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Abstract

In this thesis we formulate a data-driven, nonlocal closure scheme for turbulent mul-
tiphase fluid flows. In more detail, we use the predictions of neural nets to actively
integrate in time the evolution of a turbulent anisotropic fluid flow on which bubbles
that act as passive inertial tracers are being transported. The first step of our method
requires the introduction of a filter on the initial 2D dynamical system that reduces it
to a ID problem. Then we model the appearing closure terms using recurrent neural
networks and convolutions in space. We avoid the use of fully-connected layers due
to their large computational overhead, tendency to over-fit on training data and non-
physical implications. We choose to work with recurrent neural networks as recent
works have shown memory effects can enhance data-driven predictions in applications
in turbulence. We first test our method on unimodal jets and then proceed to bimodal
profiles. Our model appears to accurately learn the statistical steady state profile of
both the fluid flow velocity field as well as the profile of the distribution of bubbles in
space. Finally, we use neural networks to learn the statistics of bubble deformation
so that we can incorporate the effects of the bubble motion back to the fluid flow
itself, on a later stage.
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Chapter 1

Introduction

Recent advancements in the field of machine learning has inspired a great interest

in utilizing neural networks to enhance predictions of numerical solvers for turbulent

flows. The work presented here is motivated by this trend. In particular, we model

turbulent multiphase flows using recurrent neural networks. While a lot of data-based

approaches have been formulated for turbulent fluid flows little work has been done

on the topic of multiphase flows. In this thesis we tackle exactly this problem using

nonlocal representations for the closure terms both in time and space. Before we begin

discussing our method, we present a short overview on the topic of turbulence closure

models. Furthermore, we discuss the history of machine learning and turbulent fluid

flows while also listing recent notable works in this rapidly expanding field.

1.1 Turbulence closure models

Solving turbulent flows numerically, requires the resolution of a very broad number

of spatio-temporal scales. As a result, the number of scales that are relevant for fully

resolving many physically important problems is enormous. Our current computa-

tional capabilities do not allow for solving such complex problems. Hence, scientists

resort to modifying the original problem by means of turbulence closure schemes for

unresolved, but physically relevant, quantities.

Since we are not able to fully resolve the original physical system, we have to
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limit ourselves to resolving only the spatiotemporal scales we can afford to. This

approximation, from a theoretical point of view, is effectively equivalent to applying

a filter (.) to the original equations of motion. Usually, this filter can be thought of

as some kind of low-pass filtering or averaging. Hence, we move from the original

flow variables ( to their filtered version . Therefore, if the operator characterising

the original equations of motion is L( ), then we work with its filtered version L(().

Ideally we would have L(() = L( ). Yet, such an assumption can only hold true for

linear operators. Hence, for nonlinear operators we have the relationship between the

filtered version of the original operator and the original operator acting on the filtered

variables to be

L(()=L()+D((; ), (1.1)

where D corresponds to additional terms arising from applying the filter. For example,

in the case of incompressible flow of a Newtonian fluid, the additional terms are simply

the Reynolds stresses V . r, where rj= uUj and ui are the velocity components of

the fluid flow.

However, the real problem from this representation arises by the terms Z which

are new flow variables that need to be found in order to solve the system. These

terms are usually called closure terms. Hence, we end up with an under-determined

system, unless we introduce modelling assumptions for the closure terms -. The field

of turbulence closure models deals with exactly that problem. The main two families

of closure models that are widely used in fluid mechanics are the so-called Reynolds-

averaged Navier-Stokes (RANS) family of models [43] and the so-called large eddy

simulations (LES) family of models [40], [101. We present a brief overview for both

of these families of closure models.

1.1.1 RANS models

This family of models stems from applying an averaging filter to the exact equations

of motion. RANS models represent turbulent terms completely through modelling

16



assumptions (i.e. the entirety of operator D in Eq. (1.1). The general form of such

an averaging filter can be written as

jG(x',t'l)(x - x', t - t')dx'dt, (1.2)

where G is a spatio-temporal kernel and Q is the spatio-temporal domain where our

physical problem lies.

As a result, they require substantially lower computational resources for simula-

tions, compared to a direct numerical simulation of the full problem (DNS). Out of

this family of models, the subcategory called single-point RANS is the most widely

used technique. In such models a locally defined constitutive equation is established

betweeen the closure terms and the filtered (averaged) flow variables. Hence, the

unknown closure terms are expressed locally in terms of the averaged flow variables

rendering the system determined and thus solvable. If we go one step further and

assume that the closure terms are a local function of only the filter velocity gradient

tensor, Cayley-Hamilton theorem is applicable and an exact expansion can be derived

for the closure terms [13]. Linear eddy viscosity models and algebraic stress models

are examples of such closure schemes.

1.1.2 LES models

LES models introduce a filtering operator in the equations the same way RANS

models do, with the exception that in most cases contrary to RANS modesl averaging

in time is not enforced. This means that in many LES models we have a filter of the

form

fG(')(x - x')dx', (1.3)

where G is a spatial kernel and Q' is the spatial extent of the domain where our

physical problem lies.

The main difference between the LES family of methods and RANS, is that in LES

schemes we fully resolve the parts of the closure terms that correspond to the resolved
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spatio-temporal scales. For example, for the case of incompressible Newtonian fluid,

we expand the Reynolds stresses as ri = uiu = ujiu + r.We then fully resolve

the stresses corresponding to UinJ and use a constitutive equation for the stresses r!t

which correspond to unresolved scales. For example, for the case of a simple linear

eddy viscosity model, we model the residual Reynolds stresses as

7'! sgs + ), (1.4)
Oxj &xi

where veg is a free parameter that needs to be tuned using data from the flow we try

to approximate.

1.2 Machine learning in fluid dynamics

Machine learning (ML) and turbulence go a long way back. The problem of turbulence

was coined as a possible problem for statistical learning theory in the 1940's by

Kolmogorov. However, for the next 30 years very few innovations will be accomplished

in the field of turbulence due to data-driven approaches. The lack of results will lead

to the 1973 Lighthill report and its subsequent debate (which is free on youtube for

everyone to watch). In this debate Lighthill attacks the ML community for making

high promises it has failed to accomplish. The main gripe of Lighthill was that due

to combinatorial increase in the complexity of the state space of physical problems

(as we introduce more degrees of freedom) ML will never be able to be used outside

of toy examples. This will lead to the so called Al winter of the 70's and early 80's.

This limited interest in ML will stop with the introduction of the back-propagating

algorithm, [34], [35], that allows for training of deep neural networks.

The first application of deep neural networks to turbulent flows appears to be

the work of Milano & Koumoutsakos [32]. They utilized nonlinear autoencoders to

develop a nonlinear embedding for a turbulent flow near a wall. Their work show-

cased that they were able to learn the flow just by using information on the wall

only. Their approach can be thought of as a nonlinear version of the widely used in
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turbulence POD decomposition [25],[26], [39]. Their use of neural networks for Princi-

pal Components Analysis (PCA) [2] improved the predictions possible by traditional

POD.

Recurrent neural networks and in particular Long-Short-Term memory (LSTM)

layers [19] have been utilized for the purpose of enhancing the predictive capabilities

of reduced-order models in fluid dynamics. Their incorporation of time delays to such

systems has showcased superior prediction in both kinematics of bubbles in turbulent

flows [47] and prediction of extreme events [46].

Furthermore, researchers started using generative adversarial networks (GANS),

introduced by [15], to extract physically important flow features [49].

1.2.1 Neural networks in turbulence closure schemes

Attempts to augment the predictive capabilities of RANS closure models have also

been of great interest [23], [24]. Similar results have been published for LES closure

models [12], [20], [29].

Notable works include the introduction of the so-called "field inversion and ma-

chine learning" framework by [33]. This framework was later utilized by [38] to

formulate a neural-net based enhancement of RANS predictions for flows around air-

foils.

The authors in [24] and [23], showcase a simple, yet effective way to embed Galilean

invariance to the neural net predictions for an anisotropic Reynolds stress tensor.

Their innovation allows for the neural nets architecture to respect physical symmetries

and invariances of the underlying dynamical system.

Neural nets have also been recently used in geophysical fluid dynamics (GFD).

Specifically, [5] used convolutional neural nets to predict unresolved Reynolds stresses

from degraded high-resolution data. The high-resolution data came from a quasi-

geostrophic model for oceans and even when subsampling the data up to 10% the

model was able to accurately predict the turbulent Reynolds stresses.

Finally, the authors of [27] and [28] utilized neural networks and RANS models

to model the interphase mass and momentum fluxes in turbulent multiphase flows.
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1.3 Contributions

Before we begin presenting our approach, we will list the original contributions of this

thesis. The main contribution of this thesis is that it describes a data-driven method-

ology for turbulent closure of multiphase fluid flows, which allows for the incorpora-

tion of spatio-temporal nonlocality. To the best of our knowledge, recurrent neural

networks have not been used for enhancing the predictive capabilities of turbulent

closure schemes. As spatial nonlocality has been shown to affect favourably predic-

tion of Reynolds stresses [5], our inclusion of temporal nonlocality, through LSTM

layers [19], appears to further increase the effectiveness of data-driven approaches.

We use this model to formulate a data-driven closure for the problem of a turbulent

and anisotropic flow of bubbles, that act as passive inertial tracers in an incompressibie

Newtonian fluid. We study this problem from an Eulerian point of view. For the

velocity field of the bubble flow we utilized the slow manifold approximation [18] of

the Maxey-Riley equation [30]. The predictive abilities of this model allow us to

actively couple it with the filtered evolution equations of the multiphase system in

discussion. To the best of our knowledge, it is the first time where neural networks

were utilized for creating a functional closure scheme for a multiphase flow where

bubbles are assumed to have inertia (and thus do not follow fluid elements). Our novel

approach yields accurate predictions with regards to the statistical steady steady the

turbulent and anisotropic flow reaches (statistics of both the fluid and the bubbles)

for both unimodal and bimodal jet-flows.

Finally, with the help of Dr. Spencer Bryngelson from the group of Prof. Tim

Colonius at Caltech, we are showcasing a novel data-driven approach to model effects

due to deformation of bubbles back to the fluid flow. In more detail, instead of

calculating the deformation of each bubble independently, we compute the statistics

of the kinematics of the population of bubbles. This approach is drastically less

time-consuming compared to evolving the deformation of each bubble in the flow.

Furthermore, it compares favourably with a Gaussian closure scheme for this system.

Adding non-Gaussian statistics to the model allows us to capture physical effects not
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observed in the predictions of Gaussian statistics, such the decay (in time) of the

motion of bubbles as they pulsate.
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Chapter 2

Theoretical setup of multiphase flow

The goal of this chapter (and the major goal of this thesis) is to derive a data-

informed nonlocal closure scheme for multiphase anisotropic turbulent flows. In more

detail, the system we work with is that of an incompressible Newtonian fluid with

bubbles being transported inside it. The data-informed part of the closure stems from

the fact that we use neural nets to approximate the appearing closure terms in the

system of equations we derive below. These neural nets make pointwise predictions

in the Eulerian frame work, yet they incorporate information from a neighbourhood

of each point. Hence, it is apparent that our approach is nonlocal in space. Such a

nonlocality in space can be easily justified for such a problem (for its closure terms),

for a example by looking at the nonlocal incompressibility constraint for the fluid flow.

In addition, our approach is nonlocal in time as well, since we implement our method

using recurrent neural nets. Hence, we not only use information at the current time-

instant but we utilize a certain portion of the (Eulerian) time-history of the input

data. Such an approach can be justified by making use of Takens theorem [421.

2.1 Fluid flow setup

In this section we focus on the physical assumptions driving the fluid flow of the

problem. Our main goal is to simulate the transport of bubbles in a turbulent fluid

flow. For the bubbles, we assume that they behave as passive inertial tracers. This
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means that their velocity field is different from that of the underlying fluid flow (due to

inertia effects) but their motion does not affect in any way the underlying fluid flow.

For the fluid flow itself we can then assume that the incompressible Navier-Stokes

equations describe its dynamics. In its dimensionless form this system of equations

can be written as

Du_ 1
p- + Au + F, (2.1)

Dt Re

V -u = 0, (2.2)

where u is the velocity field of the fluid, p its pressure, Re is the Reynolds number

of the flow, is the material derivative operator and F denotes an external forcing

term (we describe below its purpose). In this thesis we focus our attention to flows

that are assumed to be 2D and doubly periodic in space. The domain is also assumed

to be rectangular for simplicity. However, the method we describe below can work

equally well on 3D flows in space. For space we use the notation x = (x, y) and for

the velocity field u= (ai, u2)with ui corresponding to the velocity component along

the x-direction and U2 to the velocity component along the y-direction.For initial

conditions, since we desire anisotropy in our flow, we use Gaussian jet structures of

the general form

U1jet= Ai exp -ci(y - i)2], U2jet 0, (2.3)

where Ai,ci,j3 are parameters. With regards to the external forcing term F its

purpose is twofold. First, since we want an anisotropic flow we need a large-scale

external forcing term to maintain the jet structure. For maintaining the jet, we

assume a forcing term that cancels the dissipation term due to the jet profile. Second,

we add a small-scale and small-amplitude forcing term to stir the flow and instigate

instabilities to the flow (Rayleigh instability) so that the we enter a turbulent regime.

To achieve turbulence we choose a forcing term that acts only on some wave numbers

24
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with 6 < IkJ| < 7. Stirring a flow with a forcing localized only at a particular

wavenumber interval is a practice widely utilized to achieve turbuelence [7], [4], [31],
[6]. Hence, we assume a form F = -'Aujt + f, with f being

f (x, t) = Ai(t) cos(k -x + wi), (2.4)

where 6 < ||k < 7, Ai(t) are vectors sampled by white Gaussian noise (each one

independently from the other) and w are phases sampled from a uniform distribution

over [0, 27]. The standard deviation for these amplitudes is set to 0.03. This ensures

that the energy and enstrophy inputs are localized in Fourier space and only a limited

range of scales around the forcing is affected by the details of the forcing statistics.

Furthermore, such a forcing ensures that the system reach a jet-like statistical steady

state after a transient phase. Due to the small-scale forcing being essentially homo-

geneous in space we can deduce that the statistical steady state profile be essentially

only dependent on y (since our large-scale forcing and initial conditions depend only

on y). This fact hints that the statistics of such a flow can be approximated by a

1-dimensional approximation.

We solve this flow using spectral method and 2562 modes. These results act later

on as our reference solutions.

2.1.1 Description of spectral method solver

In this subsection we discuss in more detail the numerical implementation of a spectral

method solver for the incompressible Navier-Stokes equation for this problem. Our

implementation draws from the guide provided by [44] and the Matlab implementation

of [11]. As we stated, we want to solve the 2D periodic Navier-Stokes equations in

the presence of the background jet. Hence, we not only impose a jet as the initial

condition for the problem, but introduce large-scale forcing to preserve the anisotropy

for the duration of the simulation. The large-scale forcing term is such that in the

absence of any other external forcing this jet structure is preserved. Hence, we expect

that at each time-instant the deviation of the velocity field from the initial condition
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to be an order-lower than the amplitude of the initial jet.

Due to the nature of the forcing, we expect that the flow reaches a statistical

steady state, with its steady state being a jet-like formation (slightly deviating from

the initial condition). For that reason, we write the velocity field as u = ii+u', where

f = (i(x2), 0) is the background, a priori known, velocity field of the jet. The term

U' denotes the interactions between the background jet, the forcing and dissipation.

Since, the jet acts only in the direction of the x axis and varies only along the y axis,

we can easily see that the pressure generated by the undisturbed jet is P = const, and

thus can be ignored in the computations. Hence, we have p = p'. Replacing these

representations in the classical momentum equations of the Navier-Stokes equation,

we get

at(i+u'1)= -(i1+u'1)ax( 1 +u') - (2+U')ay(' 1 +u')

1ax± 'a )+ 2(a.' 1-   (2.5)

at(f2 +U'2)= -(1+U')8(i12+U'2) - (2+'U'2 )&y(2+U'2)

1 ~ 2(l --aP+ (2.6)
Reax 8(U'+ i2)+Y 2 +r2+12) -p+2.

By rearranging the terms in the above equations and by remembering that i is

only a function of y, we get (after some algebraic manipulations)

1-(1+±n')a '1- '(+z') = n' I- -ax[(U'+ '1)2 + (u'2)2], (2.7)
2

-(1 + u ' U- U'28U'2= -u'y - By[(U'+1)2+(')2], (2.8)
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where w is the vorticity of the velocity field. Note that in the 2D case vorticity

is essentially a scalar field and not a vector. Taking the Fourier transform of this

evolutionary equations, and neglecting the pressure term we have

1 l) U 2 12 2F[8tu'] F[u'] - ik1 F[(u1+ +(u')2 R(k + k )F[u' + i1] (2.9)

1 1 2 1

1Ft~~ iiFv.±)2 ±+(Uz4)21- _ 1k2+ 2)F[u4]. (2.10)

We then need to project this solution into the divergence-free subspace of our

space of functions. We note that

V . (up)dx j(up) - ds = 0, (2.11)

where the boundary terms vanish due to periodicity. Therefore we get

u . Vpdx= pV -udx = 0, (2.12)

due to incompressibility of the flow. It is clear then that, Vp is orthogonal (in the

L2-sense) on the space of divergence free vector fields U = {u E L2 : V u 0}. Using

the Fourier space (k-space) to rewrite this vector field, we have fk E Uk- {Uk E C2

k . nk = 0}. Hence, the representation of F[Vp] ipk in k-space (with3 k E C)

is orthogonal to U. Therefore, as presented in [44], if we solve only the dynamic

equations of the system for a certain time-instant, obtaining a compressible velocity

field f,we can map the compressible flow field f we calculated, to the incompressible

flow field u through Vp. Thus, we consider u-Vp= f. Assuming 27r-periodic

boundary conditions and the representations
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u(x) = I: t,keikx, pWx= - pike, fj) = E 5f,keik-x. (2.13)
kEZ 2  kEZ 2  kEZ2

Then, using the incompressibility condition and the connection between f and u,

we project our solution to the divergence-free subspace by using the transformation

(for the cases Ik 0):

I1, k2 -k1 k 2 -k
1 22 fi,k

[PkJ [-+ 2 ik1  -ik2 JVk
For the case ki = k2= 0 we require that the mean flow forces vanish, i.e. ni,o=

a 2 ,0 = 0. This conditions is physically valid in our case, since we assume that the

fluctuations about the statistical steady state are zero-mean.

2.2 Bubble flow setup

We now move to the modeling of the dynamics of the bubbles. The bubbles that are

transported by the fluid flow have inertia. Hence, their trajectories differ from these

of fluid particles. Therefore, the need for a model that includes inertial effects arises

(the bubbles cannot be model to be ideal tracers).

We assume that the bubbles behave as small rigid spheres. Since no deformation

is allowed for the bubbles, it is enough to study only the motion of the center of mass

of each bubble. We also note that possible rigid body rotations are neglected as they

have a much less significant effect to their linear motion compared to the velocity of

their respective center of mass. Under the aforementioned assumptions, and assuming

that the Stokes number corresponding to the relative motion of the bubble and the

fluid, Maxey & Riley derived the following model [30] (from a Lagrangian point of

view), known as the Maxey-Riley equation
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dv Du
dt Dt

2a2  6
(2159pf v i 1 d a2

=-(-v -u - Au)d(
2a r \I t -( d( 6

pf dv D a2
2 dt Dt 10

where v= (vi,v 2 ), p, and p5 are the density of the bubble and of the fluid respectively,

a is the radius of the bubble and v the kinematic viscosity of the fluid. Looking at

the right-hand-side of the the equation, we see that the first line corresponds to the

force by the undisturbed flow, the second line corresponds to the Stokes' force, the

third line is the so-called Basset-Boussinesq memory term that models the effect of

the wake of the bubble to its motion and the last line corresponds to the added mass

term. Termsm of the form Au correspond to the Fauxen corrections.

While the Maxey-Riley equation is a widely used model for the motion of bubbles

and particles, it introduces a difficulty when we want to study the problem from an

Eulerian point of view. That is, we do not have direct access to an Eulerian velocity

field of the bubbles. To derive such a field we have to run numerous Lagrangian

simulations of bubbles with different initial conditions and then interpolate from

these Lagrangian results an Eulerian velocity field. For this reason, we choose to use

an alternative approximation of the Maxey-Riley for the velocity field of the bubbles.

Specifically, under the assumption that the inertia of the bubble goes to zero, we can

derive an asymptotic approximation of the Maxey-Riley equation, that is known as

the slow manifold kinematic model [18]. In more detail, Haller &Sapsis showed that

the velocity for the bubbles is given by

(3R Du St < 1 R 2p(-1 +O(2), = R«1, R= (2.16)2 JDt Rpf±+ 2Pp
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where c = « « is a parameter representing the importance of inertial effects and

R 2  .p This approximation can be derived from the Maxey-Riley equation,

using singular asymptotic expansion with respect to E - 0, after neglecting the

Fauxen corrections and the Basset-Boussinesq memory term. For small values of E

this model produces results almost identical to the Maxey-Riley equation and thus

has recently found ground for applications [36], [47].

Since now we have an approximation for the Eulerian velocity field of the bubbles

at each time-instant, we can formulate an Eulerian transport equation for them. In

more detail, by introducing p as the distribution of bubbles at a particular point

(number of bubbles per area) we can write the following transport equation

tp+V - (vp)= vAp. (2.17)

The right-hand-side of the transport equation represents a hyperviscosity term

that we add to allow us to simulate this problem without the need for too high res-

olution. Hence, we are essentially dealing with the problem of bubble transportation

as one strictly driven by advection only.

We solve Eq. (2.17) using spectral method on a 2D doubly periodic rectangular

domain. We use 2562 modes and use these results as reference solutions to compare

our approximations to the closure terms. For the simulations we show, we use E = 0.05

and R = 2.

2.3 Filtering equations of motion

As we stated previously, our goal is to derive accurate closure schemes for the problem

comprised of the Eqs. (2.1), (2.16) and (2.17). We should note, that since we are

using spectral method for our solution, the incompressibility condition for the fluid

flow is not explicitly solved and thus we do not present it in our filtered equations.

Hence, the unknowns of our reference system are u and p. For the reference solutions,

we first solve Eq. (2.1) with a spatial resolution of 256 x 256 to compute u. Then we

use Eq. 2.16 to compute the bubble velocity field v without the need to solve some
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ordinary or partial differential equation. Finally, we proceed to solve Eq. (2.17) again

with a spatial resolution of 256 x 256 and compute p at the next time-step.

We now introduce a filter to the aforementioned dynamical system, to derive its

averaged form. For filtering we use averaging along the x-direction and a low-pass

filter along the y-direction. We therefore completely remove any x-dependency from

our system rendering it effectively a one dimensional problem in space. The decision to

do such a drastic reduction of the system stems from the fact that the statistical steady

state of such a problem should be essentially only y-dependent. We then proceed to

decompose our variables into U, V, P (large-scale components) and u', v', p' (small-scale

perturbations). Note that applying the filter to the small-scale perturbations yield

zero. Since the fluid flow is almost homogeneous in the x-direction, we can expect

that U2 0. Hence, we can neglect 72 from our system. Notice, however, that even

though1U2 is expected to be smaller than T1, we cannot neglect it completely from our

study. Keeping this in mind we can derive the following filter equations of motion

&i N + Y(U'1U'2) = R )2j1 +F- Y(u'u2), (2.18)

= p - y(U 2 --Vip'). (2.19)

Note that we have completely neglected the Navier-Stokes component along the

x-direction since we assume i 2 = 0. This assumption can be further justified by

noting that if initial we havei 2 = 0 we get the evolution equation for i 2

OtU2 = -ay (U'2U'2). (2.20)

Assuming that u' < U at all times, we can assume thatU 2 even though non-zero

remains order of magnitudes smaller than 1. To make clearer our spatial reduction,

we have transformed our initial system from a spatial resolution of 256 x 256 to a

1 x 80. With such a dramatic decrease in resolution we obviously do not attempt to

predict every time-step of the reference system but be able to predict its statistical

steady state.
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Finally, we see that our system reduction although allows to solve a much cheaper

problem, it introduces additional unknowns, rendering the system underdetermined.

While we still have the unknowns -1 and p (remember that T1 andU2 can be directly

computed through the filtered version of Eq. (2.16)) we have the additional closure

terms OY(u1u') and Oy(v'p'). Hence, to solve our system we need to introduce some

modelling assumptions for the newly added closure terms. This complicating of course

is to be expected in any kind of closure scheme where the operator of the equations

of motion is not linear. The modelling of these terms is the topic of the next chapter.
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Chapter 3

Implementation of ML closure model

3.1 ML architecture

In the previous chapter, we explained the need to derive some models for the unknown

closure terms OY(u u') of Eq. (2.18) and By((vp') of Eq. (2.19). In this chapter, we

describe our methodology of using recurrent neural networks for the approximation

of these two terms as well as their implementation. In more detail, we utilize LSTM

recurrent neural networks [19]. The specific RNN implementation was picked based on

its tested ability to incorporate long-term memory effects of hundreds of time-delays,

while simpler RNN models suffer from vanishing or exploding gradients [3].

However, apart from the way we choose the temporal nonlocality we have to choose

how we introduce the spatial nonlocality as well.

yo+26y

T yo+ 6y+ Yo

t=-26t t=-t t=o

Figure 3-1: Schematic illustration of the spatio-temporal are around point from which

we take information for our predictions.
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That is, given a point in space yo, we only want to use information from points

that lie in a small neighbourhood of yo. By information we meet flow features that

are used as input for the neural nets. However, the optimal size of this neighbour-

hood must be determined heuristically. We strive to restrict spatial nonlocality to a

determined neighborhood around each point, because incorporating information from

the entirety of the domain is not only computationally unfeasible but also physically

counter-intuitive as it means that a small perturbation far away from yo causes a

significant disturbance on it immediately. For this reason we are using convolutions

in space to make sure that we incorporate information only from a region around

each point and not from the entire domain. Hence, we choose to utilize a Stacked

LSTM architecture [16]. It uses multiple LSTM layers with the detail that all input

and recurrent transformations are convolutional. As a result, the closure terms are

modelled in the following form

OY(U') = D 1 [O; {(y - i6y, t - jot)} _
1 2 .i=-d~= k](3.1)

By( 2) = ID2 [02; {(Y - i6y, t - j6t)} i _ ],(.

where ( and ( are (filtered) flow features to be selected.

To decide on the specific hyperparameters thatwe choose for each model, bayesian

optimization packages like Spearmint [41] can be used. However, in this work the op-

timization of the hyperparameters was carried out through trial and error. For the

closure term ID 1 , corresponding to the fluid flow dynamics, 3 convolutional LSTM

layers were utilized while for the closure term ID2, corresponding to the bubble flow

dynamics, 4 convolutional LSTM layers were selected. Drawings of the aforemen-

tioned architectures can be found in the end of this section. A spatial window of 9

points (out of the 80 that the entire domain is comprised of) was selected for both

models. This number was selected after seeing that further increase of the window

did not reduce the training error any more.

Note however, that the number of points in space that have to be considered

is dependent on the discretization of the domain. From a physical point of view,
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there is an optimal neighbourhood around any point yo from which we must include

information. Hence, if we increase the resolution of our model the spatial window

should increase respectively. With regards to the time-delays, we choose 16 time-

delays for ID1 and 12 for D2.

At this point we point out that what we seek to do is inline prediction. This means

that the neural nets described by Eq. (3.1) must be coupled with the evolution Eqs.

(2.18)-(2.19). For a simple forward Euler scheme for temporal integration, this would

imply that by knowing the values of U, p at time t we can predict the closure terms

at time t using Eq. (3.1) and use their values to integrate Eqs. (2.18)-(2.19) by one

time-step o so that we compute U1, - at time t + 1. However, if we want to use

a higher-order integration scheme like a 4th-order explicit Runge-Kutta, we need to

evaluate the closure terms at time t + 1/2 as well. Since, we do not have access to

the required time-history for such a prediction, we instead integrate in time not by

otbut by 2t and thus get a time-integration error of the for O[(26t) 4].

In terms of the training process itself, we normalize input and output data as

usually suggested [37]. The loss function for this problem is chosen to be the single-

step prediction mean square error, which can be written as

L(E, X) =II D(; }) -- By (&'u'2) (3.2)
i=1 t=1

N T

1 1 N T2

L(8, X) = NT S D2 ( ; { O})-- &(vp') (3.3)
i=1 t=1

Furthermore, we achieve learning by using the Adam method [21], which is a

widely popular first-order gradient based method. Finally, we must investigate which

flow features are important as input for each of the two models. As we mentioned

previously we use their values at time t, together with some time-delays to predict

the closure terms at time t. However, some of the flow features may not be known at
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time t. In this case, we can set this value of the input-vector to zero, or shift their

time-history by one time-step (effectively starting from t - 1).

Fluid NN
architecture

Convolutional LSTM

ItttIt 0 0 00* t
Convolutional LSTM

I t t I •••••• t
Convolutional LSTM

ItI'I? 00 60 0 I

Figure 3-2: Architecture of the neural net we use for predicting closure term B(u' ' )
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Figure 3-3: Architecture of the neural net we use for predicting closure term ,(v/p').
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3.2 Takens Theorem

With respect to the justification of our modeling choice, the use of nonlocal description

in space, as stated previously, can be justified for example by the incompressibility

condition, which is an inherently nonlocal kinematic constraint. Yet, the nonlocality

in time may seem counter-intuitive for a Markovian system. However, we should

remember that in this problem we do not have access to all the degrees of freedom

needed to fully describe this turbulent system. Since we are implementing a closure

scheme we are a priori omitting some variables that are essential for describing the

dynamics of the system (i.e. small-scale effects). Hence, we make use of Takens

theorem [42] which informally states that if we know only a limited number of the

state variables of a system, we can gain the attractor of the full system by using

delay embedding of a state variable. In more detail, it allows for the construction of

an attractor that is diffeomorphic to the original chaotic attractor from a time series

of a single measurement. Under certain conditions, the full dynamics of a system as

complicated as a turbulent fluid may be uncovered from a time-series of a single point

measurement. Although the theorem itself is quite old, it was not used untill recently

because the theorem itself does not provide a way to compute said diffeomorphism.

However, with the introduction of machine learning neural nets can actually learn this

diffeomorphism as part of their training process [8]. It has been shown to enhance

accuracy of predictions in [46], [48].

3.3 Training method

Before we begin presenting training and testing results it is required that we describe

how we pick our training and testing data. To showcase that our method can be

applied to a variety of flows and not only to flows that it was trained on (i.e. the

neural net generalizes well) we trained on unimodal jets and we test on bimodal ones.

This means that we trained on unimodal jets for flows with Reynolds number in the

range [1000, 2000] and for inertial parameter of bubbles c = 0.05. We mention again
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Table 3.1: Feature seetofro eo~ve-tks
feature selection

Features Dim Train-MSE Val-MSE
U1 1 0.0935 1.6194
89J1 1 0.0385 0.5330

&V(u/u ) 1 0.0232 0.1785
U1 1 2 0.0485 0.4964
-91, Oy (U/ /) 2 0.0248 0.1574

atu1, OY (U U 2 0.0252 0.1161
1, atu1 , OY (ul U) 3 0.0282 0.0340

that the filtered model is a 1D problem in space and we use 80 points in space to

simulate it. We compare the results of the averaged model with the predictions of

the 2D reference solutions that we derived using spectral method and 2562 models.

3.4 Feature selection

As we previously stated, we have to decide what flow features to use as inputs for the

neural networks. At this time, this decision is taken through a heuristic approach.

We choose some possibly important features and train using different combinations

of them. We then look at both the training and the testing error. We finally deem as

optimal the combination that minimizes both the training and validation error. We

note that if we only looked at the training error itself we run the risk of overfitting.

We carry out this process individually for each of the closure terms for the Navier-

Stokes equation and the transport equation. For closure term Di (corresponding to

the fluid flow) we try as possible flow features the quantities u1 ,t-u1,& (Ulu/). We

then obtain the following table with training and validation errors:

From Table 1, we observe that the single most important feature is the material

derivative of the fluid velocity DU/Dt. Furthermore, we see that the optimal combi-

nation of features is to select all the used features. We used 3 convolutional-LSTM

layers to model this closure term. Finally, we also mention that 12 time-delays where

found to be adequate at minimizing the mean-square error to an acceptable value.

For the closure of the transport equation we carry out the same process in Table
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2. We observe that the single most important features seems to be 5. For an ac-

ceptable mean-square error (both training and validation) we choose the combination

U, p, OiU, Oy(pv). 4 convolutional-LSTM layers and 16 time-delays where used for the

architecture of this neural net.

Table 3.2: Feature selection for closure of bubble transport equation

Having chosen the quantities P,, tU,&(u'1,v2) as input arguments for D 2, we

present the training and validation error as we train over 100 periods. We can see

that the value of both errors is quite similar (hinting towards generalizability of the

predictions) and plateaus after about 60 epochs.

rW

030

-Taining Error
0.3 -- -Validation error -

0.25 --

02

0 15 -

01#

0005 -- Z-...................................................

0 10 20 30 40 00 60 70 80 90 100

# epochs

Figure 3-4: Mean square training-error (solid line) and validation error (dashed line)

for ID2 .
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( feature selection

Features Dim Train-MSE Val-MSE

P5 1 0.1086 0.1502

2 0.6036 0.6730

3 0.0806 0.0895

U, ,8tul Bp 6 0.0579 0.0601

V, ,tii, , (p'v,) 6 0.0253 0.0307

U, P,& Bt, Oy(p'V) 5 0.0258 0.0356

U, P.8(WU, ,P, By (pY') 7 0.0247 0.0310
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3.5 Imitation learning

Before we begin showing results, we mention a final subtlety of the approach. While

we use the single-step prediction for training, we want to use these models for multi-

step prediction. The feedback effect caused by refeeding the prediction error of the

neural net to itself invalidates the iid assumption between training and testing data.

Under these circumstances, the error can be shown to grow exponentially [45]. This

effect was observed in this problem as well, with the filtered dynamical system be-

coming unstable after a few hundred time-steps.

To alleviate this problem we use a version of imitation learning presented in [45].

This meta-algorithm is called Data as Demonstrator (DAD). That is after we undergo

a round of initial training we make predictions and demand that after a certain number

of time-steps the prediction should again match the training data. Assuming an error

tolerance 6, for the predictions of the closure term OY(uu'), the approach consists of

the following steps

(0) Let s = t.

(1) From training data 1 1,predict Y( U')*|S-

(2) Evolve Eq. (2.18) to compute U*ls+1.

(3) Predict8 l(u ')*l*s+ 1.

(4) Replace s with s+ Iand repeat steps (1)-(3) until &o(un')*-&y(uj')|s   >6.

(5) Compute By(u'u2)*|s+1 so thatU*|1s+2= U1S+2 .

In the above pseudo-algorithm, quantities denoted with * correspond to predic-

tions of the neural net while quantities without the star correspond to training data

obtained from the reference solutions. As we can see, we demand that once our error

tolerance is exceeded the predictions should go back to the training data exactly.

This demand creates and additional training point (U* -a(u ')*s2). By repeating

this process, we create additional training data which we use together with the initial

"actual" training data to continue training the model. Of course, we follow the exact

same approach for the closure term By(p'v) as well. We repeated this process 20

times, in order to achieve the robustness of our models. Training took approximately
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20 hours on an i5-4210U CPU 1.70GHZ model, running on a single core.
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Chapter 4

Numerical Results

We now present numerical results regarding our closure scheme. As stated in the

previous chapter, we train on unimodal jets for Re E [1000, 2000] and amplitude

A E [0.8,1.2]. For now, we set the inertia parameter to e = 0.05. Each training

case contains data inside the time-interval t E [0,600]. The spatial domain is always

assumed to be [0, 27r]2 with doubly periodic boundary conditions.

4.1 Validation on uni-modal jets

In this section we present results for a validation case of a unimodal jet. The initial

data for this case is

ui1,et = exp 2(y - 7r)], U2,jet = 0. (4.1)

We present results both for the fluid velocity statistics as well as for the bubble

distribution statistics. We note here that comparisons are made between the time-

averaged results that the (iD) closure scheme produces and the statistics of the (2D)

reference solution. For the fluid velocity field, from the reference solution we compute

the time-averaged jet-profile of the statistical steady state to be

1 t=60oo 1 t=0oo j27rre

(E1) = UUlefdt =1 u'(x, y, t)dxdt, (42
400 t_=200 400 2Fr t=200 0
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where un' is the time-series of ui we obtain from the 2D reference solution. Note

that we omit the first transient part of our simulations. We can carry out the same

calculation using the results from our ID closure scheme by using

1 t=60ooM

(U1) 1 f6 U (y, t)dt, (4.3)
400 t=200

where uML is the time-series of U1, which corresponds to the filtered version of ul

as predicted by our closure scheme. We mention that due to the homogeneity of the

forcing term with respect to x, we expect that the statistical steady state of the flow

should be independent of x. Comparison between the prediction of the statistics for

the fluid flow between the reference solution and our closure scheme is depicted below.

I-~

1.2

0-8

0.6

0.4

0.2

0
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-x-ML simulation 1 x 80
-DNS 256 x 256
- -Background jet

- -

- -

2 3 6

y

Figure 4-1: Time-averaged profile of U1 for the ML closure model (blue line) and the

DNS (black line). The shape of the jet that is imposed by the large-scale forcing is

depicted with dashed line.

The results appear to be in very good agreement showcasing that our closure

scheme is able to predict the statistical steady state of the flow. We can also ob-

serve the Rayleigh instability the initial jet profile (dashed line) undergoes due to

the excitation by the external forcing. Our model appears able to predict this new
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statistical steady state which clearly differs from the initial conditions. Finally, we

should note that the slight asymmetry the velocity profile exhibits is due to a minor

inhomogeneity of the forcing term along the y direction.

We now turn our attention to the statistics of the bubble distribution. We apply

the same operation describe above to compute (;) from both the reference solution

and the data-based closure scheme. Comparison between the two model is presented

below.

1.4ML simulation 1 x 80 _
-- DNS 256 x 256

0 8 -~

0.6 -

0.4 -

0.2 I

0 1 2 3 5

Figure 4-2: Time-averaged profile of P for the ML closure model (blue line) and the

DNS (black line). Initial bubble distribution is depicted with dashed line.

We again see-very good agreement between the machine learning approach and the

reference solution, for the statistics of the distribution of the bubbles. By observing

the initial distribution of bubbles (dashed line) we note that the bubbles seem to

cluster in at the core of the jet and be repelled from the adjacent areas of the jet

core. To look more into this behaviour of our simulation, using the reference solution

data, we plot the Forward FTLE (Finite-time Lyapunov exponent) [17] results for the

bubble velocity field. To do so, we utilize the flow map F (xo) = x(t; to, xo). From

this quantity we can compute the Cauchy-Green strain tensor to be
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C(xo) = VF 0(xo)VF0 (xo). (4.4)

From this quantity we can then compute its eigenvalues at each point in space and

deduce how much these lines act as repellents. To compute the Cauchy-Green strain

tensor we use a new grid that where we interpolate the velocity field of the bubbles.

We then add an additional local auxiliary grid around each point of the main grid. A

schematic of this configuration is depicted in Figure 6-4. In Figure 6-3 we display our

Forward FTLE results. We can clearly see that the area around the core of the jet

is a strongly repelling one and thus justifies the statistical steady state of the bubble

distribution displayed in Figure 6-2.

1Sx128

let-f
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512 x 512
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x

256 x 256

2

0 1 2 3 4 5 6

1024>x 1024

0
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x

6

Figure 4-3: Forward FTLE simulations for different resolutions, for unimodal valida-

tion case for t - to = 10. Yellow corresponds to repealing areas.
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Figure 4-4: Illustration of the main grid (black dots) and the auxiliary grid (blue

dots) used for the calculation of the Cauchy-Green strain tensor.

4.2 Testing generalizability on bi-modal jets

For test cases. we first present results for a bimodal symmetric jet for Re = 1500 and

e = 0.05. The initial jet-structure we impose on the flow is ui = exp[-2(y -7r) 2]. We

compare the statistical profile of the fluid velocity field between the two models.

1.2--L simulation 1 x 80
-- DNS 256 x 256

Background jet

0.8

0.6 -

0.4 -~

-0.2-~

1 2 3 4 5 6

Figure 4-5: Time-averaged profile of U1 for the ML closure model (blue line) and the

DNS (black line). The shape of the jet that is imposed by the large-scale forcing is

depicted with dashed line.
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We observe very good agreement between the two models. Once again, we see

that the closure scheme is able to predict the correct statistical profile for ui after the

system exhibited a Rayleigh instability (shifting from the initial jet profile depicted

in dashed line).

We now attempt to test our model with a more complicated form. That is. we

choose a bimodal asymmetric jet for Re = 1500 and c = 0.05. The initial jet-structure

we impose on the flow is ai = 0.5exp[-3(y - 0.87r) 2] + exp[-3(y - 1.27) 2]. Results

regarding the time-averaged profile of-1 are depicted below.

1 2 II- ML simulation 1 x 80
- DNS 256 x 256

1 --- Background jet

0.6

0.2 -

0 2 3 4 5 6

y

Figure 4-6: Time-averaged profile of T 1 for the ML closure model (blue line) and the

DNS (black line). The shape of the jet that is imposed by the large-scale forcing is

depicted with dashed line.

Once again, we see very good agreement between the two models. These results,

encourage us that our model indeed is able to makes accurate predictions for flows it

has not been trained on.The closure model is again able to predict the correct statis-

tical steady state after the occurrence of the instability. We now proceed to compare

the reference solution and the closure model for the time-averaged distribution of

bubbles. This time, we compare our predictions with these of a simple LES model in
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a 80 x 80 discretization, where we replace the closure term for the flow with a linear

eddy-viscosity model (whose parameters are tuned through trial and error) and then

we use the transport Eq. (2.17) to compute our distribution of bubbles.

3 1

-+-ML simulation 1 x 80
-DNS 256 x 256

2.5 -e-LES

2

1.5-

0.5-

0 1 2 3 4 5

Figure 4-7: Time-averaged profile of for the ML closure model (blue line), LES

model (red line) and the DNS (black line). Initial bubble distribution is depicted

with dashed line.

We see that our approach predicts much better the time-averaged distribution

of the bubbles compared to the LES model. We can also see that the error in our

predictions in this case seems to be larger than that for the velocity field of the flow.

This result can be attributed to two factors. First, the predictions for this closure

term rely on the predictions of the previous closure term (hence error accumulates)

and second, the flow of the bubbles is a highly compressible flow that is harder to

capture than that of the incompressible fluid itself.
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4.3 Limits of predictability

As a final case we want to demonstrate when this model would be expected to not

perform well. Neural networks are essentially a way of interpolating data. If per-

formed correctly, we can hope that this interpolation has a physical interpretation

and not just overfit on the training data. Hence, it is very unlikely that a model

would be able to perform well for a flow that is well outside the data it is trained on.

For such a case we present a unimodal jet for which the Reynolds number is set to

Re = 3000.

1.2

-ML simulation 1 x 80
1 - DNS 256 x 256
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Figure 4-8: Time-averaged profile of U1 for the ML closure model (blue line) and the

DNS (black line). The shape of the jet that is imposed by the large-scale forcing is

depicted with dashed line.

In this case our model performs demonstrably worse for the statistics of the ve-

locity field of the problem. We should also note that for this case the evolution of

the distribution of the bubbles causes a blow up (evolved using the closure scheme).

Hence, it is intuitively reasonable to assume that a data-based approach for closure

schemes would be not good for a flow that is more turbulent than any flow it is trained

on.
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Chapter 5

Machine learning statistics of the

deformation of cavitating bubbles

In the previous chapters we dealt with approximating the transport of bubbles under

the influence of the underlying fluid flow. To this end, we assumed that in no way

do the the bubbles affect the underlying fluid. However, it is intuitive that such an

assumption is non-physical and in general will not be true in a realistic application,

unless the population of bubbles is very small. Yet, the difficulty of modelling such

effects can be particularly cumbersome, which is why we neglected studying this effect.

In this chapter, we carry out some preliminary work towards fully coupling the

bubble flow and the fluid flow. In a somewhat simplified framework, we can point to

two main mechanisms with which the bubbles affect the surrounding fluid. The first

is the motion of the bubble as a rigid body, while the second is the deformation of

the bubble as it cruises through the fluid. It is obvious that these two reasons are not

independent of one another, however, in most generic applications the time-scales at

which the bubble (i) moves as a rigid body and (ii) deforms, are distinct enough to

study the two phenomena separately. In this chapter we be interested in modelling

the effects of the deformation of the bubbles to the flow.

To do so, we must first choose a model that describes the deformation of the

bubbles. We use the Rayleigh-Plesset equation, for a single isolated bubble, which is

a simplified model for such effects. To look now at how the deformation of the bubbles
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affects the mixture, we can adopt an ensemble point of view at each location in space.

This can be done by introducing the ensemble averaging operator (.). Under these

assumptions, and defining R as the radius of each bubble and N its time derivative,

it can be shown [50], [9] that, the mixture pressure takes the form

p= (1-ab)p aC R 3  - Pb PbR R ), (5.1)
(R3 R3

where Pbw is the bubble-wall pressure. We also note that the transport equation

for the bubble void fraction, has to change from the one used in previous chapters so

the compressibility effects are taken into account. These effects can be shown [50] to

yield the following equation

ab U -Va = 30R2  
(5.2)

ot R 3

It is therefore apparent that we must compute the high-order moments R3 , R2R,

R3 2 and R 3p. In this chapter we focus on the first three moments (since they only

require R, R for their computation) and discuss at the end an approximation for the

last required moment. Using this equation as a reference, we perform Monte-Carlo

simulations and compute the time-history of the required moments. However, such

an approach is computationally demanding. Our alternative here relies on deriving

evolution equations for the required moments using Machine Learning. However, the

required moments are up to 5th order. Instead of evolving all the required moments

up to 5th order, we actually evolve only the moments up to 2nd order. Note that

this is essentially the same computational cost a Gaussian closure scheme requires.

After that, we utilize recurrent neural nets to predict the time-history of the higher-

order moments using these time-delays. We utilize neural networks with memory for

the predictions of the higher-order moments based on the related research that states

that such moments can be approximated by knowing the time-history of the low-order

moments [14].
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5.1 Problem Statement

We assume the bubbles to be pulsating perfect spheres in an infinite medium. That

is, we assume that each bubble changes only in volume, always remaining a perfect

sphere. The center of mass of each bubble remains motionless. We also assume that

a time-independent pressure force is applied to the bubble with a wavelength that is

much larger than the radius of the bubble. We parametrize this forcing by the ratio of

the vapour pressure inside the bubble under equilibrium conditions, po, and of the fluid

far-field pressure around the bubble poo. We assume the bubble to be filled uniformly

with gas (of uniform temperature) whose density is much smaller than that of the

surrounding liquid. Finally, we neglect interactions between bubbles (we assume that

the number of bubbles inside the liquid is small enough for this to be valid). We also

neglect body forces (we also neglected gravity in the previous chapter) and surface

tension. Hence, under these assumptions we can use the simplified Rayleigh-Plesset

equation to model the evolution of the radius R of each bubble as

RN + -$2 + = Ca - 1 - CR (5.3)
2 Re R (R

where y 1.4 is the polytropic index (assuming adiabatic process) and Ro is the

equilibrium radius of the particular bubble under study. This equation can be derived

by equilibrating the kinetic energy of the pulsating bubble with the energy provided by

the fluid through the constant pressure forcing [22]. The dimensionless parameters

used above are the Reynolds number, cavitation number and the pressure forcing

which are defined respectively as

Re = Ro C = POPV and C Po PO (5.4)
por o Po Po

where we used the reference quantities vo as the kinematic viscosity, po as the liquid

density as well as the ambient pressure p,.

In general, for different bubbles the equilibrium radius is going to be different.

This variation adds polydispersity to the problem. As a result, the variables of the
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Rayleigh-Plesset equation that can be though to be stochastic are {R, , Ro,}. Yet, in

this study we simplify our problem by focusing on monodisperse clusters of bubbles.

Hence, the only variables that are treated as stochastic are {R, R} and we consider

Ro the same for all bubbles.

We could try and solve the Rayleigh-Plesset equation for a variety of different

initial conditions R, , yet solving numerically this equation is particularly cumber-

some. Hence we choose to model this monodisperse problem as the evolution of a

multivariate probability density function. This approach seems more natural, espe-

cially when only certain moments of this probability density function are needed for

us to model the effects of the oscillations of bubbles back to the fluid flow. Another

reason for avoiding Monte-Carlo simulations for this problem is its computationally

forbidding nature as bubbles that are close to collapsing render the Rayleigh-Plesset

equation singular and thus really hard to approximate numerically. Instead, we try to

machine learn the evolution of such moments. Assuming that the random variables

that govern the problem arex= {R, R} we can define a probability density function

that governs the problem

p = p(x, , t), (5.5)

where 6 is the probabilistic parameter. The moments corresponding to this pdf

are defined as

pim JpRI "dx. (5.6)

The dynamics of p are restricted by the equation

dp Op 0-+ (p) + (p) = 0. (5.7)
dt &t OR OR

Note that we make use of the fact that N = 0. To evolve these moments in

time we simply have to compute .t""m Reminding ourselves thatp = 0 and that weian wd

integrate over the entire 2D plane, we have
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Ilm-1i~t,w+m f R "--1Rpdx. (5.8)
at J

As we saw in the beginning of this chapter, the moments that need to be computed

to model the effects of the bubbles back to the flow can be up to 5th order. Instead

of evolving all moments up to 5th order we implement the following approach. We

evolve the first and second order moments using recurrent neural networks. Then,

we predict the need higher-order moments using as input only the time-history of the

first and second order moments.

5.2 Machine Learning approach

In this section we seek to model the evolution of the first and second order moments

of the problem using only Machine Learning. To this end we incorporate recurrent

neural networks, in particular LSTM nets. We then use the derived time history to

predict the evolution of the needed higher-order moments. For the evolution of the

higher-order moments we once again use LSTM layers. As input for all these neural

nets we have the (normalized) time-history of the first and second order moments.

5.2.1 Evolution of low-order moments

We model the evolution equations of the low-order moments as

alm =fL( plm}), (1, m)= {(1, 0), (0, 1), (2, 0), (0, 2), (1, 1)}, (5.9)at
where fL are the predictions of the right-hand-side of the evolution equations of

the moments, as predicted by the neural nets we use. We model the right-hand-

side of these evolution equations using a single LSTM layer followed by a fully-

connected neural net. Each evolution equation corresponds to a different neural

net. For input we use the time-history of the five low-order moments. We use as

input the 32 previous time-steps of each of the moments. We train on cases po/po =

0.25, 0.35, 0.45, 0.55, 0.65, 0.75. We test on cases po/po = 0.20, 0.30, 0.3250.375, 0.40, 0.475.
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We test on these values because cases where the pressure ratio is low are particu-

larly hard for the Gaussian closure scheme to approximate and even so the estimates

yield large errors. For reference solutions we use data derived from Monte-Carlo

simulations. These Monte-Carlo simulations of the Rayleigh-Plesset equations were

implemented and performed by Dr. Spencer Bryngelson in California Institute of

Technology.

We are interested in the statistics of a cluster of bubbles with initial conditions

sampled from a reference probability distribution. Specifically we study the oscil-

lations in the size of the bubbles under a constant pressure ratio (initial pressure

inside the bubble and applied pressure outside the bubble). We compare our Ma-

chine Learning approach with a Gaussian closure model for the low-order moments.

The modelling as well as the numerical implementation of the Gaussian closure were

carried out by Dr. Spencer Bryngelson from prof. Colonius' group at Caltech.

| MC- moments
- NG - -omen-s Pi-

AL - momnents

0.00- 10 --

N075 0.89 - --A k

'010

o1 0 . 0O_ 091-

0.7 -- 0.7 - - -

1 2 3 4 7 1 10 12

1.0 - -- 10 f - - - -

0.9 - 09-

0.8 0.89 ---

o 0 ;

07-5
. - 0.7 

2 14 6 8 1 10 12 14

210 1.0-

V0.0 91- A\ -

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 18 18

t t

Figure 5-1: Time-series of moment [io as predicted by Monte-Carlo simulation (blue),

nonlinear Gaussian closure (orange) and Machine Learning (green).
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Figure 5-3: Time-series of moment p2o as predicted by Monte-Carlo simulation (blue),

nonlinear Gaussian closure (orange) and Machine Learning (green).
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nonlinear Gaussian closure (orange) and Machine Learning (green).

We observe that in all cases the machine learning results outperform the Gaussian

closure results. For po/poc = 0.30 and below we observe that the Machine Learning
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results start being out of phase with the Monte Carlo results yet still outperforming

the Gaussian closure results. We can notice that the Gaussian closure results cannot

model the progressive reduction of the amplitude of oscillations of the bubble pop-

ulation, a physical characteristic captured by our neural network architecture. We

observe that the neural net can perform adequately in cases it has never seen, allow-

ing us to believe that it is not simply overfitting on the training data but actually

learning the dynamics of the problem.

5.2.2 Evolution of high-order moments

As we stated previously, in order to model the effects of the oscillation of the bubbles

back to the fluid flow, we must compute high-order moments (higher than 2nd-order).

Trying to evolve the coupled system of all moments of up to 5th order, would be

computationally expensive. Our approach in this section is to use the results of

evolving the low-order moments and use this data to predict the required high-order

moments.

As stated in the beginning of the chapter, the driving force behind our belief that

a system with memory can give better predictions for the high-order moments, with

knowledge of only the low-order moments stems from works such as [14]. In this work,

the authors showcase that high-order moments of arbitrary probability measures can

be approximated by knowledge of the time-history of the low-order moments.

For this purpose, we use recurrent neural networks to predict the higher-order

moments in a non-Gaussian framework. These results can be compared both to

the results derived from Monte-Carlo simulations of the Rayleigh-Plesset equation

as well as the analytic predictions of a Gaussian closure scheme for the higher-order

moments. In more detail, if we assume that the radius and its velocity for a bubble

can be written as

R = pi,o + r, N = p-o,1 + r,(5.10)

where we assume that r2n+l =2n+1 = 0. Under these assumptions we can then

compute the required moments in a Gaussian framework to be
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p3,0= p1,0 + 3/i,o(p2,o - P1,o),

/i,2= 11i,010o,1 + p,0(10,2- p0,1) + 2po,1(p1,1 - pi,opo,1),

(5.11)

(5.12)

P3,2 -- p,opoi+1 + ,o(P0,2- po,) + 6/,o1,(p1,1 - p_,1po,1) + 3p,o 1,(12,0- 1,o)

+9p1,0(p2,0 - i,o) + 6po,1(p2,0- 1,o)(p0o,2- p

(5.13)

As a reference solution we use the Monte-Carlo predictions of the high-order mo-

ments. As input for the neural nets we use the time-series of the first and second-order

moments as predicted by the Monte-Carlo simulations. However, during testing we

use the low-order moments predicted by the ML approach we described in the pre-

vious section. We compare these results to the reference Monte-Carlo predictions as

well as those derived by nonlinear Gaussian closure.
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Figure 5-6: Time-history offp3 0 moment, as computed by Monte-Carlo data (blue),

non-Gaussian closure (orange) and ML predictions (green).

60



- MC
- NG J12

- MLML

1.5
3-~

05

0 0.0 - --

'n 1.00 - - -- -A.C4 ~ 06I
0.75 - - --

0.50 -

0.5 0.2- _--_--_-_ -

6.02 2 4V 6 I 0 12 1
0.00.

2 4 6 8 10 12 2 4 6 8 10 12 14

e t

Figure 5-7: Time-history of,.p
1 

moment, as computed by Monte-Carlo data (blue).

non-Gaussian closure (orange) and ML predictions (green).

-- MC

-- NG P32
0.-- -

P, 0.4- A A A

0.2- - 1

0.0

0 .6 - - -4 -- -- --- -A-- -------

M 0.4-- - 0.3 -
00.2-

0.2-

2 4 - - -

0 0.25

S0.3 -- 0.20 -

0. - -I- 0.15 ---

0 . 10 -4--1-
V V V V 0.05--

2 4 6 8 10 12 14 16 2 4 6 a 10 12 14 16 18

t t

Figure 5-8: Time-historyof A32 moment, as computed by Monte-Carlo data (blue),

non-Gaussian closure (orange) and ML predictions (green).

we observe that our Machine Learning approach clearly outperforms the Gaus-

sian closure results. We should emphasize that our results were taking by using the
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Machine Learning predictions for the low-order moments and not the reference Monte-

Carlo predictions. Our model seems to not be able to capture correctly the phase for

the case po/po, however we should state that the Gaussian closure scheme could not

run for such strong forcing. Once again our model is able to capture the apparent

slow-down of the bubble dynamics as time progresses, a phenomenon missing from

the Gaussian closure results.

Finally, we discuss some additional work that is currently being done in this

problem. If we look at Eqs. (5.1), (5.2), we see that we still haven't computed the

higher-order moment R3 pb,. An easy way to carry out this calculation is to use a

model of the form Pbw = Pbw(R, N), i.e. expressing the pressure of the bubble at

the wall as a function of R and R. This modelling assumption renders the approach

presented here perfectly applicable to this moment as well. Another approach for

this problem that is currently jointly developed by the author of this thesis and Dr.

Spencer Bryngelson, is to enhance the predictive capabilities of the Gaussian closure

scheme for the moments problem with recurrent neural networks. Hence, instead of

using a purely data-driven approach we employ a hybrid one. This approach is not

discussed in this thesis.
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Chapter 6

Conclusions and Future work

6.1 Conclusions

We have derived and demonstrated the implementation of a spatio-temporaly non-

local, data-driven closure scheme for anisotropic multiphase fluid flows. We focused

on applying our idea to a 2D, doubly periodic domain, where bubbles that behave

as passive inertial tracers are transported by an incompressible newtonian fluid. To

this problem, we introduced a spatial filter that averaged the system along the one

spatial direction x and applied a low-pass filter along the other direction y, reducing

the original problem to a 1D problem in space. We then model the newly emerged

closure terms using Stacked LSTM layers [16]. To introduce stability to the active

integration of the neural net predictions to the time evolution of the filtered equa-

tions of motion, we utilize an imitation learning algorithm called DAD [45]. Using

this approach, we integrate in time the multiphase flow and reliable reproduce its

statistics.

For testing purposes we first trained our model using data from unimodal jets

with Reynolds number Re E [1000, 2000]. Our first test case was the validation of our

method on unimodal jets not included in the training examples. The algorithm was

able to correctly predict the statistical average of both the velocity field of the fluid

and of the distribution of bubbles in space. We then proceeded to test our model on

bimodal jets with the model capturing reliably the statistical average of the velocity
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field of the fluid. For the distribution of bubbles in space the errors where more

significant, yet it adequately captured the physical characteristics of the solution.

That is, areas where bubbles are concentrated where corrected displayed as well as

areas where bubbles are repelled. Our model also was shown to compare favourably

with a simple linear eddy-viscosity closure model for this case.

6.2 Future work

For future work we plan to generalize the implementation of our closure scheme for 2D

or 3D filters. We also want to replace the Maxey-Riley assumption for the velocity

fields of the bubbles to a machine learning approach developed by Zhong Yi Wan

from our group, that utilizes velocity data from the fully-resolved multiphase flow.

In addition we would like to try causal convolutional networks [1] for this problem,

as they seem to some times over-perform with respect to LSTM neural nets. Finally,

we want to incorporate the effects of the bubble flow back to the fluid flow. Towards

this goal, we have engaged in the work presented in Chapter 7.
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