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Abstract

The present work demonstrates that experimental salt passage data for reverse osmosis (RO) shows better

agreement with models capturing solute-solvent transport coupling (convective coupling), especially as the

applied pressure is increased. This conclusion is drawn based on five RO data sets using cellulose acetate and

polyamide membranes that were modeled using the classical solution diffusion (SD) model, which does not

include convection, as well as the convection-inclusive SD model introduced by Paul in 2004 and the pore-

based model, which also includes convective coupling. The improved model-to-experimental data agreement

with solute-solvent coupling is more easily noticed from salt passage variation with pressure than from the

most commonly studied RO metric, salt rejection ratio. The importance of solute-solvent coupling in RO

indicates that free volume in the membrane influences the description of membrane transport, and that

these voids ‘open up’ as applied pressure is increased. The derivation of the pore-based and SD models from

the Maxwell-Stefan equations is shown, and major differences in assumptions used in their derivation are

discussed. A study of these differences should aid membrane researchers in selecting the most appropriate

modeling approach for a given solute-solvent-membrane system.
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Nomenclature

Roman symbols

c concentration mol m−3

d generalized force term used in the Maxwell-Stefan equations m−1

D multicomponent diffusion coefficient for membrane transport m2 s−1
5

J flux mol m−2 s−1

K hindrance coefficient

Lp solvent permeability m Pa−1 s−1

P pressure Pa

R ideal gas constant J mol−1 K−1
10

r partial molar volume of solute by that of solvent, used in the classical SD model

rpore pore radius m

SP salt passage

T temperature K

u velocity in stationary reference frame m s−1
15

V partial molar volume m3 mol−1

x mole fraction

Z net path length through the membrane m

z coordinate axis passing through the membrane thickness

Greek symbols20

Υ coefficient defined by Eq. A.8

Φ steric partitioning coefficient

α relative permeability of solute over solvent through membrane, used in the classical SD model

ε2 coupling coefficient of solute transport with solvent transport
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ηpore viscosity inside membrane pores Pa s25

κ non-dimensional pressure used in classical SD model

µ chemical potential J mol−1

Superscripts

m within the membrane

Subscripts30

conv convective

diff diffusive

f feed

i solute or solvent species

j solute or solvent species35

l solvent

memb the membrane polymer as an interacting species in the Maxwell-Stefan equations

nc no convection

p permeate

s solute40

wc with convection

1. Introduction

Reverse osmosis (RO) is a pressure-driven membrane-based solution treatment technology. Today, RO

accounts for 60% of the global desalination capacity [1, 2], and is popular as a stream purification or

concentration step in applications such as brackish water treatment, waste water treatment, household water45

purification, and various industrial applications. Consequently, careful study of both the species transport

and exclusion mechanisms in the membrane, as well as the system-level energy and cost optimization are

critical to effectively address the world’s water needs.
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By the 1980s, the species transport aspect of these membranes was considered to be well described by the

solution diffusion model [3–5]. Researchers concluded that solute and solvent diffused through the membrane,50

and membrane selectivity was due to differences in the species’ tendencies to dissolve into the membrane

and diffuse to the permeate side. A primary assumption of the model is that there is no coupling between

the solute and solvent transport. The rival theory of a pore flow mode of species transport was upheld by

several authors, but did not explain several observed behaviors [3, 6]. Today, the most widely used model

for RO is solution diffusion as described by Lonsdale et al. [4], referred to as the LMR model by Paul [7] (as55

an abbreviation of Lonsdale, Merten and Riley who derived the model). Although this simple form of the

SD model is popular due to its mathematical simplicity and sufficiency in describing the rejection results

for many studied RO cases, a more general, convection-inclusive form of the SD model was derived by Paul

[8]. The LMR form of the SD model can be obtained from the general model derived by Paul by assuming

there is no convective coupling, and neglecting the effect of applied pressure on species partitioning at the60

membrane-permeate interface. In reference [8], Paul also describes a model of intermediate complexity, where

the convective-coupling is assumed to be zero, but the effect of pressure on species partitioning is included.

This form of the SD model is referred to as the ‘classical SD’ model in the current work, since as explained

above, it is an improved version of the LMR model, and the original LMR model is not considered in the

current modeling.65

The premise of the current work is that solute-solvent transport coupling is non-negligible. As described

by Paul [8] in Section 7.1, solute-solvent transport coupling may minimally affect the numerical value of

rejection ratio, although the values of other quantities such as salt passage may be more significantly in-

fluenced. For example, Paul shows that even if the rejection ratio drops marginally from 0.990 to 0.987

due to the presence of convective coupling, the salt passage (=1-rejection ratio) has increased by 30%1. An70

even more severe case is shown when the extent of coupling is assumed larger (as evaluated by the coupling

coefficient in the solute transport equation, ε2); a drop in rejection ratio from 0.990 to 0.975 results in an

increase of salt passage by a factor of 2.54.

In most modern literature, RO separation performance is reported as rejection ratio of solute species.

Consequently, the presence of solute-solvent coupling may be easily overlooked in several cases. The present75

work uses several examples of published RO rejection ratio data to study the salt passage variation with

pressure. Our results show that the solute-solvent transport coupling, as allowed by the more general SD

model introduced by Paul [8], is necessary to accurately describe RO solute transport. The deficiency of

the ‘classical SD’ and LMR model is easily overlooked when rejection ratio is used for model validation with

1For illustration, SPwc
SPnc

= 1−0.987
1−0.990

= 0.013
0.01

= 1.3
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experimental data, but the deficiency becomes apparent when solute passage or solute flux is described.80

The present work also derives the SD and pore-based models from the Maxwell-Stefan equations along

parallel paths while pointing out which basic assumptions differ between the two approaches. A comparison

of the final forms of the solvent and solute transport equations in the LMR form of the SD model, the

classical SD derived by Paul, Paul’s convection-inclusive SD model, and the pore-based model, is made to

delineate the range of applicability of each form. Several RO datasets are fitted to the SD model (in both85

the classical and generalized SD models derived by Paul) and to the pore-based model. Finally, a ‘picture’

of the membrane will be painted verbally, and justified using several examples of literature.

2. Governing equations

2.1. Generalized force for transport through membrane

In reverse osmosis (RO), the incoming stream to be treated (called feed) is pressurized, and solvent and

solute transport to the permeate side occurs. The application of pressure contributes to the chemical po-

tential gradient of the solvent and solute species across the membrane, and this chemical potential gradient

determines the net transport of each species [3]. The Maxwell-Stefan equations applied to membrane pro-

cesses contend that the driving force on each transporting species is balanced by the frictional interaction

forces from other species. The mathematical expression for the generalized Maxwell-Stefan equations for an

isothermal multicomponent mixture is given by:

dmi = −
∑
j 6=i

xmi x
m
j (umi − umj )

D
m

i,j

(1)

In the above, the superscript m indicates that the value is that within the membrane. The term dmi is90

the generalized force acting on species i that causes its diffusion relative to other species. The right-hand

side gives an expression for this force by accounting for inter-species frictional interactions. This expression

consists of the following terms: the D
m

i,j are the multicomponent diffusion coefficients, xmi is the mole fraction

of species i, and umi is the velocity of species i in the stationary reference frame.

Expanding the left-hand side of Eq. 1 using the expression of di in terms of the chemical potential

gradient [9, 10]:

dmi =
cmi ∇µmi
cmRT

(2)

Using
cmi
cm = xmi , where cm is the total molar density of the solution, and cmi is the molar concentration of

species i, the left-hand side (LHS) of Eq. 1 takes the form in Eq. 3. Furthermore, Eq. 3 is obtained by

substituting the general expression for chemical potential gradient (i.e. ∇µmi = RT∇ ln ami + V i∇pm [8,
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Eq. 18]) in one dimension into Eq. 2, and assuming an ideal solution2.

dmi =

(
RT

dcmi
dz

+ cmi Vi
dpm

dz

)
1

cmRT
(3)

⇒ dmi =
dxmi
dz

+
xmi Vi
RT

dpm

dz
(4)

In the next section, the framework established by Eqs. (1) and (4) will be expanded to derive the solution95

diffusion model (in the form derived by Paul [8]) and the pore-based model (as implemented in [10, 11])

along parallel paths.

The superscript m used repeatedly in Eqs.(1)-(4) will be omitted in subsequent sections, since the discus-

sion will continue to involve only intra-membrane quantities, as shown in Section 2.1. In subsequent sections,

the subscript ‘memb’ will be used to denote the membrane polymer as a participating component (either i100

or j) in the Maxwell-Stefan equations.

2.2. Derivation of the solution diffusion (SD) model

First, a simplification on Eq. (4) will be made since the solution diffusion (SD) model assumes a constant

pressure, equal to the applied feed pressure, across the membrane active layer [7, 8, 12]:

dp

dz
= 0 (5)

Therefore, the expression for di for the SD model reduces to:

di =
dxi
dz

(6)

Next, the right-hand side (RHS) of Eq. (1) will be expanded such that for each species (i.e., the solvent

and each solute species), its frictional interaction with the membrane polymer and that with the other species

is accounted for. Considering a system with only two species i.e. the solvent and one solute species, the105

RHS of Eq. 1 can be expanded as:

RHS = −xixmemb
Di,memb

(ui − umemb)−
xixj

Di,j

(ui − uj) (7)

2Although the assumption of ideality may not hold in many applications, it will suffice for the present purpose of elucidating
the similarities and dissimilarities between the assumptions behind the SD and pore flow models.
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In the stationary reference frame for steady state conditions, the velocity of the membrane polymer

material is zero, therefore Eq. (7) reduces to:

RHS = ui

(
−xixmemb
Di,memb

− xixj

Di,j

)
+
xixjuj

Di,j

(8)

Equating the expression for di (given in Eq. (6)) with the expansion of the frictional interaction terms

given by Eq. (8),110

1

xi

dxi
dz

= −ui
(
xmemb

Di,memb

+
xj

Di,j

)
+
xjuj

Di,j

(9)

⇒ −Di,memb

xixmemb

dxi
dz

= ui +
xjDi,memb

xmembDi,j

ui −
(
Di,memb

Di,j

)(
xj

xmemb

)
uj (10)

⇒ ui +

(
Di,memb

Di,jxmemb

)
(xjui − xjuj) = −Di,memb

xmembxi

dxi
dz

(11)

Setting ε
′

i =
Di,memb

Di,j
, Eq. (11) can be rewritten as:

ui + ε
′

i

(
xjui − xjuj
xmemb

)
= −Di,memb

xmemb

d (lnxi)

dz
(12)

Equations 23 and 24 in reference [8] are obtained from Eq. (12) if the conversion from mole fraction

to mass fraction
(
xi = M

Mi
wi

)
is made, and the diffusion coefficient Di,j is accordingly replaced by Di,j =

Di,j
Mj

M . It therefore follows that ε
′

i used in the current work is related to εi in reference [8] such that

ε
′

i = εi
Mj

Mmemb
115

2.3. Derivation of the pore-based model

In contrast to the SD model, the pore-based model considers that solvent flow occurs due to a pressure

gradient through the membrane. Assuming that a continuum description of the flow is possible, and due to

the small (sub-nanometer) ‘pore’ size in RO and NF membranes, a laminar flow is considered. This flow can

be described by the Hagen-Poiseuille equation, and hence there is a linear pressure profile along the pore120

[10, 11]. The value of this pressure gradient is influenced by the solute concentration inside the membrane

[13].

The transport equation for the solute species is obtained from an expansion of the right-hand side of

Eq. (1). For each solute species, the pore-based model considers its frictional interactions only with the

solvent (in contrast, the derivation of the SD model as shown in Section 2.2 considers the interaction of125
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each transporting species with each other and also with the membrane). However, as shown later in Eqs.

(14) and (15), the influence of the membrane polymer is incorporated by the ‘Hindered Transport Theory’

(HTT) using multiplicative factors (Kdiff and Kconv). The HTT assumes the solute molecules flow through

channels in the membrane polymer while immersed in the solvent continuum, and since the solute’s radial

dimensions approach that of the channel, the transport of the solute molecules is hindered [11, 14]. Using the130

subscript s for each solute and l for the solvent, the transport equation in the pore-based model is obtained

by combining and expanding Eqs. (1) and (4) as follows:

dxs
dz

+
xsVs
RT

dp

dz
= −xsxl

Ds,l

(us − ul) (13)

Further simplifications can be made based on the picture of the membrane considered by the model:

(1) the free volume in the polymer matrix constituting the active layer is mostly filled by the solvent,

hence xl ≈ 1; (2) the solute’s transport rate is ‘hindered’ compared to that in pure solvent due to the135

polymer matrix, which acts as an obstruction; (3) the solvent velocity, ul, in the stationary reference frame

is multiplied by the convective hindrance factor, Kconv, to account for hydrodynamic interactions with the

membrane polymer, which as mentioned in the previous point, acts as an obstruction to transport. Similarly,

the applicable diffusion coefficient of the solute is obtained by modifying the diffusion coefficient of the solute

in pure solvent by the hindrance coefficient for diffusion.140

Therefore,

Ds,l = Ds,lKs,diff (14)

where Ds,l is the reduced diffusivity of the solute in the solvent while traversing the membrane pore, termed

in many sources as Ds,pore [10, 11].

Finally, the solvent velocity in the stationary reference frame is commonly denoted by Jl in literature

[10, 11]. The solute transport equation by the pore-flow model is thus described by:

dxs
dz

+
xsV s
RT

dp

dz
= − xs

Ds,l
(us −Ks,convJl) (15)

⇒ xsus = xs(Ks,convJl)−Ds,l
dxs
dz
−Ds,l

xsV s
RT

dp

dz
(16)

Equation (16) is the same as equation 4 in reference [11] when multiplied through by c, the total molar

concentration of the solution.

It should be noted that the concept of perfectly cylindrical pores running through the membrane thickness145
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is a mathematical simplification, and proponents of the pore-based model do not consider it to be an accurate

picture of the membrane polymer. Rather, as described by Williams et al. [15], the pore-based model

describes the transport of solutes as taking place with the solvent as the vehicle, and that the solvent exists

in the free volume of the membrane. The word ‘pore’ is merely a casual way of referring to the free volume.

2.4. Expressions for salt passage for single solute systems using the SD and pore-based models150

The expression for salt passage used for the pore-based model is derived in Appendix A. The expression

in (A.10) is reproduced here:

SP =
cp
cf

=
(Ks,conv −Υ) Φ(

((Ks,conv −Υ) Φ− 1) exp
(
− r2pore∆pZs

8ηporeDs,lZl

)
+ 1
)

From reference [8], when the SD model is considered without solute-solvent transport coupling, the

expression for salt passage is given by Eq. (17) (Eq. 77 in the reference). It should be noted that the

SD model without coupling, termed as the ‘classical SD model’ in the present work is not identical to the

final form of the SD model discussed by Wijmans and Baker [3]. The latter model is the LMR model. The

key difference between this equation derived by Paul with the LMR form is the inclusion of the effect of155

the pressure drop at the membrane-permeate interface on species partitioning (ignored in the LMR form

of SD). Further assumptions by Paul that were used to arrive at Eq. 17 are that : a. the solution is

thermodynamically ideal in the membrane; b. constant intramembrane diffusion coefficients; and c. dilute

feed solutions so that the total osmotic pressure difference across the membrane is approximated to zero.

These simplifications lead to:160

SP =
α

1− e−κ + αe−rκ
(17)

where α is the solute’s permeability through the membrane divided by that of the solvent, r is the solute’s

partial molar volume divided by the solvent’s partial molar volume, and κ is the non-dimensionalized pressure,

defined as Vl∆p
RT .

Paul [8] also derived a more general form of the SD model that includes transport coupling between the

solute and solvent. Values of the NaCl distribution coefficient and the mass fraction of water in the cellulose165

acetate membrane on the feed side at equilibrium swelling conditions were obtained from reference [4], for

a 2% by weight NaCl solution. Using these values, Paul simplified the complex expression for SPwc ([8,

Eq. 89]) to Eq. 18 ([8, Eq. 90])3. In order to fit data from cellulose acetate membranes to Eq. 18, SPnc

3To obtain similar expressions for other membrane materials, the solute distribution coefficient and the mass fraction of the
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was expressed by Eq. 17. In order to remove r = Vs/Vl as a fitting parameter, its value was calculated using

values for NaCl and water from literature (further explained in Section 34). The three modeling approaches170

used in the current work are summarized in Table 1.

SPwc =

(
1 + 0.036ε2/SPnc

1 + 0.21ε2

)
SPnc (18)

Table 1: Different modeling approaches and their fitting parameters

Modeling approach Fitting parameters Governing equations

Approach 1
(classical SD derived by Paul [8])

r, α Eq. 17

Approach 2
(pore-based, PB)

λ
(

= rs
rpore

)
a, Zs/Zl Eq. A.10 (reproduced in Section 2.4)

Approach 3
(convection-inclusive SD derived
by Paul [8] for cellulose acetate
membranes)

α, ε2 Eqs. 17 and 18

aThe rs value is fixed corresponding to the solute, hence fitting λ effectively fits rpore. Since the solute in all datasets is
NaCl, there are two involved ionic radii. The larger ion will determine the overall steric hindrance, and hence the rs value for
NaCl is taken to be the Stokes radius of the Na+ ion.

2.5. Similarities and dissimilarities between the models

As seen in the derivations above, the primary difference in obtaining the solute flux equation between

the pore-based and SD models from the Maxwell-Stefan equations is in the manner the polymer is included.

While the SD model considers a separate term for the solute-polymer frictional interactions, the pore-based175

model only considers solute-solvent interactions. In the latter approach, the polymer appears only by means

of the hindrance coefficients that modify the diffusion coefficient of the solute in the solvent, and the solute-

solvent coupling term. Such a modification is made to describe the ‘hindered’ motion of the solute in the

solvent continuum to account for to the channels in the polymer matrix being similar in radial dimension to

the solute itself.180

In regard to the solvent flow, the pore-based model assumes that the membrane free volume is filled

with solvent such that the solvent mole fraction within the pore is close to unity. The solvent flow is

mathematically modeled as a pipe-flow, and the free volume is oversimplified to pipes passing straight

solvent at equilibrium swelling conditions on the feed side (K2 and w10 respectively in reference [8]) should be experimentally
determined.

4Fitting for all datasets here was done using the Python programming language in the PyCharm 2018.2.4 (Community
Edition) environment. The curve fit command in the optimize package in scipy was used. This fitting method minimizes the
difference between the calculated function value at all data points over a range of parameter values, with the experimental
values.
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through the membrane thickness. On the other hand, the SD model considers the solvent species as simply

another interacting species, and hence the mathematical derivation of its transport equation is similar to185

that for the solute. An interesting observation is that the solvent flux equation in the commonly used LMR

version of the SD model [4] and that used in the pore-based model (ref. Eqs. A.2 and A.7) take a similar

form of the effective pressure multiplied by a solvent permeability [3, 11]. However, this similarity is purely

incidental, and the assumptions used in deriving these equations are fundamentally different.

3. RO dataset modeling with the three different approaches190

3.1. Convection-inclusive modeling agrees better with RO datasets

Five datasets, as enumerated in Table 2, are modeled by the classical SD model (approach 1) and the

pore-based model (approach 2). The two datasets using cellulose acetate membranes are also modeled using

the convection-inclusive SD model (approach 3), since as described in Section 2.4, the convection-inclusive

SD model was simplified to the form shown in Eq. 18 by Paul [8] using experimental data for cellulose acetate195

membranes. It should be noted that all data sources state that concentration polarization is negligible in

their experiments.

Table 2: Various details of modeled datasets: their respective sources, membrane material used for RO,
and RO feed concentrations.

Dataset Source in literature
Membrane
material

Feed
concentration
cNaCl

[mol/m3]

1
Lonsdale et al. (1965) [4]
Figure 2

Cellulose
acetate

17

2
Tang et al. (2010) [16]
Figure 3

Cellulose
acetate

10

3
Bowen and Welfoot (2002) [11],
Figure 6, at the membrane’s isoelec-
tric point of pH=4.1

Polyamide 10

4
Bowen and Welfoot (2002) [11],
Figure 6, pH=9.8

Polyamide 10

5
Cadotte et al. (1980) [17]
Figure 5

Polyamide 86

As described in the previous section, each modeling approach requires 2 fitting parameters. Figure 1

shows the experimental data points from the sources along with the modeling results. Table 3 further shows

that the residual (ref. footnote 4) obtained for each dataset with respect to the convection-inclusive modeling200

are lower, indicating better agreement. It should be noted that when both r and α are fitted for (2 fitting
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parameters) in the classical SD model, the best value of r for all datasets is found to be 0.5. However, if the

Vs of NaCl is used (considered 6×10−5 m3/mol for all current datasets [18]), the value of r = Vs/Vw is 3.3. If

this r value is fixed, the fitted value of α changes by less than 1% for each dataset, indicating that the fitting

value of α is more influential in achieving validation. Figure 1, Table 3 and Table B.1 show modeling results205

from fitting both r and α (which gave r = 0.5 5 for all datasets) in order to maintain 2 fitting parameters in

each modeling approach. For modeling approach 3, as mentioned in Section 2.4, the value of r was fixed at

3.3 to ensure two fitting parameters (α and ε2). The value of α for each dataset 1 and 2 modeled by both

approaches 1 and 3 are similar, with a difference 14.7% and 8.5% for dataset 1 and 2 respectively.

Table 3: Fitting parameter values for modeling approaches 1 and 2 for each dataset, and for approach
3 corresponding to datasets 1 and 2 (that use cellulose acetate membranes). The residual value is also
presented for all modeling approaches, and indicate the extent of agreement with the experimental points
such that a larger residual value indicates worse agreement.

Modeling
approach:

Classical SD [approach 1] Pore-based [approach 2] Convection-inclusive SD [approach 3]

r α Residual a rpore [nm] Zs

Zl
Residual α ε2 Residual

Dataset 1 0.5 3.04× 10−4 0.070 0.7997 16.82 0.038 2.59× 10−4 0.20 0.036

Dataset 2 0.5 6.03× 10−4 0.056 0.8215 40.07 0.010 5.51× 10−4 0.87 0.0098

Dataset 3 0.5 4.02× 10−3 0.23 0.8895 17.25 0.12

Dataset 4 0.5 3.95× 10−4 0.38 0.8430 108.17 0.13

Dataset 5 0.5 8.57× 10−5 0.016 0.7973 52.47 0.0038

aThe definition of the residual is described in footnote 4

A striking observation from Table 3 is that the FT-30 RO membrane by FilmTec (dataset 5), known to210

be a ‘good RO membrane’ [19] since its creation in the 1980s shows better agreement with the model with

convection. Based on modeling approaches 1 and 2, this membrane has the lowest α and rpore of all datasets

studied, in accordance to its reputation of being a high rejection ‘tight’ RO membrane, which apparently

does not preclude the presence of convective coupling transport in the membrane. The early cellulose acetate

membrane studied by Lonsdale et al. [4] (dataset 1) has the second lowest α (in modeling approach 1) and215

rpore values. Comparison of approach 3 parameters between this dataset and that of Tang et al. [16] (dataset

2) indicates that the HTI CTA membrane used by Tang [16] has a higher α as well as a higher coupling

coefficient, ε2, than the membrane made in lab by Lonsdale et al. [4]. The lower salt versus water selectivity

and higher coupling in the newer cellulose acetate membrane could be due to the fact that it was created

for forward osmosis, and hence its selectivity is compromised when a hydraulic pressure is applied to the220

5The smaller r value fitted could indicate a smaller effective molar volume of the salt inside the membrane, perhaps due to
the loss of the hydration shell while entering the membrane. Furthermore, as shown in Figs. 7,8 and 11 in reference [8], at this
range of α, the SP (and hence rejection ratio) values do not vary significantly with r. Therefore, the smaller r fitted may be a
result of a lower sensitivity of the model to r values at small α values.
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membrane [20].

As expected, between the two datasets from the work of Bowen and Welfoot [11] using the Desal5DK

nanofiltration (NF) membrane, the dataset with lowest rejection ratio due to the pH being near the mem-

brane’s iso-electric point (dataset 3) has the highest α value based on modeling approach 1. The same

membrane at a higher pH (dataset 4) has an α value of the same order of magnitude to the cellulose acetate225

membranes. The latter observation indicates that the relative permeability of salt vs. water by a membrane

depends on not only the membrane but also the feed conditions, to the extent that an NF membrane’s

performance may approach that of an RO membrane.

A couple more observations can be made from the model fitting results of the 5 datasets: first, the

fitted α for all datasets is � 1. According to Paul [8], solute transport at such a range of α shows certain230

characteristic features, one of the most practically relevant among which is that negative rejection ratio

is not expected; secondly, the fitted pore radius for all datasets are numerically similar, which may be a

feature of the pore-based model used in the current work. However, this finding is in keeping with the

work of some authors [21] who find that for various types of RO membranes (low pressure RO, LPRO, and

seawater RO, SWRO, considered in this reference) and NF membranes have similar pore sizes based on235

PALS measurements. Finally, Appendix C shows the datasets modeled in this section extended to a applied

pressure of 150 bar using the same fitting parameters. The increasing difference in the salt passage predicted

by approach 1 and approach 2 is demonstrated in this figure.
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(a) Dataset 1: Lonsdale et al. [4] (b) Dataset 2: Tang et al. [16]

(c) Dataset 3: Bowen and Welfoot [11], Fig. 6, at the mem-
brane’s isoelectric point of pH=4.1

(d) Dataset 4: Bowen and Welfoot [11], Fig. 6, at pH=9.8
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(e) Dataset 5: Cadotte et al. [17]

Figure 1: Datasets 1 to 5, as described in Table 2 are modeled using the classical SD and pore-based approach (approaches
1 and 2 respectively). The agreement for all datasets is improved with convection-inclusive modeling. Datasets 1 and 2 that
use cellulose acetate membranes are also modeled using the convection-inclusive SD model introduced by Paul [8] (approach 3),
and show better agreement with this SD model compared to the classical SD. Furthermore, approach 3 shows similar agreement
with these two datasets as the pore-based model. Although the extent of agreement is visually noticeable, residual values are
given in Table 3. Appendix C shows the modeling results in this figure extended to an applied pressure of 150 bar using the
same fitting parameters, and hence demonstrates the increasing difference between modeling approach 1 and 2 with increasing
pressure.
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3.2. SP and cp values are more appreciably affected by convection than rejection ratio

According to Paul [8] (Section 7.2), most RO experiments are not accurate enough to differentiate re-

jection ratio values due to the presence or absence of convection. Our calculations show that while the

numerical values of rejection ratio are not affected appreciably by the presence of convection, the values of

cp and SP are. Furthermore, experiments usually measure cp, and not rejection ratio directly. Therefore,

any measured differences in cp due to convection should be taken into account before packaging it into the

value of rejection ratio. Analytically, it can be shown that the percentage deviation in cp due to convection

is equal to the deviation in SP :

SPwc
SPnc

=
cp,wc/cf,wc

cp,nc/cf,nc

(19)

where subscripts wc and nc indicate ‘with convection’ and ‘no convection’ respectively. Since the feed240

composition is fixed, cf,wc = cf,nc = cf

Therefore,

SPwc
SPnc

=
cp,wc
cp,nc

(20)

The above discussion and the relevance of Eq. 20 is shown in Table B.1. Table B.1 shows the SP , rejection

ratio and cp values at the respective highest pressure values for each dataset. From the values in this table,

the influence of convection on SP and cp values is clear. Furthermore, the values in the table indicate that

the presence of convection only marginally alters the rejection ratio values. As an example, for dataset 1 at245

the highest pressure, the ratio of both the SP and cp values obtained from the pore-based model is almost

3 times the value from the SD model. On the other hand, the rejection ratio values from both models are

almost equal (less than 1% difference).

4. Picture of membrane portrayed

The results shown in this work imply that RO membranes contain free voids which allow solute-solvent250

transport coupling i.e. convective coupling. Other works support this conclusion, and furthermore discuss the

increase in size and/or number of free voids in the membrane with applied pressure. For instance, reference

[21] by Fujioka et al. and reference [22] by Kurihara et al. discuss the detection of free voids in RO membranes

using positron annihilation spectroscopy. Kurihara et al. [22] find a correlation of decreasing boron rejection

with increase in measured pore size. Fujioka et al. [21] also state the importance of free void size on255

determination of rejection of small neutral organic molecules such as NDMA (N-nitrosodimethylamine) and

boron by RO, and discuss results by Henmi et al. [23] and Chen et al. [24] showing the decrease in rejection of

several neutral molecules with increasing void volume in RO membranes. Košutić et al. [25] perform pore size



Citation: Journal of Membrane Science, Volume 611, 1 October 2020, 118272
https://doi.org/10.1016/j.memsci.2020.118272

distribution (PSD) measurements on two RO membranes and one NF membrane, and calculate the effective

number of pores from that data. They find that while free voids may be enlarged with an increase in pressure260

in some membranes, all membranes in their study exhibited increase in the number of free voids. Kook et

al. [20] similarly conclude that pressure application opens up membrane free volume due their observation of

a non-zero water flux through the HTI CTA (cellulose triacetate) forward osmosis membrane when applied

pressure is equal to the osmotic pressure (water flux should be zero in this situation, as per the classical

SD model). Those authors also observed a larger solute flux than expected by the classical SD model under265

these conditions.

Meares [26] studied already published data by his contemporaries (the work in the 1960s by researchers at

the U.S. Office of Saline Water) on cellulose acetate membranes, including the source of Data source 1 used

in the current work [4], and argued that the cellulose acetate RO membranes must constitute non-circular,

tortuous, interconnecting free volume, such that a significant fraction of solute flux, and the major portion270

of solvent flux occurs by flow through these vacancies. In such vacancies, molecules can agglomerate and

exchange momentum with one-another, while loosing relatively little momentum through frictional exchange

with the membrane polymer. Bhanushali et al. [27] quantify the percentage contributions of the diffusive and

convective fluxes for various uncharged organic solute in organic solvents, using the FT-30 RO membrane

(created by Dow and FilmTec) and the Membrane D nanofiltration membrane (created by Osmonics). For275

both membranes, the convective coupling between solute and solvent was found to increase linearly with

pressure. The authors further state that the contribution of convection is higher as the asymptotic rejection

value decreases.

Additionally, swelling may contribute to the free volume size in RO membranes. Dražević et al. [28]

show a correlation between polyamide swelling by water, measured by water content, with salt permeability280

and pore radius. On the other hand, some authors have observed little water-induced swelling for common

RO membrane materials, for instance Kappert et al. [29] show 5-10% swelling in water for several polymeric

membranes, and Paul [30] discusses that strong polar interactions between water and certain membrane

materials such as polyvinyl alcohol may cause the solvent to ‘stick’ the polymer chains together, thereby

not allowing any swelling. The influence of membrane swelling due to water is therefore highly material-285

dependent, and in some cases may enhance the size of free volume that is present in the unused polymer.

More direct evidence of a free volume network inside reverse osmosis membranes has recently been

obtained by neutron scattering experiments [31, 32]. The authors of reference [31] state that a ‘pore-flow’

mechanism is more effective than solution diffusion in explaining their results on water dynamics from small-

angle and quasi-elastic neutron scattering-based studies of a Dow RO membrane. The solution diffusion290

model would imply that there is an interrelation between water motion through the membrane and the
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polymer dynamics. However, their results show that water diffusion characteristics in the membrane resemble

that of free water. The authors therefore suggest that the water may be transporting through ‘network

heterogeneities’ or ‘water channels’ with dimensions larger than at least 10 Å. Finally, the authors suggest

similar neutron scattering studies be performed on other RO membranes and that improved understanding295

of the polymer structure, especially with respect to the tortuosity of the discovered channels, may allow

improved convective water transport through modification of existing membranes, without resorting to the

various novel material architectures that have been proposed to enhance convective transport.

5. Inferences on modeling

1. The solute transport equation in both the pore-based and SD models (both classical and convection-300

inclusive) can be derived from the Maxwell-Stefan equations. The primary difference in the method

of their derivation is in the inclusion of solute-membrane polymer interactions as a separate term for

the SD model, while the pore-based model is derived considering only the solute-solvent interaction.

In the latter case, the membrane polymer’s interaction with the solute features only as the cause of

‘hindered’ motion of the solute flowing in the solvent. Accordingly, the solute diffusion coefficient and305

its coupling term to the solvent flow are modified by the hindrance coefficients, which consider the

solute to be transporting through channels with similar radial dimensions as itself.

The solvent transport equation in both forms of the SD model are also derived from the Maxwell-

Stefan equations in a manner similar to the solute transport equation i.e. considering the solvent’s

interactions with both the solute and the membrane polymer. However, the pore-based model considers310

that the free volume of the membrane is filled by the solvent continuum, and that the solvent transport

is governed by a pipe-flow model which simplifies the depiction of the free volume network. The final

form of the solvent flux equation looks deceivingly similar to the LMR form of the classical SD model,

although the fundamental assumptions in the derivation of both forms are entirely disparate.

2. The choice of modeling approach depends on the solute-solvent-membrane interactions and the oper-315

ating pressure range. As summarized in Table 4, the LMR form of the SD model and the pore-based

model cannot capture the plateauing of solvent flux at higher pressures, while the classical SD mod-

eling of Paul can. The classical SD model includes the effect of pressure on solvent partitioning at

the permeate-membrane interface, which accounts for the solvent flux asymptote at higher pressures.

With respect to solute flux modeling, only the pore-based model and the convection-inclusive SD model320

derived by Paul capture solute-solvent transport coupling, which becomes more significant at higher

pressures. Depending on the particular membrane separation desired, the plateauing solvent flux and
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convective coupling effects may or may not be significant. For instance, for a low molar volume solvent

like water, the solvent flux plateauing becomes significant only at extremely high pressures (around

136 atm for water [8]). On the other hand, larger solutes may not be able to fit into free volume in RO325

membranes, causing their convective flux to be relatively low. A key message from the current work is

that the significance of these effects need to first be assessed before choosing the modeling approach.

Usually researchers select the most common modeling method (the LMR form of the SD model for RO

and pore-based model for NF) a priori, and hence may miss the aforementioned phenomena.

Table 4: Transport phenomena captured by various modeling approaches

Modeling approach
Solvent flux
plateauing

Solute-solvent
transport coupling

Approach 1
(classical SD)

Yes No

Approach 2
(pore-based, PB)

No Yes

Approach 3
(convection-inclusive
SD derived by Paul
[8])

Yes Yes

LMR
(not used in current
work)

No No

3. The difference between the convection-inclusive models and classical SD may become practically im-330

portant in multi-species transport, where inter-species selectivity is important. In such multi-species

transport, some species may travel through the membrane primarily by convection, while others travel

primarily through diffusion [33]. Furthermore, the distinction becomes more significant at increasing

pressures, as evident in Fig. 1 and Appendix C which shows the datasets modeled in Section 3 over

a pressure range extended to 150 bar. This discussion can be exemplified through a case study where335

there are two species, one of which transports primarily by a convective mechanism (species 1) while

the other through a purely diffusive mechanism (species 2). Furthermore, it is desirable to minimize

the permeate concentration of species 1, while species 2 is desirable, and its permeate concentration

should be maximized. Since the mechanism of transport of species 1 is primarily convective, the actual

decrease in |cp,1| with increase in pressure ∆p is less than that expected from the classical SD model.340

On the other hand, it is assumed that the transport of species 2 is accurately captured by the classical

SD model. Therefore, the relative proportions of species 1 compared with that of species 2 is expected

by SD to be
cp,1|classical SD

cp,2|classical SD
, but since cp,1|actual > cp,1|classical SD,

cp,1|actual

cp,2|classical SD
>

cp,1|classical SD

cp,2|classical SD
,
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and the discrepancy increases as the pressure increases. Therefore, the membrane operator basing

his calculations on the classical SD would have too much of an optimistic estimate of the membrane345

selectivity of species 1 compared to 2. As an example, based on Table 1 in reference [8], even if the

rejection ratio is high in an RO membrane, if the coupling is significant,
cp,1|actual

cp,2|classical SD
may be 2.5

times that of
cp,1|classical SD

cp,2|classical SD
(this calculation is based on the third row of the referenced table, which

considers a 99% rejection based on classical SD and ε2 = 0.5).

6. Conclusions350

The conclusions from the current work are summarized as follows:

1. Solute-solvent transport coupling, i.e., convective coupling exists in all studied datasets, as evidenced

by the better agreement between the modeling results using convection-inclusive models (pore-based

model and the convection-inclusive solution diffusion, SD, model) with experimental data, as compared

to the classical SD model. Membranes used in the modeled datasets include both cellulose acetate and355

TFC polyamide membranes, and all datasets used sodium chloride as solute and water as solvent. All

modeling approaches used the same number of fitting parameters.

2. The presence of convective coupling may be explained by the presence of free voids in the membrane that

were formed during membrane manufacture, and increase in size and/or number with applied pressure.

Furthermore, membrane swelling may enhance the size of free void size, thereby enhancing extent of360

solute-solvent transport coupling. Recent neutron scattering experiments described in references [31]

and [32] provide direct evidence of such free voids and their contribution to species transport within

polymeric reverse osmosis membranes.

3. The solute flux equations for classical SD, the convection-inclusive SD and pore-based models are all

derived from the Maxwell-Stefan (MS) equations. The major difference between the SD forms and the365

pore-based form is in the manner that the polymer’s interactions are included. The SD forms consider

the polymer as another interacting species, along with each solute and the solvent, while the pore-based

model considers the polymer more superficially, as a source of hindered diffusion within the solvent.

While the SD forms obtain a solvent flux expression from the MS equations in a manner similar to that

of the solute, the pore-based model considers a pipe-based flow expression for the solvent continuum370

inside the membrane free volume that is oversimplified to cylindrical pores.

4. Instead of choosing the classical SD model for RO a priori, as usually done in literature, the choice

of modeling approach for RO should be made based on careful consideration of the solute-solvent-

membrane interactions as well as the pressure range operated at. As summarized in Table 4, effects such
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as solvent flux plateauing at higher pressures and solute-solvent transport coupling are not captured in375

all modeling approaches, and as illustrated throughout the present work, these effects may be significant

for RO applications.
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Appendix A. Analytically derived equations for single solute systems using the pore-based465

model

Taking the form of Eq. (16) obtained from multiplying through by the total molar volume:

Js = csus = cs(Ks,convJl)−Ds,l
dcs
dz
−Ds,l

csV s
RT

dp

dz
(A.1)

If the osmotic pressure of the solute is assumed small compared to the applied pressure, the water flux

can be written as:

Jl = Lp∆peffective ≈ Lp∆p (A.2)

Furthermore, the solute flux in a pressure-driven process can be written as [11, 34]:470

Js = Jlcs,p (A.3)

where cs,p is the permeate concentration of the solute. Therefore, Eq. (A.1) becomes:

Lp∆pcs,p = cs(Ks,convLp∆p)−Ds,l
dcs
dz
−Ds,l

csV s
RT

dp

dz
(A.4)

As mentioned previously, the solvent flow through the pore is assumed to obey the Hagen-Poiseuille flow,

whereby the pressure gradient is constant. Therefore:

dp

dz
≈ ∆p

Zl
(A.5)

where Zl is the total path length traveled by the solvent through the membrane active layer, accounting for

the tortuosity experienced.

Substituting Eq. (A.5) into Eq. (A.4) and rearranging:475

Ds,l
dcs
dz

= Lp∆p

(
csKs,conv − cs,p −

Ds,lcsV s
RTZlLp

)
(A.6)
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According to the Hagen-Poiseuille equation for pipe flow assumed valid for this model,

Lp =
r2
pore

8ηporeZl
(A.7)

Substituting Eq. (A.7) into Eq. (A.6) and, for simplicity of the final form, defining

Υ =
Ds,lV s8ηpore
RTr2

pore

(A.8)

The resulting form of Eq. (A.6) after integration across the membrane active layer is:

cp
cf

=
(Ks,conv −Υ) Φ(

((Ks,conv −Υ) Φ− 1) exp
(
−∆pLpZs

Ds,l

)
+ 1
) (A.9)

Finally, using the expression for Lp given by Eq. (A.7), the salt passage (SP ) is given by:

SP =
cp
cf

=
(Ks,conv −Υ) Φ(

((Ks,conv −Υ) Φ− 1) exp
(
− r2pore∆pZs

8ηporeDs,lZl

)
+ 1
) (A.10)
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Appendix B. SP , rejection ratio and cp values at the highest pressure for datasets 1-5

For datasets 1-5 described in Table 2, the values of SP , rejection ratio and cp are shown at the highest480

pressure values used for each, i.e. 106, 15, 24 (for both datasets 3 and 4) and 41 bar respectively. Modeling

values from the classical SD (approach 1) and the pore-based approach (approach 2) are shown.

Table B.1: SP , rejection ratio and cp at the corresponding highest pressure values for each modeled dataset,
as per classical SD (modeling approach 1) and the pore-based approach (modeling approach 2)

.

Modeled
quantity:

SP Rejection ratio cp

Modeling
approach:

1 2 1 2 1 2

Dataset 1 3.93× 10−3 1.12× 10−2 0.996 0.989 0.067 0.191

Dataset 2 5.12× 10−2 6.79× 10−2 0.95 0.93 0.51 0.68

Dataset 3 1.87× 10−1 2.33× 10−1 0.81 0.77 1.87 2.33

Dataset 4 2.04× 10−2 8.15× 10−2 0.98 0.92 0.20 0.82

Dataset 5 2.85× 10−3 6.74× 10−3 0.997 0.993 0.245 0.580
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Appendix C. Modeled RO datasets extended to 150 bar applied pressure

(a) Dataset 1: Lonsdale et al. [4] (b) Dataset 2: Tang et al. [16]

(c) Dataset 3: Bowen and Welfoot [11], Fig. 6, at the mem-
brane’s isoelectric point of pH=4.1

(d) Dataset 4: Bowen and Welfoot [11], Fig. 6, at pH=9.8
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(e) Dataset 5: Cadotte et al. [17]

Figure C.1: The datasets discussed in Section 3 are modeled using the same approaches (approach 1: classical SD; approach
2: the pore-based approach; and approach 3: convection-inclusive SD model introduced by Paul [8]) using the same parameter
values, with the pressure range now extended to 150 bar. In all datasets, the deviation between the modeling results from
approach 1 and approach 2 becomes more significant with increasing pressure. This increasing difference with pressure increase
indicates that ignoring the influence of the solute-solvent transport coupling will result in a higher error in estimation of permeate
concentration at high pressures.
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