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Abstract
Quantum computing has the potential to eclipse its classical competitors, but only if
the number of high-quality qubits can be scaled up. Large-scale quantum systems are
impeded by the formidable hardware resources needed to combat growing amounts
of errors from hardware imperfections. Previous efforts have mainly focused on ei-
ther optimizing quantum hardware or finding new quantum algorithms. This thesis
explores synergies between the system-specific hardware physics and algorithm de-
sign that together yield more than the sum of their parts in the quest for scalable
quantum computation in bosonic systems. We present an algorithm for generating
nonclassical states of light, using full-quantum X( 2 ) nonlinearities, that transcends
previous limits on conversion efficiency. We show that such nonlinearities-which
enable highly efficient three-wave mixing between quantized signal, idler, and pump
fields-can be employed in two systematic frameworks for quantum computing. The
first, which utilizes X() interactions' fundamental symmetries and recognizes that
photon-loss is their dominant source of errors, provides a set of hardware-efficient
quantum error-correction codes and their associated encoded universal gates. One
of our codes achieves a constant rate of protected photons, a necessity for robust
large-scale quantum computation. The second framework provides hardware-efficient
universal quantum control facilitating plug-and-play application of machine learning
algorithms. It takes constraints on the hardware resources and control-error models
as inputs, and returns robust control pulse shapes for high-fidelity quantum gate ex-
ecution. The transformative performance gains obtained from this hardware-efficient
approach offer potential for scalable quantum computation using available quantum
devices.
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Title: Professor of Physics, Professor of Electrical Engineering

3



Acknowledgments

I would like to thank my high school physics teacher, Xiaozhen Li, who introduced

me to the beauty of physics. She captivated me with the eyes of a physicist: how to

investigate Nature, how to ask meaningful and simple questions, and how to eventu-

ally answer them? Moments of enlightenment, as simple as her flipping through the

pages of the physics textbook changed my trajectory of life, when she asked: why is

there always white space on each page of a physics textbook? Because it gives you a

place to write down your own derivation and interpretation of the laws of Nature!

I am also grateful for people I met inside and outside MIT during the past six

years, who have supported, inspired, encouraged, taught, guided and loved me in

different ways that opened so many doors, through which I could better explore and

discover the secrets of the universe from perspectives unforeseeable before I started

graduate school.

It's best to start by thanking my supervisor Jeffrey Shapiro for accepting me into

his group, giving knowledgeable advice, sharing his research and teaching philoso-

phies, showing me what a good piece of writing entails, and never leaving a single

piece of unsatisfying detail in research, however tiny, unaddressed. I truly appreciate

the huge effort, care and time he put into my career.

I would also like to thank Isaac Chuang for opening his office door when I dropped

by to have a quick chat about quantum optics three years ago. What came after

became the bulk of this thesis. The first day meeting Ike, I was confronted with the

question: what place would you like to be two years after you graduate? That thought

has kept me on my toes to try to be my best each day and never get comfortable

with where I am. Apart from being a nondepletable source of quantum insight,

Ike provides me constant inspiration with his art of teaching and his inexhaustible

passion for research, through lunch discussions or thoughtful emails. I also thank Ike

for introducing me to many people in the quantum community and for encouraging

me to go outside MIT, to get fresh views of life and of research.

I am also beyond gratitude to my thesis committee. Prof. Seth Lloyd's class

4



"Information and Entropy" was my introduction to information theory in general

before taking Jeff's class on quantum communication or Ike's class on quantum com-

putation. Seth's kind encouragement (a promised Toscanini ice cream coupon for

winning the LZW human decoding competition of the class), entertaining teaching

and unstinting help in my change of Ph.D focus from condensed matter theory to

quantum computation, were indispensable. I thank Prof. Vladan Vuletic for showing

me that a physicist can dance as well, where he tried to teach me and other students

with his wife Simonida Cekovic-Vuletic introductory tango moves. I am also grateful

for Eddie Farhi, Aram Harrow, Franco Wong, John Wright, and Scott Aaronson for

helpful discussions about my work, and Peter Shor, Eddie Farhi, Aram Harrow for

serving my Ph.D candidate qualification committee in quantum computation.

My graduate experience could not be complete without Google Quantum A.I. lab's

hospitality. I enjoyed three exhilarating internships there over the past two summers

and winter. Together with their kind endowment of the Google faculty focus award

to my advisor Ike, I was able to collaborate with Sergio and Vadim, as well as many

experimentalists such as Charles, Pedram, Julian and Paul, for the whole past year,

discovering many of Nature's wonders and solving many engineering conundrums. I

thank Sergio for giving me an unconventionally large degree of freedom to explore

what intrigued me the most during the internship; for suffering with my flu in three-

hour-long each way Uber drive to the experimental team in Santa Barbara for my

team presentation; for tolerating many of the mistakes I made because of rushing.

I thank Hartmut Neven for showing me the fun part of being a Googler: good free

food and awesome events of all kinds. I thank Vadim, for being the role model for

me as a hardcore Russian physicist: solving the hardest math problems by hand and

examining every detail of our assumptions all the time. I would not have finished our

project without either of their unrelenting guidance and inexhaustible support.

I owe all my machine learning and signal processing knowlwedge to Martin Mc-

Cormick, who is also an unrelenting source of support and love. And to this day, I

am constantly learning from my friends and also teachers: Ted Yoder, Helena -Zhang,

Guanghao Low, Cindy Hu, Junru Li, Evan Pu, Wenjie Ji, Charles Xiong, Zhen Bi,

5



Zhuoran He, Lina Nacib, Sara Mouradian, Tania Alam, Alin Tomescu, Meng Sun,

Bingqing Huang, Barry Sanders, Karina Vivianca, Sam Bader, and many others. I'd

also like to thank all board gaming, sports playing, and popping and locking friends

who took some of the stress out of grad school. A subset of my friends are my coau-

thors, who get a special thanks for enabling the necessary task of publication. Finally,

I'd like to thank my family for making sure I stay healthy and balanced, and my par-

ents in particular, for inspiring me with their own adventures in scientific research

and their life-long devotion to teaching and learning.

Lastly, I thank the family of Claude Shannon for their endowment of the Claude

E. Shannon Research Assistantship. I also acknowledge support from Office of Naval

Research Grant Number N00014-13-1-0774 and Air Force Office of Scientific Research

Grant Number FA9550-14-1-0052.

6



Contents

1 Introduction 19

1.1 Why Quantum Computers? ....................... 19

1.1.1 Moore's Law Points to Quantum . . . . . . . . . . . . . . . . 20

1.1.2 Quantum Computers . . . . . . . . . . . . . . . . . . . . . . . 20

1.1.3 Quantum Advantage . . . . . . . . . . . . . . . . . . . . . . . 22

1.2 M ain Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.2.1 Circuit-based Quantum Computation . . . . . . . . . . . . . . 23

1.2.2 Two Computational Challenges for Bosonic Systems . . . . . . 24

1.2.3 Hardware Resources . . . . . . . . . . . . . . . . . . . . . . . 27

1.3 Modern Advances . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.4 Hardware-efficient Solutions . . . . . . . . . . . . . . . . . . . . . . . 30

1.4.1 Our Contribution . . . . . . . . . . . . . . . . . . . . . . . . . 32

2 Quantum Computation in Bosonic Systems 37

2.1 Circuit-based Quantum Computation . . . . . . . . . . . . . . . . . . 37

2.2 Bosonic Quantum Systems for Computation . . . . . . . . . . . . . . 39

2.2.1 Bosonic Modes and Basis States . . . . . . . . . . . . . . . . . 40

2.2.2 Bosonic Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . 44

2.3 Quantum Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.4 Errors in Quantum Control . . . . . . . . . . . . . . . . . . . . . . . 49

2.4.1 Unitary Gate Errors . . . . . . . . . . . . . . . . . . . . . . . 50

2.4.2 Leakage Errors . . . . . . . . . . . . . . . . . . . . . . . . . . 51

7



3 Hardware-efficient Nonclassical Light Generation

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.1.1 Attributions and contributions . . . . . . . . . . . . . . . . . .

3.2 Quantum Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.3 UPDC Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.4 R esults . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.5 Application: Dual-Fock state Generation via Cascaded Two-Pump-

Photon UPDC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.6 Sum m ary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 Hardware-efficient Quantum Computation and Quantum Error Cor-

rection Using X(2) Interactions

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.1.1 Attributions and Contributions . . . . . . . . . . . . .

4.2 Universality of X(2) . . . . . . . . . . . . . . . . . . . . . . . .

4.2.1 Optical Hardware Resources . . . . . . . . . . . . . . .

4.2.2 Universality in the Qubit and Qutrit Bases . . . . . .

4.2.3 Universality in the Qudit Basis . . . . . . . . . . . . .

4.2.4 Sum m ary . . . . . . . . . . . . . . . . . . . . . . . . .

4.3 Symmetry-Operator-Based Error Correction using X(2) . . . .

4.3.1 Hardware Efficiency . . . . . . . . . . . . . . . . . . . .

4.3.2 X(2) Quantum Error-Correcting Codes . . . . . . . . .

4.3.3 Universal Gate Sets in the Encoded Basis . . . . . . .

4.3.4 Generalized Quantum Hamming Bounds . . . . . . . .

4.3.5 Sum m ary . . . . . . . . . . . . . . . . . . . . . . . . .

5 Hardware-efficient Universal Quantum Control

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.1.1 Attributions and contributions . . . . . . . . . . . . . .

5.2 Quantum Control using Universal Cost Function Optimization

5.3 Leakage Error Bound . . . . . . . . . . . . . . . . . . . . . . .

8

53

53

54

55

60

66

71

74

75

. . . . 75

. . . . 80

. . . . 81

. . . . 81

. . . . 82

. . . . 87

. . . . 95

. . . . 96

. . . . 99

. . . . 103

. . . . 125

. . . . 129

. . . . 136

137

. . . . 137

. . . . 141

. . . 142

. . . . 144



5.4 Deep Trusted-Region Reinforcement Learning . . . . . . . . . . . . .

5.5 R esults . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.6 Sum m ary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 Conclusions and Suggestions for Future Work

A Appendix for Chapter 3

A.1 Encoding, Decoding, and Error Correction for Qutrit-Basis k(2) Parity-

Check Code ....... ................................

A.2 Encoding, Decoding, and Error Correction for the Qubit-Basis k(

Embedded Error-Correcting Code . . . . . . . . . . . . . . . . . . . .

B Gmon Hamiltonian and Control Noise

C Complete Leakage Bound

C.1 Time-dependent Schrieffer-Wolff transformation . . . . . . . . . . . .

C.2 Leakage Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

D Control Filter Design

E Evaluation of the Average Fidelity

9

146

148

154

155

159

159

169

175

181

181

185

195

197



10



List of Figures

1-1 A hardware-efficient computing framework takes the hardware physics

and a set of computational tasks as its inputs and returns physical

solutions to the given tasks. . . . . . . . . . . . . . . . . . . . . . . . 32

3-1 Trajectories of {f 2)(t)} obtained from Eqs. (3.8) for <o = 0 with m = 0

(orange), 0.4 (green),1 (blue), 2 (red), and 4 (purple). These trajec-

tories form circles on the unity-radius sphere that is centered at the

origin, (f), ff', f) = (0,0,0). The circles lie in planes that are

perpendicular to the line f' = in the fV/ -0 plane..... 58

3-2 Trajectories of f (t), f3)(t) f 3) 1 - If 3 (t)| - f33) (t)|2 for

0 < t < 307r/r1-w+ and initial condition f( 3 (0) - . . . . . . . . . . . . 59

11



3-3 3D plot showing the UPDC procedure in the two-pump-photon sub-

space that realizes unity-efficiency conversion from the 10, 0, 2) input

state, shown as the blue dot, to the 12, 2, 0) final state, shown as the red

dot, in a single Grover iteration. The UPDC procedure's initial state

ITo), prepared by passing the input state through a type-II phase-

matched X( crystal for an interaction time to = 0.976/nv'6, is shown

by the purple dot that is obtained by evolution around the red circle

from the blue dot. Sign flip on the marked state (10, 0, 2)) transforms

the ITo) state to ITi), which is indicated by the green dot. Rota-

tion toward the marked state by passing ITi) through a type-II phase-

matched X(2 crystal for an interaction time t, = (7r - 0.626)/,V46 leads

to evolution around the blue circle to IT') indicated by the red dot,

which is the desired output state 12, 2, 0). . . . . . . . . . . . . . . . 67

3-4 Schematic for the two-pump-photon UPDC procedure using a nonde-

terministic NSG. Dotted lines separate the procedure's Steps I through

IV, whose descriptions were given earlier in Sect. 3.4. The PDC blocks

are parametric down-converters and the NSG block is the nondeter-

ministic nonlinear sign gate from Ref. [IKLM( 0lJ. The PBS blocks are

polarization beam splitters. One directs the signal photons emerging

from the first PDC into the NSG, and the other recombines the signal

photons emerging from the NSG with idler and pump photons at the

input to the second PDC. The upper and lower ancilla rails entering

the NSG are prepared in the single-photon Fock state and the vacuum

state-here denoted 1 and 0-and an array of beam splitters within the

NSG block (omitted here for simplicity) performs the unitary transfor-

mations described in Ref. [IKL MI0I] for nondeterministic NSG realiza-

tion. Thus, when the first PDC's input is in the 10, 0, 2) state and the

detector (DET) counts one photon, then the output signal-idler-pump

joint state will be 12, 2, 0). . . . . . . . . . . . . . . . . . . . . . . . . 69

12



3-5 Down-conversion efficiencies for n-photon Fock-state pumps optimized

over nonlinear-crystal lengths cut to a precision of 10-'/,. Lower

(red) curve: maximum conversion efficiencies for a X( 2 ) crystal without

Grover-search amplitude amplification. Upper (blue) curve: maximum

UPDC conversion efficiencies, where the n = 1 point did not employ

an N SG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3-6 UPDC runtime (defined to be MsL1/v with M being the number of

Grover iterations used in Fig. 3-5 to achieve maximum efficiency for

an n-photon pump) versus n. . . . . . . . . . . . . . . . . . . . . . 71

3-7 Schematic setup for generating dual-Fock states via K-level cascaded

UPDC. Level k, for 1 < k < K - 1, employs 2 k-1 unit cells, each

consisting of a UPDC unit followed by a polarization beam splitter

(PBS) and two quantum-state frequency converters (QFCs), while in

Level K only the UPDC units are employed. Each UPDC unit contains

two parametric down-conversion (PDC) crystals and a deterministic

U SG nonlinear sign gate (NSG) that give 100% efficient conversion of

a 10, 0, 2) input state to the 12, 2, 0) output state. For Levels 1 < k <

K - 1, the PBS first separates the signal and idler into distinct spatial

modes, whose photons are then converted, by QFCs, into the two-

pump-photon input states needed for the next level in the cascade.

The 2 K signal and 2 K idler photons at the output of Level K can

be combined, using a delay-and-switch procedure (not shown), into a

single spatial mode, as described in the text. . . . . . . . . . . . . . . 73

4-1 Schematic for constructing the A 2 [Z] gate in the logical-qubit basis

Eq. (4.5) using X(2) interactions and linear optics. QFC1 and QFC2:

quantum-state frequency conversions. DM: dichroic mirror. SFG,:

generalized sum-frequency generation Eq. (4.4) with 0 = 7r. . . . . . . 84

13



4-2 Schematic for constructing the A3 [Z] gate in the logical-qutrit ba-

sis Eq. (4.6) using X(2) interactions and linear optics. SHG: second-

harmonic generation; A2 [Z]: the optical circuit from Fig. (4-1) with

modifications described in the text. SPDC: type-I phase-matched

spontaneous parametric downconversion. . . . . . . . . . . . . . . .

4-3 Optical circuit for the second step of the 1, 1, 1) -+ 10, 0, 2) transfor-

mation. DM: dichroic mirror. SHG: second-harmonic generation. r:

ir-rad phase shifter. SPDC: spontaneous parametric downconversion.

4-4 A(S) gate implementation for the qubit X(2) EECC in the logical ba-

sis. 1#c) and Jos): control and target qubits. DM2, DM1: dichroic

mirrors. BS: beam splitters. SHG: second-harmonic generation. 7r/2:

quarter-wave phase shifter. SPDC: type-I phase-matched spontaneous

parametric downconversion. . . . . . . . . . . . . . . . . . . . . . . .

5-1 Overview of the RL implementation. At iteration time step n + 1, the

policy NN proposes a control action in the form of the system Hamilto-

nian Hn+1. The training environment then takes the proposed action

and evaluates the Schr6dinger equation under a noisy implementation

Hn+ + 6 Hn+ for time duration At to obtain a new unitary gate U,+ 1 .

It also calculates the associated cost function, and feeds that and Un+1

into an RL agent. The RL agent's policy NN and value function NN are

then jointly updated based on the trajectory of the simulated unitary

gate, control action, and associated control cost [SLA+15]. . . . . . .

5-2 Optimal gate synthesis for realizing unitary gate K(a, a, -y). . . . . .

5-3 Gate runtime of the two-qubit gate family K(a, a, -y) for y = r/2 (blue

curve), -y = 7r/6 (green curve) and -y = 7r/3 (yellow curve). The stan-

dard optimal gate synthesis runtime for this gate family is around 200

ns which is marked by the dashed red line. Total leakage errors and

gate infidelity are bounded by O(10- ) and O(10-3), respectively, for

all cases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

14

88

95

128

147

150

151



5-4 Average fidelities of the optimized quantum control schemes versus the

standard deviation of Gaussian control noise for the gate K(2.2, 2.2, 7r/2).

The blue line represents the performance of the noise-optimized con-

trol obtained by an RL agent trained under a noisy environment. The

green line marked by diamond shapes represents the performance of the

control obtained by an RL agent with a noise-free environment. The

red dashed line represents the performance of the control trajectory

obtained by SGD. Subplot (a): zoomed in comparison of the average

fidelities of the noise-optimized and noise-free RL control solutions un-

der different standard deviation values for the Gaussian control noise.

Subplot (b): comparison of the standard deviation of fidelity for three

different control schemes under different standard deviations of the

control noise c-noise, where each data point is calculated from 60 differ-

ent control trajectories with control amplitude error at every time step

sampled from the Gaussian distribution N(O, Unoise). . . . . . . . . . 153

A-1 Circuit for restoring the two-pump-photon subspace after loss of a sin-

gle signal-mode photon from the X(') PCC's first qutrit. Input is the

encoded state's first qutrit, which has suffered a signal-photon loss; out-

put is the encoded state's first qutrit restored to the two-pump-photon

subspace. DM1, DM2, DM3, DM4: dichroic mirrors. PBS: polariz-

ing beam-splitter. SHG: second-harmonic generation. QFC1, QFC2:

quantum-state frequency conversion. SFG: sum-frequency generation.

SPDC1, SPDC2, SPDC3:. frequency-degenerate, type-I phase-matched

spontaneous parametric downconversion. See text for details. . . . . . 162

15



A-2 Circuit for restoring the two-pump-photon subspace after loss of a sin-

gle pump-mode photon from the X( PCC's first qutrit. Input is the

encoded state's first qutrit, which has suffered a pump-photon loss;

output is the encoded state's first qutrit restored to the two-pump-

photon subspace. DM1, DM2: dichroic mirrors. QFC1, QFC2, QFC3:

quantum-state frequency conversion. SPDC1, SPDC2: frequency-degenerate,

type-0 phase-matched spontaneous parametric downconversion. SPDC3

: frequency-degenerate, type-I phase-matched spontaneous parametric

downconversion. See text for details. . . . . . . . . . . . . . . . . . . 167

16



List of Tables

1.1 Hardware resources for state preparation and gate execution in su-

perconducting and NOQC systems. DAC: digital-to analog-converter.

ADC: analog-to-digital converter. a. High quantum efficiency single-

photon detectors are superconducting, and hence require cooling [L D ()I,

G ()C .011. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1 Comparison of the correctable error sets and total number of photons

required for our X( 2 ) QEC codes, all of which encode 1 logical qudit of

dimension b into n physical qudits of dimension q. . . . . . . . . . . . 99

4.2 Hardware-efficiency metrics for the GKP code [GK1], the X(2) PCC,

the X(2) EECC, and the X(2) BC when all four encode a single log-

ical qubit. GEE: Gaussian embedded error. PNR: photon-number-

resolving detection. PNP: photon-number parity measurement. GPNP:

generalized photon-number parity measurement [SPI 11]. CM: chan-

nel m onitoring. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.3 Symmetry operators used for constructing our three X(2) QEC codes. 107

B.1 Hamiltonian control parameter range. . . . . . . . . . . . . . . . . . . 179

17



18



Chapter 1

Introduction

Quantum computers promise unprecedented computational power for problems of

great significance, but only if large-scale quantum computation can be realized. To-

ward that end, this thesis addresses making such computers hardware efficient, i.e.,

maximizing their capabilities using minimal amounts of the available physical re-

sources. In particular, we seek hardware efficiency by considering both the hardware

(physics) and software (algorithms) aspects of quantum computation in tandem.

We begin by discussing the importance of quantum computation in Sec. 1.1, then

introduce major challenges to overcome for realizing large-scale quantum computation

in Sec. 1.2 and major advances towards addressing these challenges in Sec. 1.3. Finally,

in Sec. 1.4, we define the notion of hardware efficiency and introduce our hardware-

efficient approach to addressing these challenges.

1.1 Why Quantum Computers?

First, in subsection 1.1.1, we describe how Moore's Law has driven classical com-

puter hardware to the point that quantum physics is becoming a significant impedi-

ment to further miniaturization of conventional transistors. One can embrace-rather

than lament-this emergence of quantum effects by developing quantum computers,

whose physical properties are briefly introduced in subsection 1.1.2. Finally, in sub-

section 1.1.3, we list some computational benefits that can be reaped if we can realize

19



quantum computers at large enough scales.

1.1.1 Moore's Law Points to Quantum

Electronic computers that utilize electrical switches' binary behavior to realize any

Boolean logic relation have provided powerful tools for solving an enormous range

of computational problems. Integrated circuits of miniature transistors have been

propelling digital logic forward for the past fifty years to the current state of the

art, with: (1) extremely low error rates (10-19 per gate); (2) minuscule sizes (several

nanometers per electric switch); and (3) billions of switches on a single chip. This

progress is well summarized by Moore's Law: the number of (reliable) transistors in

a dense integrated circuit doubles about every two years.

Such exponentially fast development over more than a half century has finally

come to an end [W 1(]. The size of present-day transistors has reached the scale

of microscopic systems, where the laws of classical circuitry no longer hold. Instead,

a much more complex set of behaviors governed by the laws of quantum mechanics

comes into effect, disrupting predictable circuit behavior with undesirable noise and

errors. To understand the fundamental physics of computing, and use that knowledge

to approach the ultimate limit on computational capacity, it is necessary to directly

harness the greater complexity of the microscopic quantum world for computer design.

The powerful trend predicted by Moore's Law of seeking smaller and smaller scales of

physical systems for computation points us towards the burgeoning field of quantum

computation.

1.1.2 Quantum Computers

Scientific and technological breakthroughs in the post-Moore era have provided ac-

cess to and control over a variety of quantum systems that are promising candidates

for building quantum computers. Different physical instantiations have been demon-

strated for encoding the quantum counterpart of a classical bit, the quantum bit (or

qubit). Any two-level quantum system in principle can be used as a physical represen-

20



tation of a qubit. A trapped ion, whose two lowest-energy electronic states correspond

to a qubit's basis states, can be a qubit [KW 1\\V02]. A photon propagating in an op-

tical fiber can be used to encode a qubit (optical qubit) within its two orthogonal

polarizations [LB P 1 ]. Sharing a single photon across a pair of fibers can represent

a qubit [CY95, KLM'101]. The absence or presence of a single microwave photon ex-

citation inside a nonlinear electromagnetic oscillator comprised of superconducting

Josephson junctions can also represent a qubit (superconducting qubit) [DW\(4].

Even the nuclear spin state of a molecule inside liquid samples can be used to rep-

resent a qubit state [C1.Y97]. The quantum systems mentioned above can all be

directly manipulated and measured using existing technologies, and are termed near-

term quantum devices [1ISI8, M +18]. This definition focuses on exploiting what

are readily available in existing quantum systems for realizing quantum computation

without requiring new technological breakthroughs.

Physical properties unique to quantum systems demand our deeper understanding

regarding their computational capabilities. A classical bit can only be in one of two

possible states, but a qubit can simultaneously be in two orthogonal states. Conse-

quently, to describe the state of an n-qubit quantum computer, one needs up to O(2")

complex numbers or 0(2n) bits, which is exponentially more than the n bits needed

to describe the memory state of a classical computer of the same size. Moreover,

quantum measurements can irreversibly change an n-qubit quantum state by collaps-

ing it to one of 2n orthogonal states. This collapse hides the high dimensionality

of quantum states: measurements could destroy or corrupt their quantum behavior.

In addition, non-local quantum correlations [13e64, EPR35, Scui35], stronger than

what is possible in a classical system, are possible and can be directly measured in

experiments [TBZG98]. Lastly, quantum evolution in time is unitary, which enables

constructive and destructive interference between different amplitudes of quantum

states similar to that of classical waves but in an exponentially large state space.
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1.1.3 Quantum Advantage

Promising advances have been made in harnessing the quantum properties of a phys-

ical system to improve its computational capacity. Non-local quantum correlations

have been used to develop more secure and efficient communication and sensing tech-

niques [DL(Zul, DRIC(17]. They are also behind Shor's algorithm [Sho)(4], which

factors large numbers exponentially faster than the most efficient known classical fac-

toring algorithm. Quantum interference can be used to amplify and thus search for a

desired state from a size n database using O( \n/) many computational steps [Gro97].

This is quadratically less than O(n) steps required in the optimal classical method by

checking every element of the database. The same amplification approach can also be

applied to solve quantum chemistry problems, such as estimating a molecule's ground

state energy [LWG t(, " 1i1, KfT 17]. Since the energy of a single molecule de-

termines the time-dependent phase accumulated on the molecule's quantum state, an

amplification through quantum interference can speed up such phase accumulation,

which can then be measured to obtain the energy of the molecule. These results could

have direct commercial applications for pharmaceuticals, catalytic converters, solar

cells, and fertilizers [ [ RN -17].

These attractive quantum computational advantages only become practically rel-

evant when we have enough high-quality qubits. We define a complete, functioning

quantum computer with enough qubits to exceed what supercomputers could do as

a large-scale quantum computer. Current estimates for the required size of a quan-

tum computer to break a widely used public-key cryptosystem, RSA-2048 [RISA7 ,

range from tens of millions to a billion qubits [M-los.1]. Practical problems in quan-

tum chemistry that require the calculation of ground state energy of electrons with

hundreds of orbitals would require at least hundreds of qubits [BW [ 1- 8]. More gen-

erally, studies show that a quantum computer with more than fifty qubits is needed

to demonstrate any known computational advantage over existing classical comput-

ers [BISN1i7, BIS-iS]. Being able to scale up the number of qubits in quantum

computers is therefore key to this new technology's eclipsing its classical predeces-
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sors.

1.2 Main Challenges

Challenges abound as we set out to build a large-scale quantum computer. To fully

appreciate these challenges, subsection 1.2.1 introduces the basic methodology of

circuit-based quantum computation. Subsection 1.2.2 then outlines the main chal-

lenges that this thesis will address, tasks that are relevant to quantum computation in

bosonic systems where qubits are represented by energy eigenstates of bosonic Hamil-

tonians. In particular, we focus on superconducting Josephson-junction circuits and

nonlinear optical quantum computing (NOQC) systems. Finally, subsection 1.2.3

discusses the difficulties of overcoming these challenges and describes the hardware

resources necessary to do so for both the superconducting and NOQC substrates.

1.2.1 Circuit-based Quantum Computation

Circuit-based quantum computation has been widely studied. It resembles classical

computation's digital logic circuits but with each computational task formulated as

a quantum circuit consisting of a sequence of quantum gates. The quantum state of

a computer with n qubits can be represented by a 2' x 2n trace-one positive semi-

definite Hermitian matrix p, i.e., a density matrix. A quantum system whose state

is known exactly is said to be in a pure state, which can be represented, using a unit

vector j = {Po,.. ,p2n-1} E C2 and basis states {|k)} indexed by n-bit integers k, as

| .) = p k). In this case the density operator is simply p = kb)(4'. The density

matrix of a pure quantum state obeys Tr[p2] = 1. Otherwise, p = EZ ciI i)(i is in a

mixed state which is a probability mixture of different orthogonal pure states in the

ensemble {I0)} with probabilities {ciI E ci = 1} and obeys Tr[p2 ] < 1. The more

mixed a quantum state is, the less information we know about it, and the smaller

Tr[p2 ] becomes. A higher value of Tr[p2 ] thus signifies the higher purity or coherence of

the quantum state. Circuit-based quantum computation demands that the coherence

of a quantum computing system be preserved during the quantum computation such
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that the quantum information carried by the associated quantum state remains intact.

This criterion requires each computational step realized by a quantum gate to be a

unitary operator U : C2 -, C2 acting on a pure (mixed) quantum state 10) (p)

as: [VY) = U14') (UpUt). If U is indeed unitary, then the coherence of the quantum

state remains unchanged after the gate application. Otherwise, if U deviates from

unitarity, coherence will change. And if the initial value is already at its maximum

value with Tr[p2 ] = 1, coherence can only decrease, which causes the quantum system

to lose its quantum information to the environment and to decohere. A finite set of

quantum gates is universal if any unitary transformation can be decomposed into a

quantum circuit consisting of only these gates1 .

Computation in the circuit-based model relies on high-fidelity preparation of quan-

tum states and high-fidelity execution of quantum gates. The accuracy of state prepa-

ration and gate execution can be measured by a distance metric. As an example, gate

fidelity can be used to measure the similarity between quantum gates according to:

ITr[Ui U2] 12, where we have neglected a constant factor for simplicity and U1 (U2) rep-

resents the realized (target) quantum gate. Gate fidelity reaches its maximum value

if and only if U1 = U2 up to a physically irrelevant global phase. Throughout, we use

fidelity to describe the accuracy of quantum gate execution. A similar definition for

quantum state can be made, which will be called quantum state fidelity, see [NCIU].

1.2.2 Two Computational Challenges for Bosonic Systems

To perform circuit-based quantum computation we must prepare the initial quan-

tum state 1'), and apply a sequence of quantum gates that realize the desired unitary

transformation of that initial state. Furthermore, these tasks must be accomplished

with high fidelity. State preparation and gate execution are challenging, because

they require highly accurate control over fundamentally limited and imperfect phys-

'We adopt the universal quantum gate set definition from [NU( , and will not delve into a
more mathematically canonical definition, which differentiates between computationally universal
and strictly universal as discussed in [Ah1ma()].
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ical computing hardware.

Now consider two example architectures, which are the main focus in this thesis.

In NOQC, qubits are embodied by photons, and nonlinear optical components that in-

duce interactions between photons play major roles in both state preparation and gate

execution. In superconducting architectures, qubits are encoded in quantum states of

superconducting nonlinear LC oscillators, which are microwave photons. The mod-

ulation of the mutual conductance or mutual capacitance between neighboring LC

circuits enables state preparation and gate execution. Both architectures are bosonic

systems using the photon number basis as the qubit basis. These bosonic systems

permit infinitely many excitations in each bosonic mode. This means bosonic quan-

tum computing systems are susceptible to information leakage caused by unwanted

excitations which move the quantum system outside its predefined qubit basis. In ad-

dition, photon loss and other undesirable environmental couplings make high-fidelity

state preparation and high-fidelity gate execution challenging in both superconduct-

ing and NOQC systems. Below we discuss some of the specific difficulties, beginning

with the NOQC case.

NOQC Substrate

NOQC's reliance on optical photons as information carriers is attractive because op-

tical photons have a long room-temperature coherence time and high transmission

speed [YKS 02, NI( 01 , 1Hi1 ' 10, (BN 17], efficient photondetectors are avail-

able [G(( . 01, PS\ 12], and there is a potential for scalable on-chip integration of

linear and nonlinear optical components ['07, PCR+08, CBM1 10, S 11]. That

said, NOQC presently suffers from the difficulty of preparing high-fidelity initial

states. Other challenges include a low strength of available photon-photon inter-

actions, and the ubiquitous photon loss.

Spontaneous parametric down-conversion (SPDC), which is a three-wave mixing

interaction in a medium with a XP) nonlinearity [1K M W I.], is arguably the principal

means for generating the single-photon states as qubit states in NOQC. As currently

implemented, an SPDC source converts part of a strong coherent-state pump beam
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to pairs of photons, called signal and idler, at lower frequencies. Detecting an idler

photon then heralds the presence of its signal companion. The nonlinearities of x(2)

crystals presently employed in SPDC are so weak that the conversion efficiency from a

pump photon to a signal-idler pair is exceedingly low, making heralded single-photon

generation intrinsically probabilistic. Worse, unless phase-matching conditions are

carefully engineered, the signal photons produced by heralding will be in a mixed

state of temporal modes that impedes their achieving the high-visibility quantum

interference needed for NOQC. The weakness of the X(2 nonlinearity has similar

ill effects on NOQC's ability to realize high-fidelity two-qubit gates. But, even if

strong nonlinearities were available, NOQC would still face problems with realizing

high-fidelity gates. Temperature fluctuations or material defects can affect the nonlin-

earity's strength and hence reduce gate fidelity [CVL MIU]. Photon loss in nonlinear

crystals and optical propagation through the computational circuit will also reduce

fidelity, i.e., the photon loss rate should be low enough to preserve the quantum

information to the end of the computation.

Superconducting Substrate

Quantum computation in superconducting substrates [D\VN[UI4] encounters its own

set of problems. State preparation requires cooling to milli-Kelvin temperatures [Cle1 ]

to reach the superconducting temperature of nonlinear Josephson junctions and to

avoid thermal excitations of unwanted electromagnetic modes. These required tem-

peratures are three orders of magnitude lower than the ambient temperature of outer

space and require substantial effort to achieve and maintain. In addition to cooling,

extensive magnetic shielding [Ch(118] is needed to prevent environmental microwave

photons from interacting with the superconducting qubits. Additionally, the energy

of each qubit basis state is modulated through DC voltage control over the nonlinear

LC circuit, whose fluctuation or drift will also affect the fidelity of the initial state

preparation [Clwp8, B t4a, MG 4].

In superconducting architectures, additional microwave engineering is necessary to

implement the desired quantum evolution of a gate [C e B, B 14a, DVMU M ]. Analog
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control signals in the form of electromagnetic waves are coupled to the superconduct-

ing circuits in order to modulate the circuit parameters and thus the unitary evolution

of the hosted qubits. Unwanted distortions in these control signals can easily corrupt

the fidelity of realized quantum gates causing unitary gate errors [(G; 1) ; N [I 1]. Usu-

ally, the same control signals for turning on qubit-qubit interaction also introduce

interactions between qubits and the environmental quantum states, which can cause

additional information leakage [N[GW I Ak-09, (NN [V Lt 1, N IG14, G1 PG I 10]. Electronic

noise in the control interface, including white noise, 1/f noise [N -07], coupling with

two-level system defects [H 11, can also introduce further degradation to the coher-

ence of qubits. The control-noise-induced decoherence contributes to more than one

third of total errors [C11, B 14 4.

1.2.3 Hardware Resources

The difficulty of accomplishing high-fidelity state preparation and high fidelity

gate execution can be measured by the hardware resources needed to achieve these

goals. We will take a broad view of hardware resources by including both physical

components and engineering techniques necessary for their operation. For the super-

conducting and NOQC systems considered in this thesis, Table 1.1 lists the major

hardware resources they require for quantum state preparation and gate execution.

The two computational tasks, high-fidelity state preparation and high-fidelity

gate execution, differ in their hardware requirements. In superconducting systems,

both tasks require milli-Kelvin cryogenics and accurate voltage-control electronics

combined with digital-to-analog/analog-to-digital converters. Gate execution in su-

perconducting systems needs additional high-fidelity real-time microwave controls.

In NOQC, it is state preparation that has two additional requirements-a high-

fidelity single-photon source and single-photon detectors-beyond its gate execution

resources.

In general, hardware resources are imperfect. To scale up a quantum computer's

number of qubits, we will necessarily encounter a growing amount of errors owing to
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Task 1. state preparation Task 2. gate execution

cooling and fridge cooling and fridge

voltage control microwave control
voltantrolC voltage control

superconducting DAC and ADC DAC and ADC

single-photon source
linear and nonlinear optics linear and nonlinear optics

NOQC single-photon detectiona II

Table 1.1: Hardware resources for state preparation and gate execution in super-
conducting and NOQC systems. DAC: digital-to analog-converter. ADC: analog-to-
digital converter. a. High quantum efficiency single-photon detectors are supercon-
ducting, and hence require cooling [LDI 05, G( 01 1].

the compounding of hardware imperfections. For both computing substrates of in-

terest, temperature fluctuations, electronic noise, extraneous electromagnetic fields,

environmental couplings, etc., will result in accumulated errors in computation. As

the size of quantum system increases, so does the size of the quantum-classical inter-

face, which introduces more sources of errors from amalgamating analog imperfections

at the interface. Unlike classical computation, quantum computation cannot defeat

analog error accumulation by simply restoring binary logic levels to standard values.

Therefore, there exists an inherent conflict between the need to preserve the quantum-

mechanical nature of a quantum computer, which requires us not to disturb it, and

the need to perform quantum gates, which requires us to control it. For example, to

realize a faster quantum gate in the superconducting architecture a stronger control

signal is coupled to the superconducting circuit, which at the same time introduces

more errors due to the stronger fluctuation of the control signal and stronger un-

wanted couplings between the qubit and its environment caused by the same control

pulse [Che I]. Being able to robustly and efficiently prepare high-fidelity quantum

states and to realize high-fidelity quantum gates in the face of the growing imperfec-

tions that accompany scaling up the number of qubits is a crucial issue for building

a large-scale quantum computer.
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1.3 Modern Advances

In this section, we review some of the major advances that have been made to date

in quantum state preparation and quantum gate execution.

To improve NOQC state preparation, concerted effort has been devoted to the de-

velopment of better physical hardware. Because heralded single-photon generation us-

ing SPDC is the most commonly adopted approach for preparing NOQC's initial state,

a large body of work has been done searching for materials with higher-strength X( 2 )

nonlinearities. Proposals range from solid-state circuits [Ii L)8], flux-driven Joseph-

son parametric amplifiers [1H3 \ ' I I), 130 (), I 1],. and superconducting resonator

arrays [HTJ I 1, S1) "2], to nondepleted four-wave-mixing-induced three-wave mixing

in photonic microstructured fibers [L ,H 1, D \ N IS 4, MSDA 1], x(2) interac-

tions inside ring resonators [YS07], and nonlinear interactions in frequency-degenerate

double-lambda systems [LWW \V w _1]. The gap between theory and practical applica-

tion of NOQC has steadily narrowed over the past two decades, with SPDC conversion

efficiency improving from 10-7 to 10-2, but higher efficiency is needed to realize the

near-unity (0.999 [13ENI 18, D1 17, F I( A12]) quantum state preparation necessary

for large-scale quantum computation. In addition, these hardware developments have

not been able to significantly reduce the principal causes of photon loss during the

coupling in and out of linear/nonlinear optical components [Y+18], which fundamen-

tally limits the fidelity of photonic-qubit states.

In a different line of attack, the fidelity of quantum gate execution has been ad-

dressed by algorithm design. One widely studied approach is fault-tolerant quantum

computation (FTQC). This computational scheme translates an original sequence of

quantum gates on a set of qubits into a longer gate sequence on a large set of qubits.

FTQC preserve quantum information by correcting errors as they occur to prevent the

spreading of errors throughout the system in an uncontrollable way. This approach

is not tailored to any system-specific physics of the underlying computing hardware,

but is (at least theorertically) scalable to large collections of qubits. FTQC's scala-

bility, however, relies on strong assumptions regarding the realistic errors that occur
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in the physical hardware. First, the error of any quantum gate must occur at a

probability that does not increase as the system scales. The upper bound on the al-

lowed probability of failure of a single gate, or FTQC threshold, is quite low (around

10-3 [3EKP1t, DP17, WJ 111]). Second, the errors of different gates must be inde-

pendent and remain uncorrelated throughout. FTQC also comes with a large cost.

Large amounts of spatial and temporal redundancy are necessary to achieve scal-

ability. For example, a single-qubit FTQC quantum gate, a T gate, demands at

least eight hundred qubits [Y 1 TC16, fit1]. It is about one order of magnitude larger

than the largest quantum computer to date. Since most of existing general purpose

quantum algorithms rely on millions of T gates for universal quantum computation

and practical applications [1W[t8, M([s 18], such requirement poses a significant

resource overhead to the near-term quantum devices. Given the diverse error sources

and limited hardware resources in current generation devices, the algorithm-centric

FTQC approach has yet to prove its efficiency and usefulness in practice.

1.4 Hardware-efficient Solutions

Despite the preceding advances in the state-of-the-art of quantum computation, large-

scale realization has remained out of reach. We note that all of these earlier works

take one of two paths: optimizing the physical properties of quantum hardware,

or designing new generic quantum algorithms. However, there are indications of a

middle way. Recent work [LKV+13, 0 ia, KI I 1 7, P 18] has shown that by uti-

lizing system-specific hardware physics in algorithm design, performance can exceed

techniques that consider only the hardware or the algorithm alone. A broader mid-

dle ground has emerged between the two largely disconnected hardware-centric and

algorithm-centric fields. In surprisingly many cases, there are synergies to be found

between hardware physics and algorithm design that together yield more than the

sum of their parts.

In order to define a figure of comparison, the notion of hardware efficiency was

first proposed in [LKV+ 1,3, 016o ] . While it is difficult to provide a unique real-

30



valued metric of hardware efficiency in general, the fundamental concept is captured

as follows.

Hardware-efficient quantum computation seeks to improve the performance of a

given set of computational tasks on a quantum computing substrate while minimizing

the required hardware resources.

This hardware efficiency criterion considers two elements: the required hardware

resources and the target computational task. Examples of hardware resources are

given in Table 1.1 for superconducting and optical systems in regard to the two

important computational tasks this thesis will address: high-fidelity quantum state

preparation and high-fidelity gate execution. Examples of hardware-efficient solutions

to various computational tasks discussed below prove that much more computational

capacity of near-term quantum devices remains to be gained by this combined ap-

proach.

Examples

An early example of a hardware-efficient approach was first demonstrated in Refs. [KV ,

0 _1 I 6*, I1- ] for quantum error correction against photon-loss errors in circuit quan-

tum electrodynamic (QED) systems. The hardware efficiency of state preparation

was improved by: (1) exploiting dynamics induced by physical interactions unique to

QED; (2) focusing on correcting system-specific errors instead of wasting hardware

resources on protecting against unlikely errors [GKP(1]; and (3) designing the error-

correction process to introduce fewer additional errors than the prior art [GK1].

According to the hardware efficiency criterion, the line of work initiated by [L 1K \'' 1,

0 1 I6i] manages to minimize the required hardware resources listed in row one and

column one of Table 1.1, while improving the coherence time of qubits in circuit QED

systems.

Apart from efforts to improve the quality of each qubit state through hardware-

efficient error correction, the concept of hardware efficiency has also been employed

in solving more practical and specific computational problems. Hardware-efficient

algorithms have been developed to solve optimization problems in quantum chem-
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istry [KMT+17, ZSWH18, KTC+1j]. Here, hardware-efficient ansatzes were pro-

posed -in place of conventional hardware-independent ansatzes [CS00], to parameterize

molecular states (variational quantum eigenstates). The parameters of each state are

varied during the optimization to yield the lowest energy for a given molecule [K MI\[T T 7,

Z/S W 1 , K C, '18]. The specific parameterization of such a quantum eigenstate de-

termines the set of quantum gates necessary for preparing the variational quantum

eigenstate during each optimization step. According to the hardware efficiency crite-

rion, these works are able to minimize the hardware resources in row one column one

of Table 1.1 [KMT+17, ZSWI118, E T C 8] for state preparation.

1.4.1 Our Contribution

These examples of co-designed quantum hardware and algorithm [14KV 13, 0 1 6(a,

KMT' -17, ZSWH[P, KTC J ] have inspired us to seek more systematic solutions to

the following question: How do we harness physical knowledge of the hardware to

improve the hardware efficiency of accomplishing quantum computational tasks?.

Effective frameworks for answering this question should show how to improve

hardware efficiency in broad families of physical quantum computing systems. As

illustrated in Fig. 1-1, a hardware-efficient computing framework takes the physical

properties of a computing substrate and computational tasks as inputs and returns

hardware-efficient solutions to the given set of computational task. Such a framework

should be applicable to different physical systems for solving different computational

tasks, as opposed to a hardware-efficient scheme or algorithm which is a designed to

solve a specific problem.

Hardware Physics , Hardware-Efficient Algorithmic Solutions

Computational Tasks Computing Framework

Figure 1-1: A hardware-efficient computing framework takes the hardware physics

and a set of computational tasks as its inputs and returns physical solutions to the

given tasks.
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In this thesis, we develop two frameworks that connect discoveries in hardware

physics with innovation in computing algorithms. Each framework harnesses a dif-

ferent kind of physical property. The first utilizes the symmetries of the available

physical interactions and knowledge of the hardware's dominant errors. The sec-

ond utilizes physical constraints and the knowledge of imperfections of the hardware

electronics.

Our developments of these frameworks were first inspired by the success with a

specific hardware-efficient algorithm tailored around unique properties we discovered

in x(2) nonlinearities [NSNVS17]. We name this hardware-efficient algorithm, Unit-

Efficiency Parametric Down-conversion (UPDC), and show how it transcends previ-

ous limits on the efficiency of preparing nonclassical states of light using parametric

down-conversion for NOQC. This result motivated us to tailor the whole circuit-based

computation and error correction schemes to the full set of physical interactions avail-

able to a given computing hardware, e.g., general X(2) nonlinearities.

We construct a symmetry-operator-based computing (SOBC) framework: the in-

put physical properties-symmetry properties of available physical operations and

dominant errors of the computing substrate-are translated by our framework to a

hardware-efficient scheme for universal quantum computation and error correction on

that substrate. An example of such symmetry could be the photon-number parity of

a given optical mode. We apply it to the X(2) nonlinear optical substrate, in which

the main source of error is photon loss. Our SOBC framework reduces the number of

required single photons (see the row two column one of Table. 1.1) needed for robust

NOQC against N-photon-loss errors from previous O(N 2 ) to O(N). This resource

reduction is crucial for large scale NOQC, because it provides a constant rate of pro-

tected photons, instead of the typical vanishing rate, as N increases as the optical

computer increases in size.

One of the most promising experimental platforms for realizing our hardware-

efficient SOBC using x(2) nonlinearities is superconducting systems. Full-quantum

three-wave-mixing together with its nondemolition photon-number parity measure-

ments are readily available in superconducting resonators [\V [ I , S R H I12, 1 14].

33



However, the required microwave control electronics and engineering techniques pose

additional challenges to controlling these systems, as discussed in Sec. 1.2.2. To ad-

dress these challenges, we develop a second hardware-efficient framework [N 3 )S]N i .

This framework, named the Universal control cost Function Optimization (UFO)

framework, relies on powerful machine learning algorithms. It takes constraints from

available hardware resources and models of control errors as inputs, and outputs a

robust and hardware-efficient control pulse shape for quantum gate execution. A

centerpiece of UFO is its formulation of a universal cost function. This cost function

encompasses different measures of hardware efficiency, and enables plug-and-play ap-

plication of any advanced machine learning algorithm for gate control optimization.

Our hardware-efficient solutions achieve up to two-orders-of-magnitude reduction in

average-gate-error over conventional solutions against different control errors.

In summary, this thesis contributes a hardware-efficient methodology that puts

the physics of the computing hardware in the center of algorithm design for quantum

computation. We are able to improve the quality of quantum state preparation and

quantum gate execution in bosonic systems towards building a large-scale quantum

computer by combining the best of both worlds. We present brief summaries of

the contents of each chapter below. The detailed contributions by the author are

discussed in the beginning of each chapter.

Chapter 2. We lay out mathematical and physical concepts necessary to un-

derstand the implementation of circuit-based quantum computation in super-

conducting and NOQC systems.

Chapter 3. We present a hardware-efficient scheme in NOQC for improving the

fidelity of quantum state preparation. A quantum algorithm, similar to Grover's

unstructured search algorithm, is designed to amplify the SPDC conversion

processes [NS -S17]. It transcends previous limits on the conversion efficiencies

of different nonclassical states of light by achieving 100% conversion rates under

ideal conditions.

Chapter 4. We propose a general framework of symmetry-operator-based
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quantum computation and error correction by: (1) finding the symmetry prop-

erties of available physical operations on the computing substrates, including

the symmetry of physical evolution under the system Hamiltonian (three-wave

mixing), the symmetry of available quantum measurements, and the symmetry

of the realizable quantum states; (2) utilizing symmetry properties of the sys-

tem Hamiltonian to choose the computational basis states for minimizing the

hardware resources needed for universal quantum computation; and (3) utilizing

symmetry properties of the most likely error mechanism (photon loss) to encode

a logical basis from the computational basis for more efficient protection against

the photon loss errors. Hardware efficiency is thereby achieved by reducing the

required amount of hardware resources listed in the second row of Table 1.1-

e.g., the total number of single photons-while improving the performance of

state preparation and gate execution [N(c L, NCSI1 'I.

Chapter 5. We develope a second framework for the superconducting system

that enables the use of advanced machine learning algorithms to improve the fi-

delity of quantum gate execution in the face of realistic hardware errors. We first

propose a methodology for constructing a universal cost function to encompass

both constraints from available hardware resources and the fidelity of realistic

quantum gate execution. Minimizing the cost function in our framework thus

will maximize the hardware efficiency of the optimized quantum gates. Our

framework also facilitates plug-and-play application of any advanced machine

learning algorithm for quantum gate optimization. We apply this framework

with a reinforcement learning algorithm using deep neural networks. Hardware

efficiency is demonstrated by achieving a two-orders-of-magnitude reduction in

average-gate-error over conventional solutions for an important family of two-

qubit gates used in quantum chemistry simulation without requiring additional

hardware resources from row one and the column two of Table 1.1.
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Chapter 2

Quantum Computation in Bosonic

Systems

In this chapter, we introduce building blocks for the implementation of circuit-based

quantum computation in two bosonic systems: superconducting and NOQC. We lay

out mathematical and physical concepts necessary to understand the implementation

of these systems. We start by reviewing the universality requirement in circuit-based

quantum computation, providing an example of a universal quantum gate set in

Sec. 2.1. Next, we discuss physical models of bosonic systems in Sec. 2.2. There,

we show how qubit basis states are encoded into the physical states of photons and

the realizable physical operations induced by bosonic Hamiltonians. The physical

actuation of circuit-based computation is found through quantum control theory that

is introduced in Sec. 2.3. Finally, we summarize major sources of error and their

effects during quantum gate control actuation in Sec. 2.4. Improving the practical

computational capacity in the face of these errors is a focus of this thesis.

2.1 Circuit-based Quantum Computation

In this subsection, we formally define the criterion for a quantum gate set to be com-

putationally universal under circuit-based computation, and then provide an example

of such a universal quantum gate set.
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Definition 1. A set of quantum gates is universal for quantum computation if any

unitary transformation Uany can be approximated to a given real-valued accuracy

E > 0 by a quantum circuit of finite depth N using only gates from this set.

The circuit depth of the minimal decomposition of a unitary transformation into

the universal gate set depends on both the optimality of the decomposition and the

properties of the chosen quantum gate set. It is proven in Solovay-Kitaev theo-

rem [DN( K] that the maximum required depth for approximating an arbitrary single-

qubit transformation with a finite universal single-qubit gate set that is dense in

SU(2) scales as N = O(log (1)C) with c < 4. An optimal decomposition will not

exceed the bound given by the Solovay-Kitaev theorem. Furthermore, the choice of

the universal gate set will also affect the efficiency of a circuit decomposition. We

next provide an example for a parametrized quantum gate set that can achieve this

universality.

Two basic types of quantum gates are sufficient for achieving an approximate

decomposition of any unitary transformation: single-qubit gates and controlled single-

qubit gates.

1. Single-qubit Gate:

Any single-qubit gate can be parameterized by a unit vector

n = {sin 0 cos #, sin 0 sin 0, cos 0} (2.1)

and angle a according to

U, = exp[-ian -6], (2.2)

where ' = {&', &Y, &z} represents a vector of matrices, each with a Pauli matrix

element defined as

X 0 1 &Y 0 -i _Z 1 0
&* = , ( 7 (2.3)

1 0 i 0 0 -1
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A single-qubit gate is therefore represented by a point in the three-dimensional

sphere specified by n and a.

2. Controlled Single-qubit Gate:

This gate acts on two qubits and conditioned on the second qubit being in

a particular quantum state, a single qubit gate is applied to the first qubit.

Notice that the conditioning here is defined quantum mechanically, which does

not include the conditioning based on the classical outcome of a measurement

on the second qubit.

More formally, we define a controlled single-qubit gate by specifying: (1) the

controlling qubit indexed by j and the target qubit index k, both chosen from

all M qubits of the quantum computer; (2) the conditioning state I'0j) of the

qubit j; (3) the non-trivial control action on the qubit k, i.e., the single-qubit

unitary Uk # Ik where we use Ik to denote the identity transformation on the

corresponding qubit. The overall unitary transformation of the two-qubit gate

is then given by

CU,k = 0 Uk + (Ij -|Ik(|A) 0 Ik. (2.4)

To realize any n-qubit unitary with zero error (c = 0), it suffices to use a depth

Q(4n) circuit consisting- of arbitrary single-qubit unitary gates and a fixed two-qubit-

controlled-single qubit unitary gate defined above with Uk = a^' [SNIBO4, V\1S04],

which is commonly called a CNOT gate.

2.2 Bosonic Quantum Systems for Computation

In this section, we introduce the computational basis and physical interactions used

in NOQC and superconducting quantum computers that are necessary for realizing

circuit-based quantum computation. Both NOQC and superconducting systems are

bosonic quantum systems in which each energy eigenstate can be occupied by more
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than one indistinguishable fundamental excitation. These excitations in NOQC and

superconducting systems are photons. The main differences between these two com-

puting substrates lie in their different host media for photons and their different use

of physical interactions for realizing computation. We first define the computational

basis in a bosonic system in subsection. 2.2.1, covering the notions of bosonic modes,

bosonic basis states, computational subspace, and leakage subspace. Physical inter-

actions responsible for engineering the unitary transformation in the computational

subspace are introduced in subsection. 2.2.2.

2.2.1 Bosonic Modes and Basis States

The energy of a classical single-mode electromagnetic field can be represented by:

12
Hciassical = -(p2 + W 2q 2 ), (2.5)

2

where we use c-number variables p and q to represent the strengths of electric and

magnetic fields respectively. This equation defines a harmonic oscillator that can be

quantized by replacing the classical c-number variables p and q with two quantum

operators P and 4 that obey the commutation relation [4,P] = ih. We rewrite the

quantized version of the Hamiltonian in Eq. (2.5) using the bosonic annihilation and

creation operators

a = - = (2.6)

with the two operators obeying the commutation relation: [, &t] = 1. The quantum

Hamiltonian of the quantized electromagnetic field then takes the simple form,

Hf = hw(dt + ).(2.7)
2
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The (n + 1)th highest energy eigenstate of this Hamiltonian is represented by

jn) = 10), (2.8)

where I/vfniT is a normalization factor. It is easy to verify that In) is the eigenstate of

the number operator h = &6 with eigenvalue n. We call this eigenstate the n-photon

basis state, or Fock state, of the quantum Hamiltonian for a single-mode quantized

electromagnetic field with annihilation operator e. The basis { n)} formed by the

Fock states with 0 < n < oo is the Fock basis, which suffices for representing any

pure single-mode bosonic quantum state.

The Fock basis is extendable to multi-mode systems, but, before doing so, we

note that there is no unique way to define bosonic modes. For example, a bosonic

mode can be defined by the specific frequency of a monochromatic electromagnetic

field, or by the spatial location of the electromagnetic field, or by the polarization of

the electric field. The pure state of a bosonic system consisting of exactly N bosonic

modes with nk excitations in the kth mode can be represented by the multi-mode

Fock basis state:

171t (~)fk 10), (2.9)In,, n2,. , nN) = k g
k=1 Thk!

The multi-mode Fock basis consisting of all such N-mode Fock states is complete.

Thus, any pure state ION) of an N-mode bosonic system ION) is represented by

n1=oo,n2=oo,nN=00

ON= Cn,n2,...,nN n1,2, -. . , nN)- (2.10)
n1=O,n2=0,...,nN=O

All single-mode Fock states with a total photon number less than or equal to M span

the subspace 7 M = Span{In) I n < M}, which is a subspace of the Hilbert space

of single-mode bosonic systems 'Wi, = Span{ n)n < oo} containing infinitely many

excitations. The entire Hilbert space of all bosonic systems is a tensor product of

unbounded photon number spaces with infinitely many bosonic modes W = WO.
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To compute and to readout the computational outcome, we need to confine the

computational process to a finite-dimensional subspace to realize circuit-based quan-

tum computation. We therefore define the subspace of the bosonic system's Hilbert

space in which quantum computation is to be performed the computational subspace.

The remainder of the bosonic system's Hilbert space is then termed the leakage sub-

space.

Computational Subspace

The artificial confinement of computational subspace is required by our circuit-based

quantum computation model where a finite dimensional quantum state basis, such as

a qubit basis, is used to encode each unit of quantum information. We now define

two kinds of computational bases and the corresponding computational subspaces:

Qubit: The most widely studied quantum computational basis is the qubit basis, which

consists of two orthogonal quantum states, 10) and 1). It is a natural extension

of a classical bit. The computational subspace of a single qubit is defined by

,Hq,2 = Span[10), 1)] where we use q in the subscript to distinguish it from

the subspace given by the maximum photon number -2 defined earlier. The

computational subspace for n qubits is a tensor product of n two-dimensional

subspaces: 71c = q -

A computational basis, such as a qubit basis, is a theoretical abstraction which

is different from a physical basis, which is defined by the energy eigenstates

of the given computing hardware. We use subscript p to denote the physical

basis which is distinct from the computational basis. We define encoding as the

process of choosing a physical basis to represent a given computational basis.

In both optical and superconducting qubits, the qubit basis is encoded into the

photon-number basis of a set of bosonic modes. Such choice, on the one hand,

depends upon our available quantum measurements: it is straight forward to

measure the bosonic excitation numbers in both systems through either single-

photon detection or the homodyne measurement. On the other hand, it ensures
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that a quantum computer operates at the lowest energy levels of the quantum

system, which can make it more resilient against external thermal exictations

or spontaneous decay into lower energy states.

For a superconducting qubit, we choose the vacuum state 10), and a single

excitation in the electromagnetic mode & hosted by a nonlinear superconducting

Josephson junction oscillator to encode the qubit:

10) = |0), 11) = &110). (2.11)

In NOQC, a qubit can also be encoded in the similar form as Eq. (2.11) except

replacing the bosonic mode hosted by a superconducting LC cuicuit with the

spatial or polarization mode of optical photons. Alternatively, a qubit can also

be encoded into three bosonic modes as follows

10) = 001),, 1) = 110) (2.12)

where, as in Eq. (2.9), In,, ni, np) is a three-mode Fock state of modes &,, 6i and

4p. Noticing that this is not the unique way to encode a qubit into a multi-mode

bosonic system, we explain why we use three modes instead of a single mode

for NOQC qubit encoding in the next subsection.

Qudit: A qudit basis is a direct generalization from two-level to d-level quantum com-

putation. The computational subspace for n qudits is thus a tensor product of

n d-level subspaces: 7 -c = Won

The single-mode Fock state encoding of a d-level qudit takes the form,

Ik) = 1 (&t)kl0), (2.13)
v k T

with integer k E [d - 1]. The counterpart of the three-mode encoding for optical

43



qudits in NOQC takes the form,

1k) = 1k, k, d - 1 - k),. (2.14)

Although circuit-based computation is designed independent of the computa-

tional basis's dimensionality, the required hardware resources for quantum com-

putation can be different for different basis dimensionalities. This issue is dis-

cussed in Chapter 4.

Leakage Subspace

The leakage subspace, 7 L makes up the remaining portion of the Hilbert space outside

the computational subspace: Lt = 76. The leakage subspace is infinite dimensional

because the environment of a bosonic quantum computer is not a closed system and

is unbounded in either the number of bosonic modes, or the maximum excitation

number in each mode (i.e., the total energy of electromagnetic field). Any physical

coupling between the computational subspace and the leakage subspace can bring the

computer's quantum state outside the computational subspace, causing information

leakage. We detail the definition of information leakage error and its estimation for

superconducting substrates in Chapter 5.

2.2.2 Bosonic Hamiltonians

With a well defined computational basis, we are ready to investigate the available

physical interactions for realizing quantum computation with the computational basis.

We introduce in this subsection the physical Hamiltonians realizable by various optical

and superconducting computing hardware components.

Quantum systems obey the Schr6dinger equation; thus we know that the unitary

transformation on the computing substrate is determined as follows from the system
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Hamiltonian H(t) at each moment in time t over a given period T:

u~~r~~ fT ft (t) dt],(.5U =T le-- (2.15)

where T stands for time-ordered integration. The Hamiltonian can be decomposed

into a time-dependent linear combination of linearly independent Hermitian operators

{jG} as

H(t) = Zgj(t)Oj, (2.16)

where we call the time-independent operator O3 the generator of the associated uni-

tary group and we have included h inside the amplitudes {gj (t) }. The special case of a

constant Hamiltonian can simplify the expression for Eq. (2.15) as: U = exp[-i'TH].

Any time-dependent Hamiltonian evolution can be approximated by the accumu-

lated unitary transformation realized by piecewise constant Hamiltonian evolution as

U ~ ] IKFT exp[-i5ttk]. Such approximation becomes exact as ft -+ 0. For this

reason, the unitary group of the quantum evolution is completely determined by the

independent generators of the system Hamiltonian.

The lowest order bosonic Hamiltonian consists of single bosonic operators with

independent generators defined by

G, = i[&t - &], G2 = [&t +]. (2.17)

Since both terms do not commute with number operator dtd, these generators do not

conserve the photon number, nor do they conserve energy. Microwaves coupled into a

superconducting nonlinear circuit induce this type of interactions, which is necessary

for realizing universal single-qubit gates in the qubit basis defined by Eq. (2.11). These

generators can also describe the displacement operation for generating a coherent state

of a laser from a vacuum state.

The lowest order bosonic Hamiltonian that conserves photon number is quadratic

and is also referred to as the two-wave mixing Hamiltonian whose independent gen-
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erators are:

1= i[ab - tbtj, 2 = [db+ &tt], (2.18)

G3 = i[a6t - &t b], 04 = [&bt + tb], (2.19)

where g is a c-number, &t and bt are bosonic-creation operators from the same or differ-

ent optical modes. Unitary transformations generated by two-wave mixing can realize

the universal single-qubit gate in Eq. (2.2) on the qubit basis defined in Eq. (2.11).

Hardware components that induce this type of interaction in NOQC systems include

phase shifters (by setting & = b), beam splitters (by setting & f b), polarization

beam splitters (by setting & b b, which represent different polarization modes), and

dichroic mirrors (by setting & : b, which represent different frequency modes). In

superconducting systems, DC voltage control can change the energy of each qubit

whose effect can also be induced by these generators by setting & = b.

The next higher order of bosonic Hamiltonian is the three-wave mixing Hamilto-

nian, viz., the X(2) interaction, which is also the lowest-order interaction required for

realizing the universal quantum gate set in the optical qubit basis defined in Eq. 2.12)

and (2.14). Its independent generators are [NCS18b]:

i = & [aa,- a.aiJ ,02 2 [tai p + as .(2.20)

Here, { : k = s, i, p} are the bosonic-creation operators of the interaction's signal,

idler, and pump modes. In the most general case, one does not have to require these

three modes to be distinct from one another. For example, signal and idler can both

be in the same mode. Spontaneous parametric down-conversion (SPDC), which is

important for preparing the qubit state in the Eq. (2.12) basis, takes a frequency-2w,

single-photon Fock-state input, and converts it into a two-photon Fock state at fre-

quency w. The reverse process of SPDC is called second harmonic generation (SHG),

which takes a two-photon Fock state of frequency w from a particular mode and

converts it into a single-photon Fock state at frequency 2w. If we set one of the
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three modes in a strong non-depleted coherent state 1a), which is the eigenstate of

the photon annihilation operator di, the effective Hamiltonian realized by three-wave

mixing will be reduced to two-wave mixing in Eq. (2.18), except the strength of the

two-wave mixing interaction depends on the strength of this classical field a. If there

is a photon in either the pump or the signal mode, it will be converted to the other

mode under this three-wave mixing induced two wave mixing process, while changing

its frequency. We call this process the quantum-state frequency conversion (QFC).

These various implementations of three-wave mixing form important computational

primitives in our three-wave mixing based quantum computing paradigm to be laid

out in Chapters 3 and 4.

Going to the next higher order nonlinearity, we examine a four-wave mixing Hamil-

tonian. This is a linear combination of products of four bosonic operators, and has

been proposed for gate execution in both optical and superconducting qubit systems.

A four wave mixing Hamiltonian can be described by the following independent gen-

erators:

= aka-- a^ ] A _ 2 = [fi4t& &&h + &id& d&t], (2.21)

Gk = [- , [&jaj kda + t&td&t ], (2.22)

where the four subscripts i, j, k, h can be the same or different. The Bose Hubbard

model that describes the lowest order nonlinear interaction inside a Josephson junc-

tion superconducting circuit contains both the two-wave mixing and the four-wave

mixing Hamiltonians:

HBH = hZE [WkO4k + 1Ak(kak - 1)&&k + (ak&k + aak) + Ikk~k+1  kk1),

k

(2.23)

where the first term represents linear part of LC oscillator, the second term represents

the nonlinearity of LC circuit potential, the third term represents the microwave cou-

pling, and the last term represents the coupling between neighboring LC circuits. In
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Chapter 5 and its associated appendix, we will derive the emergence of this Hamil-

tonian from quantization of a nonlinear superconducting LC circuit, and discuss how

to modulate the amplitudes 9k, ak, Wk of the Hamiltonian for gate execution.

2.3 Quantum Control

Prepared with knowledge of a quantum computing scheme, and physical models of the

computational basis and operations of two quantum computing substrates, we are now

ready to discuss the critical connection that translates our abstract quantum circuit

description of computation into physical operation: quantum control. The precise

choice of controls ultimately governs the fidelity and speed of quantum computation.

The concept of quantum control is central to our hardware-efficient quantum gate

control framework. We first introduce two types of quantum control problems whose

solutions are necessary for circuit-based quantum computation. Then the concept of

controllability is introduced to determine whether a given quantum control scheme is

capable of solving the corresponding quantum control problems.

In general, quantum control problems can be categorized into two kinds: quan-

tum gate control and quantum state control. In the former, the goal is to realize

a given unitary transformation, or a quantum gate, by controlling the dynamics of

the quantum system in time. In the latter, quantum control is designed to prepare

a target quantum state lot) from a given initial state loin). The two control tasks

are related to each other because the target quantum state can always be obtained

from the initial quantum state by a unitary gate U as I o) = U loin). Sometimes there

are additional requirements involved in preparing the initial quantum state 1007), as

discussed in Chapter 1. We define the two control tasks separately as follows.

Definition 2. Quantum state control problem: find the trajectory of the system

Hamiltonian H(t) such that the quantum state loc) = T [exp(-i fj H(t)dt)] 100 at

final time T (evolved under the time-dependent evolution of the system Hamiltonian

from the initial state loin)) reaches the target state lot) within a chosen distance

measure: D'(lc), lot)) < c for a given real positive value e while satisfying T < T ax

48



with H(t) obeying a set of constraints specified by a set of functions {F3 (H(t)) < 0}.

Definition 3. Quantum gate control problem: find the trajectory of the system

Hamiltonian H(t) such that the unitary transformation induced by the time-dependent

evolution under the system Hamiltonian U, = T [exp(-i f[ H (t)dt)] approaches the

target unitary Ut with a chosen distance measure D(U, Ut) < e for any real positive

value E while satisfying T < Tma. with H(t) obeying a set of constraints specified by

the functions {F(H(t)) < 0}.

The study of quantum control focuses on what kind of quantum state control and

quantum gate control problems can be solved for a given quantum computing hard-

ware. In order to realize universal quantum computation, the minimum requirement

is that we are able to at least solve quantum gate control problems for every quantum

gate in the universal gate set. For that purpose, we define the controllability of a

given quantum control scheme as the ability to solve the quantum gate control or

quantum state control problem given the controllable and uncontrollable parts of the

system Hamiltonians [L)P1I]. Such definition follows the canonical definition from

classical control theory [KiIr t2].

Quantum control realization therefore entails the modulation of a time-dependent

system Hamiltonian H(t), which can be done in a superconducting system by coupling

analog control signals to the controlled superconducting circuits. There the digital

specification of H(t) is converted into electromagnetic-field waveforms that interact

with the quantum system. During this control process, various control imperfections

can occur and induce errors in the quantum computation, as discussed in the next

subsection.

2.4 Errors in Quantum Control

Errors that occur in the quantum control actuation can severely perturb the final com-

putation outcomes if not well accounted for during the quantum control optimization.

We introduce in this subsection two major kinds of errors: unitary gate errors and

quantum information leakage. Mitigation of these errors and robust realization of
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quantum gates is a central question to be answered in Chapter 5.

2.4.1 Unitary Gate Errors

Unitary gate errors occur when Ureaiize , the realized transformation on n qubits of

the quantum computing system, is different from the target unitary, Utarget, of the

ideal quantum gate. The amount of such an error can be measured, for example,

by the infidelity: 1 - ITr[UreaiizeUtarget]I/(22n), which is one minus the gate fidelity

and equals zero only when the two unitaries are exactly equal up to a global phase.

Other distance metrics such as average gate error [ INLR (, Nf t1I], which is easier

to measure in experiments, can also be chosen to quantify the incurred unitary gate

error.

Sources that contribute to unitary gate errors can be broadly categorized into:

(1) fluctuations or drifts in the analog control parameters, and (2) unwanted indirect

couplings between different qubit states mediated by couplings between qubits and

environmental quantum systems. Both sources can be represented by the deviation

in the amplitudes of the system Hamiltonian from the desired values. For example,

we can represent such deviation from the ideal control Hamiltonian H(t) by the

Hermitian operator O with an amplitude (t) as

Htot = H(t) + (t)G. (2.24)

Under this representation, the realized unitary U(t) on the quantum system evolves

according to the Schr6dinger equation as

Urealize(t) = i[H(t) + (t)G]Ureaiize(t), (2.25)

which can be used to calculate the implemented quantum gate at the the final time

Ureaiize(T) and the associated unitary gate error.
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2.4.2 Leakage Errors

Leakage errors account for the loss of quantum information to the leakage subspace.

Any corruption of the system's quantum state, such as the loss of photons to the leak-

age subspace, i.e., its environment, necessarily induces information leakage. Broadly

speaking, two kinds of leakage error exist: coherent leakage error, which is determin-

istic and reversible, and incoherent leakage error, which accumulate monotonically in

time.

There are various contributing sources to leakage errors. One of the most detri-

mental is the undesirable and often unavoidable couplings between the computational

subspace and its infinite-dimensional leakage subspace. Such coupling causes coherent

leakage if the coupling time is short compared to the duration of quantum compu-

tation, but it causes incoherent leakage if the coupling time is much longer than the

computation time. A second source of leakage error is from noisy control electron-

ics (such as stochastic fluctuations in the signals that control the system Hamilto-

nian's amplitudes), or from uncertainties in the phase reference between different

control signals.

Both unitary gate errors and leakage errors can accumulate and lower the fidelity

of the quantum computation's outcome. As a result, quantum computation can only

last for a finite amount of time before degrading into a classical system unless error

correction is employed. Quantum computing systems with an ever-growing number

of qubits face a tremendous amount of both kinds of errors. The principle challenge of

designing a large scale quantum computer to compete with classical computers is thus

to design algorithms, hardware, and quantum control to be resilient against errors

without requiring a formidable amount of hardware resources. This thesis addresses

a range of problems from that domain for superconducting and NOQC systems.
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Chapter 3

Hardware-efficient Nonclassical Light

Generation

In this chapter, we present a hardware-efficient method for generating nonclassical

states of light that are important for nonlinear optical quantum computation (NOQC).

In particular, we develop an algorithm that can improve the efficiency of spontaneous

parametric down-conversion to unity by means of a novel optical circuit design.

3.1 Introduction

Nonclassical states of light, such as single-photon states [P.1'02, PJF5, BWK101,

polarization-entangled states [IK\ 1MW 95, F' \1K 01] and multi-photon path-entangled

states [MLS( 4, EHKI305, 11007, MPSO09 are essential for linear-optical quantum

computation [1KL301], quantum communication [BenS4, Eke91, GG02], quantum

metrology [HB93, SM95], and experimental tests of quantum foundations [CHSH1169,

GPF v( 04, + 15]. Spontaneous parametric down-conversion (SPDC) employing the

x(2) nonlinearity [KMW+95] is a standard tool for generating nonclassical light. In

previous approaches, SPDC sources of nonclassical light rely on strong coherent-state

pump beams. These pumps do not suffer appreciable depletion in the down-conversion

process, meaning that their conversion efficiencies are exceedingly low. Moreover, the

number of signal-idler pairs that are emitted in response to a pump pulse is random.
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Understanding the fundamental limit on the efficiency of parametric down-conversion

demands a more thorough study of the full quantum dynamics of the down-conversion

process. The conventional derivation of SPDC dynamics is made under the nondepleting-

pump assumption, which treats a strong coherent-state pump as a constant-strength

classical field throughout the nonlinear interaction. To date, SPDC with a quantized

pump field [IKL 97, DA\ 14] has only been solved for pump-photon numbers up to

4 [PNKKH.]. We begin in Sec. 3.2 by solving the full quantum dynamics for SPDC

with single-mode signal, idler, and pump beams. We construct the SPDC solution

for an arbitrary single-mode pure-state pump as an iteration that we can evaluate

numerically for pump photon numbers up to 50. From this result, we prove a funda-

mental bound on SPDC's conversion efficiency: no pure-state pump whose average

photon number exceeds one can be completely converted to signal-idler photon pairs.

To circumvent these drawbacks without demanding higher requirements on the

physical hardware, we propose in Sec. 3.3 an algorithmic solution: an optical circuit

with n-photon Fock-state pumps [MM() 16] as input that interlaces SPDC processes

with nonlinear sign gates (NSGs) [JKLMO-1]. Our scheme can generate n signal-idler

pairs (In)ln)) with unity efficiency when the down-converters' crystal lengths are

chosen appropriately. We name this optical scheme unity-efficiency parametric down-

conversion (UPDC) and prove its unity-efficiency at photon number n < 2 as well as

n > 1 exactly. We present numerical results for intermediate n values in Sec. 3.4 and

conclude in Sec. 3.6.

3.1.1 Attributions and contributions

The majority of this chapter is from a published joint work [NS\VS 17] with B. C.

Sanders, F. N. C. Wong, and J. H. Shapiro. B. C. Sanders helped discover an error

in an earlier version of this work, F. N. C. Wong, and J. H. Shapiro are responsible

for introducing me to spontaneous parametric down-conversion, and the problems

therein. All of us contributed to the writing of the published paper. M. Y. Niu, F.

N. C. Wong, and J. H. Shapiro acknowledge support from Office of Naval Research

Grant Number N00014-13-1-0774 and Air Force Office of Scientific Research Grant
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Number FA9550-14-1-0052. B. C. Sanders acknowledges funding provided by National

Sciences and Engineering Research Council of Canada, Alberta Innovations, and by

the Institute for Quantum Information and Matter, an National Science Foundation

Physics Frontiers Center (National Science Foundation Grant PHY-1125565) with

support of the Gordon and Betty Moore Foundation (GBMF-2644). M. Y. Niu and

B. C. Sanders also thank the Aspen Center for Physics for hosting the Quantum

Algorithm Winter School.

3.2 Quantum Dynamics

In this section we present analytic and numerical results for the quantum dynamics of

parametric down-conversion with single-mode signal, idler, and pump beams whose

joint state is evolving in the n-pump-photon subspace with n < 50. We start from

the three-wave-mixing interaction Hamiltonian first introduced in Chapter 2:

H = ihK Ot & - aa'ai (3.1)

where K is assumed to be real valued, and seek solutions to the Schrbdinger equation

ihlxI(t)) = ftlT(t)), for t > 0, (3.2)

subject to the initial condition I1T(0)) on the joint state of the signal, idler, and pump.

In general, this initial condition can be decomposed into components that lie within

subspaces spanned by {0, 0, n), 1, 1, n - 1), . .. n, n, 0)}, where In, ni, np) denotes a

state containing n, signal photons, ni idler photons, and n, pump photons, i.e.,

00 00

T (0)) = Zcn lITn(0)), where S ICn = 1, (3.3)
n=O n=O
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and

Tn (0)) = E f )(0)1k, k, n - k), with E f (0)12 = 1. (3.4)
k=O k=0

Schrddinger evolution occurs independently within each of these n-pump-photon

subspaces according to the following coupled ordinary differential equations:

V V/nf (), k = 0

k' W)t = [ k v/n - k+ kf 1(t) - (k + 1) Vn - kf k+ (1 , k =1,72, . .. , n - 1

nf 4(n), k =n.

(3.5)

Equations (3.5) have closed-form solutions for n < 4, given {f n (0) : 0 < k < n},

but the Abel-Ruffini theorem tells us that no such analytic solutions are possible for

n > 5. In the remainder of this section we explore the implications of closed-form

solutions with respect to the efficiency of converting pump photons to signal-idler

photon pairs. We assume that the {f ()(0)} are real valued, so that the {f )(t)}

are also real valued. (Inasmuch as our principal interest is in the initial condition

f (n) (0) = 6 ko, where 4k0 is the Kronecker delta, there is little loss of generality in

making the real-valued assumption.)

For the one-pump-photon subspace, Eqs. (3.5) imply that

fo1 (t) = f 1) (0) cos(tt), (3.6)

fl (t) = fl (0) sin(Kt). (3.7)

It follows that single-mode down-conversion with a one-photon pump can achieve

unity-efficiency conversion to a signal-idler photon pair, i.e., the initial state 10, 0, 1)

is completely converted to 1, 1, 0) when t = 7r/2,. We shall see below that such unity-

efficiency conversion is not possible with SPDC in the n-pump-photon subspaces for

n = 2,3,4.
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For the two-pump-photon subspace, Eqs. (3.5) yield the general solution

f(2(t)= 1+2m2 [m+
(2) 1 3 1

ff (t) = sin ('

7_~ [

3/1+2m 2

f22(t) = / M -
3 1 -+2m2

2 Cos(K

t + #0) ,1 (3.8)

cos (V t +

where m and 0 are determined by the initial conditions {fk(2) (0) : 0 < k < 2}.

Figure 3-1 shows five {fkfl) (t)} trajectories that were obtained from Eqs. (3.8)

using the initial conditions m = 0, 0.4, 1, 2, and 4, all with 0 = 0. The state

evolution for fn) (0) = ko, given by Eqs. (3.8) with m = 1 and 0 = 0, leads to a

maximum conversion efficiency

2 k (f2)(t)I12 , .9
A2= MaxZ 2 k ~ .9

k=1
(3.9)

with virtually all of the conversion being to the 12, 2, 0) state, because f22) (t0 pt)12 2

ff2) (t pt) 2, where topt is the interaction time that maximizes P2.

Equations (3.5)'s solutions for the three-pump-photon subspace take the general

form

f(3 (t) = [B+ cos(w+tt + #1) + B- cos(w_ st + 02)],

ff (t) - I [B+w+ sin(w+t + #1) + Bw- sin(w_ t + 02)],

f23 Mt) [cos(w+,'t + q 1) - cos(w t + 02)]

f 3
- 6 146 w+

(3.10)

with w = V/10 -F v/73 and the remaining constants being determined by the initial

conditions {f(3) (0)}. Here, the irrationality of w+/w- implies that the {f(3) (t)} evolve

in an aperiodic manner. We illustrate this aperiodic behavior in Fig. 3-2, with a plot of
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Figure 3-1: Trajectories of {fk (t)} obtained from Eqs. (3.8) for o = 0 with m = 0
(orange), 0.4 (green),1 (blue), 2 (red), and 4 (purple). These trajectories form circles
on the unity-radius sphere that is centered at the origin, (f, ff , f2 ) = (0, 0, 0).
The circles lie in planes that are perpendicular to the line f(2) '2 f( 2 in the f(2) 0
plane.

ff (t), f 3 (t), and f ) - Ifo3) (t)12 - ff (t) 2 for 0 < t < 307r/w+ and initial

condition f(3) (0) - 1, which corresponds to q1 = /2 = 0 and B = (v/ 7 3 7)/2v/"3.

In this case we find that the maximum conversion efficiency to the 13,3, 0) fully-

converted state is maxt ff3 (t)l2 ~ 0.40, while the maximum conversion efficiency

is

3 k~f (3 t) 1|2
A3 = max f k~ 0.89. (3.11)

k=1

For the four-pump-photon subspace, we limit our attention to the behavior of

fo) (t) and f 4 (t) when the initial condition is f 4 (0) = cko:

f(4)(t) =Cf17/41 + m2 /1168992 [B+ cos(w+ rt) + B_ cos(w- Kt) + m],

-4) 6v/Cf -) 17/41 + m 2 /1168992 [_ cos(w+'t) - W2 cos(w_ it) - m/24] , (3.12)

where w = 25 F 3v'53, m = 144v/35, C = 1/246v/', and B, = 51V353 261.

Here, the maximum conversion efficiency to the fully-converted 14, 4, 0) state is maxt ff4 (t)2
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Figure 3-2: Trajectories of {f_(t), f (t), f 1 - Ifo (t)12 _ f (t) 2 for 0 <

t K 307r/ru and initial condition f(3 (0) = 1.

0.74, which is lower than the two-pump-photon subspace's maximum conversion ef-

ficiency to its fully-converted state but higher than that for the three-pump-photon

subspace. On the other hand, the maximum conversion efficiency of the four-photon

pump input is A4 ~ 0.86, which is lower than that for both the two-pump-photon and

three-pump-photon subspaces.

We have obtained numerical solutions for 5 < n < 50. The nth subspace's quan-

tum conversion efficiency,

n k f n (t)12
n(t) = E In , when I4'n(0)) = 0, 0, n), (3.13)

k=1

is the fraction of the initial n pump photons that are converted to signal-idler photon

pairs. The down-converter's total quantum conversion efficiency is then

A W) = n.n(t) (3.14)

Because E f n(t)12 = 1 for all n, neither Pn(t) nor p(t) can exceed unity. The

central question for this chapter is how to obtain unity-efficiency conversion, which

occurs for An(t) when Ifn()(t)l = 1, and for p(t) when Ifn")(t)l = 1 for all n with
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nonzero cn .

Our analytic and numerical simulations show that maxt[pn(t)] decreases with in-

creasing n from maxt [p1 (t)] = 1. This downward trend in conversion efficiency contin-

ues for 5 < n < 50, where we employed numerical solutions because the Abel-Ruffini

theorem shows that polynomial equations of fifth or higher order do not have uni-

versal analytic solutions. In other words, when the down-converter crystal is driven

by vacuum signal and idler and an n-photon Fock-state pump, only the n = 1 case

can yield unity efficiency. Moreover, because mixed states are convex combinations

of pure states, exciting the down-converter with a mixture of 10, 0, n) states also fails

to realize complete conversion of pump photons to signal-idler photon pairs.

3.3 UPDC Algorithm

To overcome this fundamental limitation, we show how the preceding limit on SPDC's

conversion efficiency can be transcended by employing NSGs in between SPDC pro-

cesses. Our scheme is inspired by the Grover search algorithm's use of amplitude

amplification [Gri97]. In particular, we show that our method increases the efficiency

with which all pump photons are converted to signal-idler pairs, enabling complete

pump conversion to be achieved for Fock-state pumps when the down-converters'

crystal lengths are chosen appropriately. This perfect conversion is deterministic if

the NSGs are implemented using nonlinear optical elements. It is postselected-based

on ancilla-photon detections-if the NSGs are realized with only linear optics.

In Grover search [ NSGs serve as quantum oracles that flip the sign of the

marked state In) by means of the unitary transformation

U SG _ajlj) = Z(1 )6 n ajlj), (3.15)
j=0 j=0

where 6jn is the Kronecker delta function. The U(SG gate, which is essential to

linear-optical quantum computing's construction of a CNOT gate [lKL\M1() ], has a

nondeterministic implementation that only requires linear optics and single-photon
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detection. A deterministic realization of U (G is possible through use of a Kerr nonlin-

earity [Az/i0 ]. Nondeterministic UNSG gates have postselection success probabilities

with 0(1/n) scaling [SAf0].

Grover search [Gro!7] finds the marked item in an unsorted data set of size N

in the optimal [NCUU] o(v/N) steps, as opposed to the best classical algorithm's

requirement of O(N) steps. To reap the Grover search's benefit in our context we

perform it in the Fock basis. In particular, given a Fock-state input 10,0, n), with

n > 2, our UPDC procedure uses O(/n) iterations of Grover search-in which an

iteration consists of an NSG followed by SPDC-to convert that input to the dual-

Fock-state output in, n, 0) with unity efficiency for n sufficiently large. Our UPDC

procedure is as follows.

I. Initialization: Initialize the UPDC procedure by sending signal, idler, and

pump inputs in the joint state 10, 0, n) into a length-Lo, type-II phase-matched

X( crystal for an interaction time to = Lo/v, where v is the in situ propagation

velocity, to obtain the initial state [13B B 99]

n

= fk" '(to)lk, k, n - k), (3.16)
k=O

where the {f "' )(to)} are solutions to (3.5) for the initial conditions fk"'O)(0) =

k0.

II. Sign flip on the marked state: Begin the mth Grover iteration by sending the

signal, idler, and pump outputs from the (m - 1)th iteration-whose joint state

is

= fnhm (tm-1)k, k, n - k), for m > 1, (3.17)
k=O

where IT'J) = 'o)-through a polarization beam splitter (PBS) to separate the

signal and idler into distinct spatial modes with the pump accompanying the

idler. Then apply the UnSG gate to the signal mode in Eq. (3.17) to produce
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the state

1,Fm) = S f 'm) (0)1k, k, n - k), (3.18)
k=O

where fn'm)(0 ) = (-1)6kfkn,m-1)(tm_1), and use another PBS to recombine

the signal, idler, and pump into a common spatial mode without changing their

joint state.

III. Rotation toward the marked state: Complete the mth Grover iteration by send-

ing the signal, idler, and pump in the joint state 'Jm) into a length-Lm, type-IL

phase-matched X(') crystal for an interaction time tm = Lm/v to obtain the

state

I 'M) = E f k' (tm)lk, k, n - k), (3.19)
k=O

where the {fn "'" (tm)} are solutions to (3.5) for the initial conditions {f' '"(O)}.

IV. Termination: Repeat Steps II and III until the probability that Step III's output

beams are in the desired fully converted state is sufficiently close to unity.

Below we explain how Steps I-III can drive the conversion efficiency arbitrarily close

to unity, and how, for n sufficiently large, this can be done in O(ji) Grover iterations.

For an initial state 10, 0, n), the Fock-state amplitudes occurring in our UPDC

procedure are real valued. Thus, for our present purposes, we can reduce the UPDC

procedure's state evolution to SU(2) rotations by writing

= 1 - [f"nm) (tm)] 2 0) + ff'm) (tm)11), (3.20)

for m > 0, where 11) In, n, 0) is the fully converted state, and 10) is the m-

dependent, normalized state satisfying (110) = 0.

We now provide a proof by induction that amplitude amplification realized by

iterations of Step I-IV above can achieve an arbitrarily-close-to-unity efficiency for
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converting the input state 10, 0, n) to the fully-converted output state In, n, 0) in the

large-n limit if the down-converters' crystal lengths are chosen appropriately.

We preface our induction proof by justifying the assertion that passing the in-

put state through a length-Lo, type-II phase-matched x(2) crystal (equivalent to an

interaction time to = Lo/v) yields the UPDC procedure's initial state

I'To) = cos(Og/2)10) + sin(Og/2)11), (3.21)

for 0 < 09 <

For 1-.6t < 1,

1, where 1) = In, n, 0) and 10) is a normalized state satisfying (110) = 0.

Eqs. (3.5) yield

f "'")(t) =

f (')(6t) =

f ('")(6t) =

fo fo '"(t) dt = V/n 6t,

6t
2KV/n - 1 f '"(t) dt =/nn n 1) (Kot)2,

vI~ (Kjt)n-1,

V/nI (r,&)",

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

to lowest order in 6t. Setting to = 6t then shows that we can realize Eq. (3.21) with

sin(O,/2) = vnI (Kto)n.

At this point we begin the induction proof in earnest. We must first show that,

after applying the USG gate to I To) to obtain the state IT,), there is an SPDC crystal

length L, (equivalent to an interaction time t, = L1/v) which will produce

|I') = cos(3 0,/2)10) + sin(30,/2)11). (3.27)

as the first Grover iteration's output state, with 10) being a normalized state satisfying

(10) = 0. Consider an interaction time t' satisfying Kt' < 1. We have

(n_'0) (to) = sin(9,/2)(n-1 )/n(n!) 1 / 2 n ~ sin(0,/2) ,/n/e, (3.28)
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where we have used the Stirling approximation for n! and sin(Og/2)(n--1)/e ~ sin(Qg/2)

for n > 1. Using this result we find that

tO+tf

A ' i =D -f (to'0 )(t o

-/+t~-sin(Og/2) + ft

nnf' (t) dt t

r, sin (Og/2) V/-ne dt

(3.29)

(3.30)

(3.31)= sin(Og/2)(V n/e Kt' - 1).

Because 0 < sin(39 g/2) < 3 sin(99 /2) for 0 < 09 < 1, it follows that having nt' < 1

and t > 4 e/r ensures there is a t1 < t' such that Eq. (3.27) holds.

Next, we assume that

IT' ) = cos[(2m + 1)Og/2]I0) + sin[(2m + 1)Og/2]11), (3.32)

for m > 1, is the mth Grover iteration's output state, where 10) is a normalized state

satisfying (110) = 0. Our induction proof will be complete if we can show that

M+1) = cos[(2m + 3)0g/2] 10) + sin[(2m + 3)0g/2] 1), (3.33)

with 10) being a normalized state satisfying (110) = 0, is the (m + 1)th Grover

iteration's output state.

Using fl'm+l1(0) = (-1)knfk 'm)(tm), which holds for m > 1, Eqs. (3.5) give us

'nM+0()= "[v-2 (n - 1)fn"'h (tm) + nf'(nm)(tm)]K6t + ff"'m)(tm)

= f_(n'm)(tm + 6t) + 2nfnnm)(tm)ot,

(3.34)

(3.35)

f(nnm+0l(t) = fn'")(t.) + ,nft"'et+0 (t) dt,
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for rot < 1. Another use of Eqs. (3.5) with r,6t < 1 plus Eq. (3.35) then leads to

t + dStj nf'in+1 (t) dt = je fn_'m(tm, + t) dt + 2r 2 2 n (tm)t dt (3.37)

= f(nm) (tm + 6t) - f(n'm) (tm) + (nrl6t) 2 fn'm) (tm). (3.38)

Substituting this result into Eq. (3.36), we have that

f(nM+) (6t) = -2fn"m) (tm) + fn"m) (tm + 6t) + (nfI6t)2 fn,m) (tm) (3.39)

> f(nm) (tm)[(nr,6t)2 - 2], (3.40)

where fn'm) (tm) = sin[(2m + 1)09/2] > 0, and the continuity of the Schr6dinger

evolution plus rit < 1 ensures that fn'm) (tm + 3t) > 0. Now we see that

fn'm+l)(8t) > sin[(2m + 3)0g/2] (3.41)

prevails if

2 + sin[(2m + 3)0,/2]
sin[(2m + 1)2g2]

r6t ;> F nn(3.42)
n

and this can be satisfied with K6t < 1 if

sin[(2m + 3)0g/2]n > 2 + . (3.43)
sin[(2m + 1)0g/2]

Because 0 < sin(30g/2) < 3 sin(0g/2) for 0 < 9g < 1, and sin[(2m + 1)Og/2] is

monotonically decreasing with increasing m, the preceding condition on n is met if

n > v5. So, choosing n large enough we can find a t,+, that provides the amplitude

amplification needed to complete the induction proof. Thus, with M being the largest

integer satisfying (2M + 1)Og < 7r, we can get a sin2 [(2M + 1)0g] conversion efficiency,

from the input state 10, 0, n) to the fully-converted state In, n, 0), and this conversion

efficiency can be made arbitrarily close to unity for small enough 9 . Furthermore,
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choosing 0g ~ 1/Vln, for n > 1, we have that M is O(V/ii), as expected for Grover

search.

3.4 Results

Our proof that UPDC can achieve unity-efficiency conversion of an initial 10, 0, n) state

to a final In, n, 0) state for n > 1 allows each Grover iteration to use a crystal of a

different length, making its required resources of order O(/nj). Thus in our analytic

(for 2 < n < 4) and numerical (for 5 < n < 50) conversion-efficiency evaluations

we restricted our procedure's Grover iterations to recirculate the signal, idler, and

pump beams through a single length-L1 crystal, and we chose Lo and L1 to maximize

the conversion efficiency. However, as Eqs. (3.5) evolutions have eigenmodes with

associated eigenvalues whose magnitudes grow with increasing n, the precision to

which the crystal lengths Lo and L1 must be cut grows with increasing n. Thus, for

experimental feasibility, our conversion-efficiency optimizations took Lo and L1 to be

integer multiples of 10- 3v/rI 1 .

Available analytic solutions to Eqs. (3.5) for n < 4 allowed us to verify that unity-

efficiency conversion can be achieved for those pump-photon numbers. For example,

we show that a single Grover iteration defined below suffices for exact down-conversion

with n = 2.

'We obtained our numerical solutions to Eqs. (3.5) using normalized time, i.e., by solving the

Schrddinger evolution as ordinary differential equations in r = tp. The associated normalized crystal

length is therefore f = LK/v. We then chose to discretize our crystal-length optimization in multiples

of 10~ 3v/I, to keep computation times within reasonable limits.
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Figure 3-3: 3D plot showing the UPDC procedure in the two-pump-photon subspace

that realizes unity-efficiency conversion from the 10, 0, 2) input state, shown as the

blue dot, to the j2, 2, 0) final state, shown as the red dot, in a single Grover iteration.

The UPDC procedure's initial state I'o), prepared by passing the input state through

a type-II phase-matched x(2) crystal for an interaction time to = 0.976/v'6, is shown

by the purple dot that is obtained by evolution around the red circle from the blue

dot. Sign flip on the marked state (10, 0, 2)) transforms the 'Io) state to IT,), which is

indicated by the green dot. Rotation toward the marked state by passing Il1) through

a type-II phase-matched X(2) crystal for an interaction time t1 = (7r - 0.626)/n6

leads to evolution around the blue circle to |I') indicated by the red dot, which is

the desired output state |2, 2, 0).

I. Initialization: The input state 10, 0, 2), shown as the blue dot in Fig. 3-3, un-

dergoes a duration-to interaction in the type-II phase-matched X(2 crystal to

yield, via Eqs. (3.8) with m = 1 and <$o = 0, the UPDC procedure's initial state

3 2o) = 1+ cos (V to)] 0, 0, 2) + * sin (v/to) 11, 1, 1)

+ -1- 1 - Cos (rv/6 to) |2, 2, 0). (3.44)

In order to achieve complete conversion in a single Grover iteration, we choose

to = 0.976/ndV6, which leads to ITo) being the purple dot in Fig. 3-3 obtained
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from duration-to evolution around the red circle from the blue dot in that figure.

II. Sign flip on the marked state: Applying the U(SG gate to the I'Io) obtained

with to = 0.976/irV/ yields

2 1
Ii) =- [1 + - cos(0.976)] 0, 0, 2) + sin(O.976)11, 1, 1)

3 2 v3

- -[1 - cos(0.976)]12, 2, 0), (3.45)
3

which corresponds to transitioning from the purple dot on the red circle to the

green dot on the blue circle in Fig. 3-3.

III. Rotation toward the marked state: Using the I|'O) obtained with to = 0.976/rv 06

as the input to a duration-ti interaction in a X(2 ) crystal implies that the initial

conditions Eqs. (3.8) use for that evolution are m = 1/2 and #o = 0.626. With

those initial conditions Eqs. (3.8) now give us

IV) = [1 + cos(,v 6ti + #o)] 10, 0, 2) + - sin(iiVf6ti + 0o)|1, 1,1)
3

+ ~[1 - 2 cos&~x/ ti + 1o)]12, 2, 0). (3.46)

To obtain complete conversion we choose ti = (7r - #o)/rA/V-, which reduces

I') to 12, 2, 0), as shown by the red dot in Fig. 3-3 obtained from duration-ti

evolution around the blue circle in that figure.

IV. Termination: Complete conversion having been achieved, the UPDC proce-

dure's Grover iterations terminate after a single iteration.

Figure 3-4 is a schematic for realizing the two-pump-photon UPDC procedure's

Steps I through IV using the nondeterministic NSG proposed in Ref. [KLM.01].

The corresponding schematic for the deterministic-NSG version of two-photon-pump

UPDC is the Level 1 unit cell in Fig. 3-7.
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Figure 3-4: Schematic for the two-pump-photon UPDC procedure using a nonde-

terministic NSG. Dotted lines separate the procedure's Steps I through IV, whose

descriptions were given earlier in Sect. 3.4. The PDC blocks are parametric down-

converters and the NSG block is the nondeterministic nonlinear sign gate from

Ref. [M Li 1]. The PBS blocks are polarization beam splitters. One directs the

signal photons emerging from the first PDC into the NSG, and the other recombines

the signal photons emerging from the NSG with idler and pump photons at the input

to the second PDC. The upper and lower ancilla rails entering the NSG are prepared

in the single-photon Fock state and the vacuum state-here denoted 1 and 0-and

an array of beam splitters within the NSG block (omitted here for simplicity) per-

forms the unitary transformations described in Ref. [1K L >1M(J] for nondeterministic

NSG realization. Thus, when the first PDC's input is in the 10, 0, 2) state and the

detector (DET) counts one photon, then the output signal-idler-pump joint state will

be 12,2, 0).

For n E {2, 3, 4, 5, 6, 7, 8,10, 20, 40, 50} the optimized conversion efficiencies we

obtained are shown in Fig. 3-5. Here we see that unity-efficiency conversion is possible

for n values up to 5, using a single Grover-iteration crystal that is cut with the

assumed length precision. Beyond n = 5, however, greater precision is presumably

required. Figure 3-5 also includes similarly evaluated conversion efficiencies for a

conventional SPDC setup, i.e., one in which a single nonlinear crystal is employed

without any NSGs. As mentioned earlier, the conventional approach can only reach

unity-efficiency conversion for n = 1, and Fig. 3-5 shows that the UPDC approach
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with finite crystal precision outperforms the conventional setup with the same crystal

precision for 2 < n < 50.

1

0.95

0.9

0.85

0.8

0.75
5 10 15 20 25 30 35 40 45 50

n

Figure 3-5: Down-conversion efficiencies for n-photon Fock-state pumps optimized

over nonlinear-crystal lengths cut to a precision of 10- 3V/. Lower (red) curve: max-

imum conversion efficiencies for a X( crystal without Grover-search amplitude am-

plification. Upper (blue) curve: maximum UPDC conversion efficiencies, where the

n = 1 point did not employ an NSG.

The preceding efficiency optimization also permits us to determine the runtimes

for our UPDC procedure at finite crystal-length precision, where runtime is defined

to be MLj1/v with M, being the number of Grover iterations needed to achieve the

n-photon-pump's maximum efficiency from Fig. 3-5. These runtimes, which we have

plotted in Fig. 3-6, show the expected O(#/n) behavior for 3 < vfl u 7.
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Figure 3-6: UPDC runtime (defined to be MnL1/v with M, being the number of

Grover iterations used in Fig. 3-5 to achieve maximum efficiency for an n-photon

pump) versus v/n.

3.5 Application: Dual-Fock state Generation via Cas-

caded Two-Pump-Photon UPDC

Our technique for unity-efficiency parametric down-conversion (UPDC) has trans-

formative applications in quantum metrology, quantum cryptography and quantum

computation. In quantum metrology, an interferometer whose two input ports are

illuminated by the signal and idler of the n-pair (dual-Fock) state In, n) achieves a

quadratic improvement in phase-sensing accuracy over what results from sending all

2n photons into one input port [HL 1193]. Single-mode SPDC yields a thermal dis-

tribution of In, n) states, however, which erases the preceding entanglement-based

advantage [SM 97], whereas UPDC delivers the desired dual-Fock state for this pur-

pose. The dual-Fock state turns out to be extremely valuable for preparing her-

alded Greenberger-Horne-Zeilinger (GHZ) and other path-entangled states with high
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probability, which are crucial resources for device-independent quantum cryptogra-

phy [ I'S II, A BG ], quantum secret sharing [HB-vB)9], and testing quantum

nonlocality [PBD ].

An interferometer whose two input ports are illuminated by the dual-Fock state

in, n) enjoys a quadratic improvement in phase-sensing precision over a coherent-

state system of the same average photon number, thus achieving Heisenberg-limited

performance [11393]. The signal and idler outputs from SPDC, however, are in a

thermal distribution of In, n) states that eradicates this advantage [S [9F5]. We show

in this section that cascaded two-pump-photon UPDC can produce a particular class

of large-n dual-Fock states. In Sec. 3.3 we proved that large-n dual-Fock states can be

generated, in principle, via n-pump-photon UPDC, but that approach requires U SG

gates for which there is no known deterministic realization, and their nondeterministic

realization has 0(1/n) success-probability scaling. More generally, the state-of-the-

art proposal for preparing a large-n dual-Fock state is nondeterministic [\N 1 f 16].

Generating a particular class of large-n dual-Fock states via cascaded two-pump-

photon UPDC, on the other hand, is a deterministic procedure if its UPDC elements

employ U(G gates realized with nonlinear optics.

Figure 3-7 shows a K-level version of our cascaded two-pump-photon SPDC

scheme for generating dual-Fock states. Its fundamental building block is a unit

cell comprised of a to = 0.976/v/ interaction time, type-II phase-matched X(2)

crystal, a deterministic USG gate, a t, = (7r - 0.626)/I'i interaction time, type-II

phase-matched x(2) crystal, a polarization beam splitter, and two quantum-state fre-

quency converters. From Sec. 3.3 we know that sandwiching the UG gate between

a unit cell's two down-conversion crystals will take a two-photon pump at frequency

wp and convert it to two pairs of orthogonally-polarized signal and idler photons at

frequencies w, and wi, respectively. The signal and idler photons are separated into

distinct spatial modes by the polarization beam splitter, after which they individually

enter quantum-state frequency converters [,KIn9(, A W 14, AWVSHG, Z7 12, RFP 12].

The frequency converters perform 100%-efficiency conversion of their two-photon in-

puts to two-photon outputs at the pump frequency and in the polarization needed
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Level 1

T' Unit Cell

Unit Cell

Level 2 1Level 3-Level K-11 Level K

Figure 3-7: Schematic setup for generating dual-Fock states via K-level cascaded
UPDC. Level k, for 1 < k < K - 1, employs 2 k-1 unit cells, each consisting of a
UPDC unit followed by a polarization beam splitter (PBS) and two quantum-state
frequency converters (QFCs), while in Level K only the UPDC units are employed.
Each UPDC unit contains two parametric down-conversion (PDC) crystals and a
deterministic U SG nonlinear sign gate (NSG) that give 100% efficient conversion of
a 10, 0, 2) input state to the 12, 2, 0) output state. For Levels 1 < k < K - 1, the
PBS first separates the signal and idler into distinct spatial modes, whose photons
are then converted, by QFCs, into the two-pump-photon input states needed for the
next level in the cascade. The 2 K signal and 2 K idler photons at the output of Level
K can be combined, using a delay-and-switch procedure (not shown), into a single
spatial mode, as described in the text.

for pumping the next cascade level's down-conversion crystals. The final level in a

K-level cascade, however, does not use polarization beam splitters or quantum-state

frequency converters. Its outputs are 2 K-1 spatial modes each containing a 12,2,0)

signal-idler-pump state, making 12, 2, 0 )® 2 K-1 the joint state of these spatial modes.

The preceding 2 K-1 signal-idler outputs from the Kth cascade level can now be

combined into a single spatial mode by the following delay-and-switch procedure.

Suppose that these outputs are all in a common temporal mode, 0(t), that is time

limited to Itj < T/2. For 1 K f K 2 K1, we delay the fth spatial mode by EAT,
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where AT > T. We then use an optical switch yard to coherently combine the 2 K-1

delayed signal-idler beams into a single spatial mode containing 2 K signal photons

and 2 K idler photons. For applications in which only polarization-not temporal

mode-matters, the single spatial-mode we have created with our delay-and-switch

procedure will be in the 12 K 2 K) state, where the first and second entries denote

the signal-frequency, signal-polarization photon number and idler-frequency, idler-

polarization photon number, respectively.

3.6 Summary

In summary, we have studied the quantum theory of SPDC with single-mode signal,

idler, and pump beams and Fock-state pumps. We found that the efficiency of con-

verting pump photons into signal-idler photon pairs is unity only for the single-photon

pump. In order to transcend this fundamental limit, we proposed using amplitude am-

plification, analogous to Grover search algorithm, of the completely-converted state by

interlacing SPDC processes with NSGs. Our method can realize unity-efficiency con-

version, with nonlinear crystals of the appropriate lengths, for all pump-photon num-

bers, but the required crystal-length precision becomes increasingly demanding with

increasing pump-photon number. Nevertheless, unity-efficiency conversion should be

possible for pump-photon numbers up to 5, even if the same crystal length is used

for all Grover iterations. The improved performance of nonclassical state of light

achieved by UPDC does not require additional hardware resources as in previous ap-

proach [DN [SA, 1-4] and is therefore hardware-efficient according to the criterion we

defined in Chapter 1.
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Chapter 4

Hardware-efficient Quantum

Computation and Quantum Error

Correction Using X( Interactions

In this chapter, we establish a general framework of symmetry-operator-based quan-

tum computation and error correction, focusing on X(2) interactions that are available

in a large variety of physical substrates.

4.1 Introduction

Architectures for optics-based quantum computation have gone through dramatic de-

velopments over the past two decades [1B(1C- 97, CY9, KLMUI, IKMN 0, ()Z

I.199], but significant obstacles remain to be overcome. The effectiveness of the

UPDC algorithm, which directly harnesses the dynamical features of quantum evo-

lution induced by X(2) (three-wave mixing) interactions, motivates us to extend its

applicability to universal quantum computation.

Optics-based quantum computation depends on photon-photon interactions for

the realization of a universal gate set. The lowest order photon-photon interactions are

described by unitary transformations of the form U = exp(-iL), that are generated
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by general two-wave mixing Hamiltonians,

L E {(gdb + g*&tbt), (gebt + g*&tb)}, (4.1)

where g is a c-number and dt and bt are photon-creation operators from different opti-

cal modes, so that [&, bt] = 0, or the same optical mode, for which [a, bt] = 1. Unitary

transformations of this form can realize universal single-qubit rotations in the Fock-

state basis but are not universal for quantum computation without some additional

resource [LI 99, WNV[) P 12]. To implement universal optics-based quantum computa-

tion, four-wave mixing (a x(3) interaction) has long been considered to be the lowest-

order optical nonlinearity that will suffice. The inherent weakness of x(3) interactions,

however, has precluded their delivering the high-fidelity gates required to make optics-

based quantum computation practical [ShaOG6, SR )7, ((S101. Linear-optical quantum

computation (LOQC) [K t I, 1 1 1, B K05, 13M05] circumvents the need for photon-

photon interactions through postselection, but this approach comes with the need for

a prohibitive number of perfect single-photon ancillae to cope with LOQC's proba-

bilistic nature and ubiquitous photon loss [IKMN (7, ZDvLR15, GSSBR 15, PIKEG17].

The weakness of photon-photon interactions can be significantly alleviated by

instead employing the lowest-order nonlinearity that can provide universal quantum

computation, viz., the X( 2) interaction first introduced in Sec. 2.2.2. We are specifically

interested in a type of three-wave-mixing Hamiltonians of the following forms:

G, =- ajap - asai%], (4.2)28

G2 = P + asa%]4(. (4.3)

Here, {ak : k = s, i, p} are the photon-creation operators of the interaction's signal,

idler, and pump modes, and the real-valued rK quantifies the interaction's strength.

We shall allow &t and &i to be associated with different modes or the same mode-

as we did for &t and bt in our two-wave mixing Hamiltonians-but we will always

require the pump mode to be distinct from the signal and idler modes. Because
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the r, values for conventional X(2) media are very low, these materials are usually

used with one of the signal, idler, or pump modes being in a strong coherent state.

Then, to a good approximation, that mode is not attenuated by the X(2) interaction,

permitting its creation operator a& to. be replaced with a c-number a*, and reducing

the X(2) Hamiltonian to a two-wave-mixing Hamiltonian L, which, as noted earlier, is

not universal for quantum computation. To distinguish the X( 2) quantum dynamics

arising from Eqs. (4.2) and Eq. (4.3) from their reduction to two-wave mixing when

one mode is in a nondepleting coherent state, we call the former a full-quantum x(2)

interaction and the latter a pumped X(2) interaction.

Langford et al. [L 1, 11] were the first to point out the possibility of realizing

universal quantum computation in the single-photon qubit basis using X(2) interac-

tions for coherent photon conversion (full-quantum interactions) together with linear-

optics transformations, which is a new way to realize NOQC. Quantum computation

using only these resources is of interest because the x(2) interaction is a lower-order

nonlinearity, hence potentially stronger than four-wave mixing. Furthermore, ex-

citing new technologies-such as solid-state circuits [1LS], flux-driven Josephson-

junction parametric amplifiers [BVM - -t, B' 10, SHN+ 15 LIK 14], superconducting

resonator arrays [ITT I f, S -T12], ring resonators [YS( 7], and frequency-degenerate

double-lambda systems [LWW tI (-have been expanding the platforms for and in-

creasing the efficiencies of X(2) interactions.

Regardless of the platform, these quantum systems are all prone to photon loss.

Quantum error-correction is therefore an essential ingredient for realizing large-scale

NOQC. Quantum error-correction operates by encoding each logical computational-

basis state into a higher-dimensional physical subspace in a manner that permits er-

rors to be detected and corrected. The specific rules of such encoding are called quan-

tum error correcting (QEC) codes. As reviewed in Sec.1.3, the first QEC codes were

generic, i.e., they made no assumptions about different hardware [Sho95, LMPZ(i,

BDSN9(, S96, G0197], hence their error models do not exploit hardware-specific

biases towards particular errors. The achievable code rates of a generic QEC is

constrained by fundamental limits, such as the quantum Hamming bound and the
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quantum singleton bound [Got!) 7]. Consequently, a generic QEC demands more en-

coding overhead than would be necessary when the quantum computation is run on

hardware with a small set of dominant errors, rather than the full error set assumed

by that code. This overhead excess impedes implementation of large-scale quantum

computation as compared to what could be accomplished with a hardware-efficient

QEC code, viz., one that is matched to the chosen physical implementation.

Compared to generic QEC codes, hardware-efficient QEC codes offer a quicker

route to the break-even point [()- I.6], at which encoded quantum information is

retained beyond the coherence time of its physical constituents. To do so they ex-

ploit the available physical interactions to correct system-specific errors in a low-

encoding-overhead manner that does not waste resources on correction capability for

unlikely errors [L KV t 3, 0)1 I, K \F [1 1 7]. Hardware-efficient codes that protect

the same amount of quantum information as generic codes thus use fewer controlled-

Hamiltonian evolutions, measurements, and classical controls in their encoding, de-

coding, and error correcting of quantum information, and in their universal gate-set

constructions. They also introduce fewer error mechanisms and offer higher code

rates than generic QEC codes.

Because of photon's high susceptibility to loss and the relatively weak strength of

the available interactions compared to that of other competing quantum computing

substrates, bosonic QEC codes focus on using very limited forms of photon-photon in-

teractions while striving to be hardware efficient. The bosonic codes from Refs. [CY97,

CLY97] correct up to N-photon-loss errors by using linear optics and Kerr nonlin-

earities (four-wave-mixing) to encode each logical qubit into two bosonic modes with

up to N2 photons in each mode. The quantum parity-check codes [H 1G05, GH N 07,

MN [IK L- 14] use N2 single photons distributed over 2N 2 modes to correct N-photon-

loss errors with measurement-induced universal gates. The GKP codes [GlK PO 1] use

Kerr nonlinearities and atom-photon coupling to encode logical qudits into super-

positions of squeezed states that approximately correct for lowest-order photon-loss

errors, which are regarded as that architecture's likely errors.

The development of cat codes [CA -\ , GV , L KV 13, K 13, V[KL 13, ML1A I4,
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SPI 7*1, (t1 (a] represents an important step toward hardware efficiency. Cat codes

are bosonic QEC codes tailored to a promising quantum-computing architecture

whose physical qubits are microwave photons stored in superconducting resonators.

Cat codes' universal gate set relies on induced four-wave mixing interactions in

Josephson junctions, which are much stronger than optical four-wave mixing in Kerr

media. Cat codes have lower encoding overhead than generic QEC codes, because

they introduce fewer error mechanisms. In addition, they require fewer physical re-

sources than generic QEC codes, bringing the break-even point within reach [( 16i].

The cat codes' success invites the following question: can we design hardware-

efficient bosonic QEC codes for the quantum computation scheme based on three-

wave-mixing? Langford et al. [Li P 1.] were the first to point out the possibility of re-

alizing universal quantum computation in the single-photon qubit basis using X(2) in-

teractions for coherent photon conversion together with linear-optics transformations.

Quantum computation using only these resources is of interest because the x(2) inter-

action is a lower-order nonlinearity, hence potentially stronger than four-wave mixing.

Furthermore, exciting new technologies-such as solid-state circuits [HI)], flux-

driven Josephson-junction parametric amplifiers [BVM 10, B1(, SI I N 1I, LIIK 1.1],

superconducting resonator arrays [lIT 11 , SD T 12], ring resonators [YS (7], and frequency-

degenerate double-lambda systems [AV\VW I.(]-have been expanding the platforms

for and increasing the efficiencies of X(2) interactions. Hardware-efficient QEC codes

for Langford's protocol [LI U P 11 would establish the feasibility of this emerging

quantum computing scheme. Such codes would also add to existing toolkits for

some four-wave-mixing approaches to quantum computation, because X(2) interac-

tions can be realized by means of four-wave mixing with a strong, non-depleting

pump [LR+1, DMSA*14, M1SDA'1].

Unfortunately, the single-photon qubit basis used in Langford et al. [L P !1 t] is

not closed under the x(2) Hamiltonian evolution, nor is it suitable for error correction,

because any single-photon-loss error will destroy the quantum information carried

by the qubit. Moreover, existing single-photon, multi-mode, QEC codes-such as

the bosonic code [CY95], the quantum parity-check code [GV04], and the NOON

79



code [Bv1 16]-are not designed for hardware-efficient operation on an underlying

architecture comprised of x( 2) interactions and linear optics.

We take a first step toward overcoming the preceding difficulties in Sec. 4.2 by

showing that universal quantum computation using only x(2) interactions and linear

optics could be realized with a multi-mode Fock basis in an irreducible subspace of

the X(2) Hamiltonian, i.e., the closed subspace 7-N of quantized single-mode signal

(s), idler (i), and pump (p) states spanned by multi-mode Fock states whose photon

numbers {fn: k = s, i, p} satisfy (n, + ni)/2 + n, = N. This is accomplished by

studying the continuous symmetry of the X(2) Hamiltonian using Lie-algebra analysis

to identify computational subspaces that are closed under x(2) Hamiltonian evolu-

tions [IUKWAVut, 1KWVBLIDO1].

Our Lie-algebra analysis for the proof of computational universality underlies the

symmetry-operator formulation of qudit-basis error-correcting codes for photon-loss

errors and the universal gate-set constructions in the encoded basis that we report

the Sec. 4.3. There, we take the next step by proposing the first QEC codes for

X(2)-based universal quantum computation and then demonstrating their hardware

efficiency. To do so we establish a symmetry-operator framework, that leverages

the symmetry of the physical subspace supporting the logical codewords and the

symmetry of the measurable syndromes. Hence our proposal provides a symmetry-

operator based approach to photonic quantum computation using X( 2) interactions

that is robust to photon loss.

4.1.1 Attributions and Contributions

The majority of this chapter is taken from published joint works [NBSN 18, NCS188I

with I. L. Chuang and J. H. Shapiro. I. L. Chuang was responsible for proposing the

use of X(2) interactions for both universal quantum computation and error correction.

M. Y. Niu did the analytic and numerical works with the help of J. H. Shapiro. All

authors contribute to the writing of the papers. M. Y. Niu and J. H. Shapiro acknowl-

edge support from Air Force Office of Scientific Research Grant No. FA9550-14-1-0052.

M. Y. Niu acknowledges support from Claude E. Shannon Research Assistantship.
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4.2 Universality of X(2)

In this section, we show how the work of Langford et al. can be extended to a more

natural computational basis for X(2)-based quantum computation in which photon-

loss errors can be addressed. More generally, we prove that X(2) interactions plus

linear optics can provide a strictly universal gate set for quantum computation in

any (n + 1)-dimensional qudit basis of the n-pump-photon subspace. Because any

d-qudit unitary gate can be described by a Lie group element of SU((n + I)d), the

universality of a given class of Hamiltonians is directly related to that class's Lie

algebra and the Lie group it generates via the exponential map 1. Thus we use Lie-

algebra analysis to identify code subspaces that are closed under x(2) Hamiltonian

evolutions [3IKAVUO, IKI W( D0].

We begin the development of our universality results with a summary of the

hardware resources we shall employ in Sec. 4.2.1. We follow with qubit and qutrit

universality proofs in Sec. 4.2.2, as preludes to our induction proof for the general

qudit case in Sec. 4.2.3.

4.2.1 Optical Hardware Resources

The linear and nonlinear optical components which were first introduced in Sec. 2.2.2

are the main hardware resources for NOQC and will be summarized below.

1. Linear optics: dichroic mirrors and phase shifters. The corresponding unitary

transformations are induced by the two-wave mixing Hamiltonian defined in

Eq. (2.18).

'Readers unfamiliar with Lie algebras and Lie groups should consult, e.g., [r I] for more
information about them.
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2. The pumped X(2) resource: quantum-state frequency conversion (QFC) [Kmii9 ),

AW , AWSG ], which converts a frequency-win single-photon Fock state to a

frequency-wout single-photon Fock state by putting one of the three modes in

Eq. (4.2) in a strong non-depleted coherent state.

3. The full-quantum x(2) resources: second-harmonic generation (SHG), which

converts a frequency-win two-photon Fock state to a frequency-2win single-photon

Fock state; type-I phase-matched spontaneous parametric downconversion (SPDC),

which converts a frequency-2win single-photon Fock state to a frequency-win two-

photon Fock state; and generalized sum-frequency generation (SFGo), which

accomplishes the state transformation

SFGO11, 1, 0) = cos(9)I1, 1, 0) + sin(O)0, 0, 1), (4.4)

where In,, ni, np) denotes a three-mode Fock state containing n, frequency-w,

photons, ni frequency-wi idler photons, and n, frequency-wp pump photons,

with the pump's frequency satisfying Wp = ws + wi.

4.2.2 Universality in the Qubit and Qutrit Bases

Universality in the Qubit Basis.- The Lie group generated by X(2) Hamiltonian evo-

lutions is a subgroup of the unitary group U, hence it is compact. A compact Lie

group, together with its generating Lie algebra, are completely reducible. This means

that they can be written as a direct sum of irreducible representations over the state

space R = (D' , whose irreducible subspaces, {7n}, are labeled by their pump

mode's maximum photon number n, i.e., they are the n-pump-photon subspaces

spanned by the three-mode Fock-state bases {10, 0, n), 1, 1, n - 1),.. . , n, n, 0)}. For

qubit universality, we therefore encode in the one-pump-photon subspace R1, using

the three-mode Fock states,

16) = 1,1,0), Ii) = 0,0,1), (4.5)
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for our logical-qubit basis states. Here, the signal and idler are both at frequency

w with orthogonal polarizations, the pump is at frequency 2w, and all three share a

common spatial mode. Universality is proved by the following theorem.

Theorem 1. Universal quantum computation can be realized with x(2) interactions

and linear optics in any qubit basis of the one-pump photon subspace.

Proof: The x(2) Hamiltonians, G, and 02, defined in Eq. (4.2) are proportional

to the Pauli a, and Pauli &^ operators in the logical-qubit basis, which are universal

for realizing single-qubit rotations. So, to complete our X(2) universality proof for

the logical-qubit basis in Eq. (4.5), it suffices for us to show that we can construct a

controlled-Z qubit gate for that basis [1B3C+13 95], i.e., a gate (denoted A 2 [Z] in what

follows) that imparts a 7r-rad phase shift to the 1I),, 11)t component of the joint state

of the control (subscript c) and target (subscript t) qubits. Moreover, because A2 [Z]

can be sandwiched between single-qubit X(2) rotations to achieve the controlled-Z

function in any 7, qubit basis, Theorem 1 will be proved once we have established

how to realize A2 [Z].

Figure 4-1 shows our optical circuit 2 for the A 2[Z] gate for the logical-qubit basis

in Eq. (4.5). The control and target qubits enter on the upper and lower rails,

respectively. QFC1 shifts the frequency of control qubit's pump photon (if present)

from 2w to 2w', so that dichroic mirrors (DMs) are able to direct pump photons from

the control and target qubits to the center rail's SFG, gate, where they serve as

modes 1 (frequency w, = 2w') and 2 (frequency w2 = 2w). This gate imparts a r-rad

phase shift if and only if pump photons are present from both the control and target

qubits. Thus, after another set of DMs restore the control and target pump photons

to the top and bottom rails, respectively, the A 2 [Z] gate-and hence the proof of

Theorem 1-is completed by QFC2, which shifts the frequency of the control qubit's

pump photon (if present) from 2w' to 2w. Note that each x(2) element Fig. 4-1 acts on

only one of its potentially excited bosonic-mode inputs, e.g., QFC1 affects its pump-

mode input but neither its signal-mode input nor its idler-mode input. Such modal

2This circuit is an extension of Langford et al.'s CZ gate [ 1 JP11 1] from the one-pump-photon
subspace to the two-pump-photon subspace.
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selectivity puts a burden on experimental realization. In particular, QFC1 and QFC2

will require a different nonlinear medium than will SFG,. This difficulty, however,

may disappear once high-efficiency nondepleted x(3) induced x(2) interactions become

available [LRP 11, DMSA- 14, MSDA 151.

control-QFC1 DM DM -QFC2

TT
DM - SFGx- DM

target DM DM

Figure 4-1: Schematic for constructing the A 2 [Z] gate in the logical-qubit basis

Eq. (4.5) using x(2) interactions and linear optics. QFC1 and QFC2: quantum-

state frequency conversions. DM: dichroic mirror. SFG,: generalized sum-frequency

generation Eq. (4.4) with 0 = 7r.

Universality in the Qutrit Basis.- For qutrit universality, we encode in 72 using

the three-mode Fock states

16) = 11,1, 1), 1i) = 12,2, 0), 12) = 10, 0, 2), (4.6)

for our logical-qutrit basis states. Here, the signal and idler have frequency w and

are orthogonally polarized, while the pump has frequency 2w, and all three share

a common spatial mode. These states can be prepared by type-II phase-matched

SPDC in the two-pump-photon subspace [N1S 1-], and are naturally confined to

this subspace under X(2) interactions. It follows that restricting linear combinations

of the x(2) Hamiltonians, 1, O2, the modal photon-number operators, {N k- ad:

k = s, i,p}, and the nested commutators of these operators to the two-pump-photon

subspace -2 constitutes a Lie algebra g. The Lie group H associated with g is found

from the exponential map exp : g -+ H, where for each group element h E H, 3k E g
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and t E R such that h = exp(itE). For simplicity, in all that follows, we set rK = 1

in the Hamiltonians Oi and C 2 . We begin our universality demonstration with a

theorem about g.

Theorem 2. The Lie algebra g is u(3).

Proof: First we prove that u(3) C g. From the original X( 2 ) Hamiltonians di and

G2, we can obtain all transformations generated by linear combinations of G1 , G 2,

NT, Ni, Np and their nested commutators. Using the vector vT = [v0 v1 v2 ] to
represent the qutrit |?) = vo11, 1, 1) + v 1|2, 2, 0) + v2 10, 0, 2), we obtain the matrix

representations

0 2 V2

Oi= [aiai, -& = -2 0 0 ,

- 0 0

0 2 N/2

0 2 2ii,+ ei 2 0 0 ,

v/2 0 0

G3 =i[GiG 2] =

G5 = i[3,Gi] =

F
0

0

0

-2

0

0

3i -1

0

3i
G7 = i[O4, O2] = -

4

0

0

0

0 0

0 , G4=i[O2,O3] =3 1

1]0

1 01

0 0, G6 = - i[i, 4] +

0 0

0

0

1

1

0

0

0

0 ,

0

i[d5 O2]) =

0

1

0

0
3
- 0
4

0

0

0

1

0

0 ,

-iJ

(4.7)

(4.8)

(4.9)

0

0

(4.10)

(4.11)

85

0 0

-1 ,68s= -( -- p) =- 0
2 2

0 0



1 0 0

G9 = -- i + Np =0 1 0 ,(4.12)
2=(+ )=0 0 1

for all the independent generators, where the second equalities apply in the two-

pump-photon subspace W2. It is then straightforward to verify that the Gell-Mann

matrices arising from linear combinations of the above generators are:

A1 = 04/3, A2 = -G5/3, (4.13)

A3 = 208+ G3, 4 = V(o 2 - 04/3, (.4

5 = v12(O1 - G/3), A6 = 40,/3, (4.15)

7 = 407/3, A8 = ($3 + 6Gs)/x/d. (4.16)

Gell-Mann matrices are one representation of the complete set of linearly independent

generators for the su(3) Lie algebra. Together with O9 they form the complete set of

generators for u(3), proving that u(3) C g.

We complete our proof of Theorem 2 by showing that g c u(3). Because the

two-pump-photon subspace -2 is closed under g, every Lie group element h E H is

generated by an E E g via h = exp(itE) for some t E R. As exp(itE) is a unitary

transformation in the two-pump-photon subspace, we have H C U(3). Furthermore,

this condition holds if and only if g C u(3), thus finishing Theorem 2's proof.

Refs. [DiV95, DBE)5, L1u9)'i] show that if operators {Gk} and their nested commu-

tators generate the Lie algebra u(3m), then they can be used to construct a universal

set of unitaries Uk(t) = exp(-itGk) in the m-qutrit subspace. Setting m = 1 we have

the following claim.

Claim 1. Universal single-qutrit rotations can be realized with x(2) interactions.

Universal qutrit computation entails not only universal single-qutrit unitary gates

but also universal two-qutrit unitary transformations in W2 , so we need the following

theorem.

Theorem 3. Universal qutrit quantum computation can be realized with X(2)
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interactions and linear optics in any qutrit basis of the two-pump-photon subspace.

Proof: From Claim 1 we know that arbitrary U(3) qutrit rotations can be realized

with X interactions. It is also known [BI( , . V1)2u, \ -, n-] that a universal

single-qutrit gate set plus a controlled-Z gate for the logical-qutrit basis in Eq. (4.6)-

denoted A3 [Z]-are universal for qutrit computation in any qutrit basis of the two-

pump-photon subspace -2.

The A3 [Z] gate realizes the unitary transformation A3 [Z] j)cjk)t = (-i) j)cIE)3

for states in 72, where 6, is the Kronecker delta. Figure 4-2 shows how this gate can

be realized using X(2) interactions and linear optics. The control and target qubits

enter on the upper and lower rails, respectively, where second-harmonic generators

(SHGs) convert two-photon Fock-state pumps at frequency 2w to a single-photon

Fock state at frequency 4w. The shaded block labeled A 2 [Z] is the same gate shown

in Fig. 4-1 except that: (1) its QFC1 converts a frequency-4w single-photon Fock

state to a frequency 4w' single-photon Fock state; (2) its first set of DMs route the

frequency-4w' photon (if present) from the upper rail and the frequency-4w photon (if

present) from the lower rail to the SFG, block on the center rail; (3) its SFG, block is

arranged to apply a 7r-rad phase shift to the state 1, 1, 0), whose first two entries are

the photon numbers of its frequency-4w' and frequency-4w inputs; (4) its second set of

DMs return the frequency-4w' and frequency-4w photons to the upper and lower rails,

respectively; and (5) its QFC2 converts a frequency-4w' single-photon Fock state to

a frequency-4w single-photon Fock state. The SPDC blocks then complete the A3 [Z]

gate-by converting frequency-4w single-photon Fock states (if present) to frequency-

2w two-photon Fock states-because the A 2 [Z] block has imparted a ir-rad phase shift

to the I2)JI2)t component of the original input state. Together with Claim 1, the A 3[Z]

construction proves Theorem 3.

4.2.3 Universality in the Qudit Basis

The culmination of our X(2) universality work is the following theorem.

Theorem 4. Universal qudit quantum computation can be realized with X(2) in-
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cont -SHG -- QFC1 DM DM -QFC2

_I I
DM - SFGx - DM

ta t IG A2 [Z]
targ SHG DM DM SPDC

Figure 4-2: Schematic for constructing the A 3[Z] gate in the logical-qutrit basis

Eq. (4.6) using X(2) interactions and linear optics. SHG: second-harmonic genera-

tion; A 2 [Z]: the optical circuit from Fig. (4-1) with modifications described in the

text. SPDC: type-I phase-matched spontaneous parametric downconversion.

teractions and linear optics in any (n + 1)-dimensional basis of the n-pump-photon

subspace.

Proof: Our proof is by induction. We have already shown that Theorem 4 holds

for n = 1 and n = 2. The induction proof is completed by assuming that Theorem 4

holds for n = m, and then showing that it holds for n = m + 1.

To complete the induction proof of Theorem 4, we must show that X(2) inter-

actions and linear optics are universal in the (n + 1)-pump-photon subspace Wn+1,

given that these resources are universal in all j-pump-photon subspaces, -t, for

1 < j < n. Our proof has three steps, which make use of 7 n+1's decomposition into

its bulk states, Wn+1 = Span{,, 1, n), 12,2, n - 1), ... ,In, n, 1)}, and its boundary

states, n'/1 Span{|0, 0, n + 1), +n + I + 1, 0)}. First, under the proof's premise,

we prove the universality of x(2) interactions and linear optics in the bulk-state sub-

space N'n+1. This step relies on the assumption that x(2) interactions and linear optics

permit coherent photon subtraction/injection to be performed. Second, we show how

to achieve universality that spans Wn+1 by including the boundary states, ',+, for

that subspace. Finally, we show that X(2) interactions suffice to realize the coherent

photon subtraction/injection operations used in Step 1.

Step 1: We begin by introducing additional x(2) Hamiltonians between signal and
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idler modes with an ancillary pump mode,

,,= [&5&5a- as 42], (4.17)

2ta= ta + a a t (4.18)

as well as between ancillary signal and idler modes and the pump mode,

at, = &, -a.,lai , (4.19)

[2,s',' = , + &,ai4t] . (4.20)

Here we have taken rK = 1, and we have assumed that: (1) the ancillary pump mode

and the pump mode have the same 2w frequency, but are orthogonally polarized;

and (2) the ancillary signal and idler modes have frequencies w,, = w + Aw and

oi = w - Aw, so that they are orthogonal to each other and to the signal and idler

modes, which both have frequency w.

Next, we assume that linear optics plus the X(2) interactions Oi,pl and 0 2,p' allow

us to realize the unitary transformation Uip, that accomplishes the following coherent

photon subtraction on 1,

Uspjj, n + 1 - j)10, 0),,iln - 3)P, =jj - 1,j - 1, n + 1 - j)10, 0),,In - 2),,

(4.21)

for 1 <j n,n>3.

Likewise, we assume that linear optics plus the X(2) interactions Gi,stil and G 2 ,,Iif

allow us to realize the unitary transformation UPS-i that accomplishes the following

coherent photon subtraction on Nn+1,

|j - 1,j - 1, n + 1 - j)10, 0),yjn - 2),, =|j - 1,j - 1, n - j)1, 1)8 ,,,n - 2),,

(4.22)

for 1 j <n, n> 2.
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Concatenating these transformations then converts any state in '+1 into a corre-

sponding state in Wn-1 by means of the basis transformation

in + 1 - j)I0,0),,jn - 3),, =lj - 1,j - 1,n - j)I1, 1),,jrn - 2),,

for 1 < j < n,n > 3. (4.23)

This concatenation, however, will also unavoidably impact the 7 n+1 boundary basis

states 10, 0, n + 1) and In + 1, n + 1, 0), i.e., there will be {Ck} and {dk} such that

n+1

UPSiUjp,0,0,n+ 1)10,0),,,In - 3),, = CkO, 0,n + 1 - k)lk, k),,i n - 3),,
k=O

(4.24)

UpsliUsiptIn + 1, n + 1, 0)10, 0),yin - 3), (4.25)

n+1

= S dkeln+ 1 - k,n+ 1 - k,0)j0,0),,,In - 3+ k),,.
k=O

Note that the transformations in Eqs. (4.24) and (4.25) do not contain any states

with a 1, 1).,jIn - 2),, component, which is in the (n - 1)-pump-photon subspace of

the ancillary signal, idler, and pump modes. We can thus realize any gate larget that

acts on the bulk-state subspace 't+1, without affecting the boundary basis states,

using only linear optics and X( interactions. In particular, let target be the mapping

of Utarget to a unitary that acts on _n-1. Then, from Theorem 4's premise, we know

we can realize the controlled unitary gate A[Utarget] that is conditioned on the ancillary

modes' being in their 1, 1) 1,,lIn - 2 ),, state:

targe _ arget ® 1, ),j - - %,,((- , 11 (4.26)

+Zn-1 0 lj, j)S,,1I1)P1P1(1 S,i,(, f ,
{jl}#{1,n-2}

where in_, is the Wn_1 identity operator. We then undo the effects in Eqs. (4.24)
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and (4.25) by conjugating with UPUOsipt , and so obtain

Utarget = (tAUargetg sip,. (4.27)

This result completes Step 1, because X(2) interactions and linear optics enable real-

ization of the coherent photon injection operations embodied by ( Sfi,)t as they

are the inverses of the coherent photon subtraction operations in U1,,isi,,, whose re-

alizations with those resources we have already assumed (and will be proven in Step 3).

Step 2: We have shown that universal gates in W'+1 can be implemented from X(2)

interactions and linear optics, given that such resources suffice to realize universal

gates in Wj for 1 < j < n and to do coherent photon subtraction and injection. It

thus remains for us to show that this universality result can be extended to Wn+1

under that same premise, i.e., we must now include the boundary states, W'L1, that

are in Nn+l but not in R' To do so we start by decomposing the restrictions to

7n+1 of X(2) Hamiltonians di and 6 2 into their components that act within Wn'+1

and those that act between the boundary states, M'L+1, and the bulk states, N'+-

Using G, and G 2 to denote the n+1-restricted Hamiltonians, and assuming K = 1,

we can show that

n-1

= + + (n + )o + E (n + 1 - k)Ok +1 &1, , (4.28)
k=1

n-1

2 r+1 ++(n +1) + (n + 1 - k)k + 1k+lk , (4.29)
k=1

where &'+1k and &Y+1k are the Pauli &x and & operators between the basis states

in- kn-kk+ 1) and jn+1-k,n+1 -k,k).
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Next, from Step 1, we know that we can implement the W'+ 1 unitary gates

U1(9) = exp -iO (n + 1 - k)\k+ 1 &+ (4.30)

n-1

U2 (0) = exp -i ( + 1 - k)/k +1 (4.31)

with only the presumed resources. Then, in order to implement G1 and 02 us-

ing only two-dimensional subspaces, we leverage the Trotter formula to obtain the

following entangling operators between '' and the two boundary basis states

in- kn - k, k + 1) and n + 1 - k,n + 1- k, k):

Vi(9) = exp i9(+1i&+ln + (n + 1)&o)]

= exp 2i901 - i9 ( (n + 1 - k) Tk +I k"+l,k e 2io1/mg(0)1/m ,

(4.32)

2() = expi9(Vn + 1 & ,n + (n + 1)'XO)

= exp 2iO 2 - iO (n + 1 - k)Vk + 1 +,k)] U2i2/mU2 (O)1/m

(4.33)

At this point, we can choose rotation angles such that V1 (91)Vi(9 2) and V2 (03)V2 (04 )

respectively construct individual Pauli &^ and ^y rotations either between In + 1, n + 1, 0)

and In, n, 1), or between 10, 0, n + 1) and 11, 1, n). Six of these rotations, with differ-

ent angles, can then be used to realize any SU(2) rotation between 10, 0, n + 1) and

11, 1, n), or between in + 1, n + 1, 0) and in, n, 1) [CCO, NC0, IK\V3DO 1I. So, be-

cause any unitary transformation can be decomposed into products of unitary trans-

formations between two neighboring basis states of any chosen order [N(00I, we have

proven that x(2) interactions and linear optics are sufficient to realize universal gates

in Wn+1 assuming that these resources suffice to realize such gates in -i for 1 < j < n,

and that they also suffice for realizing the coherent photon subtraction/injection op-
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erations that were employed in Step 1.

Step 3: With Step 2 in hand, completing Theorem 4's induction proof only requires

showing that x(2) interactions can be used to implement the coherent photon sub-

traction operations-Ui, and Og from Eqs. (4.21) and Eq. (4.22)-that were em-

ployed in Step 1. (Step 1 also used the coherent photon injection operations U>,,, and

U,,,, but their realizations are merely inverses of the unitaries for their associated

subtraction processes.) In particular, we need only demonstrate that the available

resources are universal in the joint Hilbert space i'nit = (I) ® C2 ,, a C2 , =

Span{ j, j, k) 1, 1),,ih),, : 1 j + h < n, 1 k+l < n, h, l C O, 1}}.

Let Usum be the unitary group in i and let S be the unitary group generated

by linear optics and X(2) interactions. By the induction proof's premise we know that

Usum C S. Moreover, because linear optics alone is universal in C2,, and so too is

it universal in C2,, we have that Usum 0 l-4,, 0 Up, C S, where U8'y is the unitary

group in C2, and Up4 is the unitary group in C2,. The proof from Ref. [1i u]

will now establish the universality of S in jiOnt if we can show there are imprimitive

gates V1#, and 9,, in S that perform entangling operations between subspaces E"_ 1R-

and C2,i and between V' IV and C2,, viz., for 40)n E V71' , 1 )W, E C,,, and

|1',, E C2,, we have that Vs8 |V')")8,g, and #,1) '),, are entangled states. Below

we will establish the existence of #,y; a similar argument, which we omit, will do the

same for 1 sy.

Consider the initial product state,

~n-1 k-1~ 1

10W@', = _E 1 jj, j, k - j) qlq)P, (4.34)
k=1 j=0 . q=0 .

in (V' _1 ) 0 C2,. Based on the universality of X( 2) interactions plus linear optics in

j-pump-photon subspaces with 1 < j < n, there exists a unitary Up,,, generated by
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Gi,p' and 0 2,p', that transforms )4') , into

n-1 k-1

Usif )0n ')O , = E (ajiyji + aj+1/o'yj+1,o)Ij + 1, j + 1, k - j)0)
k=1 j=O

n-1 k-1

+ (aj + aj-i/3 fyj-1,1) j - 1, j - 1, k - j) 1),, (4.35)
k=1 j=1

where the {-Yj,q} are determined by the x(2) Hamiltonian evolution between signal,

idler and ancillary pump modes Eq. (4.35) generates entanglement whenever Yj,q #

7j 1,q, for any j # j' or q # q'. Such will always be the case with an appropriate

rotation angle 0 of the X(2) Hamiltonian evolution generated by Eqs. (4.17) and (4.18).

Thus X(2) interactions and linear optics are universal in 7 1 i"t and hence sufficient to

implement coherent photon subtraction/injection, completing the proof of the main

paper's Theorem 4.

Although used as a conceptual tool in the proof of Theorem 4, coherent photon

injection has independent merit owing to its enabling preparation of high-photon-

number Fock states from single-photon Fock states, as we now know.

x(2)-enabled approach for realizing the 1, 1, 1) - 10, 0, 2) transformation

Using coherent photon injection to generate a two-photon Fock state from two single-

photon Fock states required a X(2)-enabled approach to accomplishing the 11, 1, 1) --

10, 0, 2) transformation. Here we will provide a suitable implementation for that

transformation. The first step is to apply the X() Hamiltonian G = is(&l&&a -

a,&sid) to the 11, 1, 1) state for time t = 27r/3nv/6. Using the -2 evolution derived in

Ref. [NSW S17], we find that

1 1 1
10) e-2xG/3\|1, 1,1) = - 10,0, 2)- 11,1, 1) + -12, 2,0). (4.36)

2 2 V/_

The second step is to send the preceding quantum state through the optical circuit

shown in Fig. 4-3. Here, the pump mode is routed to the upper rail by the first

dichroic mirror (DM), while the second-harmonic generation (SHG) block converts a
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two-photon Fock-state idler (if present) to a single-photon Fock-state at the pump

frequency. That pump-frequency single-photon state (if present) is directed by a DM

to a ir-rad phase shifter after which it is restored to its original rail by another DM,

and then converted into a two-photon Fock-state idler by spontaneous parametric

downconversion (SPDC). The circuit is completed by using a DM to put the pump

mode on the output rail. The net effect of this circuit is then to transform 4'i) to

1 1 1
102) = -10,0,2) - -1,1, 1) - 12,2,0). (4.37)2 2

DM - SHG - DM DM - SPDC - DM

n

Figure 4-3: Optical circuit for the second step of the 1, 1, 1) -+ 10, 0, 2) transforma-

tion. DM: dichroic mirror. SHG: second-harmonic generation. 7r: r-rad phase shifter.

SPDC: spontaneous parametric downconversion.

The last step is to evolve 102 ) under C for time t = 27r/3rvf6V to obtain

103) = e-i20/3K610 2 ) = -10, 0, 2), (4.38)

which, because the global phase is irrelevant, completes the desired transformation.

Note that our circuit generalizes one from Ref. [ 1. P II] from the one-pump-photon

subspace to the two-pump-photon subspace.

4.2.4 Summary

We have shown that universal optics-based quantum computation using only lin-

ear optics and X2 interactions is possible in any (n + 1)-dimensional qudit basis

of the n-pump-photon subspace, with the natural basis being the three-mode Fock

states {0, 0, n), 1, 1, n - 1), ... , 0, 0, n)} of frequency-w, orthogonally-polarized sig-
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nal and idler modes, and a frequency-2w pump mode, all of which share a common

spatial mode. Our work extends the usual gate-model universality to the universal-

ity of X(2) Hamiltonian interactions in their irreducible subspaces. Such extension

facilitates error correction for photon loss by providing a symmetry-operator for-

malism for hardware-efficient quantum error correction to be introduced in the next

section. Moreover, Lie algebraic understanding of X(2) interactions opens a path

for defining an Abelian group that would enable fault-tolerant quantum computa-

tion that is robust to photon loss and physical rotation errors. To reach the end

of that path, however, will require technology development because we require a

very strong and low-loss X(2) nonlinearity if it is to be practical. One of the most

promising candidates for realizing such strong x(2) interactions is superconducting

resonators [ 1\ . , SRI{ I t, SP IN ].

4.3 Symmetry-Operator-Based Error Correction us-

ing x(2)

We introduce in this section a symmetry-operator framework for designing quantum

error correcting (QEC) codes based on fundamental properties of the underlying sys-

tem dynamics. Based on this framework, we propose three hardware-efficient bosonic

QEC codes that are suitable for X(2)-interaction based quantum computation in multi-

mode-Fock-bases: the X(2) parity-check code, the x(2) embedded error-correcting code,

and the X( 2) binomial code. All of these QEC codes detect photon-loss or photon-

gain errors by means of photon-number parity measurements, and then correct them

via X( 2) Hamiltonian evolutions and linear-optics transformations. Our symmetry-

operator framework provides a systematic procedure for finding QEC codes that are

not stabilizer codes, and it enables convenient extension of a given encoding to higher-

dimensional qudit bases.

Since photon loss or gain is expected to be the dominant error mechanisms for our

X( 2 ) architecture, our three hardware-efficient codes-the X(2) parity-check code (x(2)
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PCC), the X( embedded error-correcting code (x(2) EECC), and the X(2) binomial

code (x(2) BC)-are tuned for such errors. The X(2) PCC is so named because its

second physical qudit provides a parity check on the first qudit; the EECC is so

named because we embed an N-dimensional logical qudit into a 2N - 1 dimensional

physical qudit; and the X(2 ) BC is so named because it uses conjugated binomial

symmetry in its construction. Each code has its own merit in regards to hardware

efficiency. The X(2) PCC has a constant code rate for logical qudits of any dimension.

It corrects single-photon loss or gain errors. The X(2) EECC corrects single-photon

loss or gain errors and has the highest code rate of our three codes. The X( 2 ) BC is our

most powerful code, when sufficient resources are available. Using O(N) photons for

its encoding, it corrects m-photon loss errors, m-photon gain errors, and dephasing

errors up to the (m - 1)th order-but not mixtures of these errors-given an m < N

value identified from channel monitoring that identifies the error order but not its

type [SM (s]. In comparison, the binomial code proposed in Ref. [MSb I ] does

not require channel monitoring, but it needs O(N 2 ) photons to correct up to N-photon

loss errors. We suspect that channel monitoring-like that used by our X(2 ) BC-

may be necessary for achieving O(N)-photon protection for N-photon loss errors,

but we have yet to prove this conjecture. At present, there is no method for realizing

such channel monitoring with microwave quantum computation's Josephson-junction

gates. Note, however, that without channel monitoring the x(2) BC can still correct

all single-photon loss errors, which are the most likely errors in that setting. That

said, the x(2) PCC and the x(2) EECC are stronger candidates than the X( 2) BC for

near-term demonstration of single-photon loss correction, because they have explicit

universal gate-set implementations and error-correction procedures.

It is worth emphasizing that the X(2) BC is the first Fock-basis bosonic QEC

code that can correct N-photon-loss errors using O(N) photons for its encoding; all

previous bosonic QEC codes with that error-correction capability require encoding

with O(N 2 ) photons [CY9;5, GIKP01, R1G05, MV1K11 14, 1GvL tO, NJS I 10, ICMNN9,

( VR 4, ILZA 17]. Being able to correct the loss of a constant fraction of the total

photons for any code size is of great advantage for both large-scale quantum com-
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putation and long-range quantum communication. However, the X(2) BC requires

channel-monitoring resources-which our other codes do not-that it uses to deter-

mine the number of photons that have been lost or gained. Our result thus highlights

the importance of channel monitoring for the extra error-correction power it can pro-

vide by obviating a constraint from the error-correction condition [K 1 7], and it alerts

us to the need for resource-efficient channel monitoring.

Assuming the universal gates realized through x(2) interactions have no errors in

themselves, correctable photon loss or gain errors do not induce additional logical

errors (physical-qudit rotation errors) in our multi-mode Fock-basis encoding. More-

over, the encoding, decoding, error correction and universal gates are all realizable

with just X(2) interactions and linear optics.

To establish the optimalities of the x(2) PCC and the x(2) EECC with respect to

their code rates, we develop generalized quantum Hamming bounds for any [[n log 2(q)

, k log 2(b), 2t + 1]] code, i.e., one that encodes k logical qudits of dimension b into n

physical qudits of dimension q and corrects either t-physical-qudit rotation errors or

t-photon-loss errors. Then we show that the X(2) PCC and the x(2) EECC saturate

their respective bounds for photon-loss errors. In doing so, we find that the quantum

Hamming bounds for photon-loss errors give much higher code rates than those for

physical-qudit rotation errors. This disparity arises from our use of three-mode Fock

states, for which certain photon-loss errors move the original code subspace to a

higher-dimensional subspace. That increased subspace dimension facilitates a more

efficient error correction procedure, leading to qubit-basis code rates of 1/2 for the

X(2) PCC and 1/log 2 (3) for the X(2) EECC, as opposed to the 1/5 code rate of the

generic qubit-basis QEC code for qubit rotation errors. Furthermore, our multi-mode

encodings do not require all bosonic modes to have the same loss rate, something that

is necessary for other multi-mode bosonic codes.

We begin in Sec. 4.3.1 by presenting a performance comparison between our three

hardware-specific bosonic codes, and the bosonic (but otherwise generic) GKP codes,

establishing a quantitative rationale for hardware efficiency. We develop in Sec. 4.3.2

a symmetry-operator framework-inspired by the familiar stabilizer codes-and use
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n q b correctable3  total photons
single-photon loss

X(2) PCC 2 N N single-photon gain 3(N - 1)
single-photon loss

X(2) EECC 1 (2N - 1) N single-photon gain 3(N - 1)
m-photon loss
m-photon gain

X(2) BC 1 2N 2 dephasing4  3(N - 1/2)

Table 4.1: Comparison of the correctable error sets and total number of photons
required for our X(2) QEC codes, all of which encode 1 logical qudit of dimension b
into n physical qudits of dimension q.

it to define the X(2) PCC, EECC, and BC codes in the context of the full-quantum

X( 2) physical model. Because these codes reside in subspaces of the physical model's

full Hilbert space, it is important for quantum computation to still have universality

within the encoded bases, and we show how this can be done in Sec. 4.3.3. Finally, for

perspective on our codes' performance relative to ultimate limits, we present quantum

Hamming bounds, generalized to accommodate our codes' qudit bases, in Sec. 4.3.4,

before concluding in Sec. 4.3.5.

4.3.1 Hardware Efficiency

A hardware-efficient QEC code [L1KV* 13, ()I6(i] for a given physical architec-

ture should minimize the physical resources employed for its encoding, decoding,

and error-correction operations, and for its universal gate sets in the encoded basis.

At the same time, it should avoid introducing additional error mechanisms, and it

should have a high code rate. The physical resources of concern in this regard include

controlled Hamiltonian evolutions, measurements, and classical controls. Thus we

shall quantify a QEC code's hardware efficiency in terms of six metrics: the physical

resources it requires for encoding, decoding, error correction, and universal computa-

tion; its dominant error mechanisms; and its code rate. Below, after some additional

3None of these codes can correct mixtures of their correctable errors.
4(M- 1)th order dephasing errors. m < N.
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GKP code x(2) EECC x(2) BC

GEE
errors photon loss photon loss photon loss

mechanisms dephasing errors dephasing errors dephasing errors

X(3)

encoding linear optics linear optics linear optics
resources X(2)5 X(2) X(2)

homodyne linear optics

decoding linear optics X(
resources X PNR PNR

CM
ancilla state6  linear optics linear optics

error- homodyne7 7( X
correction (2) GPNP GPNP
resources P GN

encoded PNP
universality (2) linear optics linear optics

resources feedforward control x X
1/29

code rate NA8  1/log 2 (3)10  1/log 2(2N)

Table 4.2: Hardware-efficiency metrics for the GKP code [GKI)1], the x(2) PCC,
the X( EECC, and the x(2) BC when all four encode a single logical qubit. GEE:

Gaussian embedded error. PNR: photon-number-resolving detection. PNP: photon-

number parity measurement. GPNP: generalized photon-number parity measure-

ment [SPL-1 1]. CM: channel monitoring.

information about our three X( QEC codes, we compare their hardware-efficiency

metrics against those of the widely studied GKP code.

The hardware efficiency of X(2) QEC codes is facilitated by their code subspaces

being irreducible subspaces of X(2) Hamiltonian evolutions, viz., they are closed un-

der such evolutions. This choice conserves photon-number parity, and enables uni-

versal gate sets to be realized with just x(2) interactions and linear optics. It fol-

lows that all x(2) QEC codes require just generalized photon-number parity measure-

ments [sI 11, l4 ' 14] for their error-detection operations.

'The GKP code's x(2) resources are all pumped x(2) interactions (see text).
6 Ancilla state is the equal superposition of the logical computational-basis states, (10) +

whose generation requires an additional GKP-encoding resource.
7 Only realizes approximate error correction.
8 Code rate is not applicable (NA) for infinite-dimensional basis encoding.
9X(2) PCC's code rate.
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Table. 4.1 compares code dimensions, correctable error sets, and average total

photon numbers of the x(2) PCC, the x(2) EECC, and the X(2) BC. For all three

codes, the required total number of photons scales linearly with the physical basis

dimension q because they use constant photon-number spacing within their three-

mode Fock-state bases.

We define the code rate of an [[nlog2 (q), klog 2(b), 2t+1]] code to be klog2(b)/nlog 2(q),

which reduces to the familiar k/n code rate for qubit encoding (b = 2) into physical

qubits (q = 2) [Got 97]. Thus, because the X(2) PCC is a [[2log2(N), log2 (N), 3]] code,

its code rate is 1/2 and it corrects single-photon loss or gain errors. The x(2) EECC is

a [[log2 (2N - 1), log 2 (N), 3]] code, so it too corrects single-photon loss or gain errors,

but its code rate, log 2(N)/log 2(2N - 1), is higher than that of the X(2) PCC and

approaches unity as N grows without bound. The x(2) BC has the lowest code rate,

1/log 2(2N), of our three codes. With channel monitoring that identifies m < N, it

can correct m-photon loss or gain errors or (m - 1)th-order dephasing errors.

Table. 4.2 compares our hardware-efficiency metrics for the GKP code [1KP1],

the x(2) PCC, the X(2) EECC, and the X(2) BC when all four encode a single logical

qubit. The salient points of this comparison are as follows.

Error Mechanisms

Each logical-basis state in the GKP code [GKP1(] is encoded into a superposi-

tion of squeezed states. Ideally, these states should have infinite squeezing, but a

practical GKP-code realization must have finite energy, and hence finite squeezing.

Consequently, its logical-bases states are not orthogonal, causing what are known as

Gaussian embedded errors (GEEs). GEEs, in turn, induce logical errors through the

GKP code's use of SUM gates. GKP codes are also susceptible to photon-loss and

dephasing errors.

For our X() QECe codes, on the other hand, the dominant error mechanisms

are photon loss and dephasing errors. Low-order photon-loss errors do not cause

additional logical errors, which greatly eases the resource burden on error correction

for X(2 ) QEC codes.

10x( 2) EECC's code rate.
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Resources for Encoding and Decoding

The GKP code's encoding operation requires X(2) and X(3) interactions plus linear

optics. The x(2) interactions, which are used to generate squeezing, are not full-

quantum, i.e., they have a strong, nondepleting pump (treated as a classical resource)

and weak (quantum-mechanical) signal and idler modes.

Our x(2) QEC codes' encoding requires only X(2) interactions and linear optics.

Here, however, the principal x(2) interactions needed are full-quantum, i.e., the sig-

nal, idler, and pump modes are all quantum mechanical. Note that our x(2) codes'

dominant error mechanisms should be distinguished from their correctable error sets,

which were shown in Table 4.1.

The decoding resources required by the four codes in Table 4.2 are comparable.

Resources for Error Correction

The GKP code realizes approximate error correction using ancillae states prepared

in the equal superposition of the logical-basis states, homodyne measurements, and

pumped X(2) interactions. Ancillae preparation requires X( 3) interactions that add to

the GKP code's error-correction resource burden.

In comparison, the x(2) PCC and X(2) EECC perform exact error correction using

full-quantum and pumped X(2) interactions, linear optics and generalized photon-

number parity measurements. We provide the error correction circuits for the qutrit-

basis X(2) PCC and the qubit basis x(2) EECC using just these resources in Appen-

dices. A.1 and A.2, respectively.

The X(2 ) BC, on the other hand, requires additional channel monitoring, which

makes it only applicable to architectures in which it is possible to monitor the total

number of photons lost to the environment. Thus it will not be hardware efficient

when channel monitoring poses a major implementation burden.

Resources for Encoded Universality

The GKP code requires photon-number parity measurements, pumped X(2) inter-

actions, and feedforward controls to implement a universal gate set in its encoded

basis. As shown in [G S07], conventional x(2) crystals cannot be pumped hard enough
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to get GKP-code gates of fidelity sufficient to exceed the error-correction threshold.

The universal encoded-basis gate sets for our X(2) QEC codes employ full-quantum

X(2) interactions and linear optics, thus they too are currently precluded by the limited

nonlinearity of conventional X(2) crystals. However, as noted earlier, new technolo-

gies are emerging [HLm, BV\10, B+1), SHN* , LIK-111, HT 11, SL)T 12, YS07,

LWW 16] that may afford the strong nonlinearity required for full-quantum x(2) in-

teractions, and these may also enable the strong squeezing that the GKP code needs

for its universal encoded-basis gate set.

Code Rate

The code rates of the x(2) PCC and the X(2) EECC that encode a single logi-

cal qubit are constant, whereas the code rate of the x(2) BC decreases as its error-

correction capability increases. Because the GKP code encodes in an infinite-dimensional

basis, it is not meaningful to assign it a code rate. A comparison between these codes'

Shannon-theory capacities has yet to be obtained, as it requires analysis of their chan-

nel fidelities under the same error model [A V, NA! t1].

Hardware-Efficiency Summary

Overall, as compared to the GKP code, our X(2) QEC codes reduce the amount of

physical resources necessary for the encoding, decoding, error correction, and univer-

sal gate implementations without introducing new error mechanisms. These resource

reductions are natural consequences of our having customized the X(2) QEC codes to

the underlying X( 2)-interaction computational hardware.

4.3.2 X Quantum Error-Correcting Codes

We define and present in detail our three hardware-efficient bosonic quantum error-

correction codes in this section. Our codes are not traditional stabilizer QEC codes;

instead, they rely on a different-but stabilizer-inspired-method of symmetry oper-

ators, which takes advantage of natural symmetries available in the physical model.

These foundations then enable us to present, in increasing order of complexity and

capability, the X(2) parity-check code, the X(2) embedded error-correcting code, and
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the x(2) binomial code.

The presentation of each code focuses on the code's symmetry operators, defining

the code basis states, explaining what errors are corrected, and giving the mathemat-

ical and physical rationale for why the errors are detectable and correctable. Details

giving physical procedures, employing full-quantum X(2) interactions, for encoding,

decoding, detecting errors, and correcting errors, are deferred to Appendices A. 1 and

A.2.

Symmetry Operators

Crucial to our X(2) QEC codes' ability to detect and correct photon-loss and photon-

gain errors is the symmetry properties of each N-pump-photon subspace, tN. Specif-

ically, every state n) = ) n I |n, n, N - n) in 7 N obeys the following eigenvalue-

eigenstate relations:

(fs + i 1)LV) = Ny), (4.39)

(ni + fip)k1) = Nkb), (4.40)

(n, - hi)k1) = 0, (4.41)

where hk = ak for k = s, i, p. Consequently, the photon-number parity vector,

p [(fts + hi), (hs + n), (fit + n)]mod 2, (4.42)

= [2N, N, N]mod 2, (4.43)

is constant for any 10) E t N- Such symmetry derives from energy conservation within

_HN-

To establish a deeper understanding of the preceding symmetry properties, we in-

troduce symmetry operators for 7 N- The three-mode Fock-state basis, {In, n, N - n)

0 < n < N}, for 7 N is characterized by these basis states' invariance under the ap-

plication of symmetry operators ZP = ei22/(N+1)N+) 9 ZN+1) and ZN+1)
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i27r/(N+l) -(N+1) - (N+1) Here,

N

N+1) i27rn/(N+1) n)kk(rl (4.44)
n=O

where In)k for n = 0, 1, . . . , N is an n-photon Fock state of mode k, for k = s, i, p. If

N + 1 is a prime number, ZN+1) is the mode-k Pauli Z operator for the qudit basis

{10),, 1), ... , N)k}. We, however, do not require N + 1 to be prime, because our

x(2 QEC codes are not stabilizer codes [GR BUI]. So, we refer to Z,+0 and Zj+0
as physical-subspace symmetry operators in NN- Where unambiguous, we do employ

some stabilizer terminology in our explanations, but we also make it clear below how

our codes are distinct from traditional stabilizer codes.

In order to redundantly encode a lower-dimensional logical basis into a higher-

dimensional physical basis, we need additional symmetry operators to stabilize the

logical state: within the code's physical subspace, only the simultaneous unity-

eigenvalue eigenstates of all symmetry operators in the given set will be selected

as logical-basis states.

The X(2) PCC, which encodes an N-dimensional logical qudit into two N-dimensional

physical qudits, first imposes the {ZI,, ZI N : = 1, 2 symmetries to restrict its

code space to 1*N2_- = __ R 2)_ 1 . It then requires two additional symmetry

operators for its construction. The first additional symmetry operator is the photon-

number inversion-symmetry operator VZ(N-1) V(N-1), where

-(N-1) f(N-1) 0 (N-1) (N1) (445)

with

N-1

Y(N-1) - |- - , (n (4.46)
n=O
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for k = s, i, p, inverting mode ke's qudit basis, viz.,

V(N-1)n,,N -I1 - n), =IN -I1 - n, N- 1 - n, n),. (.7

The second additional symmetry operator we need for- the X() PCC is the swap

operator x N) 1,2 - In N-1 it swaps three-mode basis states between the two subspaces,

i.e., for 0 < nk,n' < N - 1 and k = s,i,p,

6 in, nr, ny)r)n' 1,n',n2 n i ,' n))I' 2. (4.48)

The X(2) EECC encodes a single logical qudit of dimension N into a single physical

qudit of dimension 2N-1. It only requires three symmetry operators for its encoding:

4,N 2 N-1) a (2N-2). The x(2) BC encodes a single logical qubit into a single

physical qudit of dimension 2N. It also requires only three symmetry operators for its

encoding: Z2,N, Z 2 N) and BBs, where Bs is a pseudo-beam-splitter

operator, to be described later, that operates on the physical-qudit subspace 72N-1,

and

I, = (-1)"In),,(nl (4.49)
n=O

is the signal mode's parity operator.

Table 4.3 summarizes the symmetry operators used for our X(2) QEC codes. All

three codes require the ZP and Z operators, for appropriate M values, to stabilize

their logical states to their physical code-subspace: 7N2_ for the X(2) PCC, 1 2N-2 for

the X(2) EECC, and H2N-1 for the x(2) BC. All three also require 0(M) operators, with

appropriate M values, for photon-number inversion symmetry. However, because it

uses two physical qudits for encoding, the X(2) PCC also requires the swap-symmetry

operator, 8 lN) 1 , 2 , between its two N-dimensional physical-basis subspaces.

Note that Z m) is diagonal in the physical qudit basis {n, n, M - 1 - n),: 0 <

n < M - 1}, so it does not commute with the photon-annihilation operators {&k},

or with the photon-creation operators {&t }. Although (ACm ) is not diagonal in the

{n, n, M - n)k : 0 < n < M} basis, it too fails to commute with the {&k} and the
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{t1}. Likewise, the 3x-N operator, which is not diagonal in the basis:

{ni, ni, N - 1 - ni) 1 |n2, n2, N - 1 - n2 ) 2 : 0 < ni, n2 < N - 1}, (4.50)

also fails to commute with the photon-annihilation and photon-creation operators.

These commutation failures will lead to the X(2) PCC and x(2) EECC's being able

to correct single-photon loss or gain errors, and the X(2) BC's being able to correct

m-photon loss or gain errors or (m - 1)th-order dephasing errors when m < N is

identified by channel monitoring.

X(2) PCC Zsp, Z ) (N-1) (N-1) N1,2

(2) EECC Z(N , Z , 2N-(2N-2)
x(2)B Zo2N) Z(2 N) B -(2N-1)(T

Table 4.3: Symmetry operators used for constructing our three X(2 ) QEC codes.

Since the majority of our symmetry operators lie outside the qudit Pauli group,

X(2) QEC codes are not stabilizer codes. Similar to what was shown in Ref. [GR0],

however, error operators that do not commute with all the symmetry operators

nonetheless can be detected by nondemolition measurements of the symmetry op-

erators with additional ancillae states. Hence, the error-detection procedures for our

X(2) QEC codes resemble those for stabilizer codes. Nondemolition measurements of

the photon-number parities

00 00
p(N+1) = l~kfk,(.1

where j 4 k are indices for different bosonic modes, have been realized with superconducting-

resonator technology [Sl 4 I _1]. Equations (4.39)-(4.41) show that our x(2) QEC

codes obey photon-number parity symmetry. So, nondemolition measurements of the

{ pF)} for each code's appropriate M value will provide a practical route to error

detection.

In general, symmetry properties are not obligatory for constructing QEC codes [C I ' 71,
but our symmetry-operator formalism establishes a systematic framework for finding
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new QEC codes for available measurement schemes and physical subspace choices,

and it offers a path for extending codes to arbitrary qudit bases. Indeed, it is that

pathway that motivates our exhibiting the use of symmetry properties to establish

high-dimensional versions of the X(2 ) PCC and the x(2) EECC. But, because these

codes can only correct single-photon loss or gain errors, their practical utility degrades

as their dimensionality increases with fixed photon-loss and photon-gain probabilities,

which motivates our development of the X(2) BC. Note that the binomial symmetry

operator in Table. 4.3 is a non-monomial matrix, hence the X(2) BC's logical basis

states are not stabilizer states.

Our findings thus call for a more general code-construction framework that gen-

eralizes the Pauli-stabilizer formalism to a larger class of error-correcting codes con-

structed by commuting monomial matrices and conjugated monomial matrices with

analytically simple expressions for the quantum error-correction conditions.

X( 2 ) Parity-Check Code

For the X(2) PCC we draw inspiration from previous work [CLY97, AWOOS, M>KL 141],

and encode one N-dimensional logical qudit into two N-dimensional physical qudits

for correcting single-photon loss or gain errors. The X(2) PCC thus has code rate

1/2 regardless of the encoded qudit's dimension, and it has minimum encoding over-

head because it saturates the corresponding quantum Hamming bound, see Sec. 4.3.4.

The resources needed for these functions are full-quantum and pumped x(2) interac-

tions, linear optics, and photon-number parity measurements, implying that there is

a clear route to implementing the x(2) PCC given nonlinearity sufficient for the full-

quantum x(2) interaction's second-harmonic generation (SHG), sum-frequency gener-

ation (SFG), and spontaneous parametric downconversion (SPDC) primitives.

To encode an N-dimensional logical qudit into two N-dimensional physical qudits,

we first require that the logical qudits obey physical-subspace symmetry, i.e., they

are unity-eigenvalue eigenstates of {ZN, Z7) : = 1, 2} and hence lie in 7*N2

Next we impose photon-number inversion symmetry, by requiring the logical-basis

states to also be unity-eigenvalue eigenstates of j Z(N1). Finally, we require that
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the logical-basis states be invariant under the swap-symmetry operation, viz., under

application of 12N),-

As a simple example, we now show how the qutrit-basis X(2) PCC is obtained by

the preceding procedure. In the qutrit X( 2) PCC, each logical-qutrit basis state is

encoded into two physical qutrits. Imposing the physical-subspace symmetry charac-

terized by {Z^(,) ,: f = 1, 2} constrains the code to the subspace spanned by the

nine unity-eigenvalue eigenstates of these operators, {ni, ni, 2 - ni)1 |n2 , n2 , 2 - n2 ) 2

0 K ni, n2 < 2}, i.e., it constrains the code to W12 . Enforcing the photon-number

inversion symmetry 0 j1 QV(N1) then reduces the symmetry subspace to the five-

dimensional space spanned by

{(10,10, 2)110,10,12)2 + 12,12,10)d,2,210)2)/ V/2

(12,12,10)110,0,12)2 + 10,0,12)112,12, 0)2)/V/,

[(10,,2)1 + 2, 2,0)1)1, 1, 1)21/N/2,

[H, 1, 1)1(1O, 0,2)2 + 2,2, O)2 -)]/V/2

Imoigthe swap symmetry ^(N) dcst
Imposing r 1,2 reduces the symmetry subspace dimension to

three, yielding the logical qutrit basis:

12) = (2,2,0)110,0,2)2 + 10,0,2)1 12,2, 0) 2 )/N/2, (4.52)

1i) = (2,2,0)12, 2,0)2+ 10,0,2) 110,,2)2 )/ V', (4.53)

10) = 11, 1, 1)/1, 1,1)2. (4.54)

It is straightforward to verify that the qubit-basis X(2 ) PCC's logical-basis states,

11) = (11, 1,0)10, 0, 1)2 + 10, 0,1) 1|1,1, 0) 2)/V/, (4.55)

10) = (11, 1, 0), 1,1, 0) 2 + 0, 0,1) 110, 0,1) 2)/V/2, (4.56)

satisfy the physical-subspace, photon-number inversion, and swap symmetries.
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To show that the X(s) PCC is capable of correcting single-photon loss errors, we

will test the error-correction condition for such errors under the assumption that the

photon-loss probability y is the same for all six modes. (This assumption entails

no loss of generality as the only consequence of allowing unequal loss probabilities

is the appearance of more complicated expressions in evaluating the error-correction

condition.) To lowest order in -, the Kraus operators for single-photon loss errors

are [NSB 16]:

6

Eo ~ I - Z at e,/2, (4.57)
e=1

E_ a, 1 < f < 6, (4.58)
6

E E = 1, (4.59)
f=o

where { , &k2 ,. -- , d} { 8,&,Qnii,,, 1, 2 , i2 , &p2}, and I is the identity operator.

The error-correction condition [1K I 7] for the single-photon loss errors associated with

{Eo, E1 , ... ,E 6} is

(IEj I b) = ahi 6ab, for 0 < h, j < 6, (4.60)

where Jab is the Kronecker delta function, Ii), 6) are arbitrary logical-basis states, and

the matrix elements {ah} are independent of the 6, and b values. Equation (4.60)

guarantees that no single-photon loss error distorts the code subspace, thus all of

them are correctable.

For the qubit-encoded X() PCC from Eqs. (4.55) and (4.56), we find that Eq. (4.60)

holds with

aOO = (5j(I - _e 6 aek)ak) = 1 - 3-, (4.61)

ahh = ( t,1'&hkhl) = y/2, 1 < h < 6, (4.62)

ach = 0, for h j. (4.63)
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Similarly, the qutrit-encoded X(2) PCC from Eqs. (4.52)-(4.54) obeys Eq. (4.60) with

OZOO = (f=( - k -l _4k,)J&) = 1 - 6-, (4.64)

ahh = (alyh akh Ii) = y, 1 < h < 6, (4.65)

ah3 = 0, for h A j. (4.66)

The preceding encodings both satisfy the error-correction condition because in each

code the average photon number is the same for each of that code's six bosonic modes.

The qubit and qutrit x(2) PCC's also correct single-photon gain errors. Specifically,

using the photon-creation operators {4t} in lieu of the photon-loss Kraus operators

{ }, we satisfy the following error-correction conditions for photon-gain errors:

(a|&k, I b) = 6 hj 6ab, for a, b = 0, 1 and 1 < h, j 6,

for the qubit case; and

(iI kh &)t, b) = 2 6 hj6 ab, for a, b =0, 1, 2 and 1 h, j 6,

for the qutrit case.

At this juncture we can sketch how the photon-number parity-symmetry of each

N-pump-photon subspace enables the X( PCC of dimension N + 1 to detect single-

photon (loss or gain) errors. Let I&) be an arbitrary logical basis state of a x(2) PCC,

and hk, = kieat, be the photon-number operator associated with the dke, mode. We

know that the photon-number parity vector,

P12 = [(Si + hil), (i 81 + itp1), (h 1 + flp 1)

(Os2 + i2)) (h82 + np2 ), ( 2 + 2) 2)]mod 2, (4.67)

will satisfy

P12 = [2N, N, N, 2N, N, N]mod 2 (4.68)
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for all logical-basis states. Assuming that loss of a single photon is the only error

that has occurred, then, as shown in Appendix A.1, a nondemolition measurement of

P12 [SP 1 1] yields a syndrome that identifies the mode which has lost a photon. If,

however, the loss or gain of a single photon is the only error that has occurred, then

measurement of P12 and the generalized photon-number parity vector,

q12 =[(nf 1 + ii,1 ), (ni41 + n,1), (^ 82 + flP2 ), (^i 2 + ^ 2 )]mod 3, (4.69)

provides syndromes that identify which mode has suffered an error and whether that

mode lost or gained a photon. See Appendix A.1 for the details.

Thus far we have limited our attention to the qubit and qutrit x(2) PCCs. To

encode an N-dimensional logical qudit in a x(2) PCC to protect against single-photon

loss or gain errors, we employ the N-dimensional physical-subspace symmetry oper-

ators {Z,(N N: f = 1, 2} together with the photon-number inversion-symmetry

operator fZt(N-) and the swap operator 0XN) 1,2 . For N = 2m an even integer, this

procedure yields the following logical-qudit basis states in terms of the three-mode
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physical-qudit basis states:

10) = (mm, m- 1) 1 m- 1,m- 1,m)2 + Im- 1, m- 1,m)1 1m, m,m- 1) 2)/Vfs,

(4.70)

i) = (Mi, Mi, M - 1) 1Im, Mi, M - 1)2 + IM - 1, M - 1, m)1fm -

|) = (Im + 1, m + 1, m - 2)jIm - 2, m - 2, m +1) 2

+ Im - 2, m - 2, m + 1)jIm + 1, m + 1, m - 2)2)/ ,

)=(m + 1, m + 1, m - 2)Im + 1, m + 1, m - 2) 2

+ im - 2, m - 2, m + 1) 1fm - 2, m - 2, in +W1)2

N -2) = (12m - 1, 2m - 1, 0)1 10, 0, 2m - 1) 2

+ 0, 0, 2in - 1) 1 12m - 1, 2m - 1, 0) 2 )/v'2,

IN - 1) = (|2m - 1, 2m - 1, 0) 1 12m - 1, 2m - 1, 0)2

+ 0, 0, 2m - 1)1|0, 0, 2im -1)2)/V-

For N = 2m + 1 an odd integer, the same approach leads to the encoding

0) = MI, mi, m)1 im, iM, ) 2

1) = (m+ 1,m+ 1,1m- 1)m+1,m+ 1,m- 1) 2

+ IM - 1, M - 1, M + 1) 1 1m - 1, M - 1, M + 1)2)//2,

12) = (IM + 1, M + 1, M - 1)1 IM - 1, M - 1, M + 1)2

+ IM - 1, M - 1, M + 1) 1 1m + 1, in + 1, in - 1)2/V2

N - 2) == (fI2m, 2m, 0) 1 12m, 2m, 0)2 + 10, 0, 2m) 110, 0, 2m) 2 )/ V,

N - 1) = (|2m, 2m, 0) 1 10, 0, 2m)2 + 0,0, 2m)1 2m, 2m, 0) 2 )/V2.

1, M - 1, mn)2)/,

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

On average, the X(2) PCC uses 3(N- 1) photons to encode each N-dimensional logical
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qudit into two N-dimensional physical qudits for protection against single-photon loss

or gain errors.

x(2) Embedded Error-Correcting Code

The X(2 ) EECC encodes a single logical qudit of dimension N into a single physical

qudit of dimension 2N - 1 for protection against single-photon loss or gain errors. Its

basis states for N-dimensional logical qudits are the simultaneous unity-eigenvalue

eigenstates of .,N-1) (2N-1) and ®2 fr(2N-2) i.e., they lie in 7 2N-2 and obey

photon-number inversion symmetry. Consider the N = 2 case, in which a logical

qubit is encoded into a physical qutrit. Letting 1,0) = E2 In, = i, 2 - n) be an

arbitrary state in W2 , we have that V( 2 )1IV) = 1'), where I/ ') = E2=0 V, Iln, n, 2 - n)

with

0V/ 0 0 1 VO

1V = 0 1 0 V . (4.81)

V/ 1 01 L V2

Simple linear algebra then gives this relation's only unity-eigenvalue eigenstates,

10) = (12,2,0) +10, 0, 2))/V', (4.82)

I) = 11,1, 1), (4.83)

which are thus the logical-basis states for the qubit X(2) EECC.

As is the case for the NOON code and other bosonic codes [MKL 1 , ?'fSB 1

our qubit x(2) EECC's encoding ensures that all three of its modes have the same

average photon number. The principal difference from previous bosonic codes is

that the physical-basis states used here span the irreducible subspace of the x(2)

Hamiltonian used for universal gate constructions. This property greatly simplifies

the error-correction procedure and universal transformations in the encoded basis, as

will be seen in Appendix A.2.

Paralleling our development for the qutrit X(2) PCC, we have that, to lowest order
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in the photon-loss probability -y, the qubit X(2) EECC's Kraus operators for photon-

loss errors are

3

Eo ~ I - ZYa,/2, (4.84)
k~i

f=1

E ~f V/ ,, 1 k i <f 3, (4.85)
3

I e =I, (4.86)
e=0

where {akl, ak2 , k3 } {3, 1 S, 5}. The resulting quantum error-correction condi-

tion [k L] is therefore

(aEh'Ejb) = ahj Jab, for 0 < hj 3, (4.87)

where 5), b) are arbitrary logical-basis states and the {ahj} are independent of the

& and b values. For our qubit X(2) EECC's logical-basis states, we find that Eq. (4.87)

is satisfied, because direct evaluation leads to

aoo = (&( 1 - E3lea,)D5) = 1 - 3y, (4.88)

ahh = (aV|&It, th P) = Y, 1 < h < 3, (4.89)

ahj = 0, for h 5 j. (4.90)

Eqs (4.82) and (4.83) obey the code-space nondistortion conditions, Eqs. (4.88)-

(4.90), because the average photon number in all three modes of each logical-basis

state is identical. Our qubit X(2) EECC also obeys the error-correction condition for

single-photon gain errors,

(d &kh, &j = 2 5 hj6 ab, (4.91)

Because its logical-basis states lie in 72, our qubit X(2) EECC's photon-number

parity vector, p from Eq. (4.42), is constant, p = [0, 0, 0], for all states in the code

space. Assuming that loss of a single photon is the only error that has occurred,

115



then, as shown in Appendix A.2, a nondemolition measurement of p [S1I 11] yields

a syndrome that uniquely identifies the mode which has lost a photon. If, however, the

loss or gain of a single photon is the only error that has occurred, then measurement

of p and the generalized photon-number parity vector,

-EECC [(ds + Up) (^i + )]mod 3, (4.92)

provides syndromes that identify which mode has suffered an error and whether that

mode lost or gained a photon. Details of the qubit x(2) EECC's error detection and

error correction appear in Appendix A.2.

The x(2) EECC's logical-basis states for encoding an N-dimensional logical qudit

into a physical qudit of 2N - 1 dimensions-found by applying the physical subspace

and photon-number inversion symmetries-are easily shown to be

6) = (12N - 2, 2N - 2,0) + 0,0, 2N - 2))//2, (4.93)

1) = (12N - 3,2N - 3,1) + 1,1,2N - 3)/V, (4.94)

N -1) = IN - 1, N - 1, N - 1). (4.95)

Once again, each optical mode's having the same average photon number across all

logical-basis states ensures that the error-correction condition for single-photon loss

or gain errors are obeyed. This encoding uses a total of 3(N - 1) photons.

X( 2) Binomial Code

Inspired by previous work [CLY97, BvL16, MSB 16], our X( 2) BC encodes a log-

ical qubit into a 2N-dimensional physical qudit. First, we enforce the physical-

subspace symmetry characterized by {Z2N), Z( 2N)} to restrict the logical-basis states

to the physical-qudit subspace ?12N-1. Next, to leverage binomial symmetry that will

protect the code subspace from distortion by photon loss or gain errors, we intro-

duce the symmetry described by conjugating the photon-number inversion operator
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V(2N-1) ,with the pseudo-beam-splitter operator BS given by

2N-2

UBS 10)(+1+ )(-| + E j)(jj, 2N - 1 - j, (4.96)
j=1

where {1j) 0 < j < 2N - 1} is an orthonormal basis for 7 2N-1,

) = (10, 0, 2N - 1) t 12N - 1, 2N - 1, 0))/v'2, (4.97)

and

N (2N- 1) 2j, 2j, 2N- 1 - 2j) (4.98)
j=0

~ N-1 .12N - 1) 12j + 1, 2j + 1, 2(N - 1 - j)) 4.9
E 

) 2j + 1 2N-1 '9
j=0

will soon be seen to -be the x(2) BC's logical basis.

Recall that the X(2) BC's logical-basis states are the simultaneous unity-eigenvalue

eigenstates of Z8,N), 2N), and llUOs(2N-1)gs. The simultaneous unity-eigenvalue

eigenstates of Z2N) and Z(2N) comprise 7 2N-1, so we only need concern ourselves

with finding the unity-eigenvalue eigenstates of fsUBSV(2N-1)gBs. Because 2N - 1

is an odd number, +), -) are V(2N-1)'s only two eigenstates and their eigenvalues

are 1 and -1, respectively. To show that 10), 1i) from Eqs. (4.98) and (4.99) are the

x(2) BC's logical-basis states we first note that these states both lie in 7 12N-1. Then

we use our definition of UBs to write

fl, UBS V(2N-1)-t118 US v UBS 10)

fjsBSV ( UBS UBSj+) (4.100)

= HS$BSV (2N-1) _ _ sUBSI+) (4.101)

= 1|0) = 10), (4.102)
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which proves that 10) is a x(2) BC logical-basis state. A similar calculation for 11),

118 UBSV~ LJS 11)
s BS(2N-1) t

= SUBSV( 2 US UBS (4.103)

- s UBS (2N-1) 11UBS (4.104)

- -li) = i), (4.105)

proves that it is the X(2) BC's other logical-basis state.

With the logical-basis states in hand, we can proceed to the error-correction con-

ditions. The Kraus operator for there being h photons lost from the signal mode, g

photons lost from the idler mode, and f photons lost from the pump mode is a, a

Likewise, the Kraus operator for there being h photons gained by the signal mode,

g photons gained by the idler mode, and f photons gained by the pump mode is

StIhtP . Dephasing on mode k = s, i, p caused by 6t-duration dispersive propaga-

tion with dephasing rate can be represented by the unitary operator

Uk(6t) = eint kfk = Ik - ikt fk - (Jt nik 2 /2 +... , (4.106)

where the Taylor-series expansion shows that mth-order dephasing on mode k has

error operator f'g, hence n is the error operator for hth-order dephasing of the

signal mode, gth-order dephasing of the idler mode, and fth-order dephasing of the

pump mode.

Suppose we are given channel-monitoring information indicating that an error

of degree m has occurred, i.e., m photons have been lost, or m photons have been

gained, or (m - 1)th-order dephasing has occurred, but there was no combination of

photon-loss, photon-gain, or dephasing errors. The relevant error-operator set is then

S= {dA a , i , n','n f' : h, g, e > 0, h+g+e = m, h', g', ' > 0, h'+g' +i'=

m - 1}. Using { m) as shorthand for the error operators in &n, the Knill-Laflamme
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condition for all of these errors to be correctable is thus

(|JE ," "I>) = auu6 ab6 uv, (4.107)

for a, b = 0, 1 and all "jm, &m) in m.

To verify that X(2) BC's satisfies the preceding error-correction condition. let us

start with the simplest case, the N = 2 code in which each logical qubit is encoded

as

)= (10, 0,3) + v/312,2, 1))/2, (4.108)

i) = (3, 3,0) + V31,1, 2))/2. (4.109)

It is straightforward to verify that the N = 2 encoding satisfies the error correction

condition given in Eq. (4.107) against the following error sets:

(o ={I} (4.110)

ap ={%,,&p,, , , & } (4.111)

(2 ={sa,as,ajap dd, d, & &~ ,~ atat,=IS$ ail 14 &1 p

ga2, &27 ^2 - t2 - t2l -t 2 ,nr-ri}
a., a , 8 i 2 , , As, ni, h}. (4.112)

Note that the annihilation-operator elements in 2 correspond to discrete photon-

number jumps [LZA-'17, M\S3 1(i] that are not the Kraus operators commonly used

for the amplitude-damping channel. As shown in Ref. [IMS13' t"], however, correc-

tion of such discrete errors can nevertheless handle the amplitude-damping channel's

lowest-order errors.

The X(2 ) BC with N = 3 corrects up to three-photon-loss errors, three-photon

gain errors, and second-order dephasing errors. Its logical qubits are

0) = (10, 0, 5) + V10 12,2,3) + v 4,4,1))/4, (4.113)

I) = (15, 5, 0) + V013, 3, 2) + V51, 1, 4))/4. (4.114)
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In addition to satisfying the error-correction conditions for {m : 0 < m < 2}, this

encoding satisfies that condition for

=t2&t &2, &t&tt, &t&t2 & t2,t &tt2 '3 -3 -3

& 3 3, 3,nsni , nsnp, hin,, n., ni, n;} (4.115)

In general, the X(2) BC on 7 2N-1 protects a logical qubit against errors in {Jm 1 <

m < N}, by means of the encoding from Eqs. (4.98) and (4.99).

Let us now verify that the x(2) BC's encoding, Eqs. (4.98) and (4.99), satisfies the

error-correction conditions for {{m : 0 < m < N}, starting with the orthogonality

condition. Orthogonality here means that any correctable error applied to the logical-

basis states 10) and Ii) will result in orthogonal states. For photon-loss or photon-gain

errors, orthogonality is satisfied by the x(2) BC because the photon-number parities

of the signal, idler, and pump modes in its 10) state are opposite those of its 1I) state.

Consequently, photon-loss or photon-gain errors of order m < N do not disturb

orthogonality, because any such error's modal-parity flips are the same for 10) and

l1).

The X(2) BC's encoding also leads to orthogonality between the error syndromes

obtained from photon-number parity measurements-for photon-loss and photon-gain

errors. For such an error to transform one physical-basis state to another requires

pump-mode photon losses (gains) to be matched by identical gains (losses) in the

signal and idler modes. As a result, photon-loss or photon-gain errors of order m

acting on a logical-basis state lead to orthogonal error syndromes. Note, however,

that the error syndromes for different dephasing errors are not orthogonal. But, be-

cause all dephasing errors can be corrected by projecting the state onto the code

subspace [NS 1$ ], orthogonality is not required for dephasing errors to be cor-

rectable.

Now let us turn to verifying the nondistortion condition in Eq. (4.107) for the mth-

order (m < N) photon-loss error, represented by the error operator _ = I --
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Without loss of generality we will assume g > h, owing to the symmetry between

signal and idler modes. Using this error operator, together with Eqs. (4.98) and

(4.99), in Eq. (4.107) we get:

h-1

(O EEuO) = (H Q (io - 4)
i1=0

1N_ m- h+1 2
22N-2 (2j

j=]2

1N- m--h+1

22N-2 S (2j - h

g-1 m-h-g-1

rI (hi - f2) rl (hp-E3|)
e2=0 6 =0

h-1 g-1 m-g-h-1

(2j - f) r (2j - f2) I (2N - 2j -1 - 3 ),
1=0 t2 =0 f3 =0

(2N - 1)!(2j)!
)!(2j - g)!(2N - 2j - 1 - m + h + g)!'

(4.116)

h-1 g-1 m-h-g-1

(il E, Ii) = i (hS - f1) n (i - f2) fj (hp-E3|)
e1=0 t2=0 3=0

LN-22 2N-- 1)- h--1

22 2(2N2 f(2N - 2j' - 1 1)
m-- e 1=0

g-1 m-g-h-1

x e (2N - 2j' - 1 - e2) r (2j' - t3),

f2=0 63=0

1

2 2N-2

LN-g-2]2 (2N - 1)!(2N - 2j' - 1)!
S (2N - 2j' - 1 - h)!(2N - 2j'- 1 - g)!(2j' - m + h + g)!'

'=[m-h-

(4.117)

Under the change of variable j = (N - 1)/2 - j', it is straightforward to see that

the right-hand sides of Eqs. (4.116) and (4.117) are equal. Because this result applies

for all m < N, and because we have already shown orthogonality, we have that the

encoding in Eqs. (4.98) and (4.99) satisfies the error-correction condition for m < N

photon-loss errors.

Given channel-monitoring information indicating that an mth-order photon-loss

error has occurred, we can identify the exact type of that error by measuring the
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photon-number parity vector [ -\I\ 11]

PBC [(us - ui), ( + ) ni + hp)]mod(2N - 1). (4.118)

If, however, that monitoring does not distinguish between photon-loss and photon-

gain errors, then we also need to measure the generalized photon-number parity,

qBC - f(? + fti + nh)]mod (6N - 3), (4.119)

to know whether the mth-order error that occurred was a loss error or a gain error.

Assuming it was an mth-order (m < N) photon-loss error, the number of configura-

tions for distributing the loss of m photons across the signal, idler, and pump modes

is

E 1 -1 (m + 2)(m + 1) (N+2N + 1) (4.120)
h=O g=O

For N > 2, this number of configurations is less than the (2N - 1)3 possible parity

vectors PBC. Thus, for m < N our parity-measurement scheme uniquely identifies

the photon-loss error that has occurred from the error set m.

Now consider the mth-order (m < N) photon-gain error, represented by the er-

ror operator E = 5a ai-a -. Because any error-correcting code that satisfies

the error-correction condition against photon-loss errors will also satisfy the same

condition against photon-gain errors under normal ordering, our X(2) code is thus

also capable of correcting photon-gain errors. Moreover, given channel-monitoring

information indicating that an mth-order photon-gain error has occurred, the exact

type of that error is revealed by measuring the photon-number parity vector PBC- If,

however, that monitoring does not distinguish between photon-gain and photon-loss

errors, then, as was the case earlier, we also need to measure the generalized photon-

number parity, qBC, to know whether the mth-order error that occurred was a gain

error or a loss error.

Finally, we demonstrate the error-correction condition for any mth-order (m +1 <
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N) dephasing error nnP7 gh. We have that

(Ojij2h-i2(m-g-h) _ 22N- 1 (2N 1) (2j)2(g+h)(2N - 2j - 1)2(m-g-h)
j=0

(4.121)

2h i2gh2(m-g-h) 2  N-2 1 2  N -  . _)2(g+h)(-/)2(m-g-h)

j'=O

(4.122)

Making the change of variable j = (N - 1)/2 - j' shows that Eqs. (4.121)

and (4.122) agree, thus the error-correction condition is satisfied. The encoding,

decoding, error-correction and universal logical-basis gate sets for the X(2) BC are

all realizable with linear optics and X(2) Hamiltonian evolutions, but their detailed

construction is beyond the scope of the current work.

Now let us return to the issue-raised briefly earlier-of the X(2) BC's behavior

with respect to the exact Kraus operators for the amplitude-damping channel's m-

photon loss error on the th bosonic mode. These Kraus operators are [(Y9V:

At(m) = t(1- a aI/2&,l, (4.123)

- z ( (1-)-mn - m)(n, (4.124)
n=m

and they satisfy - A (m)Ae(m) = It. The factor of (1 -,)aj,/2 in A(m) implies

that all bosonic modes must share a common photon-number sum if m-photon loss

errors are to be correctable, and our X(2) BC's encoding, Eqs. (4.98) and (4.99), fails

to obey this condition

To circumvent the preceding difficulty with the amplitude-damping channel, we
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generalize our three-mode encoding to the following two-mode encoding:

1 N 1
10') = 2N-1 z 2j, 2N - 2j - 1), (4.125)

2N1j=1 (2-1

i')= 2 N-1 (2N- 1) 12N - 2j - 1, 2j), (4.126)

whose physical-basis states are { n., np) : 0 < n,, n,; n, + nr = 2N - 1} with Ins, np)

denoting a Fock state containing n, signal photons and np pump photons. These

physical-basis states no longer lie in an irreducible subspace of the X(2) Hamiltonian,

hence they cannot be prepared with just linear optics and x(2) Hamiltonian evolutions

as is the case for our other X( 2) QEC codes. They are stabilized instead by the

symmetry operators Z, 2N-1) and sUBs (2N)Us, where V( 2 N) and UBs and are two-

mode generalizations of Eqs. (4.45) and (4.96) obtained by treating signal and idler

as a single mode.

The preceding two-mode encoding can be straightforwardly prepared by sending

a NOON state through a beam splitter [f)vt 1(]. This encoding obeys the error-

correction condition

(l lE(m-h)(M) ( i-))(m1) = hhab6hg(4.12.

for a, b = 0, 1, 0 < h, g:< m, and m < N, whereEhk(m) _ A(h)ZA(m - h). So, given

channel monitoring that identifies the occurrence of an mth-order (m < N) photon

loss error produced by the amplitude-damping channel, the two-mode encoding in

Eqs. (4.125) and (4.126) can correct that error. This capability derives from the

photon-number sum of the signal and idler modes being the same for the two logical-

basis states.

Compared to the binomial code proposed in Ref. [\S I (], our encodings in

Eqs. (4.98), (4.99) and Eqs. (4.125), (4.126) have a constant photon-number spacing

in their physical-basis states, instead of the linearly growing photon-number spacing

in Ref. [IS\ 151 1()']. Also, we require only a constant number of bosonic modes to

124



correct Nth-order photon-loss errors, instead of the O(N) bosonic modes used by the

NOON code for this purpose [ I ]. As a result, our binomial codes need on average

3(N - 1/2) photons to encode a logical qubit in a manner capable of correcting Nth-

order photon-loss errors, whereas O(N 2 ) photons are required for other QEC codes

that have this error-correction power [ 1 , It I I , {Ii \ 1, i , \ ,

I. ZA .]. This advantage arises because our encodings are designed to work with

channel monitoring that identifies the error order, while codes that use many more

photons handle all m < N orders without any such monitoring.

The physical fault-tolerance of our X(2) QEC codes is based on the low likelihood of

the environment inducing a X(2)-Hamiltonian evolution, something that is necessary

to create a logical error. That said, we have yet to consider over/under-rotation errors

in the gate implementation itself. Thus a full treatment of our X(2) QEC codes' fault

tolerance remains to be supplied.

4.3.3 Universal Gate Sets in the Encoded Basis

Our bosonic codes attain their hardware efficiency by virtue of acting within a care-

fully crafted subspace, with well-defined symmetry properties. A notable cost of

employing such protective symmetries is a substantial rise in the number of primitive

operations needed to realize logical gates on the encoded states for quantum computa-

tion. Moreover, the full-quantum x(2) interaction Hamiltonian by itself is clearly not

universal on all bosonic quantum states, at the least because of its symmetries. Thus,

it is important to consider: how universal quantum computation can be achieved, in

principle, on encoded states of our x(2) QEC codes; what the implementation cost

is to realize basic logical-gate primitives such as the controlled-NOT operation; and

what interaction and control Hamiltonians are needed to attain universality.

In this section, we construct and elaborate on universal gate sets for the qutrit

X(2 ) PCC and the qubit X( 2) EECC. We find that it is sufficient to employ just full-

quantum X(2) interactions and linear optics (e.g., phase shifters and beam splitters).

Moreover, although these constructions are not fault-tolerant, our explicit circuits

give practical lower bounds on the complexity required for logical operations on the
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encoded states.

Qutrit X(2) Parity-Check Code

The qutrit X(2) PCC, defined in Eqs. (4.52)-(4.54), encodes each logical qutrit into two

physical qutrits. Since X(2) interactions and linear optics are sufficient for universal

computation in the physical-qutrit basis [VCS Ib], they are also universal in the

logical qutrit basis supported in the two-qutrit subspace

'd®2 = Span{0, 0, 2)110, 0, 2)2,10,0, 2)111, 1,1)2,

10, 0,2)112,2, 0)2,. ..,12, 2,0)10,0, 2)2,

2,2, 0)111, 1,1)2,1 2,2, 0)112, 2, 0)21 (4.128)

We specify the detailed construction of CZ gate below using a quantum Fredkin gate

defined as:

F =(10, 0, 2)11 (00, 21+11, 1, 1)11 (1,1, 1|) 0 12  (4.129)

+ 2,2,0)11(2,2,0 0 (12, 2,0)22(0,0,21 + 10, 0, 2)22(2,2,01),

which realizes a controlled swap between the 10, 0, 2)2 and 12, 2,0)2 states conditioned

on the first qutrit being in the state 12, 2, 0)1. In the encoded basis, Eqs. (4.52)-(4.54),

the CZ gate can now be realized as follows. First, apply the quantum Fredkin gate

from Eq. (4.129) separately to the encoded control and target states to transform

each of their logical-qutrit basis states into:

2 ') = (12,2,0), + 10,0,2) 1)2,2, 0) 2 //2, (4.130)

I') = (12, 2,0), + 10, 0, 2)1)10, 0, 2)2/N/2, (4.131)

10') = Ii, 1, 1)111, 1, 1)2. (4.132)

Next, because the logical-basis states' second qutrits are in the computational basis,

we apply a physical-basis CZ gate to the second qutrit of the control and target's
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encoded states. Finally we apply the adjoint of the quantum Fredkin gate from

Eq. (4.129) separately to the control and target states to return their logical-qutrit

basis states to those from Eqs. (4.52)-(4.54). The overall operation then realizes CZ,,t,

the CZ gate between the control and target qutrit's logical-basis states, as follows

CZct= (Fc ( t)tCZ 2,2 (Pc 0 Pt), (4.133)

where Pk denotes the Eq. (4.129) gate applied to the control (k = c) or target (k = t)

states, and CZ 2,2 denotes the CZ gate in the qutrit basis between the second physical-

qutrit of the control and target's encoded states.

Qubit X(2) Embedded Error-Correcting Code

Using only X(2) interactions and linear optics, we now show how to construct the

strictly universal gate set for the qubit X(2) EECC's logical-basis states that consists

of the controlled phase gate A(S) and the Hadamard gate H. First we introduce the

&,p gate, which rotates the logical-basis state in Eq. (4.82) back to a three-mode

Fock state while leaving the three-mode Fock state in Eq. (4.83) unchanged:

&xp= 12, 20) (01 + 11, 1, 1) (11 + 10,O0,2) ((01O,21 - (21 2, 0V~

The &xp gate is realizable with x(2) interactions (see Appendix A.2), and it serves as

a computational primitive for implementing the qubit X(2) EECC's A(S) gate and its

Hadamard gate, as well as its encoding and error-correction operations, as explained

in Appendix A.2.

The Hadamard gate in the encoded qubit basis corresponds to the transformation:

H = [(12, 2,0) + 0,0, 2))/2 + 1, 1, 1)/V ](O

+ [(12, 2,0) + 10, 0, 2))/2 - 11, 1, 1)/x/2](il

+ (10, 0,2) - 122, 0))((0, 0, 21 - (2,2,0)/2. (4.134)

Using 8 XP gate and its inverse, we can rewrite the Hadamard gate as H = &,, 1'(XP,
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where

H'1, 1, 1) = (12, 2, 0) - 11, 1, 1)) L1 11|/v 2,

+ (12, 2,7 0) + 11, 1, 1)) (2, 2, 01 / V2 + 10, 0, 2) (0, 0, 21, (4.135)

is the Hadamard gate in the {2, 2, 0), 11, 1, 1)} qubit basis. We show in Appendix A.2

that H' can also be implemented with just x(2) interactions.

IT'C) slawur

BS BS

Iq',i)- kH-u D 2-Ml\

Figure 4-4: A(S) gate implementation for the qubit X(2) EECC in the logical basis.
10c) and Jos): control and target qubits. DM2, DM1: dichroic mirrors. BS: beam
splitters. SHG: second-harmonic generation. 7r/2: quarter-wave phase shifter. SPDC:
type-I phase-matched spontaneous parametric downconversion.

To complete the universal gate set in the logical basis, we can implement the

controlled phase gate A(S) with the optical circuit shown in Fig. 4-4, in which 0),

and JO)t represent the control and target qubit's logical-basis states ". In this circuit,

the initial &,p gates rotate those logical qubits' bases back to Fock states. Then the

first set of DM2 dichroic mirrors direct the pump-mode photons into the first beam-

splitter (BS), while leaving the signal and idler photons propagating on their original

rails toward the second set of DM2 dichroic mirrors. If and only if the control and

target qubits are in their 1i) states does Hong-Ou-Mandel interference occur at the

"This circuit uses single-rail encoding for the control and target qutrits, i.e., their signal, idler, and
pump photons have a common spatial mode, with the signal and idler's photons being orthogonally
polarized and the pump's photons being co-polarized with the idler's.
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first BS block. When that interference occurs, illumination of a subsequent SHG block

by a frequency-wp two-photon Fock state-if present-results in its conversion to a

frequency-2w, single-photon Fock state that is directed (by a DM1 dichroic mirror)

to a wave plate that imparts a 7/2 phase shift. The remaining BS, DM, and (type-I

phase-matched) SPDC stages complete the A(S) gate by restoring the pump-photon

frequencies on the target and control rail's 1i) states to wp. The A(S) gate is completed

by the final &,,p gates that rotate the logical qubits' bases back to the X(2) EECC's

{0), i)}.

4.3.4 Generalized Quantum Hamming Bounds

New quantum Hamming bounds are essential for establishing the code-rate optimal-

ities of our X(2) PCC and X( 2) EECC, because the conventional quantum Hamming

bound presumes that the physical and logical bases have the same dimensionality,

whereas such is not the case for our X( 2) PCC and X(2) EECC. Furthermore, the dom-

inant errors for our codes are photon-loss errors, not physical-qudit rotation errors.

Thus in this section we develop generalized quantum Hamming bounds to account

for both of these discrepancies.

First, we establish the generalized quantum Hamming bound for physical-qudit

rotation errors and then derive the generalized quantum Hamming bound for an

[[n log2 (q), k log 2 (b), 3]] code that corrects all single-photon loss errors, and we show

that the X( 2) PCC and the X( 2) EECC saturate this bound with N = 2. Before

proceeding, there is the following important point to be made about the photon-loss

quantum Hamming bounds.

Our physical-subspace definition for photon-loss errors differs from that for physical-

qudit rotation errors, which leads to differences in these errors' quantum Hamming

bounds. We make that physical-subspace distinction because X(2) quantum com-

putation has a direct-sum structure, rather than a tensor-product structure. More

specifically, the direct-sum structure is dictated by the irreducible representation of

the Lie group generated by the X(2) Hamiltonian. Take the X(2) EECC with N = 2 as

an example. This code's physical subspace is N 2 = Span{0, 0, 2), 1,1, 1), 2, 2, 0)}.
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Although one might argue that this code's physical subspace has the 33 dimensionality

of the tensor-product space R03, this choice ignores our focus on quantum computa-

tion using X(2) interactions as the computational primitives. With these primitives,

the accessible Hilbert space for the qubit X(2) EECC is N 2, not R03. In our view, be-

cause the state preparation and computation required to encode and decode the qubit

X(2) EECC are executed with unitaries generated by X(2) interactions, it is therefore

appropriate to take N 2 as the physical subspace for that code's photon-loss quantum

Hamming bound.

Generalized Quantum Hamming Bound for Qudit-Rotation Errors

The generalized quantum Hamming bound for qudit-rotation errors is established in

the following theorem.

Theorem 5. The [[n log 2(q), k log 2(b), 2t + 1]] code has quantum Hamming bound

given by:

(q 2 _ 1)ib q. (4.136)
=0 (

Proof: Suppose that there are j < t physical qudits with errors. Their (n) possible

locations within the length-n codeword can be determined completely by that weight-

j error's decomposition into (q 2 - I)j independent error operators. The dimensionality

of all weight-j errors for each logical codeword is therefore (7) (q2 - 1)i. So, because

there are bk codewords, the total number of possible errors is

Z (n) (q 2 _ 1)ibk,

j=O

and for them to be correctable that total should no larger than the subspace dimen-
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sionality for n physical qudits of dimension q, i.e., we require

(n) (q2 - 1)bk < qn, (4.137)
j=0

which completes the proof.

Our generalized quantum Hamming bound reduces to the conventional Hamming

bound for qubit encoding of qubits codes by choosing b = q = 2. The advantage of

adopting different dimensions for the logical and physical bases can now be illustrated.

If we use n physical qutrits to protect one logical qubit against physical qutrit-rotation

errors Theorem 5 implies that

2(1 + 8n) < 3, (4.138)

which is satisfied by n > 4, which is less than the n = 5 required for encoding a

logical qubit in the qubit basis. This example makes it natural to ask what is the

maximum k/n for either the same-basis or different-bases encoding. Theorems 6 and

7 answer this question for k = t = 1.

Theorem 6. For nondegenerate [[n log 2 (q), log 2 (q), 3]] QEC codes, maxq(1/n) = 1/4

is achieved for q > 4.

Proof: When b = q and k = t = 1 our generalized quantum Hamming bound from

Eq. (4.136) simplifies to

1 + n(q2 _ 1) < qn-1. (4.139)

For n = 2 and n = 3 and all q> 2, this condition is never satisfied, but for n = 4 it

is satisfied for all q 4, and the theorem is proved.

Theorem 7. For nondegenerate [[n log 2 (q), log 2 (b), 3]] QEC codes, maxb(1/In) = 1/3

is achieved with b = 2 for all q > 6.
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Proof: When k = t = 1 our generalized quantum Hamming bound becomes

[1 + n(q2 - 1)]b < q". (4.140)

For n = 2 this condition is equivalent to (2b - 1)q 2 - 1 < 0, which cannot be satisfied

for b > 2 and q > 2. Direct evaluation of (4.140) for b = 2, however, verifies that it

is violated for 2 < q 5, but satisfied for q ;> 6, hence completing the proof.

The preceding theorems address code efficiency for situations in which the phys-

ical qudits have unlimited dimensionality but their number is fixed. In this case,

using higher-dimensional physical qudits to encode lower-dimensional logical qudit is

advantageous. On the other hand, if codeword dimensionality, qf, is fixed, a more

appropriate code-efficiency metric for a QEC code is its volume ratio, r = b/n.

Theorem 4 shows that b = q = 2 is optimum for maximizing r.

Theorem 8. For nondegenerate [[n log 2(q), k log 2(b), 3]] QEC codes, maxb,q(r) is at-

tained at b = q = 2 for all values of k.

Proof: When t = 1 our generalized quantum Hamming bound is

[1 + n(q2 - 1)]bk < q", (4.141)

which immediately gives us

r < 1/[1 + n(q2 - 1)]. (4.142)

The right-hand side of this inequality is maximized by q = 2. For q = 2 and any k,

choosing b = 2 then minimizes the n value needed to satisfy Eq. (4.141), hence maxi-

mizing r. Indeed, ignoring the integer constraint on k, we have that k = n - ln(1 +3n)

achieves r = 1/(1 + 3n) when b = q = 2.
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Theorem 8 shows the inherent volume-efficiency advantage of choosing the physical

and logical bases to be qubit bases when physical-qudit rotation errors are the errors

of interest. The situation is different, however, when qudit-rotation errors are much

less likely to occur than photon-loss errors, as we will now show.

Generalized Quantum Hamming Bounds for Photon-Loss Errors

The generalized quantum Hamming bound from (4.136) can potentially be violated

when protection against photon-loss errors, rather than qudit-rotation errors, ac-

counts for the primary error mechanism. Our QEC codes are designed to take ad-

vantage of this possibility.

Consider encoding k logical qubits in n physical qutrits when loss of a single

photon is the dominant error mechanism. There are three possible single-photon-loss

errors for each qutrit: a single photon may be lost from either the signal, idler, or

pump modes. For a single-photon loss from any one of the 3n bosonic modes to be

correctable, then the total dimension of photon-loss errors,

Derr= (n 2k, (4.143)
D e r j 0 i

cannot exceed the dimension, D,, of the resulting corrupted code subspace. Take

the X(2) EECC code with N = 2 as an example. Its code subspace lies in W2 =

Span{| j, j, 2 - j) : 0 < j 2}, hence its corrupted code subspace-after loss of a

single photon-lies in

W' =Span{I0, 0, 2), 1, 1, 1), 12,2, 0), 0, 0, 1),

i0, 1, 1), 1, 1 0, 1) 1 1foloi 0)p 1,on 2,0),11 1, 0)}, i (4.144)

implying DI.,,, :5 9" and the following photon-loss quantum Hamming bound for
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qutrit-qubit x(2) QEC codes:

3n 2k = 2(1 + 3n) j 9n. (4.145)

This bound beats the corresponding generalized quantum Hamming bound, (4.138),

for physical-qudit rotation errors as (4.145) is satisfied for all n > 1, whereas (4.138)

requires n > 4. So, because only one physical qutrit is required by the quantum

Hamming bound to protect a logical qubit against single-photon-loss errors, we have

shown that our qutrit-qubit x(2) EECC saturates (4.145). The following theorem

provides the photon-loss generalized quantum Hamming bound on X(2) QEC codes

that use n physical qudits of dimension q to encode k logical qudits of dimension b.

Theorem 9. The generalized quantum Hamming bound for single-photon loss errors

is (1 + 3n)bk < (4q - 3)1.

Proof: Paralleling the derivation of the photon-loss dimension, Derr, for encoding of

qubits, we have that

Derr = 3n - (1 + 3)b. (4.146)
j=0

For all of these errors to be correctable by the X(2) QEC code, Derr cannot exceed the

dimension, Dl1 ,,, of the corrupted code subspace. Prior to a photon loss, each physi-

cal qudit comes from a code subspace that lies within 7 q-1 = Span{ j, j, q - 1 - j) :

0 < j < q - 1}. For 1 < j < q -2, loss of a single photon from Ij,j,q- 1-j)

corrupts gq_1 by adding three new dimensions., whereas loss of a single photon from

10, 0, q - 1) corrupts Nq_ by adding one new dimension, and loss of a single pho-

ton from Iq - 1, q - 1, 0) corrupts Wq_1 by adding two new dimensions. Thus we get

Dioss < (4q - 3)" and our proof is complete.

The X(2) PCC has k = 1, q = b > 2, and n = 2. It satisfies the photon-loss

134



quantum Hamming bound, as it must, because we have already shown that it can

correct all single-photon loss errors. Moreover, the photon-loss quantum Hamming

bound for all q = b > 2 is violated when n = 1, so our X(2) PCC saturates this bound.

Likewise, the X(2) EECC, which has k = 1, q = 2b - 1 > 3, and n = 1, satisfies

the quantum Hamming bound, as it must, because we have shown that it can correct

all single-photon loss errors. Indeed, it saturates this bound.

Now, having seen how our quantum Hamming bound for photon-loss errors differs

from that for qudit-rotation errors, let us elaborate on the origin of this difference

for the x(2) EECC with N = 2. Qudit-rotation errors conserve this code's physical

subspace, and can transform an encoded state to any state in the 27-dimensional space

j2t3. In contrast, when the x(2) EECC with N = 2 loses a photon, its 3-dimensional

physical subspace N 2 is transformed to the 6-dimensional physical subspace spanned

by

{10,1 0,7 1), 7 0, 1, 1),1,1 0, 1),111, 1, 0),1 71 2, 0),112, 1, 0) }.

So, as we see it, this code's photon-loss quantum Hamming bound should take into

account this limited subspace dimensionality. Nevertheless, it is instructive to con-

sider the following alternative code-rate definition for the photon-loss channel: the

ratio between the logical subspace's dimension and that of the physical subspace

which includes both the code states and the photon-loss-corrupted states. With this

alternative definition and arbitrary N > 2, the [[log 2 (2N - 1), log2 (N), 3]] EECC's

physical subspace has dimensionality 3(2N -3) +4 = 6N -5 for the single-photon-loss

channel, leading to a log 2 (6N - 5)/log 2(N) code rate. Comparing the new rate to

what our preferred definition yields, i.e., log 2(2N - 1)/log 2 (N) from Table 4.1, we

see that their ratio is approximately 1 for N > 1 with both rates approaching 1 as

N -* oc. The full utilities of different code-rate definitions, however, may await a

deeper understanding of bosonic error-correcting codes' fundamental properties.
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4.3.5 Summary

We have used a stabilizer-inspired symmetry-operator analysis to design three hardware-

efficient QEC codes for X(2) quantum computation: the X(2) PCC, the X(2) EECC,

and the x(2) BC. All three codes need only full-quantum X(2) interactions and linear-

optics transformations for their encoding, decoding, and error-correction operations,

and their universal encoded-basis gate sets. For both the X(2) PCC and the X(2) EECC,

we provide exact implementations for their error-correction procedures and universal

gate sets, things that are commonly lacking for existing bosonic QEC codes. Full-

quantum three-wave-mixing in superconducting resonators, together with its nonde-

molition photon-number parity measurements [B 1710, S H1 10'1, SPII ], provide

what is currently the most promising experimental platform for implementing the

X( 2 ) PCC and x(2) EECC in either the qubit or qutrit bases. Our x(2) BC encodes

each logical qubit using an average of 3(N - 1/2) photons and can correct m-photon

(m < N) loss or gain errors, or (m - 1)th-order (m < N) dephasing errors. It is

the first known bosonic code with O(N) scaling for the number of photons needed

to correct such errors. This scaling advantage comes with a price: the X(2) BC re-

quires channel monitoring that identifies m. Our results thus establish a route to

breaking the existing ceiling on encoding efficiency by including new measurement

strategies. We have also derived generalized quantum Hamming bounds for x(2) QEC

codes and for nondegenerate codes that correct photon-loss errors. The x(2) PCC and

the X(2 ) EECC were shown to saturate their respective photon-loss quantum Ham-

ming bounds. Notably, our symmetry-operator framework provides a systematic way

for constructing bosonic QEC codes based on properties of the underlying system dy-

namics. It also provides a straightforward generalization from qubit-basis three-mode

encoding to qudit-basis multi-mode encoding.
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Chapter 5

Hardware-efficient Universal

Quantum Control

In this chapter, we propose a universal quantum gate control framework which pro-

vides a universal cost function to encompass constraints from both available hardware

resources and the fidelity of realistic quantum gate execution. It facilitates plug-

and-play application of any advanced machine learning algorithm, and achieving a

low-valued cost function in our framework guarantees the hardware efficiency of the

optimized quantum gates.

5.1 Introduction

The fidelity and runtime of quantum gates are crucial measures of quantum gate

performance that determine the computational capacity of both near- and long-term

quantum devices. Higher gate fidelities lower the resource overhead for fault-tolerant

error correction, while shorter runtimes directly extend the limit on quantum circuit

depth that is set by the onset of uncorrectable errors caused by noise and dissipa-

tion [B-1- [41)].

Another key component that determines the practical applications of near-term

quantum devices is the universality of the quantum gates realizable through ana-

log controls. For pre-fault-tolerant quantum computers, quantum operations are not
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limited to a finite gate set otherwise necessary for achieving fault tolerance. Conse-

quently, implementing a high-fidelity and fast quantum gate with one control-pulse

sequence instead of a deep circuit through optimal gate synthesis can greatly re-

duce the resource overhead and expand the feasible computational tasks. As recently

demonstrated in Refs. [1IS , N' IS], replacing the standard universal gate set with

unrestricted unitary gates reduces the required circuit depth for the near-term ex-

perimental demonstration of quantum supremacy by one order of magnitude. This

helps pushing forward the frontier of quantum computer's computational capacity in

its race against its classical competitors.

However, a universal control framework that facilitates optimization over major

experimental non-idealities under systeniatic constraints has been lacking, which pre-

vents us from fully leveraging the flexibility of quantum control schemes. On the

one hand, quantum computing systems with an ever-growing number of qubits are

facing aggravating amounts of stochastic control errors and information leakage. On

the other hand, the specific form of system Hamiltonians is limited by the underlying

physics of the computing platform and thus unable to directly induce any desired

quantum dynamical evolution on demand. Overcoming these challenges is key to

reaping the speedups promised by quantum computers [Fey), Gro9)7, DIS iS].

Stochastic control errors can severely perturb the actual control outcomes if they

are not well accounted for during control optimizations. But in most cases, the exact

model of experimental control errors is unavailable. Traditional methods for improv-

ing control robustness against control errors have centered around closed-loop feed-

back optimizations [DP10, RCAM12, CWW , L L13, P\Z '17], which necessitates

frequent measurements of the quantum system. Since existing experimental measure-

ments are relatively slow and can degrade subsequent gate fidelities, such closed-loop

optimization has yet to become practical for near-term devices. The majority of open-

loop control optimizations [N I 3uI, H1BG 1 IJ address robustness through analysis of

the control noise spectrum and control curvature given by the control Hessian, which

quickly becomes computationally exorbitant for multi-qubit-system control optimiza-

tion as system size increases.
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Undesirable couplings between a quantum computing system and its environment

also become inevitable when the system is sufficiently large, which induces informa-

tion leakage. Such leakage errors prevent the implementation of fast and high-fidelity

quantum gates in many platforms, such as superconducting qubits. As introduced in

Sec. 2.4.2, there are two kinds of leakage errors: coherent leakage, which is determin-

istic and reversible, that is caused by direct couplings between the qubit subspace

and higher energy subspaces; and incoherent leakage, which is caused by either non-

adiabatic transitions' during modulation of system Hamiltonians or by photon loss

to the environment. Coherent leakage can be further divided into resonant and off-

resonant components, depending on whether the frequency components of the control

are close to the energy gap separating the qubit subspace from a higher energy sub-

space (resonant) or not (off-resonant).

The high-dimensional control landscapes of multi-qubit-system quantum control

problems in the presence of leakage and control errors are poorly understood due to the

lack of appropriate analytic tools and the prohibitive computational cost of numerical

approaches. Despite this lack of precise control-landscape knowledge, unsupervised

machine learning techniques are able to obtain high-quality and scalable solutions

to similar high-dimensional continuous-variable optimization in real-world problems.

Notably, reinforcement learning (RL) stands out for its usefulness in the absence of

labeled data because of its stability against sample noise and its effectiveness in the

face of uncertainty and the stochastic nature of underlying physical systems. In RL,

a software agent takes sequential actions aiming to maximize a reward function, or a

negative cost function, that embodies the target problem. Successful training of an

RL agent depends on balancing exploration of unknown territory with exploitation

of existing knowledge.

Deep RL techniques [SI L*1. 5, A 17 I , S 16] have revolutionized unsupervised ma-

chine learning through novel algorithm designs that provide scalable, data efficient,

and robust performance with an improvement guarantee. Further empowered by ad-

'The non-adiabatic transition away from the qubit subspace results from the coherent quantum
evolution of the full system, but in the context of the current study such transition is effectively
incoherent because the return transition does not have time to occur.
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vanced optimization techniques using deep neural networks, they are able to solve

difficult high-dimensional optimization problems that are beyond the reach of clas-

sical RL techniques in benchmark tasks such as simulated robotic locomotion and

Atari games [SM\II 15, M 16, S t]. Although Q-learning, a classical RL technique,

has been applied to quantum control problems recently [(L. t 1, BDSt-17], these

studies have yet to include practical leakage or control errors. The dimensionality of

the control problem grows quicker when information leakage into the environment is

taken into account: instead of 24-dimensional Hilbert space for an n-qubit system, we

have 22" degrees of freedom to describe an open system with non-zero environmen-

tal interaction. We will show that deep RL techniques are capable of solving higher

dimensional quantum control problems with leakage than previously attempted. The

key to leveraging these advanced RL methods is to find an analytic cost function that

captures the quantum optimization problem's complete objective.

A comprehensive and efficiently computable leakage bound for the given control

scheme is one missing piece of a universal control cost function for control optimiza-

tion of an arbitrary target unitary gate. Lack of an explicit leakage bound also

limits the generality of existing studies. For example, Refs. [1K+ 05, SSI G -(7, CI07,

MI IH H OS, (IMC 0, D\W(C t, H11(17, WVQ C D17] study quantum controls over indepen-

dent single-qubit Hamiltonians, but only for closed systems without leakage. To min-

imize resonant leakage errors, Ref. [GN NINV 11b] turns off independent controls over

the single-qubit Pauli Z couplings, and Refs. [MIGI14, B 14, ZGS 15, ZGS 1] turn off

single-qubit Pauli X and Y couplings. These hard constraints, however, could impair

the quantum computer's universality, or its controllability, because a time-dependent

evolution without controls over all independent single-qubit Hamiltonians is no longer

sufficient to implement an arbitrary unitary gate [K -05, SSHG+i- 07, C80 7].

To overcome these fundamental challenges in quantum control we connect deeper

physical knowledge of the underlying quantum dynamics with state-of-the-art RL

techniques by proposing a control framework, called Universal cost Function con-

trol Optimization (UFO), in Sec. 5.2. As part of this control cost function, an an-

alytic leakage bound for a Hamiltonian control trajectory that accounts for both
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resonant and off-resonant leakage errors is derived in Sec. 5.3. Our leakage bound

is based on a perturbation theory within the time-dependent Schrieffer-Wolff trans-

formation (TSWT) formalism [G AM(] and on a generalized adiabatic theorem; see

Appendix C for the details. The use of TSWT is a higher-order generalization of

the derivative-canceling method for adiabatic gates [\[GW(09], in which unwanted

leakage errors are suppressed to any desired order by adding control Hamiltonians

that are proportional to the associated orders of time-derivative of the dominant

system Hamiltonian. Our universal cost function enables a joint optimization over

the accumulated leakage errors, violations of control boundary conditions, total gate

time, and gate fidelity. Such a framework facilitates time-dependent controls over all

independent single-qubit Hamiltonians and two-qubit Hamiltonians, thus achieving

full controllability [1K , S H ss1 7, R(11107]. We relax hard constraints in control

optimization to soft ones in the form of the cost function's adjustable penalty terms,

thus offering more flexibility to the advanced machine learning optimizer. In Sec. 5.4,

we apply the UFO framework with a continuous-variable policy-gradient deep RL

algorithm. In Sec. 5.5, we summarize the performance of the RL agent trained by

trusted-region policy optimization [SMN[ 15], and find highest-reward/minimum-cost

analog controls for a variety of two-qubit unitary gates. For a broad family of two-

qubit unitary gates that are important for quantum simulation of many-electron sys-

tems, we improve the control robustness by adding simulated control noise during

training. The agent control solutions demonstrate a two-orders-of-magnitude reduc-

tion in average-gate-error over baseline stochastic-gradient-descent solutions, and up

to a one-order-of-magnitude reduction in gate time from optimal gate synthesis coun-

terparts.

5.1.1 Attributions and contributions

The majority of this chapter is from a published joint work [NBISNI8] by M. Y. Niu,

S. Boixo, V. N. Smelyanskiy and H. Neven. M. Y. Niu, S. Boixo, and V. N. Smelyan-

skiy developed the project and theory. M. Y. Niu implemented the reinforcement

algorithms and numerical studies. All authors contributed to the draft. We thank
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through reinforcement learning, I. L. Chuang for useful comments on the draft, T. We-

ber, M. McCormick and L. Beyer for discussions of reinforcement learning methods.

M. Y. Niu acknowledges financial support from the Google research internship sum-

mer 2017 program, during which the majority of the work was performed. M. Y. Niu
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5.2 Quantum Control using Universal Cost Function

Optimization

Google's superconducting qubit architecture that allows tunable qubit-qubit coupling

[( 1 i] is called the gmon architecture. To the lowest order of approximation, the

system Hamiltonian of gmon qubits consists of one-body and nearest-neighbor-two-

body terms represented by bosonic creation and annihilation operators, at and aj, and

bosonic number operator hj, for the j-th bosonic mode. In the rotating-wave approx-

imation (RWA), with a constant rotation rate chosen as the harmonic frequency of

the Josephson junction resonator (see Appendix B), the two-qubit gmon Hamiltonian

takes the form:

2 2

HRWA M E (=j -1) -+ 9(t)(&2 1 +1&&2) + 6j(t)iM (5.1)
j=1 j=1

2

+ ifj(t) (&je-(t) - &teii(t)
j=1

where the time-independent parameter r7 represents the anharmonicity of the Joseph-

son junction, and the seven time-dependent control parameters are: (1) amplitude

fj (t) and (2) phase Spj (t) of the microwave control pulse; (3) qubit detuning 6j (t),

and (4) tunable capacitive coupling or g-pulse g(t). The computational subspace is

spanned by the two lowest energy levels of each bosonic mode: W2 = Span{ 0)j, 11)j},
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where In), represents a Fock state with n excitations in the j-th mode.

An effective control cost function is crucial to efficient control optimization and to

guaranteeing the full controllability over the quantum system. We propose a control

cost function that includes leakage errors, control constraints, total runtime, and

gate infidelity as soft penalty terms that are readily optimizable using RL techniques

without compromising system controllability. We illustrate the design of a UFO cost

function in the tunable gmon superconducting-qubit architecture [C I I].

A unitary gate is realizable through the control of the time-dependent Hamiltonian

defined in Eq. (5.1) according to U(T) = T[exp(-i f[ HRwA(t)dt)], with T denoting

the time-ordering operator. The inaccuracy of the controlled two-qubit unitary gate

U(T) with respect to a target unitary gate Utarget is measured by the gate infidelity:

1-F[U(T)] = 1-(1/16) Tr(Ut(T)Utarget) 2 [1K+ 05, SSHG+07, C 07, MIH80], which

vanishes only when U(T) = Utarget up to a global phase. This definition of control

inaccuracy is widely used in quantum control optimization [I- 05, SSH G1 07, CI )7,

IGHWO, B3DS 17, MGI4 ,11 h, ZGSS] for its modest computational overhead

during iterative optimizations. Gate infidelity can also be bounded by the average

gate infidelity measured through experimental benchmarking: lower gate infidelity

implies lower average gate infidelity [S'S 15]. For these two reasons, we choose gate

infidelity as the first part of our UFO cost function to penalize the control inaccuracy.

The second part is a penalty term on the accumulated leakage errors derived in

Appendix C. The last two terms of the control cost function penalize the total runtime

T and violation of control boundary conditions. Boundary conditions are chosen to

facilitate convenient gate concatenations: microwave pulses and the g-pulse should

vanish at both boundaries such that the computational bases and the Fock bases

coincide. This is enforced by adding EZtCT} [g 2 (t) +f2 (t)] to the control cost function.

Such boundary constraints also help to minimize the errors caused by deviations

from the RWA arising from the fast-oscillating nature of the non-RWA terms; see
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Appendix. B for details. We thus obtain the full UFO cost function:

C(x, 3, y, r,) = x[l - F[U(T)]] + /3Lot + p E [g 2 (t) + f 2 (t)] + iT (5.2)
tE{0,T}

where x penalizes the gate infidelity, 3 penalizes leakage errors, / penalizes violation of

the boundary constraints, and t penalizes the total runtime. These hyper-parameters

are optimized to achieve satisfactory control outcomes. To apply to quantum com-

puting platforms other than gmon qubits, each term of the UFO cost function can be

modified to best describe the optimization target based on the platform's underlying

physics.

5.3 Leakage Error Bound

To identify different sources of leakage errors, we decompose Eq. (5.1) into three parts:

HRWA(t) = H0+Hj(t)+H2 (t), where Ho = (r7/2) E2_1 n (ni -1) accounts for the large

constant-energy gaps separating the qubit subspace from higher energy subspaces. It

also determines the minimum energy gap A, separating the qubit subspace from the

nearest higher energy subspace. Henceforth, we set the Planck constant h = 1 for

the convenience of discussion, and the energy scale is measured in units of MHz. The

block-diagonal Hamiltonian

2

j=1

+ if 2 (t) R1 (& (10) 2 (12ei42(t) - 1)2 (01 2 e402(t))

+ g(t) (11)110)2(112(011 + 10) 111)2 (012 (11)

+ 2g(t) (12)1|1)2(212(111 + 11)1I2)2(112(211) (5.3)

accounts for the coupling within the qubit subspace Q0 = Span{fOO), 110), 01), 11)}
and within the first excited energy subspace Q1 = Span{120), 21),112),102)}, and the

block-off-diagonal ft 2(t) = HRwA(t) - H0 - H 1 (t) accounts for the couplings between
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different energy subspaces. H 2(t) is the culprit behind leakage errors. But, because

Ht (t) and H 2 (t) both derive from microwave pulses and the g-pulse, one cannot turn

off H 2 (t) without turning off control over the single-qubit Pauli X and Y unitaries

from H1i(t) that are crucial for obtaining full controllability of the qubit system.

In order to suppress and evaluate coherent leakage errors induced by H2 (t), we

adopt a rotated basis given by the TSWT framework, under the assumption that

inter-subspace and intra-subspace couplings are much smaller than the energy gap

separating different subspaces: lf 5j(t 6(t)| ~ c~ < r7 ~ A, see Ap-

pendix C. The effective block-off-diagonal Hamiltonian Ntd(t) after the TSWT can

thus be suppressed to any chosen order by applying the correct order of TSWT.

There are two independent sources of leakage errors for TSWT-based quantum

control that dominate in superconducting qubit gate controls. The first is the direct

coupling leakage caused by the non-zero block-off-diagonal Hamiltonian after the

second-order TSWT. The second is the leakage caused by violation of adiabaticity

due to fast modulation of the system Hamiltonian. We derive in Appendix C the

following bound for the coherent leakage errors at time T:

I I od (0) 1 lod(T T 1 d 24d (t)
L =+ +__ Tt(54
= fllHA(0) - I+ A(T) + A2(t) dt2 )dt (5.4)

where Hod(t) is of magnitude O(jE) after the second-order TSWT.

In addition to the coherent leakage errors bounded by (5.4), there also exist in-

coherent leakage errors due to the violation of adiabaticity from the time-dependent

nature of our control quantum dynamics in the off-resonant regime. We derive a gen-

eralized adiabatic theorem to bound the non-adiabatic leakage error in Appendix C.

We show there that such non-adiabatic leakage is not dominant in the off-resonant

frequency regime, i.e., (5.4) accounts for the dominant leakage errors in both the

resonant and off-resonant regimes.
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5.4 Deep Trusted-Region Reinforcement Learning

Our RL agent is comprised of two neural networks (NNs): one maps a given state

containing the information about the simulated unitary gate at the current step to

the probability distribution of the proposed control actions for the next step (the

policy NN); the other maps the same state to the projection of the discounted total

future reward (the value function NN) [SN IL I]. Both NNs are fully connected

with three layers of dimension 64, 32 and 32 respectively. Intuitively, the policy NN

encodes the analytic and nonlocal feature of control solutions. Such encoding, which

is traditionally captured by a carefully chosen analytic function [N I1' \A t], is now

represented by a model-independent NN without any prior knowledge of the target

cost function. The value function NN encodes the projected future interactions with

a stochastic environment and the associated control cost, which is used to adjust the

learning rate of the policy NN's gradient descent.

Both of the RL agent's NNs interact with a training environment that evaluates

the quantum dynamics under the RL agent's proposed control action and returns the

updated unitary gate and the corresponding control cost (as reward); see Fig. 5-1.

Optimization consists of many episodes, each of which contains all the time steps

of a complete quantum-control trajectory. The duration of such a sampled control

trajectory is determined by the minimum of a predefined runtime upper bound and

the time it takes to meet a termination condition. In our case, the termination condi-

tion is measured by a satisfactory value of the UFO cost function. After sampling a

20000-episodes batch, the policy NN is updated to maximize the expected discounted

future reward based on the proposed policy variation within the trusted region, and

the value function NN is updated to fit the expected discounted future reward based

on the newly added samples. A detailed algorithm is presented in [SNL L 115]. We

found that robustness against control errors is significantly improved by simulat-

ing experimentally-relevant Gaussian fluctuations in the control amplitudes using a

stochastic RL training environment. Our discovery differs from recent results in the

sampling-based method for obtaining control robustness in that we specifically include
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optimization over leakage errors in the presence of control fluctuations.

discounted future reward

value NN

control cost, new state Um .

U. =expIimt( ..+ 8 )oU,

- environment
agent <.,

action J

policy NN

state U,

Figure 5-1: Overview of the RL implementation. At iteration time step n + 1, the
policy NN proposes a control action in the form of the system Hamiltonian Hn+. The
training environment then takes the proposed action and evaluates the Schrddinger
equation under a noisy implementation Hn+1 +Hn+ 1 for time duration At to obtain a
new unitary gate Un+1 . It also calculates the associated cost function, and feeds that
and Un+1 into an RL agent. The RL agent's policy NN and value function NN are
then jointly updated based on the trajectory of the simulated unitary gate, control
action, and associated control cost [S LA 1 5].

We verified the quality and robustness of our control scheme by evaluating the

average fidelity of the noise-optimized control solution under different control-noise

model parameters, as shown in the Sec. 5.5. There, we compare the performance of

our RL-optimized control solution with that of the optimal gate synthesis. The latter

provides the minimum number of required gates from a finite universal gate set to

realize the same unitary transformation. Our RL control solutions achieve: (1) up to

a one-order-of-magnitude of improvement in gate time over the optimal gate synthesis

approach based on the best known experimental gate parameters in superconducting

qubits; (2) a two-orders-of-magnitude reduction in fidelity standard deviation over

solutions from both the noise-free RL counterpart and a baseline stochastic gradient
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descent (SGD) method; and (3) around two-orders-of-magnitude reduction in average

infidelity over control solutions from the SGD method.

5.5 Results

We now apply the UFO framework to find fast and high-fidelity two-qubit gate con-

trols that are robust against control errors. We define gate-control robustness un-

der a given control noise model as a bounded deviation of the average gate fidelity

F(8, Utarget) from an ideal average gate fidelity Fideal'

IF(8, Utarget) - Fideall < Eo, for 6o > 0, (5.5)

where the average gate fidelity

F(e, Utarget) = dk(01Ut argetF(L1)(V)Utarget 1/) (5.6)

embodies the quality of the gate-control quantum channel by averaging over the

whole state space under a uniform Haar measure [Nie()2], with the trace-preserving

quantum operation E accounting for the noisy implementation of a target unitary

Utarget; see Appendix E for detail. The average gate infidelity is defined accordingly

as 1 - P(E, U).

Such a robustness criterion can be validated for a given control scheme using

a number of computational steps that is linear in the total degrees of freedom of

control parameters. However, it differs from the canonical definition in optimal control

theory [N 1304, HBG 1], where the number of computational steps for the analysis of

robustness using control Hessians scales cubically with the control parameters' total

degrees of freedom. For special cases, such as closed-system single-qubit control,

there exist analytic expressions for the control Hessian [NB4, 113 14]. But in the

current work we choose a more practical definition of robustness that is scalable to

multi-qubit control problems.

Traditional quantum-control trajectory optimization depends on complete knowl-
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edge of the underlying physical model. In contrast, the success and robustness of

RL persist with incomplete and potentially flawed modeling. It is often the case in

experiments that the exact control error model is unknown. Given partial informa-

tion about the control error model, can we leverage RL optimization to find robust

control solutions against not just one but a set of control error models? In our case,

we deployed RL agents, trained by trust-region policy optimization [S.N IL 1)] in the

OpenAI platform [1 16], to find near-optimal control solutions to the UFO cost func-

tion described in Eq. (5.2). We incorporated a pertinent control noise model for gmon

superconducting-qubit Hamiltonian [C I ] into a stochastic training environment. At

each time step, amplitude fluctuations sampled from a zero-mean Gaussian distribu-

tion with 1 MHz standard deviation, which amounts to around 5% control parameter

uncertainty, were added to Hamiltonian parameters that are known to be fluctuation

prone: qubit anharmonicity, qubit detuning amplitudes, microwave control ampli-

tudes, and qubit g-pulse amplitude. See Appendix B for the details. Harnessing

the sample-noise resilience of RL optimization, we expected the optimized control

to be robust against a family of control noise models despite being trained under a

single model. This was indeed proven to be the case as evidenced by our numerical

simulations, see Fig. 5-4.

In gmon superconducting qubits, the energy gap that separates the qubit subspace

from the nearest higher energy subspace is A(s) ~ 200 MHz. We apply control fre-

quency filters (Appendix D) to piecewise constant analog control signals such that the

bandwidth of the proposed Hamiltonian modulation is limited to 10 MHz. Given that

our off-diagonal Hamiltonian after the second order TSWT is of order 100 KHz (Ap-
1 1 Id 2]ILd (9)pendix C), the first leakage-bound term in Eq. (5.4), f 2') d ds, is of

order 10-4, which is close to the fault-tolerant threshold for leakage error of the near-

term surface code [GF-15]. Although the gmon Hamiltonian is fully controllable under

our UFO paradigm, we targeted a family of two-qubit gates parametrized by

K(a, a,y) = exp[i(aiaa' + auyuy + yufot )], (5.7)
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where k for k E {x, y, z} is the jth qubit's Pauli matrix. Optimal gate synthe-

sis [V W ] provides the optimal decomposition of such unitary transformation into

a minimum number of arbitrary single-qubit rotations and CZ gates, yields a depth-

seven circuit containing three two-qubit gates and five single-qubit gates, see Fig. 5-2.

This gate family includes the SWAP, ISWAP, CNOT, and CZ gate, the fermionic

SWAP gate, and Given's rotation up to single-qubit rotations. Both the fermionic

swap gate and Given's rotations are used for realizing Jordan-Wigner transformations

in fermionic Hamiltonian simulation [w\ 11 , K I 1, 'S 17]. Identifying continu-

ous controls that outperform their optimal gate synthesis counterparts for this family

of gates thus has far-reaching applications across quantum chemistry and quantum

simulation. The UFO cost function's parameters were optimized through a grid search

and turned out to be x = = 10, p = 0.2, K = 0.1, values that are applicable to all

target gates.

01LR_(2,y - i / 2) R_(-7r / 2)-

Riiii-,(77/2) Rx/-a) A,2 - 2

Figure 5-2: Optimal gate synthesis for realizing unitary gate .N(a, a, y).

We compared the overall runtime of our noise-optimized control obtained by the

RL agent with its optimal gate synthesis counterpart. Based on state-of-the-art ex-

perimental implementations, we set the gate time for each single-qubit gate to 20 ns

and CNOT to 45 ns. Optimal gate synthesis in Fig. 5-2 thus has a 215 ns runtime.

The gate times of our noise-optimized control schemes for three different values

of -y are shown in Fig. 5-3. There, different data points for the same -y are obtained

by the same RL agent with an adaptive step size in a to guarantee a constant upper

bound on the total optimization time: target gate a will be increased by one step

a = a + 0.1, either when the agent obtains a control solution with a low enough

overall cost, or when the optimization time for a given a exceeds a pre-defined value.

We discovered that it takes significantly less time for an RL agent to learn a new
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Figure 5-3: Gate runtime of the two-qubit gate family AF(a, a, y) for -y = ir/2 (blue
ur), ~y = w/6 (green curve) and 'y = ir/3 (yellow curve). The standard optimal

gate synthesis runtime for this gate family is around 200 ns which is marked by the
dashed red line. Total leakage errors and gate infidelity are bounded by O(i0-4) and
O(i0-3), respectively, for all cases.

target unitary gate, based on the successful learning of a nearby target, than to learn

a new target gate afresh, which provides heuristic evidence for the transfer learning

facilitated by RL using a deep NN2.

Fig. 5-3 shows that an RL optimization provides a one-order-of-magnitude runtime

improvement for the two-qubit gate family parametrized by .A(a, a, w/2) with a e-

[1.2, 1.7] over the optimal gate synthesis. Such significant improvement originates

from the decomposition of this two qubit unitary right at the center of this region

with a = = ir/2 into a direct product of single-qubit unitaries. This demonstrates

the hardware efficiency of our control optimization of finding the underlying unitary

relations to automatically reduce gate time. In particular, the target unitary gate

can be rewritten as .A(a, a, w/2) = - expli(a~rf o + aof of)] exp[-ilot] exp[-ilot]

whose two-qubit entangling part is directly realizable through a time evolution under

the gmon Hamiltonian defined in Eq. (5.1) without detuning or microwave controls:

2 The use of an adaptive step size can be replaced by parallel RL agents, each dedicated to a fixed
target unitary gate, but that was not the focus of the current study.
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6j(t) = fj(t) = 0 with j C {1, 2}. Our RL control optimization is thus able to detect

such an inherent regularity, which relates a given system Hamiltonian to the family of

target unitary gates that are efficiently implementable. Isolated peaks in the gate time

plot in Fig. 5-3 are potentially due to control singularities, which suggests the need

for further studies into the hardness of the analog-control landscape in the presence

of leakage and control errors.

We verified the robustness of the noise-optimized control solution HRwA(t) from

RL by evaluating its average fidelity F(E, Utarget) and the standard deviation of the

control gate fidelities F[U(HRwA(t))] under different control noise instances 6 HRwA(t)

sampled from the same Gaussian distribution N(0, O-noise):

Ufidelity = E6RWA(t)~N(0,anoise) (F[U(RwA(t) + 6HtRWA(t))] - Fave), (5.8)

Fave = EbfRWA(t)~N(Oaoii)F[U(fRWA(t) + 6HIRwA(t))]. (5.9)

We consider a Gaussian family of stochastic control error models: the amplitude

fluctuations of control parameters are described by zero-mean Gaussian distributions

with a standard deviation -noise ranging from 0.1 MHz to 3.5 MHz. The gate control

performance under the noise model with 1 MHz standard deviation is a reasonable

indicator for experimental implementations. Nevertheless, the exact value of the

standard deviation is hard to determine and can drift over time. The blue curve in

Fig. 5-4 represents the average fidelity of the noise-optimized control by RL, which

stays within the range of [99.5%, 98%] under the given noise model parameter range,

satisfying our control robustness definition with E0 = 0.007 at -noise = 1MHz. In

Fig. 5-4, we compare noise-optimized control with a noise-free control solution ob-

tained by an RL agent without a stochastic environment, represented by the green

curve marked by diamonds, and with that obtained by a baseline stochastic gradient

descent (SGD) technique using the Adam optimizer [KB 141], represented by the red

dashed lines. The noise-optimized control solution manifests up to a one-order-of-

magnitude improvement in average gate infidelity over the noise-free control solution

using RL, and around two-orders-of-magnitude improvement in average gate infidelity
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Figure 5-4: Average fidelities of the optimized quantum control schemes versus the
standard deviation of Gaussian control noise for the gate .A(2.2, 2.2, r/2). The blue
line represents the performance of the noise-optimized control obtained by an RL
agent trained under a noisy environment. The green line marked by diamond shapes
represents the performance of the control obtained by an RL agent with a noise-free
environment. The red dashed line represents the performance of the control trajec-
tory obtained by SGD. Subplot (a): zoomed in comparison of the average fidelities
of the noise-optimized and noise-free RL control solutions under different standard
deviation values for the Gaussian control noise. Subplot (b): comparison of the stan-
dard deviation of fidelity for three different control schemes under different standard
deviations of the control noise Unoise, where each data point is calculated from 60
different control trajectories with control amplitude error at every time step sampled
from the Gaussian distribution N(0, Jnoise).

over SGD baseline solutions. Moreover, the sampled fidelity standard deviation of the

noise-optimized RL solver is consistently two-orders-of-magnitude lower than that of

the two other methods throughout the tested noise model parameter range. This

result validates the improved stability of our control solution obtained by a policy-

gradient trained RL agent against experimentally relevant Gaussian control-noise

models.

153

1

0.95

0.9(D
L-

0)
CO

Ca

(a)

0.85 -

0.8-

(b) -

0.75 0
0 0.05

0.3

I



5.6 Summary

We proposed a quantum control framework, UFO, for fast and high-fidelity quan-

tum gate control optimization. It was applied to an open-loop control optimization

through reinforcement learning, in which the control trajectory is encoded by a first

neural network (NN) and the control cost function is encoded by a second NN. Robust

control solutions were obtained by training both NNs under a stochastic environment

mimicking noisy control actuation. We achieved up to one-order-of-magnitude reduc-

tion in average gate infidelity over noise-free alternatives and up to a one-order-of-

magnitude reduction in gate time over the optimal gate synthesis solution. These

improvements are significant, given that the highest gate fidelity in state-of-the-art

superconducting-qubit systems is around 99.5%, and that the total computation run-

time is limited by decoherence to several microseconds.

Our work opens a new direction for quantum analog control optimization using RL,

where unpredictable control errors and incomplete physical models of environmental

interactions are taken into account during the control optimization. Other advanced

machine learning techniques are also readily applicable to our control framework.

The success of deep RL in Alpha Go [S-16] and robotic control [SML , 16]

suggests that our approach-once generalized to closed-loop control optimization,

where system calibration and gate control optimization are combined into a unified

procedure-could further improve control robustness against systematic and time-

correlated errors.
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Chapter 6

Conclusions and Suggestions for

Future Work

In this thesis, we pursued new examples and frameworks of hardware-efficient quan-

tum computation to maximize the computational capacities achievable with imperfect

computing substrates by utilizing their underlying physics.

In the first example of a hardware-efficient solution, we improved the efficiency

of nonclassical state generation with SPDC by studying the quantum dynamics of

SPDC processes. Then, we exploited that knowledge to design optical circuits that

amplify the SPDC's converted output, similar to what is achieved by Grover's search

algorithm. The methodology of tailoring computing algorithms to the underlying

physics was then applied to more general tasks of universal quantum computation

and error correction through our construction of a symmetry-operator-based comput-

ing framework. There we designed error-correction codes and realized universal gate

sets using the underlying symmetries of full-quantum x(2) interactions and the sym-

metry properties of that architecture's dominant photon-loss errors. The new scheme

provided significant resource savings in the number of single photons needed for ro-

bust quantum computation. For the first time, we are able to protect a constant rate

of photons from photon-loss errors. But our X( 2)-based computing scheme requires a

very strong X(2) nonlinearity if it is to be practical. Full-quantum three-wave-mixing

in superconducting resonators, together with its nondemolition photon-number par-
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ity measurements [BV\I 1-0, SAT H 41, SPi1 -1], provide what is currently the most

promising experimental platform for this scheme.

The symmetry-operator-based computing scheme we described is applicable to

any physical substrate whose physical interactions and available operations can be

easily described by symmetry operators. In particular, one future direction is to

apply our hardware-efficient computing framework to superconducting systems. This

requires us to identify the symmetry operators of the Bose-Hubbard Hamiltonian,

the symmetries of the realizable high-fidelity quantum measurements, and finally the

symmetry properties of the dominant errors. New kinds of hardware-efficient error

correction codes might thus be found, and it would be of great interest to explore the

advantages these new family of codes would enjoy over existing fault-tolerant schemes

for superconducting systems.

In the second hardware-efficient framework, we focused our attention on the su-

perconducting system, which apart from its current front-runner position in realizing

large-scale quantum computation, is also the most promising platform for realizing

our X(2 -based computing schemes. Here the black-box of a hardware-efficient frame-

work, as shown in Fig. 1-1 of introduction chapter, is embodied by neural networks.

Due to the universal representability of neural networks, our universal control frame-

work is able to facilitate system-specific computational advantages without sacrificing

generality. More specifically, the system specific hardware limitations and imperfec-

tions are encapsulated into the choice of a cost function, but the optimization of the

cost function itself is outsourced to a powerful machine learning algorithm, which is

universal across different quantum systems.

While we have only focused on the specific type of computational task of two-qubit

gate optimization when applying the preceding universal quantum control framework,

we believe there is a path forward to extending to even more challenging computa-

tional tasks. Our initial numerical testing considers only stochastic fluctuations in

control signals as the main hardware imperfections. Looking forward, we see op-

portunities to include a larger family of realistic errors with a fairly straightforward

extension of the environment model.
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We are hopeful that our work demonstrates only the very beginning of a much

larger body of computational advantages that can be obtained through hardware-

efficient algorithm design.
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Appendix A

Appendix for Chapter 3

In this appendix, in Sec. A. 1, we present the encoding, decoding, error-detection, and

error-correction procedures for the qutrit-basis X(2) PCC given in Eqs. (4.52)-(4.54);

Sec. A.2 provides a similar development for the qubit-basis x(2) EECC.

A. 1 Encoding, Decoding, and Error Correction for

Qutrit-Basis X(2) Parity-Check Code

Encoding. Encoding of the qutrit-basis X(2) PCC amounts to preparation of the

code's logical-zero state 10) = 111)1111)2, because any quantum computation can

be decomposed into a sequence of universal gates acting on the all-zero logical state.

The X(2) PCC's logical-zero state contains a single photon in each of its six bosonic

modes, which can be prepared by combining the heralded single photons-of the ap-

propriate frequencies and polarizations-generated by pumped SPDC processes into

one spatial mode by means of dichroic mirrors and polarizing beam-splitters.

Decoding. Decoding for the qutrit-basis X(2) PCC can be realized as follows. First,
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we by apply the qutrit-CNOT gate

CNOT, 2 =11,1, 1) (1, 1, 1 2 + 10,0, 2) 1(0, 0, 21 ® (12,2,0)22(1,1, 11

+ I, 1, 1)22(0, 0, 21+ 10, 0, 2)22(2, 2, 01)

+ 2,2,0)11(2,2,0 0 (10,0,2)2 2 (1,1, 1 + Il, 1, 1)22(2,2,01 + 12,2,0)22(0,0,21),

(A.1)

where the superscript 3 denotes a qutrit-basis gate and the subscripts 1,2 indicate

that the first physical-basis state is the control and while the second is the target.

This gate transforms the logical basis states {Ij)I j = 0, 1, 2} into {j'), j = 0, 1, 2}

given by

1 ') =(12,12,10)112,12,10)2 +10,0,12)110,10,12)2)/N/2, (A.2)

ji') =(12, 2, 0)1 + 10,0, 2)1)11, 1, 1)2/N//, (A.3)

0)=11, 1);1, 1, 1)2. (A.4)

Next, we apply the CNOTi1 gate to transform the {li')} into {1")} given by

p5") =11, 1, 1)1(12, 2,0)2 + 10,0, 2) 2 )/N/2, (A.5)

li") =(12, 2, 0), + 10,0, 2)1)l1, 1, 1)2 /V/, (A.6)

16/") =|1, 1, 1);1, 1, 1)2. (A.7)

Computational-basis measurements can now be completed by making photon-number

resolving measurements on the six bosonic modes: 10) is identified by every mode

containing a single photon; Ii) is identified by only the second physical qutrit having

modes containing single photons; and 12) is identified by only the first physical qutrit

having modes containing single photons.

Error Detection. Error detection for the X(2) PCC uses nondemolition measure-

ments of the X(2) PCC's photon-number parity vector, P12 from Eq. (4.67), and its
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generalized photon-number parity vector, q 12 from Eq. (4.69), to obtain the unique

syndromes

&S1 - P12 = (1, 1,0,0,0, 0), q 12 = (1,2, 2,2), (A.8)

ail - P12 = (1, 0,1,0,0,0), q 12 = (2,1,2,2), (A.9)

a, 1 -+ P12 = (0, 1, 1,0, 0, 0), q12 = (1, 1,2,2), (A.10)

&S 2 - P12 = (0, 0, 0, 1,1, 0), q 1 2 = (2,2,1,2), (A.11)

&i2 P12 = (0, 0, 0, 1, 0, 1), q 12 = (2,2,2, 1), (A.12)

aP2 4 P12 = (0, 0, 0, 0,1, 1), q 12 = (2,2,1,1), (A.13)

for photon-loss errors, and

-t P12 = (1, 1, 0, 0, 0, 0), q12 = (0,2,2,2), (A.14)

&T P12 = (1, 0,1, 0, 0, 0), q1 2 = (2,0,2,2), (A.15)

%, P12 = (0, 1, 1, 0, 0, 0), q1 2 = (0,0,2,2), (A.16)

at2 P12 = (0, 0, 0, 1,1,7 0), q12 = (2,12,0,12), (A. 17)

St -+ P12 = (0, 0,0, 1,0, 1), q1 2 = (2,2,2,0), (A.18)

_t2 -+ P12 = (0, 0, 0, 0, 1, 1), q 12 = (2,2,0,0). (A.19)

for photon-gain errors.

Error Correction. Single-photon loss errors can be corrected using just linear optics

and X( 2 ) computational primitives, as we now explain. To correct a single-photon-

loss error, we must increase the photon number of the corrupted mode by one, while

to correct a single-photon gain error, we must decrease the photon number of the

corrupted mode by one. Because single-photon gain errors are much less likely to

occur than single-photon loss errors in X(2) media and linear-optical circuits, we will

only provide a specific error-correction circuit for single-photon loss errors. Without

loss of generality, we will assume that the single-photon loss error is in one of the first
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physical qutrit's modes.

Our error-correction procedure presumes that the x(2) PCC's first and second

qutrits are single-rail encoded on different rails. For both qutrits, the signal and idler

photons are frequency degenerate (w = Wi = w) and orthogonally polarized, while

the pump photons have frequency wp = 2w and are co-polarized with those of the

idler. Consequently, signal, idler, and pump photons that are propagating on a single

rail can be directed to separate rails-using a polarizing beam splitter (PBS) and a

dichroic mirror (DM)-for individual processing, after which they can be recombined

on a single rail using those same linear-optics resources. We now present the error-

correction steps for single-photon loss error on the first qutrit's signal mode (Case A)

and the first qutrit's pump mode (Case B).

PBS SFG

DM1 - PBS Dw DM3 DM4

input output

step 1 step 2 step 3

Figure A-1: Circuit for restoring the two-pump-photon subspace after loss of a single

signal-mode photon from the X(2) PCC's first qutrit. Input is the encoded state's

first qutrit, which has suffered a signal-photon loss; output is the encoded state's

first qutrit restored to the two-pump-photon subspace. DM1, DM2, DM3, DM4:

dichroic mirrors. PBS: polarizing beam-splitter. SHG: second-harmonic generation.

QFC1, QFC2: quantum-state frequency conversion. SFG: sum-frequency generation.

SPDC1, SPDC2, SPDC3: frequency-degenerate, type-I phase-matched spontaneous

parametric downconversion. See text for details.

Case A: Correction of a First-Qutrit Signal-Photon Loss.

Loss of a signal photon from the X(2) PCC's first qutrit converts the encoded qutrit
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kbo) = a2) + /I) + -7|) to

|bG) =all, 2, 0)I0, 0,2)2 + /31, 2, 0)i 2, 2,0)2

+ _Y10, 1, 1)111, 1, 1)2, (A.20)

which shows that the first physical basis is no longer in the two-pump-photon sub-

space. Error correction is accomplished by transforming 1, 2, 0), to 12, 2, 0)1 and

10, 1, 1), to |0, 0, 2)1, to restore the qutrit to the two-pump-photon subspace, and

then applying a sequence of gates realized with X( computational primitives, to re-

store the encoded basis back to that defined in Eqs. (4.52)-(4.54). We restore the

physical basis to the two-pump-photon subspace using the optical circuit shown in

Fig. A-1, whose three steps are described below.

Step 1. Dichroic mirror DM1 directs the first qutrit's pump photons from the in-

put rail to the bottom rail in Fig. A-1. Polarizing beam-splitter PBS then directs

signal photons from the original rail to the top rail in Fig. A-1. There, a quantum-

state frequency conversion (QFC1) converts a frequency-w single-photon Fock-state

signal, if present, to a frequency-2w single-photon Fqck state. Meanwhile, a second-

harmonic generation (SHG1) in the middle rail converts a two-photon Fock-state

idler, if present, to a frequency-2w single-photon Fock state that is co-polarized with

the signal. Until this point, the 10, 1, 1), component of 'I) has been unaffected, but

its 11, 2, 0), component has been transformed to 10, 0, 1)111),, where 11) denotes a

frequency-2w single-photon Fock state that is co-polarized with the signal. Dichroic

mirror DM2 then directs the frequency-2w photon from the middle rail, if present,

to the upper rail through a PBS. Thus, at the end of Step 1, the 10, 0, 1)111). state

component is confined to the top rail, while the idler photon of the 10, 1, 1), state

component resides in the middle rail, and that state component's pump photon oc-

cupies the bottom rail.

Step 2. In Step 2, a sum-frequency generation (SFG) stage in the top rail first con-
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verts 10, 0, 1) 11), into a frequency-4w single-photon Fock state that is co-polarized

with the signal, after which the frequency-degenerate, type-I phase-matched SPDC1

transforms that single-photon Fock state to 10, 0, 2)1. In Step 2's middle rail, the

quantum-state frequency conversion QFC2 coherently converts the frequency-w idler

photon to frequency 2w, from which the frequency-degenerate, type-I phase-matched

SPDC2 produces a two-photon Fock state in the idler mode. SPDC2's output is then

combined with the bottom rail's pump photon via dichroic mirror DM3, thus com-

pleting conversion of 10, 1, 1) -which had been distributed between the middle and

bottom rails-to 10, 2, 1), residing on the middle rail.

Step 3. Step 3 completes restoration of the two-pump-photon subspace as follows. It

first uses the frequency-degenerate, type-I phase-matched SPDC3 in the middle rail

to convert a single pump-mode photon into a pair of signal-mode photons, realizing

the transformation of 10, 2, 1), to 12, 2, 0)1. Then it employs dichroic mirror DM4 to

recombine the top-rail's 10, 0, 2), contribution with the middle rail's 12, 2, 0), contri-

bution so that when 1,0) from Eq. (A.20) is the input to the Fig. A-1 circuit, the

output state that results is

4'i) =aO0,'0, 2)110, 0, 2)2 + 10,0,2)112,2,0)2

+ -y2, 2, 0);l1, 1, 1)2. (A.21)

Having restored the X( PCC's first qutrit to the two-pump-photon subspace, cor-

recting for that qutrit's loss of a single signal-mode photon is completed by applying

the following gates.

Gate 1. The first gate we apply is the qubit CNOT gate,

CNOT2,1 = 1 0 (10,0,2)22(0,0, 21+2, 2,0)22(2,2,01)

+ (10, 0, 2)11(0,0, 21 + 11, 1, 1),1(2,2, 01

+ 12,2, 0), (1, 1, 11) 11, 1, 1)2 2(1, 1, 1|/V/2, (A.22)
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which gives

1'02) = CNOT2, 11 1) = a10, 0, 2) 110,0,2)2

+ /30, 0, 2)112, 2,0)2 + _y1l, 1, 1) 111, 1, 1)2.

Gate 2. The second gate we need is the controlled-Hadamard gate,

A 21 (H) = 1 0 (10, 0, 2)22(0, 0, 21 + 1,1, 1) 1(1, 1,1)

+ (I+)11(0, 0, 2 + 1-), (2, 2, 01) ® 12, 2, 0)22(2,2,01,

where )- (0, 0, 2), + 2, 2, 0)1)/v-2, which gives

03) = A 21(H) I2) = a10, 0, 2)110, 0, 2)2

+ i31+) 1 12, 2, 0)2 + _Y 11, 1, 1)111, 1, 1)2.

Gate 3. The third gate we use is the not-controlled Hadamard gate,

A21(H) = 1 0 (1,1, 1) a(1, 1, 11 + 122, 0)22(2,2, 0)

+ (1+) 11 (0, 0, 21 + 1-) 1 (2, 2,01) 0 10,0,2)22(0,0,2,

which gives

104) = A 21(H)|1 3) = al+)110, 0, 2)2

+ 01+)112, 2,0)2 + 711, 1, 1)111, 1, 1)2.

Gate 4. The final gate we need is the qubit-CNOT gate

CNOT '2 = (11, 1, 1) 1(1, 1, 11 + 2, 2, 0)11(2, 2, 0 2

+ 0, 02)11(0,020) (12,2, 0)22(, 0,21

+ 10,0,12)22(2,2,101).
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We then get

V)= CNOT '2 @4 ) (A.29)

= a(12, 2, 0)110, 0,2)2 + 0, 0, 2)I12, 2, 0) 2)/V2

+ 0(12, 2,10)i,2,210)2 + 10, 0, 2)110, 0, 2)2)/V2

+ _Y1,1 1, 1)11,7 1, 1)2, (A.30)

which completes recovery from loss of a first-qutrit signal photon, because 105) = 100).

Case B: Correction of a First-Qutrit Pump-Photon Loss. We correct loss of a pump

photon in the X(2) PCC's first qutrit by a procedure similar to that in Case A, i.e.,

we first coherently increase the photon number in the corrupted pump mode by one,

to restore the physical basis to the two-pump-photon subspace, and then apply a

sequence of gates realized with x(2) computational primitives, to restore the encoded

basis back to that defined in Eqs. (4.52)-(4.54).

Loss of a first-qutrit pump photon from the encoded qutrit 14'o) = a|2)+O i)+70)

results in

IQe =aJO, 0, 1)il, 12,210)2 + 00,011)110,10,12)2

+ _Y|, 1, 0)|1,1 1)2. (A.31)

The optical circuit shown in Fig. A-2, which restores the physical basis to the two-

pump-photon subspace, works as follows. Dichroic mirror DM1 directs the pump

photon to the top rail in Fig. A-2 leaving the signal and idler photons on the original

rail, after which the 10, 0, 1)1 component of the first qutrit resides on the top rail,

while the 11, 1, 0)1 component remains on the original rail. Quantum-state frequency

conversion QFC1 coherently converts the frequency-2w pump photon on the top rail

to frequency 4w from which the frequency-degenerate, type-0 phase-matched SPDC1

produces a two-photon Fock state in the pump mode. At this point, the top rail

contains the 10, 0, 2), component of the overall state.
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On the original rail, quantum-state frequency conversions QFC2 and QFC3 are

phase matched so that QFC2 coherently converts a frequency-w signal photon to fre-

quency 2w and QFC3 coherently converts a frequency-w idler photon to frequency 2w.

The frequency-degenerate, type-0 phase-matched SPDC2 transforms the frequency-

2w signal-polarization photon into a signal-mode two-photon Fock state. Likewise,

the frequency-degenerate, type-I phase-matched SPDC3 transforms the frequency-

2w idler-polarization photon into an idler-mode two-photon Fock state. After these

transformations the original rail contains the 12, 2, 0)1 component of the overall state.

QFC1

. -DM1 - QFC2 - QFC3 DM2 - o
input output

Figure A-2: Circuit for restoring the two-pump-photon subspace after loss of a single
pump-mode photon from the X( PCC's first qutrit. Input is the encoded state's first
qutrit, which has suffered a pump-photon loss; output is the encoded state's first qutrit
restored to the two-pump-photon subspace. DM1, DM2: dichroic mirrors. QFC1,
QFC2, QFC3: quantum-state frequency conversion. SPDC1, SPDC2: frequency-
degenerate, type-0 phase-matched spontaneous parametric downconversion. SPDC3:
frequency-degenerate, type-I phase-matched spontaneous parametric downconversion.
See text for details.

After dichroic mirror DM2 combines the outputs of SPDC1 and SPDC3 on the

original rail, we see that when IbV) from Eq. (A.31) is the input to the Fig. A-2 circuit,

the resulting output state is

4'1) =aJ0, 0, 2) 2,2, 0)2 (A.32)

+ 10, 0, 2)110, 0,2)2 - |2, 2, 0)1, 1, 1)2,
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which lies in the two-pump-photon subspace.

Error correction for loss of a first qutrit's pump photon is completed by applying

the following four-gate sequence.

Gate 1. The first gate we apply is the controlled Hadamard from Eq. (A.24), which

gives

10 2) = A 21(H) 101) = ao+) 1 12, 2, 0)2

+ 010,0,12)110,10,12)2 + -y 2, 2, 0),1|1, 1, 1)2. (A.33)

Gate 2. The second gate we use is the not-controlled Hadamard from Eq. (A.26),

which gives

143) = A 21(H) b 2) = al+)112, 2, 0)2

+ ,|+)1|0, 0, 2)2 + 71 2 , 2, 0)11, 1, 1)2.

Gate 3. The third gate we employ is CNOT2 1 from Eq. (A.22), which gives

104) = CNOT ,1 10 3) = al+)112, 2, 0)2

+ 01+)|0, 0,2)2 + ^01, 1, 1)111, 1, 1)2.

Gate 4. The last gate we employ is

CNOT2 = (10, 0, 2)11(0,0,2 + 11, 1, 1), (1, 1, 11) 0Z2

+ 12, 2, 0),1(2, 2, 01 (12, 2, 0)22(0, 0, 21

+ 10, 0, 2)22(2,2,01).

(A.34)

(A.35)

(A.36)
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which gives

105)= CNOT2 4 ) (A.37)

= a(12,2, 0)1 10,0,2) 2 + 10,0,2) 112, 2,0) 2 )/V'2

+ 0(12, 2,10)|,12,210)2 + j0, 0,2)jj0, 0,2)2)/Vf

+ 711, 1, 1)11,1 1, 1)2, (A. 38)

and completes the recovery from loss of a first-qutrit pump photon.

A.2 Encoding, Decoding, and Error Correction for

the Qubit-Basis X(2) Embedded Error-Correcting

Code

Below, we present encoding, decoding. and error correction procedures for the qubit-

basis x(2) EECC. We also give an explicit procedure-using full-quantum X(2) interactions-

for constructing the logical rotation (Xp) and Hadamard (H) gates for this encoded

qubit, as these gates are used in the error-correction procedures.

Encoding. To prepare the qubit-basis X( 2) EECC's logical-zero state, I1, 1, 1), we

follow the procedure given earlier for the qutrit-basis X(2) PCC's encoding of one of

its logical-zero state's qutrits.

Decoding. Decoding of the qubit-basis X() EECC is realized by making a photon-

number parity measurement on any one of the encoded state's three bosonic modes:

the photon-number parity every mode in 10) is even, whereas the photon-number

parity of every mode in i) is odd.

Error Detection. Error detection for the qubit-basis x(2) EECC employs nondemo-

lition measurements [S [T' I I] of the photon-number parity vector, p from Eq. (4.42),
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and the generalized photon-number parity, qEECC from Eq. (4.92). These measure-

ments provide the following unique syndromes,

a. -+ p = (1, 1, 0), qEECC =(1,2),

ai -4 p = (1, 0, 1), qEECC = (2,1),

a, - p = (0,1,1), qEEGC = (11)7

(A.39)

(A.40)

(A.41)

for photon-loss errors, and

t

-- p = (1, 1, 0), qEECC = (0, 2),

-+ p = (1, 0, 1), qEECC = (2, 0),

+p = (0, 1, 1), qEECC = (0, 0),

(A.42)

(A.43)

(A.44)

for photon-gain errors.

Logical rotation and Hadamard gates. Here we show that the p and fI gates,

defined in Eqs. (A.50) and (4.134), are realizable with unitary transformations gen-

erated by X(2) Hamiltonians. For that purpose, we augment the X(2) Hamiltoni-

ans G1 , G2 , from Eqs. (4.2) and (4.3), with five additional x(2) generators, {Gk

3 < k < 7}, from the u(3) Lie algebra in the two-pump-photon subspace 7W2 =
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Span{10, 0, 2),1,1,1), 2, 2, 0)} [?] that are obtained as follows:

03 = i[il 2] =

0

-1

[0

1 0
0 0

0 0]

1

0

0

4 = i$ 2, G3] = 3

05 = i[O3, 1 ] = 3i

G6 = (i[a,

i[ A 3i07 = 4, 2] = -
4

04] + i[G5, 02]) =

0 0 0

0 0 -1.

0 1 0

Here, we have set r, = 1 in Eqs. (4.2) and (4.3), and the matrix representations, which

only apply in the two-pump-photon subspace W2, employ the vT = [ Vi v2, v3 I

representation for elements of 712, in which an arbitrary pure-state qutrit is ?/) =

v1 1l, 1, 1) + v2 2, 2, 0) + v310, 0, 2).

Using the preceding generators, the X gate can be implemented by the unitary

evolution up to a global phase

xP = ei 27rG6/ 3eisrG7/ 3 , (A.50)

and the H' gate can be realized via

ft/ = eisr64/6e--i7G5/12 (A.51)
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(A.46)

0

0

0

3

(A.47)

(A.48)

0 0

0 1

1 0

(A.49)

0 0

-2 0 ,

0 1

1 0

0 0 ,

0 0



up to a global phase. Together with Eq. (A.50) and ft = Z f'ZP, our fi' result

now gives the decomposition of Hadamard gate in the encoded basis as

ft = e--ir6/3 -- 2w66/3eiW64/6 -ir6,/12ei27r66/3eixr6/3. (A.52)

Error Correction. Similar to what we showed for the qutrit-basis x(2) PCC, the

qubit-basis x(2) EECC's error-correction procedure can be categorized into two cases:

single-photon loss in either the signal or idler mode, and single-photon loss in the

pump mode. Because of the symmetry between the signal and idler modes, we shall

only exhibit error-correction for signal-mode and pump-mode photon losses.

Case A: Correction of a Signal-Photon Loss. After a single-photon loss in its signal

mode, the pure state I4'o) = al1) + /3Ii) in the qubit-basis X(2) EECC becomes

I) = cell, 2, 0) + 10, 1, 1). (A.53)

To restore the original encoded state, we first bring the corrupted state back to the

two-pump-photon subspace using the optical circuit shown in Fig. A-1, which yields

l"/i) = a10, 0, 2) + 312, 2, 0). (A.54)

Then we apply a unitary gate generated by G4 to obtain the state

. /02) = eiGr6/610) = al0, 0, 2) + 011, 1, 1). (A.55)

Finally, we employ a unitary gate generated by 07 to recover the original state,

1/3) = eilr67/3|IV 2) = a(10, 0, 2) +12,2, 0))/v/2

+ 011, 1, 1) = 10o). (A.56)

Case B: Correction of a Pump-Photon Loss. After a single-photon loss in its pump
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mode, the pure state 10o) = a10) + 01i) in the qubit-basis XM EECC becomes

IV)/) = a|0, 0, 1) + #1 1 0). (A.57)

To restore the original encoded state, we first bring the corrupted state back to

the two-pump-photon subspace using the optical circuit shown in Fig. A-2, which

produces

1i) = aIO, 0, 2) + 312, 2, 0). (A.58)

Finally, applying the gate sequence defined in Eqs. (A.55) and (A.56) restores the

original qubit-basis encoded state.
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Appendix B

Gmon Hamiltonian and Control Noise

In this appendix, we derive the two-qubit gmon Hamiltonian in the perturbative

regime. It is obtained by quantizing a phenomenological classical Hamiltonian for

nonlinear LC circuits containing Josephson junctions, as explained below.

The supercurrent across a Josephson junction between two superconducting me-

dia, in the absence of any external field, persists and undergoes quantum oscillations

once connected to a capacitor. Intuitively, it is the quantum tunneling across the

junction that drives the supercurrent. Such a macroscopic quantum effect is associ-

ated with a phenomenological classical circuit model, in which the effective voltage

across the Josephson junction comes from the changing phase difference # across the

junction, i.e.,

V= o do (B.1)
2w dt

where #0 = h/2e and e is the electron charge. Moreover, the supercurrent depends

on the phase difference as

I = I sin( p) , (B.2)

where the critical current I is a parameter characterizing the junction. Once we

connect the junction to a capacitor of capacitance C, we obtain a nonlinear quantum
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oscillation. Writing the potential energy of the inductor according to

U =IVdt = "
27r

dc
sin(#)--tdt = -E j cos#,

the energy contribution from the capacitor

1
T = CV 2

2
iC( 0)2

2 2 r

can be regarded as the oscillator's kinetic energy term.

(B.4)

The Hamiltonian for the

Josephson junction oscillator, to lowest order in 0, is therefore

Ho = Uo + T = e2 + 02 1, (B.5)

with a and 3 determined by the effective capacitance and inductance of the super-

conducting circuit. For example, we can add an additional inductor to the Josephson

LC circuit to change the circuit's potential energy.

To analyze the quantum dynamics of this phenomenological model, we perform

second quantization of 0 by treating it as one of the two quadratures of a bosonic

field:

& + &= a , (B.6)

where K = (,3/a)1/ 4 . The conjugate basis 0 takes the form

-ta
S 

=, --a .
v/_2i'

(B.7)

Under this quantization, the harmonic part of the Josephson LC circuit's Hamiltonian

is

1
fto = Wo(W& + )) ,2

(B.8)

where we have set h = 1 and defined wo = /r .
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Now let us include the lowest order anharmonic term from Eq. (B.3) to the Joseph-

son LC circuit's Hamiltonian:

H, = _04 = Y (a + et)4 (B.9)
4

= 7 [(&2 + (at)2) 2 + (&2 + (^t)2) (2+ + 1) + (2h +1) (&2 + (&t)2) + (2i + 1)2

(B.10)

with h = &ta, y determined by the configurations of additional inductor or capacitor

elements added to the Josephson LC circuit, and r is the anharmonicity parameter.

Two superconducting qubits can interact by capacitive coupling between two

Josephson LC circuits. To the lowest order, such capacitive coupling energy depends

on i and 2 as:

H 2 = -a')i2 = -atM (&t - di)(&t - &2), (B.11)

where the coupling strength a'(t) is tunable.

Additionally, we also have capacitive coupling between a strong non-depleted mi-

crowave pulse and our quantized bosonic modes that is given by

1
Tmicro = 1 CVriveVqubit . (B.12)

2

The microwave drive-induced voltage is proportional to the field amplitude,

Vdrive = f(t)e-i(t-W) + f Mei(Ot+) (B.13)

with c-number f(t) determined by the amplitude of the microwave drive, <p being the

phase of the drive and w being the frequency of the drive. The quantized voltage

of the bosonic field, on the other hand, can be represented by the conjugate phase

operator defined in Eq. (B.7)

Vqubit = dj - j) (B.14)
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up to a real-valued constant factor. Putting together the voltage dependence of

the control field and the quantized bosonic modes, we obtain the microwave pulse

controlled capacitive energy:

k 3 = i M- f (t) cos(w t + pgj) , (B.15)
j=1,2

where wj, po, and fj(t) represent, respectively, the frequency, phase, and amplitude

of each microwave pulse. The overall system Hamiltonian thus consists of four parts:

Ht= Ho + 1 + H2 + H3. (B.16)

We further simplify this Hamiltonian by switching to the interaction picture

H, = U (fl - fto) Ut (B. 17)

with U = eiHot and

Ho = (Oo + I)h = oh . (B.18)

The Hamiltonian for two bosonic modes hosted by two coupled gmon circuits in the

interaction picture thus takes the form

2 2

It1 =7 E[02,+-Zf&~ 2ic~ot + (&t)2e2iCot) + (&2, 6 2iCoot + (&) 26 -2iuot) (2hj +1)
j=1 j=1

+ (2hj + 1) (3e2iot + (3 )2e2io + 43 - 4hj + 1]

- 2(t) (&t&te2iuot + ie 2 ic2ot - &tat - a2 )

+ i (e-"+ e-(ow)t+ir) _- ((wo 'wiyt~i" + ei( )ti*)) fi(t)
j=1,2

(B.19)

where j =CGo - wo is the detuning of each qubit from the initial harmonic frequency.

The gate time of the gmon system t is usually set to be much longer than 1/77 satisfying
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tDO >> 1. We can therefore apply the rotating-wave-approximatoin (RWA) to omit

the highly-oscillating components whose phase varies at a rate equal or or faster than

wo. As a result, we obtain the following Hamiltonian for the gmon circuit bosonic

modes in RWA basis:

2

ERWA =j (tj - 1) + 9(t)(&t21 + &t 2 )
j=1

2 2

+ E (t)ij+ Zifj(t) (&jeiwi() - e-ii(t)) , (B.20)
j=1 j=1

where we assumed that the microwave frequencies wj are not too far from the qubit

frequency Co such that Aw = Do - wj < o, and define g(t) = a/(t) 1.

r7 g(t) 6 (t) f W O W(t)
amplitude 200 MHz [-20, 20 ] MHz [-20, 20 ] MHz [-20, 20 1 MHz [0, 27r]

error amplitude t 1 MHz 1 MHz +1 MHz t 1 MHz

Table B.1: Hamiltonian control parameter range.

The above Hamiltonian describes the two coupled Josephson LC circuits in the

perturbative regime of its anharmonicity. The parameter range of its coupling terms

are listed in Table. B.1. We require that the magnitudes of our two-qubit coupling

g-pulse g(t), detuning 5j(t) and microwave pulse amplitude fj(t) are at least one

magnitude lower than q to meet our leakage minimization condition. Moreover, we

make the modulation rate of all parameters g(t), 6j (t), f3 (t) to be within the frequency

range [-50,50] MHz due to experimental limitations. Projected onto the qubit basis,

this Hamiltonian takes the form:

HRWA = g ) + o7jo ) 2 f [ f,(t) (sin pj(t)j + cos Ojk(t) j4)]
j=1 -

(B.21)

The stochastic training environment is implemented by adding amplitude fluctua-

tion sampled from a zero mean Gaussian distribution of 1 MHz standard deviation to
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the six control amplitudes r/ -+ r/+ r, g(tk) -+ g(tk)+ 6 g(tk), 6 j (tk) - 6j (tk)+ 66 (tk)

and fj(tk) -* 6f3 (tk) in every discretized time step tk E [0, At, 2At, ... , NAt].
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Appendix C

Complete Leakage Bound

In the following sections, we derive the leakage bound Ltt, that accounts for different

sources of leakage errors during a time-dependent Hamiltonian evolution. We start

with the formulation of TSWT for defining a rotated computational basis, in which

direct coupling induced leakage errors are suppressed to higher order. Next, we prove

that the non-adiabatic leakage from our generalization of the adiabatic theorem under

TSWT is sub-dominant to obtain the final leakage bound Lt0 t defined in (5.4).

C.1 Time-dependent Schrieffer-Wolff transformation

The success of the Schrieffer-Wolff transformation [G A o0] rests upon the difference in

energy scales between the energy gap separating different subspaces and the coupling

terms within and between different subspaces. To generalize the previous formulation,

we decompose the system Hamiltonian into three parts

(C.1)

(C.2)

H(t) = Ho + H1 (t) + 4 2 (t),

Ho Z E1m)(ml,
a mEQ2a

H,(t) = (?n I (t)Im')IM)(M'
a mEQ.

H2 (t) = (M If12" '()M
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where Q, with a E {0, 1, 2, . .} represents different subspaces and {Im)} denotes the

orthogonal basis states spanning each subspace. The first term, Ho, accounts for the

time-independent part of the system Hamiltonian. The second term, H1 (t), accounts

for the time-dependent coupling within each subspace QG, which we call the block-

diagonal term. The third part, f 2(t), accounts for the coupling between different

subspaces which we call the block-off-diagonal term. In order to apply TSWT's per-

turbative expansion, we assume the magnitudes of three parts of the system Hamilto-

nian obey: A = minA 0 IEa-Eo > I (m IHt(t)Im')I ~ I(mIH2"a'(t)1l)I E, for Vm, m' E

a, 11 E Q&', a a' throughout the time-dependent Hamiltonian evolution, where we

use A and E to represent the different energy scales satisfying E/A << 1. Under this

assumption, each subspace Q, is separated from the other by an energy gap much

larger than the coupling within Q, or between Q, and Q0 for 0 : a. Now we perform

the Schrieffer-Wollf transformation represented by the anti-Hermitian operator S(t)

which rotates the original basis state [b) to -e-(t) I). In this rotated basis, the

effective Hamiltonian H can be found by

d.de-S d b+e~~I
i 0) e ) (C.3)

1

j= -iS ( )![s, S] + e-fe (C.4)
j=0

where 8(t) contains non-zero terms only between different subspaces, and is thus

block-off-diagonal. The goal of TSWT is to find a perturbative solution of the ro-

tation 8(t) = ES1(t) + E2 S2 (t) + ... + En~S(t) that block-diagonalizes the system

Hamiltonian [E\)0]such that the effective Hamiltonian NH's block-off-diagonal terms

are suppressed to an order of 0 (, 21) for the nth-order perturbative solution of S(t).

Below, we provide the derivation of S(t) up to the second order as a function of H(t).

We start by expanding the effective Hamiltonian in Eq. (C.4) into

00 1

N-i5 (+ 1)![S,5]J + - 4[H(t), S(t)] (C.5)
j=0 j=0
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using the algebraic relation

e- [H(t)e [(t), (t)]s, (C.6)
j=0

[H(t), $(t)]3 = [. .. [[H(t), S(t)], S(t)] ... , S(t)] .(C.7)
j many

We can now separate Eq. (C.5) into its block-diagonal and block-off-diagonal compo-

nents and choose the correct form of S(t) to cancel the block-off-diagonal component

to a chosen order. For simplicity, henceforth we do not write down the operator's

time-dependence.

As defined in Sec. 5.2, fto and H1 are block-diagonal, while S and H2 are block-

off-diagonal. Therefore, even-order commutators in Eq. (C.7) between Ho or H 1 with

S or S are block-diagonal, while their odd-order counterparts are block-off-diagonal.

Also, the odd-order commutators between 12 or S and S are block-diagonal and

their odd counterparts are block-off-diagonal. We thus obtain block-diagonal part of

Eq. (C.6):

Nd -- -i 2+(2j1[[+ ,52- +~ 1 [ ]2j+l.
(2j + 2)! + 2j! .+ H1, ]3 + (2j + 1)! [2 IS

(C.8)

Similarly we obtain the block-off-diagonal part of the effective Hamiltonian:

fod s ~~ ]2j + H + H1 S23+1 + [2, I 2j.
j=0 (2j + 1)! j = (2j + 1)! . 2j!

(C.9)

Now we would like to set the block-off-diagonal component to zero up to the order

O(63/A 2 ). With a slight abuse of notation, we use c below as shorthand for the

unitless value c/A. We solve such diagonalization through perturbative expansion of

the TSWT rotation, S= 651 + 252+... + OS, and S = e251 + S2+ ... + f n+

such that we solve order by order for the rotation S2(t) that cancels the block-off-
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diagonal parts of the Hamiltonian of order Q(e). Here, we assume that the TSWT

rotation changes at a rate that is of the same order as E: 15I -, ESI.

Following the same convention, we rewrite the original Hamiltonian as H = Ho +

e(H1 + H2) according to relative amplitudes of different components, and insert it

together with expansion of S(t) to obtain the order by order perturbative expansion

of the block-diagonal and block-off-diagonal parts of the effective Hamiltonian:

Na=to + ef + -2[H2 ,$ 1 ] + [ 2 , 2 ] - i 3[s 1] + 0 (E4) , (C.10)

ffIod =E[o, S 1] + EH 2 + E2[t 0 , S 2] + 6 2 [H1 , SI] - 2 S, (C.11)

3+ec 3[H 1 , $ 2 ] + [[[H2 , $1],51- E3 S2 + 0 (c").

Perturbatively diagonalizing the Hamiltonian to the first order in E, we have

[HoS 1 ] + 2 = 0, (C.12)

which gives us the matrix expression for the first order SW rotation

Ea -Ea2 (C.13)

where H2'' is the Hamiltonian between subspace a and Q,' and is itself a matrix.

To second order in diagonalization, we have

[Ho, S 2] + [H1 , j1] - iSi = 0, (C.14)

which immediately yields the matrix representation of the second order SW rotation

between subspace Q. and Q':

= cH - H ' H10' W (C. 15)
2 (Ea' - EU) 2  (Ea' - EQ) 2

where we use H' as the sub-dominant Hamiltonian terms within the subspace Q,.

Inserting Eq. (C.13) and (C.15) into Eq. (C.10) and (C.11) gives us the block-diagonal
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and block-off-diagonal parts of the effective Hamiltonian after second order TSWT:

+- -' 2/ +ae

(1Hd)a =Hoa + Ha - E H (C.16)

(Ea- E-)

+- I + -Hk2 fteY)
2 - (E 0 - Ea)2 (E-)2

+I E E _I 2I+OE)

(H'od)ala + A~ ta j,

(H) Hi c- 2H-aH Ha + H, (Had)t
(E0~f -c)

C.2 Leakag Bk

C. Leaag Bound k2f

Direct Coupling Leakage Bound:

The non-zero block-off-diagonal part of the Hamiltonian IHIa directly couples the

qubit subspace to the higher energy subspace. To evaluate the population that tran-

sition out of the qubit subspace due to this direct coupling, we adopt the interaction

picture with state basis (t))1 = U- 1 (t)|4(t)) that relates to the Schrdinger pic-

ture basis' initial state o-(O)) by a block-diagonal Hamiltonian evolution Ud(t) =

'[e--i fo d(T)d], where T represents the time-ordering. The Schr6dinger equation in

the interaction picture is i4(t)) 1 = U- 1(t)Nod(t)Ud(t)j4(0))I in which the lowest-
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order solution given IIoa(t)j is of order O(c 3 /A 2 ):

(C.18)

where we have inserted the initial condition 10(0)), = 10(0)). Because Ud(t) pre-

serves the computational subspace, the leakage is thus evaluated by the sum of the

amplitudes of all excited states outside the qubit subspace arising from the non-zero

block-off-diagonal Hamiltonian after TSWT:

Ldirect (t) = E (m(t) (Ud(0)4'0(0)) - Ud(t)I4())I)j
ca$O,mE~2Q

(m(t) ft Ud (t, ) tod(T)Ud(, t)dT1(t))

/t

(M((t) Ud(t , ) No(T)Ud(T, t)_dr

- (U(t) A~I dT d __ , t d(t, I I Ud(Tft)Ij())))

2= (M(t)| IUd(t, T) a (r)Ud(', t)dTr o

- 2Ud(t, T) Idftod(r) dU (-r, t) + tUd(t, T) Id2 2 d()Ud (T, t)I(t))

IHod (0)I1 IIodM1)+ Hod(0)1 d1. +2 2od(t)j [ ft I _dHodM__

A() A(t) A 2(0) ( 1 d A2d(t) dt2

(C.19)

where: approximation 1 is obtained from integration by parts , replacing Ud(T, t)

with dUd(7-,t) I' and using (m IH1 ipVo) 1/A; equality 2 is obtained by two mored-r dd

integrations by parts, and inequality 3 follows from the triangle inequality. The

middle two terms of (C.19) are at least one magnitude smaller than the remaining

terms in either the resonant or off-resonant regimes. Hence they can be omited in our

186

IV)(0)) ~[I - i I'U_-1 (T)Nkod(T) Ud(r) dr |(0))



final leakage bound:

L Hot Hod(0) Ho(t) I 1 dfiId(t) dt (C.20)
A(0) A(t) 0 2 (t) dt2

We now compare different terms of the leakage bound Eq. (5.4) in the resonant

and off-resonant frequency regimes separately. First, consider the off-resonant fre-

quency regime such that the Fourier components of the Hamiltonian's modulation

have a frequency range bounded above by a value much smaller than A. This con-

dition implies that for any nth order time-derivative we have dnII1Hodl/dtn ~f n < An,
101odl

where the modulation rate of the system Hamiltonian is much smaller than the min-

imum energy gap separating different energy subspaces. The TSWT assumption in

the off-resonant regimes implies: |]HNdl ~ c and IHiodll 6 3 /A 2 . Moreover, in the

off-resonant regime, the total runtime T obeys 1/T < A to guarantee that the mod-

ulation frequency is smaller than the energy gap. The first two terms in Eq. (C.19),
l11od(O)II + j~~ 1 A3

A(O) A(t) ~ (E), dominate in this regime, because they are separated from

the remaining terms by a factor of 1/A with A = mint A(t).

Now consider the resonant regime in which the frequency components of the

Hamiltonian modulation have magnitudes that are similar to the energy gap so that
d"n 11Idt" '-'s n , where unwanted couplings between the qubit subspace and a higher

energy subspace is of approximately the same frequency as the energy gap. The

TSWT assumption still holds with the amplitudes of the time-dependent Hamiltoni-

ans obeying Il,1|| ~ - c. The last term in Eq. (C.19), f 2 _(t) I I d(t) dt

O( f), is dominant in this regime because it is separated from the remaining terms

by a factor of 1/A.

Non-adiabatic Leakage Bound:

A generalized adiabatic theorem given below bounds the leakage amplitude into

higher-energy subspaces.

Theorem C.1. Let H(s) be a twice differentiable Hamiltonian parametrized by a

unitless re-scaled time s E [0, 1] comprising three parts: H(s) = HO +NIHd(s) + old(s).

The time-invariant term H0 = _L0 E ElIm)(ml ensures there is a large con-
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stant energy gap between the lowest energy subspace Qo and other higher energy

subspaces. The time-varying term Nid(s) accounts for couplings within each non-

degenerate subspace Q,, and Ntd(s) accounts for the coupling between different sub-

spaces. There is a separation between the energy gap and inter/intra-subspace cou-

pling: A = min, IE - Eol > I HI(s) ~Nod (s)I ~ -6. Let I#o(s)) = eso am(s) Im)

be an instantaneous eigenstate in the lowest energy subspace Q0 at physical time sT.

Let 14'(s)) be the state evolved from the same initial state I o(0)) at time s = 0 under

the total Hamiltonian H(s) to time s. We have the following inequality that bounds

the difference between these two states at the final time T by:

1 d~ (S) 1 dHod(S)
Lnon-aiabatic -2() (IId Is I+ TjI [N(s), Od(s)]S)1 + A2(s) I ds1

+Tj[NHd(s), IHod(s)]II)s=O] + j 11 d(1 j1Sod(S) + T IIId(s), tod (S 2ds

1 dA3 (s) ddss

+ T [Nd(s), [HN(s), Hod(s)IIII + 211 [Hd (s), Io + 21 [ ifod (s)]
0 A2 (S) (ds ds

+ d2 ds, (C.21)

where we choose an appropriate global phase for the initial state following the con-

vention in [JurU8].

Proof: The proof is a generalization of Goldstone's original proof in Ref. [.J4O08] that

accounts for the inter-subspace dynamics induced by Hd and intra-subspace coupling

induced by Hod. To begin, we change from the Schr6dinger picture 10(s)) to the

interaction picture 1 (s)). We define the unitary evolution under the time-dependent

diagonal Hamiltonian H(s) as

Ud(s, 0) = T[e-iT l fd(s)]ds (C.22)

which includes quantum dynamics within each subspace Q,, and satisfies the Schrddinger's
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equation:

d
-Ud(s, 0) = -iT(fNd (s))Ud(s, 0). (C.23)
ds

In the rotated basis 4'(s)) = Ud(sIO)I (s)), the quantum dynamics induced by Nfad(s)
within each subspace is absent because

i d
T 1s (S)) = (HA + NHI (s) + NHoI(s))Ud(s, 0) ?(s)), (C.24)

i d(U (s, 0)) K(s)) + Ud(s, 0) d (S))= (HA + N0 (S ) + Nod(s))Ud(s, 0) i(s)),

(C.25)

d
d I (S)) = Ud(0, s)(o + 1o1(s))Ud(s, 0) /(s)) = H(s) |(s)), (C.26)

H(s) = UdA(0, s)(Ho + Hod (S))Ud(S, 0) = HO + Ud (0, s)Hod(s))Ud(s, 0) (C.27)

where we use H(s) to represent the effective Hamiltonian in the rotated basis.

Now we continue to establish the adiabatic theorem in the rotated basis. If the

system Hamiltonian changes slowly compared to the energy gap A, then the transition

from the ground state living in the lowest-energy subspace Qo to an excited state

in a higher-energy subspace is negligible. Let 1&(s)) be the instantaneous energy

eigenstate of the effective Hamiltonian in the interaction picture

H(s)IOn(s)) = E2(s)kIO), (C.28)

where the eigenvalues { } are that of the effective Hamiltonian Ho+Ud(0, s)N8 0 (s))Ud(s, 0),

which differs from the original energies {En} of the static Hamiltonian Ho = E2  EI On) (On I
by a factor of O(2) under our assumptions.

By appropriately choosing the initial states global phase ei f0T Eo(t)dt, we can ensure

that the lowest energy state in the subspace Q0 has eigenvalue E0 = 0 and will thus

remain zero throughout the evolution:

H(s)10o(s)) = 0. (C.29)
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The deviation from the adiabatic evolution between the actual state and the instan-

taneous eigenstate is measured by

6(T) = 1'(T)) - bJo(T)) = UT(1, 0)1 o(0)) - I4o(T)) , (C.30)

where we use UT(1, 0) as the unitary transformation induced by the effective Hamil-

tonian in the rotated basis H(s) for time T:

UT(1,s) = TE,-if H(s)ds] (C.31)

which obeys the Schr5dinger equation:

dZ
- UT(1, s) = iTUT(1, s)H(s) = iTUT(1, s) (Ho + Ud(0, 1S)lHo~d(S)) Ud (S,1 0)).-
ds

(C.32)

Similar to Goldstone's proof [.JorW0, we rewrite the adiabatic deviation in Eq. (C.30)

as

6(T) = [UT(1, s) Io(s))] ds

After differentiating by parts, we have

J(T) = IO 1ds +[UT(1 dsUT(1, s)

(C.33)

(C.34)

Inserting Eq. (C.32) into Eq. (C.34) we get

6(T) =iT dsUT(1, s)H(s) Io(s)) + T dsUT(1, s) |k1o(s))

=T dsU(1,s) +Io(s)) , (C.35)

where we simplified the expression using the fact that 1o(s)) is the zero eigenvalue

instantaneous eigenstate of the rotated Hamiltonian. We then differentiate Eq. (C.29)
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with respect to s on both sides to obtain:

dH(s)S1o(s)) + H(s)-Iqoo(s)) = 0,s=+ ds

d d
-*H(s) |0o(s)) ds tO + Ud (0, 1S) ffd(S)) Ud(S, 0) ] o(S))

(C.36)

SdHod(s)

ds
(C.37)

S100 (s)) = (C.38)-GIdHd(s) o(s)),ds

where we used the fact that Ho is a constant, employed the shorthand notation

Hod(s) = Ud(0,s)Hl a(s))Ud(s,0), and defined G' = H 1.

Hamiltonian satisfies

OO= - (s))(On (s) I
nO n n50

This inverse of effective

1 n(S))(On(s)|+ 0( ) , (C.39)

where we used the same order-of-magnitude analysis as was employed Eq. (C.28):

the rotated basis energy gap between different energy subspaces is the same as the

original energy gap up to the order O(-) with e < A. Inserting Eqs. (C.32) and

(C.38) into Eq. (C.35) and integrating by parts, we obtain:

~y sado~)dUT(l1S)kf d ~(S))

dsUT(1,S)(G')2dHod(s) I
ds s=

s) d [(O)2 dHd s) 1d( )2 ds

(C.40)

S )

(C.41)

Now, using the results from Ref. [Jor08], it is straightforward to bound the magnitude
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of the adiabatic deviation given in Eq. (C.41) by

(G') 2 dHod(s) Hs=(G) ds

II(G ') 2 dHod(s)1
ds

+H|($')2 d$od(s)H1s=1 +

1S=O + |(G1) 2 dHOd(s)
ds

/o

dIo 1(s) 2+ a') 2 1 d2 Hod(S)
1 ds II( 'ds 2 I

Expanding the derivative of the off-diagonal Hamiltonian in the rotated basis we have

= d Ud(0, S) Hod (S) Ud(s,0) ,
- d uossduso

= iTUd(0, s)HNd(s)IHod(s)Ud(s, 0) +

- iTUd(0, s)Hod(s)]HN(s)Ud(s, 0),

= iTUd(0, s) [if(s), IHod (S)]Ud(S, 0)

(C.43)

Ud(0, s) ds Ud(s, 0)

+ Ud(0, s) ds Ud(s, 0).

This result and the triangle inequality give us the upper bound:

|dH (s) H1 ds II + TII[Hd(s), Hod(s)lI -
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T

1 (' Td od (S) (s)) I ds

dHod (s)
ds

(C.42)

(C.44)

:5
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Differentiating Eq. (C.43) with respect to s we obtain:

d 2 H d -T 2 U(0, s)1NIf(s)NiOf(s)Ud(s, 0) + iTUd(0, s) dlHds)NBd(S)Ud(s, 0)
dS 2  dds fo(S ds,0

+ iTUd(0, s)NfHd (s) dlHId(s) Ud(s, 0) + T2 Ud(0, s)fia(s)I[d(S)IBfd(s)Ud(s, 0)ds

dHTd(s) d2iNod (S) dHod (s)+ iTUd(0, s)Nfd (s) ds Ud(s, 0) + Ud(0, s) ds 2  Ud(s, 0) - iTUd(0, s) ds Hd(s)Ud(s, 0)

dss

dIHJ~ds)
+ 2 Ud(0, S)Ifd (S) H~od(S)1HL(S) Ud (S, 0) - iTUd(0, s) ds liHfd(S) Ud (S, 0)

- iTUd(0, S)NHoLd(S) ds Ud(s, 0) - T2 Ud(0, s)NHO(s)H 2(s)Ud(s, 0)

ST 2 Ud (0, s) [id (s), ds, d ( d(S, 0)+ i2TU(0, s)[ ) d(s), dHod(s)]Ud(s, 0)
ds

d2 IBo(s)U()did(s)
+ Ud(0, s) ds2 Ud(S ,+ 2TUd(0,[ Od(s)]U(s, (C.45)

This result gives us the following upper bound on the second derivative in the non-

adiabatic deviation:

d 2 Hd(S) <T21[(s), 1(s), Nod(s)]] + 2TJI[Nd(s), d~od (S)]JI (C.46)
ds2  d(s) 2 d(s) ds

+2Tfj[ ds ds 2

Inserting (C.44) and (C.46) into (C.42) completes the proof.

We now evaluate the magnitudes of each term in our non-adiabatic leakage bound

in the off-resonant regime. Under the same assumption as our analysis for coherent

leakage errors, we can bound the order of magnitudes of non-adiabatic leakage errors

from (C.21) by |IHdIodH /A 2  Q(E4 /A 4 ). This is one-order-of-magnitude lower than

that from the direct coupling leakage bound in Sec. 5.3, which is of order |1HIa I/A

Q(E3/A 3 ). As the result, off-resonant leakage errors are dominated by the direct

coupling leakage errors.
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Appendix D

Control Filter Design

In this appendix, we describe in greater detail the design of the control filters used

to suppress the first term of the leakage error that was bounded by (5.4). Each

time-dependent control trajectory is discretized into N steps in a piecewise constant

representation, with neighboring steps separated by a short time At. The modula-

tion rate of the control signal is determined by this smallest time step according to

Fsampie = 1/At. We take h = 1 throughout this appendix. Because the first term of

the leakage bound from (5.4)

1 d2 Hd ds (D.1)
0 A 2 (s) T ds 2

is proportional to the second time-derivative of the block-off-diagonal Hamiltonian

after TSWT, to suppress it to a small value we must ensure that the frequency com-

ponent of any control action proposed by the RL agent is sufficiently small compared

to the energy gap A.

Without affecting the Markov nature of the control problem, while limiting the

frequency components of the control, we chose to apply a two-pole normalized double-

exponential smoothing filter [Sm il7] to the proposed control action. At each time step

1 < n < N, the new control Hamiltonian depends both on the proposed control action

HtRL set by the RL agent, and on the control taken in the previous two steps, n_ 1

195



and H,- 2, according to:

n = a1HnL - b,_1 - b2 Hn- 2. (D.2)

Here the filter coefficients are chosen according to the bandwidth B, of the actuated

control and the modulation rate of the control signals as follows [Sni 1 7]:

7rB~
a =exp[- "' ], (D.3)

Fsample

a1,= (1 - a)2, b, = -2a, b2= a2. (D.4)
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Appendix E

Evaluation of the Average Fidelity

In this appendix, we present our method for evaluating average fidelity, which is based

on previous results of Nielsen [Xi 2]. The average fidelity,

P(8, U) = dO(OJUte(J0)(OI)Ub), (E.1)

measures the average performance of a quantum gate over a uniform distribution

of the input quantum state under the noisy quantum channel E that describes the

actual control realizations. It can be measured in experiments by a randomized

benchmarking process. Theoretically, we evaluate the average fidelity by summing

over all possible overlaps with the Pauli operators, i.e.,

E Tr[Utarget U UgetE(Uj)] + d 2

d(( U) = , (E.2)
d2(d + 1)

where: the two-qubit Pauli operator Uj = (,x)1,(af ,(U,)h2(a)hq with hj, qg E {0, 1}

satisfies Tr[U.Ut] = 6jkd; d = 4 is the dimension of the two-qubit subspace dimension;

is the trace-preserving quantum operation that represents noisy realization of an

ideal quantum gate control; Utarget represents the target quantum gate. It is not hard

to see that the necessary and sufficient condition for average fidelity to be one is

to have 8(p) = UtargetpUtarget- We evaluate S(p) of a zero mean Gaussian control-

noise model with standard deviation Unoise, by sampling the full control trajectory
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H+6H under this noise model and averaging the evolved quantum state over different

instances:

9(p) = E6~N(0,oj)U (+ c (E.3)

Such averaging can change a pure state into a mixed state and thus accounts for the

magnitude of decoherence induced by stochastic control errors. Figure 5-4 of Sec. 5.5

is evaluated under 60 samples per noise model parameter.
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