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Dynamic Soaring in Finite-Thickness Wind Shears:

an Asymptotic Solution

Gabriel D. Bousquet,∗ Michael S. Triantafyllou,† Jean-Jacques E. Slotine†

Massachusetts Institute of Technology, Cambridge, MA, 02139, usa

Building upon our recent description of dynamic soaring as a succession of small ampli-
tude arcs nearly crosswind, rather than a sequence of half-turns, we formulate an asymp-
totic expansion for the minimum-wind dynamic soaring cycle when the shear layer between
the slow and fast regions has a thin but finite thickness. Our key assumption is that the
trajectory remains approximately planar even in finite thickness shears. We obtain an ana-
lytical approximation for key flight parameters as a function of the shear layer thickness ∆.
In particular we predict that the turn amplitude, maximum climb angle, and cycle altitude
scale as ∆1/5, ∆2/5, and ∆3/5, respectively. Our asymptotic expansion is validated against nu-
merical trajectory optimizations and compared with recordings of albatross flights. While
the model validity increases with wing loading, it appears to constitute an accurate de-
scription down to wing loadings as low as 4kg/m2 for oceanic boundary layer soaring, a
third that of the wandering albatross.

Introduction

Wind energy extraction can be classified into two broad mechanisms. The first one results from an
interplay between gravitational forces and upward currents, as in thermal soaring. The second one relies
on the homogenization of an non-uniform flow through transfer or momentum between regions of different
velocities. This second mechanism is what drives sailboats (momentum is transferred between the wind
and the water) and wind turbines (momentum is transferred between the air and the ground). It is also
the basic principle of both turbulence soaring and dynamic soaring.1 In turbulence2 and dynamic3 soaring:
momentum is transferred between regions of an inhomogeneous wind. In this paper, we focus on a specific
type of dynamic soaring: unpowered flight in a deterministic, horizontal, stratified and unidirectional wind
field. This framework successfully explains the main mechanism of the albatross’ flight:3–8 they perform
dynamic soaring by transferring momentum between the relatively slow layer of air in the first meter above
the ocean surface and behind separated waves, and the relatively faster winds higher up at about 10–
20 m of altitude.4,9, 10 The albatross gains energy by cyclically maneuvering between the slow and fast
layers, periodically pumping momentum out of the wind layer and injecting it into the boundary layer, in a
characteristic S-shaped trajectory.

A question that is central to both biologists who study the albatross’ ecology and to engineers who want
to create albatross-inspired systems is that of whether, in a given wind profile, a given glider is potentially
able to sustain flight.

Important conceptual and analytical studies4,7, 8, 11 have been performed since Rayleigh’s seminal descrip-
tion of dynamic soaring. In the last two decades, significant efforts have been further dedicated to simulating
dynamic soaring with models of ever increasing complexity.5–7,12,13 Combined with recent high accuracy
recordings of flying albatrosses,9,10 these studies have increased our understanding of dynamic soaring, and
constitute valuable data to compare theories against.

As we discussed in [1], despite the aforementioned efforts, fundamental aspects of dynamic soaring remain
poorly understood. In particular, while a large portion of the literature describes dynamic soaring as a se-
quence of half-turns connecting upwind climbs and downwind dives through the surface shear layer,7,8, 14–22

observational data as well as simulations show that over the dynamic soaring cycle, the albatross remains
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mostly crosswind at all times and virtually never faces, of flies directly with, the wind. We showed ana-
lytically and verified numerically that this distinction is important both conceptually and quantitatively,
and suggested that it is fruitful to describe the trajectory of the albatross as a succession of small turns.
Given this alternative framework, dynamic soaring energetics is quantitatively similar to that of sailboats.
In the thin shear limit, small turns only require two-thirds the wind predicted by previous, half-turn based
analytical models.

In this paper we solve the minimum wind problem, asymptotically in the shear layer thickness. Our
asymptotic solution is in quantitative agreement with trajectory optimization models, up to a shear thickness
of ∼20% (cruise speed)2/g, (20% of 22 m for a wandering albatross).

After reviewing our dynamic model and the results of [1] for infinitely thin shears, we solve the minimum
wind problem through an asymptotic expansion, valid for small but finite shear thicknesses. The range of
validity of the model and its limitations are discussed while it is compared to numerical simulations and
recordings of flying albatrosses.

I. Dynamic model

I.A. Equations of motion

Following [1] and citations herein7,23 we use a 3-degree-of-freedom glider model. Our frame or reference is
(ex, ey, ez) = (eEast, eNorth, eUp) with ez pointing up. The state is (V, ψ, γ, z) where V is the glider airspeed,
ψ is the heading angle, i.e. the angle between x and the projection of the airspeed V in the xy-plane and γ
is the climb angle i.e. the angle between V and the xy-plane, positive nose up. We assume the existence of
a varying wind −W (z)ey (blowing from positive to negative y when W > 0). The control inputs u = (cL, φ)
are the lift coefficient and bank angle. The equations of motion are:

mV̇ = −D −mg sin γ +mẆ cos γ sinψ (1a)

mV γ̇ = L cosφ−mg cos γ −mẆ sin γ sinψ (1b)

mV ψ̇ cos γ = L sinφ+mẆ cosψ (1c)

ż = V sin γ (1d)

We have not included the equations for x, y as they are irrelevent for the minimum wind problem. Lift and
drag are specified according to L,D = 1/2cL,DρSV

2. We assume quadratic drag cD = cD,0 + kc2L with
k−1 = 4f2maxcD,0 where fmax is the glider maximum lift-to-drag ratio.

In order to non-dimensionalize Equation (1), we introduce the following quantities: Vc =
√

mg
1
2ρS

, λ = V 2
c /g

and t∗ = Vc/g. In terms of the non-dimensionalized variables v = V/Vc, w = W/Vc, z̃ = z/λ, τ = t/t∗ and
(·)′ = d/dτ(·), Equation (1) thereby becomes

v′ = −cDv2 − sin γ + w′ cos γ sinψ (2a)

vγ′ = cLv
2 cosφ− cos γ − w′ sin γ sinψ (2b)

v cos γψ′ = cLv
2 sinφ+ w′ cosψ (2c)

z̃′ = v sin γ (2d)

w′ = ∂z̃wz̃
′ (2e)

Unless indicated otherwise, below we use non-dimensional quantities. Therefore, the˜ symbol on z will be
omitted. When solving the equations numerically we use fmax = 20 and cL,fmax

= 0.5. For dimensional
quantities, we use Vc = 14.5 m/s and λ = 22 m, typical of a wandering albatross.

I.B. Wind model

In [1], we utilize a logistic wind profile

w(z) =
w0

1 + exp−z/δ (3)

with z = 0 at the center of the shear region (Figure 1). It is parameterized by the wind strength w0 and a
shear thickness parameter δ. For δ � 1 it becomes a linear shear field, which has been used to model e.g.
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the wind field of the jet stream. For δ � 1, it converges to the two-layer model of Rayleigh dw/dz = w0δ(z)
(note that we use the roman script δ for the Dirac distribution). For finite values of δ, it can be interpreted
as an approximation of the separated wind field behind waves24 or mountain ridges.

Note that δ is a parameter that expresses the shear thickness for the particular parameterization of
Equation (3). In order to extend our analysis to any shear layer, where we may not have an explicit
parameterization, we also introduce a generic shear thickness parameter ∆. We expect the particular δ of
Equation (3) to be proportional to the generic parameter ∆ (Figure 1).

0 1
w/w0

�6
�4
�2

0
2
4
6

z/
�

w(z) =
w0

1+e�z/�

0 1
w/w0

Piecewise
Linear

� Shear 
Layer

Figure 1. Logistic wind profile.

II. Step wind solution

In the limit of thin shears, Equation (2) simplifies to

x′ = f0(x,u) + f1(x)δ(z) (4)

with x = [v, γ, ψ, z]T and u = [cL, φ]T , and

f0 =


−cDv2 − sin γ

cLv cosφ− cos γ/v

cLv sinφ/ cos γ

v sin γ

 , f1 = w0 sin γ


v cos γ sinψ

− sin γ sinψ

cosψ/ cos γ

0


represent the continuous evolution of the state space on either side of the shear layer z = 0, where the wind
is uniform, and the discontinuous effect of crossing the shear layer, respectively. f1 only plays a role when
the boundary layer is being crossed, suggesting the special role of the state at that moment. We define
x0 = (v0,−ψ0, γ0, 0) to be the airplane’s state when it is up-crossing. The problem of finding the minimum
wind for which Equation (2) or (4) have a periodic solution is of particular interest and the topic of this
paper.

Note that Equation (2) is invariant by addition of a global constant to the wind field, suggesting that
the ground frame of reference does not play any particular role for the minimum wind problem. Instead,
we discussed in [1] how the symmetry of the system is increased when analyzed in the Galilean frame of
reference that is convected with the average wind.

In [1], we solved the minimum wind problem numerically for various shear thicknesses δ by direct collo-
cation, in a procedure adapted from [12,25]. It was observed that as δ is decreased, the trajectories become
more and more 2D as the climb angle amplitude γ0 decreases to 0.

In the limit of thin shears, the trajectory can therefore be decomposed as a succession of glide phases
on either side of, but infinitely close to, the shear layer (γ = 0, z = 0±) and transitions through the shear
layer xnew = xold + f1(x0)/v0 sin γ0. In fact, in the thin shear limit, both glide phases are equivalent and
every “S” can be viewed as the succession of two energetically identical sub-cycles, such that up-crossing
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and down-crossing are equivalent. During the glide phases there is an overall loss of airspeed, and at each
transition there is an equal and opposite airspeed gain.

The hypothesis that the glide phase is horizontal imposes a condition on the relationship between lift
and bank angle cosφ = 1/cLv

2 such that Equation (4) can be transformed into

dv

dψ
= −cD

cL

v√
1− 1

c2Lv
4

sign(ψ′). (5)

The turn amplitude of each glide phase is 2ψ0 such that the airspeed loss is approximately 2 dvdψψ0.
With the same hypotheses, the change in airspeed at each transition is vnew = vold + w0 sinψ0. Finally,

equating the airspeed loss during glides and the airspeed gain at transitions we get

2cD
cL

v√
1− 1/c2Lv

4
=

sinψ0

ψ0
w0 (6)

which has a minimum airspeed-wind pair

v∗ = 31/4/
√
cL , w∗ =

33/4
√

2

c
3/2
L /cD

. (7)

Importantly, it is reached when ψ0 → 0.
This result goes at odds with the generally accepted description of dynamic soaring, in which the airspeed

gain is explained by portraying the albatross climbing up facing the wind, or down with the wind. Our new
finding can be explained intuitively in the following way: the airspeed gain at each transition is proportional
to sinψ0, the dot product between the airspeed vector and the wind speed. The airspeed loss during glides
is proportional to the angle of turn ψ0. While airspeed gain in one single transition is maximized when the
plane is traveling directly facing the wind or away from it, the ratio between gains and losses, proportional
to sinψ0

ψ0
, is maximized in the limit of small turns and frequent transitions. More information and further

discussions may be found in [1].

III. Asymptotic expansion for finite thickness

Figure 2. Trajectory in a wind field of finite shear thickness. Following observations from numerical trajectory opti-
mization (Figure 3), we assume that the trajectory lies on a slanted plane.

Even for finite shear thicknesses (up to δ . 1/10), the numerical solutions show that the trajectories
remain essentially planar –though that plane is inclined to the horizontal–, as described in Figure 2. More
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Figure 3. Airspeed vector from trajectory optimization, projected onto the crosswind, yz-plane: each loop represents
the evolution of the y and z components of the airspeed vector over one cycle. The lightest color is for δ = 1/2, For
each subsequent line the thickness is halved until δ = 1/213. When δ is small, and especially for the low altitude glide,
the velocity vector closely follows a plane of slope tan γ0/ sinψ0.

precisely, as Figure 3 shows, the velocity vector closely follows a geometric plane. This plane is generated by
the crosswind direction ex and the airspeed vector at transition v0 = v0(cos γ0 cosψ0, cos γ0 sinψ0, sin γ0)T .
The planar constraint can be rewritten as

tan γ/ sinψ = tan γ0/ sinψ0,

which is a generalization of assumption γ = 0 used in the previous section. Formally, because of the planar
constraint, an algebraic operation similar to that transforming Equation (2) into Equation (5) is possible.
After some tedious algebra, we obtain the approximate equation

dv

dψ
≈ − v

fσ

(
1 +

1

2σ2

(
γ0
ψ0

)2
)

sign(ψ′) (8)

where f = cL/cD and σ = sinφ =
√

1− 1
c2Lv

4 . The ≈ sign indicates that this equation is a truncated series.

Note that Equation (8) converges to Equation (5) for γ0/ψ0 → 0.
In finite shear thickness, there is an extra drag term due to the fact that flying through the shear layer

is associated to a finite distance. The loss in airspeed is approximately∫ t+

t−
−cDv2dt ≈

cDv0∆

sin γ0

where ∆ is the thickness of the shear layer.
Equating as in the previous section the airspeed gains and losses, the following approximate relation is

obtained:

w0 sinψ0 cos γ0 =
2v0ψ0

fσ

(
1 +

1

2σ2

(
γ0
ψ0

)2
)

+
cDv0∆

sin γ0
. (9)

Note that although for simplicity the focus here is on the purely minimum wind problem, which is
crosswind in an air-relative sense, the above relation is in fact directly transformable to trajectories that are
upwind or downwind on average through the simple transformation w0 → w0 cosψavg.

Ideally one would solve the following optimization problem

minimize
ψ0,γ0,v0,cL

w0

subject to Equation (9).
(10)
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Instead in this paper we only minimize with respect to the variables that tend to 0 for thin shears, i.e. ψ0

and γ0. To the dominant order we obtain

∂w0

∂ψ0
= 0 ⇒ ψ3

0γ0 =
6cDv0∆

w∗
,

∂w0

∂γ0
= 0 ⇒ γ30ψ0 =

σ2cDv0∆

w∗
.

This may be rewritten as

γ∗0 =
(
6σ6
)1/10(cDv0∆

w∗

)2/5

, ψ∗0 =
63/10

σ1/5

(
cDv0∆

w∗

)1/5

. (11)

Note that σ =
√

2/3 when v = v∗ (corresponding to a bank angle of 55◦, which is consistent with observations
of albatrosses). With this, the required wind w0 in finite shear thicknesses can be recovered by reinjection
of γ∗0 and ψ∗0 into Equation (9).

Finally, ψ∗0 and γ∗0 provide an estimation for the vertical distance between the lowest and highest points of
the cycle ztravel = zmax−zmin (Figure 2). Indeed, the radius of curvature is given by r = v2 cotφ. Analyzed in
the plane-of-flight, the arcs of the gliding phases have an angle of amplitude cos θ = v0.ex/v0 = cosψ0 cos γ0
such that the distance between the trajectory’s apex or bottom and the axis ex is d = r(1 − cos θ). The
inclination of the plane-of-flight is tan ζ = v0.ez/v0.ey = tan γ0/ sinψ0, such that the apex and bottom
altitudes are zmax /min = ±d sin ζ ≈ ±d tan γ0/ sinψ0. As a result, to the dominant order

ztravel ≈
√

3√
2cL

ψ0γ0 ∼ ∆3/5. (12)

IV. Validation and discussion

IV.A. Validation against our numerical trajectory optimization

We tested our asymptotic model against the numerically optimized trajectories of [1]. Figure 4 collects
the scaling of various quantities from our trajectory optimization as a function of the shear thickness. The
fits were performed on shears with δ ≤ 1/32. As shown, the asymptotic solution predicts scalings that
agree extremely well with trajectory optimization. Figure 5 compares directly the asymptotic model with
the trajectory optimization as a function of the shear thickness parameter δ. In order to directly compare
the asymptotic expansion with the trajectory optimization, we set ∆ = 2.2δ. This value was chosen by
approximately matching ztravel in thin shears for the two models (Figure 6).

For δ . 0.1 the asymptotic model predicts ψ0, γ0, w0 within a 10% of the computationally expensive
trajectory optimization. There is a slight over-prediction of the required wind, which is likely in part due to
the fact that we have not minimized with respect to v0 in Equation (10).

Note that the fastest growing error of the model is the prediction of ztravel, with a relative error close
to 50% at δ = 0.1. In particular, while our model assumes that the trajectory remains planar and up-down
symmetric, the numerical results exhibit a strong symmetry break of the trajectory as early as δ ∼ 10−2.
This is likely due to the fact that for large amplitude up-turns, hammerhead-type trajectories where the
glider climbs and stores kinetic energy, is energetically advantageous. Indeed, the turn is then operated at
a slower speed and with less drag losses. This remark is consistent with the general form of the loitering
trajectory in [1] as well as the trajectory proposed in [11]. However, down-turns remain approximately planar
even in thick shears (c.f. Figure 3) such that zmin is approximated within 15% even for thick shears δ . 0.1
and more.

This observation suggests that an important parameter of dynamic soaring is the vertical travel during
the down-turn, i.e. the difference in altitude between the lowest point of the cycle and the points of zero bank
(approximately equal to |zmin| both in the present asymptotic expansion and [1]). Furthermore, this implies
that the generalization of γ0, ψ0 to more complex models should be the pitch and heading at the time of zero
bank angle. Figure 7 shows that indeed when expressed as a function of zmin, the asymptotic expansion and
trajectory optimization agree within 20% or better up to 2zmin ≈ 1 i.e. δ ≈ 0.1. Note that for albatrosses,
0.25 . 2zmin . 1. Note also that while Figure 5 is obtained after adjusting the ratio ∆/δ, Figure 7 does
not. Instead, it relates observable aspects of the trajectory together, without explicitly relying on the wind
parameterization, in essence “abstracting away” the specifics of the wind profile. In [1] we hypothesize that
the main features of the wind profile, but not its exact shape, should capture the majority of the dynamic
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soaring cycle. If this is indeed the case, Figure 7 should be a good approximation of dynamic soaring in
other wind fields, such as logarithmic or power-law profiles as well as real ocean winds, and perhaps even of
turbulence soaring.

10−4 10−3 10−2 10−1 100

Shear layer thickness δ (non-dimensional)

10−4

10−3

10−2

10−1

100

101 Exponents in the numerical trajectory optimization

Heading angle ψ0, exponent 0.20 (1/5 predicted)
Climb angle γ0, exponent 0.39 (2/5 predicted)
Wind (w0 − w∗)/w∗, exponent 0.44
Airspeed (v0 − v∗)/v∗, exponent 0.52
Altitude ztravel, exponent 0.65 (3/5 predicted)

Figure 4. Least-square log fit of the quantities of interest from the numerical optimization in [1], as a function of the
shear thickness parameter δ. For each variable, the exponent obtained by least-square fit is indicated in the legend.
The asymptotic expansion of equations (11) and (12) predicts scalings that agree extremely well with the numerical
trajectory optimization.

IV.B. Validation against trajectory optimizations in logarithmic and power-law wind profiles

[5, 6] simulate a glider of cruise speed Vc = 15m/s (λ = 22 m) and (c
3/2
L /cD)max = 24 in a power-law

profile representative of an oceanic wind. They find an minimum-wind trajectory that requires a 3.8 m/s
wind speed difference between its highest and lowest points. In [5] zmin ≈ 7 m. Again, this represents
the altitude difference between the lowest point of the trajectory and the altitude of zero bank angle. The
solution is reported in Figure 7. Despite the difference in wind and dynamic model with the present study,
all predictions for the minimum wind are within 25% of each other. Note that Sachs sets a cL,max constraint
in his dynamic model, which [1] does not have.

[12] consider a glider with a smaller wing loading Vc = 8.2 m/s flying in a log profile. They compare three
levels of airplane modeling complexity. Their results are reported in Figure 7. Again, our analytic expansion
agrees with their results within 20% or less for all quantities of interest. In fact, the variability between their
models is of the same order as the variability with respect to the present asymptotic expansion.

Overall, as noted in [6,12] the uncertainty is dominated by how close to the surface the glider can go and
how well it is able to embed itself inside the slow boundary layer.

IV.C. Validation against recordings of flying albatrosses

While quantitative data for albatrosses remains scarce (in particular the recent published recordings provide
very little altimetric data), [4, 9, 10] suggest that in the lighter winds, the wandering albatross’ trajectory is
typically 8-10 m high and reaches higher altitudes in higher winds, i.e. zmin ∼ 4 m. Data from Figure 11
in [10] are included in Figure 7. This data was chosen because the wandering albatross is reported to perform
dynamic soaring in winds of 7+ m/s, close to the wind speed of that recording. We utilize a typical wing
loading values for the wandering albatross5 with Vc = 14.5 m/s, i.e. λ = 22 m, and assume that the albatross
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Figure 5. Comparison between the numerical trajectory optimization in [1] and the asymptotic expansion in equa-
tions (9) and (11).
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Figure 6. Percentage error between asymptotic expansion in in equations (9) and (11) and the numerical trajectory
optimization in [1]. For each quantity x, (xasympt. expans. − xtraj. opt.)/xtraj. opt. is displayed. The asymptotic expansion
predicts the heading and climb angle amplitudes within 3% and 10% respectively for δ . 0.1. In that same range of δ, the
change in wind from the δ = 0 limit is predicted within ∼ 25%. The prediction on the wind itself (not plotted) is accurate
within less than 10%. Finally the trajectory lowest and highest altitudes are the least well captured parameters, with
errors up to 15% and 45% respectively.
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Figure 7. Comparison between the numerical trajectory optimization in [1], the asymptotic expansion in equations (9)
and (11), numerical trajectory optimization in logarithmic fields from the literature5,12 (red and blue), and albatross
flight data10 (green) as a function of the vertical travel during the lower turn. In the first plot, the horizontal green
lines represent the individual turns of an albatross flying in a 7.8 m/s wind, reported in Figure 11 of [10] (the color
intensity codes the length of the turns). For the quantities of interest, the minimum wind trajectories in logistic and
logarithmic wind profiles are similar within 25% or less, indicating the large applicability of approximating the wind
field by its intensity and shear layer thickness. The albatross’ flight on this recording is also qualitatively well captured,
with indications that it may 1) turn less than if purely following a minimum wind trajectory, and 2) efficiently harvest
the wind energy, possibly also utilizing mechanisms not included in the present model.
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utilizes 25-50% of the wind speed at 10m. The heading of the groundspeed is used as an estimate of ψ0. It
is interesting to note that the albatross seems to turn less than what our model predicts for the minimum
wind trajectory.

V. Conclusion

In [1] we discussed how the minimum wind trajectories depend strongly on the shear layer thickness (i.e.
the distance between the calm and windy layers) and showed that in the limit of thin shear, the optimal
trajectory is a succession of small amplitude arcs nearly crosswind, rather than a sequence of half-turns.

In this paper we extend [1] by formulating an asymptotic solution for small but finite shear thicknesses.
Our formulation relies on the key assumption, backed-up by observation of the numerical trajectory opti-
mization from [1], that even in finite shears the minimum wind trajectory remains approximately planar. Our
asymptotic expansion provides an analytic approximation to key parameters of the minimum wind dynamic
soaring cycle, such as heading angle amplitude, climb angle, cycle altitude, and required wind. Its predic-
tions agree within ∼15-25% with numerical models that take seconds or minutes to run on a modern desktop
computer. We anticipate that our model will provide a better physical understanding of dynamic soaring,
and constitute the basis for efficient and accurate model reduction, with applications both in engineering
and in biology. Furthermore, dynamic soaring can also be viewed as a deterministic proxy for turbulence
soaring, and our results and techniques are likely extensible in this direction.

Finally, a field that could particularly benefit from these results if that of online trajectory planning, be
it at the single cycle scale or at the mesoscale. Indeed, approximate dynamic programming techniques may
succeed or fail depending on whether or not a good heuristics is available. Our model might be a step in
that direction.
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