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Abstract

Bacteria have developed a variety of strategies to find and consume the substrates nec-
essary for both the cell’s energy-consuming processes and for the additional biomass
needed to replicate. A greater understanding of the diversity and regulation of these
strategies can provide us with a number of insights relevant for a variety of applications,
from predicting bacterial population dynamics and thus carbon-cycling rates in the ocean
to bio-engineering bacteria into microscale robots. Here I use toy, mechanistic models of
single-cell metabolism that allow me to quantify the costs and benefits of various nutrient
uptake strategies. I find that: (i) a sensing-uptake trade-off governs E. coli ’s regulation of
maltose uptake and chemotaxis to maltose; (ii) a rate-affinity trade-off in nutrient trans-
port systems governs the speciation of marine oligotrophic and copiotrophic heterotrophs;
and (iii) an exploration-conservation trade-off governs the prevalence of motility in the
marine microbial world. This work thus provides new understanding of how both pheno-
typic diversity and cellular regulation are governed by trade-offs for maximizing growth
rate in different environments.
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In memory of my dad, my hero.





“The best thing for being sad,” replied Merlyn, beginning to puff and blow, “is to learn

something. That is the only thing that never fails. You may grow old and trembling in

your anatomies, you may lie awake at night listening to the disorder of your veins, you

may miss your only love, you may see the world about you devastated by evil lunatics, or

know your honour trampled in the sewers of baser minds. There is only one thing for it

then—to learn. Learn why the world wags and what wags it. That is the only thing which

the mind can never exhaust, never alienate, never be tortured by, never fear or distrust,

and never dream of regretting. Learning is the thing for you....”

T.H. White, The Once and Future King
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Joëlle Robinson for her kindness and for ensuring my paychecks made it across the ocean
each and every month.

I would also like to acknowledge the help I received from current and former members
of the Levine lab, in particular: Emily Zakem for her inspiring work, guidance, and
mentorship; and Erin McParland for the sunny disposition that helped me start each day
and for continually sending useful papers relevant to my research over my way.

I would also like to thank the staff at LIDS and the EECS headquarters who saved
me from much headache, especially: Janet Fischer, the master wizard of the EECS de-
partment, without whose tremendous help I would have been unable to make the move to
ETH; Alicia Duarte for being always cheerful and ready to help and for so quickly setting
everything right; and Jennifer Donovan for her speedy efficiency and for making LIDS
a warm and welcoming place to work. I would also like to thank EECS departmental
chair Leslie Kolodziejski for taking the time to provide me with both guidance and moral
support.

I would also like to thank: Professor Terry Hwa, at UCSD, for his encouragement and
feedback on my work; and Professor Cameron Thrash, at USC, for giving me many useful
insights into the workings of SAR11.

I am also very grateful to have had the support of the following people, who were
there for me when I most needed them: Mitra Osqui for teaching me how the pros do
control theory, for her friendship and hugs, and for always taking such good care of
me whenever I am in town; Omer Tanovic for being the best officemate ever and for
inspiring me with his brilliance and also engaging conversations; Sandhya Ramakrishnan
for inspiring me to excel in mathematics and for always checking up on me; Barbara
Gee, my Caltech academic grandmother, whose support helped me succeed and whose
encouragement keeps me going; and Nancy Sulahian for her understanding and for her
encouragement to keep singing.

Finally, I would like to acknowledge and thank my family for their love and support.
To my mom, for always being there for me to listen and to advise and for teaching me
grit and perseverance and continually reminding me to “just keep swimming”. To my
sister, Kelsey Norris, whose hard work and enthusiasm for history has inspired me to
be ambitious with my own career and whose thoughtfulness and support is constantly

10



inspiring me to be a better sister. To Alina, Laz, Ilana, Sisi, Patty, and Tammy, for
always being there for my family and for me.
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Science meant for me the most elevating form of revolt against the incoherence of the

universe.

Francois Jacob, The Statue Within, 1988

One of the fundamental characteristics common to all living beings without exception [is]

that of being objects endowed with a purpose or project, which ... they exhibit in their

structure and carry out through their performances.

Jacques Monod, Chance and Necessity, 1970

This is the ocean, silly. We’re not the only two in here.

Dory, the regal tang fish in Finding Nemo





Chapter 1

Introduction

Bacteria are among the most successful living organisms on our planet. While some can

replicate in less than ten minutes [209], others can survive over a year exposed to cosmic

radiation and the vacuum of space [205]. Bacterial cells outnumber human cells in a

human body [177], and it has been estimated that there are on the order of 1030 bacterial

cells on earth [55], outnumbering estimates of the number of stars in the universe by a

factor of a million.

Bacteria’s ubiquity, diversity, and reproductive success have profound implications

for humans and for the other habitats in which they reside. Pathogenic bacteria are

the culprits of tuberculosis, pneumonia, the bubonic plague, and cholera, among many

other human diseases. Yet, work on the human microbiome suggests that humans live

in a symbiotic relationship with countless species of bacteria that is essential to human

health [204]. And, in this work, I study both the behavior of E. coli, an enteric bacterium

that has been genetically modified to produce a variety of compounds, such as life-saving

insulin [67]; as well as the behavior of marine heterotrophic bacteria, which via their

consumption of nutrients and respiration of carbon dioxide shape the marine chemical

landscape and govern the cycling of carbon and other compounds in the ocean [59].

A greater understanding of the behavior of these bacteria is required for a variety of

applications. Gaining insight into how E. coli forages for nutrients may allow us to take

further advantage of our ability to re-engineer it so that we could use it as a microscale

robot for the delivery of medical treatments [86, 208]. And gaining insight into the ecology
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Chapter 1. Introduction

of marine heterotrophic bacteria may allow us to better predict how climate change will

affect levels of carbon in the ocean and the atmosphere [57].

My work is premised on the assumption that underpinning an understanding of mi-

crobial behavior and ecology is a theory of microbial metabolism. Evolution’s natural

selection has “endowed [bacteria] with a purpose” [139]—that of survival and replication.

Bacteria have been evolving for about four billion years, essentially ‘optimizing’ their

ability to replicate their “selfish genes” [45]. But what is optimal? How does a species

maximize the propagation of its genes? While survival requires, among other traits, suc-

cessful dispersal in the environment, predator avoidance, and virus avoidance [50], my

work focuses on various strategies that bacteria employ to acquire the nutrients needed

for energy-consuming processes and for the additional biomass needed to replicate. My

work thus assumes that an ‘optimal’ phenotype for a bacterium is one that allows the cell

to maximize its nutrient uptake and growth rate and thus minimize the time it needs to

double its genes.

The regulation of gene expression during the lifetime of a cell as well as the coexistence

of such a huge diversity of bacterial species with various nutrient acquisition strategies

clearly demonstrate that no one behavior is optimal for all environments at all times.

Therefore, the focus of my work has been to uncover the trade-offs of particular traits

that govern bacterial behavior in terms of their optimality for different environments. My

general approach throughout this work has been to describe and quantify the trade-offs of

a particular bacterial behavior by developing a simple, mechanistic model of that behavior

and then incorporating it into a toy model of microbial metabolism, which allows me to

assess how variations in that behavior affect growth rate.

My focus on mechanistic (rather than phenomenological) models allows me to hy-

pothesize on the “causality of input-output relationships” [14]. That is, it allows me to

hypothesize as to why a particular bacterial behavior is being observed in a particular

environment and how that behavior affects the cell’s growth rate. Thus, my models allow

me to develop an understanding of phenotypic trade-offs and to extrapolate from previ-

ous experimental research and observations to predict both what phenotypes I expect to

find in a particular microbial environment as well as how a bacterium may regulate the

expression of its genome to respond to changes in its environment.
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Chapter 1. Introduction

I furthermore follow a philosophy of modeling that values the toy model—the model

that attempts to achieve the greatest simplicity while still capturing the particular fea-

tures of interest. I attempted to minimize the number of components and free parameters

in my models so that I could gain intuition about which aspects of bacterial behavior were

the crucial ones that governed the predicted growth rates.

My thesis work is comprised of two main parts: a study of the chemotaxis of E. coli

to the sugar, maltose; and a study of the speciation of marine heterotrophic bacteria.

In Chapter 2, I review the literature that has provided us with an understanding of E.

coli ’s chemotactic system. In Chapter 3, I present experimental results of chemotaxis

assays of E. coli in dual gradients of maltose and the amino acid, aspartate, and de-

velop a transport-and-sensing chemotaxis model that incorporates the transport kinetics

of maltose to fit the results. This model uncovers a trade-off between the cell’s ability

to transport maltose at high affinities and its ability to sense maltose over a wider dy-

namic range. I then broaden my scope to consider trade-offs between various nutrient

acquisition strategies in the marine microbial world. In Chapter 4, I differentiate marine

heterotrophic bacteria by their abundances in nutrient-poor versus nutrient-rich environ-

ments. I develop a metabolic model that considers various nutrient transport models,

which suggests that this differentiation of marine bacteria is governed by a rate-affinity

trade-off: While one nutrient uptake strategy allows cells to attain high affinities to grow

in nutrient-poor environments, an alternative allows cells to attain high growth rates to

dominate in nutrient-rich environments. In Chapter 5, I instead differentiate marine het-

erotrophic bacteria by whether or not they can swim to predict how the energetic costs

of motility govern the prevalence of motile bacteria in different environments. Finally, in

Chapter 6, I present an outlook and suggest future work that will enable us to gain a

better understanding of the ecology of marine bacteria.
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Chapter 2

Chemotaxis in E. coli

A bacterium is an osmotroph, which consumes nutrients by allowing the nutrients to

diffuse across the cell membrane. Because of the thermal motion of water molecules in

the cell’s microscale water world, diffusive transport is, in fact, faster than transport

by flow. Therefore, in an environment with a homogeneous concentration of nutrients,

“the fellow who just sits there quietly waiting for stuff to diffuse will collect just as much”

[160]. However, many bacteria, including E. coli, can swim. Thus, they must have evolved

motility because of the prevalence of heterogeneities in their environment. They out-swim

diffusion to “find greener pastures” [160], environments ideal for survival and replication.

To swim, bacteria have evolved—in a marvelous feat of nature’s engineering—ion-

driven rotary motors, which whip around spaghetti-like appendages, called flagella, that

propel the cell forward. Such a complex mechanism for swimming evolved because, since

the motile cells are on the order of only one micron long, they live at low Reynolds

number, where viscous forces completely dominate inertial forces. As Purcell explained,

If you are at very low Reynolds number, what you are doing at the moment

is entirely determined by the forces that are exerted on you at that moment,

and by nothing in the past.

It helps to imagine under what conditions a man would be swimming at,

say, the same Reynolds number as his own sperm. Well, you put him in a

swimming pool that is full of molasses, and then you forbid him to move

any part of his body faster than 1 cm/min. Now imagine yourself in that
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condition: you’re under the swimming pool in molasses, and now you can

only move like the hands of a clock. If under those ground rules you are able

to move a few meters in a couple of weeks, you may qualify as a low Reynolds

number swimmer. [160]

Not only does an E. coli cell qualify as a low Reynolds number swimmer, it excels at it;

it can swim at about ten times its body length in one second. On the other hand, if we

were to shrink to the size of an E. coli cell, the reciprocal motion of our swimming—the

throwing back and forth of our arms and legs—would not propel us forward but instead

move us away from and then back to the same position. Bacteria needed to evolve a

continuous mechanism with more than one degree of freedom to swim at the microscale.

They thus use their cylindrical flagella to “take advantage of the fact that a long cylinder

has more resistance to movement perpendicular to its axis than parallel to its axis” [50,

p.207]. The turning of the flagella in a periodic, corkscrew motion creates variable drag

that allows net forward displacement.

To use these flagella to swim toward ‘greener pastures’, motile bacteria perform chemo-

taxis. For the remainder of this chapter, I review the previous work that helped develop

an understanding and mechanistic model of chemotaxis in E. coli. This review is partly

an expansion of what appeared in [152].

2.1 E. coli ’s run-and-tumble chemotaxis strategy

To perform chemotaxis, bacterial cells bias their swimming direction in response to spatial

gradients of various chemicals, such as nutrients, in their environment. A spatial gradient

is indicative of a ‘greener pasture’ ahead because, since diffusion is faster than flow, “the

distribution of chemicals is relatively smooth in the micro world, and the local distribution

is well represented by a simple gradient”[50, p.222]. To follow this gradient, an E. coli cell

uses its multiple (on average four) flagella: When all of them spin counter-clockwise (as

viewed looking at the end of the flagellum toward the cell), the flagella bundle together

and jointly create a corkscrew motion that propels the cell forward and allows it to swim

in an approximately straight run. When the motor of any of the flagellum switches

direction and starts spinning clockwise, the flagella unbundle, causing the cell to tumble
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and randomly change direction. To achieve chemotaxis, the cell must bias this random

walk, and it does so by modulating the rate at which it tumbles. When the cell measures

that the concentration of a nutrient has increased, it probabilistically increases the length

of its run so that it can travel further in its current, favorable direction [21, Ch.4].

Because this so-called run-and-tumble strategy of E. coli is probabilistic, a cell is

simply more likely to swim up a gradient of nutrients; it may also swim down it. In the

field of robotics, we are accustomed to equating randomness to the uncertainty that a

robot must overcome to achieve its task. (See, for example, [199].) And, for both the

roboticist and the ecologist, a random strategy is ideal only when the environment is

unknown [206]. But an E. coli cell may swim away from a nutrient even after accurately

measuring a gradient. One reason for this randomness is that, because of its tiny size,

an E. coli cell cannot keep track of where it is going. It is bullied by water molecules

that are constantly hitting the cell due to thermal energy. “For a swimming cell, the

cumulative effect of this motion over a period of 1 second is displacement in a randomly

chosen direction by about 1 µm and rotation about a randomly chosen axis by about 30

degrees. As a consequence, E. coli cannot swim in a straight line. After about 10 seconds,

it drifts off course by more than 90 degrees, and thus forgets where it is going”[21, p.49].

2.2 Pioneering experiments that characterized E. coli

chemotaxis

Just as E. coli has served as a model organism for the study of biology, its chemotaxis has

served as a model biological system because of its relative simplicity and paradigmatic

underlying molecular mechanism. (See, for example, how chemotaxis is described in [10]

and [157].) There is thus a wealth of information that scientists have accumulated over

the decades about E. coli chemotaxis.

The term chemotaxis was first used by Wilhelm Pfeffer in the 1880s to describe how

bacteria seemingly ‘steered’ towards nutrients diffusing out of a capillary tube. However,

quantitative experiments on bacterial chemotaxis really only began in earnest in the 1960s.

At this time, Julius Adler, using the same capillary assay technique as Pfeffer, quantified

the strength of the chemotactic response by culturing onto plates the contents that had
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accumulated inside the capillary tube and then counting the colonies that grew onto the

plates overnight [5]. Although this approach could not be very precise, it was simple and

gave many insights into some of the most important features of chemotaxis. For one, Adler

deduced that E. coli has dedicated sensors for chemotaxis, chemoreceptors, since the cells

would respond to various chemoeffectors that they could not metabolize. Furthermore,

Adler and others recognized the robustness of the chemotactic system, noting that, over a

wide range of background chemical concentrations, cells remained very sensitive to small

changes in relative concentration [129]. They were thus the first to suggest that E. coli

chemotaxis may follow Weber’s law.

Weber’s law is more of an observation than a true law. In the late 1800s, Ernst Weber’s

work in experimental psychology led him to deduce that our perception to stimuli, such

as sound or light, does not depend on the absolute amplitudes of the stimuli but instead

on their relative differences from the background or initial amplitudes. Thus, light from

a single bulb can seem blindingly bright when suddenly turned on in a dark room but be

imperceptible on a sunny day. The founder of psychophysics, Gustav Fechner, named and

further developed the law by suggesting that the magnitude of a response to a stimulus

is proportional to the logarithm of the stimulus’s intensity [77]. Using this logarithmic

sensing, “organisms adapt to a background stimulus, and are then able to respond to a

stronger stimulus, until the background intensity is so high that the receptor becomes

saturated” [129].

Another contemporaneous experiment (from the early 1970s) also suggested that bac-

terial chemotaxis exhibits adaptation by ingeniously studying how Salmonella cells re-

spond to temporal gradients instead of spatial ones [120]. Macnab and Koshland de-

veloped a “temporal gradient apparatus” that first presented a suspension of cells with

an initial uniform concentration and then used rapid mixing to create a step input that

quickly presented the cells with a different final uniform concentration. Using a dark-

field microscope, they took consecutive photographs of the cells to generate tracks of the

cells over time. They concluded that the cells possessed “memory” that allowed them

to modify their tumbling rates by comparing past and present measurements of chemical

concentrations. Immediately after a positive stimulus, tumbling rates decreased; after a

negative stimulus, tumbling rates increased. But, ultimately, the cells adapted to the new

uniform concentration and tumbled at the same initial rate.
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A couple of years later, Howard Berg and Douglas Brown also confirmed that E. coli

chemotaxis is based on temporal comparisons with adaptation, using a three-dimensional

tracking microscope [24]. This microscope used a servo system to reposition a chamber

containing free-swimming cells so that a single cell remains fixed in the reference frame.

By keeping track of the three-dimensional coordinates of the chamber over the duration

of the experiment, they could recover long tracks of this single cell over time. Computer

analysis of these tracks provided very accurate characterizations of the biased random

walk that chemotactic cells perform in various spatial gradients. Berg and Brown showed

that “E. coli extends runs that are favorable (that carry cells up the gradient of an

attractant) but fails to shorten runs that are not (that carry cells down such a gradient)”

[21]. They quantified this behavior in terms of the cell’s tumbling rate and reorientation

bias. They concluded that the run time intervals of a cell are Poisson; that is, the tumble

rate is exponentially-distributed so that the probability per unit time that a tumble occurs

is constant. They also concluded that reorientation angles were independent of spatial

gradients and slightly skewed from a uniform distribution to favor smaller deviations

in direction. Berg and Brown were also able to use their 3D tracking microscope to

better understand the chemotactic response due to temporal gradients by more accurately

creating temporal gradients in isotropic environments. This was achieved by using an

enzyme that converts an unperceived chemical into a chemical attractant [37].

Berg, with the help of other colleagues, was also able to quantify the tumbling rate

of E. coli cells using cells tethered to glass by a single flagellum [28, 29, 176]. In this

way, the timing of reversals of the cell’s rotary motor could be accurately determined by

observing the cell’s rotation. Pulses of chemicals were delivered to the tethered cells using

iontophoretic pipettes. The ejection of a chemical from a micropipette directly in front

of the cell created a sudden, saturating but then quickly dissipating stimulus that mimics

an impulse. In an article from 2004 [60], de Gennes assumed a particular functional form

of the tumbling rate, in which a chemotactic cell responds linearly to concentrations of

a chemoeffector. When the system is linear, the impulse response fully describes the

response of the cells to any other sequence of stimuli. The form de Gennes chose for the

tumbling rate is as given:

λ(t) = λ0

[
1−

∫ t

0

c(τ)K(t− τ)dτ

]
,
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where K(t) is the impulse response and c(t) is the chemical concentration experienced at

time t. This impulse response is thus a bias in the probability of counterclockwise rotation

of the rotary motor. This impulse response is “biphasic, increasing the [counterclockwise]

bias for the first second and then decreasing it for the next three seconds, with the areas

of the two lobes being equal.” Thus, the cell’s ‘memory’ stores information about the

concentration of chemicals in the environment over the last four seconds, which “made

sense” as it is “a time below the limit set by rotational Brownian motion (∼10 s)” [23,

p. 354].1

More recent work has suggested that E. coli ’s response is not only logarithmic with

perfect adaptation but, in fact, exhibits fold-change detection (FCD). A FCD is a “re-

sponse whose entire shape, including amplitude and duration, depends only on fold

changes in input and not on absolute values” [179]. Thus, inputs that are proportional

to each other create identical responses. In [116], Lazova and others demonstrated that

chemotaxis exhibits FCD at both a molecular-level and by observing the population-level

dynamics of cells in variously scaled linear gradients of a single attractant. In [179],

Shoval and others suggested that bacteria’s chemotaxis evolved to exhibit FCD to more

efficiently store and use “information about the position of the [nutrient] source,” which

should be “encoded in the shape of the field [and] not in its amplitude.”

2.3 The signal transduction pathway

Previous work has also provided a well-developed understanding of the underlying molec-

ular pathways that drive chemotaxis [53]. The signal transduction pathway for chemo-

taxis allows a message, in the form of a phosphate group, to be transmitted from the

chemoreceptor (the sensor) to the flagellar motor (the actuator). Similar to a number of

so-called two-component signaling pathways [191], the pathway involves the transfer of

the phosphate group from a histidine protein kinase to an aspartate kinase. (A kinase

is an enzyme that catalyzes the transfer of a phosphate group from ATP to a specific

molecule.)

1We can gain better insight by comparing this impulse response to the idealized, simplified form used

in [130], where λ(t) = λ0

[
1−

∫ t
0

log c(τ)K̃(t− τ)dτ
]
, with K̃(t) = limε→0

1
Mε [δ(t)− δ(t− ε)].
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The histidine protein kinase, called CheA, is coupled to the chemoreceptor via the

protein CheW. When a chemoreceptor is not bound to an attractant, the chemoreceptor

is more likely to be ‘active’ and, via mediation by CheW, activates CheA autophos-

phorylation. When an attractant binds to the chemoreceptor, the receptor undergoes a

conformational modification that deactivates CheA.

The aspartate kinase, called CheY, diffuses freely throughout the cytoplasm and is a

so-called response regulator that interacts with the flagellar motor to mediate the cell’s

chemotactic response. When CheY binds to phosphorylated CheA, the CheA transfers its

phosphate to CheY, forming a CheY-P complex. It is this complex that can bind to the

motor to increase the probability of clockwise rotation and thus increase the probability

that the cell will tumble. On the other hand, the phosphatase, CheZ, accelerates the

dephosphorylation of CheY-P. Therefore, the phosphorylation of CheY by CheA to form

CheY-P is offset by the dephosphorylation of CheY-P by CheZ. This allows the level of

CheY-P to reach a steady state that depends on the ratio of the rates of the two processes.

As CheZ is conserved in the cell, this steady-state value reflects the activity of CheA and

determines the cell’s probability of tumbling.

So that the system can adapt to various background concentrations of chemicals,

there is also another set of proteins that add or remove methyl groups to four gluta-

mate residues in the chemoreceptor’s cytoplasmic domain. The number of glutamate

residues that are methylated acts as the cell’s memory. The methyltransferase, CheR,

transfers methyl groups to the residues using S-adenosyl-methionine as the methyl donor.

The conformational modifications of the receptor due to methylation increase the rate

of CheA phosphorylation, thus increasing activity. The system then adapts by using a

negative integral feedback loop [218] in which the rate of CheA phosphorylation increases

the rate of demethylation. This is achieved via another response regulator protein, the

methylesterase CheB, which, like CheY, is also an aspartate kinase that can be phospho-

rylated by CheA. Phosphorylated CheB, CheB-P, demethylates the receptor, removing a

methyl group via hydrolysis of carboxylic ester bonds. This demethylation decreases the

rate of CheA autophosphorylation, thus decreasing activity. Demethylation and methy-

lation are relatively slow in comparison to changes in receptor occupancy. Therefore,

when the concentration of a chemoeffector changes steadily throughout time, the corre-

sponding change in the methylation level lags behind. During this lag—that is, before
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the system has adapted, the cell’s tumbling rate either increases (in the case of a decrease

in measured attractant concentration) or decreases (in the case of an increase).

To summarize, I quote Berg:

The receptor complex ... is a remarkable system that acts as a comparator.

The output of this comparator (the kinase activity) depends on the difference

between the time-average occupancies of the receptor binding sites and the

level of methylation. The kinase is activated if the methylation level is rela-

tively high and inactivated if it is relatively low. Changes in the occupancies

of the receptor binding sites are very fast, and reflect the present concentra-

tions of ligands. Changes in the levels of receptor methylation, on the other

hand, are relatively slow, and reflect the past concentrations of ligands. Thus,

the cell is able to make temporal comparisons. [21, p. 84]

2.3.1 Signal amplification

One important aspect of the E. coli ’s chemotactic response could not be explained by

this molecular-level understanding of the signal transduction pathway and puzzled ex-

perimentalists for decades. They could not understand why a step increase in attractant

concentration of less than 2% from an already high initial concentration could transiently

increase the counterclockwise bias of the flagellar motor by 23%. Berg called this puzzle

the “gain paradox” [21, Ch. 11], [22].

In [186], Sourjik and Berg showed that the gain was due to a puzzling “front end”

amplification of receptor occupancy to CheY-P concentration. They demonstrated that

“the fractional change in kinase activity is some 35 times larger than the fractional change

in receptor occupancy” [21, p. 97]. To obtain these results, they used a technique that

allowed them to directly measure changes in CheY-P concentrations in a single living

cell. They used fluorescence resonance energy transfer (FRET) to monitor the amount of

CheY-P binding to its phosphatase, CheZ. For the experiments, the cell was genetically

modified so that, instead of using CheY and CheZ, the cell used the complex CheZ-CFP

(CheZ bound to the cyan fluorescent protein) and CheY-YFP (CheY bound to the yellow

fluorescent protein). During dephosphorylation of the CheY-P complex by the CheZ
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complex, the two complexes bind together, bringing the CFP and YFP in close proximity

to each other. When the fluorescent proteins are this close together and the CFP is excited

by light, it transfers some of its energy to the YFP, and the amount of observed YFP

fluorescence increases. Since at steady state the rate of phosphorylation of CheY equals

the rate of dephosphorylation of CheY-P, this measurement of the dephosphorylation rate

can directly provide a measurement of the kinase activity [23, p. 355-6].

Dennis Bray explained why this front end amplification was so puzzling: “Simply put,

the issue is as follows. The slowest reaction in the cascade of reactions is the generation

of phosphoric groups by CheA.... Subsequent reactions are much faster, so CheY-P

should rise and fall more or less in parallel with changes in receptor occupancy” [35].

So what is causing this amplification? It turns out that it is interactions between the

chemoreceptors. The chemoreceptors are not evenly distributed throughout the surface

of the cell but instead usually cluster near one of the cell’s poles, as was discovered using

immunogold labeling of the receptors [121]. It had already been deduced that, since a

cell did not preferentially orient this cluster with respect to its swimming direction, the

cluster did not act as a sensing ‘nose’. Thus, Bray and colleagues correctly deduced

that receptors clustered so that an activated receptor could activate other neighboring

receptors [36]. This receptor cooperativity would heighten chemotactic sensitivity and

explain the observed signal amplification.

2.3.2 A “coarse-grained model” of the chemotactic pathway

To simulate how an E. coli cell would swim in an environment containing gradients of

the single chemoeffector aspartate, Yuhai Tu and colleagues developed a “coarse-grained

model” for agent-based simulations, SPECS, that takes into account the molecular path-

way of chemotaxis as well as receptor cooperativity [202, 203].

2.3.2.1 An Ising model

To model receptor cooperativity, Duke and Bray, in [48], used an Ising model. The Ising

model for ferromagnetism uses statistical mechanics to describe the probability that a

lattice of magnetic dipole moments, each with either spin up (σ = +1) or spin down
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(σ = −1), takes a specific configuration of spins. The energy of a particular configuration

is given by the Hamiltonian function,

H(σ) = −
∑
〈i,j〉

Jijσiσj − µ
∑
j

hjσj,

in which the first term accounts for the cooperativity between neighboring dipoles and

the second term accounts for the effects of an external magnetic field. The probability of

a given configuration is given by the Boltzmann distribution,

P (σ) =
e−βH(σ)

Z
,

where Z is the normalization partition function.

To describe receptor cooperativity for chemotaxis using the Ising model, they let σ

represent whether a receptor is active or inactive and replaced the external magnetic field

hj with the free energy difference between the active state and the inactive state, which

is a function of both the methylation level, m, and the ligand concentration, [L]:

hj = ∆fj(mj, [L]) = −fm(mj)− fL([L])

= −fm(mj)− ln
1 + [L]/Ki

1 + [L]/Ka

,

where Ki and Ka are the dissociation constants between the ligand and the inactive and

active receptors, respectively. The Boltzmann distribution is then used to calculate the

probability that a lattice of chemoreceptors has a given configuration of activity, and, by

computing the expected activity (reflecting the expected concentration of CheY-P in the

cell), they could model the probability that the cell would tumble at a particular instant

in time.

2.3.2.2 A MWC model

However, the Ising model is difficult to solve analytically, as we must resort to either using

Monte Carlo simulations or solving sets of equations for a mean field theory approxima-

tion. Therefore, SPECS relies on a simplification of the Ising model that assumes that the
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cooperativity interaction strength, J , is infinite. That is, it assumes that all chemorecep-

tors in a cluster are either all active or all inactive. This gives a nice analytical expression

for the expected activity level:

〈a〉 = (1 + exp(−N∆f))−1

=
1

1 + exp[Nfm(m)] (1+[L]/Ki)N

(1+[L]/Ka)N

,

where N is the number of receptors in the cluster. This simplified cooperativity model

mirrors the “all-or-none” model first proposed by Monod, Wyman, and Changeux (MWC)

to describe the allosteric interactions of the hemoglobin subunits when binding oxygen

molecules [140].

The MWC model allowed Tu and colleagues to easily develop agent-based simulations

for chemotaxis [90]. The simulations take the ligand binding and activity level to be at

a quasi-equilibrium and use a simple model for the methylation dynamics that ignores

possible saturation of the glutamic residues:

dm

dt
= kR (1− 〈a〉)− kB〈a〉,

where kR and kB are respectively the rates of methylation and demethylation. (No-

tice that because, in this model, the receptors are always jointly active or inactive, the

methylation level, m, is constant across all receptors.)

They account for the sensitivity of the motor to binding by CheY-P using a Hill

coefficient of 10; in their model, the probability of tumbling is a function of the average

activity level:

P (〈a〉) ∝ 〈a〉10.

This model correctly predicts many of the features of chemotaxis that have been demon-

strated in experiments. Not only does it reflect the signal amplification and sensitivity of

the chemotaxis system, it also predicts fold-change detection, as derived in [203].
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2.4 Multiple signal integration

However, while the MWC model well predicts the response of E. coli in environments

with one chemoeffector, it does not consider the response of cells in environments with

multiple chemoeffectors.

2.4.1 A heterogeneous MWC model

In [146], Neumann and others reported the results of FRET experiments in which (i)

adapted cells were simultaneously stimulated by two different chemoeffectors and (ii)

cells adapted to a high concentration of one chemoeffector were stimulated by a sec-

ond chemoeffector. They reported that “[c]hemotactic response to mixtures of effectors

showed that simultaneous stimulation by ligands of different receptors is additive, and

that adaptation to ligands of one receptor does not interfere with signaling by other re-

ceptors.” Furthermore, “computational analysis confirmed that this summation could be

accounted for by additivity of changes in free energy”. They thus concluded that, since

the free energy is dependent on the number of chemoreceptors of a particular type in a

cell, signal integration uses “majority voting” to determine where the cell should swim in

environments with multiple chemoeffector gradients.

Independently in both [126] and [97], the MWC model was extended to create a

heterogeneous MWC (HMWC) model that accounts for this additive response to multiple

stimuli. The models predict that the expected activity has the following form in the case

of two chemoeffectors:

〈a〉 = (1 + exp(fm(m) + fL([L]1, [L]2))−1 ,

with

fL([L]1, [L]2) = N1fL1([L]1) +N2fL2([L]2),

where N1 (N2) is the number of receptors in the cell that bind to attractant 1 (2), with

concentration [L]1 ([L]2), and where fL1 and fL2 have the same form as fL as given above

in Section 2.3.2.1.

34



Chapter 2. Chemotaxis in E. coli

From this HMWC model, Hu and Tu derived an advection-diffusion equation for the

population-level dynamics of chemotactic cells in one-dimension [84]. They used this

diffusion equation to solve for the stationary distribution of the cells and predicted that

the steady-state cell distribution has the following form:

ps(x) ∝ e[η(ā(x))fL([L]1(x),[L]2(x))],

where ā(x) is the expected activity level at location x and η(ā(x)) “represents the effective

sensitivity of the bacterial population to the environment.”

2.4.2 Signal integration within the same receptor

However, in [75], Hart and colleagues argued that, because various receptor types have

different methylation dynamics, the HMWC model may only correctly predict a response

to signals that both affect the same receptor type. Intriguingly, that is indeed the case

for E. coli ’s sensing of the sugar maltose and the amino acid aspartate, which are both

sensed by binding to distinct sites on the so-called aspartate receptor, Tar.

Because this additive signal integration of maltose and aspartate suggested that linear

profiles of the two chemoattractants could be used to accumulate E. coli cells in the cen-

ter of environments (Figure A.2), I conducted chemotaxis assays of E. coli in opposing

gradients of maltose and aspartate. These experiments are presented in the following

chapter and show, however, that central accumulation does not occur. Thus, I also de-

velop an extension of the E. coli chemotaxis model that is able to fit my data. This

new model relies on the HMWC model to describe signal integration and generalizes the

chemotaxis model presented above to consider cases in which the periplasmic concen-

tration of a chemoattractant is unequal to the extracellular concentration of it due to

variable transport kinetics.
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The Effects of Transport on E. coli ’s

Chemotaxis to Maltose

There is a complex interplay between the sensing of a metabolizable chemoattractant and

its uptake by the cell. In this work, I suggest that, as cells regulate the rates at which they

consume a nutrient, they may modify their ability to sense it. Therefore, a mechanistic

understanding of this interplay is needed to predict chemotactic response in ecologically

relevant nutrient landscapes. This understanding will allow greater insight into the eco-

logical impact of chemotaxis as well as into how particular chemotactic bacterial species

may be used as “microbots”.

Here I show that existing chemotaxis models (as described in Chapter 2) are unable

to predict E. coli ’s response to maltose. While E. coli can respond to concentrations of

aspartate over a few orders of magnitude [116], its response to sugars, such as maltose, has

a much smaller dynamic range over just one order of magnitude; E. coli can transport

maltose without saturation over a much larger range than it can sense [76]. This is

puzzling, particularly because maltose is sensed by the same receptor as aspartate, the

aspartate receptor, Tar. Maltose and aspartate can be sensed independently by Tar

because they can bind simultaneously to distinct sites on the receptor [142]. Thus, a Tar

molecule effectively acts as two distinct receptors sharing the same methylation state.

While E. coli uses Tar to sense maltose oligosaccharides, all other known E. coli sugar

chemoattractants instead bind to the minor receptor Trg [146]. Tar is considered a major

receptor because it is present in the cell periplasm at orders of several thousand molecules
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Figure 3.1: Schematic of the transport and sensing of maltose and MeAsp.
MeAsp (α-methyl-DL-aspartate, an analog of the amino acid aspartate) enters and exits
the periplasm via general diffusive porins, binds directly to the aspartate receptor, Tar,
and is not transported into the cytoplasm. Maltose, in contrast, is larger and enters
the periplasm via facilitated diffusion by the maltoporin, LamB. The maltose-binding
protein (MalE) both (i) allows Tar to sense maltose via an independent binding site,
and (ii) binds to the maltose ABC transporter, MalFGK2, to allow maltose to be
transported into the cytoplasm.

per cell, whereas the minor receptors are present at orders of only a few hundred molecules

per cell [185]. A more abundant chemoreceptor should saturate at a higher concentration

of attractant, thus allowing the cell to sense over a larger dynamic range. Yet the cell’s

dynamic range for maltose sensing is just as narrow as its range for other sugars [146].

Neumann and others suggested that the small dynamic range of maltose sensing is due

to indirect binding [146]. While aspartate binds directly to Tar, sugars bind indirectly

to receptors via binding proteins; maltose binds to Tar only when in complex with the

maltose binding protein, MalE [124]. They thus proposed an indirect-binding chemotaxis

model to account for the effects of the binding proteins, but this model relied on the

assumption that the concentration of free sugars in the periplasm is equal to that of

the external environment. This assumption is called into question by experimental re-

sults elucidating the variable rates of maltose periplasmic and cytoplasmic uptake, which

suggested that, at the micromolar concentrations of maltose that E. coli can sense, the

concentration of free maltose within the cell periplasm may be nearly zero [80, 106, 148].

I will argue that it is for this reason that this indirect-binding model is unable to fit my

experimental data of the response of E. coli to maltose.
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Transport into the periplasm, and thus the periplasmic concentration of a substrate

available for a receptor to sense, depends strongly on the size of the substrate. In steady-

state conditions, the periplasmic concentration of a substrate is equal to its external

concentration when the substrate’s maximal rate of diffusion into the periplasm exceeds

the rate of its subsequent uptake into the cytoplasm. However, this is not necessarily the

case for saccharides. They are relatively large and thus diffuse through general porins at

rates that are orders of magnitude lower than that of smaller compounds, such as amino

acids [149]. Because slow rates of diffusion limit uptake and thus growth rates [106],

bacteria have evolved a suite of specific porins that facilitate the diffusion of specific

sugars into the periplasm [168]. Thus, an E. coli cell can, in fact, regulate the abundance

of a particular sugar in its periplasm by regulating the expression of the corresponding

porin. This in turn allows the cell to regulate its chemotactic sensitivity to a sugar by

altering the amount of that sugar available for a receptor to sense [87]. Therefore, to

predict the chemotactic response of an E. coli cell to maltose, I must explicitly model

how the transport of maltose into the periplasm (via the specific porin, the maltoporin

LamB [103]) and out of the periplasm (via the ABC maltose transporter, MalFGK2 [148])

affects the concentration of maltose within the periplasm (Figure 3.1). This work is the

first to propose a chemotaxis model that accounts for these transport dynamics.

The development of new chemotaxis models exposes a further obstacle in quantifying

and predicting the chemotactic response of various bacteria: we lack simple, reliable,

and widely applicable protocols for system identification and model validation of chemo-

taxis systems. A common technique for fitting molecular-level chemotaxis models uses

FRET reporters, which requires fluorescent microscopy on genetically modified cells [187].

On the other hand, microfluidic technology now allows scientists to conduct simpler ex-

periments to accurately quantify the population-level chemotactic responses of wild-type,

non-fluorescent cells [6, 94, 217]. Population-level assays have traditionally been described

using phenomenological mathematical models, in particular the Keller-Segel model and

its variants [82, 128, 173]. However, these models do not consider molecular-level mech-

anisms and so cannot be used to predict how transcriptional regulation may modify the

chemotactic response as a result of changes in the environment. While using agent-based

simulators of molecular-level models, such as a modified version of SPECS, would address

these concerns, fitting an agent-based simulator to experimental data is computationally

expensive and intractable because it requires continually re-running the simulator over a
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large parameter space.

In this work, I address both the current inability to model bacterial chemotaxis to cer-

tain saccharides and the difficulty in fitting molecular-level chemotaxis models to experi-

mental data on chemotactic migration. I derive a transport-and-sensing chemotaxis model

that incorporates the impact of variable porin and transporter expression on the chemo-

tactic response. This model is widely applicable for the chemotaxis of gram-negative

bacteria to a variety of sugars and suggests that the puzzlingly narrow dynamic range of

maltose sensing is the result of a trade-off between achieving a larger dynamic range of

sensing versus a larger range of uptake.

To fit the transport-and-sensing chemotaxis model, I developed a system identification

protocol that bridges population-level and molecular-level model fitting techniques. This

protocol relies on an intuitive analytical approximation of the steady-state distribution

of cells previously derived from the SPECS model [84] and allows us to use population-

level experimental data to fit molecular-level parameters. I conducted population-level

chemotaxis assays of wild-type E. coli cells in a microfluidic device that creates linear

gradients of maltose. To better constrain my model fits, I also conducted assays of E. coli

in various opposing gradients of maltose and α-methyl-DL-aspartate (MeAsp), a non-

metabolizable analog of aspartate. I integrated a previous model for MeAsp chemotaxis

with my new model for maltose chemotaxis using the Heterogeneous MWC (HMWC)

model, which is an extension of the MWC model that describes the integration of multiple

chemotactic signals that share the same methylation dynamics [75, 97, 113, 126]. Thus,

because both maltose and MeAsp are sensed by Tar, I was able to better constrain my

fit for maltose chemotaxis using previous fits of the response to MeAsp. I conducted

a sensitivity analysis to test the robustness of the fits and also used previous literature

to validate the parameter fits. The robustness and goodness of my fits suggest that

my system identification protocol may be used to identify and fit chemotaxis models to

chemotaxis systems in other species of bacteria.

3.1 A transport-and-sensing chemotaxis model

Here I outline a transport-and-sensing chemotaxis model that predicts how the transport

kinetics of maltose affect the cell’s chemotactic response to it. Figure 3.1 shows a cartoon
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of the molecular basis of maltose transport and sensing. A detailed derivation of the

model can be found in Appendix A.

During chemotaxis, the instantaneous probability that a cell tumbles is a function of

the receptor activity level, and the MWC model assumes that, due to receptor coopera-

tivity, receptors form clusters within which receptors are either simultaneously all active

or all inactive. The average activity of the clusters, 〈a〉, is thus the probability that a

receptor cluster is active and is a function of the free-energy difference f between the

active and inactive states. The HMWC model [97, 126] assumes that the free-energy

differences of the different receptor types are additive, so that

〈a〉 =
(
1 + efm(m)+

∑
r nrfr

)−1
, (3.1)

where fm(m) is the free-energy difference between an active and inactive receptor cluster

in the absence of chemoattractants and depends on the average methylation level of the

entire cluster, m; nr is the number of type-r receptors in a cluster; and fr is the free

energy difference between an active and inactive bound receptor of receptor type r. In

the direct-binding model that describes aspartate chemotaxis [146, 202],

fr = log
1 + [L]r/KI,r

1 + [L]r/KA,r

, (3.2)

where [L]r is the concentration of the chemoattractant ligand in the extracellular envi-

ronment and KI (KA) are the dissociation constants between the chemoattractant and

the inactive (respectively, active) receptor.

In general, the free energy difference has the following form:

fr = log
1 + CI
1 + CA

, (3.3)

where CI (CA) is the ratio of the probabilities of an inactive (respectively, active) receptor

being bound versus unbound. Because maltose binds to the aspartate receptor, Tar, only

when in complex with the binding protein, MalE, this formulation applies for maltose

chemotaxis when C reflects the probability that a maltose-MalE complex is bound to a

Tar receptor. Therefore, to derive a more realistic chemotaxis model for maltose sensing,

I derive new expressions for the concentrations of active and inactive Tar bound to the

maltose-MalE complex. I incorporate not only indirect binding [146] but also the fact
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that the cell may modify via its transport kinetics the concentration of maltose within

its periplasm and thus the amount of maltose available to bind to MalE and Tar.

To solve for the periplasmic concentrations, I assume a quasi-steady-state equilibrium.

At equilibrium, the rate of maltose transport into the periplasm via the maltoporin LamB,

vp, is equal to the rate of its transport out of the periplasm and into the cytoplasm

via the ABC transporter MalFGK2, vc. I assume that the cytoplasmic uptake rate is

proportional to the concentration of MalFGK2 associated with the sugar-binding protein

complex. I simplify a previous model of ABC transport [32] by relying on the fact that,

for the transport of maltose in E. coli, the abundance of binding proteins greatly exceeds

that of the transporters [31, 156]. Therefore, I approximate that the association and

dissociation of MalE and maltose proceed without any competing reactions, so that the

total amount of free maltose-MalE complex in the periplasm, [L:BP], can be described

by the dissociation constant between maltose and MalE, KBP . I furthermore assume

that the MalFGK2 transporter only binds to the maltose-MalE complex, so that I can

similarly describe the equilibrium concentration of transporter bound to maltose-MalE

complex by the dissociation constant, Kc, between the sugar-binding protein complex

(L:BP) and the transporter. Therefore, I approximate the quasi steady-state cytoplasmic

uptake rate of maltose as

vc ≈ Vc
[L:BP]

Kc + [L:BP]
(3.4)

≈ Vc
[L]p

KcKBP

[BP]total
+ [L]p

, (3.5)

where Vc is the maximal cytoplasmic uptake rate, which is a function of the number of

expressed transporters; [L]p is the concentration of free maltose within the periplasm;

and [BP]total is the total concentration of binding protein in the periplasm. Notice that

increasing the total concentration of binding protein in the periplasm decreases the ef-

fective half-saturation concentration of cytoplasmic transport, Keff ≈ KcKBP

[BP]total
, and thus

increases the specific affinity [40] of maltose transport. (See also Chapter 4.) Therefore,

this model suggests that the cell expresses levels of binding protein greatly in excess of

transporter abundance to achieve high-affinity transport.

While transport into the cytoplasm is active and thus can occur against concentration

gradients, specific porins transport sugars into the periplasm via facilitated diffusion,
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which can be described by the following Michaelis-Menten equation [33]:

vp = Vp
[L]ext − [L]p

Kp + [L]ext + [L]p
, (3.6)

where [L]ext is the extracellular concentration of the ligand; Kp is the half-saturation

constant of the specific porin; and Vp is the maximal rate of uptake, which is a function

of the number of expressed porins. At steady-state, the periplasmic transport rate must

equal the cytoplasmic uptake rate, so that

Vp
[L]ext − [L]p

Kp + [L]ext + [L]p
≈ Vc

[L]p
KcKBP

[BP]total
+ [L]p

. (3.7)

Previous models of chemotaxis have not considered the interplay of the periplasmic and

cytoplasmic uptake rates. The indirect-binding chemotaxis model [146] avoided consid-

eration of transport kinetics by assuming that diffusive rates are fast, Vp � Vc, so that

the cell’s periplasm saturates with free ligand, [L]p ∼ [L]ext. However, I will show that

this model cannot fit my data. Furthermore, previous research has suggested that, in the

micromolar regime of the experiments, [L]p � [L]ext [58, 80, 148]. Thus, I must obtain

[L]p from Equation 3.7. Although I could directly use Equation 3.7 to solve for [L]p as a

quadratic function of [L]ext, I instead limit the number of free parameters in the model

by making the simplification that [L]p � [L]ext, which yields:

[L]p =

(
KcKBP

[BP]total

)
Vp[L]ext

KpVc + (Vc − Vp) [L]ext
. (3.8)

Solutions exist for all choices of [L]ext when Vp ≤ Vc. Therefore, the fact that periplasmic

concentrations are much smaller than external concentrations implies that the cell’s total

uptake rate from the environment into the cytoplasm is diffusion- or porin-limited rather

than ABC transporter-limited.

Chemotactic sensing of the periplasmic concentration, [L]p, proceeds via indirect bind-

ing, and my transport-and-sensing model makes the same simplifying assumptions as the

previous indirect-binding model with respect to receptor sensing—that (i) the receptor

only binds to the binding protein when it is in complex with the ligand, and that (ii)

receptor binding does not affect binding of the ligand to its binding protein [146]. Using

these assumptions, the two ratios of the probabilities of bound versus unbound receptor
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are

CI,A =
[R:BP:L]I,A

[R]total − [R:BP:L]I,A
, (3.9)

where [R]total is the total concentration of receptors in the periplasm; and [R:BP:L]I,A

is the total concentration of ligand-binding protein complex bound to an inactive (or

active) receptor. This quantity is defined by the dissociation constants, KI,A, between

the inactive (or active) receptor, R, and the ligand-binding protein complex, L:BP. That

is,

[R:BP:L]I,A =
[R]free[L:BP]free

KI,A

. (3.10)

Because I do not assume that the ligand-binding protein complex is in much greater

excess than the receptors, I make the simplifying assumption that sensing via Tar does not

hinder transport by competing for maltose-MalE complex so that I can use the following

quadratic equation to solve for this concentration:

[R:BP:L]I,A =
([R]total − [R:BP:L]I,A) ([L:BP]− [R:BP:L]I,A)

KI,A

. (3.11)

To solve for [R:BP:L]I,A, I use Equation 3.8 to write the total concentration of maltose-

MalE complex as a function of the external maltose concentration:

[L:BP] =
[BP]total[L]p
KBP + [L]p

= β
[L]ext

α + [L]ext
, (3.12)

where

β ≡ [BP]totalKcVp
(Vc − Vp) [BP]total +KcVp

and (3.13)

α ≡ [BP]totalKpVc
(Vc − Vp) [BP]total +KcVp

. (3.14)

I now have a model for a receptor’s activity level (Equations 3.3, 3.9, 3.11 - 3.14) that

incorporates the indirect binding of maltose as well as the effects of variable periplasmic

and cytoplasmic uptake rates on periplasmic concentrations.

I can include an additional parameter in the model to account for likely steric effects

between nearby binding proteins. Because MalE is relatively large, the binding of one

molecule to Tar likely inhibits neighboring Tar from binding to a second maltose-MalE
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complex [142]. However, while I show in Appendix A.3.3 that this additional parameter

improves the fit for higher concentrations of maltose, I leave out this saturation term for

the remainder of my analysis and model fitting to limit the number of free parameters in

the model.

3.2 Modeling steady-state population distributions

As the purpose of my transport-and-sensing model is to predict the population-level

chemotactic response of E. coli to various chemoattractants, I developed a protocol that

allows us to directly fit my molecular-level model to data from population-level chemo-

taxis assays. This protocol uses data of steady-state cell distributions from chemotaxis

assays on wild-type cells. While simulators like SPECS are capable of predicting steady-

state distributions, running an agent-based simulator for each choice of parameters is

intractable. Thus, I used analytical approximations of the predicted distributions [84],

which assume the validity of the HMWC model, to directly map equations of free-energy

differences (Equations 3.2 and 3.3) to a predicted steady-state distribution. Under this

analytical approximation, the steady-state distribution of cells in an environment with

both MeAsp and maltose is (Appendix A.3):

p(x) ∝ eη(x)[fMeAsp(x)+fMal(x)], (3.15)

where x is the position along the channel; η “represents the effective sensitivity of the

bacterial population to the environment” [84];

fMeAsp(x) = log

1 + [MeAsp](x)
KI,MeAsp

1 + [MeAsp](x)
KA,MeAsp

 ; (3.16)

and

fMal(x) = log

[
1 + CI(x)

1 + CA(x)

]
. (3.17)

I can use equations for CI and CA so that they reflect the direct-binding, indirect-binding

(Appendix A.3), or transport-and-sensing models (Equation 3.9). However, I am unable

to predict the form of η(x) because it has no simple molecular-level definition. In its

original formulation, η(x) varies both between experiments and within a single experiment
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and is a nonlinear function of the expected activity level, which reflects adaptation via

methylation [84]. However, if I allow η to be a free parameter, I would be overfitting the

data. Thus, I made the approximation η(x) = η0 over all experiments and validated this

approximation using SPECS simulations (Figure A.7).

The transport-and-sensing model expands our understanding of chemotaxis and intro-

duces four new parameters to the indirect-binding model [94], which reflect the Michaelis-

Menten kinetics of the transport of maltose into (Kp,Vp) and out of (Kc,Vc) the periplasm.

However, as seen in Equations 3.11-3.14, we cannot individually distinguish and identify

these four parameters when fitting the model to steady-state distributions. Similarly, we

also cannot individually distinguish the concentration of MalE in the periplasm and the

dissociation constants of Tar to the maltose-MalE complex (Equation 3.11). While this

means that I cannot use the model-fitting protocol to directly determine these molecular-

level parameters, it does allow us to predict important parameter ratios. Furthermore,

under this model-fitting protocol, my transport-and-sensing model has the same number

of free parameters as the indirect-binding model; it has just four free parameters: α,
[R]total
β

,
KI,Mal

β
, and

KA,Mal

β
. We will see that the transport-and-sensing model allows for

a considerably better fit than the indirect-binding model. Because my model does not

increase the number of free parameters, we can thus deduce that the better fits are due

to the quadratic term that appears in Equation 3.11, which accounts for the limiting

concentrations of both free maltose and the receptors in the periplasm.

3.3 Chemotaxis assays for single and opposing chemo-

taxis gradients

To test the validity of my model, I conducted chemotaxis experiments using a three-

channel microfluidic device that creates steady, linearly varying concentrations of chemoat-

tractants (Figure 3.2, Appendix A.4)[7, 217]. I conducted not only single maltose chemo-

taxis assays, but also single MeAsp and opposing MeAsp and maltose chemotaxis assays.

This allowed us to both test the validity of the HMWC model for chemoattractants that

share the same receptor type and to use the parameter fitting for MeAsp to constrain the

parameter fitting for maltose.
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Figure 3.2: Side view of the three-channel microfluidic device used to expose
cells to constant chemoattractant gradients. The channels were 20 mm long, 100
µm deep, 600 µm wide, and with 400 µm spacing between each channel. The agarose
layer was 0.5 mm thick. Motility medium with a constant maltose concentration was
flowed through the left outer channel, and motility medium with a constant MeAsp
concentration was flowed through the right outer channel. For the opposing-gradient
experiments, both the maltose and MeAsp concentrations were nonzero; for the single-
gradient experiments, one of the two outer channels contained only motility medium.
The chemoattractants diffused through the agarose layer and up into the test channel,
creating two steady linear concentration profiles in opposite directions. Figure adapted
from Yawata, et al. [217]

.

For the MeAsp single gradient experiments, I found the strongest chemotactic re-

sponse (that is, the steepest steady-state cell distribution in the test channel) when using

a MeAsp concentration in the source channel of 46 µM of MeAsp (Figure 3.3B). I was

unable to use population-level data to determine the concentration at which Tar’s sensing

of MeAsp saturates because the cells are, in fact, repelled by very high concentrations of

MeAsp (Figure A.1A), likely due to pH taxis [216]. Therefore, I analyzed the response of

cells to MeAsp concentrations up to 500 µM, above which increasing the MeAsp concen-

tration caused a drop in pH (Figure A.1B).

Experiments using single gradients of maltose (Figures. 3.3A and 3.4A) corrobo-

rate the narrow range of responses previously observed using a FRET reporter [146]. I

found that cells show a measurable chemotactic response in gradients created from ap-

proximately 0.5 to 20 µM of maltose in the source channel. The response peaked at an

intermediate value of 4 µM of maltose, corresponding to a maximum concentration of

47



Chapter 3. E. coli chemotaxis to maltose

Figure 3.3: Steady-state distributions from experimental chemotaxis as-
says in single and opposing gradients of MeAsp and maltose along with the
best fits obtained using an analytical approximation of the transport-and-
sensing model. In each plot, the maximal maltose concentration is at position x = 0
µm and the maximal MeAsp concentration is at position x = 600 µm. Legends give
the chemoattractant concentrations in the outer channels. (A) Single-gradient maltose
experiments. (B) Single-gradient MeAsp experiments. (C) Opposing-gradient experi-
ments with 2 µM of maltose in the left outer channel and various MeAsp concentrations
in the right outer channel. (D) Additional opposing-gradient experiments with 2 µM
of maltose in the left outer channel and further intermediate MeAsp concentrations in
the right outer channel.

2.86 µM within the test channel (Appendix A.4).

In opposing gradients of maltose and MeAsp, the cells either favored one substrate

over the other or had a flat distribution. This response is qualitatively very different from

the response predicted from SPECS simulations that used the previous chemotaxis models

and fits for aspartate [90] and maltose [146]. SPECS simulations instead predicted that

the E. coli cells would accumulate in the center of the channel for various intermediate

concentrations of maltose and MeAsp (Figure A.2). Under my culture conditions, the

cells showed an equal preference for 2 µM of maltose and approximately 7 µM of MeAsp

(Figures 3.3 and 3.4). Calculated chemotaxis migration coefficients (CMCs) of the cells

48



Chapter 3. E. coli chemotaxis to maltose

Figure 3.4: Comparison of fits to experimental data among different chemo-
taxis models. I compare the experimental distributions as measured by the chemotaxis
migration coefficient (CMC) from chemotaxis assays in single and opposing gradients,
with values estimated from analytical approximations using: (i) the transport-and-
sensing (TS) model, (ii) the transport-and-sensing model with an added saturation
term, (iii) the indirect-binding model [146], and (iv) the direct-binding model [90].

The CMC is defined as CMC = 〈x〉−300 µM
300 µM , where 〈x〉 is the average position of the

cells across the 600 µm channel. The CMC is approximately 0 in opposite gradients of
2 µM maltose and 7 µM MeAsp. This is in accordance with the estimates from sin-
gle gradients: the CMC in a single gradient of 2 µM maltose is approximately -0.225;
similarly, my fitting predicts that the CMC in a single gradient of 7 µM MeAsp is
approximately 0.225. Panels correspond to the distributions shown in Figure 3.3.

to the single gradients of these two concentrations (Figure 3.4; Appendix A.4) were of

equal magnitude (CMC = 0.225).
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3.4 Using population-level data to fit a molecular-

level model

To fit the approximate analytical expression of the steady-state distributions to direct-

binding, indirect-binding, and transport-and-sensing chemotaxis models (Appendix A.3),

I used the chemotaxis assay data from single and opposing gradient experiments jointly

to fit the parameters for both MeAsp and maltose chemotaxis (Appendix A.4). I used

MATLAB’s nonlinear optimization function, fmincon, to minimize the sum over all of

the chemotaxis assays of the maximal differences between the predicted and empirical

distributions in each assay.

I was unable to find parameter fits for the direct-binding [90] or indirect-binding

[146] chemotaxis models that could capture both the cells’ narrow dynamic range of

maltose sensing and the population’s peak response to 4 µM of maltose (Figure A.3).

One assumption of my model fitting protocol, that the concentration of the maltose

binding protein, MalE, remains constant over all experimental conditions, is potentially

violated by changes in gene expression during the course of the experiments because the

mal regulon is induced by maltose [172]. However, a Western blot analysis of MalE

showed no difference in MalE expression levels between cells acclimated to 10 µM of

maltose for the duration of the assay and cells that never had any exposure to maltose

(Figure A.6). Therefore, because of the short duration of the chemotaxis experiments,

the concentration of maltose binding protein remained constant, so the poor fits of the

direct-binding or indirect-binding models cannot be explained by its variation.

In contrast, my transport-and-sensing chemotaxis model was able to capture both the

cell’s peak response to maltose and the narrow dynamic range of the response to maltose

(Figure 3.4). In fact, the predicted steady-state distributions of the model’s best fit

closely match the measured distributions of all of the corresponding single and opposing

gradient experiments that I conducted (Figure 3.3). This best fit uses the following

parameter values:

• η0 = 9.33,

• α = 117 µM,

• [R]total
β

= 0.0146,
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• KI,Mal

β
= 0.00334,

• KA,Mal

β
= 0.00635,

• KI,MeAsp = 17.0 µM, and

• KA,MeAsp = 621 µM.

Previous studies lend support to the new transport-and-sensing model by validating

the fitted parameters. The value of KI,MeAsp = 17.0 µM closely matches the value of

KI,MeAsp = 18.2 µM found from FRET analysis [127]. The value of KA,MeAsp = 621 µM

is within the range of values reported previously, 500-3,000 µM [127, 146], and its falling

at the lower end of that range is in line with the fact that I did not test concentrations

of MeAsp greater than 500 µM.

Validating the maltose parameter values is more difficult because we cannot distin-

guish periplasmic uptake rates from cytoplasmic uptake rates using experimental data

of the total uptake rate of maltose from the environment into the cytoplasm [106]. To

determine the values of α and β, I rely on previous literature that states that the maltose-

MalE complex has a dissociation constant of KBP ≈ 2 µM [80] and that the dissociation

constants of this complex to Tar, KI,Mal and KA,Mal, are in the micromolar range [165].

In my model, I assumed based on previous experimental results that Vc ≥ Vp. If I fur-

thermore make the assumption that, for greatest efficiency [109], Vc = Vp, I obtain for

my parameter fits that: β ≈ [BP] ≈ 1 mM, which also matches previous literature [31];

[R]total ≈ 15 µM; and Kc

Kp
≈ 8.5. Previous work estimated that E. coli has approximately

5,000 Tar receptors [192]; therefore, if I assume a periplasmic volume of approximately 0.3

µm3, I obtain an estimate of [R] ≈ 30 µM, which reasonably corroborates my prediction

given that the concentration of Tar varies extensively over different growth conditions

[94, 156]. If I use the effective half-saturation concentration of MalFGK2 for B. subtilis,

Keff = KcKBP

[BP]total
≈ 50 nM [174], I obtain Kc ≈ 25 µM and Kp ≈ 3 µM, which matches the

micromolar value of the apparent Km of the total maltose uptake system [31]. Note that

for these values and taking [L]ext = 2 µM, my model predicts that [L:BP] ≈ 17 µM and

[L]p ≈ 34 nM.
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Figure 3.5: Sensitivity analysis for the fitted model parameters that deter-
mine the range of maltose sensing. Plots show the fitted parameter values for
100 “noisy” data sets obtained by randomly selecting 1/1000 of the bacterial position
data points without replacement from each experiment. Off-diagonal elements show
the correlations between the estimated parameter values. Diagonal elements are violin
plots, showing the distribution of estimates (y-axes) obtained for each parameter. For
plots of full sensitivity analysis, see Figure A.8.

3.5 A sensitivity analysis uncovers a tug-of-war be-

tween sensing and transport

To determine the robustness of the fit, I conducted a sensitivity analysis in which I

re-ran the parameter fitting optimization for one hundred different data sets obtained

from resampling with replacement all the experimentally obtained bacterial positions

(Appendix A.4; Figure A.8). This analysis reveals two striking sets of correlations. Figure

A.8 shows strong correlations between η0; the MeAsp dissociation constants, KI,MeAsp

and KA,MeAsp; and the ratio of the maltose dissociation constants,
KI,Mal

KA,Mal
. Simulations

using a modification of SPECS, in which I modified the values of these parameters,
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demonstrate that these high correlations exist because each of these four parameters

affects the steepness of the steady-state distributions (Figures A.5A,B).

The second striking feature of the sensitivity analysis is the very strong correlation

between β and α (Figure 3.5), parameters that incorporate transport kinetics and de-

termine the concentration of maltose bound to MalE (Equations 3.12-3.14). Simulations

with modified values of β and α show that increasing the ratio α
β

increases the range of

maltose concentrations that the cell can sense (Figures A.5C,D). Therefore, the analysis

is very sensitive to this ratio as it governs the narrow dynamic range of maltose sensing.

When uptake is porin-limited (Vp ≤ Vc ), from Equations 3.13 and 3.14, α
β

depends

on the ratio of ABC transporter units to porins:

α

β Vp≤Vc
=

(
Kp

Kc

)(
Vc
Vp

)
. (3.18)

However, when uptake is ABC transporter-limited (Vp > Vc), the periplasmic concentra-

tion of maltose approaches the external concentration ([L]p ∼ [L]ext), so that, by Equation

3.12,
α

β Vp>Vc
=

KBP

[BP]total
. (3.19)

The ratio α
β

may thus provide insight into the cell’s narrow sensing range and explain

why the cell co-regulates porin and ABC transporter expression so that transport is

porin-limited. Because the cell must maintain high levels of binding proteins to achieve

high-affinity transport, the ratio is much smaller when the maximal periplasmic uptake

rate exceeds the maximal cytoplasmic uptake rate:(
α

β

)
Vp>Vc

�
(
α

β

)
Vp≤Vc

.

Thus, the cell would have an even lower dynamic sensing range were it to increase its

expression of maltoporins so that maltose uptake is no longer porin-limited. This is

because, if maltose uptake were not porin-limited, the periplasm would saturate with

maltose at even lower external concentrations, so the receptors would saturate more

quickly. Yet, on the other hand, decreasing the permeability of the outer membrane by

decreasing porin expression would decrease the total maltose uptake rate. This creates a

trade-off between sensing and transport.
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Figure 3.6: Steady-state distributions from chemotaxis assays in opposing
gradients created using 2 µM maltose and 10 µM MeAsp. Cells were cultured in
tryptone broth and harvested as in other experiments at mid-exponential phase (OD =
0.47), harvested at late-exponential phase (OD = 0.90), or cultured in tryptone broth
supplemented with 500 µM maltose and harvested at OD = 0.47. Curves show fits
obtained using an analytical approximation of the transport-and-sensing model, with
variants modifying either the concentration of binding proteins, [BP], the concentration
of receptors, [R], or both.

3.6 Varying growth conditions to modify chemotac-

tic affinity

An important value of mechanistic chemotaxis models is that they allow one to probe

how the cellular migratory response to stimuli may change due to regulation. I performed

additional experiments in which I compared the chemotactic response under the original

culture conditions, in which cells had no exposure to sugars, with their response when

grown in tryptone broth supplemented with 500 µM of maltose. Because Tar levels

increase over the exponential growth phase of the cells [94], I also performed experiments

with cells grown in tryptone broth and harvested later in the exponential phase (OD =

0.9 instead of OD = 0.47). For cells cultured under these three conditions, I conducted

an opposing gradient chemotaxis assay with 2 µM of maltose and 10 µM of MeAsp,

concentrations at which neither chemoattractant response was saturated.

As expected from increasing the concentration of Tar in my model, cells grown in

tryptone and harvested later in the exponential phase showed a greater relative affinity
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to MeAsp. Surprisingly, however, the cells grown in tryptone broth supplemented with

maltose showed the same increase in the relative affinity to MeAsp (Figure 3.6). Western

blots for MalE confirmed that maltose is indeed an inducer of the mal regulon and that

the MalE concentration approximately doubled when maltose was added to the growth

medium (Figure A.6). Assuming that the cell maintains a constant Vc
Vp

ratio because malK

and lamB are on the same operon [30], the model can fit this data if [R]total increases

by approximately 40%. Because of the difficulty of distinguishing Tar from Tsr using

available immunoblotting methods, I was unable to determine the concentration of Tar

over the culture conditions. However, the model prediction closely matches previous

research using a different strain of E. coli grown on glucose, which found that the cell

actively regulated tar expression so that the concentration of Tar increased by 40% for

similar changes in growth rate [156]. This corroboration gives further support to the

transport-and-sensing model.

3.7 Conclusions

In this work, I developed a new transport-and-sensing chemotaxis model that predicts

how transport kinetics of maltose into the cell affects the periplasmic concentration of

maltose and thus governs the concentration that is available for the cell to sense. Un-

like previous molecular-level chemotaxis models, this model does not assume that the

periplasmic concentration of a chemoattractant is equal to its extracellular concentra-

tion. It introduces parameters that describe the rates of transport of maltose into and

out of the periplasm to determine the concentration of maltose-binding protein complex

that can bind to receptors. This predictive, mechanistic model thus captures how cells

regulate their chemotactic response to maltose.

To fit the molecular-level parameters of my model without requiring genetic modi-

fications or molecular-level experiments, I also developed a simple system identification

protocol that uses data from population-level chemotaxis assays, such as those obtained

from microfluidic assays. These assays do not require single-cell tracking capabilities but

only data of the steady-state distributions of cells. To fit the free parameters of the

model to predict the chemotactic response of a species of bacteria to a specific nutrient,
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constant-gradient chemotaxis assays should be conducted at various attractant concen-

trations to determine the approximate dynamic sensing range of the cells (by finding the

lowest concentration at which a chemotactic response is observed and the minimal con-

centration at which the response fully saturates) as well as the approximate concentration

at which chemotactic response peaks and the steady-state distribution is steepest. For

bacterial species or chemoattractants for which the transport mechanism is unknown,

this protocol can be used to compare the fits of the direct-binding model and the new

transport-and-sensing model to predict how the cell transports the sensed substrate. In

the case of maltose sensing, this approach allowed us to invalidate previous models for

chemotaxis to sugars, thus demonstrating the importance of considering porin-limited

transport to correctly predict the chemotactic response to saccharides.

The transport-and-sensing chemotaxis model I developed applies more generally to

the chemotactic response of gram-negative bacteria to substrates that are transported

into the periplasm via facilitated diffusion using specific porins and transported into the

cytoplasm via ABC transporters. It thus indicates a general trade-off between sensing

and high-affinity transport of sugars. My model predicts that, to achieve high-affinity

transport, the cell must express levels of binding protein that greatly exceed the level

of ABC transporters. However, if the cell’s periplasm were saturated with free sugars

as previous work has assumed, the cell’s dynamic sensing range would be exceedingly

narrow because the high levels of binding protein would quickly saturate the signal. Thus,

this work suggests that cells may co-regulate the expression of specific porins and ABC

transporters to ensure that total uptake of a specific sugar is porin-limited rather than

ABC transporter-limited. With porin-limited transport, the dynamic range of sensing

may be greater because it is no longer sensitive to the concentration of binding proteins

within the periplasm. Yet, limiting porin expression may decrease total uptake rates.

Therefore, the model provides insight into the narrow dynamic range of E. coli maltose

sensing: this narrow dynamic range is a consequence of the indirect binding of maltose

to the Tar receptor and of a trade-off between increasing dynamic sensing range and

increasing total uptake rates of maltose into the cytoplasm.

The work in this chapter was done with guidance from Vicente Fernandez, Roman Stocker,

and Naomi Levine. Filippo Menolascina conceived the idea to do the sensitivity analysis. Uria

Alcolombri performed the Western blot analyses. I would also like to acknowledge the helpful

editing of this chapter by Fernandez, Stocker, and Russell Naisbit.

56



Chapter 4

The Role of ABC Transport in the

Oligotrophic Ocean

Marine heterotrophic bacteria play a crucial role in the global cycling of carbon. About

half of the global production of organic carbon occurs in the ocean [54], the majority of

which is accessible primarily to microbes that thus mediate its flux [13, 38, 65]. Het-

erotrophic bacteria consume carbon both to build biomass and for energy. The bacteria

are thus an important control on the amount of carbon that is sequestered in the ocean

versus respired as carbon dioxide back into the atmosphere. Therefore, a mechanistic

understanding of their metabolisms is important for predicting how a changing climate

will result in further changes in carbon fluxes.

Despite the central role that heterotrophic microbes play in ocean carbon cycling,

these dynamics have in general not been included explicitly in global carbon cycling

models. This is due to the lack of a mechanistic understanding of marine microbial

ecosystem dynamics and links between community composition and function. There are

a countless variety of species of heterotrophic bacteria, each of which may specialize in

the uptake of particular carbon substrates and have different carbon substrate preferences

and utilization rates [62, 79, 159]. Therefore, to predict bacterial carbon fluxes, models

must both predict the composition of a microbial community given a particular marine

environment as well as how that community’s utilization of carbon varies with environ-

mental fluctuations. Yet, we still lack a fundamental understanding of how species should

differ given their environmental niche.
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Hence, this work attempts to gain insight into the drivers of bacterial speciation in

the ocean to better understand how diverse species of heterotrophic bacteria coexist and

to better predict how their uptake and growth rates depend on both phenotypic traits

and environmental conditions. Previous work suggests that one important driver of spe-

ciation is nutrient availability and that there are two main divergent lifestyles: that of

copiotrophs, which, by definition, dominate in nutrient-rich environments, and that of

oligotrophs, which dominate in nutrient-limited environments [64, 102, 107]. While copi-

otrophs are unable to persist in starvation conditions, they vastly outcompete oligotrophs

in rich environments. Copiotrophs and oligotrophs have very apparent physiological dif-

ferences. A typical copiotroph, such as a Vibrio, exhibits a “feast-and-famine” lifestyle, in

which it swims to colonize sporadic, nutrient-rich particles [104, 190]. A copiotroph has

a large volume, often greater than 1 µm3, and can attain doubling rates greater than 1

per hour [115]. Modeling copiotrophs’ dynamics is thus crucial to predicting degradation

versus sequestration rates of particulate organic matter in the ocean.

On the other hand, a typical oligotroph does not attach to particulate organic matter

and is thus considered “free-living” [119]. An oligotroph is small, generally with a volume

of less than 0.1 µm3, and is nonmotile. It is also much slower-growing than a copiotroph,

attaining maximal growth rates of less than 0.1 per hour [115]. Although copiotrophs have

higher growth rates, oligotrophs are more numerous because the majority of the ocean is

nutrient-limited. The most ubiquitous clade of oligotrophs, SAR11, alone makes up about

one-third of all bacteria in surface waters [141]. The SAR11 clade is estimated to account

for about half of amino acid assimilation in North Atlantic surface waters [123] and to

oxidize anywhere from 5-40% of marine primary production [210]. Furthermore, because

oligotrophs can consume nutrients found at such low concentrations, their abundances

may determine the ambient concentrations of many dissolved organic substrates [200].

Therefore, predicting carbon fluxes in the ocean depends on our ability to model not

just copiotrophic dynamics but oligotrophic dynamics as well. However, most of our

mechanistic understanding of bacterial metabolism derives from research on copiotrophic-

like cells, such as the enteric model organism E. coli, that are easier to culture and to

experiment with than oligotrophs because they have less auxotrophies and grow faster

[61].

However, new expertise is now allowing scientists to culture a variety of slow-growing

cells to probe their physiologies and link their characteristics to their proteomes and
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genomes. Genomic analyses have yielded important insight into the differentiation of

copiotrophic and oligotrophic marine bacteria, suggesting that their divergent traits for

growth in nutrient-rich versus nutrient-poor environments are correlated with the presence

and absence of particular genes for nutrient transport. Research has found that, while

model copiotrophs have a large number of distinct genes for specific phosphotransferase

systems (PTS), permeases, and specialized porins, oligotrophs instead rely on a fewer

number of “multi-functional” ATP-binding cassette (ABC) transport systems and general

porins [43, 115, 150, 189].

In this work, I use this genomic insight to gain mechanistic understanding of the

metabolisms of oligotrophs in comparison with that of copiotrophs. I hypothesize that

the differences in their nutrient uptake systems are key to understanding their divergent

physiologies. I assume that phenotypic variation is the result of trade-offs for maximizing

growth rate. I, therefore, quantify trade-offs between PTS or permease (direct) transport

systems and ABC transport systems to predict optimal bacterial uptake and growth rates.

I develop models for a direct transport system and an ABC transport system. My model

for ABC transport demonstrates how cells can tune the effective half-saturation concen-

tration of uptake via regulation of binding protein expression. The transport models

furthermore suggest a rate-affinity trade-off: while direct transport systems can achieve

higher maximal uptake rates per proteomic cost, ABC transport systems can achieve

higher specific affinities [39] per proteomic cost, which allow more efficient uptake at low

nutrient concentrations. To quantify these costs, I incorporate the transport models into

a simple model of single-cell metabolism that expands a toy model for a self-replicator

[138]. This simple model is used in a proteome allocation problem that optimizes cell

surface area-to-volume ratio and intracellular concentrations of various metabolites and

protein groups to maximize a steady-state growth rate. The optimization results suggest

that, to achieve high specific affinities, cells relying on direct transport systems must have

very high transport unit to downstream enzyme ratios and thus require efflux systems,

while, on the other hand, cells relying on ABC transport systems can more efficiently

match their transport and catabolic capacities. Finally, to gain insight into how uptake

and growth rates of cells may vary over environmental conditions, I perform a sensitivity

analysis on the optimization problem that suggests that the solute size of the growth-

limiting carbon source is an important characteristic for determining uptake rates of

oligotrophic cells.
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4.1 Modeling nutrient uptake

4.1.1 Michaelis-Menten kinetics

Rates of nutrient consumption are commonly described using Michaelis-Menten kinetics

[131], in which the uptake rate of a substrate with external concentration [S]ext is described

by a saturation function with two parameters:

v = Vmax
[S]ext

Km + [S]ext
, (4.1)

where Vmax is the maximal uptake rate and Km is the half-saturation constant. While the

Michaelis-Menten equation is most commonly written in this form, we can more easily

interpret the nutrient uptake strategies needed to sustain copiotrophic versus oligotrophic

lifestyles if we write the equation in the form pioneered by Button [41]:

v = a◦Vmax
[S]ext

Vmax + a◦[S]ext
, (4.2)

where the specific affinity is a◦ = Vmax/Km. At high nutrient concentrations, the uptake

rate approaches the maximal uptake rate, while, at low nutrient concentrations, the

uptake rate is proportional to the specific affinity. Therefore, I expect copiotrophs to have

a transport system with a higher maximal uptake rate that allows fast growth in nutrient-

rich conditions, while I expect oligotrophs to have a transport system with a higher

specific affinity that allows them to persist in nutrient-limited conditions. While previous

work has hypothesized the existence of a rate-affinity trade-off [33, 71], a mechanistic

explanation for this trade-off has been lacking. Hence, I develop transport models to

predict how the maximal uptake rate and the specific affinity are functions of the cell’s

phenotype and incorporate these transport models into a proteome allocation model to

mechanistically explain and quantify the trade-off.

4.1.2 Periplasmic uptake

The majority of observed marine heterotrophic bacteria are gram-negative cells, contain-

ing two membranes. Thus, nutrient uptake is a two-step process: (i) the substrate passes
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Figure 4.1: A cartoon of nutrient uptake into the cell. A generic carbon
substrate (in green) passively diffuses through the outer membrane into the periplasm
via general porins, which are channel-forming proteins. To pass through the inner
membrane, membrane-bound transport units expend energy to modify the substrate
or translocate the substrate against a concentration gradient. For direct transport
systems, the solute binds directly to the membrane-bound transport unit. The two
most prevalent types of direct transport systems in marine bacteria are sodium-ion
symporters, which co-translocate a sodium ion with the solute, and phosphotransferase
systems (PTS) that use a cascade of proteins to phosphorylate particular carbohydrates
to draw them across the cytoplasm. On the other hand, ATP-binding cassette (ABC)
transport systems use binding proteins in the periplasm to scavenge for and store the
solute in the periplasm. These binding proteins bind to a membrane-bound transport
unit that uses ATP to translocate the solute.

through the outer membrane to enter the periplasm; and (ii) the substrate passes through

the inner membrane to enter the cytoplasm. (See Figure 4.1.)

Heterotrophic marine bacteria are osmotrophs, which rely on the diffusion of nutrients

towards the cell surface for their subsequent uptake into the cell. The periplasmic uptake

rate is thus potentially limited by the diffusion of the substrate, with diffusivity D, toward

the cell. To obtain a simple equation for this rate, I assume that the cell is spherical with

radius r to obtain a diffusive uptake rate [12] of:

vdiff =
3D ([S]ext − [S]0)

fpr2

[
Periplasmic concentration

Time

]
, (4.3)
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where [S]0 is the concentration of substrate on the surface of the cell and fp is the periplas-

mic fraction of the cell volume. Therefore, smaller cells can attain larger periplasmic

uptake rates because of their higher surface area-to-volume ratios (that scale with the

inverse of r).

To translocate the nutrients from the cell’s surface into the periplasm, the cell relies

on a concentration gradient so that periplasmic uptake does not require any energy. Olig-

otrophs use general porins on the outer membrane, which are channel-forming proteins

through which the substrates can passively diffuse [20, 144]. While copiotrophs use gen-

eral porins as well, they also use specific porins to consume larger solutes that diffuse

orders of magnitude more slowly than smaller solutes [11, 20, 149]. A specific porin binds

to a particular substrate and thus orients the substrate to draw it into the periplasm; this

is known as facilitated diffusion.

For simplicity, in this work, I assume that periplasmic uptake is via passive diffusion

from a general porin. I thus assume that the periplasmic uptake rate is proportional to

the abundance of porins on the cell’s outer membrane, Nporin, as well as the difference

between [S]0 and the periplasmic concentration of that substrate, [S]p:

vp =
kporinNporin ([S]0 − [S]p)

fp
(

4πr3

3

) [
Periplasmic concentration

Time

]
, (4.4)

where kporin is a flow rate in volume per time that accounts for the permeability of the

substrate through the porin. (See Appendix B.1.1 for a derivation of this term.)

Because at steady-state the diffusive uptake rate must equal the periplasmic uptake

rate, vdiff = vp, I combine Equations 4.3 & 4.4 to remove the surface substrate concen-

tration and obtain a periplasmic uptake rate that depends both on porin abundance and

cell radius:

vp =
kporinNporin ([S]ext − [S]p)

fp
(

4πr3

3

) (
1 +

kporinNporin

4πDr

) [
Periplasmic concentration

Time

]
. (4.5)

4.1.3 Cytoplasmic uptake

For the substrate to enter the cytoplasm from the periplasm, it now needs to go against

a concentration gradient, and this requires energy. In this work, I compare two main
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types of energy-consuming transport systems: direct transport and ATP-binding cassette

(ABC) transport systems.

Direct transport. I define direct transport systems as systems in which the substrate

itself binds to the inner membrane-bound transport unit. One type common in marine

bacteria is a sodium ion-linked symporter, a protein channel that transports a specific

substrate against a concentration gradient by co-transporting it with a sodium ion in

the direction of a sodium gradient [92, 145]. Another prevalent type of direct transport

used by copiotrophs is a phosphotransferase transport system (PTS) for the uptake of

specific carbohydrates [110, 167, 169, 180]. The PTS uses a cascade of proteins that

are specific to the sugar to bind a phosphate group to that sugar as well as a general

membrane-bound protein carrier that transports the modified sugar into the cytoplasm.

Therefore, for PTS, the cell uses energy to modify the sugar so that there is, in fact, no

concentration gradient that the cell must work against to translocate it.

I can model direct transport systems as a two-step reaction [32]. First, the periplasmic

substrate, Sp, binds to the membrane-bound transport unit, T, to form a bound complex,

T:S. In this work, I assume that the rate of binding is much faster than its dissociation

rate so that I can model it as an irreversible reaction that proceeds with rate k2′ :

Sp + T
k2′−−→ T:S. (4.6)

Once the substrate is bound to the transport unit, it is then translocated with rate k3′ :

T:S
k3′−−→ T + Si. (4.7)

I describe the rates using mass-action kinetics and assume a steady state so that the

concentration of the substrate-transport complex does not change:

d[T:S]

dt
= 0 = k2′ [S]p[T]− k3′ [T:S], (4.8)

where [T] ([T:S]) is the number of unbound (bound) transport units divided by the

periplasmic volume of the cell. Thus, from Equation 4.8, I obtain the following cytoplas-

mic uptake rate for direct transport:

vc = k3′ [T:S] = k3′ [T]total
[S]p

KT ′ + [S]p

[
Periplasmic concentration

Time

]
, (4.9)
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where KT ′ =
k3′
k2′

and [T]total = [T]+[T:S] is the total number of membrane-bound receptor

units divided by the volume of the periplasm. (Note that the rate as given describes the

periplasmic concentration of substrate leaving the periplasm per unit time. I multiply it

by the ratio of the periplasmic volume to the cytoplasmic ratio to obtain the concentration

of substrate entering the cytoplasm per unit time.)

ABC transport. For ABC transport, binding proteins scavenge for the incoming nu-

trients in the periplasm so that they do not escape back into the extracellular environment.

These binding proteins, when in complex with the substrate, bind to membrane-bound

transport units, which require ATP to translocate the substrate from the periplasm into

the cytoplasm [44, 80, 83]. I assume that the periplasmic substrate binds reversibly to the

binding protein, BP, to form substrate, binding-protein complex, S:BP, with association

rate k1f and dissociation rate k1r:

Sp + BP
k1f−−⇀↽−−
k1r

S:BP. (4.10)

I make the same simplifying assumption as I did for direct transport that binding of

the complex to the membrane-bound transport unit to form substrate, binding protein,

transport unit complex, T:S:BP, is irreversible with rate k2:

S:BP + T
k2−−→ T:S:BP. (4.11)

I additionally assume that the dissociation of the binding protein from the transport unit

is simultaneous with translocation of the substrate with rate k3:

T:S:BP
k3−−→ T + BP + Si. (4.12)

At steady-state, the periplasmic concentrations remain unchanged:

d[BP]

dt
= −v1 + v3,

d[S:BP]

dt
= v1 − v2,

d[T:S:BP]

dt
= v2 − v3, (4.13)
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where, again using mass action kinetics,

v1 = k1f [S]p[BP]− k1r[S:BP], (4.14)

v2 = k2[T][S:BP], and (4.15)

v3 = k3[T:S:BP]. (4.16)

Therefore, at steady-state, v1 = v2 = v3. I furthermore can define the following periplas-

mic conservation equations to solve for all periplasmic concentrations:

[BP]total = [BP] + [S:BP] + [T:S:BP] (4.17)

[T]total = [T] + [T:S:BP] (4.18)

Because v2 = v3,

[T:S:BP] = [T]total
[S:BP]

KT + [S:BP]
, KT =

k3

k2

. (4.19)

Because v1 = v2,

(k1r + k2[T]) [S:BP] = k1f [S]p[BP]. (4.20)

I use Equations 4.17-4.20 to solve for the four unknown concentrations in Equation 4.20

using Wolfram Mathematica. These exact solutions are used in the proteome model

discussed below (Appendix B.1.2.2).

4.1.4 Modifying the half-saturation concentration of uptake via

protein expression

We can gain useful insight into ABC transport systems if we consider the case that the

concentration of binding proteins greatly exceeds the concentration of transport units,

[BP]total � [T]total, so that k2[T] � k1r. (This is the case for the best-studied ABC

transport system, the maltose transport system in E. coli [31, 47]. See also Chapter 3.)

In this case, [S:BP]� [T:S:BP], so

[S:BP] ≈ [BP]total
[S]p

KBP + [S]p
, where KBP =

k1r

k1f

, and (4.21)

[T:S:BP] ≈ [T]total

(
[BP]total

KT + [BP]total

)(
[S]p

KTKBP

KT +[BP]total
+ [S]p

)
. (4.22)

65



Chapter 4. Role of ABC Transport

We can better understand the implications of ABC versus direct transport by comparing

the maximal uptake rates and specific affinities that these approximations suggest are

attained by these different transport strategies. From Equations 4.9, 4.16, and 4.22,

the maximal cytoplasmic uptake rates of direct and ABC transport systems, which are

attained when the periplasmic concentration of the substrate saturates, are:

Vmax,direct = k3′ [T]total and (4.23)

Vmax,ABC = k3[T]total

(
[BP]total

KT + [BP]total

)
. (4.24)

Therefore, the fact that copiotrophs achieve higher maximal uptake rates than oligotrophs

may suggest that direct transport systems have either higher translocation rates (k3′

versus k3) and/or that copiotrophs express higher levels of membrane-bound transport

units. Similarly, from the same equations, the cytoplasmic specific affinities and half-

saturation concentrations of direct and ABC transport systems are:

a◦direct = k2′ [T]total, a◦ABC =
k2[T]total[BP]total

KBP

(4.25)

KM,direct = KT ′ , and KM,ABC =
KTKBP

KT + [BP]total
. (4.26)

For direct transport systems, my expression for the cytoplasmic specific affinity is

consistent with Button’s theory [40, 41], which suggests that the specific affinity is pro-

portional to the number of transport units on the inner membrane as well as the diffusivity

of the substrate, which affects both the affinity of periplasmic uptake and the transport

rate k2′ . Thus, because of the lack of a mechanistic understanding of ABC transport,

the effective half-saturation concentration of any transport system has traditionally been

viewed as a constant that is intrinsic to the transport proteins. In my formulation, the

half-saturation constant of direct transport systems is equal to the dissociation constant

KT ′ between the substrate and transport unit, in agreement with Button’s theory. In-

deed, Button developed his theory for specific affinity because the effective half-saturation

concentrations of oligotrophic transport were too small to be explained by changes in the

dissociation constant, KT [39]. More recent literature has conflated the effective half-

saturation concentration of oligotrophic ABC transport with the dissociation constant of

the substrate and binding protein, KBP . For example, see [150].
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However, as my analysis makes clear, the half-saturation concentration of an ABC

transport system is not, in fact, a constant intrinsic to the transport proteins. The effec-

tive half-saturation concentration for ABC transport depends not only on both dissocia-

tion constants but also on the concentration of binding proteins in the periplasm. This

matches previous analysis that suggests that binding proteins increase the encounter rate

of the substrate and the membrane-bound transport unit [32]. My analysis thus suggests

that oligotrophs rely primarily on ABC transport systems because they allow the cell

to decrease the half-saturation concentration of uptake via protein expression to achieve

high specific affinities.

4.2 A toy metabolic model

In the previous section, I described a model of diffusive periplasmic uptake as well as

models of direct and ABC cytoplasmic uptake to understand how a cell can achieve high

specific affinities and high maximal uptake rates. However, maximizing either quantity

will not necessarily confer an advantage to a cell if it comes with too high a cost. To under-

stand the implications of these transport systems, we need to understand how they affect

not just the cell’s uptake rate but also the cell’s growth rate. Therefore, in this section, I

incorporate the transport system models into a simple, mechanistic single-cell metabolic

model to predict how phenotypes should vary in oligotrophic versus copiotrophic envi-

ronments. This metabolic model is an extension of the “self-replicator” proposed by

Molenaar and others [138] and, as in their work, is used in a proteome allocation problem

that determines the amount of each type of protein that the cell should express in order

to maximize its growth rate given a specific external concentration of a generic carbon

substrate.

Therefore, the main assumptions of this model are not only that cells have evolved

to maximize an instantaneous growth rate but also that oligotrophic and copiotrophic

environments can be distinguished by their carbon availability. The implication of these

two assumptions is that the phenotypic traits that vary between oligotrophs and copi-

otrophs must have cost-benefit trade-offs for growth rate maximization in their different

environments. Consequently, to understand the evolutionary advantage of a particular

phenotypic trait, we must quantify how it affects the cell’s growth rate. The benefit of
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increasing the expression of transport units and/or binding proteins is clear: it increases

the uptake rate of carbon into the cell to increase the cell’s growth rate. At saturating

nutrient concentrations, this is equivalent to increasing the cell’s maximal uptake rate; at

very low nutrient concentrations, this is equivalent to increasing the cell’s specific affinity.

4.2.1 Proteomic cost of transport

We similarly can think of a cost as causing a reduction in the cell’s growth rate. Any

trait has associated opportunity costs because some portion of the cell’s resources are

diverted to implementing that trait instead of being used directly for replication. A

phenotype may confer a variety of opportunity costs. A primary opportunity cost is the

proteomic cost of a trait [16, 17, 85, 93, 151, 156]. Research has shown that, under a

variety of experimental conditions, a cell’s growth rate is proportional to the fraction

of its proteome devoted to ribosomes [175]. Therefore, expressing higher abundances of

membrane-bound transport units or binding proteins to increase uptake rate presents an

opportunity cost because the cell could have instead devoted a greater proportion of its

proteome to ribosomes. Therefore, in my metabolic model, I quantify the proteomic cost

of transport by approximating the number of amino acids needed per transport unit.

For my baseline model, I approximate that the membrane-bound ABC transport unit

has the same proteomic cost as the direct transport unit and that a binding protein has

approximately one fourth of this proteomic cost. (For a specification and explanation of

all parameter values used, see Appendix B.1.)

4.2.2 Energetic cost of transport

Similarly, many traits also have an energetic cost. Cells maintain an ATP/ADP ratio

about 108 times greater than its equilibrium ratio to drive energetically unfavorable pro-

cesses by coupling them with ATP hydrolysis [73, 108]. Thus, as the cell converts ATP to

ADP to carry out energetically costly reactions, it must maintain energy homeostasis by

continually using energy to convert ADP back into ATP. Carbon is a crucial substrate for

heterotrophic bacteria because it is used not only as a building block for amino acids and

other biomass but is also a means for synthesizing ATP. Aerobic heterotrophs can use

carbon to produce ATP via two main processes. First, the cells can perform glycolysis,
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a substrate-level phosphorylation within the cytoplasm in which a glucose molecule is

transformed into pyruvate and generates two ATP molecules from ADP. In addition, by

a second process, called oxidative phosphorylation or cellular respiration, the cell uses

oxygen as an electron acceptor to further break down the pyruvate into carbon dioxide to

create at most a total of 36 ATP molecules per molecule of glucose [154]. Cellular respira-

tion is carried out by a cascade of proteins, called the electron transport chain, and ATP

synthase. The electron transport chain units are bound to the inner membrane, as they

generate an electrochemical proton gradient across the membrane, known as the proton-

motive force. This force, via a translocation of protons, drives ATP synthase to produce

ATP from ADP. Thus, the proton-motive force is an additional currency of energy used

by the cell [73], and is, in fact, used directly as energy by a number of symporters.

In my metabolic model, I specify the cost of an energy-consuming trait by quantifying

the equivalent number of ATP used per second. The ABC transport system uses ATP

directly. However, it is not known how tightly linked substrate translocation is to ATP

usage [162]. While some studies suggest a ratio of 1-2 ATP units used per substrate

translocated [143, 155], others suggest that ABC transport may be more energetically

costly and that it may even use ATP in a futile cycle when no substrate is present [158].

On the other hand, research suggests that symporters, a type of direct transport, co-

transport between exactly one to three ions per substrate [92, 111]. Because four protons

are pumped through ATP synthase per each ATP synthesized [46], a permease therefore

has an equivalent energetic cost of 0.25 to 0.75 ATP per substrate translocated. Finally,

it has been argued that direct transport by PTS is the most energy efficient method

of transport for carbohydrates because its energy-consuming phosphorylation step, in

which a phosphoryl group from phosphoenolpyruvate is transferred to the sugar substrate,

is also a required step in glycolysis [167]. The energetic cost of this phosphorylation

is equivalent to one ATP consumed per substrate because the transformation of the

phosphoenolpyruvate into pyruvate produces one ATP molecule [117].

This analysis suggests that ABC transport has both higher proteomic and energetic

costs per substrate translocated than both primary types of direct transport systems,

symporters and PTS. However, so that I can individually compare the effects of proteomic

and energetic costs, I assume in my baseline model that all transport systems have the

same energetic cost of one ATP molecule used per substrate translocated. I study the

effects of variable energetic costs in a sensitivity analysis.
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4.2.3 Size constraints

An additional opportunity cost of a trait is its cell size requirement. As apparent from

Equation 4.3 of the diffusive periplasmic uptake rate, small radii are beneficial to the cell

because they confer larger surface area-to-volume ratios and thus larger effective specific

affinities and diffusive uptake rates [50, 98, 105, 220]. However, proteins take up space so

that greater abundances require larger cell sizes. I follow the self-replicator model [138]

and assume that the cytoplasmic density of the cell cannot exceed a specified amount so

that diffusion of proteins within the cytoplasm can proceed at a reasonable rate. Similarly,

I assume that the periplasmic density cannot exceed that same amount and allow the cell

to modify the fraction of its volume devoted to the periplasm versus the cytoplasm.

In addition, the membrane-bound transport proteins incur further cell size require-

ments because they take up space on the membrane and therefore have associated “real

estate costs” [197]. Hence, in my model, I additionally specify the surface area of each

membrane-bound protein unit.

I assumed spherical cells to derive simple analytical expressions for the rate of diffusion

of substrates to the surface of the cell and to constrain the number of membrane-bound

units based on membrane surface area. However, it is important to note that it is the

ratio of the abundances of the membrane-bound units to the intracellular metabolites

that determine rates and thus optimal cell radii. Therefore, my model is not, in fact,

determining optimal cell volumes when optimizing over cell radius; it is optimizing sur-

face area-to-volume ratio. In my model, I do not consider any factors such as motility

requirements or predation that may favor particular cell volumes [105, 220].

4.2.4 A proteome allocation problem

My abstract model of cell metabolism attempts to minimize the components needed to

account for the different opportunity costs discussed above. (See Figure 4.2 and Appendix

B.) This toy model tracks the transformation of a generic carbon substrate into seven

different intracellular components by eight protein groups. The generic carbon substrate

enters the periplasm via a generic porin. The periplasmic substrate is drawn into the

cytoplasm via membrane-bound transport units, in complex with binding proteins for
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Figure 4.2: A toy model of bacterial metabolism. The single-cell metabolic
model includes seven intracellular metabolites (light blue), one of which is the pro-
teome that is comprised of eight protein groups (dark blue). The model tracks the
utilization of carbon by the cell (dark blue arrows). The solute enters the periplasm
via porins, may bind to binding proteins in the periplasm, and is then transported into
the cytoplasm by membrane-bound transporters. The intracellular carbon substrate
is either used to synthesize ADP (via an ADP synthesis protein group), generate en-
ergy (via cellular respiration, by the membrane-bound electron transport chain) or is
assimilated into biomass. Cellular respiration generates energy by converting ADP to
ATP (yellow). The protein groups that use energy result in the conversion of ATP
back into ADP (orange). For biomass assimilation, catabolic enzymes transform the
intracellular substrate into a precursor (a generic amino acid). This precursor is used
by lipid biosynthesis enzymes to make the cell wall and by ribosomes to make proteins.
This model is subject to a number of constraints (specified in the text) to determine
the proteome allocation that maximizes a steady-state growth rate.

ABC transport systems. This cytoplasmic carbon substrate is transformed into a generic

building block via a catabolic protein group. The building block is used both for pro-

teins, expressed by ribosomes, and for the inner and outer membranes, synthesized by a
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membrane biosynthesis protein group.

These foregoing components are the minimal required to account for the proteomic

cost and size requirements of transport [138]. However, to account for the energetic cost

of transport as well, the model additionally tracks the proportion of carbon consumed

by the cell that is used for energy instead of for biomass. Thus, the cytoplasmic carbon

substrate can also be transformed and excreted from the cell (mimicking the release

of carbon dioxide in aerobic respiration) via an energy generation protein group that

encapsulates catabolic enzymes, membrane-bound electron transport chains, and ATP

synthase. Additionally, the carbon substrate may be used by an ADP synthesis protein

group to synthesize ADP, which is converted to ATP to store the generated energy.

I use this model in a nonlinear optimization problem run using MathWorks’s MAT-

LAB fmincon function, to find the proteome allocation that maximizes the steady-state,

balanced growth rate given a particular extracellular concentration of the carbon sub-

strate. To allocate the proteome, the optimization solves both for the total concentration

of protein in the cell as well as for the fraction of the proteome devoted to each of the

eight protein groups. The code also solves for the optimal concentrations of periplas-

mic carbon substrate, cytoplasmic carbon substrate, precursor, cell membrane units, and

ADP. For energy homeostasis, I assume that the concentration of ATP must be ten times

the concentration of ADP. In addition, I include a futile cycle, which simply converts

ATP to ADP without requiring any proteome, and allow the code to optimize the rate

of this cycle to ensure that a balanced, steady-state solution is found while also ensuring

that all nonzero quantities have abundances of at least one. Finally, I also allow the code

to optimize over cell radius and periplasmic volume fraction. Thus, including the growth

rate as a variable, there are eighteen variables that the code optimizes over.

This optimization problem is subject to a number of constraints, many of which are

nonlinear:

1. The cell experiences steady-state exponential growth: dxm
dt

= Nv − µxm, where xm

are the seven intracellular substrates; µ is the growth rate that the optimization

problem is attempting to maximize; N is a stoichiometry matrix that specifies how

many of each input substrate is needed to form an output substrate; and v are the

corresponding reaction rates, which are functions of the concentrations of each of
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the eight protein groups as well as the concentration of input substrate and are

modeled using Michaelis-Menten kinetics.

2. The proteome fractions must sum to one.

3. The sum of the densities of the cytoplasmic components (cytoplasmic carbon sub-

strate, generic precursor, ADP, ATP, catabolic proteins, ribosomes, cell membrane

biosynthesis proteins, and ADP synthesis proteins) cannot exceed a threshold cell

density.

4. The sum of the densities of the periplasmic components (periplasmic carbon sub-

strate and binding proteins) cannot exceed the same threshold cell density.

5. The abundance of synthesized membrane units must equal the amount needed to

cover both the inner and outer membranes.

6. The electron transport chain units as well as transport units must fit on the surface

area available on the inner membrane; and

7. The porins must fit on the surface area available on the outer membrane.

The full proteome allocation problem with all equations, constraints, and parameters

specified is given in Appendix B. While I use realistic parameter values based on previous

knowledge of E. coli for all quantities, I cannot expect my toy model of cellular metabolism

to predict precise growth and uptake rates. Instead, I use realistic parameter values to

substantiate the trends that my model predicts and to evaluate the relative impact of

the various uptake mechanisms. Note also that the solutions to the optimizations predict

optimal phenotype; that is, they predict the characteristics of the species evolved in

a landscape with a specific concentration of a single generic carbon substrate. These

solutions do not, therefore, suggest that a single species can attain each phenotype via

regulation.
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4.3 Optimal proteome allocation for ABC versus di-

rect transport systems

4.3.1 A rate-affinity trade-off

While the turnover rates of direct transport systems have been well studied and are known

to be on the order of 100 per second [133, 207], less is known about the achievable rates

of ABC transport systems [162]. However, I hypothesize that the maximum achievable

turnover rates of ABC transport systems must be intrinsically lower than that of direct

transport systems to explain the prevalence of direct transport systems in copiotrophs.

According to my model, the transport systems should have similar proteomic costs

per uptake rate at high nutrient concentrations if their turnover rates, k3 and k3′ , were

the same. And, furthermore, the model suggests that potentially lower energetic costs of

direct transport systems do not confer substantial gains at high nutrient concentrations

where energy is not limited (Figure 4.3). In addition, previous research suggests that

direct transport systems have other costs that my model does not consider because they,

in general, have narrower substrate specificity than ABC transport systems [150, 167, 170,

171]. For this reason, copiotrophs must devote additional proteome to tightly regulate the

expression of a diverse number of genes for carbon uptake and take advantage of multiple

types of carbon nutrient hotspots [42, 78, 156]. Therefore, if the turnover rates of ABC

and direct transport systems were the same, ABC transport systems could outperform

direct transport systems in all environments that are not limited by electron acceptors

for energy generation. In fact, in my model, at the low nutrient concentrations where

efficient energy usage is most important, ABC transport still outperforms direct transport

when its energetic cost is ten times greater than that of direct transport (Figures 4.6A

& 4.4). Therefore, as direct transport systems must have important benefits to explain

copiotrophs’ reliance on them, I believe that this benefit must be that these systems allow

higher maximal uptake rates.

This hypothesis on direct versus ABC transport turnover rates is supported by a

molecular understanding of transport. I expect ABC transport systems to have lower

turnover rates if their rates are limited by rates of diffusion within the periplasm. Because

the binding proteins of ABC transport systems are much bulkier than the carbon substrate
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Figure 4.3: Comparing ABC and direct transport. These plots show results
of proteome allocation problems with variations in the direct and ABC transport sys-
tems. The proteome allocation problem is solved for different extracellular substrate
concentrations (x-axis). (A) shows the maximal growth rates achieved with the optimal
proteome allocation, (B) shows the optimal cell radii used to achieve those maximal
growth rates, and (C) shows the uptake rate per proteomic cost, which is the rate
of carbon consumption divided by the amount of carbon comprising the porins, bind-
ing proteins, and membrane-bound transport units. The baseline parameter values for
the two transport systems are: ‘Direct’ and ‘ABC: Transport rates x0.01’. I argue that
ABC transport rates, k2 and k3, are likely on the order of one hundred times lower than
direct transport rates, as in the baseline model, because of the slow diffusivity of the
bulky binding proteins and because, when ABC transport has the same transport rates
as direct transport (purple), they outcompete direct transport at all concentrations.
Direct transport systems may have lower energetic costs (yellow) and ABC transport
rates may have higher energetic costs (green), but these modifications do not consid-
erably alter maximal growth rates at high nutrient concentrations. The lower rates of
ABC transport (red, maroon) result in smaller optimal cell radii.
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Figure 4.4: Sensitivity analysis of direct and ABC transport systems at
saturation, [S]ext = 100 mM, over various energetic costs. The energetic costs
were modified by multiplying the number of ATP consumed per substrate translocated
by the factor specified on the x-axis.

itself, they diffuse much more slowly. If I assume that the diffusivities of substrates are

similar in the periplasm and cytoplasm, a binding protein with a molecular weight of 42.5

kDa (the weight of the maltose binding protein, MalE, in E. coli) will have a diffusivity

of approximately 2 µm2/sec, while a substrate with a molecular weight of 0.18 kDa (the

weight of glucose) will have a diffusivity of approximately 200 µm2/sec [201]. Therefore,

as the association rate k2 and the turnover rate k3 may both depend on the diffusivity

of the compounds that bind to the membrane-bound transport units, I assume for the

remainder of my analysis of the baseline model that these rates are 100 times smaller for

ABC transport than for direct transport: k2 = 0.01k2′ and k3 = 0.01k3′ .

Using these baseline rates, my model predicts that, while direct transport systems
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Figure 4.5: Sensitivity analysis of direct and ABC transport systems at
[S]ext = 1 nM over various energetic costs. While the optimal cell radii remains
nearly constant over factor changes of ten for both ABC and direct transport systems,
the energetic costs of transport affect the maximal growth rates.

achieve higher uptake rates per transport proteomic cost at high nutrient concentrations,

ABC transport systems achieve higher uptake rates per transport proteomic cost at low

nutrient concentrations because they can increase specific affinity at a lower proteomic

cost than direct transport (Figure 4.6). Thus, my model suggests that the main oppor-

tunity cost between ABC and direct transport systems arises not from variable energetic

costs but from a rate-affinity trade-off. While direct transport systems can achieve higher

rates per proteomic cost, ABC transport systems can achieve higher affinities per pro-

teomic cost.

4.3.2 Cell size: a master trait

Interestingly, optimization results from my model suggest that the higher turnover rates

of direct transport systems support larger cells as they result in smaller surface area-to-

volume ratios (Figures 4.6B & 4.7). Therefore, the high turnover rates of direct transport

systems may be of particular importance to motile copiotrophs that must be large enough

to overcome rotational diffusion and swim effectively toward nutrient hotspots [134].

The effects of cell surface area-to-volume ratio on growth rates is made particularly

apparent when I run the optimization problem while constraining cell radii to particular

values (Figure 4.8). Smaller cell radii, i.e., higher surface area-to-volume ratios, increase
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Figure 4.6: A rate-affinity trade-off. This figure replicates Figure 4.3, focusing on
only the baseline models of direct versus ABC transport.

specific affinities and thus growth rates at low nutrient concentrations (Equation 4.5 and

Figures 4.8A&B). However, increasing the surface area-to-volume ratio does not increase

uptake rates at high nutrient concentrations, where periplasmic uptake rates are not

limited by the diffusion of substrates to the cell surface (Figures 4.8C&D). Instead, at

high nutrient concentrations, the density and surface area “real estate” constraints limit

growth. Therefore, optimal cell radii at substrate saturation scale inversely with maximal

allowed cytoplasmic densities; and proportionally with the fraction of the surface area of

the inner membrane available for the transport units and electron transport chain units

(Figure 4.9).

Although I did not attempt to fine tune my model to ensure realistic cell sizes, I did

use realistic parameters for all quantities considered in the above-mentioned constraints.
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Figure 4.7: Sensitivity analysis of proteome allocation for direct transport
to changes in transport rate k3 at [S]ext = 100 mM. Increases in the transport
rate result in (A) higher achievable growth rates and (B) larger optimal cell radii.

Thus, it is worth noting that my model predicts minimal surface area-to-volume ratios

that are a factor of 10 smaller than those attained by fast-growing E. coli [74]. This

may suggest that my model does not consider additional important factors for bacterial

survival that constrain cell size. Possible unmodeled factors include high basal energetic

requirements [197], predation [220], and virulence [212]. Excitingly, however, further

constraining cell size in my model down from a radius of 10 µm to 0.1 µm does not

substantially change maximal growth rates and optimal solutions (Figure 4.8C).

4.3.3 Matching transport to catabolic capacity

For cells relying on direct transport, my work replicates results [138] that show that, as

extracellular carbon concentration decreases, the optimal transport unit proteome frac-

tion increases and the optimal downstream enzyme proteome fraction (comprising the

catabolic enzymes, energy generating proteins, and ADP synthesis proteins) decreases

(Figure 4.10D). Therefore, at low nutrient concentrations, the optimal maximal uptake

rate is much larger than the optimal maximal rate of utilization of the substrate down-

stream (Figure 4.10C). Hence, my model predicts a potentially dangerous mismatch be-

tween the capacity of the transport system and the capacity of downstream enzymes for
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Figure 4.8: Effects of cell radius on maximal growth rate. (A) and (B): the
proteome allocation problem is solved at [S]ext = 1 nM while constraining the cell
radius to particular values (x-axis). Because periplasmic uptake is limited by diffusion
at low nutrient concentrations, specific affinity increases with increasing surface area-
to-volume ratios and thus decreasing cell radii. (C) and (D): the proteome allocation
problem is solved at [S]ext = 100 mM while constraining the cell radius to particular
values. The maximal growth rates of direct transport systems are not very sensitive to
cell radius over a range of 0.1 µm to 100 µm.

cells relying on direct transport systems and optimized for growth at low carbon con-

centrations. This mismatch is dangerous if the cell cannot excrete consumed substrate

because a sudden nutrient up-shift would overwhelm the cell with substrate that it cannot

metabolize.

On the other hand, for cells relying on ABC transport, the optimal maximal uptake

rate in fact decreases as nutrient concentration decreases (Figure 4.10A). Therefore, my

model predicts that the transport capacity of cells relying on ABC transport more closely
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Figure 4.9: Active constraints on cell radius at high nutrient concentrations.
Both the surface area “real estate” constraints and the density constraints are active
for the direct transport proteome allocation problem at high nutrient concentrations.
Increases in maximal allowed density result in smaller optimal cell radii (red and yellow).
Increases in the fraction of the surface area available to the membrane-bound protein
groups result in larger optimal cell radii (purple and green). Note that, for the baseline
model, I assume that half of the surface area of the inner membrane is available.

matches the capacity of their downstream enzymes (Figure 4.10C). On the other hand,

Button’s theory, still prevalently used to explain oligotrophic strategy for nutrient acqui-

sition [63], predicts that oligotrophs have a very high ratio of membrane-bound transport

unit to downstream enzyme to achieve high specific affinity [39]. My model suggests that

this would only be the case if oligotrophs relied on direct transport systems. Instead,

my model suggests that the oligotroph’s success is a result of its ability to achieve high

specific affinity without expressing such high levels of membrane-bound transport units.

Therefore, in contrast with Button’s theory, I predict that the model oligotroph does

not have any excretion systems because it would rarely have need for them and because

they may decrease the efficiency of the cell’s uptake [33]. However, I predict that the

model copiotroph is likely to excrete metabolic intermediates when it has acclimated to

a low nutrient concentration and is introduced to an environment with higher concentra-

tions.
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Figure 4.10: Optimal proteome allocation for direct versus ABC transport
systems. As the extracellular nutrient concentration decreases, the optimal maximal
uptake of transport increases for direct transport systems but decreases for ABC trans-
port systems (A), while optimal specific affinities increase for both (B). (C) This results
in a large ratio of optimal maximal uptake and maximal downstream enzyme rates for
direct transport systems, while it is optimal for ABC transport systems to keep this
ratio near one. I calculate maximal downstream enzyme rate by summing the maximal
reaction rates of the components that consume the intracellular carbon substrate; see
Supplemental Section 2.1. (D) While it is optimal for cells relying on both transport
systems to devote nearly all of their proteome to transport at low nutrient concentra-
tions, for ABC transport systems, it is the proteome fraction of the binding proteins
that increase and not the fraction of transport units.

4.3.4 The cost of high specific affinity

Although the optimal maximal uptake rate decreases with decreasing nutrient concen-

tration for cells relying on ABC transport, my model still predicts that the cell is using

the majority of its proteome for transport at low nutrient concentrations (Figure 4.10D).
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Figure 4.11: The effective half-saturation concentration of ABC transport.
(A) In my model, ABC transport systems achieve lower optimal half-saturation con-
centrations at low nutrient concentrations by increasing the ratio of the abundance of
binding proteins to abundance of membrane-bound transport units. (B) To calculate
the effective half-saturation concentration of a solution to a particular proteome allo-
cation, I use Equation 4.5 and Equations 4.16-4.20 to determine the uptake rate over
a range of nutrient concentrations (x-axis). Here, I show calculated uptake rates over
various nutrient concentrations for the proteome allocation obtained when optimizing
the cell for growth at an extracellular concentration of [S]ext = 1 nM.

However, instead of the majority of that proteome fraction being devoted to membrane-

bound, energy-consuming transport units, it is instead devoted to binding proteins. This

is because increasing the concentration of binding proteins in the periplasm increases

the specific affinity of transport. Therefore, in my model, when the extracellular carbon

concentration is 1 nM, the cell uses a binding protein with dissociation constant KBP = 1

µM and a transport unit with dissociation constant KT = 10 µM to achieve an optimal

effective half-saturation concentration of Km = 2.5 nM (Figure 4.11), which is four thou-

sand times smaller than the half-saturation constant of direct transport in my model,

Keff ′ = KT ′ = 10 µM.

My model suggests that the proteomic cost of achieving this high specific affinity is

substantial. In my model, while a cell relying on direct transport devotes only about 1%

of its proteome for transport to attain maximal growth rates at saturation, it devotes

96% of its proteome at an extracellular nutrient concentration of 1 nM to attain even

higher optimal specific affinities than are optimal for ABC transport systems (Figure

4.10B). My model thus suggests that the cell relying on ABC transport outperforms

cells relying on direct transport at low nutrient concentrations because it can achieve
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higher specific affinities per proteomic cost (Figure 4.6C). Yet, in my model, the cell

with ABC transport still devotes 84% of its proteome for transport to achieve maximal

growth rates in the nanomolar regime (Figure 4.10D). In this regime, about half of the

transport proteome (43% of the total proteome) is devoted to the binding proteins. This

corresponds to a binding protein to transport unit ratio of five (Figure 4.11A). However,

this ratio is estimated to exceed fifty in E. coli ’s maltose ABC transport system [47, 156].

A sensitivity analysis does show that this ratio is sensitive to the value of the binding

protein dissociation constant, and, for example, does reach fifty when the dissociation

binding rate, k1r, is a factor of one hundred smaller (Figure 4.13D&E).

As the binding protein to transport unit ratio quantifies the additional proteomic cost

that the binding proteins incur to achieve high specific affinities, it would be interesting

to obtain proteomic data to determine what this ratio is for model oligotrophs consuming

various substrates. Because oligotrophs use ABC transport systems to consume solutes

that are smaller than maltose, oligotrophs’ binding proteins may in fact have smaller

dissociation constants so that perhaps the optimal ratio of binding proteins to transport

units is indeed nearer to one. However, it is also possible that oligotrophs can achieve even

lower effective half-saturation concentrations that may require higher ratios of binding

proteins and thus incur even greater proteomic costs. For this reason, it would also be

insightful to determine whether oligotrophs can regulate binding protein abundances to

modify this ratio over environmental conditions. If they can, it suggests that the costs

of expressing such high levels of binding proteins is greater than the costs of regulating

their expression.

4.3.5 Effects of solute size

For carbon-cycling models to better predict how bacterial abundances, uptake rates, and

growth rates depend on environmental conditions, these models must quantify the quality

of the carbon substrates in the environment. My model suggests that one important

characteristic of environmental substrate quality is the size of the solute, and a sensitivity

analysis of my model helps us gain insight into how solute size may affect growth rates.

My results suggest that solute size is of particular importance for predicting cell sizes and

growth rates at low nutrient concentrations.
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Figure 4.12: Sensitivity analysis of direct and ABC transport systems at
[S]ext = 1 nM over various periplasmic uptake values.

Periplasmic uptake rates at low nutrient concentrations are dependent on the diffu-

sivity of the solute in the external environment, which scales inversely with size. Thus, as

cell surfaces more easily become depleted of solutes with lower diffusivities, larger solutes

result in smaller optimal cell radii and smaller maximal growth rates for cells relying on

ABC transport (Figure 4.12). (The effects of solute diffusivity on maximal growth rates

is much smaller for direct transport using my model’s baseline parameters simply because

the optimal cell size is already so small and growth-limiting.) Furthermore, translocation

rates of the solutes through general porins depend greatly on the ratio of the effective

solute radius to porin radius [147, 164]. Thus, larger solutes also result in smaller values

of kporin and further reductions in uptake rates and maximal growth rates (Figure 4.12).

Finally, again due to the smaller diffusion constants of larger solutes, I expect the

association and dissociation rates of the solute and binding protein for ABC transport

systems (k1f , k1r) as well as the association and dissociation rates of the solute to the

membrane-bound transporters for direct transport systems (k2′ , k3′) to depend on solute

size. And, my sensitivity analysis, in fact, suggests that maximal growth rates and

optimal cell sizes are most sensitive to these transport rates at low nutrient concentrations

(Figures 4.13A&B). For ABC transport, a reduction in association rate k1f by a factor

of ten causes the optimal cell radius to increase by 25% to accommodate greater binding

protein abundances; and an 80% reduction in maximal growth rate. Because direct

transport systems use even greater fractions of their proteome for transport at low nutrient
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Figure 4.13: Sensitivity analysis of direct and ABC transport systems at
[S]ext = 1 nM over various cytoplasmic transport rates. For ABC transport,
I expect the binding-protein association and dissociation rates, k1f and k1r, to be
most sensitive to solute size. For direct transport, I expect the association rate of the
substrate to the transport unit, k2′ , as well as the translocation rate, k3′ , to be sensitive
to solute size. Maximal growth rates for ABC transport are sensitive to both changes
in k1r and k1f , while maximal growth rates for direct transport are most sensitive to
changes in k2′ .

concentrations, their corresponding maximal growth rates are even more sensitive to

changes in association rate k2′ : in my model, a factor of ten reduction in k2′ caused a

90% reduction in maximal growth rate at an external solute concentration of 1 nM.

In contrast, cells relying on direct transport systems are not sensitive to changes in

transport rates at saturating levels of nutrients in my model because the limit to maximal

growth rate is in the rates of the downstream enzymes so very little of the cell’s proteome

is devoted to transport (Figure 4.14). Therefore, I do not expect solute size to be an
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Figure 4.14: Sensitivity analysis of direct and ABC transport systems at
saturation over various cytoplasmic transport rates. Direct transport systems
devote so little of their proteome to transport at high nutrient concentrations that mod-
ifications in transport rate can be compensated by small shifts in transport proteome
fractions. However, the maximal growth rates of ABC transport systems are sensitive
to changes in translocation rate, k3.

important predictor of growth rate for copiotrophs at high nutrient concentrations. On

the other hand, a cell relying on ABC transport is sensitive to changes in the translocation

rate of the solute through the inner membrane, k3, at saturating nutrient concentrations

because, in my model, the cell uses a substantial fraction of its proteome for transport

to achieve maximal growth rates at saturation. However, although I expect the rate k3

to be smaller for larger solutes, I do not expect it to be as sensitive to solute size as the

rates k1f and k1r.

My sensitivity analyses suggest that comparing the sizes of consumed solutes may
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give insight into the relative growth rates of cells on various compounds. In particular,

I hypothesize that solute size is an important factor to consider when predicting growth

rates of cells relying on ABC transport. I hypothesize that it may also be important for

predicting growth rates of cells relying on direct transport at low nutrient concentrations.

I therefore suggest quantifying solute size when considering substrate quality in carbon-

cycling models that consider bacterial dynamics. However, one gap in our understanding

is of how precisely the transport rates vary with solute size. While previous analyses

of periplasmic uptake rates as well as my analysis of the diffusivity of binding proteins

versus carbon solutes suggest that these rates could vary substantially with solute size,

these differences, to my knowledge, have not been quantified. Therefore, experimental

data that relates solute size to oligotrophs’ cell sizes and growth rates may be useful for

building more predictive ecosystem models.

4.4 Conclusions

This work uses a toy model of cellular metabolism that incorporates the effects of variable

surface area-to-volume ratios as well as biophysical transport models into a proteome allo-

cation problem that predicts the cell size and transport phenotype that maximizes growth

rate given a specific extracellular carbon substrate concentration. The model’s predic-

tions demonstrate how cells can efficiently allocate proteome not only to increase their

maximal uptake rates but also to increase their effective specific affinities for transport.

While much previous work has considered the effective half-saturation concentration of

uptake to be a constant, intrinsic property of the transport proteins, my model of ABC

transport shows how a cell can, in fact, regulate binding protein expression to tune its

effective half-saturation concentration based on its external environment. Therefore, in

my model, a cell using an ABC transport system with a binding protein dissociation

constant of KBP = 1 µM and a transporter dissociation constant of KT = 10 µM can

achieve low effective half-saturation concentrations of Km ≈ 1 nM, while the cell cannot

regulate the half-saturation concentration of a direct transport system, Km′ = KT ′ .

Therefore, this work suggests that oligotrophs rely on ABC transport systems to

efficiently achieve high specific affinities. Button hypothesized that oligotrophs achieve

higher specific affinities by having higher permease to downstream enzyme ratios [39].
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However, this theory only aligns with my model’s predictions for how cells relying on

direct transport may achieve high specific affinity. My results suggest that achieving

high specific affinities in this way is very costly for the cell because of both the high

proteomic cost as well as the surface area “real estate” requirements of the membrane-

bound transport units. Hence, my work instead shows that cells can achieve higher

specific affinities per cost using ABC transport systems. Additional binding proteins

have lower proteomic costs than additional transport units and also do not incur “real

estate” costs on the inner membrane. Instead, in my model, binding protein abundance

is subject only to a constraint on the periplasmic density, which the cell can mitigate by

modifying the fraction of its volume devoted to its periplasm. My results thus suggest

that a majority of an oliogotroph’s proteome could be comprised of binding proteins, and

this aligns with metaproteomic analysis that found that binding proteins are among the

most prevalent bacterial protein found in the oligotrophic ocean [189].

However, I also predict that ABC transport systems have lower maximal rates than

direct transport systems because of the slow diffusion of binding proteins in the periplasm.

Therefore, I predict that a rate-affinity trade-off is central to the copiotrophic and olig-

otrophic divide: copiotrophs rely on direct transport systems to efficiently achieve high

maximal uptake rates in nutrient-rich environments, while oligotrophs rely on ABC trans-

port systems to efficiently achieve high specific affinities in nutrient-limited environments.

Because higher uptake rates support smaller surface area-to-volume ratios, this rate-

affinity trade-off is also consistent with observations that copiotrophs are much larger

than oligotrophs.

This size difference may also explain why a “superbug” could not exist that dominates

in both copiotrophic and oligotrophic environments. This purported “superbug” could

rely on direct transport in carbon-rich environments and ABC transport in carbon-limited

environments. I hypothesize that this superbug does not exist because of constraints on

cell size as well as the regulatory overhead needed to switch between transport systems.

Oligotrophs’ high specific affinity is a product not only of their reliance on ABC transport

systems but also their small cell size. Furthermore, their higher growth rates in nutrient-

limited environments are also due to their highly streamlined genomes, which require not

only less space but also less regulation and sensing—each of which add further genomic,

proteomic, and energetic costs [64, 78, 178]. I therefore hypothesize that, due to the large

genome size and regulatory requirements of the “superbug”, the “superbug” is unable
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to achieve the small cell size and low proteomic and energetic requirements necessary to

outcompete oligotrophs at low nutrient concentrations.

But how do genome size requirements affect cell size? And what precisely are the

proteomic and energetic requirements of sensing and regulation? The ubiquity of cells of

the SAR11 clade suggests that the proteomic and energetic costs of copiotrophic plasticity

are high. For future work, the mechanistic model of cell metabolism that I developed in

this work could be extended to include these additional genomic and regulatory costs to

thus provide greater insight into heterotrophic bacterial speciation in the ocean.

The work in this chapter was done with guidance from Naomi Levine, Vicente Fernandez, and

Roman Stocker. I would also like to acknowledge helpful feedback from Terry Hwa and Cameron

Thrash and helpful edits by Levine and Fernandez.
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To Swim, or Not to Swim

In the previous chapter, I gained insight into the speciation and coexistence of marine

heterotrophic bacteria by differentiating oligotrophs and copiotrophs in terms of their

transport mechanisms. I hypothesized that central to copiotrophs’ and oligotrophs’ dif-

ferentiation is a rate-affinity trade-off: While oligotrophs rely on ABC transporters to

increase nutrient affinity and thus uptake rate at low nutrient concentrations, copiotrophs

rely on direct transporters to maximize maximal uptake rates at high nutrient concen-

trations. In this chapter, I instead attempt to gain insight into their differentiation by

distinguishing oligotrophs and copiotrophs by their most apparent difference: whether or

not they can swim. Genomic analyses show that genes for flagellar synthesis are highly

overrepresented in copiotrophs, suggesting that copiotrophs must swim to access the high

nutrient concentrations that support their fast growth rates [115].

While previous calculations suggest that motility is a costly trait due to both its high

energetic and proteomic requirements [134, 135, 198], previous experimental work has

shown motility to be highly beneficial for accessing higher nutrient levels due to spa-

tial heterogeneities in the microbial marine environment. Motile marine bacteria exhibit

chemotaxis to better accumulate in regions with elevated levels of dissolved organic mat-

ter, for example in the vicinity of phytoplankton [27, 182, 193, 194]. Furthermore, motile

cells more easily colonize nutrient-rich particles, such as marine snow and fecal pellets

[34, 69, 100, 193]. Motility greatly increases the likelihood that a cell will encounter and

colonize sinking particulate organic carbon not only because of the cell’s increased dif-

fusivity and ability to perform chemotaxis but because, in addition, nonmotile cells are
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unable to cross the streamlines of laminar flow of a sinking particle to reach the particle’s

surface. Previous work has thus shown that the majority of particle-attached marine

bacteria are capable of swimming [99]. In addition, many model copiotrophs that can

swim, such as Vibrio species, can form biofilms or use pili to attach to particles [95, 125],

giving further credence to our understanding that many marine bacteria use motility to

find and access particulate carbon sources.

In this work, I focus on modeling the benefits of motility for particle colonization

because copiotrophs, in contrast to oligotrophs, are able to degrade particulate organic

matter [18, 66, 115]. Therefore, gaining insight into the environments that support motil-

ity for particle colonization can help us predict the degradation rates of particulate carbon

in the ocean to improve marine carbon-cycling models [56, 102, 144].

My assumption in this work that the costs and benefits of motility are due to its

use for particle colonization differentiates my work from previous work on the trade-offs

of motility in marine bacteria. Previous work has focused on understanding the costs

of motility for the uptake of dissolved organic matter and thus considers motile cells to

always be swimming; see, for example, [198]. However, in my baseline model of motility,

I assume that cells only swim between particle encounters and thus do not expend energy

on motility while attached to particles. While very little is known about how marine

motile bacteria regulate flagellar synthesis and how cells with expressed flagella regulate

motility and speed [188], it is known that cells with expressed flagella can inhibit motility

entirely [72]. Experimental results suggest that motility is inhibited on particle surfaces

not only because of the energetic costs of swimming but also because its inhibition is a

necessary requisite for successful adherence to the surface [72].

In this chapter, I gain insight into the costs and benefits of motility for particle

colonization by incorporating a simple model of motility into the metabolic model and

proteome allocation problem that I developed in the previous chapter. I model the benefit

of motility by quantifying how motility increases particle encounter rates. I assume that

motility requires a constant proteome fraction and thus focus on the energetic cost for a

cell to swim when not attached to particles. As this work is more exploratory, I study the

effects that individual modifications to my model of motility have on my predictions on

the optimal cell size and swimming speed given a particular concentration of particles and

concentration of nutrients on the particles. However, independent of the modification,
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the model consistently predicts a ‘wrong result’: that it is optimal for a motile cell to

rotate its flagellum at the maximal rate when it does not sense any nutrient gradients.

Thus, I conclude by hypothesizing that it is uncertainty due to temporal heterogeneity

that may govern optimal swimming speeds.

5.1 A toy model of motility

5.1.1 The benefit of swimming

Observations suggest that the majority of marine heterotrophic bacteria that swim in

the water column have just a single polar flagellum with which they perform a “run-and-

reverse” swimming strategy [91]. The cell alternates between rotating its flagellum in one

direction to propel the cell body forward (a ‘run’) and rotating it in the opposite direction

to pull the cell body backwards (to ‘reverse’). In between a run and a reversal, the cell

reorients. Reorientation may be due to Brownian rotational diffusion in some species

[193]. However, it is known that various motile marine bacteria actively reorient [15]. In

particular, Vibrio alginolyticus cells actively reorient by an angle Gaussian distributed

about 90 degrees using a ‘flick’, which is due to a mechanical instability in the flagellum

that causes it to buckle [183]. To perform chemotaxis, cells bias this run-reverse random

walk by increasing the amount of time spent swimming in directions that are up nutrient

gradients [153, 214].

Previous work has found that marine motile cells that are capable of active reorien-

tation for performing chemotaxis are better able to colonize particles than motile cells

that cannot [99]. This suggests that chemotaxis is crucial for effective motility. Because

sinking particles create plumes of dissolved organic matter, reorientations can both help

the cell remain in the elevated nutrient concentrations of the plume [194] as well as help

the cell follow the plume to the sinking particle, assuming that the cell can swim faster

than the particle is sinking. Indeed, experiments have found that many marine motile

bacteria increase their swimming speeds when they encounter bands of nutrients, perhaps

because they are trying to chase the dissolved nutrients to their particulate source [137].

However, in my baseline toy model, I neither model the plumes of sinking particles nor

do I explicitly model run-reverse chemotaxis. Instead, I only implicitly model chemotaxis
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by assuming that a cell always successfully attaches to a particle once it encounters

the particle. Variations in chemotactic ability can thus be modeled by modifying the

effective size of the particle: for cells with chemotactic ability that are more sensitive to

the nutrient gradient created by the particle, the effective size of the particle is larger.

I instead assume that the benefit of motility is that it increases encounters with

nutrient-rich particles. My model of motility thus captures the benefit of swimming in

environments in which the cell does not sense any gradients and thus cannot perform

chemotaxis.

5.1.1.1 Effects of cell’s phenotype on particle encounter rate

I assume that the time a cell spends in the background environment before encountering

a particle, τenv, is the reciprocal of the product of an encounter rate kernel, B, and the

concentration of particles in the environment, Cp [99]:

τenv =
1

BCp
. (5.1)

I relate the encounter rate kernel B to the effective translational diffusivity of the cell, Dt,

using the equation for the diffusive flux toward a sphere. Thus, I calculate the encounter

rate per cell and per particle of an ensemble of uniformly distributed cells diffusing with

effective diffusion constant Dt toward uniformly distributed spherical particles [50, 99].

Thus,

B = 4πaSDt

[
length3

time

]
, (5.2)

where a is the effective radius of the particle, which can be larger than the particle itself

to model chemotaxis; and S is the Sherwood number, which describes the ratio of mass

transfer by convection and mass transfer by diffusion and depends on the size and sinking

speed of the particle. (In this work, I assume that the Sherwood number is S = 2,

corresponding to the Sherwood number estimated for a particle with a radius of 200 µm

and sinking at a speed of 60 µm/sec, i.e., 5 m/day, and assuming a diffusivity typical for

molecules, 10−5 cm2/sec [9, 101].)

94



Chapter 5. To swim, or ...

For nonmotile cells, the effective translational diffusivity is due solely to Brownian

motion and thus decreases with increasing cell size [50]:

Dt,nonmotile =
kBT

6πηr

[
length2

time

]
, (5.3)

where r is the radius of the cell body, which I assume to be spherical; kB is Boltzmann’s

constant, T is absolute temperature, and η is dynamic viscosity.

For a motile cell, I assume that the effective diffusivity is [50, p. 92]:

Dt,motile =
v2

6DR

[
length2

time

]
, (5.4)

where v is the swimming speed of the bacterium and DR is the cell’s rotational diffusivity.

Thus, a motile cell should attempt to minimize its rotational diffusivity to maximize

translational diffusivity and thus particle encounter rates. Because active reorientation

can only increase a cell’s rotational diffusivity, for the baseline model I assume that cells

only reorient due to Brownian motion. This is equivalent to assuming that cells that

actively reorient to perform chemotaxis reorient at rates equal to that of or slower than

the effective rotational rate due to Brownian motion when they do not sense any nutrient

gradients. Therefore, the rotational diffusivity term that I use in my baseline model

captures the cell’s size requirement for overcoming rotational Brownian motion to swim

more straight and efficiently [50, p. 176]:

Dr =
kBT

8πηr3

[
radians

time

]
. (5.5)

Hence, in my model, while a nonmotile cell can increase its encounter rate by decreasing

its size, a motile cell’s encounter rate is proportional to its volume as well as to the square

of its swimming speed.

It is important to note that in my metabolic model from the previous chapter, the

proteome allocation problem optimized cell radius because of the effects of variable surface

area-to-volume ratios on both nutrient uptake and cellular respiration. However, in my

encounter rate model above, it is now the length or volume of the cell that is important.

Therefore, future work should consider the role of cell shape for mitigating trade-offs

between increasing length or volume and decreasing surface area-to-volume ratio [220].
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5.1.1.2 Modeling the nutrient landscape

As seen from Equation 5.2, a cell’s ability to encounter a particle depends on the particle’s

radius, a. While the size of organic particles can range over many magnitudes [8, 88], in

my baseline model I assume that a particle is a sphere with radius a = 200 µm, which is

a representative size of a small marine snow particle [100].

It has been estimated that organic particles can contain concentrations of carbon that

exceed the background concentration of carbon by 2 to 4 orders of magnitude [8, 193]. In

my model, I assume a constant background carbon substrate concentration of [S]env = 1

nM and modify the particle carbon substrate concentration of [S]p > [S]env.

I also modify the concentration of particles in the water, Cp. While I in fact calculate

an ensemble average encounter rate, I assume that a cell encounters a new particle exactly

in time interval, τenv. Thus, there is no stochasticity in this model, which, in effect,

assumes both that all particles are located in a precise grid with spacing d = 1

C
1/3
p

and

that a cell’s diffusive, random swimming in this grid of precisely located particles results

in a deterministic first-hitting time [68].

5.1.2 The costs of swimming

5.1.2.1 The proteomic cost of swimming

Previous work suggests that motility may incur a high proteomic cost: the assembly of the

polar flagellum by itself requires tens of genes that are carefully regulated in hierarchical

cascades [188]. However, in this work, I focus on the energetic cost of swimming and thus

keep the proteomic cost of swimming constant. I assume that all the proteins needed for

motility require a constant proteome fraction of φswim = 4% [51], which is incurred both

while swimming and while on a particle if the cell is a motile one. Thus, I assume that

when a cell divides, each of its daughter cells has a single flagellum. Because growth rate

is proportional to the fraction of the proteome devoted to replication (Chapter 4), this

addition of a proteomic cost causes a reduction in average growth rate by exactly 4%.
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5.1.2.2 The energetic cost of swimming

A transmembrane sodium ion potential gradient drives the flagellar rotary motor of ma-

rine bacteria [26, 219]. Because ATP synthase also requires a transmembrane gradient,

I equate the power needed for a cell of a certain size to swim with a given speed to a

required number of ATP molecules used per second.

According to Stokes’ law, the power required for motility is [50]:

P = 6πηrv2
[erg

sec

]
. (5.6)

I assume that the efficiency of the flagellar motor is ε = 1% [161]. I convert power to a

proton motive force, as derived in [133], and use the fact that about 4 protons are used

by ATP synthase to generate one ATP molecule to obtain the following energetic cost of

swimming:

Eswim =

(
P

ε

)(
5× 1012 H+/s

1 erg/s

)(
1 ATP

4 H+

) [
# ATP

sec

]
. (5.7)

This power is achieved via rotation of the flagellar motor so that a cell’s swimming

speed is determined by the cell’s size and the rate of rotation of the flagellar motor.

Experiments suggest that the mechanics of the flagellum limit the maximal rotation rate

of the flagellar motor to approximately 1,700 revolutions per second for Vibrio and that,

additionally, approximately 1,000 ions are used per revolution of the motor [26, 219].

Because the energy per ion used is about 0.2×10−12 ergs [133], I thus assume the following

constraint on motility:

Eswim ≤ Emax, (5.8)

where

Emax =

(
1700

revolutions

sec

)(
1000

ions

revolution

)(
0.2× 10−12 erg

ion

)
(5.9)

= 3.4× 10−7 erg

sec
. (5.10)
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5.1.3 A dual proteome allocation problem

I incorporate this simple model of motility into the metabolic model developed in the

previous chapter. I assume that the cell can only consume substrate using direct transport

and optimize its allocation of two proteomes: one with an associated growth rate µenv

for when the cell is in the background environment experiencing a carbon substrate

concentration of [S]env; and one with an associated growth rate µp for when the cell is

attached to the particle experiencing a nutrient concentration of [S]p. Thus, for simplicity,

I assume that the cell can instantaneously modify its proteome upon attaching to a

particle or leaving it and that the substrate on the particle is dissolved organic matter.

I therefore do not model the additional costs of degrading particulate organic matter via

extracellular enzymes [19, 163, 181].

Additionally, I assume that the cell maintains a constant radius r (which I limit to a

maximum radius of 10 µm) while in the background environment and while attached to

a particle; and is either nonmotile or swims with a constant swimming speed v when not

attached to a particle. While I test various functional forms for the amount of time that

a cell may spend on a particle before leaving to encounter a new one (τp), I assume for

the baseline model that it is equal to the doubling time of the cell on the particle. That

is,

τp =
ln(2)

µp
. (5.11)

This is equivalent to assuming that the cell leaves the particle after replicating, perhaps to

maximize a rate of dispersal. This functional form is a particularly appealing and intuitive

form because it matches my model’s assumption that the cell maintains a constant volume

while swimming and also a constant surface area-to-volume ratio while growing on the

particle, as the cell can elongate while on the particle to maintain its original surface

area-to-volume ratio while doubling in volume. Once the cell has doubled in volume, this

model assumes that the two daughter cells (one having grown a new flagellum) escape

from the sinking particle to encounter a new one.

The allocation problem solves for the cell radius, swimming speed, background pro-

teome allocation, and particle proteome allocation that maximizes the average growth

rate:

µopt =
τp

τp + τenv
µp +

τenv
τp + τenv

µenv. (5.12)
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To incorporate the energetic cost of motility into my metabolic model, I add the following

equality constraint to the dual proteome allocation problem:

τenvEswim = τpvfutile,p + τenvvfutile,env, (5.13)

where vfutile,p (vfutile,env) is the rate of the futile cycle that converts ATP to ADP (Ap-

pendix B.1) while the cell is on the particle (respectively, in the background environment).

By using this constraint, I am essentially assuming that storage of the energy required for

swimming (i.e., glycogen storage) is lossless and does not take up any space. Therefore,

I may be underestimating the energetic cost of motility.

5.2 Results

5.2.1 Optimal swimming speeds

In my simple baseline model of cellular metabolism with motility, both the effective

benefit and effective energetic cost of motility scale proportionally with the square of

the swimming speed (Equations 5.4 and 5.6). Thus, for motile cells, the additional

cost of swimming at a faster speed, in essence, cancels out with the additional benefit

of swimming at that faster speed. Therefore, for the baseline model, when motility is

optimal, the optimal swimming speed is purely a function of the optimal cell size; in

particular, it is the maximal speed that the cell with that size can attain (Figure 5.1).

I can reach this conclusion by analyzing the model as presented above. From Equations

5.1 to 5.5, I obtain that, for motile cells in an environment with a given concentration of

particles, the time between particle encounters is:

τenv ∝
1

r3v2
(5.14)

The energetic cost of motility is due to the concentration of ATP that the cell must use

per second (Ẽswim = Eswim/Volume), so, from Equations 5.6 and 5.7,

Ẽswim ∝
v2

r2
. (5.15)
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Figure 5.1: Maximal swimming speeds for given cell radii and corresponding
encounter times. The square of the maximal swimming speed a cell of radius r can
attain is inversely proportional to r because I assume that the flagellar motor rotates at
a maximum frequency of 1,700 Hz and thus has a maximal power output. In the baseline
model, this maximal swimming speed is optimal because it minimizes encounter times
for a given cell size and the additional energetic cost of swimming at a faster speed
is negated by the decrease in time spent swimming. The plot on the right shows the
encounter times attained when maximizing flagellar rotation rate and assuming that
the concentration of particles is Cp = 10−2 mL−1.

Therefore, if I assume that all of the energy required for swimming is generated while

the cell is on the carbon-rich particle, then, from Equation 5.13, the total cytoplasmic

concentration of ATP that is used for motility over one period of swimming and replicating

is

τpṽfutile,p ∝
1

r5
, (5.16)

where ṽfutile,p is the cytoplasmic concentration of ATP used by the cell per second for

motility. And this quantity does not depend on the swimming speed v.

This analysis is verified by the results of the dual proteome allocation problem (Figure

5.2). In these results, the optimal solution is for either the cell to be nonmotile or for

it to be motile and swimming with the flagellar motor attaining its maximum rate of

rotation, Eswim = Emax. In these results, maximizing cell volume is optimal at the lowest

particle concentrations for which motility is optimal because large cell volumes increase

effective diffusivity and thus encounter rates. When encounter rates are too low at the

maximal allowed cell volumes because of the scarcity of particles, the optimal solution is

to be nonmotile. As the particle concentration increases, maximizing cell volume is no
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Figure 5.2: Cell doubles on particle. Proteome allocation problems were run for
various values of the substrate concentration on particle, [S]p, where the time spent
on a particle is equal to the doubling time of the cell, τp = ln(2)/µp. The plots are
of a doubling time, ln(2)/µopt, which the dual proteome allocation problem attempted
to minimize (A); the corresponding optimal cell radius (B); the corresponding time
in between particle encounters, τenv (C); the corresponding optimal swimming speed,
which is a function of the optimal cell radius by Equations 5.6 and 5.8 (D); the fraction
of total ATP consumed used for motility (E); and the corresponding fraction of time
the cell spends on a particle (F).

longer necessary for achieving high encounter rates (Fig. 5.2F). Therefore, as the fraction

of time spent on the particle approaches one, the optimal volume of the cell decreases to

match the optimal surface area-to-volume ratio for uptake on the particle (Chapter 4).

On the other hand, for nonmotile cells, the optimal cell size is the one that optimizes

surface area-to-volume ratio for nutrient uptake in the background environment.
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Therefore, it is the cell radius that is the master trait. For motile cells, there is a

trade-off between increasing cell volume to increase encounter rates and tuning the cell

surface area-to-volume ratio to optimize growth for a particular nutrient concentration.

5.2.2 Varying the particle interaction model

Because it is unknown how particle-attached cells determine when to leave a particle,

I here modify the model of the time the cell remains on a particle before leaving to

encounter a new one, τp.

To fully exploit an encountered particle, a cell should remain attached to it until it

has depleted it. The cell’s and its progeny’s combined rate of consumption of the particle

at a time t after the cell first attached to the particle is equal to

vuptake(t) = V0e
µptṽc, (5.17)

where V0 = 4πr3/3 is the initial volume of the cell, µp is the cell’s growth rate on the

particle, and ṽc is the cellular concentration of carbon substrate consumed per second

(Chapter 4.1.3). I assume that the abundance of substrate available to be consumed is

4πa3[S]p/3, where [S]p is the carbon substrate concentration on the particle and a is the

radius of the particle. Thus, defining τp as the time it takes for the cell and its progeny

to deplete the particle, ∫ τp

0

vuptake(t)dt =
4πa3[S]p

3
. (5.18)

Thus,

τp =
1

µp
ln

(
µp
ṽc

a3

r3
[S]p + 1

)
. (5.19)

I contrast this modification with the baseline case in Figure 5.3. This figure shows

two different cases. In the first case, when the particle carbon substrate concentration is

[S]p = 10−4 mM, the cell depletes the particle before doubling so that the cell spends less

time on the particle than in the baseline case and thus has lower average growth rates.

In the second case, when the particle carbon substrate concentration is [S]p = 10−2 mM,

the cell remains on the particle with progeny after doubling to deplete the particle. Thus,

the cell spends greater fractions of time on the particle and has higher average growth
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Figure 5.3: Cell depletes particle. I compare the results of the dual proteome
allocation problem for two different particle substrate concentrations in which either
the cell leaves the particle immediately after doubling (Double) or the cell (and possibly
progeny) remains on the particle until the particle is depleted (Deplete). For the particle
depletion interaction model, the time spent on the particle is as given in Equation 5.19.

rates. These differences in the amount of time spent can modify the optimal cell radius

from the baseline case by about 50%.

If cells have instead evolved to abandon a particle so that they do not sink to extinc-

tion, we might expect cells to remain on a particle until it reaches a certain depth. I can

approximate this by assuming that the cell remains on the particle for a constant amount
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Figure 5.4: Cell escapes sinking particle. Proteome allocation problems were run
as before but assuming [S]p = 10−2 mM and taking τp to be either the cell’s doubling
time on the particle (blue line) or different constant values, specified in the legend.

of time:

τp = Constant. (5.20)

I tested this particle interaction model assuming that the concentration of substrate on

the particle is [S]p = 10−2 mM (Figure 5.4). The trends of this model are identical to the

trends obtained when I instead assumed that the time spent on the particle, τp, is equal

to the doubling time. In fact, as τp increases, all the plots simply shift to the left, as the
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cell can better exploit an encountered particle so that motility becomes optimal at lower

particle concentrations.

Both of these particle interaction models follow similar trends as the baseline model

in which I assumed that the particle cannot be depleted and that the cell remains on

it until doubling: The optimal rate of the flagellar motor is its maximum so that the

optimal swimming speed is a function of the optimal cell radius, which decreases as the

particle concentrations increase and which is smaller for a given particle concentration

when the time on particle is greater. Thus, for the remainder of the analysis, I assume

that the time spent on the particle is equal to the cell’s doubling time because it both

limits free parameters and does not depend on the particle size.

5.2.3 The energetic cost of swimming

To gain insight into the energetic cost of swimming, I plot the fraction of ATP generated

by the cell that is used for motility (Fig. 5.2C). When particles are sparse and the

concentration of substrate on the particle is low, the fraction of ATP used for motility can

be substantial; for my parameter choices and with particle substrate concentration [S]p =

10−5 mM and a particle concentration of Cp = 10−3 1/mL (oligotrophic-like conditions),

motility is still optimal although it requires 36% of total generated ATP. However, as the

substrate concentration of the particle increases or the particle concentration increases,

the energetic demands on motility become negligible in the baseline model.

5.2.3.1 The cost of always swimming

In my baseline model, the cell can inhibit swimming while attached to the particle. Thus,

the cost of swimming becomes negligible at higher particle concentrations partly because

the optimal motile cell is spending nearly its entire lifetime attached to particles on which

it does not expend energy swimming (Figure 5.2F). This is the crucial difference between

my model of the benefits and costs of motility and previous models, such as the model

presented in [198]. It is because the motile cell does not spend all of its time expending

energy swimming that the optimal flagellar rotation rate is the maximum allowed. If, on

the other hand, I assume that the cell must always expend energy to swim at a particular

speed, the maximal flagellar rotation rate is no longer optimal because of its high energetic
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Figure 5.5: Optimal solutions if cell cannot inhibit motility on particles. For
various particle carbon substrate concentrations, [S]p, I compare the baseline case, in
which the cell does not expend energy while attached to a particle, to the case in which
I instead assume that the cell is always expending energy to swim at a particular speed
(‘Always swim’). When the cell is always expending energy to swim, swimming at the
maximal flagellar rotation rate is no longer optimal because its effective energetic cost is
proportional to the square of the swimming speed even if it spends all time “attached”
to a particle. Thus, maximal optimal swimming speeds are lower than in the baseline
case, except in cases in which particle carbon concentrations are so high ([S]p = 10−2

mM) that the energetic cost of swimming is negligible compared to its benefit.

cost (Figure 5.5). Thus, as the fraction of time spent on the particle approaches 1, the

cellular concentration of ATP consumed per second for motility, ṽfutile,p, does not go down

to zero, as in the baseline model, but remains proportional to the square of the swimming

speed.
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Figure 5.6: Removing the energetic cost of motility. If I remove the energetic
cost of motility from the baseline model, the optimal cell sizes are smaller and swimming
speeds correspondingly higher when the concentration of substrate on the particle is
low ([S]p = 10−5 mM). For high particle carbon substrate concentrations ([S]p = 10−2

mM), the benefit of motility outweighs its cost so the optimal solution is identical when
both accounting for the energetic cost of motility and when not.

5.2.3.2 Removing the energetic costs of swimming

On the other hand, if I remove the energetic costs of motility entirely from the model but

still limit the maximal flagellar rotation rate, the optimal cell sizes are smaller and optimal

swimming speeds are correspondingly higher when the carbon substrate concentration on

the particle is low (Figure 5.6). This clearly demonstrates the trade-off between decreasing

cell size to optimize surface area-to-volume ratio for nutrient uptake on the particle and

increasing cell size to decrease the effective energetic cost of motility for a given particle

encounter rate. That is because, as seen in Equation 5.15, the effective cost of rotating
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Figure 5.7: Implications of active reorientation. Proteome allocation problems
were run assuming a particle substrate concentration of [S]p = 10−2 mM and different
active reorientation rates and are compared with the baseline model (blue line). For
active reorientation, I assume that the cell’s effective rotational diffusivity is set not by
rotational Brownian motion but by a specified average time in between reorientations,
Trun, giving an effective rotational diffusivity of D̃r = 1/Trun.

the flagellum at the maximal allowed rate increases with decreasing size as it requires the

cell to use larger cytoplasmic concentrations of ATP per second.
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5.2.4 Implications of chemotaxis

My baseline model assumes that motile cells reorient only due to rotational diffusion

because ballistic swimming has maximal translational diffusivity, which maximizes par-

ticle encounter rates. However, it is known that many motile cells actively reorient even

when in homogeneous nutrient landscapes [193]. Therefore, here I modify the effective

translational diffusivity of a motile cell to:

D̃t,motile = min{Dt,motile,
v2Trun

6
}, (5.21)

where Trun is the average amount of time that the cell swims straight before actively

reorienting. Therefore, for sufficiently large cells, the effective rotational diffusivity of the

cell is now D̃r = 1/Trun.

Because active reorientation may limit diffusivity and thus decrease encounter rates,

the lowest particle concentration for which motility is optimal increases with increasing

reorientation rates (Figure 5.7). Therefore, fast reorientation rates in homogeneous nu-

trient landscapes may suggest that motility evolved primarily to facilitate attachment to

particles within a concentrated hotspot of nutrient-rich particles.

At the lowest particle concentrations for which motility is optimal, the optimal cell vol-

ume is that for which its effective rotational diffusivity due to Brownian motion, Dt,motile,

is equal to that of its diffusivity due to active reorientation, D̃t,motile. This implies that,

for very fast active reorientation rates, the optimal cell radius at the sparsest particle

concentrations for which motility is optimal is, in fact, smaller (and not larger, as be-

fore) than the optimal cell radius for uptake on the particle. This is because, with active

reorientation, larger cell volumes do not increase encounter rates. Instead, due to the

maximal rate of rotation of the flagellar motor (Equation 5.6), smaller cell volumes allow

for faster swimming speeds, which maximize encounter rates.

These results suggest that a cell’s rotational diffusivity due to active reorientation in

homogeneous nutrient landscapes should not exceed its rotational diffusivity due purely

to passive reorientation from rotational Brownian motion. Otherwise, the active reorien-

tation would unnecessarily decrease the cell’s translational diffusivity and thus its ability

to explore its environment. Previous work indeed suggests that the effective rotational
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diffusivity due to active reorientation by the model copiotroph Vibrio alginolyticus ap-

proximates the effective rotational diffusivity it would have if it simply reoriented passively

due to Brownian motion [214].1 This suggests that, given Vibrio’s cell size, its active re-

orientation strategy does not decrease its effective particle encounter rate, which supports

my model’s assumption that motility evolved to increase encounters with particles.

5.2.5 Constraining cell size

Because my model does not consider many factors that may constrain cell volume, such

as variable predation rates [220], I also solved the dual proteome allocation problem while

setting the cell radius to different constants (Figure 5.8). The solutions of this problem

make exceptionally clear the high effective costs of motility for small cells. This work thus

suggests that small cells do not swim because the environments in which their motility

would be optimal (environments with particle concentrations exceeding 100 per milliliter)

are rare. On the other hand, my work suggests that motility may be optimal for cells

with an effective cell radius of 0.5 µm in copiotrophic environments, which is supported

by observations of a variety of motile marine bacteria with effective cell radii of 0.4 µm

(having body lengths of 0.8 µm) [49].

1The approximation of a cell’s rotational diffusivity in [214] assumed that a Vibrio cell is an ellip-
soid with semi-minor axis of length 2a = 0.4 µm and semi-major axis of length 2b = 2.3 µm so that
Dr ≈ kBT (ln(2b/a)− 0.5) /

(
8πηb3/3

)
. Mitchell suggested in an earlier work [134] that this was not an

appropriate approximation of the cell’s effective rotational diffusivity because it neglected friction from
the cell’s flagellum. Thus, Mitchell applied this same equation for the rotational diffusivity of a rigid
ellipsoid to also calculate the rotational drag of the flagellum, where now b is the length of the helical
flagellum and a is the effective radius of the helix. Therefore, assuming that the flagellum is a rigid
ellipsoid rigidly attached to the cell body, Mitchell concluded that a flagellum ‘stabilizes’ the cell and
that an arbitrarily long flagellum could decrease the cell’s rotation due to Brownian motion effectively
to zero. However, more recent work suggests that this rigid body approximation vastly overestimates
drag due to the flagellum and thus that the flagellum cannot ‘stabilize’ the cell [114, 166]. Therefore, I
approximate the translational and rotational drag of the cell as being purely due to the cell body. This
also differentiates my estimates of the cost of motility from that presented in [198]. Their estimates
increased the power requirements of motility by a factor of four compared to mine because they assumed
that the flagellum contributed 75% of the total translational drag of the cell. However, the more recent
theory suggests that the translational drag of the flagellum should not exceed the translational drag due
to the cell body [166].
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Figure 5.8: Constraining cell size. Proteome allocation problems were run assum-
ing a particle substrate concentration of [S]p = 10−2 mM but assuming various constant
cell radii, though still assuming only passive rotational diffusion while swimming in ho-
mogeneous nutrient landscapes.

5.3 Conclusions

In contrast to previous work that assumes that motile cells always swim [198], this work

assumes that cells swim to forage for particles, on which they can attach so that they

no longer need to swim. Therefore, this work suggests that motility has lower effective
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costs than previously estimated. Furthermore, it suggests that motility has tremendous

benefits for cells that use it to find and adhere to nutrient-rich particles in environments

where the carbon in the background is low but the concentration of nutrient-rich particles

is sufficiently high. The costs of motility are effectively low because cells that encounter

particles more quickly spend greater fractions of their lifetimes attached to particles on

which they no longer need to expend energy for swimming. Thus, in effect, my model

suggests that motility may have evolved so that marine bacteria could “island hop” from

one nutrient-rich particle to the next. This result follows our intuition that copiotrophs

live a “feast or famine” existence [104, 190] and are only motile in feast conditions,

where nutrient-rich particles are plentiful. This is supported by experimental evidence

showing that much higher percentages of bacterial communities are motile following an

algal bloom [70] and also by experimental evidence showing that the majority of motile

cells stop swimming soon after the cessation of a nutrient input [122].

Yet, because in my model the carbon concentration in the background environment

is so low, motility can still be optimal in cases in which it has substantial total energetic

costs. If I assume that a bacterial cell cannot have an effective radius larger than 1µm,

then the critical particle concentration at which the cost of motility is nearly equal to its

benefit is approximately 10−2 particles per milliliter (Figure 5.8). This concentration is

equivalent to an average distance between particles of approximately 5 cm. Because of

rotational diffusion, it takes a cell of this size on average 160 hours (nearly a week!) to

encounter particles at this distance when swimming at the optimal swimming speed of

approximately 130 µm/sec. I have underestimated the cost of motility because I do not

consider the cost of storing the energy generated while growing on the particle and used

while swimming. Yet, the ability of cells to swim such long periods of time is supported by

observations that about 3% of a population of a motile marine bacterium, Photobacterium

angustum, were still motile after two weeks of starvation [122, 195].

In fact, I may still be overestimating the effective energetic cost of motility over

a cell’s lifetime from the standpoint of natural selection because I assumed that the

cell always finds a new particle at exactly the estimated ensemble average encounter

time. However, ‘lucky’ cells can encounter particles much faster than the average, and,

as Dawkins convincingly argued [45], “selfish genes” require only lucky cells for their

successful propagation. Thus, I may be able to better predict the environments in which
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motility has evolved by considering the time it takes for, say, the top 1% or 10% of cells

to encounter a particle.

One discrepancy between my model and observations, however, is that my model

predicts higher swimming speeds in homogeneous nutrient landscapes than are observed.

While my model predicts that a cell with an effective radius of 1 µm will swim at speeds

of about 130 µm/sec, many marine cells that size have been observed swimming at much

lower speeds, around 30 µm/sec [15, 136]. In reality, swimming speeds are very variable

within a clonal population of marine bacteria, and ‘burst’ velocities exceeding 400 µm/sec

have been observed [137]. Furthermore, swimming speeds are sensitive to both harvesting

and experimental conditions: Both larger cells (grown in richer nutrient sources) [137] and

starved cells [215] swim slower, while cells swim faster when sensing a gradient [15, 136].

Additionally, swimming speeds depend on environmental conditions such as salinity and

pH [136, 184].

Yet, the main discrepancy between my predictions of optimal swimming speeds and

observed speeds is that my model incorrectly predicts that a cell swims at the maximal

flagellar rotation rate in homogeneous nutrient landscapes. I hypothesize that this is

because there is no uncertainty in my model. In my model, the cell is guaranteed to

encounter a particle at exactly the calculated time τenv, which depends on its swimming

speed. The cell in my model thus does not need to conserve energy in the case it does

not encounter a particle within the specified time. A more realistic model would thus

not only consider the cost of storing energy but also consider the effects of uncertainty.

While spatial heterogeneity causes uncertainty in encounter rates, ‘lucky’ cells will, with

very high probability, still be able to encounter particles within the required estimated

encounter time, given a specific concentration of particles, if swimming at maximal speeds.

Therefore, temporal heterogeneity in the environment may be a more important de-

terminant of how cells regulate motility. For example, cells may be uncertain about when

an algal bloom will occur and may thus conserve energy to survive a period of ‘famine’. I

predict that it is this uncertainty and need to conserve energy that causes marine motile

cells to swim at reduced speeds when not sensing any nutrients. The cells thus only

swim at their maximal speeds when sensing a gradient to attempt to catch up with the

gradient’s nutrient-rich source, as experimental observations suggest.

113



Chapter 5. To swim, or ...

To test this hypothesis, experimental work should be conducted, similar to that done

in [217], that links variable cellular regulation of motility from different strains of marine

cells to differences in the environments in which the cells evolved.

The work in this chapter was done with guidance from Roman Stocker, Vicente Fernandez, and

Naomi Levine.
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Outlook

In the previous chapter, I suggested that the energetic cost of motility is substantial and

prohibits motility in environments with lower concentrations of carbon. This energetic

cost is even more inhibitive in “energy-limited” environments that lack sufficient con-

centrations of the electron acceptors that the cells require for respiration [81, 118]. In

addition, copiotrophs have a number of specialized traits that are energetically costly and

thus may also preclude their ability to survive in a variety of environments.

These many additional traits—for example, copiotrophs’ ability to degrade a variety of

complex substrates, to attach to particles, and to glide on particles—enable their “oppor-

tunistic” lifestyles [42]. Yet, these traits also require larger genomes. Model oligotrophs,

on the other hand, have “streamlined genomes” that are approximately one-fifth the size

of the genomes of model copiotrophs [64, 66]. The prevalence of organisms with stream-

lined genomes suggest that the effective cost of large genomes is high. A large genome

clearly requires more metabolites to replicate. Additionally, because of the associated

proteomic costs, copiotrophs do not constitutively express their entire arsenal of traits

but carefully regulate gene expression. Thus, while oligotrophs lack two-component sys-

tems for sensing and rely heavily on the constitutive expression of genes, copiotrophs have

higher proteomic and energetic costs due to the complexity of their regulatory networks

[78]. But how can we quantify the cost of this phenotypic plasticity?

We unfortunately lack an understanding of how regulatory cellular processes con-

tribute to the basal proteomic and energetic requirements of the cell. In fact, we lack
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estimates of the basal energetic requirements of the cell [96]. Yet, predicting the basal

requirements of various lifestyles will not only enable us to have a much better under-

standing of speciation among marine heterotrophic bacteria but will also enable us to

develop more predictive models of carbon-cycling in the ocean. To explicitly account for

heterotrophic bacterial dynamics and their consumption and respiration of carbon, bio-

geochemical models can use simple ordinary differential equations of the following form

to track the abundance of a bacterial population, B, and the corresponding amount of

carbon remineralized by the population, Cremin [221]:

uB = Vmax
CO

CO +K
,

dB

dt
= yuBB − LB,

dCremin
dt

= (1− y)uBB,

where CO is the concentration of organic carbon; uB is the uptake rate per cell described

via a maximal uptake rate, Vmax, and half-saturation concentration, K; L is a mortality

loss term; and y is the population’s growth efficiency. This growth efficiency term is thus

the fraction of the consumed organic carbon that the population uses for biomass rather

than for energy generation.

The work in this thesis provided insight into how both phenotypic diversity and en-

vironmental conditions determine the values of the maximal uptake rate, Vmax, and the

half-saturation concentration, K. However, we do not understand how the growth effi-

ciency, y, is a function of both phenotype and environment [13]. Gaining this understand-

ing will require a combination of: field observations to probe uptake and remineralization

rates of in situ microbial communities; experiments that can demonstrate how various

species’ uptake rates and growth efficiencies are functions of culture conditions; and mod-

eling work that attempts to extrapolate from these results to make testable predictions.

This future work would elucidate bacterial energetics, allowing further insight into how

metabolism determines physiology and ecology in the microbial world.

116



Appendix A

Modeling E. coli Chemotaxis to

Maltose

A.1 An ABC transport model

I describe maltose transport into the cell by the following reactions and mass-action

kinetic rates:

• Lext
vp−−→ Lp :

The ligand enters the periplasm from the external environment with periplasmic

uptake rate, vp.

• Lp + BP
k1f−−⇀↽−−
k1r

L:BP :

The periplasmic ligand, Lp, reversibly associates with the binding protein, BP, to

form ligand-binding protein complex, L:BP.

• L:BP + T
k2f−−⇀↽−−
k2r

T:L:BP :

The ligand-binding protein complex reversibly associates with the membrane-bound

ABC transporter to form T:L:BP.

• T:L:BP
k3−−→ T:BP + Li :

The ligand is actively transported into the cytoplasm leaving behind the binding

protein in complex with the ABC transporter, T:BP.
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• T:BP
k4f−−⇀↽−−
k4r

T + BP :

The binding protein reversibly associates with the ABC transporter.

The corresponding reaction rates are:

v1 = k1f [L]p[BP]− k1r[L:BP], (A.1)

v2 = k2f [T][L:BP]− k2r[T:L:BP], (A.2)

v3 = k3[T:L:BP], (A.3)

v4 = k4f [T:BP]− k4r[T][BP]. (A.4)

At steady-state, all of the concentrations remain constant:

0 =
d[BP]

dt
= −v1 + v4, (A.5)

0 =
d[L:BP]

dt
= v1 − v2, (A.6)

0 =
d[T:L:BP]

dt
= v2 − v3, (A.7)

0 =
d[T:BP]

dt
= v3 − v4, (A.8)

0 =
d[T]

dt
= −v2 + v4, (A.9)

=⇒ v1 = v2 = v3 = v4. (A.10)

In addition are two conservation equations:

[BP]total = [BP] + [L:BP] + [T:L:BP] + [T:BP] (A.11)

[T]total = [T] + [T:L:BP] + [T:BP] (A.12)

In the following, I make a number of simplifying assumptions based on our under-

standing of maltose transport in E. coli. First, I assume that the dissociation of the

binding protein from the transporter is very fast so that [T:BP] is much smaller than [T].
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Thus, because v2 = v3, the cytoplasmic uptake rate is

vc = k3[T:L:BP] (A.13)

≈ k3[T]total
[L:BP]

Kc + [L:BP]
, Kc =

k3 + k2r

k2f

. (A.14)

Because v1 = v2,

(k1r + k2f [T]) [L:BP] = k1f [L][BP] + k2r[T:L:BP]. (A.15)

I assume that, when maltose is in the micromolar range in the external environment, the

transporters are working near saturation so that [BP]total ≥ [T]total and k1r � k2f [T].

Thus, defining the dissociation constant of the binding protein complex to be KBP =

k1r/k1f ,

[L:BP] ≈ [L][BP]

KBP

+
k2r

k1r

[T:L:BP] (A.16)

≈ [L]

KBP

([BP]total − [L:BP]− [T:L:BP]) +
k2r

k1r

[T:L:BP] (A.17)

≈
[BP]total[L]p +

k2r−k1f [L]p
k1f

[T:L:BP]

KBP + [L]p
. (A.18)

In E. coli, it has been shown that the abundance of the maltose binding protein greatly

exceeds the abundance of transporters [31]; that is, [BP]total � [T]total. Therefore, the

abundance of binding proteins also exceeds the abundance of transporters associated with

the maltose-binding protein complex: [BP]total � [T:L:BP]. Additionally, I assume that

the dissociation rate of the maltose-binding protein complex from the transporter is small,

so that I approximate

[L:BP] ≈ [BP]total
[L]p

KBP + [L]p
, and (A.19)

[T:L:BP] ≈ [T ]total
[BP ]total

Kc + [BP ]total

[L]p
KcKBP

Kc+[BP ]total
+ [L]p

. (A.20)

Therefore, for [BP]total � Kc, the cytoplasmic uptake rate is

vc ≈ Vc
[L]p

KcKBP

[BP]total
+ [L]p

, Vc = k3[T]total. (A.21)
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While transport into the cytoplasm is active and thus can occur against concentration

gradients, transport into the periplasm via porins is diffusive. Thus, while the cytoplasmic

uptake rate has the above form, the periplasmic uptake rate is better described by the

following Michaelis-Menten equation [33]:

vp = Vp
[L]ext − [L]p

Kp + [L]ext + [L]p
, (A.22)

where Kp is the half-saturation constant of the specific porin; and Vp is the maximal

rate of uptake, which is a function of the number of expressed porins. In environments

with micromolar ranges of maltose, E. coli has nanomolar periplasmic concentrations of

maltose ([58], [106]). Thus, I assume [L]p � [L]ext and make the following simplification:

vp ≈ Vp
[L]ext

Kp + [L]ext
. (A.23)

At steady-state, the periplasmic transport rate (vp) must be equal to the cytoplasmic

transport rate (vc), so that by Equations A.21 and A.23,

[L]p ≈

(
KcKBP

[BP]total

)
Vp[L]ext

KpVc + (Vc − Vp)[L]ext
. (A.24)

Solutions exist for all choices of Kp and [L]ext when the maximium periplasmic uptake

rate is less than the maximum cytoplasmic rate, Vp ≤ Vc. If instead the periplasmic

uptake rate exceeds the cytoplasmic rate (Vp ≥ Vc), the periplasm would saturate with

ligand and reach a steady-state of [L]p ∼ [L]ext.

A.2 A chemotaxis model

A.2.1 The SPECS model

In [90], Jiang, Ouyang, and Tu developed a “coarse-grained” quantitative model of E.

coli chemotaxis to methyl-aspartate (MeAsp), called the Signaling Pathway-based E. coli

Chemotaxis Simulator (SPECS). This model accounts for both the signal transduction

molecular pathway of chemotaxis [53] as well as receptor cooperativity [36]. Tu derives
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much of this model in his review [202]. He shows how the model relies on an understanding

of the free-energy differences between the different possible states of a chemoreceptor and

the Monod-Wyman-Changeux (MWC) allosteric approximation for receptor cooperativ-

ity [140]. The model also considers methylation dynamics as well as signal amplification

at the flagellar motor. It can be used to run agent-based simulations of E. coli in various

gradients of methyl-aspartate.

For my work, I extended SPECS to incorporate: the heterogeneous MWC model, as

it is proposed in both [126] and [97], to consider the chemotactic response of cells to

multiple chemoattractants; and a new model of chemotaxis to maltose that takes into

account the transport kinetics of maltose into and out of the periplasm as well as the

indirect binding of maltose to the aspartate receptor via the maltose-binding protein.

Below I describe the components of the original SPECS model and derive extensions

to it.

Probability of tumbling. In SPECS, the probability that a cell switches from

running (swimming approximately straight) to tumbling (changing its direction) is a

function of the average activity of all of its chemoreceptors, 〈a〉:

probability of tumbling =
〈a〉H

τ1aH0
, (A.25)

where: τ1 is the average run time of the cell; H is the Hill coefficient for the sensitivity

of the flagellar motor to binding by CheY-P; and a0 is the steady-state activity.

The activity level is a function of both the memory (methylation state, m) of the

cell as well as the concentrations of chemoattractants that the cell is experiencing. In

[202], Tu derives the expected activity level of a receptor cluster for a cell in gradients of

MeAsp. For a cluster with n receptors, the average activity is:

〈a〉 =
1

1 + e[nfm(m)+nfMeAsp([MeAsp])]
. (A.26)
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Methylation state. The first term in the exponential in Equation A.26, fm(m), is

the free-energy difference between an active and inactive chemoreceptor:

fm(m) = α (m0 −m) , (A.27)

where: α is the free-energy difference per added methyl group; and m0 is the reference

methylation level. The methylation state of the cell is m ∈ [0, 4] because the aspartate

receptor has four methylation sites. Its dynamics depends on the activity of the cell:

dm

dt
= kR (1− 〈a〉)− kB〈a〉, for m ∈ (0, 4), (A.28)

where: kR is the rate of the methylation process, and kB is the rate of the demethylation

process. Thus, the steady state activity level is:

a0 =
kR

kB + kR
. (A.29)

The average activity level. The remaining term in the exponential in Equation

A.26, fMeAsp([MeAsp]), is the free-energy difference between a bound and vacant chemore-

ceptor.

In [202], Tu derives this free energy term to be the following:

fMeAsp([MeAsp]) = log

 1 + [MeAsp]
KI,MeAsp

1 + [MeAsp]
KA,MeAsp

 , (A.30)

where KA,MeAsp (KI,MeAsp) is the dissociation constant of MeAsp to the active (respec-

tively, inactive) Tar chemoreceptor. Because the receptor is more likely to be active when

it is vacant, KA,MeAsp > KI,MeAsp. Here I derive the activity level for general chemoat-

tractants so that I can expand the SPECS model to include maltose chemotaxis.

As in the MWC model, I assume that the receptors in a cluster are either all active

or all inactive. I follow the derivation presented in [202] to determine the free energy

difference between the active state and the inactive state of a receptor cluster.
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A single receptor has four possible states (active or inactive: a = {0, 1}; and bound

or vacant: l = {0, 1}) with the following probabilities, P (a, l):

P (1, 0)

P (0, 0)
= e−fm(m) (A.31)

P (0, 1)

P (0, 0)
= CI (A.32)

P (1, 1)

P (1, 0)
= CA, (A.33)

where CI and CA are functions that I will derive below.

I solve for the probabilities to determine the expected activity level of a single receptor:

P (0, 0) = 1− P (0, 1)− P (1, 0)− P (1, 1)

= 1− P (0, 0)
[
CI + e−fm(m) (1 + CA)

]
=

1

1 + CI + e−fm(m) (1 + CA)
.

Because the expected activity level of a single receptor is 〈a〉receptor = P (1, 0)+P (1, 1),

〈a〉receptor =
e−fm(m) [1 + CA]

1 + CI + e−fm(m) (1 + CA)
. (A.34)

I define the free energy difference, ∆f , such that

〈a〉receptor =
(
1 + e−∆f

)−1
. (A.35)

Thus,

∆f = −fm(m)− log

[
1 + CI
1 + CA

]
. (A.36)

Because I assume that all of the n receptors are active or all of them are inactive, the

expected activity level of the entire receptor cluster is

〈a〉 =
(
1 + e−n∆f

)−1
. (A.37)

(A derivation of this expression can be found in [157].)
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Therefore, a general formulation for the average activity level of a cell sensing chemoat-

tractant L is

〈a〉 =
1

1 + e[nfm(m)+nfL([L])]
, (A.38)

with

fL([L]) = log

[
1 + CI
1 + CA

]
, (A.39)

where CI (CA) is the ratio of the probabilities of a receptor being bound versus ligand-free

for an inactive (respectively, active) receptor. I derive the C terms for both MeAsp and

maltose below.

The MeAsp free energy term. By definition, the dissociation constant KMeAsp is

defined to be the following under equilibrium:

KMeAsp =
[R]free[MeAsp]

[R:MeAsp]
, (A.40)

where: [R]free and [MeAsp] are the effective concentrations of free receptor and free

ligand in the periplasm; and [R:MeAsp] is the concentration of bound receptor. Defining

[R] = [R]free + [R:MeAsp],

[R:MeAsp] =
[R][MeAsp]

KMeAsp + [MeAsp]
(A.41)

Therefore, the probability a receptor is bound is

P =
[R:MeAsp]

[R]
=

[MeAsp]

KMeAsp + [MeAsp]
, (A.42)

so

C =
P

1− P
=

[MeAsp]

KMeAsp

. (A.43)

Therefore, distinguishing an active from an inactive receptor,

fMeAsp([MeAsp]) = log

 1 + [MeAsp]
KI,MeAsp

1 + [MeAsp]
KA,MeAsp

 . (A.44)
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Note that because MeAsp is not metabolized by the cell, the steady-state concentration

of MeAsp in the periplasm is equal to the extracellular concentration of MeAsp.

A.2.2 A model for maltose chemotaxis

Adding sensing to the ABC transport model complicates an already complicated system.

To sense maltose, the receptors must compete with the ABC transporters to bind with

the ligand-binding protein complex. Optimally, however, sensing would minimally hinder

transport to thus minimally decrease the cell’s growth rate. I thus make the simplifying

assumption that sensing does not affect transport but simply “reads” the state of the

system. This is a reasonable approximation given that the abundance of maltose-binding

protein greatly exceeds the abundance of the cognate ABC transporter.

Therefore, in my model, I assume that the ABC transporters and receptors do not

compete for the ligand-binding protein complex and likewise assume that the receptors

do not affect binding and dissociation of the binding protein with maltose. Therefore,

I modify the transport model to incorporate sensing only via a simple modification to

Equation A.19:

[L:BP]0 = [R:L:BP] + [L:BP] ≈ [BP ]total
[L]p

KBP + [L]p
, (A.45)

where R:L:BP is the receptor bound to the ligand-binding protein complex.

I assume that the receptor can only bind to the complex and not to the binding protein

on its own. Therefore, I describe sensing by the following mass-action kinetics:

R + L:BP
k5f−−⇀↽−−
k5r

R:L:BP.

At steady-state, the concentration of the bound receptor does not change, so that

[R:L:BP] =
[R][L:BP]

K
, K =

k5r

k5f

. (A.46)
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Combining Equations A.45 and A.46, I have that the total concentration of maltose-MBP

complex bound to an inactive (I) or active (A) receptor is

[R:L:BP]I,A =
([R]total − [R:L:BP]I,A) ([L:BP]0 − [R:L:BP]I,A)

KI,A

, (A.47)

where K = KI when the receptors are inactive and K = KA when the receptors are

active. Therefore, the terms [R:L:BP]I,A are the solutions to quadratic equations, and

the free energy term for maltose is:

fMal([L]ext) = log

[
1 + CI
1 + CA

]
, (A.48)

where

CI,A =
[R:L:BP]I,A

[R]total − [R:L:BP]I,A
. (A.49)

A.2.3 The Heterogeneous MWC model

By the Heterogeneous MWC (HMWC) model ([126], [97]), in mixed gradients of ligand

1 (L1, which binds to receptor R1) and ligand 2 (L2, which binds to receptor R2), the

average activity a is

〈a〉 =
1

1 + e[nR1
fm,R1

(mR1
)+nR1

fL1
([L1])+nR2

fm,R2
(mR2

)+nR2
fL2

([L2])]
. (A.50)

MeAsp and the maltose-binding protein complex bind independently to distinct sites of

Tar [142]. Thus, in mixed gradients of MeAsp and maltose,

〈a〉 =
1

1 + enTar[fm(m)+fMeAsp([MeAsp])+fMal([Mal]ext)]
. (A.51)

A.3 An analytical approximation of the steady-state

distribution

In [84], Hu and Tu used the HMWC model to derive an advection-diffusion equation

for population-level dynamics of chemotactic cells in one dimension. They used this
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diffusion equation to predict the stationary distribution of the cells in environments with

two chemoattractants. The steady-state cell distribution Hu and Tu derived has the

following form for mixed gradients of MeAsp and maltose:

p(x) ∝ e(η(x)[fMeAsp(x)+fMal(x)]), (A.52)

where

η(x) = HnTar (1− ā(x))

[
1− z0

z (ā(x))

]
, (A.53)

where: H is the Hill coefficient for signal amplification at the flagellar motor; ā(x) =
a+(x)−a−(x)

2
is the activity averaged over left-moving and right-moving cells at location x;

z0 is the rotational diffusion rate; and z(a) is the total tumbling rate:

z(ā) = z0 +
āH

τtKH
1/2

, (A.54)

where τt is the time it takes the cell to tumble; and K1/2 is the activity level at which the

clockwise flagellar motor bias is 0.5. As explained in the derivations in [84], ā(x) ≈ a0 in

shallow gradients.

This formulation is appealing because it is intuitive and easy to calculate. It directly

relates the molecular-level dissociation constants of the aspartate chemoreceptor to the

population-level relative affinity of the cells to various concentrations of maltose and

MeAsp. However, the difficulty with this approximation is that the parameter η(x) is un-

known and depends nontrivially on the local gradient of chemoattractants at location x.

As explained in the supplemental materials in [84], as the chemoattractant gradients in-

crease, the average activity ā(x) increases and thus η(x) decreases. In my single-gradient

experimental setups, the gradients are linear, so I can set η(x) = ηj for different ex-

perimental conditions j, where ηk > ηl if experiment k used a lower concentration of

the chemoattractant than in experiment l. Hu and Tu suggest that η can vary widely

over environmental conditions. However, I found instead very good agreement between

analytical approximations with ηj = η0 for all j and the results of SPECS agent-based

simulations for a variety of parameter choices of interest and my experimental conditions.

(See Figure A.7.) Therefore, I fit the data using ηj = η0 for all j, which ensured that I

was not overfitting the data.
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A.3.1 Fit using previous indirect binding chemotaxis model

In [146], Neumann and others derive the following expression for maltose chemotaxis:

fMal = log

 1 + [BP]

K̃I,Mal

(
p̃0 + [Mal]

[Mal]+KBP

)
1 + [BP]

K̃A,Mal

(
p̃0 + [Mal]

[Mal]+KBP

)
 . (A.55)

The parameters that minimized J for this model of maltose chemotaxis were the

following (Methods):

η0 = 11.23,

KBP = 4.61 µM,

K̃I,Mal/[BP] = 0.703,

K̃A,Mal/[BP] = 47.4,

p̃0 = 0.210,

KI,MeAsp = 20.3 µM,

KA,MeAsp = 399 µM.

However, as you can see from Figure A.3, this is not a good fit. The problem with this

model is that it assumes that the free concentration of maltose within the periplasm

matches the external concentration of maltose. However, as explained in Section A.1,

this assumption is incorrect.

A.3.2 Fit using transport-and-sensing chemotaxis model

I get a better fit when I replace fMal with the newly derived function, Equation A.48,

which takes into account variable maltose transport kinetics.

To fit the data, I write (from Equations A.19 and A.24):

[L:BP]0 = β
[L]ext

α + [L]ext
, (A.56)
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with

α =
KpVc[BP]total

(Vc − Vp) [BP]total +KcVp
(A.57)

β =
KcVp[BP]total

(Vc − Vp) [BP]total +KcVp
. (A.58)

Thus, my model also has seven free parameters:

η0, α, [R]/β, KI,Mal/β, KA,Mal/β, KI,MeAsp, and KA,MeAsp.

The parameters that minimized J (Methods) are:

η0 = 9.33,

α = 117µM,

[R]/β = 0.0146,

KI,Mal/β = 0.00334,

KA,Mal/β = 0.00635,

KI,MeAsp = 17.0µM,

KA,MeAsp = 621µM.

A.3.3 Adding a saturation term

Previous research [142] has suggested that steric effects limit E. coli ’s ability to sense

maltose. The maltose-binding protein complex is relatively large so that binding of one

complex to a receptor may preclude binding of another complex to a neighboring receptor.

Thus, I should get a better fit if I introduce a saturation term. One possible saturation

model is the following:

[L:BP]eff = min ([L:BP]0, C0) (A.59)

[R:L:BP] =
([R]total − [R:L:BP]) ([L:BP]eff − [R:L:BP])

K
(A.60)
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Using this new model with a saturation term to fit the experimental data, I do get a

better fit because the saturation term allows the model to explain the kink in the steady

state distribution in single gradients of 20µM of maltose:

M = 9.25,

α = 131µM,

[R]/β = 0.0129,

KI,Mal/β = 0.00325,

KA,Mal/β = 0.00621,

C0/β = 0.0622,

KI,MeAsp = 16.9µM,

KA,MeAsp = 663µM.

See Figure A.4.

A.4 Methods

Cell culture. I used E. coli strain RP437, obtained from the lab of JS Parkinson. For a

couple of controls for the Western blot analyses, I also used the following two strains from

the ASKA library: JW1875-AM (del-tar) and JW3994-AM (del-malE). I grew the cultures

overnight in tryptone broth (10 g/L Bacto tryptone, 5 g/L NaCl) in a shaking incubator

at 30◦C and 300 rpm, then diluted 1:100 the following morning into fresh tryptone broth.

I harvested the cells, unless otherwise noted, when the culture reached OD600 = 0.47 in

the mid-exponential growth phase. The cells had a growth rate of approximately 0.24

h−1. In the one experiment using tryptone broth supplemented with 500 µM of maltose

as the growth medium, the cells instead had a growth rate of approximately 0.29 h−1.

Before their use in experiments, I washed the cells twice by centrifuging at 2,000g for 5

min and diluted to OD600 = 0.05 in motility medium (10 mM potassium phosphate, 0.1

mM EDTA, 1 µM methionine, 10 mM lactic acid, pH 7) and kept the cells in a 4◦C fridge

for 30 min.

Experimental setup. I performed the chemotaxis assays using a microfluidic de-

vice made by sandwiching an agarose gel layer between a glass microscope slide and a
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polydimethylsiloxane (PDMS) layer patterned with three parallel channels. I created

the channels by molding the PDMS onto a silicon wafer with positive relief features. I

fabricated the device with the following specifications [217]: the channels were 20 mm

long, 100 µm deep, and 600 µm wide, with 400 µm spacing between each channel, and

the agarose layer was 0.5 mm thick and consisted of a 3% (w/v %) solution of agarose in

motility medium.

Each of the three channels contained an inlet and outlet port. The outer two channels

functioned as feeder channels within which a steady flow of medium, at a rate of 10 µL

per minute, was maintained using a syringe pump (Harvard Apparatus PHD 2000). I set

the syringe pump to “refill” mode to create a negative pressure that, along with loosely

fitting clips, helped create a seal between the PDMS and agarose. I flowed motility

medium with 0-20 µM of maltose (D-maltose monohydrate; Sigma-Aldrich PHR1497) in

the left channel and motility medium with 0-460 µM of MeAsp (α-methyl-DL-aspartate;

Sigma-Aldrich M6001) in the right channel. As molecules diffuse freely through agarose,

the flow of these solutions in the outer channels created constant gradients within the

central test channel [7]. For example, with 2 µM of maltose in the left channel and

motility medium in the right channel, the cells in the test channel experienced a linear

gradient with a slope of approximately 1.4 × 10−3 µM/µm and minimum and maximum

concentrations of 0.57 µM and 1.43 µM. It is important to note that, while MeAsp is

non-metabolizable, maltose is metabolizable and potentially is consumed during assays.

However, the constant flow of nutrients in the outer channel and the low concentration

of cells within the test channel ensured that any changes to maltose concentration within

the test channel due to consumption were negligible.

Initially, the central channel was empty of liquid, so that, after establishing flow in

the outer feeder channels, a steady gradient formed within the lower agarose layer over

a timescale of L2

D
, where L is the length between the two feeder channels and D is the

diffusivity of the molecules through agarose. The agarose gel layer has a diffusivity very

similar to water, so, for small molecules, D ≈ 103 µm2/s. Therefore, with a 1,400 µm

spacing between the edges of the two outer channels, gradients formed across the agarose

layer in about 30 min.

Forty-five minutes after the establishment of flow in the outer channels, I pipetted cells

into the test channel and sealed the test channel using glass microscope coverslips. The
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PDMS and agarose completely blocked advection so that there was no apparent active flow

in the central channel; any flow in the central channel was a result of pressure differences

between the two ends of the channel and was negligible compared to the swimming

speed of the cells. As the channel is only 100 µm deep, the upward diffusion of the

chemoattractants from the agarose layer reached a steady state in approximately thirty

seconds. Thus, the cells quickly experienced a steady gradient in a no-flow environment.

The run-and-tumble chemotaxis of E. coli yields an effective diffusivity of D ≈ 300 µm2/s,

so I began data acquisition twenty minutes after the injection of the cells into the test

channel, after the bacterial distribution had reached a steady state.

Data acquisition and analysis. I acquired images of the chemotaxis assays using

a Nikon Eclipse TE2000E inverted microscope fitted with a CCD camera. I imaged the

cells using phase contrast with a 20× objective (N.A. = 0.45). For each experiment, I

focused the objective mid-height and took 1-min videos (at 10 frames per second) of at

least 10 different 1-mm segments across the entire length of the test channel.

To determine the positions of the bacteria, I analyzed the videos using in-house MAT-

LAB image analysis code that subtracted any non-motile cells. I determined the positions

of the bacteria in all frames and thus obtained bacterial position data for 600 frames per

location along the channel and at least ten locations per experiment. There were about

100 bacteria per frame. I conducted each experiment 1-3 times. Therefore, I obtained

each experimental bacterial distribution from a sample set of approximately N=1.2 mil-

lion bacterial positions. Note that, because I caught the same bacterium on multiple

frames, these positions are not independent. For the parameter fitting, I first smoothed

the data by fitting a power curve to the obtained empirical distributions: for accumu-

lation toward MeAsp, the power fit is of form f(x) = axn + b; for accumulation toward

maltose, the power fit is of form f(x) = a(600 µm−x)n+b. I chose a power fit because it

approximates the analytical expression for the empirical distribution used in my model.

A simple measure to quantify the affinity of cells toward a chemoattractant is the

chemotactic migration coefficient (CMC), defined for my setup as

CMC =
〈x〉 − 300 µm

300 µm
,
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where 〈x〉 is the average position of the cells across the 600 µm channel. Therefore,

experiments in which the cells accumulated toward MeAsp (maltose) had CMC > 0 (re-

spectively, CMC < 0). I determined CMC values using only a subset of the bacterial

position data—from 3 frames per location (1 frame per 30 seconds)—to obtain position

data that were approximately independent of each other, giving a sample set of about

N1 = 6,000 bacterial positions per experiment. I used a bootstrapping method to ap-

proximate the variance between locations along the channel and between experimental

replicates. To bootstrap, I resampled the sample sets of size N1 with replacement 1,000

times to obtain 1,000 different sample sets. For each sample set, I calculated the CMC

value, and the error bars in the CMC plots give the 95% confidence intervals.

Agent-based simulations. To run agent-based simulations of E. coli chemotaxis in

opposing gradients of maltose and MeAsp, I modified the free-energy difference equations

in the original SPECS to incorporate both the HMWC model as well as my transport-

and-sensing chemotaxis model. I assumed all additional parameters have the same values

as provided in SPECS [90]. These parameters include the time discretization, swimming

velocity, tumble time, methylation dynamics parameters, Hill coefficient of the motor

response, and average directional change due to Brownian rotational diffusion. In my

simulations, when a cell hits the boundary, it modifies its orientation so that it faces

away from the boundary with a random angle from a uniform distribution. I used a time

step of 0.1 s. To obtain steady-state distributions, I simulated 500 cells for forty minutes

of simulated time (24,000 iterations) and averaged their locations over the final twenty

minutes of the simulated time. Because I cannot determine nTar from η0, I ran SPECS

over different values of nTar to fit the analytical expression to the simulation results.

System identification. To fit the predicted analytical approximation of the steady-

state distribution, I ran MATLAB’s fmincon function one-thousand times with different

randomly chosen initial conditions for each iteration. The optimization program mini-

mized the following measure of fit:

J =
∑
k

sup
x
|pk(x)− fk(x)|, (A.61)

where fk(x) is the best power fit of the empirical distribution from experiment k. To

obtain the fits, I summed over the following single and opposing gradient experiments k:

five maltose single gradient experiments (0.2, 2, 4, 8, and 20 µM of maltose), four MeAsp
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single gradients (1.15, 4.6, 46, and 460 µM of MeAsp), and eight maltose and MeAsp

opposing gradient experiments (2 µM of maltose and 0.46, 2, 4, 6, 8, 10, 46, 460 µM of

MeAsp).

Sensitivity analysis. To test the robustness of my model fits given my experimental

design, I ran my system identification protocol on 100 “noisy” data sets. To obtain these

data sets, I used a new sample size of Ñ = N
1000
≈ 1,200 for each experiment, selecting

bacterial positions at random from the original set of size N without replacement.

Semi-quantitative Western blot. For the Western blots, we followed my cell

culture protocol and then, instead of following my experimental protocol, placed the cells

in motility medium with various concentrations maltose for 30 min. We then froze 3 mL

samples at -80 ◦C until we performed immunoblotting.

To lyse the cells, we added 200 µL of lysis buffer (50 mM Tris, 100 mM NaCL, 0.1%

Triton X-100, 250 U/mL benzonase nuclease, and 0.4 mg/mL of lyzosyme) into each 3

mL frozen sample, vortexed, and shook tubes for 30 min at 37◦C. We diluted 1:4 the

samples into loading Laemmli buffer and maintained them at 95◦C for 5 min. We loaded

10 µL of each sample into 12% SDS gel and placed it into a Bio-Rad Tetra cell buffer tank

to electrophorese at 100 V for 1 h. We then placed the gel into a transfer buffer (25 mM

Tris, 190 mM glycine, 20% methanol) for 15 min, and returned the gel sandwiched against

a PVDF membrane back into the Tetra cell at 100 V for 1 h to transfer the proteins to

the membrane. To prepare the blot for primary antibody incubation, we blocked the blot

in blocking buffer (3% BSA in PBST) for 1 h at room temperature. For the primary

antibody, we used 1 µg/mL anti-MBP (unconjugated rabbit polyclonal antibody; LS Bio

LS-C355688) in blocking buffer. We poured the antibody solution over the blot, rocked it

for 1 h at room temperature, and then placed it in a 4◦C fridge overnight. The following

morning, we washed it three times in PBST. For the secondary antibody, we used 1:5000

of goat anti-rabbit IgG secondary antibody (Thermo Fisher 65-6120) in blocking buffer.

We poured the secondary antibody over the blot, rocked it for 2 h at room temperature,

and then washed three times in PBST. We used 1-step Ultra TMB blotting solution to

stain the blot, leaving the blot covered at room temperature for about 20 min. After

uncovering the blot, we acquired images after 10, 30, and 90 minutes of exposure.
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A.5 Supplemental figures

A B

Figure A.1: (A) Cells are repelled from high concentrations of MeAsp. Steady-state
distributions from experimental chemotaxis assays in gradients of MeAsp along with
predicted best-fit using analytical approximation with transport-sensing model. (B) pH
of MeAsp solutions used in experiments. Because I suspect pH taxis causes repulsion,
I restricted my model fitting to concentrations of MeAsp less than 500 µM.
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Figure A.2: Predicted steady-state distributions of cells using SPECS simulator with
HMWC model and Neumann et al. indirect binding model in an opposing gradient of
2 µM of maltose in the left outer channel and various concentrations of MeAsp in the
right outer channel.
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A B

Figure A.3: Experimental data and best fit of maltose single gradients using (A)
original direct binding model and (B) indirect binding model from Neumann, et al.

Figure A.4: Including a saturation term improves the fit of the steady-state popula-
tion for 20 µM of maltose.
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Figure A.5: These plots show the effect of modifying the parameter values on the
steady-state distribution predictions. Experimental data shown for context.
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Figure A.6: Western blot for MalE. The bar plot shows the relative concentration of
MalE normalized by total protein concentrations over the following growth and experi-
mental conditions: (1) wild-type cell grown in tryptone, put in 0 maltose, (2) wild-type
cell grown in tryptone, put in 1 µM maltose, (3) wild-type cell grown in tryptone, put
in 10 µM maltose, (4) wild-type cell grown in tryptone and harvested at OD600 = 0.9,
put in 1 µM maltose, (5) wild-type cell grown in tryptone with 500 µM maltose, put in
1 µM maltose, (6) del-malE strain grown in tryptone with 500 µM maltose, put in 1 µM
maltose, (7) del-tar strain grown in tryptone with 500 µM maltose, put in 1µM maltose.
(8-10) three MalE concentrations. The loading volume was 10 µL for all samples.
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Figure A.7: Figures again showing fit with additional saturation term and also show-
ing how analytical equation fits SPEC simulations with NTar = 2. The larger, varied
scattered points represent the data; the lines the analytical predictions; and the small
dotted lines the results of the SPECS simulations.
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Figure A.8: Sensitivity analysis for the fitted model parameters. Plots show the fitted
parameter values for 100 “noisy” data sets obtained by randomly selecting 1/1000 of the
bacterial position data points without replacement from each experiment. Off-diagonal
elements show the correlations between the estimated parameter values. Diagonal ele-
ments are violin plots, showing the distribution of estimates (y-axes) obtained for each
parameter. Parameters are grouped according to their contribution to the model. The
parameters that determine distribution steepness are grouped in the top left portion.
The parameters that determine dynamic sensing range are grouped in the bottom right
portion.
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Proteome Allocation Problem for

Nutrient Uptake

B.1 Proteome allocation problem

To compare the trade-offs between direct and ABC transport systems, I incorporate them

into a toy, single-cell metabolic model. This model is an extension of the self-replicator

model from [138] and is used to solve a proteome allocation problem that maximizes the

steady-state growth rate in a homogeneous environment by optimizing the following cell

characteristics: cell radius, periplasmic volume fraction, intracellular metabolite concen-

trations;and fractions of the proteome devoted to particular protein groups. Below I fully

specify the problem. The values in blue are the independent variables that the program

optimizes over. The values in red are functions of the independent variables. Definitions

of each variable are given below.

The optimization problem is to:

maximize
x

µ subject to: Eq.C 1-10, Ineq.C 1-5, and xi ≥ 0,∀i,

where x = (xm, φ, r, fp, vfutile,µ),

xm = [[S]p, [S]c, [A], [W], [P], [ATP], [ADP]]′,

φ = [φPorin, φBP , φT , φE, φW , φR, φETC , φADP ]′,
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The constraints are:

Eq.C 1-7 (Steady-state growth) :
dxm
dt

= Nvr − µxm = 0,

vr =



vp (Sext → Sp)

vc (Sp + ATP→ Sc + ADP)

kE[E] [S]c
KM,E+[S]c

(5Sc + 6ATP→ 6A + 6ADP)

kW [M]
(

[A]
KM,W +[A]

)
(A + 4ATP→W + 4ADP)

kR[R]
(

[A]
KM,R+[A]

)(
[ATP]

KM,ATP +[ATP]

)
(A + 4ATP→ P + 4ADP)

kETC [ETC] [S]c
KM,ETC+[S]c

(2Sc + 35ADP→ 35ATP)

kADP [ADP Syn] [S]c
KM,ADP +[S]c

(10Sc + 60ATP→ 66ADP)

vfutile (ATP→ ADP)


,

where the components of the proteome(P) are: [P]j = φjαj[P];

Eq.C 8 (Proteome allocation) :

1 =
∑
i∈P

φi;

Eq. C 9 (Cell wall) :

4π
(
1 + (1− fp)2/3

)
r2 = [W]

(
4/3πr3

)
aW ;

Eq. C 10 (Energy Homeostasis) :

[ATP]/[ADP] = 10;

Ineq. C 1 (Cytoplasmic cell density) :∑
j∈Mcyto

mjxm(j) ≤ ρ;

Ineq. C 2 (Periplasmic cell density) :∑
j∈Mperi

mjxm(j) ≤ ρ;

Ineq. C 3 (Inner Membrane “Real Estate”) :

fSA
(
4π(1− fp)2/3r2

)
≥ (atransporter[T] + aetc[ETC])

(
4/3πr3

)
;

Ineq. C 4 (Outer membrane “Real Estate”) :

fSA
(
4πr2

)
≥ (1− fp)aPorin[Porin]

(
4/3πr3

)
.
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Note that all components of the proteome are in units of abundance divided by cy-

toplasmic volume, [P]i. The periplasmic concentration of the binding proteins is thus,

(1− fp)[BP]/fp, where fp is the fraction of the cell volume comprised of the periplasm.

This proteome allocation problem optimizes over the following variables to determine

the maximal exponential growth rate, µ, given a particular extracellular carbon substrate

concentration, [S]ext:

• the intracellular metabolite concentrations, xm, which include

◦ [S]p, the periplasmic concentration of generic carbon substrate;

◦ [S]c, the cytoplasmic concentration of generic carbon substrate;

◦ [A], the cytoplasmic concentration of the precursor building block of both

proteins and the cell membranes, presumed to be a generic amino acid;

◦ [W], the number of generic cell membrane units divided by the cytoplasmic

volume of the cell;

◦ [P], the number of amino acids incorporated into proteins divided by the cy-

toplasmic volume of the cell;

◦ [ATP], the cytoplasmic concentration of ATP in the cell; and

◦ [ADP], the cytoplasmic concentration of ADP in the cell. I assume, for energy

homeostasis, that [ATP] = 10[ADP];

• the proteome fractions, φ, which include

◦ φPorin, the fraction of the proteome comprised of outer membrane-bound porins,

from which the extracellular substrate, Sext, passively diffuses into the cell

periplasm;

◦ φBP , the fraction of the proteome comprised of periplasmic binding proteins

that enable ABC transport (for direct transport, φBP = 0);

◦ φT , the fraction of the proteome comprised of inner membrane-bound transport

units that translocate the periplasmic carbon substrate, Sp into the cytoplasm;

◦ φE, the fraction of the proteome comprised of catabolic enzymes that transform

the cytoplasmic substrate, Sc, into a generic amino acid building block, A;
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◦ φW , the fraction of the proteome comprised of membrane biosynthesis enzymes

that build both the inner and outer membranes, W, from the building block

A;

◦ φR, the fraction of the proteome comprised of ribosomes that use building

block A to elongate peptide chains and thus express the proteome, P;

◦ φETC , the fraction of the proteome comprised of ATP synthase and electron

transport chain units that use aerobic respiration to transform carbon, Sc, into

energy by converting ADP to ATP; and

◦ φADP , the fraction of the proteome comprised of ADP synthesis enzymes that

use the carbon substrate Sc to make ADP;

• the cell radius, r, assuming a spherical cell;

• the periplasmic volume fraction, fp; and

• a rate of a futile cycle that converts ATP to ADP, vfutile, which ensures that a

solution exists with balanced rates of energy generation and consumption and which

can additionally be used to account for energetic consumption rates that do not scale

with growth (which is how I use these rates in Chapter 5).

To solve for these optimal parameter values, the optimization problem is subject to a

variety of constraints:

• The equality constraints 1-7 are ordinary differential equations that assume a bal-

anced, steady-state exponential growth of each of the cellular components. N is

thus a stoichiometry matrix that describes how many of each input metabolite is

needed to form an output, and vr is a vector of Michaelis-Menten reaction rates.

Explanations for each parameter choice for the stoichiometry matrix and reaction

rates are provided below.

• Equality constraint 8 specifies that the proteome fractions must sum to one.

• Equality constraint 9 specifies that the amount of cell membrane units expressed

must cover both the inner and outer membranes of the cell.

• Equality constraint 10 specifies that, for energy homeostasis, the abundance of ATP

must be ten times greater than the abundance of ADP.
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• Inequality constraint 1 specifies that the sums of the molecular weights of each

cytoplasmic metabolite (Sc, A, (φE + φW + φR + φADP )P, ATP, ADP) multiplied

by its corresponding cytoplasmic concentration must be less than or equal to the

maximal allowed density, ρ.

• Inequality constraint 2 specifies that the sums of the molecular weights of each

periplasmic metabolite (Sp, φBPP) multiplied by its corresponding periplasmic con-

centration must be less than or equal to the maximal allowed density, ρ.

• Inequality constraint 3 specifies that the inner-membrane bound protein groups (the

transport units, T, and the electron transport chains, ETC) must fit on the surface

area of the inner membrane.

• Inequality constraint 4 specifies that the porins must fit on the surface area of the

outer membrane.

To determine reasonable parameter values, I use glucose consumption by E. coli as a

model uptake system.

B.1.1 Periplasmic uptake

Sext
vp−→ Sp

The rate of the uptake of the carbon substrate in the extracellular environment with

concentration [S]ext into the periplasm is derived in Chapter 4.1.2. It is given by the

following equation, where [S]p is the concentration of substrate in the periplasm; r is the

cell’s radius; [Porin] is the number of porins divided by the cytoplasmic volume of the

cell; D is the diffusivity of the substrate in the external environment; kPorin is a porin

permeability rate; and fp is the fraction of the volume of the cell that is comprised of the

periplasm.

vp = (1− fp)kPorin[Porin]
[S]ext − [S]p

fp

(
1 + (1−fp)kPorin[Porin]

3Dr−2

) [
Periplasmic Concentration

Time

]

In my baseline model, I use the following values:
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• D = 10−8 cm2 msec−1, which is approximately the diffusivity of a glucose

molecule in water.

• kporin = 10−11 cm3 msec−1. I estimate the permeability rate of a glucose

molecule through the general porin OmpF in E. coli to be the following

[147]:

kPorin =

(
D

d

)(
a

a0

)
aporin,

[
cm3

sec

]
where the thickness of the outer membrane is d = 4× 10−7 cm; (a/a0) is

the Renkin correction factor that accounts for the ratio of the solute size

and porin size; and the surface area of a single porin is aporin = 1 nm2.

• αPorin = 1/400. The E. coli general porin OmpF is comprised of 362

amino acids.

I run the optimization problem over a range of external concentrations, from [S]ext = 10−6

- 100 mM.

B.1.2 Cytoplasmic uptake

Sp + ATP
vc−→ Sc + ADP

I run the optimization problem using one of two models for cytoplasmic uptake. Both

models are explained and derived in Chapter 4.1.3. As explained in Chapter 4.2.2, I as-

sume, in the baseline model, that both ABC and direct transport have the same energetic

cost of 1 ATP molecule per substrate translocated.

B.1.2.1 Direct transport

For direct transport, I use the following equation:

vc,direct = k3′ [T]
[S]p

KT ′ + [S]p
,

where [T] is the number of membrane-bound transport units divided by the cytoplasmic

volume of the cell, k3 is the turnover rate of the transport-unit, and KT ′(= k3′/k2′) is the

half-saturation constant of the transport-unit.
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In the baseline model, I use:

• k3′ = 200 sec−1. The turnover rate of the glucose transport ptsI is

approximately 210 molecules/sec. (BNID:103693, [1])

• KT ′ = 10 µM. The effective half-saturation constant for glucose transport

was observed to be between 5 - 20 µM [89].

• αT = 1/1562. The number of amino acids of each protein comprising the

system are: 831 for PtsI, 85 for PtsH, 477 for PtsG, and 169 for Crr ([3],

eco:02060).

B.1.2.2 ABC transport

For ABC transport, I use the following equation

vc,ABC =
k3

2(k3 + k1f [S]p)

(
[k1rKT + k1f [S]p ([BP]peri + [T]peri +KT ) + k3[T]peri] ...

−
√

4[BP]perik1fKT [S]p(k1r + k1f [S]p) + (k1rKT − [BP]perik1f [S]p + k2KT [T]peri + k1f [S]p(KT + [T]))2
)
,

where [BP]peri is the concentration of binding proteins in the periplasm; [T]peri is the

number of membrane-bound transport units divided by the volume of the periplasm; and

the transport rates and half-saturation constants are as defined in Chapter 4.1.3.

In the baseline model, I use the following values:

• k3 = 2 sec−1. As explained in Chapter 4.3.1, the diffusivity of the bind-

ing protein-substrate complex is approximated to be one hundred times

slower than the diffusivity of the substrate itself. Thus, I approximate

that the transport rate for ABC transport is one hundred times lower

than that of direct transport.

• KT = 10 µM. I assume that the transporter dissociation constants for

direct and ABC transport are the same.

• KBP = 1 µM (k1f = 1 × 105 mM/sec and k1r = 100 sec−1). The E.

coli maltose binding protein, MalE, has a dissociation constant of about

KBP = 1 µM [80]. I estimated the association and dissociation rates

using results from [132].
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• αBP = 1/400. MalE is comprised of 396 amino acids.

• αT and aT are the same as for direct transport.

B.1.3 Catabolism

5Sc + 6ATP
vE−→ 6A + 6ADP

The set of metabolic enzymes, E, transform the intracellular nutrient, Sc, into amino

acids at a rate of

vE = kE[E]
[S]c

KM,E + [S]c
.

For simplicity, I consider proteins to be made of just one type of amino acid and use the

following parameter values:

• kE = 100 sec−1. The phosphofructokinase reaction is a rate-limiting step of glycol-

ysis ([117]) and has a turnover rate on the order of approximately 100 per second

(EC 2.7.1.11, [2]).

• KE = 100 µM. This is the approximate half-saturation constant of phosphofructokinase-

2 for fructose 6-phosphate [2].

• αE = 1
40,000

. There are about 130 genes in glycolysis and the biosynthesis of amino

acids ([3], M00002, eco01230).

As shown in [93], energy is created during the breakdown of carbon substrates and

used during the biosynthesis of amino acids. The different amino acids have different

carbon and ATP consumption costs. For simplicity, I average over all of the amino acids

and assume that 5 glucose molecules provide enough carbon to produce 6 amino acids

and that there is a net consumption of 1 ATP molecule per amino acid produced.

B.1.4 Membrane biosynthesis

A + 4ATP
vM−−→W + 4ADP
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The set of membrane biosynthesis enzymes, M, transform the amino acid building

block into the components of both the inner and outer membrane of the cell at a rate of

vM = kM [M]
[A]

KM + [A]
.

In my model, I use the following baseline parameter values:

• kM = 3 sec−1. This is the catalytic rate of penicillin-binding protein 1 [196].

• KM = 20 µM. This is the approximate half-saturation constant of MurC for L-

alanine [4].

• αM = 1
21,000

. There are 19 enzymes involved in peptidoglycan biosynthesis ([3],

eco:01011).

I take as the unit for the cell membrane a single amino acid and assume that the

energetic cost of adding an additional amino acid to the cell wall is equivalent to the

energetic cost of adding an amino acid to a polypeptide.

B.1.5 Protein expression

A + 4ATP
vR−→ P + 4ADP

The ribosomes, R, build the proteome, P, from the intracellular pool of the building

block amino acid at a rate of

vR = kR[R]
[A]

KR + [A]
.

Note that I take [P] to be the concentration of amino acids that comprise the proteome.

I use the following baseline parameter values in the model:

• kR = 15 sec−1. The peptide chain elongation rate is from about 12 to 20 amino

acids per second per ribosome ([1], BNID:107868).
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• KR = 300 µM. Estimates within a range of 200− 400 µM have been made for the

half-saturation constant of several aminoacyl-tRNA synthetases to various amino

acids [213].

• αR = 1
20,000

. A ribosome is comprised of both ribosomal protein (approximately

7,000 amino acids) and rRNA (approximately 5,000 ribonucleotides) [112].

I take as the unit of proteome a single amino acid. I approximate that the energetic

cost of adding one amino acid to a peptide chain is 4 ATP [25].

B.1.6 Energy generation

2Sc + 35ADP
vETC−−−→ 35ATP

I assume that the cell is aerobic and generates energy via glycolysis and respira-

tion. The enzymes involved in glycolysis, the electron transport chain and ATP synthase

(ETC), are required to generate ATP from the intracellular carbon substrate at the fol-

lowing rate:

vETC = kETC [ETC]
[S]c

KETC + [S]c
.

I use the following baseline parameters:

• kETC = 300 sec−1. Previous work estimates that the rate of ATP synthesized by

ATP synthesis is approximately 270 per second [52].

• KETC = 100 µM. I approximate the half-saturation constant for energy generation

to be the same as for catabolism, KE.

• αETC = 1
45,000

. I approximate the proteomic cost of glycolysis as well as of oxidative

phosphorylation ([3], M00002, eco00190).

Respiration requires an electron acceptor, such as oxygen, so that the electron trans-

port chain can create a transmembrane ion potential gradient, which ATP synthase uti-

lizes to produce ATP. In glycolysis, 2ATP, 2 NADH, and 2 pyruvate molcules are gen-

erated from 1 glucose molecule. I assume that the energy of 1 NADH is equivalent to 1

ATP [154], giving 17.5 ATP per glucose molecule generated under respiration.
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B.1.7 ADP synthesis

10Sc + 60ATP
vADP−−−→ 66ADP

The ADP synthesis proteins, ADP, transform the intracellular pool of carbon substrate

into ADP at the following rate:

vADP = kADP [ADP Syn]
[S]c

KM,ADP + [S]c
.

I use the following baseline parameter values in the model:

• kADP = 100 sec−1. I approximate the turnover rate to be the same as for catabolism.

• KADP = 100 µM. I approximate the half-saturation constant for energy generation

to be the same as for catabolism, KE.

• αADP = 1
30,000

. I approximate the proteomic cost of ADP synthesis using the genes

in purine metabolism ([3], ko00230).

Because a glucose molecule contains 6 carbons and an ADP molecule contains 10

carbons, I assume a stoichiometry of an input of 10Sc needed for 6 ADP molecules.

I approximate that the energetic cost of synthesizing one ADP is identical to that of

synthesizing one nucleotide, which was estimated to be about 10 ADP molecules per

nucleotide [145].

B.1.8 Density and surface area constraints

The abundances of the intracellular components are constrained by either the maximal

density of the cell or, for the membrane-bound components, the surface area of the cell.

For Inequality Constraints 2-4, I use the following baseline parameters:

• ρ = 0.3 g/mL. The density of a cell is approximately 0.34 g/mL ([1], BNID:109049).

• mA = 110 Da. The average molecular weight of an amino acid is 110 Da.

• mSc = 180 Da. The molecular weight of glucose is 180 Da.
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• mATP = 500 Da. The molecular weight of ATP is 507 Da.

• mADP = 430 Da. The molecular weight of ADP is 427 Da.

• mW = 220 Da. The molecular weight of N-acetylglucosamine is 221 Da.

• atransporter = 50 nm2. The surface area of one transporter equals approximately

50nm2 [133].

• aporin = 1 nm2. The approximate surface area of a single OmpF molecule is 1 nm2

[147].

• aW = 2 nm2. The surface area of one unit of peptidoglycan is approximately 2 nm2

[211].

• aETC = 100 nm2. The surface area of one electron transport chain unit is approxi-

mately 84 nm2 [197].

For the baseline model, I assume that half of the surface areas of both the inner and

outer membranes are available for proteins, fSA = 0.5.

B.2 Solving the optimization problem

To solve the proteome allocation problem, I use MATLAB’s constrained nonlinear multi-

variable function solver, fmincon. To ensure that the solutions are global and not simply

local ones, I run the solver 50 times for each optimization problem, each time using dif-

ferent initial conditions. I additionally transform the units of both the constraints and

variables so that their magnitudes are all approximately 1.

B.2.1 A note on calculating maximal rate of downstream en-

zymes

In my model, direct transport systems have very high optimal ratios of maximal uptake

rate to maximal rate of downstream enzymes at low nutrient concentrations, while, for
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ABC transport, this ratio is near unity. To calculate this ratio, I use the following:

Vmax,uptake
Vmax,downstream

=
fpVmax,c/(1− fp)

5kE[E] + 2kETC [ETC] + 10kADP [ADP Syn]
.
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