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ABSTRACT

A numerical method is developed for solution of the basic
equations gov2rning small perturbations of an inviscid compress-
ible fluid in rapid rotation. Under the assumption of small wave-
like perturbations, acoustic and inertial modes are investigated
for different degrees of compressibility, as measured by the
nondimensional speed of sound. A swirling Poiseuille flow is
found to be unstable for a sufficiently strong axial flow as
measured by the ratio, €, of maximum axial velocity to the peri-
pheral velocity of the cylinder . Stability limits e=ey for
the floware investigated, by considering the dependence of €
on wavenumber k, for incompressible and compressible flows,r%s-
pectively. By comparing stability properties of two different
nonaxisymmetric mode types, it is found that higher modes and
wavenumbers are more stable, and that compressibility can have
a stabilizing effect. In addition, a few special cases with a
single axial jet are considered. For the range of wavenumbers
investigated, no instability was found. The program developed
can also be used to investigate the stability of a free vortex.
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CHAPTER 1

INTRODUCTION

A. Rationale

The stability of rotating flows is of great importance in
many fluid mechanical problems, such as in vortex ring stabil-
ity, for flows in gas centrifuges, flows in gas-+turbines and
swirling flows in nozzles, and also in a variety of metereo-
logical phenomena such as tornadoes.

With better known stability properties of compressible
rotating flows, ways may be found to improve designs of high
speed rotating machinery so as to increase their efficiency

and stability of operation.

B. Outline of Problem

The work presented here is an investigation of the stabil-
ity of rotating, inviscid, compressible flows with arbitrary
axisymmetric distributions of axial and swirl velocities.
Linear theory has been used to obtain an equation for wave-like
perturbations, and an eigenvalue problem is formulated. The
solution of this gives the frequencies and mode shapes of the
free oscillations possible in the system. The flow is assumed
to be contained inside a rigid cylindrical annulus, with arbi-
trary diameter of the inner cylinder. Another possible flow-

configuration is that of a free vortex.
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C. Previous Work

1. Free Modes
The frequencies of modes for rigidly rotating fluids in the
absence of axial flow have been discussed by many authors.
A. Acoustic Modes
The non<rotating acoustic frequencies, in at Scom-
pressible fluid, are related to the zeroes of the Bessel func-
tions derivatives.

<l - (7.0/)
i X ]I'/n (=0

with solutions x corresponding to

n’
e = a\xie <> (r.02)
This has been shown by Rayleigh.
B. Inertial Modes
Greenspan (1968) has given analytical results concern-

ing inertial modes, in an incompressible flow enclosed in a

cylindrical container.

The solutions of the transcendental equations (7 C)?)
2- /a’ ' )
y = o+ (1 ',"L—'z)/‘* (x) =0
X3k (fim 1|
z 7
< (1+ %)% f, (x)=0 (ro7)
X (x) ~m U7 < 1m
oy 2%;”

give two sets of values , X,, with each one corresponding to

the frequency for the two sets of inertial modes

X, ‘Zz
2 -l
X 2 -
AND o = m-20 =) oD
w:' =0

10
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C. Case of vy~ =1

When the ratio of specific heats y~ is equal to unity, it is
possible to obtain analytic solutions,as shown by Gans (1974).
The frequencies for the free oscillations can be found from the

eigenvalue relation

tw, +m)° 2- uzfnvzf )
o) P e TR L b
+Mm

w, + ™)
_wr, ( r

- 4+hw+n0 1
-, . .
-2 [-w, rm_j]]9 m o+, iL'azJ:e (- fm) é 2 ;., [q ew,.‘.m)

a (V’HI/

2 '(-U(Tm
T _—

[+(-w +m) - a[- ] \
~we4am L w,+m rnfLa } ,) =0 (1.006)
where ¢i is a hypergeometric function“in the notation of Erdelyi

et al. (1953)
In the 1imit, when the speed of sound goes to zero ( a - 0 ) the

relation was shown to become
—(wnm)

or W) = m t 2.

2. General Stability Criteria for Rotating Flows

(1.07)

With a basic velocity (W(r),0,V(r)), Howard and Gupta (1962)
have derived sufficient stability conditions for rotating in-
compressible flows.

In the case of axisymmetric perturbations ( m = 0 ) they proved
that the flow is stable if the equivalent Richardson number

everywhere is greater than one quarter :

'7(") ) = (2 V)

> =
re S W)r 4 (1.08)

For the general case, allowing nonaxisymmetric perturbations (m#0),

Howard and Gupta showed’ that the sufficient condition condition

of stability is:

11



K° ~a JUW o, /*/
f-?,J,, Z/-) (QPM /"/Vc»’r‘ //‘E{/‘,—, f”’ld,,(l/ 20
(1.09)

When rigid body rotation is written 1[- £ Y and Poiseuille flow
W =612i1—r") it is possible to find stability conditions for
in the different cases.

Equation (1.08) for axisymmetric modes gives that the Richard-

L
}m_ o s

which is equivalent to stability for small axisymmetric per-

son number

turbations for a Poiseuille flow if
e <9 (1.10)
For nJ naxisymmetric perturbations condition (1.09) gives
4 (k+m€)- 2
which can be written as
2 ' l P e 2 [_ ——j
SN (m+ lrsm® (H’]-r ml\| [+

Hence the stability condltlon for small perturbations becomes

<

€$W/“2Lf ,m,g @ (5] s . Foe M<=0 (1.11)
AuD & < 2 kZ ‘/y _
~N —— _L S
Kl(alml*i‘— - & =3 tQ(<) ¢ for M>o
(my g ("l (1.12)

Conditions (111:) and (l1.12) indicate that perturbations with
negative azimuthal wavenumbers (m<{o) are most unstable and that
such disturbances represent waves with retrograde propagation

relative to the rigid-bodyrotation.

Pedly (1968) gives a necessary and sufficient condition for the

stability of incompressible rotating Poiseuille flow.

12



By setting

W= € (1-r°)= 2
with F - i g_;f('\rz)

he showed that the instability condition hecomes

, df
B(R-F ar)eo
where I
% = eﬁfm

This gives

K/
Tf'n(;y,‘ t€>&O (1.13)

for negative wavenumbers the criterion for instability becomes
% <
® i (1.14)

D. Present Work

Closed form analytical results are available only for spe-
cial cases such as incompressible flow or when the ratio between
specific heats equals unity. The aim of the present work is
that of stability investigation of any nonviscous compressible
rotating flows with as general basic velocities and temperature

distributions as possible.

A numerical ‘method has been used in order to solve for the
eigenvalues and the eigenmodes for the small wave-like pertur-
bations.For different axial and azimuthal wavenumbers the com-
puter program yields a set of complex frequencies which depend
on the compressibility of the flow as measured by the speed of
sound of the fluid. The imaginary part of the frequency deter-

mines the exponential growth rates of the disturbances. 1In the

13



case of pure rigid body rotation, the numerical results give
zero growth, as would be expected. For sufficiently large
axial flows, however, growing oscillations may arise. Of
special interest is how the stability-boundary varies with
wavenumber and sound speed. As will be seen, from the present
results, compressibility may tend to stabilize the flow. Rigid
body rotation with a superposed Poiseuille flow has been in-
vestigated, but the computer program allows the specification
of any radial distribution of azimuthal or axial velocity. 1In
the calculations the temperature is constant, but in general
the temperature can be any function of the distance from the

center.

14



CHAPTER 2

ANALYTIC FORMULATION

A. Basic State and Linearization

Basic equations for the inviscid compressible flow are
- - % »
written in terms of velocity L{*= ( Ug ,Ur9 “¢ ), density f*,
pressure P* and entropy S*, in cylindrical coordinates (3;0’,¢)

as follows:

Momentum,
1). s — Y
’,)tl —+(,(*’I7U§ = = ex 2 , 9 (Q.o/)
U - )’ 2
g—f}—g+u*.ou" (é—-ﬁ,‘?{f 9 (2 .02)
QUGS v, % ,
?t¢+(,('t7l/ *Urr‘u‘éh‘fﬁr%g’? (,2,.03)
Continuity, .
2). 28w g Sodt=o (2,04
3). The condition of constant entropy,
.%%*4 I* PS*= o

For a ideal fluid this gives the relation

15



' 3P Dg* z a—— T % * = -0 *(7‘
P_E”:< )gav—ﬁ{“‘d‘(’ W ys)s-atf UG

Dt > 8
or * * ~
The operators which have been used are N
u
- (/\% 2 ) i
- u _
\% Z (A; = 2% | 9r/ - :’i:
px ¢
and P Y*
*

wr = (5,5 8y ¥ aqmu

The steady-state solutions of these equations used as a basic

flow are assumed to be axisymmetric and independent of Z, namely

wr=(Wory,o, V),
¥ .
€7 - fd (r) 9
P¥ =P, tr) 9
i i g2
with P and S, being related by L o B 12
¢ dr T r
Under the assumption of small wave-like perturbations, the dis-

turbance quantities may be written as

sy =W+ e eri ) (t%*mlﬁ—wé)} 9
u: - x Cr) Qk‘ﬂ i(‘ (b%*"’\¢“wb) .237

ué; = Vi + v %i.«(u*m-—w&) ! ?

16



L

fl’t: fc‘(r) + f(,-) QKPE\‘(E%‘\'M(P "C'«J'(:)j ’

P*‘_._ Bty + P Q)\P% ¢ (w2 +n‘¢~wt>3

(2.07)

For stability of the flow it is necessary that the perturbations
have amplitudes that do not increase with time. For infinitesi-
mal disturbances it is not only necessary but also sufficient
that each complex eigenfrequency has a non-positive imaginary
part (‘mii(D). However, for greater initial perturbations the
flow could still be unstable and further, it is not necessarily
true that in an unstable region the time-growing perturbations
will cause the laminar flow to become turbulent. It might very
well turn out, that the disturbances will change the laminar
flow in such a way that it becomes a new laminar but possibly

unsteady flow which is more stable.

The complex amplitudes of the perturbations and permissible
values of the characteristic frequency y = y +iw. are deter-

r i
mined from the eigenvalue problem for the linear system of dif-

ferential equations.

This system becomes

K
TN+ —d—gf\:{ﬂeu(r) == g, P ¢

17



dfe . o + N .
Ckowm +(é$ tdr +r/b{(rl+’ r'/(]'(r)= —4%59(”

' .1[5? 4+ o+ o+ 46h707-+ ROy ='”£KE&7
(4 ke W(f‘ ¢ r O'L Sr r. ! r,(ffl fa C??.

(2.08)
where
X = (~w +k Wor = 0 Y ) (2.09)
For a complete system of eigenfunctions any initial values of
velocity, density and pressure can be expanded in series of these
eigenfunctions, to produce a general solution of the initial

value problem.

The above system of equations may be written in short-hand
notation as

Ae Y=o
with the disturbance vector

YT= [,(,()‘(r)’ (',((r/, U(”‘) 730’/; f)(r/_]

A is an operator matrix defined by

-
E s 0
l;-x Dw O { go z
o X “1\'{/ ¢, b - v
) o
+ Y ' - W™
A - lo WUy i ' or o) f (2.10)
.
\‘K +§ODYO+“F*D l? ¢ l'go
N - X
IS O?r*t)'p e ' gat @
L J
and P
D= dr 18



From

of State, the fOllOWlng relation
T
L 9% Uy Ldr (2.11)
é’odr‘raﬁ'"r;r' '
is derlved, which gives an €Xpression for the dengity
V¥ + ST
?O = goo ekp {(OS‘ [ - al -_"r df‘J&r"} (2.12)
with ﬁ;as the density ¢ the inneyr boundary (, _ ro).
By thig the Pressure Will be given by:
a™
P = €, < (2.13)
B. Reduction to a Single Equation

perturbatlon velocity and the Pressure
respectively.
Hence 2
. SC' N L ' AN ;P_
9-: ~ ? a . ("‘b’) + ?) T o > (2.14)
. P
= DW w - k *) + 2.15
SRR YN, ) % (2.15)
I D
and . 1L - P2y
H-(\(Dv*r)‘* rf’o)T (2.16)
where the perturbation Pressure also

> —a—")
11 the dlsturbance Quantitjeg
Once the Component of the dlsturbance ve1001ty in the radia]
directiop is known,

19
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By eliminating all but one of the linear equations in the
system, we get the following second order differential equa-

tion for the radial perturbation velocity u :

A 4S8 4 ds _L_QL&__fi'i L.9%
- - (J’ ) K'( gb Qir'*

e e ar " sdr T r/A¢
Ldsy g ﬁ__?l_"iaﬁpg
S r)+ ¥ dr T X% ¥ (2.18)
where 2 __;} ;z:? =i
s = (k% F= - Q"‘-.) (2.19)
2
m [ L JdW  y/ U
0(=7(dr*rV+k“‘r "‘;“6721‘/ (2.20)
N _v-q lifJ— _‘gé 2 3;!1(§i L ]r
P=asvtz " T 9°dr+x- rldr* (2.21)
A ]
and G]z a™ r r - (2.22)
C. Non-Dimensionalization

With the frequency of rigid body rotation,() , as the refer-
ence frequency and the radius of the outer cylinder, L , as the
reference length and the density at the inner-boundaryg00 as the

corresponding reference density; time, pressure and velocity are

-l 2
(L, [§“ (L_D.)] and [Lf)], respectively.

D. Boundary Conditions

For the second order equation (2.18) two boundary conditions

need to be specified.

20



In the case of two concentric cylinders as boundaries for the

fluid, the radial velocity is zero at the walls i.e.

u(l) = u(Rox) =0, - . (2.23)

YRox = radius of inner cylinder )
with no inner cylinder we have the following condition for the

radial velocity:
* *
u (z,0,¢) = -u (z,0,¢+m) (2.24)

This arises because of continuity at the origin and because the
positive r-direction is oppositely directed at points 7 radians
apart.

*
From (2.07) the expression for u is

*
u (z,r,¢) = u(r) exp{i(kz+m¢ -wt)}

thus, the condition becomes either

-1 = exp{ imm }

or u(0) =0

which implies that the radial velocity can be different from
zero only when the azimuthal wavenumber is an uneven quantity;
in fact, the series expansions at the origin(Appendix 1) shows

that this can occur only for m =-1 or m +l.

Another boundary condition is required in the case of a free
vortex. With the assumption of an outer potential flow, the

following condition:

21
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!72q> =0 (2.25)

is valid in the region outside vortex and whereq;denotes the

velocity potential.

In a cylindrical coordinate system this becomes:
, 'aqv

99* 2>

In a similar manner to (2.07), the velocity potential can be

- ar(V ar)SE* r’l = (2.26)

written

§=Z7uff)- G)qp[ [ (k24 mp— cof)vi (2.27)

(2.27) and (2.26) give the following egquation:

+ 2
,azr(.) _‘_g?,d (i*+ V‘_’:%)‘q)—;o (2.28)

with solutions in form of modified Bessel functions of the

second kind,

Itjdcrh B'K‘m‘(/‘d") (2.29)

Once the velocity potential is known, it is possible to deter-

mine the disturbance velocity components

U - P,-8 [ic[- Klr/m (Idv) exp/t (2 b~ it)f (5.3,

- rf R K (Ilv) wff (k?*‘”‘is""éﬁ

- (2.31)

22



The ratio between them becomes

L(r- , //{/\V' K/:,?/ //k/}/)

[

Up =~ o .
¢ /<UWW/ (/At/ v/
which can be rewritten by use of recurrence formulas, to give
Ur <
Um = (‘(/W/f [k —'—‘k”m—,) B% (2.32)
¢ g '

as the proper outer boundary-condition for a free vortex.

23



CHAPTER 3

METHOD OF SOLUTION

A. Numerical Techniques

In the numerical procedure, the disturbance-velocity is
calculated step ky step by means'of a fourth order Runge-Kutta
method starting from the inner boundary (Collatz 1960) The
differential equation (2.18) for the disturbance velocity may
have one, or sometimes two, regular singular points in the re-
gion of interest, and special care must be exercized in the
numerical integration through these points. The eigenvalue is
found by varying the complex frequency until the outer boundary-
condition is satisfied. 1In the case of a rigid cylinder the
boundary condition (2.23) is that of zero radial velocity. For
a free vortex, however, the appropriate boundary condition is
found by matching radial and azimuthal velocity to an outer
potential flow. In order to estimate new values of the frequency,
in the iteration procedure, the method of Newton Raphson has

been used with complex variables.

The program consists of a main part and a number of subroutines,
one of them called "RUNGKT" containing the numerical integra-

tion procedure.

24



The block diagram below will serve as a@short description of

how the program works. An extended explanation with flow

charts of all subroutines can pe found in appendix 3

9

INPU T

T

+ # " |VELTEM
= J+|
OPT
(3.01)
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B. Singular Points

For the differential equation (2.18) it is seen that, at
the origin (r=0) a singularity arises and a series expansion
for small r is needed in order to be able to start the numexr-
ical procedure for solving the equation. This has been done
by means of the method of Frobenius (Appendix 1), where it is
also showm that there must be two different expansions, de-
pending on whether or not the perturbation is axisymmetric.

There is another regular singular point,whenever

2
()s 3/2.”? 2 < 1 (3.02)
g - K
02
the si larity is located at
ingula y
. u m 2=
r= X _ k2 (3.03)
Q2
This is obviously only possible when
YO 2
az 7 (3.04)

which means that the singularity arises when the propagation
velocity of the disturbance is equal to the sound velocity. The
critical radius will be called the sonic radius or sonic point.

A third singularity arises when

¥ =0 (3.05)

From (2.09) it is seen that this occurs when the frequency is
rm
W= Wy~ ke Wer =+ “F/V?") (3.06)

which is a purely real quantity.

26



One way to avoid some of the numerical problems associated with
this singularity, is to add a small non zero imaginary part to

the frequency.

27



CHAPTER 4

RESULTS

A. Modes in Pure Rigid Body Rotation

For an inviscid compressible rotating flow, several modes
have been investigated for different degrees of compressibility.
In a general case, when viscosity must be taken into account,
the viscous damping will be greater for perturbations with higher
wavenumber. In the following stability investigation a small
axial wavenumber k= /10 in most of the calculations was chosen.
From the stability criteria (1.10), (1.11) and (1.12), it be-
comes clear that nonaxisymmetric modes with negative wavenumbers
(m<0) are expected to be most unstable. This implies wave
which propagates against the direction of rigid body rotation
(retrograde modes).‘Disturbances with m=-1 will first be studied
and then a comparison with results for other values of m will be
made. The ratio between specific heats is chosen equal to 1.09
(corresponding to freon 114,A). For purely rigid body rotation,
with no iﬁner cylinder, the mode frequencies as a function of
sound speed, can be seen from Figure 1 . According to the be-
havior in the limit, when a®@®@,it is clear that there exist two
different kinds of modes. Both of them are foun¢ to be neutral-
ly stable with the imaginary part of frequency vanishing, as

would be expected. In the limit, when a9®, it is seen that

28



some of the modes have frequencies roughly proportional tod,

and they are called acoustic modes.

Concerning the acoustic modes, Rayleigh has shown that the
frequencies, for a cylindrical wave guide is given by (1.02)

in absence of rotation. In the limit when the speed of sound
approaches infinity, this value will agree with that given from
a rotating fluid, because the speed of rotation is much less

than that of sound.

The calculated values of w/a, with Q = 104, is compared with

their asymptotic limit values (1.02)

Mode NR Numerical Results Asvmptotic Values
w./a wi/a wr/a wi/a

1 1.86724 0.3 + 10”7 1.86761 0

2 5.34050 0.5 -+ 10~7 5.34070 0

3 8.54193 0.0 8.54193 0

4 11.7098 0.1 . 1079 11.7102 0

5 14.8672 0.1 « 1079 14.8670 0

These values are in very good agreement which proves that the
numerical errors, due to the singularity in the sonic point,

must be negligible.

Another set of limiting value occurs when speed of sound vanishes.
Then, the different modes have a tendency to go to one of two
values at w, = 1 and wy = -3. This is in agreement with the
results that Gans (1974) obtained when he investigated a com-

!
pressible flow, with specific heat ratio Y = 1. He found that

29



the eigenvalue relation (1..06) gives the relation (1.07), in
the limit when a +0 , have the values w_=m pa 2. Figure 2 and
3 show the frequency as a function of sound speed, for small

values of sound. Further will the mode.form for a = 104 and

a = 1 be given on figures 4,5,6.

The other kind of modes is called inertial and have a much smaller
dependence on the sound speed (Figure 7 ). The two sets of

modes are located near each other with the values of the fre-
quencies less or greater than -1. Their limiting values, when

a+w» , have been shown by Greenspan (1968). From two transcen-
dental equations (1.03, 1.04) he obtains two sets of solutions

which corresponds to the two inertial mode frequencies (1.05).

The numerical values of Y, with a = 104, is compared with their

asymptotic values:

Mode NR Numerical Results  Asymptotic Values
W “i “r Y3
1 -0.82193 0 ~0.82119 0
2 -0.90639 0 -0.90660 0
1 -1.15187 0 ~1.153170 0
2 -1.08583 0 -1.08564 0
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From the stability discussions in Chapter 3, it is seen that

the case when Xué o, represents a case (3.05) when any solutions
are impossible to obtain. For pure rigid body rotation, the
frequency becomes W = m, (3.06). This is the same value, about
which the inertial modes are located. It is also seen that
higher modes have values closer to m and it seems to be so, that

'K = o0 implicates the limit point for higher inertial modes.

By adding a small quantity to the azimuthal velocity, the sensi-~
tivity of the stability properties to small departures from
rigid body rotation can be studied. Figure 10 shows,that
the mode form changes much,but that the frequency is almost con-

stant with vanishing imaginary part.

The effect of varying Y’ has also been studied for the first

inertial mode. The following eigenvalues were found:

Ratio of Specific Heats
w W,

r ' 1
1.25 ~0.75842 1072
1.15 ~0.76497 1078
1.11 ~0.76788 1078
1.09 ~0.76394 0
1.07 -0.77094 10-8
1.03 ~0.77417 10°8
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The modes are stable, as would be expected, and 10% change in
gives only a 2% .change - in Wr'
/

B. Instabilities for a Swirling Poiseuille flow
For a flow of purely rigid body rotation, the different modes

were found to be stable. Some of these modes could, however,
become unstable by superposing an axial.flow. The axial velo-

city distribution is chosen to be that of poiseunille:
‘ 2
Mr)=ﬂ'€ (1-17)

where @ becomes a parameter indicating the strength of the

axial flow.

For a fluid with m = -1, the change of the first inertial mode

is studied, when € increases from zero to one.

The first case concerns an incompressible fluid (Q = 104) with

three different values or the axial wavenumber. From Figure! 1l
it is seen that for € ¥ €= k the imaginary part of the fre-

quency becomes positive, indicating instability. From stability

considerations for an incompressible rotating fluid (1.10Q), (1.11)

and (1.14), it is seen that the stability condition is ngﬁ}‘iigsa

which is in excellent agreement with the numerical results

(Eigure 13).

For a fluid with the same azimuthal wavenumber (m = -1), but
which is compressible with sound speed equal to unity,stability
investigations has been performed. ¢ has been increased from

zero to one for four different values of the wavenumber;
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k = 0.05, 0.10, 0.31416 and 0.45. From Figure 12 it is seen that
the values of ¢ (=€B),'for which the imaginary part of the frequen-

cy is positive, is for all k greater than the corresponding values

for the incompressible case.This indicates that the fluid has become

more stable with decreasing a. This is of course more significant
for lower wavenumbers. In Figure 13 it is shown that with k = 0.05
the critical € increases to 0.7 when a = 1,which is an increase

of fourteen times. For k = 0.45 the increase is only 10%. A fourth
order polynomial through the four given values , indicates that €
has minimum 0.35 for k = 0.185. Hence a compressible flow of this
kind (m = -1) will be stable for all wavenumbers when € is less
than 0.35. For €> 0.35, perturbations with k = 0.185 will first
become unstable.

There are some indications that EB is less for modes of higher

order. Thus, for a = 1 and k = T/10 it is found that EB is 0.42
for the first mode but only 0.35 for the second mode. But it is
also seen, that for € = l,wi will be greater for the first mode

(0.54 and 0.30 respectively) and this indicates greater amount

of instability.

The stability boundary for m = -2 compared with that of m = -1,
can be seen in (Figure 13) .Curves for incompressible fluid shows
good agreement with the stability criteria (1.11). For a compres-
sible flow the condition becomes that for €<0.3, the flow is

stable for all k, but when ¢ increases,modes with
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wavenumber k = 0,38 will first become unstable. It is seen
from Figure 13 that the m = -2 mode is more stable for smaller
wavenumbers, but that it will become less stable for k > 0.23
The stability for a viscous fluid will depend upon the stability
for small wave numbers, because viscous damping has greater

effect on higher wavenumbers.
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CHAPTER 5

CONCLUSIONS

A. Discussion of Results

The numerical method of solving this eigenvalue problem
was found to yield many useful results. The computer program
was written in such a way as to provide solutions under very
general conditions. Not only can the radial disturbance velo-
city be obtained, but also all the disturbance velocities and
density and pressure perturbations. This is of value when the
outer boundary condition is other than that of a rigid cylinder,
For pure rigid body rotation the great difference between acoustic
and inertial modes could be shown by comparing their eigenvalues
for different degrees of compressibility.The computed results
showed excellent agreement with available analytical results for
special cases. All modes were found to be stable for pure rigid
body rotation, but instability would arise when a sufficiently
strong axial Poiseuille flow was superimposed. Stability limits
could be obtained for different wavenumbers and the stability
conditions for incompressible flows was found to be in agreement
with known stability criteria. The stability properties for a
compressible rotating fluid proved to be quite different from
that of a incompressible fluid. A stability increase due to com-
pressibility was found for all axial wavenumbers. Important was

the considerable stabilization of perturbations with small axial
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wavenumbers, because an incompressible fluid is most unstable

in this range. By comparing results with two different azimuthal
wavenumbers, m, it was shown that higher azimuthal wavenumbers
will be more stable for small axial wavenumber k and less stable
for greater k. The range for which all axial wavenumbers are
stable was shown to be € < 0.35 for m = -1 and € < 0.30 for m = -2
with greater axial flow, instability occurs for a certain axial
wavenumber, which was found to be k = 0.185 for m = -1 and k = 0.38
for m = -2. By considering a viscous fluid, the viscous damping
is expected to have its greatest effect for greater wavenumbers.
From this one may conclude that compressibility will have a sta-

bilizing effect.
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B. Suggestions for future investigations.

An axial flow, of Poiseuille type, can have a destabilizing effect
on a rotating fluid. Hence it would be expected that other kinds
of axial flows will show similar behavior. In the case of a free
jet in the interior, the expected instability has not yet been
demonstrated. One needs theoretical guidance in this area in order
to understand which wavenumbers are most likely to be unstable.
Another interesting application to free vorticieg,for which
Widnall et.al( 1974) have used the computer program in the study
of the stability of vortex rings. The program is especially use-
ful in this problem, because an arbitrary vorticity distribution
can be specified. In the case of a free vortex, an outer boundary
condition must be specified under the assumption of an outer po-
tential flow as shown in chapter 2. With a minor modifications
of the program, it should also be possible to investigate other
boundary conditions, such as would arise in the study of the

interaction between a fluid and a flexible cylinder .
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APPENDIX 1

Frobenius method of expansion has been used at the origin

(Jeffreys,1956)

A. Nonaxisymmetric Modes

The differe?tial equation considered is

o K 73
d'..g_‘: A3 QA‘#— /Afl‘/' (/(9
where the coefficients are

, dS . £ 9SS Ly,
A3 =~ (?% ar s 9 7 FJ
oo L 9% 9SSy B 9
and A/i-:(—g(?o dr T ¢ d,r)_rb'dr‘ _rb’ZS Ty -
For rigid body rotation, the azimuthal velocity is
==<r
and for Poiseuille flow ,the axial velocity is
W=cat-rz -,
¥ from (2.09) can now be written as
V= — ke (1-r%) + m 2.
and its derivative becomes
Dy = -2ke 2r
Further,the expression(2.11l) becomes
2
& ’y _ L%
From (2.18) comes the value of s, which will be
. r-2 r-z_ A —/
S = Fa.(l'f ',’,;:(Kz' qz)) »
and its derivative becomes

2 Z_.ZDI > DY
DS =-8*(-2 T * Gz 7 T2 4= )

and from that one gets the following expression:

2

2
DS 2z 2 2 T _ X" pT 2
R Gl ST
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The expression for a from(2.20) can be written as
. _x _l_ . }f‘az
< (2rmmQ2-¥%) L (AL € 020 + == )r

and its derivative becomes
L _¥L° y D7 Qe 2= r

whieh gives
»7

4 _ P22k
o %_fc_,‘?:y__ag(lmﬂ-b’)/-z, (277 22 - ¥ = R

[ o am 0Ot €m) 4 (2 oy (@5 2 B o200 )
t[2kea [y QP (a0 ) Ga ) 2E - 4 et

From (2.21)comes the value of B which will be

2 D7 jy <27
b= (x°-y7) + (2 Q_,—_;f"/‘(/-é’) o= rz

and hence one gets .

I mz( 2 2. L 02 Py
2 . = T—\{,_O_ .2 T —_ t*
XS x ) rz B—‘ Ig_ar 2 2 a’&—
+E2 (e FIN) P (-0 PSS (5T e [
—
+p (/C" _Cf‘z)p‘_},

The quantity n is given by (2.22) and becomes

= y
rr — 2> 02 -

3, = X<
7— Q=
and the following quantity will be obtained

- E ‘2”7-(2

o3 2
L2
[\/"mé Q—452f>72‘~ t s

[kahﬁl‘xgj
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The coefficients in the differential equation will be expressed

in a series valid for small r (near the origin)

3 4 X
A3=—(Z «BrBir +B2r2+B3r¥+B4r) + O(r?)
and

Al = (1)L, « 015 +CavC3raChr® s+ O

where the terms in the expansions are

g= - 2L ]
ok S
= _ = ' 2
B1= (T3 - 7= (k>- ‘b;a))7
B2= -~ X_ T
mq* 7—0- 9
— 2 2
55 = (5 e2- )7 - e
54 = v’ : 2 DTT 7
M qg* (k C—?;) T y
and
1: + ™ML, — 2 DT;
C ‘61( X)) T s

ca= ((ama ‘0('0‘ K‘- =.(r ._:)) -

T Q" 40,y
(1 (ke 0+ ) "; = [,..5)+( )( _gz)+
m L)
R (a\ceﬂ+ )+'g);_2(1mn {)]-g 3
C3 ((‘Am-O. K) Og_ +(1k€11+\6-o-) _Q.Kz) T
° f



, 3 ~ 2 _ 18 ke
CY = ((2m2-8) 5y (K?~ 5=) g2 ) i
- (2k Z_’Q i S 2k 3
( € 1 )( O"- mQ(K: 09_)) -+ Cr-()
—Qy 2 2.
T = 2_ > A2 3—,@2 L
b’oa(,_az//ck‘ ‘C(z/ -+ E;'—‘;“(Qk ELL + A )]b/

C"-S’ = - 4.2 12‘ ?‘i— ?.L L D/o
((2mo=T) 0% &2/ g2 prafaker 2 /j

Further,it is assumed that the solution will be of the form

(Frobenius method) :; ht =
u = L -"Aﬂw r
n=o
and the derivatives become v w | nrx¥T/
- ' d
Du= = A2l
“F=o
wco x r‘hfo( -2
DY = T A, (hre)(prm1)

7 =0
The differential equation becomes

7 An (nru®) (g ¥r) rT - (31‘/3r137r2—f Bar3+B3vY,
_—

-q ¥ | 2 3
+ Bl s )Z A, (n+o<)r”* v ((mEa)+CTr+ CAr=Cs ™,
n=0
+ CVY ‘»—Y_‘, C\S-r' )4— Ahr_ﬁfotk-
Nn=0

From the condition that terms of the same order of magnitude

equals zero
: 2L
Q(ry ¢ o< (1)~ et® 4= (m™-1)
which gives two solutions c%.* = -

The condition on u to be finite at the origin, makes only

non negative solutions possible

*

A = Im' ""

and then u will be written as
x> n
[mi—1 ( Z"" ~
n=\
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B. Axisymmetric Modes

When the azimuthal wave number is equal to zero (m=0),

the value of S becomes
2 T Z
S= (k"7 %)

and hence the following expression will be

Egi =" J{i'(' 2 . ¥ ) _ - s rkeL2 / 2 r
R>- X 2 2 T°
which gives . @ 9 (k Qz
x 9&_'_ Q:? K K DT, 1 43’/<€
§; S k2- X* T r
e 0

2
Kk m T
-r(k )(2k€{2 )%2“ r-T/Zkeﬂfﬁ/,Q?ﬁ( | 4‘63(62 2
° (K™22)
The derivative of o becomes 2
D = - ¥ QQY2E g, L2

- ~ &
a=" az T,

= 2

and further, the gquantities below will assume the form

3 2 2 2
o = (1) B L= )T
e oy

%, T3 2
5 = e+ gz(lkeqr S5)r

Then it is possible to write the coefficients in the

differential equation as

A3 =~ —#.,.Bw*B’Il"'f'BZ’Y“Z’f‘ 833"3#—34’ /’fi]*@(r‘“r)

and

/—\A- = [Jr:z'rC'l JF' 1—C2_+C3‘Y‘-f— C‘I’Y’z—r Cfri]+@(r")
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The terms in the expansions are

rd
< _ 7 or
B: kz l 7_9

NePX /"_- H I KE ;]

P = B3= 34 =C

and further

CH4 = [ 3 R
Ay EEC 2 2,,, 2_ &
Ca. - %[nzs‘— Kaab,_z}(y—%@ V(<2 ),
O=
z DT—
c3 = ( Lc ) C?l T
_ Ty k€ .
Cx4y = a—{((ﬂke—f -6——',;)(—(2?( Je2— ;:)
> L2
v <2(ke + G2) :
cs5 =0
The equation becomes
%o s | ) 2 Ly
' B1rx B3r ' '+
7 AnGad(nrd™)) V= - (I+ Bv «B1e7r T
h=o

% he o ¥ 2
¥ 2r° -+
B.‘rry)~ZAh(h+o<)f + (1+c1r+C2
4]

<o

+

+ < *

QO
n
2
+Cc2 ey eY) 7_Aar
N>
Comparing terms of the same order of magnitude gives

')——-O( +

O 1 LT
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This gives two values i'CKT =1
I =~

but only o(* = 1

is possible, because u must be finite at the origin.

Hence, the expression of u becomes;
o)
Z ~
o
n=\

Ao is chosen in such a way that the function will have
the same order of magnitude, regardless of r. This simplifies

the choice of numerical limit for the boundary conditions.

Further, the terms in the expansion becomes

(C1~-="B)
a‘ = (20("-1- 3)
Ay = (Ct— 1+~ B) (C2-%X"B)

(4xx+ 8) Q + (G4-x*+8)
Q.= C1=@+>9B)  (Co-(+xypy (C3-="B2)
P(Rra 15 TR (ewr i is) N (Bxm15)
- Cl~(3+dﬁ3) (C2 - (rut*
Ay = ¢ 8 2r*) B7)
(8a*+1+) s+ CITYs Q, t
(C3 - (lTOl".)B‘%‘) (C"f' _ °<*B3>
@+ 2ty AT Ganrak)
ag='C1- ety | (c2- 3wy
(o e*+35y 4™ (owx +35) Az -

(C3 e (@raypy)  (C4-(1+x)B3)
+(‘O°(7y +3$) &T(‘OO(K_FSS-) q']
. (€5 - x*B4)

(lox* +353)
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From the series expansion of u it is seen that for m = 1, the

function will assume the value Ao at the origin (r=0).

In the special case of constant temperature and an incompressible

\ flow,it is seen that in the nonaxisymmetric case the coefficients
- 3 .2'_,. 2] . 2 4 3
becomeA3=‘F—[m~k_]r+[_"a—z.,_k Jr
and mE- -
-3 p
Ad = —mx +ClLE+CL+C3r+C4reCSy+ (A(rY)
For large m, A3 becomes _ =
’ AS — =
In the axisymmetric case , A3 and A4 becomes
AB =

= 2
and AL = e v (Y405 k5
When m # 0 , the differential equation becomes
2
A« 3 dw  _ M2 B
=T o dr [ — 1—Z(F)J(,(~O

The transformation

X

gives D Cb
-

and the equation becomes

pg+ £ Db [200- =] =°

The solution becomes @ } ]m ( (/fzﬂr_)
and u will be u=_¢__}m(\/?r)

This is obviously not valid for m = Ty,
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APPENDIX 2

Frobenius expansion at the second singular point.

The differential equation is

R,
PR LS S RN 8 2

The expression for S is 2 2 2 .
sl T I S S )
S= («*+ ==~ o2 m2ll
.or 2
e~ & rZ /

YY\"(V'-‘-)"‘) (r-r)
and from this expression it is seen that the. singular point

is located at r = ry v where @

m - !
Fo= V/#—;;E' =z

a?.-

This singularity occurs when the frequency is :

w;m_ta[/fm9-+kl

The coefficients in the differential equation can be expanded
in series.

The first coefficient becomes

[ .
A3 = _('F—_E_)‘(G+HO (F—Y“.))
Where G and HO are :

( 2. %= 2Ly DU b:__z D7 I’LZ - r
& = rs T az Tz T i = (r+r) s
and

2

v¥! DT
o = - (fg= - 5 ++)
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- The second coefficient becomes:

A4 = (e1+H1(r-v)) 7y

_ where Gl and H1l are:

Gl = — % 2m™ o¥DU_ ¥ DTy f° L
¥ 3 az  aq= T) m2 (re k)

and

o< D X
H1 = ( D fo I;. T ¥z ~ N

But as G, HO, Gl,and Hl are functions of r it is necessary to

- expand them also and we get:

/.
As=[6 /[, +(D&+#0)/ (1) */‘2)6*%@)/(”) -1

rand

Ad =[G/, ™ OC1+H1) (rr) J(F 7

The expressions above contain first and second derivative

2

= of G, and they are denoted by DG and D°G.

DG and D2G becomes:
Q.

2
p6 = 13 /p(é@)("’*'m T 66 (( r+4) 0’:_/7)2)_7

and

2 r}l 2 _K;i G QV. )
D& 577:“»[1)(6(9) 1) +2D(66) qz,r) Cnr)zj 6 lrer hr) Qo(rf (m)]
__With GG means the expression:

QKUK s> DT

Ge = r3 a>  a* T

and by DGG and D2GG denotes the first and the second derivative

of GG and they becomes:

Dec)

and

- 2. , 2 DT DT . )
(- 42 s sa (206 + P V)

4

+%W‘

pT _
D (60) = ( — &‘L [G’DGD@‘ + 9.%‘;35 ‘{o(@ﬂl*'ﬁbzx) )

&\HDB —‘Df*w:[?z)«' " J )
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The expression for‘ﬁ is:
¥=-w+kW+F 1

L 3
If 131 qTD'E and D § are the first,second and third deri-

'vative of , their expressions become:
oI
DY = kBN*MLV“E ]
(24 _ o2V 24 -
=

'Da'ﬁ-.-_ \:B,)-\J r ™M -1 ra3
1 v’
» ¥ 3V D '
and 3¢ - ~v’5\5"m&—r“"’)?>.+£‘%]‘; = %:‘qj

The derivatives of HO and Gl are:

DHG‘ Lruﬂ-[m}\y \I_\;‘D—}D\ P'El"‘ }%m]

an
DGt = “E D6 - - &00) 6
The Frobenlus expansion glves > ﬁ

ZA€ g, €210,

The differential equation becomes:

A=
=0 5 o )él’lrd%"l
= (6 (DG +H0) € + (D tPHIED hi Ay (n+ -
0o
+ (t57"*C]>61'+/41) 6:)‘1: ;\n {1”*
=0
and comparson of the same order of magnitude gives
(e . S(arr-ed =0
Al

which have two possible values of ¢

RS
g
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Near the location r = r.,the value of u can be given by a

1
series expansion )
oQ ' o../* ‘:}.’_ ' O(A
, J + 2 = , r
U =C Z a;e€ + 5L 6/ ol
J.:O J “c
in a small parameter € = r - r .

The constants C and B can be chosen in order to make the
function and its derivative in agreement with the known
properties at one point.The values of aj are given by a recur-

rence formula,With a0 chosen equal to unity and a, as
a (PG +ho)o =

G VAGT S-SR and

the recurrenceformula will give 25 (1%2):

9 (j Ho)(/-1+ %)+ 6 a, + (D6 +D# ()21 +( 1/05,7”7/7)
(J*‘X )(‘/'f'o(* / 6} (‘./1'0{ )(J+o()f_/ _6)

r
b. will be given in the same way as for aj , but with‘x, in-

stead of O(\; in the formula.

In the case of rigid body rotation and no axial flow , the value

of G becomes . . . Q.r;z
Q_m r-‘ r - .
G = F3 e (rehk) T PR

When r = ry it is seen that G=1,which makes it impossible to
get bj for j» 2,

u will now become

2o . J‘fq/* bt J'f°<):
=C %i; C)J Chlej'f? . £3 gz_ éﬂ; €

where b,=1 and bj=0' (i€ 2)
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APPENDIX 3

DESCRIPTION OF COMPUTER PROGRAM

The computer program consists of a main program and four
subroutines. The subroutine " VELTEM' prescribes the basic
velocity and temperature distributions. For example, the radial
dependence of the axial flow can be either of poniseyille type
or in the form of a number of jets. The jets can be wall jets
and as many as three axial jets, at a radial distance "RO", in
the interior region. A given input variable is the amount of
flow "FF" in the first jet and in addition to that, the flow
"FF" and "FB" for the free and boundary jets, can be prescribed.
All jets can be more or less concentrated. "E" and "EB" are
the widths of the free and boundary jets respectively. Other
input values are the ratio of specific heats 'Y' denoted by
"GHAM" and the sound velocity a as "AC". Further "EM" and
"yK" denote the wavenumbers in azimuthal and axial directions,
respectively. 1In order to describe the amount of poiseuille
flow, there is initially given a parameter "EPS" which is the
ratio of the centerline axial velocity to the peripheral velo-
city. For each sets of parameters, there is an initial guess
of the value of the complex frequency w,, which in the program
is written as "FREAM", with the real part, W, as "FREQ" and the
imaginary part, ®;as "AMP". The subroutine "RUNGKT" is used
to integrate the second order differential equation (2.18),
for W. The numerical method used is a fourth order Runge-Kutta
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procedure with complex arithmetic in double precision (Collatz
1960 ). The second part of the subroutine "SPDQ" is used in
order to get the values for the needed coefficients. The values
of the perturbation velocity and its derivative are denoted by

" U" and " DU ", respectively, and are prescribed for 50 equi-
distant radial points between zero and one. The step length

in the numerical procedure is "HH" which has been given the
value of 0.0l. Near the sonic point, where applicable, the
steplength is reduced by a factor of 50 from the ordinary step
length, in order to come as close as possible to the singular
point, thereby reducing the influence of numerical error. Under
the assumption of continuity, the values of velocity, u, and

its first derivative, at the nearest point after the singularity

are obtained by independent linear extrapolation.

In the case of an innercylinder, with radius "ROX", the numer-
ical procedure can start directly from the inner boundary, with
the assumption that the derivative "DU" will have a finite

starting value, here chosen to be 0.63 + 0.29i.

Without inner cylinder, because of the singularity at the origin,
it is necessary to start with a series expansion for u and its
derivative out to a small distance, of 0.005, from the origin.
The first part of the subroutine "SPDQ" will provide the proper
series expansion, whether the perturbation is axisymmetric or

not. In order to satisfy the outer boundary condition, within
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a small error, which in this case was chosen to be‘ 510 5,

the value of the function u and, in the case of a free vortex,
some of the other perturbation quantities, have been taken into
account.

With the parameter "IS" two different kinds of outer boundary
conditions can be specified. A value less than two refers to

a rotating fluid inside a concentric rigid cylinder, and the
proper boundary condition is zero radial velocity. This condi-
tion is considered satisfied when|u|calcu1ated at T =1 is less
than%lo_s. If "IS" is greater than two, the flow condition is
that of a free vortex, and the third part of subroutine "SPDQ"
can be used to get the proper values of the perturbation quan-
tities in order to see whether the boundary condition is satis-
fied.

The subroutine "OPT" provides a new value of the complex fre-
quency which is found by the use of the Newton-Raphson method
in complex variables.

For this, two earlier values of the frequency are needed.
Therefore, a second frequency is selected by adding a small
quantity to the initial guess of the frequency. The magnitude
of this small quantity, which in the program, is named "FSTEP",
was chosen as 107 + 1076j,

The maximum number of iteraticns is specified each time as the
value of the quantity "NP". However if it is not possible, with
this number of iterations to satisfy the boundary conditions
within specified error limit, the text "Can Not Converge" is

written out, and the iteration procedure is terminated. After
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that the next two input cards give new initial values. However
if the next cards are blank, the program will terminate.

When the outer boundary condition is satisfied to the desired
accuracy the calculation is terminated. The third part of the
subroutine "SPDQ" is used not only to calculate the other per-
turbation quantities, but also to write them out together with
the basic values of velocity, density and pressure for fifty
values of the radius. Further, it is possible to examine a
sequence of cases when some of the parameters; k, a, FF, or
ROX is changed by a small amount in each step. In order to
estimate a proper starting value in each new case, the fre-
quencies for the earlier cases have been taken into account

in such a way that a linear or second order polynomial has

been used. In the second iteration, the parameter is increased
by one twentieth of its original value and then it is sufficient
to use the previously obtained value of the frequency as a
starting value. The maximum number of iterations is limited

by "NPTS", after which the calculation is terminated, unless
the boundary condition has been reached to within the desired
tolerance in a previous iteration, in which case the calculation
will be interupted earlier.

In the subroutine "OPT" where the new frequency is given, the
maximum frequency change is limited by a quantity "STEG".
"STEG" is two ,Or twice the nondimensional speed of sound,
depending on whether the mode that is looked for is of the
inertial or acoustical kind. This has been done in order to

avoid loosing the track of the eigenvalue. If the amplitude of
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the radial perturbation velocity at the outer boundary fails

to decrease in an iteration, the maximum frequency change is
decreased by a factor of 1l.5.

In order to get a good initial value of the frequency, it is
important to know the behavior of the perturbation quantity for
a range of frequencies. This can be done by writing out this
quantity for a number of different values of the frequency. If
both "NPTS" and "NP" are given the value unity, then a number
of "MM" values will be written out with the frequency increased
with the amount of "DFREQ" each time. Finally, the parameter
"DE" can be used to study the influence of small deviation from

the state of rigid body rotation.

In order to remember the date for calculations, it is possible
to provide this information on the first data card where day,
month, and year is given by "ID", "IM", "IY" resp. This is
only a practical detail, but which can prove to be useful.
The next two cards hold the needed input values for

GHAM = Ratio of specific heats

EM = Azimutal wavenumber (m)

XK = Axial wavenumber (k)

AC = The speed of sound (a)

ROX Radius of innercylinder
FF = Flux in one of the jets
EPS = Parameter indicating amount of axial Poiseuille flow (¢)

FREQ = Real part of frequency (w))

AMP = Imaginary part of frequency (W)
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NPTS
NP
DXK
DAC

DROX
DFF

DPS

DFREQ

DE

Number
Number
Change
Change
Change
Change

Change

of
of
in
in
in
in

of

iterations with change of some parameter
iterations in order to find the frequency
axial wavenumber

speed of sound

radius of inner=-cylinder

jet flow

parameter indicating amount of axial Poise-

uille flow

Change in real part of the frequency

Number of change DFREQ

Parameter indicating disturbance of rigid body rotation

55



MAIN

KReAb) DPATE

STEP IN RUNG.leum @ ™4
BOUNDARY COND: |5
s.crgmou eeeQ SL

\Ceime) ‘cam NeT conyerel

e Cu NPTS
No

Flow Chart 1.

56

. ) @
J’\ ¥ { N<Np )—I&%——JQ ;@RU"G“"

W=wCwy

WRMY' 4w , U(s0)




o5 S
=L vi6" )

1 No
[Gar VELTer |
L

Yes

No w'_hh € - ’ No 1 Yes
| \{1}——+ N’ﬂl)n)‘_—?(

I NeuNAL (NERTIA MoDE ACOST\C MOPD
Hove SeT 2§ s6T | ser 1

Flow Chart 2.

57



AN 4

PhQ

Wn): D) + WIK-184)
2.

Flow Chart

58

3.



OPT

)

Aw=(16°,16°)

WV
N\_Yes o
s

\/No
B e Y

LAY

NewTon
i RAPHSON
Mentop

Q= dw (HKK !

Aw= Aw (U(s0))

L

v

QhwlafeQ
Yo

Y Aw- %;‘fm-ms

Flow Chart 4.

59



RUNGKT

ystep.R GreP oveR | L= H-H¥5o
KUTTa STER. SINGDLARN | - +

%

Flow Chart 5.

\ 60



SPDG

v > }
= Pl el |
“(R’OW’)’ AOER A%a -( P.SS +p_$_ +..L) §°= §°(R)
; f l{ﬁ K ® §= € (R
U(R'OF’A”» -t ol bqo DSy DL (o ol
e B8 | bt
a%&e APNﬂUDu4:> r’= Pw)
L= R
W= RY
NO
Y Y
N
I
OuT

Flow Chart 6.

61



VELTEM

D,

V=0« tHly =0
W=pW2Uw=0

Flow Chart 7.
62



LEASE

10

11

12
13

14

2.0 MATIN DATE = T4024 18/15/23

IMPLICIT REAL*8(A-H,0-2)

COMPLEX*16 U,DUs FREAMy,GAM, Z1yUENDUEL1,FREACyDFREA,FREAN
1 ySHDELyPPoWIRyHKyVV yHKD9yHKK¢HK1 9 AB,BA,AAQ
2 9DSSHyALPHAsDALPHoVEETALEETA

DIMENSION U(50)4,0U(50)¢ FREAM(2),UEND(2),FREAN(30)sWIR(40) HKK(2)
COMMCN UyDUJFREAMyGAMGEMsXCMEGYEPSyXKyGHAN yAC9A9gROXyReVy Wy FFoVV
1 ISyDGAMySyDSSyDRHCyALPHA,DALPH,VEETA,EETA4AAQ,DE

READ(S5479C0) IDyIMo1Y

READ(5,8000) GHAM,EN ¢ XK 4AC yROXsFFyEPS,FREQyAMP

REAC(5,8005) NPTSyNP,DXKysOACyDROXyOFFDPSyDFREQyMM,DE

HH=0.C1DC

IFICNFTS LEQs. 0) GO 10 400

I15=1
XOMEG=1.D0
STEG=2.00

Il = CCMPLX{G«C091.C0)
NPN=NPTS+NP
FREAC=DCMPLX(0.D0+0.CO)
FREAM(1)=DCMPLX(C.CCy0.D0)
FREAM(2)=FREQ+AMP*Z1]
UENC(1)=CCMPLX(0.CCy0.D0)
HKK(1)=DCMPLX(C.D0O4C.D0)
EPSC=EPS

ACC=AC

FFO=FF

ROXC=ROX

XKO=XK

DO 2CC J=1,4NPTS
IF{J.EQ.Y) GO TG 17
IF{J.GT.2) GO TO 11
EPS=EFSO+DPS/20.C0O
AC=ACC+DAC/20.D0
FF=FFC+DFF/20.D0
ROX=ROX0+DROX/20.D0
XK=XKO+DXK/20.D0

L=19

GO 10 17
EPS=EPSO+(J-2)*DPS
AC=ACC+(J-2)%DAC
FF=FFC#+{J=2) *DFF
ROX=ROX0+{(J-2) *DROX
XK=XK0+(J=-2)*DXK
IF(J.GT«3) GO TO 12
FREAM(2)=FREAN(J-1)+(FREAN(J—-1)-FREAN(J-2) )*DFLOATI(L)
GO TC 17

IF(J-5) 13,14,15

ET=1.CO

TV=ET+19.D0

TR=TV+20.00

GO TC 16

ET=1G.D0

TV=ET+20.0

TR=TV+20.D0
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GO TO 16
15 ET=20.D0
TV=ET+20.0
TR=TV+20.D0
16 AB=(FREAN(J—=2)/ET-FREAN(J-1)/TV)/(ET=TV)+FREAN(J-3)/(ET*TV)
BA=FREAN(J-2)/ET~AB*ET—FREAN(J-3)/ET
FREAM(2)=AB*TR#%2+BA*TR+FREAN(J-3)
FREAC=FREAM(2)—FREAN(J-1)
17 CONTIAUE
IF(1S.LE.2) GO TO 21
CALL BESK(XKGsBKOy ITER)
CALL BESK({XK,1,BK1,ITER)
HK=21%(1.D0+XK*BKO/BK 1) /EM
21 IF(AMP.GT.0.01D-9) CC TO 26
KN=0
22 DO 25 N=1,50
R=C.C2DC*DFLCAT(N)
CALL VELTEM(DV,DDVsChyDDW,DTT)
GAM=—FREAM(2 ) +XK*W+EM*V/R
ABSGA=CDABS(GAM)
IF(ABSGA-1.D-3) 23,23,25
23 ABFRE=CDABS(FREAM(2))
KN=KN+N
IF(KN.LE.100) GO TO 25
WRITE(648008) GAMy,FREAM(2) 4R
G0 TC 200
25 CONTINUE
26 WRITE(648009) IDyINM,IY
WRITE(648010) GHAM,ROX, XOMEG 4EPS¢EMyXKyAC
IFINPN.LE.2) GO TO 76
RF=FREQ-EM
JJi=1
IF(RF.GT40.00) GC TC 27
JJ=2
27 RF=CABS(RF)=-0.5DC
IF(RF.GT.0.C0) GO TC 28
WRITE(648011) JJoFF 4HH,DE
GO TO 29
28 WRITE(648012) JJyFFyHH,0E
STEG=STEG*AC
FREAM(2)=FREAM(2 )*AC
DFREQ=DFREQ*AC
29 1B=0
UEND(2)=DCMPLX(1.D041.D0) .
WRITE(6,8015)
35 DO 75 N=1,NP
CALL RUNGKT (HH)
45 UEND(2)=U(50)
~ CDU=CDABS(U(50))
49 DFREA=FREAM(2)-FREAC
" IF(N.LT.3) GO TO 50
IF(COU.LT.ABSU) GO TO 50
UEND (2)=UEND(1)
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UEND(1}=UEL

WRITE(648020) NyFREAM(2)OFREA,STEG,U{50),CDU
STEG=STEG/1.5D0

FREAM(1)=FREAQ
FREAM(2)=(FREAM(2)+FREAM(1)}/2.D0
IB=IB+1

IF(IB.LE.3) GO TC 17¢

IB=0

NB=1

FREAM(2)=FREAO

GO TC 70

WRITE(648022)

NB=N

IF(IS.LT.2) GO TC 6C

LL=2

NN=3

CALL SPDG (NNyLLsA3,A4)
WRITE(698022)

WRITE(648023) HK

HKD=HK-U(50)/VV

HKK (2)=HKD

WRITE(6,8024) U(50)+VVyHKD
AHK=CDABS(HKD)

WRITE(648025) NyFREAM(2) yDFREAySTEGsHKyAHK
IF(AHK-5.0-5) 65,65,70
WRITE(648025) NyFREAM(2) yDFREA,STEG,U(50),+CDU
ABSU=CDU

IF(ABSU-5.D-5) 65965,70

LL=1

FREAN(J)=FREAM(2)

IF(J.EQ.2) GO TO 20C

NN=2
CALL SPDGQ(NNsLLsA3,A4)
GC TC 200

CALL OPT(NByISyFREAMUENDsHKKSTEG)
IF(IS.LT.2) GO TC 71

HK1=HKK(1)

HKK (1 )=HKK(2)

GO TC 72

UE1=UENDI(1)

UENLC(1)=UEND(2)

FREAO=FREAM(1)

CONTINUE

WRITE(648050)

GO 1C 10

CONTINUE

FREAM(2)=FREAM(2)*AC

CFREQ=DFREQ*AC
FREAM(2)=FREAM(2)-DFREQ

DO 79 L=14MM
FREAM{2)=FREAM(2)+DFREQ
GAM=—FREAM(2 )+ XK*XOMEG*EPS*{ 1 sDO-R**2 ) +EM¥XOMEG
ABSGA=CDABS (GAM)
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IF(ABSGA.LE.1.D-3) CC TG 79
CALL RUNGKT{HH)
CDU=CCABS{U(50))
WRITE{6,8040) FREAM(2),CDU
7S CONTINUE
200 CONTINUE
GO 1€ 10
400 CONTINUE
STOP
1SC0 FORMAT(2I2,514)
8000 FORMAT(D5.34D5.19601C.54D1C7)
80C5 FORFMAT(21546D1045413,0744)
8008 FURMAT(1H 'GAM=1,2014.692Xy9"FREAM="492D144692X9"'"R=?40L4.692X,
1 "TRY NEW STARTINGPCINT?')
8C09 FORMAT(LHL,"DAY ="'4]12,1Xy"MCNTH =°,1241Xy"YEAR =1',14/)
8010 FORMAT(LH 41Xy 'GHANM=CP/CV =*4DLl1le492Xy'RADIUS OF INNERCYLINDER =?
1 s01Le492Xy*ANGULAR VELOCITY ='4yC10e291Xy *ROSSBY NUMBER EPS =7,
2 D12.4/7+" ANGULAR WAVE-NUMBER M =',D10.2,4* *¥*% AXIAL WAVE-NUMBER
3 K =%9yD12.59" ***% SCUND VELCCITY AC ='4D1l2.4//)
8C1l1 FORMAT(1lk ,'INERTIAL MODE SET=',12,5X,
1 'FLUX IN JET ONE = *,D10e4¢s1lXy'HH = *yD10e4elX,*DE = *yD1l1l.4/)
8012 FORMAT(1l+ ,*ACOUSTIC MODE SET=',1245X,
1 '*FLUX IN JET ONE = °3D10e491Xy*HH = "yD1C.4¢1Xy*DE = ',D11.4/)
8G1lS5 FORMAT(LH s1Xy*N®y2Xy*FREQ=W(REAL)" 92Xy *AMP=W(IMAG)®' 43Xy 'DFREQ?,
1 8Xy'"DAMP! ;99X *STEG" p4Xy*'B'94Xy 'UREAL"9y8Xy "UIMAG"'",9X,*ABS(U) /)
EC18 FORMAT(1H 430Xs*WIR = ! ,20134691Xe'{U|l = *4yD13.6)
8020 FORMAT(LH 4I129y1X92D13.a691X92D134€91XyD9e39"B*91X92D13.6491X,
1L D13.6,'8")
8022 FORMAT(/)
8023 FORMAT(LK sLlXy'HK = *,2013.6)
8024 FORMAT(LlH 41X,'U = "32D13.691Xy*'VV = 42013 .691Xy*HK=-U/VV =1,
1 2D12.6)
8025 FORMAT(LH s12y1X92D13e691X92D13.6491X9yD9e392X92D13.691%X4D13.6)
8C30 FORMAT(//)
8040 FORMAT (LH s 1Xy"W(REAL) ="yD134691Xy "WIIMAG) ='4D13.6,41X,
1L *ABS(U) =',D13.6)
8650 FORMAT(1HOy*CAN NOT CONVERGE")
ENC
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SUBRCUTINE OPT(NBRy ISy FREAMyUENDyHKKsSTEG)
IMPLICIT REAL*8(A-H,C-2Z)
COMPLEX*16 FREAMoUENDZL1yFSTEPDFREA HKK
DIMENSICN FREAM(2),UEND(2)yHKK (2]}
FSTEP=DCMPLX(L.D-€¢y1l.D-6)
IFI(NE-L1) 104+10,20

10 FREAM(1)=FREAM(2])
FREAM(2)=FREAM(1)+FSTEP
GO TC 4cGcC

20 IF(LIS.GT.2) GO TO 2%
DFREA=(FREAM(2)-FREAM(L))*UEND(2)/(UEND(L)-UEND(2))
GO TC 27

25 DFREA=(FREAM(2)-FREAM(1))*HKK(2)/(HKK(L1}-HKK(2))

27 CDAFR=CDABS(DFREA)
IF(CDAFR.GT.STEG) CGC TG 30
STEG=1.D-3
GO 70 40

20 DFREA=STEG*DFREA/CCAFR

40 FREAM(1)=FREAM(2)
FREAM{2)=FREAM(1)+DFREA

400 CONTINUE

RETURN
END
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SUBRGUTINE RUNGKT(HE)

IMPLICIT REAL*8(A-H,0-Z)

COMPLEX*16 UsDUyFREAMyGAMyUO,VO,ULyV14HKyUU,DUU,DDUUsDDU,yA3,A4,
1 GyGlyH1yAA,SL9S2,EETA)ALPHA yDALPH,VEETA,SyDSSyELsEyUL2,V12,AAD
2 +DClyGG9yDGG,DDGCyDCyDDGyS39S49ySNLySN2,555,BB4B4C9A04B0,ULL,yVLL

DIMENSION U(50) yDU(50) yHK(4)FREAM(2),DUU(4),DDUU(4),DDU(50)

1 sAA(LO0),S1L2),5282),S53(2)+54(2),4BB(10)

COMMCN UyDUyFREAMyGAMyEMy XCMEGy EPSy XK )GHAMy ACyAsROXsReVyWsFFoVV
1 ISyDGAM,SyDSSyDRHC yALPHA,DALPH,VEETA,EETA,AA0,DE

UO0=(0.0040.D0)

ULl1=(C.DC,y0.D0)

vO={C.D0sC.DC)

V11=(0.D0040.D0)

H=HH
LL=G.C21CO/HH
MM=1
N=0
NL=0
IF(RCXGTeleB-4) GO TO 4
NN=1
CALL SPDG(NN,sLL,A3,44)
N=1
H=0.C15D0/DFLOAT(LL)
MM=13
GC TC 8
4 AAC=DCMPLX(1.D0,3.2€D00)
5 N=N+1
NL=A
R=0.CZ2D0*DFLOAT(N)
RR=R=ROX

U(N)=DCMPLX(0.D0,0.£0)
DU(N)=DCMPLX(0.62D0,Ca29D0)
IF(RR.GE.1.D-9) GO 1C 7
IF(RR.GE.~1.D-9) GC TO 8
DU(N)=DCMPLX(0.D0yC.+DC)
GO iC 5

7 R=ROY
H=RR/CFLCAT(LL)
MM=3
GO 10 9

8 R=0.02D0*DFLOAT(N)
W2=FREAM(2}
CALL VELTEM{DV,DDV,DW,DDH,DTT)
GAM=—FREAM(2 ) #XK*W+EMRV/R
G2=(GAM/ A)**2—XK*%2
IF(G2.LE.0.DO) GO TG 9
R1=DSCRT ((EM%%2)/G2)
IF(RL.,GT.1.D0) GO TG 9
R2=CABS (R-R1)
IF(R.GT.RL) GO TQ 9
IF(R2.6T.0.021D0) GC TO 9
H=HK/50 4O
LL=LL*50
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Ul=L(N)

VI=CU(N)*H

DO 2S L=1,LL
Uul2=ul-UC-uUll
Viz2=v]l-v(0-Vv1l1

LUll=L1-U0O

Vil=vl1l-V_

RO=R

uo=ul

vo=vl

m=0

IF(LL.LE-9) GO TC 1C

CALL VELTEM(DV+DDVyCW,DDW4DTT)
GAM=—FREAM(2 )+ XK*W+EM*:V/R
G2=GAM%%x2
RL=0SCRT({EM*%2)/((C2/(A**2) J=XK**2})
R2=CABS(R-R1)

IF(R2-H) 16416,41C

NN=2

CALL SPDCUNNsl.LyA3,24)
M=M+1]1
HK(N)I={(H**%2)*(A3%*(V1/H)+A4*U1)/2.D0
IF(M=3) 12514,15
R=RC++/2.C0
Ul=UC+V0/2.DCG+HK(1)/74.D0
VI=VC+HKI(M)

IF(M=1) 10410511

R=RC+H

UL=UC+VO+HK (M)
V1=V0+2.CO*HK (M)

GO TC 10
Ul=UC+VO+(HK{L1l)+HK{2z)+HK(3))/3.DC
VIi=VO+(HK(L)+2 .DO*HK(2)+2.00*HK(3)+HK(4))/3.D0
IF(LL.LE.9) GO TO 2¢

GC T7C 29

IF(R-R1) 17,410,100
CONTINUE

Ul=ul+ull+ul?2
Vi=Vvi+Vvll+vl2

R=RO+k

CONTINUE

IF {(MM.LE.2) GO TO 20
MM=1

N=N-1

H=HH

N=N+1

U(N)=UL

DU(N)=V1/H
R=0.02D0*DFLCAT(N)
IF(LL-9) 40,440,338
LL=LL/5Q

H=H*50.D0

IF(N-50) 8,40094C0
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4170
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2.0 RUNCKT

CONTINUE

IF(RCX.GT.1l.0—-4) GO TO 405
ME=EWN

IF(ME-1) 405,50044C°¢

N=1

N=N%+1

R=C.0ZD0O*DFLCAT(N)
UD=CCABS(U(N))-CDABS(U(N-1))
IF(UC-0.D-9) 420,45(y450
IF(R-ROX) 460y45C942¢
AAG=AAQ/LIN-1)

GO TO 460

IF(N-50) 41044559455
AAC=AAQ/U(50)

DO 470 N=1,50
U(N)=AAQ*U(N)
DUCN)=AAQ*DUI(N)

CONTINUE

RETURN

END
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SUBRCUTINE SPDQINN,LLyA3,A4)

IMPLICIT REAL*8(A-H,0-2)

COMPLEX*16 UyDU)FREAMyGAMy G29GE+BLL,BLlyB2,B34yB4yCLlyC29yC34C4,4CH,
1l A34A4:CyD1¢D2¢D39yD49E249E3,V1,
2 AAQyRALyAA29AA3AA4,AAS,
3 CETAyALPHAyDALPHyVEETA9SyDSS9Z19DELyVVeWh PP HRRHO
4 +EPSIODELTA,DEPSI

DIMEANSION U(50),DU(50) s FREAM(2)

COMMCN UygDUyFREANGAMyEMyXCMEGEPS 9 XKyGHAM; ACy Ay ROX9sRyVyWyFFyVV
1 IS¢DGAMySyDSSyDRHO9yALPHADALPH.VEETALEETA4AAQ,DE
GO TC (100420043GC0)y NN

ALF = DABS(EM)-1.D0

XK2=XK*%2

EN2=EN%%2

EM4=EM2%%x2

02=XCMEG*»*2

03=C2*%X0OMEG

04=02%%2

GHG=1.D0-GHAM

R=0,CC5DC

CALL VELTEM(DV+DDVsIWsDDW,DTT)

A2=(1.D0/A)*%2

GAM=—FREAM(2 )+ XK*W+EN®V/R

G2=CANMX*2

GE=1.D0/GAM

EEM=DABS(EM)

IF(EEM«LE.0.01DO) CC TO 101

C=(XK2-G2*A2)/EM2

B--CTT

Bl=C2*A2*GHAM-2.C0*(

B2==(G2*A2%DTT)/EM2

B3=2.00%C*%2-4 ,D0*GAM®XK*EPS* XOMEG*A2/EN2
B4=C2%A2%C*DTT/EM2

D1=2.00%EM*XCMEG—GAN
D2=2.DO*XK*EPS*XCMEC+GAM*02%A2

D3=2.D0%EM*XOMEG

D4=GAM*(02%*A2

E2=-C4

E3=—~E2%DTY

E4=2<D0*XK*EPS*03*A2

V1=(G2-4.CO0*02

v2=02*DTT

V3=C4*A2*GHG

Cl=(B8%D1+EM2%GE*V2)3GE
C2=(B1*D1-2,D0*D2+EZ+EM2*GE*(V3+V1*C )-GE*(D3%D2+D4*D1} ) *GE
C3=(B2*%D1-B*D2+E3+EM2*GE*V2*C ) *GE
C4=(B3*%D1-B1*D2¢E4+EM2*GE*VI*C+D4%D2 ) *GE
C5={B84*D1-B2*D2)*GE

GO TC 10§

B={ XK2/( XK2-G2*A2) ) *DTT

Bl=XCMEG*A2% (XOMEG*CHAM—4 . DO*GAM*XK*EPS/ ( XK2-G2*A2))
82=0 '
B3=C '
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B4=0

Cl=g

C2=Bl+(G2-4.00%02)*(XK2-G2*A2)

C3=B*(2.00%XK*EP S*XCMEG¢+GAM*02%A2)+02*A2*%0TY
C4=B1l%XOMEG* (2 . DOXXK*EPS+GAMXXOMEG*A2)+

1 02%A2% (4, DO0%XKXCPS*XOMEG+GAMX0O2%A2)

C5=0

ALF=1.D0

CONTINUE

AAO=DCMPLX(1.D0s0.2€00)

Ci=C1l-ALF%8

AA1=CII(ZQDO*ALF’3.DG’

Cl=C1-8

C2=C2-ALF%B]

AA2=(CLl*AAL14C2)/(4.CO0*ALF+8.D0)

Cl1=Cl-8B

C2=C2-B1

C3=C3-ALF*B2

AA3=(CLl*AA2+4C2*AAL1+4C3)/ (6.CO*ALF+15.D0)

cCl=C1l-8B

C2=C2-81

C3=C3-82

C4=C4-ALF%*B3

AA4=(CL*AA3+C2*AA2+4(C3*AA1+C4)/(8.DO*ALF+24.D0)

Cl=C1l-8

C2=C2-8B1

C3=C3-82

C4=C4-B3

C5=C5--ALF*B4
AAS=(CLl*AA4+C2%AA3+(C3%AA2+C4*AAL+C5)/{10.00%ALF+35,D0)
UCL)=AAO*( L.DO+(AAL+(AA2+(AA3+(AAL+AASK¥R)*R) %R ) %R ) *R) R (R*%kALF)
CU(L)=AAO*(ALF+((ALF+1.D0)*AAL+({(ALF42.D0)*AA2+((ALF+3.D0)*AA3+
1 ((ALF#4.DO)*AA4+(ALF+5.D0)%AAS*R)*R)*R) %R ) %R} *(R**(ALF—-1.D0))
CONTINUE

GC TC 400

CALL VELTEM(DVDDVysChsDDW4DTT)

GAM=—FREAM(2 )} +XK*W+EM%*V/R

DGAM=XK*DW+EMX (R*DV-V)/ (R**2)

S=1.D0/( XK*%2+(EM/R )% 2—-(GAM/A)*%x2)
DSS={2.D0*(EM*%2 )/ (R**3 )+2 . CO*GAMXDGAM/ (A*%2)-DTT*(GAM/A) *%2) *§S
DRHO=(GHAM/R)*(V/A) *%2-DTT
ALPHA=EM*(R*DV+V )/ (R**2 ) +XK*DW-GAM*( (V/A)**2+41.DC)/R

DALPH==2 .DO*EM%V/ (R*%3 ) +EM*DDV/R+XK*DDW +

1 ((GAM/R-DGAM)*((V/A)**2+41.DO)=GAMRVX(2.D0*DV-VEDTT)/ (A%*2))/R
VEETA=((V%%2)/ (A%R) )%%2-(V*%2 ) *DRHO/R+GAM**%2—-2,D0% V¥ (R*DV+V)

1 /7(R%%*2)

EETA=(GAM/R)*(V/A)*#2-2,DO¥%EM*V/(R%**2)

A3=—(CRHC+DSS¥1.D0/R)
A4=(ALPHA*(DRHO+DSS)+DALPH+VEETA/ (GAM*S )= (EETA*ALPHA)/GAM)/GAM
GO TC 400

CONTIKUE

IF(LL.GT.2) GO TC 313

WRITE(6,8310)
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WRITE(648320)
ABSLUL=C.CDO
M=3
MMV =0
DO 31iC N=1,50
R=0.02D0*DFLOAT(N)
IF(N.LE-1) GC TO 305
ABSUU=ABSU

305 ABSU=CDABS(U(N))
MM=NM
IF(ABSUU.LE.ABSU) GC TO 306
M=1
GC TC 307

306 M=3

3C7 IF(MeGE.MM) GO TO 3C8
MMM=NMMM+1

2C8 CALL VELTEM(DVsDDV+CheDDR4DTT)
TTO=(AC/A)*%*2

310 WRITE(648325) RyL(N)»ABSU,DUIN)sVeW,TTO
WRITE(6,8310)
IF(RCXsGT0.0001C0) GC TO 311
WRITE(6,E360) AACyMMM
WRITE(64837C) ROXyRCX
GO TC 312

211 CONTINUE
WRITE(698365) ROX9AAQ ) MMM

312 WRITE(6,€375)

213 Z1=CCMPLX(0.D0Oy1.D0)
CC=1.0D0
SUM=C.0DC
SUMM=SUM
XSUMM=1,.00
H=0.C1D90
DO 22C L=1+50
DO 315 LLL=1,2
M=2%(L-1)+LLL-1
R=H/2 «DO+H*DFLOAT(M)
CALL VELTEM{DV,DDVsCWyDOW,4DTT)
SUM=SUM+GHAM* (H/R)*(V/A) %2
IF(R-ROX) 314+¢314,315

214 SUMM=SUM
XSUMNM=DEXP(SUMM)

315 XSUNM=DEXF(SUM)
RHO=CC*( (AC/A)*%2)*xSUM/XSUMM
R=0.0200*DFLOAT (L)
IF{(ROX.LT.R) GO TO 316
RHO=C.DO

2116 GAFN=~FREAM(2 )+ XK*W+EMXV/R
S=1.DC/{ XK**2+ (EM/R)¥%2-- (GAM/A)%%2)
DRHG=(GHAM/R)*(V/A)#%2-DTT
DEL=EM*x (RXDV+V)/ (R*#2 )+ XK*DW—=GAM*((V/A)*%2+1.D0) /R
PP=Z1*S*{DEL*U(L)-GAM*DL(L))
WW=(Z1*DW¥U(L)=XK*PF)/GAM
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VV={Z21%(R*DV+V)*U(L)-EM*PP)/ (GAM*R)
P=(RHC/GHAM) *A%*x%2
RRHO==Z1#((V/A)*%2-R*DRHO ) *U{L )/ (RXGAM) PP/ (A%*2)
RRHC=RRHU*RHO
PP=PP*RHO
IF(LL.GT.2) GO TO 220
WRITE(698400) RoyRHO9yRRHO 9P 4PPsVVyWW
320 CONTINUE
400 CONTINUE
RETLRN
8310 FORMAT(//)
8320 FORMAT(L1H 93X9*'R'3 10Xy *U-REALY 97Xy 'U-IMAG*yIXy*ABS(U)"ySGX,
1 *DU-REAL®6Xy"DL-INAG® 48X y*'V 11X s "W y11X,*°T/T0*'//)
8325 FORMAT(LH ¢LX9CB8a291Xg '*"32D13.691Xs"*"3D13691Xy"**42D013.6,
1 LXp" %" gD12.591X "% yD10e391Xy"*'yD10.3)
8360 FORMAT(1H 9'UyVVyhWPPyRRHO9yARE MULTIPLIEC BY THE SAME CCNSTANT
L => U(0.000D+00) = ('92D10e3y" )",y %%%x MODE NR ='413//)
8365 FORMAT(LH ,'UyVVyshhyPPyRRHOyARE MULTIPLIEC BY THE SAME CONSTANT
=> DU(*3D9:39 ') = (*92D10e39") "y *%x%kkx MODE NR =',13/7/)
8370 FORMAT(LIH 91Xy "RHC(*9yDFe34') = RHOO'93Xs*'T('yD9.3,°') = TO0'/)
8375 FORMAT(LH ¢*R* 49Xy RHO/RHOC® 910X ¢ *RRHC/RHCOY 4 TXy*P/RHOC" 914X,
1 "PP/RHOCy 15X s *VV 3 1GXe"WW'//)
84C0 FORNMAT(LH 4D84291X9C12e691X92D10e391X9C12691%X92010.391X,201Ca3
1 +1%X42D1GC.3)
ENC
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RELEASE

(C N

2.0 VELTEM

IMPLICIT REAL*B(A-H,0-2)
CONMPLEX*16 UyDUyFREAM,GAM

DATE

SUBRCUTINE VELTEM(DV,DDV,DW,DDW,0DTT)

1 9VVv9SeDSSHyALPHAOALPHyVEETALEETA,AAO

DIMENSION U(50)4CU(E0)}y FREAM(2),UEND(2)4FREAN(15),

1 E(3),EB(4)yF(3)4FE(4),RO(3)

14024

18/15/23

COMMON UyDUoFREAM¢GAM9EMy XCMEGYEPSyXKyGHAN 9 AC9yAyROXyRoVyoWy FFyVV

1 ISy0OGAMySyDSSyDRHO9yALPHA,DALPH,VEETA,EETA;AAQ,DE

v=0.CC

DV=0.D0

DDv=C.DO

W=0.DC

CW=0.CO

DOw=C.D0

IF (ROX.GT.R) GO TG 50
PIE=3.,1415900
RO(1)=DSQRT(Q.145D0)
RO(Z)=0.85D0
RO(3)=DSQRT(0.52C0)
E(l)=4.D-2
E(2)=4,D-2
E(3)=4.D-2
EB(1)=4.,D-2
EB{2)=4.C-2
EB(3)=4.C-2
EB(4)=4.D-2
F(1)=0.C0

F(2)=FF

F(3)=C.DC
FB(1)=0.C0
FB8(2)=0.D0
FB(4)=0.CO

V=XOMEG*R+DE*({DATAN{1.00/7(R*(R-1.0100)))/FIE+0.5D0)

ED=(R*(R-1.01D0) )**2

DV=XCMEG-DE*(2.D0%R-1.01D0)/ (ED*PIE)
DDOV=—DE*2.D0%{ 1.D0-(2.00*R-1.01D00)*R*{R~1,01D0)*1.,0LDO/ED)/

1 (EC*FIE)

ROG=RCX

CO 10 N=3,4

IF (FB(N).LE.O.00QQC!CO) GC TO
EK=(EBIN) )*%*2
VEL1=((R-ROO)*%2)/EK

IF (VE1.GT.18.D00) GC 7O 10
V1=DEXP(-VE1)
VE2=(RO0O**2)/EK

IF (VE2.GT.18.D00) CC TO 2
v2=DEXP(-V2)

GO TC 3

v2=0.0D0
VE3=((1.D0-R0O0)*%2)/EK

IF (VE3.GT.18.00) GC TO 4
V3=DEXP(-VE3)
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GO TC 5
v3=C.CO

18715723

VP=2.,DO*FB(N)*VL1/(PIEX(EK*x(V2-V3)+2.D0%ROC*DSQRT(EK*PIE)))

V=V+VP

DVP==-2,00%VP*x(R-RCC)/EK
pv=0v+DVP
DOV=DDV-2.D0*{DVF*(R-ROQ)+VP)/EK
RO0=1.D0

CONT TNUE

DO 20 N=1,3

IF (FI{N).LE.O0.0QCCC1ICQ) GO TO 20
EK={CE(N)/2.D0)*%2
WEL=((R=RO(N))*%2)/EK

IF (WE1.GT.18.D0) GC TO 20
W1l=DEXP(-WEL)

WE2=(RO(N)*%*2) /EK

IF (WE2.GT.18.D0) GG TO 12
W2=DEXP{-WE2)

GO 70 13

W2=0.CO

WE3=((1.D0-RO(ND))I%*2)/EK

IF {WE3.GT.18.D0) GC 70 14
W3=DEXP(-WE3)

GO TC 15

W3=0.D0

WP=F(N)®WL/ (PIE*{EK* (W2-W3)+2.D0*%RO{N)*DSQRT(EK*PIE)))
KW=W+WP

ODWP==2.D0*WP*(R-ROI(N)) /EK
DW=DW+DWP
DOW=DDW-2.00%(DWF*(F-RO(N) )+WP)/EK
CONTINUE

caocC=1.D0

ROO=R0OX

CO 45 N=1,2

IF{RGC.LE.EB(L)) GC TG 40

IF (FB(N).LE.0.QCO001DO) GO TO 40
EK=(EB(N)}/1.87D0)**2
WE4={(R-R0O0)*%*2) JEK

IF (WE4.GT.18.00) GO TO 40
W4=DEXP(-WE4)

WES={RO0**2) JEK

IF (WE5.GT.18.00) GC TO 34
wW5=DEXP(-WES5)

GO 70 35

W5=0.CO

WE6=({1.D0-RO0)**2) /EK

IF (WE6.GT.18.,D0) GC TO 36

 W6=DEXP{-WEG6)

GO 10 37

W6=0.D0
WR=FBI(N)*W4/ (PIE*EK*» (COO*DSQRT(PIE*EK) +W5-W6))
WP=(R-ROQ0)*WR

W=W+WP
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DW=DW4WR* (1 . D0-2.00*( (R-RO0)**2)/EK)
DOW=0DW+WP*2 . D0%(1.CO+2.D0% ({R-RCO)*%2)/EK)/EK
C00=0.5D¢

R0OG=1.D0

CONTINUE

CONT INUE
B=((RCX)*%3)*(1lCO-(RCX)**2)/(1L.D0-(RAX)%*%3)
W=W+XOMEG*EPS*{1.D04#B—B/(R**3)-R*%%x2}
CW=DW+XOMEG*EPS*(3.LO0*B/(R**4)—-2.,D0%R)
DDW=DDW=-XCMEG*EPS*(12.D0%*8B/ (R**5)+2.C0)
GO TO 70

wW=0.C0

DW=C.DO0

CDW=0.CO

V=((R*%2-3,D0)*R*%2+43 ,D0)*R
DV=({5.DC*R**2-9,DC ) *R**2+3,D0)
DDV=(10.D0%R*%2-9,D0) *R*2.00

T0=273.DC

T=273.00

DT=0.00

DTIT=DT/T

A=AC*CSQRT(T/TQ)

RETURN

END
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DAY =1C PCNTH = | YEAR =1974

GHANZCP/CY » 0,10900¢01
ANGULAR WAVE=NUMBER P = -Q0.1(D901 ®o¢ AXIAL BAVE-NUMBER

INERT 1AL MODE SEV= 1

N FREC=MIREAL)

1 =0.1654C03D*0) 0.0

0.200-01
0.400-C1
SebCO-C1
0.800-01
0.10060C
0.120¢0%
0.140¢0C
Qe.l6De0C
Cel8000C
0.20D¢CC
V220000
0.,240¢00
0.260¢00
0e280¢CC
04300000
0.320¢0C
0.34D00C
0.360¢0C
0.380¢CC
C.400¢CC
0.420200
Qaa4ue((
0.460¢00
C.48D400
Q.500¢0¢C
0.520+00
Ca84DeCC
0.56D¢00
0.580¢00
0.6C0D+0C
0.620400
04640000
0.660¢0G
0.680400
C.200¢0C
0.720400
Ca74D¢00
Ge706D0CC
0.780¢0C
0800000
Co820eCC
0.84D¢00
0.880¢L0
0.880¢00
090000
0.920¢00
0.940000
0e960¢C0
0.980+00
0.100¢01

AFF=n{IPAG) OFREQ

U-REAL U=IMAG

* (.1000uUCD*01 0.26CCOCC#00
¢ 0.9973630¢C0 0.2963140D¢C0
* 0.593163C400 0.258222C+00
* 0.58733200C0 0.29¢706D¢00
¢ G.979E810000 0.2%4256904C0
® C.970833D¢C0 0.2%24170400
® 0.9622210000 0.245¢570¢C0
* 0,9430850000 0.2465020¢00
® (.93446EC¢C0 U,2425620400
* 0.9194220¢C0 U.2390500000
* C.903300C*G0 J.2347800400
¢ C.085247D¢C0 0,230168D¢dC
® 0.8062750400 0.2252310¢00
® 0.£461C4D¢00 0.2199870¢00
® 0.8248230¢00 0,214434D¢C0
® 0.8025C70000 0.2686520000
® 0,779234D4C0 C.202¢01D¢CO
® 0.7550870¢00 2.196222D¢00
® 07301470040 2.1856380¢00
® 0.7045010¢00 0.18117C0e00
® 0.679236D000 0.17¢341D400
® Ce6514350400 0.165374D¢J0
® 0.624155D4C0 0.1€2252n¢00
® 0.5966C5C+00 0.195112D#00
® C.566744D0C0 0.147£230000
® 0.,5407040¢00 0.140%83D0¢00
® 0.5125740400 0.1332690¢00
® 0.4844370¢00 0.129954D¢00
® 0.,4563780¢00 0.116558D¢00
® 0.4264790¢C0 0.1114040¢00
® 0.4208180¢C0 0.104213D¢C0
® 0.3734730¢C0 0.5710290-01
® 0.346516D¢C0 0.9CCS420~-01
® 3.3200180¢00 0.8320470-01
® 0.2940460000 0.764520D-21
® 0.200662C¢00 Cc.06685220-01
® 0.24392004C0 J,634207n-01
® 0.,21989104C0 0.5717170~01
* 0,1966090¢C0 0,5111840-01
® 0.1741250¢C0 0.492726C-01
® 0.1524810¢C0 0.3984510-C1
® 0,131713D+00 0.,342455D-01
® 0.1118%40¢C0 0.2908210-01
* 0.9293CS0-01 0.241£2C0-0L
® 0.7496620~C1 0.1949120-01t
® C.5737820~01 G.1507430~01
® 0.4158030-C1 0.1C91490-01
* 0.269814C-01 0.7015170-02
® 0.1298610~C1 0.337639D-02
$-0.5493010-25-0.1428180-05

RADIUS OF [NNERCYLINDER = 0.0

FLUX IN JET CNE = Q.0

CAMP

=0.7694000¢C0 0.0

ABS(U)

0.1023325D¢01
0.103C520¢01
0.1026180¢01
0.1C20160¢01%
0.10124060¢01
0.10C3110¢J1
0.5621460¢)0
09756060420
0.9:2337002C
0,9459900¢GC
0.5%2C220¢90
0.5146980¢3C
0.895C60¢0C
0.874235C¢3C
0.85224080¢)0
0.8251880¢0C
0.80514620¢00C
0.78C191D02¢C
0+75442304C
0.7279240¢3C
0.7CC786040C
0.6720980¢0C
0.6445520¢0C
0s618440C*0C
0.9617653D¢0C
0.5306010¢00
0.5296130¢00
0.5CC3430¢0C
0.4715%20¢0C
0.4427250¢00
Ceal4l44D00C
0.38589C0¢0C
0435t0370¢J0
Ce330658D¢3C
06301822C*J¢
0.2715950¢20
04252030D¢0v
04227202N¢2¢C
0.2021460¢0
0.1759150¢0C
0.1575510¢0¢C
0.13¢C93D420
0.115573C420
CaSeC2C60-01
0.7745860-01
0.596C580-01
0.4227600-01
0,27687850-01
0.1341790-01
0.5615640-05

kh =« 0,10000-01 DE = 0.0

STEG a UHEAL
0.200D401
DU-REAL 0u-—-IMAG

*-0,1010410¢00-0.2627070-01
*~0.169525D¢0C~0.4407650-01
*-0.25073CD¢(C-0.4518970~C1
*-0,3322230¢)0-0.8637800~01
*=0.4127340¢0C-C.107311D#00
*=0.4917880430-0.1278650¢00
$-0.5690470000-0.1479520400
*=0.6442130¢0C-C.167496D¢CO
*=Q0,717015D¢09-0.186424N¢00
©-0,7071670000-0.2046690¢00
9-0,8%44850¢0C-0.2221660¢00
«9186790¢30-0.2368570000
*=0.579559D¢0C-0.25406840¢C0
*-0.103691D0¢01-0.2695980¢0C
*-0.,1090380%01-0,28355CD¢00
«1140350001-0.29650C0¢00
0.1186190¢01~0,308411D¢00
*-0.122788DP¢C1-0,3192490¢00
*=0.126534D¢01-0.,3289890¢C0
®-0,1298300401-0.337610D¢00
®=C.1327290001~-0.345094D0400
€-0,1351660001-0,3314320000
«1371610001~0.3566190¢00
V.130713De01-0.360653D¢CO
0.1398230¢01-0,3635400D¢00
Ce 1404570001-0.3652920¢00
¢-0.1407390%01-0.3659220¢00
®-0.1405580001-0.3654510400
*~041399630001-0,3639040¢00
*~0,138965D+01-0.36113100¢00
+137578D+01-0.357703D¢00
0.1358150¢01-0.3531200¢C0
0.133693N¢01~0.3476020¢00
®-0,1312290¢01~0.3411950¢00
®=0.12684410+01-0.3339450¢00
®-0.1253480001-0.3259040¢00
*=0.1219710¢01~-0.3171250000
«1183320+01-0.30758620¢00
144510401-0.2975730¢00
0.1103530001-0.2869110+00
®=0.106038L40L-0.2757520¢00
®-C.101592N¢01~0+264140D¢00
#-0.9697720¢00~3.2521410¢00
©=0,9223700¢0C-0.23908160¢00
®-0.873945000C0~0.2272270¢00
-0,824740D¢00-0.2144330¢00
*=Ce1749740000-0,2014930¢C0
$-0,724873040C~0.1064670400
$-0.6746570400~0.1754110¢00
*-0.6243300¢(C~0.16238C0¢00
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0.20000-01
0+420000-01
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G.100000+00
0. 120000400
CG.140000¢00
0.160000¢00
0.1080000¢00
0.220000¢00
0.220000¢00
04240000400
0.260000¢00
0.200CCD¢00
0.330000¢00
0.320000¢00
0.340000¢00
0.36000D¢00
0.360000¢00
0.400000¢00
0.420000¢00
C+440000¢CO
04460000900
0.48000D+00
0.3)0000¢00
0.520000¢00
0.340000¢00
0.560000¢00
0.580000000
0.60CCCOeCO
05620000400
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0.8J00CD*CO
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0.86C0CNeCO
0.88000N¢00
C«900000#00
0.920000¢00
0.940000¢00
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0.98000D¢0V
C.10C000¢01

K = 0.314160400 #»* SOUNC VELLCITY AC =

.....I.I..I..I...........l.l........l....'........

0.10000¢01

Aas{u)
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0.0

0.0
0.0
0.0
0.0

0.0
0.0
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0.0
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0.0
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0.0
0.0
0.0
0.0

Ce TN CRRLNNRB LR TIRNRNERNPNNARNRENRNNRONIRRREDRIRERTREEC

ANGULAR VELOCITY = 0.10D¢01 ROSSAY NUMBER EPS » 0,0

RrAlY
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0.100C+01
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Figure 10. Mode form for first inertial mode.
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