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Abstract: Thermoplastic polyurethanes constitute a versatile family of materials with a broad 

variety of engineering applications. However, connection between their chemical structure and 

mechanical properties remains elusive, in large part due to their heterogeneous nature, arising 

from segregation of chemically distinct segments into separate domains, with resulting complex 

morphologies.  Using atomistic simulations, we examine the structure and mechanical properties 

of a common family of thermoplastic polyurethanes (TPU) comprising 4,4′-diphenylmethane 

diisocyanate and n-butanediol (hard segment) and polytetramethylene oxide (soft segment). A 

lamellar stack model previously developed for the study of semicrystalline polymers is applied 

here for the first time to a phase-segregated copolymer.  Equilibrium structure and properties 

were evaluated for TPUs with different ratios of hard and soft components, using a combination 

of Monte Carlo and molecular dynamics simulations. Stress-strain behaviors were then evaluated 

using nonequilibrium molecular dynamics (NEMD) simulations. The compositional dependence 

of the Young’s moduli thus obtained is shown to be well-approximated by a micromechanical 

homogenization model of the hard and soft components. Voigt (upper) and Reuss (lower) bounds 

of modulus were obtained for orientationally averaged aggregates, and shown to be greater than 

those measured experimentally. The discrepancy is explained in terms of the strain rate 

dependence of elastic moduli, characterized by an Eyring-like function.  
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1. Introduction 

The term “polyurethane” describes a diverse family of polymers produced by the 

polyaddition reaction of polyfunctional isocyanates, discovered in 1937 by Otto Bayer,1  with 

compounds containing at least two hydroxyl groups. Polyurethanes span the spectrum of plastic, 

rubbery, and thermoset behaviors, depending upon their chemical constitution and morphology.2 

Thermoplastic polyurethanes (TPUs) are distinguished from the rubbers and thermosets by their 

linear structure, so that they can be melted and processed even after synthesis.  They are typically 

formed by reacting together three chemical components: a di-isocyanate, a polyol, and a small 

diol known as the chain extender. The resulting polymer is a linear block copolymer of the 

polyol, called the soft segment, and short alternating sequences of di-isocyanate and chain 

extender, called the hard segment. Due to thermodynamic incompatibility, as well as steric and 

physicochemical properties of each of the components,3 the hard and soft segments segregate 

into domains, called the hard component (HC) and the soft component (SC), respectively.  The 

HC is characterized by highly ordered rod-shaped domains of about 5-20 nm interspersed at 

random orientations within an amorphous SC matrix.4 TPUs are similar to thermoplastic 

semicrystalline polymers: at room temperature, the soft domains are amorphous and well above 

their glass transition temperature, Tg,SC < Troom, imparting the polyurethane with its extensibility, 

whereas the hard domains are below their melting (or vitrification) temperature, Troom < Tm,HC 

(Tg,HC), endowing the polyurethane with mechanical stiffness.5  

This heterogeneous, multi-block architecture of alternating crystalline or glassy domains 

and amorphous domains of different chemistry makes TPUs a remarkably versatile family of 

materials having a broad variety of engineering applications, including stimuli-responsive 

polymeric systems, self-healing composites, biodegradable materials, materials for additive 

manufacturing and bio-inspired robotics. Through suitable choice of constituent components, 

properties may be varied from those typical of soft elastomers to those of hard plastics, simply 

by alternating the dominant polyol from a flexible long-chain diol to a small molecule such as 

ethylene glycol.6 Inspired by the astonishing mechanical properties of spider silk,7, 8 in which 

superior extensibility and strength under tension arises from the copolymeric nature of the 
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polypeptide chains, materials scientists have developed TPUs with a variety of different block 

architectures, some of which are industrially scalable analogues of spider silk-like materials.9  

Recently, polyureas were found to possess good dissipative properties, and were used as 

shock-mitigating materials.10-12 The polyureas are very similar to TPU in their multi-block 

architecture and complex morphologies of hard and soft components.  How the multi-block 

architecture of these materials enhances energy dissipation and shock mitigation hinges upon 

microstructure and constituent viscoelastic properties.13 Tuning of viscoelastic properties of 

materials from purely viscous to purely elastic behavior can potentially enable a wide range of 

engineering applications including damping and noise reduction in automobile and aerospace 

industries,14 conferring structural stability during wind and earthquake oscillations,15 and 

mechanical damping.16 The opportunity exists within TPUs to fine-tune the characteristics of 

different domains and their combination, maintaining, for example, high stiffness (high elastic 

modulus) while providing significant damping, i.e. relatively high loss modulus.  The 

overarching goal is to design materials with tailored properties. The overall behavior of TPUs is 

very sensitive to the chemical and physical structures of the materials that are available to the 

synthetic chemist.  

To address questions such as how different domains of HC and SC contribute to the 

macroscopically observed behavior of TPUs, we implemented a series of molecular simulations, 

with atomistic resolution. Molecular simulation is a powerful tool to gain detailed, mechanistic 

insight into the structure and response of complex polymeric materials. For the representation of 

the three dimensional structure of TPUs, we adopted the one dimensional lamellar stack motif. 

More complicated morphologies, such as dispersed or bicontinuous domains, may be envisioned 

to be built up by organizing appropriately the 1D lamellar stack in 3D space. The topology and 

packing of chain segments within the amorphous SC, sandwiched between two semi-infinite 

lamellar crystallites of the HC, was created by using the thermodynamically rigorous Interphase 

Monte Carlo (IMC) algorithm previously developed to study relatively simple semicrystalline 

hydrocarbons.17-20 In this work, we combine and extend methods previously tested and used for 

the study of the individual constituents21, 22 of TPUs with atomistic resolution, for the prediction 

of structural, thermodynamic, and mechanical properties of the copolymer system. Elsewhere, 

coarse-grained models of TPUs have been simulated using Dissipative Particle Dynamics to 
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evaluate the effects of hard and soft segment composition, block length and strength of 

interactions among these segments on extent of microphase separation and the resulting 

morphologies of TPUs.23-25 The coarse-grained models were based on c parameters estimated 

from atomistic simulations and experimental data.   

This report is organized in the following way. In Section 2 a brief description is given of 

the models used to simulate TPUs based on knowledge gained from previous simulations of the 

HC and SC separately. We use these full TPU simulations to test a relatively simple method of 

micromechanical homogenization to approximate the stiffness matrices of TPUs of different 

composition, based on the stiffness matrices of the pure HC and SC. This approach is 

generalized from single body systems to polycrystalline materials by orientational averaging. A 

comparison to experimental measurements of elastic moduli for selected TPUs is provided in 

Section 3, and a strategy is reported to correct for the apparent strain rate dependence of elastic 

moduli. Lastly, Section 4 summarizes the basic findings of this work and discusses how they can 

be of use for future research.  

 

2. Systems and methods 
2.1  Force fields 

In this work, the soft segment was poly(tetramethylene oxide) (PTMO), and the hard 

segment was 4,4′-diphenylmethane diisocyanate (MDI) with n-butanediol (BDO) as chain 

extender, henceforth denoted as MDI/BDO. The chemical structure of the TPU repeating unit is 

shown in Fig. 1. The TraPPE-UA force field was used for the soft segments, but modified with 

harmonic bond stretching potentials as described elsewhere.21 This force field was previously 

shown to reproduce thermomechanical properties of the melt and crystal phases of PTMO 

individually, and to provide a reasonable description of elastic response of the semicrystalline 

PTMO interphase.21 A force field based primarily on OPLS–UA26-38 was used for the hard 

segments, but it was modified with Lennard-Jones interaction parameters (only) from TraPPE-

UA.39-44  This force field was also previously tested and validated in simulations for the structure 

and elastic properties of crystalline MDI/BDO.22 Hydrogen bonds were not parameterized 

explicitly within the force field, but the packing of MDI/BDO segments in the HC were found to 

be consistent with geometrical criteria for hydrogen bond formation between the hydrogen and 

carbonyl oxygen of the urethane linkage.45 
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Figure 1. Chemical formula of the TPU repeat unit considered here.   

 

2.2 Model Construction and Simulation 

The Interphase Monte Carlo (IMC) algorithm, as implemented in the EMC software 

package,19, 46 was used to create realistic atomistic configurations of the TPUs, in which both 

chemical connectivity (valence interactions) and intermolecular packing (steric and Coulombic 

interactions) can be maintained through the interface between the PTMO SC and the MDI/BDO 

HC. This method has been used extensively for the study of semicrystalline polyethylene,17-19, 47, 

48 polypropylene,20, 49 and PTMO.21 Analogously, TPUs are also semicrystalline to some extent, 

with the HC typically exhibiting a high degree of crystalline character, and the SC being mostly 

amorphous;50, 51 in this work, the HC is modeled as crystalline MDI/BDO.  The process followed 

in this work is illustrated schematically in Figure 2, and comprised several stages.  In the first 

stage, we identified a facet of the MDI/BDO HC crystal that would serve well as the transition 

plane with the noncrystalline PTMO SC; this step is important because the distribution of loop 

and tail lengths in the noncrystalline domain have been found to depend on choice of crystal 

facet.48 In the absence of any prior experimental or computational determination of the preferred 

crystal facet of the MDI/BDO crystal at the interface, we applied the chain flux method, which 

was reported previously to select the PTMO crystal facet that best matches the areal chain 

density of the amorphous PTMO melt (dw = 0.0453 Å-2) in semicrsytalline PTMO21. This method 

is based on the idea that the interfacial energy is lowest when the areal chain density (sometimes 

referred to as “chain flux”52) for the two abutting domains is the same.  The results of the chain 

flux analysis for crystalline MDI/BDO are provided in the Supporting Information. From this 
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analysis, we determined that the low index crystal (001) facet, with an areal chain density dw = 

0.049 Å-2, is a suitable candidate. On this basis, semicrystalline TPU systems with the interfacial 

zone oriented parallel to the (001) crystallographic facet were selected for analysis in this work.  

 In the next step, we created a model of the perfect MDI/BDO crystal by replicating the 

MDI/BDO unit cell, reported previously by Lempesis et al,22 Na, Nb and Nc times in the a, b and 

c directions, respectively. The crystal MDI/BDO system was constructed so that the chain axis, 

which is parallel to the c-crystallographic axis of the triclinic MDI/BDO lattice,22 was also 

parallel to the z-axis of the simulation box.  For example, Na=12, Nb=10 and Nc=7 resulted in a 

triclinic simulation box of total size 5.30 x 4.48 x 26.48 nm, containing 120 chains of 378 sites 

each, for a total of 45360 sites in the simulation box.  The MDI/BDO segments were covalently 

bonded across the periodic boundary of the box in the z-direction.  

 In the third step, Nm = Nc – 4 layers of MDI/BDO unit cells in the z-direction were 

removed from the center of the simulation box, and the removed MDI/BDO segments were 

replaced with PTMO segments. Due to periodic boundary conditions in all 3 directions, the 

MDI/BDO layers at the top and bottom of the simulation box combined to form a semi-infinite 

crystal lamella 4 unit cells (~15.5 nm) thick, in accord with experimental X-ray diffraction and 

atomic force microscopy results for the hard domains of TPUs.4, 53-57 Then, we inserted PTMO 

segments, each containing three repeat units per MDI/BDO repeat unit in the removed 

segments;21 an integer number of repeat units was necessary to ensure that the PTMO chemistry 

was correct. Sites were placed in their crystallographic positions at the top and bottom (i.e. in the 

z-direction) of the simulation box.  

 In the fourth and final step, a fraction of the Na x Nb chains were cut in the middle region 

of the simulation, a number of sites were removed from each chain, and 2 chain end sites were 

introduced to cap the segments of each chain where sites were excised. An NNeVT Monte Carlo 

simulation (where Ne is the total number of chain end sites) was then performed with simulated 

annealing to equilibrate the noncrystalline SC, which results in amorphization of this domain 

away from the interface with the HC, while maintaining the chemical connectivity of soft 

segments with hard segments.  Since the soft component of the TPUs was composed of PTMO 

segments, the amorphization process followed here was similar to the one used previously for the 

simulation of semicrystalline PTMO.21 Both conventional and connectivity-altering Monte Carlo 
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moves were used, with precautions taken to ensure that the correct PTMO chemistry (i.e. –

(CbH2CaH2OCaH2CbH2)– ) was never compromised.  As a result of the connectivity-altering 

moves and periodic boundary conditions, each simulation sampled from a distribution of multi-

blocks of the form SSt-[-HS-SSl,b-]m-HS-SSt, m=0,1,2,…, where ‘SS’ and ‘HS’ indicate PTMO 

soft segments and MDI/BDO hard segments, respectively, and the subscripts ‘t’ and ‘l,b’ denote 

either a tail block or a loop or bridge block, respectively.  The types of SS blocks connected to a 

single HS block are essentially uncorrelated, resulting in a statistical distribution of multi-blocks, 

as described elsewhere,58 subject only to constraints imposed by the total number of tails, loops 

and bridges in the simulation. Both density and the orientational order parameter (

) were calculated as functions of distance normal to the ab-plane in order to 

confirm that amorphization was achieved.  In order to obtain the desired amorphous PTMO 

density at the midplane of the noncrystalline region, a total of 600 to 1200 sites were removed 

from the interphase region, in increments of 100 sites, in a series of NNeVT Monte Carlo 

simulations. After removal of each increment, the system was re-equilibrated and the density at 

the midplane was calculated.  A target value ρa = 0.98 g/cm3 was used, based on the PTMO melt 

at 300 K.21  

P2 = 3cos2θ jz −1( ) 2
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Figure 2: Schematic illustration of the four-step methodology used in this work for the creation 

of atomistic TPU configurations.  

 

After completion of this 4-stage process to create realistic semicrystalline configurations 

of PTMO and MDI/BDO, an ensemble of 5 independent TPU configurations was transferred to 

LAMMPS,59 and each was fully equilibrated in the NNePT ensemble for 20 ns, using Molecular 

Dynamics (MD) with a time step of 2 fs.  The deterministic Nosé-Hoover thermostat and barostat 

were used to maintain isothermal and isobaric conditions60, 61 with time constants (unless 

otherwise stated ) of 100 and 1000 fs, respectively.  The Velocity Verlet method62 was used to 

integrate the equations of motion. After the completion of the MD simulations, the density 

profile along the direction normal to the ab-plane was calculated for each simulation and 
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averaged over the final densities of the five trajectories. Through that process, for example, we 

determined that the density in the amorphous area matched the target density for TPU68 when 

600 sites were removed.  

 

2.3 Morphological Analysis 

Having thus constructed an atomistically detailed model of a TPU of a given composition, an 

ensemble of 10 completely independent initial configurations of that TPU, having the interfacial 

zone parallel to the (001) crystallographic plane, were created in like manner. To study the effect 

of composition, four different TPU ensembles were built and equilibrated. The concentration of 

HC/SC in all four TPU models was controlled by adjusting the values of Na, Nb, Nc, Nm, Nr and 

Ne, keeping the amount of HC constant and equal to the average experimentally observed 

dimensions of four MDI/BDO unit cells (~15.5 nm). The characteristics of the four TPU model 

systems are summarized in Table 1.  

Table 1: Details of the four TPU models simulated in this work. Nm is the number of MDI/BDO 

unit cells removed from each chain at stage 3 of the construction process. Ne is the number of 

resulting chain ends introduced, and Nr UAs were removed from the central noncrystalline 

PTMO region as part of the amorphization process (2Nr/Ne UAs removed initially from each cut 

chain).  

System 

name 

HC  

[wt %] 

Unit cells    

(Na X Nb X Nc) 
Dimensions [nm] Nm Ne, Nr 

TPU68 68 (12 X 10 X 7) 5.30 X 4.48 X 26.48 3 60, 600 

TPU55 55 (10 X 10 X 9) 4.42 X 4.86 X 30.86 5 56, 700 

TPU43 43 (9 X 9 X 12) 4.02 X 4.49 X 39.45 8 40, 900 

TPU30 30 (8 X 8 X 19) 4.22 X 4.56 X 46.00 15 32, 1200 

 

2.4 Deformation Analysis 

2.4.1 Non-equilibrium molecular dynamics (NEMD) simulations 
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The mechanical behavior of TPU68 was assessed by subjecting the 10 initial 

configurations to mechanical deformation. Prior to imposition of deformation, all configurations 

were equilibrated through MD simulations in the NσT ensemble for 10 ns each. This additional 

relaxation process ensured that all three principal elements of the stress tensor were equal to 1 

atm, whereas all off-diagonal elements were zero. As in the case of equilibrium MD simulations 

(Section 2.2), the time step was 2 fs and the deterministic Nosé-Hoover thermostat and barostat 

were used to maintain isothermal and isobaric conditions throughout the NσT simulations, but 

with time constants of 100 fs for both. The components of the instantaneous stress tensor were 

calculated according to the method of Irving and Kirkwood.63 For a more detailed description on 

how MD simulations were realized in the NσT ensemble, the reader is referred to Lempesis et 

al.22 In the following, the Voigt notation64 is used for stress and strain elements. 

As was done previously for simulations of crystalline and semicrystalline PTMO,21 three 

different loading protocols were considered. The first protocol implemented simple strain 

deformations using a non-steady-state, non-equilibrium form of MD in which the strain tensor 

had only one non-zero element, which evolved at a constant strain rate ε̇ = 5 x 106 s-1, up to a true 

strain of ε = 0.1, while the other components were held constant at their undeformed values. 

Through that process 36 stress-strain plots were obtained. All 36 components of the full elastic 

stiffness tensor C of each TPU composition were calculated from the slopes of these plots up to a 

true strain of 2%.65, 66 The elastic compliance tensor was then calculated as the inverse of the 

stiffness tensor S = C-1. The inverses of the diagonal elements of the compliance tensor are equal 

to the elastic moduli of the material:67 Young’s moduli Ei =1/Sii, i=1,2,3 and shear moduli 

Gi-3,=1/Sii, i=4,5,6. The isothermal compressibility and the bulk modulus were calculated from 

the components of the stiffness tensor elements using βT = [S11 + S22 + S33 +3(S12 + S23 + S13)] 

and K = βT  -1, respectively.  

In the second loading protocol, called “uniaxial extension”, the system was elongated 

uniaxially in one of the three principal directions (x,y,z), while maintaining zero stress in all of 

the other directions, allowing thus the lateral dimensions to change freely according to the 

Poisson ratio of the material in these directions. This type of loading yielded independent 

estimates of the Young’s moduli Ei, and isothermal compressibility βT. The third loading 

protocol, called “bulk compression”, consisted of a small compressive strain imposed in all three 
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principal directions simultaneously in a very short NEMD simulation. By tracking the change in 

pressure as a function of strain, the isothermal compressibility of the material was calculated 

directly. The two last types of deformation served as checks on the numerical accuracy of the 

first deformation protocol (simple strain), which is itself complete.  

 

2.4.2 Micromechanical homogenization  

A micromechanical homogenization technique called the “composite inclusion model” 

(CIM) was used to determine to what extent a full TPU simulation was required to get accurate 

estimates of their elastic properties. This method was developed by Ahzi et al.,68, 69 and allows 

one to compute the elastic stiffness tensor for a layered composite, given the volume fractions 

and stiffness tensors for the component layers, in this case the MDI/BDO crystal and a 

semicrystalline PTMO. This method represents a compromise between the Voigt and Reuss 

mixture formulae by introducing strain and stress concentration tensors that act as weight 

functions. The weight functions are determined through the simultaneous enforcement of the 

conditions for continuity of deformation and traction equilibrium at the interface between the 

component layers. Extended CIM (ECIM) extends CIM from bi-layer to tri-layer systems, and 

was originally used in the reverse direction, as a dissociating tool to extract the stiffness tensor of 

the interfacial layers in semicrystalline polyethylene from the stiffness tensor of the entire 

noncrystalline domain, comprising two interfaces and the purely amorphous domain.70, 71  

In this work, CIM was used in the forward direction to estimate the elasticity of a TPU 

based on the elasticities of its relatively simpler constituent parts: a layer of semicrystalline 

PTMO21 and a layer of crystalline MDI/BDO.22  In the TPU system of Figure 2, the outermost 

layers are both crystalline MDI/BDO; due to periodic boundary conditions imposed in our 

model, those two layers may be treated as part of the same layer. Although, there are various 

other micromechanical homogenization techniques in the literature, such as the double-inclusion 

method (DIM) developed by Hori and Nemat-Nasser,72 CIM has the advantage that no Eshelby 

tensor or random reference medium is needed, resulting in fewer independent variables that need 

to be determined.  

The elasticity CCIM of the composite is described by the following equation: 
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        (1) 

Superscripts on all tensors of Eq. 1 (C and Q), refer to the component of the composite. By 

virtue of Eq. 1, CIM predicts that the mechanical behavior of the composite system, CCIM, is a 

linear combination of two contributions; one coming from crystalline MDI/BDO (expressed by 

CHC) and the second one from semicrystalline PTMO (expressed by CSC), weighted by the 

volume fractions of these two components, ηHC and ηSC respectively, and the corresponding 

strain concentration matrices Q. The strain concentration matrices Q are 6x6 matrices whose 

elements are calculated using the following three equations:69 

           (2) 

    (3) 

        (4) 

The indices in the above set of equations are as follows: 

 

 

2.4.3 Orientationally averaged aggregates  

The relation between the elastic properties of individual anisotropic bodies, such as the 

one depicted in Figure 2, and aggregates comprising a large number of such bodies arranged 

according to a prescribed orientation distribution function has been described in texts like that of 

Arridge65 under the assumption of either uniform strain (Voigt average73) or uniform stress 

(Reuss average74). Hill showed theoretically that the Voigt moduli represent upper bounds, and 

the Reuss moduli lower bounds, on the true moduli of the aggregate.75 For the special case of 

random distribution of orientation, assumed here, the calculation of the Voigt bound of the 

orientationally averaged elastic moduli simplifies to the following set of equations:  
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        (5) 

          (6) 

where A = C11 + C22 + C33, 3B = C23 + C31 + C12, and 3C = C44 + C55 + C66 .  Similarly, for the 

Reuss bound under the assumption of random orientation distribution, the calculation simplifies 

to: 

         (7) 

         (8) 

where 3Aʹ = S11 + S22 + S33, 3Bʹ = S23 + S31 + S12, and 3Cʹ = S44 + S55 + S66 

 

2.4.4 Rate dependence of elastic moduli 

To quantify the impact of deformation rate on the elastic moduli of TPUs, additional 

NEMD simulations were conducted for semicrystalline PTMO and crystalline MDI/BDO. In 

addition to the results obtained for these systems in previous studies at ε̇i = 5 x 106 s-1, their 

mechanical response was studied at three additional deformation rates, ε̇i = 5 x 107 s-1, 5 x 105 s-1, 

and 5 x 104 s-1, up to a true strain of εi = 0.03. 

 The CIM homogenization method (Section 2.4.2) was applied to the pure component 

stiffness matrices obtained by NEMD at each deformation rate, to obtain estimates of the 

composite stiffness matrices for the four TPU compositions at each deformation rate. Then, 

orientational averages (Section 2.4.3) were calculated for all four TPU systems at each of the 

four deformation rates, and the corresponding Voigt and Reuss limits for Young’s and shear 

moduli were calculated with the help of Eqs. 5-8.  

The strain rate dependences of yield stress76, 77 and elastic moduli78, 79 for various 

polymer systems have been described effectively using an Eyring-like hyperbolic sine function.  
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After orientational averaging the results of NEMD simulations at the different strain rates were 

fitted using Eq. 9: 

E(ε̇ ) = K+ Lsinh-1(M ε̇ )P         (9) 

Here, K is a material parameter that describes the athermal internal yield stress, and L = 

2KT/Vact, where Vact is the activation volume.  M = ε̇0 exp(ΔHi/RT), where ε̇0 is a constant pre-

exponential strain rate parameter and ΔHi describes the activation energy of the process 

responsible for strain rate softening. Finally, P=1/n, where n is a material parameter used to 

characterize the cooperative movement of chain segments. In this work, the parameters K, L, M, 

and P in Eq. 9 are fitting parameters.  

 

3. Results and Discussion 

During the course of the MD simulations, the density of the system and the orientational 

order parameter were monitored. Each equilibration simulation ran for a total of 20 ns, the last 15 

ns of which were sampled every 500 fs to calculate ensemble averages. The average density and 

P2 profiles for the system with Na=12, Nb=10 and Nc=7 (TPU68), averaged over the 10 

trajectories, are shown in Figure 3(a) and 3(b), respectively; density and P2 profiles for the other 

systems were similar, and are included in the Supporting Information. Both order profiles 

confirm the presence of crystal and amorphous domains. The difference in density between the 

crystalline and noncrystalline domains, in addition to the transition zone separating them, is 

readily apparent. For reasons of clarity, error bars have been omitted from all simulation points 

of Figure 3; the standard error for density at each d-value was less than 2% of the mean in all 

cases.  



16 
 

(a) 

(b) 

Figure 3: Average order parameter profiles of equilibrated TPU68 as functions of distance d 

normal to the ab-plane: (a) density profile r(d); (b) orientational order profile P2(d). In both 

parts, the hyperbolic tangent function (solid curve) is a nonlinear least squares fit to the 

simulation data (open symbols). The simulation results have been mirrored across the center 

plane of the simulation box for purposes of computing the average profiles.   

 

The calculated average density of the crystalline region was  = 1.30 ± 0.02 g/cm3, 

very close to the experimentally measured80, 81 crystalline MDI/BDO density  = 1.31 ± 0.01 

g/cm3. The uncertainty in the experimental density reflects the deviation in values reported by 

sim
cρ

exp
cρ



17 
 

different research groups. Similarly, the average computed density for the amorphous region, 

 = 1.00 ± 0.01 g/cm3 compares favorably to the target melt PTMO density21, 82 extrapolated 

to room temperature,  = 1.00 ± 0.02 g/cm3. Agreement is generally quite good, confirming the 

validity of the selected force field to describe inter- and intramolecular interactions realistically 

both for the crystalline MDI/BDO and the amorphous PTMO domains. Figure 3(b) shows the P2 

profile as a function of distance d normal to the ab-plane for the TPU68 system. The shape of the 

P2 profile is characteristic of a transition from a highly ordered crystalline domain (high P2 

values) to a disordered, completely amorphous domain (P2 = 0). In both order profiles of Figure 

3, a hyperbolic tangent function  was used to fit the simulation 

points, where f is the order parameter (r or P2), H is the asymptotic value of the order parameter 

for the crystalline phase, h is the asymptotic value of the order parameter for the amorphous 

phase, 1/λ is a measure of the interfacial width separating crystalline and amorphous domains, 

and ζ is the inflection point.83  

The thickness of the interphase between hard and soft components was extracted 

separately from both the density and the P2 profiles, with the help of the corresponding fitting 

parameters λ, averaged over the 10 TPU configurations, and plotted as a function of composition 

in Figure 4. The interphase thickness appears to be about 1.4 nm, independent of composition; 

this value is very similar to the average interfacial thickness calculated for semicrystalline 

polyethylene17, 84, 85 (~ 1.0 nm) and semicrystalline PTMO21 (~ 1.2 nm).  

 

ρa
sim

aρ

f d( ) = H + H − h( ) tanh λ d −ζ( )⎡⎣ ⎤⎦
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Figure 4: Average interfacial thickness as a function of HC content in TPUs extracted from 

density (open circles) and P2 profiles (open rhombuses).  

 

The probability distributions of tails, loops and bridges in the noncrystalline region of 

TPU68 as functions of their number of constituent united atoms, Nb, are shown in Figure 5. It has 

been previously seen that for Nb > 100, these distributions decay exponentially, indicative of a 

most probable distribution of segment lengths, as defined by Krishna Pant et al.86 Additionally, 

internal equilibration between the populations of loops and bridges is confirmed by their overlap 

for Nb > 100. The Boltzmann probability associated with the existence of a soft segment of 

length Nb is proportional to exp(βμbeadNb),  where μbead is the incremental chemical potential 

required for the insertion or removal of a single UA.20  

From the slopes of the probability distributions of Figure 5 in semilog format, 

incremental chemical potentials μbead for all three types of topological features (loops, bridges, 

and tails) were calculated to be -0.026 ± 0.0016, -0.024 ± 0.0026, and -0.031 ± 0.0021 kJ/mol, 

respectively. Although there are no experimental measurements available in the literature for the 

chemical potential required to insert or remove a PTMO bead in the noncrystalline domain of a 

TPU, nevertheless, the calculated values of this work are very similar to their counterparts 

computed for semicrystalline PTMO21 and isotactic polypropylene.20 The minimum number of 

beads Nb,min in all three populations is consistent with the observations and length constraints 

reported for semicrystalline PTMO.21 More precisely, the shortest observed bridge for TPU68 

was 102 beads, slightly larger than the minimum number of beads (95) required to span the 

noncrystalline region with a fully extended, all trans conformation. Short loops appear to be 

slightly more likely than short tails. We hypothesize that the small difference between the 

population distributions of loops and tails at small Nb arises due to better packing of short loops 

than short tails within the relatively higher density region of the interface.  The average number 

of blocks per chain ( ) was found to be 4.32 ± 0.14.   2 m +3
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Figure 5: Probability distribution of loops, tails, and bridges in the noncrystalline region of 

TPU68 as function of segment length. 

 

Figure 6 shows a representative set of 6 stress-strain curves, averaged over 10 

trajectories, resulting from the NEMD simulations of simple strain deformation of TPU68 at the 

strain rate ε̇1 = 5 x 106 s-1. Similar plots were generated for the other 5 simple strain 

deformations; these plots are provided in the Supporting Information. For reasons of clarity, 

error bars have been omitted from Figure 6; the standard error in all cases is on the order of 5 

MPa. From linear fits to the slopes of these curves (and the ones provided in the Supporting 

Information) up to 2% strain, all 36 elements of the stiffness tensor C were calculated.  

A number of interesting observations can be derived from the stress-strain behaviors 

shown in Figure 6. At low strains (<2%), all of the stress-strain plots have finite slope, which is 

indicative of 36 nonzero stiffnesses. The symmetry of the simulation cell is determined by the 

component of lowest symmetry within it; given the triclinic symmetry of the crystalline 

MDI/BDO unit cell,22 21 of these 36 stiffnesses should be independent. Indeed, the stiffness 

matrix was confirmed to be approximately symmetric about its main diagonal; in what follows, 

advantage has been taken of this symmetry to average the upper and lower triangular elements of 

the stiffness matrix, and only the upper triangular values are reported.  All stiffness matrices 

were confirmed to be positive definite, a necessary condition for mechanical stability.  

Additionally, at low strains (0 < εi < 0.02), the response was approximately linear and elastic, as 
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confirmed by relaxation of stresses upon reversal of strains (not shown).   Equation 10 shows the 

calculated stiffness matrix in GPa for TPU68 obtained at ε̇i = 5 x 106 s-1.  

The elastic Young’s, shear and bulk moduli for TPU68 are provided in Table 3, where 

applicable, based on the deformation protocol (c.f. Section 2.4.1) used for their estimation. Table 

3 confirms that elastic constants calculated by the three different loading conditions are 

consistent. It also shows the anisotropic nature of TPU68, imparted by the anisotropic crystalline 

MDI/BDO component. The calculated mechanical response of TPU68 is intermediate to that of 

crystalline MDI/BDO and semicrystalline PTMO, reported previously.21, 22 When deformed in 

the z- (or 3-) direction (σi – ε3, i = [1,6]), the response of TPU68 (E3 = 0.63 GPa) is similar to the 

corresponding stress-strain response of semicrystalline PTMO (E3 = 0.32 GPa) when deformed 

in the same direction, confirming that deformation normal to the interface in this layered system 

is dominated by the softer semicrystalline PTMO component, as expected for a composite 

deformed in series.  When deformed parallel to the interface in this layered system (ε1 and ε2) the 

response of TPU68 is dominated by the stiffer crystalline MDI/BDO domains, as evidenced by 

E1 and E2 values closer to those of crystalline MDI/BDO. Similarly, when deformed in shear (G1, 

G2), TPU68 is closer to the corresponding values of semicrystalline PTMO when the shear 

gradient is perpendicular to the interface, but the shear modulus G3 lies closer to the value of 

crystalline MDI/BDO when the shear gradient is parallel to the interface.  

At intermediate strains (0.02 < εi <0.1), a transition from linear-elastic to nonlinear 

behavior takes place. Within this strain interval, rather than a sharp yield point, a stress rollover 

was observed in most cases, indicative of a gradual strain-induced softening.  
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Figure 6: Linear-elastic true stress - true strain behavior of TPU68 under simple straining 

(extensional along ε1) at T = 300 K and P = 1 atm. The slopes of these plots, up to a true strain of 

2% were used to evaluate the corresponding elements of the stiffness matrix. (For the remaining 

extensional and shear deformation plots, the reader is referred to the Supporting Information). 

 

     (10) 

Table 3: Linear elastic properties calculated via NEMD for TPU68 at T = 300 K and P = 1 atm. 

Uncertainty in all elastic moduli is of the order of 0.05 GPa.  

TPU68 

Def. Method 
simple strain uniaxial strain isotropic compression 

Property 

 E1, E2, E3 [GPa] 0.70, 1.45, 0.63 0.76, 1.40, 0.66 N/A 

 G1, G2, G3 [GPa] 0.25, 0.39, 1.05 N/A N/A 

K [GPa] 1.26 1.22 1.20 
 

Next, the complete elastic stiffness tensor was estimated as a function of TPU 

composition, based on the pure component stiffness tensors for crystalline MDI/BDO and 

semicrsytalline PTMO, using the CIM method as described in Section 2.4.2.  The results of the 

CIM approach are compared to the NEMD results for stiffness, to check the accuracy of the CIM 

approximation for the TPUs. The stiffness matrices CHC and CSC, for crystalline MDI/BDO and 

semicrystalline PTMO respectively, were taken from previous studies.21, 22 The strain 

concentration matrices were calculated with the help of Eqs. 2-4. The volume fraction of HC for 

all TPU concentrations was estimated by a linear fit to the volume fractions of the four TPU 

systems considered here and the two extreme cases of 0 wt % HC and 100 wt % HC; small 
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differences in the contribution of interfacial density make this trend different from simple parity. 

The trend is shown in Figure 7. The equation ηHC + ηSC = 1 was used to determine ηSC for use in 

Eqs 2-4.  

 

Figure 7: Volume fractions of crystalline MDI/BDO (open cyrcles) in TPUs as a function of HC 

concentration. The dotted line represents least squares linear fit to the above data. The equation 

of the linear fit is also shown.  

 

 Given the corresponding volume fractions of HC and SC, the full stiffness matrices of the 

3 remaining TPU compositions (see SI) were calculated at a strain rate of ε̇ = 5 x 106 s-1, based 

on volume fractions and pure component stiffness matrices (CHC and CSC) reported previously.21, 

22  Figure 8 shows a comparison of the composition dependence for two representative 

stiffnesses, C11 and C22 , with those determined directly by NEMD simulation under simple 

strain deformation. Stiffness increases monotonically with the wt% HC, due to the stiffer nature 

of crystalline MDI/BDO. The agreement between NEMD and CIM results is remarkably good, 

and suggests that for purposes of elastic stiffness estimation, it may be sufficient to know the 

elastic stiffnesses for the two pure components and their respective volume fractions; the 

interface itself contributes in only a minor way to the elastic response. It may be observed that 

the composition dependence appears to be a little stronger in the NEMD results than in CIM. 
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Figure 8: Stiffnesses C11 and C22 as a function of wt% HC content in TPUs. Results of NEMD 

simulations (open symbols); results of CIM method (lines). 

 

Next, the orientationally averaged Voigt and Reuss limits for the Young’s and shear 

moduli of the four TPU compositions were computed, as described in Section 2.4.3, to account 

for the effect of isotropically oriented lamellar stacks in TPUs. These values are shown in Figure 

9(a) and 9(b), respectively. In the same figure, experimental values87 of E and G are also shown 

for three TPU systems (TPU55, TPU43, and TPU30).  The computed elastic moduli are 

significantly larger than the experimental values. Such deviation could be due to any of several 

reasons, including (i) approximations in the distributions of stress (equilibrium boundary 

conditions) and strain (traction boundary conditions) over such an aggregate of differently 

oriented lamellar stacks when applying CIM and Voigt or Reuss averaging, and (ii) differences 

in strain rate between NEMD simulation and experiment. Certain relaxation mechanisms may 

exist that are not operative at the fast deformation rates used in NEMD simulations, even for 

small deformations of the order of about 2%, but may become operative at slower deformation 

rates. As a consequence, the predicted response of all TPU systems to deformation would be 

stiffer than the corresponding experimental one.  In what follows, we examine this effect of 

strain rate.  
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(a) 

(b) 

Figure 9: Spatially averaged upper (continued line) and lower (broken line) limits of a) Young’s 

and b) shear modulus as a function of HC composition in TPUs. Experimental data87 (¡).  

 

To illustrate this rate dependence of elastic stiffnesses, NEMD simulations for 

semicrystalline PTMO and crystalline MDI/BDO were run at four different deformation rates, 

and the resulting stiffness matrices were micromechanically homogenized via CIM and 

subsequently orientationally averaged.  The strain rate dependence of the calculated Reuss lower 

bounds for the isotropically averaged moduli (at high strain rate) and the available experimental 

data (at low strain rate) are well described by the hyperbolic sine function (Eq 9), for the TPU 
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compositions for which experimental data is available.87 Figure 10 shows the results of this 

analysis for the Young’s modulus of TPU55, TPU43 and TPU30; the experimentally measured 

values for the Young’s modulus and the fitting function are also shown.  

The simulation and modeling results shown in Figure 10 confirm the rate dependence of 

Young’s modulus at large deformation rates. This observation indicates that even at such large 

deformation rates, there were some dissipative relaxation mechanisms operative. The 

extrapolation of the fitting function to deformation rates comparable to the experimental ones 

captures more accurately the experimentally measured Young’s moduli for all three TPU 

systems. This agreement supports the use of the hyperbolic sine function to describe the rate 

dependence of the elastic moduli accurately. Comparison of Young’s moduli at same 

deformation rates among all three TPU systems (TPU55, TPU43, TPU30) shows that TPUs 

became stiffer (higher E) with increasing HC content.  

 

Figure 10: Rate dependence of Young’s modulus for TPU55 (circles), TPU43 (diamonds), and 

TPU30 (triangles). Open symbols depict simulation/modeling points, filled symbols represent 

experimental data and the continued line illustrates the hyperbolic sine fitting function (Eq. 9).  

 

4. Conclusions 
In summary, we report the use of molecular simulations at the atomistic level to study the 

structure and mechanics of a common family of TPUs. For the first time, a molecular model for a 
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heterogeneous block copolymer, appropriately combining crystalline MDI/BDO and 

semicrystalline PTMO domains, was built, equilibrated and simulated in atomistic detail, using a 

united atom force field. With the help of the IMC algorithm, atomistic configurations of TPUs 

were created, and shown to sample efficiently the topological features such as bridges, loops and 

tails. The population distribution of these segment types in the noncrystalline region, provided 

estimates of the incremental chemical potential of a constituent PTMO bead and found to be in 

excellent agreement with previous studies on semicrystalline PTMO and polyethylene. Order 

parameter profiles (density r and orientational parameter P2) of equilibrated TPU configurations 

confirmed the presence of both crystalline and amorphous domains, separated by a 1.4 nm thick 

interface, whose thickness was composition-independent.  

The mechanical response of TPUs was evaluated in simple strain deformations using 

NEMD simulations. The complete stiffness tensors for four TPU compositions were evaluated in 

this manner. The components of the stiffness tensors were found to be dominated by the SC 

response when elongated perpendicular to the layer interfaces (zz strain), or sheared with shear 

gradient perpendicular to the layer interfaces (zx or zy shear).  Elongation parallel to the 

interfaces (xx or yy strain) or shear deformation with gradient parallel to the interfaces (xy shear) 

were dominated by the HC response.  The results are more or less consistent with a bilayer 

composite.  

NEMD simulation results of semicrystalline PTMO and crystalline MDI/BDO at various 

strain rates were used to parametrize a micromechanical homogenization approach (CIM) with 

the goal to estimate the constitutive behavior of the composite TPU based on the mechanics of 

pure component systems. The CIM method was validated by reproducing accurately the elastic 

moduli extracted by NEMD calculations, and was used as a surrogate for the computationally 

costly NEMD simulations. By using CIM, the mechanics of TPUs with different TPU 

compositions was determined. Voigt and Reuss bounds for the isotropic average Young’s and 

shear moduli were obtained for each composition by averaging over a random orientation 

distribution of bilayer elements. These values were found to be significantly larger than the best 

available experimental estimates.  This deviation was attributed to the high strain rates used in 

the NEMD simulations.  The strain rate dependence of both Young’s and shear moduli was 

confirmed by NEMD simulations over the range of strain rates from 5x104 to 5x107 s-1, and 

found to be well-described by a conventional hyperbolic sine function.  The strain rate 
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dependence was in turn attributed to the existence of relaxation processes that become operative 

within this range of strain rates.  
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