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ABSTRACT: Transverse momentum dependent parton distributions (TMDPDFs) which ap-
pear in factorized cross sections involve infinite Wilson lines with edges on or close to the
light-cone. Since these TMDPDFs are not directly calculable with a Euclidean path in-
tegral in lattice QCD, we study the construction of quasi-TMDPDFs with finite-length
spacelike Wilson lines that are amenable to such calculations. We define an infrared con-
sistency test to determine which quasi-TMDPDEF definitions are related to the TMDPDF,
by carrying out a one-loop study of infrared logarithms of transverse position by ~ AééD,
which must agree between them. This agreement is a necessary condition for the two quan-
tities to be related by perturbative matching. TMDPDFs necessarily involve combining
a hadron matrix element, which nominally depends on a single light-cone direction, with
soft matrix elements that necessarily depend on two light-cone directions. We show at one
loop that the simplest definitions of the quasi hadron matrix element, the quasi soft matrix
element, and the resulting quasi-TMDPDF all fail the infrared consistency test. Ratios of
impact parameter quasi-TMDPDFs still provide nontrivial information about the TMD-
PDFs, and are more robust since the soft matrix elements cancel. We show at one loop
that such quasi ratios can be matched to ratios of the corresponding TMDPDFs. We also
introduce a modified “bent” quasi soft matrix element which yields a quasi-TMDPDF that
passes the consistency test with the TMDPDF at one loop, and discuss potential issues at
higher orders.
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1 Introduction

Transverse momentum dependent (TMD) distributions are important ingredients for de-
scribing high-energy scatterings at low transverse momentum, such as for Drell-Yan produc-
tion at the Tevatron [1-4] or LHC [5-10] which is a benchmark observable of the Standard
Model (SM). For Higgs bosons produced in proton collisions, the transverse momentum
spectrum is also one of the primary observables describing the production kinematics and
is of great interest in LHC measurements [11-19]. TMDs also play an important role in
measuring semi-inclusive deep-inelastic scattering (SIDIS) at low energies [20-26], and in
improving our understanding of hadron structure [27, 28].

A characteristic feature of TMDs is that they depend on both the longitudinal mo-
mentum fraction x and transverse momentum gr carried by the struck parton. Currently,
TMDs are only directly calculable for the perturbative regime g7 > Aqgcp, where they
can be obtained in terms of collinear parton distribution functions (PDFs). In contrast,
nonperturbative TMDs with small g7 ~ Aqcp have only been extracted from measurement
by performing global fits to a variety of experimental data sets, see e.g. refs. [29-34]. Im-
precise knowledge of these TMDs limits the predictive power at small transverse momenta
and constitutes a significant theoretical uncertainty. At small g7 the TMDs also provide a
crucial window into the structure of the proton. It is therefore desirable to find a method
to calculate them from first principles.

For nonperturbative objects, lattice QCD currently provides the only practical means
for first-principle calculations, and studies have been performed in refs. [35-39], where ratios
of z-moments of quark TMDPDFs were determined. This gets around the fact that the
z-dependence of the TMDPDFs is not directly accessible from the Euclidean lattice, since
it involves light-cone correlations which depend on the Minkowski time, in direct parallel to
the same issue for calculating the z-dependence of the longitudinal PDF's. These analyses
use Lorentz invariance to connect the TMD nucleon matrix element of interest to spatial
matrix elements that are accessible from the lattice.

In refs. [40, 41] the large momentum effective theory (LaMET) was proposed as a
method to overcome the hurdle of calculating light-cone quantities by relating them to
time-independent quasi observables in a large-momentum nucleon state. The latter can be
directly calculated on the Euclidean lattice and matched to the corresponding light-cone
quantity through a factorization theorem that is based on a systematic expansion in the
nucleon momentum. For example, the unpolarized collinear PDF of a proton moving along
the n-direction is usually defined in the MS scheme as

e = [ e (o) [a(075) 5w (125.0)a0)

where 7 is the flavor index and the square bracket with subscript p denotes that the operator

pP)). (L)

M

is renormalized at scale . For later use we introduce the lightlike reference vectors n# =
(1,0,0,1) and #* = (1,0,0,—1). The light-cone coordinates are defined as b* = b" F b3,
and p(P) denotes a proton state with momentum P* = (E,0,0, P?). The path-ordered



light-cone collinear Wilson line is

A bt /2
W<b+2,0> = Pexp [—ig/ dsﬁ-A(sﬁ“)] : (1.2)
0

To calculate the PDF f;(z, 1) using LaMET, one starts from a quasi-PDF, which is defined
from equal-time correlation functions,

FeoP ) = [ 52 () [ 5, 00)

). 0

m

where the operator is renormalized with a lattice friendly renormalization scheme and fi
denotes a corresponding scale. The spacelike Wilson line is

z
W,(z,0) = Pexp {ig/ dz’ Az(z')] , (1.4)
0
and I' = 70 or I' = 43 as they both belong to the same universality class of operators that
can be related to the PDF through an infinite Lorentz boost along the z direction [42].
Unlike the PDF f;(z, 1) that is boost invariant, the quasi-PDF f;(z, P?, i) depends non-
trivially on the nucleon momentum P?. When PZ is large compared to Aqcp as well as the
nucleon mass M, the quasi-PDF satisfies the following factorization theorem [40, 41, 43—45],

; 5~ by T g p Ajop M2
fi(z, P aM)—/_l ]y\cij<y’u’]y\Pz)fj(y’M>+O< ?32 aPQ>7 (1.5)

where (’)(AéCD/PZQ,MZ/PZZ) terms are power corrections. Here f;(y,p) for —1 <y <0
corresponds to the anti-quark PDF. The C;; are perturbative matching coefficients which
come from a hard region of momentum space, see refs. [43, 45] for further details.
Recently, significant progress has been made on various aspects of the LaMET proce-
dure, including the renormalization and matching [43, 45-72] of the quasi-PDF, the power
corrections [73-75], as well as the lattice calculation of the z-dependence of PDFs and
distribution amplitudes [62, 73, 76-91]. Notably, the most recent lattice results at physical
pion mass [84, 85, 87, 89, 91] and large nucleon momenta [85, 89, 91] have shown encour-
aging signs that the LaMET approach can lead to a precise determination of the PDF's.
Due to the interest in TMDPDFs it is natural to consider the extension of the LaMET
approach to transverse momentum observables. Due to the required focus on spatial ma-
trix elements for TMDPDFs, studies based on LaMET are actually related to the lattice
methods developed in refs. [37-39]. While applying LaMET to TMDPDFs might seem
straightforward, the richer structure of TMD factorization, which we review in section 2,
actually makes this quite non-trivial. In contrast to the case for collinear factorization,
TMD physics is plagued by so-called rapidity divergences and the need for combining
collinear’ proton matrix elements with soft vacuum matrix elements. Such soft matrix
elements retain a minimal amount of information about both incoming protons (their di-
rection and the color charge of the probing parton). The importance of the soft matrix

'Note that the second use of the word “collinear” here is in the context of factorized collinear and soft
fields as defined for example in SCET, not to distinguish between collinear and TMD factorization.



elements to cancel the analog of rapidity divergences in the spatial matrix elements for
TMDPDFs has been discussed in ref. [92], which was aimed at constructing a new TMD
factorization theorem for the Drell-Yan process in terms of the so-called quasi-TMDPDFs
in LaMET. More recently, the matching relationship between the quasi-TMDPDF on a
finite-volume lattice and standard TMDPDF was studied at one-loop order in ref. [93],
where it was shown that the finite lattice size regulates these divergences, thus eliminating
the need to introduce a dedicated regulator in the lattice calculation. However, we argue
here that the final result of ref. [93], which agrees at one loop with one of the results stud-
ied here, cannot be used for nonperturbative by or gp, for reasons that will be discussed
in detail.

In this work we consider the problem of constructing a quasi-TMDPDF that can be
used to study the TMDPDF for nonperturbative gr ~ Aqcp. Here the quasi-TMDPDF
must be chosen such that it can be calculated with lattice QCD, agrees with the physical
TMDPDF in the infrared, and differs only by short distance contributions from the ultra-
violet. This is required in order for a matching equation connecting the quasi-TMDPDF
and TMDPDF to exist, analogous to eq. (1.5), with a coefficient C' that is not sensitive
to infrared physics. These requirements still leave some freedom in the construction of
a suitable quasi-TMDPDF. We therefore propose to test which quasi-TMDPDF defini-
tions are feasible by carrying out a perturbative study of the infrared logarithms of g, or
equivalently the transverse position by, which must agree order by order in «a, with the
same logarithms in the TMDPDEF. Collinear infrared divergences related to the collinear
momentum fraction x must of course also agree between TMDPDF and quasi-TMDPDF.
We construct our quasi-TMDPDFs from distinct collinear proton and soft vacuum ma-
trix elements, in direct analogy with the TMDPDF, where the quasi adjustment is made
through the form of the operators appearing in these matrix elements. We carry out our
study of infrared logarithms separately for the collinear and soft matrix elements, thus
enabling us to separately probe the form of the corresponding collinear and soft operators.
We also discuss in detail the role of rapidity divergences, which play an important role in
the construction of TMDPDFs on the light-cone, which for the quasi-TMDPDF are regu-
lated by having Wilson lines of finite length L, as required on lattice. The cancellation of
the leftover L-dependence constrains how one must combine quasi soft and quasi collinear
matrix elements.

This paper is structured as follows. In section 2, we review the TMD factorization
theorem, discussing in particular the role of rapidity divergences and regulators, and how
the TMDPDF is constructed from combining a proton matrix element and a vacuum soft
matrix element. We then discuss in section 3 the expected form of a matching relation be-
tween TMDPDF and quasi-TMDPDF, how Wilson lines of finite length naturally regulate
the analog of rapidity divergences in lattice calculations, and discuss the quasi-construction
of the matrix elements required to define the quasi-TMDPDF. In section 4, we explicitly
test the suggested quasi-TMDPDF by comparing to the TMDPDF at one loop, showing
that the simplest quasi collinear proton matrix element fails the infrared test. The simplest
attempt of constructing a quasi soft matrix element also fails this test. Finally, combining
these into the simplest quasi-TMDPDF also gives a result that fails this test. To resolve
this issue we introduce a bent quasi soft function, which leads to a quasi-TMDPDEF whose



infrared divergences properly match those of the TMDPDEF at one-loop. Discussion of the
implications of these results are given in section 5, including issues that may still spoil the
bent quasi soft function construction at higher orders, and how the main issues can be
avoided by only studying ratios of TMDPDFs in impact parameter space. We conclude in
section 6. Further details that are important for our analysis are provided in appendices.
In appendix A we summarize our notations and conventions for light-cone coordinates
and MS, and contrast them with another popular convention used in the literature. In
appendix B we discuss different schemes for TMDPDFs that are used in the literature,
demonstrating that they all satisfy the general functional form for the TMDPDF that we
use for our analysis. In appendix C we provide details on the perturbative calculation of
the quasi proton matrix element.

2 Review of TMD factorization

A precise understanding of the TMD factorization theorem and its different formulations
in the literature is important to properly connect a lattice determination of the TMD-
PDF to the phenomenological TMDPDF. In this section, we provide a detailed review of
TMD factorization and set up a general notation for the definition of the TMDPDEF that
encompasses most of the available definitions in the literature.

2.1 TMD factorization and TMDPDFs

TMD factorization was originally derived by Collins, Soper and Sterman (CSS) in refs. [94—
96]. Refs. [97-101] showed the cancellation of potentially factorization-violating Glauber
modes, and the factorization was further elaborated on and extended in refs. [100, 102—
104]. It has also been considered in the framework of Soft-Collinear Effective Theory
(SCET) [105-108] by various authors [109-115]. For a relation of the different approaches
to each other, see e.g. ref. [116], and for a historical review on TMDPDF's we refer the reader
o [100]. In appendix A we give a summary of our notation for light-cone coordinates. In
appendix B we give a comparison between different TMDPDF constructions from the
literature, and provide explicit relations to the notation we use here.

For simplicity we consider TMD factorization in the context of the production of a
color-singlet final state F' in the scattering of two unpolarized energetic protons moving
along the n* = (1,0,0,1) and 2* = (1,0,0, —1) directions. Examples of such cross sections
include Drell-Yan, W, and Higgs production. Here we only measure the total four momen-
tum of F' through its invariant mass @, rapidity Y and transverse momentum ¢r, so that
we only have unpolarized TMDPDFs. In the limit ¢r = |gr| < @ the cross section can be
factorized as

27 ibred " Ca 7 Cb
deYdQ(]T ZH” Q, /d by e°T9T B, (xa,bT,,u,, V2> B; <3;‘b,bT,/J, V2> Sij(br, p,v)

5J

2
x [1 +O<§g, Ag;”)] (2.1a)
=Y " Hiy(Q.p) / A%y e Er fIVD (2 B, Go) £ (@, b, o, Go)
Q:Qr A(2QCD
o M| .1
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The factorized cross section receives power corrections in q%/Q2 and A(ZQCD/QQ, and
first studies of their perturbative and nonperturbative structure have been performed in
refs. [117-119]. Importantly, eq. (2.1) remains valid for nonperturbative g7 ~ Aqcp. The
factorization is most elegantly written in impact parameter space, with l_;T being Fourier
conjugate to the measured transverse momentum ¢gr. In eq. (2.1) ¢, are parton indices
for quark flavors or gluons,?> which we suppress, and H;; is the hard function containing
virtual corrections to the underlying hard process ab — F. The x,; are the fractions of
the proton momenta carried by the partons ¢ and j participating in the hard collision, so
T, = Qe¥ /Ecm and zp = Qe Y /Ecm where Ey, is the center of mass energy of the pp
collision. Finally, ¢, and (; are related to the momenta of the struck partons and given by

(o = (xa Py )2 2m, G = (zp By )2e?r Calp = Q*. (2.2)

Here P} = Pa_%M + Z—;’% and P} = PJ% + z—;‘ﬁ% are the momenta of the protons, such
that P, P,” = E2 . and y, is a parameter that encodes scheme dependence. Note that
whenever possible we neglect target mass corrections from m%, <Q*< E2..

The small transverse momentum ¢r < @ of the final state is generated from soft and
collinear radiation off the incoming protons. In eq. (2.1a), the collinear and soft radiation
are described separately. B; and Bj are collinear proton matrix elements that measure the
transverse momentum originating from energetic radiation close to the n- and n-collinear
protons, and to distinguish them from the final TMDPDF we will follow the language of
ref. [120] and refer to B; and Bj as beam functions. The soft function S* = S;; is a vacuum
matrix element that encodes soft exchange between the incoming partons. It only differs
for gluons, SY = S, and quarks, S? = Sy3, but is independent of the light quark flavor.
S tracks the direction of both incoming partons, and hence depends on both light-cone
directions n and 7.

The different ingredients in eq. (2.1) depend on both the renormalization scale p and
an additional rapidity renormalization scale v.> The latter scale arises because the matrix
elements not only suffer from UV divergences, but also from so-called rapidity divergences
that require a dedicated regulator [94, 109, 112, 115, 121-124], and we will discuss their
physical origin in more detail in section 2.2. Crucially, the regularization of these diver-
gences requires an explicit rapidity regulator, which we generically denote as 7. One can
distinguish two classes of schemes by whether introducing the rapidity regulator affects the
hard function H;; or not. The hard function describes virtual corrections to the underlying
Born process and thus carries the full process dependence (the TMDPDFs are only sensi-
tive to the hard initial state, namely ¢g or gg), so it is simplest to consider regulators that
do not affect H;;. In the following, we will only consider such regulators, and fix the hard
function to be in the MS scheme, which then immediately fixes the scheme for the product
of the TMDPDF's. This applies to most modern regulators, but not to the formulations of
refs. [94, 121, 125] where H;; and f™P depend on an additional parameter p.

2For gluon-induced processes, H and B also carry helicity indices even for unpolarized TMDPDFs.

3Some regulators and schemes have two distinct scales vy, vs where v, appears in the n-collinear beam
function B;, vs appears in the n-collinear beam function B;, and both scales appear in S;;. We suppress
this possibility in our review.



For schemes considered here we can generically define UV and rapidity-renormalized
beam and soft functions as

Bi(xa nguﬂ C/V2) = 121(1) ZiB(bT),U’u v, &, T, xP*)B’L(ll) gT? €T, .’E_Pi)

T7—0

(unsub) T _

) B, b P

= lim Zy(br, p, v, €, 7, 2P~ )— gx, 7,67, 2P7) , (2.3)
e—0 S (br, €, 7)
T7—0

S by, p,v) = lim Z&(br, v, €,7)S (br, €, T) - (2.4)
€E—
T—0

Note that for simplicity we use the same notation for bare and renormalized soft functions
S’ since it will always be clear from the arguments or context which one we are discussing.
For the soft function, this is straightforward. For the beam function, we note that the
renormalized beam function depends on ¢ « (zP~)?, where the proportionality is scheme-
dependent, i.e. depends on the precise definition of 7. Secondly, we note that B; is defined
to only describe collinear radiation. In practical calculations, one often encounters an
overlap with the soft function when the collinear radiation becomes soft. To avoid double
counting with the soft function, one has to subtract out this overlap from the unsubtracted
funSUb), and the subtraction factor is denoted as S in eq. (2.3). (In SCET,
this is referred to as soft zero-bin subtraction [126].) Since S? describes soft physics, it

beam function B

cannot depend on the large momentum xP~. As indicated by the notation for S?(bT, €,7),
this factor is often equivalent or closely related to the soft function S*(br,€,7) itself, but
this is not always the case. In particular, one can find rapidity renormalization schemes
which (a) have no zero-bin subtraction, SY = 1 [115], (b) where the zero-bin is equal to the
soft function, SY = S% [112, 127], and (c) where the subtraction is given by a combination
of soft functions in different non-lightlike directions [100].

In practice, one often combines the beam and soft functions to yield two separate
TMDPDFs fMP and ij MD a5 used in the factorized cross section in eq. (2.1b). This can
be achieved either by combining the renormalized beam and soft functions,

zTMD(xagTul% C) :Bz(x7 gTvN) C/V2) Si(bT,,U,,I/), (25)
or by combining the bare functions and performing the UV renormalization afterwards,

Si(bT7 €, T)
Szo(bTv €, 7-)

)

D (3 b, 1, €) = lim Zi (1, ¢ €) Bi(unwb) (z,br,€,7,2P7)
7—0

= lim Z, (1. C.€) B (¢, by, e, 7, P ) Als(br, €, 7) - (2.6)
€—

7—0

In eq. (2.5), the rapidity renormalization scale v cancels between B; and S, leaving only a
dependence on ¢ in the TMDPDF. Likewise, in eq. (2.6) the dependence on the regulator
7 cancels between B; and S?. Note that eq. (2.6) has been written in terms of the unsub-
tracted beam function Bi(unsub)7 as is common in the literature, and for ease of notation
we have combined the zero-bin subtraction SZQ and the soft function S? to define the soft



factor A% = VSi/ S9. The UV renormalization factor Zyy in eq. (2.6) is trivially related
to those of B; and S° in egs. (2.3) and (2.4),

Zow (1, ¢, €) = Zg(bp, py vy €, 7, xP7)\/ Zs(by, py v, €, T) . (2.7)

As before, the ( scale arises as a rapidity-regulator dependent function with the general
form ¢ oc (zP7)2.

The need to regulate (and renormalize) the rapidity divergences in the beam and soft
functions has led to several different definitions in the literature. The original derivation by
Collins and Soper used a non-lightlike axial gauge [94, 121]. Since the same non-lightlike
axial gauge has to be used in the calculation of the hard function, this regulator does not
fall in the class of rapidity regulators considered here.* In ref. [125] rapidity divergences
are regulated by taking Wilson lines off the light cone. Since the same Wilson lines enter
the hard factor, this again falls outside the class of regulators we consider, as is explicitly
visible by a dependence of their hard function and TMDPDFs on an extra parameter p.
This is distinct from Collin’s new regulator [100] where again Wilson lines are taken off
the lightcone, but the lightlike limit is taken such that the hard function is independent
of the regulator. The regulators used in the SCET-based approaches are the analytic
regulator acting on eikonal propagators [128-130], the n-regulator inserted into Wilson
lines on the light-cone [115, 124], the J-regulator which adds mass-like terms to eikonal
propagators [112, 131], and the exponential regulator inserted into the phase space [127].
The definition of the TMDPDF in terms of bare beam and soft functions, eq. (2.6), is
used in refs. [100, 112, 113, 125], where renormalized beam and soft functions were not
defined. Both the bare and renormalized forms can be used in refs. [115, 127]. In the
analytic regulator approach of refs. [109, 111], the soft function vanishes and hence one can
only define a product of rapidity-finite TMDPDFs, not individual TMDPDFs. We provide
a more detailed discussion of these regulators in appendix B, including explicit one-loop
results for the quark beam function illustrating the combination of beam and soft functions
into the TMDPDF.

In this work, we focus for simplicity only on the quark TMDPDEF. For a hadron A
moving along the n direction with momentum P, the bare beam and soft function are

defined as

+
db e—izbt(@P™)

By(x, I;T, e,T,xP7) = o
T

()| gty @) 5 Wi (oo )

x W*<0>q<o>}

h(P)>, (2.8)

S(br, e, 7) = NL<O‘T1"[S;;(ET>Sﬁ<gT)ST(_OOﬁ§gTaGT)
x S%(07)Sn(07)Sh(—oon; br, 0r)] _|0). (2.9)

where b = b*nt/2 + bf.. Here the bracket [---], denotes that the operator inside is
considered by implementing the rapidity regulator 7. For the matrix element in eq. (2.8),

4Note that in their original work, the hard function was absorbed in the TMDPDFs. The separation
into process-dependent form factors and process-independent TMDPDF's was first noted in ref. [102].



we note that diagrams that have no fields contracted with the states |h(P)) are excluded.
For clarity, we denote the Wilson lines in the n-collinear and soft matrix elements by W
and Sy, respectively, and both are defined by path-ordered exponentials. One needs both
lines of infinite length along the light-cone,

0
W(z") = Pexp [—ig/ dsn - Az + Sﬁ“)] ,
0
Sp(xt) = Pexp [—ig/ dsn - A(z" + sn“)] , (2.10)

as well as finite-length gauge links with transverse paths,

— — l_;T — — —
Wr(zt;br,07) = Pexp ig[ dsp - Ap(zt + si) | = Sp(z*; b7, 0r) . (2.11)

Or

The Wilson paths for matrix elements in egs. (2.8) and (2.9) are shown in the (b™,b~, by)
plane in figure 1. Note that the transverse gauge links at light-cone infinity create a
closed path for the soft function, and a connected path between quark fields for the beam
function, thus yielding matrix elements that are gauge invariant for both B, and S9. In
nonsingular gauges such as Feynman gauge where the gluon field strength vanishes at
infinity, the transverse gauge links can often be neglected, but are known to be important
in certain singular gauges, see e.g. refs. [132-135]. These gauge links are also important
for constructing the analogues of egs. (2.8) and (2.9) on a finite-size lattice.

Note that the inclusion of a rapidity regulator can in principle spoil the gauge invariance
of the matrix elements in egs. (2.8) and (2.9). Gauge invariance trivially holds for regulators
only affecting the Wilson line paths, as for example Collins’ regulator [100], the exponential
regulator [136], or the finite-length Wilson lines to be introduced in section 3 for lattice
calculations. Gauge invariance has been explicitly shown to hold in the 7 — 0 limit for the
n regulator [115], the analytic phase space regulator of ref. [130], while it is known to be
violated in for TMDs with the analytic regulator used in ref. [109]. Gauge invariance is also
known to be more tricky for the A regulator, where the limit A — 0 is also required [137,
138], and individual beam function matrix elements may only be gauge invariant after
including 0-bin subtractions [131].

Lastly, note that extracting TMDPDFs from lattice QCD (or experiment) is only
necessary for nonperturbative gr ~ br_}l ~ Aqcp. For perturbative values, one can instead
perform an operator-product expansions to match the TMDPDF, or equivalently the beam
function, onto the collinear PDF [96, 139],

SN (2 B 1, ) = Z / dyC( bT,u,<>fj<y,u>+0<bTAQCD>. (2.12)

Here, Cj; are perturbative matching kernels that are known to NNLO [138, 140-144], and
even to N3LO for the soft contribution [136]. The nonperturbative input is given solely by
the standard longitudinal PDFs. Throughout this work, we will limit our discussion to the
case by ~ Aéch, where eq. (2.12) cannot be applied.



Figure 1. Graphs of the Wilson line structure of the n-collinear beam function B, (a) and the
soft function S? (b), defined in egs. (2.8) and (2.9). The Wilson lines (solid) extend to infinity in
the directions indicated. Adapted from ref. [127].

2.2 Rapidity divergences in TMDs

Quantum corrections to the beam and soft function defined in eqgs. (2.8) and (2.9) lead
to two types of divergences: ordinary UV and IR divergences that can be regulated using
dimensional regularization (and if desired a different IR regulator), and so-called rapid-
ity divergences requiring a dedicated regulator [94, 109, 112, 115, 122-124, 126]. Rapidity
divergences arise because n- and 7n-collinear beam functions and the soft function, or equiv-
alently the collinear and soft Wilson lines, are defined to describe modes with momenta

scaling as
B, : o~ Q(A2,1,)) so that Py S Pl ~qr > p,
By : Dy ~ Q(l,)\Q, A) so that P> pal ~qr >y,
S : ps ~ Q(A, A\ A)  so that Dy ~ Psl ~qT ~ pj , (2.13)

where we follow the usual SCET conventions, and use the light-cone notation p =
(pT,p~,pr), see appendix A, and A ~ ¢r/Q < 1. These modes indicate approxima-
tions that are used to derive the corresponding operators and their Feynman rules. This is
illustrated in figure 2, where the orange dots denote the dominant region for the n- and n-
collinear modes, and the green dots denotes that for the soft modes. Hard modes mediating
the underlying hard process are shown in blue. Although these dots indicate the dominant
momentum region, in matrix elements the corresponding fields are still integrated over all
momenta. Since collinear and soft momenta have the same virtuality

D ~ D~ D~ s (2.14)

which in figure 2 is shown by lying on the same hyperbola, the soft and collinear momentum
regions are only distinguished by their rapidity y = 1/2In(k~/k™). In calculations using
regulators such as dimensional regularization, which only regulate virtualities, one can
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Figure 2. Illustration of the collinear (orange) and soft (green) modes contribution to the gr
measurement. The hard modes (blue) describe offshell modes producing the energetic final state.
The dashed lines indicate that the degeneracy in pTp~ has to be resolved to properly define separate
collinear and soft functions.

therefore encounter additional rapidity divergences which arise in soft and collinear matrix
elements when integrating over all y, and have to be resolved using a dedicated regulator.
This is indicated schematically by the dashed lines in figure 2 that split the hyperbola.
These divergences can also be understood as a conformal mapping from UV divergences in
soft multi-parton scatterings [145, 146],

To give a concrete example of how rapidity divergences appear in perturbative calcu-
lations, consider the following integral that appears in calculations of the soft factor,

CFRYRT) 1 (kKT kR
Idivz/dk+dk (kik_)ll - 2/;_//k+)/d(k+k )(kik_)lie. (2.15)

Here the integrand only depends on the product kTk~. Singularities as kTk~ — 0 or
kTk~ — oo are clearly regulated by dimensional regularization, while the integration over
k= /kT is unconstrained, leading to a divergence that requires a separate regulator. Since
k= /kT = €% is directly related to the rapidity y of k, these are often referred to as
rapidity divergences that require an additional rapidity regulator. Alternatively, these are
sometimes referred to as light-cone divergences, as they can also be avoided by displacing
the light-cone propagators 1/k* and 1/k~ away from the light-cone.

To render the beam and soft functions well defined, integrals such as eq. (2.15) require
an additional regulator. A large variety of regulators has been suggested in the literature,
see refs. [94, 100, 112, 115, 119, 124, 125, 127-131]. The key idea in all rapidity regulators is
to regulate the behavior as y = 1/2In(k~ /k™) — +oo, which in the example of eq. (2.15)
amounts to lifting the dependence on kTk~ only. For example, in the 5 regulator of
refs. [115, 124] one regulates the integral eq. (2.15) by inserting a factor |2k*/v|~", such that

_ FktE _ FlktE
Ly = / dk*dk (kik)lle% / dk*dk (kgk)lle

k— 7]{;4‘ -n

1%

(2.16)
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Divergences as k= /kT — 0 or k= /kT — oo are thus made manifest as poles in 7. Similar to
dimensional regularization, one introduces a new dimensionful scale v to keep the regulator
scaleless, and a parameter n to be taken to zero at the end of the calculation, analogous to
the limit ¢ — 0. In this way, renormalized beam and soft functions acquire an additional
scale dependence, namely v, or equivalently the bare functions entering eq. (2.6) depend on
1. The chosen rapidity regulator determines the precise form of this dependence on v and
7, respectively. As discussed, this dependence cancels in the combination fl-T MD _ B¢\/§,
but the cancellation leaves a residual dependence on the scale (. Intuitively, the definitions
of {, and (p in eq. (2.2) reflects how the hyperbola in figure 2 is split between soft and
collinear modes, see e.g. ref. [113] for more details.

2.3 Evolution of TMDPDF's

The cross section in eq. (2.1) must be independent of the unphysical scale p and of the
precise choice of (, and ¢, as long as ¢, = Q*. This induces renormalization group equa-
tions (RGEs) that encode the dependence of hard, beam and soft functions, or equivalently
hard functions and TMDPDF, on these scales. Here, we only discuss the RGEs for the
TMDPDF, which is the object of interest in this work. Details on the separate evolution
of beam and soft functions can be found e.g. in refs. [115, 147] and in appendix B.3. The
RGEs for fl-TMD read

d R , o
p—fNP (@, b, 1, €) = A (1, O FMP (2, b, 1, €)

dp
d - 1 . .
CdicszMD(xa br, 1, C) = 572(:”7 bT)fz‘TMD(x7 br, C) )
d ; d . .
N@Vé(ua bT) = 2(&7}4(“7 C) = _2Féusp[a8(lu)] ) (217)

where Fgusp [as] is the cusp anomalous dimension. The second equation in eq. (2.17) is
known as the Collins-Soper equation [94, 95]. The subscripts u and ¢ on the anomalous
dimensions 7,3 and fyé denote the scale evolution they govern, and the superscript ¢ = q, g

distinguishes quarks from gluons. These anomalous dimensions are defined as

7dlnfiTMD _dlnB; 1dInS?

Yulw ) = dlng  dlnpg  2dlnp’
; dln fIMD dlnB;, 1dlnS’
el br) = 2 T T T, T 2 dmy (2.18)

Here, we used that the v-dependence in f™P = B+/S cancels and that B only depends
on the combination v2/¢, and thus 72 can be equivalently obtained from either fT™P or B
or S. Since the definition of S, eq. (2.9), is independent of the hadron state entering the
TMDPDF and the light quark flavor, this immediately implies that ’yé is independent of
the choice of hadron state and light quark flavor as well.
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The all-order forms of the anomalous dimensions are given by

2

i (1, €) = T lavs ()] In % +hlas ()],
; reodp' / %
7, br) = —2 / S Tl )]+ s (1/01)] (2.19)

where 7%[a] denotes the noncusp piece.

Note that 'yé(u, br) has an intrinsically nonperturbative component for by ~ A(?CD,
independently of the scale p, as is clear from eq. (2.19). However, once it has been non-
perturbatively determined at a scale po > Aqcp, it can be perturbatively evolved to any
other scale > Aqgcp using

. . mdp
i br) =2 ponbr) =2 [ VTl o) (2:20)
Ho
The boundary term yé(uo,bT) is known to three loops for perturbative by and pg [127,
136, 145).
Combining the solutions to eq. (2.17), the TMDPDF can be evolved from arbitrary
initial scales (ug, (o) to the desired final scales (u, () through

) . B du ;
fiTMD(a:, br i, C) _ fiTMD(xv br, 1o, CO) exp [/ﬂo Tﬁf’nﬁ(ul, CO)] exp B’Yz(ﬂy bT) In CCO] .

(2.21)

Here, we have chosen to first evolve (o — ( at fixed g, and then py — p. Since the evolution
must be path independent, other choices are also possible, see also refs. [115, 148] for a
discussion of this path independence. Also note that due to the by dependence of 7, the
TMD evolution is severely more complicated in momentum (gr) space [147], which is part
of the reason why the factorization is commonly written in 5T space.

Eq. (2.21) is crucial to relate the TMDPDF at reference scales (1o, (o), where they are
either measured or determined from lattice QCD, to the phenomenological scales (u, ().

The boundary term fIMP(x, br, o, Co) in eq. (2.21) is by definition nonperturbative.
For perturbative by < AééD, one can can match it onto the collinear PDF, see eq. (2.12),
thereby reducing all the nonperturbative input to these more well-studied PDFs. In this
case, the RG-evolved TMDPDF eq. (2.21) serves to resum large logarithms In(uby) and
In(¢ b%p), which otherwise spoil the perturbative convergence of the matching kernel Cj; in
eq. (2.12).

In this paper, we are instead interested in obtaining nonperturbative TMDPDFs valid
also for the case by ~ AééD, where the boundary term f"MP (x, br, po, Co) in eq. (2.21) is
obtained from lattice QCD (or equivalently is measured from experiment). In this case,
the values pp and ¢y are fixed by the lattice calculation (or measurement), and the role of
eq. (2.21) is to evolve fZ-TMD(a?, ET, o, Co) to the scales (p, () required in the phenomeno-
logical application. This is completely analogous to the determination of collinear PDFs,
which are extracted at a reference scale pp and then evolved via the DGLAP evolution.
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Similar to the DGLAP evolution, the u evolution of the TMDPDEF encoded in the first ex-
ponential in eq. (2.21) is perturbative as long as pp and p are perturbative. In contrast, the
¢ evolution intrinsically contains a nonperturbative component 'yé(,u, br) for by ~ Aéch,
even if the TMDPDF is extracted at perturbative (po,(p). Thus one needs to determine
both fiTMD(x,I;T,uo,CO) and 7¢ (i, br) nonperturbatively. In particular, the nonpertur-
bative determination of ~v¢(u,br) is a phenomenologically relevant task on its own, as it
provides valuable information on its all-order structure. For example, it is known to suffer
from renormalons at large by [149]. A dedicated discussion of the extraction of ~¢(u, br)
from lattice QCD, exploiting some of the results discussed in this paper, has been given in
ref. [150].

3 Towards constructing quasi-TMDPDFs

The goal of this work is to define a quasi-TMDPDF fTMD which involves matrix elements
that are calculable with lattice QCD, and which can be matched onto the TMDPDF
fIMD that is relevant for collider phenomenology. As reviewed in section 2, TMDPDFs
are constructed from hadronic and vacuum matrix elements, namely the beam function
B; and the soft function S?. Both of these functions are sensitive to infrared physics for
bp ~ AééD. According to the LaMET approach, to calculate the TMDPDF in lattice QCD
we need to construct quasi observables with the same infrared physics, which we refer to
as a “quasi beam function” B; and “quasi soft function” S°.

In general both beam and soft functions can be rapidity divergent. On the lattice, we
will see that the analog of rapidity divergences are regulated by a finite length L of the
Wilson lines, while in the lightlike case many regulators have been suggested (see section 2
and appendix B for more details).

In principle, one could envision separately matching the quasi beam and quasi soft
functions onto the lightlike beam and lightlike soft functions, and then combining the
matched results into the physical TMDPDF. However, such individual matching results
necessarily depend on the choice of rapidity regulators, and furthermore since these reg-
ulators break boost invariance, some of them will likely spoil the boost relation between
quasi and lightlike functions. For the physical TMDPDF the choice of the rapidity regu-
lator has a significant impact on the form of the beam and soft functions, including their
infrared logarithms, so at minimum the individual matching would have to be worked out
separately for different schemes. Finally, due to the fact that L plays the role of a rapidity
regulator for quasi distributions on the lattice, there could be non-trivial L dependence
in intermediate stages of the matching result. For these reasons taking an approach of
individually matching beam and soft functions is not preferred.

As discussed in section 2.1, it is equivalent to instead combine the unrenormalized
beam and soft functions, in which case the rapidity divergences cancel, and then perform
the UV renormalization. This should hold for the quasi functions as well. Hence the more
straightforward approach, adopted here, is to combine the unrenormalized quasi beam and
quasi soft functions into a quasi-TMDPDF, in analogy to eq. (2.6). This approach also has
the advantage of canceling out all L dependence in the quasi-TMDPDEF calculation, up
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to power suppressed terms. Of course, if the resulting quasi-TMDPDF fails the infrared
consistency test, by not yielding infrared logarithms that are consistent with those in the
TMDPDF, then, as we will see, it will still be advantageous to examine the contributing
quasi beam and quasi soft functions to determine where the issues lie.

An additional complication in the lattice computation is the appearance of power law
divergences from Wilson line self energies that have to be subtracted. Since the self energies
are also proportional to the length of the Wilson lines, and L dependence cancels when
combining B; and S%, this gives a b*-dependent contribution to be removed by the UV
renormalization. Here b* is the Fourier transform variable to xP?. Since this contribution
is multiplicative in b* position space, it is most natural to perform the UV renormalization
in position space. We thus define the quasi-TMDPDF in the MS scheme analogous to
eq. (2.6) as

7 z db* ib? (x P? ~\ 71 z o~
FI B P7) = [ G V) 246 1 ) 23007 )

x B;(b?, by, a, L, P*)A% (b, a, L). (3.1)

Here, B; = BZ-(unSUb) and Ag are the quasi beam and quasi soft function, which remain to be
constructed. They are the analogs of the unsubtracted beam function and the soft factor
in eq. (2.6). We will always consider the unsubtracted beam function and absorb the zero-
bin subtraction factor into AS, so for simplicity we drop the superscript “(unsub)”. Zov
is the lattice renormalization constant, and Z' converts from the lattice renormalization
scheme to the MS scheme. These schemes are typically distinct, and hence we distinguish
the lattice renormalization scale fi from the MS scale p. The finite lattice spacing a takes
the role of € as an UV regulator. On the lattice, one also has to truncate the Wilson lines
that enter B; and AZS at a finite length L. As we will discuss in section 3.2, having a
finite L regulates the analog of rapidity divergences on lattice and thus the 7 dependence
is replaced by additional dependence on L. The L dependence associated with both the
rapidity regularization and finite length of Wilson lines cancels between B; and A’ g, and
hence fiT MD does not depend on L. (In practice, there will be a finite L dependence from
power corrections that vanishes in the limit L — 0o, and we suppress these in our notation.)
fz’TMD

Finally, also depends on the proton momentum PZ?, which encodes short distance

ultraviolet effects like in the quasi-PDF, and in addition acts as the analog of its ( scale.
3.1 Constraints on the matching relation

The main focus of this paper is to give constructions of B; and Ag such that fiTMD can
be perturbatively matched onto the TMDPDF fiTMD. In this section we assume such a
perturbative matching exists in order to constrain the general form it has to take.

Given the physical scales present in the calculation, the matching relation is expected
to take the schematic form

2 dy .
FIMD (3 b, 1, P?) Z/ CIMP (2,1, 1, P7, ) PP (y, b, 1, €)

br 1 1
+ O(L) bTPZ’ PZL> ) (32)
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where i, j = ¢, g are the parton flavors and fJT MD for negative y corresponds to the antiquark
distribution, f]T MD(_y ) = ij MD (4, ..). The precise dependence of the matching kernel
C};MD on its arguments is not obvious a priori, see for example eq. (1.5) for the exact form
for collinear PDFs. In eq. (3.2) we have kept things generic and allowed for dependence
on = and y to match the parton momenta. Since we have already converted the quasi-
TMDPDF in eq. (3.1) into the MS scheme, C’EMD only depends on the MS scale ;1 and
not on the lattice renormalization scale fi. The kernel also depends on the finite proton
momentum PZ* and the ( scale that enters the TMDPDF f]T MD,
Given the physical picture underlying LaMET, we can also write down the expected
power corrections to the matching eq. (3.2), obtained from the assumed hierarchy of scales
b2~%<<bT<<L, br ~ Agep - (3.3)
This scaling is motivated as follows: first, the lattice box size should be large enough so
that the Wilson line length L is the largest length scale and finite L effects and finite
volume effects are suppressed. Second, we assume bp ~ AE;CD to be a nonperturbative
scale of the order of the characteristic size of transverse fluctuations of constituents in the
hadron. Lastly, LaMET assumes large P? to approximate a lightlike correlator by boosting
an equal-time correlator, so 1/P? should be the smallest length scale in the system other
than the lattice spacing a. Since for power counting we take z as O(1) this also implies
that b* ~ 1/P~% is small.

Note that for a matching formula like eq. (3.2) to exist, must not depend on

CilijD
br, since by encodes infrared physics and is assumed to be a nonperturbative scale. This
immediately implies the necessary condition that in perturbation theory, the b dependence
of both quasi-TMDPDF and TMDPDF must agree, up to power corrections, which will be
our most stringent consistency test in the one-loop study in section 4.

We can deduce further constraints on the matching relation from the Collins-Soper
equation, and thus arrive at an improved schematic form for the matching relation. To
do so we assume that ¢ and xP? are independent variables, which could be achieved for
example by considering a different hadronic momentum P? for the quasi-TMDPDF than
the momentum P? used for the TMDPDF. In eq. (3.2), the { dependence must then
cancel between CE;-MD and ijMD to yield a (-independent quasi-TMDPDF fiTMD, which
implies that
?

- 1 .
CT IHCEMD(x7y7M7 7C) _C? lnfTMD(yvbT7M7<) = _if)/é(lu'vbT) . (34)

This clearly violates the requirement that must be independent of by to carry out

CTMD
ij
short distance matching. This mismatch occurs because the rapidity evolution governed
by Wé(u, br) is also nonperturbative. To correct for this we therefore must consider the

modified matching relation

d L 1 x, P
f.iTMD(‘T bT,,U,, Z/ ‘yy| CTMD .’IZ y;MaPZ7C(377 PZ)] exp 572(:”’7()11) ln(c)
x fTMP(y,br, 1, ) (3.5)
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where for brevity we suppress the power corrections which are the same as in eq. (3.2). In
eq. (3.5), the ¢ dependence cancels between the exponential and FTMD " at the cost that
the kernel C};MD now depends on the auxiliary scale ¢ = ¢ (z, P?). As indicated, this scale
must be fixed in terms of z and P?, the relevant scales that fTMD depends on, and hence
does not technically add additional functional dependence to CZ-EMD.

In order to interpret eq. (3.5) as a true matching equation without any renormalization
group evolution, it must be possible to make the exponential in eq. (3.5) vanish, to yield a
purely perturbative relation between fTMD and fT™P  Thus, a perturbative matching can
only be possible if one can choose f (x, ]5Z) = ( to cancel the Collins-Soper evolution to all
orders in perturbation theory. From eq. (2.2) for ijMD(y, ET,M, ¢) we have ¢ = (2yP?)?
(choosing y,, = 0 without loss of generality). Accounting for dimensions we see that we must
choose P? x PZ, and since at tree level C’gMD [,y,...] =0(1 —x/y) this fixes the constant
of proportionality so that ¢ = (22P%)2. With ¢ & 2 and ¢ = {(), the only possibility that
allows for perturbative matching is to take P* = P? and have CEMD [z,y,...] x0(1—2x/y)
to all orders. (We will confirm this explicitly at one loop in section 4 below.) With this
constraint the schematic relationship between quasi-TMDPDF and TMDPDF becomes
multiplicative in x space,

. - . ~s, o~ 1 ((z, P*
FMD(‘T’bTvuaP ) = ZCZIEMD [%H,P aC(xaP )] eXp |:2’YZ“(H’ bT) hl(c)
J -
X jTMD(xabTang)
br 1 1
+ 0<L, e PZL) . (3.6)

To derive a perturbative formula for then requires choosing P? = P* and ¢ =

¢ = (20 P?)2. For this choice the effect of changing ¢ in ijMD is exactly balanced by a
fiTMD

C;EMD
corresponding change of P? in . Note that the lack of an integral over y in eq. (3.6) is
analogous to the fact that no such integral appears in the renormalization group equations
for the TMDPDF, see eq. (2.17).

We will demonstrate that a quasi-TMDPDF can be defined such that the use of eq. (3.6)
and matching with a short distance C;FQMD is fully satisfied at one loop for quark quasi-
TMDPDF and TMDPDFs. However this is not automatic, and indeed we find that the most
naive definition of a quasi-TMDPDF does not agree with eq. (3.6). An all orders derivation
of a formula like eq. (3.6) would be required to completely address this relationship, and
is left for future work.

3.2 Impact of finite-length Wilson lines

Before constructing quasi beam and soft functions, we discuss the impact of having
infinitely-long Wilson lines in the definitions egs. (2.8) and (2.9) of the lightlike beam
and soft functions. On the lattice, the finite lattice size prevents infinitely-long Wilson
lines. Hence one has to truncate them at some finite length L, as illustrated in figure 3.
Here, it is important to include transverse gauge links as required by the factorization
theorem, which ensures gauge invariance of the soft and collinear matrix elements.
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Figure 3. Illustration of the Wilson line structure of the n-collinear beam function B (a) and the
soft function S (b), with Wilson lines truncated at some finite length L. The corresponding Wilson
line paths with infinite-long Wilson lines is shown in figure 1.

Naively, one might assume that any effect of L is suppressed as by/L or bt /L for
sufficiently large L. In practice, the finite L also regulates the analog of rapidity divergences
on the lattice, and hence yields divergences as L — oo. While this has the advantage of not
having to implement a dedicated rapidity regulator in the lattice calculation, the drawback
is that one cannot easily disentangle finite-L effects from rapidity divergences.

To show that finite L is a sufficient rapidity regulator, we first note that at leading
power in q%/ Q?, all emissions arise from Wilson lines and thus rapidity divergences can
be regulated by modifying Wilson lines alone, as is done in most regulators in the liter-
ature. (This does not hold at subleading power, where regulating Wilson lines alone is
insufficient, see [119].) Intuitively, by modifying the Wilson lines in such a way that boost
invariance is broken, for example by adjusting its geometry (taking it off the light cone or
restricting its length) or explicitly regulating the momentum flowing into the Wilson line,
one distinguishes collinear and soft modes and thus regulates the rapidity divergences. To
concretely show how this is achieved for finite L, consider the one-gluon Feynman rule for
a Wilson line of size L stretching along the n direction, compared to its L — oo limit,

o em-kL oo

oS 19t .
gst®n — —  gst"n (3.7)

n-k+i0"
For n-k — 0, the limit where the emission of momentum k* becomes collinear to the Wilson
line, i.e. it approaches infinite rapidity, is clearly regulated by exponential phase, whereas
it is unregulated for L — oco. This pattern continues for multiple gluon emission since the
eikonal denominators are always in one-to-one correspondence with the regulating factors
involving L in the numerator. The opposite limit is regulated analogously by an n-collinear
Wilson of finite length. For example, in section 2 a generic example of rapidity-divergent
integral was discussed, eq. (2.15). For finite L, the example integral changes to

_ f(kTET) / _fkTET)1— ek TL | _ o—ik™L
Iy = [ dkTdk™ ——— dktdk . 3.8
d / (kth—)l+e - (kk)e kT P (3.8)
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Figure 4. One loop diagrams for the TMD soft function with finite-length Wilson lines in Feynman
gauge, up to mirror diagrams. The labels indicate the Wilson line paths in position space.

Here we see that possible divergences as either k* — 0, corresponding to the rapidity
y = %ln(k‘_ /kT) — +oo, are regulated by having finite L, and the leftover logarithmic
divergence as either k¥ — oo is taken care of by dimensional regularization.

In our construction of the quasi functions on lattice, we will replace the lightlike Wilson

lines by spacelike Wilson lines, which affects the eikonal propagator, so the analog of
eq. (3.8) is

~ L P A e
Iy = | dkodk,—5—— dko dk, . 3.9
i = [ atodi gt = [ atman Gl e (39)

Clearly, the exponentials regulate a possible divergence as k, — 0, and thus play a similar
role as in the lightlike case. However, eq. (3.9) contains a quadratic dependence on k, in the
denominator, rather than the linear dependence on k™ and k™ in eq. (3.8). Thus, we can
also encounter linear divergences in L, as opposed to having only logarithmic divergences
In(L) in the lightlike case.

3.2.1 Example: lightlike soft function at NLO

To give a concrete example of the effect of finite L, we consider in detail the lightlike soft
function, defined in eq. (2.9), at one loop. To account for the effect of finite lattice size,
the Wilson lines along the n and n directions are truncated at Ln and Ln, respectively,
and transverse gauge links are included, as shown in figure 3(b). In Feynman gauge, there
are four relevant diagrams, shown in figure 4, of which only (a) and (b) have rapidity
divergences, while (c) and (d) do not.

Rapidity-divergent diagrams. Let us first discuss figure 4(a), where a gluon connects
the Wilson lines separated by the transverse displacement bp. Together with its mirror
diagram, it is given by

ddk 1— einvkL 1— e—i'FL~kL - - —i

Sa b L — 2 2C . 26/ —le~k5T
(br,e, L) 9" Cr(n-n)ug em)d n-k —-n-k k2 +10
2 0(brVEFE) 1 — el — e ik L
__9Crng / i+ / g~ PrYEAT) 1 - e ~
27T (970)2—2€ (ktk—)e k+ k
asCr [ o5 b7 b7 m?
_ In 2L —1- 1
o |: 4L2 + 12( 4L2 + 3 (3 O)
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In the second line, one can see how keeping L < co regulates divergences as the light-cone
coordinates k* approach zero, thereby regulating the whole integral. In the final result,
the rapidity divergences are then reflected as a double logarithm in by /L.

The second rapidity-divergent diagram, figure 4(b) and its mirror diagram are inde-
pendent of by, and are given by

_ asCp 2 2 u2L2 9 u2L2 2
Sp(br, e, L) = 5 [—62 -2l —1In 25 6| (3.11)
Together, we obtain
_ aCp 2 1 b%,uz w’L? 9 b?p,u2 72
Satb(bp, e, L) = o [— i 2 <6 +1In 02 In g +1In 2 + a
b7
2Lig [ ——= 12
+2Lia(~ % )] (3.12)
—_—

L>b
o

where we have defined by = 2e¢~72. The rapidity logarithms In(xL) are manifest, while the
last term is an example of a finite-L contribution that vanishes in the limit by < L. Let
us also compare this to the soft function using the J regulator [113] [see also eq. (B.27)]

sC 92 1 b2 2 2 b2 2 2
SO (bp,e,Vot5-) = & F[——2<+ln Eg‘ )hlafa 4 In? bej +% . (3.13)
€ 0 0

The two expression agree upon identifying 1/L? = ¢?'E§+§~, showing that for this function
the two regulators are closely related.

Diagrams involving transverse gauge links. The Feynman rule for the transverse
gauge links at offsets nL and nL are given by

1— eil;T'ET . 1— eil;T-l;T .
gstan,li_'i_'em kL ’ gstan,li_»i_’em kL ’ (314)
ny - kr ny - kr

where, 7, = by/ ]I;T\ In Feynman gauge, this vertex can thus be neglected for L — oo,
and one would not consider figure 4(c). For finite L, we instead obtain for figure 4(c)

2
() _ sCr | 2bp LA L 1
Se o [ 7 arctan 5T n(l+ a2z )| (3.15)

This result vanishes for L — oo (or by < L) as expected.
The situation is more intricate for figure 4(d). Again, for L — oo the diagram would
not be considered. For finite L instead, the L dependence drops out and one obtains

S = 20pm2 / df i 1 ettrkr gk 1 = e rkr o—in kL
d L) @md k10 7, ke —7, -y
OéSCF 2 ,MQb%w
= - +21 4] . 3.16
2m |:6 e b2 * (3.16)
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Here, the symmetry factor 1/2 is compensated by the mirror diagram of figure 4(d). The
relative minus sign of the momentum k& in the vertices arises because k is incoming into
one vertex and outgoing from the other. Due to this relative sign, the exponential factors
cancel, yielding a nonvanishing result of the diagram. In particular, it is independent of L
and thus does not vanish as L — oo.

In order to obtain a result consistent with the known L — oo limit, where this diagram
does not contribute, the transverse self-energy has to cancel with other diagrams to not
give a physical contribution to the cross section. Indeed, when combining the unsubtracted

fTMD as in eq. (2.6),

beam function with the soft function and zero-bin subtraction into

we find that these transverse self-energies will exactly cancel.
Lastly, we remark that we have explicitly checked that the diagrams with the transverse

gauge links are indeed necessary to ensure gauge invariance using a R gauge, but the

calculation is otherwise not instructive and hence not presented here.

Full result. The full result for the soft function with Wilson lines of finite length L is
given by adding egs. (3.10), (3.11), (3.15) and (3.16),

ascp[ ) (1 b%;ﬂ)l u’L?
n

27 e e b2 —27E
2,2 2,2 2
+ 102 2 o 28 ++4] (3.17)
b2 NG

3.3 Construction of the quasi beam function

Recall the definition eq. (2.8) of the light-cone beam function,

g db+ 3 - - g -
Byl rverap™) = [ e () |atrw o) g Wi (~oonsbr. )
7I

W*<o>q<o>]

h(P)> , (3.18)
-

where b* = bTat /24 b/ . The Wilson lines W extend to light-cone infinity, where they are
closed by Wr in the transverse direction, see figure 1(a).

Following the standard LaMET procedure, we define the quasi beam function analo-
gous to the beam function by replacing the light-cone correlator with an equal-time cor-
relator, which in particular includes replacing the n-collinear Wilson lines by Wilson lines
along the Z direction. Due to the finite lattice size, they must also be truncated at a length
L, where one needs to include transverse Wilson lines to ensure gauge invariance. The
resulting Wilson line path is illustrated in figure 5(a). The definition of the bare quasi
beam function in position space thus reads

B0 B0, L) = (BP0 W08 L 07) W (L5 G 05 2)a(0) () )
(3.19)

where b* = (0, ET, b*). Here, we also replaced v~ by the Dirac structure I, which can be
chosen as either I' = 4% or I' = 77, as booth can be boosted onto v~. The Wilson lines of
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length L are defined by
0
W:(a*; L) = Pexp [ig/ ds A% (z! + sé)} : (3.20)
L

The transverse gauge links are given by eq. (2.11). Again in eq. (3.19), diagrams that have
no fields contracted with the states |h(P)) are excluded.

A crucial feature of eq. (3.19) is that it is an equal-time correlation function, i.e.
it neither depends on the time-dependent light-cone separation b™ nor on the lightlike
directions n and 7 as eq. (3.18), which makes it computable on lattice. The physical picture
underlying this specific Wilson line structure is that boosting a purely spatial separation
along the Z direction yields an almost lightlike separation. Concretely, for a Lorentz boost
along the % direction with velocity v and v = 1/v/1 — v2, one obtains

0 v
0 1 0 v——1
Z = - — ~ —ynt. 3.21
=1, —= |0 n (3.21)
1 1

This is illustrated in figure 5(b): the pure spatial separation (blue) is boosted along the
orange-dotted trajectory, thereby approaching the lightlike separation (red). Note that
regardless of whether b is positive or negative, it is always boosted onto the same lightlike
axis n#, as required for the n-collinear PDF. To boost onto n*, one needs to reverse the
boost, v > 0, as is appropriate for the 7n-collinear PDF', since the corresponding proton is
moving into the opposite direction. It is easy to check that by applying the Lorentz boost
eq. (3.21) to eq. (3.19), one recovers the matrix element in eq. (3.18).

When evaluated in a large-momentum nucleon state, the quasi beam function defined
in eq. (3.19) is equivalent to the matrix element of an almost-lightlike correlator in a static
nucleon state. According to LaMET [40, 41], the quasi beam function is related to the
beam function in eq. (3.18) through a factorization formula which includes perturbative
matching and nonperturbative power corrections determined by the large nucleon momen-
tum. This has been proven rigorously for the collinear PDF [43, 45, 47]. For the TMDPDF
the physical boost picture shown in figure 5(b) implies a relation for the bare operators.
However we must test the extent to which this relation survives when rapidity regulators
are implemented, which we will do in section 4.2. For the TMDPDF such regulators are
known to have a significant effect, and therefore we do not expect a simple short distance
matching relation between the quasi-beam function and beam function alone. This ex-
pectation is also consistent with the known importance of the soft region in the TMD
factorization theorem.

3.4 Construction of the quasi soft function

Recall the definition eq. (2.9) of the bare TMD soft function,
S9(br,e,T) (3.22)

1 - o - R - - 5
= 7 (O[T [} (br) 5 (br) S (—00m: b, 07) S (0r) S (0r) 57 (—0n: b, Or) . [0) -
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Figure 5. Illustration of the Wilson line structure of the quasi beam function (a), and the behavior
of the longitudinal separation under a Lorentz boost along the z direction (b).

Note that this vacuum matrix element has no explicit time dependence, in contrast to
the collinear matrix element eq. (3.18). Time dependence only enters indirectly through
the lightlike directions of the Wilson lines S;, and S5, which on its own prohibits a direct
computation on lattice. To obtain a lattice-computable quasi soft function, it thus seems
reasonable to follow the same logic as above and replace

n' =(1,0,0,1) — 2%,  @#*=(1,0,0,—1) — —2z". (3.23)

As before, the lattice computation also requires to truncate the Wilson lines at a length L,
where they are joined by transverse gauge links. The most naive attempt of constructing
a quasi version of the soft function eq. (2.9) thus takes the form

SUbr,a,L) = Ni<oyTr{S§(5T; L)S_s(bp; L)Sr(L2; by, 0r)
x ST (07: L)Ss(0r: L) S} (—Lz; by, 0r) }0) (3.24)

where the soft Wilson lines of finite length are given by

0
Siz(zt; L) = Pexp [:I:ig/ ds A*(zH £ s2H)| . (3.25)
L
The resulting Wilson line path is illustrated in figure 6(a).

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi-PDF [see eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and 7, it is
necessary to simultaneously obtain them from boosting +2. However, this requires boosts
of opposite signs, as illustrated in figure 6(b). Note that if this were possible with a single
boost, it would directly violate the boost argument for B, where it is essential that both
positive and negative b*’s are boosted onto the same light-cone direction.

Despite the simple boost picture breaking down, one can still test whether the matching
for the obtained quasi-TMDPDF in the form of eq. (3.6) is possible, and we study this in the
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Figure 6. Illustration of the Wilson line structure of the naive quasi soft function (a), and the
behavior of the longitudinal separation under a Lorentz boost along the z direction (b). v > 0 and
v < 0 denote that the required Lorentz boosts have opposite signs.

next section at NLO. Indeed, we find that for the naive quasi soft function the matching
is spoiled by the structure of infrared br dependence. In section 4.5, we will suggest a
modified quasi soft function that yields a quasi-TMDPDEF which has the correct infrared
br dependence at one loop. Given the absence of an intuitive boost relation, a rigorous all
orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One loop results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDEF'. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in section 3, since a pure MS calculation is fully sufficient to
perturbatively test the matching relation. Furthermore, we limit ourselves to the quark
PDF and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix
elements for the (quasi) beam function with an on-shell external quark with momentum
Pt = (P?,0,0, P?).

4.1 Lightcone TMDPDF at one loop

The unrenormalized result for the TMDPDEF at one loop is given by

1

- asC 1 b2, 12
TMD (1) (3. B, e, ¢) = %F [— <% +1In €—3> Pyy(w) + (1 — a:)} O(1 — z)O(z)
Jr

asCr

1 1 (3 2 1 7

l—a)|—+—(=+hs |+ - =

+ 5 o m)L%WJFeUV <2+ng2>+2 12}
asCp 1.5 bTu2 3 b%,u2 b%/ﬂ 2

§(1—xz)|—=1 | 1 In |, (4.1

+ o ( 117)|: B n bg + 9 n bg + In b% n CZ ) ( )
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(6T7 0) (BTv bz) (6T7 0) (BT> bz)
X X
k
p P

(a) Vertex diagram

(b) Sail topology

(6T7 0) (BTv bz) (6T7 O) (BT> bz)
b - = (X X) - = (X
kw Kk
P p p p

(c) Wilson line self energy (tadpole) (d) Wave function renormalization

Figure 7. One-loop diagrams contributing to the quasi beam function in Feynman gauge, up to
mirror diagrams.

where Py, (z) = (1+22)/(1 — ) is the quark-to-quark splitting function and the subscript
“,” denotes a plus distribution such that fol dz [f(z)]} = 0. In appendix B, we show that
eq. (4.1) agrees with the vast majority of regulators used to define TMDPDFs.

As indicated, the divergence in the first line in eq. (4.1) is of infrared origin and
matches precisely the IR divergence in the collinear PDF, which is crucial for matching the
TMDPDF onto the PDF for perturbative by < AééD, see eq. (2.12). Likewise, it must be
exactly reproduced by the quasi-TMDPDF for a matching relation to exist. The second line
in eq. (4.1) contains UV poles and constants, and the last line contains the by dependence.
Similar to the IR pole, the by dependence must be identical in the quasi-TMDPDF in order
for a perturbative matching for by ~ AééD to exist.

4.2 Quasi beam function

We first calculate the quasi beam function defined in eq. (3.19) by evaluating the operator in
a quark state with on-shell momentum P? = 0. Working in pure dimensional regularization
and taking the physical limit L — oo, P? — 00, we can directly Fourier transform the result
into x space. At one loop, there are four contributions, shown in figure 7. The calculation
is quite lengthy and shown in detail in appendix C. The result is given by

~ o s 1 b2 2 1
B (@, e, 1, P7) = 7 | — I L) Py(a) + (1 —2)| ©(1—2)0(z) (4.2)

d 2m €IR b; i

asCr 71 1, b2p? 9 biu? 1 27L

S(1—a)|=— — =1 21 -4 2=

g O x)[Qer 2 T T T2,

bpp? . (2P%)* 1, (2P%)? | (2P%)°
—In 2 In e —5 n 2 +In e

As anticipated, it contains the same IR divergence as the TMDPDF, eq. (4.1). Note the
presence of a linear divergence in L/bp, which we interpret as the analog of a rapidity di-
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vergence. As discussed below eq. (3.9), these divergences appear as power-law divergences.
Thus, after regularization they yield a linear dependence on the regulator L, rather than a
logarithmic dependence In(L/br). This linear L/ br term will exactly cancel with a similar
term in the quasi soft factor when combining B and A as in eq. (3.1).

In order to directly match this quasi beam functlon onto the lightlike beam function,
we require that the logarithmic by dependence, arising from IR physics, must be equal
between them. However, the by dependence does not agree with any beam function known
in the literature, see the results in appendix B which are summarized in table 1 below. In
particular, only in Collins’ scheme with Wilson lines off the light-cone one has the correct
double-logarithm —3 In?(b2.1%/b2), while in all schemes with Wilson lines on the light-cone
this double logarithm is (at least partially) contained in the soft function. Even in Collins’
scheme the single ln(b?r,u2 /b3) does not match up with the corresponding single logarithm in
the quasi beam function.® Hence, for all the rapidity regulators used in the literature, which
yield the same universal TMDPDEF defined in section 2, none are in agreement with the
simple physical picture of relating beam function and quasi beam function. The Lorentz
boost relation is spoiled by the presence of a rapidity regulator, which by construction
is not boost invariant. Since it is well known that the choice of rapidity regulator can
modify the logarithms of by, one may still hope to find a regulator for the beam function
which yields the same IR structure as the naive quasi beam function and thus yields a
perturbative matching that agrees with the boost relation. However, the more important
test is whether the quasi-TMDPDF can be matched to the TMDPDF, in which case the
regulator dependence cancels. This requires considering the quasi soft function.

4.3 Naive quasi soft function

Next, we calculate the naive quasi soft function defined in eq. (3.24). Working in Feynman
gauge, there are six diagrams that contribute at NLO, shown in figure 8, where double lines
represent Wilson lines and the labels denote the endpoints of the Wilson lines in position
space. For later convenience, we distinguish diagrams where the gluon is exchanged between
the +2 and —2 Wilson lines (upper row) and diagrams where the gluon is emitted between
Wilson lines of the +2 sector alone (lower row). The latter is identical to the result for
gluons exchanged within the —Z sector.

In Feynman gauge, the generic expression for a one-loop diagram in the MS scheme,
parameterized by the spatial paths v; and 72 of the Wilson lines, is

S — —g2C ld / dt d*"*%k —iguw —ik-[y1(s)=72(1)]
h/la’h] = —Ys F,LL 5’71( ) 72( ) (27’[‘)4 2% ]{24-106

:afF <b2> 1 / / (s) ;2(()))2]1_5. (4.3)

Note that diagrams with the gluon attaching to the same line have an additional symmetry
factor of 1/2.
For example, for figure 8(a) one reads off the paths

v(s) =sLZ, ~t)=(t—1)Lz. (4.4)

5We have also checked that this problem is not simply due to the contribution from the transverse Wilson

line self energy diagram.
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Figure 8. One loop diagrams for the quasi soft function in Feynman gauge, up to mirror diagrams.
The dashed line indicates that we consider the upper part of the diagrams separate from the lower
part, such that diagrams in the top row only contains a gluon exchange from the Z to —2 sector, while

the bottom row only contains corrections within the Z sector. Similar diagrams for —Z exchanges
are now shown.

Together with its mirror diagram, this gives

2 A
S by, e, 1) = 22CF (“) (1-¢ / /dt L2)-(L2)
™ \by) eE —L%( s—t+1) 2]t

_ sCr P\ L1 =€) L*(2 - 49)
RN e7E 2¢(2e — 1)
2 L
_ aCr [— —om P a2 — 1)] (4.5)
2w € 0

Note that this result also contains a divergence at ¢ = 1/2, which signals a power-law
divergence o pL in dimensional regularization, which is expected for the Wilson-line self
energy. In pure dimensional regularization, these divergences are not visible when expand-
ing at € = 0, but on the lattice they explicitly arise and have to be canceled. For this
reason, the beam function renormalization in eq. (3.1) contains a b*-dependent counter
term to absorb the divergence associated with the self energy of the Wilson-line segment of
length L—0b7 [see eq. (C.42)], while the other self-energies will cancel against the soft factor.

The diagrams in figures 8(b) and 8(c) yield

2 2)2
Sy (br,e, L) o RO% + 407 - arctan by +86T arctan by | (4.6)
2 2
1) _ asCp [2br br . by +4L7
S (bp,e, L) 5 [L arctan 5T 21n A2 : (4.7)
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Summing eqgs. (4.5)—(4.7), we obtain the soft contribution from interactions between the
two collinear sectors,

~ Crl| 2 M2L2 b2, + 4172 (b2 —|—L2)2

SO (ppe )= L2 9 —2In-L 2ln - L —— 2 4+ 4(In2—1
A nTrr o T gy A2

b b L L L 2L

—i—TTarctan% —SE arctana+85 arctang

aCr [ 2 b2ps2 B2

= —— =21 o = 4.8
27 [ € " b2 O\ ) (48)

where we have also taken the limit L > br for illustration. Interestingly, in this limit all
dependence on L drops out, leaving only a pure logarithm in by, the physical observable.
The three remaining diagrams in figures 8(d)-8(f) yield

: sCr [2 2L

SU(br, e, L) = O‘%F 42 “b2 +4} (4.9)
L 0

5 '1 b2 2

Wby, e, L) = a;iF - +1n 7(;5 + 2} (4.10)

L 0

=(1) _ o,Cp [4L L b7 + L?

Sy (bre, L) = o |or arctang —2In 2 , (4.11)

and their sum gives the contribution to the soft function from interactions within the 2
sector alone. The same result is obtained for the —Z sector, so we have

52) (br,e,L) = S(,lz)/,z(bTa € L)

z

. 272 2p2 by + L7 AL L
:OZCF §+21nu2 +h’l,u2T+6*21n T—; +7a‘rctan7
21 e b§ b§ by br br
asCr [3 b2 12 2L b2,
- 2431 2+——|+0(%]. 4.12
2w[6+nb3++bT+ 73 (4.12)

Note that this contains the same linear divergence in L/bp as the quasi beam function,
eq. (4.2). Interestingly, the logarithmic dependence on L cancels within each collinear
sector of the quasi soft function.

The full bare quasi soft function is then obtained by summing the contributions from
egs. (4.8) and (4.12),

S’(l)(bTa €, L) =

4 2p2 b2, + 4172
O‘ScF[+41n“ T g gt

T e b2 412

2b b L 2L
+ TT arctan % + 8@ arctan bT:|

sCr[4 2p2 AL b2
:O‘%F [E +4In ’”‘bQT +4+ ;TT ] +O<LT2> . (4.13)
0

We observe that the logarithmic by dependence of the naive quasi soft function does not

match that of any soft function in the literature, regardless of the employed rapidity regu-
lator, see the comparison made below in table 1. Here, this is not as surprising as for the
comparisons for the beam function in section 4.2, as there is no relation between soft and
quasi soft function through a Lorentz boost even at the bare level, see section 3.4.
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4.4 Failure of the naive quasi-TMDPDF

We can now attempt to combine the quasi beam and naive quasi soft function to construct
a quasi-TMDPDF in the form of eq. (3.1). To fix the form of the soft factor A%, we
require that all divergences in L/br cancel when combining Bq and A%, analogous to the
cancellation of rapidity divergences in the TMDPDEF. Comparing the one-loop results in
egs. (4.2) and (4.13), we deduce this to be A% = 1/\/@, 0

b, by, a, L, P?)
Sq(bTa a, L)

~ — P dbz ib? (x P? fad z ~\ 7 z ~ B
f;fMD(x,bT,u,w:/eb () 2007, 1 1) D (0, 1 ) 2

- (4.14)

Note that this is similar to the § regulator for the TMDPDF, where one has A% =1/v51.

Our result A% = 1/V/ 54 for the quasi-TMDPDF is consistent with this, considering that
we showed in section 3.2.1 that the lightlike soft function using the finite- L regulator yields
the same soft function as the ¢ regulator.

Here, we work purely in the MS scheme and in the physical limit, where the product
Z' Zy is b*-independent, so for our particular one-loop study we can equivalently work
with the longitudinal momentum space formula

Bq(a:,gT,ejL,Pz)

FIMD (3, by, i, P*) = Z4, (1, P*,€) L
S4(br,€, L)

(4.15)

Combining egs. (4.2) and (4.13) according to eq. (4.15), we obtain the NLO result for the
quasi-TMDPDF evaluated in an on-shell quark state,

MO, Br, e, P?) = B @B, e, 1, P) = 280 by, L) (4.16)
_ a,Cp 1 b2 11 !
= o [ <€IR+ln 02 Pyy(z)+ (1 —2) +6)(1 x)O(x)
asOrgy 3L _Lyp w2 ) w2 3
+ =5 o x){zew > mpe T gpr g

_l’_

s 1 b2 2 b2 2
a CFé(l—af) [—IHZ i Dy, Orh +1n

-1
o + =In

b2.;,2 2
3 3 TH In H
2 b§ 2 b§

g " ery

Although our method of calculation is quite different, we note that our result in eq. (4.16)
fully agrees with the one loop calculation in ref. [93] (up to trivial differences in our re-
spective conventions for the MS scheme).

There is an important subtlety concerning the logarithmic dependence In(2P?)? in
egs. (4.1) and (4.16), which arises from calculating matrix elements with an on-shell external
quark of momentum P* = (P%,0,0, P?). In the ratio of the actual TMDPDF evaluated in
a proton state, we have to replace this by P? — xP?, where £ P? is the momentum of the
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struck parton (see also the discussion in ref. [45]), so we obtain

) B 2 2 1
FIMD () (3 by, €, P7) = asCr| (L +In bT—g Py(z)+ (1 —2)| ©(1—2)0(x)
q 2 €IR bO +
0Crgy 30 Ne s
+ o d(1—=x) [2 oy 2 In (2xpz)2 In (233’PZ)2 9

b2 /~L2 MZ
In L1
+in b3 " (21‘PZ)2]
(4.17)

+

a,Cp 1, ,b2pu? 5 biu?
0(l—x)|— =1 -1
o x)[ 2 T Ty

This is our final result for the quasi-TMDPDF which uses the natural quasi beam function
and the naive quasi soft function.

To test whether a perturbative matching between qu MD and f(;r MD 5 possible, we need

to UV renormalize both egs. (4.1) and (4.17) and study their difference:

FTMD x,g u, P? C b2,,,2 b2, 1,2 920 P?)2
fo @b Py asCrly by, by, @eP) (4.18)
fEMP(z, by, 1, €) 2 b bg ¢
1. 5 (22P?)? (2zP%)? 2 9
_5111 2 +1In 2 —2—1—5 SR UCHE

As expected, the explicit infrared poles in ;g have canceled, as they arise entirely from the
quasi beam function, which can be related to the beam function through a boost. However,
the by dependence of f;r MD and f;f MD' does not agree, leaving two uncanceled logarithms
in eq. (4.18). The second one multiplies a logarithm of ¢, and in fact is exactly the one-loop
expansion of the Collins-Soper kernel in eq. (2.21),

exp| L1 22E)

2" ¢

This confirms our argument in section 3.1 that the Collins-Soper equation prohibits a

b2 2 2Pz2
aSCFln il ln( zP?)

2
5 2 : +0(a?). (4.19)

S

Ye(p, br) | =1 —

perturbative matching, unless ( is fixed in terms of P? such that the (-dependence of

;FMD(:L“,ET,[L,PZ) and f;TMD[x, br, 1, C(P?)] exactly cancel. From eq. (4.18), this is ful-

filled with
¢ = (2zP%)?, (4.20)
as expected. This leaves

.]Z(’]TMD(x7gT>M7 PZ)
fEMD ($55T7N3C:(2$PZ)2)
bau? 1., (22P?)? (22.P*)? 2

QSCF 2
1 — =1 1 -2+ — . 4.21
o' n b(Z) 2 n NQ +in Mz + 12 + O(as) ( )

The key problem with eq. (4.21) is that it still contains a single infrared logarithm
In(b% 1% /b3) which is not associated with the Collins-Soper evolution, and thus cannot be
eliminated in a similar fashion. Curiously, choosing ¢ = (22P%)?/e would simultaneously
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cancel both logarithms in by in eq. (4.18), but the term involving a In ¢ is clearly related to
the Collins-Soper kernel, whereas there is no clear relationship of the term In(b2.u2/b3) with
this evolution. Therefore we deem this choice with an extra e to be something that works
at one loop by construction, but not a valid choice since it is very unlikely to continue to
work at higher loop orders (unless there happens to be some unknown deep relationship).
The presence of this extra In(b2u2/b3) thus indicates a failure of the naive quasi-TMDPDF
to reproduce the same infrared physics at one-loop as required for the physical TMDPDF.

Our results can also be compared to those in ref. [93], where the soft factor was
not calculated separately, but immediately combined with the beam function to yield the
quasi-TMDPDF. The final result obtained was a relation between the quasi-TMDPDEF and
TMDPDF at p? = ¢ = (20P*)? which was given as

¢ du'? as(,u’)CF] (1 B aSCF>

ﬂrMD(:B,gT,u = 2z P? P?) =exp [/
(

bo/br)? /LIQ 2w ™
X f(;TMD(x7 gTa,UJ = \[Q,C = (21,]32)2) : (422)
If we take our result in eq. (4.18) and set u? = ¢ = (20P?)?, then we obtain
FTMD $,g = , P? b2 1,2 2
fo C@brp=ve P asCF[ln h —2+W}+O(a§). (4.23)
FIND (2, by, 1 = G = (20P7)?) 2 R P

This agrees with expanding eq. (4.22) to O(«ay), where the single infrared logarithm is gen-
erated by the exponential term. (There is a trivial mismatch from the constant 72/12 term
which arises because ref. [93] uses a different definition of the MS scheme, see appendix A.)
In ref. [93] eq. (4.22) was interpreted as being a valid matching formula between quasi-
TMDPDF and TMDPDEF. However, for nonperturbative by the exponential in eq. (4.22)
becomes a nonperturbative function and cannot be included in a short distance matching
coefficient, in agreement with our conclusions.

We conclude this section with an overview of the dependence of the one-loop coeffi-
cients of beam function By, soft subtraction A% and TMDPDF fEMD on the logarithm
Ly = In(b2.u?/b%) for the different regulators in the literature, as shown in table 1. The
dependence of the quasi constructions Bq, Aqs and qu MD o L, is also shown in the lower
part of the table. Here we only show the dependence on standalone factors of L; (providing
references for the full expressions in the table caption). As discussed previously, the quasi
functions do not match their lightlike counterparts in any of the regulators. In particular,
the double-logarithm Lg only agrees with Collins’ regulator. All the other regulators in-
volve Wilson lines with light-like directions, and here the double logarithm is part of the
soft function (it is split between these two in the exponential regulator).®

4.5 Quasi-TMDPDF using a bent soft function

The construction of the quasi beam function in section 3.3 was motivated by the physical
picture of boosting a spatial to a lightlike correlation function, while the (naive) quasi soft

SNote that in none of these cases does one include the transverse self energy, which would add a single
logarithm Ly to By and —Ly to AL = 1/v/59, see eq. (3.16). Even after taking this into account, the
mismatch persists.
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Regulator Beam function B, | Soft factor A% | TMDPDF fMP = B A%

Collins [100] —3L2, 2L, —Ly —3L2, 3L,

§ regulator [112, 113] 3Ly —3L? —3L%, 3L,
n regulator [115, 124] 3Ly —3L3 —3L%, 3L,
Exp. regulator [127] —L}, 3L, 1L} —1L?, 3L,

quasi B, quasi A% quasi ~qT MD — B A%

Finite L, naive A% —112, %L, —2L, 112,51,
Finite L, bent A%, —3L%, 3L, —3L, —1L3, 3L

Table 1. Dependence of unsubtracted beam function B, = B{"™"™) | soft subtraction A% and

TMDPDF f™P (upper part) and their quasi constructions By, A%, fIMP (lower part) on the
logarithm L;, = In(b2-p?/b3) in various rapidity regularization schemes. Results are shown for terms
from the one loop matrix elements, pulling out an overall a/(27). Only pure L; terms are shown.
The full functional form for B,, A%, and qu MD can be found in appendix B for all regulators. The
corresponding results are given in egs. (4.2), (4.13) and (4.16) for the naive quasi-TMDPDF, and
in egs. (4.2), (4.27) and (4.29) for the quasi-TMDPDF using the bent soft function.

factor construction in section 3.4 was simply the most straightforward attempt. This lead
to a quasi-TMDPDF whose IR logarithms do not match those of the TMDPDF. However,
there is significant freedom in constructing quasi functions on lattice, so we can consider
alternate definitions with the goal of finding one which has the same infrared physics as
the TMDPDF. When the quasi beam function and quasi soft function are combined, any
dependence related to the method of regulating rapidity divergences (such as finite L)
cancels. Since it was only the presence of rapidity regulators that causes problems for the
physical boost argument for the beam function, one may infer that this issue is alleviated
when considering the matching for the quasi-TMDPDF and TMDPDEF. For this reason
we will not try to adjust the definition of the quasi beam function here. However, the
quasi soft function was not constructed based on a boost argument, and hence seems like
the most likely culprit for the failure to match infrared logarithms. For the soft factors
contained in the TMDPDF there are always two different spatial directions involved in
the Wilson lines, while for our naive quasi soft factor there was only the z-direction. This
motivates us to consider in this section a different “bent” quasi soft function which involves
two spatial directions.

This need for this type of bent quasi soft function can also be motivated by studying
the failure of the naive quasi soft function to reproduce the IR physics needed for the
TMDPDF in more detail. In particular, we can split the calculation of the naive quasi soft
function into three distinct pieces, arising from gluon exchanges either within the 2 or —2
sector, or between them, as done in section 4.3,

O - RO (4:24)

Physically, the first term is correctly boosted towards a n/n contribution by boosting with
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P? > 0, and likewise the second term is boosted towards n/n for P? < 0. In practice,
they are identical due to invariance under z <> —z. At one loop, the quasi-TMDPDF in
eq. (4.15) hence can be written as

e — g g - 250 (4.25)
Next, recall the Wilson line structures of quasi beam and quasi soft functions in egs. (3.19)
and (3.24), see also figures 5(a) and 6(a). Taking the soft limit of the quasi beam function,
b* = 0, clearly gives the same Wilson lines as half of the quasi soft function, and hence
subtracting S’S)Z exactly cancels the soft limit of the tadpole correction to the beam func-
tion. This can easily be verified by comparing eqs. (4.12) and (C.51), from which one also
sees that this subtraction cancels the divergence in L/bp. It remains to consider S’S)_Z,
given in eq. (4.8). Its subtraction from B, adds a single In(b2.u%/b2), which is exactly the
leftover logarithm found in the relation between the naive quasi-TMDPDF and TMDPDF
in eq. (4.18). In conclusion, it thus appears to be precisely the interaction between the +2
and —2Z part of the naive soft function that is spoiling the matching of infrared logarithms.

With these motivations and observations we can define a bent quasi soft function
which gives a valid matching result between quasi-TMDPDF and TMDPDF at one-loop
order. Crucially, it must still cancel the L/bp divergence in the quasi beam function and
after combination with the quasi beam function produce the same logarithms in by as the
TMDPDF. More concretely, we can demand the Wilson line structure in the z sector to
match the soft-expanded (b* = 0) structure of the naive quasi beam function to ensure
the cancellation of rapidity divergences. Given these restrictions we define the “bent” soft
function as

o 1 o o o .
Sbent (b7, a, L) = F<O\Tr{52(bT;L)S_m(bT;L)ST(Lﬁl; br, Or)
X SiﬁL(G’T% L)Ss(0r; L)S;(—L?:’; br, Or) } 0), (4.26)

where 7] is the transverse unit vector orthogonal to n/] = b/ /by and 2. Figure 9 illustrates
the Wilson line path in eq. (4.26) and compares it to the path for naive quasi soft function
defined in eq. (3.24).

Above we deduced that the failure of a perturbative one-loop matching between quasi-
TMDPDF and TMDPDF could be traced to soft diagrams mediating exchange between
Wilson lines along the +2 and —2 directions. These diagrams precisely vanish for the bent
soft function due to n, -n; =n, - 2 = 0, while all other diagrams are not affected by the
new Wilson line paths. Hence the bent soft function at one loop yields
asCr [6 bau? 4L

= 461 —— 4. 4.27
HOIm T (4.27)

&(1
S .. 1) =
As before, it is related to the soft subtration through Ag =1/vV Spent. This bent soft

factor has precisely the infrared logarithms that are desired at one loop.”

A soft factor with more than one transverse directions was also used in ref. [92] where the goal was to

— 33 —



T
]
I
)
I
]
I
N
1\ o~
t~
T
t~

i
i

I
!
!
I
!
/
+
I
!
!
I
!
/
v

S
';l
o
';l

[ —— T
[ —— b1

/
/

Y -z
(a) Naive quasi soft function (b) Bent quasi soft function

Figure 9. The bent quasi soft function. The impact parameter br is aligned with the x axis.

Using eq. (4.15) to combine the bent quasi soft function from eq. (4.27) together with
the natural quasi beam function from eq. (4.2) we obtain a new quasi-TMDPDF

- C 1 b2, 12 !
FIMD M) (g B e, P7) = S 0 ) P@) + (1—2)| ©(1 —2)0(x)
asCr 11 1, 5 w2 u? 3
d(l—2)|=— — =1 —1 -2
e O x)[z cov 2 (2zP)? U (22P7)2 2
asCr 1o bpp 3 bgp® b p?
d(1—z)|—=1 21 1 1
ooy o :”)[ o T Tt T TN T Py
(4.29)
Comparing this result to the TMDPDF at one loop yields
f;FMD(wagTalh PZ)
f}MD(xa gT:M?C:<2$PZ)2)
asCp[ 1. 5 (20P?)? (2zP?)? w2 9
=1 —=1 1 — 24— 40 4.30
w050 G BEE oy Tl o). aso)

where have again fixed ( = (20 P%)? as explained previously. Since there is no by depen-
dence on the r.h.s. of eq. (4.30), we see that all infrared logarithms of the TMDPDF are

express the physical factorization theorem directly in terms of quasi objects. They define a soft factor

RoISXY (= [ Sneny (0) (4.28)
s S (b7)5n m, (br)

where Sy, n,(br) is the same as the result obtained from our naive quasi soft matrix element, eq. (3.24),
by replacing 2 — n1 and —2 — no but using infinitely-long Wilson lines (L — oo). Taking by = brnk
and using instead finite Wilson lines, we have checked that the resulting combination of terms in Aqs(bT, L)
gives the same result at one-loop as that of our bent soft function.
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correctly reproduced by this quasi-TMDPDF construction at one loop. Thus this construc-
tion obeys the matching relation given in eq. (3.6) with a one loop result for the matching
coefficient that is given by

TMD 2 _ asCr 2 (20P%)° (22P%)? m? 2
Cop - (1, 2 P?) = bgg [14— gy (—ln 2 +2In 2 —4—|—€ +0(a)| -

(4.31)

Here, we ignore possible mixing of quarks with gluons. Then since mixing of quark flavors
can first arise at two loops, the one-loop coefficient is proportional to d4e. This result
provides a valid one-loop perturbative matching coefficient, which only depends on the
hard scale of the struck parton, xP~.

Assuming the validity of this quasi-TMDPDF construction beyond one loop, eq. (4.31)
can be used to match the lattice quasi-TMDPDF to the TMDPDF. To obtain the required
input for this result one combines lattice calculations of the natural quasi beam function
and bent quasi soft function to obtain a lattice quasi-TMDPDF, which is then converted
into the MS scheme. Results for matching in more lattice friendly renormalization schemes
should be straightforward to derive following a similar approach to the one used here (see
e.g. [57, 65]).

5 Results and outlook

In this section, we briefly summarize the impact of our calculations in the previous sections
for the matching between quasi-TMDPDF and TMDPDF, and what questions remain open
for further study. Without relying on the existence of a quasi soft function that yields the
correct infrared physics for a quasi-TMDPDF, we also discuss precisely what constraints
on TMDPDFs can still be rigorously derived from lattice calculations.

5.1 Matching relation between quasi-TMDPDF and TMDPDF

The goal of this work was to establish a matching relation between the quasi-TMDPDF
and TMDPDF analogous to the collinear PDF, where LaMET gives such a perturbative
relation. However, the physical picture for the existence of such a matching relation is much
more complicated than in the PDF case. For the beam function, the need for a non-trivial
rapidity regulator on the TMDPDF side appears to spoil the simple boost correspondence
between hadronic quasi and non-quasi matrix elements. We have confirmed that this is
the case at one loop in section 4.2 and table 1 by making comparisons of the most natural
quasi beam function with all modern TMDPDEF definitions for the beam function. For the
soft function, the vacuum matrix elements that appear necessarily involve two directions,
and hence does not satisfy a simple boost relation to a quasi soft function even at the
bare level. In section 4.4 we computed the most naive quasi soft function at one loop,
and showed that it yields a quasi-TMDPDEF which does not have infrared logarithms that
agree with those of the TMDPDF. Then in section 4.5 we considered a modified bent quasi
soft function at one loop, which when combined with the natural beam function gives our
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preferred quasi-TMDPDEF definition. Its infrared logarithms at one loop properly agree
with those of the TMDPDEF, thus leading to a consistent matching formula at one loop.

The full utility of our preferred quasi-TMDPDF definition will depend on whether the
correspondence between infrared logarithms continues to hold at higher orders in pertur-
bation theory. For example, at two loops one can recouple the —Z and +y sectors in the
bent soft function, so these contributions will have to give contributions that match up
correctly with corresponding contribution in the two loop soft function once its combined
into the TMDPDF. Such calculations should be considered in the near future. More rigor-
ously, one needs to show that our bent quasi soft function together with the natural quasi
beam function yields a quasi-TMDPDEF with the same infrared nonperturbative physics as
the lightlike soft function, either nonperturbatively or at least to all orders in perturbation
theory. This is obviously also an important avenue for future work.

With lack of further information, in order to proceed at the current time one can
do one of two things, i) make the assumption that 3our preferred quasi-TMPDF holds
nonperturbatively, or ii) assume that our bent quasi soft factor may not work to all orders,
and see if interesting constraints can still be derived. We discuss these in turn.

In the case of i) we have the matching formula derived in section 3.1, which for a
non-singlet (ns) quark flavor combination where there is no mixing reads:

((x, P?)

e Pz Dz Pz 1 ¢
f’;I;MD(.f,bTauyp ) == CI—TSMD [.:U’/L,P 7<(x7p ):| exp 572(/’1‘7 bT) In C

X fa P (@, br, 1, €) (5.1)

If the infrared structure of NI?;MD(JU,ET,M,PZ) and I;I;MD(I‘,ET,/L,C = (20P%)?) match to

all orders, then our one loop calculation in section 4.5 provides a valid result for CESMD.

For the matching from the MS renormalized quasi-TMDPDF it gives
C’ESMD (,u, xPZ) = C’ESMD [m, , P?, Q:(a:, P*) = (2$PZ)2]

asCr 5 (22P*)? (2zP%)? w2 9
:1+47T<—111 #2 +2111 qu _4"’_? +O(as) (52)

At this order, the kernel is diagonal in the quark flavors, as flavor mixing can first appear
at two loops. Under the same assumptions one can proceed to carry out calculations for
our preferred quasi-TMDPDF on the lattice, and with suitable renormalization and scheme
changes, then use the matching relation in eq. (5.2) to obtain the physical TMDPDF for
the nonsinglet case.

In the case of ii) we assume that the matching between quasi-TMDPDF and TMDPDF
is spoiled by a mismatch between the soft factors A% and Aqs at higher orders. In this case,
although we do not have a matching relation, we can still write down a formula relating
the quasi-TMDPDF and TMDPDEF. For the nonsinglet case without mixing it reads:

FTMD (0 B P2) — CTMD (1 2P\ oS (b 1 oai, b1 (22P%)?
fas (@, b7, p, P?) = Cg (,U,,SU )gq( T, H) €Xp 2’7§(:U’v 7)In ¢

X nTsMD(xagTuuv C) : (53)
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Here, CIMP is by definition still a perturbative function. On the other hand, the function
gf (br, i) is nonperturbative and is associated with the failure of constructing a proper
quasi soft function. It corrects the mismatch in the infrared physics. Since the quasi soft
factor and soft factor which differ are flavor independent, there are at most two different
g7 (br, )’s, namely for quarks i = ¢ and gluons i = g, and only gf shows up for the
non-singlet flavor case. Note that eq. (5.3) is also satisfied if we use the naive quasi soft
function construction. Summarizing our results obtained with the naive and bent quasi
soft functions we have

« CF b2 2
gou(br, 1) =14+ %5 F In o + 0(a?),
naive quasi soft m 0
s (b7, 1) =1+0(a}). (5.4)
bent quasi soft

Interestingly, even with the less strong assumptions present in case ii) we can still extract
non-trivial information about the TMDPDF by using ratios of distribution functions where
the gf factors cancel out. We discuss this further in the next section.

5.2 Ratios of TMDPDFs

While the presence of the soft sector seems to prohibit a straightforward computation of
TMDPDFs on lattice, one can employ the fact that gf (br, 1) only differs for quarks and
gluons but otherwise is flavor blind to try to construct ratios of quasi-TMDPDFs where
giS (br, ) cancels. To avoid possible mixing between quarks and gluons, here we only
consider nonsinglet quasi-TMDPDFs such as ns = u—d, where eq. (5.3) applies. The soft
factor g;f cancels in any ratio of two (quasi) TMDPDF's with the same choice of by and g,
so we have

™ (@, by, PP) _ CRMP (i PE) T (201 P7)° (o
FTMD (1 B, 2y (O'TMD 2y XP §7¢(M75T)1n O PV e
fas ('T27bT7/J'7P2) Chs (M71'2P2) (224 2) G

TMD (321 by, 11, C1)

f;II;MD(x27 gTv 122} CQ) ‘

(5.5)

For example, one can choose x1 = x2 and (1 = (s to expose the Collins-Soper kernel 'yg as

~TMD(:U76T7M7 Pf) . CESMD (,U, l‘PlZ)

ns

frrfsMD(xnga#) P2Z) a CI?SMD(Ma :EPQZ)

, P
exp | 7¢ (1, br) lnﬁ . (5.6)
2

This allows one to determine the nonperturbative by dependence of ’yg from the ratio of
the quasi-TMDPDFs fnTSMD computed in lattice QCD, and was proposed in ref. [150].8

8In the context of lattice calculations, it is also worth noting that fyg depends on the quark masses in
the discretized action used in the computation, however, due to its independence of the hadronic state
it is independent of the valence quark masses used to construct correlation functions. We thank Phiala
Shanahan and Michael Wagman for discussions on this point.
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Without this knowledge of 'yg, one is forced to choose 1P} = z2P§ and (; = (2 in
eq. (5.5) to cancel the Collins-Soper evolution kernel,

i b P7) CONR (o wP?) SR B, s €) (57)
s b 1 P2) - G (i wP2) fIAD e, b, . )

Here, h; and hg for example refers to TMDPDF in different hadron states (which does not
affect C’I?Sl\//[h]?), or TMDPDFs of different spin structures (which can affect C’ES%]?). The
latter requires both spin structures to be either T-even or T-odd, as the soft function is
not T-invariant, see e.g. ref. [100]. Using the results given in section 4, it is easy to confirm
that the infrared logarithms cancel independently at one loop on the left and right hand
sides of eq. (5.7), confirming that it indeed is a matching equation at this order.

In egs. (5.5)—(5.7) we write ratios of quasi-TMDPDF's, which contains some choice for
the quasi soft factor that satisfies eq. (5.3). However, one can completely avoid the need

for including a quasi soft factor in such ratios by employing eq. (3.1), which yields

ns

FIMD (g0 bp, p, PE) [dbe e @2P) 20 ) i) Zuy (b7, fi, ) By (b%, by, a, L, P§)

MO (g, by, o, PE) [P V@D 206, fi) Zuy (0P, i, @) By (b, by, a, L, PY)

(5.8)

In this ratio, the quasi soft factor cancels because it is independent of b* and Pfy. Thus
eq. (5.8) removes the necessity to calculate a quasi soft matrix element on lattice. The
leftover divergences as L — oo present in the individual Bq functions also cancel between
the numerator and denominator.

Note that our analysis of ratios of quasi-TMDPDFs here differs somewhat from that
of refs. [37-39]. In those references Lorentz invariance is used to directly relate ratios of
br-dependent spacelike TMDPDEF's to the corresponding ratios of the physical TMDPDFs,
analogous to our eq. (5.7). However this is done by considering an adjustable spatial path
for the beam functions, and taking the limit where this path approaches the light-cone.
So far the focus has been on the case with b* — 0 corresponding to integrating over x.
The relations they use do not require a non-trivial matching coefficient CT™P | but they
do require a non-trivial adjustment of the path as the light-cone limit is taken. It would
be interesting to consider a more detailed analysis of the difference between our approach
and theirs.

6 Conclusion

In this paper we have studied the possibility to obtain quark TMDPDF's from lattice QCD
using the LaMET approach. LaMET has been successfully applied to obtain collinear
PDF's using a perturbative matching relation from quasi-PDF's, which are equal-time cor-
relators evaluated in a highly-boosted hadron state. The construction of quasi-TMDPDFs
is severely complicated by the presence of rapidity divergences that require a dedicated reg-
ulator and the need to combine the beam function By, a collinear hadronic matrix element,
with a soft factor A% defined through a soft vacuum matrix element.
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We have first discussed why the analog of rapidity divergences do not pose a problem
for lattice calculations, as they are fully regulated by the finite length L of Wilson lines,
both in the lightlike case of TMDPDFs and the equal-time case of quasi-TMDPDF's.

We then separately discussed constructions of the quasi beam function Bq and the quasi
soft factor Ag. Since beam functions only depend on the flavor of the probed parton and
the direction of the struck hadron, similar to normal PDF's, there is a natural definition of
the quasi beam function as an equal-time matrix element following the LaMET procedure.
With this definition the bare operator matrix element can be boosted onto the bare beam
function operator matrix element. On the other hand, the soft function depends on the
direction of both hadrons and thus can not be obtained from boosting a purely spatial
matrix element.

We hence first studied a naive quasi soft function where one replaces the lightlike
directions by n* — Z* and n* — —Z#. Both matrix elements separately suffer from
rapidity divergences that are regulated by the length L, and we construct the naive quasi-
TMDPDF ~qTMD = B%A% by demanding the cancellation of the L dependence. We also
discussed implications of the Collins-Soper evolution on the matching relation between
quMD and quMD, which (if it exists) requires one to fix the Collins-Soper scale ¢ in the
TMDPDF through the proton momentum P? in the quasi-TMDPDF, and for the relation
not to involve a convolution in a momentum fraction.

We have carried out a detailed one-loop calculation to study whether a perturbative
matching is feasible despite the failure of the physical boost picture. For this, we require
that all logarithmic dependence on the transverse separation br ~ g, LN A(51CD, assumed
to be a nonperturbative scale, must agree between the lightlike functions and their quasi
constructions. We find that this consistency test fails for the quasi beam function, the
naive quasi soft function and the naive quasi-TMDPDF. For the quasi beam function, we
interpret this to be due the need to regulate rapidity divergences, which necessarily breaks
boost invariance and thereby invalidates the simple boost relation. Even after combining
Bq and Ag into the quasi-TMDPDF f;FMD, in which case all regularization dependence
cancels, there is still a mismatch between TMDPDF and quasi-TMDPDF.

To fix this inconsistency we were motivated to consider a “bent” quasi soft function
which involves an equal time operator with Wilson lines on two different spatial paths. At
one loop, one can identify the diagrams that violate the boost relation in the soft function,
which motivated the precise definition of a “bent” soft function. This leads to a quasi
soft factor A% which gives a quasi-TMDPDF which matches the by dependence of the
TMDPDF, establishing a perturbative matching relation at least up to one loop.

If our construction with a bent quasi soft function and the natural quasi beam function
within LaMET works beyond one loop order then it, for the first time, provides a definite
method to fully access the complete physical TMDPDF from lattice QCD computations.
Given the importance of such a construction, it is very important to further test this
relationship beyond one loop, as we have emphasized repeatedly.

Even if this construction breaks down at higher order, one can still consider ratios of
quasi-TMDPDF's, where any mismatch in the soft physics cancels. This enables one to
study ratios of TMDPDFs. For example, this allows one to nonperturbatively determine
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the Collins-Soper kernel, which has been presented in detail in ref. [150], or to study ratios
of TMDPDFs using different hadron states or spin structures as described in section 5. Such
information is potentially useful to constrain TMDPDF's and thereby aid their extraction
from experiment, particularly for TMDPDEF spin structures or parameter ranges where
only limited data is available.
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A Notation and conventions

We briefly summarize the conventions used in this paper and compare them to different
conventions used in the literature.

Lightcone coordinates. We use the SCET notation based on the two reference vectors
nt =(1,0,0,1), n*=(1,0,0,—-1), (A.1)

which satisfy n? =72 = 0 and n -7 = 2. One can decompose any fourvector as

_n#

-
k k2

u .
n k*% R = (kK Ry, (A.2)
where the plus and minus components are defined as

kKt =n-k=k" -k, k =n-k=k +k*, (A.3)

and the transverse component is orthogonal to both reference vectors, n-k, =n-k; =0.
The Minkowski product of two fourvectors follows to be

- k=-(zTk™ +27 k") —Zp- kr . (A.4)

N

In particular, one has k? = ktk™ — k%

Another convention often used in the literature is k% = (k° £ k?)/v/2, see e.g. ref. [100].
In that notation, the Minkowski product is x - k = (a:+k_ + x_k+) — X7 - ET, and k2 =
2kTk™ — k% To translate results from this paper to that convention, replace k¥ — /2kT.
Often, this leaves factor v/2, that can be absorbed e.g. in integration measures.
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Position space. We often write the collinear and soft matrix elements in position space,
with the position denoted by b* = (b°, by, b*). The Fourier transform to and from momen-
tum space is defined as

4
P = [ e 0, 500 = [, (A5)
We use the same symbol for a function in f in both spaces, as we reserve the symbol f
for the quasi-construction of f. In practice, we only perform the Fourier transform with
respect to b to obtain the momentum fraction z (b* for the quasi-TMD), while we keep
the transverse dependence in position space (often called impact parameter space), where
the canonical logarithm is given by

bgp 2

Ly=1
b nbg,

by = 2e 7% ~ 1.12291 . .. . (A.6)

Renormalization scheme. Our results are expressed in the MS scheme. The associated
renormalization scale yu = ugg is related to the MS scale ug by

4
p= /‘i/Ts = e@/ﬁ% : (A.7)
Note that this differs from the convention used by Collins [100], where p? = 47u3 /T'(1 —¢),
by terms of O(e?).

B Comparison of different schemes for TMD definitions

Here, we give more details on the various rapidity regulators employed in the literature
that are compatible with the generic notation used in section 2, where the TMDPDF was
defined in eq. (2.6) as

2P (b, Q) = T Zue(p, €, €) By(w, by, e,m,¢) Ak (br, €, 7)
7—0
= lim Zuy (1,6, ) f M0 (@, br, €. €) (B.1)
e—0

T7—0

and the Collins-Soper scale was given by eq. (2.2),
¢ = (xP e ¥n)? = (zmpeyP¥)2 . (B.2)

We show how this formulation for the TMDPDF arises in the various regulators, including
Wilson lines off the light-cone, the § regulator, the n regulator, and the exponential regu-
lator from refs. [100, 112, 115, 127] respectively. We also explicitly give one-loop results for
the individual matrix element ingredients in the TMDPDF where available. In all cases,
while the ingredients differ, the same universal result is obtained for f;f MD " We also give
the correspondence to results for the analytic regulator of ref. [109], where only the product
of two TMDs are defined, but which also agree with this qu MD.
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At one-loop, the common result when evaluating the TMDPDEF in an on-shell quark
state of momentum P using pure dimensional regularization is

1
f{;rMD(l)(m, br, e, () = a;CF [_ (1 + Lb) Pyy(z)+ (1 - x)] O(1 —x)O(x) (B.3)
T €IR +

asCr 11, 1 3 u? 1 2
l—2)| = — L3+ (4L ) (o4 )+ 2 - |,
el :”)[62 2b+<e+ "><2+ng T

Here, Ly is defined in eq. (A.6) and Py,(z) = (1+22)/(1—x) is the regular part of the quark-
quark splitting function. Absorbing the UV divergences in a multiplicative counter term

_l’_

a,Cr |1 1/3 u? 9
Zuv(p,C6) =1 — — 4+ =4+In— 2, BA4
w6 =1 5 S (T4l ) | 4ol (B.4)
one obtains the renormalized TMDPDF as
TMD (1) (.. 7. asCr 1 !
IMDW) (2, by, 1, €) = [—(—i—Lb)qu(x)—k(l—:r)] 01 —z)0(z)  (B.5)
2 €IR, n
0Crs [ Ly, (3 00 17
+ =00 ac)[ 2Lb+Lb<2+1nC 513l

The remaining 1/eg pole here is of infrared origin and is the same collinear divergence
that is present for the PDF. This correspondence between infrared divergences enables the
TMDPDF to be matched on to the PDF for perturbative bp.

B.1 Wilson lines off the light-cone
In the modern definition by Collins [100], the lightlike Wilson lines are replaced by spacelike
Wilson lines,

nt = oy, =0t — e~ 2vaph

7 M S = sl _ o2y p
nt = ny,=nt—e nt. (B.6)

This affects both the beam function as well as the soft factor, which is now a combination of
soft matrix elements. From eq. (13.106) in ref. [100] we have for the n-collinear TMDPDF

f(r]I‘MD(l'agTal'% C)

. C g
- hm Zuv Bq ('Ia bTa €, ZUP - yB)
YyA—+00
YyB——Q

\/ S%(br, €, ya — yn)

S (br, e, ya —yp)SE(br, €, yn — YB)

B¢ a:,l_; ,EYp —
_ lim 2z ¢ (T, b1, €,yp — yB) |
v S8 br, €200 — 2ym)

(B.7)

where the result in the last line was derived in ref. [151]. Here, yp is the rapidity of the
hadron (not the Wilson line direction), yp is the direction of the Wilson line as in eq. (B.6)
which acts as a rapidity regulator, and ¥, is a rapidity parameter that controls the split
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of soft radiation into the two TMDPDFs. The ( scale is defined as in eq. (B.2). To relate
eq. (B.7) to our notation in eq. (B.6) one identifies 7 = 1/(yp — y») and notes that

17 —In\/C =yp —yn — (yp — yn) — In(zmp) = yp — yp — In(zmp), (B.8)
so that the translation of functional forms is
Bq($7 gTa €T, C) = qu(xv gT? €&Yyp — yB) y
1

A%(bTv €, T) =
\/SE(br, €, 25, — 2yp)

: (B.9)

where ch = fq““SUb is the collinear matrix element as defined in eq. (13.108) in ref. [100] and
SE = S(0) is the soft function as defined in eq. (13.39) therein. As usual, the dependence
on mp and Aqcp is implicit. Note that the two B,’s have the same number of arguments
after using the fact that only the combination 1/7 — In/C appears in B.

Since ¢ = (zmye¥? %)% one can obtain the Collins-Soper kernel as

dln ffMP dInBY  dlnAJ
din¢ — dyp  dyn

which is the analog of eq. (2.18). This makes clear that the Collins-Soper kernel can be
obtained as a differential equation involving fTP or By, or AY, independently. This fact
is commonly exploited in the perturbative TMDPDF literature.

One-loop results. We are not aware of explicit individual one-loop results for ch and
S& in the literature. Instead, in refs. [100, 152] the two functions are combined at the
integrand level before integrating over the momentum of either real or virtual emissions.
For example, in ref. [100], where the soft factor is calculated in the context of the TMD
fragmentation function, the limit y4 p — $o00 is taken right away. The resulting divergent
integral is then directly canceled against a divergent integral in the beam function, which
for the TMDPDF then yields eq. (B.5). The same order of operations was used for the
calculation of the TMDPDF for double-parton scattering in ref. [151].

We can calculate the soft function in the Collins scheme with Wilson lines along two
spacelike vectors na4 and ng. In Feynman gauge, purely virtual diagrams are scaleless and
vanish, so we only need to take real emissions into account, as shown in figure 10. The two
diagrams are given by

a4k 1 o—ibrkr
SE (b7, e.ya — yp) = G*Cr(nanp)uge / W(2”)5+(k2)nA & —10np -k +10
- i s () ey
ng;)(bT, €.ya) = —g*Crn g’ / $(2”)5+(k2>m1 . /1+ i0 ni_.ﬂ:fTiO
(1) nia
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Figure 10. Real emission diagrams contributing to the soft function with two spacelike Wilson
lines at one loop, up to mirror diagrams. The dashed line indicates the cut gluon.

Note that integral in in eq. (B.12) is ill-defined due to a pinched pole singularity arising
from the opposite signs of the i0 prescription in the two eikonal vertices, and we have
evaluated it using the principal-value prescription. This is similar to the calculation in
ref. [153], where the soft function as defined in ref. [94] was calculated in an axial gauge
with v - A = 0 for a spacelike v. However, there the principal-value prescription is part
of the axial gauge, while we employ it because a corresponding regularization in terms of
Wilson lines for Feynman gauge is currently unknown, see also the discussion in appendix
A of ref. [153]. In the calculation of ref. [125], the pinched pole singularities do not pose a
problem due to employing timelike reference vectors n4 and np.

Taking the mirror diagrams into account and taking the limit |y4 —yp| > 1, we obtain

asCr (1 b2. 112
S&(br,e,ya —yp) =1+ F( rh

- +1
o + In

c b2 >(2—2!yA—yB|)+O(a§), (B.13)
0

which after renormalization agrees with the result for timelike Wilson lines in ref. [125].
Thus at one loop using eq. (B.9) with 7 =1/(yp — yn) we find

Cr (1 b2.1? 2
AL(br,e,7) =1+ azﬂF <6 +In Tb’; > (—T — 1> +0(a?). (B.14)
0

JiMP was calculated in ref. [152] and agrees with eq. (B.5)

The one-loop result for
after adjusting for the difference in definitions of the MS scheme, see appendix A. Hence

we can also deduce the bare beam function in this scheme, using

Bg(l)(xv I;Ta €&Yyp — yB) :flr]TMD(l)(xv gTv € C) - 6(1 - x)Ag(l)(bT’ E’T)

_ a;iF {_ (1 n Lb> Pyo(a) + (1 — x)] "o(1 - ne()

+
asCp 1 1., [1 5 p? o2
§(1—2)|= — =L 4Ly s+ 2
+ ( :c)[62 5 b+<e+ b)<2+n4+7_
1 w2
- - — B.1
T3 12] (B-15)

Using eq. (B.8), one can see that this result only depends on yp — yp.
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B.2 ¢ regulator

The § regulator was originally introduced in ref. [112] and then modified in refs. [137, 138] to
be applicable for NNLO calculations. Note that their notation for the light-cone momenta

* are related to our notation by z* < zT. For consistency of this paper, we convert

x
results for the § regulator in the literature to our notation.

Here, we follow the definition of the TMDPDF as presented in ref. [113], which gen-
eralizes the definition in ref. [112]. At one loop, the § regulator amounts to modifying
propagators in the full theory as

i i i i

- ; i Gl . s B.16
(p+k)2+i0  (p+k)? +iAt (P+kE)?+i0  (p+k)? +iA- (B-16)
where
nH nt nt nt
b — =Qe¥ — . Pt =pT— =Qe ¥ — B.1
Pr=p =R o, =P =0 g (B.17)

are the momenta of the struck quark in the n-collinear and n-collinear proton, respectively.
One can equivalently modify the eikonal propagators as
i i i i
KFHi0 kT it k40 k- tio-
(Additional integer m > 0 multiplicative factors, kK +im 6+, appear at higher loop orders).

(B.18)

The regulators are related by

AT A~
t=—, 0= — (B.19)
p p
When working with A* as arising in the full theory, the soft function can be written as [113]
q ATA~
In Sgg = Rai(as, L) + Rsz(as, Ly) In (B.20)

Q22
However, the Q2 dependence appearing in S here is artificial, as it is the 6T regulators that
are the fundamental Wilson line regulators. Using eq. (B.19) together with ptp~ = @2,
one can equivalently write this as

0T~
In SI?]IS (bT, €,V (5+(5_) = Rsl(as, Lb) + ng(as, Lb) In MQ (B.21)
- Rsl(as; Lb) + RSQ(a57 Lb) In + Rs2(a57 Lb) In [ )

where y,, is an arbitrary parameter that cancels between the two logarithms. Eq. (B.21)
allows one to split the soft function into a “left-moving” and “right-moving” component,?

Stis(br. e, VEF6-) = \ /Sy (br, .67 ¢ )y [Shig (b, e, 5% em), (B.23)

9Eq. (B.23) might seem to differ from eq. (16) in ref. [113], where the soft function is expressed as

A~ A*) ( A- A‘) ( 1A+ A+>
Slbor,—,— | =4/S| br, —,a— S{br,———,— ). B.22
( pt P \/ pt o p apt’ p- (B.22)
Since S only depends on the product of the last two arguments, one can identify o = €Y ~2¥» and use that

a(AT)?/Q* =a(6"e V) = (6"e ) and (AT)?/(aQ?) = (6Te¥)?/a = (6Te¥")? to show that eq. (B.22)
is equivalent to our eq. (B.23).
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and it is this form of S{;q that was used in NNLO calculations in refs. [137, 138, 144]. The
two factors in eq. (B.23) are then combined with the n-collinear and n-collinear matrix
elements, respectively. Since with the § regulator the soft zero-bin subtractions on the two
beam functions are identical to dividing by the original soft function, the soft subtraction
amounts to dividing by v/S. For the n-collinear case, one identifies

1/ =In(d"e ),

Bq(%,gT,e,T, C_:) = Bgls(xnga E,A_/Q2) = Bc]]ﬂs(xvl_;T7€75_/('TP_)) )
1

NEOr—

where B(I;]IS = J, appears in eq. (12) in ref. [113]. Once again, only the combination

AL(br,e, ) = (B.24)

Y

1/7—Iny/¢C=I(6" e ¥) —In(aP e ¥) =[5~ /(aP7)] (B.25)
arises in By, such that the functional dependence of B, and J,, in eq. (B.24) agree.

One-loop results. The unsubtracted beam function has first been calculated in ref. [112],
where the § regulator also acts as an IR regulator. The corresponding result with dimen-
sional regularization as the IR regulator can be extracted from ref. [144],

1

T (2, by, 6,6 [p7) = a;iF [— (1 + Lb> Py(x) + (1— x)] +@(1 — 2)0(z)
+ O‘S;F&(l —2) [(1 + Lb> <;’ +2In i_) + ;] . (B.26)

The one-loop soft function is given by [113]

2

2 1 u? 9 T

S}%I%) (br,e, 67 ¥m) =
According to egs. (B.24) and (B.1), the TMDPDF at NLO follows as
TMD (1) (4 f; — O (a,Bp, e, 67 ) — 2580 (b, e, 67 e B.2
fq (13, Tnu’ag)_ n (.Z', T, €, /p )_5 EIS(T767 € )7 ( 8)
which reproduces the result in eq. (B.3) with ¢ as given in eq. (B.2).

B.3 7 regulator

The 7 regulator [115, 124] modifies collinear and soft Wilson lines in momentum space as

n-Py™"n- Ay
W = Z exp {—gswﬂ V_SZJ ﬁ.P] , (B.29)
perms
2Pgs| /% n - A,
Sp = Z OXp | —gsW— = 5 | 5 (B.30)
perms
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where the momentum operator P picks up the momentum of the gluon fields A, and 7 is
the rapidity regulator with an associated rapidity scale v. While the authors of ref. [115]
separately renormalize the beam and soft functions in 7, one can trivially define a TMDPDF
in the form of eq. (B.1) by combining the bare beam and soft functions, in which case the
dependence on 7 and v cancels,

f(;rMD(a:,l_)’T,u,xP*) = lin% Zuv(p, x P~ €) Bq(x,gT,e,n,mP*)\/Sq(bT,e,n), (B.31)
=0

where B, = BqCJNR and S9 = S \g are the beam and soft function as defined in ref. [115].

For this regulator, the soft zero-bin subtractions vanish, so A% = /S g only involves a

v/5% in the numerator. For this regulator the correspondence with our notation is
n=7, (=@P)?, y,=0. (B.32)

The choice of fixing y, = 0 arises because of the symmetric treatment of the two beam
functions, but can be relaxed as in the other definitions if so desired.

In eq. (B.31), we combined bare beam and soft functions as usual for TMDPDFs.
However, in practice the n regulator is often used to define rapidity-renormalized beam
and soft functions by first expanding them individually about n — 0 and € — 0 and then
absorbing poles in 7 and e through separate MS counterterms [115],

B(?JNR($7 gT,M,iUP_/l/) = ZgJNR(bTa u, v, €, 77,9513_) B(?JNR(w’ gT’ 6,7’],.TP_) ’

S%JNR(bT7 Fs V) = ZgJNR(bT’ M, Vs €, 77) S%JNR(bTv & 77) : (B33)

When combined these counterterms give

ZSJNR(bTa um,V,€,1), xpi)\/ZgJNR(bTu M,V €, 77) = ZUV(IU” SCPi, 6) : (B34)

Using the fact the bare BgJNR and S¢;\gr are p and v independent yields the p RGEs

d - _ _ > _
lu’anCJNR(xubT),U'VTP /V) :’Y%(H’xp )BgJNR($7bT7M7IP /V)u
d
M@S((]}JNR(bTu My V) = ’Yg(l% V)S%JNR(bT7 Ky V) ) (B35)

and the rapidity RGEs

d - _ 1 - _
v By N @, by wPT fv) = = oyl br) BE N (@, by, g 2P ),
d
V*S%JNR(bTy M, V) = ’Yg(/ia bT)S%JNR(bTy 1y V) . (B‘36)

dv

Using egs. (B.31), (B.33) and (B.34) gives the renormalized TMDPDF in terms of the
renormalized beam and soft functions as

f;]TMD('Ta l_;Ta L, C) = BqCJNR(xa 5T7 L, \/Z/V) \/S%JNR(bTa 12 1/) ) (B37)
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where the v independence cancels on the right hand side, and we remind the reader that
here ¢ = (zP~)2. Since BqCJNR only depends on the ratio P~ /v, the Collins-Soper kernel
can be extracted as

. odlnfIMP g BONR din BNR g1 g8

_ _ _ - B.
s dIn¢ dIn¢ dln v 2" dlnv (B.38)

This also shows that the rapidity anomalous dimension of ref. [115] is related to the Collins-
Soper kernel by (1, br) = 2v{(u, br).

One-loop results. The bare quark-quark matrix element for the beam function is not
explicitly given in the literature, but can easily be calculated analogous to the gluon beam
function in ref. [115]. We find

1

- sC 1
BN OB ) = S0 |- (14 14) o) + (1-0)]| 01— 2)0(a)
T €
+
asCr 1 2 3 xP~ 1
o(1 — -+L -4+ - —21 1. (B.
+ ( a:)[<€+ b><7)+2 n 1/>+2] (B.39)
The NLO soft function using this regulator can be found in refs. [115, 143],
a(1) _aCr[2 1 1 [ 5
SCJNR(bTv €,1) = o [62 + 4<€ + Ly _E +In - Ly — 6 | (B.40)

Combining the bare functions as in eq. (B.31) gives the NLO TMDPDF as
- - 1
f;]TMD () ($, br, C) = B(?JNR(I) ($, br, €, 77) + ingNR M (bT7 € 77) ) (B41)

which yields eq. (B.3) with ¢ = (xP~)2. Here, the poles in 1 manifestly cancel.

Alternatively, one can separately UV and rapidity renormalize beam and soft functions
by absorbing the poles in 1 and € in separate counterterms. The renormalized functions
are given by

1

- _ asC 1
BEINRW) (3 B, 2P~ Jv) = sz [— (6 - Lb> Pyg(x) + (1 — :c)] 01 - 2)0(x)
Jr
asCF 3 CCP_ 1
SR (b7, 1, v) = o:Cr —LZ 440 E - ~ (B.43)
CINR\OT Ky o b v o 6]’

where the remaining 1/e pole in eq. (B.42) is of infrared origin. Combining these as in
eq. (B.37) yields the UV-renormalized TMDPDF eq. (B.5) with ¢ = (xP~)2.

B.4 Exponential regulator

The exponential regulator [127] has been designed to connect the TMD soft function to the
threshold soft function, which enabled it to be calculated up to O(a?) [136]. The regulator
introduces a factor

exp |:—]€0T6_’YE:| (B.44)
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into the phase space of real emissions. One then takes the 7 — 0 limit, keeping only

divergent terms. Identifying 7 = v~1

, one can connect this to the ) regulator shown above.
Here, we will keep 7 for clarity.

Similar to the n regulator, in the exponential regulator one typically combines UV-
and rapidity-renormalized beam and soft functions. A key difference is that the exponen-
tial regulator requires a zero-bin subtraction, which is equivalent to dividing by the soft

function. Thus identifying

1
AL(br,e, ) = ) (B.45)

SENZ (bT7 €, T)

one obtains the TMDPDEF. Similar to our discussion for the n regulator this can be done
either by first combining and then renormalizing the bare matrix elements, or by combining
renormalized beam and soft functions.

One-loop results. The beam function is only given after UV renormalization in
ref. [154],

BN (2, br, p,vQ) = asCr [— (1 + Lb> Pyy(z) + (1 — x)] 1 O(1 — z)0(x)

2T +
asCp 2 3 Q2V2 1 2
+ 7. o(1 m)[ Ly + Ly <2 In o + 5 6| (B.46)

The renormalized NLO soft function in this scheme is given by [127]

asCp
2T

s

M2 2
[—Li +2LyIn "~ — ] : (B.47)
14

S](j\)fz(anu’a V) = 6

Combining the renormalized functions gives the NLO TMDPDF as

o - 1
(’II‘MD(I)(IE, bT,,LL,C) = B;NZ(I)('T’ bTv.LLv VQ) - §S](_&\)TZ(bT"U” V) ’ (B48)

which reproduces eq. (B.5) with ¢ = Q2.

B.5 Analytic regulator

The analytic regulator as introduced in ref. [109] for TMDs raises propagators including n

and n-collinear momenta to a power,'"
. 1 vi®
n—collinear : Y — —(p— ke (B.49)
1 2p
n—collinear : 2 (B.50)

%
—(p—k)?  [=(p—k)?JHF
where o and § are distinct parameters. One then has to consistently expand first in
B8 — 0 and then in a — 0, or vice versa. Since this breaks the n <> n symmetry, it

°Tn practice, one can also introduce a factor (v/n - k)* for each unresolved final-state parton with
momentum k, as suggested in ref. [130] and employed in the NNLO calculation in ref. [142].
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regulates all rapidity divergences. However, the regulator does not act symmetrically in
the n and n-collinear beam function and thus yields two distinct bare quantities BE};I and
B(]?g . Following ref. [109], we give all results for expanding first in f§ — 0 and then in
a — 0, such that rapidity divergences are regulated by « alone.

A particular feature of this regulator is that the soft function is unity all orders,

SPN(br,e,0) =1, (B.51)

as all loop corrections are scaleless and vanish. This implies that rapidity divergences, i.e.
poles in 1/a, cannot cancel between a single beam function and the soft factor, and hence
one cannot define a rapidity-finite TMDPDF as in eq. (B.1). Instead, divergences in « only
cancel in the product, so one has to define the TMDPDFs through the limit

lim Bg’,lj (21,br, €, O[)ng (22, by, €, a)SfN(bT, €, Q)

e—0
a—0

b2.Q2 —Faq(pbr) BN . BN .
_ ( - ) BB (a1, By, 1) BPY (2, B 1) (B.52)
Here, Fyg(p,br) = —”yg(,u,bT) is the so-called collinear anomaly coefficient [109], which
exponentiates the rapidity logarithms. Note that the TMDPDFs on the right hand side of
eq. (B.52) do not have an explicit ¢ dependence, as (, = ¢, = @ has already been chosen
to fully exponentiate all rapidity logarithms.

One-loop results. The one-loop beam functions have been calculated in [109]. As dis-
cussed, the n and n-collinear functions take different forms due to the regulator breaking
the n <> n symmetry. The one-loop result for the matrix element in an on-shell quark state
can be extracted from ref. [109] in the form

- sC 1 !
B}?}j(l)(mh br, e, a) = QsTF [— (6 + Lb> qu(x1) + (1 — wl)] @(1 — xl)G(xl)

27T +
o Cr 2 1 3 2 u?
+ o (5(1-1’1) I:GQ_ <6+Lb) (—2+a—21ny2>
2
7
Li— &+ 2], (B.53)
BN (1 - a,Cr 1 !
Box (s, by, e, 0) = 5 [— <6 + Lb> Paq(x2) + (1 = $2)] O(1 — 22)0(x2)
+
asCp 1 3 2 Q*\ 1

Only the product of the two beam functions is meaningful, as the poles in a and the v
dependence cancel, and one obtains the product of the two TMDPDF's,

BN (1)(

[6111371:1(1)($1ng76> a)Bqﬁ $2,5T,6,0t):|

O(as)

1
a,Cr

= {5(1 — 9) [— <1 + Lb> Pyy(x1) + (1 — 331)]

@(1 — 561)@(331) + (561 > xg)}

+

sC 2 1 2 2

+ 0427TF5(1 —x1)0(1 — x9) [62 + (6 + Lb> <3 4+ 21n gz) — Lg +1-— 7(;:| . (B.55)
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One can easily check that the same is obtained for f[;FMD(arl,I;T,E,Ca)f;fMD(@,I;T,e, )
using the result in eq. (B.3) together with (,¢, = Q*.

C Calculation of the quasi beam function

We calculate the spin-averaged quasi beam function by evaluating eq. (3.19) with an on-
shell quark with momentum P* = (P%,0,0, P?), and carry out the Fourier transform to
momentum space only for the z momentum, while the transverse component is kept in
position space,
s T pz db® apeyps 1 - : N
Gu(w,br, P7) = [ S0P 2 S (P g )P exp fig [ ds- AG)| q(0)|a(P) ),
2m 2 - 2

spins

(C.1)

where for compactness we suppress the dependence of ¢, on € and L. Here A =0 or A = 3,
and the path ordered exponential represents the Wilson line stretching along the path -,
as illustrated in figure 5. The explicit parameterization is given by three segments

0 0 0
71(5) = 6T ) 72(5) = SZ_;T ) ’73(8) = Z_;T , S€ [07 1] . (02)
Ls L L+ s(b*—L)

In Feynman gauge, there are four topologies contributing to the one-loop beam function,
shown in figure 11. The sail and wave function diagram each have a mirror diagram.
Since we work in pure dimensional regularization with on-shell quarks, the wave function
renormalization diagram is scaleless and vanishes. In practice, it converts IR poles into UV
poles, which is crucial for the renormalization of the beam function.

The general strategy of the NLO calculation is as follows. First, we write down the in-
tegral fully in momentum space and introduce Feynman parameters. The resulting integral
over the loop momentum ¢ can then be reduced to a set of master integrals, defined as

br

Io(i dly et 5(qF — 1 i SR (bpll e C
0()_/(27r)d @020 —D = g (2m TRy (b |)<Il|> ’ (C2)

. ddq 6(q* = 1) i (4m)€ 1 —1—2¢
L= / (2m)d (g% + i0)2 1672 /7 : <2 +€> 1 ’ (C-4)
ddq e_iqT'gT 3

MD:/@@M¥+M2 = S (Bm)T(-0). (C.5)

Here, K, () is the modified Bessel function of the second kind. We need only the following
integrals over the Feynman parameter y,

1
ﬁﬁZAdﬂmwyWﬂ

—i 1 [(1 b%;ﬂ)
= So - +1n O(1 —z)O(x)
1672 P € b2

+ sgn(z)L'(0,bp P?|z|) 4+ sgn(1l — 2)I'(0,bpP?[1 — z) | , (C.6)
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oI5 1d o~ 1 e trPlel _ embrPRl—e]
ot = /0 y(z=yhle-9P =555 2 , (C.7)
1
eIy :/0 dy I [(z — y) P?]
-1 1 1 b2u2 )
- mﬂpz{ (6 +1n 71;3 ) O(1 — 2)O(x) — sgn() [vE + In(by P?|z))
~sea(1 = a) [+ or 1 - 2| | (©3)
2elb_/ld (0~ Il - )P = 552 (11— al - o)) (C.9)
MOl_o Y ¥4 Y 1672 P> ) .

where 11 is the MS scale and p is the MS scale, and z is the momentum fraction carried
by the parton, not a Feynman parameter. Finally, we introduce plus distributions taking
into account that prior to taking the physical limit, the quasi beam function has support
x € [—00,00], rather than the physical support = € [0,1]. For the calculation, it is most
convenient to define the plus distribution such that the integral over all x vanishes,

[h(x)] = h(z), z#1,

/ : do [h(a:)] f}o ~0. (C.10)

For functions with physical support = € [0, 1], this naturally reduces to the standard plus
distribution. Any integrable expression h(z) can be written as a distribution using

h(z) = [h@:)} joo +6(1—2) / Z dz’ h(z') . (C.11)

C.1 Vertex correction

The vertex correction figure 11(a) is given by

d 1 Jfm A D
G () = —ngCFuﬁﬁé ZS: us(P) [/ (gwl;d 224? _%7526—1“} wstf)

d9k PX — kA kA -
— _ig? 2¢(d—9 / R —ikb
" Crin(d=2) | G5 [P —peE T # |

Note that the second term in square brackets vanishes for A = 0, as the integrand is odd

(C.12)

in k°. The Fourier transform w.r.t. b can be carried out trivially,

. d?% [ PM— k> A
i\ (z, by, P?) = —ig*C 26d—2/ 7
qy, (x, T, ) 19 Ul ( ) (27T)d kQ(P — k‘)2 + L4

] e_iET'gTd(:):PZ —k*).
(C.13)

Introducing Feynman parameters, we obtain
~ T . dd e IQT bT
qga)(m,bT,PZ) = —IQQCFM (d—2) / dy/ q {(1 —y)P)‘(S[(a:—y)PZ _qz]

+ 0 [5(po —¢F) — 5[(3: —y)P? — qz]] } . (C.14)

~52 -



bT, b?)

OT7
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Figure 11. One-loop diagrams contributing to the quasi TMD beam function in Feynman gauge,
up to mirror diagrams. The double line represents the Wilson line.

Using egs. (C.6) and (C.7), this can be expressed in terms of the master integrals,
G\ (x, by, P?) = —ig?Cppd<(d — 2) P* [(1 — )¢+ (1 — ) I + 0¥ xly(zP?)| . (C.15)

Next we use eq. (C.11) to rewrite eq. (C.15) in terms of a plus distribution. Note that the
integral of the second line in eq. (C.14) vanishes when integrated over all x and thus does
not yield a boundary term. We obtain

N +oo
39 (2, by, P*) = — ig?Cpp2(d — 2)P* [(1 — )8+ (1 — )L+ 6 xIO(:vPZ)] i

I
2

Plugging in the master formulas and expanding in e gives the final result

—ig?Crpdi(d —2)6(1 — )= (C.16)

49 (2, B, P7) = “ZCF (i +ln bg’{;’gQ - 1) { {2@; _ e - a:)@(x)] s x)}

™ +
+ AQN'SLQ) (1’, gTy PZ) 3 (017)

where we singled out the terms with physical support = € [0,1]. These will be crucial to
recover the collinear singularity of the standard PDF. The contribution with unphysical
support x € [—o0, 00] is given by

o—brP?|z| _ ,—brP?|1-a]

asCp (1 _ 6)\2)

AGY (w,br, P) = ——5- by P

n

+ |1 = z|T(0,brP?|1 — z[) — |2|T(0, bp P*|x|)
+oo
+sgn(z)0(0, by P*|z|) — ¥sgn(z)e 7Pl (C.18)
+
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p p p p

Figure 12. Sail diagrams contributing to the quasi beam function at NLO.

The first line in eq. (C.18) is clearly suppressed for by P* > 1. The second line in eq. (C.18)
also vanishes in this limit, because the incomplete Gamma function behaves as

|
00,2) %’ “In(z) —ye,  D(0,2) %° e (C.19)

and the logarithmic enhancement for small arguments is compensated by the prefactor.
The third line of eq. (C.18) yields a power-suppressed contribution when convoluted with
the TMDPDF, see appendix C.4.

C.2 Sail diagrams

The two sail diagrams are shown in figure 12. The Feynman rule for the Wilson line
following from eq. (C.1) is given by

1
igta/ ds~, (s)e *() (C.20)
0

where k is the momentum flowing into the Wilson line and ~ the Wilson line path, given
in eq. (C.2). The two diagrams prior to Fourier transforming are given by

1 ! A%k Aoyt —_
~(0) (prYy — _ 42 2¢ — / Zo(P)— T P) eiPb—i(P—k)-(s)
@00 == 5 Crui3 3 [ 45760 [ Gt gip L ps(P)e

1 ! 47k MR L
—g2CF,u3622/0 dSVI(S)u/daS(P)WuS(P) elkb—H(P k)v(s)‘
S

(2m) 2k2(P — k)?
(C.21)
After averaging over spin, they can be combined into
d?k P et — (P - k)g™ + PHED
~(b _ 2 2¢
Qr(z)(b#) = —g°Cruj / (27r)d k‘2(P — k,)Q
1
" / ds~(s), [ein—i(P—k)-fy(s) n eik~b+i(P—k)wy(s)} ' (C.22)
0

For both A =0 and A = z, the numerator can be simplified to

Pt — (P k)g™ + PPEN = PP[R* + kg0 — KOg"*]  —  P*(K* — K%"*), (C.23)
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where the last step employs that the g“*° piece vanishes when contracted with the spatial
path 7/(s),. Introducing Feynman parameters and dropping the terms linear in q° gives

3 . 1 _ 9y P* gh*
gV (W) = —g*Cpudcp / dy/ q y J /dsv'(S)u

0
[le ilg— P<1 )l (>+e<q+yP> —il—PA-yI )] - (C.24)

Next, we use the relation
i .d ilg—P(1—y)]-+(s
[q-7'(s)] etla=PO=vl(s) = <3F1ds +(1—y)[P- 7’(3)]) eTila—P(—=y)(s) (C.25)

to replace the ¢* piece in the numerator,

s=1

1 d
iD (B) = ig2 e P? / ay [-32 1[eiP~bei[q—P(1—y>]~v<s) _ ei(q+yP)‘be—i[q—P(1—y)]w(s)}

1 ddq 1 y 1
2 2e 2\2 / z
P d d
9 Cru (P /0 Y / (2m)d ¢ /0 s7(s)

y [einei[q—Pa—y)]w(s) " 6i<q+yP>~be—i[q—P<1—y>1-v<s>]

s=0

=) (O + )P (o). (C.26)
(b)

Since the first line in eq. (C.26) is much simpler than the second line, we have split gy,
accordingly. Note that the second line in eq. (C.26) only involves +/(s)*. All contributions
from the transverse gauge link are thus fully captured in the first line, which becomes

5 X € 2 1 ddq 1 _ig- 7 —i(g? FAY X2
gD () = 2ig*Crud P /0 dy / ot (@ +yPI (C.27)

Taking the Fourier transform of this and pulling it inside a plus distribution yields
b1)(,. T 2 2 oo 2 2
GV (2, by, P*) = 2ig?Cpud P* [IgL 4 2g2Cpp25(1 — 2) s (C.28)

The second contribution to eq. (C.26) is more involved. We first simplify the exponentials
by letting y — 1 — y and then ¢ — ¢ + y P,

1
(b2) wy 2 z 1 N\Z L iPb | Jigy(s) ig-b ,—ig-y(s)
(W) = g2Cruds(P?) / / q+yP)/d8’y(s)e [e +e'%% }
(C.29)

To proceed, we need the explicit parameterizations for the Wilson line path v, eq. (C.2).
Evaluating all line integrals and taking the Fourier transform w.r.t. b%, eq. (C.29) yields

G (z, by, P?) = —ig?Cpul<(P?) / /

q+yP)
—1q L —igqp- bT
[5[132(1—95)]2 )
q
_ Ji¢*L(1 _ Ligr-br I
e ]
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The first term in brackets has a singularity at ¢* = 0. However, when integrating over z,
the singularity cancels with the second line, so it can be regulated by introducing the plus
distribution prior to evaluating the ¢ integration,

- - +oo -
@by, ) = [0 £ 1,50, PO 460 ) / da! gD (' br, P?). - (C31)

For x # 1, this can be expressed using our master integrals,

~ 7 z . € pz 1+x a Ib
o (x # 1,bp, P?) = —2ig?Cpu2‘P [1 — xIO 1 _0$]

9 5 —iPZL(l—x) b 5
+ig?Crpf P —— [(1 Fa)(Ie— 10— (k- 1] . (C.32)

The 6(1 — ) term is fixed by integrating cj,(lb’Q) (z,br, P?) over z,

/d:v 192 (z, by, P?) = —ig*C 26P"‘/ld / dlq _2-y (1_€—i<i'T~5T)
L e L Ea L
2 _ —ig*L _ _iq*L
x2—° = . (C.33)

Here, the finite L terms are crucial to regulate the integral at ¢ = 0, which makes the
integral IR finite. Note that due to the factor 1/¢%, the above integral is UV finite, so we
can evaluate the integral in d = 4 dimensions, which after some manipulations yields

Tt [ (1 PHER) R e

dv In
82 Jo v2 v?

/ dz 02 (2, By, P7) =

We have not been able to obtain a closed form for this integral. However, it is clearly
convergent for v — 0 and v — o0, so we can take the LP? — oo limit first. To cleanly
extract the logarithmic dependence on PZ?, take

/ dz ng,2) (z, I;T, P?)

2 LP* 1 b2, P2
_9 CF/ dv/ dy (y — 2) In <1+ L >Sin(vy)
0 0

82 v?2

~ 20 T [Ny 962 Ly
=9 ez f, YW T A5 | g

— 2Cp br P* 2 20 [0FPZ| 3.3 X b7 P? 1.3,
167’[‘3/2 b%‘(PZ)Q 24 4 %7%7())% 38 4 %7%a_%7_%70
2 2 .2 22\ 2 2,2 2\2
= <62 [(ln 2 +1In e —2In =5 —2In e +4 (C.35)
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The full expression for the sail diagram, eq. (C.26), is obtained by adding egs. (C.28)
and (C.31),

—4x 8 21b
0 + 0

i (z,br, P?) = iQZCFM%EPZ[ T—z T1-2

e—iP7L(1-x) X ) +oo
T {(1 +z)(Ilg —It) — (o _Il)} ]+
+2ig?Cpu26(1 — x)Ip + 6(1 — ) / dz ¢ (z, by, P?). (C.36)

Using the approximate result eq. (C.35), but keeping all master integrals exact, we obtain

~a,Cp [ —2z <1 b2 u?

1
i (z, by, P?) = —+n = )@(1 —x)@(x)]
0

" 2r |[1—=2 n
asCr 11 505w bt (2P%)? biu®
o(1 — - —=1 —1 1 2In =—
+27r ( x)[e 2 " b2 nb% " w? - nb(z)
1 2P%)? 2P?)?
= 1n2 ( 2) In ( 2) . 2:|
I I
+AGY) (@, br, P7) (C.37)
where we have singled out the terms with unphysical support x € [—o0, o],
AGY (x,br, P7)
asCrp [ 2|z] x oo
= — r'(0,bpP? —T(0,bpP*|1 —
2n |1—=x (’T ‘x|)+|l—33| (’T | a:|)+
+ asCp [ trPlel — e br Pl 1— le—iPZL(l—ac) =
2 | bpP*(1 — x) 2 i
Cr[ _ip- 1 oo
QsTF | —iP L(l_w)ﬂsgn(x) 0, bp P*|x|) + vE + In(P?br|x|)
4 | 1—=z +
Cr[ _ip: 1 oo
GOF | —iPsL0-0) T (0o P21 — 2]) + v + In(P7br|1 — 2|)
dr | 11— x| n
asCr ‘e—iPZL(l—x) +oo
— —1- . C.38
47 1—x (\a?| | $|) N ( )

C.3 Wilson line self energy

The general expression for the Wilson line self energy, figure 11(c), in position space is

given by
e 11 1 A% ek [y(s)— ()]
S0 (pY — 32 z —ib*P - / A 2¢
i) =gt Crp e g [as [a e ol | G5 g
asCr ib*P* 2 ! ! 2 i
= pre i ar - [ as [t (s) 70| -he) -a0r]
(C.39)
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Figure 13. Diagrams contributing to the Wilson line self energy correction to the quasi beam
function. The coordinates illustrate the path in position space. Only diagrams (c) and (d) are
sensitive to the vertex position b* and thus give a nontrivial contribution to the Fourier transform.

~—

where a symmetry factor 1/2 is included and « is the path of the Wilson line. Since ~y
can be split into three straight lines, see figure 5, there are four distinct contributions in
Feynman gauge, shown in figure 13.

Diagrams (a) and (b). are independent of b*, so the Fourier transform w.r.t. b* is trivial
and one can directly evaluate the line integrals similar to the soft function calculation shown
in section 4.3, obtaining

- sC 1 L2p?
40 b ) = S5 ) [ B (C.40)
0
- sC 1 b2 u?
09 0B, ) = S5 ) [ B (can
0

Diagram (c). depends on b, so care has to be taken with the Fourier transform. The
position space result is

~(c,3) ) = _aSOFPz —ib* P* v — L 2 26 € (] _
qn ( ) o7 € ( ) Ho T ( 6) 6(26 - 1)
sC aepe | 1 b* — L)?u?
N Sl # +2| +0(). (C.42)
27 € b
The Fourier transform can be obtained using [45]
db* - . 4T (1/2 —iP*L(1-2)
/ elb (z—1)P (bz - L)Qe — ( / + 6) € (043)
o1t ﬁr(_e)(Pz)1+2e |1 _ $|1+26
as
3. 7 a Cp | e iP*L(-2) oo asCp 1 p2L2
T bp, P?) = —— 51 —x) | = +1 2| . (C.44
Q™ (%, br, P7) 27 1 — x| * 27 ( x)[e—i—n b2 +] ( )
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As shown in appendix C.4, when convoluted with the TMDPDEF the phase term will be
power suppressed. Note that if one were to expand eq. (C.42) in b* < L prior to Fourier

transforming, one would instead obtain

- z db? ... o C os |1 LZ 2
G (2, by, P*) "=t g*alP® 2eZF pz b P L+ln / +2]

271' 2T bg
asC’F 1 L2/L2 :|
= 0(1—x) [ +1In +2], (C.45)
27 € bg

so dropping the phase in eq. (C.44) is equivalent to performing a small-distance expansion
b* <« L in position space.

Diagram (d). gives rise to a factor 2 to lift the symmetry factor. Due to the finite
separation bp, it is UV finite, so we can let ¢ — 0. In position space, we obtain

C :p2 b* b* L —b* L —b*
et () = QsTF peo-ib*P [ 2— arctan — + 2— arctan — + 2 arctan
2m br br T br T T

b7 + L2][bF + (L — b*)’]
b7 b7 + (6°)°]

Here, it is quite difficult to take the Fourier transform while keeping the exact b* depen-

—In (C.46)

dence. It is easier to use the first line of eq. (C.39) and leave the k* integration until
the end,

Q" (x,br, P?)

db? 2pz
:lg2CFPz 26/ o el(a: 1)P*b L(L—bz)

41, —ikp-bp—ik?[L(1—s—t)+tb?]
/ ds / de / d k ‘ .
k2 +1i0

— asCF-PZ/ 1(:!: 1)P*b? /dkz bk (1 _ eikzL)(e_ibzkz B e—ikzL)
2m

27 by ]{;z
_osCr P [ e B
=S [ ke = [5[(:,; 1)P* — k] — 8[(x — 1)P"e . (C.AT)

z
While the second line is manifestly finite as k* — 0, the last line has an apparent singularity,
which is as usual treated as a plus distribution,

+oo
g\ (z, by, P*) = [ ez £1 bT,PZ)] +46(1 —x)/dx' g (' by, P?)
+
_ asCr e—brP*1-g| | _ ,~iP*L(1-z) +oo
- 2n by P* (1—x)2
asCF b% + L2 L L
+ o (1 —x) [—2111 i 4@ arctang (C.48)
For comparison, the b* < L limit of eq. (C.46) is given by
z 1 2 2
~(C,4) b'u bz§<L aSCFPZ —1ib® P? _2b7 t bf 4£ t £ 1 (b +L )
a,o™ (b") . e . arctan b + by arctan . A 207+ (0]
(C.49)
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This still has a nontrivial b* dependence, so in order to obtain the §(1—x) term in eq. (C.48)
we further need to expand in b* < by, giving

2T

2 gzpz | L L b2 + L2
gﬁf@(bﬂ) br<Lbr @sCr pze 7P [417 arctan — — 21In L + }

T br b2,
asCp L L
= 5 (1 —x) [457’ arctan b 21n 2

(C.50)

Hence dropping the phase term in eq. (C.48) corresponds to a small-distance expansion
b* < L and b* < by.

Combined result. Combining egs. (C.40), (C.44) and (C.48), we obtain the full exact
tadpole diagram as

asCr
2T

2,2
5(1 — ) [i’ 43 T gy %L} + AGO (x, by, P?),  (C.51)

79 (z, by, P*) =
dn (.Z', T, ) b% bT

where the terms suppressed for b* < by < L are
+oo

. . +o0
N —iP*L(1—x) —brP*|l—az| | _ ,—iP*L(1-x)
A(jff)(az, by, P?) = _ast e n a,Cr |e e :
27 |1 — x| 27 br P? (1—-=x) .
asCr b+ L% L L
+ - (1 —x) [—21n 72 + 4@ arctan o2 +4|. (C.52)

C.4 Power-suppressed contributions to the matching kernel

The unphysical contributions egs. (C.18), (C.38) and (C.52) contain fastly oscillating phases

~ e—iP7L(1-2)

, and one may thus expect that these give vanishing contributions as LP* —
oo. However, these phases vanish as * — 1, and furthermore can be associated with
divergences in 1/(1 — ), so they can contribute nontrivially to the quasi beam function.
Thus, in order to neglect them, one has to show that they do not contribute to the matched
TMDPDF in the limit LP? — cc.

The unphysical terms cannot yield a multiplicative matching with the TMDPDF, as
the support of quasi-TMD and TMD do not match. Given our discussion in section 3.1, this
provides a direct indication for the fact that they are power suppressed, and we will show
that this is consistent. Assuming that their contributions satisfy a convolution structure

as in eq. (3.2), then the unphysical part of the matching is given by

. - L q fx - +o0 .
AFIMO (4 Gy, P) = / o [Aq(y,bT,PZ)} ST B C),
- +

AG(x,br, P7) = AGS (@, br, P?) + AGY) (@, br, P?) + AGY) (@, br, P?) . (C.53)

n

In the following, we suppress all arguments except x and y as well as all superscripts and
subscripts and the flavor indices for brevity. We also extend the integral in eq. (C.53) to
infinity by implicitly assuming that fT™P(y) = 0 for |y| > 1. Changing the integration
variable in eq. (C.53) from y to x/y, we obtain

afw) = [~ Ssamlie (%) (C.54)

—oo Y] y
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Next note that Ag(y) is entirely given as a plus distribution, so we can rewrite eq. (C.54) as

A = [ a2 [‘;,f@) - f<x>] +fa) [ aylagu)s

~ [ awaiw | po(2) - ). (©:55)

where we can drop the plus prescription from now on, as the term in square bracket cancels
an overall 1/(1 — y) divergence.

Let us now consider the case where Ag is given by an exponential phase factor, a
regular function r(y) and potentially a divergence as y — 1,

[AG(y)] 7 ~ [e‘”’ SRELCN (C.56)
. = .

For this case, eq. (C.55) becomes

Af(z) ~ e P / ™ e ) ry|—1f<f/_y; ~ f(@)

= e_iPzL/ dy e h(y). (C.57)

The function h(y) is by construction regular as z — 1 due to the subtraction term.

Without giving an exact proof for all functions h(y) appearing at one loop, we can give
strong arguments that eq. (C.57) vanishes as P*L — oo for all relevant functions h(y). The
strongest criterion to prove this behavior is for functions h that satisfy [dy|h(y)| < oo,
in which case the Riemann-Lebesgue lemma applies. Typically, this is too restrictive, as
for example h(z) = In |z| is not integrable, but its Fourier transform is known to vanish as
1/(P*L). A less restrictive and more intuitive argument is that as long as h(y) is sufficiently
smooth such that P*L > |h/(y)|, then the rapid oscillation of the Fourier kernel suppresses
the integral. This holds for all (1 — y)P*L = 1, and thus the contribution of the integral
not suppressed by the exponential phase must be of order 1/(P*L).

All other functions appearing in egs. (C.18), (C.38) and (C.52) have an explicit suppres-
sion in by P? — co. While they may contain divergences in 1/(1—y), they can be regulated
the same way as the above, after which the result is clearly suppressed by positive powers
of 1/(byP?) relative to the physical terms in the matching calculation.

Since all terms in egs. (C.18), (C.38) and (C.52) give power-suppressed contributions to
the matching, they can be dropped in the final result for the unsubtracted beam function.
Upon adding only the physical contributions from egs. (C.17), (C.37) and (C.51), one then
obtains eq. (4.2).
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