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Abstract

This thesis presents the theoretical and experimental investigation of the interac-
tion of metamaterial structures with electron beams for two applications: wakefield
acceleration and high power microwave generation.

Under the topic of wakefield acceleration, on the theoretical side, several meta-
material structures have been designed and simulated. The novel phenomenon of
reversed Cherenkov radiation has been found to enhance the beam-wave interaction
in metamaterials. A metallic wagon wheel metamaterial structure was designed and
built for use in an experiment at the Argonne Wakefield Accelerator (AWA) Facility.

On the experimental side, this thesis presents the first demonstration of high-
power, reversed Cherenkov wakefield radiation by short electron bunches passing
through the wagon wheel structure at the AWA. Single 45 nC electron bunches of
65 MeV energy traversing the structure generated up to 25 MW in 2 ns pulses at 11.4
GHz, in excellent agreement with theory. Two bunches of 85 nC with appropriate
temporal spacing generated up to 80 MW by coherent wakefield superposition. If this
power were applied to a trailing witness bunch in a collinear wakefield accelerator, it
would provide an accelerating gradient of 75 MV/m.

Under the topic of high power microwave generation, on the theoretical side, an
analytical theory has been developed to predict the novel Cherenkov-cyclotron in-
teraction in metamaterial-based microwave devices. An S-band metamaterial-loaded
waveguide with reverse symmetry has been designed and built to work with the
Cherenkov-cyclotron interaction.

On the experimental side, this thesis presents the experimental results of the
metamaterial-loaded waveguide built at MIT. Power levels to 2.9 MW at 2.4 GHz in
full 1 𝜇s pulses were generated by an electron beam of up to 490 kV of voltage and
84 A of current. Frequency tuning measurements verified that pulses above 1 MW of
output power were only seen in the Cherenkov-cyclotron mode.

With these results, this thesis demonstrates the unique features of metamaterial
structures that are very attractive for high-gradient wakefield accelerators and high
power microwave sources. Advantages include the high shunt impedance for intense
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beam-wave interaction; the simple and rugged structure; and a large parameter space
for various optimization goals.

Thesis Supervisor: Richard J. Temkin
Title: Senior Scientist, Department of Physics
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Chapter 1
Introduction

This thesis studies the interaction of metamaterials with electron beams, with its two

applications explored both theoretically and experimentally. The two applications

are wakefield acceleration and high power microwave generation.

In this section, three topics will be introduced: metamaterials in Section 1.1,

wakefield acceleration in Section 1.2 and high power microwave sources in Section 1.3.

The thesis outline will be introduced in Section 1.4.

1.1 Metamaterials

Metamaterials refer to a category of periodic structures with the period much smaller

than the operating wavelength, so it can be seen as an artificial medium with the

effective 𝜖 and 𝜇 determined by the unit cell design.

Metamaterials are built out of natural materials, either metal or dielectric. By

arranging the subwavelength periodic elements built by natural materials in carefully

designed shapes and patterns, unusual properties can be found, such as a negative

refractive index.

The physics of electromagnetic wave traveling in a medium with simultaneous

negative 𝜖 and 𝜇 was first studied in 1968 in Ref. [1]. Realization of a metamaterial

structure with a negative refractive index was first proposed in 2000 in Ref. [2],

when the concept of split ring resonators was demonstrated as a building block for
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Figure 1-1: Example of a metamaterial structure as an array of the split ring res-
onators combined with copper wire arrays. The metamaterial structure is periodic,
with the unit cell comprising of one split ring resonator and one copper wire. This
figure is cited from Ref. [3].

metamaterials. An example of a metamaterial structure as an array of the split

ring resonators combined with copper wire arrays is shown in Fig. 1-1. Since then,

metamaterials have been intensively studied at microwave and optical frequencies.

Metamaterials are promising to provide improved performance over traditional devices

in the way that the unit cell design process allows more controllability and flexibility

of electromagnetic characteristics, for example, dispersion [4, 5]. Then we can build

devices with interesting features and better performance by engineering the unit cell.

In the area of passive microwave devices, metamaterials are applied to cloak-

ing [6], perfect lens [7,8], antenna design [9], etc. In this thesis, the focus is to study

metamaterial-based active devices with electron beams involved.

In this section, I will first introduce the basic physics of a propagating wave in
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metamaterials with a negative refractive index in Section 1.1.1. In section 1.1.2 I

will introduce the negative refraction in metamaterials, which is widely applied in

passive microwave devices. Then in Section 1.1.3 I will introduce the novel physics

phenomenon when particle beams travel in metamaterials, the reversed Cherenkov

radiation.

1.1.1 Basic Principles of Metamaterials

In this part, I will show how electromagnetic waves can propagate in a medium

with double negative permittivity 𝜖 and permeability 𝜇. The basic principles of

metamaterials can be derived from the Maxwell’s equations.

In a medium without external charge or current, the Maxwell’s equations have

the form of

∇× 𝐸⃗ = −𝜇𝜕𝐻⃗
𝜕𝑡

,

∇× 𝐻⃗ = 𝜖
𝜕𝐸⃗

𝜕𝑡
,

∇ · 𝐸⃗ = 0,

∇ · 𝐻⃗ = 0.

(1.1)

We assume the permittivity 𝜖 and the permeability 𝜇 are both isotropic, so they follow

the constitutive relations of
𝐷⃗ = 𝜖𝐸⃗,

𝐵⃗ = 𝜇𝐻⃗.
(1.2)

For a plane wave with the space and time dependence as exp(𝑖𝑘 · 𝑟⃗ − 𝑖𝜔𝑡), i.e.

𝐸⃗ = 𝐸⃗0 exp(𝑖𝑘 · 𝑟⃗ − 𝑖𝜔𝑡) and 𝐻⃗ = 𝐻⃗0 exp(𝑖𝑘 · 𝑟⃗ − 𝑖𝜔𝑡), where 𝑘⃗ is the wave vector,

and 𝜔 is the angular frequency, we can rewrite Eq. (1.1) as

𝑘⃗ × 𝐸⃗ = 𝜇𝜔𝐻⃗,

𝑘⃗ × 𝐻⃗ = −𝜖𝜔𝐸⃗,

𝑘⃗ · 𝐸⃗ = 0,

𝑘⃗ · 𝐻⃗ = 0.

(1.3)
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Figure 1-2: Comparison of the relations of the vectors 𝑘⃗, 𝐸⃗, and 𝐻⃗ as a right-handed
triplet in normal materials in the left figure, and as a left-handed triplet in double-
negative metamaterials in the right figure.

From Eq. (1.3), we can derive the dispersion relation as

𝑘2 = 𝜖𝜇𝜔2. (1.4)

For a propagating wave, 𝑘 needs to be real. From Eq. (1.4), we can see that 𝑘 has

a real solution in two cases: (1) 𝜖 > 0, 𝜇 > 0; (2)𝜖 < 0, 𝜇 < 0. Case (1) corresponds

to natural materials, and Case (2) corresponds to double-negative metamaterials. So

a propagating wave can live in a double-negative metamaterial.

Equation (1.3) also reveals an interesting feature of metamaterials, the left-handedness.

In natural materials with 𝜖 > 0, 𝜇 > 0, the three vectors 𝑘⃗, 𝐸⃗, and 𝐻⃗ form a right-

handed triplet. However, in metamaterials with 𝜖 < 0, 𝜇 < 0, then 𝑘⃗, 𝐸⃗, and 𝐻⃗

form a left-handed triplet. For this reason, double-negative metamaterials are also

called left-handed materials. An illustration is presented in Fig. 1-2 to compare the

right-handed triplet and the left-handed triplet.

The Poynting vector 𝑆⃗ is also shown in Fig. 1-2. The direction of the Poynting
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vector is not changed by the signs of 𝜖 and 𝜇, from its definition as

𝑆⃗ = 𝐸⃗ × 𝐻⃗. (1.5)

Since 𝑆⃗ represents the direction of the wave energy flow, we can see from Fig. 1-2

that the energy flow and the wavefront (represented by 𝑘⃗) are anti-parallel to each

other. This reveals the backward wave propagation phenomenon in double-negative

metamaterials.

The backward wave propagation phenomenon can be derived in another way [4].

Now we look at the time-averaged electromagnetic field energy density 𝑈 in a disper-

sive medium for a quasi-monochromatic wavepacket,

𝑈 =
1

4

[︂
𝜕(𝜔𝜖)

𝜕𝜔
|𝐸⃗|2 +

𝜕(𝜔𝜇)

𝜕𝜔
|𝐻⃗|2

]︂
. (1.6)

In a physical system, the energy density must be positive, so from Eq. (1.6), we have

𝜕(𝜔𝜖)

𝜕𝜔
> 0,

𝜕(𝜔𝜇)

𝜕𝜔
> 0 (1.7)

Since 𝑘2 = 𝜖𝜇𝜔2 from Eq. (1.4), then

𝜕𝑘2

𝜕𝜔
= 𝜔𝜖

𝜕(𝜔𝜇)

𝜕𝜔
+ 𝜔𝜇

𝜕(𝜔𝜖)

𝜕𝜔
. (1.8)

Now combining Eq. (1.7) and Eq. (1.8), we have

𝜕𝑘2

𝜕𝜔
< 0. (1.9)

with double-negative metamaterials. Then from the definitions of the phase velocity

𝑣𝑝 = 𝜔/𝑘, and the group velocity 𝑣𝑔 = 𝜕𝜔/𝜕𝑘,

𝜕𝑘2

𝜕𝜔
=

2𝜔

𝑣𝑝𝑣𝑔
. (1.10)

Therefore, from Eq. (1.9) and Eq. (1.10), we derive the signs of the phase velocity
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and the group velocity in metamaterials, as

𝑣𝑝𝑣𝑔 < 0. (1.11)

This again proves that the energy flow and the wavefront are traveling in opposite

directions in double-negative metamaterials.

1.1.2 Negative Refraction

Negative refraction in metamaterials is the phenomenon studied intensively in passive

microwave devices. Here I will give a brief introduction.

Refraction happens at the interface of two different materials, with the refractive

indices as 𝑛1 and 𝑛2. The incidence angle is 𝜃1, and the refractive angle is 𝜃2. From

Snell’s Law,

𝑛1 sin 𝜃1 = 𝑛2 sin 𝜃2. (1.12)

For the double-negative metamaterials, the refractive index is negative as

𝑛 = −𝑐√𝜖𝜇 < 0. (1.13)

Note that Snell’s Law can be derived from the minimized optical path, and it

can be proven easily that on the interface of a natural material with 𝑛1 > 0 and a

metamaterial with 𝑛2 < 0, Snell’s Law still holds [1].

In the case of 𝑛1 > 0, 𝑛2 < 0, we have

sin 𝜃2 = 𝑛1 sin 𝜃1/𝑛2 < 0,

so 𝜃2 is negative. We measure the refractive angle from the normal line of the interface

to the refractive ray, and define the angle to be positive in the refraction case with

𝑛1 > 0, 𝑛2 > 0. Therefore, having a negative 𝜃2 means that in the negative refraction

case the refractive ray falls on the same side of the normal line as the incident ray.

Figure 1-3 compares the normal refraction and the negative refraction. In the figure,
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Figure 1-3: Illustration of refraction at the interface of the two media 𝑛1 and 𝑛2.
Normal refraction: 𝑛2 > 0, negative refraction: 𝑛2 < 0.

when the incident ray comes from air or vacuum with 𝑛1 = 1 to the interface of the

two media 𝑛1 and 𝑛2, normal refraction happens if 𝑛2 > 0, and negative refraction

happens if 𝑛2 < 0.

From the negative refraction phenomenon, the wave propagation direction can

be controlled by designing the unit cell of the metamaterial structure for the desired

effective refractive index. This feature has found its applications in passive microwave

devices, such as cloaking.

Figure 1-4, taken from Ref. [6], is an example of a metamaterial cloak. Figure 1-4

(A) shows the ideal cloaking in simulation. A donut shaped metamaterial is placed

outside of the copper cylinder in the center. Without the cloak, the wavefronts are

distorted by the copper cylinder itself, as in Fig. 1-4 (C); but with the metamaterial

cloak, the wavefronts can remain almost unchanged, as in Fig. 1-4 (A). So looking

from the right side, the copper cylinder is close to invisible.
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Figure 1-4: Example of a metamaterial cloak in Ref. [6]. The cloak is in the donut
shape, and a copper cylinder is in the inner circle. The microwave travels from the
left to the right. (A) Simulation of the ideal metamaterial cloak with no absorption
loss. (B) Simulation of the real cloak properties with loss. (C) Experiment with only
the copper cylinder. (D) Experiment of the cloaked copper cylinder. This figure is
cited from Ref. [6].

1.1.3 Reversed Cherenkov Radiation

In the area of active microwave devices with electron beams involved, which is the

focus of this thesis, metamaterials show great promise due to the novel phenomenon

of the reversed Cherenkov radiation [1, 10–16].

Unlike the Cherenkov radiation in normal materials where the radiated waves

travel forward with respect to the beam, in metamaterials with a negative group

velocity, the radiated waves travel backward, so the reversed Cherenkov radiation is

also called the backward Cherenkov radiation.

Figure 1-5 shows a comparison of the normal Cherenkov radiation in natural

materials and the reversed Cherenkov radiation in metamaterials [17]. When the

particle beam travels from the left to the right with the speed of 𝑣, which exceeds

the phase velocity of light in the normal materials, the wave vector and the energy

flow of the generated Cherenkov radiation are parallel to each other, and they are

both in the forward direction with respect to the beam. However, in metamaterials
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Figure 1-5: Comparison of the normal Cherenkov radiation in natural materials (left)
and the reversed Cherenkov radiation in metamaterials (right). In both figures, the
particle beam travels from the left to the right with the speed of 𝑣. This figure is
cited from Ref. [17].

with a negative effective refractive index as shown in the right figure of Fig. 1-5, the

wave vector and the energy flow are anti-parallel to each other. This stems from the

opposite group velocity and phase velocity in the double-negative metamaterials, as

in Eq. (1.11). So in the reversed Cherenkov radiation, the energy flow goes backward

while the beam travels forward.

1.2 Wakefield Acceleration

The first topic of this thesis is to study metamaterial structures for wakefield accel-

eration, so here I will introduce the motivation for high gradient accelerator research

in Section 1.2.1. There are two major types of wakefield acceleration, plasma-based

acceleration, as will be introduced in Section 1.2.2, and structure-based wakefield ac-

celeration, as will be introduced in Section 1.2.3. Finally, I will name some advantages

of metamaterial structures for wakefield acceleration in Section 1.2.4.
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Figure 1-6: Illustration of the periodic disk-loaded waveguide in RF particle acceler-
ators. This figure is cited from Ref. [18].

1.2.1 Motivation for High Gradient Accelerator Research

High energy particle accelerators are crucial to the next big discovery in particle

physics. Particle accelerators on the tera-electron-volt (TeV) energy scale can reveal

the answers to fundamental particle physics. The Large Hadron Collider (LHC),

with a collision energy of 13 TeV in the center-of-mass frame, is the record holder for

hadron colliders. The discovery of the Higgs boson is an exciting achievement for the

huge machine with a circumference of 27 km, and higher energy beams are desired

for the next big discovery.

There is also a pressing need for a TeV scale lepton collider for discovering new

physics and complementing the findings of the LHC. Right now, the highest record

of lepton energy is held by the Large Electron-Positron Collider at CERN with a

collision energy of 209 GeV.

In particle accelerators, the beam energy is equal to the accelerating gradient

times the effective accelerating structure length. Therefore, increasing the accelerat-

ing gradient is crucial to build the next high energy collider in a compact way.

Conventional high energy accelerators are built by radiofrequency (RF) acceler-

ating cavities. Periodic disk-loaded waveguides are commonly used as accelerating
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structures, with the illustration shown in Fig. 1-6.

X-band (with the frequency range of 8 GHz to 12 GHz) accelerator structures

have been demonstrated to reach a gradient of 100 MV/m [21–23]. The limiting

factor of increasing the accelerator gradient in RF accelerators is the phenomenon

of RF breakdown. In an event of an RF breakdown, with the sudden rise of dark

current, RF properties like frequency and stored energy are drastically changed [24].

Novel accelerator concepts have been proposed and demonstrated in recent years

with the goal of identifying attractive designs for future TeV colliders at the high-

energy physics frontier [25,26]. Among these novel concepts, wakefield acceleration is

a very promising approach for achieving high accelerating gradient up to the GeV/m

level [27–30,32–41].

Unlike conventional RF accelerator structures, which are driven by high power

microwave sources like klystrons, in wakefield acceleration, the energy sources are

either particle beams or laser beams, which are called wakefield drivers. Different

wakefield drivers, including laser pulses [27–29], electron beams [30–39], positron

beams [40], and proton beams [41] have been studied. When the wakefield drivers

travel into the acceleration medium, either plasmas or structures in vacuum, the

energy is transferred from the drivers into the energy in the electromagnetic field

after the drivers, called the ‘wake’. Now if a trailing witness beam comes into the

system, it can be accelerated by the electric field in the wake.

There are two major types of wakefield acceleration research, plasma-based wake-

field acceleration and structure-base wakefield acceleration. The following sections

will give an introduction on both types.

This thesis adopts the method of the structure-based wakefield acceleration, as

it shows great promise, either in dielectric structures [28–31, 33–35, 37] or metallic

structures [36, 38, 39] . Based on these findings, particle colliders up to the tens of

TeV level [42–46] and advanced light sources [47, 48] have been proposed.
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Figure 1-7: Simulation results of the beam-driven plasma wake. This figure is cited
from Ref. [50].

1.2.2 Plasma Wakefield Acceleration

Here I will briefly introduce of the process of plasma wakefield acceleration for com-

pleteness, though this thesis is focused on structure-based wakefield acceleration.

Plasmas have the potential to sustain an ultra-high accelerating gradient, decided

by the wave-breaking limit as [49]

𝐸 =
𝑚𝑒𝑐𝜔𝑝

𝑒
, (1.14)

where 𝑚𝑒 is the electron mass, 𝜔𝑝 =
√︀
𝑛𝑒𝑒2/(𝜖0𝑚𝑒) is the plasma frequency, and 𝑛𝑒

is the electron density in the plasma. From Eq. (1.14), to achieve a gradient of over

1 GeV/m, the plasma density needs to be greater than 1014 cm−3.

To excite such a high field, high intensity laser pulses or particle beams are sent

into the plasma. Figure 1-7 shows the process of the wakefield generation in the

plasma excited by a particle beam. A short driver as the energy source ‘blows out’
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plasma electrons to create a ‘bubble’ with almost no plasma electrons inside. Then

the displaced electrons rush back to create a region of dense plasma electrons behind

the bubble. A high accelerating wakefield (to a trailing electron beam) is thus formed

in the latter half of the bubble.

The plasma wakefield acceleration has been demonstrated to be an effective and

promising approach to achieve high accelerating gradient beyond GeV/m. There

are also some challenges at present, including a large energy spread and a short

accelerating distance.

1.2.3 Structure-Based Wakefield Acceleration

The structure-based wakefield acceleration happens in a structure placed in vacuum.

The structure can be driven by laser pulses and particle beams. Here we discuss the

beam-driven structure-based wakefield acceleration.

In beam-driven, structure-based wakefield acceleration, a high-charge drive beam

travels through a structure in vacuum and transfers its energy as a wakefield into

a high power radiofrequency (RF) pulse. The extracted RF pulse can be used to

accelerate a low-charge witness bunch, either in the same structure (collinear wakefield

acceleration regime), or in a different structure (two-beam acceleration regime) [25,

26].

Compared to RF linear accelerators often driven by klystrons [21–23], structure-

based wakefield acceleration can have a much shorter RF pulse length to achieve

a high accelerating gradient. The reason is that one limiting factor in raising the

gradient is the phenomenon of RF breakdown. The physics of RF breakdown has not

been thoroughly understood, but an experimental scaling law has been summarized

on the influence of accelerating gradient 𝐸𝑎 and the RF pulse length 𝑡𝑝 on breakdown

rate (BDR) as [51]
𝐸30

𝑎 · 𝑡5𝑝
BDR

= constant (1.15)

The breakdown rate is the probability of a breakdown event during an RF pulse

and often in the unit of breakdowns per pulse per meter. From the scaling law in
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Eq. (1.15), we know that at a given BDR, the gradient scales with the RF pulse length

as

𝐸𝑎 ∝ 𝑡−1/6
𝑝 (1.16)

This indicates that operating at short RF pulses can help increase the accelerating

gradient, so the structure-based wakefield acceleration is promising to achieve higher

gradient.

Now I’ll introduce collinear wakefield acceleration and two-beam acceleration.

Collinear Wakefield Acceleration

In the structure-based collinear wakefield acceleration, the drive beam and the witness

beam travel in the same wakefield structure. An illustration is shown in Fig. 1-8.

When the drive beam enters the structure, it radiates into the wakefield of the

structure and gets decelerated. Then a trailing witness beam enters, and if the timing

is correct, the witness beam can be synchronized to the accelerating spot in the

generated wakefield and experience a high accelerating gradient.

The advantages of the collinear regime include: (1) Only one wakefield structure

is needed; (2) The RF power can be transferred directly from the drive beam to

the witness beam without RF couplers. The RF coupling at high frequencies is

challenging, so in THz frequencies, the collinear regime is always used.

Two-beam Acceleration

In the structure-based two-beam acceleration, the drive beam and the witness beam

travel in two different structures. An illustration is shown in Fig. 1-9. The extracted

wakefield power from the drive beam is coupled to the separate witness beam line

through RF couplers.

The advantages of the two-beam acceleration include: (1) The power extractor

structure on the drive beam line and the accelerator structure on the witness beam line

can be optimized independently. The power extractor structure often has a relatively

large beam aperture to transmit a high charge drive beam for a high extracted power,
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Figure 1-8: Illustration of the structure-based collinear wakefield acceleration. The
drive beam and the witness beam travel in the same wakefield structure. Figure
credit: Argonne Wakefield Accelerator Facility website [52].

Figure 1-9: Illustration of the structure-based two-beam acceleration. The drive
beam and the witness beam travel in two separate wakefield structures. Figure credit:
Argonne Wakefield Accelerator Facility website [52].
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Figure 1-10: Layout of the CLIC 3 TeV collider design based on two-beam accelera-
tion. This figure is cited from the CLIC design report [46].

while the accelerator structure often has a small beam aperture to achieve a high

accelerating gradient. (2) The beam optics can be designed independently for the

drive beam and the witness beam. It could be challenging in the collinear regime to

use the same set of beamline components for the drive beam and the witness beam

with very different charge. (3) The two-beam setup allows for staging [36], which

refers to the use of sequential accelerator modules on the witness beamline.

The Compact Linear Collider (CLIC) at CERN is a proposed electron-position

collider based on two-beam acceleration working at X-band (12 GHz). Figure 1-10

shows the layout of the CLIC conceptual design. The design goal is a 3 TeV collision

energy.

In the CLIC design, there are 24 sectors of decelerator structures, which are fed

with drive bunch trains. The drive beam is generated in a 1 GHz RF accelerator

with an energy of 2.38 GeV. Power is extracted from the drive bunch trains by power

extraction and transfer structures (PETS) to the main beamline. The pulse length

is limited to 150 ns to lower the breakdown rate. The main beam line has a design
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frequency of 12 GHz, with a nominal accelerating gradient of 100 MV/m. This

gradient has already been demonstrated to work well in metallic disk-loaded structures

at CERN with a low breakdown rate of 10−7/pulse/m.

In the US, the major facility that devotes to structure-based wakefield acceleration

is the Argonne Wakefield Accelerator (AWA) at the Argonne National Laboratory.

The AWA group also has a two-beam accelerator design with dielectric structures at

26 GHz, and the targeted gradient is 350 MV/m due to the short pulse length of 20

ns [53].

The experiment in this thesis on metamaterial structures for wakefield acceleration

was carried out at the AWA facility. The details of the experimental facilities will be

presented later in Chapter 3.

1.2.4 Advantages of Metamaterial Structures for Wakefield

Acceleration

A metamaterial structure has numerous potential advantages for particle-beam driven,

structure-based wakefield acceleration.

First, the metamaterial structure is inherently a subwavelength interaction space

so that the shunt impedance is increased and the generated fields are highly concen-

trated at the witness bunch.

Second, the metallic metamaterial structure is simple and rugged.

Third, the metamaterial structure with a large parameter space presents a new

direction of engineered structures, opening the path to more precise control of the

electromagnetic properties. The accelerating performance of a metamaterial structure

can be optimized in various ways such as increasing the group velocity to shorten the

pulse length for reduction of RF breakdowns; increasing the shunt impedance to

improve the energy efficiency; and suppressing the harmful higher order modes.

As a first step to demonstrate the potential of metamaterial structures for wake-

field acceleration, I will present in this thesis the first results on high power microwave

wakefield generation by a drive bunch in a simple, rugged metamaterial structure,
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named the ‘wagon wheel’ structure, with 80 MW of peak power achieved at 11.4 GHz

from a pair of drive bunches.

1.3 High Power Microwave Generation

High power microwave sources [54] are active devices where energy is transferred from

a DC electron beam to the microwave energy inside vacuum tubes. Based on whether

there is an input microwave signal, the high power microwave devices can be divided

into oscillators, when there is no input signal, and amplifiers, where there is an input

signal which can be amplified by the use of the electron beams.

In Section 1.3.1 I will introduce the metamaterial-based microwave sources, and

in Section 1.3.2 I will present the physics of the stimulated Cherenkov radiation as

the theoretical basis for high power microwave generation.

1.3.1 Metamaterial-Based Microwave Sources

This thesis studies the application of metamaterial structures in the oscillator type of

devices. The illustration of such a device is shown in Fig. 1-11. A DC electron beam is

emitted from the cathode of an electron gun and then goes into the interaction region

with a metamaterial circuit. There are solenoid magnets to guide the electron beam

with a DC longitudinal magnetic field for focusing. Since the metamaterial structure

has a negative group velocity with the generated waves traveling backwards, the

output power is coupled out from the electron gun end. It is also possible to reflect

the backward waves at the electron gun end so that they propagate to the collector

end, where it is sometimes more convenient to couple out the generated power. This

is the approach used in our research.

In the microwave sources operating with a traveling wave mode, like traveling

wave tubes and backward wave oscillators (including the device shown in Fig. 1-11),

the high power microwaves are generated by the mechanism of stimulated Cherenkov

radiation [55] of the electron beam. The physics of this phenomenon will be introduced

in the following section.
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Output Power

Figure 1-11: Illustration of a metamaterial-based backward wave oscillator. This
figure is cited from Ref. [19].

1.3.2 Stimulated Cherenkov Radiation

Cherenkov radiation, as the radiation by a charged particle moving faster than light

in a medium, has been discussed briefly in Section 1.1.3 earlier in this chapter. The

spontaneous radiation from each individual moving particle is incoherent, as in the

case of a single particle traveling fast enough in water.

Now if the electron beam is sent in a slow-wave structure, such as a dielectric

tube, which supports an electromagnetic wave whose phase velocity is synchronized

to the beam velocity, the DC electron beam can get bunched and radiate power by

the stimulated Cherenkov radiation coherently.

Here we look at how the Cherenkov radiation of a magnetized electron beam in a

medium with a relative permittivity 𝜖𝑟 can lead to a Cherenkov gain in a plane wave

[55].

The electron beam propagates at a speed of 𝑣0 in the 𝑧 direction along the magnetic

axis of a strong DC magnetic field 𝐵⃗0. We assume the current and velocity modulation

happens only in the 𝑧 direction from the strong focusing magnetic field. Suppose the

plane wave again has a temporal and spatial dependence of exp(𝑖𝑘𝑧 − 𝑖𝜔𝑡), where 𝑘

is the longitudinal wavenumber. We consider the wave propagating at angle to the

beam, with a transverse wavenumber 𝑝. So the uncoupled dispersion relation in the
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Figure 1-12: Dispersion diagram showing the synchronism of the uncoupled dispersion
with the beam dispersion. The vertical axis plots the frequency as 𝜔/2𝜋, and the
horizontal axis plots the longitudinal wavenumber 𝑘. Here the transverse wavenumber
𝑝 is set as constant and 𝑝 = 200 m−1, the permittivity is set as 𝜖 = 2.

system is

𝜔2 = (𝑘2 + 𝑝2)𝑐2/𝜖. (1.17)

This dispersion relation can intersect with the electron beam line of 𝜔 = 𝑘𝛽𝑐, so the

synchronism condition between the wave and the beam can be found.

Figure 1-12 illustrates the synchronism of the uncoupled dispersion with the beam

line, where the transverse wavenumber 𝑝 is set as constant and 𝑝 = 200 m−1, and

the permittivity is set as 𝜖 = 2. Such a diagram plotting the frequency 𝜔/2𝜋 vs. the

longitudinal wavenumber 𝑘 is called a dispersion diagram. Dispersion diagrams will

be used frequently later in this thesis for analyzing the interaction of electron beams

with slow wave structures.

Now we calculate the modulation as a small perturbation in the system. The first

order velocity modulation 𝑣𝑧1, electron density modulation 𝑛1, and the current density

modulation 𝐽𝑧1 can be calculated from the continuity condition 𝜕𝑛/𝜕𝑡+∇ · (𝑛𝑣) = 0
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and the equation of motion 𝑑𝑝𝑧/𝑑𝑡 = −𝑒𝐸𝑧. The results of the modulation terms are:

𝑣𝑧1 = −(𝑖𝑒/𝑚𝛾3)𝐸𝑧/(𝜔 − 𝑘𝑣0),

𝑛1 =
𝑛0𝑘𝑣𝑧1
𝜔 − 𝑘𝑣0

= − 𝑖𝑒𝑛0

𝑚𝛾3
𝑘𝐸𝑧

(𝜔 − 𝑘𝑣0)2
,

𝐽𝑧1 = −𝑛0𝑒𝑣1 − 𝑛1𝑒𝑣0

=
𝑖𝜖0𝜔

2
𝑝

𝛾3
𝜔𝐸𝑧

(𝜔 − 𝑘𝑣0)2
,

(1.18)

where 𝑛0 is the unperturbed electron density in the beam, 𝛾 is the Lorentz factor of

the electron beam traveling at the unperturbed velocity 𝑣0, and 𝜔𝑝 =
√︀
𝑛0𝑒2/𝜖0𝑚 is

the plasma frequency.

If we combine Eq. (1.18) with the Maxwell’s equations, we derive the dispersion

relation as
𝜔2𝜖

𝑐2
− 𝑘2 − 𝑝2 −

𝜔2
𝑝

𝜖𝛾3
(𝜔2𝜖/𝑐2 − 𝑘2)

(𝜔 − 𝑘𝑣0)2
= 0 (1.19)

This is the coupled dispersion, with the presence of the electron beam taken into

consideration.

Next we look at the Cherenkov gain. By plugging the uncoupled dispersion rela-

tion Eq. (1.17) into Eq. (1.19), we have

(𝜔 − 𝑘𝑣0)
3(𝜔 + 𝑘𝑣0) =

𝜔2
𝑝

𝜖𝛾3
𝜔2

(︂
1 − 1

𝛽2𝜖

)︂
(1.20)

Near the synchronism condition of 𝜔 ≈ 𝑘𝑣0, there is

(𝜔 − 𝑘𝑣0)
3 =

𝜔2
𝑝

2𝜖𝛾3
𝜔

(︂
1 − 1

𝛽2𝜖

)︂
(1.21)

From the dependence of exp(𝑖𝑘𝑧 − 𝑖𝜔𝑡), the Cherenkov gain can be found when

the imaginary part of 𝑘 is nonzero. Equation (1.21) can have such solutions of 𝑘

under the condition of

𝛽 >

√︂
1

𝜖
. (1.22)

41



The one real roots and two complex roots are as follows:

𝜔 − 𝑘𝑣0 =

[︂
𝜔2
𝑝

2𝜖𝛾3
𝜔

(︂
1 − 1

𝛽2𝜖

)︂]︂1/3
𝜔 − 𝑘𝑣0 =

[︂
𝜔2
𝑝

2𝜖𝛾3
𝜔

(︂
1 − 1

𝛽2𝜖

)︂]︂1/3
1 ± 𝑖

√
3

2

(1.23)

We define the spatial growth rate 𝑎𝑙𝑝ℎ𝑎 from the imaginary part of 𝑘 as 𝛼 = Im(𝑘),

and from Eq. (1.23) 𝛼 can be expressed as

𝛼 =

√
3

2

(︂
𝜔2
𝑝𝜔

2𝜖𝛾3

)︂1/3
(1 − 1/𝛽2𝜖)1/3

𝑐𝛽
(1.24)

From here, it is shown that the stimulated Cherenkov radiation can be applied to

the generation of high power microwaves in a slow wave structure with a dispersion

curve which can intersect with the electron beam line under the Cherenkov radiation

condition of Eq. (1.22).

1.4 Thesis Outline

In this thesis, I will discuss two topics: metamaterial structures for wakefield accel-

eration and metamaterial structures for high power microwave sources. Under both

topics, theoretical and experimental studies will be presented.

Chapter 2 will present theoretical studies on metamaterial structures for wakefield

acceleration, with the following metamaterial structures studied: the subwavelength

circular deep corrugation structure, the ‘wagon wheel’ structure, the volumetric 3D

metamaterial structure, and the elliptical deep corrugation structure. Among them,

the ‘wagon wheel’ structure design has led to the experiment at AWA.

Chapter 3 will present experimental studies on the ‘wagon wheel’ structure for

wakefield acceleration. The experimental facilities at AWA, the structure fabrication

and assembly, and the experimental results will be presented in Chapter 3. The major

achievement in this experiment is the generation of 80 MW of X-band microwave

power in a 2 ns pulse when the ‘wagon wheel’ structure is excited by a pair of 65 MeV
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(a) (b)

Figure 1-13: Snapshots of the two major experiments in this thesis. (a) Experimental
setup of a metamaterial structure for wakefield acceleration at AWA. (b) Experimental
setup of a metamaterial-based high power microwave source at MIT.

drive bunches with a total charge of 85 nC. A snapshot of this experiment is shown

in Fig. 1-13a.

Chapter 4 will present theoretical studies on metamaterial structures for high

power microwaves, including an analytical study on the Cherenkov-cyclotron instabil-

ity in a metamaterial-loaded waveguide, and a design by simulation on a metamaterial-

based high power microwave source working with a 490 kV, 84 A electron beam.

Chapter 5 will present the experimental studies on metamaterial structures for

high power microwave generation. The experiment was built in-house at MIT. The

major achievement in this experiment is the generation of 2.9 MW of S-band mi-

crowave power in a 1𝜇s pulse when the metamaterial-loaded waveguide with reverse

symmetry is excited by a 1 𝜇s electron beam of up to 490 kV and 84 A. A snapshot

of this experiment is shown in Fig. 1-13b.

Chapter 6 will summarize the achievements in this thesis, and propose future plans

to continue the work.
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Chapter 2
Theory of Metamaterial Structures for

Wakefield Acceleration

This chapter presents the theory of several metamaterial structures designed for wake-

field acceleration, including: (1) theory of a circular deep corrugation structure; (2)

theory of a wagon wheel metamaterial structure, which leads to an experiment as will

be described in Chapter 3; (3) theory of a volumetric 3D metamaterial structure; (4)

theory of an elliptical deep corrugation structure.

2.1 Motivation

Structure-based wakefield acceleration operating at a short microwave pulse length

is promising for achieving high accelerating gradient [28–30, 33–37, 39]. Dielectric

structures [28–30,33,35,37] are easy to fabricate and can make a compact accelerator,

but they are susceptible to beam damage when beam collision happens. A metallic

structure in vacuum for wakefield acceleration may be attractive because it is stable

and less susceptible to beam damage. Metallic metamaterial structures not only have

the advantage of being simple and rugged from the all-metal design, but also show

great possibilities to optimize in the huge parameter space of the unit cell design.

In the later sections, we explore the theory and design of several metallic meta-

material structures for wakefield acceleration.
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Figure 2-1: Illustration of a subwavelength circular deep corrugation structure. Left:
a single cavity. Right: full multi-cell structure.

2.2 Theory of Circular Deep Corrugation Structure

2.2.1 Design of the Circular Deep Corrugation Structure

The deep corrugation structure is an array of metallic subwavelength cylindrical cav-

ities, as in Fig. 2-1. It is different from the conventional corrugated waveguide

structure in the way that the corrugation depth is larger than the iris radius, and the

period is much smaller than the wavelength. With the deep corrugation design, the

iris part is generally below the cut-off frequencies of the cavity modes. The cell-to-cell

coupling through the beam holes is not allowed in the deep corrugation structure.

Two methods of analysis are adopted to study the wakefield in such a structure

excited by a short electron bunch. The first one is the analytical method to calculate

the wakefield in a single cavity, and the second one is the numerical method to simulate

the wakefield in a multi-cell structure with the numerical codes in the CST Particle

Studio [56].
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2.2.2 Analytical Theory

The circular deep corrugation structure is a single cylindrical cavity with a radius

𝑅 and a length 𝑑. We are interested in the case where 𝑑 is much smaller than the

microwave wavelength. In the simplified case, we assume the beam aperture 𝑟 is much

smaller than the cavity radius 𝑅, and the iris thickness is also ignored.

The electron beam used for wakefield excitation in the circular deep corrugation

structure is a Gaussian bunch with a charge 𝑄 (the minus sign for electrons included)

and an rms length of 𝜎𝑧 moving at a constant speed of 𝑣0 along the axis in the 𝑧

direction with 𝑥 = 𝑦 = 0.

We first consider calculate the wakefield excited by a single point charge with a

charge 𝑄, so the current distribution in the 𝑧 direction is

𝐽𝑧(𝑟⃗, 𝑡) =
𝑄𝑣0
2𝜋𝑟

𝛿(𝑟)𝛿(𝑧 − 𝑣0𝑡). (2.1)

The longitudinal component of the magnetic vector potential 𝐴𝑧(𝑟⃗, 𝑡) satisfies

[︂
1

𝑟

𝜕

𝜕𝑟
𝑟

1

𝜕𝑟
+

𝜕2

𝜕𝑧2
− 1

𝑐2
𝜕2

𝜕𝑡2

]︂
𝐴𝑧(𝑟, 𝑧, 𝑡) = −𝜇0𝐽𝑧(𝑟, 𝑧, 𝑡). (2.2)

At the same time, the boundary condition in the cavity gives

𝐴𝑧(𝑟, 𝑧, 𝑡) =
∞∑︁

𝑠=1,𝑛=0

𝐴𝑠,𝑛(𝑡)𝐽0

(︁
𝑝𝑠
𝑟

𝑅

)︁
cos
(︁𝜋𝑛
𝑑
𝑧
)︁

(2.3)

where 𝑝𝑠 is the 𝑠th zero of the 𝐽0 Bessel function.

We can plug Eq. 2.3 into 2.2 to calculate 𝐴𝑠,𝑛(𝑡). Note that 𝐴𝑠,𝑛(𝑡) needs to be

calculated under three different circumstances: before the bunch enters the cavity,

when the bunch is still in the cavity, and when the bunch leaves the cavity with a

length 𝑑. If we assume the bunch enters the cavity at the time of 𝑡 = 0, and the
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velocity change of the bunch is neglected, then we have the expressions for 𝐴𝑠,𝑛(𝑡) as:

𝐴𝑠,𝑛(𝑡 < 0) = 0, (2.4)

𝐴𝑠,𝑛(0 < 𝑡 <
𝑑

𝑣0
) = 𝛼𝑠,𝑛 [cos(𝜔𝑛𝑡) − cos(Ω𝑠,𝑛𝑡)] , (2.5)

𝐴𝑠,𝑛(𝑡 >
𝑑

𝑣0
) = 𝛼𝑠,𝑛

[︂
(−1)𝑛 − cos

(︂
Ω𝑠,𝑛

𝑑

𝑣0

)︂]︂
cos

[︂
Ω𝑠,𝑛

(︂
𝑡− 𝑑

𝑣0

)︂]︂
+ 𝛼𝑠,𝑛 sin

(︂
Ω𝑠,𝑛

𝑑

𝑣0

)︂
sin

[︂
Ω𝑠,𝑛

(︂
𝑡− 𝑑

𝑣0

)︂]︂
, (2.6)

where

𝜔𝑛 =
𝜋𝑛

𝑑
𝑣0,

Ω𝑠,𝑛 = 𝑐

√︂(︁𝑝𝑠
𝑅

)︁2
+
(︁𝜋𝑛
𝑑

)︁2
,

𝛼𝑠,𝑛 =
𝑄𝑣0
𝜋𝜖0𝑔𝑛𝑑

1

𝑅2𝐽2
1 (𝑝𝑠)

1

Ω2
𝑠,𝑛 − 𝜔2

𝑛

,

and

𝑔𝑛 =

⎧⎪⎨⎪⎩ 1, for 𝑛 = 0

0.5, otherwise.

Here 𝜔𝑛 is the wave-beam interaction frequency, and Ω𝑠,𝑛 is the eigenfrequency of the

cavity TM0𝑠𝑛 mode.

Then the longitudinal electric field 𝐸𝑧 can be derived from the relation

𝐸𝑧(𝑟⃗, 𝑡) = −𝑐2
∫︁
𝑑𝑡

1

𝑟

𝜕

𝜕𝑟
𝑟
𝜕

𝜕𝑟
𝐴𝑧(𝑟⃗, 𝑡), (2.7)

and the expressions for 𝐸𝑧 when the bunch is still in the cavity and when the bunch
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leaves the cavity are as follows:

𝐸𝑧(𝑟, 𝑧, 0 < 𝑡 <
𝑑

𝑣0
) =

∞∑︁
𝑠=1,𝑛=0

𝛼𝑠,𝑛

(︁𝑐𝑝𝑠
𝑅

)︁2
𝐽0

(︁
𝑝𝑠
𝑟

𝑅

)︁
cos
(︁𝜋𝑛
𝑑
𝑧
)︁

(2.8)

·
[︂

sin(𝜔𝑛𝑡)

𝜔𝑛

− sin(Ω𝑠,𝑛𝑡)

Ω𝑠,𝑛

]︂
𝐸𝑧(𝑟, 𝑧, 𝑡 >

𝑑

𝑣0
) =

∞∑︁
𝑠=1,𝑛=0

𝛼𝑠,𝑛

(︁𝑐𝑝𝑠
𝑅

)︁2
𝐽0

(︁
𝑝𝑠
𝑟

𝑅

)︁
cos
(︁𝜋𝑛
𝑑
𝑧
)︁

(2.9)

·

⎡⎣(−1)𝑛
sin
[︁
Ω𝑠,𝑛

(︁
𝑡− 𝑑

𝑣0

)︁]︁
Ω𝑠,𝑛

− sin(Ω𝑠,𝑛𝑡)

Ω𝑠,𝑛

⎤⎦
The energy loss 𝑊 of the point charge is calculated as the time integral of 𝐸𝑧 at

the charge location, and the result is

𝑊 =
𝑄2𝑣20

4𝜋𝜖0𝑐2𝑑

∞∑︁
𝑠=1,𝑛=1

[︂
2𝑝𝑠
𝐽1(𝑝𝑠)

]︂2
1

𝑔𝑛 [𝑝2𝑠 + (𝜋𝑛𝑅/𝛾𝑑)2]2

·
[︂
1 − (−1)𝑛 cos

(︂
Ω𝑠,𝑛

𝑣0
𝑑

)︂]︂
(2.10)

Next we consider a Gaussian bunch with the rms length of 𝜎𝑧. The wakefield

calculated for the point charge above can be used as the Green’s function.

We introduce the form factor as a function of 𝜔𝑛 and 𝜎𝑧,

𝐹 (𝜔𝑛, 𝜎𝑧) = exp

(︂
−𝜔

2
𝑛𝜎

2
𝑧

2𝑐2

)︂
(2.11)

When the beam is in the cavity, both the cavity eigenfrequency Ω𝑠,𝑛 and the wave-

beam interaction frequency 𝜔𝑛 are excited, so the spectrum is more complicated; but

when the beam is out of the cavity, only the cavity eigenfrequency Ω𝑠,𝑛 stays. So we

can rewrite the field when 𝑡 > 𝑑/𝑣0 in Eq. (2.9) as a summation of contributions from

frequencies Ω𝑠,𝑛, as follows

𝐸𝑧(𝑟, 𝑧, 𝑡) =
∞∑︁

𝑠=1,𝑛=1

𝐸𝑠,𝑛(𝑟, 𝑧, 𝑡,Ω𝑠,𝑛) (2.12)
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Then a simple relation holds between the wakefield excited by a point charge 𝐸𝑧 and

by a Gaussian bunch 𝐸𝑧,𝑔,

𝐸𝑧,𝑔(𝑟, 𝑧, 𝑡 >
𝑑

𝑣0
) =

∞∑︁
𝑠=1,𝑛=1

𝐸𝑠,𝑛(𝑟, 𝑧, 𝑡,Ω𝑠,𝑛)𝐹 (Ω𝑠,𝑛, 𝜎𝑧) (2.13)

We will later use the analytical expression in Eq. (2.13) to calculate the wakefield

to benchmark with numerical simulations, as will be presented in the following section.

2.2.3 Numerical Simulation of a Multi-Cell Structure

The CST Particle Studio Wakefield Solver is used to simulate the wakefield in the

multi-cell circular deep corrugation structure when it is excited by a short relativistic

electron bunch.

Figure 2-2 shows the longitudinal electric field on the middle cutting plane with a

bouncing field pattern observed. The pattern is formed when the drive bunch initially

excites a decelerating wake (in red) after it. The decelerating wake travels outward

and bounces at the metal wall with a 180-degree phase shift, transforming into an

accelerating wake (in blue). The accelerating wake then travels inward and is focused

at the beam axis. A following witness bunch can be placed at the refocusing location

in blue to be accelerated.

Figure 2-2: Longitudinal electric field 𝐸𝑧 plot on the linear scale in the circular deep
corrugation structure driven by an electron beam. Red: decelerating for a trailing
electron beam, blue: accelerating for a trailing electron beam.
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Table 2.1: Nominal design of the circular deep corrugation structure.

Cavity radius 𝑅 Cavity length 𝑑 Beam hole radius 𝑟
(mm) (mm) (mm)

8 2 0.1

Bunch length 𝜎𝑧 Energy Charge
(mm) (MeV) (nC)

1 70 10

2.2.4 Benchmarking

In order to benchmark the analytical theory with the numerical simulation, a single

cavity with a radius of 𝑅 = 8 mm and a cavity length of 𝑑 = 2 mm is simulated

in the CST Wakefield Solver. A valid CST run must have a finite-size beam hole to

allow the beam to pass through, so a small beam hole with a radius of 𝑟 = 0.1 mm is

added in the CST runs.

In both the analytical theory and the CST simulation, a 70 MeV Gaussian bunch

with a total charge of 10 nC and an rms length 𝜎𝑧 = 1 mm is used to excite the

structure. See a summary of the structure and beam parameters in Table 2.1.

Figure 2-3 shows the comparison of the longitudinal wakefield results by the ana-

lytical theory and the CST simulations. The agreement is very good. Note that here

𝐸𝑧 > 0 corresponds to the decelerating zone for a witness electron bunch, and 𝐸𝑧 < 0

corresponds to the accelerating zone.

The highest accelerating gradient for the analytical calculation and the CST simu-

lation are 132.7 MV/m (or 13.27 MV/m/nC) and 129.0 MV/m (or 12.90 MV/m/nC),

respectively. One reason for the slight difference is that the structure in the CST simu-

lation has a 0.1 mm beam hole, while the beam hole is infinitely small in the analytical

theory. Another reason is that in the CST run a frequency range must be defined

from the meshing process. The upper frequency limit is defined as 120 GHz, so the

CST simulation might miss some amount of microwave power in the frequency range
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Figure 2-3: Longitudinal wakefield in the time domain when the circular deep corru-
gation structure is excited by a 70 MeV Gaussian bunch with a total charge of 10 nC
and an rms length 𝜎𝑧 = 1 mm. The analytical theory is benchmared with the CST
simulation.

beyond 120 GHz.

The comparison of the frequency domain wake spectrum is shown in Fig. 2-4,

with a good agreement. The CST definition of wake impedance is different from the

‘standard’ definition, as in Eq. 2.14 and Eq. 2.15 respectively.

𝑍𝑧(𝜔)|CST =

∫︀∞
−∞ 𝑉𝑧(𝑠) exp (−𝑖𝜔𝑠)𝑑𝑠∫︀∞
−∞ 𝜆(𝑠) exp (−𝑖𝜔𝑠)𝑑𝑠

(2.14)

𝑍𝑧(𝜔)|standard =

∫︁ ∞

−∞
𝑉𝑧(𝑠) exp (−𝑖𝜔𝑠)𝑑𝑠 (2.15)

where 𝑍𝑧 stands for the longitudinal wake impedance, 𝑉𝑧 for the longitudinal wake

potential, 𝜆(𝑠) for the charge distribution function.

The difference means that the CST wake impedance is evaluating the field strength

at a given frequency assuming that this field is excited by a point charge. It is a

quantity characterizing only the structure. However, in the standard definition, we

take into account the bunch distribution spectrum in the frequency domain.
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Figure 2-4: Longitudinal wakefield in the frequency domain when the circular deep
corrugation structure is excited by a 70 MeV Gaussian bunch with a total charge of
10 nC and an rms length 𝜎𝑧 = 1 mm. The analytical theory is benchmared with the
CST simulation.

The results in Fig. 2-4 are presented by the CST definition. In the following

section, we will go back to the standard definition when a wake spectrum is shown.

2.2.5 Scaling Study

This section will present the scaling study of the structure gradient with various

structure and beam parameters, including the cavity radius 𝑅, the cavity length 𝑑,

the beam hole radius 𝑟, the Gaussian bunch rms length 𝜎𝑧, the bunch energy 𝐸0 and

the bunch charge 𝑄.

In the scaling study, when one of these parameters is varied, all the other param-

eters are kept fixed as the default values, as listed in the nominal design parameters

in Table 2.1.
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Figure 2-5: Scaling of the gradient in the circular deep corrugation structure with the
cavity radius 𝑅.

Cavity Radius 𝑅

An interesting conclusion is that the cavity radius 𝑅 does not affect the accelerating

gradient, as is shown in Fig. 2-5. The pictorial explanation is that when the radius 𝑅

is changed, from the bouncing wakefield pattern, the interval between two accelerating

or decelerating peaks is changed, but the wakefield still gets focused right on the beam

axis to maintain the same total gradient.

To explain the difference of the small radius 𝑅 case with the large radius 𝑅 case,

here I present two examples with 𝑅 = 2 mm and 𝑅 = 20 mm, respectively, as in Fig.

2-6 for the 𝑅 = 2 mm case and in Fig. 2-7 for the 𝑅 = 20 mm case.

When 𝑅 is very small as 2 mm, from the frequency spectrum in Fig.2-6b, we can

see that the cavity eigenmodes have high frequencies. With a moderate bunch length

of 𝜎𝑧 = 1 mm, the frequency spectrum from the current Gaussian distribution can

merely just excite the TM010 mode. So the structure with 𝑅 = 2 mm operates almost

in the single-frequency regime.

When 𝑅 gets larger as 20 mm, from the frequency spectrum in Fig.2-7b, we can

see that the cavity eigenmodes have lower frequencies. So the structure now turns to
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(a)

(b)

Figure 2-6: Longitudinal wakefield in (a) the time domain, and (b) the frequency
domain when the cavity radius 𝑅 = 2 mm, and all the other parameters are fixed
as in the nominal design. In this case, the structure operates almost in the single-
frequency regime.
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(a)

(b)

Figure 2-7: Longitudinal wakefield in the (a) time domain, and (b) frequency domain
when the cavity radius 𝑅 = 20 mm, and all the other parameters are fixed as in the
nominal design. In this case, the structure operates in the multiple-frequency regime.
In (b), the upper group of data points corresponds to the TM0𝑠0 modes, and the lower
group corresponds to the TM0𝑠1 modes.
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Figure 2-8: Scaling of the gradient in the circular deep corrugation structure with the
cavity length 𝑑.

the multiple-frequency regime, since there are multiple modes to be excited by the

bunch frequency spectrum. The switch between the single-frequency regime and the

multiple-frequency regime is also dependent on the bunch length 𝜎𝑧.

In the time domain figures, Fig. 2-6a and Fig. 2-7a, the full width at half max-

imum (FWHM) of a single accelerating peak is the same (6 ps) for both the 𝑅 = 2

mm case and the 𝑅 = 20 mm case. The time interval between two peaks is different,

since the interval between peaks is caused by the wakefield traveling radially outward

and then getting reflected inward to the focus.

Cavity Length 𝑑

Figure 2-8 shows the change of the gradient with the cavity length. The shorter the

cavity length is, the higher gradient can be achieved.

Beam Hole Radius 𝑟

The gradient scaling study with the beam hole radius 𝑟 is done with the CST Wake-

field Solver, since the analytical model assumes an infinitely small the beam hole

57



Figure 2-9: Scaling of the gradient in the circular deep corrugation structure with the
beam hole radius 𝑟. The result is from the CST Wakefield Solver.

size.

The scaling result is shown in Fig. 2-9. With all the other parameters fixed, a

higher accelerating gradient can be achieved with a smaller beam hole size.

The beam hole radius is a critical parameter, since the scaling of the gradient

with the beam hole radius is more sensitive compared to that with other structure

parameters. In a feasible structure design, the beam hole size needs to be optimized

based on the total structure length and the beam parameters, such as bunch charge

and energy, to ensure a good beam transmission.

Bunch Length 𝜎𝑧

The bunch rms length 𝜎𝑧 is another critical parameter, as shown in Fig. 2-10. The

shorter the bunch length is, the more eigenmodes of the structure with higher fre-

quencies can be excited, and thus the total gradient is higher.

58



Figure 2-10: Scaling of the gradient in the circular deep corrugation structure with
the bunch rms length 𝜎𝑧.

Figure 2-11: Scaling of the gradient in the circular deep corrugation structure with
the beam energy 𝐸0.
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Table 2.2: Summary of the scaling law of the gradient with the structure and beam
parameters in the circular deep corrugation structure.

Cavity Radius 𝑅 Cavity Length 𝑑 Beam Hole Radius 𝑟

No effect Smaller Smaller

Bunch Length 𝜎𝑧 Energy Charge

Smaller No effect Proportional

Beam Energh 𝐸0

Figure 2-11 shows the scaling of the gradient with the beam energy 𝐸0. In the figure,

when the beam energy 𝐸0 is above 10 MeV, the gradient does not grow further with

an increasing energy.

However, operating at a higher beam energy helps to decrease the bunch size in

both the longitudinal and the transverse directions, so a higher gradient can possibly

be achieved from a smaller beam hole size and a smaller 𝜎𝑧.

Bunch Charge 𝑄

The trivial conclusion is that the total gradient is proportional to the bunch charge

𝑄.

Summary of Scaling

In summary, the preferred choices of the structure and beam parameters to achieve

a high accelerating gradient are listed in Table 2.2.

2.2.6 Nominal Design

A nominal design based on the Argonne Wakefield Accelerator (AWA) 70 MeV beam

parameters is shown in Table 2.3. The rep rate of the AWA bunch train is 1.3 GHz,

so the fundamental frequency of the nominal design is set as a harmonic frequency of
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Table 2.3: A nominal design with the AWA parameters.

Charge 𝜎𝑧 Energy 𝑅 Hole radius

10 nC 0.6 mm 70 MeV 9.8 mm 0.5 mm

𝑑 Iris thickness 𝑟𝑠 Gradient

1.5 mm 0.5 mm 37 MΩ/m 200 MV/m

1.3 GHz, since the fundamental mode content is generally strong. We choose the 9th

harmonic in the X-band, 11.7 GHz.

2.2.7 Conclusions

The circular deep corrugation structure is a good candidate for collinear wakefield

acceleration. An analytical theory has been developed and benchmarked with the

CST particle simulations. With the analytical theory, a thorough scaling study has

been done to investigate the influence of vaious structure and beam parameters on

the accelerating gradient, without running lengthy numerical simulations. A nominal

structure is designed for the AWA 70 MeV beam, based on the rules summarized from

the scaling study.

In the circular deep corrugation structure, cell-to-cell coupling is not allowed due

to the below cut-off beam hole size. Therefore, this structure cannot serve as a

traveling wave device in the two-beam acceleration regime.

Another design of a metamaterial structure for wakefield acceleration, named the

‘wagon wheel’ structure, will be presented in the following sections. The structure is

named the wagon wheel structure for the similarity in the geometry, which will be

explained later. The wagon wheel metamaterial structure can be used both in the

collinear wakefield acceleration regime and the two-beam acceleration regime.

Section 2.3 will present the electromagnetic design of the wagon wheel metamate-

rial structure, Section 2.4 will present the analytical theory of the generated wakefield,
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and Section 2.5 will present the numerical simulation results.

2.3 Design of Wagon Wheel Structure

The wagon wheel structure was designed and built by MIT, and tested at the Argonne

Wakefield Accelerator. In this work, the highly innovative concept of a wakefield

electron accelerator using a metamaterial structure is proposed and experimentally

studied. The achieved output power and effective accelerator gradient exceed results

achieved in prior work and are promising for much greater extension.

2.3.1 Motivation

There are mainly two motives for the wagon wheel metamaterial structure experiment.

The first motive is to verify the reversed Cherenkov radiation [1, 10, 11, 15, 16,

19, 57, 58] experimentally. There are some indirect experimental findings related to

the reversed Cherenkov radiation in metamaterials, for example, the experiment in

Ref. [16] used phased antennas to mock a moving particle beam. A previous experi-

ment [10,57] carried out at AWA studied the interaction of a metamaterial structure

with short electron bunches by measuring the frequency spectrum of the generated

radiation, but no direct evidence of the reverse Cherenkov radiation was provided.

Our wagon wheel experiment is designed to examine experimentally the reversed

Cherenkov radiation in a direct way.

The second motive is to extract high power microwaves from an intense drive

electron beam for future wakefield acceleration applications in either the collinear

regime or the two-beam acceleration regime. This experiment is the first successful

high power microwave extraction experiment from short electron bunches based on

a metamaterial structure, and it marks the highest RF power that metamaterial

structures ever experienced without damage.
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Plate thickness:
1 mm each
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m
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Figure 2-12: Wagon wheel metamaterial structure unit cell design. (a) Alternating
wagon wheel plates and spacer plates. Each period has one SST plate of 1 mm thick
and one copper plate of 1 mm. 40 plates of each type are clamped together to form
an 8 cm long structure. (b) Wagon wheel plate geometry.

2.3.2 Unit Cell Design

The metamaterial wagon wheel structure is a periodic structure with the unit cell

shown in Fig. 2-12. The design frequency is 11.42 GHz. The structure contains two

materials, copper and stainless steel (SST). The wagon wheel patterns are in SST for

ease of machining the small features. Each period has one SST plate and one copper

plate, and the whole structure is a stack of the alternating plates clamped together,

as shown in Fig. 2-12a.

Figure 2-12b shows the geometry of the wagon wheel design. Some key parameters

include: beam aperture as 6 mm, thickness of each plate as 1 mm, diameter of the

outer waveguide as 16 mm, thickness of spokes as 1 mm. An electron bunch will be

sent through the central 6 mm diameter hole (perpendicular to the plates) to radiate

its energy into the electromagnetic field energy in the metamaterial structure.

The wagon wheel structure has the features of a metamaterial structure, a negative

group velocity in the fundamental mode. The dispersion (𝜔 vs. 𝑘𝑧) of the fundamental
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Figure 2-13: Dispersion curve of the fundamental TM mode in the wagon wheel
structure. The horizontal axis plots the phase advance in one unit cell as 𝑘𝑧𝑝, where
𝑝 = 2 mm is the structure period.

mode is shown in Fig. 2-13, which was calculated using the Eigenmode Solver of the

CST Microwave Studio. In the dispersion plot, the horizontal axis means the phase

advance in one unit cell as 𝑘𝑧𝑝, where 𝑝 = 2 mm is the structure period. The light

line is also shown, and the intersection point of the light line with the TM mode

dispersion curve is where the beam-wave interaction happens.

The fundamental mode is a TM-like mode, which has a longitudinal electric field

(parallel to the beam propagation direction). The longitudinal electric field compo-

nent can interact with the 65 MeV beam at 11.42 GHz, and the group velocity there

is -0.158 𝑐.

The field pattern of the fundamental mode in a single period of 2 mm length is

shown on a linear scale in Fig. 2-14. Figure 2-14a shows the longitudinal electric field

𝐸𝑧 on the cross section at 𝑧 = 0. The field is only plotted in the vacuum region of

the cross section. The field is excluded, shown as white, in the wagon wheel metallic

structure. Figure 2-14b shows the vector electric field on the middle cutting plane.

The electric field in the 𝑧 direction interacts with the electron beam. Figure 2-14c

shows the tangential H field𝐻perp on the cross section, where𝐻perp is strongest around
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Figure 2-14: Electromagnetic field pattern of the fundamental metamaterial mode
plotted on a linear scale. (a) 𝐸𝑧 on the cross section 𝑧 = 0. The 𝑧 direction is
the beam propagation direction. (b) Vector electric field on the middle plane of
𝑥 = 0. (c) Amplitude of the tangential H field, 𝐻perp, on the cross section 𝑧 = 0. (d)
CAD drawing of a single 2 mm long period of the metamaterial structure with the
coordinate system defined. The wagon wheel plate of stainless steel (gray) is 1 mm
thick, centered between 0.5 mm thick copper spacer plates (yellow) on both sides.
The origin is in the center of the wagon wheel.

65



the rods. Figure 2-14d presents the definition of the coordinate system.

The unit cell has been optimized for the design goal of high power microwave

generation. There are some trade-offs in the design process.

For example, a smaller beam aperture leads to an increased output power from

a given electron beam charge, but it also limits the maximum charge 𝑄 that can be

transmitted through the structure. The reason is that the electron beam expands due

to the space charge effect, so more charge in a bunch leads to a larger transverse size.

As the total power scales as 𝑄2 (the detailed math will be presented in Section 2.4),

the beam aperture cannot be too large or too small to achieve the maximum output

power. The present design is optimized for a beam energy near 65 MeV. At much

higher beam energies, on the GeV scale, the available charge can be compressed

to a smaller radius leading to a different optimization and potentially much higher

microwave power generation.

Another example of the design trade-off is the plate thickness. A thinner plate

helps improve the beam-wave interaction which leads to a high output microwave

power, but it also causes trouble in the structure manufacturing and leads to a lower

structure mechanical strength. So a structure with thinner plates is more likely to

suffer from damage in the beam test. With the goal of achieving a stable high power

operation of the metamaterial structure, the optimized plate thickness is decided to

be 1 mm.

2.3.3 Double Negative Permittivity and Permeability

Insight into the properties of the metamaterial mode may be made by reference to

effective medium theory. For a propagating wave with a negative group velocity, the

effective refractive index is negative, requiring both the effective permittivity 𝜖 and

the effective permeability 𝜇 to be negative. Here we show the double negative feature

of the wagon wheel metamaterial structure.

In the design of the wagon wheel structure, a circular waveguide with the same

outer dimension as the wagon wheel structure, being 8.1 mm, has a cutoff frequency

for the TM01 mode of 14.2 GHz. So the fundamental mode frequency is below the
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cutoff frequency of the outer waveguide if it were constructed without the wagon

wheel structures. The waveguide operating below the cutoff frequency provides a

negative 𝜇 as

𝜇 = 1 − 𝜔2
𝑐𝑟

𝜔2
< 0 when 𝜔 < 𝜔𝑐𝑟, (2.16)

where 𝜔 is the operating angular frequency, and 𝜔𝑐𝑟 is the cutoff angular frequency

which equals 2𝜋 × 14.2 GHz.

The effective permittivity 𝜖 is also negative for the wagon wheel design, and it can

be modeled by [60]

𝜖 = 1 −
𝜔2
𝑝

𝜔2 − 𝜔2
0

, (2.17)

where 𝜔0 = 2𝜋 × 9.24 GHz is the resonant angular frequency, and 𝜔𝑝 = 2𝜋 × 11.0

GHz is the plasma frequency of the effective medium. These parameters are obtained

by fitting the calculated dispersion, as shown in Fig. 2-13.

Figure 2-15a shows the effective parameters 𝜖 and 𝜇 which are both negative

around the operating frequency of 11.4 GHz, and Fig. 2-15b compares the dispersion

curve calculated by CST Microwave Studio using the exact structure dimensions with

the curve calculated from the effective medium model of Eqs. (2.16) and (2.17). There

is very good agreement between the two.

We use Eqs. (2.16) and (2.17) to show the characteristic double-negative feature of

the metamaterial structure and to provide insight into the wave propagation below the

cutoff frequency. We did not use the effective medium model to design the structure

or to analyze the experimental results. For these tasks, we use full-wave simulations

based on the electromagnetic mode of the wagon wheel structure as shown in Fig. 2-14.

These simulations are more accurate.

2.3.4 Enhanced Beam-Wave Interaction

The metamaterial structure has enhanced beam-wave interaction from the subwave-

length feature, and this enhancement is represented by the increased 𝑟/𝑄, where 𝑟 is

the shunt impedance per unit length, and 𝑄 is the quality factor. 𝑟/𝑄 is a frequently

used figure of merit to describe the intensity of beam-wave interaction in accelerator
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Figure 2-15: Double negative permittivity 𝜖 and permeability 𝜇. (a) Effective medium
theory of 𝜖 and 𝜇 around the interaction frequency. (b) Comparison of the simulated
dispersion and the calculated one from the effective medium model. The phase ad-
vance as the horizontal axis is calculated for a single 2 mm long period.
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physics [23], with a larger value indicating a stronger interaction.

𝑟/𝑄 can be calculated as

𝑟/𝑄 =
𝐸2

𝑎

𝜔𝑈
(2.18)

where 𝐸𝑎 is the longitudinal electric field for beam acceleration, 𝜔 is the angular

frequency of the operating mode, 𝑈 is the total energy stored per unit length. The 𝑟/𝑄

factor is an inherent feature of the structure geometry under a certain operating mode.

The 𝑟/𝑄 factor has the unit of Ω/m, and there is another quantity not normalized

with the structure length, the 𝑅/𝑄 factor, defined as

𝑅/𝑄 =
𝑉 2
𝑎

𝜔𝑈
, (2.19)

where 𝑉𝑎 is the effective acceleration voltage in the total structure length 𝐿. The 𝑅/𝑄

factor has the unit of Ohm (Ω). 𝑅/𝑄 does not change when the structure geometry

is scaled uniformly to other frequencies.

The quality factor, or 𝑄 factor, is another commonly used parameter describing

the resonance feature. It is a dimensionless quantity defined as

𝑄 =
𝜔𝑈

𝑃𝑙

, (2.20)

where 𝑈 is the stored energy, and 𝑃𝑙 is the dissipated power. So the 𝑄 factor is a

measure of the number of cycles for the stored power to be dissipated in the cavity.

These quantities characterizing the beam-wave interaction were calculated in CST

Microwave Studio, and the results are in Table 2.4.

Table 2.5 compares the metamaterialstructure with the X-band metallic disk-

loaded and the dielectric-loaded structures. The metamaterial design has a higher

𝑟/𝑄 than some other structures at the same design frequency as a result of the creation

of negative group velocity in the fundamental mode.

The advantage of the metamaterial structure is that it has a high group velocity

and a high 𝑟/𝑄 value at the same time. Normally in a metallic disk-loaded structure

or in a dielectric structure, one can have either a high group velocity with a large
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Table 2.4: Beam-wave interaction parameters of the wagon wheel structure.

𝑟/𝑄 21 kΩ/m
𝑄 1050
𝑟 22 MΩ/m

Group Velocity -0.158 𝑐

Table 2.5: Comparison of the metamaterial structure with the metallic disk-loaded
structures and dielectric-loaded structure.

Structure Beam aperture Frequency Group velocity 𝑟/𝑄
(mm) (GHz) (kΩ/m)

Wagon wheel 6 11.4 -0.158 𝑐 21
Alumina-loaded tube 6 11.7 0.106 𝑐 10
Metallic disk-loaded [61] 6 11.7 0.016 𝑐 16.5
Metallic disk-loaded [61] 17.6 11.7 0.22 𝑐 3.9

beam aperture or a high 𝑟/𝑄 with a small beam aperture. In order to achieve high

power in the wakefield, both a high group velocity and a high 𝑟/𝑄 are required. This

makes the metamaterial structure an advantageous design.

2.3.5 Output Ports Design

Based on the unit cell design presented in Section 2.3.3, a complete structure is

designed as a clamped structure of 40 unit cells, with a total length 𝐿 of 8 cm. An

output port design is now needed to couple the generated wakefield radiation out.

For this goal, two output ports are placed at the two ends of the structure, as

the backward port at the beam entrance, and the forward port at the beam exit.

Each output coupler consists of a coupling cell and a taper section on the side. An

illustration of the coupler design is shown in Fig 2-16.

The waveguide size in the coupling cell (9.4 mm radius) is slightly larger than the

waveguide size in the wagon wheel structure (8.1 mm radius). The design has been

optimized for the minimal conversion loss in the output coupler. A small slot with a

70



Figure 2-16: Output coupler design. A taper section connects a small slot on the side
to the WR90 waveguide, so the TM-like mode in the coupling cell can be transformed
to the TE10 fundamental mode of the WR90 waveguide.

width of 3 mm is cut on the waveguide wall. The geometry of the slot has also been

optimized. Then the taper section transforms adiabatically from the slot shape to

the WR90 waveguide cross section. With the taper design, the TM-like mode in the

wagon wheel structure can be transformed into the fundamental TE10 mode of the

WR90 waveguide.

The two output ports are set up for verification of the reversed Cherenkov radia-

tion. When the structure is excited by a drive electron bunch, the amplitudes of the

RF signals can be compared at the two ports. If the backward port measures much

higher power than then forward port, then it means that the RF power is generated

by the reversed Cherenkov regime, with the microwaves traveling in the backward

direction as the beam travels forward.
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2.4 Theory of Wagon Wheel Metamaterial Structure

This section will present the analytical calculation of the pulse length and the output

power in the complete 40-cell wagon wheel structure from the wakefield theory.

2.4.1 Pulse Length

The fundamental TM-like mode in the metamaterial wagon wheel structure has a

negative group velocity 𝑣𝑔 = −0.158𝑐. When a short electron bunch travels through,

the excited RF pulse length in the 𝐿 = 8 cm long metamaterial structure can be

calculated as

𝑡𝑝 = 𝐿/|𝑣𝑔| + 𝐿/𝑐 = 1.96 ns ≈ 2 ns. (2.21)

The pulse excitation process is explained in Fig. 2-17.

In the metamaterial structure, the RF power is extracted from the backward port

at the beam entrance side. The pulse at the backward port starts when the bunch

enters the structure, defined as the time 𝑡 = 0. At 𝑡 = 𝐿/𝑐, the relativistic bunch

(almost traveling at the speed of light) reaches the other end of the structure. With a

backward traveling wave, the latest RF signal is generated at 𝑡 = 𝐿/𝑐 at the position

of 𝑧 = 𝐿, and this signal arrives at the backward port at 𝑡 = 𝐿/𝑐 + 𝐿/|𝑣𝑔| after a

traveling time of 𝐿/|𝑣𝑔| in the structure.

In comparison, in forward wave structures with a positive group velocity 𝑣𝑔 > 0,

such as disk-loaded waveguides and dielectric tubes, the pulse length is [31]

𝑡𝑝 = 𝐿/𝑣𝑔 − 𝐿/𝑐. (2.22)

The evolution of the RF pulse and the electron bunch in a forward wave structure is

presented in Fig. 2-18 [31]. With a forward propagating wave, the RF pulse can be

measured at the forward port at the beam exit side from 𝑡 = 𝐿/𝑐 to 𝑡 = 𝐿/𝑣𝑔.

From the comparison in Fig. 2-17 and Fig. 2-18, we can see that the metamaterial

structure with a negative group velocity, when driven by a short relativistic electron

bunch, can generate a longer RF pulse length than a conventional structure with a
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Figure 2-17: Illustration of the RF pulse from a single drive bunch in the metamaterial
structure with a negative group velocity. The backward port is at 𝑧 = 0, and the
forward port is at 𝑧 = 𝐿, where 𝐿 is the structure length. (a) 𝑡 = 0, bunch enters
the structure. The RF pulse starts at the backward port. (b) 0 < 𝑡 < 𝐿/𝑐, bunch
in the structure. The radiated RF pulse propagates backward to the backward port.
(c) 𝑡 = 𝐿/𝑐, bunch exits the structure. The RF pulse keeps propagating backward.
(d) 𝑡 = 𝐿/𝑐+ 𝐿/|𝑣𝑔|, the tail of the RF pulse exits from the backward port. The RF
pulse ends.
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Figure 2-18: Illustration of the RF pulse from a single drive bunch in a structure
with a positive group velocity. The output port is at 𝑧 = 𝐿, where 𝐿 is the structure
length. (a) 𝑡 = 0, bunch enters the structure. (b) 0 < 𝑡 < 𝐿/𝑐, bunch in the structure.
The radiated RF pulse propagates forward to the forward port. (c) 𝑡 = 𝐿/𝑐, bunch
exits the structure. The RF pulse starts at the forward port. (d) 𝑡 = 𝐿/𝑣𝑔, the tail
of the RF pulse exits from the forward port, then the RF pulse ends. This figure is
cited from Ref. [31].
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positive group velocity of the same absolute value |𝑣𝑔|.

2.4.2 Output Power from a Single Bunch

The output RF power 𝑃 from a short relativistic bunch with a charge 𝑞 and a longi-

tudinal (𝑧 direction) Gaussian distribution of 𝜎𝑧 is given by [31]

𝑃 = 𝑞2𝑘𝐿|𝑣𝑔|
(︂

1

1 − 𝑣𝑔/𝑐

)︂2

Φ2. (2.23)

where 𝑘𝐿 = (𝜔/4) · (𝑟/𝑄) is the loss factor, and Φ = exp[−(𝑘𝑧𝜎𝑧)
2/2] is the form

factor for a Gaussian bunch.

For example, when a single bunch with a charge 𝑞 = 45 nC and a Gaussian

distribution 𝜎𝑧 = 1.2 mm travels through the wagon wheel structure with the 𝑟/𝑄 =

21 kΩ/m, the output power is 25 MW, and the power is expected at the backward

port from the reversed Cherenkov radiation. For an arbitrary charge number 𝑞, the

extracted RF power (in MW) can be calculated as 1.25 (𝑞/ 10 nC)2.

From Eq. (2.23), we can see the effect of the beam aperture on the output power

more clearly. A smaller beam aperture leads to a higher shunt impedance, but also

results in a reduction in the transmitted charge 𝑞 and the group velocity |𝑣𝑔|. Since

the output power increases with 𝑟/𝑄 and the group velocity, and also scales with the

charge 𝑞 in a bunch as 𝑞2, a beam aperture too large or too small will not yield high

microwave power. The beam aperture here is chosen as 6 mm to allow for up to 45

nC of charge in a single bunch to go through the structure.

2.4.3 Output Power from a Bunch Train

Since the extracted RF power from the reversed Cherenkov radiation is coherent, a

train of 𝑁 bunches in phase with each other can build up the microwave power as 𝑁2

times the power from a single bunch. To make the coherent adding from 𝑁 bunches

happen, there are two requirements.

The first requirement is that the radiated wakefield frequency in the structure is
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a harmonic of the electron beam repetition rate. The electron gun and the linac are

both at 1.3 GHz at the AWA beamline, and the laser photocathode can generate two

or more bunches separated at around the frequency of 1.3 GHz with laser splitters

which provide precise control and tuning of the spacing between bunches. So the

wagon wheel structure with a design frequency of 11.42 GHz, the 9th harmonic of an

1.27 GHz bunch train, can generate coherent wakefield superposition.

The second requirement is that the structure is long enough, so that the RF pulse

length from a single bunch is long enough for the RF pulses from all the 𝑁 bunches

to overlap with each other. If the number 𝑁 + 1 bunch arrives after the RF pulse

from the first bunch ends, while the number 𝑁 bunch arrives before, then the RF

power from the first to the number 𝑁 bunch can add up together to create a peak

power of 𝑁2 times of the single bunch power, but the number 𝑁 + 1 bunch cannot

add up on top of the RF pulse from the first bunch. In this case, we say the output

power from a train of bunches saturates on 𝑁 bunches. As a result, the number of

electron bunches 𝑁 whose RF pulses can add up together before saturation happens

is

𝑁 = ceiling(𝑡𝑝/𝑇𝑏), (2.24)

where 𝑡𝑝 is RF pulse length from a single bunch, and 𝑇𝑏 is the spacing in time between

two neighboring bunches.

For the wagon wheel structure, the single bunch pulse length 𝑡𝑝 = 1.96 ns, and the

bunch spacing is 𝑇𝑏 = 0.79 ns, so the saturating bunch number is 𝑁 = 3. A longer

structure can increase the RF pulse length, thus increasing the saturating bunch

number. The structure length has to be reasonable though, for the bunch train to

pass through without problems in beam transmission.
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2.5 Simulations of Wagon Wheel Metamaterial Struc-

ture

Microwave and particle simulations were performed with the CST numerical codes

for the complete wagon wheel structure. The full structure simulated in the CST

code is shown in Fig. 2-19. The metamaterial structure consists of 40 periods of the

alternating copper and SST plates, and in the two ends are the two output ports,

labeled as Port 1 and Port 2.

2.5.1 Microwave Simulations

Microwave simulations were carried out in the CST Microwave Studio. There is no

electron beam in the microwave simulations, and the goal is to verify the frequency

response of the wagon wheel structure, and to minimize the microwave transmission

loss.

Figure 2-19: Simulation model of the complete 40-cell wagon wheel structure in the
CST simulations.
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Figure 2-20: CST Microwave Studio simulation of the amplitude of 𝑆21 as the trans-
mission coefficient between the two output ports.

In the CST Frequency Domain Solver, the transmission, between the two ports,

Port 1 and Port 2, is calculated in a frequency range around the design frequency.

In microwave theory, the 𝑆 parameters are used to characterize a two-port system.

Suppose Port 1 is the input port, then an input signal with a voltage amplitude of

𝑉1 is launched from Port 1. Then at Port 2 as the receiving port , or output port,

a voltage amplitude of 𝑉2 is measured. Then we define an 𝑆21 parameter to describe

the transmission from Port 1 to Port 2, whose amplitude is |𝑆21| = 𝑉2/𝑉1. Similarly,

we define the 𝑆11 parameter to describe the reflection as the ratio of reflected voltage

at Port 1 to the input voltage at Port 1. The amplitudes of the 𝑆 parameters are

often presented in the unit of dB.

These 𝑆 parameters, simulated by the CST Frequency Domain Solver, are potted

in Fig. 2-20 and Fig. 2-21.

In the 𝑆21 amplitude plot, there is a wide passband around the design frequency of

11.4 GHz. The transmission loss, being −|𝑆21|, is about 0.7 dB. In the frequency band
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Figure 2-21: CST Microwave Studio simulation of the amplitude of 𝑆11 as the reflec-
tion coefficient at Port 1.

from 10.5 GHz to 12.8 GHz, the transmission loss is below 3 dB. The wide passband

is designed so that if there is a frequency shift due to factors like fabrication errors,

the microwaves in the structure still do not suffer from noticeable ohmic loss.

2.5.2 Beam Simulations

Simulations with the electron beams involved were done in the CST Particle Studio.

In these simulations, the beam travels through the beam hole, and the output power

is recorded at the two output ports. The power traces are shown in Fig. 2-22. The

simulation result in Fig. 2-22 agrees with the analytical wakefield theory of Eq. (2.23).

A single 45 nC bunch generated 26 MW of radiation in the backward port, while the

analytical theory number is 25 MW. In the two output ports, the backward port (Port

1 in Fig. 2-19) has much higher power than the forward port (Port 2 in Fig. 2-19),

indicating that the radiated microwaves travel in the backward direction as a result

of the reversed Cherenkov radiation.
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Figure 2-22: CST simulation of output power at the two ports from a single 45 nC
bunch.

Figure 2-23 is a plot of the longitudinal electric field 𝐸𝑧 on the middle plane. The

beam travels in the +𝑧 direction, and leaves the reversed Cherenkov radiation pattern

after it. The field pattern has a similar bouncing feature as that in a dielectric tube,

so the metamaterial structure is acting as an artificial dielectric tube with all the

parts made of metal. The dielectric structure might be susceptible to electron beam

damage and discharge, so the performance of the dielectric structure may degrade

with more pulses. The wagon wheel structure, as an all-metal structure, is more

rugged and reliable.

The wagon wheel structure can be seen as a 1D metamaterial structure, with only

the longitudinal period being subwavelength. In the next section, I will present the

theory of a volumetric 3D metamaterial structure with a cubic unit cell.
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Figure 2-23: Plot of the normalized longitudinal electric field on the middle plane in
the linear scale. For a single 45 nC bunch, the peak surface field is 70 MV/m. The
metamaterial structure is represented in grey.

2.6 Theory of Volumetric 3D Metamaterial Struc-

ture

In this section, a theoretical study will be presented on the beam-wave interaction in

a volumetric metallic metamaterial structure. The wagon wheel structure described

in Section 2.3 to Section 2.5 is an one-dimensional (1D) metamaterial structure. The

subwavelength feature is only in the longitudinal direction, but not in the transverse

direction. As a result, the negative group velocity also only appears in the longitudi-

nal direction. In contrast, the volumetric metamaterial structure to be explained in

this section is a three-dimensional (3D) metamaterial structure. The subwavelength

and the negative group velocity feature happen in all the three dimensions. The vol-

umetric 3D metamaterial structure is designed for the demonstration of the reversed

Cherenkov radiation and its application in the beam-driven wakefield acceleration.
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2.6.1 Motivation

Research on high power microwave sources and particle accelerators can benefit from

introducing metamaterials [10, 57, 62]. The challenge of applying metamaterials to

active devices is that a design with planar unit cells naturally has the electromagnetic

fields concentrated on the planar plates, so at the beam location, which must be at a

distance away from the plates, field intensities are low. This might limit the achievable

coupling impedance in metamaterial structures with planar unit cells.

The work described in this section is new and different in the way that a real vol-

umetric metallic 3D metamaterial structure is designed from a cubic unit cell which

can fill the full space automatically. Although volumetric metamaterial designs based

on dielectric materials have been extensively studied, dielectric materials are less

attractive for applications where electron beams propagate in vacuum through the

metamaterial structure, such as in vacuum electron devices or particle accelerators.

We can study the interaction of an electron beam with the 3D metallic metama-

terial directly without a substrate supporting the metamaterial structure or other

supporting parts.

Characterization of metamaterials has aroused a lot of interest. Different methods

have been developed to find the effective dielectric and magnetic parameters, such as

the scattering parameter extraction method and the field averaging method [63–66].

These parameters are often scalar functions depending only on frequency, i.e. 𝜖(𝜔)

and 𝜇(𝜔). However, this model is not a good approximation outside the low frequency

range, since multipoles besides dipoles become important [67,68]. A parallel approach

is to use a set of fields of 𝐸⃗, 𝐷⃗, and 𝐵⃗ with 𝐷⃗ = 𝜖𝐵⃗, where 𝜖 is a tensor and depends

on the frequency and the wave vector, 𝜖 = 𝜖(𝜔, 𝑘) . In this section, we will use the

latter approach. Demetriadou and Pendry [69] realized the role of spatial dispersion

in longitudinal waves in 3D wires, though their goal was trying to minimize the

dispersion. A successful modeling of surface waves on the interface of a wire array

and vacuum using the spatial dispersion approach is presented by Shapiro et al [70],

and a discussion on the importance of spatial dispersion on polaritons with negative
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group velocity has been carried out by Agranovich and Gartstein [71].

Novel dispersion relations of the metamaterials may give rise to unusual radiated

waves from the electron beams. In conventional materials, when particles travel faster

than the speed of light in the medium, Cherenkov radiation occurs. It is widely used in

particle counters and position monitors [72]. In the research area of metamaterials,

planar metamaterial structures aimed at generating reversed Cherenkov radiation

were developed [73] first in 2002. Both theoretical and experimental work [74–77] has

verified the reversed Cherenkov radiation using a phased antenna array to mimic a

traveling current. The first experiment with a real electron beam was performed by

Antipov et al [10]. A waveguide loaded with SRRs and a wire array was built, and the

measured frequency response of the incoming electron beam was in the negative-index

band. Vorobev et al [78] calculated the Cherenkov radiation generated by an electron

bunch traveling perpendicular to a 2D wire array and found that the radiation appears

with an arbitrary charge velocity. The radiated field profile changes with different

bunch lengths, thus their discovery indicates a possible application of measuring beam

bunch length and velocity using Cherenkov radiation in metamaterials.

In Section 2.6.2, I will present the design of a cubic unit cell with 3D negative group

velocity. Section 2.6.3 presents the effective medium theory with spatial dispersion

as an analytical model. Section 2.6.4 presents the beam-wave interaction using the

effective medium theory. Section 2.6.5 discusses the radiation pattern calculated using

the CST code. Application of the structure as a wakefield accelerating structure is

discussed in Section 2.6.6 and conclusions are presented in the end.

2.6.2 Unit Cell Design

For the design of the metallic, volumetric metamaterial, we chose the unit cell to be

a cube. We further chose to have an empty unit cell, with metallic capacitive and

inductive elements arranged on the faces of the cube. Each face of the cube is identical

to make the structure quasi-isotropic. To allow transmission of an electron beam,

each face has a beam aperture in the center. To allow propagation of electromagnetic

waves, each face has a set of four coupling slots, each about one tenth of a wavelength,
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arranged symmetrically around the beam aperture. The detailed structure is shown

in Figure 2-24. The dimensions are chosen to put the operating frequency at around

17 GHz.

An eigenmode solver needs to be used to study the dispersion characteristics, and

we chose the HFSS [79] Eigenmode Solver to calculate the dispersion in the first

Brillouin zone, as shown in Figure 2-25a. One unit cell is simulated, with master and

slave boundaries exerted. The boundaries force a given phase difference between the

opposing boundary walls, and the eigenmode frequencies are calculated for each of

the phase difference combinations, so that the dispersion relation between 𝜔 and 𝑘

is calculated. In (𝑘𝑥, 𝑘𝑦, 𝑘𝑧) space, the coordinates of the high symmetry points for

a cubic lattice are Γ(0, 0, 0), 𝑋(𝜋/𝑝, 0, 0),𝑀(𝜋/𝑝, 𝜋/𝑝, 0), 𝑅(𝜋/𝑝, 𝜋/𝑝, 𝜋/𝑝), where 𝑝 is

the period of the unit cells.

We chose the specific parameters in Figure 2-24 to make the structure balanced,

i.e., all the modes have the same cut-off frequency at the Γ point. In this way, we

can have dispersion curves with a greater slope; otherwise the slope at the Γ point

must be zero due to periodicity. Negative group velocity of the proposed unit cell

is an inherent feature and is not critically dependent on a certain set of geometry

parameters. For example, if we vary the size of the central square beam hole with the

rest of the parameters unchanged, the fundamental mode (Mode 1 in Figure 2-25)

will always have a negative group velocity in the Γ −𝑋 region.

In the Γ−𝑋 region, there are four modes, as in Figure 2-25b; among them, Mode

1 and Mode 3 are longitudinal. We are primarily interested in the longitudinal modes,

which will strongly couple to an electron beam. Mode 2 and Mode 4 are transverse

modes that do not couple to the electron beam. Mode 4 is doubly degenerate with

fields polarized in the 𝑦 and 𝑧 directions, respectively. In the 𝑋 −𝑀 and Γ −𝑀

regions, when the symmetry of the 𝑦 and 𝑧 directions is broken, Mode 4 splits into

two modes.

The electric field patterns of the longitudinal modes in the Γ − 𝑋 regions are

shown in Figure 2-26. In the eigenmode simulation, there is no electron beam, but

finally we will put a relativistic beam into an array of the unit cells, where the beam
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(a)

(b)

Figure 2-24: Unit cell design of the volumetric 3D metamaterial structure. (a) Face
view. The thickness of each face is 0.26 mm. (b) 3D view. In later sections the
electron beam will be introduced which goes through the center of the beam holes of
the cells lying on the beam line.
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(a)

(b)

Figure 2-25: Brillouin diagram of a unit cell. (a) Different regions in the first Brillouin
zone. (b) Γ −𝑋 region dispersion showing intersection with the light line.
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Table 2.6: Comparison of wave-beam interaction frequencies (unit: GHz).

HFSS Effective CST
Eigenmode Solver Medium Theory Wakefield Solver

Mode 1 16.7 16.6 16.6
Mode 3 18.8 19.1 18.7

lies on the axial line of the beam holes of the central-region unit cells, as denoted

by the black arrows in Figure 2-26a, Figure 2-26b. With the electron beam traveling

at near the speed of light, the synchronized points of the beam and the longitudinal

modes are 16.7 GHz and 18.8 GHz. These are the points in Figure 2-25b where the

light line intersects Modes 1 and 3, respectively. We will compare these frequencies

calculated using the HFSS code with the frequencies calculated using the effective

medium theory and the CST code later in this section, as shown in Table 2.6 below.

The quantitative axial electric fields at these synchronized points are shown in

Figure 2-26d where Mode 1 has a field in the same direction within the same unit

cell, while Mode 3 has the opposite direction.

2.6.3 Effective Medium Theory with Spatial Dispersion

One goal of this study is to investigate the interaction of an electron beam with the

metamaterial medium. To get an analytical solution, we need to replace the actual

structure of Figure 2-24 with an effective medium. The effective medium model must

agree well with the HFSS model for the dispersion characteristics. Effective medium

theory aims to model sub-wavelength periodic structures with a continuous medium.

It is a method of geometry simplification under the principle of keeping equivalent

electromagnetic characteristics.

We will use the set of fields of 𝐸⃗, 𝐷⃗, and 𝐵⃗ with spatial dispersion. The tensor

𝜖𝑖𝑗(𝜔, 𝑘⃗) includes both electric and magnetic responses, since 𝐸⃗ and 𝐵⃗ are related

by ∇ × 𝐸⃗ = −(𝜕𝐵⃗/𝜕𝑡)/𝑐. The dependence of 𝐷⃗ on 𝐵⃗ can be equivalently treated
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(a) (b)

(c) (d)

Figure 2-26: Field patterns of the longitudinal eigenmodes in the Γ −𝑋 region. The
cutting plane is the middle plane going through the center of the beam hole. Black
arrows denote possible beam paths for the purpose of later sections. Waves propagate
to the right. The fields are shown on a linear scale. (a) Mode 1 (the negative index
mode), 𝑦 and 𝑧 directions are symmetric. (b) Mode 3 (the positive index mode). (c)
Cutting plane and future beam position. (d) Axial field patterns at the synchronized
points with a relativistic beam at the speed of light.
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as a dependence of 𝐷⃗ on the spatial derivative of 𝐸⃗, i.e. a permittivity with spatial

dispersion takes good care of both fields. Thus, it does not lose generality to set

𝜇𝑖𝑗(𝜔) = 𝛿𝑖𝑗 [67].

In the simple case, permittivity and permeability only depend on frequency, since

we assume that the local electric polarization at a point is decided only by the field

at that point. From the Fourier transform

𝐸𝑖(𝜔, 𝑘⃗) =
1

(2𝜋)4

∫︁
𝑑𝑡

∫︁
𝑑𝑟⃗ exp[−𝑖(𝑘⃗ · 𝑟⃗ − 𝜔𝑡)], (2.25)

and the constitutive relation

𝐷𝑖(𝜔, 𝑘⃗) = 𝜖𝑖𝑗(𝜔, 𝑘⃗)𝐸𝑗(𝜔, 𝑘⃗), (2.26)

we can see that when the field is not strictly local, the dependence of the field on 𝑟⃗

corresponds to the dependence of permittivity on 𝑘⃗ in the frequency domain. The

inclusion of the spatial dispersion is also a natural requirement to study longitudinal

waves, since otherwise the group velocity of the longitudinal waves goes to zero [67].

The general form of the dielectric tensor in optical crystals with spatial dispersion

[68] is written as

𝜖𝑖𝑗(𝜔, 𝑘⃗) = 𝜖𝑖𝑗(𝜔) + 𝛼𝑖𝑗𝑙𝑚(𝜔)𝑘𝑙𝑘𝑚, (2.27)

which comes as a Taylor expansion with the correction of the spatial terms, and the

first non-zero terms are to the second order of 𝑘⃗. The zeroth order term 𝜖𝑖𝑗(𝜔) is

substituted with the plasma permittivity

𝜖𝑝(𝜔) = 1 − 𝜔2
𝑝/𝜔

2, (2.28)

since a 3D wire array is shown to be plasma-like in the GHz range [4]. 𝜔𝑝 is evalu-

ated as the cut-off angular frequency (the corresponding frequency 𝑓𝑝 = 17.7 GHz).

Note that in this section, all the equations are in Gaussian units, and the Einstein

summation notation is used.
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We propose a trial solution of the permittivity tensor

𝜖𝑖𝑗(𝜔, 𝑘⃗) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝜖𝑝(𝜔) +

𝛼1𝑘
2
𝑖 𝑐

2 +
∑︀
𝑙 ̸=𝑖

𝛼2𝑘
2
𝑙 𝑐

2

𝜔2 − 𝜔2
𝑝

, (𝑗 = 𝑖)

2𝛼3𝑘𝑙𝑘𝑗𝑐
2

𝜔2 − 𝜔2
𝑝

, (𝑗 ̸= 𝑖)

(2.29)

to use in the Maxwell equations in Gaussian units describing electromagnetic fields

in a medium
∇ · 𝐵⃗ = 0,

∇ · 𝐷⃗ = 4𝜋𝜌0,

∇× 𝐸⃗ = −1

𝑐
𝜕𝐵⃗/𝜕𝑡,

∇× 𝐵⃗ =
1

𝑐
𝜕𝐷⃗/𝜕𝑡+

4𝜋

𝑐
𝑗⃗0.

(2.30)

The pole we put in the 𝛼𝑖𝑗𝑙𝑚 terms is similar to that of the quadrupole transition

of an exciton between two states [68]. Near a dipole transition, we have

𝜖(𝜔) = 𝜖0 −
Ω2

0

𝜔2 − 𝜔2
0𝑠

, (2.31)

where 𝜔0𝑠 = 𝜔𝑠 − 𝜔0 is the frequency difference between the two states, and Ω0

is defined from Ω2
0 = constant ·

⃒⃒∫︀
𝜓*
𝑠 𝑟⃗𝜓0𝑑𝑟⃗

⃒⃒2 , where 𝜓 represents the wave func-

tions of the two states. For a quadrupole mode, the Ω2
0 changes to Ω2

0 = constant

·
⃒⃒⃒∫︀
𝜓*
𝑠 𝑟⃗(𝑘⃗ · 𝑟⃗)𝜓0𝑑𝑟⃗

⃒⃒⃒2
, so near the quadrupole line, the permittivity has the form of

𝜖(𝜔, 𝑘⃗) = 𝜖0 −
constant · 𝑘2

𝜔2 − 𝜔2
0𝑠

, (2.32)

Then we decide the remaining parameters 𝛼1, 𝛼2 and 𝛼3 from fitting the dispersion

curves calculated with the following wave equation derived from Equation (2.30) in

the special case of no free charge or current

det

(︂
𝜔2

𝑐2
𝜖𝑖𝑗 − 𝑘2𝛿𝑖𝑗 + 𝑘𝑖𝑘𝑗

)︂
= 0. (2.33)
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Figure 2-27 shows the fitting results and the best fit of 𝛼1, 𝛼2 and 𝛼3. In the

Γ − 𝑋 region, the modes of interest (Mode 1 and Mode 3) are modeled well, and

they are nearly straight lines with slopes proportional to ±
√
−𝛼1 with |𝛼1| ≪ 1.

For the dispersion in the Γ − 𝑋 region of Mode 4, the assumption of treating the

structure as a homogeneous medium is not as good as for the lower modes due to

a smaller wavelength. However, Modes 1 and 3 are important to the interaction of

an electron beam with the wave, so the quality of this fit, which is very good, is

important. The same number of modes and similar changing patterns with frequency

are not easily achieved by establishing an analytical model without the introduction

of spatial dispersion. Spatial dispersion is not a slight correction here, but makes

qualitative differences. This can happen when a pole exists, since the dispersion

relation is modified most drastically in the vicinity of the pole, as even a small 𝑘⃗ can

change the permittivity significantly, and additional roots of the dispersion equation

may appear [68].

2.6.4 Wave-Beam Interaction Using Effective Medium Theory

Next we study the interaction of the volumetric metamaterial structure with a rela-

tivistic beam. Theoretically we can use the effective medium theory to predict the

energy loss of the beam due to radiation.

Suppose a point charge moves in the 𝑥 direction at 𝑣⃗ = 𝑣𝑒⃗𝑥 into the effec-

tive homogeneous medium. Charge and current densities are 𝜌0(𝑟⃗, 𝑡) = 𝑞𝛿(𝑟⃗ − 𝑣⃗𝑡),

𝑗⃗0(𝑟⃗, 𝑡) = 𝑞𝑣𝛿(𝑟⃗− 𝑣⃗𝑡)𝑒⃗𝑥. From the Maxwell equations as Equation (2.30), the equation

for 𝐸𝑖(𝜔, 𝑘⃗) is

𝐸𝑖(𝜔, 𝑘⃗) = 𝑖
4𝜋𝜔

𝑐2
𝐴−1

𝑖𝑗 𝑗0𝑗(𝜔, 𝑘⃗), (2.34)

where 𝐴 is a matrix whose element 𝐴𝑖𝑗 is

𝐴𝑖𝑗 = 𝑘2𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗 −
𝜔2

𝑐2
𝜖𝑖𝑗. (2.35)
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(a)

(b)

(c)

Figure 2-27: Fitting results of the dispersion curves. HFSS results are in dotted lines,
and the fitting curves are in solid lines. The optimized parameters are 𝛼1 = −0.0209,
𝛼2 = −0.0209, 𝛼3 = 0.0156. (a) Γ −𝑋 . (b) Γ −𝑀 . (c) Γ −𝑅. Modes 1, 2, 3, 4 are
denoted with black, red, blue and magenta, respectively. In the Γ −𝑀 region, Mode
4 splits into two modes.
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The current of the point charge in the frequency domain is

𝑗0𝑗(𝜔, 𝑘⃗) =
𝑞𝑣𝑗

(2𝜋)4

∫︁
𝑑𝑡

∫︁
𝑑𝑟⃗𝛿(𝑟⃗ − 𝑣⃗𝑡) exp[−𝑖(𝑘⃗ · 𝑟⃗ − 𝜔𝑡)] (2.36)

=
𝑞𝑣𝑗

(2𝜋)3
𝛿(𝜔 − 𝑘⃗ · 𝑣⃗). (2.37)

Note that only 𝑣𝑥 is nonzero, so

𝐸𝑥(𝜔, 𝑘⃗) =
𝑖𝑞𝜔𝑣

2𝜋2𝑐2
𝐴−1

𝑥𝑥 𝛿(𝜔 − 𝑘𝑥𝑣). (2.38)

Then we inverse transform the 𝑘⃗ space back to the 𝑟⃗ space. The frequency spec-

trum 𝐸𝑥(𝜔, 𝑟⃗) on the beam trajectory with 𝑦 = 𝑧 = 0 is

𝐸𝑥(𝜔, 𝑟⃗)|𝑦=𝑧=0 = − 𝑞𝜔

2𝜋2𝑐2

∫︁∫︁
𝑑𝑘𝑦𝑑𝑘𝑧 Im

[︁
exp

(︁
𝑖
𝜔𝑥

𝑣

)︁
𝐴−1

𝑥𝑥

]︁⃒⃒⃒
𝑘𝑥=𝜔/𝑣

. (2.39)

The integrands become peaked when |𝐴−1
𝑥𝑥 | has a resonance, and the peaks mean that

electromagnetic waves are excited by the moving charge [80]. We consider the loss in

the effective medium model by changing the denominators in the spatial dispersion

terms from 𝜔2 − 𝜔2
𝑝 to 𝜔2 − 𝜔2

𝑝 + 𝑖𝛾𝑙𝜔, where the 𝑖𝛾𝑙𝜔 term represents a small ohmic

loss, and 𝛾𝑙 ≪ 𝜔𝑝.

We calculate 𝐸𝑥(𝜔, 𝑟⃗)|𝑦=𝑧=0 numerically and find two peaks at 16.6 GHz and 19.1

GHz when 𝑣 is close to 𝑐. These frequencies agree well with the frequencies calculated

using the HFSS eigenmode solver, as shown in Table 2.6. Since the energy loss of

the charge in the medium per unit path length is decided by 𝑊 = 𝑞
(︁
𝑣⃗ · 𝐸⃗

)︁
/𝑣 at

𝑟⃗ = 𝑣⃗𝑡 , these frequencies are also where the beam loses energy most intensively to the

radiated field. This energy loss is caused by longitudinal modes (plasmons) only, and

there is no velocity threshold in this case unlike the condition for normal Cherenkov

radiation.

To test the above result, we use the CST Wakefield Solver in the Particle Studio

to simulate fields radiated by a passing beam. The beam in the Wakefield Solver

is represented with a line current with longitudinally Gaussian shaped charge. The
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Figure 2-28: Longitudinal wake impedance spectrum. Peaks are located at 16.6 GHz
and 18.7 GHz, corresponding to eigenmode 1 and 3.

model is set up with periodic boundaries on the side walls and 36 cells in the beam

propagating direction. So the actual structure is an array of the unit cells infinite in

the transverse directions resembling a homogeneous medium.

The wake potentials generated by a bunch with charge 𝑞 at a distance of 𝑠 behind

it can be expressed as [23]

𝑊⃗ (𝑦, 𝑧, 𝑠) =
1

𝑞

∫︁ ∞

−∞

[︂
𝐸⃗

(︂
𝑥, 𝑦, 𝑧, 𝑡 =

𝑠+ 𝑥

𝑣

)︂
+
𝑣⃗

𝑐
× 𝐵⃗

(︂
𝑥, 𝑦, 𝑧, 𝑡 =

𝑠+ 𝑥

𝑣

)︂]︂
𝑑𝑥, (2.40)

and the longitudinal wake impedance is defined by

𝑍𝑥(𝜔) =
1

𝑐

∫︁ ∞

−∞
𝑊𝑥(𝑠) exp (−𝑖𝜔𝑠/𝑐) 𝑑𝑠. (2.41)

We can simulate the wake impedance with the CST code, and Figure 2-28 shows

the simulated spectrum of the structure with an infinite array of cells in the transverse
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direction. For this simulation, we have used a 1 pC charge bunch traveling at the

speed of light with a FWHM length of 2 mm. The peak interaction frequency points

agree very well with the results of the effective medium theory, as shown in Table 2.6.

Thus, the effective medium model successfully locates the interaction frequencies.

2.6.5 Radiation Pattern in a Volumetric Array of Metamate-

rial Unit Cells

In reality, we need a finite-size structure, so the simulation in CST is then performed

by simulating the transmission of a relativistic beam through an array of the unit cells.

The radiation pattern is naturally complicated by two additional effects. Firstly, the

microstructure of the unit cells prevents the whole structure from acting strictly as

a homogeneous medium, so when the beam passes through the inhomogeneous re-

gions, transition radiation happens in addition to the Cherenkov radiation. Secondly,

the structure is metallic, so it will deform the radiated field by imposing boundary

conditions at metal walls.

We group the unit cells into an array as shown in Figure 2-29a. Cell numbers in

the 𝑥, 𝑦, 𝑧 directions are 10, 7 and 7, respectively. The beam travels through the

central line along the +𝑥 direction. Perfect absorbing boundaries are imposed at a

distance of 7 cells away from the structure in the 𝑥, 𝑦 and 𝑧 directions. This setup

enables us to study the radiation pattern in the bulk structure in an unbounded state.

Figure 2-29b shows the pattern of radiated longitudinal electric field 𝐸𝑥 in the

middle cutting plane (𝑦 = 0 plane). As a comparison, we show the radiation pattern

in a volume of the same shape but built with a dielectric of 𝜖 = 1.5 in Figure 2-29c. In

the metamaterial case, electromagnetic energy goes backward, until the waves exit the

structure at the same end where the beam enters. However, in the case of radiation

in the dielectric medium, as in Figure 2-29c, electromagnetic energy travels forward,

as is expected in conventional Cherenkov radiation.

Since the unit cell has the feature of 3D negative group velocity, we can observe

backward radiation in directions different from the coordinate axes. Figure 2-30a
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(a)

(b) (c)

Figure 2-29: Radiation pattern with a relativistic beam. (a) Illustration of the bulk
structure. The beam passes through the line of 𝑦 = 𝑧 = 0. (b) Longitudinal 𝐸 field
(𝐸𝑥) on 𝑦 = 0 middle cutting plane for the metamaterial structure. The metamaterial
region is enclosed in the black rectangles. (c) The same result for the volume mode
of a dielectric with 𝜖 = 1.5.
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(a) (b)

Figure 2-30: 3D radiation properties. (a) Radiated 𝐸𝑥 field on an oblique cutting
plane rotated 45 degrees around the 𝑥 axis starting from the 𝑦 = 0 plane. (b)
Radiation pattern on the cutting plane of 𝑥 = constant, i.e. the cutting plane is
perpendicular to the longitudinal direction.

shows the field on the cutting plane which is rotated 45 degrees from the 𝑦 = 0

plane around the beam axis. This plane and the 𝑦 = 0 plane are not symmetric

geometrically, but a similar pattern of backward radiation is observed. Figure 2-

30b shows the 𝐸𝑥 pattern on a cutting plane perpendicular to the 𝑥 direction. The

metamaterial structure itself is not isotropic, but the waves grow as isotropic, nearly

spherical wave fronts when they enter the vacuum region. So when the beam goes

through the volumetric structure, a cone is formed behind it in the vacuum region

where wave fronts are spherical-like and propagate backward.

2.6.6 Application of the Volumetric Metamaterial for Wake-

field Acceleration

When a bunch travels through the structure, wakefields are generated by the Cherenkov

radiation mechanism, and this leads to the possible application of wakefield acceler-

ation. The scheme of wakefield acceleration is that an intense electron drive bunch
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excites wakefields which can be used to accelerate a following witness bunch with a

smaller charge [81], and the system is generally a dielectric-lined waveguide [82–84].

The metamaterial structure can operate in a manner similar to the dielectric wake-

field acceleration regime but with only metal. This has the potential advantage of

producing a more rugged structure and a structure that does not suffer from dielectric

breakdown effects.

To fit the structure in a waveguide, we modify the unit cell from the 6-face cubic

to two faces supported by four rods, as shown in Figure 2-31. 12 unit cells are aligned

in a single row inside a waveguide. The coupling slots lock the frequency below the

cut-off frequency of the waveguide. The eigenmode simulation shows that the cut-off

frequency of the metamaterial structure shown in Figure 2-31 is 17.5 GHz.

The electron beams consist of a drive bunch and a witness bunch going through

the central line in the +𝑥 direction. The drive bunch is a Gaussian bunch of FWHM

length 2 mm carrying a charge of 40 nC, and the witness bunch carries 1 pC and is

0.4 mm long. The spacing of the witness bunch behind the drive bunch is optimized

to 25 mm to achieve the maximum average accelerating gradient. The drive bunch

has an initial energy of 6 MeV, and the witness bunch 1 MeV.

Figure 2-32 shows the evolution of the two bunches in phase space. The drive

bunch keeps losing energy to electromagnetic waves in the structure until it exits

the structure, and the witness bunch is accelerated from 1 MeV to 3.1 MeV. This

corresponds to an average accelerating gradient of 21 MV/m on the witness bunch

path.

2.6.7 Conclusions

In this section, we present the design of a metallic metamaterial unit cell that can

be used to fill all of space. The cell size is scaled to work for 17 GHz, and can

be easily scaled to other frequencies. Of all the eigenmodes of the unit cell, the

mode with negative group velocity is the lowest order mode and shows a longitudinal

electric field pattern. Theoretically we have proved that a homogeneity approximation

with spatial dispersion accurately describes the dispersion characteristics. Spatial
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Figure 2-31: Structure for wakefield acceleration demonstration. Part of the waveg-
uide is removed to show the inside structure.

Figure 2-32: Phase space evolution in the 𝑥 direction of the drive bunch (the top
group) and the witness bunch (the bottom group) in the wakefield acceleration pro-
cess. The time interval between every two snapshots is 0.02 ns. The plots of the two
bunches at the same time are represented with the same color. The witness bunch is
injected into the structure 25 mm after the drive bunch.
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Drive bunch Witness bunch 

Figure 2-33: Elliptical corrugated structure illustration for the application of two-
beam acceleration. The drive beam and the witness beam travel through the two
focal points of the elliptical cavity.

dispersion yields a strong modification to the dispersion curves instead of a small

modification, as additional modes appear. When interacting with relativistic electron

beams, the metamaterial structure shows a backward radiation pattern. The wakefield

generated by a drive bunch can be used to accelerate a following witness bunch.

2.7 Theory of Elliptical Deep Corrugation Structure

The bouncing field pattern of the circular deep corrugation structure in Fig. 2-2

inspires the idea of the elliptical subwavelength waveguide for two-beam acceleration.

The structure is shown in Fig. 2-33. The drive and the witness bunch pass through

two focal points of the ellipse.

Figure 2-34 plots the longitudinal electric field when the elliptical structure is

excited by a drive beam. The decelerating wake of the drive bunch at one focal point

first expands (Fig. 2-34a), and then it is reflected at the elliptical wall and changed
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to the accelerating wake. It keeps propagating towards the other focal point where

the witness bunch passes through (Fig. 2-34b).

For a 10 nC, 70 MeV drive bunch, an accelerating gradient of 100 MV/m is

estimated at the witness bunch location with both the beam hole radii being 0.5 mm.

(a)

(b)

Figure 2-34: Longitudinal electric field when the elliptical corrugated structure is
excited by a drive bunch traveling through the focal point on the left. (a) Expanding
of decelerating wake (red). (b) Focusing of accelerating wake (blue).
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Chapter 3
Experiment of Metamaterial Structures for

Wakefield Acceleration

In this chapter, I will introduce the experimental study on the metamaterial wagon

wheel structure. The corresponding theory is presented in Sections 2.3 to 2.5 in

Chapter 2. The metamaterial wagon wheel structure was installed and tested at the

Argonne Wakefield Accelerator (AWA) 65 MeV beam line in the Argonne National

Laboratory.

Section 3.1 will introduce the experimental facilities at the AWA laboratory, Sec-

tion 3.2 will introduce the fabrication of the metamaterial structure, Section 3.3 will

present the cold test method and results, and Section 3.4 will present the beam test

results. Finally, conclusions will be in Section 3.5.

3.1 Experimental Facilities

The Argonne Wakefield Accelerator (AWA) [52] at the Argonne National Laboratory

is an electron accelerator with a research focus on wakefield acceleration. The AWA

facility is known for the high bunch charge operation, and this feature greatly benefits

the electron beam driven wakefield acceleration experiments in both the structure-

based experiments and the plasma-based experiments [30,34,36,38,53,61,85–88].

There are two beam lines at the AWA facility, a drive beam line and a witness
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Figure 3-1: Overall layout of the AWA facility, with the 65 MeV drive electron beam
line, and the 15 MeV witness electron beam line.

beam line. An overall layout of the facility is shown in Fig. 3-1.

The drive beam line can generate 65 MeV electron bunches. The electron source is

a Cesium Telluride photocathode lighted by a laser pulse or a pulse train. The electron

gun operates at 1.3 GHz in the L-band. A photo of the photocathode electron gun

in the magnet is shown in Fig. 3-2.

The electron beam can be generated as a single bunch or as a train of bunches,

when the photocathode is excited by a train of laser pulses. There are laser splitters

to double the number of bunches, so there can be 1, 2, 4, 8, 16 and 32 electron bunches

in a train. At a rep rate of 1.3 GHz for the electron gun, the nominal spacing between

two bunches is 230.8 mm. Movable stages are available in the beam splitting system,

so the spacing between neighboring bunches in a train can be tuned within a small

range around the nominal spacing of 230.8 mm.

The drive beam line at the AWA facility can generate the world’s highest charge in

short electron bunches devoted to wakefield acceleration research [52]. The maximum

charge in a single electron bunch can reach 100 nC, and the maximum charge in a

bunch train can reach 600 nC in total.

The electron beam then goes through six linac sections operating at 1.3 GHz and

gets accelerated to a final energy of 65 MeV. A photo of the linac sections is shown

in Fig. 3-3. The 65 MeV beam then travels to the experimental area. A section of
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Figure 3-2: Photo of the photocathode electron gun of the 65 MeV drive electron
beam line. Photo credit: AWA group.

the beam line in the experimental area is shown in Fig. 3-4.

Besides the 65 MeV drive beam line, there is also a separate 15 MeV witness beam

line. The witness beam line can generate single electron bunches with a bunch charge

ranging from 50 pC to 60 nC. As can be seen in Fig. 3-1, the witness beam travels in

the opposite direction as the drive beam, and there is a U-turn to guide the witness

beam into the experimental area for the two-beam acceleration experiments.

The purpose of the witness beam line is to demonstrate acceleration by sending in

a small witness bunch as a probe after the drive beam in the two-beam acceleration

regime. In our experiment of the wagon wheel structure, we use only the 65 MeV drive

beam line, with the goal of measuring the extracted wakefield power from the drive

beam. The illustration of the wagon wheel structure experimental setup is shown

in Fig. 3-5. The vacuum chamber with the wagon wheel structure sitting inside is

installed on the 65 MeV drive beam line. Details about installation of the wagon

wheel structure into the chamber will be discussed in the Section 3.2.

There are various beam line components for beam manipulation and diagnostics
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Figure 3-3: L-band 1.3 GHz linac sections. There are six linac sections to accelerate
the drive beam to a final energy of 65 MeV. Photo credit: the AWA group.

Figure 3-4: Beam line photo of the experimental area at AWA. Photo credit: the
AWA group.
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Figure 3-5: Schematic drawing of the overall experimental setup.

Set of four quadrupoles

Figure 3-6: Photo of the set of four quadrupoles for beam steering between the
accelerator section and the test vacuum chamber.

purposes.

For the beam confinement purpose, quadrupoles are used for minimizing the trans-

verse beam size. There is one set of quadrupoles between the linac section and the

experimental area. Figure 3-6 is a photo of the set of four quadrupoles, with the

beam coming in from the right side, and going into the experimental area on the left

of the photo.

To measure the transverse beam profile, there are removable yttrium aluminum

garnet (YAG) screens at different locations of the beam line: one before and one after

the metamaterial structure to measure the transverse beam size at the two locations.

To measure the charge sent to the structure location and the charge transmitted

107



Figure 3-7: Beam line photo with the YAG screens, the integrating current trans-
formers (ICTs), the vacuum chamber, and the RF pick-up system.

through the structure, two integrating current transformers (ICTs) were installed,

one before and one after the metamaterial structure. A photo with the YAG screens,

the ICTs, and the vacuum chamber holding the wagon wheel structure is shown in

Fig. 3-7. There is also one ICT monitor close to the electron gun to measure the total

emitted current.

The sample traces of the ICT signals are shown in Fig. 3-8. ICT1 is closest to

the gun for the total charge, ICT2 is right before the structure, and ICT3 is right

after the structure. The ICT can integrate the measured current signal in a short

time window to measure the total current in the short electron bunches with good

accuracy. The bunch length varies with charge but is generally around rms length of

1 mm. For example, the bunch length (in 𝑧 direction) for 45 nC is 𝜎𝑧 =1.2 mm in
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Figure 3-8: Sample traces of the ICT signals for a single 45 nC bunch passing by.
ICT1 is closest to the gun for the total charge, ICT2 is right before the structure,
and ICT3 is right after the structure. Integration of each ICT signal trace gives the
transmitted charge at each location.

a Gaussian distribution. The current pulse on the ICT from such electron bunches

is a few tens of nanoseconds long, while the bunch spacing at 1.3 GHz is only 0.77

ns. So when a train of electron bunches travel through, we cannot tell the individual

current peaks corresponding to each individual bunch in the train, but integration of

the current trace will give the total charge transmitted in the train.

With this setup, electron bunches of up to 45 nC per bunch were sent through the

6 mm diameter beam hole of the wagon wheel structure with almost 100% transmis-

sion from the ICT measurement. The transmission is calculated as the ratio of the

integration of ICT3 signal to the integration of ICT2 signal.

The generated output power is then guided into two X-band WR90 waveguides,

and the power is measured from the calibrated RF probes, as shown in Fig. 3-7. The

signals at the RF probes are measured with a fast oscilloscope.

There are two output ports, the backward port close to the beam entrance and the

forward port close to the beam exit. In this setup, the reversed Cherenkov radiation

phenomenon can be directly verified by comparing the power in the two ports. The
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(a)
(b)

Figure 3-9: CAD drawing and lab photo of the test chamber holding the wagon wheel
structure. (a) CAD drawing. The wagon wheel structure hangs on the two WR90
waveguides inside a 10-in vacuum chamber. The 65 MeV electron bunch goes through
the center of the 40-cell wagon wheel test structure. (b) Lab photo of the test chamber
inserted on the beam line.

backward port is expected to get most of the power from a radiated wakefield traveling

backwards. Finally the microwaves are guided into the RF loads and the used electron

beam is dumped.

The CAD drawing and the lab photo of the test chamber are presented in Fig. 3-9.

In the next section, fabrication of the structure will be introduced.

3.2 Structure Fabrication

3.2.1 Full Assembly

The full assembly of the metamaterial structure built at MIT is shown in Fig. 3-10.

The test structure is hanging on the top flange of the test vacuum chamber by the
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two X-band WR90 waveguides. Two rectangular holes with the same dimension as

the WR90 waveguides were drilled on the top flange to let the microwaves through.

The 10-in top flange goes on top of the 10-in test vacuum chamber together with the

structure and the waveguides as shown in Fig. 3-9 on the beam line.

In the bottom of the photo is the clamped metamaterial structure. Fabrication

of the metamaterial structure will be introduced in the following Section 3.2.2. Fab-

rication of the waveguides, the copper and the stainless steel (SST) ones, will be

introduced in Section 3.2.3.

3.2.2 Metamaterial Structure Part

The metamaterial structure part comprises of wagon wheel plates in SST and spacer

plates in copper, forming a 40-cell period structure in an alternating pattern. At

the two ends are the copper output couplers and the end plates in SST for better

compressing the clamped structure. Figure 3-11 shows a photo of the clamped meta-

material structure with the two output couplers. The effective interaction part is 8

cm long, excluding the output ports and the SST end pieces.

A photo of the wagon wheel plate and the copper spacer plate is shown in Fig. 3-

12. Each plate is 1 mm thick, so one period, containing one SST plate and one copper

plate, is 2 mm long. The fabrication method we chose for the plates is wire electrical

discharge machining (EDM). In this way, multiple plates can be machined in a stack

at the same time.

On the wagon wheel plate, the wagon wheel feature is in the central area, while the

outside holes are for clamping (the four bigger ones) and alignment (the two smaller

ones). The material for the wagon wheel plates is SST for good material strength

and ease of cutting. Though the ohmic loss of SST is higher than copper, the SST

material is still tolerable in the structure. The transmission loss from one output port

to the other is around 2 dB, which will be explained in further details in Section 3.3.

For the spacer plates, the material is copper to reduce the ohmic loss. The central

hole on the spacer plate has the same dimension as the outer radius of the wagon

wheel plate. The additional cuts on the four edges of the copper plate are designed
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Figure 3-10: Photo of the metamaterial structure hanging on the two waveguides
from the top flange. The two flanges on the top are later connected to RF probes for
power measurement, which are not shown.
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Figure 3-11: Photo of the clamped metamaterial structure part with output couplers
on the two ends.

to reduce the surface area in contact with the neighboring plates in order to reduce

the air trapped between the plates. This can help with the pumping speed in the

vacuum chamber.

A drawing of the output coupler is shown in Fig. 3-13a, with the front cross section

view on the left and the side cross section view on the right. The top part of the

coupler is a taper piece done by wire EDM, which transforms almost adiabatically

from a small slot cut on the side wall of the structure to the WR90 waveguide. The

bottom part of the coupler is a coupling cell with a slightly larger radius than the

outer radius of the wagon wheel structure to minimize the coupling loss.

The photo of the output coupler part after brazing is shown on the left of Fig. 3-

13b. The brazing was done by the CuSil alloy of 72% silver and 28% copper.

On the right of Fig. 3-13b is the SST end pieces with a thickness of 0.375 inches.

They are designed to help clamp the whole structure on the two ends. On the SST

end pieces, there are beam holes of the same dimension as the beam aperture of the
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Figure 3-12: Photo of the wagon wheel plate in stainless steel (top) and the spacer
plate in copper (bottom)

wagon wheel plates. With this design, if the electron beam injects at a large angle

with respect to the central axis mistakenly, the electrons will collide with the SST

end pieces instead of with the wagon wheel plates. So the SST end pieces can help

reduce beam damage on the structure. The two slots cut from top to bottom are

designed for the venting purpose.

3.2.3 Waveguides

On the top part of Fig. 3-9, there are two X-band SLAC flanges, which are later

connected to the two calibrated RF probes (not shown). The two flanges were welded

to the stainless steel waveguides. The SST waveguides were chosen for better support

of the RF probes and loads standing on the top. The other ends of the SST waveguides

were welded to the 10-in top flange. A photo of the welded SST waveguides is shown

in Fig 3-14.

Under the 10-in flange, two copper WR90 flanges were bolted into the bigger flange
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Front Cross Section View Side Cross Section View

(a)

(b)

Figure 3-13: Output couplers and end piece. (a) Drawings of the output coupler
design in the front cross section view (left), and the side cross section view (right).
(b) Photo of the output coupler after brazing on the left, and the stainless steel end
piece for clamping on the right.
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Figure 3-14: Photo of the welded SST waveguides onto the 10-inch top flange.

from the bottom. Then the copper waveguides were brazed to the WR90 flanges on

the two ends with the CuSil brazing alloy. The brazing material was picked to avoid

unwanted elements which can poison the photocathode.

3.3 Cold Test

Cold test is an RF measurement performed on a vector network analyzer (VNA)

at a low microwave power level. From the cold test, we can benchmark the RF

characteristics of the structure with the simulation to get prepared for the beam test.

The same structure was used for the cold test as for the beam test.

In the cold test of the wagon wheel structure, there are two measurements, the

transmission measurement from a two-port cold test as discussed in Section 3.3.1,

and the electric field distribution measurement from a bead pull test as discussed in

Section 3.3.2.
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3.3.1 Transmission Measurement

The transmission measurement gives the loss in the process of transmitting the RF

power from one port of the structure to the other. In the two-port system, transmis-

sion loss in dB is equal to −𝑆21. We have aimed for a small transmission loss around

the operating frequency in the structure design.

The VNA measurement setup is shown in Fig. 3-15. Two ports of the VNA were

connected to the two output ports on the 40-cell wagon wheel structure, respectively.

The VNA cable has an SMA type of connector on the structure side, so there were two

SMA to waveguide adapters to convert the power from the VNA into the fundamental

TE10 mode of the waveguide.

The result of the transmission measurement is presented in Fig. 3-16. It shows the

amplitude of the 𝑆21 parameter between the two ports from three ways, the simulation,

the cold test before cleaning, and the cold test after cleaning. The difference between

‘before cleaning’ and ‘after cleaning’ is that we performed the cold test before and

after sending the structure to the vacuum shop for vacuum-compatible cleaning.

From Fig. 3-16, we can see that the 𝑆21 from the cold test is slightly lower than in

simulation. This might be caused by slight fabrication errors. Another observation is

that the 𝑆21 is improved by the cleaning procedure. The transmission loss is about

2 dB at the design frequency 11.4 GHz, while the simulation results is 0.7 dB. The

measured transmission is still good in the range of 11 GHz to 12 GHz with less than

3 dB of loss.

3.3.2 Beadpull Measurement

The beadpull measurement was also done with the VNA in the cold test lab to verify

the dispersion curve of the traveling wave structure. In the beadpull measurement,

we moved a small bead along on the central axis of the structure, while the two

ports of the structure were connected to the VNA. The signals from the VNA can be

transferred into the fundamental mode at the X-band in the metamaterial structure.

The bead is made with a thin piece of silver foil wrapped into a cylinder shape
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Figure 3-15: Photo of the 40-cell structure under cold test with the VNA at MIT.

Figure 3-16: Transmission 𝑆21 of the 40-cell structure benchmarked with the CST
simulation. The black curve is the simulation result from the CST Microwave Studio,
and the red and the blue curves are the experimental measurement before and after
structure cleaning.
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around a thin wire. The small bead can exert a perturbation to the electromagnetic

field in the structure, and when the bead is pulled through the structure, we can

calculate the properties of the electromagnetic field from measuring the response of

the bead perturbation on the VNA.

A photo for the setup of the beadpull measurement is presented in Fig. 3-17. The

bead was attached to a wire driven by a step motor. The motor step size is 1 mm.

The 𝑆 parameters were measured for each step.

The beadpull measurement can reveal the amplitude and phase of the on-axis

electric field, and the principle is described in [89] based on a nonresonant perturbation

theory. The theory works for a single-moded structure, and a small perturbing object

whose influence on the electromagnetic field can be treated as a dipole. The theory

relates the change in the 𝑆11 parameter to the electric field by the following equation,

∆𝑆11(𝑧) = 𝐴|𝐸(𝑧)|2𝑒−2𝑗𝜃(𝑧), (3.1)

where 𝐸(𝑧) = |𝐸(𝑧)|𝑒−𝑗𝜃(𝑧), and 𝐴 is a constant.

The vector network analyzer can measure the amplitude of 𝑆11, which is related

to the amplitude of the electric field, and the phase of 𝑆11, which is related to the

phase of the electric field. At each fixed frequency, the bead is pulled through the

whole length of the structure with 1 mm step size, and the amplitude and phase of

the electric field are derived for this fixed frequency. From several frequency data

points, we can plot the dispersion curve 𝜔 vs. 𝑘 for the excited mode.

Figure 3-18 shows the measurement results at 11.4 GHz. Figure 3-18a presents

the amplitude of the perturbed ∆𝑆11 along the 𝑧 axis (longitudinal direction). The

decrease in the amplitude of ∆𝑆11 is a result of the ohmic loss in the round trip for

the microwave signal. When 𝑧 gets larger, the 𝑆11 signal experiences more ohmic

loss from the longer round trip, so accordingly |∆𝑆11| gets smaller. Figure 3-18b

presents the phase evolution of the perturbed ∆𝑆11. Two adjacent data points are

from measurement at two locations with an 1 mm distance. The vertical axis plots

the imaginary part of ∆𝑆11, and the horizontal axis plots the real part of ∆𝑆11. When
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Figure 3-17: Experimental setup for the bead pull test. The two ports on the wagon
wheel structures are attached to the two ports of the VNA. A small bead is attached
to a thin string which goes through the center of the beam aperture. The string is
driven by a step motor to make 1 mm move at each step.
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(a)

(b)

Figure 3-18: 𝑆11 measurement results from the beadpull measurement at the design
frequency of 11.4 GHz. The 𝑧 axis is in the longitudinal direction, and the bead travels
on the central axis of the 6 mm beam aperture. (a) Amplitude of the perturbed ∆𝑆11

along the 𝑧 axis. (b) Phase of the perturbed ∆𝑆11. The vertical axis plots the
imaginary part of ∆𝑆11, and the horizontal axis plots the real part of ∆𝑆11.
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(a)

(b)

Figure 3-19: Amplitude and phase of the longitudinal electric field 𝐸𝑧 on the beam
axis from the bead pull measurement and the CST Microwave Studio Simulation. (a)
Amplitude of 𝐸𝑧. (b) Phase of 𝐸𝑧.
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Figure 3-20: Benchmark of the dispersion relation measured from the beadpull test
with the simulation result from the CST Microwave Studio.

𝑧 gets larger, the data points rotate anticlockwise inward, and the phase evolution

follows a good circular pattern. This indicates a constant phase velocity everywhere

in the metamaterial structure.

Figure 3-19 shows the processed results at 11.4 GHz from the data acquired in

Fig. 3-18. Figure 3-19a shows the amplitude of the longitudinal electric field 𝐸𝑧 along

the central axis from the beadpull test, together with the benchmark from the CST

Microwave Studio simulation. The oscillations in the field amplitude correspond to

the design frequency of 11.4 GHz, and this proves the 40-cell metamaterial structure

to be a subwavelength structure. The fall in the amplitude on the right side is from the

ohmic loss again, and the difference between the experiment and the CST simulation

indicates a bigger ohmic loss in experiment. The difference between the experiment

and the simulation is 1.3 dB, and this result is in agreement with the transmission

measurement as described in Section 3.3.1.

Figure 3-19b shows the phase of the longitudinal electric field 𝐸𝑧 at 11.4 GHz.
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The bead pull measurement result agrees perfectly with the CST simulation, which

means that the angular wavenumber 𝑘 at 11.4 GHz has a perfect agreement between

simulation and measurement. Another feature is that the phase has almost a linear

dependence on the axial position, so the phase velocity is constant from the subwave-

length design. This is a different feature from conventional corrugated waveguide

structures.

With the bead pull test repeated at several other frequency points, we can calculate

the angular wavenumber corresponding to each frequency, and then plot the dispersion

relation as 𝜔 vs. 𝑘. The result is shown in Fig. 3-20, with great agreement between

experiment and simulation.

The conclusion of the bead pull measurement is that the interaction frequency of

the traveling wave with the beam is 11.42 GHz and it agrees well with the design

frequency. The same structure used for the bead pull test was cleaned and then went

into the vacuum chamber on the AWA beam line for the beam test.

3.4 Beam Test Results

The 40-cell wagon wheel structure was tested with the 65 MeV electron beam at the

Argonne Wakefield Accelerator. We sent in both single bunches and bunch trains

with two bunches, and the experimental results will be described in the following

sections, respectively.

3.4.1 Single Bunch Experiment

During the experiment, we sent in single electron bunches with varied charge. Smaller

charge bunches from 3 nC to 15 nC were generated by the laser with the excimer

amplifier turned off. The laser pulse in this case was only 1.5 ps long. With the

excimer laser turned on, higher intensity laser pulses can be achieved to generate

intense electron bunches. The highest charge successfully sent through the structure

was 45 nC. When the excimer amplifier was on, the laser pulse length was 6 ps long.

The laser intensity was increased bit by the bit to the highest case, and thousands

124



(a)

(b)

Figure 3-21: Charge transmission for the highest charge case. (a) ICT signals at differ-
ent locations on the beam line. ICT1: closest to the electron gun; ICT2: right before
the structure; ICT3: right after the structure. Results for 100 shots are shown. (b)
Charge transmission calculated as the ratio of charge after the wagon wheel structure
(ICT3) to the charge right before the wagon wheel structure (ICT2). The horizontal
axis shows the charge measured by ICT2.
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Figure 3-22: Voltage signals of the extracted microwave from a single bunch. The
voltage signal from the RF probes was directly measured on the oscilloscope.

of pulses were fired at each setup. An example of the charge transmission with the

highest charge we tried in the single bunch experiment is shown in Fig. 3-21. 100

shots were included in the figure to show the statistical performance of the experiment.

Again, ICT1 measures the charge emitted from the photocathode, ICT2 measures the

charge delivered to the experiment chamber location and before the structure, and

ICT3 measures the charge transmitted through the structure. The transmission is

close to 100%.

With each pulse, the output power traces from the two output ports were mea-

sured by the Tektronix MSO71604C oscilloscope with a bandwidth of 16 GHz and a

maximum sampling rate 100 GSa/s. A sample set of traces directly measured from

the two ports is presented in Fig. 3-22. The voltage measured on the scope is later

transformed into the actual microwave power from the cable and probe calibration.

The highest microwave power measured from a single electron bunch is presented

in Fig. 3-23, and the transmitted charge is 45 nC with an rms bunch length of 1.2

mm. Figure 3-23(a) shows that 25 MW of power was generated in the backward port,
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Figure 3-23: High power microwave extraction from a single bunch. (a) Output
microwave power in the two ports from a single 45 nC bunch. Solid lines: experiment,
dashed lines: CST simulations. (b) Frequency spectrum.

in good agreement with the CST particle-in-cell (PIC) simulation and the analytical

calculation described in Chapter 2, which is also 25 MW.

Between the two output ports, the backward port has much higher power than the

forward port, indicating that the radiated microwaves indeed travel in the backward

direction. Therefore, this experiment provides a clear proof of the reversed Cherenkov

radiation generation in a metamaterial structure with a negative group velocity.

Figure 3-23 (b) shows good agreement between the measured frequency spectrum

and the PIC simulation, with a central frequency of 11.4 GHz and a bandwidth BW

= 1/𝑡𝑝 = 0.5 GHz. The small frequency difference between the measurement and the

simulation is due to possible small errors in the parts fabrication.

A scaling study of the extracted microwave power with the charge 𝑞 was carried out

and is shown in Fig. 3-24. The good agreement with the analytical theory indicates
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Figure 3-24: Comparison of experiment and analytical theory of the extracted mi-
crowave power as a function of the transmitted charge. The bunch rms length is 1.2
mm in a Gaussian distribution. (a) Scaling of decelerating gradient vs. transmitted
charge. (b) Extracted microwave power in the backward port vs. transmitted charge.

that the structure operation is very reliable, without evidence of the beam break-up

instability [90].

3.4.2 Two-Bunch Experiment

The laser photocathode can generate two or more bunches separated at the 1.3 GHz

frequency with laser beam splitters. The frequency is tunable from a series of splitting

mirrors with tunable spacing. The structure frequency of 11.4 GHz is close to the 9th

harmonic of the electron gun frequency, so two electron bunches separated in time by
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1/(1.3 GHz) = 0.77 ns can contribute to the wakefield coherently.

The splitting mirrors are on moving stages controlled by the Thorlabs APT pro-

gram which provides precise control. The spacing between bunches can be adjusted

by the moving stages. In the two-bunch train, by adding a different delay, the sec-

ond bunch can be emitted at a different phase from the L-band photocathode. The

electron gun frequency of 1.3 GHz corresponds to a bunch spacing of 230.8 mm, so

10 degrees at 1.3 GHz corresponds to a distance of 6.4 mm. With the laser splitters,

when one stage is moved by a distance ∆𝑥, the path length changes by 2∆𝑥, so 10

degrees phase variation at 1.3 GHz corresponds to 3.2 mm of stage moving distance

with the splitting mirror.

Two bunches with a varied phase difference 𝜑 were sent through. The phase

difference 𝜑 here is in terms of the X-band structure frequency 𝜔/2𝜋 = 11.4 GHz,

rather than the electron gun frequency of 1.3 GHz. In the time slot when the RF

pulses from the two bunches overlap, coherent adding or canceling happens.

Suppose the RF voltage signal generated by Bunch 1 has an amplitude of 𝑉1, and

the signal by Bunch 2 has an amplitude of 𝑉2, then with the coherent radiation, the

temporal voltage signal from the train of both Bunch 1 and Bunch 2, 𝑉train(𝑡), is

𝑉train(𝑡) = 𝑉1 sin(𝜔𝑡) + 𝑉2 sin(𝜔𝑡+ 𝜑), (3.2)

The amplitude, or the peak value of the voltage signal from the train 𝑉train is

𝑉train = max |𝑉1 sin(𝜔𝑡) + 𝑉2 sin(𝜔𝑡+ 𝜑)|

=
√︁
|𝑉 2

1 + 𝑉 2
2 + 2𝑉1𝑉2 cos𝜑|,

(3.3)

So the maximum of the bunch train voltage signal is

max(𝑉train) = 𝑉1 + 𝑉2, when 𝜑 = 0∘, (3.4)
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and the minimum is

min(𝑉train) = |𝑉1 − 𝑉2|, when 𝜑 = 180∘. (3.5)

When the two bunches have exactly the same amount of charge, the RF signals

they can generate are equal, as 𝑉1 = 𝑉2 = 𝑉 . In this case, the bunch train signal

𝑉train varies between 0 and 2𝑉 . The RF power from two bunches with equal charge,

scaled as the square of the voltage signal, can reach a maximum of four times of that

from a single bunch.

In the experiment, for each specific phase difference between the two bunches, we

measured the voltage signal on the oscilloscope for Bunch 1 only, Bunch 2 only, and

both bunches together, respectively. The charge applied for this task is about 4 nC

in each bunch.

Figure 3-25 compares the voltage signal generated by a single bunch and that

generated by a train of two bunches. Figure 3-25 (a), (b) and (c) present the output

voltage signal from a single bunch, two bunches with the same phase, and two bunches

with the opposite phase, respectively. The in-phase and out-of-phase here are again

for the X-band structure frequency of 11.4 GHz. The cancellation is not complete

because the charge in the two bunches is not exactly the same.

Figure 3-26 shows the voltage signals in the two-bunch measurement, from Bunch

1 only, Bunch 2 only and the two bunches together in a train. Each measured shot is

represented by a data point in the figures. Figure 3-26a shows the case with the two

bunches in phase with each other (𝜑 = 0∘), and Fig. 3-26b shows the case with the

two bunches out of phase with each other (𝜑 = 180.3∘).

Similar figures as Fig. 3-25 and Fig. 3-26 are generated for each value of the phase

difference 𝜑, and the data were taken at an interval of about 30∘.

To characterize the superposition, an 𝑅 factor is defined as

𝑅 =
2𝑉train/𝑄train

𝑉1/𝑄1 + 𝑉2/𝑄2

, (3.6)

where 𝑄train = 𝑄1+𝑄2. 𝑉1, 𝑉2 and 𝑉train are the amplitudes of the voltage signals from
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Figure 3-25: Experimental measurements of backward power with two bunches. Volt-
age signal from (a) a single bunch, (b) two bunches with 0 deg phase difference, (c)
two bunches with 180 deg phase difference. The phase here means the X-band phase
at 11.4 GHz.
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(a)

(b)

Figure 3-26: The voltage signals vs. charge from Bunch 1 only, Bunch 2 only and the
two bunches together in a train. Each dot represents an experimental shot. (a) Two
bunches in phase with each other, 0∘ phase difference. (b) Two bunches out of phase
with each other, 180∘ phase difference. The vertical axes show the voltage values
measured on the oscilloscope. The comparison of the single bunch voltage and the
two-bunch voltage is the effective information here, rather than the absolute values
of the voltage.
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Figure 3-27: Variation of superposition factor 𝑅, as defined in Eq. (3.6) with phase
difference between the two bunches in a train.

Bunch 1 only, Bunch 2 only, and the bunch train, respectively. 𝑉train is calculated as

the envelope voltage of the RF pulse only in the region where Bunch 1 and Bunch 2

overlap.

The 𝑅 factor is a general form to describe the two-bunch superposition by nor-

malizing the voltage signal with the charge, so it is a good indicator of the phase

difference when the two bunches in a train do not have the same amount of charge.

In the special case when 𝑄1 = 𝑄2, 𝑅 ranges between 0 and 1. 𝑅 = 0 means full

cancellation and 𝑅 = 1 means complete adding. In the general case of 𝑄1 ̸= 𝑄2, when

𝑅 approaches 1 to its maximum value, the two bunches are adding up completely;

when 𝑅 goes down to almost 0, it means that the two bunches are canceling each

other.

Figure 3-27 is from the measurement results of a train of two 4 nC bunches, and

it shows the variation of the defined superposition factor 𝑅 with the phase difference

between the two bunches, with the comparison of experiment and theory. In the

figure, the experimental 𝑅 factor is calculated using Eq. (3.6) with all the voltage
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and charge from the measurement, as

𝑅experiment =
2𝑉train/𝑄train

𝑉1/𝑄1 + 𝑉2/𝑄2

(3.7)

The theoretical 𝑅 factor uses the measured single bunch values (𝑉1, 𝑉2, 𝑄1, 𝑄2) and

Eq. (3.3) to calculate 𝑉train, as follows:

𝑅theory =
2
√︀

|𝑉 2
1 + 𝑉 2

2 + 2𝑉1𝑉2 cos𝜑|/(𝑄1 +𝑄2)

𝑉1/𝑄1 + 𝑉2/𝑄2

(3.8)

The experiment agrees very well with the theory, indicating that the phase can be

controlled very precisely in the bunch train experiment.

The highest power achieved in the experiment with the wagon wheel structure

was from two bunches radiating in phase with a total charge of 85 nC transmitted.

Charge transmission is still good in this case, as shown in Fig. 3-28. The charge

emitted by the photocathode can exceed 100 nC.

The measured RF power in the backward port is shown in Fig. 3-29. The experi-

mental result agrees perfectly with the CST PIC simulation. The peak power reached

80 MW, and this is the highest RF power up to date observed with a metamaterial

structure. This amount of power corresponds to a decelerating gradient of 50 MV/m

on the second electron bunch. The peak surface electric field was estimated as 130

MV/m from CST simulations.

In the present experiment, this power was extracted and it thus represents the

power that would be available in a two beam accelerator configuration. Alterna-

tively, if this power were applied to a trailing witness bunch in a collinear wakefield

accelerator, it would provide an accelerating gradient of 75 MV/m.

A visual inspection and a cold test of the structure after completion of the high

power tests showed no evidence of damage.
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(a) (b)

(c) (d)

Figure 3-28: Charge transmission for the highest charge case in the two-bunch train
experiment. (a) ICT signals at different locations on the beam line for Bunch 1.
(b) ICT signals at different locations on the beam line for Bunch 2. (c) ICT signals
at different locations on the beam line for Bunch 1 and Bunch 2. ICT1: closest to
the electron gun; ICT2: right before the structure; ICT3: right after the structure.
Results for 50 shots are shown. (d) Charge transmission for both Bunch 1 and Bunch
2 together in a train, calculated as the ratio of charge after the wagon wheel structure
(ICT3) to the charge right before the wagon wheel structure (ICT2). The horizontal
axis shows the charge measured by ICT2.
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Figure 3-29: Highest power shot from two bunches with a total charge of 85 nC
transmitted. Output power in the backward port.

Figure 3-30: Power over charge plot for Bunch 1, Bunch 2, and two bunches together
at the same phase in the highest charge two-bunch run. Each date point represents
a shot in the experiment.

136



3.5 Conclusions

In conclusion, the experimental results of the X-band wagon wheel metamaterial

structure are presented in this paper. The experiment provides direct evidence of

the reversed Cherenkov radiation from a short and relativistic electron bunch in a

metamaterial structure. We have also demonstrated that the metamaterial structure

is a promising power extractor design for wakefield acceleration with good reliability

and simple fabrication. From a single bunch with a charge of 45 nC and a length

of 𝜎𝑧 = 1.2 mm, 25 MW of microwave power at 11.4 GHz has been extracted with

a pulse length of 2 ns. The experimental results agree very well with the analytical

calculation and CST simulations. The highest power from two bunches with a total

charge of 85 nC reached 80 MW. The available gradient for a witness bunch was 75

MV/m, making a strong candidate for structure-based wakefield acceleration.
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Chapter 4
Theory of Metamaterial Structures for

High Power Microwave Generation

In Chapter 2 and Chapter 3, I discussed the metamaterial structures designed and

built for wakefield acceleration. In Chapter 4 and Chapter 5, I will discuss the appli-

cation of metamaterial structures for high power microwave sources.

The two applications of metamaterial structures in this thesis, wakefield accel-

eration and high power microwave sources, share the same focus of interaction of

metamaterial structures with electron beams; but they have different design strate-

gies given the different goals. So in the high power microwave studies, complete

different metamaterial structures have been developed to work with an electron beam

source at MIT.

This chapter is organized as follows.

In Section 4.1 I will give a review of the previous metamaterial experiment at

MIT, named as the Stage I experiment. Stage I experiment was completed in 2016

by Jason Hummelt [19].

In Section 4.2, I will move on to my theoretical work on metamaterial structures for

high power microwaves and introduce an analytical theory to describe the Cherenkov-

cyclotron instability in metamaterial structures.

In Section 4.3, I will describe the simulation and design of the Stage II metama-

terial experiment. The design work for the Stage II experiment led to an in-house
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experiment at MIT, which will be presented in Chapter 5 of this thesis.

4.1 Review of Previous Metamaterial-Based High Power

Microwave Research at MIT

The research effort on metamaterials at the MIT group can be dated back to 2006 as in

Ref. [70], where the effect of spatial dispersion in negative permittivity metamaterials

was studied. The idea of active metamaterials, i.e. the interaction of metamaterial

structures with electron beams, was first explored theoretically in 2012 in Ref. [62],

where complementary split ring resonators were proposed to serve as the interaction

circuit with an electron beam.

Based on these theoretical research findings, the design work towards the Stage I

metamaterial experiment was started [91], and later the experiment was built in-house

at MIT.

In the Stage I metamaterial-based high power microwave experiment at MIT [19,

20, 92], we built a multi-megawatt microwave source at 2.4 GHz based on a meta-

material structure. An electron gun was used to generate a 490 kV, 84 A, 1 𝜇𝑠

electron beam. In the Stage I experiment, it was demonstrated that MW level coher-

ent Cherenkov-cyclotron radiation can be generated in a waveguide loaded with two

identical metamaterial plates.

Before this experiment, several active metamaterial-based structures with an elec-

tron beam for high power microwave generation had been studied theoretically [11,

62,66,95–100]. However, very few experiments had been carried out to actually gen-

erate high power microwaves with an electron beam passing through a metamaterial

structure [10, 101–103].

The Stage I metamaterial structure has two metamaterial plates loaded in a waveg-

uide with dimensions below the cut-off of the lowest TM mode of the rectangular

waveguide, the TM11 mode. The CAD drawing and a photo of the structure are

shown in Fig. 4-1. The implementation we chose is the complementary split ring
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Figure 4-1: A CAD rendering of the Stage I metamaterial structure built at MIT.
Left: one of the metamaterial plates. Right: a photograph of the fully assembled
structure. Dimensions are in mm. This figure is cited from Ref. [20].

resonators (CSRRs) [60]. The C-shaped cuts in Fig. 4-1a are the designed CSRRs.

The CSRRs enable us to design an all-metal structure compatible with the vac-

uum condition and the high power requirements. The CSRRs are responsible for a

negative permittivity 𝜖. The TM11 mode provides the axial electric field necessary

for interaction with the electron beam.

According to Ref. [104], if we would use the 𝜖 and 𝜇 model of a plane wave

in an open medium to describe the TM mode bounded in the waveguide, we can

introduce the permeability 𝜇 to represent the axial electric field. Then in the 𝜖 and

𝜇 model, only the transverse electric and magnetic fields remain to form a plane

wave. The permeability 𝜇 is expressed using the axial electric field component of

the waveguide TM mode on the axis and transverse magnetic field averaged over

the cross-section. The permeability 𝜇 is negative when the waveguide TM mode is

below cutoff. Therefore, since both the permittivity 𝜖 and the permeability 𝜇 are

negative, microwaves can propagate in the structure with a negative group velocity,

as explained in Chapter 1.

In our previous design, the two metamaterial plates are identical and they are
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Figure 4-2: Dispersion relation for the symmetric (red) and antisymmetric (blue)
modes of the metamaterial structure with the Cherenkov (black) and Cherenkov-
cyclotron (green) beam lines. The phase advance is 𝑘𝑧𝑝 and 𝑝 = 10 mm. The beam
energy is 490 keV and the magnetic field 400 G for the Cherenkov-cyclotron mode.
This figure is cited from Ref. [20].

arranged in a symmetric way. In this setup, there are two types of eigenmodes in the

structure, a symmetric mode and an antisymmetric mode. The dispersion relation,

i.e. 𝜔 vs. 𝑘 of the two modes, is shown in Fig. 4-2, where the phase advance in the

horizontal axis is calculated for a single period and equals 𝑘𝑧𝑝. Here 𝑝 = 10 mm is

the period of the CSRRs.

The names ‘symmetric’ and ‘antisymmetric’ are defined as the electric field sym-

metry across the middle plane between the two copper plates with CSRRs. Figure 4-3

shows the electric field plots of the symmetric mode in Fig. 4-3a, and the antisymmet-

ric mode in Fig. 4-3b. Assume the electron beam is propagating in the +𝑧 direction.

The symmetric mode has a longitudinal electric field 𝐸𝑧 on the central beam axis, with

the electric field parallel with the metamaterial plates. The antisymmetric mode has

a transverse electric field 𝐸𝑦 on the central beam axis, with the electric field perpen-

dicular to the metamaterial plates. In this case, the field vector has to point towards

one plate or the other, thus breaking the symmetry between the metamaterial plates.
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Figure 4-3: PIC simulation of the metamaterial structure with a 490 keV 84 A electron
beam showing the 𝐸𝑧 and 𝐸𝑦 field components and the particle orbits when the (a)
symmetric mode is excited at 1500 G and the (b) antisymmetric mode is excited at
700 G. This figure is cited from Ref. [20].
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In Fig. 4-2, there are four possible beam-wave interaction points, where the two

eigenmode dispersion curves intersect with the two electron beam lines. The two

beam lines represents two types of beam-wave interaction, the Cherenkov interaction

𝜔 = 𝑘𝑧𝑣𝑧 and the Cherenkov-cyclotron interaction 𝜔 = 𝑘𝑧𝑣𝑧−Ω𝑐/𝛾, where Ω𝑐 = 𝑒𝐵/𝑚

is the angular cyclotron frequency, 𝐵 is the longitudinal DC magnetic field, and 𝛾 is

the Lorentz factor of the electron beam. The Cherenkov-cyclotron mode is also called

the anomalous Doppler mode [105–107].

With the cyclotron frequency involved, in the Cherenkov-cyclotron interaction,

the electron beam performs the cyclotron motion. Figure 4-3 also compares the

different beam profiles with the Cherenkov and the Cherenkov-cyclotron interaction

from the CST particle-in-cell simulation results. Beam cyclotron motion is present at

low magnetic field in the Cherenkov-cyclotron interaction type.

In the experiment, megawatt power level pulses were generated in the antisym-

metric mode in the Cherenkov-cyclotron type of interaction at a low magnetic field.

Surprisingly, high power was only found in the Cherenkov-cyclotron mode and was

not found in the expected Cherenkov mode.

Sample traces of the measured microwave power are shown in Fig. 4-4. Figure 4-4a

shows 60 watts of microwave power in the Cherenkov mode at a high magnetic field of

1500 G, and Fig. 4-4 (b) shows the peak power of 2.7 MW in the Cherenkov-cyclotron

mode at a low magnetic field of 375 G.

The solenoidal magnetic field pointed along the electron beam axis is necessary

to transport the beam in a microwave source. During the experiments the magnetic

field was scanned, and the generated frequency was tuned by the magnetic field.

Figure 4-5 shows the measurement results. The Cherenkov-cyclotron type tunes with

the magnetic field by showing the negative slope, while the Cherenkov type is not

supposed to tune.

To conclude, in the Stage I experiment, a high power microwave source using a 490

kV, 84 A, 1 𝜇s electron beam interacting with a metamaterial loaded waveguide has

been designed [91] and experimentally demonstrated [19, 20, 92]. The metamaterial

was built as complementary split-ring resonators (CSRRs) [60] machined on metallic
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Figure 4-4: Microwave power (black), electron gun voltage (blue), and measured
collector current (red) in the Stage I experiment for an applied magnetic field of (a)
1500 G and (b) 375 G. This figure is cited from Ref. [20].
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plates oriented along the waveguide propagation axis [62,108]. The MW power level,

microsecond long pulses at around 2.4 GHz were observed in these experiments [19,92].

We know from the experiment that the Cherenkov-cyclotron instability causes the

coherent high power microwave generation. Besides, the antisymmetric mode that has

a transverse electric field on the beam axis was excited at low magnetic fields by the

gyrating electron beam whereas a symmetric mode with the maximum longitudinal

field on the axis was excited at higher magnetic fields though at low power. The

experimental results were in agreement with the CST simulations [19].

Figure 4-5: Measured (black) and simulated (green) frequency tuning with the
solenoid magnetic field. In addition, the red line is the symmetric mode Cherenkov in-
stability (𝜔 = 𝑘𝑧𝑣𝑧), and the blue line is the antisymmetric mode Cherenkov-cyclotron
instability (𝜔 − 𝑘𝑧𝑣𝑧 = −Ω𝑐/𝛾).

Although multi-megawatt power level pulses were obtained with the symmetric

structure, the microwave pulses had a short pulse length. With a continuous electron

beam 1 𝜇s long, microwave pulses of only 100 ns to 400 ns long were observed. This

leads to the design of the Stage II experiment [58, 93, 94], which will be presented in

Section 4.3. The design goal of Stage II is to achieve full 1 𝜇s long, multi-megawatt

microwave pulses.
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4.2 Theory of Cherenkov-Cyclotron Instability in a

Metamaterial Waveguide

4.2.1 Motivation

This section will present an analytical model of the Cherenkov-cyclotron instability of

an electron beam in a metamaterial loaded waveguide in a finite longitudinal magnetic

field. The interaction with the antisymmetric mode is analyzed. This analytical

model is a useful addition to the CST simulations for designing metamaterial-based

microwave sources.

Let us review the previous theoretical work on the Cherenkov-cyclotron instabil-

ity in conventional waveguides and media. The cyclotron instability is used in the

gyrotron type vacuum electron devices [105]. The operating modes of these devices

are the TE modes of a cylindrical cavity or waveguide. In a gyro-type traveling wave

tube, the interaction occurs at the normal Doppler synchronism of the waveguide

mode with the electron beam 𝜔−ℎ𝑣𝑧 = Ω𝑐/𝛾, where 𝜔 is the frequency, ℎ is the axial

wavenumber, 𝑣𝑧 is the axial beam velocity, Ω𝑐 = 𝑒𝐵0/𝑚 is the cyclotron frequency,

𝑒 and 𝑚 are the electron charge and mass, 𝐵0 is the axial magnetic field, 𝛾 is the

Lorentz factor. The anomalous Doppler synchronism 𝜔 − ℎ𝑣𝑧 = −Ω𝑐/𝛾 is possible

as well, and it has the interesting feature that the cyclotron instability starts with-

out an initial transverse velocity of the electron beam [105, 107]. Given this feature,

no transverse kicker is required for the instability to happen in a device. The the-

ory of microwave oscillator based on the anomalous Doppler synchronism has been

developed for a simple interaction circuit like a dielectric waveguide [107,109,110].

The theory in this section will focus on the Cherenkov-cyclotron instability in

a metamaterial waveguide, with a sample geometry shown in Fig. 4-6. Figure 4-6a

shows the waveguide loaded by the metallic metamaterial plates, which is the design

for the Stage I experiment, as described in Section 4.1. The metamaterial loaded

waveguide mode has a negative refraction index, i.e. a dispersion different to that

of a dielectric waveguide. Therefore, the beam-wave interaction at the anomalous
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(a)

(b)

Figure 4-6: Model of the metamaterial-loaded waveguide. (a) Waveguide loaded with
two copper metamaterial plates. This is the exact model used in CST simulations.
The metamaterial plates have the design of the CSRRs as the C-shapes. (b) Waveg-
uide filled with the artificial medium, the effective field model used for analytical
analysis.
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Doppler synchronism has to be analyzed specifically for the metamaterial waveguide.

The metamaterial mode has a longitudinal electric field in the CSRRs. Therefore,

the metamaterial waveguide mode is a TM mode.

Ref. [111] analyzed the competition between the Cherenkov mode and the Cherenkov-

cyclotron mode in a backward wave oscillator (BWO). In this section, we use the

method of Ref. [111] to formulate the equations of electron motion and the equation

for the complex amplitude of the metamaterial mode with a negative refractive index.

We restrict ourselves by a linear analysis valid for the starting operation conditions

of the microwave device. We solve this system of linear equations with the boundary

conditions and calculate the starting current of the instability.

4.2.2 Metamaterial Loaded Waveguide Mode

In this analysis, we substitute the metamaterial structure as in Fig. 4-6a with a

uniform effective medium, whose electromagnetic properties are a good approximation

to those of the actual structure. Figure 4-6b shows the planar waveguide filled with the

effective medium. The longitudinal direction is the 𝑧 direction, and in the transverse

direction, the dimension in the 𝑦 direction is 𝑏.

From the Maxwell’s equations for the electric 𝐸 and magnetic 𝐻 fields, we have

∇×𝐸 = 𝑖𝜔𝜇0𝐻 , ∇×𝐻 = −𝑖𝜔𝜖0𝜖 ·𝐸, (4.1)

where 𝜖0 and 𝜇0 are the permittivity and permeability of vacuum. We first assume

a time dependence of 𝑒−𝑖𝜔𝑡. We also assume a diagonal permittivity tensor 𝜖 in Eq.

(4.1) with the components of

𝜖𝑥𝑥 = 1, 𝜖𝑧𝑧 = 1, 𝜖𝑦𝑦 = (1 − 𝐹 )
𝜔2 − 𝜔2

0/(1 − 𝐹 )

𝜔2 − 𝜔2
0

(4.2)

The permittivity 𝜖𝑦𝑦 given in Eq. (4.2) is negative in the region 𝜔0 < 𝜔 < 𝜔0/
√

1 − 𝐹 .

𝐹 < 1 is a constant that can be fitted from the known dispersion relation correspond-

ing to the actual structure in Fig. 4-6a, and the negative 𝜖𝑦𝑦 comes from the CSRR
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design [60].

Suppose the propagation constant in the 𝑧 direction is ℎ, and the waveguide

dimension is 𝑎 × 𝑏 (𝑎 > 𝑏). The mode being analyzed is a TM mode with the only

nonzero field terms being 𝐸𝑦, 𝐸𝑧 and 𝐻𝑥. The antisymmetric mode field components

are represented as

𝐸(𝑎)
𝑦 = 𝐸0

𝑦 cos

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧,

𝐻(𝑎)
𝑥 = −𝜔

ℎ
𝜖0𝜖𝑦𝑦𝐸

0
𝑦 cos

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧, (4.3)

𝐸(𝑎)
𝑧 = −𝑖𝜖𝑦𝑦

ℎ

2𝜋

𝑏
𝐸0

𝑦 sin

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧

The superscript (𝑎) stands for an antisymmetric mode. The ‘antisymmetric’ here

means that the longitudinal electric field 𝐸𝑧 is antisymmetric in the 𝑦 direction from

the sine distribution in the region of 𝑦 > 0 and the region of 𝑦 < 0.

This mode has the field distribution similar to that of the actual metamaterial

structure, and the comparison is shown in Fig. 4-7a for the transverse electric field

and Fig. 4-7b for the longitudinal electric field. The field distribution of the actual

metamaterial structure is distorted by the presence of the two copper plates, marked

with the dashed lines in the figures. The field is evanescent in the 𝑦-direction near the

metamaterial plates in the actual structure, so the metamaterial design allows mode

propagation even below the cutoff frequency. In our model, the effective medium to

describe the metamaterial structure is homogenized, i.e. occupies the entire volume

of the waveguide. The field is no longer evanescent in the transverse direction, it is

sinusoidal. The analytic model that is being developed here is not meant to be an

exact replica of the field structure of the actual metamaterial loaded waveguide. It is

only intended to capture the relevant physics. In this respect, the agreement shown

in Fig. 4-7 is believed to be a good basis for the following analytic analysis.

The dispersion relation from Eq. (4.3) is

ℎ =
𝜔

𝑐

√︁
𝜖𝑦𝑦(1 −𝐾2) (4.4)
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(a)

(b)

Figure 4-7: Comparison of the electric field calculated for the metamaterial structure
used in the Stage I experiments vs. the field calculated for the analytical effective
medium theory. (a) Transverse field 𝐸𝑦. (b) Longitudinal field 𝐸𝑧. In the figures,
the position of the two plates in the real metamaterial structure are shown with the
dashed lines.
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Figure 4-8: Comparison of the dispersion curves calculated from Eq. (4.2) with the
simulation of the dispersion of the structure shown in Fig. 4-6 (a). The electron beam
lines are drawn for a beam energy of 450 kV and a magnetic field of 1.5 kG.

where 𝐾 = 𝜔cr/𝜔, and 𝜔cr is the cut-off (critical) angular frequency for an empty

waveguide without filling as 𝜔cr = 2𝜋𝑐/𝑏, where 𝑐 is the speed of light. In the

frequency range where 𝜖𝑦𝑦 < 0, the propagating wave frequency has to be below

the cut-off frequency of the empty waveguide. So there is a requirement on the

parameters as

2𝜋𝑐/𝑏 > 𝜔0/
√

1 − 𝐹 . (4.5)

The fitting results of the two parameters 𝜔0 and 𝐹 from the dispersion of the

metamaterial structure are shown in Fig. 4-8 with 𝜔0 = 2𝜋 · 1.98 GHz and F = 0.393.

The phase advance is for one axial period 𝑑 of the metamaterial structure with 𝑑 =

10 mm. The best fit, as shown in Fig. 4-8, is found in the area between the electron

beam synchronism lines which correspond to the Cherenkov synchronism 𝜔 = ℎ𝑣𝑧 and

the anomalous Doppler synchronism 𝜔 − ℎ𝑣𝑧 = −Ω𝑐/𝛾 for the maximum magnetic

field 𝐵0 of 1.5 kG, and an electron beam energy of 450 kV.
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The metamaterial loaded waveguide has some novel electromagnetic properties,

such as a negative energy flow. The Poynting flux

𝑃 (𝑎) =
1

2

∫︁ 𝑏/2

−𝑏/2

(𝐸 ×𝐻*) · 𝑧𝑑𝑦𝐿𝑥

= −𝑐𝜖0𝑏𝐿𝑥

4
|𝐸0

𝑦 |2
√︂

𝜖𝑦𝑦
1 −𝐾2

, (4.6)

is negative in the longitudinal direction, so the field energy flows backward in the

metamaterial loaded waveguide.

Even when the Poynting flux is negative in the metamaterial medium, the relation

between the Poynting flux and the stored energy still holds as

𝑃 (𝑎) = 𝑣𝑔𝑊
1

𝐿𝑧

. (4.7)

We verify the above relation by calculating the stored energy in a waveguide region

of 𝑏× 𝐿𝑥 × 𝐿𝑧 as follows. The electric energy is

𝑊𝐸 =
𝜖0
4
𝐿𝑥𝐿𝑧

∫︁ 𝑏/2

−𝑏/2

(︂
|𝐸𝑦|2

𝜕(𝜔𝜖𝑦𝑦)

𝜕𝜔
+ |𝐸𝑧|2

)︂
𝑑𝑦

=
𝜖0
8
𝑏𝐿𝑥𝐿𝑧|𝐸0

𝑦 |2
(︂

𝜖𝑦𝑦
1 −𝐾2

+ 𝜔
𝜕𝜖𝑦𝑦
𝜕𝜔

)︂
, (4.8)

and the magnetic energy is

𝑊𝐻 =
𝜖0
8
𝑏𝐿𝑥𝐿𝑧|𝐸0

𝑦 |2
𝜖𝑦𝑦

1 −𝐾2
, (4.9)

so then the total energy is

𝑊 =
𝜖0
8
𝑏𝐿𝑥𝐿𝑧|𝐸0

𝑦 |2
(︂

2𝜖𝑦𝑦
1 −𝐾2

+ 𝜔
𝜕𝜖𝑦𝑦
𝜕𝜔

)︂
. (4.10)

The group velocity 𝑣𝑔 = 𝜕𝜔/𝜕ℎ is

1

𝑣𝑔
= −1

𝑐

√︂
𝜖𝑦𝑦

1 −𝐾2
− 1

2𝑐

√︃
1 −𝐾2

𝜖𝑦𝑦
𝜔
𝜕𝜖𝑦𝑦
𝜔

< 0. (4.11)
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From Eq. (4.6, 4.10, 4.11), we verify the relation in Eq. (4.7). These novel electro-

magnetic features illustrate how the metamaterial medium acts differently with an

electron beam from normal circuits.

4.2.3 Electron Beam Interaction with the Antisymmetric Meta-

material Waveguide Mode: Cherenkov-Cyclotron Insta-

bility

We send in a continuous electron beam at the velocity 𝑣 = 𝑣𝑧 into the metamaterial

medium traveling in the 𝑧 direction under a DC magnetic field of 𝐵0 to study their

interaction. The full terms of the field component of the antisymmetric mode can be

expanded from the eigenmode field terms as

𝐸 = R{𝐶(𝑧)𝐸(𝑎)𝑒−𝑖𝜔𝑡},

𝐻 = R{𝐶(𝑧)𝐻(𝑎)𝑒−𝑖𝜔𝑡}.

where 𝐶(𝑧) is the complex amplitude. The electron beam with a momentum 𝑝 = 𝛾𝑚𝑣

gyrate in the magnetic field by the particle motion equation

𝑑𝑝

𝑑𝑡
= −𝑒 (𝐸𝑦 + 𝜇0𝑣𝑧𝐻𝑥)𝑦 − 𝑒 (𝐸𝑧 − 𝜇0𝑣𝑦𝐻𝑥) 𝑧 − 𝑒𝑣 ×𝐵0𝑧. (4.12)

In the cylindrical system,

𝑝𝑥 = −𝑝⊥ sin𝜑, 𝑝𝑦 = 𝑝⊥ cos𝜑.

and the Larmor radius is

𝑎𝑐 =
𝑝⊥
𝑒𝐵0

=
𝑝⊥
𝑝𝑧ℎ𝑐

,

where ℎ𝑐 = 𝑒𝐵0/𝑝𝑧.

We then transform the equation of motion to the guiding center coordinates
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(𝑋, 𝑌 ), where ⎧⎨⎩𝑥 = 𝑋 + 𝑎𝑐 cos𝜑,

𝑦 = 𝑌 + 𝑎𝑐 sin𝜑, where 𝑌 = 0
(4.13)

Here we make the assumption that the Larmor radius is small, 𝜔cr𝑎𝑐/𝑐 ≪ 1, and

rewrite Eq. (4.12) keeping only the terms with exp(𝑖ℎ𝑧 − 𝑖𝜔𝑡 − 𝑖𝜑) corresponding

to the Cherenkov-cyclotron (or anomalous Doppler) synchronism condition of 𝜔 =

ℎ𝑣𝑧−ℎ𝑐𝑣𝑧. Under this assumption, the theory only applies to finite 𝐵0, since otherwise

𝑎𝑐 is not defined at zero magnetic field. The transformed equations of motion in the

guiding center coordinates are:

𝑑𝑝⊥
𝑑𝑧

= − 𝑒

2𝑣𝑧
R
{︂
𝐶(𝑧)𝐸0

𝑦

(︂
1 + 𝛽𝑧

√︂
𝜖𝑦𝑦

1 −𝐾2

)︂
𝑒−𝑖𝜒

}︂
, (4.14)

𝑝⊥
𝑑𝜑

𝑑𝑧
= 𝑝⊥ℎ𝑐 +

𝑒

2𝑣𝑧
R
{︂
𝑖𝐶(𝑧)𝐸0

𝑦

(︂
1 + 𝛽𝑧

√︂
𝜖𝑦𝑦

1 −𝐾2

)︂
𝑒−𝑖𝜒

}︂
, (4.15)

𝑑𝑝𝑧
𝑑𝑧

=
𝑒

2𝑣𝑧
R
{︂
𝐶(𝑧)𝐸0

𝑦

√︂
𝜖𝑦𝑦

1 −𝐾2

(︂
𝐾𝑎𝑐

𝜔cr

𝑐
+

𝑝⊥
𝛾𝑚𝑐

)︂
𝑒−𝑖𝜒

}︂
. (4.16)

where 𝜒 = 𝜔𝑡− ℎ𝑧 + 𝜑, and 𝛽𝑧 = 𝑣𝑧/𝑐.

Next the growth rate of the electron energy can be calculated from Eqs. (4.14,

4.16) using the relation 𝛾2 = 1 + (𝑝2⊥ + 𝑝2𝑧) / (𝑚2𝑐2), as

𝑑𝛾

𝑑𝑧
= − 𝑒𝑝⊥

2𝛾𝑚2𝑐2𝑣𝑧
R
{︂
𝐶(𝑧)𝐸0

𝑦

(︂
1 −

√︂
𝜖𝑦𝑦

1 −𝐾2

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂
𝑒−𝑖𝜒

}︂
. (4.17)

Combining Eqs. (4.14, 4.17), we have

𝑑𝑝2⊥
𝑑𝛾

= 2𝛾𝑚2𝑐2
(︂

1 + 𝛽𝑧

√︂
𝜖𝑦𝑦

1 −𝐾2

)︂(︂
1 −

√︂
𝜖𝑦𝑦

1 −𝐾2

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂−1

. (4.18)

The Cherenkov-cyclotron instability happens when the beam starts gyrating from

a zero initial transverse velocity, and gains perpendicular momentum as the beam

loses energy from the beam-wave interaction. So the condition for the Cherenkov-

cyclotron instability is

𝑑𝑝2⊥/𝑑𝛾 < 0, (4.19)
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Figure 4-9: Effective parameters 𝜖𝑦𝑦 and 𝜇𝑥𝑥 for the analytical model. Both parame-
ters are negative in the operating frequency range.

which gives

1 −
√︂

𝜖𝑦𝑦
1 −𝐾2

𝜔2
cr

𝜔𝑐ℎ𝑐
< 0. (4.20)

The condition only holds when the external DC magnetic field is low enough, such

that
𝑒𝐵0

𝑚
< 𝛾𝑣𝑧

√︂
𝜖𝑦𝑦

1 −𝐾2

𝜔2
cr

𝜔𝑐
. (4.21)

The Cherenkov-cyclotron instability described here is a unique property of the

double negative metamaterial, since according to Eq. (4.20), the frequency of the

propagating wave has to be below the cut-off of the TM mode of the empty waveguide,

i.e. 𝜔 < 𝜔cr, where 𝜔cr = 2𝜋𝑐/𝑏 = 2𝜋 · 4.76 GHz. This feature is equivalent to a

negative permeability as [104]

𝜇𝑥𝑥 = 1 − 𝜔2
cr

𝜔2
. (4.22)

Therefore, both 𝜖𝑦𝑦 and 𝜇𝑥𝑥 are negative in the operating frequency range, as shown

in Fig. 4-9.
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Next we calculate the starting current for the Cherenkov-cyclotron instability.

The waveguide excitation equation by a current density 𝑗 is

𝑑𝐶

𝑑𝑧
=

1

4𝑃 (𝑎)

∫︁
𝑗 ·𝐸(𝑎)*𝑒𝑖𝜔𝑡𝑑𝑆⊥ (4.23)

where 𝑃 (𝑎) < 0 is the Poynting vector for the antisymmetric mode of Eq. (4.3). The

integration is done over the beam cross section 𝑆⊥. The current density of an electron

beam with a number density of 𝑛𝑏 can be represented as

𝑗 = 𝑒𝑛𝑏

(︂
𝑝⊥
𝛾𝑚

sin𝜑 𝑥̂− 𝑝⊥
𝛾𝑚

cos𝜑 𝑦 − 𝑣𝑧𝑧

)︂
𝑆𝑏 𝛿 (𝑥−𝑋 − 𝑎𝑐 cos𝜑, 𝑦 − 𝑎𝑐 sin𝜑)

(4.24)

where 𝑆𝑏 is the beam cross-section area. The gyrating electron beam trajectory is

included as the arguments of the delta-function. Using Eqs. (4.13, 4.24) in Eq. (4.23)

under the assumption of a small gyro-radius 𝑎𝑐 and keeping gyro-radius terms to the

first order, we have

𝑑𝐶

𝑑𝑧
=

𝐼𝑏
8𝑃 (𝑎)

𝑝⊥
𝛾𝑚𝑣𝑧

𝐸0*
𝑦

(︃
1 −

√−𝜖𝑦𝑦√︀
𝜔2

cr/𝜔
2 − 1

𝜔2
cr

𝜔𝑐ℎ𝑐

)︃
𝑒−𝑖ℎ𝑧+𝑖𝜔𝑡+𝑖𝜑 (4.25)

where 𝐼𝑏 = 𝑒𝑛𝑏𝑣𝑧𝑆𝑏 is the beam current.

Next we introduce the normalized parameters,

𝜌 =
𝑝⊥
𝑚𝑐

, 𝑍 = 𝑘𝑧,

𝐴 =
𝑒𝐶𝐸0

𝑦

𝑚𝑐2𝑘
, (4.26)

𝐼 = −
𝐼𝑏|𝐸0

𝑦 |2

2𝑘2𝑃 (𝑎)

𝑒

𝑚𝑐2
,
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where 𝑘 = 𝜔/𝑐. Then we have

𝑑𝐴

𝑑𝑍
= − 𝜌𝐼

4𝛾𝛽𝑧

(︂
1 −

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂
𝑒𝑖𝜒, (4.27)

𝑑𝛾

𝑑𝑍
= − 𝜌

2𝛾𝛽𝑧
R
[︂
𝐴

(︂
1 −

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂
𝑒−𝑖𝜒

]︂
, (4.28)

𝑑𝜌

𝑑𝑍
= − 1

2𝛽𝑧
R
[︂
𝐴

(︂
1 + 𝛽𝑧

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

)︂
𝑒−𝑖𝜒

]︂
, (4.29)

𝑑𝜒

𝑑𝑍
=

1

𝛽𝑧
−
√︁

(−𝜖𝑦𝑦) (−𝜇𝑥𝑥) +
ℎ𝑐
𝑘

+
1

2𝛽𝑧𝜌
R
[︂
𝑖𝐴

(︂
1 + 𝛽𝑧

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

)︂
𝑒−𝑖𝜒

]︂
(4.30)

where 𝛽𝑧 can be expressed as

𝛽𝑧 =
√︀

1 − 𝛾−2 − 𝜌2𝛾−2.

The integral of Eqs. (4.27, 4.28) is

|𝐴(𝑧)|2 − |𝐴(0)|2 = 𝐼(𝛾(𝑧) − 𝛾(0)) (4.31)

Equations (4.20, 4.31) are the instability conditions: the current 𝐼 > 0 because

of 𝑃 (𝑎) < 0 as in Eq. (4.26), the electrons lose energy 𝛾(𝑧) < 𝛾(0), gain transverse

momentum 𝑝⊥, and the field amplitude is the highest at the entrance |𝐴(0)| > |𝐴(𝑧)|

from the backward wave.

We now introduce the linear current represented as

𝐽 = −𝑖𝜌𝑒𝑖𝜒, (4.32)

Then from Eqs. (4.29, 4.30), we have

𝑑𝐽

𝑑𝑍
= 𝑖𝛿𝑐𝐽 + 𝑖

𝐴

2𝛽𝑧

(︂
1 + 𝛽𝑧

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

)︂
, (4.33)

where

𝛿𝑐 =
1

𝛽𝑧
+
ℎ𝑐
𝑘

−
√︁

(−𝜖𝑦𝑦)(−𝜇𝑥𝑥). (4.34)

The condition of 𝛿𝑐 = 0 corresponds to the cyclotron synchronism 𝜔 = ℎ𝑣𝑧 − Ω𝑐/𝛾.
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Equation (4.25) can be rewritten as

𝑑𝐴

𝑑𝑍
= −𝑖 𝐼𝐽

4𝛾𝛽𝑧

(︂
1 −

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂
. (4.35)

Here we assume that

𝐴, 𝐽 ∝ 𝑒Γ𝑍 , (4.36)

then we can solve for Γ from Eqs. (4.33) and (4.35), and the result is

Γ1,2 =
𝑖𝛿𝑐
2

± 𝑖

√︂
𝛿2𝑐
4

+ 𝑞2, (4.37)

where

𝑞 =

√︃
− 𝐼

8𝛾0𝛽2
𝑧0

(︂
1 + 𝛽𝑧0

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

)︂(︂
1 −

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂
, (4.38)

and 𝛽𝑧0 · 𝑐 is the initial electron velocity.

Representing the field as a superposition

𝐴 = 𝐴1𝑒
Γ1𝑍 + 𝐴2𝑒

Γ2𝑍 , (4.39)

with arbitrary constants 𝐴1,2, we solve for 𝑞 from the boundary conditions

𝐽(𝑍 = 0) = 0, 𝛾(𝑍 = 0) = 𝛾0,

𝐴(𝑍 = 𝑍0 ≡ 𝑘𝐿𝑧) = 0,
𝑑𝐴

𝑑𝑍
(𝑍 = 0) = 0. (4.40)

These boundary conditions are typical for backward-wave interaction: no transverse

velocity of the beam at the entrance 𝑍 = 0; the zero field derivative at the entrance

means no initial modulation on the beam; the field is zero, therefore it is matched,

at the end of the structure 𝑍 = 𝑍0. Substituting 𝐴 in the boundary conditions with

Eq. (4.39), we have

𝑖𝛿𝑐 sin

(︃√︂
𝑞2 +

𝛿2𝑐
4
𝑍0

)︃
− 2

√︂
𝑞2 +

𝛿2𝑐
4

cos

(︃√︂
𝑞2 +

𝛿2𝑐
4
𝑍0

)︃
= 0 (4.41)
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The solution is possible at the cyclotron synchronism condition of 𝛿𝑐 = 0, under the

condition of

𝑞 =
(︁𝜋

2
+ 𝑛𝜋

)︁ 1

𝑍0

, (4.42)

where 𝑛 is an integer. Then combining the equations for 𝑞 as Eqs. (4.38, 4.42), we

have the minimum starting current 𝐼st when 𝑛 = 0 as

𝐼
(𝑎)
b st = −𝜋𝑏𝐿𝑥

4𝐿2
𝑧

(︂
4𝜋𝜖0𝑚𝑐

3

𝑒

)︂
𝛾0𝛽

2
𝑧0

(︃
𝛽𝑧0 +

√︃
−𝜇𝑥𝑥

−𝜖𝑦𝑦

)︃−1(︂
1 −

√−𝜖𝑦𝑦√
−𝜇𝑥𝑥

𝜔2
cr

𝜔𝑐ℎ𝑐

)︂−1

. (4.43)

A numerical calculation of the starting current from Eq. (4.43) is presented in

Fig. 4-10, where is the starting current is calculated as a function of the magnetic

field for the beam voltage of 420 kV. The effective 𝜖𝑦𝑦 and 𝜇𝑥𝑥 are extracted from the

dispersion curves from the eigenmode simulation. The frequency is determined by the

dispersion curve and beam line intersection in Fig. 4-8. The waveguide dimensions

are 𝐿𝑧 = 370 mm, 𝐿𝑥 = 43 mm, and 𝑏=63 mm.

Figure 4-10 shows that the starting current drops with a lower magnetic field.

This indicates that the Cherenkov-cyclotron instability happens more likely at low

magnetic fields.

4.2.4 Electron Beam Interaction with the Symmetric Meta-

material Waveguide Mode: Cherenkov Instability

An important question concerns the competition between the Cherenkov-cyclotron

regime operating in the antisymmetric mode and the Cherenkov regime of operating

in the symmetric mode. The symmetric mode (superscript (𝑠)) with a longitudinal
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𝐸𝑧 field on the axis has the nonzero field components as

𝐸(𝑠)
𝑧 = 𝐸0

𝑧 cos

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧,

𝐸(𝑠)
𝑦 = 𝑖

𝜔𝑏

2𝜋𝑐

√︃
−𝜇𝑥𝑥

−𝜖𝑦𝑦
𝐸0

𝑧 sin

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧, (4.44)

𝐻(𝑠)
𝑥 = 𝑖

𝜔𝜖0𝑏

2𝜋
𝐸0

𝑧 sin

(︂
2𝜋

𝑏
𝑦

)︂
𝑒𝑖ℎ𝑧,

and the Poynting flux is

𝑃 (𝑠) = −𝑐𝜖0𝑏𝐿𝑥

4

(︂
𝜔𝑏

2𝜋𝑐

)︂2

|𝐸0
𝑧 |2
√︃

−𝜇𝑥𝑥

−𝜖𝑦𝑦
.
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Figure 4-10: Variation of the starting current with the magnetic field for the
Cherenkov-cyclotron instability and the Cherenkov instability. The beam voltage
is 420 kV.

For simplicity, we present only an abbreviated derivation of the starting current

of Cherenkov oscillator regime operation. The starting current can be calculated

using the usual theory for a Backward Wave Oscillator (BWO) [54]. The dispersion
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equation of wave-beam interaction is of the third order as

(︁
Γ

′
)︁2(︂

Γ
′ − 1 +

ℎ𝑣𝑧0
𝜔

)︂
= −𝐶3

𝑃 (4.45)

where Γ
′ determines the 𝑧-dependence of the field and the current as exp(−𝑖Γ′

𝜔𝑧/𝑣𝑧0),

and 𝐶𝑃 is the Pierce parameter:

𝐶𝑃 =

(︂
−𝐼𝑏

|𝐸0
𝑧 |2

4𝑃 (𝑠)

𝑒

𝑚𝑐2
𝑐2

𝜔2𝛾30

)︂1/3

(4.46)

From the standard BWO boundary conditions including the field matching at the

end of the structure at 𝑧 = 𝐿𝑧 and absence of beam modulation at the entrance

𝑧 = 0, the starting value of the Pierce parameter is determined as 𝐶𝑃𝑁𝑧=0.314

where 𝑁𝑧 = 𝜔𝐿𝑧/(2𝜋𝑣𝑧0) is the number of axial wavelengths in the length of the

waveguide. Using Eq. (4.46), the starting beam current for the symmetric mode 𝐼(s)
b st

can be calculated as follows:

𝐼
(s)
b st = 0.0155

(︂
4𝜋𝜖0𝑚𝑐

3

𝑒

)︂
𝑏3𝐿𝑥

𝐿3
𝑧

𝜔𝛾30𝛽
3
𝑧0

𝑐

√︃
−𝜇𝑥𝑥

−𝜖𝑦𝑦
(4.47)

This calculation uses the same effective medium parameters 𝜖𝑦𝑦 and 𝜇𝑥𝑥 as for the

antisymmetric mode.

The numerical calculation of the starting current of the symmetric mode is shown

in Fig. 4-10 together with that of the antisymmetric mode. The beam voltage is 420

kV for both cases. The starting current of the Cherenkov mode, therefore, is higher

than for the Cherenkov-cyclotron mode for the magnetic fields 𝐵 < 550 G for the 420

kV beam.

This calculation has been done at other beam voltage values, and the same trend

holds. The Cherenkov mode is harder to start when the magnetic field 𝐵 < 630 G

for a 450 kV beam, and 𝐵 < 740 G for a 490 kV beam.

If we compare Eq. (4.43) and Eq. (4.47), we have the ratio of the starting current

162



for the Cherenkov-cyclotron instability 𝐼(𝑎)b st to that for the Cherenkov instability 𝐼(s)
b st:

𝐼
(𝑎)
b st

𝐼
(s)
b st

=
50.67𝐿𝑧

𝛾20𝑏
2

(︃
𝛽 +

√︃
−𝜇𝑥𝑥

−𝜖𝑦𝑦

)︃−1(︃
𝜔2

cr

𝑐2ℎ𝑐
− 𝜔

𝑐

√︃
−𝜇𝑥𝑥

−𝜖𝑦𝑦

)︃−1

. (4.48)

The Cherenkov-cyclotron instability is favored when the starting current of the an-

tisymmetric mode with the Cherenkov-cyclotron type is lower than that of the sym-

metric mode with the Cherenkov type, i.e. 𝐼(𝑎)b st/𝐼
(s)
b st < 1. The ratio 𝐼(𝑎)b st/𝐼

(s)
b st gets

lower with a lower magnetic field 𝐵, so the Cherenkov-cyclotron mode dominates at

low magnetic field. This important result of dominance of the Cherenkov-cyclotron

mode at lower magnetic field was verified in the Stage I experiment [19, 20, 92] and

the Stage II experiment [58,93,94], which is to be described in Chapter 5. The ratio

gets higher with a longer structure length 𝐿𝑧, so the Cherenkov-cyclotron mode is

predicted to be hard to find in a longer structure.

4.2.5 Discussions and Conclusions

The backward-wave oscillator (BWO) based on the instability of the electron beam in

a metamaterial loaded waveguide has been experimentally demonstrated in [19,20,92].

High microwave power above 1 MW can be generated in this device only at low

axial magnetic fields. The mode excited in the metamaterial loaded waveguide is an

antisymmetric mode deflecting the electron beam off the axis. The simulations have

shown the spiraling electron beam. It was proposed that the Cherenkov-cyclotron

instability causes high power microwave generation in the device. The Cherenkov-

cyclotron synchronism between the metamaterial waveguide mode and the electron

beam in a finite magnetic field was experimentally proved using the frequency tuning

by the magnetic field.

In this section, the analytical theory of the Cherenkov-cyclotron instability of an

electron beam in a metamaterial loaded waveguide has been presented. The starting

current, i.e. the threshold of the instability, is derived using the effective permittivity

tensor of the medium filling the waveguide. The permittivity was determined using
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the best fit to the dispersion curve of the real metamaterial structure. In agreement

with the experiment, the Cherenkov-cyclotron instability can only start when the

magnetic field is low enough, and the starting condition predicted by the analytical

theory agrees well with our experimental observations.

Here we have also developed the linear, stationary (with a time dependence of

exp(−𝑖𝜔𝑡)) theory of the Cherenkov-cyclotron instability in a metamaterial loaded

waveguide, and transient processes are not included. The outcome of this theory is

the starting current of the oscillator. The theory is simple and allows us to design

the oscillator without running intense numerical simulations. Furthermore, it can be

extended to model nonlinear and nonstationary regimes and calculate the efficiency

of interaction. The metamaterial waveguide can be profiled along the 𝑧 direction and

optimized to obtain higher efficiency.

4.3 Design of a Metamaterial Waveguide with Re-

verse Symmetry

In this section, I will present the design work for the Stage II metamaterial experiment

at MIT. The main focus is to improve the pulse length of the multi-MW microwave

pulses from the Stage I experiment [19,20,92]. The design work leads to a new struc-

ture built and tested at MIT. The experimental setup and results will be explained

in Chapter 5.

4.3.1 Motivation

The idea of a metamaterial structure with reverse symmetry comes from our expe-

rience with the Stage I experiment with the symmetric structure. In that structure,

the electron beam favors the antisymmetric mode with a transverse electric field on

the beam axis, and the symmetric mode with a longitudinal electric field on axis does

not help to generate high power.

So in the new design, we have reversed one of the metamaterial plates to create
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Figure 4-11: MTM-R circuit design. Two copper plates with the C-shapes aligned
in opposite directions are placed in a rectangular waveguide. The period of the
metamaterial plates is 10 mm. The red cylinder represents the electron beam traveling
between the two plates along the central axis in the +𝑧 direction. The origin of the
coordinate system is placed in the center of waveguide, and 𝑧 = 0 is at the edge of
the metamaterial plates.

asymmetry. This new structure is named the reverse metamaterial structure, or the

MTM-R structure. In this way, the symmetric mode with a longitudinal electric field

on the beam axis becomes a hybrid mode with both a longitudinal and a transverse,

deflecting electric field on the axis. Similarly, the antisymmetric mode of the meta-

material structure becomes a hybrid mode in the MTM-R structure. Therefore, any

mode of the MTM-R structure has a transverse electric field on the axis which will

deflect the electron beam but may improve high power operation of the device.
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4.3.2 Circuit Design of the Metamaterial Structure with Re-

verse Symmetry

The MTM-R structure is shown in Fig. 4-11. It is a stainless steel waveguide with two

copper metamaterial plates brazed onto it. The C-shaped cuts on the two metamate-

rial plates are aligned in opposite directions; that is, one plate is ‘reversed’ from the

other, as can be seen in Fig. 4-11. The period of the metamaterial plate, containing

one C-shaped cut, is 10 mm, and there are 37 periods in the 370 mm long structure.

The length of one period is much smaller than the wavelength in S-band, and this

is the general feature of a metamaterial structure. The two plates are 3 mm thick,

and separated by 33 mm. The electron beam travels in the +𝑧 direction, along the

central line of the waveguide.

Fig 4-12 shows the dispersion relation between the eigenmode frequency and the

phase advance per period of the metamaterial structure. The dispersion curves of the

lowest two modes are plotted, labeled as Mode 1 and Mode 2.

In terms of the interaction with an electron beam, similar to the Stage I experi-

ment, there are also two types of possible mechanisms, the Cherenkov type interaction

with a dispersion relation of 𝜔 = 𝑘𝑧𝑣𝑧, and the Cherenkov-cyclotron type with a dis-

persion of 𝜔 = 𝑘𝑧𝑣𝑧 − 𝑛Ω𝑐/𝛾, where again Ω𝑐 = 𝑒𝐵𝑧/𝑚 is the cyclotron angular

frequency, 𝐵𝑧 is the DC magnetic field, 𝑛 is an integer and 𝛾 = (1− 𝑣2/𝑐2)−1/2 is the

Lorentz factor. The case of 𝑛 = 1 is the anomalous Doppler resonance. The 𝑛 = 1

Cherenkov-cyclotron beam line 𝜔 = 𝑘𝑧𝑣𝑧 − Ω𝑐/𝛾 with a magnetic field of 400 G is

shown in Fig. 4-12, along with the Cherenkov beam line as 𝜔 = 𝑘𝑧𝑣𝑧 for a 490 kV

electron beam.

The electric field distribution for the two modes is shown in Fig. 4-13a, and the

field is plotted on the middle cutting plane 𝑥 = 0 in one period containing one pair of

C-shaped cuts. Both Mode 1 and Mode 2 are hybrid. Figure 4-13b shows the phase of

the transverse electric field 𝐸𝑦, and Mode 1 and Mode 2 have different relative phases.

The waves generated in the upper and lower parts of the waveguides are guided into

two S-band waveguide bends, Arm 1 and Arm 2, with Arm 1 on the bottom and Arm
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Figure 4-12: Dispersion curves from CST eigenmode simulation for a period of the
metamaterial structure. The Cherenkov and the Cherenkov-cyclotron beamlines are
calculated for a 490 kV electron beam in a constant magnetic field of 400 G.

2 on the top according to Fig. 4-11.

4.3.3 Particle-in-Cell Simulation of MTM-R Structure

The particle-in-cell (PIC) solver of the CST Particle Studio code is used to simulate

the microwave excitation in the structure by a 490 kV, 84 A electron beam.

The electron beam starts straight, and goes through the metamaterial structure

as illustrated in Fig. 4-14a. A longitudinal DC solenoid field is applied for beam

confinement, but it also provides the possibility for the beam to perform cyclotron

motion. In the simulation, the beam trajectory is helical, indicating the presence

of the Cherenkov-cyclotron type interaction. The cyclotron motion starts from zero

transverse velocity, therefore it is a result of the Cherenkov-cyclotron instability.

An example of the simulated power in the two output couplers is presented in
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Figure 4-13: Electric field distribution of Mode 1 and Mode 2. (a) Electric field on
the middle cutting plane of 𝑥 = 0 for one period of the structure. (b) Phase of the
𝐸𝑦 field for Mode 1 and Mode 2. The shaded blocks denote the positions of the two
metamaterial plates.
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Figure 4-14: CST Particle Studio Particle-in-cell simulation results. (a) CST model
and the helical beam trajectory with a magnetic field of 800 G. (b) Power in the two
output ports labeled as Arm 1 and Arm 2. Arm 1 is on the side of the bottom plate
as in Fig. 4-11. (c) Plot of 𝐸𝑦 on the middle cutting plane 𝑥 = 0. The field amplitude
is in log scale.
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Fig. 4-14b. With a solenoidal magnetic field of 800 G, the output microwave power

reaches 2.5 MW.

Note that in Fig. 4-14b the power levels in the two output ports are uneven in

the MTM-R design. This is different from the symmetric metamaterial structure in

the Stage I experiment, with the symmetry between the two arms broken in this

experiment.

The phenomenon of uneven power levels is caused by the fact that the longitudinal

locations of peak electric field are alternating between the two plates as the beam

spirals. So with a finite length of the metamaterial waveguide, one arm can receive

the majority of the generated microwave power. A plot of the transverse electric field

on the middle cutting plane 𝑥 = 0 is shown in Fig. 4-14c, and it explains why Arm 1

receives more power in the example illustrated. The power splitting between the two

arms varies with the structure length, and this has been verified with a series of PIC

simulations on structures with different numbers of longitudinal periods.

4.3.4 Conclusions

To conclude the design work in this section, the idea of the reversed metamaterial

waveguide was proposed and simulated. Based on the Stage I experiment discoveries,

reversing the symmetry would help with generation of high microwave power in the

Cherenkov-cyclotron type of interaction. The CST PIC simulation supports the idea,

and shows the new feature of the Stage II experiment design. The simulation also

predicts multi-MW microwave power generation at 2.4 GHz. With these theoretical

results, the MTM-R structure was built and tested at MIT, as will be presented in

Chapter 5.
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Chapter 5
Experiment of Metamaterial Structures for

High Power Microwave Generation

In Chapter 4, I introduced theoretical studies of metamaterial structures for high

power microwave applications. A design of the reversed metamaterial (MTM-R)

structure was finalized in Section 4.3.

Based on the design work, the MTM-R structure at 2.4 GHz was built and tested

at MIT as the Stage II experiment. The Stage I experiment is reviewed in Section 4.1.

Multi-MW microwave power pulses were measured, but only with a short pulse length

of 100 ns to 400 ns. The Stage II experiment is focused to solve this problem.

In this chapter, I will present the experimental facilities of the MIT Stage II meta-

material experiment in Section 5.1. Then the experimental results will be introduced

in Section 5.2. Finally conclusions on the metamaterial high power microwave source

experiment will be given in Section 5.3.

5.1 Experimental Facilities

The experimental facilities for the metamaterial-based high power microwave source

include a 490 kV, 84 A thermionic electron gun with the high voltage modulator

system, the magnet system for beam confinement, the diagnostic system, and the

interaction metamaterial structure itself inside a vacuum chamber.
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In this chapter, I will first give an overview of the test facilities in Section 5.1.1,

and then move on to introduce individual components in the experimental setup. Sec-

tion 5.1.2 will describe the electron gun and the high voltage system. Section 5.1.3

will describe the magnet system. Section 5.1.4 will present the experimental diag-

nostics for the microwaves and the electron beam. Section 5.1.5 will show the built

MTM-R structure and how it was assembled into the system.

5.1.1 Overview of Test Facilities at MIT

The overall CAD drawing of the experimental setup is shown in Fig. 5-1. As a

reference, the metamaterial structure, as the copper plates in Fig. 5-1, is 37 cm long.

A lab photo is shown in Fig. 5-2. The high voltage modulator is in an oil tank,

part of which is shown on the right of the photo. Then from the right to the left there

is the electron gun, the solenoid magnet with the MTM-R structure in the magnet

bore, the collector and output waveguides. The controls and the diagnostics are wired

to a control room. A photo of the control room is shown in Fig. 5-3.

The electron beam is emitted from a thermionic electron gun (not shown in Fig. 5-

1). The electron gun with a thermionic cathode is pulsed by 1 𝜇s high voltage pulses

up to 490 kV, and the emitted beam current at 490 kV is 84 A.

The electron beam is then confined by two magnets powered by external DC power

supplies. The one closer to the gun is referred to as the magnetic lens, and the one

farther away from the gun and overlapping the metamaterial circuit region is referred

to as the solenoid magnet.

After the beam passes through the interaction region, it is dumped into the collec-

tor, and the microwaves generated in the metamaterial structure are guided through

two waveguide bends. We call the two waveguide bends Arm 1 and Arm 2. The waveg-

uide bends are WR284 rectangular waveguides, which remain single-moded (TE10

mode) in the frequency range from 2.078 GHz to 4.156 GHz.

On both Arm 1 and Arm 2, we have installed Bethe hole directional couplers to

measure the microwave power. The couplers pick up a small amount of power in the

waveguide with a coupling coefficient of -64 dB for Arm 1 and -61 dB for Arm 2 at
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Figure 5-1: Experimental Facilities at MIT.
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Figure 5-2: Lab photo of the MTM-R experiment. The electron gun, the solenoid,
the collector and one of the two output arms with the Bethe hole coupler can be seen
in the photo. On the right is part of the oil tank holding the high voltage modulator.

2.4 GHz. The coupling coefficients were determined using a vector network analyzer

(VNA). After the power measurement, the microwaves are guided into the RF loads

for absorption.

We have maintained a good vacuum condition throughout the experiment. The

pressure can reach 10−9 Torr as the base pressure. Four ion pumps are constantly

pumping, a 150 L/s pump at the electron gun location, a 75 L/s ion pump at the

beam collector location, and two 20 L/s pumps at the two output arms. They help

keep the ultra high vacuum for the experiment. The vacuum environment in the

electron gun is isolated from the rest of the vacuum system by a gate valve when the

electron gun is not pulsed to protect the gun cathode.
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Figure 5-3: Photo of the control room. Soon after the photo was taken, the control
room was moved and rearranged.

5.1.2 Electron Gun and High Voltage System

The electron gun was built by Haimson Research Corporation (HRC) and installed

at MIT. It is a Pierce electron gun with a thermionic cathode.

Figure 5-4 shows the interior of the electron gun. The cathode is pulsed by high

voltage signals of up to 490 kV with 1 𝜇s flattop generated by the modulator, and

the anode is grounded. Figure 5-5 shows the high voltage modulator, which sits in a

tank filled with oil. The heater is connected to the HRC electron gun.

The cathode is heated by a Tungsten heater, so when a high voltage pulse is

applied, an electron beam with a pulse length of 1 𝜇s is emitted. The shape of the

cathode is designed so that a laminar electron beam is generated and then focused

down to a beam waist. The beam waist is where the electron beam has the smallest

transverse size, and the transverse velocity is zero at the waist position. The beam

waist for the 490 kV beam is 7.5 mm in diameter.

For a Pierce gun, the current 𝐼 scales with the voltage 𝑉 as 𝐼 ∝ 𝑉 3/2 [54,112] by

the Child-Langmuir law [113,114]. The relativistic correction to the law is insignificant

175



Figure 5-4: Interior structure of the Pierce type electron gun. The gun cathode is
opened up for installation. The anode is attached to the flange on the right. Photo
credit: Jason Hummelt [19].

Figure 5-5: High voltage modulator inside an oil tank. Photo credit: Jason Hum-
melt [19].
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Figure 5-6: Voltage and current curve for the HRC electron gun at the MIT facility.
High magnetic field was applied in these measurements for the best beam confinement.

at the operating beam voltage. For a given geometry, the ratio 𝐼/𝑉 3/2 is a constant,

defined as the electron gun perveance. The 𝐼-𝑉 curve was measured for the HRC gun

in the lab, and the result is shown in Fig. 5-6. The electron gun perveance is about

0.23 𝜇perv from the fitting.

The current was measured from the beam collector by a Faraday cup. Note that

the current measurement happens after the electron beam travels through the interac-

tion metamaterial circuit. So if a beam collision happens with the interaction circuit,

we will see a decrease in the collector current. Later in Section 5.2, I will present

the current traces when high power microwaves are generated from the Cherenkov-

cyclotron instability with a gyrating electron beam colliding into the structure. The

measured collector current drops in this case.

From Fig. 5-6, we can see that there is some deviation from the theoretical line of

𝐼 ∝ 𝑉 3/2 by the Child-Langmuir Law, and this is due to the slightly different collector

current trace shapes at different voltages. Some examples of the current and voltage

traces at different operation conditions are shown in Fig. 5-7. In Fig. 5-6, the current
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Figure 5-7: Voltage and collector current traces of the electron gun at different oper-
ating voltages. High magnetic field was applied in these measurements for the best
beam confinement.
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in the vertical axis is recorded as the peak current from the current traces in Fig. 5-7.

This leads to the slight deviation of the measured 𝑉 -𝐼 curve from the theoretical line

in Fig. 5-6.

5.1.3 Magnet System for Beam Transport

Two water-cooled magnets are installed to confine the electron beam. They were also

built by the Haimson Research Corporation. The focusing magnetic field is in the

same direction as the beam propagation direction, and we call this the longitudinal

direction. The direction perpendicular to the beam direction is called the transverse

direction.

The lens magnet is closer to the electron gun, located between the gun and the

metamaterial structure. The solenoid magnet overlaps with the metamaterial struc-

ture, and the structure is placed in the center of the solenoid magnet bore. Figure 5-1

shows the locations of both the lens and the solenoid magnets.

The field of both the lens magnet and the solenoid magnet can be adjusted inde-

pendently and continuously from zero to their maximum values of 900 G for the lens

and 1500 G for the solenoid. An example of the magnetic field distribution along the

beam axis is presented in Fig. 5-8. The magnetic field peak around the position of

160 mm from the beam waist is the lens field, and the broader flattop in the region

between about 400 mm and about 700 mm is the solenoid field.

5.1.4 Diagnostics for Microwave Power

Since the experiment is expected to generate a few megawatts of power, we need

to pick up a small amount of the power to measure the power level. Bethe hole

couplers can serve the purpose [115]. The couplers were designed and built by the

CML Engineering Inc.

The principle of a Bethe hole coupler is that a small hole or a few small holes are

cut on the broad wall of the S-band waveguide, so that the fundamental TE10 mode

of the waveguide can be coupled into the hole by scattering. Then a stripline detector
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Figure 5-8: Longitudinal magnetic field profile with both the lens and the solenoid
magnets at the maximum field values. Lens field: 900 G, solenoid field: 1.5 kG.

can pick up the signal with directivity. The power received by the stripline is then

coupled to a coax connector and measured by a power meter.

The Bethe hole couplers used in this experiment are directional couplers. They

can only measure the power flowing in the forward direction of the waveguide, but the

reflected power in the backward direction cannot be coupled into the hole and thus

is not measured. The Bethe hole couplers can be rotated to change the directivity.

In the experiment, we have one Bethe hole directional coupler on each of the

output waveguides, Coupler A on Arm 1 and Coupler B on Arm 2. They have

the same coupler design, but we rotated Coupler B a little bit to make a different

coupling value for verification of the measured power. When the coupler was rotated,

the stripline direction was changed, so the coupling coefficient was different.

The coupling coefficients for both couplers were measured with a VNA, and the

calibration result is presented in Fig. 5-9. At 2.4 GHz, Coupler A on Arm 1 has a

coupling coefficient of -64 dB, and Coupler B on Arm 2 has -61 dB.

Simulation results of the Bethe hole coupler are also presented in Fig. 5-9. The

simulation is done in CST Microwave Studio on a guessed model of the Bethe hole
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Figure 5-9: Coupling coefficients of the Bethe hole coupler A on Arm 1 and the
coupler B on Arm 2. Solid lines: VNA measurement. Dashed lines: CST Microwave
simulations of the guessed model.

coupler, since we do not know the interior geometry of the commercial Bethe hole

couplers.

Figure 5-10 shows the guessed model of the waveguide, the hole and the stripline.

In Fig. 5-10a, the vacuum part and the stripline are shown, while the metal part of

the waveguide is hidden in the view. Figure 5-10b shows a detailed illustration of the

coupler in the cross section view. There is a vacuum window between the stripline

sitting in air and the waveguide in vacuum. The coupling is calculated as the power

picked up by the stripline over the power coming in through a waveguide port.

In the model, the waveguide wall thickness is 5 mm, and the hole diameter is

9.1 mm. The model geometry is guessed by fitting the simulation and the cold test

results. They agree well in the single-moded regime for the WR284 waveguide below

4.156 GHz. This also means that the Bethe hole coupler cannot measure the TE10

mode of the waveguide beyond 4.156 GHz.

With the Bethe hole couplers, the power and frequency of the microwave pulses

were measured respectively with a power meter and a fast oscilloscope up to 6 GHz.

Care was taken to assure that the power measurement with the Bethe hole coupler

only measured the power in the operating mode at 2.4 GHz. Small amounts of power
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Figure 5-10: Model of the Bethe hole coupler. The model geometry is decided from
fitting the CST simulation results with the VNA measurement.
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Figure 5-11: Diagram of the mixer measurement for frequencies of the higher harmon-
ics. The mixer transforms the RF signal (output microwave power at the Bethe hole
coupler) to an intermediate frequency (IF) signal (to be measured on the oscilloscope)
with the help of a local oscillator (LO) signal.

at higher frequency mainly at higher harmonics also can couple into the hole coupler

but was carefully filtered out using low pass and bandpass filters.

A mixer was also used to extend the measurable higher harmonics frequency to

15 GHz using a signal generator as a local oscillator. The diagram for the mixer

measurement is shown in Fig. 5-11. The mixer transforms the RF signal (output

microwave power at the Bethe hole coupler) to an intermediate frequency (IF) signal

(to be measured on the oscilloscope) with the help of a local oscillator (LO) signal.

The local oscillator is a signal generator.

With a proper LO frequency 𝑓LO, we can transform the RF signal with a frequency

of 𝑓RF to the IF signal within the measurable range of the oscilloscope (up to 6 GHz).

The IF frequency 𝑓IF as the output of the mixer is

𝑓IF = 𝑓RF ± 𝑓LO. (5.1)

Since there are two solutions for 𝑓RF given a measured 𝑓IF on the oscilloscope,

we need to vary the frequency of the LO signal to determine the RF frequency.

We measured the frequency spectrum with a frequency step of 0.5 GHz in the LO
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frequency from 5 GHz to 14 GHz. From this measurement, we observed up to the 6th

order harmonics of the fundamental mode, while later, in measuring the power at 2.4

GHz, all these higher harmonics were filtered out correctly with the low pass filters.

5.1.5 MTM-R Structure Fabrication and Assembly

The MTM-R structure was built at the MIT Central Machine Shop. Photos of the

MTM-R structure are shown in Fig. 5-12.

The stainless steel waveguides are welded together, with the cross section dimen-

sion of 63 mm × 43 mm. Two slots are cut for the insertion of the copper metamaterial

plates.

The copper plates with CSRRs are brazed to the stainless steel waveguides. The

distance between the two parallel plates is 33 mm. The two plates are arranged in the

reverse symmetry, with the C-shaped cuts in the CSRR design pointing to opposite

directions in the waveguide.

The structure is 37 cm long. It is held by two customized flanges on the two ends,

as can be seen in Fig. 5-12a. The complete assembly sits in a vacuum pipe which

holds the vacuum. Then the vacuum pipe is inserted into the bore of the solenoid

magnet. The structure was cleaned in a sonicator and baked at 150∘C before being

assembled in the vacuum system.

5.2 Experimental Results

In this section, I will present the experimental results of the Stage II MTM-R exper-

iment. The major achievements include that we measured full 1 𝜇s long microwave

pulses up to 2.9 MW, and that we identified the beam-wave interaction to be the

Cherenkov-cyclotron type.

Section 5.2.1 will explore the operation space in the search for multi-MW output

microwave power of the device. Section 5.2.2 will show sample output power traces

from different experimental conditions. Section 5.2.3 will present the experimental

evidence that the high power is generated by the Cherenkov-cyclotron interaction.
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(a)

(b) (c)

Figure 5-12: Photos of the MTM-R structure. The waveguide itself is 37 cm long.
Two customized flanges are bolted on the two ends of the waveguide. (a) Full MTM-R
structure with two flanges on the ends. (b) MTM-R structure looking from the gun
side flange. (c) MTM-R structure looking from the collector side flange. Red arrows
denote the opposite directions of the C-shaped cuts, as the CSRR design arranged
with reverse symmetry.
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Section 5.2.4 will discuss an improvement of the experimental results by adding a

pair of steering coils.

5.2.1 Tunable Operation Space for High Power Microwave

Generation

The power and frequency measurements of the device were done in a large 3D pa-

rameter space, with the three parameters being the beam voltage, the lens field and

the solenoid field. For the Pierce type gun, the beam current scales with the beam

voltage, so it is not an independent parameter.

In the 3D parameter space of voltage-lens field-solenoid field, we observed in some

regions full-length, one microsecond microwave pulses with a few megawatts of power.

The high power region in the lens-solenoid 2D space with a fixed beam voltage is

shown in Figure 5-13a. In the half-bounded region between the two boundary lines,

marked ‘high power’ in the figure, the output power is higher than 1 MW. However,

the power drops abruptly to the level of 1 kW outside of the high power region.

The boundary contour denotes the critical condition for the megawatt level power

to start. The contour shrinks with a lower beam voltage. In the high power region, the

operating voltage (490 kV, 460 kV, or 420 kV) is higher than the critical voltage; while

outside of the bounded region, the operating voltage is below the critical voltage. So

the shrinking high power region indicates that the critical voltage varies with both

the lens and the solenoid field. Figure 5-13b then shows measurement of the critical

voltage at some lens field values. The trend is in agreement with the information

in Figure 5-13a that with a lower operating voltage, the high power operation space

shrinks.

The occurrence of regions of megawatt level power as shown in Figure 5-13 has

several reasons.

The first reason is that the generated high power is from the Cherenkov-cyclotron

instability. This instability arises only when the solenoid field is below a certain

threshold so that the cyclotron motion wins over the longitudinal bunching.
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Figure 5-13: High power operation space. (a) High power region in the solenoid-lens
field 2D parameter space with a fixed beam voltage of 490 kV, 460 kV and 420 kV. The
half-bounded region between the two boundary lines is the megawatt power operation
space, and outside is the low power region. The shaded area in yellow is where beam
interception happens. (b) Variation of the critical voltage with the solenoid field for
multiple lens field values.
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Figure 5-14: Magnetic field profiles and beam envelopes radii 𝑟𝑏 of the 490 kV electron
beam. The shaded area in pink marks the region of the metamaterial waveguide. Half
of the distance between the two metamaterial plates is 16.3 mm as a reference. The
black solid curves are the radii of the beam envelopes, and the blue dashed curves
represent the longitudinal magnetic field. The peak lens field for both plots is 724 G,
and the solenoid flat-top field is 1511 G for (a), and 341 G for (b). In the experiment,
high power was measured in case (b), but not in case (a).
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The second reason is that the beam quality is varied at different conditions. The

lens field, together with the solenoid field, decides the beam radius and scalloping

through the space charge effect. The spatial locations of the electron gun, the lens

and the solenoid were not varied during the experiment so that at constant beam

voltage, the electron beam matching and scalloping depended only on the magnitude

of the magnetic field in the two magnets. Two examples of the beam profiles are

presented in Figure 5-14. In the experiment, high power was measured with the

condition of Figure 5-14b, but not Figure 5-14a. With the same lens field, a higher

solenoid field in Figure 5-14a leads to a mismatched beam with a smaller initial radius

at the structure entrance and heavier scalloping compared to the low solenoid field in

Figure 5-14b.

The beam radius and scalloping are the two aspects that make the difference

between high power and low power in the two cases.

On the one side, the beam radius should be reasonably large to fill the space

between the two metamaterial plates. The metamaterial plates support surface waves

concentrated on the plates, so the electron beam under a lower magnetic field sees a

stronger electric field near the plates resulting in a stronger interaction. But when the

magnetic field is too low, beam interception happens before the microwave mode is

excited so the effective beam current is reduced and high power cannot be generated.

On the other side, scalloping is not favorable to high power generation, and this has

been illustrated in the CST PIC simulations. If the scalloping before the beam enters

the metamaterial waveguide is neglected in the PIC simulation, the code predicts high

power from longitudinal bunching with a high magnetic field of over 1 kG. However,

when scalloping is taken into account, the saturation time of high power lengthens

from below 300 ns to above 600 ns. With a finite high voltage pulse length on the

electron gun, a longer saturation time makes it more difficult to excite high microwave

power.
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5.2.2 Sample Microwave Pulses

Among the megawatt and microsecond long pulses, three categories of pulses were

observed. In the first category, the two output arms have the same microwave fre-

quency; while in the second category, the measured frequencies in the two arms differ

by about 30 MHz. In these two categories, each arm has a single frequency indicating

coherent radiation from the electron beam. In the third category, multiple frequencies

are measured in one or both arms.

Figure 5-15 is an example of the first category where both arms have the same

frequency. Figure 5-15a shows the gun voltage trace and the collector current trace.

The beam voltage is 490 kV, and the collector current goes up and then drops to zero

quickly. The full current at the gun is 84 A, and the missing collector current is from

beam interception on the structure. This is as expected since the design modes are

hybrid with a transverse deflecting electric field. However, the MTM-R structure is

comprised of copper plates of 3 mm thickness and there was no evidence of arcing or

damage to the plates.

Figure 5-15b shows the power traces. The flat-top power is 1.5 MW, so the

efficiency is 4%. The power rises from almost zero to the full value within a very

short time, just 100 ns. The operating lens field is 725 G and the solenoid field is

339 G. Figure 5-15c shows the measured voltage spectra for the microwaves in Arm

1 and Arm 2. Both arms see the same single frequency of 2.37 GHz. The radiated

waves are coherent with a bandwidth of only a few MHz. The signal in Arm 2 has a

small side band at 2.39 GHz, but it is 12 dB down in power from the main peak at

2.37 GHz since the spectrum represents the relative voltage.

Figure 5-16 is an example of the second category where the two arms each have a

single but different frequency. The peak voltage is 420 kV, and the full beam current

at the gun is 65 A. The total output power is 2.5 MW with a full 1 𝜇s pulse width;

the efficiency is 9%. The lens field is 725 G and the solenoid field is 437 G.

The second category has the flattest output power traces and the highest energy

efficiency. Observation of this category is always under the condition that the operat-
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Figure 5-15: Sample pulse in the first category, with high power microwaves in both
arms at the same coherent frequency of 2.37 GHz. The operating lens field is 725
G and the solenoid field is 339 G. (a) Voltage and collector current traces. (b) High
power microwave traces. (c) Normalized voltage spectra of the microwaves in the two
arms.
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(a)

(b)

(c)

Figure 5-16: Sample pulse in the second category, with high power microwaves in
both arms each at a single but different frequency. The operating lens field is 725
G and the solenoid field is 437 G. (a) Voltage and collector current traces. (b) High
power microwave traces. (c) Normalized voltage spectra of the microwaves in the two
arms.
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(a)

(b)

(c)

Figure 5-17: Sample pulse in the third category, with high power microwaves at
multiple frequencies. The operating lens field is 739 G and the solenoid field is 450
G. (a) Voltage and collector current traces. (b) High power microwave traces. (c)
Normalized voltage spectra of the microwaves.
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ing voltage is above but very close to (within 20 kV) the critical voltage. The reason

is that there are several modes with different interaction types possibly happening in

the structure. These modes all have various critical voltages, so when the operating

voltage is just above the lowest threshold, only one type of interaction leads to high

power microwaves, and the pulse shape is flat. As the voltage goes higher, mode com-

petition occurs, so the third category of pulses is observed, with multiple frequencies

and a messy pulse shape.

In the third category, multiple frequencies are generated in the microwave pulses.

A sample pulse in this category with a high peak microwave power is shown in Fig. 5-

17. The beam voltage is 475 kV, and the peak collector current before beam intercep-

tion happens is 60 A. The peak power is 8 MW though it happens in a short burst.

Mode competition exists in this category, when the operating voltage is far away from

the critical voltage of high power in any mode.

5.2.3 Verification of the Cherenkov-Cyclotron Instability by

Frequency Tuning Measurement

By analyzing the frequency tuning with the beam voltage and the magnetic field, we

can determine the type of beam wave interaction, since the frequency dependence

varies for different modes and interaction types.

Figure 5-18 shows the frequency dependence on the beam voltage under different

magnetic field combinations. For both Figure 5-18a and Figure 5-18b, the lens value

is 729 G, but the solenoid field is 648 G and 1511 G, respectively. We can see

that the frequency tuning with voltage fits the Cherenkov-cyclotron type and the

Cherenkov type of interaction, respectively. The fitted Cherenkov-cyclotron theory

line in Figure 5-18a has a larger slope than the Cherenkov theory line in Figure 5-

18b, since in the Cherenkov-cyclotron dispersion 𝜔 = 𝑘𝑧𝑣𝑧 −Ω𝑐/𝛾, both terms on the

right-hand side increase with a higher beam energy.

Figure 5-19 shows the frequency dependence vs. solenoid field. The Cherenkov

frequency is not affected by the magnetic field, while the Cherenkov-cyclotron fre-
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(a)

(b)

Figure 5-18: Tuning of the output microwave frequency with the beam voltage. Data
were taken at a solenoid field of (a) 648 G, (b) 1511 G. The theory line in (a) is for
the Cherenkov-cyclotron mode, upshifted by 25 MHz, and in (b) is for the Cherenkov
mode, downshifted by 5 MHz.
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Figure 5-19: Frequency tuning of the output microwave pulse with the solenoid field.
All the data in the plot were taken with a fixed lens field of 725 G and a fixed
beam voltage of 460 kV. Different interaction types, both the Cherenkov type and
the Cherenkov-cyclotron type of interaction were observed.

quency decreases with a higher field. Both types are observed in the experiment.

The high power is always in the Cherenkov-cyclotron type of interaction below 475

G. In the low power region, the Cherenkov-cyclotron mode is observed below 830 G

and the Cherenkov interaction is observed above 830 G. This feature also agrees with

the mode selection based on the measurement in Figure 5-18.

5.2.4 Improvement by Steering Coils

The idea of applying steering coils comes from the fact that high power is always

observed in the deflecting field mode with the cyclotron motion involved. We added a

transverse steering magnetic field to give the beam a modest transverse kick with the

hope that it would initiate the higher-power Cherenkov-cyclotron instability. Also,

pushing the beam closer to one of the plates can increase the field amplitude witnessed
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Magnetic lens

Solenoid magnet
Steering coils

Figure 5-20: Illustration of the position of the steering coils. One pair of steering coils
is mounted on the beam pipe overlapping with the lens. The coils were rotated to a
position that makes the transverse magnetic field perpendicular to the metamaterial
plates.

by the beam, thus improving the beam-wave interaction.

The steering coils, built by the Haimson Research Corporation, are shown in

Figure 5-20. The coils consist of two pieces facing together providing a transverse

magnetic field. With the combined effect of the transverse magnetic field from the

steering coils and the longitudinal focusing magnetic field from the lens, the electron

beam starts a cyclotron motion. In the experiment, the coils are arranged almost

parallel to the metamaterial plates, so they create a transverse magnetic field pointing

perpendicular to the plates. With this kicking field, the electron beam with an initial

longitudinal velocity gains an initial transverse velocity parallel to the plates, and

then the cyclotron motion is initiated. The guiding center of the beam then moves

closer to one of the plates.

An illustration from a CST simulation of the steered beam profile with 0.1 A

of current applied in the steering coil is shown in Figure 5-21. The integral of the
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Figure 5-21: Steered beam profile with 0.1 A in the steering coil. The beam energy
is 490 kV, the lens field is 725 G, and the solenoid field is 339 G.

transverse magnetic field of the pair of steering coils along the beam axis is 182 G-

cm/A, and if they were placed in free space, a 490 kV beam would be deflected by 13

milliradians with 0.2 A of current applied in the coils.

Figure 5-22 shows a sample of the improved pulse with the steering coils applied.

The power pulse now has a better flattop and a higher total power of 2.9 MW, at an

efficiency of about 9%. This pulse falls into the second category where the two arms

have a frequency difference of 30 MHz.

The steering coils have also changed the high power operating space. Figure 5-

23a shows the variation of the high power region (the shaded area) with the applied

steering coil current. The beam voltage and the lens field are both fixed. Positive

steering current means that the beam is steered closer to Arm 2, and negative current

pushes the beam closer to Arm 1. The plot shows the anisotropic feature of the MTM-

R structure with reverse symmetry.

The critical voltage for achieving high power (> 1 MW) with different steering coil

current values is measured and shown in Figure 5-23b. In agreement with Figure 5-

23a, a coil current of 0.1 A raises the critical voltage, while a current of -0.2 A lowers

the voltage. When the coil current goes up to 0.6 A, a second valley appears around

650 G.

The measurement with the steering coils on the one hand improves the pulse shape

and raises the power, on the other hand, it shows the anisotropic effect of the reverse

symmetry in the MTM-R design.
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(a)

(b)

Figure 5-22: Sample pulse with 0.2 A of current applied in the steering coils. (a)
Gun voltage and collector current vs. time. (b) Output microwave power vs. time.
A peak power of 2.9 MW was reached.
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Figure 5-23: High power operation space with the steering coils applied. (a) High
power region as the shaded area. (b) Measurements of the starting voltage with varied
steering coil current applied. All the data were taken with a fixed beam voltage of
450 kV and a fixed lens field of 760 G.
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5.3 Conclusions

In conclusion, the MTM-R structure has provided a rich environment to study dif-

ferent types of beam-wave interaction. Metamaterial plates arranged with reverse

symmetry operate in a deflecting mode with a negative group velocity to generate

high power.

PIC simulations show a helical beam trajectory, indicating the Cherenkov-cyclotron

instability. In the experiment, megawatt level output power with a full 1 microsecond

pulse length was observed with various combinations of the three major parameters:

the beam voltage, the lens field and the solenoid field. Coherent radiation was gen-

erated at the Cherenkov-cyclotron frequency.

A typical total output power for the beam with a voltage of up to 490 kV and

current of 84 A is 2 to 3 MW with an efficiency of up to 10%. Further investigation of

the frequency tuning with the beam voltage and the solenoid field identifies different

types of interaction at varied operating conditions. A pair of steering coils were put

on to improve the output power traces, and they also reveal the anisotropic feature

of the MTM-R structure.
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Chapter 6
Conclusions and Future Plans

This section summarizes the achievements in this thesis and proposes directions for

future research on the two topics: metamaterial structures for wakefield acceleration

and metamaterial structures for high power microwave generation.

6.1 Conclusions of Metamaterial Structures for Wake-

field Acceleration

6.1.1 Summary of Theoretical Studies

This thesis has presented the design of several metallic metamaterial structures for

wakefield acceleration, as follows:

(1) The subwavelength deep corrugation structure has been investigated analyti-

cally and benchmarked with simulations. The structure has been proved to be a good

candidate for collinear wakefield acceleration.

(2) The 3D volumetric metamaterial structure with a cubic unit cell has provided

a good model to investigate the approach of using the homogeneity approximation

with spatial dispersion to describe the dispersion characteristics. The phenomenon

of the reversed Cherenkov radiation has been simulated in a stack of the cubic unit

cells, and the generated wakefield can be applied to collinear wakefield acceleration.

(3) The wagon wheel structure has proved to be a good candidate for wakefield
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acceleration for the applications of both collinear and two-beam acceleration. The

fundamental mode in the structure is a TM mode with a negative group velocity, so

the wakefield is generated by the reversed Cherenkov radiation. This phenomenon has

been observed in CST particle-in-cell simulations. A 40-cell wagon wheel structure

has been designed to work at X-band with the 65 MeV short electron bunches at the

Argonne Wakefield Accelerator.

(4) The subwavelength elliptical structure has been proposed as a novel structure

for two-beam acceleration. The drive beam and the witness beam can travel side

by side in one elliptical structure instead of two separate structures, so the coupling

system between the two separate structures is not needed in the elliptical structure

design.

6.1.2 Summary of Experimental Studies

The experiment of high power microwave generation with the X-band wagon wheel

metamaterial structure was completed successfully at the Argonne Wakefield Accel-

erator Facilities with the 65 MeV electron beam.

The reversed Cherenkov radiation from a short and relativistic electron bunch in

a metamaterial structure has been directly verified experimentally for the first time.

The wagon wheel structure, as a rugged and simple structure, has been demonstrated

to generate high power microwaves for the application of wakefield acceleration. A

single bunch with a charge of 45 nC and a length of 𝜎𝑧 = 1.2 mm going through

the wagon wheel structure excited 25 MW of microwave power at 11.4 GHz in its

wakefield, and the microwave pulse length was short (below 2 ns), which helped to

eliminate RF breakdowns and multipactor events. The experimental results agree

very well with the analytical calculation and CST simulations.

The highest microwave power was generated by a train of two bunches with a total

charge of 85 nC, and the peak RF power reached 80 MW. The highest decelerating

gradient was 50 MV/m, and the available gradient for a witness bunch was 75 MV/m.

The wagon wheel structure can be applied to both collinear wakefield acceleration and

two-beam acceleration.
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6.2 Conclusions of Metamaterial Structures for High

Power Microwave Generation

6.2.1 Summary of Theoretical Studies

On the analytical side, this thesis has presented an analytical theory to model the

Cherenkov-cyclotron instability when an electron beam interacts with the antisym-

metric mode in a metamaterial-loaded waveguide. From the device starting current

calculation, the Cherenkov-cyclotron instability is found to start only at low mag-

netic field, and the starting current from the analytical calculation agrees with the

observations in the previous Stage I metamaterial experiment at MIT.

On the simulation side, the metamaterial structure with reverse symmetry (MTM-

R) has been proposed and simulated. The idea of the reverse symmetry stems from

the Stage I metamaterial experiment, where high microwave power was only observed

in the antisymmetric mode rather than the symmetric mode. Reversing the symme-

try was proved in CST particle-in-cell simulations to be helpful to the Cherenkov-

cyclotron type of interaction. The simulations show a helical beam trajectory, indi-

cating the Cherenkov-cyclotron instability. Multi-MW microwave power generation

at 2.4 GHz has been observed in simulations with an electron beam at a beam voltage

of 490 kV and a current of 84 A.

6.2.2 Summary of Experimental Studies

A high power microwave device at S-band with a metamaterial-loaded waveguide

with reverse symmetry exhibiting negative group velocity has been built and tested

at MIT.

Output microwave pulses of 2.5 MW, 1 𝜇s long at 2.4 GHz were generated from

an electron beam up to 490 kV, 84A. The MTM-R structure has provided a rich envi-

ronment to study different types of beam-wave interaction. Both the Cherenkov type

of interaction and the Cherenkov-cyclotron type have been observed in experiment,

but the megawatt power was generated only from the Cherenkov-cyclotron instability
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at a low magnetic field, as verified by measuring the tuning of the output frequency

with both the magnetic field and the beam voltage. A pair of steering coils were

installed to further improve the performance of the device, by increasing the output

power to 2.9 MW.

6.3 Future Plans

6.3.1 Future Plans for Wakefield Acceleration

Based on our first successful wakefield experiment on the X-band wagon wheel meta-

material structure, we have planned the next experiment at AWA with a longer meta-

material structure, and the goal is to achieve one gigawatt of microwave power in the

wakefield from the reversed Cherenkov radiation.

Previously, we have demonstrated very precise control of the spacing between

bunches in two-bunch trains with laser splitters, and the maximum charge we man-

aged to transmit in two bunches was 85 nC. Depending on the exact spacing between

bunches, the wakefield radiation from each bunch can either add or cancel. When the

wakefield from 𝑁 bunches adds up coherently, the power scales as 𝑁2. So the bunch-

train operation is beneficial for achieving high RF power for high-gradient wakefield

acceleration.

Figure 6-1 shows the CAD drawing of the next experiment, where the length of

the metamaterial structure has been increased from 8 cm in the first experiment to

22 cm. The longer structure can generate a longer RF pulse from each bunch, so

the wakefield from more bunches can overlap with each other to push up the peak

power by the 𝑁2 scaling. When 8 bunches with the charge of 40 nC/bunch in phase

with each other travel through, the structure can generate 1.2 GW of peak power

with a pulse length of 11 ns. The output power trace from the CST PIC simulation

is shown in Fig. 6-2. The decelerating electric field on the 8th bunch reaches 200

MV/m, and the available accelerating gradient for a witness bunch after the bunch

train would be about 300 MeV/m, making a strong candidate for structure-based
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Figure 6-1: CAD drawing of the 22 cm wagon wheel structure designed for a future
experiment at AWA

Figure 6-2: CST particle-in-cell simulation of the output power at the backward port
when the 22 cm structure is excited by a train of 8 bunches with 40 nC/bunch.
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wakefield acceleration.

This future experiment on the one hand can achieve the goal of high power, high

gradient wakefield generation, and on the other hand can provide a possible platform

to study the RF breakdown phenomenon at the high-field (a few hundred MV/m)

and short-pulse ( 10 ns) operation regime.

After this first future experiment, several other experiments on the wagon wheel

structure are also available and promising to try at the AWA facility, including: (1)

scaling the structure to a much higher frequency 𝑓 , investigating whether the output

power follows the 𝑓 2 scaling; (2) accelerating a trailing electron bunch in the collinear

regime; (3) accelerating a witness electron bunch in the two-beam acceleration regime,

where the drive beam and the witness beam travel in two separate wagon wheel

structures with different design strategies. For all these tasks, the metamaterial design

allows great flexibility and creates a huge parameter space for various optimization

goals.

6.3.2 Future Plans for High Power Microwave Generation

The discovery of the Cherenkov-cyclotron interaction for high power microwave gen-

eration can inspire new vacuum electron devices. Theoretically, more work would be

interesting to investigate the onset of the Cherenkov-cyclotron interaction in different

structures and its competition with other modes. Experimentally, various metamate-

rial circuits can be explored and optimized to generate high power microwaves from

the Cherenkov-cyclotron instability. Some ideas to increase the device efficiency in-

clude tapering the phase velocity and shaping the longitudinal magnetic field.
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