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Abstract  

 Alloying nanocrystalline materials to stabilize them against grain growth is proving a 

critical enabling strategy for the processing and usage of bulk nanocrystalline parts. Alloying 

elements that segregate strongly to grain boundaries can lead to a preference for nanocrystalline 

structure, and to be most stable the grain boundary segregated state would need to be preferred to 

forming any other phase or solute configuration, including a solid solution, ordered compounds, 

or solute precipitates. In this paper, a stability criterion is developed by comparing the enthalpy of 

the grain boundary segregated state against such stable bulk phases. This enthalpic criterion is also 

translated into a lattice model framework to enable the use of Monte Carlo simulations to 

incorporate entropic and geometric effects in assessing nanocrystalline stability. Monte Carlo 

simulations show that entropy can play a role in stabilizing nanocrystalline states, leading to duplex 

structures, and also in forming a grain boundary network preferentially over a disordered or 

amorphous-like bulk phase.  
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1. Introduction 

 Achieving grain sizes on the nanometer length scale (< 100 nm) leads to unique property 

combinations, both structural [1-5] and functional [6-8], due to the dominant presence of grain 

boundaries. This refinement is however accompanied by a large driving force for grain growth: 

doubling the grain size of a nanocrystalline material leads to a ~1000 times larger decrease in grain 

boundary area than does doubling a micron-scale grain size. This can cause rapid grain growth at 

relatively low homologous temperatures in nanocrystalline materials [9-12], which makes it 

difficult to produce bulk nanocrystalline parts and challenges their use in service.  

  One way to suppress this structural instability is to alter the energy landscape of the 

material through chemistry. Alloying can play two roles in shaping the energy landscape to 

increase resistance to grain growth: the alloying element can increase the energetic barrier (or 

activation energy) to grain growth through solute drag and/or Zener pinning, or it can decrease the 

energetic benefit of grain growth through grain boundary segregation according to the Gibbs 

adsorption isotherm [13-15]. In the latter case, Weissmüller showed that the driving force for grain 

growth can be eliminated if the energetic preference of grain boundary sites for the solute is strong 

enough, as governed by the enthalpy of grain boundary segregation, ∆𝐻seg [13]. This route to 

stabilizing nanocrystalline materials has been gaining favor [1, 16-33] as it can not only produce 

a more reliable form of stability but is also potentially easier to design for; due to its 

thermodynamic nature, achieving this stability mostly depends on choosing the right alloy 

combination. 

 The first alloy selection criterion to stabilize the nanocrystalline state was proposed by 

Weissmüller, based on the Gibbs adsorption isotherm [13]:  
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∆𝐻seg >
𝛾

𝛤
− kB𝑇ln(𝑋) 

(1) 

The inequality states that the enthalpy of grain boundary segregation, ∆𝐻seg, must be large enough 

to overcome the enthalpic penalty of the grain boundary, 𝛾/𝛤 (𝛾: pure solvent grain boundary 

energy; 𝛤: solute excess in the grain boundary), and the entropic advantage of a crystalline solid 

solution (kB: Boltzmann’s constant; T: temperature; X: intragranular solute concentration). While 

this equation only applies in the dilute limit, it has been extended using regular solution models, 

which produce more general forms of Eq. 1 [22-27]. When these criteria have been used to select 

stable alloy chemistries, the resulting nanocrystalline states are usually found to be stable at low 

homologous temperatures. However, when the temperature is increased, second phases often form 

at grain boundaries where the solute is enriched, as seen in Ni-P, Co-P, Fe-Zr and Ni-W [28-33].  

Such precipitation is accompanied by subsequent grain growth when the grain boundaries are no 

longer sufficiently stabilized by solutes, which are instead precipitated in the second phase. Thus, 

stability against grain growth in such alloys is actually a form of metastability, and a deeper level 

of stability would be a nanocrystalline state in which grain boundary segregation is preferred over 

the formation of bulk phases.  

 A systematic way to study the stability of the grain boundary segregated state with respect 

to bulk solute-containing phases is to include the grain boundary segregated state on a bulk free 

energy diagram. Using regular solution models to describe the free energy of the segregated grain 

boundary as a function of global solute concentration, Murdoch and Schuh [23] developed criteria 

for stability of a grain boundary segregated state against both grain growth and second phase 

formation for positive enthalpy of mixing (∆𝐻mix) systems using the form:  
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∆𝐻seg > 𝑐(∆𝐻mix)𝑎 (2) 

where the coefficients a and c depend on the homologous temperature and were fitted to the results 

of the regular solution model. For a given temperature, two sets of a and c describe stability: one 

specifies the criterion for metastability, where formation of a solute-rich phase is not considered, 

and the other, which has a larger c and therefore also a larger threshold value for ∆𝐻seg, specifies 

stability both against grain growth and phase separation. This same approach can be used to study 

stability against compound formation, as was done for Fe-Zr alloys by Zhou and Luo [24], but a 

general stability criterion for a grain boundary segregated state against compound formation has 

not yet been developed.  

 The reliability of the stability criterion in Eq. 2 is limited by the regular solution 

assumption, which assumes a random distribution of solute atoms along the grain boundary. This 

is a poor assumption; grain boundary segregation occurs largely because of the diversity of 

possible solute sites in a boundary, and solute is expected to populate such sites in increasing order 

of energetic relief.  Solute ordering is not only expected, but routinely observed in grain boundary 

segregation [34-40]. In order to relieve regular solution assumptions, Chookajorn and Schuh 

developed a lattice-based Monte Carlo approach that considers both bulk and nanocrystalline 

configurations within its phase space and determines the free-energy minimizing microstructure 

[41]. Because this simulation no longer constrains the possible equilibrium states to either be a 

bulk state or a segregated nanocrystalline state, it is a powerful tool for studying the equilibria of 

strongly grain boundary segregating alloys. One such observation was the existence of a duplex 

nanostructure wherein solute-rich precipitates form alongside solute segregated grain boundaries, 

which is difficult to consider analytically [41, 42]. They also used their model to develop stability 

criteria: 
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Metastability:      ∆𝐻seg >
1

2
∆𝐻mix + 𝑘𝛾 (3) 

      Stability:      ∆𝐻seg > ∆𝐻mix + 𝑘𝛾 (4) 

where 𝛾 is the grain boundary energy of the pure solvent and k is a scaling factor used to estimate 

the grain boundary area per atom (approximated in that work as the atomic volume of solvent 

divided by the grain boundary thickness [22]). This stability criterion conforms to physical 

intuition about the energy relationship necessary for stability in a positive enthalpy of mixing 

system: in order for the grain boundary segregated state to be the lowest energy configuration, it 

must reduce the energy enough to offset both the energy penalty of forming a grain boundary (𝑘𝛾) 

and the energy benefit of forming a solute-rich precipitate (∆𝐻mix). Note that these criteria 

consider enthalpic preference only, because the Monte Carlo method was used to handle 

configurational entropy.  To complete the analogy of these expressions with Eq. (1) would require 

the addition of an entropy term (e.g. kB𝑇ln(𝑋)). 

  The criteria in Eqs. 3 and 4 were developed only for alloys with positive enthalpies of 

mixing, and further tacitly assuming that the enthalpy of the grain boundary segregated state is 

well-represented by the solute-solvent atom interaction energy at a grain boundary. While these 

criteria present an interesting advance, the number of alloy systems with a positive enthalpy of 

mixing is small: considering transition metal pairs, roughly 40% have a positive enthalpy of mixing 

whereas 60% have a negative one and/or form intermetallic compounds [43].  Furthermore, the 

most widely studied and/or commercially successful grain-boundary segregating systems are 

compound formers (i.e., Ni-W, Ni-P, Co-P, Fe-Zr as described above).  There is therefore a need 

to extend the stability criteria above to non-regular systems with negative enthalpies of mixing, 

and our purpose in this paper is to do so.  By more rigorously considering the ordered configuration 
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of solute at the grain boundaries and the effect of ordered compounds, we first develop an 

analytical criterion and subsequently cast it into lattice model terms in order to inform Monte Carlo 

explorations of nanocrystalline stability.  

 

2. Stability Criterion from Enthalpic Considerations 

Grain boundary segregation, like precipitation, is largely believed to be an enthalpic effect, 

and is thus a form of chemical ordering. The competition between different ordered states can be 

resolved by determining which ordered state provides the lowest enthalpy for the alloy system, as 

is typically done for ordered compounds in developing 0 K phase diagrams [43-45]. The energies 

of ordered states as a function of composition can be compared on an energy diagram such as Fig. 

1 to determine regimes of stability, where here we particularly focus on solute-lean compositions 

without loss of generality. The enthalpy of the binary alloy system with an ordered phase, Hord, 

can generally be written as:  

𝐻ord =  (1 −
𝑋

𝑥s
C

) 𝐸A +
𝑋

𝑥s
C

𝐸C 

(5) 

where EA and EC are the enthalpy per atom of the pure solvent and ordered compound, respectively, 

X is the global solute concentration, and 𝑥s
C is the stoichiometry of the compound (i.e. the fraction 

of atoms in the compound that are solute atoms). This expression defines the common tangent line 

of an ordered phase and the pure solvent phase, and is also applicable to positive enthalpy of 

mixing systems by setting 𝐸C = 𝐸B and 𝑥s
C = 1, where 𝐸B is the enthalpy per atom of a pure solute 

phase. 
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 Generally, a grain boundary segregated state at thermodynamic equilibrium is a 

complexion [34], i.e., a defined equilibrium atomic configuration at the interface separating grains. 

For the developments that follow, we find it useful to adopt the view that this complexion is more 

specifically a 2D compound [35, 36] as it will exhibit a chemically ordered configuration that, 

similar to a 3D ordered phase, can be described using an effective enthalpy per atom, EGB, and a 

stoichiometry, 𝑥s
GB, which is the fraction of atoms in the grain boundary compound that are solute.  

Therefore, the enthalpy of a nanocrystalline alloy, HGB, with a solute-enriched grain boundary can 

also be written in the same format as Eq. 5:  

𝐻GB =  (1 −
𝑋

𝑥s
GB

) 𝐸A +
𝑋

𝑥s
GB

𝐸GB 

(6) 

Under this representation, the enthalpy of the nanocrystalline alloy follows a common tangent line 

as shown in Fig. 1, between the pure solvent phase and the grain boundary compound.  The 

implication of this common tangent line is that at compositions below the stoichiometry of the 

grain boundary compound, the volume fraction of the grain boundary compound decreases 

proportionally according to a lever rule.  In a system with fixed grain boundary area, one might 

envision patches of grain boundary with the equilibrium grain boundary compound that grow in 

area as the global concentration is increased.  In the more general case where grain boundary area 

is unconstrained and can equilibrate, one expects the area density of grain boundaries to increase 

with composition and the entire grain boundary to be at the grain boundary compound 

stoichiometry. This representation is consistent with the behavior of regular solution models of 

nanocrystalline stability [23, 24]. At the stoichiometric composition, this approach predicts a 

system fully composed of the grain boundary segregated state/compound, which is not a well-

defined condition.  For example, in prior work the grain boundary segregated state has been likened 
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to an amorphous configuration near stoichiometry [23, 24, 41].  In the present work we will 

consider systems with solute concentrations well below the grain boundary compound 

stoichiometry; the grain boundary compound thus forms in a lever-rule fashion with the terminal 

solvent phase.   

Finally, we must consider whether forming a grain boundary segregated state is preferred 

with respect to forming a bulk ordered phase.  This would occur using the above definitions when 

𝐻GB <  𝐻ord. The stability criterion for forming a nanocrystalline state is thus:   

1

𝑥s
GB

(𝐸GB − 𝐸A) <  
1

𝑥s
C

(𝐸C − 𝐸A) 

(7) 

To translate this into alloy design terms, the per-atom enthalpies of the ordered states (𝐸GB, 𝐸C) 

should be replaced by expressions for the global enthalpies of compound formation, ∆𝐻form, and 

grain boundary segregation, ∆𝐻seg. For the compound, this relationship is:  

∆𝐻form = 𝐸C − (1 − 𝑥s
C )𝐸A −  𝑥s

C 𝐸B 
(8) 

An enthalpy of formation can also be defined for the grain boundary segregated state, however it 

is better to define the grain boundary compound energy as a function of ∆𝐻seg as this is the more 

traditional thermodynamic parameter, defined as the change in enthalpy of the system upon 

swapping a solute atom at the grain boundary with a solvent atom in the grain, and defined such 

that grain boundary segregation is expected when ∆𝐻seg > 0. Substituting a solute atom at the 

grain boundary for a solvent atom replaces one unit of the grain boundary compound with a region 

of pure solvent grain boundary. This results in an enthalpy change of  
1

𝑥s
GB (𝐸GB

A −  𝐸GB), where 

𝐸GB
A  is the enthalpy per atom of a pure solvent grain boundary. In the crystalline region, removing 

a solvent atom from a pure solvent matrix requires an energy of 2𝐸A and after substitution of a 
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solute atom, the energy of the site, 𝐸B in A, can be written in terms of the enthalpy of mixing: 

∆𝐻mix =  𝐸B in A − 𝐸B − 𝐸A. As a result, a general expression for the enthalpy of grain boundary 

segregation is:  

∆𝐻seg = ∆𝐻mix + 𝐸𝐵 − 𝐸𝐴 −
1

𝑥s
GB

(𝐸GB − 𝐸GB
A ) 

(9) 

Using the relationships in Eqs. 8 and 9, the criterion in Eq. 7 for the stability of a grain boundary 

segregated state with respect to forming second phases can be written as:  

∆𝐻seg > ∆𝐻mix −
1

𝑥s
c ∆𝐻form + 𝑘𝛾 

(10) 

where  𝑘𝛾 is the excess energy of a pure A grain boundary, 
1

𝑥s
GB (𝐸GB

A − 𝐸A), where just as in Eqs. 

3 and 4, k converts the grain boundary energy from energy/area to energy/atom.  

The criterion of Eq. 10 satisfies basic intuition for stabilizing grain boundaries with solute: 

a larger enthalpy of grain boundary segregation is required if the excess grain boundary energy 

that must be overcome is larger and if the crystal can undergo a larger drop in enthalpy by 

compound formation (∆𝐻mix −
1

𝑥s
c ∆𝐻form). If this criterion is met, the energy of the system has a 

minimum at a particular grain size that depends on the solute concentration as seen by Chookajorn 

and Schuh [41]; decreasing the grain size from equilibrium results in an energetic penalty for 

forming pure solvent grain boundary and increasing the grain size results in an increase in energy 

for forming the bulk ordered phase instead of the grain boundary compound. For stability against 

phase separation into a solute precipitate in positive enthalpy of mixing systems, this same criterion 

holds with ∆𝐻form = 0. Alternatively, a grain boundary segregated state can be stable with respect 
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to grain growth alone, but only metastable with respect to forming a second phase. The 

metastability criterion thus does not include the enthalpy associated with second-phase formation: 

∆𝐻seg > 𝑘𝛾 (11) 

The metastability criterion attained in this manner is essentially the same as the one proposed by 

Weissmüller (Eq. 1), though Eq. 11 does not consider the entropy associated with forming a solid 

solution and thus is expected to underestimate the threshold for metastability.  

The criteria for nanocrystalline stability established in Eqs. 10 and 11 are conveniently 

written in terms of bulk thermodynamic parameters that can be estimated for most binary alloy 

systems and guide the selection of alloying elements for nanocrystalline materials. The enthalpies 

of grain boundary segregation and solid-state mixing can be estimated empirically using a 

Miedema approach [48, 49]. The enthalpies of formation of binary compounds can be calculated 

by density functional theory and are readily attainable from the Open Quantum Materials Database 

[43]. While many compounds are often stable in the same binary system at different compositions, 

we suggest using the compound that is stable at the lowest stoichiometry as alloying for 

nanocrystalline stability is typically done at low compositions and this is the regime for which 

Eqs.10 and 11 apply. For the enthalpic penalty of the grain boundary, 𝑘𝛾, the pure element grain 

boundary energy can be estimated as one-third of the surface energy calculated from a Miedema 

model [49]. The coefficient, k, when applied in Section 6, will be approximated as the molar 

volume [50] divided by the grain boundary thickness (estimated as 5 Å). This approximation of k, 

which was also used in previous work [16,19,22,23,41] to convert the units of grain boundary 

energy to energy per mole, could be treated more completely, for example by more directly 

incorporating the packing density of atomic planes and the excess volume of the grain boundary.  
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3. Design Map for Stable Nanocrystalline Alloys 

The criteria from Eqs. 10 and 11 delineate a stability map as shown in Fig. 2a, which 

classifies the stability of the grain boundary segregated state as a function of bulk thermodynamic 

parameters. On this stability map, one axis measures the enthalpy gained by forming a grain 

boundary segregated state (∆𝐻seg) and the other measures the enthalpy gained by forming a 

crystalline second phase (∆𝐻mix −
1

𝑥s
c ∆𝐻form).  

The existence of alloying combinations that meet the stability criterion thus requires that 

some alloys possess an enthalpy of grain boundary segregation that is sufficiently larger than the 

enthalpy gained by forming a second phase. This may seem unlikely due to the experimentally-

observed relationship between the terminal solubility of a crystalline second phase and the 

enrichment factor (measure of excess solute) at the grain boundary [38,51], which is often 

interpreted as meaning that the enthalpies of grain boundary segregation and second phase 

formation are highly correlated, or ∆𝐻seg ≈ (∆𝐻mix −
1

𝑥s
c ∆𝐻form) in the terms of our criterion.  

To test whether this correlation is too strong for the stability criterion to be satisfied in 

physically realizable alloys, we determined ∆𝐻seg, ∆𝐻mix, and 
1

𝑥s
c ∆𝐻form values (as described in 

the previous section) for a large number of transition metal – transition metal binary alloy pairs 

and plotted them on the same axes as the stability map (Figure 2b). Indeed, a positive correlation 

between the second phase and grain boundary segregation energies seems to exist as the points 

largely follow the trend of the solid line. However, there is a substantial amount of spread; the 
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dashed line represents the stability criterion when 𝑘𝛾 is 20 kJ/mol and it is observed that a number 

of alloy pairs satisfy the criterion for a stable nanocrystalline state.   

The relatively large data spread in Figure 2b is not entirely surprising. The experimentally-

observed correlation between terminal solubility and enrichment factor at the grain boundary has 

a spread of roughly one order of magnitude in the enrichment factor [38,51]. Furthermore, different 

ordered configurations in crystalline phases of the same alloy often vary in energy by dozens of 

kJ/mol, and thus it is reasonable to expect ordered 2D compounds to differ in energy from 3D 

compounds by energies on that order of magnitude as well.   

 

4. Lattice Model Representation 

 Our stability and metastability criteria as developed in Section 2 are enthalpic and do not 

consider the entropy of the different ordered states or the presence of interphase boundaries. We 

favor the inclusion of configurational entropy effects using a lattice-based model, as it is a classical 

method for accounting for such effects and also opens the door to Monte Carlo exploration of the 

preferred structural configurations as a function of temperature and composition.  

Equilibrium states of a bulk, single crystalline alloy in a lattice model (an Ising model for 

binary alloys) are determined by identifying the configuration of chemical species that minimizes 

the free energy of the alloy system. To incorporate the possible presence of grain boundaries, each 

lattice site carries two pieces of information: 1) the chemical identity of the species, and 2) a grain 

number denoting the grain allegiance of the atom at that site. Crystalline bonds are defined between 

neighboring atoms with the same grain number, and alternatively grain boundary bonds exist if 

the atoms have different grain numbers. The phase space of this model is thus any chemical 
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configuration on the lattice sites, with any set of bonds between lattice sites being grain boundary 

bonds. The equilibrium configuration can be determined using a Monte Carlo algorithm [41,46]. 

The equilibrium configuration is based on the defined interatomic potential. For positive 

enthalpy of mixing systems a nearest neighbor, pairwise potential with six bond energies was 

sufficient to provide distinct energies for grain boundary segregated states, solute precipitates, and 

solid solution phases, which could then be sampled by Monte Carlo to select the lowest free energy 

configuration [41]. These six pairwise bond energies are {𝐸AA
c , 𝐸AB

c , 𝐸BB
c , 𝐸AA

gb
, 𝐸AB

gb
, 𝐸BB

gb
} where the 

subscript specifies the chemical identity of the two atoms bonded – solvent (A) and solute (B) – 

and the superscript denotes the nature of the bond – crystalline (c) and grain boundary (gb). 

However, the pairwise potential does not correctly produce bulk ordered phases in a lattice model, 

and multi-body terms are generally required. A complicated interatomic potential can be avoided 

by using the compound unit approach, which can incorporate compounds with known structure 

and formation energy into a lattice model [47]. This introduces an additional energy, which can 

conveniently be represented as an effective pairwise bond energy, 𝐸AxB
c . 

At low temperatures, grain boundary segregation occurs in the lattice model when the 

lowest enthalpy compound at the grain boundary has a stoichiometry that is higher than the global 

solute concentration. Fig. 3a shows the grain boundary compound observed by Chookajorn and 

Schuh in a body-centered cubic (BCC) lattice when 𝐸AB
gb

 is lower than the mean of 𝐸AA
gb

 and 𝐸BB
gb

. 

The enthalpy of grain boundary segregation can be determined for a set of bond energies by 

measuring the change in enthalpy of a bicrystal from a random distribution of solute atoms to the 

equilibrium configuration and dividing by the change in the number of solutes residing at the grain 

boundary [41]. In order to relate the lattice model to physical systems, however, the inverse 

relationship needs to be determined: a known enthalpy of grain boundary segregation for an alloy 
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system must be described in terms of appropriate bond energies in the lattice model such that the 

enthalpy of segregation is achieved accurately in the simulation. Here, we estimate this relationship 

for this particular grain boundary compound by calculating the change in energy from swapping a 

solute atom in the crystal with a solvent atom in the grain boundary (z is the coordination number):  

This relationship can equivalently be produced from Eq. 9 by using standard relationships 

(∆𝐻mix = 𝑧 (𝐸AB
c −

𝐸AA
c +𝐸BB

c

2
), 𝐸A =

𝑧

2
𝐸AA

c , 𝐸B =
𝑧

2
𝐸BB

c ) and average grain boundary compound 

energies, which in this case are: 𝐸GB
A =

𝑧

6
(𝐸AA

gb
+ 2𝐸AA

c ) and 𝐸GB =
𝑧

6
(𝐸AB

gb
+ 𝐸AA

c + 𝐸AB
c ), where 

three layers of atoms are necessary to define the grain boundary compound (𝑥s
GB = 1/3). 

 The efficacy of Eq. 12 is evaluated by comparing the enthalpy of grain boundary 

segregation as calculated by this equation with the enthalpy of grain boundary segregation 

measured through a fixed bicrystal Monte Carlo simulation with the same pairwise bond energies. 

Fig. 3b shows the results of this validation, where 𝐸AB
gb

 is varied to produced different enthalpies 

of grain boundary segregation at different fixed values of 𝐸AB
c , which controls the enthalpy of 

mixing (all other bond energies were fixed at 0 eV). Regardless of the enthalpy of mixing, the 

enthalpy of segregation calculated by Eq. 12 compared reasonably well with the enthalpy of 

segregation produced in the simulations.  

The regular nanocrystalline solution (RNS) model also produces a similar equation for the 

enthalpy of grain boundary segregation [22]:  

∆𝐻seg =
𝑧

2
(𝐸AB

c − 𝐸AA
c + 𝐸AA

gb
− 𝐸AB

gb
) 

(12) 
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∆𝐻seg =
𝑧

2
(2𝐸AB

c − 𝐸AA
c + 𝐸AA

gb
− 𝐸AB

gb
−

1

2
(𝐸AA

c + 𝐸BB
c )) 

(13) 

When the enthalpy of mixing is zero, both Eqs. 12 and 13 are equivalent, but for non-zero 

enthalpies of mixing, the RNS model produces a systematic error because it assumes a random 

solution configuration and thus fails to account for the ordering preferred at the grain boundary. 

While the RNS equation is useful at the continuum level, when ordering at the grain boundary is 

present the approach outlined above produces a more reliable equation for grain boundary 

segregation enthalpy. For a given grain boundary compound, stability and metastability criteria 

can be derived from Eqs. 10 and 11 using the relationship in Eq. 12, Δ𝐻form =

𝑧

2
[𝐸AxB

c − (1 − 𝑥𝑠
𝑐)𝐸AA

c − 𝑥𝑠
𝑐𝐸BB

c ], and 𝑘𝛾 =
𝑧

2
[𝐸AA

gb
− 𝐸AA

c ]. The criteria for the stability and 

metastability of this grain boundary compound are thus:  

Stability: 𝐸AB
gb

+ 𝐸AB
c − 2𝐸AA

c <
1

𝑥s
c  (𝐸AxB

c − 𝐸AA
c ) (14) 

Metastability: 𝐸AB
gb

< 𝐸AB
c  (15) 

Under the assumption that the alloy has a positive enthalpy of mixing and that BB and AA bonds 

have the same energy this criterion is exactly the same as that established by Chookajorn and 

Schuh [41], but it is substantially more general in the present form, as it applies to any second 

phase and can be derived for any grain boundary compound in a lattice model.  

 

5. Monte Carlo Simulations 

The lattice model is solved through a Monte Carlo simulation in order to study more 

complicated behavior of both the grain boundary and the bulk states as a function of composition 

and temperature. Monte Carlo also doesn’t require an assumption that grain boundary complexions 
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behave energetically like phases. Thus using Monte Carlo, we can similarly explore the generality 

of both the stability and metastability criteria established in the previous sections, this time 

including configurational entropy and geometric constraints, and unearth more nuanced behavior 

within the stable and metastable regimes for nanocrystalline alloys.  

Monte Carlo simulations were conducted on a 72x72x8 BCC lattice. The lattice was 

initiated with a random distribution of solute and with a unique grain number assigned to each 

lattice site. Atom and grain swaps, as proposed by Chookajorn and Schuh [41], were used to 

explore the configuration space until 4x109 Monte Carlo swaps were attempted, starting from a 

temperature of 10,000°C and reducing the temperature towards a final temperature of 500°C at a 

rate of 0.1% every Monte Carlo step (equivalent to 4x104 swap attempts). Using the compound 

unit approach [47], a D03 compound (25 at.% stoichiometry) with an enthalpy of formation of -20 

kJ/mol was incorporated into the configuration space of the model. Simulations were conducted 

varying the ∆𝐻mix and ∆𝐻seg as shown by the circles in the stability map in Fig. 2, with 𝑘𝛾 = 20 

kJ/mol and for a solute concentration of 10 at.%.  Two series of simulations are described on Fig. 

2, and will be discussed in turn in what follows: 

 ∆𝐻seg series: the effect of grain boundary segregation tendency on equilibrium 

nanostructure.  

 ∆𝐻mix series: the effect of second-phase formation tendency on equilibrium 

nanostructure.  

5.1. The ∆𝑯𝐬𝐞𝐠 series 

Fig. 4 shows the results of increasing ∆𝐻seg at a fixed ∆𝐻mix = -40 kJ/mol. Eq. 10 expects 

that a nanocrystalline state will be stable against grain growth and compound formation when  
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∆𝐻seg > 60 kJ/mol. Below ∆𝐻seg = 60 kJ/mol, bulk single crystalline states with a stable D03 

compound are found, as expected. However, at 50 kJ/mol, a nanocrystalline state is found, wherein 

both grain boundary segregated states exist and D03 precipitates form. This state resembles a 

duplex nanocrystalline state [42] where the nanocrystallinity is stabilized entropically; rather than 

the ordered precipitate disordering into a solid solution at higher temperatures, it can instead 

disorder into a grain boundary segregated state, which can occur at a lower enthalpic cost when  

∆𝐻seg is close to meeting the stability criterion. Evidence of the entropic nature of this stabilization 

is seen in Fig. 5, where in the region between 40-60 kJ/mol, the enthalpy of the equilibrium state 

increases as there is still an enthalpic cost to forming grain boundaries in accordance with Eq. 10.  

Above ∆𝐻seg = 60 kJ/mol, stable nanocrystalline states are formed without the presence of 

an ordered precipitate, because a grain boundary compound is preferred to bulk ordering as 

predicted by the stability criterion. The grain boundary regions in the alloy at ∆𝐻seg = 60 kJ/mol 

are thick, and this thickness is reduced as ∆𝐻seg is increased. Correspondingly, there is less solute 

dissolved in the crystalline regions, which suggests that at higher ∆𝐻seg the alloy prefers thinner 

complexions because it can attain more entropy without having to dissolve into the grains at a 

higher enthalpic cost.  

Metastability can be simulated by setting the formation energy of the D03 compound to 

zero; the resulting equilibrium microstructures are also shown in Fig. 4. Above 20 kJ/mol, grain 

boundary states are seen in the equilibrated structure, which matches the metastability threshold 

provided by Eq. 11. Interestingly, rather than forming a grain boundary network, at low ∆𝐻seg a 

precipitated “grain boundary phase” clusters together.  This is an expected behavior for a system 

in which it is energetically degenerate to add grain boundary area or thicken existing grain 
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boundaries, which is a characteristic of a rule-of-mixtures on enthalpy. Such a “grain boundary 

phase” has been discussed in the regular nanocrystalline solution (RNS) model, which also exhibits 

this degeneracy, and can be interpreted as, e.g., an amorphous phase [23, 24].  

However, there remains the general trend of stabilizing thinner grain boundaries when an 

alloy possesses a higher ∆𝐻seg, and in a similar way the states with a “grain boundary phase” have 

a higher solute concentration in the grain. At higher ∆𝐻seg, the grain boundary segregated state 

becomes more favorable (and forming a solid solution becomes less favorable), and as a result the 

alloy seems to prefer forming a grain boundary network which has more configurational entropy 

than the “grain boundary phase”. This transition occurs when ∆𝐻seg is roughly 60 kJ/mol, where 

there is a corresponding change in slope in Fig. 5. The slope of the “grain boundary phase” is 

larger, which suggests that a lower enthalpy could be effected by forming such a precipitate even 

at higher enthalpies of segregation, and thus the stability of a grain boundary network would only 

be expected if entropy is playing a significant role. The network has a much larger interfacial area 

with the surrounding crystalline regions than does the precipitate, thus the solute configurational 

entropy should be higher for the network configuration because solute at this interface will have a 

larger range of degenerate sites.  

However, the grain topology space is explored in the present Monte Carlo simulations only 

through local changes to the grain numbers, which may not produce an ergodic sampling of grain 

boundary configuration space and prohibits detailed exploration of the preference for the network 

configuration.  It is a future direction of our research to explore different Monte Carlo sampling 

mechanisms for exploring the grain boundary configuration space. We are not aware that the 

configurational entropy of grain boundary networks has been elaborated in detail, although for 

nanostructured systems this is clearly a necessary component of their thermodynamics and is 
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worthy of further study.  Quantitative separation of entropy from such simulations is another 

direction of our future work.   

 

5.2. The ∆𝑯𝐦𝐢𝐱 series 

The behavior when changing ∆𝐻mix is quite different than when changing only the 

enthalpy of grain boundary segregation (Fig. 6). When the D03 compound is present, there is a 

change from a duplex structure to a fully grain boundary segregated structure, which occurs in 

accordance with Eq. 10. However, while the stability is increased as the enthalpic benefit for bulk 

ordering is decreased, the equilibrium nanostructure is roughly unchanged. This is similarly 

observed when metastable equilibrium is studied, where grain sizes remain relatively large and 

unchanged with ∆𝐻mix. This suggests that it is the relative stability of the alloy with respect to the 

metastability criteria that governs behavior, which is reasonable since the stability criterion 

accounts for the possibility of compound formation, and if the compound is not formed, its 

existence in the phase space should not affect the equilibrium properties. Fig. 7 shows the effective 

grain boundary energy at different solute concentrations, calculated in the same manner as in Ref. 

[41], when two key quantities in the stability criteria are changed: ∆𝐻mix −
1

𝑥s
c ∆𝐻form and ∆𝐻seg −

𝑘𝛾. This quantitatively shows that changing ∆𝐻mix −
1

𝑥s
c ∆𝐻form does not affect the energy of the 

grain boundary segregated state, and only ∆𝐻seg − 𝑘𝛾 is relevant. Typically ∆𝐻mix is necessary 

for determining the critical temperature at which an ordered state will disorder, but in this case 

∆𝐻seg already incorporates this effect (see Eq. 9) and as a result it is the key alloying parameter 

that governs the thermodynamic behavior of the nanocrystalline state.  
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6.  Guidelines for Nanocrystalline Alloy Selection 

A selection of binary alloys for which stabilization of the nanocrystalline state by grain 

boundary segregation has been studied experimentally [17, 19, 31, 33, 42, 51-53] are listed in 

Table 1 with the relevant bulk thermodynamic parameters for each alloy system (obtained as 

described in Section 2). The position of each system with respect to the present stability and 

metastability criteria is also indicated.  

First examining the Fe-based alloys [17,31,52-54], Darling and coworkers found that 

alloying with 1 at.% Zr stabilized a grain size of 50 nm up to 1000°C without the formation of any 

precipitates [17]. However, when alloying with 10 at.% Zr, the precipitation of an Fe2Zr phase was 

observed at 700°C leading to a loss of thermal stability [31]. Similar behavior was observed by 

Clark et al. when alloying Fe with 10 at.% Mg [52] and by Liu when alloying Fe with 3.2 at.% Ag 

[53], i.e. grain boundary segregation is observed to help retain nanometer-scale grain sizes and 

upon annealing second phase precipitation is found. The stability criterion predicts Fe-Zr and Fe-

Mg to be borderline stable candidates and Fe-Ag to be metastable as the grain boundary segregated 

state does not present a substantial decrease in enthalpy compared to the alternative of forming 

second phases. This is reasonably consistent with the experimental observations considering the 

approximate nature with which thermodynamic parameters have been determined for these 

systems. It is important to also note that unlike in the Fe-Zr system the grain size in the Fe-Mg and 

Fe-Ag systems is not observed to become constant with increasing temperature. Thus, more data 

is needed to determine whether the Mg and Ag-alloyed systems are metastable or unstable, as their 

behavior is also similar to Fe-Cu [52,54], Fe-Ta [17], Hf-Ti [55], and Ni-W [33] nanocrystalline 

alloys which have a much lower enthalpy of grain boundary segregation. For example, Fe with 1 
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at.% Ta underwent rapid, abnormal grain growth at 800°C without the precipitation of a second 

phase, which may be evidence that the nanostructure stability at lower homologous temperatures 

is in part due to solute drag.  Alternatively, the temperature dependence of segregation may come 

into play in systems such as this, where dissolution into the bulk is favored upon heating; entropic 

desegregation of the boundaries would certainly lead to a loss of stability, although we are not 

aware of any detailed study on that topic to date. 

In W-based alloys, the addition of 20 at.% Ti was found to stabilize a 20 nm grain size after 

annealing at 1100°C for 1 week [16] through grain boundary segregation with no second phase 

precipitation. In contrast, annealing tungsten with 15 at.% Cr at 950°C [42] also provides stability 

through grain boundary segregation but also leads to second phase formation and is thus 

metastable. While the enthalpy of grain boundary segregation is similar in both alloys, the enthalpy 

of mixing is almost twice as high for W-Cr, which explains the difference in behavior of these 

systems in accordance with Eqs. 10 and 11. 

 Many alloying systems studied for stabilizing nanocrystalline materials through grain 

boundary segregation are positive enthalpy of mixing couples. This is in part due to a general, 

albeit weak, correlation expected between enthalpy of mixing and enthalpy of grain boundary 

segregation, but also a consequence of many stability models being limited to only considering 

positive enthalpy of mixing alloys. The criteria presented here, with the incorporation of negative 

enthalpy of mixing systems and consideration of ordered phases, should enable a more systematic 

and unconstrained exploration of alloy systems.  

 

7. Conclusions  
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A framework for selecting alloying elements that can stabilize a nanocrystalline structure is 

developed. The key results are:  

 A stability criterion for a nanocrystalline state in terms of macroscopic thermodynamic 

properties is developed: ∆𝐻seg > ∆𝐻mix −
1

𝑥s
c ∆𝐻form + 𝑘𝛾 by comparing the enthalpy of 

a grain boundary segregated state and competing bulk phases (Section 2).  

 A framework for translating known macroscopic thermodynamic properties into a lattice 

model is developed to enable consideration of entropic and geometric effects (Section 4). 

Lattice-based Monte Carlo simulations largely verify the stability criteria that was 

developed analytically (Figs. 4-7).  

 The simulations show that entropy can contribute to stabilization of the grain boundary 

segregated state and enable the formation of a duplex structure with the precipitation of an 

ordered compound in a nanocrystalline state.  

 The simulations also suggest that entropy can play a role in the preference to form a 

network of grain boundaries instead of an amorphous cluster.  
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Figure 1. Schematic of the binary alloy energy diagram including an ordered phase (square) and a 

2D grain boundary compound (circle) where the energy of non-stoichiometric compositions is 

calculated by the lever rule (lines). 
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Figure 2. a) Stability map based on Eqs. 10 and 11, when  𝑘𝛾 = 20 kJ/mol. Blue dots correspond 

to the ∆𝐻seg series and the red squares correspond to the ∆𝐻mix series for which equilibrium 

nanostructures are shown in Figs. 4 and 6, respectively. b) Transition metal – transition metal 

binary alloys plotted using Miedema estimates [48, 49] of ∆𝐻mix and ∆𝐻seg and density functional 

theory calculations of ∆𝐻form for compounds (attained from the Open Quantum Materials 

Database [43]) to observe the strength of correlation between the two axes of the stability map for 

physical alloy pairs. The solid line corresponds to perfect correlation between the axes, and the 

dashed line represents the stability criterion.  
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Figure 3. a) Schematic of ordering at a fixed grain boundary in the lattice model for a BCC lattice 

(blue – solute). b) Verification of Eq. 12 for calculating pairwise bond energies for the lattice 

model from a known enthalpy of segregation and a known grain boundary compound.  
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Figure 4. Equilibrium states of the ∆𝐻seg series with 

a stable D03 compound (on left) and systems without 

any stable compound (on right).  Different grains 

have different shades of gray. Solute atoms are in 

blue if they are part of a D03 precipitate and red 

otherwise.  
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Figure 5. The enthalpy relative to the bulk equilibrium state with increasing enthalpy of 

segregation for alloy systems with a stable D03 compound and without any stable compound. 
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Figure 6. Equilibrium states of the ∆𝐻mix series with a stable D03 compound (bottom) and 

without any stable compound (top). Different grains have different shades of gray. Solute atoms 

are in blue if they are part of a D03 precipitate and red otherwise. 
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Figure 7. Effect on the excess enthalpy of the grain boundary segregated state, upon varying the 

enthalpy of grain boundary segregation and the enthalpy of mixing independently.  
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Table 1. Predicted stability classification according to Eqs. 10 and 11 for alloy systems for which 

the thermal stability has been experimentally studied. ∆𝐻seg critical is the enthalpy of grain 

boundary segregation needed for the alloy system to be stable. If the enthalpy of grain boundary 

segregation is within 5 kJ/mol of satisfying or failing either criteria, both likely classifications are 

specified.  

Alloy 
∆𝐻seg  

(kJ/mol) 

∆𝐻mix 
(kJ/mol) 

xs
C 

∆𝐻form 
(kJ/mol) 

kγ  
(kJ/mol) 

∆𝐻seg critical 

(kJ/mol) 
Stability 

Fe-Zr 61 -35 1/3 -27 12 58 Stable/Metastable 

Fe-Mg 86 76 1 0 12 84 Stable/Metastable 

Fe-Ag 58 128 1 0 12 140 Metastable 

Fe-Cu 19 52 1 0 12 64 Metastable 

Fe-Ta  15 -10 1/3 -19 12 59 Metastable/Unstable 

W-Ti 65 20 1 0 24 44 Stable 

W-Cr 61 38 1 0 24 62 Metastable/Stable 

Ni-W 10 -3 1/5 -10 10 57 Metastable/Unstable 

Hf-Ti 28 14 1 0 19 33 Metastable 

 


