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Oversimplified model of boundary layer transition

Used in many textbooks and in Whitaker’s correlation (AIChE J. 18(2) 1972)

he— [qd
17 [, auax

! Turbulent 1 Xer L
! =7 f hlam dx+ f hturb dx
N ! (\ L 0 X,
Laminar ! ') o "

i ) @ 59 Use a turbulent correlation (more on this...) and
e laminar theory (and more on this...)
44

> 1

X 1 xtr

WG, = B = 0036 Pro*3(Re?® - Re??)

1125 173
Boundary layer is described as having a +0.664 Rey Pr

“transition Reynolds number” Equations are

. g Whitaker's equation (assign Re,, = 200, 000,
given for laminar b.L. and for turbulent b.L.

and add variable properties factor)

. g\
Nu, = 0.036 Pro“*(Re0® - 9, 200)(—””)
Ho
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How transitional boundary layer data actually look

© Reynolds et al., high ur/u«
o Reynolds et al., high ur/uc
¢ Junkhan & Serovy, high ur/u«
A Kestin et al., low uy/uc«
A Kestin et al., high ur/ue
© Junkhan & Serovy, low ur/uw

10°

Nusselt number, Nuy

102 |—

71 (air)
constant

| | L1 | ‘ | L1 |
10° 10°
Reynolds number, Rey
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More realistic model of

Turbulent

i Transiti(’)ial’ . :/\/f)\//,)\/
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Laminar [ ST O A /§
| |
L, 0 2pC 07
v Z

x :x1 :xu

Transition begins at x, and ends at x,. Laminar and
transition regions have similar length.
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Heat transfer coefficient through the transition region

h(x)

laminar —>=— transitional —><—— turbulent ——

linear axes

X X

[ u
@ Transition region has length similar to laminar region

@ Transition has been observed to begin for 4 x 10* < Re, < 2.8 x 10°

@ The exponent in the transition zone, ¢, ranges from 1.4 to 6

X
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

p p \sip]V/s
NUX = NUO + [Nulsam + (NUtrqns + Nuturb) ] W|th

JHT, 142(6): 0
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

sipt/s . |p=-5
Nu, = Nu, + [Nufam + (Nulfmns + Nufu,b) ] with L _y

@ Very low Reynolds number limit, Nu, = 0.45

—

1/s
p p\sIP
Nu, = NU0 +[ NUIS(lm +(NUtruns + Nuturb) ]

X
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

p=-5

p p \s/p1!/s .
Nu, = Nu, + [Nufam + (Nutrans + Nuturb) ] with L _y

@ Very low Reynolds number limit, Nu, = 0.45

L’/\\

1/s
p p \slp
Nu, = NUO +[ NUIS(lm +(NUtruns + Nuturb) ]

@ Laminar correlation /

2/371-1/2
Nuy,, = 0.3387 ¢'/2 with ¢ = Re Pr2/? [1 . (W) ]

Pr
for0 < Pr< o
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

p=-5

p p \s/p1!/s .
Nu, = Nu, + [Nufam + (Nutrans + Nuturb) ] with L _y

@ Very low Reynolds number limit, Nu, = 0.45

L’/\\

1/s
p p \slp
Nu, = NUO +[ NUIS(lm +(NUtruns + Nuturb) ]

X

@ Laminar correlation /

@ Transition correlation

Nu =bRe}/? e, c=3/2with b fit to the end of transition, Re,,

trans
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

p=-5

p p \s/p1!/s .
Nu, = Nu, + [Nufam + (Nutrans + Nuturb) ] with L _y

@ Very low Reynolds number limit, Nu, = 0.45

L’/\\

1/s
p p \slp
Nu, = NUO +[ NUIS(lm +(NUtruns + Nuturb) ]

X

@ Laminar correlation /

@ Transition correlation
@ Turbulent correlation

Nu, . = 0.032 ¢*/> with ¢ as for laminar flow

turb
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Churchill’'s concept: AIChE J. 22(2) 1976

Building on Churchill and Ozoe (1973) and Churchill and Usagi (1972)

p=-5

p p \s/p1!/s .
Nu, = Nu, + [Nufam + (Nutrans + Nuturb) ] with L _y

@ Very low Reynolds number limit, Nu, = 0.45
\_/_\\ } 1s
s/p

NUX = NU0 +[ NUIS(lm +( Nufruns + Nufurb ) ]
@ Laminar correlation /‘
@ Transition correlation
@ Turbulent correlation
@ Churchill made an aggregate comparison to some local data, using the ¢

variable, but with only limited agreement.
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Churchill’s correlation compared to individual data sets

Local Nu, data for air and water from several independent studies

10° - T T T T 3 T T T
F — Nuuwn, Eq. (6) ] = Nuwm, Eq. (6)
L —— Churchill, Re, = 600000 . -=---Churchill, Re, = 190000
[ ] [ = Nuin = 0.453Re!/2pri/3
=== Churchill, Re, = 100000 O 78%, Table 22, Run 7
— Nujam = 0.332Rek/2pri/3 & o 785, Table 22, Run 8
L © Reynoldsetal, Run 1 103 |— ! !
o Reynolds et al., Run 8
¢ Junkhan & Serovy, high uf/uc
10° = 4 Kestin et al., low u}/ue —
[ A Kestin et al., high uf/uc |
[ © Junkhan & Serovy, low uf/ue ]

Nusselt number, Nuy
Nusselt number, Nuy

-
°~

N l L L N l L L L
10* 10°
Reynolds number, Rey

10* 10°
Reynolds number, Rey

usselt nu for transitional bls.



Churchill’s correlation compared to individual data sets

Local Nu, data for air and water from several independent studies

Churchill's approach needs

adjustments

@ change from laminar to

transitional slope and from
transitional to turbulent slope

should be faster

@ constant 0.45 is not important

@ transition region’s slope (c)
should be greater and variable

T T T TT \‘
r — Nuwn, Eq. (6)

Nusselt number, Nuy

102

@ turbulent Nu should be lower Cd

----Churchill, Rey, = 190000
[ — Num = 0.453Re?/2pr!/3
O 78S, Table 22,
@ 785, Table 22,

Run 7
Run 8

Pr = 6.6 (water)
qw = constant

10°
Reynolds number, Rey
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Correlating the laminar regime
Experimental support for Blasius b.l. is excellent.

. Measurements by
7 L G Hans W. Liepmann, 1943
- 7 P e (NACA WR-107)

There's not much need to include liquid metals, so just use theoretical results
for gases and dielectric liquids

0.332Re}/2Pr'/3 for UWT
lam = for Pr2 0.6

0.453Rel/2Pr'/3 for UHF

This approach eliminates Churchill’s ¢ variable.
JHT, 142(6): 061805, 2020 8/38
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Laminar boundary layers in lab are not ideal

Seban & Doughty (1956) TEST RIBBON

THERMOCGCOUPLE
JUNCTIONS

BRASS SIDE
RAILS

_MOUNTING STUD

S/p ) .
'~ NOSE PIEGE

[ Kestin et al. (1961)
|

Steam chamber M
222

I
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Suction slots sometimes used to remove upstream b.L.

Analytical correction factors have often been applied to the measurements

Blair (1983)

MAINSTREAM
FLOW

DISTANCE FROM
LEADING EDGE

Fig.2 Testwall leading edge bleed scoop

] s A Kestin et al. (1961)

John Lienhard (MIT) Nusselt numbers for transitional bls.



Suction slots sometimes used to remove upstream b.L.

Analytical correction factors have often been applied to the measurements

Unheated S ng Length

Blair (1983)

MAINSTREAM
FLOW

DISTANCE FROM _1 3
LexoiG et NuUWT = 0.332 Re!/2Pr1/3[1 - (x, /x)*/*] "/
Fig.2 Testwall leading edge bleed scoop A x X

Nusselt Configuration Corrected R

number, factor, Nusselt n

Nu F number, R

Ne

Edwards & Furber (1956) 5,220 122 4,290
4,460 1-22 3,660
3,600 1-23 2,930
3,230 1-24 2,600
2,830 1-24 2,280
2,610 1-24 2,100
1,925 1-26 1,530
980 1-30 753
587 1-35 435
280 1-75 160

John Lienhard (MIT) Nusselt numbers for transitional bls. ) b 10/38



Uniform wall heat flux with unheated s

Tribus & Klein (1952) gave this integral
X g 3/4
T, T = AG) | [1 -(3) ]qw(g)d«s
0
A(x) = C/kReY?Prl® and C = 0.624065. For

0 forx<x
() ={ 0

qo forx>x,

X 3/4
L.-Ts = J [1 — <§) ] dé
A(x)qo Xo x
Setting u = 1 — (£/x)%*, ug = 1 — (xo/x)%4,
and s = u/u,, some algebra leads to:
3(Ty = Ts) '

=I(uy) = | s72301 — uys)3ds
e = 1) f (1 - tos)

NgURF = oX 3Re}/*Pry*
(T — Tk 4CugI(ug)

We can bound the integral I(u,):

1
I(uy) < I(0) = j s723ds =3
0

1
I(uy) 2 I(1) = j s23(1 — 5)3ds
0
= % = 2.649958 -

These bounds are tight. If we say I(uy) ~ I(1)

NuU 3Re¥?prl3
4Cu*1(1)

Rel/?prl3

1/3

=0.4535 ————
[1 — (xo/x)3/4]

The approximation is bounded within 12% right
up to xo. (Note x, = 0 is a UHF plate.)

John Lienhard (MIT)
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Correlating the transition regime

The experimentally observed behavior is:

Nu = bRe¢

trans X

b may fixed by Nu,,, at the Reynolds number where the transition curve
intersects the laminar curve, Re;:

c
Nutrans = Nulam(Rel' Pr) (Rex/Rel)

Churchill put ¢ = 3/2, and Zukauskas and Slanciauskas put ¢ = 1.4. However,
our comparison to data shows to ¢ range from 1.4 to 6, rising as Re, rises.

We will fit ¢ as a function of Re,.

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020 12/38



Correlating turbulence: Classical Colburn analogy?

Data for boundary layers from Colburn (1933), Chilton and Colburn (1934)

008 T T
a { Heat transfer data L, cm
s Fage aond Folkner 120 St =
002 . ’ x Fage ond Falkner 0953
b, sriaxloﬂ} v Fage and Falkner 0602

a Fage ond Falkner 0333
» Jirges 50
.+ Elias 50

ool

]

S 0008)

; ‘ : *+ ’*‘H e
ovooz»f—L I 1‘ - u%»‘—}»% \ P

| |

o)
1000 2 s 10000 ? s 100000 2 5 1000000
L6
s
\ Chilton and Colburn (1934)
o e
, N
EA] P
0003
1000 10000 100000
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Correlating turbulence: Classical Colburn analogy?

Data for boundary layers from Colburn (1933), Chilton and Colburn (1934)

008 T T
a | Heat transfer data L, cm
s Fage and Falkner 120
002 . ’ x Fage and Falkner 0953
b, } 6r=3»uoﬂ} ¥ Fage and Folkner 0-602
[ T l' s Foge and Falkner 0333
ool L mey o | o Jirges 50
- i . | |+ Elias 50
| |
“ i |-
e Q05]— e
i
| ‘ j
0002} — E——
Colburn (1933 l
0-n0)

1000 2 s 10000 ? s 100000 2 5 1000000
L6
s
\ Chilton and Colburn (1934)
o e

, N

EA] P

0003

1000 10000 100000

Cf 2/3
St=—Pr
2

Concerns

@ All data are for air
@ Only average h

@ Just 2 laminar and
2 turbulent expts.

@ Laminar analogy
is for UWT
(Pohlhausen, 1921)

@ Data of Fage &
Falkner (1931)...

John Lienhard (MIT) Nusselt numbers for transitional bls.
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Jakob & Dow, Trans. ASME, 1946

The Colburn analogy does not account for a non-uniform wall temperature distribution.
Neither Jakob nor Colburn recognized that laminar h is different for UNT and UHF!

s angu.

Colburn (25) accepted Pohlhausen’s equation and made a cor-
relation according to which Fage and Falkner’s results would be
in agreement with this equation. Because we had found their
values to be 27 per cent too high, we asked Dr. Colburn for an
explanation of this discrepancy, and he found that due to a
slide-rule error, all points representing Fage and Falkner’s values
in his Fig. 20 should be raised by 21,per cent. This explains the
greatest part of the mentioned difference.

1 . ~

I ..___;’—-‘t_.._. 3

STERLING SI_IDE RULE
th% M}]lma‘nw it 4,.,5.1f.|;.w.5” <;u‘,.’ﬁ”" 'ﬂww\* ﬁlm\“h‘,%%%%....,..“...L.'.!‘“”f J'*‘*“:'l""\,..,....,:'..‘
C O LA mmlmm\lﬁml.m.m.mmummm.mmh\\l.m..mu.\mmm\mm\u|....|..ul.unmm.m
.,‘,..,g“,....,;u.uu,gt«,f.”;g.a,‘..'.!z,'fc I|\'m'/,'.','ll;u...‘fllnjﬂ*ﬁ.'f.'| ’snmﬁl'.','.'.' n‘,'.w.'n'u'm';r'r:f,'.lu'.','u:m.\.\.‘m..u.'.;.h'.j> \"I"H"l”H"N'H r.w's.'n:“'\H'\"l" g.l;&lﬁ%
Oy I L R T RRRR ARG |||||:||Illllmlmljhhlhln‘|4\1||||||r||hm?|mln|nmlllm?nn?ml 1l I|l|I||||||||l||||I|I|I|I||1Il

v
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Fage & Falkner report (ARC R&M 1408, 1931)

Laminar b.l. on an electrically heated plate. Uniform wall heat flux (not uniform temperature)

On_Heat TRANSFER anpo SURFACE FRICTION.
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Fage & Falkner report (ARC R&M 1408, 1931)

Laminar b.l. on an electrically heated plate. Uniform wall heat flux (not uniform temperature)

b: 127 ems ////// g
150 ol |Lems [Roint |— — / CCD 9 -
| 127 + / % ?1 I §
2 | 0955 «
5 | 0602 3 J e % l-ﬂ (I'IE Q
4 | 0333 A Exderimert. |2 3
| 8l 2 i o LA T I
100 | : v g 3 g )JE
xperiment. DS
g A s Z |
T N H Forl R
< / ¢ % >
. ' S9Nz N Zos 3
/;/ :
% L &
(vol‘/l/'m)z N
: ¢

10 20 30 40 50 60 70 80 20 100 uo
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Similarity solutions for uniform heat flux (AT ~ x'/?)

Fage & Falkner (1931) found the similarity solution for AT ~ x", but the first
numerical integrations for n = 1/2 (UHF) were due to Sugawara et al. (1951)
and Levy (1952). Fitting Levy’s results (Pr = 0.7, 2, 10, 20):

Nu, = 0.4542 Re}/2pr0-3301

Imai (1958) solved o.d.e. asymptotically for high Pr:

Nu r(2/3)A'3 .
X — -
I WEEEVE) with A = (1/2 +2n)}/2(0.33206)Pr

Forn=1/2:
Nu, = 0.4587 Re}/?Pr'/3

Fage & Falkner's experimental values for air fit well to WL =0.75 Rezlz, with
TyaulTe =145, and R thatis 12% lower than the modern value. Their
experiments are within +9% of Imai; if corrected for property variation as

(T, o/ T.,) %, the agreement is -6%.

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020
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Local boundary layer heat transfer data

Literature review shows:

Almost all measurements are in air

Before 1950, most data are for average heat transfer coefficient
Many well-defined wind-tunnel studies after about 1950

Only two water data sets and the transformer oil data of Z & S
Freestream turbulence is not often described well

To correlate the turbulent section of the b.l. despite the lack of liquid data, we
may take advantage of the law-of-the-wall and the wealth of pipe-flow data
spanning huge range of Pr

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020 17138



Universal velocity distribution (Clauser, 1956)

ufu, =fn(yu, /v) where u, = Tw/p

Local shear stress (as f or Cf) determines velocity distribution near the wall.

40 T s
o
u e
U PES
e
Sl
30— o o
o KX ,i:n.ur.u
%o o
W8 8
. ‘puo 0
u yu, 2 Y
20l =56 kg 5 +49 . ?& ;
: ] LUDWIEG & TILLMANN

KLEBANOFF 8 DIEHL

o e s 0 o

FREEMAN
SCHULTZ - GRUNOW
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u
w5 NP
YUu
v
0 | | L ! { | | ]
| 2 5 10 20 50 00 200 500 1000 2000 5000 10
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Generalized Reynolds-Colburn analogy

NUX Cf/2
St = =
Re,Pr a +a,(Pres-1) [C,]2
Authors Flow a a, a;
PRANDTL (1928) pipe flow 1 877 1

PETUHKOV & KIRILLOV (1958)  pipe flow 1.07 12.7 2/3
ZUKAUSKAS & SLANCIAUSKAS flatplate 0.93 12.5 2/3
(1987 summary of older work)

WHITE (1974) flat plate 1 12.8  0.68
GNIELINSKI (1976) pipe flow 1 12.7  2/3

Gnielinski examined thousands of data points in pipe flow, for 0.6 < Pr < 10°,
and his values capture 90% of the liquid data to +20%, and better for gases.
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Generalized Reynolds-Colburn analogy

NUX Cf/2

St= =
RePr— 1412.7(Pr213 1), [C]2

Authors Flow a a, a;

PRANDTL (1928) pipe flow 1 877 1
PETUHKOV & KIRILLOV (1958)  pipe flow 1.07 12.7 2/3
ZUKAUSKAS & SLANCIAUSKAS flatplate 0.93 12.5 2/3
(1987 summary of older work)

WHITE (1974) flat plate 1 12.8  0.68
GNIELINSKI (1976) pipe flow 1 12.7  2/3

Gnielinski examined thousands of data points in pipe flow, for 0.6 < Pr < 10°,
and his values capture 90% of the liquid data to +20%, and better for gases.

We adopt Gnielinski's coefficients.
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Correlating fully turbulent flow

ReXPr(Cf/2)

N =
R 12.7(Pr22 - 1), [C, ]2

Skin friction coefficient, C,, from White's b.l. formula (accuracy of 1-2%):

for Pr=0.6 (6)

Ly 0455
T [n(0.06 Re )T
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Correlating fully turbulent flow

ReXPr(Cf/2)

N =
R 12.7(Pr22 - 1), [C, ]2

Skin friction coefficient, C,, from White's b.l. formula (accuracy of 1-2%):

for Pr=0.6 (6)

Ly 0455
T [n(0.06 Re )T

For gases, the b.l. power-law of Reynolds et al. is close:

Nu,,, = 0.0296 Re28 Pr®¢ for gases

turb
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Correlating fully turbulent flow

ReXPr(Cf/2)

1+12.7(Pr2/3 - 1), [C,2

Skin friction coefficient, C,, from White's b.l. formula (accuracy of 1-2%):

NU,,,p, = for Pr=0.6 (6)

_ 0455
[ln(0.06 Re )]’

For gases, the b.l. power-law of Reynolds et al. is close:
Nu,,, = 0.0296 Re28 Pr®¢ for gases
Zukauskas & Slanc¢iauskas correlated their own data to roughly +15%:

Nu,,, = 0.032 Red® pro43

turb

However, we will see that agreement with other data sets is not so good.

John Lienhard (MIT)

Nusselt numbers for transitional bls.
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Blending the regions

Follow Churchill, but with larger exponents to blend more rapidly

p p \sip]'/s
Nu, =M+ [Nulsam * (Nutrans + Nuturb) ]

Let p = -10 and s = 5. These values fit the observed rates of transition better
than Churchill’s values (p = -5 and s = 2).

trans turb

NuX(ReX, Pr) = [Nu?um . (Nu‘m + Nu-10 )_1/2]1/5 )

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020 21/38



Summary of the proposed correlation

_1aql5
Combining formula Nu,(Rey, Pr) = I:Nu?am + (Nut_r;r?s + Nug}rg) ] ©)

Laminar region
Nty (R, BY) 0.332Re¥?pPr'?  UWT
u e, Pr) =
fam AT 0.453Re/2Pr'® UHF

With an unheated starting length of X, use

Nulam(Rex, PI') X [1 — (xo/x)3/4]—1/3
Transition region Nuyaps(Rey, Pr) = Nuy,, (Rey, Pr) x (Rex/Rel)c with ¢ = fn(Re;)
Turbulent region
N (Rey, Pr) = Re.Pr(Cr/2) ©
1+12.7(Pr*? - 1) \/@
Cf(Rex) — 0.455

[In(0.06 Re,)]*

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020 22/38



Comparison to data

We now apply this correlation to many data sets,
fitting c and Re, in each case. Fluids considered:

@ Air
@ Water
@ Oil

John Lienhard (MIT) Nusselt numbers for transitional bls. JHT, 142(6): 061805, 2020



Data of several investigators for air

Laminar, transitional, and fully turbulent flow

104

—Eq. (9), Re = 46000, ¢ = 2
- EQ. (9), Re; = 61000, ¢ = 1.75
----Eqg. (9), Re; = 140000,c = 2
T Eqg. (9), Re; = 270000,c = 2.2 1
- —— Nuwn, Eq. (6) p
| —— Nujam = 0.332Rex/?Pr'/3

© Reynolds et al., Run 1

o Reynolds et al., Run 8
— < Junkhan & Serovy, high ur/uc
[ A Kestinetal., low ur/uc

=
o
T

A Kestin et al., high u;/uc
© Junkhan & Serovy, low u;/uc

Nusselt number, Nuy

102

71 (air)
constant

Il Il L1 ‘ Il L1 ‘
104 10° 108
Reynolds number, Rey
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Blair's data for air (1983)

Laminar, transitional, and fully turbulent flow. Nu"" = 0.4535 Rel’zPr1’3[1 = (x(,/x)3“’]_”3

------ Eqg. (9), Re; = 240000,c = 2.2

-Eq. (9), Re; = 480000,c = 2.6

----Eq. (9), Re; = 1250000,c = 6

— Nuwrb, Eq. (6)

—— Unheated for x < 4.3 cm

------ Nupam = 0.453 Rel/2prt/3

o Blair, ur/usx ~ 0.25%

B A Blair, ur/ue =~ 1.0%

<& Blair, ur/ue =~ 2.0%

10*

103

Nusselt number, Nuy

10° \ Increased h caused by

unheated starting length

Il Il Il Il L1 1] ‘ Il L1 1|
10° 108 107
Reynolds number, Rey
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Air data: Seban and Doughty (1956); Reynolds et al. (1958)

Experiments with natural transition (b.l. not tripped)

"
10° - ] — 7 10:xxxx[ T T T ]
[ ----Eq.(9), Re; = 390000,c = 2.5 « ] I —Eq.(9), Re; = 235000, = 2.5 :
[ — Nuwm, Eq. (6) (\0\\\° ] [ — Nuwm, Eq. (6) ]
L = Nujam = 0.453Re!/2pr!/3 W i [ ----NUgeyn = 0.0296 Re8pr06
o Seban & Doughty, for 7 speeds B [ — Nupm = 0.332Rel/2pri/3

B Reynolds et al., natural transition

» x
3 B
z z 10° —
o103 |- — 3 ]
g C o | Qo 1
€ C 1 £ 4
s r | H 1
2 L i 2
© r b ] ]
a b
a - a
E} 3
P4 i P-4
10?

I L
10° 10° 107
Reynolds number, Re,

Reynolds number, Rey
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Zukauskas & Slanciauskas data for air

Laminar, transitional and fully turbulent flow in different experiments

104, T T TTTTTY[ T T TYTTTT‘ ] 1047YYTY{ T T T YTYTY{ T T T T 1]
[ —Eq.(9), Re = 230000,c = 1.75 ] r
b ----Eq. (9), Rey = 250000,c = 1.6 B [ — Nuwm, Eq. (6)
r Eq. (9), Re; = 330000, c = 1.8 ] r NUgeyn = 0.0296 Re®8Pr0®
— Nuwm, Eq. (6) [ = Nuggg = 0.032Re®8pro4? 1
[ ==="Nugeyn = 0.0296 Re®8pro® = Nujam = 0.453 Re/2pr/?
e NUzgs = 0,032 Re®8pr043 o 783, Tab. 24, Set 1
— Nujam = 0.453Re!/2pr'/3 A 783, Tab. 24, Set 2 )
3 ® 783, Tab. 21,Run 3 £l © Z&S$, Tab. 25, Set 1
Z 10°= o 783, Tab. 21,Run 4 -4 Z
2 [ o 785 Tab.21,RunS ] 510
€ - 4 €
5 L 1 3
2 2
9 g
E ]
=z =z
102
8 1 1 lllllll 1 1 lllllll 71111l 1 1 lllllll 1 1 i ——
10* 10° 10° 10% 106
Reynolds number, Rey Reynolds number, Rey

usselt nu for transitional bls.



All fully-turbulent air data

Zukauskas & Slanciauskas data are systematically high by 15-25%

104Tﬁ_seban&D°u9hty\ T T T
Reynolds et al., Run 1
Reynolds et al., Runs 2-4
Reynolds et al., Runs 5-7
Reynolds et al., Run 8
Junkhan & Serovy, high u;/uc
Kestin et al., low ur/uc
Kestin et al., high u;/u
Blair, u;/uc. =~ 0.25%
Blair, ur/ue =~ 1.0%
Blair, ur/ue =~ 2.0%
288, Tab. 24, Set 1
78S, Tab. 24, Set 2
788, Tab. 25, Set 1 o
— Nuwb, Eq. (6) - /ohS

103

& 4 06 A0 D> DHSOOOO

Nusselt number, Nuy

Pr=0.71 (air)
or gqw constant

102 | /\ L1 ‘ I ‘ I
10° 10° 107
Reynolds number, Rey
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All fully-turbulent air data (w/o 7 & 3)

328 data points, 99.4% are within +15% of Eq. (6). Standard deviation is just 5.5%.

10% —

Seban & Doughty
Reynolds et al., Run 1
Reynolds et al., Runs 2-4
Reynolds et al., Runs 5-7
Reynolds et al., Run 8
Junkhan & Serovy, high u;/uc
Kestin et al., low ur/uc
Kestin et al., high ur/uc
Blair, u;/uc =~ 0.25%
Blair, u;/uc. =~ 1.0%
Blair, u;/uc =~ 2.0%
Nur, EQ. (6)

103

|0Aol>>oooooo i

Nusselt number, Nuy

w Or gy constant

102 Il I ‘ Il I ‘ | L1 1]
10° 108 107
Reynolds number, Rey
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Results for water: Pr = 5.4 and 6.6

Data of Zukauskas & Slanciauskas with correlations of Z & S and Hollingsworth

Nusselt number, Nuy

10*

-
o

10?

T ‘ T T T T T
—Eq. (9), Re = 300000, c = 2.5
—— Nuwrb, Eq. (6)

- Nuzgs = 0.032 Re®8pr043
Nupol = 0.02426 Rel "Pr0:-105

—— Nujam = 0.453 Rel/2pr!/3

© 78S, Tab. 27, Run 17

O Z&S$, Tab. 27, Run 18

A 788, Tab. 25

v 283, Tab. 25

4 Z&$, Tab. 25

| ! L

|

T T T Trrr { T T T
— Eq. (9), Rey = 68000, ¢ = 1.75
— Nuwrm, Eq. (6)
--=- Nuzgg = 0.032 Re®8pr043
—— NUjam = 0.453 Rel/2prl/3

© 7&%, Tab. 22, Run 7

O 7&$, Tab. 22, Run 8

&

| *\%

T

Nusselt number, Nuy

-
5

|

L] ! L

Reynolds number, Rey

108

10°
Reynolds number, Rey

usselt nu
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Water data from Z & S for Pr=3

Water at 60°C, measurement uncertainties 2x previous water data. (NB: change of scale)

Pr = 2.95 (water)
gqw = constant

104 | —

— Nuturb, Eq. (6)
-=--Nuygg = 0.032 Re®Epr0-43 -
-------- Nupol = 0.02426 Re!~"Pr0-105
O 7&S, water, Tab. 27, Run 12
© 78S, water, Tab. 27, Run 13 B
o 7&S, water, Tab. 27, Run 14

Nusselt number, Nuy

103 | L ‘ | L

Reynolds number, Rey
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Transformer oil. Variable property ratio: (Pr_ /Pr, )**°

Correction: Pr =55, 2.7 ; and 85, 17%

—Eqg. (9), Re; = 80000, ¢ = 1.75
----Eq. (9), same values, raised +15%
é 10° —  —— Nupy = 0.453 Re!/2Pri/3
— L O 785, Pro=854.83ms™!
O 785, Pro = 84,5.34ms"!

—— NUurb, Eq. (6)
=== Nuzgs = 0.032 Re®8pro-+3

4 =ox
0% o 763, trans. oil, Tab. 25

Nusselt number, Nuy
Nusselt number, Nuy

10° 106 10°

Reynolds number, Rey Reynolds number, Rey
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Transformer oil

Prandtl numbers of 108 and 257. Plots adjusted for strongly varying properties using (Pr_ /Pr, )°%.

10*

Nusselt number, Nuy

_
(=)
w

— Eq. (9), Re,
—Eq. (9), Rey

=35000,c = 1.4,Pro =257,+23%
=38000,c = 1.6, Pro = 109, +16%

@ 7&S, Tab. 23, Run 9, Pro, = 257
O Z7&S, Tab. 23, Run 10, Pro, = 109

Transformer oil
qw = constant

10°
Reynolds number, Rey

John Lienhard (MIT)

Nusselt numbers for transitional bls.
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Fitting c as a function of Re,

C
Nutmns = Nulam(Rel' PI’) (Rex/Rel)
T T 17T ‘ T T 1T ‘
61— o
— ¢ =0.9922log;yRe; —3.013
© Blair, air
sl @ Kestin et al., air |
O Reynolds et al., air
@ Seban & Doughty, air
© 78S, water
41— o 2785, transformer oil —
Y A Poorly-defined slopes
g
f =
8 3 o
X
w
2  — —
1 |
0 Il I ‘ Il L1 1| ‘

10° 10°
Reynolds number, Re,
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Summary of the proposed correlation

0.7 < Pr< 257 and 4,000 < Re, < 4,300,000, with free-stream turbulence levels up to 5%

-17271%
Combining formula Nu,(Re,, Pr) = [Nufam + (Nut‘,;f,’S + Nu;}ﬂ?) ] 9)

Laminar region
Nty (R Pr) = {0.332 Re,}/zPrm UWT
0.453 Re¥?pr'®*  UHF
With an unheated starting length of x, use

NUjm(Rey, Pr) x [1 — (xo/x)¥4]

Transition region N ns(Rey, Pr) = Nuy,,(Rey, Pr) x (Rey/ Re)”
Re; is the Reynolds number at onset of transition, x;
¢ =0.99221og  Re;—3.013 forRe; < 5x10°

Turbulent region
Re, Pr(Cr/2
Nulurb(Rex, PI') = x ( f/ ) (6)
1+12.7(P2% = 1),/C;/2
0.455
Cf(Rex) =

[In(0.06 Re,)]*
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Average Nusselt Number

- [ g dx= 2 [Mhydxs [hy dxs [Chy . d
= — q X=— f . X + f X+ f X
LAT 0 w L 0 laminar ” trans x, turbulent

For gases, can use Reynolds’ power law: Nu, = 0.0296 Re28pr0

Nu, = % = 0.037 Pro®(ReP® - ReS®) + 0.664 Re; ' “Pr!/2

+ %(0.0296 Re%8pr06 - 0.332 Re,”2 Pr1/3) for gases

contribution of transition region

For Re, = 140,000, ¢ = 2, Re, = 335,000 with, say, Re, = 600,000:

u, =470.7+221.6+259.2 = 951.5

turb. lam. trans.

The transitional region contributes 27.2%.
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We have correlated Nu, for a flat plate boundary layer from laminar, to

transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and
0.7 < Pr< 257.

John Lienhard (MIT)
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We have correlated Nu, for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and
0.7 < Pr < 257.

@ The transition region has a length similar to the laminar region.
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We have correlated Nu, for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and
0.7 < Pr < 257.

@ The transition region has a length similar to the laminar region.

@ Nu, . x Re, and c increases with Re, the value at the onset of transition.
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We have correlated Nu, for a flat plate boundary layer from laminar, to

transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and
0.7 < Pr< 257.

@ The transition region has a length similar to the laminar region.
@ Nu, . x Re, and c increases with Re, the value at the onset of transition.

@ By modifying Churchill’s correlation, Nu,(Re,, Pr) can be accurately
predicted in the transition and turbulent ranges, giving very good
agreement with a large body of independent experiments.
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We have correlated Nu, for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and
0.7 s Pr< 257.

@ The transition region has a length similar to the laminar region.
@ Nu, . x Re, and c increases with Re, the value at the onset of transition.

@ By modifying Churchill’s correlation, Nu,(Re,, Pr) can be accurately
predicted in the transition and turbulent ranges, giving very good
agreement with a large body of independent experiments.

@ Zukauskas & Slanciauskas’s turbulent air data are systematically high.

@ Zukauskas & Slanéiauskas'’s turbulent correlation is not recommended.
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We have correlated Nu, for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and

0.7 <

Pr < 257.

@ The transition region has a length similar to the laminar region.

2]
o

o
o
o

Nu,,.. Re, and c increases with Re, the value at the onset of transition.

By modifying Churchill’s correlation, Nu,(Re,, Pr) can be accurately
predicted in the transition and turbulent ranges, giving very good
agreement with a large body of independent experiments.

Zukauskas & Slanciauskas’s turbulent air data are systematically high.
Zukauskas & Slanciauskas's turbulent correlation is not recommended.

Fage & Falkner’s data for UHF laminar air flow agree well with analytical
results, contrary to the suggestion of Jakob & Dow.
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We have correlated Nu, for a flat plate boundary layer from laminar, to
transitional, to fully turbulent flow for 4,000 < Re, < 4,300,000 and

0.7 <

Pr < 257.

@ The transition region has a length similar to the laminar region.

2]
o

© 0060

Nu,,.. Re, and c increases with Re, the value at the onset of transition.

By modifying Churchill’s correlation, Nu,(Re,, Pr) can be accurately
predicted in the transition and turbulent ranges, giving very good
agreement with a large body of independent experiments.

Zukauskas & Slanciauskas’s turbulent air data are systematically high.
Zukauskas & Slanciauskas's turbulent correlation is not recommended.

Fage & Falkner’s data for UHF laminar air flow agree well with analytical
results, contrary to the suggestion of Jakob & Dow.

Very few measurements of h exist for turbulent liquid boundary layers.
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To read more, see this paper

J. H. Lienhard V, “Heat transfer in flat-plate boundary layers: a corre-
lation for laminar, transitional, and turbulent flow,” J. Heat Transfer,
142(6): 061805, June 2020.

OPEN ACCESS: https://doi.org/10.1115/1.4046795
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Schubauer and Skramstad measurements in a very low

turbulence wind tunnel (NACA Rpt. 909, 1948)

6x/0° - : . E . - : =

‘ |
Turbulent region } | ;
|

Laminar region

/: | { 4 ! BN
| ‘ } i \ !
| |
I | l | I |
o 04 08 2 /6 20 24 28 Je 36
100V % @70 rw)
7
Fi1GUrRE 7.—Eflect of turbulence on2-Reynolds number of transition. Flat plate; zero pressure
gradient.
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Mayle (1991) onset formula compared to data sets with

well-defined free-stream turbulence: Re, = 3.6 x 10° Tu™"*°

o Blair results
o Kestin results
A Reynolds result

@ Junkhan results __|

108

-

o
ol
\

Start of transition, Re,

104 L1 1 ‘ I ‘ I ‘ I ‘ I ‘ |
0 1 2 3 4 5 6
Turbulence intensity, Tu = 100(ur/uc)
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Sugawara et al., transient cooling of plate in air, high

turbulence (Trans. JSME, 1951; NASA, 1958)

T Eq. (9) Re; = 20000, ¢ = 0.95
— Nuwr, Eq. (6)

-==- NUgeyn = 0.0296 Re®8pr0-6
— Nujam = 0.453 Rey/2prl/3
Sugawara, no grid, long duct
Sugawara, no grid, 0.75%
Sugawara, grid, long duct, 7 m/s, 1.3-2%
Sugawara, grid, long duct, 12 m/s, 1.3-2%
Sugawara, grid, short duct, 3.6-7.4%

103 |—

T T 171
Sooeno

Nusselt number, Nuy

102 |—

0.71 (air)
constant

Aw

Il I I | ‘ I | ‘
104 10°
Reynolds number, Rey

John Lienhard (MIT) Nusselt numbers for transitional bls.



Kestin et al’s misplaced criticism of Sugawara (IJHMT 1961)

“It is quite clear from Fig. 16 that Sugawara and Sato’s experimental results in
the laminar range deviate from Pohlhausen’s solution by a large amount.
...Clearly, the general features of their results do not agree with those of the
others and of the present investigation. This divergence might be the result of
the questionable accuracy of the non-steady method, or of some defects in
their arrangement.”

The Japanese language version of Sugawara et al. includes a discussion of
wall temperature variation (AT ~ x'/?) and a correlation close to the UHF
result. Kestin et al. seem to have totally missed these ideas.
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Whitaker's compariso

Concerns 10t . ——— .

8 Sotid Curve is Given by !
@ Only one data set L M omen |
fOllOWS the (ld hOC Dashed Curve is Given by: ]
0nO 4t 4 f A 3 _
transition fit N/ N5 ) 4= 0036 (N8 - 200)
@ Reynolds et al. data is L l
systematically below the
fitted curve T owl
c {
] A“. Stud'es except 3; 8 (o] Pznnai,u and Huebscher, Heating Air,
3‘: 6 o/ Unspecified Free Stream Turbulence B
ReynOldS et Gl.. mClde z o/ n DO Edwards and Furber, Heating Air,
. = Negligible Free Stream Turbulence |
large corrections for N 0 O A Eonorts nd Fur, Hosing i
. [a ) E{ 5% Free Stream Turbulence
unheated Sta rtlng 0 o @ Reynolds, Kays, and Kline, Heating Air,
length 2 1P Unspecified Free Stream Turbulence _
g A Ziwkauskas and Ambrazyavichyus, Heating
. . and Cooling Air, Water, and 0il, Unspecified
@ = Not a convincing | Fiee Swean Tutuionce
. . - 102 1 ! J— L 1 -
validation of transition 108 2 « 6 8w 2 « 5 s
model ) Mo
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Churchill’s correlation in full

Churchill’s correlation for uniform T is
1/2
(9/2600)°°

Nu, =0.45+(0.3387¢"/2){1+ —— 21
ux ( ¢ ) [1 +(¢u/¢)7/2]2/5

where

B 0.0468\2/3]'/2
o= Re,pr 1+ (SEE)T]

and 10° < ®, € 107 must be fit to each specific data set. If the Reynolds number
at the end of the transition region is Re , an estimate is ¢, = ¢(Re, = Re ).

For uniform q,,, change 0.3387, 0.0468, and 2600 to 0.4637, 0.02052, and 7420.
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Churchill’s correlation in full

Churchill’s correlation for uniform T is
1/2
(9/2600)°°

Nu, =0.45+(0.3387¢"/2){1+ —— 21
ux ( ¢ ) [1 +(¢u/¢)7/2]2/5

where

B 0.0468\2/3]'/2
o= Re,pr 1+ (SEE)T]

and 10° < ®, € 107 must be fit to each specific data set. If the Reynolds number
at the end of the transition region is Re , an estimate is ¢, = ¢(Re, = Re ).

For uniform q,,, change 0.3387, 0.0468, and 2600 to 0.4637, 0.02052, and 7420.

Re, >Re, >
Nu, ——5 0.032¢*/5 225 0.032Re08pr8/1°

which is an ad hoc exponent on Pr so as to use the variable ¢.
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Churchill's comparison to local data (AIChE J, 1

T — T T
Pr
. s
+ 07 Kestin, Masder & Wang Vs
. 07 Sugawara & 5ato S§ 1
07 Reynolds, Kays & Kline 58"
: Turbulent correlation 5,9
o o7 Nu,=0.032 o*/S. %34
& 657 Zukauskas & e
¢ 70-80 ) Stantiauskas Ao .,"
8 4
o 108
. 257

4
A 125 100

Aap ® 5.00 x )

Jod S g 1.00 x 107

Laminar boundary layer theory
Nu, = 03387 /2

Concerns

@ Only a few data sets
match transition fit

@ Much of this data is
not for UNT

@ Kestin's high & low
turbulence data are
not separated

@ Sugawara data also

not separated by
turbulence level

JHT, 142(6): 0
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Schook transient air data at Ma = 0.36 (IJHMT 44, 200

Ludwieg tube (blow-down) with T, = constant and varying freestream turbulence.

T T T L ‘ T T 1T \
—Eq. (6)
----0.0296 Re®8pr0-6
103 |— ——0.332Rel/2prl/3
L ----0.02Re®8pr06
Schook et al., 2.28%, Ma = 0.36
Schook et al., 2.16%
Schook et al., 1.66%
Schook et al., 1.37%
Schook et al., 1.25%
Schook et al., 1.15%

T
ooe®eo00@

Nusselt number, Nuy

10?

| L1 1| ‘
10* 10° 10°
Reynolds number, Rey
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