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Oversimplified model of boundary layer transition
Used in many textbooks and in Whitaker’s correlation (AIChE J. 18(2) 1972)
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Boundary layer is described as having a
“transition Reynolds number.” Equations are
given for laminar b.l. and for turbulent b.l.

ℎ = 1
𝐿Δ𝑇 ∫

𝐿

0
𝑞𝑤 𝑑𝑥

= 1
𝐿
[∫

𝑥tr

0
ℎlam 𝑑𝑥 +∫

𝐿

𝑥tr

ℎturb 𝑑𝑥]

Use a turbulent correlation (more on this…) and
laminar theory (and more on this…)

Nu𝐿 ≡
ℎ𝐿
𝑘
= 0.036Pr0.43(Re0.8𝐿 − Re0.8tr )

+ 0.664Re1/2tr Pr1/3

Whitaker’s equation (assign Retr = 200, 000,
and add variable properties factor)

Nu𝐿 = 0.036Pr
0.43(Re0.8𝐿 − 9, 200)(

𝜇𝑤
𝜇0
)
1/4
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How transitional boundary layer data actually look
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More realistic model of boundary layer transition

x

Turbulent

Transitional
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Transition begins at 𝑥𝑙 and ends at 𝑥𝑢. Laminar and
transition regions have similar length.
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Heat transfer coefficient through the transition region

𝑥𝑙 𝑥𝑢

∼ 𝑥−1/2
∼ 𝑥𝑐−1 ∼ 𝑥−0.2

laminar transitional turbulent

linear axes
𝑥

ℎ(𝑥)

Transition region has length similar to laminar region

Transition has been observed to begin for 4 × 104 ⩽ Re𝑙 ⩽ 2.8 × 10
6

The exponent in the transition zone, 𝑐, ranges from 1.4 to 6
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Churchill’s concept: AIChE J. 22(2) 1976
Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

Nu𝑥 = Nu0 + [Nu
𝑠
lam + (Nu

𝑝
trans + Nu

𝑝
turb)

𝑠/𝑝
]
1/𝑠

with {
𝑝 = −5
𝑠 = 2

Very low Reynolds number limit, Nu0 = 0.45

Nu𝑥 = Nu0 + [ Nu𝑠lam + ( Nu𝑝trans + Nu𝑝turb )
𝑠/𝑝
]
1/𝑠

Laminar correlation
Transition correlation
Turbulent correlation
Churchill made an aggregate comparison to some local data, using the 𝜙
variable, but with only limited agreement.
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Nu𝑥 = Nu0 + [ Nu𝑠lam + ( Nu𝑝trans + Nu𝑝turb )
𝑠/𝑝
]
1/𝑠

Laminar correlation

Nulam = 0.3387 𝜙
1/2 with 𝜙 ≡ Re𝑥Pr

2/3 [1 + (0.0468
Pr

)
2/3
]
−1/2

for 0 < Pr < ∞

Transition correlation
Turbulent correlation
Churchill made an aggregate comparison to some local data, using the 𝜙
variable, but with only limited agreement.
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Nutrans = 𝑏Re
3/2
𝑥 i.e., 𝑐 = 3/2 with 𝑏 fit to the end of transition, Re𝑢

Turbulent correlation
Churchill made an aggregate comparison to some local data, using the 𝜙
variable, but with only limited agreement.
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1/𝑠

Laminar correlation
Transition correlation
Turbulent correlation

Nuturb ≈ 0.032 𝜙
4/5 with 𝜙 as for laminar flow

Churchill made an aggregate comparison to some local data, using the 𝜙
variable, but with only limited agreement.
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Churchill’s correlation compared to individual data sets
Local Nu𝑥 data for air and water from several independent studies
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Churchill’s correlation compared to individual data sets
Local Nu𝑥 data for air and water from several independent studies
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Correlating the laminar regime
Experimental support for Blasius b.l. is excellent.
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Measurements by
Hans W. Liepmann, 1943
(NACA WR-107)

There’s not much need to include liquid metals, so just use theoretical results
for gases and dielectric liquids

Nulam = {
0.332Re1/2𝑥 Pr1/3 for UWT
0.453Re1/2𝑥 Pr1/3 for UHF

for Pr ⩾ 0.6

This approach eliminates Churchill’s 𝜙 variable.
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Laminar boundary layers in lab are not ideal
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Suction slots sometimes used to remove upstream b.l.
Analytical correction factors have often been applied to the measurements

Unheated Starting Length

NuUWT𝑥 = 0.332 Re1/2𝑥 Pr1/3𝑥 [1 − (𝑥0/𝑥)
3/4]−1/3
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Suction slots sometimes used to remove upstream b.l.
Analytical correction factors have often been applied to the measurements

Unheated Starting Length

NuUWT𝑥 = 0.332 Re1/2𝑥 Pr1/3𝑥 [1 − (𝑥0/𝑥)
3/4]−1/3

Edwards & Furber (1956)
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Uniform wall heat flux with unheated starting length

Tribus & Klein (1952) gave this integral

𝑇𝑤 −𝑇∞ = 𝐴(𝑥)∫
𝑥

0
[1 − ( 𝜉𝑥)

3/4

] 𝑞𝑤(𝜉) 𝑑𝜉

𝐴(𝑥) = 𝐶/𝑘Re1/2𝑥 Pr1/3𝑥 and 𝐶 = 0.624065. For

𝑞𝑤(𝑥) = {
0 for 𝑥 < 𝑥0
𝑞0 for 𝑥 ⩾ 𝑥0

𝑇𝑤 −𝑇∞
𝐴(𝑥)𝑞0

= ∫
𝑥

𝑥0
[1 − ( 𝜉𝑥)

3/4

] 𝑑𝜉

Setting 𝑢 = 1 − (𝜉/𝑥)3/4, 𝑢0 = 1− (𝑥0/𝑥)3/4,
and 𝑠 = 𝑢/𝑢0, some algebra leads to:

3(𝑇𝑤 −𝑇∞)
4𝑥𝐴(𝑥)𝑞0𝑢1/30

= 𝐼(𝑢0) ≡ ∫
1

0
𝑠−2/3(1−𝑢0𝑠)1/3𝑑𝑠

NuUHF𝑥 ≡ 𝑞0𝑥
(𝑇𝑤 −𝑇∞)𝑘

= 3Re1/2𝑥 Pr1/3𝑥

4𝐶𝑢1/30 𝐼(𝑢0)

We can bound the integral 𝐼(𝑢0):

𝐼(𝑢0) ⩽ 𝐼(0) = ∫
1

0
𝑠−2/3 𝑑𝑠 = 3

𝐼(𝑢0) ⩾ 𝐼(1) = ∫
1

0
𝑠−2/3(1 − 𝑠)1/3 𝑑𝑠

= Γ(1/3)Γ(4/3)
Γ(5/3)

= 2.649958⋯

These bounds are tight. If we say 𝐼(𝑢0) ≃ 𝐼(1)

NuUHF𝑥 ≃ 3Re1/2𝑥 Pr1/3𝑥

4𝐶𝑢1/30 𝐼(1)

= 0.4535 Re1/2𝑥 Pr1/3𝑥

[1 − (𝑥0/𝑥)3/4]
1/3

The approximation is bounded within 12% right
up to 𝑥0. (Note 𝑥0 = 0 is a UHF plate.)

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020 11 / 38



Correlating the transition regime

The experimentally observed behavior is:

Nutrans = 𝑏Re
𝑐
𝑥

𝑏 may fixed by Nulam at the Reynolds number where the transition curve
intersects the laminar curve, Re𝑙:

Nutrans = Nulam(Re𝑙,Pr) (Re𝑥/Re𝑙)
𝑐

Churchill put 𝑐 = 3/2, and Žukauskas and Šlančiauskas put 𝑐 = 1.4. However,
our comparison to data shows to 𝑐 range from 1.4 to 6, rising as Re𝑙 rises.

We will fit 𝒄 as a function of 𝐑𝐞𝐥.
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Correlating turbulence: Classical Colburn analogy?
Data for boundary layers from Colburn (1933), Chilton and Colburn (1934)

St =
𝐶𝑓
2
Pr−2/3

Concerns
All data are for air

Only average ℎ

Just 2 laminar and
2 turbulent expts.

Laminar analogy
is for UWT
(Pohlhausen, 1921)

Data of Fage &
Falkner (1931)…
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Jakob & Dow, Trans. ASME, 1946
The Colburn analogy does not account for a non-uniform wall temperature distribution.
Neither Jakob nor Colburn recognized that laminar ℎ is different for UWT and UHF!
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Fage & Falkner report (ARC R&M 1408, 1931)
Laminar b.l. on an electrically heated plate. Uniform wall heat flux (not uniform temperature)
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Similarity solutions for uniform heat flux (Δ𝑇 ∼ 𝑥1/2)

Fage & Falkner (1931) found the similarity solution for Δ𝑇 ∼ 𝑥𝑛, but the first
numerical integrations for 𝑛 = 1/2 (UHF) were due to Sugawara et al. (1951)
and Levy (1952). Fitting Levy’s results (Pr = 0.7, 2, 10, 20):

Nu𝑥 = 0.4542 Re
1/2
𝑥 Pr0.3301

Imai (1958) solved o.d.e. asymptotically for high Pr:

Nu𝑥
Re1/2𝑥

=
Γ(2/3) 𝐴1/3

21/2 32/3 Γ(4/3)
with 𝐴 = (1/2 + 2𝑛)√2(0.33206)Pr

For 𝑛 = 1/2:
Nu𝑥 = 0.4587 Re

1/2
𝑥 Pr1/3

Fage & Falkner’s experimental values for air fit well to Nu𝐿 = 0.75 Re
1/2
𝐿 , with

𝑇𝑤,av/𝑇∞ = 1.45, and 𝑘mean that is 12% lower than the modern value. Their
experiments are within +9% of Imai; if corrected for property variation as
(𝑇𝑤,av/𝑇∞)

−0.4, the agreement is −6%.
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Local boundary layer heat transfer data

Literature review shows:

Almost all measurements are in air

Before 1950, most data are for average heat transfer coefficient

Many well-defined wind-tunnel studies after about 1950

Only two water data sets and the transformer oil data of Ž & Š
Freestream turbulence is not often described well

To correlate the turbulent section of the b.l. despite the lack of liquid data, we
may take advantage of the law-of-the-wall and the wealth of pipe-flow data
spanning huge range of Pr
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Universal velocity distribution (Clauser, 1956)
𝑢/𝑢∗ = fn(𝑦𝑢∗/𝜈) where 𝑢∗ = √𝜏𝑤/𝜌

Local shear stress (as 𝑓 or 𝐶𝑓) determines velocity distribution near the wall.
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Generalized Reynolds-Colburn analogy

St =
Nu𝑥
Re𝑥Pr

=
𝐶𝑓/2

𝑎1 + 𝑎2(Pr
𝑎3 − 1)√𝐶𝑓/2

Authors Flow 𝒂𝟏 𝒂𝟐 𝒂𝟑

Prandtl (1928) pipe flow 1 8.77 1
Petuhkov & Kirillov (1958) pipe flow 1.07 12.7 2/3
Žukauskas & Šlančiauskas
(1987 summary of older work)

flat plate 0.93 12.5 2/3

White (1974) flat plate 1 12.8 0.68
Gnielinski (1976) pipe flow 1 12.7 2/3

Gnielinski examined thousands of data points in pipe flow, for 0.6 ⩽ Pr ⩽ 105,
and his values capture 90% of the liquid data to ±20%, and better for gases.

We adopt Gnielinski's coefficients.
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Correlating fully turbulent flow

Nuturb =
Re𝑥Pr (𝐶𝑓/2)

1 + 12.7(Pr2/3 − 1)√𝐶𝑓/2
for Pr ⩾ 0.6 (6)

Skin friction coefficient, 𝐶𝑓, from White’s b.l. formula (accuracy of 1-2%):

𝐶𝑓(𝑥) =
0.455

[ln(0.06 Re𝑥)]
2

For gases, the b.l. power-law of Reynolds et al. is close:

Nuturb = 0.0296 Re
0.8
𝑥 Pr0.6 for gases

Žukauskas & Šlančiauskas correlated their own data to roughly ±15%:

Nuturb = 0.032 Re
0.8
𝑥 Pr0.43

However, we will see that agreement with other data sets is not so good.
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Blending the regions
Follow Churchill, but with larger exponents to blend more rapidly

Nu𝑥 =��Z
ZNu0 + [Nu

𝑠
lam + (Nu

𝑝
trans + Nu

𝑝
turb)

𝑠/𝑝
]
1/𝑠

Let 𝑝 = −10 and 𝑠 = 5. These values fit the observed rates of transition better
than Churchill’s values (𝑝 = −5 and 𝑠 = 2).

Nu𝑥(Re𝑥,Pr) = [Nu
5
lam + (Nu

−10
trans + Nu

−10
turb)

−1/2]
1/5

(9)
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Summary of the proposed correlation

Combining formula Nu𝑥(Re𝑥,Pr) = [Nu5lam + (Nu−10trans +Nu−10turb)
−1/2

]
1/5

(9)

Laminar region

Nulam(Re𝑥,Pr) = {
0.332Re1/2𝑥 Pr1/3 UWT
0.453Re1/2𝑥 Pr1/3 UHF

With an unheated starting length of 𝑥0, use
Nulam(Re𝑥,Pr) × [1 − (𝑥0/𝑥)3/4]

−1/3

Transition region Nutrans(Re𝑥,Pr) = Nulam(Re𝑙,Pr) × (Re𝑥/Re𝑙)
𝑐
with 𝑐 = fn(Re𝑙)

Turbulent region

Nuturb(Re𝑥,Pr) =
Re𝑥Pr (𝐶𝑓/2)

1 + 12.7(Pr2/3 − 1)√𝐶𝑓/2
(6)

𝐶𝑓(Re𝑥) =
0.455

[ln(0.06 Re𝑥)]
2
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Comparison to data

We now apply this correlation to many data sets,
fitting 𝑐 and Re𝑙 in each case. Fluids considered:

Air

Water

Oil
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Data of several investigators for air
Laminar, transitional, and fully turbulent flow

tur
bu

len
t

104 105 106

102

103

104

lam
inar

Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟦𝟨𝟢𝟢𝟢, 𝖼 = 𝟤
Eq. (9), Re𝗅 = 𝟨𝟣𝟢𝟢𝟢, 𝖼 = 𝟣.𝟩𝟧
Eq. (9), Re𝗅 = 𝟣𝟦𝟢𝟢𝟢𝟢, 𝖼 = 𝟤
Eq. (9), Re𝗅 = 𝟤𝟩𝟢𝟢𝟢𝟢, 𝖼 = 𝟤.𝟤
𝖭𝗎turb, Eq. (6)

𝖭𝗎lam = 𝟢.𝟥𝟥𝟤Re𝟣/𝟤𝗑 Pr𝟣/𝟥

Reynolds et al., Run 1
Reynolds et al., Run 8
Junkhan & Serovy, high 𝗎′

𝗋/𝗎∞
Kestin et al., low 𝗎′

𝗋/𝗎∞
Kestin et al., high 𝗎′

𝗋/𝗎∞
Junkhan & Serovy, low 𝗎′

𝗋/𝗎∞
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Blair’s data for air (1983)
Laminar, transitional, and fully turbulent flow. NuUHFlam ≃ 0.4535 Re

1/2
𝑥 Pr1/3𝑥 [1 − (𝑥0/𝑥)

3/4]−1/3

105 106 107

102

103

104

tur
bul

ent

laminar

Pr = 𝟢.𝟩𝟣 (air)
𝗊𝗐 = constantIncreased h caused by

unheated starting length

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟤𝟦𝟢𝟢𝟢𝟢, 𝖼 = 𝟤.𝟤
Eq. (9), Re𝗅 = 𝟦𝟪𝟢𝟢𝟢𝟢, 𝖼 = 𝟤.𝟨
Eq. (9), Re𝗅 = 𝟣𝟤𝟧𝟢𝟢𝟢𝟢, 𝖼 = 𝟨
𝖭𝗎turb, Eq. (6)
Unheated for 𝗑 < 𝟦.𝟥 cm
𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Blair, 𝗎′
𝗋/𝗎∞ ≃ 𝟢.𝟤𝟧%

Blair, 𝗎′
𝗋/𝗎∞ ≃ 𝟣.𝟢%

Blair, 𝗎′
𝗋/𝗎∞ ≃ 𝟤.𝟢%
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Air data: Seban and Doughty (1956); Reynolds et al. (1958)
Experiments with natural transition (b.l. not tripped)

tur
bu
len

t

lam
inar

105 106 107

102

103

104

Pr = 𝟢.𝟩𝟣 (air)
𝗊𝗐 = constant

𝖼
=

𝟤.
𝟧

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟥𝟫𝟢𝟢𝟢𝟢, 𝖼 = 𝟤.𝟧
𝖭𝗎turb, Eq. (6)
𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Seban & Doughty, for 7 speeds

tur
bul

ent

laminar

105 106

102

103

104

Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 = constant

𝖼 =
𝟤.
𝟧

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟤𝟥𝟧𝟢𝟢𝟢, 𝖼 = 𝟤.𝟧
𝖭𝗎turb, Eq. (6)
𝖭𝗎Reyn = 𝟢.𝟢𝟤𝟫𝟨Re𝟢.𝟪Pr𝟢.𝟨

𝖭𝗎lam = 𝟢.𝟥𝟥𝟤Re𝟣/𝟤𝗑 Pr𝟣/𝟥

Reynolds et al., natural transition
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Žukauskas & Šlančiauskas data for air
Laminar, transitional and fully turbulent flow in different experiments

tur
bu
len

t

104 105 106

102

103

104

lam
inar

Pr = 𝟢.𝟩𝟣 (air)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟤𝟥𝟢𝟢𝟢𝟢, 𝖼 = 𝟣.𝟩𝟧
Eq. (9), Re𝗅 = 𝟤𝟧𝟢𝟢𝟢𝟢, 𝖼 = 𝟣.𝟨
Eq. (9), Re𝗅 = 𝟥𝟥𝟢𝟢𝟢𝟢, 𝖼 = 𝟣.𝟪
Nuturb, Eq. (6)
𝖭𝗎Reyn = 𝟢.𝟢𝟤𝟫𝟨Re𝟢.𝟪Pr𝟢.𝟨

𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Ž&Š, Tab. 21, Run 3
Ž&Š, Tab. 21, Run 4
Ž&Š, Tab. 21, Run 5

tur
bu
len

t

105 106

102

103

104

lam
ina

r Pr = 𝟢.𝟩𝟣 (air)
𝗊𝗐 = constant

𝖼
=

𝟤.
𝟧

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Nuturb, Eq. (6)
𝖭𝗎Reyn = 𝟢.𝟢𝟤𝟫𝟨Re𝟢.𝟪Pr𝟢.𝟨

𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Ž&Š, Tab. 24, Set 1
Ž&Š, Tab. 24, Set 2
Ž&Š, Tab. 25, Set 1
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All fully-turbulent air data
Žukauskas & Šlančiauskas data are systematically high by 15–25%

105 106 107
102

103

104

+𝟣
𝟧%

−𝟣
𝟧%

Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 or 𝗊𝗐 constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Seban & Doughty
Reynolds et al., Run 1
Reynolds et al., Runs 2–4
Reynolds et al., Runs 5–7
Reynolds et al., Run 8
Junkhan & Serovy, high 𝗎′

𝗋/𝗎∞
Kestin et al., low 𝗎′

𝗋/𝗎∞
Kestin et al., high 𝗎′

𝗋/𝗎∞
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟢.𝟤𝟧%
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟣.𝟢%
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟤.𝟢%
Ž&Š, Tab. 24, Set 1
Ž&Š, Tab. 24, Set 2
Ž&Š, Tab. 25, Set 1
𝖭𝗎turb, Eq. (6)
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All fully-turbulent air data (w/o Ž & Š)
328 data points, 99.4% are within ±15% of Eq. (6). Standard deviation is just 5.5%.

105 106 107
102

103

104

+𝟣
𝟧%

−𝟣
𝟧%

Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 or 𝗊𝗐 constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Seban & Doughty
Reynolds et al., Run 1
Reynolds et al., Runs 2–4
Reynolds et al., Runs 5–7
Reynolds et al., Run 8
Junkhan & Serovy, high 𝗎′

𝗋/𝗎∞
Kestin et al., low 𝗎′

𝗋/𝗎∞
Kestin et al., high 𝗎′

𝗋/𝗎∞
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟢.𝟤𝟧%
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟣.𝟢%
Blair, 𝗎′

𝗋/𝗎∞ ≃ 𝟤.𝟢%
𝖭𝗎turb, Eq. (6)
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Results for water: Pr = 5.4 and 6.6
Data of Žukauskas & Šlančiauskas with correlations of Ž & Š and Hollingsworth

tur
bul

ent

laminar

105 106
102

103

104

𝖼 =
𝟤.
𝟧

Pr = 𝟧.𝟦 (water)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟥𝟢𝟢𝟢𝟢𝟢, 𝖼 = 𝟤.𝟧
𝖭𝗎turb, Eq. (6)
𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

𝖭𝗎Hol = 𝟢.𝟢𝟤𝟦𝟤𝟨Re𝟣−𝗇Pr𝟢.𝟣𝟢𝟧

𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Ž&Š, Tab. 27, Run 17
Ž&Š, Tab. 27, Run 18
Ž&Š, Tab. 25
Ž&Š, Tab. 25
Ž&Š, Tab. 25

tu
rb
ule

nt

lam
ina

r

104 105

102

103

𝖼
=

𝟣.
𝟩𝟧

Pr = 𝟨.𝟨 (water)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟨𝟪𝟢𝟢𝟢, 𝖼 = 𝟣.𝟩𝟧
𝖭𝗎turb, Eq. (6)
𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Ž&Š, Tab. 22, Run 7
Ž&Š, Tab. 22, Run 8
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Water data from Ž & Š for Pr = 3
Water at 60°C, measurement uncertainties 2× previous water data. (NB: change of scale)

106 107
103

104

Pr = 𝟤.𝟫𝟧 (water)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

𝖭𝗎turb, Eq. (6)
𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

𝖭𝗎Hol = 𝟢.𝟢𝟤𝟦𝟤𝟨Re𝟣−𝗇Pr𝟢.𝟣𝟢𝟧

Ž&Š, water, Tab. 27, Run 12
Ž&Š, water, Tab. 27, Run 13
Ž&Š, water, Tab. 27, Run 14
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Transformer oil. Variable property ratio: (Pr∞/Pr𝑤)
0.25

Correction: Pr = 55, 2.7%; 84, 12.7%; and 85, 17%

105 106
103

104

Pr = 𝟧𝟧 (oil)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

𝖭𝗎turb, Eq. (6)
𝖭𝗎Ž&Š = 𝟢.𝟢𝟥𝟤Re𝟢.𝟪Pr𝟢.𝟦𝟥

Ž&Š, trans. oil, Tab. 25

105 106

103

104

tur
bu

len
t

laminar

Pr∞ = 𝟪𝟧 (oil)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟪𝟢𝟢𝟢𝟢, 𝖼 = 𝟣.𝟩𝟧
Eq. (9), same values, raised +15%
𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤Pr𝟣/𝟥

Ž&Š, Pr∞ = 𝟪𝟧, 4.83 m s−1

Ž&Š, Pr∞ = 𝟪𝟦, 5.34 m s−1
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Transformer oil
Prandtl numbers of 108 and 257. Plots adjusted for strongly varying properties using (Pr∞/Pr𝑤)

0.25.

104 105

103

104

tu
rb
ule

nt

lam
ina

r Transformer oil
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9), Re𝗅 = 𝟥𝟧𝟢𝟢𝟢, 𝖼 = 𝟣.𝟦, 𝖯𝗋∞ = 𝟤𝟧𝟩,+𝟤𝟥%
Eq. (9), Re𝗅 = 𝟥𝟪𝟢𝟢𝟢, 𝖼 = 𝟣.𝟨, 𝖯𝗋∞ = 𝟣𝟢𝟫,+𝟣𝟨%
Ž&Š, Tab. 23, Run 9, Pr∞ = 𝟤𝟧𝟩
Ž&Š, Tab. 23, Run 10, Pr∞ = 𝟣𝟢𝟫
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Fitting 𝑐 as a function of Re𝑙
Nutrans = Nulam(Re𝑙,Pr) (Re𝑥/Re𝑙)

𝑐

105 106
0

1

2

3

4

5

6

−𝟪%

+𝟪%

Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 = constant

Reynolds number, 𝖱𝖾𝗅

Ex
po

ne
nt
,𝖼

𝖼 = 𝟢.𝟫𝟫𝟤𝟤 log𝟣𝟢 Re𝗅 −𝟥.𝟢𝟣𝟥
Blair, air
Kestin et al., air
Reynolds et al., air
Seban & Doughty, air
Ž&Š, water
Ž&Š, transformer oil
Poorly-defined slopes
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Summary of the proposed correlation
0.7 ⩽ Pr ⩽ 257 and 4, 000 ⩽ Re𝑥 ⩽ 4, 300, 000, with free-stream turbulence levels up to 5%

Combining formula Nu𝑥(Re𝑥,Pr) = [Nu5lam + (Nu−10trans +Nu−10turb)
−1/2

]
1/5

(9)

Laminar region

Nulam(Re𝑥,Pr) = {
0.332Re1/2𝑥 Pr1/3 UWT
0.453Re1/2𝑥 Pr1/3 UHF

With an unheated starting length of 𝑥0, use
Nulam(Re𝑥,Pr) × [1 − (𝑥0/𝑥)3/4]

−1/3

Transition region Nutrans(Re𝑥,Pr) = Nulam(Re𝑙,Pr) × (Re𝑥/Re𝑙)
𝑐

Re𝑙 is the Reynolds number at onset of transition, 𝑥𝑙
𝑐 = 0.9922 log10 Re𝑙 − 3.013 for Re𝑙 < 5 × 105

Turbulent region

Nuturb(Re𝑥,Pr) =
Re𝑥Pr (𝐶𝑓/2)

1 + 12.7(Pr2/3 − 1)√𝐶𝑓/2
(6)

𝐶𝑓(Re𝑥) =
0.455

[ln(0.06 Re𝑥)]
2
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Average Nusselt Number

ℎ = 1
𝐿Δ𝑇 ∫

𝐿

0
𝑞𝑤 𝑑𝑥 =

1
𝐿
[∫

𝑥𝑙

0
ℎlaminar 𝑑𝑥 +∫

𝑥𝑢

𝑥𝑙

ℎtrans 𝑑𝑥 +∫
𝐿

𝑥𝑢

ℎturbulent 𝑑𝑥]

For gases, can use Reynolds’ power law: Nu𝑥 = 0.0296Re
0.8
𝑥 Pr0.6

Nu𝐿 ≡
ℎ𝐿
𝑘
= 0.037Pr0.6(Re0.8𝐿 − Re0.8𝑢 ) + 0.664Re1/2𝑙 Pr1/3

+ 1
𝑐
(0.0296Re0.8𝑢 Pr0.6 − 0.332Re1/2𝑙 Pr1/3)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
contribution of transition region

for gases

For Re𝑙 = 140, 000, 𝑐 = 2, Re𝑢 = 335, 000 with, say, Re𝐿 = 600, 000:

Nu𝐿 = 470.7⏟
turb.

+ 221.6⏟
lam.

+259.2⏟
trans.

= 951.5

The transitional region contributes 27.2%.
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Summary

We have correlated Nu𝑥 for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4, 000 ⩽ Re𝑥 ⩽ 4, 300, 000 and
0.7 ⩽ Pr ⩽ 257.

1 The transition region has a length similar to the laminar region.
2 Nutrans∝ Re

𝑐
𝑥, and 𝑐 increases with Re𝑙, the value at the onset of transition.

3 By modifying Churchill’s correlation, Nu𝑥(Re𝑥,Pr) can be accurately
predicted in the transition and turbulent ranges, giving very good
agreement with a large body of independent experiments.

4 Žukauskas & Šlančiauskas’s turbulent air data are systematically high.
5 Žukauskas & Šlančiauskas’s turbulent correlation is not recommended.
6 Fage & Falkner’s data for UHF laminar air flow agree well with analytical
results, contrary to the suggestion of Jakob & Dow.

7 Very few measurements of ℎ exist for turbulent liquid boundary layers.
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To read more, see this paper

J. H. Lienhard V, “Heat transfer in flat-plate boundary layers: a corre-
lation for laminar, transitional, and turbulent flow,” J. Heat Transfer,
142(6): 061805, June 2020.

OPEN ACCESS: https://doi.org/10.1115/1.4046795
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Schubauer and Skramstad measurements in a very low
turbulence wind tunnel (NACA Rpt. 909, 1948)
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Mayle (1991) onset formula compared to data sets with
well-defined free-stream turbulence: Re𝑙 ≈ 3.6 × 10

5 Tu−1.25

0 1 2 3 4 5 6
104

105

106

Mayle equation

+𝟧𝟢%

+𝟣𝟢𝟢%

−𝟧𝟢%

Turbulence intensity, 𝖳𝗎 = 𝟣𝟢𝟢(𝗎′
𝗋/𝗎∞)

St
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t
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an

si
ti
on

,𝖱
𝖾 𝗅

Blair results
Kestin results
Reynolds result
Junkhan results
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Sugawara et al., transient cooling of plate in air, high
turbulence (Trans. JSME, 1951; NASA, 1958)

tur
bu
len

t

104 105

102

103

lam
ina

r

Pr = 𝟢.𝟩𝟣 (air)
𝗊𝗐 = constant

Reynolds number, 𝖱𝖾𝗑

N
us

se
lt
nu

m
be

r,
𝖭
𝗎 𝗑

Eq. (9) Re𝗅 = 𝟤𝟢𝟢𝟢𝟢, 𝖼 = 𝟢.𝟫𝟧
𝖭𝗎turb, Eq. (6)
𝖭𝗎Reyn = 𝟢.𝟢𝟤𝟫𝟨Re𝟢.𝟪Pr𝟢.𝟨

𝖭𝗎lam = 𝟢.𝟦𝟧𝟥Re𝟣/𝟤𝗑 Pr𝟣/𝟥

Sugawara, no grid, long duct
Sugawara, no grid, 0.75%
Sugawara, grid, long duct, 7 m/s, 1.3–2%
Sugawara, grid, long duct, 12 m/s, 1.3–2%
Sugawara, grid, short duct, 3.6–7.4%
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Kestin et al.’s misplaced criticism of Sugawara (IJHMT 1961)

“It is quite clear from Fig. 16 that Sugawara and Sato’s experimental results in
the laminar range deviate from Pohlhausen’s solution by a large amount.
…Clearly, the general features of their results do not agree with those of the
others and of the present investigation. This divergence might be the result of
the questionable accuracy of the non-steady method, or of some defects in
their arrangement.”

The Japanese language version of Sugawara et al. includes a discussion of
wall temperature variation (Δ𝑇 ∼ 𝑥1/2) and a correlation close to the UHF
result. Kestin et al. seem to have totally missed these ideas.
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Whitaker’s comparison to average data (AIChE J, 1972)

Concerns
Only one data set
follows the ad hoc
transition fit

Reynolds et al. data is
systematically below the
fitted curve

All studies except
Reynolds et al. made
large corrections for
unheated starting
length

⇒ Not a convincing
validation of transition
model
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Churchill’s correlation in full

Churchill’s correlation for uniform 𝑇𝑤 is

Nu𝑥 = 0.45 + (0.3387𝜙
1/2) {1 +

(𝜙/2600)3/5

[1 + (𝜙𝑢/𝜙)7/2]
2/5}

1/2

where
𝜙 ≡ Re𝑥Pr

2/3 [1 + (0.0468
Pr

)
2/3
]
−1/2

and 105 ⩽ 𝜙𝑢 ⩽ 10
7 must be fit to each specific data set. If the Reynolds number

at the end of the transition region is Re𝑢, an estimate is 𝜙𝑢 ≈ 𝜙(Re𝑥 = Re𝑢).

For uniform 𝑞𝑤, change 0.3387, 0.0468, and 2600 to 0.4637, 0.02052, and 7420.

Nu𝑥
Re𝑥≫Re𝑢−−−−−−−−−−→ 0.032𝜙4/5 Pr≫1−−−−−−→ 0.032Re0.8𝑥 Pr8/15

which is an ad hoc exponent on Pr so as to use the variable 𝜙.
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Churchill’s comparison to local data (AIChE J, 1976)

I ,  
Fig. 1. Correlating equations for local Nusselt number in forced con- 

vection from f la t  plates. 

TURBULENT REGIME 

The various experiments all indicate that Nu, and 
are approximately proportional to Re0.8 in the turbulent 
regime. The dependence on P r  is not defined clearly by 
theory or experiment. The older qrrelations generally 
postulate a proportionality to P T ~ / ~ .  Zukauskas and Slan- 
"causkus (1973) fitted their data for 0.7 < P r  < 257 with 
an exponent of 0.43. Hanna and Myers (1962) recom- 
mended a coefficient of 0.5 for Pr > 1 based on a semi- 
theoretical analysis and a review of prior data and analy- 
ses. 

If Nu, is postulated to be a function of R e P r  as Pr + 0, 
for turbulent as well as laminar flow the expression 

Nu, = B [ R e 1 / 2 P r 1 / 3 /  [ 1 + (C / P r )  2/3] l I4 lrn  (6)  
is suggested. In  the absence of data for small Pr,  the co- 
efficient C is postulated to be the same as for laminar flow. 
This concept was used successfully by Churchill and Chu 
(1975) for free convection. If the experimental exponent of 
0.8 is used for Re, then m = 2(4/5) = 8/5, and the ex- 
ponent of P r  in the numerator approach9 8/15 as P r  -+ 
00. The local rate data of Zukauskus and Slanziauskas sug- 
gest a coefficient B = 0.032. The final expression is then 
simply 

Nu, = 0.032+4/5 (7) 

TRANSITION REGIME 

The point of transition from laminar to turbulent flow is 
dependent on many extraneous variables such as free 
stream turbulence, surface roughness and history, as well 
as on Pr and Re. The dependence of h'u, on Re in the 
transition region is roughly proportional to the 3/2 power 
for all conditions as suggested by the various sets of data 
in Figure 1. If the same relationship between Re and P r  
as for laminar and turbulent flow is postulated for the 
transition regime, the expression 

Nu, = E 4312 (8) 
is suggested. As indicated in Figure 1, this model does 
not completely correlate the dependence on PT, perhaps 
because of the presence of extraneous variables. Hence a 
value of E must be chosen for each set of self-consistent 
data for a particular fluid and set of conditions. It is per- 
haps more convenient to introduce the lower critical value 
of the function + = $1 for transition from laminar flow, as 
defined by the intersection of Equations (2)  and (8). It  
follows that 

E = 0.3387/41 (9) 

Hence 

Nu, = 0.3387+'/. (4/+1) = 0.33874% ( R e / R e l )  (10) 

MULTIPLE REGIMES 

Equations ( 5 ) ,  (7) ,  and ( 16) can be used individually 
for the laminar, transition, and turbulent regimes. How- 
ever, the shift from one regime to another IS actually 
smooth instead of discontinuous in the derivativr. An over- 
all equation in the form proposed by Churchill and Usagi 
(1972) can therefore be used to construct an wen better 
representation. 

The overall representation was developed bj h s t  com- 
bining the equations for the transition and t u  bulent re- 
gimes and then combining this expression with the equa- 
tion for the laminar regime. (The alternative order of com- 
bining fails in the limit of no transition regime. ) The test 
expression for the transition and turbulent regimes can be 
written in terms of 41 as 

NU,' = ( 0.3387+33/2/41)P + (0.032+4"/5~P (11) 
Any large, negative value of p provides a satisf'ictory rep- 
resentation for the relatively sharp transition which is 
observed experimentally. A value of p = -5 will be arbi- 
trarily chosen yielding 

7.53 x 10-6+15 115 I [ + &7/2 -1 Nu, = 0.032+4/5 

(12) 
This expression can be simplified somewhat by introducing 
the upper critical value CU for transition from turbulent 
motion, defined as the intersection of Equations (7)  and 
(10) Hence 

0.032+u4/5 = E+u3/2 = 0.3387+u"/2/+1 ( 13) 
Substituting for $ 1  in Equation (12) from (13) we get 

NU, = 0.032+4i5 I [ 1 + ($ )7'2]1/'' (14) 

Equations (5) and (14) may now be combined to give 
an overall expression for all three regimes. In the interest 
of simplicity it is convenient to first subtract 0.45 from 
Nu, in Equation ( 14).  This value is completely negligible 
in the range of applicability of Equation (141. The re- 
sulting test equation is 

(NU, - 0.45)' = (0.3387+'/2)s 
7/2 115 s + [0.03244/5 I [ 1 + ($) ] ] (15) 

The data for the transition from laminar motion are not 
precise or consistent enough to define the exponent s 
unambiguously. However, a value of 2 appears ko be gen- 
erally satisfactory, resulting in 

XU, - 0.45 

Equations ( 2 ) ,  ( 7 ) ,  and (16) are compared with sev- 
eral sets of experimental data in Figure 1. Data for the 
laminar regime itself are somewhat limited, but Equation 
( 2 )  is clearly a satisfactory lower bound for all of the 
data. Equation (7)  is similarly seen to be a s.itisfactory 
upper bound. The data o€ Sugawara and Sato (1952) for 
air appear to be in error on the high side for low + and on 
the low side for higher +, as previously noted by Kestin 

AlChE Journal (Vol. 22, No. 2) Page 266 March, 1976 

Concerns
Only a few data sets
match transition fit

Much of this data is
not for UWT

Kestin’s high & low
turbulence data are
not separated

Sugawara data also
not separated by
turbulence level
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Schook transient air data at Ma = 0.36 (IJHMT 44, 2001)
Ludwieg tube (blow-down) with 𝑇𝑤 ≃ constant and varying freestream turbulence.
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Pr = 𝟢.𝟩𝟣 (air)
𝖳𝗐 = constant

Reynolds number, 𝖱𝖾𝗑
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Eq. (6)
𝟢.𝟢𝟤𝟫𝟨Re𝟢.𝟪Pr𝟢.𝟨

𝟢.𝟥𝟥𝟤Re𝟣/𝟤Pr𝟣/𝟥

𝟢.𝟢𝟤Re𝟢.𝟪Pr𝟢.𝟨

Schook et al., 2.28%, Ma = 0.36
Schook et al., 2.16%
Schook et al., 1.66%
Schook et al., 1.37%
Schook et al., 1.25%
Schook et al., 1.15%
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