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Abstract

Nuclear magnetic resonance (NMR) provides powerful measurements that remain
inaccessible in many applications due to the instruments' size and expense. Recent
research efforts have focused on creating handheld devices with lower resolution but
greatly reduced cost. Persistent challenges include implementing a miniature magnet
with sufficiently homogeneous magnetic field, and isolating the weak NMR signal
from the powerful excitation pulses. In this thesis, we demonstrate a magnet design
and experimental technique to address these needs.

A significant cost for a small NMR magnet is associated with the extensive la-
bor for assembly and correction of field variations. To alleviate this difficulty, we
optimized and constructed a self-assembling NMR magnet. The palm-sized assem-
bly, called a shim-a-ring, had a mass of 418 g. The magnetic field strength was
0.48 T, large enough to perform spectroscopy. To ease the process of correcting the
field, we propose an active shim system, which would eliminate much of the labor
required with other strategies. Electromagnetic shims were optimized to correct 14
lower-order spherical harmonics with minimal power consumption. When comparing
the efficiency of the shims to the correction needed in the shim-a-ring magnet, the
required current was found to be too large for steady-state operation. In short exper-
iments, however, the strategy was shown to be feasible, with heat dissipation causing
only a negligible temperature change.

Stochastic excitation provides a low-power alternative to standard NMR tech-
niques. With the pulse amplitudes reduced by orders of magnitude, isolating the
signal from the excitation is much less challenging. Experiments performed in the
shim-a-ring magnet demonstrated this benefit. Although the magnetic field varia-
tions were too large for spectroscopy, the initial amplitude of the impulse response
was proportional to the number of resonant nuclei in the sample, called the spin den-
sity. The ratio of water and heavy water contained in a sample was characterized
using this technique.

Thesis Supervisor: Ian W. Hunter
Title: Hatsopoulos Professor of Mechanical Engineering
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Chapter 1

Introduction

1.1 Motivation

Nuclear magnetic resonance (NMR) is used to take powerful measurements that are a

staple in modern medicine and chemistry. At its core, the technique consists of sending

and receiving radiofrequency signals from atomic nuclei that have been immersed in

a magnetic field. The strength and homogeneity of the magnetic field dictate which

types of measurements are appropriate. With massive superconducting magnets,

Magnetic Resonance Imaging (MRI) performs medical imaging by measuring spatially

localized NMR signals. In chemistry, similarly gargantuan superconducting magnets

are used to perform spectroscopy. These spectra provide a chemical "fingerprint"

characteristic of the measured species, and the technique is routinely used to confirm

the products of chemical reactions. Specialized spectroscopic measurements provide

even more detail about chemical structure, with each resonant nucleus acting as a

small antenna transmitting details about the local chemical environment.

For applications such as mapping protein structure, the desire is to increase mea-

surement resolution by building stronger magnets. Recently, there has also been

interest in smaller devices with lower magnetic fields of 0.5-2 T, with 0.5 T represent-

ing the lower threshold suitable for spectroscopy [1]. Because the measurement of

the system's signal-to-noise ratio (SNR) scales roughly with the magnetic field to the

3/2 power [2], these smaller instruments are not suitable for cutting edge chemical
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research. Their decreased cost and increased portability, however, opens up a new

range of applications. Desktop and smaller spectrometers are used in labs to monitor

the progress of reactions, freeing valuable time on the shared high-field machines [1].

Meat inspectors used desktop spectrometers to differentiate between beef and horse

meat, after the 2013 scandal in Britain [3]. NMR relaxometers, which have less strin-

gent requirements for field homogeneity, have likewise found a multitude of uses in

various form factors: desktop relaxometers are used in quality assurance [4], a hand-

held device was demonstrated to detect bladder cancer cells [5], and the open-faced

NMR-MOUSE has been used to probe everything from tires to mummies [6], [7].

For these less-powerful devices, an underlying pattern is evident: each application

must be individually scouted and proven. Once it has been shown that the desired

information is obtainable, then the significant cost advantage of the miniaturized

instruments comes into play. When the cost of the NMR device becomes low enough,

it can be mass produced for use in a particular application, such as quality assurance.

To date, research efforts have demonstrated NMR spectroscopic measurements

taken in a handheld magnet [8] and miniaturized NMR electronics on a single board

or chip [5]. Significant barriers remain, however, to a low cost, portable device. A

key challenge is a low-cost solution for a portable NMR magnet. Existing handheld

magnets are expensive, difficult to assemble, and the procedure to correct variations in

the magnetic field is arduous. Further areas for improvement include reducing power

consumption, and making the experiments as simple and automated as possible in

order to increase accessibility to unskilled users. To address these challenges is the

objective of this thesis.

The remainder of this chapter introduces basic NMR concepts. Chapter 2 de-

scribes the desktop-sized spectrometer that was constructed in order to evaluate

miniature magnets and experimental concepts. Chpater 3 details the design and

testing of low-cost, portable NMR magnets. Finally, Chapter 4 explores the use of

stochastic experimental techniques in the context of miniature NMR, and presents

measurements taken stochastically in an inhomogeneous magnetic field.
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1.2 Principles

The following section briefly presents the principles necessary to understand this

thesis. More thorough explanations are available using quantum mechanics described

in [2] and using classical mechanics in [91.

1.2.1 Spin

NMR signals can be measured from atomic nuclei that have spin [2]. Spin is a form

of angular momentum in quantum mechanics. It does not result from any sort of

motion or rotation, but is rather an intrinsic property of elementary particles. Even

though spin does not arise from rotation, it affects the behavior of the particle in the

same way as if it did. Thus, spin is considered part of the total angular momentum.

Because spin is a quantum mechanical property, it is allowed to take discrete

values. Permitted values are integers (1, 2, 3...) and half-integers (1/2, 3/2, 5/2...)

[2]. For example, the nucleus of 'H is a single proton, and has a spin of 1/2. The

nucleus of 2H is a proton and a neutron, and has a spin of 1. In every nucleus, the

spin from the component protons and neutrons will add or cancel in order to find

the lowest energy configuration. In some cases, the spin of the protons and neutrons

will exactly cancel and the nucleus will have zero net spin. This is the case for many

isotopes abundant in organic substances: 12 C, 160 and 32S. However, most atomic

nuclei do have spin. Two abundant nuclei with strong NMR signals are 1H and 9 F,

both with spin 1/2.

A spin of value S has (2S+1) available configurations, called substates. Thus,

spin-1/2 particles, for example, has two available substates, called spin up and spin

down. In the absence of a magnetic field, all of the substates have equal energy, and

there is no preferred configuration [2].

1.2.2 Magnetic Moment

Any nucleus with spin also possesses an intrinsic magnetic moment. The laws of

quantum mechanics require that the strength of the magnetic moment be proportional
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to the spin. For nuclei, this proportionality constant is called the gyromagnetic ratio,

-. In the language of quantum mechanics [2]:

it = 75, (1.1)

where the hats denote quantum mechanical operators.

A bar magnet such as a compass will rotate to align with an external magnetic

field. The angular momentum and magnetic moment of a spin in a magnetic field

will work together to create a different motion: rather than aligning with the field,

the spin will precess about the axis of the field [2]. A spin tilted at an angle a from

the magnetic field will rotate about the field while maintaining this angle a, sweeping

out a cone (Fig. 1-1).

Figure 1-1: The nuclear magnetic moment, represented by small arrow, will precess
about an external magnetic field, represented by the large arrow. Figure reproduced
from [10].

The frequency of precession is called the Larmor frequency, and is proportional to

the strength of the magnetic field BO scaled by the gyromagnetic ratio [2]:

(1.2)

20
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where wo is the Larmor frequency. The negative sign in the equation above means

that, for a positive gyromagnetic ratio, the spin will precess clockwise around the axis

of the magnetic field. The gyromagnetic ratio of 'H is 267.522 rad s- T 1 , which

means that the spin vector will complete over 40 million rotations per second in a 1

T field.

In the absence of a magnetic field, the spin and magnetic moment vectors are

equally likely to point in any direction. When a magnetic field is applied, the degen-

eracy is broken, and allowed states with a magnetic moment that is aligned with the

external field are slightly lower energy than states that oppose the field. This energy

difference scales with the strength of the magnetic field, and the spins are biased

towards lower energy states. The relative populations of the spin states depend on

the ratio of magnetic and thermal energies. At room temperature, this bias is very

small: for 10,000 spins in a field of 3 T, the state aligned with the field will have

about one more spin than the state against the field [9]. Nevertheless, NMR samples

routinely have 1020 spins, and the bias is sufficient to create a net magnetic moment

aligned with the external magnetic field.

Compared to the precession of the spins, the development of the net magnetic mo-

ment is quite slow. As the spins precess, the angle between the spin vector and the

magnetic field remains constant. Over time, small fluctuations in the magnetic field

will cause the angle between the spin and magnetic field to slowly change. The spin

vector will sample all possible directions, but will show a small preference towards

aligning with the magnetic field, as discussed above. After being placed in a magnetic

field, a sample will develop a net magnetic moment as the spins preferentially align

with the external field. The growth of the net magnetic moment follows an exponen-

tial curve with time constant T1 (Fig. 1-2), called the longitudinal relaxation time

constant. This time constant is affected by temperature and viscosity of the sample,

and is generally on the order of milliseconds to seconds, or even longer [2].

T1 is the characteristic timescale for the spin system to come to equilibrium after

any perturbation, and limits how rapidly NMR experiments can be repeated.
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Figure 1-2: A net magnetization in a sample of spins will develop when placed in an
external magnetic field, approaching equilibrium with characteristic timescale T1 .

1.2.3 Radiofrequency Pulses

When a sample of spins is placed in a magnetic field, it develops a net magnetic

moment aligned with the field, called longitudinal magnetization. It is not practical,

however, to directly measure longitudinal magnetization. Instead, in NMR mea-

surements, the transverse magnetization is measured-that is, the component of the

magnetic moment perpendicular to the magnetic field.

Radiofrequency (rf) pulses whose frequency closely matches the Larmor frequency

will tip the net magnetic moment away from the external field BO. The amount of

rotation caused by the rf pulses is called the flip angle, and is proportional to both

the strength and duration of the rf pulse [2]:

O,= WnutTP, (1.3)

where 13 is the flip angle, rp is the pulse duration, and Wnut is the nutation frequency.

The nutation frequency scales with the strength of the rf pulse [2]:

1
Bnut =I gBrf sin Orf|, (1.4)

where y is the gyromagnetic ratio, B 1 is the peak value of the oscillating rf field, and
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01 is the angle between BO and the rf field.

This effect is the resonance in nuclear magnetic resonance. The static field BO is

orders or magnitude larger than the oscillating rf field. Yet if the oscillating field is

applied at the same frequency as the spin precession-their resonant frequency-then

the small rf field can have a large effect on the spin state.

The duration of the rf pulse determines the range of frequencies excited. For a

pulse of length T, a bandwidth of 1/T is excited. For example, a 1 ms pulse will

excite a 1 kHz bandwidth. The excited band in the frequency domain is the Fourier

transform of the pulse sent in the time domain. In the time domain, the excitation

pulse is a box function multiplied by an infinite sine wave. In the frequency domain,

therefore, the pulse is the convolution of theses two components, after each has been

Fourier transformed. The box function transforms to a sinc function, and the sine

wave to a delta function at the excitation frequency. Convolving the two gives a sinc

function centered at the excitation frequency. A shorter pulse in the time domain

gives a wider sinc in the frequency domain.

1.2.4 Free Induction Decay

After being tilted away from the BO field, the net magnetization will precess at the

Larmor frequency, because each of its component spins will also be precessing at that

frequency [2]. This rotating transverse magnetization generates a rotating magnetic

field, which can be detected using a coil of wire (Fig. 1-3). As the magnetic moment

rotates, the magnetic flux through the coil changes with time, inducing a voltage in

accordance with Faraday's law:

d(Pb-N (1.5)
dt

where e is the electromotive force, N is the number of turns in the coil and <D Bis the

magnetic flux through the coil.

The NMR spectrometer is able to detect and record the oscillating voltage in the

coil, which is called the Free Induction Decay (FID).
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Figure 1-3: The net magnetic moment rotates in the transverse plane, inducing a
voltage in a measurement coil.

As the net magnetization precesses, microscopic fluctuations in the magnetic field

Bo will perturb the rotation of individual spins, causing them to fall out of alignment

with the group. The spins will become more and more out of phase, causing the NMR

signal to decay. This decay follows once again an exponential curve, this time with

time constant T2 , the transverse relaxation time constant. In liquids composed of

small molecules, T2will be about as long as T1, while in solids it will be significantly

shorter [2].

The FID will look like an oscillating signal, due to the varying magnetic flux

through the detection coil, modulated by a T2 decay envelope, as shown in Fig. 1-4.

1.2.5 Inhomogeneous Magnetic Field

If the magnetic field BO has spatial variations, the resonant Larmor frequency will

vary across the sample. At the start of the FID, all the spins of the sample will be in

phase. Because different spins precess at different frequencies, however, their summed

signal will quickly decay. Fig. 1-5 illustrates how the sum of sinusoids of different

frequencies decays more quickly than the individual components.

The observed decay rate in an inhomogeneous field is given a new name: T2*- The

value of T2* is less than or equal to T2, and is dependent of both T2 and the field

variations via the following equation [11]:

24



Ca

0

Time

Figure 1-4: The measured NMR signal after and excitation pulse is called the Free
Induction Decay. It oscillates due to the rotating magnetic moment, and slowly decays
with time constant T2 as the spins lose coherence.
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Figure 1-5: Summed sinusoids of slightly different frequency decay more rapidly than
the individual components, much like the net signal of spins in an inhomogeneous
magnetic field.
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=1 + yAB. (1.6)

For large variations in the magnetic field, the contribution of T2 to T2* becomes

negligible, and the observed decay rate becomes a good measure of the magnetic field

variation AB.

1.2.6 NMR Spectra

The NMR spectrum is computed by taking the Fourier transform of the FID. A simple

NMR spectrum is shown in Fig. 1-6.

Time Frequency

Figure 1-6: Fourier transform of the FID yields the NMR spectrum, with spectral
peaks characteristic to the measured sample.

In general, the resonant frequencies of different nuclei vary widely, and the spec-

trometer is tuned to measure only one nuclear species at a time [2]. Even in measure-

ments of a single isotope, however, multiple spectral peaks occur due local shifts in

the magnetic field caused by nearby electrons and other magnetic nuclei. For exam-

ple, in a molecule, the electron cloud is not evenly distributed among the nuclei. In

a phenomenon known as chemical shielding, nuclei surrounded by a denser cloud of

electrons will have their resonant frequency shifted to a lower frequency, while nuclei

with less electron density will resonate at a higher frequency. Chemical shielding and

other effects on the local magnetic field at a nucleus create characteristic spectra that
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allow chemists to characterize the molecules of their sample.

Peak width gives a measure of T2: at half-height, the width in Hertz is equal

to 1/(7rT2 ). In an inhomogeneous BO field, the Larmor frequency varies across the

sample, and the peak in the frequency domain widens in a phenomenon known as

inhomogeneous broadening. In this case, the width of the peak at half height gives

a measure of T2*, rather than T2 [2]. Inhomogeneous broadening can cause the peaks

to overlap and obscure the spectrum, as depicted in Fig. 1-7.

-Homogeneous
-Inhomogeneous

Frequency

Figure 1-7: The spectral peaks widen in an inhomogeneous field, obscuring the spec-
trum.

A key challenge in NMR is to create a homogeneous magnetic field in order to

measure clean spectra.

1.2.7 A Simple NMR Experiment

To consolidate the above concepts, consider the sequence of steps to perform a simple

NMR measurement. After being placed in the magnetic field, the sample of spins

develops a net magnetic moment aligned with the field. A 900 pulse flips the net

magnetization into the transverse plane, where it rotates at the Larmor frequency.

The receiver electronics are briefly saturated by the large excitation pulse, but after

this dead time, the electronics recover and are able to record the voltage the the FID

induces in a nearby wire coil. Fourier transform gives the NMR spectrum. After
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the rf pulse, the net magnetization slowly realigns with the B field, following an

exponential curve with time constant T1. After waiting about four times the length

of T1, the magnetization will have fully recovered, and the experiment can be repeated

to allow for averaging.

Experiments that record and perform the Fourier transform on the FID after a

pulse or pulses are known at Fourier transform (FT) NMR. FT NMR is the most

common type of experiment in current use.

1.2.8 Rotating Frame

Modeling the dynamics of the spins is mathematically simpler in a rotating reference

frame [2]. In the rotating frame, the observer will rotate around the B field with

the spins. If the frame rotates at the Larmor frequency, then the spin vector appears

stationary. If the frame rotates at 20 MHz, and the Larmor frequency is 20.000001

MHz, then the spin vector appears to rotate at 1 Hz. Any frequency w in the station-

ary reference frame is shifted in the rotating frame to the relative frequency called

Q = W - Wref. (1.7)

The difference between the reference frequency and the Larmor frequency is called

the resonance offset, and is given by

QO = WO - Wref. (1.8)

NMR spectra are routinely plotted at the offset frequency.

1.2.9 Bloch Equations

Originally proposed by Felix Bloch in 1946 [12], the Bloch Equations model the motion

of the magnetization vector in a spin-1/2 system. The model accounts for rf radiation,

relaxation, and precession in the rotating frame. As shown below, the equations
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account for the time evolution of the x, y, and z components of the magnetization

vector. By convention, the BO field is chosen to point in the z-direction. The equations

are as follows:

dM = OMy + -B1 sin #Mz - 1-M, (1.9)
dt

dM- QoM / - B1 cos #M, - My, (1.10)
dt 1T1.1

dMz= - 7B, sinq5Mx + yBj cosq5M - L(MZ- 1),(. 1
dt T

where B 1 denotes the strength of the rf radiation and # is the phase of the rf field

with respect to the x-axis.

In 4.2, the exact solution to the Bloch equations will be used to model the behavior

of a spin when excited by an extended sequence of pulses.

1.2.10 Quadrature Detection

The NMR signal occurs at high frequencies, typically hundreds of megahertz for

superconducting spectrometers. This high-frequency signal is challenging to directly

record with an analog to digital converter (ADC), and filtering to pass only the

narrow frequency band where the signal is located is likewise untenable. By mixing

down to a lower frequency, the signal can be tightly filtered and easily recorded using

unspecialized electronics.

The NMR signal is shifted to a lower frequency by multiplication with a reference

signal which oscillates close to the Larmor frequency. To retain the full information

in the NMR signal, it is necessary to split the signal into two channels and multiply

each by the reference signal, but with one reference signal shifted 900 relative to the

other [13].

If the received NMR signal is given by

s"(t) = 2so cos(wot), (1.12)
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and the reference signals by

s' (t) COS(Wreft- (1.13)

s' (t) sin(wreft - #), (1.14)

then the product of the two will be, using trigometric identities, the sum and the

difference frequencies:

s '(t)s"(t) socos[(wo + Wref)t - ]+ cos[(wo - Wref)t +], (1.15)

s',(t)s"(t) sosin[(wo + Wref)t - #]+ sin[(wo - wrf)t + (1.16)

where wo is the Larmor frequency, wre is the reference frequency, # is the phase of the

reference frequency, and 2so is the initial signal amplitude. By passing the product

signals through a low-pass filter, the sum frequencies are filtered out and only the

difference frequencies remain, though half the signal intensity is lost in this step. This

difference frequency is equivalent to the relative frequency Q. The complex sum of the

two components gives the quadrature receiver signal, which contains the magnitude

and phase in the rotating frame:

s+(t) = s,(t) + i - s (t) = soeot (1.17)

Thus, quadrature detection is able to acquire all the information from the NMR

signal by measuring two low-frequency channels [13].
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Chapter 2

NMR Spectrometer Construction

At its core, an NMR spectrometer is a device that creates a net magnetic moment

of spins, uses rf pulses to flip the net magnetization, and records the free induction

decay (FID). Chapter 3 discusses the design of a portable magnet to polarize the

sample. In this chapter, the electronics to generate the rf pulses and record the FID

are detailed.

NMR electronics on a single chip have already been demonstrated [5], and it was

not the objective of this work to reproduce that achievement. To allow complete

control and customization, a spectrometer was built, sized to fit on a desktop or

cart. As shown in the diagram below, the basic design is composed of three parts: a

probe, which contains the sample and is placed inside the magnet, as well as trans-

mitter and receiver electronics which are alternately connected to the probe via a

transmit/receive (T/R) switch (Fig. 2-1).

Section 2.1 describes the probe, Section 2.2 the transmitter electronics, and Section

2.3 the receiver pathway. Section 2.4 details how the experiments were controlled and

recorded using LabVIEW [14] and a myRIO device. Finally, Section 2.5 shows NMR

signals recorded using the spectrometer, with an electromagnet providing the BO field.
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Figure 2-1: In the NMR spectrometer, the sample-containing probe is alternately
connected to the transmit and receive paths via a transmit/receive switch.

2.1 NMR Probe

The NMR probe positioned the sample in the homogeneous B0 field of the magnet.

It contained a coil of wire which was used to transmit and receive the rf signals. To

build the probe, magnet wire was wound directly around the glass sample tube and

secured with a small amount of cyanoacrylate, as shown in Fig. 2-2.

A solenoidal coil is commonly used in NMR because it generates a homogeneous

rf field while allowing a large fill factor [15]. Fill factor, the fraction of volume in the

coil made up of the sample, is maximized by winding the wire directly around the

sample tube [16]. A large fill factor increases the coil sensitivity and signal to noise

[17].

Signal to noise also increases with the quality factor Q of the coil, which is given

by [16]

L
Q =wo -,r

(2.1)

where wo is the Larmor frequency in rad/s, L is the coil inductance, and r is the

coil resistance. Maximizing Q requires balancing the inductance and resistance. The
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Wire
Coil

Figure 2-2: Wire wound directly around the sample tube is able to excite the sample
and receive the NMR signal.

inductance increases with the number of turns, but to maintain a given coil size,

more turns mean a smaller wire gauge and higher resistance. A good rule of thumb is

that the coil height should be approximately equal to the diameter, and the spacing

between the turns should be equal to the wire diameter. Q increases slowly for longer

lengths, but decreases dramatically for shorter ones [16].

NMR signals were measured using coils of two sizes. The larger coil used 24 gauge

(0.51 mm) magnet wire wound around a sample tube with 2.5 mm outer diameter

(OD). The coil had 5 turns and a measured inductance of 120 nH and resistance of

200 m, giving it a Q of 75 at 20 MHz. The smaller coil had 5 turns of 23 gauge

(0.58 mm) wire wrapped around a 1.7 mm OD sample tube. The inductance was

measured as 75 nH, and the resistance as 90 mQ, giving a Q of 105 at 20 MHz.

A second 1.7 mm inner diameter (ID) coil of the identical geometry was fixed

to the interior of a cylinder guide, allowing the sample tubes to be easily inserted

and removed. This improvement allowed rapid testing of a series of samples while

maintaining equivalent performance.

To interface with the transmitter and receiver electronics, the probe required a

matched 50 Q~impedance. Otherwise, a fraction of the power would be reflected

instead of transmitted across the boundary. A tank circuit, composed of capacitors
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in series and parallel with the wire coil (Fig. 2-3), matched the impedance to 50 Q

at the Larmor frequency.

L
C,

CP

Figure 2-3: Series and parallel capacitors are used to impedance match the inductive
probe coil at the Larmor frequency.

The inductance and resistance of the coil were set by the coil geometry, and the

values of the capacitors were chosen as follows. The coil and parallel capacitor were

considered first, with the capacitor value chosen to make the real impedance 50 Q.

The impedance of the parallel capacitor and coil is given by

__ 1
Zpar- ( I + ioC)-1 ,   (2.2)

iwoL + r

whereZpar is the impedance of the parallel inductor and capacitor, C, is the parallel

capacitance, and r is the resistance of the coil wire. With the value of C, chosen to set

the real impedance at 50 Q, the role of the series capacitor was to cancel the remaining

imaginary impedance at the frequency of interest. This canceling was accomplished

by choosing the impedance of the series capacitor to be equal in magnitude to the

imaginary parallel impedance:

1
= Q(Zpar), (2.3)

woCs

where C, is the series capacitance. The Bode plot in Fig. 2-4 below shows the

impedance for an example circuit where the coil inductance and resistance were mea-

sured to be 1.25 pH and 400 mQ, and the resonant frequency was 24.25 MHz. The

calculated values for parallel and series resistance were Cp=31 pF and C,=3 pF. The
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impedance matched at the desired frequency, but only at that frequency: the values

of the capacitors required retuning if the resonance changed significantly.

U5

t3

2 System: z-total
Frequency (MHz): 24.2

100 -- Magnitude (abs): 501
90•

'645 -

.c

0

CU

0

10 1 10 2

Frequency (MHz)

Figure 2-4: The Bode plot of the series-parallel tank, simulated in MATLAB [18],
shows that the impedance is matched in the narrow band around the Larmor fre-
quency.

Although the tank circuit impedance is a function of both capacitor values, the

resonant frequency is more strongly coupled to the parallel capacitor, while the mag-

nitude at resonance is more strongly coupled to the series capacitor. Thus, with

variable capacitors, the two parameters could be fine-tuned independently.

The tank circuit was realized using a custom printed circuit board (PCB). It was

found that it was sufficient to twist the leads from the coil and solder them directly to

the board. Ceramic capacitors (Series 1111N; Passive Plus Inc., NY) were used for the

parallel and series capacitance and behaved well at the high frequencies. Adjustable
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capacitors with a range of 7 to 50 pF (TZ Series; Murata Electronics) were placed in

parallel with the fixed capacitors to allow fine tuning of the resonant frequency and

impedance. The tank circuit PCB is shown in Fig. 2-5.

CS

Coil Leads

Figure 2-5: The parallel-series tank was realized on acustom PCB, to which the wire
leads from the sample coil were directly soldered.

The impedance of the tank circuit measured onan impedance analyzer (4194A;

Hewlett-Packard, CA) closely matched the simulation predictions, as seen in Fig. 2-6.

Tuning of the tank circuit was most easily accomplished using anetwork analyzer

(E5071C; Agilent Technologies, CA) by looking at the Su1 parameter. This parameter,

which measures reflected power, sharply dips when the power is transmitted. The

adjustable capacitors were tuned so that the drop in the Su value was at the frequency

of interest and as steep as possible.

2.2 TransmitterPathway

In the transmitter pathway (Fig. 2-7), the rf excitation pulses were routed from

a waveform generator (33500B Series Waveform Generator; Keysight Technologies,

CA). The continuously running rf signal was gated by two active switches in series

(ZYSWA-2-5DR; Mini-Circuits, NY). Thesecondswitch served asthe T/Rswitch

and toggled the probe between the transmitter and receiver pathway. The first switch,

whileidentical, servedonly to provideadditional isolation between the rfexcitation
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Figure 2-6: The impedance of the tank circuit, measured on an impedance analyzer,
closely matches the simulated form.

and the receiver electronics. A small 0.7 W amplifier (MHW592; Motorola Solutions,

IL, Fig. 2-8) was used in experiments employing 90 pulses, but low-power experi-

ments did not require any amplification and the waveform generator signal was used

directly.

2.3 Receiver Pathway

The receiver pathway measured the microvolt-level NMR signal and amplified it six

orders of magnitude to be recorded by an ADC. The pathway used quadrature de-

tection to record the NMR signal via two low-frequency channels, as described in

Section 1.2.10. These channels were the real an imaginary parts of the NMR signal

recorded at the relative frequency Q. Fig. 2-9 below diagrammatically shows the

receiver section of the spectrometer.

The receiver path started immediately after the T/R switch, where a low-noise

preamplifier (AU-1467; L3 Narda-MITEQ, NY) amplified the voltage 2500 times. The
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Figure 2-7: The transmitter pathway used a function generator to create the excita-
tion signal, a small amplifier to boost the power if needed, and two switches with 50
dB isolation each to provide sufficient separation from the receiver electronics.

Figure 2-8: Asmall 0.7 Wamplifier, kindly given by the Martinos Center from their
Instructional Tabletop MRI [19, was used to amplify the transmit pulses for some
experiments.
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Figure 2-9: In the receiver pathway, a low-noise preamplifier boosted the tiny NMR
signal. A bandpass filter passed the resonant frequency and screened out noise. The
signal power was split into two paths, and each path was multiplied by a local oscil-
lator (LO). Low-pass filters screened for the difference frequency, and low-frequency
(LF) amplifiers further amplified the signal before recording by ADCs.

preamplifier was ideal for NMR measurements, with its high gain, low noise figure

of 1.2 dB, and 1 ps recovery time after saturation. As the preamp would saturate

during the excitation pulses, the fast recovery time was key to minimizing the dead

time before the NMR signal could be recorded.

The preamp was followed by a band-pass filter. Because the NMR signal occurs

in a known narrow frequency band, the SNR can be improved by filtering around this

frequency. For most experiments the resonance was close to 20.5 MHz, and the filter

passband ranged from 20 MHz to 21 MHz (BBP-20R5+-; Mini-Circuits). Preamp and

band-pass are shown in Fig. 2-10.

Figure 2-10: The NMR signal was amplified by a low noise preamplifier and sent
through a band-pass filter.

Because the preamp recovered more quickly from the excitation pulses than did
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the downstream electronics, another switch (ZYSWA-2-50DR+; Mini-Circuits) was

used after the band-pass filter. This switch provided isolation from the excitation

pulses that leaked through the T/R switch, which were initially small but became

problematic after amplified by the sensitive preamp.

Next a power splitter (PSC-2-1+; Mini-Circuits) divided the signal into two path-

ways for quadrature detection. In each path, the signal was multiplied by a reference

local oscillator (LO) which ran at the same frequency as the excitation pulses. The

LO signal was generated by a second channel of the same waveform generator used

for excitation pulses, and yet another switch (ZYSWA-2-50DR+, Mini-Circutis), not

shown in Fig. 2-9, isolated the LO signal from the downstream electronics during the

transmit pulses. A power splitter (JSPQ-80+; Mini-Circuits) divided the LO into two

channels offset by 90. Each of the split NMR signal channels was multiplied by one

of the LO channels using mixers (SRA-1+; Mini-Circuits). 20 kHz low-pass filters

(EF122; Thorlabs, NJ) then selected for the difference frequency between the LO and

NMR signal while screening out the sum frequency. The amplitude of each channel

was then further amplified by a factor of 800 using a non-inverting operational am-

plifier circuit. Finally, each channel was fed to a separate 14-bit ADC (LTC1419 with

demo board DC200A; Linear Technology, CA). The power splitter, mixers, and low

frequency amplifiers are shown in Fig. 2-11.

2.4 MyRIO Controller

The experiments were controlled in real time using a National Instruments myRIO

board interfacing with LabVIEW [14]. The digital input/output (DIO) pins on the

myRIO were used to control the state of the switches and to read in the values from

the ADCs. For precision in timing, the pins were controlled using myRIO's onboard

Field Programmable Gate Array (FPGA), a Xilinx Z-7010. The DIO pins updated

with every cycle of the 40 MHz clock. The myRIO was chosen to allow the convenience

of programming in LabVIEW along with the timing precision provided by an FPGA.

Although the myRIO has multiple analog input channels, the device has only a sin-
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Figure 2-11: Coaxial inputs route the NMR signal and the local oscillator. Each
signal is split, as shown by the dark orange arrows, and one branch of the LO is
phase shifted by 90°. NMR and LO signals are mixed, then routed through low-pass
filters and to low frequency amplifiers before measurement by ADCs.
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gle ADC. Values from the analog inputs are not read simultaneously, but instead are

offset by a 2 ps delay as the ADC sequentially reads the channels. Conventional analy-

sis of NMR signals assumes that the two channels are read simultaneously. Therefore,

two external ADCs were used, with the 14 bit measurements fed in parallel to myRIO

DIO pins. An additional pin sent a signal to the ADCs to simultaneously start each

new measurement. The myRIO with a single external ADC is shown in Fig. 2-12.

LabVIEW block diagrams used to run NMR experiments are included in Appendix

A.1.

2.5 Example Measurements

NMR responses to single and double pulses were recorded in order to verify the func-

tionality of the spectrometer. As shown in Fig. 2-13, a water-cooled electromagnet

(2H2-45; Applied Magnetics Laboratory Inc, MD) was used to provide the BO field,

with the current adjusted to set 'H resonance to 26 MHz, equal to about 0.6 T. The

nucleus of the 1H isotope is a proton, and is one of the most commonly measured

NMR species.

Using the 0.7 W amplifier, a 10 ps pulse was applied to stimulate the FID in a

2.5 mm sample of water. A paramagnetic salt, manganese chloride, was added to

the water in 5 mM concentration to allow the experiment to be repeated 10 times a

second, rather than waiting the several seconds required for pure water to relax. The

response, recorded on an oscilloscope without mixing down the frequency, is shown

in Fig. 2-14.

The decay constant T2* in Fig. 2-14 is about 80 ps. By application of Eq. 1.6, it

was found that the magnetic field exhibited a variation of about 80 ppm.

Shown in Fig. 2-15 is the FID after a single pulse, and the spin echo after a

refocusing pulse. A series of refocusing pulses is commonly used to measure T2

relaxation in an inhomogeneous field (see for example [20, 21, 22]). In this case, a 10

is, 900 pulse is applied, followed 250 is later by a 20 ps, 180 pulse.

The same experiment is shown in Fig. 2-16 with a mixer used to downshift the
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Figure 2-12: External ADCs recorded the NMR signal and passed the 14-bit mea-
surement in parallel to the myRIO.
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Figure 2-13: The magnetic field created by a water-cooled electromagnet was used to
test the functionality of the spectrometer.

Figure 2-14: The FID taken in the electromagnet, recorded on an oscilloscope with
10 averages, showed that the spectrometer was able to stimulate and capture NMR
signals.
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Figure 2-15: The spectrometer was also able to produce a spin echo in the electro-
magnet by following the 900 pulse with a 180° pulse.

frequency. At 26 MHz in (a) the reference frequency was on resonance, and the output

signal contained only very low frequencies. Offsetting the reference frequency 10 kHz

in (b) caused the output to oscillate at 10 kHz. Offsetting the reference frequency

another 10 kHz in (c) caused the output to oscillate at 20 kHz.

Without using the mixer, the dead time for the receiver electronics to recover after

an excitation pulse was about 10 ps. It was observed that the recovery was slower

when the mixer used, increasing the dead time to about 30 ps. The mixer was the

slowest equipment to recover after an excitation pulses, which is why it was chosen to

uses switches to block any transmission from the preamp output and the LO during

excitation pulses. With both inputs to the mixer gated, the dead time was reduced

to under 5 ps.
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(a)

(b)

(c)

Figure 2-16: The measured NMR signal in a pulse echo experiment was multiplied
by a reference frequency on resonance at 26 MHz (a), 10 kHz away from resonance
at 26.01 MHz (b), and 20 kHz away from resonance at 26.02 MHz (c). After a low
pass filter, the NMR signal oscillated at the difference frequency between resonance
and the reference frequency.
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Chapter 3

Portable NMR Magnet

Superconducting magnets used in NMR spectrometers are unsuitable for portable

devices. They are expensive to purchase and maintain, require cryogenic cooling,

and are colossal, even requiring a ladder to insert a sample in the bore. Although

desktop-sized superconducting magnets are feasible [23], permanent magnets have

become the method of choice for small NMR machines. Their simplicity, reduced

cost, and minimal maintenance justify their limited field strength, which can go up

to about 2 T [8]. Several desktop spectrometers are commercially available, ranging

in mass from 5 to 150 kg with field strengths of 1 to 2 T [24, 25, 26, 27]. Smaller

magnets have been demonstrated in the literature [28, 29, 6, 11, 30, 31, 20, 5, 32],

but are not yet commercially available.

A minimum of 0.5 T is needed to perform NMR spectroscopy [1]. While this

field strength is easily achieved with handheld permanent magnets, the challenge is

maintaining a sufficiently large region of high field homogeneity. For a given magnet

geometry, the ratio between the size of the magnet and the size of the region of

homogeneous field remains constant [8]. Some researchers have addressed this issue

by shrinking down the size of the sample in order to fill only the small homogeneous

region, but this strategy results in decreased signal strength [32]. The alternative to

decreasing sample size is to instead correct the variations in the magnetic field. This

process, called shimming, can be accomplished with carefully placed ferromagnetic

material, permanent magnets, or electromagnets. Shimming has allowed researchers
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to take measurements using handheld magnets and standard 5 mm OD sample tubes

[8].

This chapter explores design solutions for compact NMR magnets. In the first

section, various portable magnet designs are compared, and one design is selected

that best meets the functional requirements. The selected design, called the shim-

a-ring, is optimized and tested in the second section. The third section explores a

low-cost strategy for shimming the tested magnet.

3.1 Comparison of Magnet Designs

The functional requirements of a portable NMR magnet are as follows:

1. Low mass: The design must be small and light enough to be handheld.

2. Strong magnetic field: At least 0.5 T is required to perform spectroscopy.

3. Homogeneous: The region of interest should be as homogeneous as possible, or,

alternatively, the homogeneous region should be as large as possible.

4. Manufacturability: The raw material and assembly costs should be minimized.

Four permanent magnet designs were evaluated according to these functional re-

quirements. Two are widely used for compact NMR: the iron yoke [32, 33], and

the Halbach array [8, 11, 28, 34]. The other two designs are not as well-known, but

have particular aspects of interest. The Aubert configuration achieves unusually good

homogeneity [30], while the shim-a-ring is notable for its manufacturability [35].

3.1.1 Iron Yoke

The iron yoke (Fig. 3-1) is a standard configuration for NMR magnets. Two magnets

are separated by an air gap and oriented such that the magnetic flux travels from one

to the other. Steel then completes the magnetic loop, forming the flux return path

between the magnets. The steel captures the magnetic flux from the two magnets,
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and channels the flux to pass through the small air gap. The NMR sample is placed

in the air gap. The magnitude of the BO field depends on the size of the air gap,

where a smaller gap creates a higher field, and the size of the magnets, where larger

magnets create a higher field.

NdFeB

+B0

NdFeB N

iron

Figure 3-1: The iron yoke uses two permanent magnets and ferromagnetic pole pieces
to shape the flux path and create a region of homogeneous field. Figure adapted from
[191.

Assembling an iron yoke magnet is challenging due to the strong attraction be-

tween the magnets and the iron. A jig must be used to guide the magnets into the

desired position and the large forces must be carefully managed.

Magnets of this type used for NMR range in size from about a meter in diameter,

in a permanent magnet MRI system [36], all the way down to palm-sized [37]. Be-

cause the homogeneous region is so small in the palm-sized magnets, they have been

used either for experiments requiring less homogeneity [51, or for spectroscopy with

nanoliter-sized samples [32].

3.1.2 Halbach Array

The Halbach array is of interest for compact NMR magnets because the magnetic

material itself provides the flux return path, meaning that a stronger field is achieved

compared to designs of equivalent mass where steel is used [32]. The cylindrical

Halbach array generates an intense magnetic field interior to the bore and no field
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outside. The array is composed of an annulus of magnetic material, whose polarization

varies sinusoidally. A particular subset of cylindrical Halbach arrays is of interest for

NMR because they have the property that the magnetic field within the bore is

uniform. The magnetization in this design is given in cylindrical coordinates by [38],

7r +r
M = Mr[cos(6 - -r+ sin(# - -$,

2 2
(3.1)

where Mr is the magnetic remanence and 6 is the rotation around the cylinder. The

design is illustrated in Fig. 3-2.

Figure 3-2: The direction of the magnetization in an ideal cylindrical Halbach array
varies continuously.

As can be seen, the magnetic flux flows unidirectionally through the bore and

is returned through each side of the magnet ring. The Halbach design differs from

conventional NMR configurations in that the BO field is perpendicular to the bore

rather than parallel to it. The strength of the field depends on the ratio of the inner

and outer radii, and is given by [38],

B = Bln router, (3.2)
rinner

where B, is the residual flux density. This formula assumes an infinitely long cylinder,
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and the finite length in practice can cause distortions affecting field strength and

homogeneity. These distortions can be partially alleviated by using two layers of

magnets spaced an optimal distance apart 128].

A cylindrical magnet with continuously varying polarization such as in the Halbach

is not practical to manufacture. Therefore, physical realizations approximate the ideal

design using multiple discrete magnets. Trapezoidal magnets, shown in Fig. 3-3a,

provide the most faithful approximation and largest field BO. Identical square or

round magnets, show in Fig. 3-3b, are a more economical option, avoiding the need

for custom magnets polarized in specific orientations.

(a)

B

Figure 3-3: Physical realizations of the Halbach array use discrete magnets to approx-
imate the ideal magnetization. In (a), trapezoidal magnets of various polarizations
are used, while (b) shows a design using identical magnets. Figure adapted from [28].

Assembling the Halbach array is challenging, particularly for the last few pieces,

which are strongly magnetically repelled. Rare earth magnets are brittle, and the large

repelling and attracting forces can fracture or crush the magnets [11]. Techniques have

been developed to ease assembly of Halbach geometries that use identical magnets

[38, 39], but in every case specialized jigs and great care will be required. The

challenges of assembling Halbach arrays significantly adds to their cost.
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3.1.3 Aubert Configuration

The Aubert Configuration [30] is a simple, highly symmetric design to create a homo-

geneous magnetic field in the region of interest, where the sample will be located. The

design consists of two rings of magnets placed an optimal distance apart, as shown in

Fig. 3-4. In one ring, all the magnet pieces point radially inwards, while in the other

ring, all the pieces point radially outwards. The magnetic flux pushed towards the

center of the radially-inward ring is drawn towards the radially outward ring, creating

a homogeneous field in the space between the rings. It is noteworthy that because

the flux return path in this design is through air, the magnetic field generated is weak

compared to designs using steel or magnets to close the magnetic circuit.

The principle behind this design is to model the magnetic field in terms of a

spherical harmonic expansion, and then to place permanent magnets in a way to

cancel terms of the expansion. The spherical harmonic expansion is an orthonormal

basis set whose zero-order term represents the average field value BO, the first order

terms represents linear gradients, and so on. With a magnet configuration of n-fold

rotational symmetry, the first n -2 orders of skew terms called tesseral harmonics are

nulled. These tesseral harmonics represent variations in x and y when the field points

along z. In addition, the antisymmetry of the two rings with respect to the xy plane

cancels the even orders of the zonal harmonics, the ones varying with z. Finally, the

spacing between the two rings is chosen to cancel the first odd zonal harmonic. The

higher order terms are small and the variations they cause do not require correction.

Thus, the symmetries and anti-symmetries of the magnet assembly are chosen to

attain the desired field homogeneity.

3.1.4 Shim-a-Ring

The shim-a-ring assembly is the simplest of the designs considered. It consists of

only two pieces: a single cylindrical magnet which is encased by a concentric, cylin-

drical steel shim (Fig. 3-5). The magnet is diametrically magnetized, meaning the

magnetization is perpendicular to the bore. The steel shim provides the flux return
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Figure 3-4: The many symmetries of the Aubert configuration create a highly homo-
geneous field. Flux is forced inwards in one ring, and outwards in the other, with the
homogeneous field in the region in between (a). Identical discrete magnets are used
to realize the design (b). Figure adapted from [40].
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path. The result is a region of homogeneous field inside the magnet bore. As with

the Halbach array, this magnetic field is orthogonal to the bore.

N

Bo

(a) (b)

Figure 3-5: The shim-a-ring magnet consists of a cylindrical magnet inside a cylin-
drical steel shim (a). The magnet is diametrically polarized, and the shim provides
the flux return path (b), creating a homogeneous field in the bore.

The shim-a-ring is remarkable for its ease of assembly. In sharp contrast to the

Halbach array, the magnetic attraction of the pieces draws them into the desired

configuration. Assembly is as simple as aligning the magnet and the steel and allowing

them to pull together.

3.1.5 Design Comparison

The magnet of a portable NMR device presents an area for innovation and improve-

ment. In miniature NMR, the more manageable size and cost is a worthwhile trade-

off for the smaller magnetic field and reduced resolution. Sub-kilogram magnets for

spectroscopy are complex and require significant manufacturing labor, which drives

up the cost and lessens the attractiveness of a miniature instrument. Based on this

insight, among small magnet designs with field strength and homogeneity sufficient

for spectroscopy, the most easily manufactured magnet should be prioritized.

Comparisons were made between the four above designs in the areas of functional

requirements: mass, field strength, field homogeneity, and manufacturability. Because
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greater field strength can be achieved with larger magnet assemblies, the metric of

field strength per assembly mass was used for comparison. Figures pertaining to size,

mass, and magnetic field characteristics were pulled from the literature.

For some magnet configurations, information relevant to some functional require-

ments had not been published. Finite element simulations in COMSOL Multiphysics

[41] were performed for each design to help fill in the gaps. Rather than optimizing

the geometry, dimensions were copied from the designs in literature. The simulations

yielded information about the strength and homogeneity of the magnetic field in the

region of interest. The region of interest was chosen to be a 4 mm cube-large enough

to accommodate a full-sized NMR sample tube. The homogeneity was computed by

considering the magnetic field at 729 points on an evenly spaced grid in the region

of interest, with each point separated by half a millimeter. The ppm homogeneity is

then given using the following formula:

)in lB-BoI x 106
Bo (3.3)

n

where Bi is the magnetic field at each sample point, BO is the magnetic field at the

center of the homogeneous region, and n is the number of points considered.

The part per million (ppm) variation of the Bo field in reality will be orders of

magnitude larger than predicted by simulations. Sources of inhomogeneity include

errors in aligning the magnets [39], variations in magnetic moment between the differ-

ent pieces [32] and magnetization imperfections within the individual magnet pieces

[8]. Several researchers have improved their results by screening the individual mag-

net pieces and selecting pieces with matched field strength [34, 301, though shimming

afterwards is still needed. The homogeneity information extracted from simulations,

therefore, represents a lower bound for the performance of physical magnets, and al-

though not accounting for the above sources of error, it is still an indicator of relative

performance between different magnet designs.

Table 3.1 shows results of the comparison. Due to the inexact estimates of the

homogeneity simulations, the threshold requirement of 0.5 T for field strength, and
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Table 3.1: Order-of-magnitude comparisons between the four designs, with Halbach
as the standard for comparison, showed the shim-a-ring a standout for its manufac-
turability.

Functional Requirement Iron Yoke Halbach Aubert Shim-a-Ring
Field Strength per Mass 0 + - 0

Field Homogeneity 0 0 + 0
Manufacturability 0 - 0 +

the fact that designs were copied from literature rather than optimized, only order-of-

magnitude differences are noted. The most common NMR permanent magnet design,

the Iron Yoke, was used as a baseline for comparison. Better performance in other

designs is marked with a '+', worse performance with a '-', and equivalent with a '0.

Based on the above comparison, it was chosen to pursue designs using the shim-

a-ring magnet. This magnet configuration adequately met the functional require-

ments for field strength, mass, and predicted homogeneity, and its manufacturability

promised to make it a low-cost option relative to other designs.

3.2 Shim-a-Ring Optimization

Simulations were performed in COMSOL to find the dimensions of the shim-a-ring

magnet that would provide the best homogeneity; optimal configurations identified

by the simulations were experimentally verified. For this, a Hall Effect sensor (HGT-

2101; Lake Shore Cryotronics, OH) was used to assess the homogeneity of the mag-

netic field. Packaged in a 1.5 mm by 1.5 mm integrated circuit, the active are of

the sensor was 0.127 mm by 0.127 mm, thus providing adequate spatial resolution to

construct a field map. The sensor was mounted on a custom PCB, shown in Fig. 3-6

below. The PCB featured long arm with the sensor mounted 30 mm down to allow

mapping inside the bore of a tall magnet.

The body of the PCB contained a simple operational amplifier circuit to supply

constant current to the Hall sensor (Fig. 3-7). The output voltage of the sensor

was proportional to both the supplied current and the local magnetic field. With a
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Figure 3-6: A small Hall effect sensor was mounted on a custom PCB to the end a of
long arm to allow field mapping inside the magnet bore.

5 mA current supplied, the Hall sensor generated 192.5 mV per Tesla of field. Hall

voltage was measured using a nanoVolt meter (34420A; Hewlett-Packard, CA). The

Hall sensor was mounted on a 3-axis stage capable of 0.0 1 mm resolution, and the

probe was displaced by hand within the magnet bore.

Hall

Generator

R

IHI=Vf/R

Figure 3-7: An op amp circuit supplied constant current to the Hall sensor, deter-
mined by the reference voltage Vi,.

Two magnet geometries were modeled, constructed, and measured: first, using a

commercially available magnet, and a custom shim, and next using a custom magnet

and a commercially available shim. Both designs were predicted to give adequate
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homogeneity for NMR measurements. Commercially-available magnets had a shorter

lead time and were less expensive, though if a design were commercialized, the cost

of custom magnets would decrease as production volume increased. Similarly, the

decrease in machining time obtained by using a commercially available shim would

decrease cost were a design to go to market.

3.2.1 Commercially Available Magnet

The commercially available magnet selected was 50.8 mm tall, with a diameter of

50.8 mm and a bore of 6.35 mm (RY04Y0DIA; K&J Magnetics, PA). The N42 grade

neodymium iron boron magnet had a residual flux density of B,=1. 3 2 T. The shim

was made from low-carbon steel (e.g. 1018), with the inner diameter of 50.8 mm set to

match the magnet dimensions. The shim outer diameter of 101.6 mm was designed to

be thick enough to return all the magnetic flux without saturating, thus maximizing

the strength and homogeneity of the magnetic field. Simulations predicted a 0.72 T

field and a homogeneity of 50 ppm in a 4 mm cube at the center of the bore.

Available tubing with a 101.8 mm outer diameter had insufficient wall thickness,

and thus the shim was manufactured from a solid rod. To assemble the shim and

magnet, as series of acrylic discs were bolted to the top of the magnet, as shown below

in Fig. 3-8. The shim was slipped over the discs, which thus aligned the magnet and

shim while maintaining a separation between the two pieces such that the attractive

forces between them were moderate. With the shim fitted over the acrylic disks,

it was released and energetically pulled into place around the magnet. Thus, the

assembly was simple and rapid, as predicted, though care was still needed to manage

the large magnetic forces.

The completed assembly (Fig. 3-9) had a mass of 3.16 kg.

The measured field strength in the bore was 0.60 T, 17% less than the predicted

value. The field was measured with the Hall effect sensor along three orthogonal

axes within the bore, where the origin was at the geometric center. These axis

measurements, Fig. 3-10, showed that the ppm variation of the magnetic field was 2

orders of magnitude larger than the predicted 50 ppm in a 4 mm cube. As discussed
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Figure 3-8: Acrylic disks were mounted to the cylindrical magnet to allow alignment
of the shim without interference from strong magnetic forces.

Figure 3-9: The complete shim-a-ring was easily assembled.
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in Section 3.1.5, NMR magnet assemblies routinely perform much worse in practice

than in simulation. In this single-magnet design, the degradation can be attributed

to the imperfections of the magnetization strength or direction within the magnet.

8000
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Figure 3-10: The ppm variation of the first shim-a-ring was orders of magnitude larger
than predicted by simulations.

3.2.2 Custom Magnet

Better results were obtained using a shim made from commercially available stock.

COMSOL simulations showed that a low carbon steel tube with 38.1 mm outer diam-

eter and 19.05 mm inner diameter had sufficient wall thickness to return the magnetic

flux of an inset magnet without saturating. Modifying this standardly-sized stock to

serve as a magnet shim was trivial: the steel tubing was cut to length, and a flexible

cylinder hone was used to smooth the inner surface.

The outer diameter of the custom magnet was set to match the inner diameter

of the tubing stock, because simulations showed best results for zero gap between

the pieces. The bore size and total length were varied in COMSOL simulations to

optimize for field strength and homogeneity. The allowed dimensions were limited by

manufacturing capabilities. Although these capabilities varied between manufactur-
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ers, in general creating a ring magnet longer than 60 mm was not feasible. Similarly,

a bore size of 10 mm or larger was preferred in order to accommodate the probe and

allow enough space to add field-correcting shims.

Models were created assuming that the magnet material was N55 grade neodymium

iron boron magnets, with a residual flux density of 1.48 T. As with the Halbach ar-

ray, enlarging the size of the bore relative to the magnet outer diameter caused a

decrease in magnetic field strength (Fig. 3-11). Therefore, it was decided not to

exceed the nominal desired bore size of 10 mm. A 0.53 T field was predicted for a

10 mm bore-reduced from the previous design, yet still meeting the 0.5 T threshold

recommended for spectroscopy.

0.7

0.65-

60.6 --

$0.55-

0.5-

0.45-

0.4'
6 7 8 9 10 11 12

Magnet inner diameter (mm)

Figure 3-11: Simulations predicted a decrease of field strength in the bore as the bore
size increased. Here the models used an axial length of 50.8 mm, a magnet outer
diameter of 19.05 mm, and a shim outer diameter of 38.1 mm.

With the inner diameter set to 10 mm and the outer diameter set to 19.05 mm, the

axial length in simulations was varied. The simulations showed homogeneity increas-

ing rapidly as the axial length increased, and then leveling off or slowly increasing

as the length increased beyond about 50 mm (Fig. 3-12). The minimum prediction

variation was 10 ppm in the 4 mm cube.

Similarly, with the length set to 50.8 mm and the outer diameter to 19.05, the
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Figure 3-12: Homogeneity in the shim-a-ring increased as axial length increased,
appearing to reach a minimum around 50 mm. Here the simulations used a magnet
inner diameter of 10 mm, magnet outer diameter of 19.05 mm, and a shim outer
diameter of 38.1 mm.

best homogeneity was found for an inner diameter of 10 mm (Fig.3-13).

Additional simulations were performed for larger and smaller inner diameters, and

longer and shorter axial lengths. In each case, an optimal geometry existed with a

field homogeneity of 10 ppm. Based on these results, custom magnets were made

(SM Magnetics, AL) according to the specifications summarized below in Table 3.2.

Table 3.2: Custom shim-a-ring magnets were manufactured according to the below
specifications.

Parameter Value
Magnet Grade N55 NdFeB

Magnet Inner Diameter 10 mm
Magnet Outer Diameter 19.05 mm

Shim Inner Diameter 19.05 mm
Shim Outer Diameter 38.1 mm

This smaller shim-a-ring, shown below in Figure 3-14, had a mass of 418 g after

assembly.

Figure 3-15 below shows the variation of the magnetic field measured by the Hall
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Figure 3-13: For a 50 mm length, simulations showed maximum homogeneity with
a 10 mm bore. Here the models used an axial length of 50.8 mm, a magnet outer
diameter of 19.05 mm, and a shim outer diameter of 38.1 mm.

50.8 mm

Figure 3-14: The shim-a-ring made with a custom magnet was significantly narrower.
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Sensor along three axes. The field homogeneity, while still orders of magnitude larger

than the predicted value, was a significant improvement over the previous iteration.

The magnitude of the field, at 0.48 T, was 10% smaller than the predicted value. This

decline relative to the expected performance, as discussed in Section 3.1.5, is expected,

given the imperfections of the magnetic material and the magnetizing process.
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Figure 3-15: Measured homogeneity in the smaller shim-a-ring was an improvement
over the previous iteration.

The homogeneity of the field in the smaller shim-a-ring was sufficient to allow

measurement of the NMR signal. Figure 3-16 shows NMR signals measured using a

2.5 mm OD sample tube and a 1.7 mm OD sample tube of 5 mM manganese chloride.

These signals were measured on an oscilloscope immediately after the preamp, without

mixing down the frequency. Using Eq. 1.6, the field variation is computed to be 1100

ppm in the 2.5 mm sample and 500 ppm in the 1.7 mm sample. As expected, the

smaller sample has less signal amplitude, but better homogeneity, because it spatially

samples a smaller volume of the field.

The smaller shim-a-ring magnet with a 1.7 mm OD sample tube provided adequate

signal strength and duration for meaningful measurements, and was used to explore

stochastic NMR capabilities as detailed in Chapter 4. Spectroscopy, however, requires
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Figure 3-16: The FID measured in the smaller shim-a-ring has a larger amplitude
with a larger sample tube (a), but longer duration in a smaller tube (b), indicative
of smaller ppm variation.
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sub-ppm homogeneity and was out of reach. The following section explores a cost-

effective strategy for shimming the field of this magnet in order to allow spectroscopic

measurements.

3.3 Active Shim System

Historically, spectrometer magnets have been shimmed using ferromagnetic material

or electromagnets, with each shim designed to modify one spherical harmonic of

the magnetic field [42]. In compact NMR magnets, small permanent magnets have

become the method of choice to correct the field [8, 34, 30, 43]. The permanent

magnets need to be positioned once during the calibrations stage, then remain in

place. They are a type of passive shim, correcting large field inhomogeneities without

consuming power. Permanent magnet shims are limited by the mechanical precision

with which they can be moved, with even micron-level displacements causing a large

modification of the field. Therefore, fine corrections are achieved using active shims.

Unlike passive shims, active shims continuously consume power. They are elec-

tromagnets, whose correction of the field scales with the strength and direction of

the current supplied. To limit power consumption and heat generated, active shims

are employed to make small field corrections, with the gross corrections performed by

passive shims.

The results obtained using this dual approach are impressive. In their 2010 paper,

Danieli et al. obtain sub-ppm spectra using a half kilogram magnet assembly [8].

Their magnet is a Halbach array, with three stacked rings of trapezoidal magnets.

Interspersed with the trapezoidal magnets are rectangular magnets, which can be

displaced radially to correct the magnetic field, as shown in Fig. 3-17.

Calibrating the passive shims is laborious and iterative. First, a map is made

of the magnetic field, either using MRI to take a picture, or point by point with

a small Hall sensor or NMR probe. Next, the measured field is decomposed into

spherical harmonic components. The required shim magnet displacements to null

these components are computed, then effected. Finally, the magnetic field is mapped
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Figure 3-17: The magnet field can be shimmed using moveable magnets embedded
in the array, as performed by Danieli et al.. Figure adapted from 8].

again, and the process is repeated until the desired homogeneity is obtained.

Although effective, correcting the magnetic field using dozens of moveable shim

magnets is not a scalable, low-cost option. In the remainder of this section, the

feasibility of using active shims only is examined.

An active shim system would provide numerous benefits. Rather than using move-

able magnets whose positioning corrects a specific magnetic field, identical shim coils

would be installed in every unit. Instead of arduous micron-level mechanical displace-

ments, the level of field correction would be easily controlled by the current polarity

and amplitude. Finally, mapping the field would not be necessary. Instead, an opti-

mization routine could find the ideal current for each shim by measuring the NMR

signal and searching for the longest duration in the time domain, or the narrowest

peak in the frequency domain [44].

The limitation, of course, is the power required for the active shims to correct

large inhomogeneities. In continuous operation, the current density in copper is often
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limited to about 107 A/m2 [45]. This level of current is usually insufficient to correct

the field, thus compelling the use of passive shims [8]. Higher current densities are

possible, however, for brief periods. In the BioInstrumentation Lab, we have pushed

the current density in linear motors as high as 10 A/m2 for rapid, needle-free injection

[46]. The primary limitation is to ensure that the heat generated due to ohmic

resistance in the copper does not damage the assembly. In the case of the smaller

shim-a-ring magnet, the computations below show that active shims could be used

for short experiments to measure NMR spectra.

Section 3.3.1 discusses the measurement of the magnetic field of the smaller shim-a-

ring magnet, and the calculation of the spherical harmonic coefficients of the measured

field. Section 3.3.2 presents shim coils designed to fit inside the shim-a-ring bore,

with one shim designed to correct each harmonic presented in Section 3.3.1. Finally,

Section 3.3.3 compares the efficiency of the designed shim coils to the magnitude of

correction required in order to estimate the current required to actively correct the

field.

3.3.1 Measurement of Spherical Harmonics

To assess the level of shimming required, the magnetic field of the smaller shim-a-ring

was measured in terms of an orthogonal basis set, the spherical harmonic expansion.

The spherical harmonic coefficients were measured using the technique presented by

Mackenzie et al. [47], which is a realization of the more general approach given by

Romeo and Hoult [48]. The measurements and analysis are detailed below, using the

spherical polar coordinate system shown in Fig. 3-18. As usual, the z-axis is set to

align with the magnetic field.

Each spherical harmonic of order n has m degrees, where m ranges from -n to

n. Harmonics of degree zero are called zonal harmonics, and harmonics of degree

other than zero are called tesseral harmonics. The key to measuring the harmonics

is isolating the zonal and tesseral harmonics. The zonal harmonics are nonzero along

the z-axis, but invariant with #, and are given by,
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Figure 3-18: Field measurements were performed using the coordinate system shown.

T, = br"P,(cos 0); m = 0, (3.4)

where b is the harmonic coefficient and P, is the Legendre function of order n. The

tesseral harmonics are null along the z-axis and vary sinusoidally with #, and are

given by,

sin
Tnm = brFnPm(cos )( m#), (3.5)

cos

where b is again the harmonic coefficient and Pm is the associated Legendre function

of order n and degree m. Thus measurements taken along the z-axis give informa-

tion about the zonal harmonics without interference from the tesseral harmonics.

Similarly, measurements taken at constant 0 and varying #-that is, measurements

that form a circle around the z-axis-give information about the degree m of tesseral

harmonics present. To determine the order n of the tesseral harmonics, a common

strategy is to measure several rings of points with equivalent radii r' at various heights
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z, essentially taking measurements on the surface of a cylinder.

The field mapping procedure proposed by Mackenzie measures the magnetic field

at 7 points along the z-axis, and three rings of eight points each at different z. The

field measurements allow calculation of the first, second, and some third order tesseral

harmonics, and the first through fourth order zonal harmonics. The points mapped

are shown in Fig. 3-19.

C
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X

Figure 3-19: The field was mapped at 31 data points on the surface of a cylinder and
along the z-axis.

In the smaller shim-a-ring magnet, the magnetic field was perpendicular to the

bore. It was chosen to maintain the z-axis aligned with the magnetic field, and the

coordinate system used is depicted in Fig. 3-20. The origin was set at the geometric

center of the magnet. The HG-2101 Hall Effect sensor with custom PCB, introduced

in Section 3.2, was used to map the field. Measurements along the z-axis were spaced

every 1 mm from z=-3 mm to z=3 mm. The three circles had a radius of 2 mm and

were located at z=-2, z=0, and z=2 mm.

A discrete Fourier transform of the eight points around each circle yielded the

first and second degree harmonic components: ai cos #, bi sin #, ci cos 2#, and di sin 24,

where i is the index denoting the coefficients derived from circles 1, 2 and 3. The coef-

ficient for each degree contained contributions from every order which had a harmonic

of each degree. For example, the first degree cos # term contained contributions from

the first, second, third and higher orders. The second degree cos 2# term contained

contributions from the second, third and higher orders, but not from the first order,

because the first order harmonic has no second degree.
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Figure 3-20: The coordinate system was set to maintain the z-axis in the field direc-
tion, perpendicular to the bore.

In cylindrical coordinates, the first degree cos # component of the field is given by,

B(z, p) = [S(X)p + 3S(ZX)zp + S(Z 2 X)[6z2 p _ 3P3] + ...] cos#, (3.6)

where S(X) is the amplitude of the X shim, S(ZX) the amplitude of the ZX shim,

and S(Z 2 X) the amplitude of the Z2X shim. The field variations created by these

shims in Cartesian coordinates are available in Table 3.3 below. In Eq. 3.6, the first

term is the field contribution from the first order, the second term from the second

order, and so on. To extract the contributions of each order, measured data was fit

to the polynomial. Because there were three measured values for aj, it was possible

to include coefficients from the first three orders in the polynomial fit, where the

coefficients of the polynomial were exactly determined. In the same way, the S(Y),

S(ZY) and S(Z2Y) amplitudes were computed from the sin #contributions to the

field and the three values of bi.

The cos 2# component of the field in cylindrical coordinates is given by,

B(z, p) = [3S(X2 _ y2),2 + 15S(Z(X2 _ y 2 ))zp 2 + ... ] cos 2#. (3.7)
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A least squares fit was used to determine the second- and third-order coefficients

using the three values of ci. The same procedure was used to compute the S(2XY)

and S(Z(2XY)) amplitudes using the three values of di.

For the zonal harmonics, the field generated by the zeroth through first orders is,

0 111 3 3 234
B(z, p) = S(Zo)+S(ZI)z+S(Z2)[z2_ p2]+S(Z3)[z_ p2z]+S(Z4)[z-3z 2p2+-pA2 2 8

(3.8)

The shim coefficients were again computed with a least squares fit, this time using

all 31 data points.

The measured coefficients are shown in Table 3.3. The largest coefficients are for

the zonal harmonics, corresponding to significant variations in the direction of the

field.

Table 3.3: The results of the field mapping are shown via the measured harmonics
coefficients, with the harmonic equations in Cartesian coordinates given for reference.

Harmonic Name Equation Measured Coefficient

To,0 ZO (Constant) 0.4785
T1,_1 Y y 8.828 x 10-5

TO Z z -8.006 x 10-4

Ti, X x 2.451 x 10-4

T2,-2 2XY 3(2xy) 6.024 x 10-6

T2,-i ZY 3zy -1.809x10-5

T2,Z z2 - 1(x 2 + y 2) -2.553x0-4

T2,1 ZX 3zx -6.184 x 10-6

T2,2 X2 _ y 2  3(X2 - y 2 ) 8.171 x10-5

T3,-2 Z(2XY) 15z - (2xy) 1.694 x 10-7

T3,-I Z 2Y 2y - [4z2 - (x2 + y2)] 2.345 x10-6

T3,0  Z3  - (x2  y 2) . z 6.027 x10-5

T3,1 Z 2 X 3x - [4z2 - (X 2 + y 2 )] 4.872 x 10-6

T3,2 Z(X 2 _ y 2 ) 15z .(X2 _ y 2 ) 4.292 x 10-6
T4,0 z- 3z 2 (x 2 +y 2 )+(x2 + y 2 ) 2 -1.705 x 10-5

Shim designs to correct each of these measured harmonics are presented in the

following section, and in Section 3.3.3 the current required to shim the magnetic field

measured in this section is estimated.
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3.3.2 Shim Design

Design Approach

Shims were designed using the technique described by Liu et al. [45], which was

developed for correcting the field of Halbach arrays. As with most shim designs, each

separate shim coil corrected a single spherical harmonic, and the shim was designed

to lie along the inner surface of the magnet bore. Liu used a modified target field

approach, where the current distribution across the surface of a cylinder is calculated

such that it generates a desired magnetic field shape. By using a continuously dis-

tributed current, the target field approach is able to match the desired field shape

over a larger region than is possible with traditional methods [49], which employ a

superposition of discrete arcs and loops of current [48].

In superconducting magnets, the field is parallel to the bore, which by convention

is denoted as the z-axis. In the Halbach array and the shim-a-ring, the magnetic field

is perpendicular to the bore, and established shim designs must be modified. For this

reason, Liu used an optimization routine to calculate the currents on the surface of

the cylinder. Analytical solutions are available for shimming the Halbach geometry

[50, 51], but the optimization speed and accuracy were sufficient for the purposes of

this work.

The current on the cylinder surface was not computed directly; instead, the scalar

stream function was used. Use of the stream function allows optimization of surface

currents, given constraints in the desired electromagnetic properties [52, 53]. Surface

current can be computed from the stream function, as shown:

-,(r) = V x S(i)n(f), (3.9)

where ' is the position vector, J, is the surface current density, S is the stream

function, and ii is the outward unit normal. The stream function was fixed to the coil

surface, meaning that ft pointed radially outwards. It is important to note that the

above equation fulfills the requirement that the surface current density be divergence

free, and that no current flows into or out of the surface along the ft direction.
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When interpreting the stream function, it is helpful to note that J is the largest

where S changes the most rapidly, due to the V in Eq. 3.9. Due to the cross product

in Eq. 3.9, J, will point in the direction perpendicular to the direction of most rapid

change in S, meaning that i flows along isolines of S. These properties are important

for translating optimization results into a physically realizable coil.

Simulation Details

It was desired that, after shimming, the homogeneous region be able to accom-

modate a full-sized NMR sample tube. Therefore, the shims were designed to match

the desired harmonics over the volume of a 4 mm diameter sphere, equal to the inner

diameter of a standard sample. One hundred target points were chosen within this 4

mm diameter sphere, and the desired magnetic field at each point was specified. For

example, when designing the first order z-gradient, the magnetic field at each target

point was chosen to vary linearly with z.

In the optimization, the magnetic field generated by the coil was constrained to

match the desired value at the target points, with 5% tolerance. The field values were

computed from the stream function values on the surface of the coil. For this work,

the stream function was computed at 4,500 discrete points, and approximated to be

constant in the small area surrounding each point. The magnetic field at the target

points was computed by summing the effects of the 4,500 discrete S-points.

The stream function was computed on the surface of the shim coil, which was

designed to fit inside the magnet bore. Thus, the maximum shim diameter was 10

mm, equal to the bore diameter. Each successive shim would be nested inside the

previous, with a slightly smaller diameter each time. To account for this effect, shims

for each harmonic were computed at two diameters: 10 mm, representing the largest

diameter possible, and 6 mm, representing an inner nested shim. In both cases, the

shim was set to 50 mm high, again matching the magnet dimensions. Each point at

which the stream function was modeled in the 10 mm case is shown in Fig. 3-21.

In the optimization, the objective function minimized was the power dissipation.

Power dissipation is a logical parameter to optimize for this application, because

the overall strategy is to boost the current in the shims while carefully managing
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Figure 3-21: The stream function was calculated at 4500 discrete points forming the
surface of a cylinder.

dissipated heat. As derived by Liu, the power dissipation of each element is given by,

AP = [(Sq+1 - Sq) 2 + (Sq+Q.c- Sq) 2], (3.10)
h

where q is the index of the discretized stream function, Qc is the number of columns

formed by the grid of points in Fig. 3-21, p is the electrical resistivity of copper, and h

is the copper thickness. In the equation above, the first squared term is the difference

between horizontal neighboring stream function points, and the second squared term

the difference between vertical neighbors. The objective function to minimize is given

by removing the scaling constants and summing the contribution of every element:

P ~ ([(Sq+1-- Sq) 2 +(S1+Qc -- Sq) 2]. (3.11)

Because the objective function was quadratic, it was possible to efficiently perform

the optimization using the quadratic programming function quadprog in MATLAB's

Optimization Toolbox [18]. The optimization script was used to find stream func-

tion values that gave the desired magnetic field while minimizing power consumption

and can be found in Appendix A.2. A summary of the key design choices for the
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optimization are given in Table 3.4 below.

Table 3.4: Simulations to optimize the shims designs were performed according to
the below specifications.

Parameter Value
Region of Interest 4 mm sphere
Shim Dimensions 6 & 10 mm diameter

50 mm height
Discrete S points 4,500

Target Field Points 100
Allowed Field Deviation 5%

Objective Function Power Dissipation

When adapting standard techniques for application in a Halbach array, with its

field transverse to the bore, Liu followed convention by setting z along the bore, and

chose to designate the field direction as x. The field at the target points varied just

as for a superconducting magnet, with the difference that the target field pointed in

the x-direction. In the general case, it is possible to use shim coils designed for B2

to shim a magnetic field pointing any direction, but two to three coils are required to

shim each channel [50]. In order to be able to directly translate standard techniques

for shimming superconducting magnets, it was chosen in this work to instead use a

change of variables. The same coordinate system was used as in Section 3.3.1 (see

Fig. 3-20), with the z-axis designated as the field direction, transverse to the bore.

Shims were designed to correct each of the harmonics fitted in the previous section.

Results of the optimization are shown in Figs. 3-22 through 3-24. Fig. 3-22 shows

contour maps of the stream function for the first order harmonics for both the 6 mm

and 10 mm diameters. The features are similar in the two cases, with the maps in

the 6 mm case vertically compressed compared to the 10 mm case. Figure 3-23 shows

the contour maps of the second order for the 10 mm case only, and Figure 3-24 the

contour maps of the computed third and fourth harmonics, again for the 10 mm case

only.

In the contour maps of the stream function, there frequently appears to be an

underlying symmetry with some distortions imposed. The evident symmetry shows
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Figure 3-22: Contour maps of the stream function for the first order shims give the
path that current should follow. Shown are designs made to wrap inside a 6 mm and
10 mm diameter cylinder.
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designs to fit in the 10 mm diameter cylinder shown.
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the shapes needed to generate the harmonics, and the distortions are an artifact of

the optimization. The magnetic field in the optimization is constrained to match

100 target points randomly distributed in the region of interest. For each different

distribution of target points, the distortions change to find the optimum for those

points, but the underlying symmetry remains unchanged. The accuracy of the contour

maps was sufficient for the purposes of this analysis, as the harmonic coefficients

used in later calculations varied by less than 5% between point distributions. These

distortions should be removed, however, before manufacturing the designs.

To physically realize the shim designs, a flexible circuit presents an ideal medium.

In a flexible circuit, wiring is printed onto a flexible base material, and the circuit is

able to bend. As shown in Fig. 3-25a, a two-layer board has a layer of copper on

each side of a flexible plastic substrate, with an insulating cover layer added on the

exposed faces. A feature called a via (Fig. 3-25b) can be used to provide an electrical

connection between the two copper layers.

Access Hole
Coverlay Coverlay
Adhesive Adhesive
Copper
Substrate
Copper Coverlay
Adhesive Copper-Plated
Coverlay Through Hole

Polyimide Substrate

(a) (b)

Figure 3-25: The copper layers of a flexible circuit are separated by a compliant
substrate, and an adhesive attaches a cover layer to the outward-facing faces (a).
Connections can be made between the copper layers using a copper-plated through
hole called a via (b). Figure adapted from [54].

As previously stated, the current flows parallel to the stream function contour

lines. The contour map can be etched onto the copper of a flexible PCB, with cur-

rent flowing in the tracks between the contour lines. Current cannot, however, flow

in infinite loops, and therefore modifications are required for physically realizable

shims. As shown in Fig. 3-26, connections can be added between each of the tracks,

allowing the current to spiral inwards. At the center of a spiral, a via funnels the
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current to the back side of the flexible PCB. The same contour map is etched on the

reverse side, and the current spirals back outwards. Channels connecting the various

features allow the current to wind through all the features of the contour map on

both the front and back faces, with the two layers reinforcing each other and dou-

bling the strength of the generated magnetic field. This fabrication strategy has been

successfully demonstrated and tested in [55].

After printing, the circuit is rolled and inserted into the magnet bore, as shown

in Fig. 3-27. Each successive shim would nest inside the previous (Fig. 3-28).

Manufacturing guidelines recommend that the flexible circuit bend radius be at least

ten times larger than the board thickness, for a two-layer board [56]. The two-layer

board would be about 200 pm thick [57]. Therefore, the bend radius should be at

least 2 mm, and the 3 mm to 5 mm bore radii considered in simulation meet the

guidelines. The fourteen shims together would reduce the bore radius from 5 mm to

2.2 mm.
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Figure 3-26: To turn the contour maps into shims, connections are added to connect
the tracks and vias connect the front and back layers, allowing the current to flow
continuously.
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By placing limits on the copper geometry to ensure manufacturability, the ef-

ficiency of each shim coil can be estimated. The spacing between the traces was

constrained to a minimum of 0.4 mm, with a 0.1 mm gap between traces. The copper

thickness was set to 70 pm thick, corresponding to the 2 oz. thickness offered by

PCB manufacturers. This thickness was chosen rather than the more common 35

tm (1 oz.) thickness in order to maximize the cross-sectional area of the conductor

and increase the allowed current. With the given specifications, the current density

is 4.76x107 A/m 2 for 1 A of current in the minimum cross-section.

Tables 3.5 and 3.6 give the projected shim efficiencies based on these geometric

limits for the 6 mm and 10 mm diameters, respectively. Shown are the per unit current

results for the maximum compensating field Bmp, the ppm corrected, the harmonic

coefficients and the dissipated power. The harmonic coefficient b gives the scaling

factor for each spherical harmonic, for example bx for the X shim or b[2z 2 _ (X 2 +y 2 )]

for the Z2 shim, where the field is in Tesla and the length scale in mm.
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Table 3.5: The 6 mm diameter results for the maximum compensating field, maximum ppm corrected in a 0.5 T magnet, and
harmonic coefficient with mm length scale are given for each of the shims, assuming 1 A of current supplied.

Harmonic Bemps (pT) PPM Corrected Harmonic Coefficient Power Dissipated (mW)

T1,_1 1,200 2,488 6.366 x 10- 4  296

T1,0 1,300 2,662 7.069 x 10- 4  329

T1,1 850 1,701 4.761 x 10- 4  287

T2,-2 496 993 4.425 x 10- 5  314

T2,-i 671 1,342 1.310x 10 4  227

T2,0 528 1,507 1.617x 10- 4  210

T2,1 321 642 2.353x10- 4  183

T2,2 296 592 3.279x10 5  206

T3,-2 214 429 6.787x 10 6  199

T3 ,-i   344 689 2.831 x 10-5 195
T3,0 255 510 4.211 x 10- 5  126

T3,1 178 356 1.190 x 10- 5  181

T3 ,2  140 280 4.048 x 10-6 117

T4,0 156 313 1.148 x 10- 143
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Table 3.6: The 10 mm results for the maximum compensating field, maximum ppm corrected in a 0.5 T magnet, and harmonic
coefficient with mm length scale are given for each of the shims, assuming 1 A of current supplied.

Harmonic Bcmps (pT) PPM Corrected Harmonic Coefficient Power Dissipated (mW)
T__1 684 1,368 3.630 x 10~ 4  639
T1,0 927 1,854 4.437 x 10- 4  790
T1,1 551 1,102 3.403 x 10- 4  807

T2,-2 172 344 1.195 x 10- 5  1,002

T2,-1 270 540 4.947x 10- 5  540

T2,0 273 545 6.906 x 10-5 535
T2,1 171 342 9.859 x 10- 5  469

T2,2 129 258 1.297x 10-5 258
T3,-2 49 99 1.861 x 10- 6  683

T3 ,-i   106 213 6.768 x 10- 6  504

T3 ,0  47 94 9.737x10-6 309

T3 ,1  47 94 3.976 x 10- 6  558

T3,2 45 90 1.274 x 10-6 424
T4,0 19 37 1.923 x 10- 6 395



Notable from the results is that the 6 mm shims provide a larger magnetic field

correction than the 10 mm shims, with the same current supplied. Recall from the

Biot-Savart law that the magnetic field generated by a current source scales inversely

with the distance squared. This observation suggests a strategy where less efficient

shims could be placed at a smaller diameter, closer to the target field area, and more

efficient shims could be placed at a larger diameter, closer to the magnet walls.

In the results above, it is typical that more power is required to achieve the same

ppm correction for higher order harmonics. However, the magnitude of each harmonic

order n scales as (r/ro)", where r starts at the center of the region of interest, and ro

is the maximum radius where the analysis is valid, namely the radius of the largest

sphere that contains no magnetic sources [30]. Thus, the level of correction required

diminishes with higher orders, helping to balance the decreasing shim efficiencies. In

the following section, the efficiency of these shims is compared to the field measured

in Section 3.3.1 in order to estimate the current and power requirements for active

shims.

3.3.3 Active Shim Feasibility

The purpose of the field measurement and shim analyses is to assess whether shimming

the magnetic field of a small portable magnet would be possible using active shims

only, at least for short experiments. As a final step, this section estimates how much

current the shims of Section 3.3.2 would require to shim the field measured in Section

3.3.1, and discusses the outlook for this strategy.

Required Current

Harmonic coefficients are used to make the comparison. Section 3.3.1 reported

measurements of the harmonics of the smaller shim-a-ring magnet, and Section 3.3.2

the computation the harmonics of the shims with 1 A of current supplied. By taking

the ratio of these two coefficients, the current and current density required to correct

the field is found. Tables 3.7 and 3.8 below give this analysis for the 6 mm and 10

mm diameter shims.
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Table 3.7: The current and current density required to correct each harmonic of the measured field are computed by taking the
ratio of the measured coefficients and the 6 mm diameter simulation results for 1 A supplied current.

Harmonic Measured Coefficient Shim Coefficient (6 mm) Correcting Current (mA) Current Density (A/m2 )
T1,_1 -2.370 x 10-4 6.366 x 104 372 1.77x107

T1,0 -8.006 x 104 7.07x10-4 1,132 5.39 x107

T1,1 -4.25 x 10-5 4.76 x 10-4 89 4.25 x106

T2,-2 9.037 x 10-6 4.43 x 10-5 204 9.72 x 106
T2,-i -6.184 x 10-6 1.31 x 10-4 47 2.25 x 106

T2,0 -2.553 x 10-4 1.62x 10-4 1,578 7.52 x 107

T2,1 -1.809 x 10-5 2.35 x 10-4 77 3.66 x 106

T2,2 -6.891 x 10- 5  3.28 x 10- 5  2,101 1.00 x 108
T3,-2 -1.694 x 10-7 6.79 x 10-6 25 1.19 x 106

T3,-1 -5.32 x 10-6 2.83 x 10-5 188 8.95 x 106

T3,0  -6.028 x 10-5 4.21x10-5 1,431 6.82x107

T3,1 9.610 x 10-6 1.19 x 10-5 808 3.85 x 107

T3,2 -4.292 x 10-6 4.05 x10--6 1,060 5.05 x 107
T4,0 -1.705 x 10-5 1.15x10-5 1,485 7.07x107
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Table 3.8: The current and current density required to correct each harmonic of the measured field are computed by taking the
ratio of the measured coefficients and the 10 mm diameter simulation results for 1 A supplied current.

Harmonic Measured Coefficient Shim Coefficient (10 mm) Correcting Current (mA) Current Density (A/m2 )

T1,_1 -2.370 x 10-4 3.63 x 10-4 653 3.11 x 107

TiO -8.006 x 10-4 4.44 x 10-4 1,804 8.59 x 107

T1,1 -4.250 x 10-5 3.40 x 10-4 125 5.95 x10 6

T2,-2 9.037 x 10-6 1.91 x 10-5 472 2.25 x 107

T2,-i -6.184 x 10-6 4.95 x 10-5 125 5.95 x 106

T2,0 -2.553 x 10-4 6.91 x 10-5 3,696 1.76 x 108

T2,1 -1.809 x 10-5 9.86 x 10-5 183 8.74 x 106

T2,2 -6.891 x 10-5 1.30 x 10- 5  5,314 2.53 x 108

T3,-2 -1.694 x 10-7 1.86 x 10- 6  91 4.34 x 106

T3,-1 -5.32 x 10-6 6.77 x 10-6 786 3.74 x 107

T3,0 -6.028 x 10-1 9.74 x 10- 6  6,190 2.95 x 108
T3,1 9.610 x 10-6 3.98 x 10-6 2,417 1.15 x 108

T3,2 -4.292 x 10-6 1.27x 10-6 3,368 1.60x 108

T4,0 -1.705 x 10-5 1.92 x 10-6 8,870 4.22 x 108
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As noted in the previous section, the shims designed for a smaller diameter are

significantly more efficient. Based on the results in the tables above, it would be

possible to keep the current density in every shim 10 8 A/m2 or less, by placing the

more efficient shims in the outer layers and the less efficient shims in the inner layers.

The maximum current would be 2.10 A, in the T2 ,2 shim.

In steady state, the system will rise to a constant, elevated temperature, and

the heat from the shims will be dissipated into the surroundings. Curves from the

IPC-2221 standard for PCB design can give an estimate of how high the temperature

would rise [58]. The tightly packed shims would not be exposed to air on their faces,

making them comparable to internal PCB traces. According to the IPC -221 curves,

internal traces with the minimum cross-section permitted in the shims (0.3 mm x 70

pm) would experience a temperature rise of 45°C when carrying 1.5 A. Extrapolating

the curves further [59], a continuous current of 2.1 A would result in a temperature

rise of 80°C. A temperature rise of this magnitude would not compromise the integrity

of the flex PCB [54].

The shims, however, only carry current for the duration of the NMR measurement,

which in many cases is less than a second: experiments need last only as long as the

FID is detectable. If averaging is desired, it is necessary to wait about four times the

length of T1 before repeating the experiment, during which time the shims could be

dormant. Estimating the power dissipated by the operating shims provides further

insight into their transient behavior.

To approximate the total power dissipation, the 6 mm diameter shim values were

used for the 7 least efficient shims (T1,, T2 ,o, T2 ,2, T3,0 T3,17,T 3 ,2 and T4,o), and the

10 mm shim values for the 7 most efficient shims (T1, 1, T1,1, T2,- 2, T2 ,- 1, T2 ,1 , T3 ,- 2,

T3,- 1 ). Of course, each nested shim would in actuality have a slightly different diam-

eter, but employing the simulation results in this way mimics the proposed strategy

of placing the less efficient shims towards the center. The estimated power dissipated

by each shim when applying the required correcting current is given in Table 3.9.
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Table 3.9: To estimate the total power dissipated by the correcting shims, the less efficient shims are modeled at the narrower
diameter and the more efficient shims at the wider diameter, and the power dissipation is calculated based on the required
correcting current.

Harmonic Modeled Diameter Required Correcting Current (A) Power Dissipated (mW)
T1,_1 10 mm 0.65 272
T1,0  6 mm 1.13 422
T1,1 10 mm 0.12 13

T2,-2 10 mm 0.47 223

T2,-I 10 mm 0.13 8
T2,0 6 mm 1.58 523
T2,1 10 mm 0.18 16
T2,2 6 mm 2.10 910

T3,-2 10 mm 0.09 6
T3,-1 10 mm 0.79 311

T3,0 6 mm 1.43 258

T3,1 6 mm 0.81 118

T3,2 6 mm 1.06 132

T4,0 6 mm 1.49 315



From the sum of the above estimates, the total power required for all the shims

is a modest 3.5 W. The total mass of copper in the shims is on the order of 100 g,

where 100 g is a lower bound estimate. Modeling the copper as a lumped parameter

of uniform temperature, the temperature rise can be estimated by the specific heat

formula:

Q = mcAT, (3.12)

where Q is the heat energy, m is the substance mass, c it the specific heat (385 J/kg-K

for copper), and AT is the change in temperature. Plugging in, the temperature

change for 3.5 W of power is found to be only 0.1°C per second. This estimate

neglects any heat dissipated into the surroundings, giving an upper-bound estimate

of the average temperature in the copper during short experiments.

For the stochastic techniques presented in the following chapter, the experiment

needs to be at least ten times longer than T1 . Most substances could be measured

in less than a second. Pure water has an exceptionally long relaxation T1 time, 4

seconds, but even performing a stochastic experiment on water would raise the copper

temperature by only about 4C. Thus, actively correcting the field looks promising.

Further Development

While these results show that it would be feasible to actively correct the shim-

a-ring magnet, further development work is needed. These results are based on the

measurements of a single magnet, and to realize its potential the design must be

shown to work for all or most magnets of the same geometry. Additionally, although

the current to correct every measured harmonic is manageable, more extensive mea-

surements including higher harmonics are needed for two reasons. First, it must

be ascertained whether achieving sub-ppm homogeneity requires correction of addi-

tional harmonics. Secondly, any significant content in the unmeasured higher orders

is aliased down into the lower order coefficients [30]. Higher and higher orders need

to be added to the measurement until the coefficients stabilize and converge.

Careful attention will need to be paid to heat dissipated into the magnet, because
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the strength of the magnetic field shifts with temperature [60]. The temperature

coefficient for a grade 48 NdFeB magnet is 1200 ppm/°C, meaning that even a 1C

change in the 0.5 T magnet would shift resonance by 25 kHz.

In the end, the main limitation of this design is space, rather than heat manage-

ment. The fourteen computed shims, each with a thickness of about 200 pm, would

reduce the bore diameter from 10 mm to 4.4 mm, which is not large enough to ac-

commodate a standard 5 mm sample tube. This issue could be solved by increasing

the scale of the magnet design to enlarge the bore, at the cost of assembly mass.

Alternatively, the sample size could be reduced, at the cost of signal strength.

The active field correction strategy would be ideal for designs requiring correction

only up to the second order. The shim-a-ring was selected for its ease of assembly

and favorable field strength at reasonable mass. As with all magnet designs, the

field homogeneity of the physical realization is orders of magnitude worse than the

simulation. With only a single magnet, errors in alignment have been circumvented.

The remaining errors, then, are most likely due to imperfections in the magnetiz-

ing field. Deeper investigation is warranted into the manufacturing of the magnets,

with the goal of improving the homogeneity such that fewer harmonic orders require

correction.
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Chapter 4

Stochastic Spin Density

NMR experiments that use stochastic excitation hold great promise for miniatur-

ized spectrometers. They are low power, making them ideal for a portable device.

They use excitation pulses that are orders of magnitude smaller than those in the

more common Fourier transform (FT) NMR techniques, which greatly simplifies re-

quirements for the electronics. The experiments are exceedingly simple [611, making

them ideal for a low-cost device available to unspecialized users. Lastly, higher di-

mensional experiments hold a special promise. Where FT NMR must painstakingly

measure one at a time the varying delays between pulses employed in 2D or 3D exper-

iments, stochastic NMR gathers all the information in a single experiment that lasts

no longer than a simple 1D measurement [62]. These short experiments would make

multidimensional measurements possible using the low-cost active shimming strategy

explored in Section 3.3.2.

While the promise of multidimensional experiments is left to future work, this

chapter starts the exploration of miniature, stochastic NMR by taking 1D measure-

ments in an inhomogeneous magnetic field. Section 4.1 takes a more detailed look

at stochastic excitation and data processing, and explores uses for the technique in

an inhomogeneous magnetic field. Section 4.2 presents simulations of stochastic ex-

periments using exact solutions to the Bloch equations. Finally, Section 4.3 presents

experimental measurements taken with the spectrometer of Ch. 2 and the magnet of

Ch. 3.
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4.1 Correlation Techniques

Stochastic NMR has been an area of interest since the late 1950's. Despite its long

history, the technique never gained popularity, due to its non-intuitive nature and the

systematic noise inherent in multi-dimensional measurements [62]. Single-dimensional

measurements, however, are free from systematic noise [63]. Furthermore, the data

processing lends itself to automation, which would actually be preferable in a low-cost

device.

4.1.1 Derivation

The core idea behind stochastic excitation is to send in a series of pulses, each one

of which provokes a free induction decay. If the pulses are sufficiently low power,

then the NMR response will be linear. Then the measured NMR signal at a given

time will be a superposition of the responses to all the previous pulses, given by the

convolution of the FID and the input:

O(t) = I(r) . F(t - T)dr, (4.1)

where F(t) is the FID, I(t) is the input signal, and O(t) is the output signal. In the

equation above, the FID is equivalent to the impulse response used in system analysis

[64]. The response to the pulses can be approximated as linear for flip angles less

than 30, where the small angle approximation is valid. In this region, the transverse

magnetization is given by,

M+ = Mo sin a ~ aMo, (4.2)

where M+ is the transverse magnetization, MO is the magnetization magnitude, and

a is the flip angle. Similarly, the longitudinal magnetization Mz is given by,

Mz = Mo cos a ~~ Mo. (4.3)

After sending a series of pulses and measuring the response, the challenge is to
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then extract the FID. For particular types of inputs, recovering the FID becomes

possible using correlation techniques. The autocorrelation A(t) of the input is given

by,

1 +T
A(t) = lim - I(r) - I(t + )dT. (4.4)

T-+oo 2T -T

The autocorrelation multiplies then averages the input signal with a time-shifted

version of itself, thus finding the level of correlation [651. Similarly, the input-output

crosscorrelation C(t) measures the correlation between the input and time-shifted

output:

C(t) = lim - I(T) - O(t + r)dr. (4.5)
T-*oo 27 -T

Using these definitions, Eq. 4.1 can be rewritten as [66],

C(t) = f A(T) • F(t - T)dT. (4.6)

For an ideal white noise input, extracting the FID is trivial. Because any two

samples of white noise are statistically independent, the signal correlates to itself

only with zero time shift, and the autocorrelation function is proportional to a delta

function 6(t). Then Eq. 4.6 becomes C(t) = F(t), and the FID can be found simply

from the cross-correlation.

Unfortunately, it is not possible to experimentally produce the infinite frequency

bandwidth of ideal white noise [651. Computation of the FID is still possible, how-

ever, using pseudo-noise, whose autocorrelation approximates a delta function. A

certain type of pseudo-noise called a maximum length sequence, or m-sequence, has

attractive properties. The m-sequence is a deterministic, periodic signal with very

low redundancy, meaning that it has a low incidence of repeating portions of the

waveform. An n-stage shift register can be used to produce a sequence of M = 2' -1

elements, as described in detail elsewhere [65, 66, 67, 68]. The sequence then repeats

after M elements. In (+1, -1) notation, the sequence contains (M + 1)/2 minus

ones, and (M - 1)/2 plus ones, in seemingly random order. The autocorrelation of
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the m-sequence is one for zero time shift, and -1/M for all other time shifts. For a

sequence, the autocorrelation is given by,

Ay = IEIk . Ij~k, j, k = 0, .,M-1 (4.7)
k

where the sum is taken cyclically to represent an infinitely repeating excitation se-

quence. Similarly, the crosscorrelation of a discrete sequence is given by,

C =hZ I - O+k, j, k = 0,..., M - 1, (4.8)
Mk

and thus Eq. 4.6 becomes

C3 = E= Aj-k - Fk, j, k = 0,..., M - 1, (4.9)
k

where the sums are again taken cyclically.

Once again, the input autocorrelation must be deconvolved from the input-output

crosscorrelation to find the FID, and once again the autocorrelation properties of the

input hold the key. Using the autocorrelation properties of m-sequences, Eq. 4.9

becomes

1 1
Cy = F-i- M Fk+-M-Fj, j,k=0,...,M-1,

k

and thus,

(M + 1)Fj = C3 + E F, j,k=0, ..., M-1.
k

Using the m-sequence property that Ej Ij = -1, the expression above can be used

to show that Ej Fj = - E, Oj, which allows us to write,

(M + 1)Fj = Cj - Op, j, k = 0, ...,I M - 1. (4.10)

In this way, the FID is written in terms of known quantities. This analysis has

largely been adapted from [66], where Kaiser also shows how to write Eq. 4.10 in
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the form of matrix multiplication. Data gathered from simulation and experiment

were processed using this simple matrix multiplication, and the MATLAB code is

included in Appendix A.2. After performing deconvolution to find the FID, the

Fourier transform can be applied as usual to compute the NMR spectrum.

4.1.2 Experimental Details

The analysis above shows how to use m-sequence excitation to find the FID. The

sequence is composed of plus and minus ones, and requires a sample of the magne-

tization concurrent to each element. In practice, excitation pulses are sent at every

timestep dt, and the magnetization is sampled between the pulses. The amplitude,

phase, duration or frequency of the pulses can be modulated according to the the

m-sequence. For example, pulses could be sent with two different phases, depending

on the current value of the m-sequence. Similarly, the amplitude of the pulses at

each time step could either be zero or some fixed value, again determined by the

m-sequence.

Because the excitation power is spread throughout the duration of the experiment,

the magnitude of the individual pulses is much smaller than in FT NMR, as depicted

in Fig. 4-1.

Sample Recorded

TX (90-)

TX(noise) I

t>

Figure 4-1: In FT NMR, the magnetization is sampled after a single large transmit
(TX) pulse. For stochastic excitation, the input energy is spread throughout the
experiment with a series of small pulses, and the magnetization is sampled after each
one.

These smaller pulses give stochastic excitation its characteristic lower power require-
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ments.

No special equipment is needed to perform experiments with stochastic excitation:

the same spectrometer can be used for both stochastic and FT NMR [69]. Similarly,

in both cases, the sampling frequency and maximum pulse width are determined by

the system bandwidth. Because the frequency is mixed down, it is not necessary to

sample as fast the Larmor frequency. As explained in Section 1.2.10, the signal is

shifted to low frequencies, and sampling must be fast enough to capture the range of

frequencies present in the spectrum, or the range of frequencies due to an inhomoge-

neous magnetic field. In either case, the sampling frequency must be at least twice

the system bandwidth, in order to avoid aliasing. Likewise, the pulses must be short

enough to excite the entire system bandwidth (see Section 1.2.3).

In a fully-realized low-cost device, the excitation sequence could be preprogrammed,

and the user would simply need to press play. The excitation power would need to

be adjusted for different samples. The optimal excitation power depends on the T1

relaxation time of the sample [701, but can be found heuristically by testing different

excitation levels. Overall, stochastic excitation holds great promise in the context of

miniature NMR, as a low power technique with simple experiments and the potential

for automated data processing.

4.1.3 Measurement in an Inhomogeneous Field

The NMR spectrum carries powerful, detailed information about the sample. In

an inhomogeneous magnetic field, the spectra are obscured due to inhomogeneous

broadening (Section 1.2.5). Techniques have been developed in FT NMR, however,

to recover some information: the pulse-echo experiment (Section 2.5) can be used to

find relaxation times in the presence of field inhomogeneity. Comparable techniques

have not been demonstrated using stochastic excitation, though finding relaxation

times from a three dimensional measurement in an inhomogeneous field should be

possible [71].

Using only a linear analysis, the FID found through correlation techniques should

match what is observed after a 90° pulse: the total signal amplitude rapidly decays
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due to interference between the nuclei of different resonant frequencies. One type of

information still remains even in this case: the initial amplitude is proportional to

the number of nuclei present.

The measured NMR signal is the sum of the contributions from all the individual

nuclei. Thus, the total signal amplitude scales directly with the number of resonant

nuclei in the sample. After an excitation pulse, the magnetization of the nuclei

are initially aligned, even in an inhomogeneous field. Then as the spins precess

at different frequencies, they become more and more out of phase. Assessing the

quantity of resonant nuclei by looking at the initial FID amplitude is called a spin

density measurement.

Although simple, the spin density measurement provides valuable information. It

can, for example, measure the oil content in food [72], seeds [73], and wastewater

[74], the hydrogen content in fuel [75], and the fluorine content in toothpaste [76],

industrial waste [77], and raw materials [78]. The measurement is made by comparing

the signal amplitude to that of reference samples. Two samples at minimum are

required to define the calibration curve, which linearly connects them.

Spin density measurements can be performed with either stochastic or FT NMR

methods, but there is one particular advantage to the stochastic technique: the re-

duction of dead time. Dead time refers to how much time passes before the receiver

can start recording the NMR signal after an excitation pulse. The receiver electronics

are extremely sensitive in order to detect the tiny NMR signal, and they saturate

during the excitation, even though the pulses are attenuated by the T/R switch. The

speed with which the receiver recovers from saturation is the dead time. Because the

excitation pulses are much smaller in stochastic NMR, the dead time is reduced, and

the initial signal amplitude can be recorded with more accuracy because there has

been less time to dephase.

The following sections verify the efficacy of measuring stochastic spin density

in simulation (Section 4.2) and experiment (Section 4.3). Measuring NMR spectra

using stochastic excitation in a compact device is theoretically possible using the shim

system outlined in Section 3.3.2, and is left for future work.
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4.2 Bloch Simulations

The Bloch equations (Section 1.2.9) are frequently used to model NMR behavior. In

FT NMR, the pulses are short relative to the relaxation times, and it is reasonable

to neglect relaxation during the pulses. This assumption makes solving the equations

straightforward [9]. In stochastic NMR, however, pulses continue throughout the

experiment, and neglecting relaxation is no longer a good assumption. Numerical

solutions have in the past been used to overcome this difficulty [67]. Here we create

a model using the exact solution to the Bloch equations, derived in the 2010 paper

by Bain et al. [79]. Although the solution is unwieldy, simulations are rapid once

implemented in MATLAB. The MATLAB code is available in Appendix A.2.

Data processing for simulations and experiments is identical, which allowed veri-

fication that the code worked as expected. Fig. 4-2 shows the results of a simulation.

The simulated experiment used amplitude modulation and a ten stage shift register,

meaning that a pulse of rf radiation was sent at zero or full amplitude for every time

step of the 1023-element m-sequence. The pulses were sent and the system sampled

at a rate of 2 kHz. The simulated system had a resonant frequency in the rotating

frame of Q0 =70 Hz (see Section 1.2.8), and a T2 relaxation of 0.2 s. These system

parameters display as expected in the impulse response (FID), where a 70 Hz sinusoid

decays exponentially with a time constant of 0.2 s. After Fourier transform there is a

resonant peak at 70 Hz, offset slightly due to the coarse resolution of the spectrum.
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Only the beginning section of the pulse sequence is shown in Fig. 4-2, in order to

display individual pulses that gate the rf excitation. In the response, the x- and y-

components of the magnetization oscillate at the Larmor frequency and are offset by

90°, showing the precession of the magnetization about the z-axis. The z-component

of the magnetization remains close to unity, indicating that the magnetization vector

remains relatively aligned with the B0 field throughout the experiment. It is critical

that this be the case. The strength of the net magnetic moment will shrink if kept

out of alignment with the external field for periods long relative to T1 , a phenomenon

called saturation.

There exists a great trade-off in stochastic NMR. The farther the magnetization

tilts away from the z-axis, the the greater the transverse magnetization and larger the

measured signal (Section 1.2.3). At the same time, departing from alignment with

the B0 field introduces a saturation nonlinearity [67], which decreases the strength

of the net magnetization and distorts the data. Fig. 4-3 maps the path of the

magnetization vector with pulses of increasing flip angle. For very small flip angles,

the transverse magnetization becomes too small to detect. For large angles, the

system becomes highly nonlinear. There exists in between these extremes a range of

excitation amplitudes that tickle the magnetization enough for it to be measurable

and reasonably linear so as not to distort the measured spectra.
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for the first repetition is traced in red, and the following nine repetitions in blue.



The analysis of Section 4.1 assumes a time-invariant system. This requirement

is satisfied by allowing the system to reach a dynamic equilibrium. The excitation

sequence is repeated multiple times, with only the later repetitions included in anal-

ysis. In practice, it is usually sufficient to discard the first repetition of the sequence

[67]. The sequence must run for a duration longer than T1 , so that the system will

not have memory of the time before the pulses were applied. For the simulations and

experiments of this thesis, the excitation sequence was repeated 10 times. The first

response was discarded, and the other 9 are averaged, reducing the measured noise.

To confirm that spin density measurements would be possible in an inhomogeneous

field, simulations with different resonant frequencies were summed. As expected, the

initial value of the impulse response was large, then decayed rapidly compared to the

T2 time of the individual frequencies.

Fig. 4-4 shows the results for a system where 1280 different frequencies were

summed, with the resonance spread evenly across a 14 kHz bandwidth. Unlike in

Fig. 4-2, the measured magnetization does oscillate at one particular frequency. This

experiment used a 2047 element excitation sequence, phase modulation, a flip angle

of 0.30 per pulse and a 50% duty cycle for 100 kHz sampling. The sample was

modeled to have Ti = T2 =0.2 s. In this simulation, the information is carried in the

imaginary channel. By shifting the phase of the excitation, the energy of the signal

can be shifted between the two channels. In FT NMR, the phase of the excitation is

commonly adjusted so that the NMR signal is entirely recorded in the real channel

[1].
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The measurement is robust even with slow sampling and noise. Fig. 4-5 shows the

impulse response for the same system as Fig. 4-4 with 33 kHz sampling, both with

and without random noise added to the measured signal. The modeled system had a

14 kHz bandwidth, meaning the 33 kHz sampling was close to the Nyquist frequency

(28 kHz). The magnitude of the random noise added to the measurement was five

times larger than the signal amplitude, though the noise was attenuated by averaging

the nine measurements. In spite of these less-than-ideal conditions, the strong signal

amplitude at the start of the measurement remains, with the peak value attenuated

by only about 6% in the presence of noise. Therefore, stochastic measurement of spin

density looks promising, even in an inhomogeneous field.

In the following section, the feasibility of stochastic spin density is confirmed

experimentally.

4.3 Experimental Measurements

The proposed method of measuring spin density with stochastic excitation appeared

promising in simulation (Section 4.2). To verify the technique experimentally, samples

containing different ratios of water and heavy water were tested. In water, 99.98%

of the hydrogen atoms are protium, whose nucleus is a single proton. Heavy water

contains the hydrogen isotope deuterium, whose nucleus is composed of one proton

and one neutron. The two isotopes are chemically equivalent, but have different

Larmor frequencies because they contain different nuclear species.

Using the spectrometer described in Chapter 2 and the shim-a-ring magnet of

Section 3.3.1, samples were excited at the 'H resonant frequency of around 20.5

MHz. The protons in the water produced an NMR signal, while the nuclei of the

heavy water remained silent. The amplitude of the NMR response could then be

compared to the known ratio of protium and deuterium in the sample, thus verifying

that spin density was accurately measured.

Fig. 4-6 shows the magnitude of the impulse responses measured for water and

heavy water. Both samples were doped with a paramagnetic salt, 5 mM manganese
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Figure 4-5: Even with sampling close to the Nyquist frequency (a) and noise larger
than the NMR signal (b), the initial value of the impulse response changes by less
than 10%.
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chloride, in order to speed up the relaxation. Pulses were sent and magnetization

measured at a rate of 100 kHz. The duty cycle was 25%, meaning each excitation

pulse was 2.5 ps long. The output of the preamplfier and the local oscillator were both

disconnected from the mixer for 3 ps after each pulse, to allow noise from the T/R

switch to attenuate. Magnetization was sampled at the end of each 10 ts cycle. The 1

Vp pulses were sent at the resonant frequency of 20.49 MHz from the signal generator

without further amplification. The volume of the excited sample was approximately

10 pL.
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Figure 4-6: The impulse response found for water with 100 kHz sampling was signif-
icantly larger than for heavy water, showing that the technique indeed captured the
NMR signal.

Signal was present in both the real and imaginary channels, though the raw data

from the ADCs appeared to be just noise (Fig. 4-7a). Fig. 4-6 included information
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from both channels by plotting the magnitude. For reference, the signal measured for

each channel is plotted with the magnitude in Fig. 4-7b.
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Figure 4-7: The measured signal (a) looked like noise, even after the nine repetitions
were averaged. The impulse response (b) showed that NMR signal was present in
both the real and imaginary channels, and thus the signal magnitude is considered
when performing further analysis.

As can be seen in Fig. 4-6, an artifact from the excitation appears as a small

initial peak in the heavy water impulse response. This peak likely came from the

mixer, because it decreased in magnitude when switches were in place to isolate the

mixer from the preamp output and the LO during the excitation pulses, using the

configuration described in Ch. 2. With the mixer sufficiently isolated the response is

dominated by the NMR signal, and the excitation artifact simply adds an offset. The

maximum amplitude measured for various ratios of water and heavy water is shown

in Fig. 4-8. Although the peak value for heavy water is higher than the noise floor,

there is no departure from linearity in the measurements of water/heavy water ratios.

The linearity of these measurements confirms that the method accurately captures

spin density information. The measurements are repeatable: the 95% confidence

interval, found by repeating the measurements 10 times, encompasses a range only

3% of the peak water magnitude.

The linear relationship was also present using other types of analysis. Excellent

correlation was obtained by integrating the FID magnitude. Fig. 4-9 shows the results
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when the first 12 points were integrated. Similarly excellent results were obtained by

fitting a second order model to just the first six data points, and then integrating

the parametric model. The assumption is that with infinite avarages of experimental

data, the impulse response would look like the fitted function. Fig. 4-10 shows the

fit for a water sample, and Fig. 4-11 the linear correlation from integrating the fit

model.
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Figure 4-9: The integral of the impulse response also

of heavy water when sampling at 100 kHz.
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correlated linearly with the ratio

Because the resonant frequency varied significantly with temperature, it was nec-

essary at the start of each session to find resonance. Resonance was found by viewing

the output of the low-frequency amplifiers on an oscilloscope, running a stochastic

experiment at 50 kHz, and sending 4 V,, excitation pulses. These relatively large

pulses caused saturation over the entire experiment, but for the first few pulses pro-

voked a large response visible on the scope. This response was apparent with the fast
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Figure 4-10: A second order model was fit to the beginning of the impulse response in
order to estimate what the response would look like with no noise and faster sampling.
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50 MHz sampling on an oscilloscope, and less visually obvious with 50 kHz sampling

through the ADCs. The excitation frequency was adjusted to maximize the response

seen on the scope, shown in Fig. 4-12.

In the future this process could be automated by setting up a routine that varies

the excitation frequency to maximize the peak magnitude of a calibration sample

FID.

The results of this section show that measuring spin density with stochastic ex-

citation is a remarkably robust measurement. The benefits of low power excitation

were evident, with no amplifier needed after the excitation pulses and a very short

dead time. Although there exist uses for spin density measurements, it is worth not-

ing that no experimental changes are needed to measure NMR spectra. The only

requirement would be a sufficiently homogeneous magnetic field. Thus, these types

of measurement show promise both for the present capabilities and the possibilities

for future development.
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Figure 4-12: The first few pulses of the m-sequence provoked a characteristic reso-
nance response in water (a), not present for a heavy water (b). The magenta trace
shows the gating signal to send pulses, and the green and blue traces the real and
imaginary channels.
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Chapter 5

Conclusion

Promising strategies to address significant challenges to portable NMR have been

demonstrated. An ultra-low cost magnet assembly was optimized, constructed, and

used to measure NMR signal. Feasibility was demonstrated for a labor-saving active

shim system. Spin density was measured using low power stochastic excitation, which

significantly eased the requirements on the spectrometer electronics.

Considering only the capabilities experimentally demonstrated, all the groundwork

has been laid for a portable, ultra-low cost NMR device. Materials to prototype the

shim-a-ring magnet were only about $100, and would cost significantly less in volume.

Manufacturing costs would be minimal. Because a standard pipe size was used as

a shim, the only machining was to cut the stock to length and hone the bore. The

self-assembling rings are palm-sized and have a mass of under 500 g. With no further

modifications, NMR signal was recorded in the half Tesla field of the bore. The

magnet and spectrometer could be handheld and portable if combined with existing

technologies for miniaturized NMR electronics [5].

Using the stochastic spin density techniques, the small device is capable of incred-

ibly robust, automated measurements. Low power excitation allows uncontaminated

recording of the NMR signal with short dead time, and a short script extracts the

FID from noise. Excellent correlation to spin density is obtained through a metric as

naive as the peak value of the FID.

The utter simplicity of the proposed solution makes it a valuable contribution, even
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while acknowledging its limited capabilities. With the active shim design, full spec-

troscopic measurements become possible while maintaining moderate cost. Unlike

passive designs, the electromagnetic shims require no hyper-fine mechanical calibra-

tion. Instead, the current is varied in each shim to find maximum field homogeneity,

a process that could be at least partially automated.

Analysis showed that an active shim system built using flexible circuits would

require a current density of up to 108 A/m2 -larger than recommended for steady

state operation, but manageable for short experiments. The dissipated heat using 14

correcting shims is estimated to be less than 5 W, which would cause negligible tem-

perature rise across the device for short experiments. A known issue is the challenge

of fitting all the shims in the limited space of the magnet bore. The shims considered

in this design would reduce the bore diameter to 4.4 mm, too small for a standard

5 mm diameter sample. Full-sized samples could be accommodated by scaling up

the magnet design somewhat. The ideal solution would of course be to improve the

manufacturing of the magnet to eliminate the need for higher order shims.

The experiment and data analysis used to measure spin density are identical to

the process for measuring 1D spectra. The only additional step is to take the Fourier

transform of the impulse response, assuming the data was collected in a homogeneous

field.

Stochastic excitation holds great promise in the context of miniature NMR, wor-

thy of further exploration. In particular, three dimensional experiments provide full

information about the system, and maintain the short experiment time needed for the

low-cost active shims. There are many challenges to be explored and overcome, such

as the systematic noise in higher order measurements. This thesis charts an initial

foray on a path ripe with possibility.
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Appendix A

Code

A.1 LabVIEW Code

Reproduced here (Fig. A-1) is the LabVIEW code used to program the FPGA.

The code generates a 2047-element-long maximum length binary sequence (MLBS),

and flips the T/R switch according to this sequence using a digital output (DIO). A

separate DIO controls switches gating the LO output and the preamp output. This

switch could be programmed to flip delayed relative to the T/R switch in order to let

noise die down before feeding signals to the sensitive mixer. The DIO ports updated

with every cycle of the 40 MHz clock.

The analog sampling loop reads in the values from the external ADCs.

Using a control panel (not shown) it was possible to specify the number of repeti-

tions of the MLBS, the sampling rate, the duty cycle, and the delay of the LO/Preamp

switch relative to the T/R switch.
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A.2 MATLAB Code
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Listing A.1: Shim design to minimize power consumption

1 %CoilOptimizationMinPowerAxesChange.m

2 Xoptimizing the stream function for shim coil design

3 Xset z direction perpendicular to bore, aligned with

magnetic field. Set x

4 Xalong bore

5 clear all

G close all

7

% XX User defined parameters

9

) %choose harmonic to calculate

11 harmonic='T_{1,1}';

12 %options:

1 X 'T1,-1' is the Y harmonic, varies as y

14 X 'T1,O' is the Z harmonic, varies as z

15 % 'T1,1' is the X harmonic, varies as x

1-6 X 'T2,-2' is the XY harmonic, varies as 6*x*y

17 X 'T2,-1' is the ZY harmonic, varies as 3*z*y

18 % 'T2,0' is the Z2 harmonic, varies as z^2-(1/2)*R^2

19 % 'T2,1' is the ZX harmonic, varies as 3*z*x

20 % 'T2,2' is the X2Y2 harmonic, varies as 3*(x^2-y^2)

21 X 'T_{3,-2)' is the Z(2XY) harmonic, varies as 15*z*(2*xy)

22 % 'T_{3,-1)' is the Z2Y harmonic, varies as 3/2*y*[4*z2-(

x2+y2)]

23 X 'T_{3,0}' is the Z3 harmonic, varies as z3-3/2*rho2*z

24 % 'T_.{3,1}' is the Z2X harmonic, varies as 3/2*x*[4*z2-(x2

+y2)]

2% % 'T_{3,2}' is the Z(X2-Y2) harmonic, varies as 15*z*(x2-

y2 )
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26 % 'T_{4,0}' is the Z4 harmonic, varies as z4-3*z2*rho2

+3/8*rho4

2 7

28

29 %Define bore geometry

30 D=10; Xdiameter [mm]

31 L=50; %length [mm]

%3 Xmanufacturing geometry

31 dmin=0.4; Xmin trace width, [mm]

:5 wgap=0.1; %min gap between traces [mm]

36 t_cu=0.07; %thickness of copper trace [mm]

S XElectrical and magnetic parameters

39) BO=0.5; %magnetic field [T]

40 Jmax=10; Xmax allowed current density, [A/mm^2]

41

42 %Physical constants

13 rho-cu=1.68e-5; Xcopper resistivity, [ohm*mm]

44 mu_0=1.256637e-3; %[T*mm/A]

45

46 XDefine discretization parameters

47 Q-nominal=4500; Xnumber of discrete points calculated for

coil surface

19 XDefine the diameter of spherical volume (DSV)

50 XRegion over which desire to generate field

51 DSV=4; %diameter of DSV in [mm]

)2 N=100; Xnumber of points to match in volume

53 epsilon=0.05; %deviation allowed from ideal field
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57.XX Calculate discretization geometry

59 nominalarea=pi*D*L; X[mm^2]

(A) q-area=nominal-area/Q-nominal; %nominal area per square:

total area divided by desired # squares

61 a-nominal=sqrt(q-area); Xlength of tentative square

(2 Qc=floor(pi*D/a-nominal); %want to divide diameter into

integer # squares

(3 a=pi*D/Qc; %final length of square, integer # to go around

diameter

64 Qr=floor(L/a); X # of squares in vertical direction,

rounding down again

65 Q=Qc*Qr; %number of elements created when evenly dividing

squares

G6 Lf=Qr*a; Xfinal length after evenly dividing into squares

%8 Xneed to assign an xyz location to center of each square

69 qxyz=zeros(Q,3)

70 %need to calculate normal for each square

71 nq=zeros(Q,3);

72 Xassign x and y first, and calculate normal vector

73 subtended-angle=2*pi/Qc; Xsubtended angle of each square

71 q-angle=subtended-angle/2; Xangle of first square, to

initialize loop

for q=1:Qc

76 q-xyz(q,3)=D/2*cos(q-angle); Xassign z coordinate to

point q
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77 q-xyz(q,2)=-D/2*sin(q-angle); %assign y coordinate to

point q

78 nq(q,:)=[O -sin(q-angle) cos(q-angle)]; Xnormal vector

79 q-ane=qqangle+subtended-angle; %augment angle for

next iteration of loop

80 end

81 Xnow consider spacing of x-coordinates, along axis

82 x-range=a*(Qr-1); Xfrom center of top square to center of

bottom square

83 x_max=x.range/2;

4 qx=-x-max; Xinitial x value in loop

85 q-count=1; Xinitialize q value in loop

8G for i=1:Qr

87 qxyz((q- count:q- count+Qc-1),2:3)=q q-xyz(1:Qc,2:3);X%

copy y and z values for q

88 nq((q-count:q-count+Qc-1),:)=nq(1:Qc,:); Xcopy normal

vector

89 q-xyz((qcount:qcount+Qc-)1),1)=q-x;%assign x value

90 q-x=q-x+a; %augment x value

91 q-count=q-count+Qc; %augment q count

92 end

93

94

95 %% randomly and evenly distribute test points in DSV

96)

97 DSVxyz = randsphere(N,3,DSV/2);

98 X This function returns an m by n array, X, in which

99 % each of the m rows has the n Cartesian coordinates

100 % of a random point uniformly-distributed over the

101 X interior of an n-dimensional hypersphere with
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102

103

104

105

106

107

108

109

110

111

112

11:3

11-4

116

117

118

119

121)

121

121

124

127

127

Btarget=DSV.xyz(:,

elseif strcmp(harmonic

Btarget=DSV-xyz(:,

elseif strcmp(harmonic

Btarget=DSV-xyz(:,

elseif strcmp(harmonic

Btarget=6*DSV-xyz(

elseif strcmp(harmonic

Btarget=3*DSV-xyz(

elseif strcmp(harmonic

Btarget=DSV-xyz(:,

(:,2).^2); Xvar

elseif strcmp(harmonic

Btarget=DSVxyz(:,

elseif strcmp(harmonic

Btarget=3*(DSV-xyz

as 3*(x^2-y^2)

2); %varies as y

3); Xvaries as z

1); Xvaries as x

, T_{2,-2}')

,1).*DSV-xyz(:,2); Xvaries

, 'T_{2,-1}')

:,3).*DSV-xyz(:,2); %varies

, 'T_{2,0}')

3).^2-0.5*(DSV_xyz(:,1).^2+

ies as z^2-(1/2)*R^2

,'T_{2,1}')

3).*DSVxyz(:,1); %varies a

,'T_{2,2}')

% radius r and center at the origin. The function

% 'randn' is initially used to generate m sets of n

% random variables with independent multivariate

% normal distribution, with mean 0 and variance 1.

X Then the incomplete gamma function, 'gammainc',

% is used to map these points radially to fit in th

X hypersphere of finite radius r with a uniform X s

distribution.

X Roger Stafford - 12/23/05

XX target field for the coil

if strcmp(harmonic, 'T_.{1,-1}

as 6*x*y

as 3*z*y

DSV-xyz

s 3*z*x
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patial

(:,1).^2-DSV-xyz(:,2).^2); Xvaries



129 elseif strcmp(harmonic,'T_{3,-2}')

130 Btarget=15*DSV-xyz(:,3).*(2*DSV-xyz(:,1).*DSV-xyz(:,2)

); Xvaries as 15*z*(2*xy)

1*31 elseif strcmp(harmonic, 'T_{3,-1}')

132 Btarget=3/2*DSV-xyz(:,2).*(4*DSV-xyz(:,3).^2-(DSV-xyz

(:,).^2+DSV-xyz(:,2).^2)); Xvaries as 3/2*y*[4*z2

-(x2+y2)]

133 elseif strcmp(harmonic,'Tf{3,0}')

13A Btarget=DSV-xyz(:,3).^3-3/2*(DSV-xyz(:, ).^2+DSV-xyz

(:,2).^2).*DSVxyz(:,3); Xvaries as z3-3/2*rho2*z

135 elseif strcmp(harmonic,'T_{3,1}')

136 Btarget=3/2*DSV-xyz(:,).*(4*DSV-xyz(:,3).^2-(DSV-xyz

(:,1).^2+DSV-xyz(:,2).^2)); Xvaries as 3/2*x*[4*z2

-(x2+y2)]

[17 elseif strcmp(harmonic, 'T_{3,2}')

138 Btarget=15*DSV-xyz(:,3).*(DSV-xyz(:,1).^2-DSV-xyz(:,2)

.^2);

139 elseif strcmp(harmonic,'T_{4,0}')

140 Btarget=DSV-xyz(:,3).^4-3*DSV-xyz(:,3).^2.*(DSV-xyz

(:,1).^2+DSV-xyz(:,2).^2)+3/8*(DSV-xyz(:,1).^2+

DSV-xyz(:,2).^2).^2; Xvaries as z4-3*z2*rho2+3/8*

rho4

141 end

112

143 XX Define constraints for optimization

144

145 Xneed to constrain all edge elements to be zero

146 XAeq*x=beq

147 q=1:Q;

148 edge=q<Qc I q>Q-Qc;X I mod(q,Qc)==O | mod(q,Qc)==1;%find
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I1 )

150

1511

152

153

I S
159

156

157

1-61

162

161

IT
168

IY9

170 )

for j=1:Q

c-xq-unscaled(i,j)=((DSV-xyz(i,1)-q-xyz(j,1

(DSVxyz(i,2)-q-xyz(j,2))^2+(DSVxyz(i,

q-xyz(j,3))^2)^(-5/2) q...

*(2*nq(j,3)*(DSV_xyz(i,3)-qxyz(j,3))^2

-nq(j,3) *(DSV-xyz (i,2) -q-xyz (j,2))^-2 ...

-nq(j,3) *(DSV-xyz (i ,1) -q xyz (j,1))^-2 ...

+3*nq(j,2)*(DSV-xyz(i,3)-q-xyz(j,3))*(D

i,2)-q.xyz(j,2)) ...

+3*nq(j,1)*(DSVxyz(i,3)-q-xyz(j,3))*(D

i, 1)-q-xyz(j ,1)));

))^2+...

3)-

SV.xyz(

SVxyz(

end

130

all the edge elements

Aeq=double(diag(edge));%create a matrix with 1's on the

diagonal where there are edge elements, all others 0

beq=zeros(Q,1);

%need to constrain field at target points N to be close to

desired field

XA*x<=b

%define matrix that will allow calculation of generated B

field from S

c-xq-unscaled=zeros(N,Q); Xinitialize

XUNSCALED: won't give true value for magnetic field

Xmissing scaling factor of mu0/(4*pi)*a^2

X***c-xq*S will compute the x component of the magnetic

field***

%reproduced from Liu et al, 2012

for i=1:N



171

172

173

174

1775

17()

177

178

179

180)

18-1

182

18)

186

187

188

189

191

1.92

193

194

19.5

196

197

198

[99

% Minimize -1/2 *

%no linear terms in

f=zeros(Q, 1);

%Hessian defined by

%generate main diag

KO=2*ones(Q,1);

KO(1,1)=2*2;

KO(2:Qc, 1)=2*3;

K0(Qc+1:Q-Qc,1)=2*4;

KO(Q-Qc+1, 1)=2*2;

(x' * H * x) - f' * x

power equation

square power matrix Wnm (eq'n 13)

terms

131

end

Xin above: x=DSV.xyz(i,1), y=DSV-xyz(i,2), z=DSV-xyz(i,3)

Xx-q'=q-xyz(j,1), y..q'=q-xyz(j,2), z-q'=q xyz(j,3)

%nx=nq(j,1), ny=nq(j,2), nz=nq(j,3)

Xfor later: scaled version of C-xq

c_xq=mu/(4*pi)*a^2*cxq-unscaled;

XA*x<=b

%Require: c-xy*S<=Btarget-x*(1+epsilon)

%-c-xy*S<=-Btarget-x(1-epsilon)

A=[c-xq-unscaled;-c-xq-unscaled];

b=[Btarget+abs(Btarget)*epsilon;-Btarget+abs(Btarget)*

epsilon];

XDefine objective function

Xminimize power consumption



%KO(Q-Qc+2:Q,1)=2*1;

%generate first diagonal

%already preset to ones

terms

K1=-2*ones(Q-1,1)O;

K1(Q-Qc+1:Q-1, 1)=0;

200

201

204

205

207

208

210

2,11

2 12

213

2141

KQc=-2*ones(Q-Qc, 1);

XForm Hessian matrix

H=sparse(diag(KO) + diag(K1,1) + diag(K1,-1) + diag(KQc,

Qc) + diag(KQc,-Qc));

XX Minimize the function

% Choose the Algorithm to be interior-point-convex

qpopts = optimset('Algorithm','interior-point-convex','

Display', 'iter');

% Perform the optimization

LB=[];

UB=[];

tic

[S, fval] = quadprog(H,f',A,b,Aeq,beq,LB,UB,[],qpopts);

toc

%Plot the isolines of S

%Divide S into rows and columns

132

Xgenerate the Qc diagonal terms

217

217

2119

220

221

222 



228 Sgrid=zeros(Qr,Qc);

229 Xpopulate

2:0 for i=1:Qr

2 S grid(i,:)=S((i-1)*Qc+1:i*Qc,1);

232 end

234 %choose distance between levels using max gradient of S

235 Sq=S;

2'i Sql=diag(ones(Q-1,1),1)*S;%S_(q+1)

27 SqQc=diag(ones(Q-Qc,1),Qc)*S;XS_ (q+Qc)

2i Xcalculate gradient magnitude at each point q

23) MagGradSq=1/a*sqrt((Sql-Sq).^2+(SqQc-Sq).^2);

210 MaxGrad=max(MagGradSq);%max S gradient magnitude

2TI DeltaS=MaxGrad*dmin; %step size b/w isolines of S so that

smallest has dist of d-min

12 Nlevels=floor((max(S)-min(S))/DeltaS);

24:3 Remainder=max(S)-min(S)-Nlevels*DeltaS;

214 levels=min(S)+Remainder/2:DeltaS:max(S);%distribute levels

centered within range

21(i Xlabel spacing; points separated by distance a

247 X=subtended.angle*(1:Qc);

2 48 Y=a* ((1 :Qr) -Qr/2);

2)19

25( figure

251 [C,h]=contour(X,Y,S-grid,levels);

252 %v=[levels(5),levels(7)]

253 Xclabel(C,h,v)

254 ylabel('Axial position (mm)','FontSize',16)

255 xlabel('Angle (rad)','FontSize',16)
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256 title(harmonic, 'FontSize ' ,18)

25;

25) XX Calculate power dissipated and field corrected

260

261 Imax=t-cu*(d-min-wgap)*Jmax; Xmax current allowed, [A]

262 Js_unit=1/(dmin-w_gap); Xsurface current density [A/mm]

for 1 A current

26G3 %-->current density for 1 A is Js-unit/tcu

264

265 XMax value of Js implied by the calculated S is MaxGrad

--- >use to scale to

26u X1 A of current

21' UnitScale=Js-unit/MaxGrad;

2W) S-normalized=S*UnitScale; XS values corresponding to 1 A

of current

271 .calculate the harmonic coefficient for 1A of current

272 harm-coefflA=muO/(4*pi)*a^2*UnitScale X

27>

274 %calculate power dissipated for 1 A current

275 Pdisslocal=rho-cu/t-cu*(UnitScale*1)^2*((Sq1-Sq).^2+(SqQc

-Sq).^2);

270 Pdisstotal=sum(Pdisslocal) Xpower dissipation at 1 A

current [WI

277

278 Xcheck that S is scaled correctly: expect 1 A

279 XIcheck=(d-min-w-gap)/a*UnitScale*max(sqrt((Sq1-Sq).^2+(

SqQc-Sq).^2));
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28(

81 %now calculate the actual magnetic field produced per 1 A

current

282 B_1A=cxq*Snormalized;

283 Bcmps=max(B-iA) Xthis is the max field generated at any of

the target points for 1 A current

284

2K Xppm corrected for 1 A

286 ppm-corrected=Bcmps/BO*10^6

135



Listing A.2: Simulation of stochastic experiments using exact Bloch solutions

I Xmlbsblochexact.m

2 Xlook at response to mlbs using exact bloch solution (Bain

2010)

3 %amplitude modulated

4 close all

G %system parameters

7 T1=0.001; Xs

8 T2=0.001; %s

9 Omega=2*pi*1000; Xrad/s, offset freq

I0 FlipAngle=1; %desired flip angle in degrees

i phi=0; %phase of rf field wrt x-axis

12

13 MO=[0;0;1;1]; Xunit magnetization pointing in z dir 'n to

start

14

15 %timing parameters

16 dt=20e-6; Xsampling interval in s

17 duty-cycle=25; %duty cycle in percent

18 t-on=duty-cycle*dt/100; %time spent on for each step

19 toff=dt-t-on; %time spent off for each step

21 %calculate strength of rf field

22 FlipAngle=pi/180*FlipAngle; %convert to radians

23 bl=FlipAngle/t-on; %equal to gamma*B1. Recall FlipAngle=

gamma*B1*time

2% Xgenerate excitation sequence

26 L=8; %sequence length is 2^L-1
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27 b=mlbs-am(L); Xgenerate the sequence using amplitude

modulation

28 reps=10; Xnumber of times to repeat the sequence

29 bjlong=repmat(b,1,reps);

30 N=length(b-long);

31 n=length(b); Xlength of mlbs

%3 XBloch solution

%4 Xcalculate L matrixes with rf field on

35 [lambda-on,Llon,L2_on,L3_on,L4_on] = blochL(T1,T2,Omega,

b1,phi);

36 %calculate L matrixes with rf field off

7 [lambdaoff,L _-offL2_offL3_offL4_off] = blochL(T1,T2,

Omega,O,phi);

:1!) Xperform calculations

10 M=zeros(4,N); Xinitialize magnetization vector

II t=dt:dt:N*dt; %create time vector

12 M-t=MO; Xmagnetization will change with each step

I)

,1 for i=1:N

46 %effect of pulse first

-1 if b-long(i)==1

17 [M-t] = bloch-expAt(t-on,M-t,L1_onL2_on,L3_on,

L4_on,lambda-on);

418 elseif blong(i)==O

49 [M-t] = blochexpAt(t-on,Mt,L1_off,L2_off,L3_off,

L4_off, lambdaoff);

50 end

51 %effect of waiting time
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[M-t] = blochexpAt(toff,M.t,L1loff,L2_off,L3_off,

L4off, lambdaoff);

%record magnetization after waiting time

M(:,i)=M-t;

end

figure

plot(t, real(M))

xlabel('Time (s)')

ylabel('Normalized Magnetization')

legend('Mx','My','Mz')

Xpick out the Mx vector; discard the 1st time through the

MLBS

Mxy=M(1,:)+1i*M(2,:);

Mxy-cut=Mxy(n+1:end); %throw out 1st rep

Mxy-cut=Mxy-cut-mean(Mxy-cut); Xset to 0 mean

Xwrap into a matrix

Mxy-mat=zeros(reps-1,n);

for i=1:reps-1

Mxy-mat(i,:)=Mxy-cut((i-1)*n+1:i*n);

end

Xaverage the reps

Mxy-avg=mean(Mxy-mat);
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80 FID = mxy2fid(b,Mxy-avg);

81 tFID=dt*(O:n-1);

82 magFID=abs(FID);

8- figure

85 plot(tFID,real(FID),tFID,imag(FID),tFID,magFID)

86 xlabel('Time (s)')

87 title('Calculated FID / Impulse Response')

88, legend('Real Part','Imaginary Part','Absolute Value')

)0 %Fourier Transform

91 Spectrum-raw=fft(FID)/(n);

92 Spectrum=fftshift(Spectrum-raw);

941 %frequencies computed

). Fs=1/dt;%sampling frequency

96 L=n;Xwas n+1

97 f=Fs*linspace(-0.5,0.5,L);

9) %implement phase shift to pass signal between absorption

and dispersion

100 phi=pi/2-0.1; %radians

101 Spectrum=Spectrum*exp(li*phi);

102

103 %split into real and imaginary

101 Absorption=real(Spectrum);

1(5 Dispersion=imag(Spectrum);

106 Abs-spectrum=abs(Spectrum);

107

108
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109 f igure

10) plot(f,Absorption)

111 xlabel('Frequency (Hz)')

112 ylabel('Absorption Spectrum')

113 figure

114 plot(f,Dispersion)

115 xlabel('Frequency (Hz)')

I1( ylabel('Dispersion Spectrum')
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Listing A.3: Generation of amplitude-modulated maximum length binary sequence

I function [b] = mlbsam(L)

2 %MLBSAM Generate a MLBS with amplitude modulation

3 Xgenerate MLBS

4 XL is length of shift register used to generate sequence

a=zeros(1,L);

7 b=zeros(1,2^(L)-1);

8 N=length(b);

!) b(1:L)=1;

11 if L==3

12 a=[1 1 0];

13 elseif L==8

14 a(4+1)=1;

175 a(3+1)=1;

1( a(2+1)=1;

17 a(1)=1;

18 elseif L==9

19 a (4+1)=1 ;

20 a(1)=1;

21 elseif L==10

22 a(3+1)=1;

23 a(1)=1;

21 elseif L==11

25 a(2+1)=1;

2 6 a(1)=1;

27 end

28

29 for i=L:N-1
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3 I () b(i+1)=mod (sum(a.*b((i-L+1) (i) )),2)

31 end

3)

33 end
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Listing A.4: Implementation of exact solution of Bloch equations

function [lambda,Li,L2,L3,L4] = blochL(T1,T2,Omega,bi,phi

)
%BLOCHL Calculate the eigenvalues and Li-L4 for exact

solution of Bloch

Xeq'n, from Bain's 2010 paper

Input relaxation times in sec, offset freq in rad/s,

b1=gamma*B1 and is

in rad/s, phi is the phase of the rf field wrt x-axis

XOutput lambda contains the four eigenvalues

Xrelaxation times

R1=1/T1;

R2=1/T2;

%Generate matrix A

A=[-R2 -Omega b1*sin(phi)

Omega -R2 -bi*cos(phi)

0 ;...

0 ;...

-bi*sin(phi)

0 0 0 0];

bi*cos(phi) -R1 R1;...

Xcalculate eigenvalues

E3=12*(bi^2+Omega^2)^3+24*(Ri-R2)^2*(Omega^2-(5+3*sqrt(3))

*bi^2/4)*...

(Omega-2-(5-3*sqrt(3))*bi^2/4)+12*(Ri-R2)^4*Omega^2;

E2=1/3*(Omega^2+b^2)-1/9*(Ri-R2)^2;

E1=(-8*(R-R2)*(9*Omega^2+(R1-R2)^2)+36*(R1-R2)*b1^2+12*

sqrt(E3))^(1/3);
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25;-

26
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%calculate the Lagrange interpolation coefficients

I=eye(4);

L1=A*(A-12*I)*(A-13*I)/(11*(11-12)*(11-13));

L2=A*(A-11*I)*(A-13*I)/(12*(12-11)*(12-13));

L3=A*(A-11*I)*(A-12*I)/(13*(13-11)*(13-12));

L4=(A-11*I)*(A-12*I)*(A-13*I)/(-l1*12*13);

end
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u2=-E1/12+3*E2/E1-R1/3-2*R2/3;

u3=sqrt(3)/2*(E1/6+6*E2/EI);

l1=E1/6-6*E2/E1-1/3*R1-2/3*R2;

12=u2+Ii*u3;

13=u2-li*u3;

lambda=[11;12;13;0]



Listing A.5: Time evolution of magnetization using Bloch solutions

1 function [M] = bloch-expAt (tMOL1,L2,L3,L4,lambda)

2 XBLOCHEXPAT Gives the magnetization at a time t, given

the initial

3 %magnetization, Lagrange interpolation coefficients, and

eigenvalues

4 % For use after L matrixes and lambda calcuated in

blochL.m

5 %uses exact solution to Bloch equations given in Bain 2010

6

8 %label each eigenvalue

9 l1=lambda(1);

10 12=lambda (2) ;

11 13=lambda(3);

12

13 Xcalculate exp(A*t)

I1 eAt=exp(l1*t)*L1+exp(12*t)*L2+exp(13*t)*L3+L4;

16 Xcalculate magnetization at time t

I7 M=eAt*MO;

18

19( end
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Listing A.6: Processing of experimental data from stochastic experiment

1 %process-mlbsmeasured_2chan.m

2 % Processing data from LabVIEW acquisition for 2 channels

3 Xbased on the script process-mlbs-measured_2chan

I close all

6 XINPUTS

7 XMx-meas and My-meas should be pre-loaded into workspace

8 Mxy-meas=Mx-meas+li*My-meas;

9

10 acquisition-rate=100e3; %sampling rate in Hz

11 signal=12; Xapproximate number of data points that contain

signal for given conditions

12 L=11; Xnumber of registers in the mlbs

13 reps=10; Xnumber of times the mlbs is played

14

1J XCALCULATE PARAMETERS

16 dt=1/acquisition-rate; %time step

17 b=mlbs(L); Xreproduce the mlbs used in excitation

18

19 XPROCESS DATA

20 % %throw out 1st rep, and average the others

21 n=length(b);

22 Mxy-cut=Mxy-meas(n+1:end); Xthrow out 1st rep

23 Mxy-cut=Mxy-cut-mean(Mxy-cut); Xset to 0 mean

21 tFID=dt*(0:n-1);

i2 %wrap into a matrix

27 Mxy-mat=zeros(reps-1,n);

28> for i=1:reps-1
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Mxy-mat(i,:)=Mxy- cut((i-1)*n+1:i*n);

end

%average the reps

Mxy-avg=mean(Mxy-mat);

XCompute the FID of the averaged response

FID = mxy2fid(b,Mxy-avg);

magFID=abs(FID);

Xplot the FID

figure

plot(tFID,real(FID),t-FID,imag(FID),t-FIDmagFID,

xlabel('Time (s)','FontSize',18)

ylabel' Impulse Response (a.u.)' , 'FontSize ,18)

%title('Calculated FID / Impulse Response ,'FontSi

',18)

lgdl=legend('Real','Imaginary','Absolute Value');

lgdl.FontSize=18;

xlim([0 0.001]) %view only beginning, where signal

present

%Extract the max amplitude of the FID

maxmagFID=max(magFID)

%Calculate area under curve

integral=trapz(magFID(1:signal))
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