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Asymptotic Optimality of a Time Optimal
Path Parametrization Algorithm

Igor Spasojevic

Abstract— Time Optimal Path Parametrization is the prob-
lem of minimizing the time interval during which an actuation
constrained agent can traverse a given path. Recently, an
efficient linear-time algorithm for solving this problem was
proposed [1]. However, its optimality was proved for only a
strict subclass of problems solved optimally by more compu-
tationally intensive approaches based on convex programming.
In this paper, we prove that the same linear-time algorithm
is asymptotically optimal for all problems solved optimally
by convex optimization approaches. We also characterize the
optimum of the Time Optimal Path Parametrization Problem,
which may be of independent interest.

I. INTRODUCTION

Time optimal path parametrization is the problem of find-
ing the shortest time required by a differentially constrained
agent to execute a specified geometric path. For example,
consider an autonomous race car that has to complete a given
race track in minimum time. The path of the race car on the
plane is fixed. Its speed along this path needs to be decided,
given actuation constraints that, e.g., limit its acceleration.

Seminal work on time optimal path parametrization dealt
with planning trajectories for robotic manipulators [2]. The
first algorithm [2], enhanced thereafter in numerous works
[3], was theoretically grounded on Pontryagin’s Maximum
Principle [4]. This class of algorithms determined the optimal
speed profile, a function mapping the position of the agent
along the path to its speed, by stitching together integral
curves arising from a bang-bang control policy. Although
theoretically sound and computationally efficient, these al-
gorithms were beset by issues of numerical instability [1].

More recent line of work [5] [6] built on the insight that a
whole spectrum of time optimal path parametrization prob-
lems could be cast as a convex optimization problem after a
suitable change of variables. These algorithms solve for the
optimal squared speed profile. Under such reparametrization,
typical constraints on velocity and acceleration of the agent,
as well as the path traversal time, become convex functions
of the decision variables. Specifically, convex optimization
approaches first partition the path by a sequence of discretiza-
tion points. They then jointly recover approximations of the
optimal squared speed profile at every point [5] [6]. Although
these methods are both numerically stable and converge to
optimal solutions, their time complexity is considered to be
high for many practical real-time robotics applications [1].
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Similar to the convex-optimization-based approaches, al-
gorithms developed in [1], [7]-[9] approximate the optimal
squared speed at a set of discretization points. In addition to
being numerically stable, they are computationally efficient
[1], which they achieve by exploiting additional structure
possessed by time optimal path parametrization problems.
However, their optimality has been established for only
a strict subset of problems solved optimally by convex
optimization approaches [1].

This paper shows the algorithm outlined in [1] is in fact
optimal in the limit as the distance between consecutive
discretization points tends to zero. The main contribution of
this paper is twofold. First, we develop a characterization of
the optimal solution using results from non-smooth analysis
[10] and non-linear control [11] that have not been previously
used in this context to the best of our knowledge (Theorem
E]). Second, we uncover a natural relationship between con-
tinuous solutions and those defined on a set of discretization
points as output by all numerical algorithms (Theorem [3)).

This paper is organized as follows. In section we
present the necessary background on non-smooth analysis
used for the problem definition presented in Section In
Section [[V] we present our first main result that characterizes
the optimal solution. We recall the algorithm given in [1] in
Section [V} and we present our second main result that proves
the asymptotic optimality of this algorithm in Section

II. PRELIMINARIES ON NON-SMOOTH ANALYSIS

Definition 1 [10], [11] For a continuous function h :
[a,b] = R, we define functions D™h, D"h: [a,b) = RU
{+oo} given by
AN AR
D" h(s) =limsup M, D™ h(s) = liminfM7
s'ls s'—8 s'Ls N

for all s € |a,b). Additionally, h is called Dini differentiable
if both D™h and D™ h take on values strictly in R.

By definition, D" h(s) > D~ h(s) for all s € [a,b). Further-
more, h is right differentiable at s if and only if DV hA(s) =
D~ h(s) € R, in which case its right derivative equals D" h(s).
For every pair of Dini differentiable functions 4y and h;,
non-negative 6 € R, and right differentiable function f:

1) D+(h1 +h) < D hi+D"hy

2) D" (h+hy) >D hi+D hy
3) D*(6h)) =6 D*hy

4) DY (—h))=-D"hy

5) D*(h+f)=D*h+f.



The following theorem is one of the fundamental results of
non-smooth analysis.

Theorem 1 [10] Let h: [a,b] — R be a continuous function.
The following are equivalent:

1) h is monotonically decreasing on [a,b)

2) D h(s) € [—o0,0] for all s € [a,b)

3) DTh(s) € [—,0] for all s € |a,b).

Theorem [T has two important corollaries. Firstly, Property
of Dini derivatives implies a continuous function % is
monotonically increasing if and only if DTh and D™ h are
non-negative functions. Second, if D™/ is bounded above
(below) by A € R, property [5| implies h(s') < (>) h(s) +
A(s'—s) foralla<s<s <b.

III. PROBLEM DEFINITION

A concrete example of time optimal path parametrization
involves minimizing the time a car requires to traverse a
specified smooth geometric path y: [0,Seu4] — R3. For the
sake of simplicity, we assume ¥ is parametrized by arc length.
Constraints consist of upper bounds on the magnitudes of
velocity v and acceleration a of the car at every point along
the path. Letting h(s) := ||v(s)|\% , we have [5], [6]:

wwzﬁ (5) = V)Y (5,
M(FY (5)) = 5H(5)7(5) + his)Y'(5)

dt ds

The bound on velocity ||v(s)H2 < Vmax 1S equivalent to
h(s) <2, while the bound on acceleration ||a(s)||> < Fy,
translates into

1) <20/ F2 = 117" (5) | Bh(s)2. (1)

For the very simple case of moving optimally along a
straight line segment after starting from rest, the acceleration
of the car switches from +2Fy, to —2Fy,. At the switching
point, the squared speed has discontinuous slope. To seam-
lessy deal with such behaviour, we drop the requirement that
h be a differentiable function and substitute Condition (1)) by
DT h(s) < fT(s,h(s)) and D™h(s) > f~(s,h(s)) for suitably
chosen functions f* and f~. In the most general form, we
solve problem P(Bu,Bhf+ f‘):

subJect to D*h ) < f*(s h(s)), s€la,b), (2)
“h(s) 2 [ (s,h(s)), s € a,b),
&wgmwgmwﬁemw

The former example is clearly a special case of the
latter problem, as can be seen by setting a =0, b =
Sena: Bi = 0, By = min(vy, F7, /1Y (5)13). and f*(s,h) =
£2,/F;, — |7 (s)[[3h?

We note that if a pair of feasible solutions i; and h;

satisfies hy(s) < hy(s) for all s € [a,b], hp has a lower cost
than h;.

max ?

IV. CHARACTERIZATION OF OPTIMUM

The main result of this section is presented in Theorem
We prove that the function defined as the pointwise
supremum of all functions that are feasible for problem P
is also feasible and therefore optimal (Theorem [3{a)). We
use this characterization to show continuity of the optimum
with respect to a natural parameter quantifying the degree
of relaxation of constraints of P (Theorem b)). Finally, we
prove that the feasible set of P is convex (Theorem c)). To
begin with, we note a useful result from Lipschitz analysis.

Theorem 2 [12] Let {hg}qea be an arbitrary non-empty
Jamily of uniformly bounded A-Lipschitz functions defined on
interval |a,b). Functions h,h: [a,b] — R, defined by

h(s) = sup hy(s), h(s) = inf hy(s),
acA acA

for all s € [a,b], are well-defined and A-Lipschitz.

Theorem 3 Let By, B, : [a,b] = R be a pair of continuous
functions with By(s) > By(s) for all s € [a,b]. Define region
F:={(s,h) | s €[a,b], B;(s) <h<By(s)}. Suppose f*,f~
F — R are a pair of continuous functions with f+(s,h) >
f~(s,h) for all (s,h) € F. In particular, | < B for some
B > 0. For a real number £ >0, a function h: [a,b] — R is
called &-feasible if it satisfies the following conditions:

1) h is continuous

2) By(s) < h(s) < By(s) for all s € [a,b]

3) D h(s) > f(s,h(s)) — & for all s € [a,b]

4) DTh(s) < f(s,h(s))+ & for all s € [a,b).
Let Ag denote the set of E-feasible functions.

a) Assume 0 # {hq}acc CAg for some (possibly uncount-
able) index set C. Then, h,h: [a,b] — R, defined by

h(s) = sup hg(s), h(s) = inf hg(s),
acC acC
for all s € [a,b], are E-feasible functions.

b) Assume Ao # 0. Define hg = SUPpea, h. Then,

HE&4750HWAA>0 asé — 0.

c) Assume functions fT and f~ are concave and convex
in their second arguments respectively. For every & >
0, for every pair of &-feasible functions hy and hy, and
for every 6 € [0,1], the function hg = 0h; + (1 —6)h,
is also &-feasible.

Proof: (a) We only give detailed proof of the claim for

& =0 and h. The corresponding result for 2 when & > 0
can be recovered from the result for £ = 0 by redefining
f* — fF+&. Similarly, the result for 4 can be recovered
from the result for 4 by redefining B, — —B,,, B, — —B;,
f* — —f7 and using Properties (1)-(5) of Dini derivatives.
Since functions B, and B; are continuous on [a,b], they
are bounded. As C # 0, h is well defined. For arbitrary s €
[a,b], taking the supremum over o € C of the inequality
B;(s) < hg(s) < B,(s), we verify h satisfies Condition (2).



In particular, f* and f~ are defined at all points (s,hA(s))
for s € [a,b].

The fact that |f*| < B implies hq is B-Lipschitz for all
a € C. By Theorem [2} & is also B-Lipschitz; in particular &
is continuous, thus Verlfylng Condition (1).

T(s0) + 0

h(so) ha(s0) ‘
\ slope = £~ (s0, (o))
. TS hals) -
e > slope = f~ (so0,h(s0)) — §

h(so) — 6n slope = f~ (so, h(s0)) — €

so — 05 So 5150+ 05

Fig. 1. An illustration of the proof of Condition (3) of Theorem 3.
Next, we show 7 satisfies Condition (3). Assume, for a

contradiction, D~ h(so) < f~ (s0,h(so)) for some sy € [a,b)

(see F1gure . Hence, there exists & > 0 such that D~ h(sg) <

f (S(),h( )) —E.

Continuity of f~ implies there exist &0, > 0 such
that f~ (s,h) > f~ (so, ﬁ(so)) — & for all (s,h) € FN
[s0 — 8,50 + 8] x [A(s0) — &, h(s0) + 6. Keeping &, intact
while shrinking &, if necessary, we may assume

8, > (B+¢)3,. 3)

The definition of D~
sequence (s,),>1 tending to so as n — oo and

implies there exists a decreasing
Rsa)=h(s0)

Sn—3S0 -
f~ (s0,h(s0)) — € for all n > 1. In particular, we may assume
s1 € (80,50 + O5) satisfies

h(s1) <h(so)+ (f~ (s0,h(s0)) —€) (s1 —s0).  (4)

Define
. €
6 = min (5(s17s0),5h7363) ) 5)

The definition of & implies there exists o € C such that

h(so) —

Since hq is B-Lipschitz, it follows that for all s € [so,s;] we
have

d< ha(S()) < E(S()). (6)

—ha(S())—l—ha(S()) —E(So)‘
< |ha(s) = ha(s0)| + |ha(s0) — h(so)]
<B(s—s9)+6

< B&;+ 0, — B, = 6.

|ha(s) = h(s0)| = |ha(s)

(7

Hence, for all s € [s¢,s1]

(s,ha(s)) € FN[so— 8,50+ 8] x [h(s0) — 8, h(s0) + ] ,
implying
D hals) = £~ (s.ha(s) 2 £~ (s0.h(s0)) = 5. ®)

By the second corollary to Theorem [I]
T €
ha(51) = ha(so) + (£~ (s0.h(50)) = 5 ) (51 =50)

> lso) = 8-+ (#(s0.h(s0)) = 5 ) (51 =s0)

(so) = (51 =50) 5 + (£~ (s0.(50)) = 5 ) (51 = 50)
(s1),

Y

v

€))
where the last inequality follows from Equation (@). How-
ever, Equation violates the definition of % at s;. This gives
the desired contradiction, and shows £ satisfies Condition H
The proof that & satisfies Condition is ommitted since it
can be derived analogously.

(b) Consider arbitrary real numbers 0 < &; < &,. According
to part (a) of Theorem Eél € Ag, C Ag,. This implies
hg, < hg,. Hence, for every s € [a,b], h¢(s) is monotonically
increasing in & > 0 and bounded below by /(s). As a result,
function & : [a,b] — R, given by h(s) = infz.qhe (s) for all
s € [a,b], is well defined and satisfies /1 > hy.

On the other hand, monotonicity of kg (s) implies /(s) =
info_y<¢ hy(s) for every & > 0. Since hy € Ay C A for every
v < &, another application of part (a) of Theorem [3| I to the
non-empty set of functions (hV)0<v<§ C Ag yields he Ag.
Since & > 0 was arbitrary, we have h € NesoAe = Ao. By
definition of Ko, we thus have hy > h.

Combining previous observations, we get i = . Thus,
he(s) L ho(s) as & L O for all s € [a,b]. Since functions
(hg)g>o are continuous on interval [a,b], uniform conver-
gence follows.

(c) Consider any & >0 and 6 € [0,1]. Function hg clearly
satisfies Conditions (I)) and ) of Theorem [3] so we turn to
deriving Condition (3. As in part (a), the proof of Condition
is ommitted as it can be derived analogously. We have:

D™ hg(s) =D (8h1 + (1 —6)h2)(s)
> 0D hi(s)+ (1 —0)D ha(s)
>9( “(s,m(s) =)+ (1=0)(f (s,/2(s5)) = &)
> [ (s5,0h1(s) + (1= 8)ha(s)) — &

)
—f (5,50 (s)) = &-
(10)

The first inequality above follows from Properties (2) and
(3) of Dini derivatives, whereas the second inequality follows
from &-feasibility of 4, and hy. Finally, the last inequality
follows from convexity of /™ in its second argument. [ ]

V. ALGORITHM

In this section, we recall the algorithm presented in [1] for
obtaining a numerical approximation to the optimal solution
characterized in the previous section.

We first recall standard concepts from numerical analy-
sis, which will be used for describing and analyzing the
algorithm. A discretization D = D([a,b], (s;)"_,) of interval
[a,b] is an increasing sequence of points (s;)7_, satisfying
a=sp<...<s, =b. We denote its cardinality by |D| =n+1,
and its resolution by A(D) = max;<j<p |$i — Si—1]-



Algorithm 1: Backward-Forward Algorithm
Data: D = (5. (Bi(s))i_ys (Buls)iye /- I
Result: (7;)!

) = B, (sn)
fori=n—11t 0do

n?  max{h|h < By(s;),h+ f~(si,h)(sir1 — i) <

1
b
sy
if ") = —co then
| return null

end
end
héf ) _ héb)

for i=1to ndo
A max{nlh <" h <
W) + £+ (51 BT (5~ 1))
if i\") = —co then
\ return null
end
end

return () = ()i

Given a discretization D and problem P(B,,B;, f1,f7), a
numerical procedure aims to find approximations (fzi);’zo to
the optimal solution /= h(P) at points (s;)i_,. Its error is
defined as p((h;)"_,P,D) = maxo<i<y |hi — (s,)|, and it is
said to be asymptotically optimal if p — 0 as A(D) — 0.

Algorithm [1] is a recently-proposed algorithm for solving
problem P numerically. It incrementally constructs an ap-
proximation to the optimum in a pair of sweeps through
(si)"_- As a result, it has linear time-complexity in |D|. This
makes it orders of magnitude faster than approaches em-
ploying general purpose convex optimization libraries, whose
time complexity is super-linear in |D| [1]. However, despite
its computational efficiency, Algorithm [T|had been proven to
converge to optimal solutions for only a subclass of problems
that can be optimally solved by convex programming in [5].

VI. ASYMPTOTIC OPTIMALITY

The main result of this section is Theorem [ which
proves asymptotic optimality of Algorithm [I] for all feasible
problems P amenable to convex optimization approaches.

First, in Theorem [Z_f] we recall an important result, which:

a) characterizes a lower bound on the length of the
interval on which a solution to an ordinary differential
equation is defined

b) proves that a continuous function can never exceed a
differentiable function whose derivative upper bounds
the former’s Dini derivative.

Theorem 4 [11] In addition to the setup of Theorem|3| let:

1) B, and By satisfy B, > By
2) for every pair of continuous functions U,L : [a,b] —
R such that B; < L < U < B, there exist As, A, >0

such that f* and f~ are As-Lipschitz and Ay-Lipschitz
on {(s,h)|s € la,b],L(s) <h <U(s)} in their first and
second arguments respectively.
Consider arbitrary g € {f*,f}, so € [a,b), and hy such
that L(so) < ho < U (s0).

a) There exists 6 > 0 such that the initial value problem

W (s) = g(s,h(s)) subject to h(so) = ho
admits a unique solution on interval [sy,so+ 8]. Fur-
thermore, we may choose

so+ 6 =min (b,inf{s > so|h(s) & (L(s),U(s))}).

b) Every continuous function h : [s0,80+ SL% R, such that
L(s) < h(s) <U(s) and D*h(s) < g(s,h(s)) for all s €
[s0,50+ 0), satisfies

h(s) < h(s)

for all s € [sp,s0+min(3,0)].

Before turning to the main result of the section, we give a
definition. For a problem P(B,,B;, f*, f~) and discretization
D([a,b], (si)!), we call a sequence (h;)}_, admissible if
Bi(si) < h; < By(s;) for all 0 <i<wn, and f~ (s;,h) <
hig1—hi < f*(si,hy) for all 0 <i <n— 1. Additionally, we will

Sit1—5i

denote by a(P) (k(P)) the pointwise supremum (infimum) of
all feasible functions for P.

Theorem 5 Assume in addition to the setup of Theorem
I problem P(B,,B;,f",f”) is feasible and h := h(P) >
h(P) =: h. For every € > 0, there exists an 1 > 0 such that for
every discretization D([a,b], (s;)!_,) with resolution A(D) <
n, Algorzthm returns an admissible sequence (il,')f’zo with
p((hi)o,P.D) < &.

Proof: Fix an arbitrary € > 0. The proof will consist
of two parts. We will show there exist 11,12 > 0 such that
for every discretization D([a,b],(s;)]_,) with resolution at
most 1y (12), Algorithm E]produces an admissible sequence
(hi), satisfying h; > h(s;) — & (hi < h(s;) +¢€) for all 0 <
i < n. Clearly setting 7 = min(1;,72) yields proof of the
theorem.

To prove the first part, consider feasible functions #; and
h, such that h —e < by < h, < h. Such functions exist
by assumption i > h and part (c) of Theorem l Define
51 = infse[%b](h - hu), 62 = infse[a,b](hu — /’ll), and 53 =
infyc i, ) (b — (h—¢)). Clearly 6, 6,,8 > 0.

Set 0 = min {%, %, %} By assumption, there exist
As, A, > 0 such that for all (s1,41), (s2,h2) € G:={(s,h)|s €
[a,b],h;(s)— 8 <h <hy,(s)+ 5}, we have

|£5 (51, ) — £ (s2,12) | < Asliso — 1]+ Anlha — Iy |

Choose

n = SeMB(b—a) min{ a1

i Blh
2B’ As +BA, ’



We claim that for any discretization D([a,b], (s;)}_,) with
resolution A(D) < 1y, Algorithm [1] produces an admissible
sequence (; )i, satisfying hi > h(s;) —€ for all 0 < i< n.

The proof of the claim will proceed in two stages. The first
will show the sequence (hl(b))l’f:() generated by the backward
o for all 0 <i < n. The second

0 generated by the forward
> h(s i)—¢€ forall 0 <i<n.

pass satisfies h( ) >, (s
h(f

i)~
will show the sequence (h;
D=8

pass satisfies h( > hy(s

hut6
»hi(sk+1)
D (s1) -
N D (k1) &
st 1) As Yk AN . P
Uk ST (o0 ) A YWH A® Yist
sk u) A _
i+ [ (ko yk)As Yhoeker) Uheen s
hi+6
P e T
2k i
. I
Zit1
h—s
Sk Sk+1 Si Sit+1
Fig. 2. An illustration of the proof of Theorem [3] and Lemma [I]

Lemma 1 There exist admissible sequences (yi);_, and
(zk)}_o such that for every 0 < k < n, we have |y —h,(s)| <
8 and |zx — hy(s)| < 8 (see Figure ).

Proof: We only prove existence of (y;){_, as that of
(2k)}_o follows analogously. To this end, define e: [a,b] — R
given by

_ s, —MB(b—a) ( JyB(s—a) _ L
e(s) = de (e 2) (12)
for all s € [a,b]. Clearly 0 < e < 6. We will inductively
construct an admissible sequence (yx)7_, which satisfies
[k — hu(sk)| < e(sk), thus proving the lemma.

Set yo = hy(so). Assume we have defined an admissible
sequence (y;) <k satisfying [y; —h,(s;)| < e(s;) for all 0 <
Jj<k<n—1. We now define y;.

By part (a) of Theorem |4] the choice of 7, along with
boundedness and Lipschitz continuity of f* and f~ on G,
implies existence and uniqueness of solutions AL to initial
value problems

W, (s) = f*(s,h=(s)) subject to /s (sx) = hu(st)

on interval [sj,sis1]. Furthermore, part (b) of Theorem
implies h_(s) < h,(s) < hi(s) for all s € [sg,s¢+1]. In
particular, s_ (Sk+1) <h, (Sk+1) <h4 (Sk+1).

Define As = s;,| — S¢. Lipschitz continuity of f* and
Equation imply (see Figure [2)

13)

s st1) = O 50) 7 st (50)A5)| < 3 (R -+ By A5
(14)

Similarly,
| k£ (5t 30)A8) = (hee (s1) + 7 (s, (1)) As)| (15)

< (1+BAAS) [y — hu(si)] -

Since an admissible value of y;,| can take on any value
in the range [y¢+ £~ (s, 6)As, v + £ (st 3¢)As], Equations
and imply the existence of admissible yj; satis-
fying

—

[Vt = hu(sip1)| < 5(/1 + BAy)As® + (1 4+ BAyAS) [y — hu(sk) |
1
< 3 O+ BA)AS +(1+ Bls)e(s:)
<e(sk+1)
(16)

where the second inequality follows from the inductive
hypothesis, and the third from the definition of e after a small
amount of algebra. This completes proofs of the inductive
step and the lemma.

|

We now return to proofs of stages one and two. Assume
sequences (y;)i_, and (z;)._, have been constructed as in
Lemma |1} I Existence of (y;), immediately implies the
sequence (hl(b))" o is well-defined and satisfies h( ) > yi >
hy(s;) — 6 for all 0 <i < n. This finishes the proof of stage
one.

For stage two, we prove by induction on i that hgf ) is
well-defined and satisfies z; < hl(»f ) < hl(b) for all 0 <i<n.
The base case i = 0 follows from h(()f ) — hg’) > yo > zo. For
the inductive hypothesis, assume the statement holds for i.
We now show it also holds for i+ 1. The definition of the
backward pass implies there exists fz,-H such that

WO > by =W 4 (50 (s —s0). A7)

We recall assumption |f*| < B along with feasibility of
h, implies h, is B-Lipschitz. Thus,

hivy > h,(h) —B(sit1—5i)

Zhu(s,')—S—B(s,-H —S,') (18)
2 ]’lu(S,'Jrl) —06— ZB(Si+1 —Si).
Since s;+1 —5; < %, we have
h,@l > hivt > hu(sig1) =28 > hy(siv1) +6 > zipr. (19)

Since z; < hgf ) < n?) (see Figure , there exists 6 € [0,1]
such that 4 = 04" + (1 — 0)z;. Consider T = 6 + (1 —
6)z;+1. Equation implies
G < T<hY). (20)
Furthermore,
v~ i) =6 (7 —h<”>>+<1 ~0)(zi1—2)
> (65 (") + (1= 0)7 (512 ) (5151 =50
>f <sl,eh Y (1= 6)a) (5141~ 5)
= £ (s, h) (511 = 1)
2n
where the first inequality above follows from Equation

and admissibility of (z;)”_,, and the second inequality from
convexity of f~ in its second argument. Similarly, we obtain

t— 1 < s B 22)

Sitl — Si)-



Equations 1| , and imply hg)l is well-defined and
satisfies hl( 1 = Zi+1- This finishes the proof of the inductive
step, the proof of stage two and of the first part of the
theorem. 3
To prove the second part, consider £ > 0 such that he <
h+ £. Such & exists due to part (b) of Theorem |3} Uniform
continuity of f* implies there exists
81 €(0,¢/2) (23)
such that for all (s1,51),(s2,h2) € F we have

st — 52|+ [h1 — o] < 8 = | (s1, ) — [F(s52,h0)| < E/2.

(24)
Uniform continuity of B, implies there exists
01
< 25
<173 (25)
such that for all sy,s2 € [a,b] we have
Is1 —s2| < M2 = [Bu(s1) — Bu(s2)| < 1. (26)

Consider arbitrary discretization D([a,b],(s;)!_,) with
A(D) < my. Let (h;)!_, be the sequence output by Algorithm
Define function £ : [a,b] — R via h(s;) = h; — 0, for all
0<i<n, and
S—8 =~

S; — 5 ~
h(sier) + -0

h(s) = h(si)

Si+1 —Si

(27)
Si+1 —Si

for all s € [s4,5:41] and 0 < i <n— 1. By construction, s
continuous. In fact, we show /i € A‘g.

First we will prove h < B,,. Consider any 0 <i<n—1.
Since £ is linear on [s;,s;¢1], h(s) < max(h(s;),h(s; 1)) for
all s € [s;,5:41]. Thus, it suffices to show A(s;),h(si11) <
minge(y, .. ] Bu(s). To this end, consider arbitrary s € [s;, ;1]
Since |s —s;| < 2, Equation implies By (s) > Bu(si) — 01
Admissibility of (h;)}_, implies B,(s;) > h; and so

<
h

BM(S) >B,(s))— 01 > ]:l,' — 0] = iz(si). (28)

Since s was arbitrary, we obtain A(s;) < mingef, .1 Buls)-
The correspnding inequality for h(s;.1) follows analogously,
and so & < B, holds. N

Next, we show DV A(s) < f*(s,h(s)) + & for all s € [a,b).
Again, consider arbitrary 0 <i<n—1 and s € [s;,5,+1). We
have

R —h(s) s — )

D+h(s) _ (Sit1) (si) _ it i §f+(si7hi)-
Sit1 = Si
) (30)

Sit1 = Si
where the first equality follows from linearity of & on
[si,si+1], and the second inequality from admissibility of
(hi)_, and the fact |f*| < B. Equations and (30) imply
FH(sih(s) < fH(s,h(s)) + 5. Similarly, [R(s;) — hy| < &
implies |+ (si, ;) — £ (si,h(s))] < % Combining the latter

(29)

Also,

~ ~ hii1 —h;
s = sil + [f(s) — h(si)| = s = si (1+ e
Si+1 — S

Sls—sil(1+B) < &

pair of inequalities, we derive D*h(s) < f*(s,fz(sl) +E&.
Similarly, D~h(s) > f~ (s,/h(s)) —&, and so we obtain /1 € A¢.
As a result, by definition of hg, we have h< he. This

implies for every 0 <i<n

hi=h(5)+ 8 < Re(si) + 8 <h(s) + 5 +8 <h(sy) +e
(€29)
where the last inequality follows from Equation (23)). This
finishes the proof of the theorem.
|

VII. CONCLUSION

This paper presented two main results. First, it charac-
terized the optimum of a large class of problems in time
optimal path parametrization. Second, it proved the asymp-
totic optimality of a recently-proposed algorithm for solving
this class of problems with linear (optimal) time complexity.
This result extends its asymptotic optimality guarantee to all
problems that are solved by relatively computationally more
demanding convex-optimization-based methods. Let us note
that, although we focused on the analysis of the algorithm
presented in [1], intermediate results in the proof of Theorem
[5] could easily be combined to yield asymptotic optimality
of the algorithm in [8].
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