of this chapter

and the first attempt to systematically look at the role of network structure under

and environment-dependent framework as proposed in chapter 3.
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4.2 Background

It is well known, from both theoretical and observational studies, that not all species

respond equally to environmental perturbations (Dobzhansky, 1973; Davis et al.,

2005; Saavedra et al., 2013). The adaptability of species to variable environments de-

pends on both evolutionary and ecological processes operating at the species and

community level (Pelletier et al., 2009). At the species level, these processes range

from genetic to morphological, physiological, and behavioral changes (Hairston et al.,

2005; Carlson et al., 2014; Chevin et al., 2010). At the community level, species in-

teraction networks and their dynamics play a crucial role in shaping the tolerance

of species to environmental perturbations (Pascual & Dunne, 2005; Saavedra et al.,

2013; Alexander et al., 2015). In fact, empirical and theoretical studies have shown

that the reorganization of interactions among co-occurring species can modulate the

chances of species to persist under variable environmental conditions (Staniczenko

et al., 2010; Ramos-Jiliberto et al., 2012; Saavedra et al., 2016a, 2017a; CaraDonna

et al., 2017). However, empirical evidence has shown that these ecological dynamics

typically facilitate the persistence of groups of species rather than entire communi-

ties (Lopezaraiza-Mikel et al., 2007; Walther, 2010; Montero-Castafo & VilA, 2015;

Rafferty et al., 2015; Fukami, 2015; Alexander et al., 2015; Saavedra et al., 2017a).

Unfortunately, so far, we have no systematic methodology to investigate when a re-

organization of interactions among a group of species can lead to adaptation, and

how to identify those groups of species within a community with the highest or low-

est chances to adapt. Yet, this could prove extremely relevant to help us improving

current forecast models of biodiversity loss (Dirzo et al., 2014; Scheffers et al., 2016).

In this chapter, we aim to shed new light on the conditions under which the reor-

ganization of interactions among a group of species within a community can have

a significant effect on their adaptability to changing environments. We define reor-

ganization of interactions as changes of trophic interactions between co-occurring

species in a given location and time. We introduce the concept of adaptation space

of a group of species by means of a new theoretical framework which is based on the

feasibility analysis of a population dynamics model (Rohr et al., 2014, 2016; Saave-
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dra et al., 2014, 2017b,a). In a feasibility analysis, one assumes the existence of en-

vironmental perturbations on the dynamics of the population, and study the set of

conditions under which species persistence is possible. Thus, we define the adapta-

tion space of a group of species as the region of environmental conditions that can

be made compatible with its persistence thorough the reorganization of interactions

among species within the group.

In particular, we focus on the adaptability of consumers in consumer-resource (CR)

interaction networks. CR interactions are arguably the most common type of ecolog-

ical interaction networks in Nature (Murdoch et al., 2003; Olff et al., 2009). In fact,

many direct and indirect trophic interactions, such as: resource competition, pre-

dation, and mutualism are recognized as different topological configurations of CR

interactions (Holt & Polis, 1997; Pauw, 2013). Mutualism, for example, can be seen as

a bi-directional CR dependency (Olff et al., 2009; Pauw, 2013), in which consumers

are the resources of their resources. In the reminder of this manuscript, we provide

a formal and detailed definition of all our methods and concepts. Then, we provide

and discuss a numerical analysis to test the validity of our theoretical framework.

Then, we analyze two independent manipulative experiments on pollinator-plant

interaction networks. In both experiments, a rapid disturbance was applied on the

community and the immediate behavioral response of the pollinator was recorded.

We use both the numerical examples and data sets to study and identify the groups

of consumers (pollinators) with the largest and smallest adaptation space, i.e., with

the highest and lowest chances to adapt to an environmental perturbation following

a reorganization of their CR interactions.

4.3 Theoretical Framework

4.3.1 Consumer-resource interaction networks

The standard way of representing CR interactions is through a bipartite network

(Pascual & Dunne, 2005). A bipartite network is a graph g(Q, K, E), where Q and

K are disjoint sets of nodes (i.e., species). The separation of the nodes into two
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disjoint sets mirrors the separation of species between two different trophic levels:

consumers and resources. The set E contains edges that connects species in the

set Q with species in the set K (i.e., inter-trophic interactions). Note that the two

sets of nodes (i.e., the two trophic levels) do not necessarily have the same num-

ber of elements (i.e., species), and the adjacency matrix of a bipartite network is a

rectangular binary matrix that we will denote by #. This bipartite representation of

the network only provides information about interactions between consumers and

their resources (i.e., inter-trophic interactions). Bipartite networks do not describe

intra-trophic interactions (e.g., the strength of plant-mediated competition between

two pollinators). In the following sections, we will show a method to infer these

intra-trophic interactions from the bipartite structure of the network.

We define groups of species in a bipartite interaction network as a subset of (nodes)

species with at least one (node) species per (set) trophic level. Formally, a group

is a subgraph g(q, k, e) of g(Q, K, E) with q C Q, k C K and e C E. To preserve

the bipartite structure of the group, we need to assume that in any group there is at

least one consumer and one resource (i.e., min( q1) = min(lk1) = 1). Also we do not

impose constraints on the number of interactions within the group. For example, a

group can be a subset of non-interacting species (i.e., e = 0). The dimension of a

group is the product of the number of species of the two sets of the subgraph (i.e.,

d = IqIIk1). Note that this definition of a group simply allows us to identify all the

possible combinations of species within a community. This identification is relevant

as it is not known a priori which species will be able to adapt to new environmental

conditions (Lopezaraiza-Mikel et al., 2007; Staniczenko et al., 2010; Kaiser-Bunbury

et al., 2010; Montero-Castafio & VilA, 2015).

4.3.2 Feasibility analysis

To estimate the effect of the reorganization of interactions on the adaptability of a

group of consumers within a community, we focus on the conditions leading to

species permanence (Hofbauer & Sigmund, 1988). Specifically, we derive a theo-

retical framework for consumers based on the feasibility analysis of a generalized
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Lotka-Volterra (GLV) model as discussed in chapter 1 (Saavedra et al., 2014; Rohr

et al., 2016; Saavedra et al., 2017b; Cenci & Saavedra, 2018a):

X = g (Y)(r- - Af (X)). (4.1)

Recall from chapter 2 that a vector of intrinsic growth rates r' c DF(A) is called a

feasible vector for the community defined by the interaction matrix A. Note that

feasibility is a necessary condition for persistence but is not a sufficient one (Hof-

bauer & Sigmund, 1988). From an ecological perspective, one is mainly interested in

solutions of Eq. (4.1) that are permanent (Sigmund, 2007) (i.e., positive abundances

of species that neither vanish nor increase indefinitely). Hence in the following,

we focus on solution that are feasible and globally stable, which for Eq. (4.1) corre-

sponds to a sufficient condition for species permanence (Baigent & Hou, 2012) (see

Appendix 4.7.1 for a more detailed discussion on global stability and permanence).

4.3.3 Parameterization of the interaction matrix

The interaction matrix A entirely defines the feasibility domain of a resource-mediated

community of consumers. However, empirical data on the strength of interspecific

interactions are seldom available because of difficulties in performing experimental

measurements in large communities (Trojelsgaard & Olesen, 2016; Laska & Wootton,

1998; Pekkonen & Laakso, 2012). Thus, it has become necessary to develop methods

to investigate the behavior of ecological systems under limited information (Yeakel

et al., 2012; Rohr et al., 2014; Saavedra et al., 2014, 2016a, 2017a). A typical approach

is to consider random interaction matrices, where the strength of the interactions be-

tween consumers are sampled following a niche overlap framework (Logofet, 1993;

MacArthur, 1968; May & Mac Arthur, 1972; May, 1974). Under this framework, the

strength of interactions (i.e., the elements of the interaction matrix) are generated

by defining a resource spectrum for all species and a resource utilization function

for each consumer (typically, a set of probability distributions on a resource space).

The interaction strength between two consumers then corresponds to the overlap be-

tween their niches (or probability distributions). The larger their niche overlap, the
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larger their interaction strength. Here, we follow the same rationale but, instead of

defining an arbitrary resource spectrum and utilization functions, we approximate

the niche of a consumer with the set of resource-species this consumer is interacting

with. Then, we derive the level of niche overlap between consumers from the bi-

nary matrix 3 of the CR interaction network. That is, instead of measuring overlap

of probability distributions, we compute correlations between binary vectors (i.e.,

the rows of 3). The advantage of this approach is that the binary matrix of the CR

interaction network can be inferred from data (Bartlett, 2017), or directly measured

from empirical studies (Saavedra et al., 2014; Rohr et al., 2016; Saavedra et al., 2017a).

Specifically, to parameterize the elements of the interaction matrix for consumers,

we used the monopartite projections of the binary matrix # of the CR interaction

network (Saavedra et al., 2014). The monopartite projections of the binary matrix

is defined as Ac0 i = 3 T1 (also called the Gram matrix, Saracco et al. (2015)). The

off-diagonal entries of the monopartite projection Aij count the paths of length two

between species i and j, which correspond to the number of resources shared be-

tween two consumers. Thus, we can take the pairwise interaction strength to be

proportional to Ai. Rescaling the entries of the matrix by the sum of their column

(i.e., A' = Ak), we have a left-stochastic matrix A' whose elements A' can be

interpreted as the probability of species j of affecting species i. That is, if species i

and j share many resources, their probability of affecting each other is high. On the

other hand, if the two species do not share any resources, the probability of affecting

directly each other is zero.

Following niche theory and without any loss of generality (MacArthur & Levins,

1967; Pauw, 2013; Bastolla et al., 2002), the diagonal entries (the intra-specific com-

petition) can be set to one, i.e., Aii = 1. Fixing the diagonal to one generates a uni-

form bias in the direction of the spanning vectors of the feasibility domain to all

matrices studied. That is, setting the intra-specific competition to one is equivalent

to choosing a reference system that we will hold fixed throughout the analysis. The

interaction matrix A is then of the form A = A o M, where o is the Hadamart (entry-

wise) product and
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Figure 4.1: Example of a resource-mediated community of consumers. The net-
work on the left hand side of the figure is the consumer-resource interaction bipar-
tite network. The width of the arrows in the right figure represents the relative effect
of one species on the other.

if i =j

{Z i (4.2)
jj1Aij Otherwise

We can then normalize the columns of A to one in the L 2-norm given that the fea-

sibility conditions, as we mentioned before, are determined by the directions and

not by the magnitudes of vectors in the parameter space (Logofet, 1993; Rohr et al.,

2014; Saavedra et al., 2017b). Note that this parameterization generates asymmetric

interaction matrices. That is, the effect of species i on species j can be different from

the effect of species j on species i.

The framework we have defined in this section relies on a number of assumptions.

Firstly, to each binary matrix / corresponds one and only one parameterization of

the interaction matrix A. The only free parameter is, therefore, the configuration

of the CR interaction network, as a function of which we can study the feasibility

conditions of Eq. (4.1). Secondly, a number of reasonable ecological constraints are

satisfied (Margalef, 1968; MacArthur & Levins, 1967; Pauw, 2013; Buchi & Vuilleu-

mier, 2014), such as: if two species do not share a common resource they do not

affect each other directly, the strength of the interspecific pairwise effect is propor-

tional to the number of shared resources, specialist species are better competitors

than generalist, and finally intra-specific effects are stronger than the sum of inter-

specific effects. See Figure 4.1 for a graphical example.
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4.3.4 Environmental changes

As mentioned above, to satisfy the conditions of species permanence, the vectors of

intrinsic growth rates of a group of consumers need to be aligned to a feasible vec-

tor Tf of the corresponding interaction matrix A (Rohr et al., 2014; Saavedra et al.,

2014). Under changing environmental conditions, however, the intrinsic growth rate

of species can significantly change (Levins, 1968; Roughgarden, 1975). That is, envi-

ronmental perturbations can turn feasible vectors i into unfeasible vectors by mov-

ing them towards one of the borders of the feasibility domain (Saavedra et al., 2014;

Rohr et al., 2016). Once a border is reached, the trajectory of Eq. (4.1) in the abun-

dance space will tend to the border of the positive orthant which, in ecological terms,

corresponds to one or more extinctions. The number of extinctions depends upon

where on the feasibility domain the perturbed F is pushed (Saavedra et al., 2014,

2017b; Rohr et al., 2016). For instance, if i- is on a vertex of the feasibility domain,

then all the species but one will go extinct. If instead f is on the border but not on

a vertex, then there will be n extinctions with n C {, ., ... , N - 1}. In our frame-

work, we define changes in environmental conditions as perturbations to the mean

(K) of the vectors of intrinsic growth rates ' of consumers. Furthermore, we assume

that environmental changes can happen randomly in any direction (Saavedra et al.,

2017b).

4.3.5 Measuring the size of the adaptation space of a group of species

Following our definition of environmental change, a group of consumers within a

resource-mediated community may respond to an external perturbation by reorga-

nizing their interactions (by changing their resources) and moving their feasibility

domain of intrinsic growth rates towards the direction of the new perturbed vector

i, with mean (is). We assume that the reorganizations take place within a time scale

Tpert that is smaller than the time scale of the population dynamics tPop. That is, we as-

sume Treorg ~ Tpert < tpop. Note that this reorganization only happens among species

inside the group by creating a new feasibility domain for the group. This is a projec-

tion of the feasibility domain of the community. Figure 4.2 shows an illustration of
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Figure 4.2: Illustration of the impact of reorganization of interactions on the
adaptability of species to environmental perturbations. The red cones correspond
to the feasibility domain DF(A) of a group of three species within a community
defined by the interaction matrix A. The spanning vector of the feasibility domain
are the column vectors of the interaction matrix. The dashed arrows correspond to a
hypothetical vector of intrinsic growth rates. Note that when this vector is inside the
feasibility domain, the three species can persist, i.e., the environmental conditions
are compatible with those necessary to sustain a positive abundance of the three
species. The top and bottom panels present a scenario where the vector starts at a
given location and then it is pushed away by environmental changes. The top panel
corresponds to the case when the feasibility domain of the species is moved follow-
ing a reorganization of interactions as a response to the perturbation. In contrast,
the bottom panel presents a scenario where the feasibility domain does not move
following a reorganization of interactions and the species failed to adapt to the new
conditions-at least one of the species goes extinct.

this response in a group of three species. Different reorganizations can generate dif-

ferent feasibility domains. The set of the different feasibility domains generated by

the combination of all the possible reorganizations of interactions within the group

defines a region in the parameter space that is compatible with persistence. We call

this region the adaptation space of a group (see Figure 4.3 for a graphical example).

The larger the adaptation space, the larger the effect of the reorganization of interac-
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tions on the adaptability of a group of consumers. Thus, here we propose to estimate

the likelihood of a group to adapt to novel environmental conditions by estimating

the size of its adaptation space.

To estimate the size of the adaptation space of a group of species within a com-

munity, we compute the fraction of distinct feasibility domains that can be gener-

ated through the reorganization of interactions and their average distance. To do so,

we approximate the position of a given feasibility domain in the parameter space

of intrinsic growth rates with the position of its geometric centroid rc, such that

rcI Aj where n is the number of consumers (Rohr et al., 2014; Saavedra

et al., 2014; Rohr et al., 2016) (see Figure 4.3 panel B for a graphical illustration).

The geometric centroid is equivalent to the center of mass of a convex object with

n-vertices all having the same mass. For this reason, the solution of Eq. (4.1) with

r = 'rc provides an equilibrium with all abundances of the species being the same.

This approximation considerably simplifies the computation of the size of the adap-

tation space, and it does not alter the conclusions of our study, as feasibility domains

tend to be rather small for large communities (Saavedra et al., 2017b).

By definition, two feasibility domains are distinct if they are spanned by a differ-

ent set of column vectors of the interaction matrix A. Thus, because in our frame-

work there exists a one-to-one correspondence between the binary matrix # of the

network and the columns of the interaction matrix A, two topologically equivalent

configurations of the CR interaction network generate two identical feasibility do-

mains. Specifically, two CR interaction networks are topologically equivalent if the

monopartite projections of their bipartite binary matrix (A = 0'3) are the same

up to a permutation of the columns. Two CR interaction networks have the same

monopartite projection if their binary matrices are the same up to a permutation of

the rows. Therefore, a reorganization of interactions among a group of consumers

(and their resources) leaves the monopartite projection invariant and the feasibil-

ity domain unchanged, if it is equivalent to a permutation of the rows that, together

with a relabeling, preserves the adjacency of the nodes (i.e., an automorphism) (Gol-

ubitsky & Stewart, 2006; MacArthur et al., 2008; Garlaschelli et al., 2010). Conse-
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Figure 4.3: Illustration of the adaptation space of a group of species. In panel A
we show a hypothetical adaptation space for two groups (differentiated by colors)
of three species within a community: the region representing all the different fea-
sibility domains (set of intrinsic growth rates compatible with positive abundances
for the species within a group) that can be generated via the reorganization of inter-
actions within the group. The larger the adaptation space, the larger the likelihood
of a group to adapt to a new environment through a reorganization of interactions.
Panel B is an illustrative example of the approximation that we use in our methods
to estimate the size of the adaptation space. Each point in the figure represents the
geometric centroid of a feasibility domain. The size of the space is then computed
by counting the number of non-overlapping centroids and their average distance. In
this hypothetical case, group A (black) would have a lower probability of adapting
to novel environmental variations than group B (red). Our framework assumes that
environmental changes can happen randomly in any direction.

quently, all of the topologically equivalent configurations of the CR interaction net-

work form a class. The number of classes generated by the 2 qxn possible configura-

tions of a q x n dimensional group is equivalent to the number of distinct feasibility

domains. That is, the smaller the number of permutations that preserve adjacency,

the larger the number of distinct feasibility domains inside the adaptation space. See

Figure 4.4 for an illustration of topologically equivalent and distinct configurations

of a CR interaction network.

Let us now consider the set of all topologically distinct configurations of the CR

interaction network. We use the average distance among the different feasibility

domains inside the adaptation space as a second estimator for its size. Note again

that there is a one-to-one correspondence between the monopartite projection of

the CR interaction network and the feasibility domain. Therefore, the distance be-
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tween two feasibility domains depends upon the amount of change in the structure

of the monopartite projection before and after the reorganization. Recall that the

monopartite projection is a count of the number of paths of length two between

nodes (Saracco et al., 2015). If species outside the group share a large number of in-

teractions, the number of these paths will already be large. Under these conditions,

a reorganization of interactions among a group of species can only add a negligible

fraction of paths. Therefore, it can only cause small changes in the monopartite pro-

jection. If instead, there are few interactions between the group and the other species

in the community, the reorganization of interactions can act as bridges creating new

interspecific effects, and potentially, significantly different feasibility domains inside

the adaptation space.

In sum, the considerations above show that both the number of and the average dis-

tance between feasibility domains inside the adaptation space of a group of species

must be a function of the interactions of species outside the group. These interac-

tions act as a structural constraint inhibiting the capacity of generating new feasibil-

ity domains following a reorganization of interactions among the group of species.

Formally, we can define a measure of structural constraint of a group as S = ',

where C4 is the number of interactions including at least one species of the commu-

nity outside the group, n is the possible number of interactions in the CR interaction

network, and nr is the possible number of interactions among the group of species.

Note that other standard measures of connectivity are significantly different from

the one defined here (see Appendix 4.7.2 for a more detailed discussion). Figure 4.5

illustrates how to compute the structural constraint of a group of species within a

CR interaction network.

4.4 Data

To test our theoretical framework on empirical data, we compile seven pairs of CR

pollinator-plant interaction networks from two independent experiments: one car-

ried out in the UK (replicated 4 times) and one in Spain (replicated 3 times) (Lopezaraiza-
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Figure 4.4: Illustration of equivalent and distinct topological configurations of a
(bipartite) CR interaction network. Each pair of networks present possible changes
(in red) of interactions. Black and white nodes correspond to species from different
trophic levels (e.g., consumers and resources). The matrices on the right are the bi-
nary matrices 3 of the CR interaction networks. The top panel corresponds to equiv-
alent network configurations. They are equivalent up to a permutation of the first
two rows. Because the column vectors of their monopartite projections (A = 'T0)
are equivalent, their feasibility domains are equivalent too. This means that these
changes do not generate different feasibility domains. In contrast, the bottom panel
shows two distinct network configurations and consequently two distinct feasibility
domains.

Mikel et al., 2007; Montero-Castato & VilA, 2015). Each of the seven pairs was com-

posed of adjacent plots in the field observed during one flowering season: in 2003

(UK) and 2010 (Spain). The exact location and distance between these adjacent plots

were selected in order to maximize the match between plant composition, and to

assure foraging capacities of pollinators across plots. From each plot, the interac-

tions between pollinators and plants were recorded and used here as the observed

CR interaction network 3. Then, these networks are used to derive the interaction

matrices A for pollinators. Note that over the time scale of the experiment, pollina-

tors can be regarded as consumers affecting each other through their shared plant-

resources (Lopezaraiza-Mikel et al., 2007; Montero-Castano & Vila, 2015; Olff et al.,

2009; Pauw, 2013; Holt & Polis, 1997). In one of these two adjacent networks, the

flowers of one plant species were continuously cut throughout the experiment-we

called this the perturbed network. The plants Impatiens glandulifera and Hedysarum

coronarium were selected for flower removal in the British and Spanish experiments,

respectively. Besides of small fluctuations in the intrinsic growth rates due to en-
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vironmental stochasticity (which is assumed to affect both fields given their adja-

cency), the flower-removal process is the largest resource perturbation that distin-

guishes the two fields at the start of the experiment. However, the observed com-

munity composition and interaction networks are the result of observations from

the beginning until the end of the sampling period.

The dimension of the pollinator-plant interaction networks ranged from 20 to 86

species. A preliminary analysis of the data shows that, in each pair, there is a group

of pollinators that is observed in both controlled and perturbed networks. On aver-

age, these persistent groups were formed by ~ 37% of the pollinator species present

in the control networks. Furthermore, while the identity of the species in these

groups were the same between pairs of networks, only few of the interactions within

the groups were the same. Because of the proximity and set up of the adjacent

networks, only pollinators could respond to the experiment by altering their for-

aging choices, supporting further their treatment as consumers affecting each other

through their shared plant-resources. Thus, these experiments generate a scenario

of rapid external perturbations on plant-resources under which some pollinators re-

organized interactions and established in different environments. These manipula-

tive experiments then allow us to test fast collective responses within CR interaction

networks, that otherwise would be difficult to monitor at larger temporal scales.

4.5 Results

4.5.1 Simulations

Numerically, we found that our derived measure of structural constraint is a good

inverse proxy for the size of the adaptation space of a group of consumers in CR

interaction networks. To illustrate our findings, we estimate the average effect of

the reorganization of interactions for groups of species with the same dimension.

Then, these effects are compared against the structural constraint of each group. To

measure the effects of reorganization, we computed the number of and the average

distance among distinct feasibility domains inside the adaptation space of a group.
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Figure 4.5: Representative cartoon of the derived measure of structural constraint
for six groups of species with same dimension in a (bipartite) consumer-resource
interaction network. The species in the groups and their interactions are repre-
sented in shaded symbols. The structural constraint of each group is a function of
the number of interactions 4, that involve at least one species outside the group
(represented in darker symbols). Formally, for a q x k group within a Q x K net-
work, the structural constraint is given by 4, divided by the difference between the
possible number of interactions among species in the entire CR interaction network
n= Q x K and the possible number of interactions among species in the group
n= q x k, i.e., S = o. For example, let us focus on the first group on the left
hand side: there are six possible interactions (i.e., n = 3 x 2 = 6). The species out-
side the group are involved in two of them (i.e., 4, = 2) and there are two possible
interactions between the three species within the group (i.e., n, = 2 x 1 = 2). There-
fore, the structural constraint of this group is S = 2 = . Note that the averagefor, he trctual6-2 2 *
structural constraint of the six groups is the connectance of the entire network (see
Appendix 4.7.2).

The average effect then is calculated over an ensemble of several randomly-generated

CR interaction networks, mimicking the different conditions under which a group

of species (with a given structural constraint) can be found.

Specifically, we took a 25 x 30 CR interaction network and we choose a 3 x 6 CR

dimensional group. The dimensions of both the network and group were chosen in

order to explore all the possible configurations in a network, such that the results

of our numerical analysis did not need to be tested against null models. We ini-

tialized the simulations setting the structural constraint of the group to S = 0.15.

This value of structural constraint guaranteed that all species had at least one in-

teraction. Then, to compute the number of topologically distinct configurations of

this group, we generated its 21g binary matrices through all the possible reorganiza-

tions of interactions among species within the group. Note that each binary matrix

,8 generates one unique interaction matrix A, and therefore, one feasibility domain

DF(A). Then, for each feasibility domain, we computed its geometric centroid rc.

Then, we computed the number of topologically distinct feasibility domains as the

fraction of distinct centroids (up to the fourth digit) divided by the number of glob-

ally stable configurations (typically ~ 2 g). The average distance between distinct
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feasibility domains inside the adaptation space is calculated by taking the median

of the pairwise distances between the centroids. We repeated the process described

above 20 times. Note that at each run, we randomly changed the configuration of the

CR interaction network while keeping the structural constraint of the group fixed.

Finally, we repeated the numerical analysis for the same specified dimensions for

both network and group, but the structural constraint of the group was changed in

the interval [0.15, 1] with steps AS = 0.05.

Figure 4.6 shows that both the number of and average distance between feasibility

domains inside the adaptation space decrease as a function of the structural con-

straint of a group. Figure 4.6A shows that the structural constraint of a group plays

the role of a control parameter. There exists a critical value (Sc - 0.5 in this partic-

ular example) above and below which different reorganization of interactions have

a significantly different effect on the adaptability of the group. On the one hand,

above the critical level of structural constraint, the group exhibits a strong struc-

tural redundancy. That is, many reorganizations lead to CR interaction networks

with same monopartite projection (and therefore interaction matrix) and thus to the

same feasibility domain. In this example, only one over six reorganizations can ac-

tually generate a different feasibility domain. On the other hand, below the critical

value of structural constraint, the structural redundancy is lost giving rise to an en-

hanced structural plasticity (Staniczenko et al., 2010). For groups that have struc-

tural constraints below this critical threshold, each reorganization can generate new

feasibility domains. Furthermore, Figure 4.6B shows that even in the region where

structural redundancy is lost (i.e., low structural constraint), the average distance

between feasibility domains increases as the structural constraint of the group is de-

creased. Overall, these results reveal that the size of the adaptation space of a group

is inversely related to its structural constraint.
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Figure 4.6: Structural constraint as an inverse proxy for the size of the adaptation
space. For details about our numerical analysis see section 4.5.1. Panels A and B
show that both the average fraction of distinct feasibility domains and the average
pairwise distance between feasibility domains inside the adaptation space decrease
as a function of the structural constraint of groups of species in CR interaction net-
works. See Figure 4.3 for a cartoon representation of a small and a large adaptation
space. The small networks inside Panel A represent a group (shaded nodes) with
low structural constraint (dark edges), top left, and large structural constraint, bot-
tom right. See Figure 4.5 for an explanation of our derived measure of structural
constraint.

4.5.2 Data analysis

In this last section, we tested our framework on empirical CR interaction networks.

We used seven pairs of control and perturbed pollinator-plant interaction networks

to validate the finding of the previous section: the structural constraint can be used

as an inverse proxy for the size of the adaptation space of a group of species (pollina-

tors in this specific case). Overall, we found that our derived measure of structural

constraint was broadly distributed across groups in pollinator-plant interaction net-

works, and groups that were observed in both control and perturbed networks had

relatively low structural constraint.

Specifically, we used the observed pollinator-plant interaction networks and their

binary matrix 8 to parameterize the interaction matrix A following our theoreti-

cal framework. Then, we partitioned the observed pollinator-plant networks into

groups with same dimension (i.e., same number of pollinators and plants) and struc-
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tural constraints S. In the range [Smin, Smin + 0.02], we randomly sampled 20 groups

and took the average of the average pairwise distance between feasibility domains

over the ensemble. Note that Smin is the minimum value of structural constraint of

these groups. Then, we randomly sampled other 20 groups with S = Smin + 0.02,

and we ran the same analysis. We repeated the process until we reached the Smax

in the network. Figure 4.7 confirms that the measure of structural constraint was

inversely related to the size of the adaptation space of a group, as expected from our

theoretical results.

Additionally, for each pair of observed pollinator-plant interaction networks, we

found that the group of pollinators (including their plant-resources) that was present

in both control and perturbed networks had a relatively low structural constraint.

Specifically, for each pair, we computed the structural constraint of the persistent

group, and compared it against other groups that could potentially be formed with

the same dimension. To perform the comparison, we needed to partition the bi-

nary matrix / into all possible sub-matrices with fixed number of rows and columns

(i.e., fixed dimension of the group). Note that the number of these partitions grows

rapidly with the size of the pollinator-plant interaction network. That is, a q x k

bipartite network can be partitioned into Ng = q 1 (q) E= ( ) groups. Thus, for

five out of the seven observed networks, we could only sample a fraction of all the

possible groups.

Figure 4.8 shows the distribution of the structural constraints for the groups of pol-

linators (including their plant-resources) that can be formed in each of the seven

control pollinator-plant interaction networks separately. Note that the mean of the

distributions correspond to the connectance of the networks (see Appendix 4.7.2).

Importantly, the left tails of the distributions give us information about for which

groups adaptability is increased by reorganizations. According to our observations,

we found that the groups present in both perturbed and controlled networks were

among the ones minimizing the structural constraint (see vertical line in Figure 4.8).

Specifically, the three persistent groups in the Spanish networks were among the
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Figure 4.7: Structural constraint as an inverse proxy of the adaptation space of
groups of pollinators on an observed pollinator-plant interaction network. For
one observed pollinator-plant interaction network (namely, field 2 of the Spanish
networks), the figure shows the estimated average distance between feasibility do-
mains inside the adaptation space as a function of their structural constraint (x-
axis) for all groups with the same dimension of pollinators (including their plant-
resources). The error bars on the vertical and horizontal axes correspond, respec-
tively, to the standard errors (over and ensemble of 20 groups) and the size of the bins
used to cluster configurations with similar structural constraint S (i.e., AS = 0.02).
Note that because of the low connectance of all the observed pollinator-plant inter-
action networks, each group had the same number of distinct feasibility domains
inside their adaptation space.

extreme 0.05%, 0.009%, and 5%, respectively. Similarly, the four persistent groups in

the British networks were among the extreme 35%, 15%, 2%, and 5%, respectively.

Because in the analysis above we have fixed the dimension of the groups, those

groups of pollinators with small structural constraint have a relatively high con-

nectance. Note as well that the most connected species (i.e., generalists) are typi-

cally the most abundant (Vdzquez et al., 2007). Therefore, one can hypothesize that

groups of species present under different environments are simply the groups with

the most abundant species. In that case, our framework would provide an addi-

tional dynamical explanation for the advantages of being highly connected. To test

this, however, it will require to sample interaction networks independently from

the abundances of species (Schupp et al., 2017). Interestingly, our Supplementary



Figure A. 1 shows that even if we compare groups of species with different dimen-

sions (which allows groups with same structural constraint to have different con-

nectance), the observed persistent groups continue to be the ones with the smallest

structural constraint (largest adaptation space). This is also true if we compare the

structural constraint of groups with same connectance (see Supplementary Figure

A.2). These results then provide support to the idea that the reorganization of inter-

actions can indeed modulate the chances of species persistence under variable envi-

ronmental conditions (Staniczenko et al., 2010; Ramos-Jiliberto et al., 2012; Saavedra

et al., 2017a).

4.6 Discussion

Previous studies have shown that large environmental perturbations can give rise

to significant variations in the intrinsic growth rates of species (Roughgarden, 1975;

Dmitriew, 2011; Handelsman et al., 2013). It is well known that these variations, if

detrimental to the species, can be counterbalanced by fast evolutionary processes

(Bell & Gonzalez, 2011). However, empirical evidence has also shown that this evo-

lutionary rescue not always occurs (Gonzalez et al., 2012). In this context, this work

provides a theoretical framework to investigate how adaptation of species to novel

environmental conditions can emerge from community dynamics.

Empirical evidence as well as ecological theory suggest that changes of species in-

teractions, as a response to variations in environmental conditions, can act as a pos-

sible mechanism of ecological or behavioral adaptation (Odum, 1969; Staniczenko

et al., 2010; Ramos-Jiliberto et al., 2012; Saavedra et al., 2017a). It has also been

shown that the effects of these responses are typically not homogeneous across all

the species within a community (Kaiser-Bunbury et al., 2010; Saavedra et al., 2017a;

Lopezaraiza-Mikel et al., 2007; Montero-Castano & VilA, 2015). That is, within a

community, some groups of species may have higher chances to adapt to a novel

environment than other groups (Fukami, 2015; Rafferty et al., 2015; Saavedra et al.,

2017a). Here, we have developed a feasibility study to quantify the extent to which
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Figure 4.8: Structural constraints as measure of likelihood of adaptation: valida-
tion on empirical data. For each of the seven, control, pollinator-plant interaction
networks, the figure shows the distribution of structural constraints across all pos-
sible groups of pollinators (including their pant-resources) that can be formed with
the same dimension as the persistent group (i.e., the group that is observed in both
control and perturbed networks, including their plant resources). The red vertical
lines show the structural constraint of the groups present in both the control and
perturbed networks. Top panel: the three control networks from Spain. Bottom
panel: the four control networks from the UK. Recall that the structural constraint
is inversely related to the size of the adaptation space of a group.

rapid reorganizations of interactions among a group of consumers can counterbal-

ance the effects of variations in intrinsic growth rates in resource-mediated commu-

nities. Note that we are not making any assumptions about the rule of the dynamics

or the biological mechanisms driving the reorganization process. Therefore, we are

just measuring the potential adaptation space of a group to persist under novel en-

vironmental conditions following a reorganization of their interactions.

Our results have revealed that the adaptation space of a group depends upon the

structure of the interaction network before the action of the perturbation. In other

words, the adaptability of a group of species to novel environmental conditions does

not only depend upon their capacity to change interactions, but also on the struc-

tural constraint imposed by the species outside the group. To derive the results we

have considered ecological adaptation as a search process for a configuration of the



interaction network that matches the conditions for species permanence imposed

by the newly perturbed environment. We have provided a quantitative method to

estimate the size of the adaptation space, i.e., the search space of the adaptation

process, for each group that can be formed in an ecological community. As a re-

sult of our investigation, we have derived a new local network measure, what we

have called structural constraint, that can be used as an inverse proxy for the effect

of reorganization of interactions on the adaptability of a group of species. We have

shown that the smaller the structural constraint of a group, the larger the size of its

adaptation space. Note that in a fixed observed network, this group corresponds

to the set of species with the highest fraction of interactions among them, although

this is not the only modulator. Note as well that the mean of the distribution of

structural constraints across groups is the standard connectance of the interaction

network. This signals important connectivity trade-offs modulating the adaptability

of species (Gonzalez et al., 2012).

It is also important to understand the timescales under which our framework op-

erates. The timescale of the reorganization process (which follows a perturbation)

needs to be much faster than the characteristic time of the temporal evolution of

species abundances defined by Eq. (4.1). Otherwise, extinctions could occur before

any reorganization takes place. This separation of timescales has been observed

in empirical studies with different types of perturbations or environmental changes

(Fukami, 2015; CaraDonna et al., 2017). Because the duration of observations (i.e., of

the experiment) is on the same timescale of the reorganization process, in our frame-

work, we are not assuming that the community will relax to the equilibrium point

of Eq. (4.1). We have investigated how many distinct feasible equilibrium points are

plausible through all the potential new configurations of the group (i.e., the size

of the adaptation space). Indeed, if we can guarantee the existence and feasibility

of a fixed point, then we know that the transient state is feasible as well (i.e., the

boundary of the positive orthant of the abundance space is attractive in Eq. (4.1)). In

other words, we are using Eq. (4.1) to investigate the size of the adaptation space as

a function of all possible changes in the parameters of the interaction matrix. Note

that these changes are not implicit in Eq. (4.1). This equation just provides the set of
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Figure 4.9: Size of the adaptation space with noise in the parameters of the in-
teraction matrix. We perturbed the non-zero entry of the Gram Matrix after the pa-
rameterization. We perturbed in two different ways: (1) Gaussian noise ('V(0.1, 0.1))
added to the non-zero interactions and (2) Log-normal noise (p = 0, 0- = 1) multi-
plied by the non-zero interactions.

conditions compatible with feasible solutions for any possible new configuration.

Importantly, we have empirically tested our theoretical framework. Our analysis of

empirical data has shown that groups of species present under variable environ-

mental conditions tend to be the ones for which the reorganization of interactions

can have the largest impact on adaptability (i.e., are among the groups with the low-

est structural constraint and largest adaptation space). However, we acknowledge

that further experiments are necessary to claim any generality about our empirical

validation. For instance, an experiment intended to validate our framework has to

be designed in a way that the assumptions under which the GLV dynamics are valid

(e.g., ecological time scales, large populations and large mobility) are explicitly sat-

isfied (Logofet, 1993). Also, it would be important to develop experiments where the

community can be tracked before and after the perturbation. Then, changes in the

community can be contrasted against a control community without perturbation.

While we have focused our analysis on consumer-resource interaction networks, the



general concept of mapping the reorganization of interactions to a potential adap-

tation space of a group of species can be extended to other multi-trophic systems.

Moreover, the applicability of our approach is not restricted to GLV dynamics as

long as the feasibility conditions can be expressed analytically. For example, this ex-

tension is straightforward for models with a linear stationary state (Saavedra et al.,

2017b).

Finally, we would like to stress that the parameterization that we have chosen is

just one among the infinitely many possible ways of parameterizing Eq. (4.1). Yet,

there are three important reasons why we adopted this parameterization: we were

interested in assuming a set of parameters that could be inferable from (binary) net-

work data, that could be grounded on strong ecological theory (in this case the niche

framework), and that minimize the number of free parameters (i.e., with our param-

eterization the only free parameter is the binary structure of the interaction network).

We acknowledge that the results of our work are a direct consequence of our param-

eterization. Nevertheless, the main result of section 4.3.5-the size of the adaptation

space is inversely proportional to the structural constraints-does not change quali-

tatively if we consider small noise around the interaction coefficients of the interac-

tion matrix (see Figure 4.9). Overall, we believe that given its foundation on a well-

established ecological theory and empirical data, our parameterization could be a

good candidate under the lack of more information on interaction strengths. This

additional information is typically very challenging to collect (Wootton & Emmer-

son, 2005), but we hope that future experimental studies on community dynamics

can test the validity of our parameterization. Overall, we believe that the results

of this work provide a guideline to systematically study the potential mechanisms

driving the collective adaptation of species to changing environmental conditions.

85 Chapter 4. Adaptability in changing environments



Chapter 4. Adaptability in changing environments

4.7 Appendix

4.7.1 Appendix A. Stability of the fixed points

Despite Eq. (4.1) may have a fixed point at which all species can coexist, due to in-

trinsic noise and external perturbations the densities will not be located exactly on

it (Lewontin, 1969). However, over short time scales and in the limit of large pop-

ulations (Constable et al., 2016; Huang et al., 2015), if the fixed point is stable then,

on average, the density will be the one predicted by Eq. (4.1) (as long as the pertur-

bation does not lead to extinctions) (Lewontin, 1969). The basin of attraction, B, of

a fixed point, Y*, is the maximal neighborhood of Y* such that for each point X C B

we have that limt-, f(t) --+ * (Hofbauer & Sigmund, 1988; Fasano & Marmi, 2006).

If the basin of attraction of a fixed point is the whole state space then Y* is said to

be globally stable. The global stability of a fixed point of Eq. (4.1) is guaranteed as

long as there exists a positive, diagonal, matrix D such that DA + ATD is positive

definite (Logofet, 1993; Goh & Jennings, 1977; Goh, 1979; Saavedra et al., 2014). A

matrix that satisfies this condition is said to be Volterra-dissipative (Logofet, 1993).

An important property of the Lotka-Volterra dynamics, is that a feasible, globally

stable fixed point is permanent (Baigent & Hou, 2012). We recall that for a feasible

solution of Eq. (4.1) to be permanent the following two conditions must be satis-

fied: limt, Inf xi(t) > c and limto Sup xi(t) < K Vi and c, K > 0 (Hofbauer &

Sigmund, 1988). That is, a feasible and stable solution of Eq. (4.1) is bounded: the

density of the species does not go to infinity or to zero. Note that permanence is

a stronger condition then species persistence inasmuch the former impose an up-

per as well as a lower bound in the species density (Hofbauer & Sigmund, 1988).

Note as well that while global stability is a sufficient condition for permanence, it

is not a necessary one (e.g., one can think about the example of an attracting limit

cycle (Baigent & Hou, 2012)). Throughout the paper, to test the global stability of

the fixed point, after each reorganization and parameterization, we check for A+AT

to be positive defined, i.e., we check that the real parts of its eigenvalues are positive.
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4.7.2 Appendix B. Discussions on the structural constraint

Let us now briefly discuss differences and similarities between the structural con-

straint and other two network properties: connectance and conductance. Firstly we

want to show that for a bipartite network g(Q, K, E) with connectance % we have

(S) = W, where the expectation value is taken over all possible non trivial groups.

The number of nontrivial groups C in a network 9(Q, K, E) is:

] g = -: 1j : I (Al)
i=1 j=1

where is the cardinality of a set, i.e. the number of elements in the set. Each

term in the summation of Eq. (Al) is the number of groups of dimension q x k. The

structural constraint of each of these groups is, as defined in the main text, S - 'CO

where ng = q x k, LO is the number of interactions with at least one species outside

the group and n is the number of possible links in the whole network. Note that

S c [0, 1]. The expectation value of S is: (S) = g Sl + - - + S ]. Let us call the

number of groups of dimension di: Nd, , e.g. N6 = (H) (K) is the number of groups

of dimension di = 2 x 3 = 6. For each iso-dimensional group we have:

Nd.
1 - e1 L - eN1 LN 2 E ei

Si = - + --. + = *- (A2)
n - n n - n n - n n - n

where L is the number of links in the network and ej is the number of links in group

z. The last term in Eq. (A2) sum up to:

Nd

#=L e= LNdi (A3)

Note that the last quantity is an integer. In fact, let us call q, k the number of rows

and columns of the group:
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LNd = qk r(Q (K (A4)

qk |Q|! \K|!
IQKI (jQj - q)!q! (IK -k)!k!

(|Q| - 1)! (|KI - 1)!
L(jQ l - q)!(q - 1)! ( K I - k)!(k - 1)!

Q-1 K-1) IK - - 1)

which is an integer. Therefore we have:

S2 = Ndi(1 - -Ndi = &Nd (A5)

If we divide by Nd, both sides of the last equality we have: KS)di =W. There are h =

IQI IKI - 1 sets of non trivial iso-dimensional groups, therefore we have WN, =

nNg. Therefore we have:

1 L~
(S)g [S1 + - = Ng = E (A6)

S Ng Ngfl

Thus, the macroscopic average of the structural constraint is the connectance. Equiv-

alently, the average of the connectance of each group is the connectance itself. How-

ever, the distributions of the two over the groups are substantially different and

therefore they capture different microscopic properties of the network. One can

think about the structural constraint as the connectance of the network as seen from

the group perspective. For this reason the methods used in the data analysis (i.e.,

decompose a network in groups) and the one used in the numerical analysis (i.e.,

placing one group in different networks) are equivalent. Let us now briefly discuss

the conductance. The conductance # of a group g(q, e) within a monopartite net-

work g(Q, E) with q C Q and e c E is defined as # = minqdq _)where IElq, is

the number of edges between the nodes in the set q (i.e., nodes in the group) and
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its complement Q \ q (i.e., nodes outside the group). d(.) instead is the sum of the

degrees of the nodes in set o. The conductance of the network is then defined as

0 = min, (0j) (BollobAs, 1998; Naumann & Schenk, 2012). The definition can be ex-

tended to bipartite networks by considering q as a union of nodes of the two layers.

The main differences between the structural constraint and the conductance is that

the latter is well defined only if the sum of the degree of the group is greater than

zero. Here instead we are also considering groups with d(q) = 0 as we allow for

all possible reorganization of the interactions (see the first section of the Theoretical

framework). Therefore the two measures are significantly different as they take on

different values for each group and their support is different. Overall, the structural

constraint is a new simple measure of network structure which can be used as a

proxy to capture the impact of the reorganization of interactions on the adaptability

of a group of species.
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Part II

Nonparametric approaches
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PREFACE

In chapter 1 we discussed advantages and disadvantages of using parametric mod-

els to explain and predict population dynamics in changing environments. The

main advantage is that the parameters of parametric models have a clear biologi-

cal interpretation. For example, the parameters of the Lotka-Volterra dynamics are

the intrinsic growth rates of and the pairwise interaction strengths between species.

Therefore, using parametric models it is possible to investigate explicitly what con-

sequences changes parameters will have on the overall dynamics. For example, if

we want to understand the effects of micro-plastic debris on marine communities

we can use a model to predict how fitness decay, a quantity that can be estimated

from observations and experiments, affect the stationary distribution of the popu-

lation on the long run. Then we can use these results to inform policy-maker about

what are the best strategies of intervention to maintain biodiversity.

Surely interpretability is an important feature of a model that is used to analyze em-

pirical data. However, interpretability per se does not resolve the important issue

discussed in chapter 1. That is, conclusions based on parametric models are conclu-

sions about the models mechanisms and not about nature (Breiman, 2001). There-

fore if the results of a study strongly depends on the details of the model then one

needs to properly ensure that the system under investigation does actually follow

the assumed dynamical rules. Otherwise the conclusion we draw have mathemat-

ical but not scientific validity. However, because the mechanisms that drive pop-

ulation dynamics are frequently too complex to be captured by one single model,
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parametric approaches rarely offer an accurate description of natural populations

and even more rarely can be used to predict dynamics in changing environments.

The structural approach that we used in the previous three chapters offers an in-

teresting alternative to purely parametric models because, as shown in chapter 2, it

only requires general assumptions on model structure and not specific assumptions

on the details of the model. The results drawn from the structural approach are still

conclusions about model's mechanism but this time these mechanisms are shared

by a large class of models, i.e. all of those models topologically equivalent to Lotka-

Volterra. As long as observational data are generated by processes defined within

this class we can use the structural approach to draw conclusions about nature. Here

we suggest that the structural approach is able to explain many ecological theories

because many biological populations follow dynamics within this class.

Conceptually the structural approach is therefore a very powerful framework to un-

derstand and predict community dynamics in changing environments because it is

an interpretable parametric approach based on loose assumptions. However, it still

suffer of three very important limitations: (1) it still require assumptions, even if

loose, on the governing equations, (2) it requires data on species interactions which

are typically very hard to collect and (3) it assumes equilibrium dynamics which are

rarely observed in natural ecosystems. The goal of the second part of this thesis will

be to develop a novel framework to understand and predict the dynamics of biolog-

ical populations in changing environments that is (1) model-free but interpretable,

(2) it require time-series data that are the most abundant type of data in population

studies and (3) it does not require equilibrium assumptions. The following chapters

are intended to develop a nonparametric structural approach.
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CHAPTER 5

STATISTICAL INFERENCE OF
JACOBIAN MATRICES FROM

TIME-SERIES DATA

In this second part of the thesis we want to derive a nonparametric structural

stability analysis. Before deriving the general theory however, there are a num-

ber of issues that we need to address. These issues are related to the challenges

associated with accurately inferring Jacobian matrices (used as proxy for biotic

interactions) from observational data. This and the next chapter are devoted

to address these important issues. As we shall see in chapter 7 an accurate

inference of Jacobian coefficients is necessary to estimate structural stability

form data. An important challenge to overcome to infer Jacobian matrices from

observational data is that empirical dynamics are ineherntly stochastic. Even

when, as we assume in this thesis, there exists a deterministic skeleton of the

dynamics, the true biological mechanisms (such as death, reproduction and

competitions) are stochastic in nature. Hence, to infer Jacobians from empir-

ical data we need algorithms that are robust to both observational noise (un-

certainties in the measurements) and process noise (stochasticity of the true

dynamics). In this chapter we derive a new algorithm that is an improvement

of existing methodologies to infer Jacobian matrices from noisy nonlinear mul-

tivariate time series data.
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5.1 Introduction

It is well known that purely deterministic ecological dynamics are mathematical

idealizations (Bjornstad & Grenfell, 2001; Kantz & Schreiber, 2004). Stochastic pro-

cesses affect populations at all scales, from random realizations of birth and death

processes to random environmental variations (Ranta et al., 2000; Frentz et al., 2015;

Spanio et al., 2017; Cenci & Saavedra, 2018a). It has been broadly recognized that

fluctuations of species abundances observed in ecological time series emerge from

the interplay between nonlinear (density-dependent) deterministic dynamics and

stochastic forces (Higgins et al., 1997; Bjornstad et al., 1999; Dixon et al., 1999; Coul-

son et al., 2004; Mutshinda et al., 2009; Dobrinevski & Frey, 2012), plus unavoidable

noise due to measurement errors (Sugihara & May, 1990; Mason et al., 2018; Coulson

et al., 2004).

Intrinsic stochasticity such as demographic stochasticity or, more generally, any type

of process noise can induce new dynamics that cannot be predicted from a determin-

istic analysis: from the reversal of deterministic predictions (Constable et al., 2016) to

the emergence of alternative stable states (Schooler et al., 2011). Furthermore, noise

has important implications on the statistical analysis of time-series data. For exam-

ple, for many inference techniques, process noise can set qualitative lower bounds to

the number of data points needed to fully recover the parameters. That is, the num-

ber of neighboring points required in order to fit the real dynamics (rather than just

the noise) grows with the level of noise (Bradley & Kantz, 2015). Similarly, process

noise can reduce the out-of-sample forecasting skill of learning algorithms by, for

example, breaking down the self-similarity of strange attractors in chaotic systems

(Kantz & Schreiber, 2004), or, more generally, by increasing the risk of overfitting the

training data (Clark et al., 2001; Abu-Mostafa et al., 2012). Thus, to improve induc-

tive analyses of ecological dynamics, it is necessary to develop robust methodologies

that can allow us to analyze ecological time-series data under the presence of process

noise.

Two important analyses performed on ecological time series are the inference of the

effect of species interactions on community dynamics and the forecast of species

96



97 Chapter 5. Statistical inference

abundances. Inferring accurate effects of species interactions from time-series data

is important as a first step to find answers to fundamental questions in ecology such

as: what is the role of species interactions during community assembly (Enke et al.,

2018)? How does the effect of species interactions on community dynamics evolve

in changing environments (Lawrence et al., 2012; Cenci et al., 2018a)? Does interac-

tion variability in changing environments have any impact on species co-evolution

(Barraclough, 2015)? Equivalently, a good forecast of changes in species abundances

is key to improve the planning and decision-making process of ecosystem manage-

ment (Clark et al., 2001), and to design successful socio-economic developmental

strategies (Burkov et al., 2015). However, inference and forecasting from noisy, non-

linear, time series is notoriously challenging (Casdagli et al., 1991; Bjornstad & Gren-

fell, 2001; Wood, 2010; Perretti et al., 2013b,a).

In standard ecological-inference studies, the local effect of species interactions on

community dynamics are approximated by the Jacobian coefficients of the data gen-

erating process (Ives et al., 2003; Deyle et al., 2013; Ushio et al., 2018). Formally,

the Jacobian coefficients are the partial derivatives of the vector field of a dynamic

model with respect to the state variables. In a population dynamics setting, this

corresponds to the change of growth of a species as a result of a change in abun-

dance of another species. Jacobian coefficients can be estimated from nonlinear time-

series data using either parametric or nonparametric approaches. Using parametric

approaches, the Jacobian coefficients are computed analytically from the assumed

model after inference of its parameters (performed using for example state-space

Bayesian approaches or Kalman filters (So et al., 1994; Meyer & Christensen, 2000;

Stein et al., 2013; Bucci et al., 2016)). Using nonparametric approaches instead, the

Jacobian coefficients are inferred directly from the data with minimal assumptions

(such as stationarity and distribution of the noise) on the data generating process

(Ting et al., 2008; Ghosh et al., 2014; Deyle et al., 2016b). Here, we focus on nonpara-

metric approaches for inference and forecasting.

Earlier work has shown that learning algorithms based on nonlinear-state-space re-

construction can be used to infer nonparametrically Jacobian coefficients and to fore-
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cast species abundances from noisy ecological time series (Sugihara, 1994). In this

context, a commonly used predictive nonlinear function approximation algorithm,

known as S-map (a locally-weighted multivariate linear regression model with state-

space dependent kernel function (Deyle et al., 2016b)), has been derived to deal with

signals generated by a mixture of linear and nonlinear components contaminated by

noise. The S-map involves computing Jacobian matrices sequentially as the system

travels along its attractor. The coefficients of these Jacobian matrices vary with each

location on the attractor, giving rise to state-dependent interactions (Deyle et al.,

2016b). The robustness of the S-map to observational noise has been demonstrated,

however, its vulnerability to process noise remains a significant open problem that

needs to be addressed in order to increase the applicability of this method.

In this chapter we show that by integrating appropriate regularization techniques

to the S-map, it is possible to increase significantly the performance of both the

in-sample inference of the Jacobian coefficients and the out-of-sample forecast of

species abundances in the presence of process noise. To validate our results, we use

three standard stochastic population dynamics models, which allow us to represent

ecological time series data while knowing the ground truth for inference and fore-

casting. We further validate our methodology on empirical data.

5.2 Materials and Methods

5.2.1 Noisy nonlinear time series

The goal of this study is to derive an algorithm for an efficient inference of Jacobian

matrices and out-of-sample forecast of species abundance from nonlinear time se-

ries in the presence of process noise. Hence, the time series used in this study were

generated by numerical integration of Ito stochastic differential equations (SDE). To

test the proposed algorithm against different levels of noise and nonlinearity, we

considered three parameterizations of a stochastic Lotka-Volterra (SLV) dynamics:

a 2-species predator-prey model, a 3-species rock-paper-scissor (RPS) model, and a

4-species model that exhibits chaotic trajectories. These models were chosen to 1)
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generate fluctuations that resemble the behavior of observed ecological time series

(Bjornstad & Grenfell, 2001; Nahum et al., 2011), 2) produce dynamics that are noto-

riously challenging to forecast in the presence of process noise (Cheng et al., 2015),

and 3) to explicitly write down the analytical form of the noise and systematically

study its behavior.

Time series were generated by numerical integration of:

1
VI(-A~7)-+ (,t), (5.1)

V V

where 7 is the state vector (i.e., species abundance) and ', and A, are the vector of

intrinsic growth rates and the interaction matrix of model -Y, respectively. The noise

component _,(X, t) in Eq. (5.1) is a Gaussian random variable with mean ((, t)) =

0 and variance (,(X-, t), (mj (5 , t')) = 7Tj(Y)(t - t'), where T is the covariance matrix

of the noise. Note that the noise is multiplicative and depends on the parameters

of the model. The covariance matrix of the noise in Eq. (5.1) was derived from the

master equation of the microscopic stochastic process using the Van Kampen System

size expansion (Van Kampen, 1992; Gardiner, 2004) as explained in chapter 1. The

noise level was set by adjusting the system size V (note that for V -+ oc we recover

a deterministic equation). Specifically, SDE and parameterization are the following:

Two species predator prey:

1
X = A(- -- A_ Y) + (,T ) (5.2)

V'V

WhereT'l = [1, -0.5]. The interaction matrix is:

0 -0.3
A, = (5.3)

0.5 0

and the covariance matrix of the noise is a diagonal matrix with diagonal ele-

ments ii(5 ) = xi(ri + Ej Aijxj)
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. Three species Rock-Paper-Scissor game:

S=-A2'+
1

v2(X, 
),

where the interaction matrix A reads:

0

A2 = -1

(5.4)

(5.5)01 Y
1 0

The covariance matrix of the Gaussian noise is:

[I(JAI 2 1X 2 + 1A131X 3 )

T(V) = - A 1 2 jX 1X 2

-A13Xi1X3

- A 21 JXlX2

x2 (IA21IXi + IA 23 IX 3)

- A 31 |XiX3

1A332LX2)1

-XA32 |x2x3

* Four species chaotic Lotka Volterra:

1
W r 102 53=1.2] a ) + t (, Tr)

Where 3=[1, 0. 72, 1.5 3, 1.2 71 and the interaction matrix is:

1

0
A3 =

3.56

1.53

1.09 1.52 0

0.72 0.316 0.98

0 1.53 0.72

0.64 0.44 1.27

The covariance matrix of the noise is, as in the predator prey system, a diagonal

matrix with element 'Ti (X) = xi(r, + Ej Aj zx)

(5.6)

(5.7)
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Figure 5.1: Illustrative example of the studied nonlinear, noisy, ecological time
series. The figure shows the attractor of a 2-species predator-prey model (Panel A),
a 3-species rock-paper-scissor game which exhibits cyclic dynamics (Panel B), and a
4-species chaotic dynamics (Panel C). Note that the chaotic attractor in Panel C is a
projection of the 4-dimensional attractor in a 3-dimensional state space. Each axis
corresponds to a species abundance.

To integrate the SDE's numerically, we used the python library sdeint. To compare

inferred and analytical Jacobian coefficients, we simulated the noise with a vec-

tor of independent Wiener processes (dW(t)) with zero mean and standard devi-

ation u- = v6 where dt = 0.01 is the integration step (i.e., the noise component

is *T(t)dW(t)). Note that additional noise was introduced by the sampling pro-

cedure. That is, after numerical integration of Eq. (5.1), we sampled equidistant

points (z T = 200) and used this sampled time series for the numerical analysis,

rather then the whole solution of Eq. (5.1). This procedure accounts for the fact that

observational data are sampled far more sparsely than the numerical solutions of

an equation. See Figure 5.1 for a graphical example of the time series generated by

integration of these models.

Our proposed methodology for inference and forecasting is an extension of a locally

linear regression scheme with state-space-dependent kernel function known as 5-

map (Sugihara, 1994). For completeness, in the next section, we briefly review the

details of the S-map. The readers familiar with the S-map methodology may skip

the next section.
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The S-map

The S-map is a nonlinear extension of standard linear vector autoregressive models

(VAR). It differs from VAR and close linear relatives, such as dynamical linear mod-

els, in that the coefficients (or weights) of the regression in the S-map depend upon

the position of the predictee on an attractor in the state space (Hsieh et al., 2005), and

not on its proximity in time. Therefore, the S-map is particularly useful when the

observed time series has been generated by nonlinear processes in which state-space

dependence is an important factor.

In particular, the S-map is the SVD solution for C to the linear model:

B = A - C, (5.8)

with Bk - WkXi(tk + 1) = WkY, Ak- wkX3 (t4), and

01 1x(tk )-x(t*) II(
Wk = d (5.9)

are state-dependent weights. Note that in Eq. (5.9), x(t*) is the predictee variable

and d Ej jx(ti) - x(t*) is the average distance from the target point (Sugi-

hara, 1994; Dixon et al., 2001; Deyle et al., 2016b). The weights then depend upon

the distance of the target point in the state space and on a tuning parameter 0 that

controls the local weighting (Sugihara, 1994; Deyle et al., 2016b). That is, 0 controls

the degree of nonlinearity of the S-map. For this reason, the forecasting skill of the

S-map has been extensively used as a test for nonlinearity of the time series (Perretti

et al., 2013b; Sugihara, 1994), i.e., time-series generated by nonlinear processes can

be better forecast with 0 z 0 (Dakos et al., 2017). Note that solving the linear prob-

lem above is equivalent to solving a weighted-least-square minimization problem,

which reads in matrix form as:

argmin Wj (yj - x c)2 = min (Y - Xc)TW(Y - Xc), (5.10)
cCRd cERd n

where X is the data matrix (for the rest of this chapter we will use all the variables of
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the time series to reconstruct the attractor), W is a diagonal matrix of the weights in

Eq. (5.9), and c is one row of the Jacobian matrix. The solution of this minimization

problem (i.e., ordinary least square, OLS) is a = (XTWX)-lXTWY. Equivalently,

the solution of the SVD for C in the linear model in Eq. (5.8) is

a = (fE- f)Wy, (5.11)

where the solution is written in terms of the weighted data matrix X = WX. It is

then straightforward to prove that if XTX is invertible then the two solutions are

equivalent.

(XTWX)-XXTWY = XlW-lX-TXTWY = X- 1Y (5.12)

Equivalently, if we call X = WXt, the SVD solution for the linear system is

(Y :-7lT)WY =X'-IWY = (WX)-IWY = X- 1Y. (5.13)

Then, (XTWX)lXTWY= (VE?1UT)WY. However, the inversion of the matrix

XTX is a well known problem in standard statistics as, even if strictly invertible,

small singular values can create significant numerical instabilities. To avoid these

numerical instabilities in the inversion of the matrix E, the S-map methodology re-

moves small singular values before inversion by setting to zero each singular value

below a pre-defined threshold, i.e., oi < E for some fixed c (typically E = 10- (Ye

et al., 2017)).

Importantly, as mentioned before, process noise can introduce upper bounds to the

forecasting skill of learning algorithms, such as the S-map. Specifically, small per-

turbations in the input data (induced by noise) can cause large changes in the coeffi-

cients of the fit and the forecast values. Indeed, small singular values can drastically

increase the prediction variance of the ordinary-least-square optimization, an effect

that is amplified by noise. However, the cut-off value of the singular value is not uni-

versal, as in the standard S-map, but depends upon the structure of the data to fit.
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Generally, depending on the data, one needs to select the cut-off by appropriately

balancing the prediction bias and its variance. This is typically done by introducing

some form of regularization of the fit. Below, we discuss how to introduce regular-

ization techniques to tackle small singular values, and to improve the performance of

the fit along with the out-of-sample generalization in the presence of process noise.

Regularized S-map

Regularized loss minimization is a well-established learning rule, in which both

a regularization function (R) and the empirical risk (L) are minimized together

(Shalev-Shwartz & Ben-David, 2014):

argmin{(D, c) + 7Z(', c)}, (5.14)
cE Rd

where D are the data, -is the vector of parameters to estimate, and Fis a vector of reg-

ularization parameters. Regularized loss minimization is a typical approach used

to constrain the coefficients of a regression model in order to make the algorithm

more stable in the presence of noise in the data (recall that a learning algorithm is

stable if small changes in the input data do not generate large changes in the output

(Abu-Mostafa et al., 2012; Shalev-Shwartz & Ben-David, 2014)).

There are a variety of possible regularization functions to choose from, here we dis-

cuss the most common ones. Tikhonov regularization requires to substitute Eq. (5.10)

with the following minimization problem called regularized least square or ridge

regression (Shalev-Shwartz & Ben-David, 2014):

1
c argmin -(Y - Xc)T W(Y - Xc) + AH|c| . (5.15)

cERd n

The regularization function R(A, c) = A IIc| 11 constrains the hypothesis space 'N (i.e.,

controls its complexity) or, equivalently, adjusts the least-square solution to avoid

numerical instability during matrix inversion. In fact, the solution of Eq. (5.15) is:

S= (XTWX + AnI) XTWY,
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where the regularization parameter A, selected by running cross-validation on a

training set data, avoids possible instabilities during matrix inversion in Eq. (5.16).

We chose Tikhonov regularization because the solution of Eq. (5.15) can also be writ-

ten in terms of singular values, and it can be shown that the regularization parameter

A damps any term in the solution with o- < A2. Therefore, Tikhonov regulariza-

tion is strictly related to a truncated singular value decomposition (Gorodnitsky &

Rao, 1994). Indeed, Tikhonov regularization introduces the balance between predic-

tion bias and variance that we discussed in the previous section (Abu-Mostafa et al.,

2012). This means that Tikhonov regularization is, in fact, the natural type of reg-

ularization of the S-map. Note that regularizations of local linear fits have already

been considered in settings different than the S-map, and for purposes different than

controlling the quality of the inference of the effect of species interactions.

Generally, the choice of the regularization function is heuristic (Abu-Mostafa et al.,

2012). The choice depends upon the structure of the available data. For example,

ridge regression filters the small singular values that can create instabilities when

they are contaminated by noise. However, it may produce suboptimal results if most

of the information is contained in these values. Other types of regularizations, such

as LASSO penalization (Tibshirani, 1996), can be more suitable when dealing with

sparse data sets. For comparison purposes, here we also use elastic-net regulariza-

tion (Zou & Hastie, 2005), which is a more flexible function than Tikhonov. Elastic

net is a combination of Tikhonov (L2 norm) and LASSO (L1 norm) regularization

with an additional parameter a that controls the relative strength of the two norms:

1
argmin -(Y - Xc)TW(Y - Xc) + A((1 - a)I|c|1 + aIIcI 1). (5.17)

cERd n

Note that when a - 1, one recovers Tikhonov regularization. Whereas when a - 0,

one recovers LASSO. Importantly, elastic-net regularization has the advantage that it

can be adapted to the particular structure of the time series. For example, if the time

series is sparse then a should be small. However, if small constraints are enough

to avoid both over-fitting and instability, then a should be close to one. In order to

properly compare two different algorithms, one can always keep a < 1.
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Finally, we discuss the choice of weights in the locally-weighted regression (Eq. (5.10)).

The standard S-map uses exponentially decay kernels, such as Eq. (5.9). The choice,

however, is not unique and generally depends upon the characteristics of the an-

alyzed dataset. For example, exponentially decay kernels are motivated by Lya-

punov instability, where information decays exponentially. Other kernels, such as

the Epanechnikov or the tri-cubic kernel (Hastie et al., 2001), may be more suitable

than Eq. (5.9) for different types of nonlinearity in the time series. In general, a

preliminary analysis of the data is needed in order to choose the most appropriate

regression model. Here we test the following kernels:

K(x, x') = (1 - (I )339(1 - X ) (5.18)

3 || '||x -x 'l|
K(x, x') = -(1 - ( I )2)(1 - ), (5.19)

4 0 0

K(x, x')= - I . (5.20)

These kernels are the tri-cubic, Epanechnikov, and exponential respectively. Note

that E(-) is the Heaviside theta (i.e., 8(n) = 1 if n > 0 and zero otherwise). Below

we specify how to measure and compare the inference and forecasting skills of the

standard (i.e., non-regularized) and regularized S-maps.

Inference of Jacobian coefficients

To infer Jacobian coefficients from the stochastic time series using the standard and

regularized S-maps, we ran the following analysis. Firstly, we generated time series

of species abundances by integrating numerically Eq. (5.1) and by sampling data

points at constant rate as discussed above (see Figure 5.1 for a graphical example

of these time series). Then, we randomly sampled a block of length L = 100 of

the time series. The block is standardized to have zero mean and standard devia-

tion one. Finally, we fitted the data using the standard and the regularized S-map.

Regularization and kernel parameters were chosen by running leave-one-out cross
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validation(Hastie et al., 2001), i.e., by choosing those parameters that minimize the

validation error on the training set. Note as well that we fit each species indepen-

dently so regularization and kernel parameters are d dimensional vectors (where d is

the number of species in the system). Because we want to show the effect of different

regularization functions on the performance of the S-map, we fixed the parameter

a in the elastic-net regularization to be strictly less than one. Specifically, we fixed

a = 0.9 for the rock-paper-scissor model, and a = 0.95 for the chaotic and predator

prey dynamics. These values were chosen after a preliminary analysis of the time

series. We did not run cross-validation on a because, contrary to the parameters A

and 0, its optimum value did not vary significantly across the realizations.

The Jacobian coefficients are the coefficients of the fit (Deyle et al., 2016b; Ushio et al.,

2018). To measure the quality of the inference, we computed the Pearson correlation

coefficient (Sugihara, 1994) and the root mean square error (RMSE) between analyt-

ical and inferred Jacobian matrices. To obtain a reliable statistics, we repeated this

process for 80 random blocks (i.e., for 80 times we sample a random block, stan-

dardized it, run leave-one-out cross validation to select regularization and kernel

parameters and estimate the Jacobian coefficients). Finally, notice that, given that

we are dealing with synthetic data for which we know the true dimensionality, we

used the dimension of the model as the embedding dimension for the inference of

the Jacobian coefficients. However, recall that for the analysis of empirical data, for

which the true embedding dimension is generally unknown, this parameter must

be chosen together with the regularization and kernel parameters.

Forecasting of species abundances

Using the kernel and regularization parameters estimated with leave-one-out cross

validation in the training set, we built a predictive model and forecast 30 data points

out-of-sample. To make out-of-sample forecast we ran the following analysis: after

training over L-data points (i.e., over the whole training set), the S-map provided

L - 1 coefficients given that the last data point of the training set was not trained

(i.e., we did not have information about the L + 1 abundance which was the first
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data in the test set). Therefore, we used the (L - 1)th coefficient and the Lth data

point to make predictions about the first data point in the test set (i.e., the (L + 1)th

point in the time series). Predictions were made with a locally-linear model (Ye et al.,

2017):
d

xi(t + 1) = cO + Jjj(t - 1)x3(t), (5.21)
j=1

where co is the intercept fitted adding a column of ones to the data matrix (Hastie

et al., 2001) and d is the number of species in the system. The matrix Jij is the Jaco-

bian matrix, whose rows are the vectors ci solutions of the minimization problem in

Eq. (5.15) and Eq. (5.17) (and the standard S-map). After each forecast, we used the

predicted point to fit the Lth interaction coefficient, and we repeated the operation

for as many times as numbers of data points we had in the test set (i.e., 30). The

forecast is purely out-of-sample because this procedure never uses the original test

set to select the model parameters or to make predictions. In addition, the test set is

standardized using the mean and the standard deviation of the training set. Hence,

we truly tested for the generalization skills of the algorithms on unseen data.

To measure the quality of the forecasting skill, we used the Pearson correlation co-

efficient (Sugihara & May, 1990) and the RMSE as we did for the coefficients of the

Jacobian matrix. Moreover, as benchmark for the value of the RMSE in the test set,

we compared the quality of the forecast with the RMSE of the naive predictor (i.e.,

the predictor that uses the last point in the training set as prediction for any data in

the test set).

To test the robustness of the algorithm, we repeated the inference and forecast-

ing analyses with different training-set lengths (L = {20, 40,80, 160}) and differ-

ent levels of (Gaussian) observational error with standard deviation o E [0.05,0.2]

and p 0 added to the training data . In order to make the noise comparable

to the perturbed value we added multiplicative noise to the data, i.e. xperturbed

Xunperturbed - Xunperturbed X C, where c ~ .(O, a) (notice that sF come for the integration

of an SDE so it already has a intrinsic noise component).
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Analysis on empirical data

Finally, we tested the performance of the regularized S-map on two empirical time

series of marine microbial communities: the Bermuda Atlantic Time Series (BATS)

and the Hawaii Ocean Time Series (HOTS). Because in empirical data we lack the

ground truth of Jacobian coefficients, we only tested the forecasting skills of the algo-

rithm. The time series can be freely downloaded from http : //batsf tp .bios .edu/

BATS/bottle/bval-bottle. txt (BATS) and http: //hahana. soest. hawaii. edu/hot/

hot -dogs/index. html (HOTS).

The BATS data include the abundance of four species: Prochlorococcus, Synechococcus,

Picoeukariotes and Nanoeukariotes. Here we focused on the time period that goes from

September to October 2011 for which data were collected approximately twice per

day. This time series has 30 data points. We split our data in 28 points for training

(i.e., for cross validation) and 2 points for testing. The HOTS data include species

abundances of: Prochlorococcus, Synechococcus, Picoeukariotes and heterotrophic bacte-

ria. These data were collected monthly from 2006 to 2016 (93 data points). We used

91 points for training and 2 points for testing.

To analyze the empirical time series, we ran a standard variable selection (Hastie

et al., 2001) to subset only those variables and their time lags that provide the best

validation error. Then, we ran the same analysis described above to choose the op-

timal regularization parameters and kernel function of the regularized S-map. We

only report the RMSE of the analysis (note the Pearson correlation) given that the

test set only includes 2 data points.

5.3 Results

5.3.1 Results on Synthetic data

Overall, we found that the regularized S-map consistently outperforms the standard

S-map in both tasks: the inference of Jacobian coefficients and the forecast of species
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Inference Predator Prey Cyclic Chaotic

Regression scheme p RMSE p RMSE p RMSE

Standard S-map 0.61 0.01 0.62 0.01 0.51 0.02 0.37 0.01 0.43 0.05 0.61 0.02

Regularized S-map 0.64 t 0.01 0.58 0.01 0.61 0.01 0.31 0.007 0.5 0.03 0.36 0.01

Table 5.1: Inference of the Jacobian coefficients using synthetic data. For each of
the three models analyzed (columns), the table shows the performance of the stan-
dard and regularized S-map (rows) in inferring the analytic Jacobian coefficients.
The performance is computed as the Pearson correlation (p) and root mean square
error (RMSE), i.e., smaller (larger) RMSEs (correlations) correspond to better per-
formances. Note that the regularized S-map consistently outperforms the inference
skills of the standard S-map.

Forecasting Predator Prey Cyclic Chaotic

Regression scheme p RMSE p RMSE p RMSE

Standard S-map 0.75 0.18 0.88 0.26 0.41 0.23 1.08 0.22 0.03 0.04 NA

Regularized S-map 0.88 0.08 0.49 0.06 0.60 0.06 0.72 0.08 0.8 0.07 0.65 0.11

Naive predictor NA 1.32 0.06 NA 1.4 0.08 NA 1.35 0.1

Table 5.2: Out-of-sample forecasting skills using synthetic data. For each of the
three models analyzed (columns), the table shows the performance of the standard
S-map, regularized S-map, and naive predictor (rows) in predicting species abun-
dances. The performance is computed as the Pearson correlation (p) and root mean
square error (RMSE), i.e., smaller (larger) RMSEs (correlations) correspond to better
performances. Note that the regularized S-map consistently outperforms the stan-
dard S-map (and the naive predictor).

abundances. Tables 5.1 and 5.2 provide the summary results of the best inference

and forecasting skills of the two algorithms. Performance is expressed in terms of

median RMSE and correlation coefficient (p) over an ensemble of 80 random chunks

of the time series. Errors around the median are the 95% confidence intervals com-

puted with nonparametric bootstrapping (full results are shown in Figs. 5.2 and 5.3).

The tables show the results of the fit that provides the best trade-off between max-

imum correlation coefficients and minimum RMSE using the same kernel and reg-

ularization function. The RMSE of the standard S-map on the test set of the chaotic

model is out of scale and is reported as NA.

Importantly, Figure 5.2 and Table 5.3 illustrate that the quality of the inference and

the forecasting strongly depends upon the choice of the kernel function used in the

weighted regression scheme. For example, Figure 5.2 B shows that for the periodic

predator-prey time series, the best forecast is achieved using the Epanechnikov ker-
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nel with an elastic net regularization function. Instead, Figure 5.2 F shows that for

the chaotic time series, the exponential kernel exhibits the best inference and fore-

casting skills.

Moreover, Figure 5.2 shows that one can obtain different reconstructions of the Ja-

cobian coefficients (left panels) simply by using different regularization schemes or

kernel functions for the weights of the linear regression (see for example panel E).

The figure also shows that the quality of the reconstruction is not necessary informa-

tive of the generalization skills of the algorithm (right panels). This effect is clearly

illustrate in Figure 5.2. For example one can compare the performance of the Expo-

nential kernel and an elastic net regularization function for the inference of Jacobian

coefficients in panel A with its generalization skills in panel B. Overall, these results

pose serious challenges to the problem of model selection. That is, using empirical

data one can only select parameters, kernels, and regularization functions based on

validation or prediction errors, yet this may not be the optimal solution for inference

purposes.

Finally, Figure 8.2 shows the quality of the inference and forecast as a function of

the level of observational noise added to the training data. Performance is again

expressed in terms of median error over 60 random chunks of the time series and

errors are the 95% confidence interval around the median error. The figure shows

that the median RMSE, while increasing, remains significantly lower than the naive

prediction and the standard S-map (compare the Figure with Table 5.1 and 5.2). Fig-

ure 5.4 in the Supplementary Information shows the robustness of the algorithm to

different lengths of the training set. Interestingly, in our example, smaller training

sets do not necessarily correspond to larger errors. This is particularly true for the

rock-paper-scissor dynamics which is the most noisy model we used. This counter-

intuitive result could be explained by the fact that, because the time series we are

analyzing are stochastic, training on more data increases the probability of training

on noisy regions of the attractor. Overall, Figures 8.2 and 5.4 show that the regular-

ized S-map is robust to different levels of noise and sizes of training data.
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Figure 5.2: Importance of the kernel function. The figure illustrates the full dis-
tribution of the inference and forecasting skills of the regularized S-map using the
tri-cubic kernel, the Epanechnikov kernel, and the exponential kernel (used in the
standard S-map). Models go from top to bottom: Predator prey, Rock-Paper-Scissor
and chaotic Lotka-Volterra. The left panels show the results of the inference, whereas
the right panels show the results of the forecast. The dotted lines in the right pan-
els depict the value of the naive error. All performances are reported as the root
mean square error (RMSE), i.e., smaller RMSEs correspond to better performances.
Overall, the figure illustrates that the choice of the kernel function is critical for the
performance of the algorithm.



Chapter 5. Statistical inference

Inference
A

0.9 1

0.7

0.5

0.3

0.1

-0.1

C

0.9

0.7

0.5

0.3

0.1

-0.1

0.7

0.4 -

0.1

-0.2

-0.5

e Elnet
S*Tikhonov

S:T
0

Tri-cubic Epanechnikov Exponential

3: E]
0.

0,

Tri-cubic Epanechnikov Exponential

E

0

0

V

Tri-cubic Epanechnikov Exponential

B

0.7

0.4

0.1

-0.2

-0.5

-0.8

D

0.7

0.4

0.1

-0.2

-0.5

-0.8

F

0.7

0.4

0.1

-0.2

-0.5

-0.8

Tri-cubic

Tri-cubic

Forecasting

Epanechnikov Exponential

Epanechnikov Exponential

0_ _

0 o

Tri-cubic Epanechnikov Exponential

Figure 5.3: Inference and forecasting skills in terms of correlation coefficients.
The figure is equivalent to Figure 5.2 in the main text, but the results are expressed
in terms of p.

Results on Empirical data

Focusing on the BATS data, we found that the exponential kernel and elastic-net reg-

ularization function with a = 0.85 provided the best out-of-sample skills (in terms

of RMSE) for predicting the abundances of the three species of bacteria. In the anal-

ysis, we included the abundance of Prochlorococcus (embedding dimension, E = 1)
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Tikhonov Elastic net
Exponential Chaos, Chaos, Predator-Prey Cycles

Epanechnikov Predator-Prey
Tri-cubic Cycles

Table 5.3: Combinations of kernels and regularization functions that provide the
best inference and forecasting skills. For each of the three tested models, the table
shows which is the best combination of kernels and regularization functions to infer
the Jacobian coefficients (red) and to forecast species abundance (blue). Note that the
best kernel is always chosen to be the one that provides the best trade-off between
maximum correlation coefficient and minimum RMSE.

A B

20 40 60 80 100 120
Length of training set

0

1.4

1.2

1

0.8

0.6

140 160 20 40 60 80 100 120
Length of training set

Figure 5.4: Robustness of the regularized S-map to the length of the training set.
For each of the three models analyzed, the figure shows that both the inference
and the forecasting skills of the regularized S-map are robust to the number of data
points used to train the algorithm. The performance is reported as RMSE.

Synechococcus (E = 2) and Picoeukariotes (E = 1). Moving to the HOTS data, we found

that the Epanechnikov kernel with a = 0.9 provided the best performance. In the

analysis, we included the abundance of Prochlorococcus (E = 2) and Picoeukariotes (E

= 1).

Table 5.4 shows the performance comparisons between the standard and regularized

S-maps. We used the naive forecast as a benchmark for the quality of performances

(see Methods section). As expected from the results derived from synthetic data, we

found that the regularized S-map consistently outperforms the standard S-map on

the empirical time series.
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Figure 5.5: Robustness of the regularized S-map to observational noise. The figure
shows that both the inference and the forecasting skills of the regularized S-map are
robust to observational noise. Note that while the RMSE increases as we increase
the level of noise, it still remains significantly lower than the naive error, see Table
5.2 and Figure 5.2.

Method BATS HOTS
Standard S-map 0.21 (0.19,0.36,0.07) 0.20 (0.24,0.16)
Regularized S-map 0.18 (0.17, 0.3, 0.07) 0.15 (0.23,0.07)
Naive Forecast 0.32 0.93

Table 5.4: Performance of the algorithms on the test set of the empirical time se-
ries. Performance is reported as the root mean square error (RMSE) on the test set,
i.e., smaller RMSEs correspond to better performances. As a benchmark, we also
report the error of the naive predictor (see Methods section). The numbers between
brackets are the errors on each of the single species analyzed. The table illustrates
that the regularized S-map outperforms the standard S-map also on the empirical
data.

5.4 Discussion

In this chapter, we have studied the application of regularized loss minimization

methods to a locally-weighted linear fit known as S-map developed to perform in-

ference and forecasting from nonlinear ecological time series. The goal of this study

has been to investigate if regularization applied to S-maps can improve the inference

of the Jacobian coefficients (that are typically used as proxy for the local effect of bi-

otic interactions on community dynamics) and the out-of-sample forecasting skill of

species abundances when the time series are contaminated with process noise. In

particular, to study the effect of regularization on different types of dynamics and
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with different levels of process noise, we have investigated three standard nonlinear

models: a predator-prey, a cyclic, and a chaotic time series. Because the choice of

the regularization function is not unique (Abu-Mostafa et al., 2012), we have inves-

tigated two different regularization algorithms (Tikhonov and elastic net) and we

have compared their performance on simulated and empirical data.

We have found that by imposing different types of regularization functions and ap-

propriately choosing the kernel functions, we can improve the inference and the out-

of-sample forecasting skills of the S-map. Generally, we recommend testing different

regularization schemes and kernels in a preliminary analysis of a new data set to de-

termine which one performs best. We speculate that the type of kernel that yields the

best forecast could be informative of the type of dynamics generating the time series

(this comes directly from the fact that kernels are a way to express prior knowledge

about the data). For example, as expected, we have found that exponentially decay

kernels perform better when forecasting with chaotic time series-where informa-

tion decays exponentially (although more research is needed to validate or reject this

hypothesis). Moreover, we suggest to choose the kernel based on a trade-off between

different performance metrics such as correlation coefficients and the RMSE.

Most of the results of this study have been based on the analysis of synthetic data.

We have used synthetic data to show the quality of the inference by comparison

with analytic results (this is not possible with empirical data where the true Jacobian

coefficients are unknown). Furthermore, the use of synthetic data have allowed us

to systematically introduce process noise in the time series. However, to further test

the validity of our approach, we have also provided an application on two empirical

data sets. We have found that, as expected, the regularized S-map outperforms the

standard S-map also on these empirical time series.

It is also worth mentioning that while the S-map has been and can be used on em-

pirical data, there are a number of limitations for its applicability. These limitations

apply equivalently to both the standard and the regularized S-maps. Firstly, it is

important to stress that for an accurate reconstruction of Jacobian coefficients the

S-map needs densely sampled neighborhoods on the attractor. Therefore, the data
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requirement for an accurate inference increases exponentially with the system size

(Hastie et al., 2001). Generally, if the number of variables (i.e., dimensionality of the

system) is large and the time series is short we discourage the used of the S-map for

inference studies. The exact definition of large, however, strongly depends upon the

length of the time series. Here, for example, with four species and 50 data points,

we have already obtained accurate reconstruction of Jacobian coefficients even in the

presence of process and observational noise. Moreover, the dimensionality of the

system may be reduced by excluding variables that are not causally related with the

rest of the system (Sugihara et al., 2012). Secondly, as for many learning algorithms

used in nonlinear time-series analysis, the stationarity of the data is an important

requirement. Thus, to guarantee the statistical significance of the inferred Jacobian

coefficients, a preliminary check for stationarity is needed (Kantz & Schreiber, 2004).

Finally, because of the sparsity and nonlinearity of empirical time series, coefficients

inferred with statistical algorithms, as the regularized S-map, may not be practically

identifiable (meaning that more than one set of parameters can explain the data ap-

proximately equally well) (Saccomani, 2013; Saccomani & Thomaseth, 2016). Hence,

inference studies should also include uncertainty quantification analysis (Cenci &

Saavedra, 2018b). The applicability of the S-map for predictive studies is, on the

other hand, less of a concern because the validity of the results can always be checked

by means of cross validation.

Overall, the increasing amount of available time-series data is paving the way for

moving theoretical population biology from being an assumption-driven towards a

data-driven science. Because ecological time series are the product of an interplay

between nonlinear deterministic and stochastic dynamics, the integration of meth-

ods of nonlinear time series analysis (based on dynamical system theory) with ma-

chine learning algorithms (developed to deal with observational data contaminated

by noise) is an important step forward towards this goal.
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CHAPTER 6

UNCERTAINTY QUANTIFICATION
OF THE JACOBIAN COEFFICIENTS

In the previous chapter we have proposed an algorithm to efficently infer Ja-

cobian matrices from noisy time series data. Following standard approaches

Jacobian matrices are then used as proxy for the effects of biotic interactions

on community dynamics. We have shown the inconsistent link between ex-

planatory and predictive studies and therefore that using prediction error to

select the best parameters may lead to inconsistent conclusions. In this chap-

ter we tackle this issue. Specifically, we show that one of the main limitations

of existing methods to infer Jacobian matrices is that parameters inferred from

noisy, sparsely sampled, nonlinear data are seldom uniquely identifiable. That

is, many different parameters can be compatible with the same dataset and can

generalize to independent data equally well. Hence, it is difficult to justify con-

clusive assertions about the effect of biotic interactions without information

about their associated uncertainty. Here, we develop an ensemble method

based on model averaging to quantify the uncertainty associated with Jaco-

bian matrices inferred from non-equilibrium ecological time series data. Our

method is able to detect the most informative time intervals for each jacobian

element within a multivariate time series and can be easily adapted to different

regression schemes.
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6.1 Introduction

Biotic interactions are important regulators of the dynamics of natural systems (Tyc

et al., 2014; Crowther et al., 2015; Abrudan et al., 2015; Ho et al., 2016; Enke et al.,

2018). For example, interactions between primary producers in the ocean can al-

ter the chemistry of their environment (Amin et al., 2015). Similarly, microbial in-

teractions influence evolutionary responses to new environments (Lawrence et al.,

2012), and facilitate emergent phenomena such as interaction-induced production

of metabolites (Watrous et al., 2012). Yet, the relative importance of the effects of

biotic and abiotic factors on community dynamics still remains a matter of debate

(Fargione et al., 2003; Houlahan et al., 2007; Mutshinda et al., 2009).

As discussed in chapter 5, one of the main limiting factors in our understanding of

the effects of biotic interactions on community dynamics is that, contrary to abiotic

parameters, reliable experimental measurements of biotic parameters are seldom

available (Wootton & Emmerson, 2005; Fuhrman et al., 2015). Hence, a large num-

ber of data-driven statistical methods have been proposed to infer the effect of biotic

interactions on community dynamics from species abundance data (Lamon et al.,

1998; Ives et al., 2003; Jiang et al., 2015; Deyle et al., 2016b; Marbach et al., 2012).

Broadly speaking, these methods can be divided into three categories: (1) statistical

or mechanistic parametric approaches, (2) nonparametric approaches based on cor-

relations and co-occurrence of species (or taxa) in several equilibrium samples (Faust

et al., 2012; Friedman & Alm, 2012; Kurtz et al., 2015), and (3) data-driven nonparam-

eteric approaches based on the theory of nonlinear-state-space reconstruction such

as the regularized S-map developed in the previous chapter(Deyle et al., 2016b).

The first two approaches have presented a number of limitations: models are ei-

ther too simplistic to capture the true dynamics (small deviations from the assumed

to the true model can have significant impacts on the inference outcome (Xiao et al.,

2017)) or too complex to be structurally identifiable (i.e., it is not possible to associate

a unique value with the model parameters from empirical measurements) (Bellman

& Astr6m, 1970; Villaverde et al., 2016; Saccomani & Thomaseth, 2016). Similarly,

correlation or co-occurrence based approaches have long being criticized for not
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being able to capture causation (Xiao et al., 2017), and for being prone to identify

mirage correlations ubiquitous in nonlinear systems (Deyle et al., 2016b).

Instead, nonparametric state-space approaches based on attractor reconstruction

have offered a promising alternative (Deyle et al., 2016b): they do not require linear

equilibrium or mechanistic assumptions, and their parameters (used as proxy for the

effects of biotic interactions on community dynamics (Ives et al., 2003; Deyle et al.,

2016b; Xiao et al., 2017)) are structural identifiable. The goal of chapter 5 was to im-

prove an existing nonparametric state-space approach to deal with the unavoidable

stochasticity of natural systems. Here we deal with a different issue that arise when

attempting to infer interactions from data. That is, while the coefficient of the S-map

are structurally identifiable, structural identifiability does not imply that parame-

ters can be uniquely identified given that noise, missing data, or sampling rates in

empirical data can introduce confounding effects (Angulo et al., 2017). Specifically,

distinct sets of parameters can be equally compatible with the observed data and

can be used to construct models that generalize equally well on independent data,

even if the model parameters themselves are structurally identifiable. Hence, there

is unavoidable uncertainty associated with the parameters inferred from empirical

data that, if caused by the data-collection process or inherent to the data-generating

process, cannot be avoided regardless of the inference method used (Hines et al.,

2014; Angulo et al., 2017).

Importantly, uncertainty on inferred parameters (the existence of more than one sin-

gle explanation of the empirical data) translates into an uncertainty of the scientific

conclusions that are drawn based on them. This may have significant consequences

when, for example, conclusions are used to inform policy (Milner-Gulland, 2012),

to develop novel drugs (Bollenbach,. 2015), or to validate theories (Mutshinda et al.,

2009). Yet, current nonparametric state-space approaches do not provide a method-

ology to quantify the level of uncertainty associated with the inferred interactions,

or a measure of how this uncertainty changes in time when dynamics are nonlin-

ear and interactions are time-dependent (Deyle et al., 2016b). To fill this gap, we

develop a methodology to associate an uncertainty level with the temporal effect of
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biotic interactions on community dynamics when inferred from multivariate non-

linear time-series data using nonparameteric approaches.

Following our proposed methodology, we asses temporal variations of uncertainty

about the effect of biotic interactions on community dynamics by measuring how

many different explanations (set of parameters) are equally compatible with the

same observational data at any given point in time. To validate our methodology,

we study a chaotic synthetic time series for which we know the ground truth and

use it to test the validity of the methodology. Then, as a case study, we investigate

the uncertainty associated with the effect of biotic interactions in the two time series

analyzed in the previous chapter: the Bermuda Atlantic time series (BATS) and the

Hawaii ocean time series (HOTS). We focus on the same data for clarity of exposition

and also two show that different anlysis (e.g. model selection, data-preprocessing)

needs to be performed if the goal of the study is inference or forecasting.

6.2 Methods

6.2.1 Background

As we did in chapter 5, here we assumed that data are non-equilibrium time series

of species abundances generated by a nonlinear population dynamics models of the

form:

di
= T(X, 5),(6.1)

dt

where F is an unknown and unspecified vector field (defining the dynamics of the

system), X E Rd is the state vector (e.g., the abundances of d species), and 3 G pq

are the q parameters of the model (e.g., the birth and death rates of species). Impor-

tantly, the vector field (or model) F does not need to be purely deterministic, but we

assumed the existence of a manifold attractor (Casdagli et al., 1991; Sugihara, 1994).

That is, Eq. (6.1) has a steady state (e.g., chaotic, fixed point, limit cycle) to which

any initial trajectory converges (this is the only assumption on the data-generating

process).
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The goal of this chapter is to infer the Jacobian (3) of F from a realization of Eq. (6.1)

using the regularized S-map and to associate an uncertainty level with its coeffi-

cients. To make the core of this chapter (section 6.2.4) more understandable here ew

provide a succint summary of the regularized S-map developed in chapter 5. The

reader familiar with the regularized S-map can skip the next section.

6.2.2 Statistical inference of the effect of biotic interactions from

multivariate time series

The S-map is a weighted local regression model (Deyle et al., 2016b). The weights are

state-space-dependent kernel functions. To limit potential problems of overfitting

and singularities in the regression procedure of the S-map, we imposed an elastic-

net regularization function-a convex mixture of L1 and L2 penalty terms (Zou &

Hastie, 2005; Li & Liny, 2010). Specifically, for each point X* on the manifold at-

tractor (i.e., for each t* E {l, ... , n} with n number of observations) and for each

i E {1, ... , d} (with d number of dimension of the system i.e., number of species),

we solved the following minimization problem:

min (Y - X&j K(X, X*, 0)(Y - X3j) + A(a||| + (1 - 1)J|| 1), (6.2)

In Eq. (6.2) 3i is row i of the Jacobian 3, and X is an (n - 1) x d data matrix where

the point removed from the data matrix is the target point x(t*). Notice that for the

analysis of empirical data, where the true dimension of the attractor is unknown, d

is not necessarily equal to the number of observed species in the system but to the

number of species plus an embedding. In addition, Y is the variable to be predicted

(i.e. Y = Xt+,,i VX f Xi*), K(X, X*, 0) is a kernel function, and A and a are two

regularization parameters. The coefficients Ji that minimize Eq. (6.2) are the rows

of the Jacobian matrix-vectors on the tangent space of the manifold attractor of the

data-generating process (i.e., Eq. (6.1)). That is, Eq. (6.2) provides the parameters of

the linearization of the dynamics along each point on the manifold attractor. This

linearization depends upon the curvature of the attractor at each point through the
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kernel function. Motivated by the analysis of chaotic time series (Sugihara, 1994), a

typical choice for the entries K(7, 7*, 0) of the kernel matrix (K) is an exponentially

decaying function with a tuning parameter 0 (chosen with cross-validation) that set

the level of nonlinearity of the fit:

K(-, "*, 0) = e- , (6.3)

where x* is the target point and j is the average distance of each point x to x*. Note

that the parameter 0 measures the nonlinearity of F (Sugihara, 1994). The choice

of the kernel function (e.g., tri-cubic or Epanechnikov kernel) is not unique but de-

pends on the structure of the time series. Recent work has shown that the S-map

provides a good approximation of the Jacobian coefficients in nonlinear dynamical

systems (Deyle et al., 2016b; Ushio et al., 2018).

6.2.3 Identifiability issues of the regularized S-map

It is important to notice that the solution of Eq. (6.2) is unique for any given set of

A, a, and kernel parameters. Indeed, Eq. (6.2) is a strictly convex problem for any

a > 0 (Zou & Hastie, 2005). Hence, the parameters inferred using the regularized

S-map are structurally identifiable and their optimum value can be found, for exam-

ple, by means of cross-validation (Hastie et al., 2001). However, the existence of a

unique minimum of the loss function (Eq. (6.2)) is a weak condition for identifiability.

In fact, while cross-validation applied to a strictly convex loss function selects one

single model, the training-error and validation-error landscapes of Eq. (6.2) can be

degenerate around the minimum error. That is, generally, different sets of A, a, and

kernel parameters can provide solutions (inferred parameters) with validation and

training-errors close to the minimum. However, as we will see in the next section, it

cannot be guaranteed that degeneracy in training and validation errors necessarily

translates into a degeneracy of the inferred parameters. Hence, different sets of pa-

rameters may explain the observational data equally well, leaving the uncertainty

of which set of parameters to choose as a true explanation of the data. In the next
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section, we develop an algorithm to associate an uncertainty level with the Jacobian

coefficients inferred from the S-map for each point along the manifold attractor.

6.2.4 A model average algorithm to associate an uncertainty level

with the effect of biotic interactions

To associate an uncertainty level with the Jacobian matrix of Eq. (6.1) inferred from

the S-map at any given time t, we proposed an algorithm based on model averaging.

Specifically, for each point in time, we fixed the ratio a of L1 to L2 norms and solved

Eq. (6.2) using leave-one-out cross-validation. Then, we changed a and solved again

Eq. (6.2). We repeated this for a E [0, 1] with steps of 6a = 0.01. From this ensemble

of solutions (i.e., ensemble of Jacobian coefficients), we selected the subset / of

parameters that can be used to construct local linear models that exhibit minimum

training and test errors (within a threshold that we fixed at 95% of the minimum

training and test error, respectively). If the intersection is empty, we only considered

models with optimum test error. This selection procedure allowed us to discard

parameters (and therefore models) that either do not fit or overfit the data.

The fitting procedure above has a Bayesian interpretation. In fact, a particular choice

of a in Eq. (6.2) corresponds to the assumption of a specific prior distribution on the

parameters (Zou & Hastie, 2005; Li & Liny, 2010). Then, the subset _/ is an ensem-

ble of models equally compatible with the observed data, but with both prior and

posterior distributions of the parameters that are not necessarily the same. In other

words, we assumed uncertainty on the prior distribution of the parameters, which

is translated into an uncertainty in the posterior. Finally, from the optimal ensemble

of parameters _W, we calculated an expected value of the Jacobian coefficients with

a weighted average of the parameters in the ensemble, i.e., L:

E[J(t)|X] = E E[J(t)|LmX]P[LrmX] Vt c [totj]. (6.4)

Note that the choice of the weights is arbitrary. For example, in a Bayesian frame-

work, one typically includes in the weighted average all the models and uses the
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Figure 6.1: Schematic picture of the proposed ensemble methodology used to as-
sociate a level of uncertainty with the effects of biotic interactions. Based on a
multivariate time series (top left panel), we inferred the Jacobian matrices at each
point Z(tj) of a training set (light blue) on the manifold attractor M. The quality of
the model is then tested on an independent test set (dark red). We used Eq. (6.2) to
perform the inference of the Jacobian coefficients. Then, we repeated the inference
by changing the ratio a of L2 to L1 norms and running cross-validation to select
the optimal A and bandwidth of the kernel. This generated an ensemble of optimal
models, from which we selected those with the best performance on the training
and test sets-i.e., minimum E(a) within a threshold (colored squares in the top
right panels). Finally, using these time series of Jacobians (one for each model in the
intersection, middle panel), we computed their weighted average, standard error,
and coefficient of variation (bottom panel).
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posterior probability of each model as weight (Hastie et al., 2001). Instead, in an

information-theoretic framework, one can use the likelihood of a model given the

data applying any information-theoretic measure, such as the Akaike's information

criterion (Burnham & Anderson, 2002). Here, we restricted the weighted average to

the subset //. We assumed that the weights are proportional to the probability that

the model explains the data using a normalized fraction of explained variance in the

training set (recall that we have already selected those models with optimal general-

ization skills). This procedure allowed us to take into account all the best solutions

of Eq. (6.2) in the computation of the the effect of biotic interactions, and to discard

solutions that either do not explain the data or generalize poorly on independent

data. Using the weighted average, we constructed a new Jacobian matrix at each

time t as Jens(t) = E[j(t) X]. Notice that, while the training and test errors in the

ensemble are all approximately the same, the coefficients over which we averaged

can be significantly different.

An important advantage of computing the Jacobian from an ensemble of models is

that we can associate an uncertainty level with the elements of J. That is, we can

compute the standard errors of the Jacobian coefficients and use them to construct

confidence intervals. Then, using these errors, one can associate an uncertainty level

with any quantity expressed as a function of the Jacobian elements (e.g., eigenval-

ues, Lyapunov exponents). In the following, we used the coefficient of variation

(i.e., standard deviation over the mean) in order to compare the uncertainty across

Jacobian coefficients with different means. It is important to stress that the coeffi-

cient of variation cannot be used to construct confidence intervals, but it provides

a more intuitive measure about how many different explanations (Jacobian coeffi-

cients) are compatible with the same dataset. Figure 6.1 shows a schematic cartoon

of the proposed methodology. In the next sections, we describe the application of

our methodology on synthetic and empirical time series data.

Chapter 6. Uncertainty quantification



Chapter 6. Uncertainty quantification

6.2.5 Analysis of synthetic time-series data

Firstly, we tested our approach on synthetic data for which we know the ground

truth of the Jacobian coefficients. As an illustrative example of nonlinear dynam-

ics, we generated synthetic data using a chaotic 4-species Lotka-Volterra population

dynamics model:

rx i(1 - A7), (6.5)

where i'is a vector of intrinsic growth rates and A is the interaction matrix. Follow-

ing previous work (Vano et al., 2006), we set the parameters used to generate chaotic

trajectories from Eq. (6.5). To mimic sparsity in the time series, we sampled data

every 200 data points after a numerical integration of Eq. (6.5). Then, we compared

the parameters inferred using Eq. (6.2) and the model-averaging method with the

analytical Jacobian of Eq. (6.5) computed at each point along the manifold attractor.

To perform this analysis, we fixed the length of the training set to 100 data points

and the length of the test set to 10 data points. The number of data points is cho-

sen accordingly to the standard length of ecological time series. To obtain a reliable

statistics, we repeated this process for 20 randomly sampled time intervals of the

generated time series. Finally, we explored how the uncertainty level associated

with different parameters changes in time from this purely deterministic nonlinear

dynamical system.

6.2.6 Analysis of empirical time-series data

To illustrate the applicability of our methodology, we performed our uncertainty

analysis on the effect of biotic interactions from the two empirical datasets analy-

ized in the previous chapter. For completeness here we describe the data again.

Also, different from the previous chapter, here the goal is not to forecast species

abundance but rather to accurately infer biotic interactions. Therefore model selec-

tion and data pre-processing will be different from before. The first dataset is a time

series from a marine microbial community located at 19.225 0N-39.4550 N, 59.6490 W-

74.60 W. The data are publicly available at http: //batsf tp .bios . edu/BATS/bottle/
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bvalbottle .txt. The dataset includes the abundance of four species (Prochlorococ-

cus, Synechococcus, Picoeukariotes and Nanoeukariotes) as well as environmental pa-

rameters, such as temperature, depth of sampling, and salinity. Other ecological

variables such as nutrients have been omitted from the analysis as they included

many missing values. We analyzed data collected approximatively twice per day

from September 28th 2011 to October 18th 2011 across the ocean surface down to

~ 200m. The second dataset is a time series of a similar microbial community with

Prochlorococcus, Synechococcus, Picoeukariotes and heterotrophic bacteria located at

22' 45'N, 158' 00'W-approximatively 100 km north of Oahu, Hawaii. The data

are publicly available at http: //hahana. soest . hawai i. edu/hot/hot-dogs/index.

html. We analyzed data collected approximately once per month from 2006 to 2016.

In both datasets, we focused on the upper layer of the ocean, i.e., from the surface to

a depth of 50m, which is the region of the ocean dominated by high light-adapted

clades of Prochlorococcus (i.e., eMIT9312 and eMED4) (Johnson et al., 2006). After

sub-setting the data within this region, we aggregated the collected variables (i.e.,

abundance of species and environmental parameters) and excluded the remaining

missing points. This subdivision of data yielded a time series of 30 data points for the

Bermuda dataset, out of which 28 were used for training and 2 for testing. Similarly,

this subdivision yielded a time series of 93 data points for the Hawaii dataset, out

of which 91 were used for training and 2 for testing.

Using the pre-processed data, we performed a variable selection: We standardized

variables to have zero mean and unitary variance in the training set. Following stan-

dard approaches, we standardized the test set using the mean and variance of the

original training set (Shmueli et al., 2017). Then, differently from the previous chap-

ter where the optimal model was selected based on correlations as the goal was to

forecast, here we performed a causality test to reduce the risk of including spurious

correlations and to select a model system within which variables were causally re-

lated. Specifically, we used a convergent cross-mapping (CCM) test (Sugihara et al.,

2012). Using this new subset of variables, we selected the kernel function (from a list

of exponential, Epanechnikov, tri-cubic, and Matern), the combination of predictors,
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and the time lags (i.e., embedding dimension) that maximized the out-of-sample

forecasting skills of the regularized S-map (Eq. (6.2)). We measured the forecasting

skills by the root mean squared error (RMSE), which we compared against the RMSE

of the naive forecast (i.e., the forecast that assumes that the variables on the test set

are equal to the last point in the training set (Shmueli et al., 2017)). Finally, we ran

the same analysis described in the previous sections to analyze the uncertainty level

associated with the effect of biotic interactions (Jacobian coefficients) for these two

microbial communities.

6.3 Results

6.3.1 Analysis of synthetic data

We tested our proposed methodology on a (synthetic) chaotic time series. We found

that, for this particular time series, our model-averaging method provides a better

inference of the Jacobian coefficients than simple cross-validation. We measured the

quality of the inference using the Pearson correlation coefficient (Sugihara, 1994) be-

tween inferred and analytical Jacobians (see Fig. 6.2). Then, we looked at the distri-

bution of the coefficient of variation of the Jacobian coefficients within the ensemble

of optimum models (recall that, as discussed in the Method section, we look at the

coefficient of variation to fairly compare uncertainty across coefficients with differ-

ent means). Surprisingly, Figure 6.3 (top panel) shows that while the value of some

elements of the Jacobian matrix was consistently estimated across each model in the

ensemble (i.e., we observed a small coefficient of variation), the value of other coeffi-

cients changed significantly from model to model (i.e., large coefficient of variation).

These findings reveal that not all the inferred effects of biotic interactions (Jacobian

coefficients) can be equally trusted (St John & Doyle, 2013). Recall that we are in-

ferring coefficients from a purely deterministic, noise-free, time series. Hence, this

effect is not due to the quality of the data, but to intrinsic properties of the dynamics.

Moreover, we found that the uncertainty level associated with the elements of the

Jacobian matrix changes in time. For example, Figure 6.3 (bottom panel) shows how

Chapter 6. Uncertainty quantification130



Chapter 6. Uncertainty quantification

-: ensemble method

0

0.35 0.40 0.45 0.50

Mean correlation coefficient

6

0.35 0.45 0.55

Mean correlation coefficient

0.30 0.35 0.40 0.45

Mean correlation coefficient

0.40 0.50 0.60

Mean correlation coefficient

0.30 0.40 0.50

Mean correlation coefficient

-: cross validation

0.30 0.40 0.50 0.60

Mean correlation coefficient

0.30 0.40 0.50 0.60

Mean correlation coefficient

0.25 0.30 0.35

Mean correlation coefficient

0.30 0.40 0.50

Mean correlation coefficient

0.36 0.40 0.44 0.48

Mean correlation coefficient

0.38 0.42 0.46

Mean correlation coefficient

0.30 0.40 0.50

Mean correlation coefficient

0.37 0.39 0.41 0.43

Mean correlation coefficient

0.35 0.45

Mean correlation coefficient

0.35 0.45 0.55

Mean correlation coefficient

0.30 0.34 0.38 0.42

Mean correlation coefficient

0.35 0.40 0.45 0.50

Mean correlation coefficient

0.35 0.45 0.55

Mean correlation coefficient

0.30 0.40 0.50

Mean correlation coefficient

0.25 0.35 0.45 0.55

Mean correlation coefficient

Figure 6.2: Quality of inference across models The figure shows the distribution
of the mean Pearson correlation coefficient between analytical and inferred interac-
tions (elements of the Jacobian matrix). Each panel is one of the 20 samples of the
chaotic time series discussed in the main text. The blue and red horizontal lines
correspond to the correlations generated by the single best model and the averaged
model, respectively. Importantly, this figure shows that the model-averaging pro-
cedure tends to move the inference towards models that could not been selected by
cross-validation, but exhibit a better correlation with the analytical coefficients.

the uncertainty level associated with the least consistently inferred Jacobian coef-

ficients changes along each of the points on the manifold attractor. In this figure,

one can observe regions of small uncertainty (i.e., small coefficients of variation)
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Figure 6.3: Uncertainty analysis on synthetic data. The figure illustrates that the
uncertainty level associated with the Jacobian coefficients of nonlinear time series
exhibits a strong time-dependency even in a perfect deterministic setting. The top

panel shows the distribution of the coefficient of variation of the Jacobian coeffi-
cients. We used the coefficient of variation to compare the level of uncertainty across

coefficients with a different mean. The distribution is computed for each element of
the Jacobian over the time interval of the training set. The colored labels correspond
to the four elements with the largest coefficients of variation. For these four ele-
ments, the bottom panel shows how their uncertainty level changes across time, i.e.,
it is weak or strong depending on the position on the manifold attractor.

followed by peaks of strong uncertainty (i.e., large coefficients of variation). These

findings suggest that the inferred effects of biotic interactions can be trusted more

in certain periods of time than in other periods. This also suggests that our method

can be used to detect when the data are more informative about the inferred effects

of biotic interactions.
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6.3.2 Analysis of empirical data

6.3.2.1 Bermuda Atlantic time series

Focusing on the BATS dataset, the CCM test showed a significantly low causal re-

lation between Prochlorococcus and Nanoeukariotes, as well as between Picoeukariotes

and Nanoeukariotes. The strongest causal relation was found within the sub-system

made of Prochlorococcus, Synechococcus, and Picoeukariotes. Figure 6.4 shows the CCM

analysis. Using the time series of Prochlorococcus, Synechococcus, and Picoeukariotes,

the model system with the smallest out-of-sample forecast error (RMSEtest,smap =

0.17, RMSEtest,naive= 0.31) was found for exponentially decaying kernels and a com-

bination of Prochlorococcus (one time lag or embedding dimension E = 1) and Pi-

coeukariotes (two time lags). We excluded the abundance of Synechococcus from our

analysis since adding it as a predictor variable (with a suitable change in the embed-

ding dimensions) increased both the in- and out-of-sample errors of Prochlorococcus

and Picoeukariotes. Using this 2-species model system, we inferred the interactions

using Eq. (6.2) and the procedure described in section 6.2. This resulted in an en-

semble of 21 models with the lowest test and training errors (Raining ~- 0.82), which

were used for the uncertainty analysis.

Figure 6.5 (top left panel) shows the distribution of the coefficient of variation of the

Jacobian coefficients of this 2-species model system. Similar to the results shown for

the synthetic data, we found results consistent with theoretical expectations. Specif-

ically, some Jacobian coefficients (effect of biotic interactions on community dynam-

ics) are inferred with more confidence than others. Moreover, in line with the results

of the analysis on synthetic data, the uncertainty level associated with each coeffi-

cient also changed across time. That is, there were regions of the manifold attractor

of this model system in which all Jacobian coefficients had equally low uncertainty

(resulting in a strong confidence about the selected average model), and other re-

gions in which some coefficients had large uncertainty (providing a low confidence)

(see bottom left panel of Figure 6.5). Figure B.3 shows the Jacobian coefficients with

confidence intervals constructed using the standard error.
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Figure 6.4: Convergent cross mapping. Results of the convergent cross mapping
analysis of the Bermuda Atlantic time series. The shaded area corresponds to the
analysis of a surrogate time series. Specifically, to measure the significance of the
causal link between variables, we used 50 surrogate time series and the shaded area
represents the 5th and 95th percentile of the ensemble. Long-term correlation coef-
ficients larger than the respective shaded area indicate significant causation.

6.3.2.2 Hawaii ocean time series

Shifting our focus to the HOTS dataset, we centered our uncertainty analysis on the

interactions between Prochlorococcus and Picoeukariotes in order to compare their ef-

fects against the BATS dataset. In this time series, the causal relation of the two phy-

toplankton species (computed with the CCM test) was significantly lower than in
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the BATS dataset. Nevertheless, this model system provided the best out-of-sample

forecast (RMSEtest,smap = 0.17, RMSEtest,naive = 0.92), which was found for an em-

bedding dimension (time lag) of E = 2 for each variable using a tri-cube kernel

function (Hastie et al., 2001). The maximum explained variance in the training set

was Rtaining - 0.7. This resulted in an ensemble of 8 optimal models, which were

used for the uncertainty analysis.

Figure 6.5 (top right panel) shows the distribution of the coefficient of variation of

the Jacobian coefficients of this 2-species model system. Different from the BATS

dataset, most of the Jacobian coefficients have a significantly low level of uncertainty.

Specifically, only the effect of Prochlorococcus on Picoeukariotes exhibited a large co-

efficient of variation, but because this coefficient is very close to zero, the actual

standard error is very low. Additionally, Figure 6.5 (bottom right panel) shows that,

contrary to the BATS dataset, the temporal pattern of uncertainty on the coefficients

was relatively homogeneous across time. Figure B.4 shows the Jacobian coefficients

with confidence intervals constructed using the standard error.

Finally, we observed that the temporal pattern of uncertainty did not change dra-

matically when we included additional variables in the regression analysis. For ex-

ample, in Figure B.2, we show that the distribution of the coefficient of variation of

only one of the Jacobian elements changed significantly by adding the abundance

of Synechococcus. Recall, however, that Synechococcus was excluded from the original

analysis because its inclusion reduced the performance on both the training and test

sets.

6.4 Conclusions

Understanding the effects of biotic interactions on community dynamics has been

challenging because of the difficulty in accurately estimating interaction parameters

and their associated uncertainty from empirical observations. To tackle this prob-

lem, standard approaches have used conditional least squares estimates of MAR(1)

parameters as a proxy for biotic interactions, and have used either parametric boot-

strapping or profile likelihood methods to estimate their uncertainty (Ives et al.,
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2003; Knight, 2000). However, because these approaches rely on equilibrium as-

sumptions and equilibrium dynamics are rarely observed in natural ecosystems (Sug-

ihara, 1994; BenincA et al., 2008; Sugihara et al., 2012; Perretti et al., 2013b; Ushio et al.,

2018), their applicability on empirical data has been limited. Similarly, other ap-

proaches have used nonparameteric estimates of Jacobian coefficients as a proxy for

the effects of biotic interactions on community dynamics (Holmes et al., 2012; Deyle

et al., 2016b). However, while these approaches can deal with non-equilibrium dy-

namics, they lack of a consistent framework for quantifying the uncertainty associ-

ated with their results.

To address the limitations above, here we have developed a novel data-driven ap-

proach based on model averaging to quantify the uncertainty level associated with

the local effect of biotic interactions (Jacobian coefficients) on community dynamics

across time from a multivariate nonlinear time series. We have quantified the uncer-

tainty of these interactions based on the number of equally valid explanations com-

patible with a particular dataset. Importantly, the confidence intervals constructed

using our approach, which is local in time, are time-dependent This is an impor-

tant advantage because even in the presence of noise, strong nonlinearities, or poor

quality of the data, our approach provides a clear intuitive methodology to identify

regions of the data that are strongly identifiable and from which conclusions can be

asserted with stronger confidence.

We have found three main results derived from our proposed methodology. Firstly,

by averaging out different posterior distributions, our methodology can provide bet-

ter inference of the effects of biotic interactions than previous methodologies (Deyle

et al., 2016b) (see Figure 6.2). Note that the inference quality of our methodology, or

any other statistical inference algorithm, cannot be tested from empirical data as the

ground truth is unknown. Cross validation provides a mean to choose a particu-

lar set of parameters, but low validation errors do not necessarily guarantee a good

accuracy on the inferred parameters as inferring and forecasting are two separate

tasks (Shmueli, 2010; Shmueli et al., 2017).

Secondly, using two marine microbial communities as case studies, we have found
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Figure 6.6: Uncertainty associated with the eigenvalues of the empirical Jacobian
coefficients The Figure illustrate the distribution of the minimum (panel (a)) and
maximum (panel (b)) eigenvalues of the empirical Jacobian matrices within the en-
semble used to constructed the average Jacobian coefficients. As we were expecting
based on the result of Figure 6.5 a large number of eigenvalues (even with different
sign) are compatible with the data of the Bermuda Atlantic time series.

that the uncertainty associated with the effect of biotic interactions changes signifi-

cantly across time (Figure 6.5 top panels). Moreover, we have shown that different

interactions can have significantly different levels of uncertainty. This result implies

that while some of the single interactions can be trusted, the whole Jacobian matrix

can have a large associated uncertainty. In fact, we have shown that this can also

be true for noise-free synthetic datasets (Figure 6.3). This is an important point to

bear in mind because if the aim of a study is, for example, to investigate the stabil-

ity of a community from the inferred Jacobian matrix (Ives et al., 2003; Ushio et al.,

2018), then even a small uncertainty associated with an element of the Jacobian can

translate into a large uncertainty on its eigenvalues (see Fig. 6.6).

Thirdly, we have found that in both synthetic and empirical time series the pattern

of uncertainty can be considerably different across time. These differences happen

within the same model system sampled at different locations and at different time

scales. Hence, our method can also be used to choose from a number of datasets the

one from which parameter inference is more reliable.

Overall, we have proposed a methodology to associate a level of uncertainty with
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Jacobian coefficients of nonlinear systems inferred from empirical data. As a case

study, we have analyzed data from population biology for which Jacobian coeffi-

cients can be used as a proxy for the local effect of biotic interactions on the dynamics

of the community. However, because our approach only relies on the assumption

that data are generated by processes that are not purely stochastic, it can be of prac-

tical use for other disciplines where time-series data are expected to align with this

assumption, such as in finance or economics.
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CHAPTER 7

NONPARAMETRIC STRUCTURAL
STABILITY ANALYSIS

Using the concepts and the methods developed in the previous chapters, here

we introduce a novel nonparametric framework to estimate the effect of en-

vironmental changes on the dynamics of biological populations. The chapter

is divided in two main sections. Firstly we introduce the theoretical frame-

work and we validate it on several synthetic datasets. Then using empirical

data from a long term observational experiment on a rocky intertidal com-

munity we show that our approach can unveil an interesting relation between

the structural stability of the community and relevant environmental variables.

Overall, this chapter is an important step forward towards the foundation of

data-driven, nonparametric, ecological theories.

7.1 Introduction

It is well known that changes in environmental conditions affect biological popula-

tions through perturbations of ecological parameters (Levins, 1968; Thomas et al.,

2004). For example, fluctuations of temperature, salinity, and pH significantly af-

fect the growth rate of bacteria in marine communities (Chase & Harwood, 2011).

Similarly, it has been shown that climate change has strong impacts on species in-

teractions (Montoya & Raffaelli, 2010; Thackeray et al., 2016). However, predicting
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the effects that the variability of environment-dependent parameters (e.g., species

interactions and growth rates) have on the dynamics of ecological communities has

proved to be far more challenging due to the ubiquitous nonlinearities and state-

dependent behavior of natural ecosystems (Sugihara et al., 2012). Yet, this knowl-

edge is key for understanding and anticipating the response of ecological commu-

nities to environmental changes (Dai et al., 2012).

In the previous chapters and in numerous other research papers it has been shown

that a theoretical framework to estimate the effect of parameter perturbations on

nonlinear dynamics can be built based on the concept of structural stability (Thom

& Fowler, 1975; Allen, 1976; Rohr et al., 2014; Arnoldi & Haegeman, 2016; Cenci

& Saavedra, 2018a; Song et al., 2018), i.e., stability of the qualitative behavior of a

dynamical system against perturbations of its parameters. Yet, the generalization

of these approaches to empirical data is limited by the fact that current aproaches

assume either a specific parametric model for the dynamics (see (Rohr et al., 2014)

and chapter 2-4 of this thesis), or the convergence to locally or globally stable equi-

librium (fixed) points, see for example reference (Arnoldi & Haegeman, 2016). As

discussed in the preface of this second part of the thesis, assuming parametric mod-

els is limiting because the validity of the results relies heavily on the correctness of

the assumed equations and their parameters (Wood & Thomas, 1999; Perretti et al.,

2013b; Ye et al., 2015). Similarly, assuming convergence to equilibrium points can be

problematic because equilibrium dynamics are rarely observed in natural ecosys-

tems (Benincai et al., 2008; Sugihara et al., 2012; Ushio et al., 2018).

To overcome these limitations, here we develop a data-driven nonparametric ap-

proach to study the structural stability of non-equilibrium dynamical systems. In

this chapter, we focus on chaotic systems that we use as prototype for nonlinear

dynamics. This choice is motivated by the growing evidence that ecological com-

munities can exhibit chaotic dynamics not only in closed controlled experiments but

also in the field (Costantino et al., 1997; Turchin & P. Ellner, 2000; Becks et al., 2005;

BenincA et al., 2008, 2015). However, our approach is valid for any type of nonlin-

ear dynamics. Using several synthetic datasets, we show that structural stability in
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chaotic systems can vary significantly across time. That is, the tolerance of ecolog-

ical communities to equivalent perturbations can change depending on the timing

of their occurrence. Finally, using empirical data from a rocky intertidal community

that exhibits dynamics at the edge of chaos (Beninc.A et al., 2015), we show that the

structural stability of this community follows a clear seasonal pattern mediated by

changing environmental conditions.

7.2 Theoretical framework

To illustrate our approach, we considered chaotic time series generated by some

unknown dynamical system:

X = N , ), (7.1)

where f E C1 is a vector field (or model), 5 c Rd is the state vector (i.e., species abun-

dance), and ' a vector of environment-dependent parameters (e.g., rate of interac-

tions, growth rates). In an empirical setting, the solution of the unknown system

in Eq. (7.1) provides the observational time series that can be collected from an ex-

periment or field observations. Here, we assumed that the time series is stationary

and has a deterministic component stronger than the noise level (i.e., the trajectories

lie on an attractor, M). We also assumed that the observational noise on empirical

data is normally distributed. Note that these are standard assumptions in nonlinear

time-series analysis (Kantz & Schreiber, 2004; Mees, 2011).

7.2.1 Time-dependent response to changing environments

To understand the derivation of our proposed measure of structural stability, recall

that, loosely speaking*, a system is structurally stable if small changes to the parame-

*More formally, a dynamical system is structurally stable if the topology of the phase portrait is
preserved under smooth changes of the vector field (Strogatz, 2014). Here we consider the definition
of structural stability mostly adopted in the ecological literature (Rohr et al., 2014; Saavedra et al.,
2017b).
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Figure 7.1: Parameter perturbations occurring at different points in time on a
chaotic dynamical system can have different effects on its dynamics. Panel a
shows the divergence of perturbed and unperturbed trajectories (measured by the
Euclidean distance between attractors) when one parameter (vi in Eq. (7.2)) of a
consumer-resource chaotic model is changed at different points in time (i.e., differ-
ent points on the attractor). The x-axis is the time at which the perturbation occurs,
whereas the y-axis illustrates the effect of the perturbation. Panels b and c show
the effect of the perturbation at the least and most affected points, respectively. The
panels show a 3-dimensional projection of the 5-dimensional original attractor (i.e.,
the projection on the space of two consumers and one predator). The full circles in
the two lower panels illustrate the state of the system after a time r = 3 after the per-
turbation (i.e., 300 points separated by a spacing dt = 0.01). The distance between
the two states (perturbed, red circle, and unperturbed, black circle) is much larger in
Panel c than in Panel b even though the perturbation to the parameters was exactly
the same. Overall, the figure illustrates how in nonlinear systems, perturbations
acting at different points in time can have different impacts on the dynamics.

ters (or the model itself) do not induce large changes in the dynamics(Mayo-Wilson,

2015). While structural stability is a global property of a model (or vector field), a

striking feature of chaotic systems (and nonlinear systems in general) is that the same

parameter perturbation can have a different impact on the dynamics depending on

the time of its occurrence. This phenomenon follows directly from local properties

of chaotic attractors (Nese, 1989) and has been observed in natural ecosystems(Song
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& Saavedra, 2018). For example, it is well known that the effect of temperature on

sardine stocks depends on the state of the system (Sugihara et al., 2012). Thus, there

is a need to study and understand how the structural stability of nonlinear system

changes locally along the model's trajectories.

To illustrate the state-dependent response of nonlinear dynamics to parameter per-

turbations, we ran the following analysis. (1) We integrated the dynamics of a 5-

species chaotic dynamical system:

dP PC=v A -v P
dt Ci + C

dC CiR v P C
dt ?'R + R* AC + C pi

d R R C
dR R(1 k R R +-i i CR * (7.2)

i={1,2}

with i = {1, 2} and vi 0.1, v 2  0.07, A1 = 3.2, A 2 = 2.9, C = C2* 0.5,

P2 = 0.15, K1 = 2.5, K2 2, R* 0.3, k = 1.2. Following previous work(Deyle

et al., 2016b), we chose the initial conditions such that we ensured that (ti) is on

the attractor. (2) We run the dynamics up to a time t, and at this point we perturbed

the parameter vi from vi = 0.1 to Di = 0.15 (3) Then, we integrated the model with

the perturbed parameters (1/1) and initial conditions Y(ti). After the perturbation,

we ran the dynamics for 300 integration steps with spacing dt = 0.01. (4) Then,

we measured the root mean squared distance of the perturbed and unperturbed

trajectories. (5) Finally, we repeated steps (2)-(4) n-times to produce each point in

Figure 7.1 Panel a. The values on the x-axis of the figure are the times t1, ... , t,;

while the values on the y-axis are the Euclidean distances between perturbed and

unperturbed trajectories. Overall, the figure shows the state-dependent effect of a

parameter perturbation on nonlinear systems.

Figure 7.1 (Panel a) shows that the extent to which the perturbed and unperturbed

trajectories diverge from each other depends on the time at which the perturbation

occurs. Panel b and c show a visual example of a small and a large effect of the
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Figure 7.2: Perturbations acting on the parameters of a nonlinear system with
large and small volume contraction rate induce different effects on the trajecto-
ries. The central figure shows the temporal changes of the volume contraction rate
(i.e., trace of the Jacobian) for the same model discussed in Figure 7.1. The left and
right panels show the perturbed (dotted line) and unperturbed (solid line) trajecto-
ries (of all the 5 species) in the most (bottom left) and least (top right) structurally
stable states. The figure illustrates that the volume contraction rate can be used as
an inverse measure of local structural stability. That is, the larger the volume con-
traction rate, the smaller the structural stability of the system.

perturbation on the trajectories, respectively. This example illustrates that in systems

away from equilibrium points, the level of structural stability (measured here as

the effect of a perturbation on the model's future trajectory) changes depending on

the state of the system. Clearly, in a real setting, testing the effects of all possible

perturbations is not a possibility. Therefore, to study the structural stability of a

chaotic (non-equilibrium) system more systematically, we need to investigate the

local properties of the vector field along the attractor (i.e., model's trajectories).

7.2.2 Structural stability of non-equilibrium dynamics

We propose to use the volume contraction rate (VCR) of a non-equilibrium dynam-

ical system as a local inverse measure of structural stability. The VCR is the diver-

gence of the vector field or, equivalently, the trace of the Jacobian matrix of f, i.e.,

V - fQz, r()= TrJ. Because the Jacobian matrix is a function of the state vector (i.e.,
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species abundances, J : J(?)), the VCR changes with the state of the system. At each

point on the attractor M, the VCR can be negative or positive, or more generally, can

be larger or smaller than in other points on M. For small (but finite) perturbations

in the parameters, models generated by perturbations acting on states with a small

VCR will continue to have a small VCR. Hence, these perturbed models will stay

closer to the original model than models generated by perturbations acting on states

with a large VCR. This effect is shown in Figure 7.2. A small (large) deviation be-

tween perturbed and unperturbed trajectories after a perturbation of the parameters

captures the idea that vector fields with a small (large) VCR are weakly (strongly)

affected by a perturbation to the parameters. Thus, we can associate the VCR at each

point on the attractor to the inverse of the structural stability of the vector field at

that precise point. That is, the smaller the VCR, the larger the structural stability.

Importantly, this association must hold true on average because there is always an

uncertainty associated with the direction toward which the parameter perturbation

pushes the model and its trajectories. Note that this is an heuristic argument in favor

of the VCR as a probabilistic measure of structural stability and not a proof. Thus,

in the next section we provide an extensive numerical validation of our hypothesis.

7.2.3 Validation on synthetic data

In this section, using synthetic data, we want to show that the VCR is a reliable

probabilistic measure of structural stability. To test systematically the validity of our

proposed measure, we run simulations using 8 different chaotic dynamical systems,

namely:

* Model 1 is a competitive chaotic 4-species Lotka-Volterra model(Vano et al.,

2006):

= rX'(1 - AX), (7.3)

147 Chapter 7. Nonparametric structutral stability



Chapter 7. Nonparametric structural stability

with F = [1, 0.72, 1.53, 1.27] and :

1 1.09 1.52 0

0 1 0.44 1.36
A =

2.33 0 1 0.47

1.21 0.51 0.35 1

* Model 2 is a 3-species chaotic food chain(Upadhyay, 2000):

dx _ aixy
- rx(1 - - _ixy

dt k 1 + blx
dy a2 yz

dy = --sy +hxy- 1+2 y
dt sy+hy_1 + b2Y
dz
dz =-lz + nyz,
dt

(7.4)

(7.5)

with r = 4.3, k = 50, a, = bi = a2 =b2 = 0.1, s = 1, h = 0.05,1 = 1, n = 0.03

" Model 3 is Eq. (7.2)

" Model 4(Lai et al., 2018):

dx
= ax - yz

dy

dt
dz

dt

= -by + xz

= -cz + xyz + k (7.6)

with a = 4, b = 9, c = 3.6, k = 4.

* Model 5(Pham et al., 2017):
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dx

dt 
z

dy

dt
dz

-z(ay + by 2 - xy)

=x2 -|x y+y2 _ I- (7.7)

with a = 5, b = 3.5

. Model 6(Sprott, 1994):

dx
- = xy - z

dt
dy
dt -

dz
d = x + az
dt

with a = 0.3

. Model 7(Sprott, 1994):

dx

dy

dt
dz 1
dt

with a = 1

e Model 8(Sprott, 1994):

(7.8)

- x + ayz

(7.9)
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dx

dt -y

dy +
dt
dz xz + ay2  (7.10)
dt

with a = 3.

Using these models we run the following numerical experiment. We integrated a

chaotic dynamical system until the trajectories converge on the attractor M. Con-

vergence is ensured by integrating the differential equation for a long period of

time before starting the simulation. Moreover, for many of the tested models ini-

tial conditions that converge quickly to the attractor were taken from the literature.

Then, we perturbed a random number of parameters with normally distributed

noise with zero mean and standard deviation proportional to a random fraction of

the perturbed parameter. For example, for a given parameter P we have Iperturbed =

Punperturbed + rq with r ~ (0, lPunperturbed/K) withK - U(2, 10). The number of

perturbed parameters was a random number drawn from a uniform distribution.

Then, we randomly selected two points on the attractor by randomly sampling be-

low (above) the 15th lower (upper) percentile of the trace of the Jacobian. This value

is chosen, by studying how the RMSD between perturbed and unperturbed trajecto-

ries varies as function of the percentile as shown in Figure C.1. Then, we integrated

again the model with the perturbed parameters and we measured the RMSD be-

tween perturbed and unperturbed trajectories. Finally, we took the logarithm of

the ratio between the RMSD of the trajectories perturbed at the point in time with

maximum structural stability to the one with minimum structural stability. For our

measure to be valid, this ratio needs to be less than zero, i.e., perturbations to the

parameters occurring in structurally stable states have weaker effects on trajectories

than perturbations to the parameters occurring in states that are less structurally sta-

ble. Then, we repeated the same procedure for 1000 times over eight distinct chaotic

models. The results are shown in Figure 7.3. The figure shows both the distribution
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Figure 7.3: The volume contraction rate is a robust inverse measure of structural
stability. The figure shows the logarithm of the ratio between the divergence of
trajectories when the parameters are perturbed in the least and most structurally
stable states (i.e., log( d(x,) max struct stab)) over 8 different chaotic models. Panel a shows

d(xi)nmin struct stab

the distribution over 1000 realizations, while Panel b shows the median with its 95%
confidence interval computed with a two-sided Wilcoxon test. Note that a median
ratio less than zero indicates that the volume contraction rate is a good measure of
structural stability. That is, the larger the volume contraction rate, the smaller the
structural stability of the system.

over all the realizations (Panel a) and the median with its 95% confidence interval

computed with a two-sided Wilcoxon signed rank test (Panel b).

Figure 7.3 shows that, on average, perturbations on the parameters acting on points

with large structural stability (i.e., small VCR) tend to generate trajectories that re-

main closer to the unperturbed trajectories than perturbations acting on points with

small structural stability (i.e., large VCR). The closeness between trajectories was

measured as the root mean squared distance between perturbed and unperturbed

state vectors on the attractor after the perturbation. The results of this analysis pro-

vide support to the hypothesis that the VCR can be used as a reliable probabilistic

indicator of how much a trajectory will be perturbed by a parameter perturbation.

Therefore, following the definitions of this chapter the VCR is a reliable measure of

structural stability.
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7.3 Structural stability of empirical populations

Now that we have a measure of time-varying structural stability of non-equilibrium

population dynamics we can analyze empirical data and try to obtain some funda-

mental understanding of what are the factors that influence the structural stability

of empirical populations

In the last section we have shown that the VCR is a reliable probabilistic measure

of structural stability. Because the VCR is computed by simply taking the trace of

the Jacobian matrix we can now use the results from chapter 5 and 6 to compute the

structural stability of empirical population without specifying explicitly the param-

eteric form of the dynamics.

As a case study, we investigated the temporal evolution of the structural stability of

a rocky intertidal community in New Zealand that exhibits dynamics at the edge of

chaos (BenincA et al., 2015). The dataset used in this work can be downloaded from

http: //www.pnas. org/content/112/20/6389/tab-f igures-data. The dataset con-

sists on interpolated time series of the rocky intertidal community, the monthly sea

temperature, monthly wind speed, and monthly wave height. The community is

composed by three species, namely: the honeycomb barnacle Chamaesipho columna

, the crustose brown alga Ralfsia cf confusa , and the little black mussel Xenostrobus

pulex. The species interact on bare rock. The time series of species abundance has

250 data points sampled monthly from 1987 to 2008. A detailed analysis of the time

series, can be found in the original paper (BenincA et al., 2015). Following the refer-

ence all species contributed to the dynamics (this is also illustrated in Figure C.2 in

the Appendix where we show that all species are included in the causal network).

To estimate non-parametrically the Jacobian coefficients from the time series gener-

ated by the rocky intertidal community, we used the regularized S-map developed

in chapter 5. To account for uncertainty in model selection, we used the model-

averaging technique developed in chapter 6 Then, using the inferred Jacobian coef-

ficients, we computed the value of the VCR (i.e., Tr(J)) at each point in time. Note
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Figure 7.4: Structural stability pattern of a rocky intertidal community at the
edge of chaos. Panels a-c show the fluctuations of the trace of the Jacobian (in-
verse measure of structural stability, and inferred from the S-map), sea temperature,
and wave height, respectively. Panels d-f show, respectively, the monthly average of
these quantities across the observation period. Importantly, Panel d shows that the
structural stability of this community follows a clear seasonal pattern. That is, the
maximum structural stability (i.e., minimum volume contraction rate) is observed
in the spring and autumn seasons when waves are smaller and sea temperatures are
milder.

that using the S-map algorithm, we can recover the trace of the Jacobian up to a

constant. However, because we are interested in both the local minima and max-

ima of the trace, only the trend (not the sign of the trace) should be considered as

meaningful.

Figure 7.4 (Panel a) shows that the structural stability of the community fluctuates

without showing any particular trend across the observation period. Importantly,

these observed changes of structural stability have no clear associations with envi-
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Figure 7.5: Convergent cross mapping test. The figure shows the results of the
causal analysis discussed in the Methods section. The shaded area corresponds to
the 95th percentile of the causality test run on the surrogate time series (providing
a null expectation). A causal link is statistically significant if the convergent cross
mapping skills (correlation coefficients p) increase with the library size and are above
the null expectations. Panel a shows that sea temperature is a causal driver of the
structural stability (i.e., the volume contraction rate) of the rocky intertidal commu-
nity. Instead, Panel b shows that there is no statistically significant causal relation
between structural stability and mean wave height.

ronmental parameters (Panels b and c). This result is not surprising as environmen-

tal variables were not included in the reconstruction of the Jacobian matrix (which is

a proxy only for biotic interactions) nor in the computation of the structural stability

(which is only a function of the Jacobian coefficients). Yet, looking at the monthly

average of structural stability throughout the years, Panel d shows a clear seasonal

pattern. That is, the community exhibits its minimum structural stability (i.e., maxi-

mum VCR) in the summer and winter seasons, particularly in the warmest and cold-

est months (February and August, respectively, see Panel e). In addition, we found

that fluctuations of structural stability are strongly anti-correlated with the seasonal

changes of mean wave height (see Panel f), which are known to play a significant

role in the dynamics of rocky intertidal communities (Helmuth & Hofmann, 2001;

Harley & Helmuth, 2003). Overall, our these finding suggest that environmental

forcing can have an important effect on biotic interactions and, consequently, on the

structural stability of this community.
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To support our argument above however, we need to distinguish between causal as-

sociations and spurious correlations formed between environmental variables and

structural stability. For this purpose, we used convergent cross mapping (CCM)

(Sugihara et al., 2012): a nonlinear causality test that is used to infer causal relations

among variables in nonlinear dynamical systems. CCM is an extension of standard

Granger causality. However, differently from Granger causality, CCM can be used

to test for causation in nonlinear dynamical systems, and requires convergence to

large forecasting skills as the number of points included in test increases. Impor-

tantly, because CCM is based on Taken's theorem, the results of the CCM test depend

strongly on the choice of the embedding dimension used to compute the pairwise

causal links. Hence, we have put particular attention in choosing the correct embed-

ding dimension by running numerous tests with different embedding dimensions

(from 1 to 20), and picking the one that maximizes the cross mapping skills. To en-

sure causality, we need to show convergence and significance against a randomized

version of the time-series data. To test for the statistical significance of the results,

we ran the test with an ensemble of randomized versions of the time series, and

we plotted the results from the true time series against the 95th percentile of the

random analysis. This provided a 95% significance level on the causal links. Sur-

rogate time series are generated with the surrogate package in R. Using standard

approaches(Theiler et al., 1992; Kantz & Schreiber, 2004), we generated surrogate

data so that the original and randomized time series have the same power spectrum

(i.e., the Fourier transform of the original data and the surrogate ensemble only dif-

fer in their phase which is randomized but the amplitude is preserved). CCM skills

(measured as correlation coefficients p) are considered significant if they are above

the random expectations. In addition, we have also computed the significance of the

observed causal links against different null models. This was performed using the

makesurrogatejdataO function in the R packages rEDM with method = seasonal and

Tperiod = 12.

Figure 7.5 (as well as Figs. C.2 and C.3 in the Appendix) shows the result of this anal-

ysis. Firstly, we found that there is a strong causal relation between species abun-

dances, confirming that species interactions are important drivers of the dynamics
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of this system (Fig. C.2). Secondly, we found a weakly statistically significant causal

effect of sea temperature on the individual species abundances (apart from the abun-

dance of algae, Fig. C.3). Instead, we found that sea temperature has a significant

causal effect on the structural stability of the system (Fig. 7.5 Panel a). That is, we

found that sea temperature drives the dynamics of a collective property of the com-

munity. Note that previous work(BenincA et al., 2015) has shown that temperature is

a driver of the dynamics by including it as a covariate in the analysis. Interestingly,

here we found the same results without this explicit added constraint (i.e., tempera-

ture is not included in the estimation of the Jacobian coefficients). Finally, we found

no causal relation between mean wave height and structural stability (Fig. 7.5 Panel

b) hence the correlation observed in Figure 7.4 panel d and f are spurious.

7.4 Conclusion

The increasing amount of available data in natural sciences is providing the scien-

tific community with a unique opportunity to gain new insights into the complex

dynamics of ecological communities. Nonparametric approaches provide a frame-

work to leverage these new opportunities by overcoming the inherent limitations

of generalizability on empirical datasets of equilibrium or model-based approaches

(Perretti et al., 2013b). In this context, the main motivation of this chapter and the

thesis as a whole, has been to derive a generalizable, data-driven, nonparametric

methodology to monitor the tolerance of ecological communities to environmental

changes.

We have demonstrated the generalizability of our proposed methodology by show-

ing that it can be successfully applied on several synthetic time-series data. Then,

we have illustrated our approach on a long-term ecological study of a community

that exhibits dynamics at the edge of chaos (BenincA et al., 2015). An important

result derived from this analysis is that we have been able to give evidence to the

hypothesis established in previous work(BenincA et al., 2015) that sea temperature

is a causal driver of the dynamics of this community. Importantly, we have obtained
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these results without including temperature as a covariate in our analysis and with-

out formulating any parametric model to explain the data.

Another important application of our approach could be the possibility of using our

derived measure of structural stability in order to estimate the local predictability of

nonlinear ecological time series in changing environments. This is a an application

that may be of practical relevance for practitioners and we will explore briefly in the

next chapter.

Overall we have found that, despite relying on minimal assumptions, our approach

provides results on empirical data that match with intuition. That is, the structural

stability of ecological communities changes as function of environmental conditions.

Given the generalizability of our approach to nonlinear systems, we foresee impor-

tant applications on many different empirical studies. Specifically, we believe that

this study can set out the foundations for a data-driven, model-free, research to mon-

itor and anticipate the response of ecological communities to the pressing increasing

rate of environmental changes.

157



158 Chapter 7. Nonparametric structural stability



CHAPTER 8

STRUCTURAL STABILITY AND
PREDICTABILITY OF NONLINEAR

TIME SERIES IN CHANGING
ENVIRONMENTS

In this brief chapter we discuss an application of the nonparametric structural

stability framework developed in the previous chapter. Specifically, we show

that a nonparametric structural stability analysis can be used to asses the pre-

dictability of empirical time series in changing environments. We forsee that

this result can have important practical applications, particularly in ecosystem

management.

8.1 Application of nonparametric structural stability anal-

ysis for predictive studies

Short-term forecasts of biological time series are important for risk-assessment stud-

ies and to inform sustainable decision making in the development of conservation

policies.In the past, the main limitation that prevented the achievement of consis-

tently accurate forecast of biological systems was the lack of an exact knowledge of

their governing equations and the uncertainty associated with their parameters(Lorenz,
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1963; Brunton et al., 2016). Then, in the early 1980's, the pioneering work of Tak-

ens(Takens, 1981) showed that important properties of non-equilibrium systems could

be reconstructed solely based on empirical observations, allowing later on the de-

velopment of novel model-free methods for time-series forecasting(Sugihara, 1994;

Kantz & Schreiber, 2004). Since Takens original work, model-free prediction skills

have advanced significantly thanks to a combination of Takens's embedding theo-

rem and deep-learning algorithms(Jaeger & Haas, 2004; Brunton et al., 2016; Pathak

et al., 2018). However, the possibility to predict non-equilibrium biological dynam-

ics in empirical settings has remained fundamentally limited by the fact that, in

changing environments, model parameters are in constant change (e.g., species com-

petition within biological communities increases in periods of food scarcity(Deyle

et al., 2016b)) and these changes can have significant effects on the system's dynam-

ics(Serquina et al., 2008).

Unfortunately, the effects of environmental variability on a system's trajectory can-

not be easily predicted solely based on past observations. This is simply because

predictive models built on properties learned from already observed data cannot

generalize well on new data generated by unseen processes. Put it differently, mini-

mizing a cost function over training data generated by a given model does not ensure

that the cost is also minimized over data generated by a different model(Bickel et al.,

2007). This is a fundamental limitation arising in the applicability of modern statisti-

cal learning theories for the predictability of non-equilibrium dynamics in changing

environments-where model parameters are in constant change.

A possible way to estimate the effects of environmental variability on a system's

dynamics is using nonparametric scenario exploration(Deyle et al., 2016a): an ap-

proach developed to assess the effect of a small change in a physical driver on em-

pirically reconstructed dynamical systems. However, in this approach, the environ-

mental drivers need to be explicitly included in the reconstructed dynamics and,

therefore, its applicability may be limited when the drivers of the dynamics are only

partially or not observed. To overcome these limitations, in this short chapter we

propose to assess the predictability of a nonlinear time series in changing environ-
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ments more fundamentally, by estimating, nonparametrically, the local structural

stability of the data-generating process.

8.1.1 Structural stability and predictability in changing environ-

ments

In chapter 7 we have shown that the VCR is a reliable probabilistic measure of struc-

tural stability. Now we want to show that, in changing environments, structurally

stable states are the easiest to predict. To illustrate the relation between structural

stability and predictability we run the following numerical experiment: we consid-

ered again the 5-species chaotic population dynamics model (Eq. (7.2)). We inte-

grated the dynamics over 105 time points and we sampled equally spaced points

along the trajectories (one ever 150 points). Then, we computed the VCR along the

attractor numerically and we sampled a pair of points in the lower and upper 15th

percentile of this measure. At this point, we perturbed a random number of param-

eters with Gaussian random variables at zero mean and with standard deviation

proportional to the value of the parameters themselves. Finally, we integrated again

the dynamics with the new parameters, taking as initial condition the two perturbed

points (i.e., lower and upper percentile). Note that we applied the very same per-

turbation to each pair of points. This provided two unperturbed trajectories (i.e.,

before the two perturbation points) over which we trained a Long Short-Term Mem-

ory (LSTM) artificial neural network(Hochreiter & Schmidhuber, 1997; Gers et al.,

1999) and we then made forecasts over the two perturbed trajectories (see Figure

D.1 for a comparison of the performance of the LSTM and the regularized S-map

derived in chapter 5). Training was performed over the 500 data points preceding

the perturbation time, i.e., ttraining E [t 5 0 0 ,... , tp] where t, is the time of pertur-

bation. Forecasts were performed up to 20 time steps in the future (i.e., we were

interested in short-term forecasts given that long-term predictability of chaotic sys-

tems in changing environments is practically unfeasible). Finally, we computed the

RMSE at different forecast horizons in the two test sets, i.e., one after the perturba-

tion at the structurally stable points and the second one after the perturbation at the
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structurally unstable points. We repeated this numerical experiments 103 times at

different levels of perturbations.

Figure 8.1 top panels confirms that the VCR is an effective estimator of short-term

predictability of a dynamical system. Notably, this is true also in the lack of external

perturbations (Figure 8.1) indicating that the VCR capture important information

about the intrinsic predictability of nonlinear dynamical systems. Now we want to

analyize in further depth the effects of changing environments on the predictability

of structurally stable and structurally unstable states. Therefore, to further explore

the difference between structurally stable and structurally unstable points we plot

the complement of the cumulative distribution function of the random variable Y =
61argeV and X = EsmalIV (see Figure 8.1 bottom panels. The Figure shows that V z > 0,
6smalIV 6IargeV

Pr(Y > z) > Pr(X > z) and the difference between the two probability increases

as a function of z. This reveals that the impact of perturbations occurring at points

with large VCR is much larger than the impact of perturbations taking place at states

with low VCR. This results has important practical applications because it illustrate

the extent of the importance of monitoring the structural stability of the a system if

any decision is made based on forecasts of population abundances.

8.1.2 Predictability of empirical populations

Now we want to test whether structural stability (i.e., VCR) can be used to estimated

the predictability of the empirical data presented in the previous chapter. There-

fore, we run the following simulation: first, we train the regularized S-map (chapter

5) using leave-one-out cross validation over the first 150 data points. Then, from the

optimal reconstruction of the Jacobian coefficients, we computed the VCR. Then we

used the last point in the training set (tf = 150) to make predictions in the test set.

With the new predicted value we fit the new coefficients and we make a new pre-

diction. Finally, we repeated the prediction up to 5 months ahead (i.e. tf,pred =155).

Then we acquire the points that we have just predicted from the true data (i.e. from

tf = 150 to tf,pred = 155) and computed the RMSE in the test set. Then we discard
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Figure 8.1: Prediction error as a function of forecast horizon at different pertur-
bation points. The upper panels show the root mean square error (RMSE) in the
test set at different forecast horizons. The average is taken over 103 realizations of
the perturbations of the parameters at different points along the model's trajectories
and errorbands show the standard error. The level of perturbation (small and large)
refers to both the number of perturbed parameters and the magnitude of the noise
at each realization. Points at small (large) VCR are sampled from the lower (upper)
15th percentile of the trace of the Jacobian matrix, which is computed numerically at
each point on the attractor. The lower panels show that the same parameter pertur-
bation has a much greater impact on the predictability of points with large VCR than
points with small VCR. Overall, the figure shows that the VCR is a good probabilistic
measure of predictability in changing environments.

the points in the test set, we read a new point (tf +1 = 151) from the true data, fit the

new Jacobian coefficient, compute the new VCR and make predictions again as de-

scribed above. Finally, we sequentially repeat the process up to the last point of the

- J
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Figure 8.2: 1 Validation on an empirical time series Panel a shows the root mean
square error (RMSE) of the predictions as function of the forecast horizon (months)
for the empirical time series. Accordingly with the theoretical expectations the VCR
is a good probabilistic measure for the predictability (error band are standard er-
rors). Panel b shows the results of the significance test described in Methods and it
illustrate that the VCR is a statistically significant measure of predictability. Panel c
illustrate the kernel density estimation of the distribution of the RMSE of the pre-
dictions at state with small and large VCR. The panel illustrate that the two distri-
bution do not only different in mean but also in shape. Panel d shows the results of
the causality test between VCR and temperature and mean wave height. The panel
clearly illustrate that sea temperature has a much greater effect on the VCR than
mean wave height.

time series at tanal = 247 (with new re-training of the S-map every 50 data points).

All the forecast are completely out-of-sample and the VCR is always computed using

training data only.



Figure 8.2 panel a is a confirmation of the theoretical results shown in Figure 8.1. In

particular, the panel illustrates that predictions after points with small VCR have,

on average, a smaller RMSE than prediction after points with a large VCR. Hence,

similarly to the results found using synthetic data, the VCR computed empirically

from the time series can be used to estimate the local predictability of the data. Pre-

dictions were made up to five months ahead and we set a threshold in the VCR at the

15th percentile(results at different threshold are shown in Figure D.3). Because we

have one single realization of this dynamics we test for the statistical significance of

our results by comparing the observed RMSE in the lower percentile of the VCR with

the distribution of possible RMSE's one would have obtained by randomly sampling

points from the test set (see Methods). Results are shown in Figure 8.2 panel b and

Figure D.4 in the Supplementary Information where we show that results are ro-

bust to the selection of the threshold of the VCR up to the 30th percentile. Above

this threshold the VCR is not a statistically significant measure of predictability. Fi-

nally, Figure 8.2 panel c and D.5 in the Supplementary Information show the kernel

density estimation of the distribution of the RMSE in the test set in the lower and

upper percentile of the VCR. The panel clearly illustrate that the two distribution

do not only different in mean but also in shape. Specifically, the distribution of er-

rors at large VCR (red) is significantly more skewed towards larger errors than the

distribution of errors in the lower percentile of the VCR (cyan).

In conclusion, panel d shows the same causality test performed in the previous chap-

ter (Figure 7.5). For completeness we recall that our findings (Figure 8.2 panel d)

reveal that sea temperature has a causal influence on the VCR (structural stability

and predictability) however we find no significant causal relationship between mean

wave height and VCR. This result is interesting because it illustrates that environ-

mental variables (e.g. mean wave height) can play a crucial role for the dynamics

(e.g. regulate the mortality rate(Helmuth & Hofmann, 2001)) but have no effects on

the overall community predictability (uncertainty) that is associated with the dy-

namics.
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8.2 Discussion

Forecasting with nonlinear time series is a central challenge in science and engi-

neering(Lorenz, 1963; Kantz & Schreiber, 2004; Bradley & Kantz, 2015). The issue is

particularly hard to address when true dynamics are unknown and parameters are

likely to change in response to environmental changes. In this context, it would be of

particular practical relevance to know when predictions can be trusted the most. To

address this issue, here we have provided theoretical arguments as well as synthetic

and empirical evidences in support to the hypothesis that the volume contraction

rate, a local property of the deterministic skeleton of the dynamics that can be ro-

bustly inferred from observational data, provides a reliable probabilistic measure of

the local predictability of non-equilibrium dynamical systems in changing environ-

ments.

Before concluding we would like to discuss some shortcoming of our approach. One

evident pitfall of our approach is that, theoretically, there could be cases in which

the VCR stays constant throughout time. A clear example is the Lorenz system: a

chaotic dynamical system whose predictability is notoriously state dependent(Nese,

1989) but, at the same time, it has a constant VCR. However, while theoretically pos-

sible, nonlinear systems with VCR are more the exception than the rule in empirical

settings (e.g. already having process noise which is typically proportional to the

square root of the state variable would generate state-dependent VCR's). A prob-

lem of more practical relevance is the accuracy of the reconstruction of the VCR

from empirical data. In the example provided in this and the previous chapter we

had detailed information about the system under investigation. Specifically, all the

relevant variables were observed allowing us to use a fully multivariate embedding

from which we now we can reconstruct the VCR accurately using the regularized S-

map (see chapter 5). However, there are instances in which not all variables are avail-

able from experiments or observational studies and therefore the dynamics need to

be reconstructed from the available observations. In this cases, results are sensitive

to the details of the attractor reconstruction, i.e., the selection of the optimal time lag

and embedding dimension. This is a delicate issue that could be addressed prag-
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matically, by choosing, if it exists, the state space reconstruction that provides the

optimal balance between good predictions and separation of points based on their

predictability. On the other hand, however, sensitivity to time lags and embedding

dimensions could be a reason to doubt about the practical relevance of the approach

all together, i.e. the trace of the Jacobian cannot be associated to the VCR if the re-

constructed attractor is embedded in a lower or large dimensional space. This is a

critical issue that needs to be address in details when one attempts to use our method

on empirical data. Overall, we believe that the question discussed in this chapter,

i.e., how to asses the reliability of time-series forecasts in continuously changing en-

vironments, is of primary importance and more research is needed to better address

this issue.

167 Chapter 8. Predictability in changing environments



168 Chapter 8. Predictability in changing environments



CHAPTER 9

CONCLUSION

In this chapter I summarize the results and main findings of the previous chap-

ters. Then, I discuss important future directions of research that can be pur-

sued building upon the results and methodology developed in this thesis. Fur-

thermore, because this chapter focus on my personal views and beliefs I will

switch the language of the text from a collective 'we' to an individual 'I'.

9.1 Conclusion and future research directions

Many aspects of human societies, from the sustenance of national economies to the

control of population health, strongly depends on the dynamics of biological pop-

ulations within a given environment. Therefore, understanding and predicting the

effects of changing environments on the dynamics of biological populations evolv-

ing in a continuously changing world is, nowadays, one of the most important chal-

lenges in the life sciences.

In this context, this thesis brought two important contributions:

* Firstly, I have demonstrated that it is possible to build a parametric approach

to study the effect of changing environments on the dynamics of biological
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populations that relies on minimal assumptions on the data generating pro-

cesses (chapter 2). Importantly, I have then used this result to study the effect

that species interactions (chapter 3) and their dynamics (chapter 4) have on

community coexistence under fast environmental changes.

Secondly, I have laid the foundation of a nonparametric framework to estimate

the tolerance of biological populations to environmental variability. Specifi-

cally, I have improved/developed computational methods (chapter 5 and 6) to

infer biotic interactions and their uncertainty from noisy nonlinear time series

data. Then I have used the inferred biotic interactions to construct a framework

to study the possible effects of environmental perturbations on the nonlinear

dynamics of empirical populations.

The explosion in data availability, computational power and statistical learning the-

ories is opening the doors to a new era for population dynamics. I believe that, in

this new era, a full transition from parametric to nonparametric theory construction

is not only possible but desirable. I believe that a fully data-driven nonparametric

scientific theory, if realizable, is desirable because it would be free from the neces-

sary simplifications adopted to circumnavigate the complexity of the mechanisms

that drive the dynamics of biological populations. In the light of this belief in the

next section I discuss some possible steps toward this direction.

9.1.1 What's next?

In this last section I briefly discuss what I believe are the possible steps to take

towards the foundation of nonparametric population dynamics theories. Most of

the following discussions are speculative and based on methodological advances in

other nonlinear sciences, such as physics and economics.
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9.1.1.1 Artificial neural networks for model discovery

At the time of writing this thesis we live a revolution in what is known as deep

learning. Broadly speaking, deep learning is a field at the intersection of statistics

and computer science which uses nonparametric statistical models, known as neu-

ral networks, to learn complex structure in large datasets(Dechter, 1986; Aizenberg

et al., 2000). Typically neural networks are considered as black boxes that are of lit-

tle use for the development of scientific theories. Yet, in recent years there has been

growing interest in using neural networks for discovering the structure, or at least

the most important features, of the data-generating processes. Examples of appli-

cations of deep learning for model discovery can be found in (Schmidt & Lipson,

2009; Iten et al., 2018; Bakker et al., 2000). In particular, in (Bakker et al., 2000) the

authors show how to use neural networks to obtain reliable reconstructions of dy-

namic attractors from empirical data. Interestingly, in their work the authors show

that attractors reconstructed with deep neural networks provide ground not only for

the possibility of short term predictions but also for the opportunity to generate time

series with similar chaotic characteristics as the measured data(Bakker et al., 2000)

so to open up the possibility of nonparametric long-term predictions. This is an im-

portant advantage since an important critics against nonparametric approaches is

that their applicability to long-term studies is limited.

At the moment, the main challenge for the applicability of deep learning for the

analysis of ecological systems, is data availability. Nevertheless, this problem can

be relatively easily overcome in certain areas of ecology, such as for example mi-

crobial ecology, where the development of new technologies for data extraction and

the fast time scales over which ecological and evolutionary process take place, create

the perfect conditions to develop and test nonparametric theories. I therefore fore-

see important applications of artificial neural network in nonparametric microbial

population dynamics studies.
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9.1.1.2 Causal inference

An important conceptual limitation for the applicability of deep learning for the

analysis of population dynamics data, is that neural networks are statistical models

constructed based on inferred correlations between features within a dataset. How-

ever, in biology and nonlinear sciences in general, many of the observed correlations

are spurious, meaning that they do not reflect true causation. This is not an issue

for the development of predictive methods as correlations, even if spurious, can be

leveraged to build predictive models. On the other hand the presence of spurious

correlations is an important problem for the development of scientific theories.

The development of nonparametric causal inference algorithms for the analysis of

nonlinear time series is therefore an essential ingredient for the advancement of

model-free population dynamics theories. Example of nonparametric causal infer-

ence algorithms can be found in (Sugihara et al., 2012) ( an approach that was also

discussed in chapter 7 of this thesis), in (Krakovsk6 & Hanzely, 2016) and in (Tank

et al., 2018) in which the authors show how deep learning can be used to extend

the standard concept of Granger causality for the analysis of nonlinear data. A in-

teresting review of the state of the art of causal inference from nonlinear time series

data can be found in (Runge, 2018) in which limitations and opportunities are exten-

sively discussed. Overall, I believe that nonparametric causal inference is an exciting

field of research that surely deserved more attention from the scientific community

within and beyond the realm of theoretical population biology. In this context I

propose that there are two important challenges with causal inference that, to our

opinion, deserve further exploration:

9 Subsampling. An important issue in causal inference is that if the causal

mechanisms and the data-sampling process take place on two separate time

scales than the true causal links are not identifiable(Runge, 2018). There is

growing effort, among computer scientists, in developing new algorithms to

identify true causal links in the presence of subsampling (Gong et al., 2015;

Hyttinen et al., 2016) but the problem still remains an open challenge partic-

ularly when multiple time-scales coexists and data are scarce. In biology, I
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believe that a starting point to address this issue should come, when possible,

from the design of experiments that carefully address the interplay between

data collection and the fundamental time-scales of the observed dynamics.

e Temporal variability of causal structures. Generally in causal inference one

assumes stationarity in the underlying causal relations among variables, i.e. if

there exists a causal link X, - Y at time t than this link exists for any f < t*.

Yet, in highly environment dependent systems, such as biological populations,

this assumption may not hold as environmental changes or evolutionary pro-

cesses can significantly change biological mechanisms. I am not aware of any

causal inference algorithm that can deal with time-varying causality. This

problem has also been discussed in (Eichler, 2013) and I believe is of pivotal

importance.

9.2 Concluding remarks

Overall, the increasing amount of available time-series data collected in biological

studies is paving the way for moving theoretical population dynamics from being

a science build on assumptions and model simplifications towards a data-driven,

model-free, science. As discussed thoroughly this thesis, because populations dy-

namics are the product of an interplay between nonlinear deterministic and stochas-

tic dynamics, the integration of methods of nonlinear time series analysis (based on

dynamical system theory) with machine learning algorithms is an important step

forward towards this goal. In this context, I believe and hope that the work of this

thesis can serve as basis for further developments in this direction.

*Notice that this definition of stationarity differ from the standard assumption of stationarity in
mean and variance of a process.
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APPENDIX A

SUPPLEMENTARY FIGURES FOR
CHAPTER 4
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Figure A.1: [Supplementary Figure] Equivalent to Figure 7 in main text, but here
groups of pollinators are allowed to be of different dimension. Quantile from top
left to bottom right: 0.5%, 1%, 9%, 38%, 18%, 2%, 8%.
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Model averaging

0.82 0.43 0.59 NA

NA 0.6 0.67 0.06

0.89 NA 0.4 0.33

0.2 0.15 -0.37 0.73

Cross-validation

0.81 0.42 0.56 NA

NA 0.41 0.43 -0.06

0.88 NA 0.41 0.3

0.12 0.04 -0.39 0.7

Figure B.1: Inference of Jacobian coefficients and the importance of the model-
averaging process. The figure shows the correlation matrix (Pearson's correla-
tion coefficient) between inferred and analytical coefficients of the Jacobian for the
chaotic LV model with 4 species discussed in the main text. The left panel shows
the correlation matrix between inferred and analytical Jacobians. The inferred Jaco-
bian is constructed with the model-averaging process (ensemble method) proposed
in this work. The right panel shows the correlation matrix when the best Jacobian
is selected with cross-validation. NA indicates constant coefficients for which the
correlation is not defined. The values shown in both panels are average correlations
over the 20 random samples of the time series. Importantly, this figure shows that
using model averaging, the overall quality of the inferred Jacobian coefficients is
higher that the one generated by the best single model.
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Figure B.2: Uncertainty analysis on the Hawaii Ocean time series including the
abundance of Synenochoccus. The figure shows the pattern of uncertainty on the Ja-
cobian coefficients of the Hawaii Ocean time series when including the abundance of
Synenochoccus in the regression. Panel a shows that the uncertainty on (, ), (,Pc),
(&pr ) is left qualitatively unchanged while ( r) shows a different pattern (compare
with Figure 6.5 in the main text). Panel b shows the temporal changes of uncertainty
on the three least consistently estimated interactions. Note that we did not include
the abundance of Synenochoccus in the analysis discussed in the main text because
the quality of the fit in the training and test sets is significantly reduced. In fact, by
including Synenochoccus in the analysis, we have Rining = 0.55 and RMSEtest = 0.3,
RMSEnaive = 0.65 (to be compared against the values in the main text).
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Jacobian coefficients with confidence intervals
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Figure B.3: Jacobian coefficients of the Bermuda Atlantic time series with confi-
dence intervals. Shaded area correspond to the 95% confidence intervals computed
as discussed in the Method section using the weighted standard error on the coeffi-
cient in the optimum ensemble. x-axis are the time points
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Jacobian coefficients with confidence intervals
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Figure B.4: Jacobian coefficients of the Hawaii ocean time series with confidence
intervals. Shaded area correspond to the 95% confidence intervals computed as
discussed in the Method section using the weighted standard error on the coefficient
in the optimum ensemble. x-axis are the time points
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Figure C.1: Root mean square distance between perturbed and unperturbed tra-
jectories as a function of the percentile of the volume contraction rate for each
of the 8 chaotic models. Each panel shows a similar analysis as the one discussed
in section 7.3. Different from the main analysis, rather than taking the ratio of root
mean squared distances between trajectories perturbed at structurally stable and un-
stable points, here we just look at the root mean square distance as a function of the
percentile of the volume contraction rate included in the analysis. Each panel (from
top left to bottom right) represents one of the 8 models used in the main text. The
figure shows that the 15th lower percentile includes structurally stable states, which
corresponds to the analysis shown in Figure 7.3. Overall, the figure also shows that
there is a positive correlation between effect of a perturbation of the parameters on
the dynamics and the volume contraction rate.
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ure clearly illustrates that the abundances of species are driven by interactions with
the other species in the system.
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APPENDIX D

SUPPLEMENTARY FIGURES FOR
CHAPTER 8
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Figure D.1: Comparison of the performance of the S-map and the LSTM artifi-
cial neural network as a function of the length of the training set. Performance is
measured as the median of the RMSE in the test set over 200 predictions of the pop-
ulation dynamics model used in the main text. The error bars are computed with
nonparametric bootstrapping. The figure illustrates that for short training sets, the
S-map outperforms the LSTM artificial neural network. Thus, we have used the S-
map to forecast the empirical time series. Notice that the median naive error for this
time series is ~ 1.2; hence, both algorithms perform significantly better than naive
forecasts even when trained over as little as 100 data points.
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Figure D.2: Forecast with unperturbed chaotic time series. This Figure is produced
similarly to Figure 8.1 upper panels in the main text. However, here we simply fore-
cast at point with small and large VCR without perturbing the system. The Figure
shows that the VCR is an effective estimator of predictability even in the lack of per-
turbations.
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Figure D.3: I Validation on the biological time series at different thresholds. Sim-
ilarly to Figure 8.2 in the main text, the figure shows the root mean square error
(RMSE) of the predictions as function of the forecast horizon (months) for the bio-
logical time series. Here we also show that the results are consistent as we change
the threshold for what we consider small and large VCR. Specifically, we used as cri-
terion of separation the nth and (1 - n)th percentile with n = [10, 15,... , 50] (from
top to bottom). Overall results are robust to the choice of the separation criterion
up to the lower 30th percentile. This result is made more quantitative in Figure D.4
where we show the statistical significance of the VCR as estimator of predictability
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