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Abstract

Linear algebra is a simple yet elegant mathematical framework that serves as the
mathematical bedrock for many scientific and engineering disciplines. Broadly defined
as the study of linear equations represented as vectors and matrices, linear algebra
provides a mathematical toolbox for manipulating and controlling many physical
systems. For example, linear algebra is central to the modeling of quantum mechanical
phenomena and machine learning algorithms.

Within the broad landscape of matrices studied in linear algebra, unitary matrices
stand apart for their special properties, namely that they preserve norms and have
easy to calculate inverses. Interpreted from an algorithmic or control setting, unitary
matrices are used to describe and manipulate many physical systems. Relevant to the
current work, unitary matrices are commonly studied in quantum mechanics where
they formulate the time evolution of quantum states and in artificial intelligence where
they provide a means to construct stable learning algorithms by preserving norms.

One natural question that arises when studying unitary matrices is how difficult
it is to learn them. Such a question may arise, for example, when one would like to
learn the dynamics of a quantum system or apply unitary transformations to data
embedded into a machine learning algorithm. In this thesis, I examine the hardness
of learning unitary matrices both in the context of deep learning and quantum com-
putation. This work aims to both advance our general mathematical understanding
of unitary matrices and provide a framework for integrating unitary matrices into
classical or quantum algorithms.

Different forms of parameterizing unitary matrices, both in the quantum and clas-
sical regimes, are compared in this work. In general, experiments show that learning
an arbitrary 𝑑 × 𝑑 unitary matrix requires at least 𝑑2 parameters in the learning
algorithm regardless of the parameterization considered. In classical (non-quantum)
settings, unitary matrices can be constructed by composing products of operators that
act on smaller subspaces of the unitary manifold. In the quantum setting, there also
exists the possibility of parameterizing unitary matrices in the Hamiltonian setting,
where it is shown that repeatedly applying two alternating Hamiltonians is sufficient
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to learn an arbitrary unitary matrix.
Finally, I discuss applications of this work in quantum and deep learning settings.

For near term quantum computers, applying a desired set of gates may not be effi-
ciently possible. Instead, desired unitary matrices can be learned from a given set of
available gates (similar to ideas discussed in quantum controls). Understanding the
learnability of unitary matrices can also aid efforts to integrate unitary matrices into
neural networks and quantum deep learning algorithms. For example, deep learn-
ing algorithms implemented in quantum computers may leverage parameterizations
discussed here to form layers in a quantum learning architecture.

Thesis Supervisor: Seth Lloyd
Title: Professor
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Chapter 1

Introduction

Linear algebra is among the simplest frameworks for mathematical analysis, and yet,

it applies to a wide range of phenomena in science and engineering. Due to its

simplicity and widespread applicability, arguably no topic within mathematics has

been as extensively studied as linear algebra. Within this richly studied field lies a

diverse set of tools commonly used by scientists, engineers, and other practitioners.

A simple definition of linear algebra is the study of linear transformations. In

most settings, these linear transformations are typically represented as matrices that

act on vectors. In more mathematical language, matrices are linear maps between

vector spaces. By classifying these matrices, linear algebra can be segmented into

different groups of matrices which each have different properties. One particular

group or segment that is the focus of this thesis is the unitary group of matrices.

This group of matrices consists of the set of linear transformations that preserve the

norms (or lengths) of vectors. Though this property may not appear special at first

glance, it is essential to explaining many physical phenomenon and designing systems

that preserve stability. The property of "unitarity" has a precise and unique math-

ematical definition, but before diving into any mathematical formalism, examples of

transformations that can be represented as unitary matrices are given below to aid

the reader’s understanding.

• Transformations consisting of rotations do not change the length or norm of
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a vector and are thus unitary transformations that can be written as unitary

matrices.

• Similarly, transformations consisting of reflections around an axis passing through

the origin do not change the length or norm of a vector and can also be written

as unitary matrices.

• In quantum mechanics, norms of state vectors have a probabilistic interpretation

and thus, unitary matrices represent the set of transformations that preserve ba-

sic rules of probabilities (e.g., that probability of one of a complete set of events

happening sums to one). In other words, preserving the norm is equivalent to

preserving the rules of probability distributions in quantum mechanics.

One natural focus of research in the study of unitary matrices is the challenges

associated with learning them. In this setting, machine learning algorithms are tasked

with learning unitary transformations or various features associated with unitary

transformations. In some cases, algorithms learn by observing data related to or

derived from a target unitary transformation (e.g. by observing a set of input and

output vectors that are generated by applying the target unitary matrix to input

vectors). In other cases, algorithms learn by directly observing entries of the target

unitary matrix.

Designing systems to learn and construct unitary matrices presents unique chal-

lenges. The field of machine learning provides a rich set of tools to perform machine

learning, but it is unclear how successful those methods are when applied to learning

the specific subset of unitary matrices. In fact, many of the common methods used

in machine learning often change learning systems in ways that do not preserve uni-

tarity; e.g., algorithms often perform updates to matrix elements which typically do

not preserve unitarity.

In this work, we develop methods to learn unitary matrices and analyze their

success. The algorithms and methods discussed in this thesis provide a broad frame-

work for analysis and implementation of algorithms for learning unitary matrices.
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For example, algorithms here are applicable to problems arising in fields as diverse as

quantum controls and deep learning (see applications).

Algorithms for learning unitary matrices are provided in both the setting of clas-

sical computation and quantum computation. This is, in the author’s understanding,

the first in-depth comprehensive review of the various methods to parameterize and

learn unitary matrices in both the context of machine learning and quantum computa-

tion. Various parameterizations of unitary matrices are proposed and new algorithms

are provided in both the quantum and classical contexts for learning arbitrary unitary

transformations. Though the algorithms discussed here are implemented on randomly

generated data sets, they can be embedded into real-world quantum or classical ma-

chine learning algorithms in straightforward fashion. Such practical applications are

discussed in the introduction and conclusion.

1.1 Practical Motivation

As a topic of mathematics, analyzing the "learnability" of unitary transformations is

useful alone. However, this work is mostly motivated by two practical applications

which both would benefit from advances in methods to learn unitary matrices.

First, in the context of quantum computation, researchers are interested in meth-

ods that can be used to control quantum systems and develop useful quantum algo-

rithms. Unitary matrices are the means by which quantum mechanical states trans-

form (see next section). Thus, controlling or manipulating a quantum system in

turn requires controlling or manipulating unitary matrices. Algorithms for learning

unitary matrices provide a direct means to manipulate these quantum systems for

the purpose of quantum control or quantum computation. Examples of applications

include:

• Parameterizations used to learn an arbitrary matrix can also be implemented

as a learning algorithm in a quantum computer.

• Quantum operations in quantum computers are often noisy. Unitary matrix
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learning can aid in finding methods to perform quantum operations in a manner

that provides more fidelity.

• Methods to learn unitary matrices can also provide a means to implement ar-

bitrary operations on a quantum computer with a structured algorithm. For

example, if any arbitrary operation can be learned using a simple learning al-

gorithm, then that learning algorithm also provides a means to implement ar-

bitrary gates.

Second, this work is motivated by recent interest in the deep learning commu-

nity to integrate unitary matrices into learning algorithms. Intuitively, deep learning

algorithms perform "learning" by processing input data through a series of transfor-

mations. These transformations may not, in general, be stable – e.g., see section 1.4.1

on exploding/vanishing gradients in recurrent neural networks. Unitary matrices are,

in a sense, naturally stable since they preserve norms and future work can leverage

this natural stability to build improved deep learning algorithms. Furthermore, in-

terest in implementing deep learning algorithms in quantum computation has also

grown in recent years. Since quantum computers perform unitary operations, this

thesis can help inform work in the topic of quantum deep learning as well.

1.2 Unitary Matrices - Mathematical Background

A unitary matrix 𝐴 is often defined as a complex square matrix whose inverse is equal

to its conjugate transpose 𝐴† where the dagger (†) is used to indicate the conjugate

transpose. Equivalently, a complex square matrix 𝐴 is also unitary if any of the

following conditions are met [75]:

• The inverse of 𝐴 is its conjugate transpose 𝐴† (as stated before)

• 𝐴 has orthonormal columns

• 𝐴 has orthonormal rows
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• The 𝑁 ×𝑁 matrix 𝐴 is normal and has 𝑁 eigenvalues {𝜆1, 𝜆2, ..., 𝜆𝑁} all with

magnitude equal to 1 (|𝜆𝑖| = 1 for all 𝑖)

• 𝐴 preserves norm: ‖𝐴𝑧‖ = ‖𝑧‖ where 𝑧 is any vector and ‖·‖ is the standard

2-Norm of a vector space (𝐴 is an isometry)

Note, that for the remainder of this thesis, we will assume that all matrices are

complex unless otherwise stated. All the above conditions can also be considered as

properties of unitary matrices.

Well-known examples of unitary matrices include the Pauli Matrices (𝜎x, 𝜎y, 𝜎z),

which are a set of 2× 2 unitary matrices that account for the interactions of the spin

of a particle with a magnetic field in quantum mechanics. The Pauli Matrices are also

Hermitian matrices (equal to their own conjugate transpose). It is straightforward to

evaluate the above conditions on the Pauli matrices shown below.

𝜎x =

⎡⎣0 1

1 0

⎤⎦ 𝜎y =

⎡⎣0 −𝑖

𝑖 0

⎤⎦ 𝜎z =

⎡⎣1 0

0 −1

⎤⎦ (1.1)

1.3 Role of Unitary Matrices in Quantum Mechanics

This short section provides a brief overview of the role of unitary matrices in quantum

mechanics. Though this section does not assume any prior knowledge of quantum me-

chanics, the material covered here only serves as a limited introduction and motivation

to quantum mechanics. A complete introduction to the material would require exter-

nal reference, and the reader is referred to a number of excellent textbooks that can

provide a more rigorous and detailed background of quantum mechanics [30, 56,71].

In quantum mechanics, the state of a particle or system is mathematically given

by its wavefunction, often written as Ψ or 𝜓. The wavefunction is complex valued

and can be written as a function of a continuous variable (e.g. time or space) or a

discrete variable (e.g. spin). For example, in the discrete case of a spin-1/2 particle,

the wavefunction can be written as a superposition of two spin states: spin up (|↑⟩)

and spin down (|↓⟩).
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Given a particle or system, the complete set of all states of the system form a

vector space or more specifically, a Hilbert space. In the usual Schrödinger presenta-

tion of quantum mechanics, the Hilbert space of wavefunctions is infinite dimensional,

and the unitary transformations that govern quantum time evolution are operators

rather than matrices. Infinite dimensional Hilbert spaces are rich mathematical struc-

tures that require complex and subtle treatment. By contrast, the mathematics of

finite-dimensional Hilbert spaces is more straight forward. Fortunately, any quan-

tum system that occupies bounded space and has bounded energy occupies only a

finite-dimensional subspace of Hilbert space. In this thesis, therefore, we restrict our

attention to finite dimensional Hilbert spaces. The problem of learning unitary op-

erators on infinite dimensional Hilbert spaces raises interesting questions which lie

outside of the scope of the present work.

In the case of the spin-1/2, this is a two dimensional Hilbert space where the spin

up (|↑⟩) and spin down (|↓⟩) states are commonly chosen as a basis.

|↑⟩ =

⎡⎣1
0

⎤⎦ , |↓⟩ =
⎡⎣0
1

⎤⎦ (1.2)

Given a complete basis, any vector |Ψ⟩ in the Hilbert space can be written as a

linear combination of the basis elements. For example,

|Ψ⟩ = 𝛼 |↑⟩+ 𝛽 |↓⟩ (1.3)

In the above, we have used bra-ket notation. Here, a ket (|·⟩) is used to indicate

a vector and a bra (⟨·|) is used to indicate the conjugate transpose of a vector (in

the dual space). This notation serves only to simplify the equations used in quantum

mechanics. We can use bra-ket notation to determine the projection of a wavefunction

onto a specific state. For example,

⟨↑| =
[︁
1 0

]︁
, |Ψ⟩ =

⎡⎣𝛼
𝛽

⎤⎦ , (1.4)
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⟨↑ |Ψ⟩ =
[︁
1 0

]︁⎡⎣𝛼
𝛽

⎤⎦ = 𝛼 (1.5)

Given a wavefunction, the probability of measuring a particle in a given state is

equal to the squared amplitude of the wavefunction projected onto the given state.

Continuing the prior example,

𝑃 (|↑⟩) = | ⟨↑ |Ψ⟩ |2 = 𝛼*𝛼 (1.6)

where 𝛼* denotes the conjugate transpose of 𝛼.

Since the above provides a probabilistic interpretation of the wavefunction, the

probabilities must be properly normalized. Namely, for a probability measure to be

complete, it must sum to one. This implies that the sum of the probabilities of

measuring a wavefunction in the states of a complete basis must sum to one. For

our above example which has two basis states, this means that the probability of

measuring our wavefunction in the |↑⟩ state plus the |↓⟩ state must sum to one.

Equivalently, the 2-norm of a wavefunction must be equal to one in order to conform

to rules of probability.

‖|Ψ⟩‖2 = 1 (1.7)

Any actions that change the wavefunction must also ensure that probabilities are

properly normalized. In other words, the set of operations that can be applied to

a wavefunction must hold the 2-norm invariant. For our discrete Hilbert space, this

set of operations is precisely the space of unitary matrices. Herein lies the key fact:

transformations of a quantum state can be written as unitary transformations on a

vector space.
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1.3.1 Connection Between Hamiltonians and Unitary Matri-

ces

The time evolution of a quantum system is governed by the Schrödinger equation

[30,71].

𝑖~
𝑑

𝑑𝑡
|Ψ(𝑡)⟩ = 𝐻 |Ψ(𝑡)⟩ (1.8)

where ~ = ℎ
2𝜋

is the reduced Planck constant, Ψ(𝑡) is the wavefunction that can vary

over time, and 𝐻 is the Hamiltonian operator.

When the Hamiltonian operator does not depend on time, there exist stationary

states corresponding to the eigenfunctions or eigenvectors of the Hamiltonian.

𝐻 |Ψ(𝑡)⟩ = 𝐸 |Ψ(𝑡)⟩ (1.9)

where 𝐸 is the eigenvalue of the stationary state. For these stationary states, solving

the Schrödinger equation is straightforward. Namely, if |Ψ(0)⟩ is our initial state at

𝑡 = 0, then we obtain the following time evolution.

|Ψ(𝑡)⟩ = 𝑒
− 𝑖𝐸𝑡/~ |Ψ(0)⟩ (1.10)

For discrete Hilbert spaces, the Hamiltonian can be represented as a complex

valued Hermitian matrix. In this case, the time evolution can be generalized beyond

stationary states.

|Ψ(𝑡)⟩ = 𝑒−𝑖𝐻𝑡 |Ψ(0)⟩ (1.11)

where for simplicity, we have subsumed the constant ~ into the Hamiltonian. As

long as the Hamiltonian matrix is Hermitian, the time evolution of the above system

is equivalent to a unitary transformation, i.e. 𝑒−𝑖𝐻𝑡 will be evaluated as a unitary

matrix.

22



1.3.2 Quantum Computation

In classical computation, gates are performed on discrete, often binary, states. In

quantum computation, states are elements of the Hilbert space. Most commonly,

quantum states are constructed as a register of qubits (individual 2-dimensional

quantum states) in a tensor product structure [56]. Here, a quantum bit or qubit

is a particle in a superposition of two basis states (e.g. |↑⟩ or |↓⟩). Gates applied to

a quantum register of many qubits are unitary transformations. These gates come

in a variety of forms. The Pauli matrices, introduced earlier are examples of quan-

tum gates. Gates can also be Hamiltonian transformations as discussed in the prior

section.

A number of efficient quantum algorithms have been developed that offer exponen-

tial speed-up relative to their classical counterpart [56]. However, for these quantum

algorithms to be performed successfully, quantum computers need to perform with

high fidelity (low error) on large registers of qubits. Quantum computers accessible

in the near future are commonly termed noisy Intermediate-Scale Quantum (NISQ)

technologies since they are limited in their reliability [60]. The set of operations or

gates that are practically available for current quantum computers are often limited.

Experimental operation of a gate may be subject to large errors [29,60]. Thus, better

understanding how to parameterize and implement unitary matrices can benefit work

in error suppression for quantum computers.

For a more in-depth overview of quantum computation, the reader is referred

to [56].

1.4 Neural Networks

Over the past decade, neural networks have performed very well in a variety of differ-

ent deep learning applications including image recognition, financial modeling, and

natural language processing (NLP) [4,28,47]. Progress in the field of deep learning has

coincided with deeper networks, which learn relationships in the data through a large

number of "learning" layers [48,74]. However, one of the major challenges associated

23



with training deep neural networks is the issue of vanishing and exploding gradients,

which arise when dominant eigenvalues raised to large powers can rapidly grow or

vanish [3, 57]. In recurrent neural networks (RNN), where the output of a neuron is

fed back as an input to the neuron itself, exploding or vanishing gradients are espe-

cially problematic. Long data entries passed into the network sequentially amplify

gradients of matrices that have eigenvalues with magnitude less than or greater than

one [3, 57].

Prior research has proposed various architectures to address this vanishing and

exploding gradient problem. These include Long Short Term Memory (LSTM) net-

works [34], Gated Recurrent Units (GRUs) [11] and Bidirectional RNNs (BRNN) [5].

With these architectures, it is possible to successfully train deeper networks but each

still produces a deep architecture potentially susceptible to the intrinsic problem of

vanishing and exploding gradients.

A more direct method to overcome issues with vanishing and exploding gradients

is by integrating unitary matrices into neural networks [2,35,38]. This approach lever-

ages the fact that the eigenvalues of unitary complex-valued matrices have absolute

values of unity. Thus, the magnitude of their eigenvalues cannot grow or shrink when

raised to a power.

1.4.1 More on Recurrent Neural Networks (RNN)

A traditional (not recurrent) feedforward neural network processes an input through

a series of linear and/or nonlinear transformations (hidden layers) up until an output

layer. Feedforward neural networks do not contain any cycles - i.e. information from

one layer is never fed back into that layer or prior layers. A feedforward deep neural

network with 𝐿 hidden layers, activation function 𝜏 , input 𝑥 in R𝑛𝑖𝑛 and output 𝑦 in

R𝑛𝑜𝑢𝑡 can be recursively defined by
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𝜑(1) = 𝜏
(︀
𝑊 (1)𝑥+ 𝑏(1)

)︀
𝜑(𝑙) = 𝜏

(︀
𝑊 (𝑙)𝜑(𝑙−1) + 𝑏(𝑙)

)︀
𝑦 = 𝑊 (𝐿+1)𝜑(𝐿) + 𝑏(𝐿+1)

where 𝜑(𝑙), 𝑏(𝑙) ∈ R𝑛𝑙 , 𝑊 (𝑙) is an 𝑛𝑙 × 𝑛𝑙−1 matrix, 𝑛0 = 𝑛𝑖𝑛 and 𝑛𝐿+1 = 𝑛𝑜𝑢𝑡.

This is contrasted with the case of a simple recurrent neural network (RNN) where

inputs are passed into the network sequentially and hidden layers can also access

their prior states in performing calculations. To describe an RNN mathematically,

we include a time dimension 𝑡 as a subscript to index the value of an input or hidden

state over time. A simple RNN with 𝐿 hidden layers, activation function 𝜏 , input 𝑥𝑡

at time 𝑡 in R𝑛𝑖𝑛 and output 𝑦𝑡 at time 𝑡 in R𝑛𝑜𝑢𝑡 can be recursively defined by

𝜑
(1)
𝑡 = 𝜏

(︁
𝑊 (1)𝑥𝑡 + 𝑈 (1)𝜑

(1)
𝑡−1 + 𝑏(1)

)︁
𝜑
(𝑙)
𝑡 = 𝜏

(︁
𝑊 (𝑙)𝜑

(𝑙−1)
𝑡 + 𝑈 (𝑙)𝜑

(𝑙)
𝑡−1 + 𝑏(𝑙)

)︁
𝑦𝑡 = 𝑊 (𝐿+1)𝜑

(𝐿)
𝑡 + 𝑏(𝐿+1)

where 𝜑(𝑙)
𝑡 , 𝑏

(𝑙) ∈ R𝑛𝑙 , 𝑊 (𝑙) is an 𝑛𝑙 × 𝑛𝑙−1 matrix, 𝑈 (𝑙) is an 𝑛𝑙 × 𝑛𝑙 matrix, 𝑛0 = 𝑛𝑖𝑛

and 𝑛𝐿+1 = 𝑛𝑜𝑢𝑡.

To perform learning using a simple RNN, one must setup a cost function 𝐶 and

compute the derivative of the cost function with respect to the entries of weight

matrices 𝜕𝐶

𝜕𝑊
(𝑙)
𝑖𝑗

. Computing 𝜕𝐶

𝜕𝑊
(𝑙)
𝑖𝑗

requires first computing 𝜕𝐶

𝜕𝜑
(𝑙)
𝑡

[38]

25



𝜕𝐶

𝜕𝜑
(𝑙)
𝑡

=
𝜕𝐶

𝜕𝜑
(𝑙)
𝑇

𝜕𝜑
(𝑙)
𝑇

𝜕𝜑
(𝑙)
𝑡

=
𝜕𝐶

𝜕𝜑
(𝑙)
𝑇

𝑇−1∏︁
𝑘=𝑡

𝜕𝜑
(𝑙)
𝑘+1

𝜕𝜑
(𝑙)
𝑘

=
𝜕𝐶

𝜕𝜑
(𝑙)
𝑇

𝑇−1∏︁
𝑘=𝑡

𝐷
(𝑙)
𝑘 𝑊

(𝑙)

(1.12)

where 𝐷(𝑙)
𝑘 = diag

{︁
𝜏 ′
(︁
𝑊 (𝑙)𝜑

(𝑙−1)
𝑡 + 𝑈 (𝑙)𝜑

(𝑙)
𝑡−1 + 𝑏(𝑙)

)︁}︁
is the Jacobian matrix of the

nonlinear activation 𝜏 [38]. Given the above, note that the matrix 𝑊 (𝑙) is applied

repetitively, potentially to large powers when 𝑇 is large. This causes exploding or

vanishing gradients if the singular values of 𝑊 (𝑙) are large or small respectively. Fur-

thermore, this problem worsens as 𝑇 grows, so learning long range dependencies in a

dataset is especially challenging when facing vanishing or exploding gradients.

Here, the use of unitary matrices is readily apparent. Unitary matrices do not

exhibit vanishing or exploding gradients since all of their singular values are equal

to unity. Thus, constraining the weight matrices 𝑊 (𝑙) to be unitary is a potential

solution to the problem of vanishing or exploding gradients. In practice, enforcing

this unitary constraint is challenging since optimization can no longer be performed on

the individual entries of the matrix. Much prior research has attempted to integrate

unitary matrices into RNNs [2, 38, 54, 77]. The findings from this thesis can help

further inform future work into integrating unitary matrices into neural networks.
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Chapter 2

Theoretical Overview

2.1 Challenges of Learning Unitary Matrices

To understand the hardness of learning unitary matrices, it is important to provide

a brief overview of the unitary group. The unitary group 𝑈(𝑛) consists of the set

of all 𝑛 × 𝑛 unitary matrices. 𝑈(𝑛) forms a Lie group of dimension 𝑛2 and its Lie

algebra 𝑢(𝑛) consists of the set of 𝑛 × 𝑛 skew Hermitian matrices [31]. Shakespeare

once said "the lunatic, the lover, and the poet are of imagination all compact" [73].

Similarly, the space of 𝑛 × 𝑛 unitary matrices is also compact; where in this sense,

we mean 𝑈(𝑛) is closed and bounded. Furthermore, 𝑈(𝑛) is connected, meaning that

for any 𝑀𝑎,𝑀𝑏 ∈ 𝑈(𝑛), there exists a continuous path 𝐴(𝑡) for 𝑎 ≤ 𝑡 ≤ 𝑏 such that

𝐴(𝑎) = 𝑀𝑎 and 𝐴(𝑏) = 𝑀𝑏. The fact that 𝑈(𝑛) is compact and connected gives

one hope that a target unitary matrix can be learned by constructing a path to go

from a starting unitary matrix to the target unitary matrix. Note, however, that the

existence of a continuous path does not imply that it is easy to find that path.

An 𝑛×𝑛 unitary matrix contains 𝑛2 parameters. Thus, to learn a desired unitary

matrix to a desired accuracy, simple parameter counting would imply that at least 𝑑2

parameters are required in a learning model to learn an arbitrary unitary matrix.

An 𝑛 × 𝑛 unitary matrix also, by definition, has 𝑛 eigenvalues all of magnitude

one. In a sense, this implies that each eigenvalue is equally important when trying

to learn an arbitrary unitary matrix. To highlight this in more detail, consider the
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following problem: our goal is to construct a unitary matrix 𝐴 that is close to a target

unitary matrix 𝐵 in the Frobenius norm by using a learning model. Mathematically,

we would like to minimize a loss function 𝐿.

Goal: minimize 𝐿 = ‖𝐴−𝐵‖2 (2.1)

where the Frobenius norm is defined as the square root of the sum of the squares of

a matrix’s singular values 𝜎𝑖:

‖𝑀‖2 =

⎯⎸⎸⎷ 𝑛∑︁
𝑖=1

𝜎𝑖(𝑀)2 (2.2)

The Frobenius norm of an 𝑛 × 𝑛 unitary matrix is thus
√
𝑛. If the eigenvectors

of 𝐴 and 𝐵 are initially randomly selected, then at initialization, ‖𝐴−𝐵‖2 ≈
√
2𝑛.

Assume our learning model is not perfect and can only fit up to 𝑚 < 𝑛 of the

eigenvalues and eigenvectors of the target matrix 𝐵. This would imply that there

remain 𝑛−𝑚 eigenvalues left to fully learn the unitary matrix and the loss achieved

is 𝐿 ≈
√︀

2(𝑛−𝑚).

However, typical matrices are not unitary and their singular values range in mag-

nitude. Thus, a learning algorithm can optimally learn the largest eigenvalues first

to reduce the loss fastest. Furthermore, it is often the case that matrices considered

in the real world have singular values that are zero or close to zero. In these cases,

many of the parameters of a matrix can be effectively ignored. Unitary matrices by

definition have no null space, and it is thus impossible to "ignore" any eigenvalues or

eigenvectors.
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2.2 Parameterizing Unitary Matrix Deterministically

Using Givens Rotations

Related to the task of learning unitary matrices is the task of factoring a unitary

matrix into a sequence of parameterized components. Many methods exist to perform

a decomposition or factorization of a given unitary transformation [14, 19]. Notably,

these include factorizations of unitary matrices into diagonal and orthogonal matrices

[17], recursive methods to parameterize unitary matrices [13, 36], and factorizations

of unitary matrices into Givens matrices [23].

As an example, we show how a unitary matrix can be factorized into parameterized

Givens rotations using a method given by [23]. Given the values of the entries of a

unitary matrix, the factorization described herein provides a deterministic and precise

method to reconstruct any unitary with 𝑑2 parameters. Specifically, any unitary

matrix can be reconstructed via a sequence of Givens Rotations that each act on two

dimensional subspaces.

Givens rotations are rotations in a plane spanned by two coordinates axes. A

single givens rotation 𝐺(𝜃, 𝜑) acts on a two dimensional subspace and contains two

parameters 𝜃, 𝜑 ∈ R.

𝐺(𝜃, 𝜑) =

⎡⎣ cos(𝜃) 𝑒𝑖𝜑 − sin(𝜃) 𝑒−𝑖𝜑

sin(𝜃) cos(𝜃)

⎤⎦ . (2.3)

Note, that this Givens matrices used here have a complex component and thus,

they differ from the standard Givens matrix form which is an orthogonal matrix.

Givens matrices can act on a two dimensional subspace of a larger matrix spanned by

the 𝑖-th and 𝑗-th basis components. We use the notation 𝐺𝑖,𝑗(𝜃, 𝜑) to indicate that

the Givens rotation acts on the (𝑖, 𝑗) plane and place the entries of the Givens matrix

on the 𝑖-th and 𝑗-th rows and columns.

29



𝐺𝑖,𝑗(𝜃, 𝜑) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . . 0 . . . 0 . . . 0
... . . . ...

...
...

0 . . . cos(𝜃) 𝑒𝑖𝜑 . . . − sin(𝜃) 𝑒−𝑖𝜑 . . . 0
...

... . . . ...
...

0 . . . sin(𝜃) . . . cos(𝜃) . . . 0
...

...
... . . . ...

0 . . . 0 . . . 0 . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.4)

Our goal is to factorize a matrix 𝑇 ∈ 𝑈(𝑑) with a sequence

𝐺𝑖𝑁 ,𝑗𝑁 (𝜃𝑁 , 𝜑𝑁) . . . 𝐺𝑖2,𝑗2(𝜃2, 𝜑2)𝐺𝑖1,𝑗1(𝜃1, 𝜑1) of length𝑁 = 𝑑2/2 Givens rotation matri-

ces. If the factorization is successful, 𝐺𝑖𝑁 ,𝑗𝑁 (𝜃𝑁 , 𝜑𝑁) . . . 𝐺𝑖2,𝑗2(𝜃2, 𝜑2)𝐺𝑖1,𝑗1(𝜃1, 𝜑1)𝑇
† =

𝐼*, where as a reminder, 𝑇 † is the conjugate transpose (inverse) of 𝑇 . Note, that the

matrix 𝐼* is a matrix containing complex numbers on the diagonal all of magnitude

unity – one can add a final diagonal matrix to the sequence to set all the diagonal

entries to 1. Knowing this, the goal of our factorization is to find Givens matrices

that zero-out the off-diagonal components of our sequence until we arrive at a matrix

that has all zero entries on the off-diagonals and is thus a diagonal matrix.

We choose the parameters of our Givens matrix {𝑖, 𝑗, 𝜃, 𝜑} to strategically zero

out an off-diagonal component of 𝑇 . Specifically, assume we would like to zero out

the (𝑖′, 𝑗′) entry of a matrix 𝑀 . Without loss of generality, we assume that the (𝑖′, 𝑗′)

entry is the top right entry of our matrix 𝑀 , i.e. 𝑗 > 𝑖.

𝑀𝑖′,𝑗′ =

⎡⎣𝑎11 + 𝑖𝑏11 𝑎12 + 𝑖𝑏12

𝑎21 + 𝑖𝑏21 𝑎22 + 𝑖𝑏22

⎤⎦ (2.5)

We construct a Givens matrix acting on the (𝑖′, 𝑗′) plane setting the parameters 𝜃

and 𝜑 such that we obtain a matrix of the following form. Note, that the Givens matrix

only acts on the (𝑖′, 𝑗′) so we only consider entries on that plane in the calculations

below.
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𝐺𝑖′,𝑗′(𝜃
′, 𝜑′)𝑀𝑖′,𝑗′ =

⎡⎣* 0

* *

⎤⎦ (2.6)

In other words, we solve for 𝜃′ and 𝜑′ such that

[︁
cos(𝜃) 𝑒𝑖𝜑 − sin(𝜃) 𝑒−𝑖𝜑

]︁⎡⎣𝑎12 + 𝑖𝑏12

𝑎22 + 𝑖𝑏22

⎤⎦ = 0 (2.7)

Using the above, we eliminate the off-diagonal entries moving from the top-right

non-zero entry and moving down, proceeding in a zig-zag fashion. E.g. for a 4 × 4

matrix, the order of elimination is below:

⎡⎢⎢⎢⎢⎢⎢⎣
* 6 4 1

* * 5 2

* * * 3

* * * *

⎤⎥⎥⎥⎥⎥⎥⎦ (2.8)

Conforming to the above order, once a matrix element is zeroed-out, it remains

zeroed- out. For a 𝑑 × 𝑑 matrix, this requires 𝑑(𝑑 − 1)/2 applications of Givens

matrices. Since each Givens matrix has 2 parameters, this reconstruction requires 𝑑2

parameters in total (as expected). As stated earlier, the result after the application of

Givens matrices is a matrix with complex numbers on the diagonals all of magnitude

one. To set the diagonal elements exactly to one, we can apply a final diagonal matrix

set to the negative phase at each diagonal entry to cancel out phases.

2.3 Relation to Quantum Controls

Methods of learning unitary matrices are related to problems studied in quantum

controls, where researchers aim to "steer" quantum systems using a set of control

Hamiltonians [7, 12, 14, 18, 27, 41, 46, 64, 76]. Written in a general form, one may
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aim to control a wavefunction Ψ using controls {𝑢1(𝑡), 𝑢2(𝑡), . . . , 𝑢𝑛(𝑡)} for a system

undergoing Hamiltonian evolution as below [6, 14,42,62,63].

𝑖
𝑑Ψ(𝑡)

𝑑𝑡
= (𝐻0 +𝐻1𝑢1(𝑡) +𝐻2𝑢2(𝑡) + · · ·+𝐻𝑛𝑢𝑛(𝑡))Ψ(𝑡) (2.9)

where 𝐻0 is a drift Hamiltonian (uncontrolled) and 𝐻1, 𝐻2, . . . , 𝐻𝑛 are the control

Hamiltonians.

Quantum systems which can be transformed from any given state to a desired final

state are termed controllable [6, 16]. Criteria for controllability have been provided

in many cases for finite dimensional quantum systems [27,63,79].

Notably, Rabitz et al. [63] have shown that quantum control landscapes for a broad

class of physical systems are trap free - i.e., free of points in the control landscape

where applying any set of controls no longer increase fidelity. By definition, these

systems are controllable; however, it is often challenging to define how much resources

(e.g., time or number of parameters) are required to fully control a system [6,15,45]. In

Chapter 4, we discuss a simple method of learning unitary matrices that is motivated

by results from quantum controls. Namely, we parameterize unitaries by applying two

random Hamiltonians in an alternating fashion and show that this simple method can

effectively learn a desired unitary matrix. Furthermore, we show that learning can

be achieved even when this algorithm is given the minimum number of parameters

(resources) required to learn an arbitrary unitary.

2.4 Choice of Loss Function

In a sense, learning a unitary matrix is analogous to developing methods to approx-

imate a desired function. To effectively learn unitary matrices, one must choose a

suitable loss function for performing optimization and quantifying how well one has

approximated or learned a target function. There are typically two important factors

to consider in choosing an appropriate loss function. First, the loss function must

reflect the reality of the problem at hand, serving as a success metric for a machine

learning practitioner. A good loss function should be minimized only when learning
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has been successfully performed and should indicate how much more learning needs

to be done when the loss function is not minimized. Second, and especially important

here, the loss function should provide an efficient means of performing optimization.

In this thesis which focuses on gradient based optimization methods, this implies

that gradients of the loss function with respect to parameters should be efficiently

calculable.

There are many reasonable choices of a loss function, and the optimal choice

depends on the specifics of the learning problem. Consider the general problem of

learning a target unitary 𝑈𝑡. When given a list of input and output vectors gener-

ated from that target, one useful loss function compares how well one matches the

output vectors. Namely, assume we are given a list of 𝐾 input and output vectors:

{𝑣1, 𝑣2, . . . , 𝑣𝐾} and {𝑈𝑡𝑣1, 𝑈𝑡𝑣2, . . . , 𝑈𝑡𝑣𝐾}. We would like to construct a matrix 𝑈̃

that is close to 𝑈𝑡. A common loss function 𝐿̂ in this case is that associated with our

"training set" of input and output vectors:

𝐿̂ =
1

𝐾

𝐾∑︁
𝑖=1

‖𝑈𝑡𝑣𝑖 − 𝑈̃𝑣𝑖‖2 (2.10)

There is also the loss function 𝐿 which compares 𝑈𝑡 to 𝑈̃ directly, agnostic of any

set of vector inputs or outputs.

𝐿 = ‖𝑈𝑡 − 𝑈̃‖2 (2.11)

Many choices exist for the above matrix norm; in this thesis, we use the Frobenius

norm since it comes in a closed form that provides an efficient means of calculating

gradients.

‖𝑈𝑡 − 𝑈̃‖22 = Tr [(𝑈𝑡 − 𝑈̃)†(𝑈𝑡 − 𝑈̃)] (2.12)

We can consider 𝐿 to be the test loss which represents how close we have learned
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the true function of the data. In cases where we have direct access (as in chapter 4)

to the entries of a unitary matrix, this loss function is a convenient choice.
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Chapter 3

Comparing Methods to Parameterize

and Learn Unitary Matrices

As stated in the introduction, many researchers have integrated unitary matrices into

neural networks to avoid common challenges faced with exploding and vanishing gra-

dients [2,57,77]. Neural networks are typically compared based on their performance

in learning real-world data (e.g., images, translation, etc.). This chapter considers a

more general but related learning problem: which parameterizations of unitary matri-

ces are most effective at learning or approximating a target random unitary matrix?

This more general approach is taken for two reasons. First, this general approach

is agnostic to the choice of learning models and dataset. Second, learning random

data can serve as a starting point for developing systems designed to learn specific

datasets.

One central challenge faced when learning unitary matrices is in performing opti-

mization on matrices in a fashion that preserves the unitarity of a matrix. Imposing

unitarity is usually handled in two different ways: either by parameterizing the space

of unitary matrices in a general way (e.g. [2]) or by re-unitarizing the weight matrices

after each training step by projecting them onto the unitary subspace (e.g. [77]). In

the framework of this paper, we use the prior method and efficiently parameterize

a variety of different unitary building blocks to assemble flexible unitary representa-

tions. We investigate both the case where target unitary matrices are low dimensional
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(i.e 32× 32) and high dimensional (i.e 1024× 1024).

3.1 Unitary Matrix Parameterizations

3.1.1 Choices of unitary matrix parameterization

In order to build a unitary matrix representation, we construct networks with individ-

ual unitary layers, where each layer consists of a parameterized unitary matrix. This

method of parameterizing a unitary matrix leverages the fact that the product of two

unitary matrices again belongs to the group of unitary matrices. This property can be

demonstrated with the help of two unitary matrices 𝐴,𝐵 ∈ C𝑑×𝑑. Unitary matrices

are defined by the property 𝑈𝑈 * = 𝐼𝑑, where 𝐼𝑑 is the identity matrix. Using the

following property of the conjugate transpose (𝐴𝐵)* = 𝐵*𝐴*, one can conveniently

show that the product 𝐴𝐵 is indeed part of the unitary group.

(𝐴𝐵)(𝐴𝐵)* = 𝐴(𝐵𝐵*)𝐴* = 𝐴(𝐼𝑑)𝐴
* = 𝐴𝐴* = 𝐼𝑑 (3.1)

Another important property of unitary matrices is that all of their eigenvalues

have magnitude equal to one. This property can be used to build very deep machine

learning algorithms that naturally avoid vanishing and exploding gradients [38] [54].

Below, we list the various methods that we use to parameterize unitary matrices as

individual layers of a network.

Diagonal Euler matrices

The Diagonal Euler layers feature 𝑑-parameters 𝑤𝑖 ∈ R placed on the diagonal of a

𝑑×𝑑matrix with zeros on the off-diagonal entries. The diagonal entries are formulated

as complex exponentials yielding the following matrix:

𝐷 = diag(𝑒𝑖𝑤1 , 𝑒𝑖𝑤2 , . . . , 𝑒𝑖𝑤𝑑) (3.2)
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where the operator diag(. . .) projects the elements of a vector onto the diagonal entries

of the matrix 𝐷 ∈ C𝑑×𝑑.

Householder reflections

Householder matrices 𝑇 can be geometrically interpreted as reflections about a plane

that contains the origin. The matrix is set up based on the components of the complex

vector 𝑤 with real and complex part of each component 𝑤𝑗 = 𝑎𝑗 + 𝑖𝑏𝑗. Therefore,

each Householder reflection features 2𝑑 parameters and is defined as:

𝑇 = 𝐼𝑑 − 2
𝑤𝑤†

||𝑤||2
. (3.3)

Here, 𝑤† represents the conjugate or Hermitian transpose of 𝑤.

Givens rotations

In general, Givens rotations are rotations in a plane spanned by two coordinates axes.

The basic building blocks 𝑞 ∈ C2×2 are composed of two variables 𝑤1, 𝑤2 ∈ R

𝑞 =

⎡⎣ cos(𝑤1) 𝑒
𝑖𝑤2 − sin(𝑤1) 𝑒

−𝑖𝑤2

sin(𝑤1) cos(𝑤1)

⎤⎦ . (3.4)

The chosen parameterization of 𝑞 is originated in the experimental realization of

a lossless beam splitter with a phase shifter at one end [65] and is the most general

element of the 2-dimensional unitary group U(2). We concatenate log2(𝑑) matrices

𝑄i, each of them containing 𝑑/2 independent rotations 𝑞. In this setup, each 𝑄𝑖

contains 𝑑 trainable parameters. The dimension 𝑑 is restricted to values that are a

power of two.

𝑄 = 𝑄1𝑄2 . . .𝑄log2(𝑑) (3.5)
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As a first approach, the individual Givens rotations 𝑞 were placed at randomly

drawn indices pairs. In addition to sequences of Givens rotations placed at random

indices, we also consider sequences of Given rotations layers in butterfly arrangements

(compare [24]). The butterfly algorithm originates from the Fast Fourier Transfor-

mation [52] which sets the coordinate pairs according to:

(2𝑝𝑘 + 𝑗, 𝑝(2𝑘 + 1) + 𝑗) (3.6)

where 𝑝 =
𝑁

2𝑖
, 𝑘 ∈ {0, ..., 2𝑖−1} and 𝑗 ∈ {1, ..., 𝑝}

with 𝑖 = 1, ..., log2(𝑑) .

For example, applying the butterfly algorithm for dimension 𝑑 = 4 yields the

following two matrix sequence:

𝑄1 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑞1,11 𝑞1,12 0 0

𝑞1,21 𝑞1,22 0 0

0 0 𝑞2,11 𝑞2,12

0 0 𝑞2,21 𝑞2,22

⎤⎥⎥⎥⎥⎥⎥⎦ (3.7)

𝑄2 =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑞3,11 0 𝑞3,12 0

0 𝑞4,11 0 𝑞4,12

𝑞3,21 0 𝑞3,22 0

0 𝑞4,21 0 𝑞4,22

⎤⎥⎥⎥⎥⎥⎥⎦ . (3.8)

A graphical interpretation of the butterfly sequence is shown in figure 3-1.
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Figure 3-1: Graphical depiction of the butterfly sequence. Index pairs are indicated
by white circles placed on overlapping lines.
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Pauli matrices

The Pauli matrix parameterizations are based on the set of three C2×2 Hermitian and

unitary Pauli matrices 𝜎x,𝜎y and 𝜎z.

𝜎x =

⎡⎣0 1

1 0

⎤⎦ 𝜎y =

⎡⎣0 −𝑖

𝑖 0

⎤⎦ 𝜎z =

⎡⎣1 0

0 −1

⎤⎦ (3.9)

Unitary matrices can be generated by exponentiating the product of a Pauli matrix

with an imaginary parameter as below:

𝑒𝑖𝜎𝑤 = cos(𝑤) 𝐼2 + sin(𝑤)𝜎 (3.10)

where 𝐼2 is the identity matrix.

Note, the above simplification into trigonometric terms only holds true for matrices

whose square equals the identity matrix. This is valid for all Pauli matrices since their

eigenvalues are 1 and -1. Using the property above, we parameterize a 𝑑× 𝑑 matrix

using 𝑑/2 parameterized matrices as shown in formula (3.10). The resulting entries

of the 2× 2 matrices are then placed at a specified set of indices of the 𝑑× 𝑑 matrix.

For example, the 4× 4 matrix below is constructed from a Pauli X placed at indices

1 and 2 and a Pauli Z placed at indices 3 and 4:

𝑄1 =

⎡⎣𝑒𝑖𝜎x𝑤1 0

0 𝑒𝑖𝜎z𝑤2

⎤⎦ . (3.11)

Permutation matrix

A permutation matrix 𝑃 is a R𝑑×𝑑 matrix and is obtained by randomly shuffling the

columns of the identity matrix 𝐼𝑑. This matrix is unaltered during any optimiza-

tion and therefore does not feature any free parameters. For instance, all possible
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permutation matrices for dimension 𝑑 = 3 are the following:⎡⎢⎢⎢⎣
1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
1 0 0

0 0 1

0 1 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
0 0 1

0 1 0

1 0 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
0 1 0

1 0 0

0 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
0 1 0

0 0 1

1 0 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
0 0 1

1 0 0

0 1 0

⎤⎥⎥⎥⎦ .

(3.12)

DFT matrix

The discrete Fourier transform (DFT), commonly used in spectral analysis and other

fields of digital signal processing, can be conveniently expressed via the unitary DFT

transformation matrix 𝐹 . The individual entries are assigned according to 𝐹𝑗𝑘 =

1√
𝑑
(𝜔𝑗𝑘)𝑗,𝑘=0..(𝑑−1). Thus, a DFT layer 𝐹 as well as its inverse 𝐹−1 do not feature any

tuneable parameters. We implement the fast Fourier transform in our simulations

which performs matrix multiplication with a DFT layer in 𝒪(𝑑 log(𝑑)) time.

𝐹 =
1√
𝑑

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 · · · 1

1 𝜔 𝜔2 · · · 𝜔𝑁−1

1 𝜔2 𝜔4 · · · 𝜔2(𝑁−1)

1 𝜔3 𝜔6 · · · 𝜔3(𝑁−1)

...
...

... . . . ...

1 𝜔𝑁−1 𝜔2(𝑁−1) · · · 𝜔(𝑁−1)(𝑁−1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.13)

Lie algebra basis

Any unitary operator can be parameterized using the Lie algebra 𝑢(𝑛) associated

with its Lie group. The basis of the Lie algebra will have 𝑛2 elements and this basis
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can be used to fully parameterize a unitary matrix. This method was used by Jing et

al. [35] to learn unitary matrices and worked well in learning low dimensional matrices

(e.g. dimension 20). However, since this method requires matrix exponentiation and

custom formulas for calculating parameter derivatives (simple back-propagation is

not suitable), we have chosen not to further explore this method of parameterizing

unitaries in the course of this paper. Furthermore, for large matrices, a subset of the

full basis must be chosen for the learning model since learning in the full parameter

space is computationally infeasible. Choosing such a subset would require further

model design that we leave for future work.

Conventional dense non-unitary matrix

As a point of comparison, we also include matrices parameterized by their 𝑑2 entries.

These matrices are almost never unitary. However, they are the most common

matrices found in deep learning and machine learning applications (e.g. matrix

corresponding to fully connected hidden layer of a neural network). We include them

here to determine whether these non-unitary matrices nevertheless can approximate

unitary matrices. This matrix will also serve as a benchmark for our analysis of

unitary parameterized matrices.

3.1.2 Assembly of unitary networks

Instead of designing custom machine learning models to perform optimization on

the parameters of unitary matrices, we leverage existing packages in deep learning

and parameterize unitary matrices as customized layers of a neural network. In this

setting, a parameterized unitary matrix can be considered as an individual layer of a

neural network, and we can combine different parameterizations into one network by

composing them as layers. In other words, each type of parameterization of a unitary

matrix described in section 3.1.1 forms a single "layer" of a neural network. This is
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Table 3.1: Names and descriptions of parameterized unitary networks
Name Description Time complexity* Layer sequence**

EUNN Efficient Unitary Neural Network unitary described in [38] 𝒪(𝑛 log 𝑛) 1-5-6-1-4-5-6-1
Householder Layers of 𝑑-dimensional Householder reflections 𝒪(𝑛) 5
Givens-butterfly Sequence of Givens rotations layers in butterfly arrangement from [52] 𝒪(𝑛) [3-3-3...]***

Givens-random Layers of Givens rotation matrices; rotations placed at random indices 𝒪(𝑛) 3
Givens+diagonal Layer of random Givens rotations followed by a diagonal Euler matrix 𝒪(𝑛) 3-1
Pauli-random Layers of random Pauli X, Y, and Z matrices; parameters at random indices 𝒪(𝑛) 2
dense-non-unitary Non-unitary 𝑑× 𝑑 matrix with all 𝑑2 entries as parameters (for comparison) 𝒪(𝑛) n/a
* time complexity as a function of the number of parameters 𝑛
** refer to section 3.1.1 for descriptions of layer numbers; layer sequences may be repeated to have more parameters for learning
*** sequence is of length log2(𝑑) for a 𝑑 dimensional target unitary

analogous to traditional neural networks where one can decompose a network into

its various layers e.g., convolutional or fully connected layers. For example, in our

setting, a network can be composed in a hybrid fashion consisting of layers of Givens

rotations and Householder reflections. The different networks that we consider are

listed in table 3.1.

As in conventional neural networks, this framework provides us with flexibility

in terms of combining different parameterizations as individual layers and scaling

the number of parameters in our learning model by adding or removing layers from

the neural network. Furthermore, one can take advantage of the various functions

(including loss functions), linear algebra toolboxes, and optimization methods com-

monly implemented for neural networks and available in deep learning packages. In

our case, optimization is efficiently performed using methods of automatic differenti-

ation available in the python package Tensorflow [1]. The specific loss function used

in this chapter is detailed in section 3.1.4.

3.1.3 Target unitary matrix and input vectors

To optimize the parameters of our unitary network, we do not directly compare

the target unitary matrix with the output matrix of the layered network structure.

Instead, we construct a training set of random input vectors 𝑥 and target output
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vectors 𝑦 calculated from a target unitary matrix 𝑌 .

𝑦 = 𝑌 𝑥 (3.14)

Here, 𝑥 are normalized vectors randomly sampled from a normal distribution

with mean zero and standard deviation one. Within the scope of this paper, the size

of our training and test sets are 8,000 and 2,000, respectively.

The random target unitary is generated according to the following scheme. We

create a random matrix 𝑁 ∈ C𝑑×𝑑. The diagonal elements are sampled from a normal

distribution with a standard deviation of one. Whereas, the remaining components

are drawn from a distribution with a standard deviation of one half. The random

target unitary matrix 𝑌 is determined by:

𝑌 = 𝑒
𝑖 𝑛

(︁
L(𝑁 )+U(𝑁 †

)
)︁

(3.15)

with 𝑛 being a random number drawn from a uniform distribution in the interval

from −𝜋 to 𝜋. L(𝑋) represents the lower triangular matrix of 𝑁 and U(𝑋†) the

upper triangular matrix of the Hermitian transpose of 𝑁 .

3.1.4 Optimization framework

The initial parameter values for all unitary layers are generated following a standard

normal distribution with mean zero and a standard deviation of one. For the

dense-non-unitary layer, we initialize all matrix entries so that the variance of a

column of the matrix sums to one. Thus, all parameters are sampled from a normal

distribution with zero mean and variance 1/𝑑 where 𝑑 is the dimension of the matrix.

During the training procedure, we rely on mini-batches only feeding a set number

𝑛batch of randomly drawn examples of input vectors 𝑥 into the back-propagation
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algorithm. We define a training step as one sequence of back-propagation and

parameter adjustment based on one mini-batch.

The loss function calculates the mean squared error (MSE) of the difference be-

tween the network’s predictions 𝑦̂ and the target vectors 𝑦 for the current batch of

size 𝑛batch.

ℒ =
1

𝑛batch

𝑛batch∑︁
1

(𝑦 − 𝑦̂)2 (3.16)

The optimizations are performed using the stochastic gradient descent (SGD),

RMSprop (RMS), and Adam optimizers described below.

Stochastic gradient descent (SGD)

The stochastic gradient descent algorithm [68] is very closely related to the standard

gradient descent algorithm. The updates of the parameters 𝑤 follow the scheme:

𝑤𝑖,𝑡+1 = 𝑤𝑖,𝑡 − 𝜂
𝜕ℒ𝑖

𝜕𝑤𝑖,𝑡

(3.17)

where 𝜂 represents the learning rate (𝜂 = 0.3 for our experiments) and ℒ𝑖 denotes

the current loss of example 𝑖. In contrast to gradient descent, SGD performs the

update according to equation (3.17) for each example 𝑖 separately.

RMSprop optimizer (RMS)

RMSprop [69] integrates the idea of an adaptive learning rate. Therefore, RMSprop

uses a different learning rate for each parameter following the basic notion: the smaller

the gradients, the smaller the updates and vise versa.

𝑤𝑡+1 = 𝑤𝑡 −
𝜂

√
𝑣𝑡 + 𝜀

𝜕ℒ
𝜕𝑤𝑡

where 𝑣𝑡 = 𝛽𝑣𝑡−1 + (1− 𝛽)

(︂
𝜕ℒ
𝜕𝑤𝑡

)︂2 (3.18)
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𝑣𝑡 can be interpreted as a moving average of the squared gradient featuring an

exponentially decaying contribution of all previous squared gradients. Hyperpa-

rameters 𝜂 = 0.3 define the learning rate, 𝛽 = 0.9 defines the window size of the

moving averages, and 𝜀 = 1−10 is a small number introduced to avoid division by zero.

Adam optimizer (Adam)

Adam [44] combines RMSprop with a momentum-based gradient descent. Whereas

RMSprop, described in the prior paragraph uses previous gradients to adjust the

learning rate, momentum-based methods use previous gradients to calculate the cur-

rent gradient. Adam combines both approaches in the following calculation procedure:

𝑚𝑡 = 𝛽1𝑣𝑡−1 + (1− 𝛽1)
𝜕ℒ
𝜕𝑤𝑡

(3.19)

𝑣𝑡 = 𝛽2𝑣𝑡−1 + (1− 𝛽2)

(︂
𝜕ℒ
𝜕𝑤𝑡

)︂2

(3.20)

with the help of hyperparameters 𝛽1 = 0.9 for the momentum-like-term and 𝛽2 =

0.999 for the RMSprop-like-term. Additionally, Adam uses bias corrected values of

gradients in order to improve the calculated moving averages especially during the

initial training phase. ̂︁𝑚𝑡 =
𝑚𝑡

1− 𝛽1
𝑡 ̂︀𝑣𝑡 =

𝑣𝑡

1− 𝛽2
𝑡 (3.21)

Summarizing the calculation scheme yields the update rule:

𝑤𝑡+1 = 𝑤𝑡 −
𝜂√̂︀𝑣𝑡 + 𝜀

̂︁𝑚𝑡 (3.22)

where we use the learning rate 𝜂 = 0.001 for our experiments and set 𝜀 = 1−8 to

avoid division by zero.
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Table 3.2: Test loss averaged across five simulations for over-parameterized networks.
Optimizer

Network Adam RMS SGD
EUNN 0.705 0.917 1.948
Householder 0.009 0.013 0.012
Givens-random < 0.001 0.002 0.130
Givens+diagonal 0.002 0.023 0.138
Pauli-random 0.009 0.008 0.008
dense-non-unitary < 0.001 < 0.001 < 0.001

3.2 Experiments

3.2.1 Over-parameterized learning of low dimensional unitary

matrices

The number of parameters of a unitary matrix grows with the dimension 𝑑 as 𝑑2. In

this section, we determine whether the networks we have created can learn arbitrary

matrices when the networks are over-parameterized with respect to the target unitary

matrices. We consider 32 × 32 (𝑑 = 32) unitary matrices as our target, and we

over-parameterize all networks by including enough layers to have at least 2048 (2𝑑2)

learnable parameters in the network, i.e. each network has at least two times the

number of parameters of the target unitary matrix. The Givens-butterfly network

is not considered here since the butterfly arrangement produces fewer parameters

than needed. For all networks, the layer sequence is repeated until the number of

parameters exceeds 2048.

Table 3.2 shows the average test loss for five simulations of each over-parameterized

network considered in this section. All networks except for the EUNN are able to

learn the target unitary with the Adam and RMS optimizers achieving average losses

of near or below 0.01 mean square error in the test set. Furthermore, figure 3-2 plots

the training loss as a function of the number of training steps. The figure also shows

that the Pauli-random network is the fastest to learn the target unitary. Though,

networks with Givens rotations appear to outperform the Pauli-random network
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Figure 3-2: Progression of training loss (log axis) as a function of the number of
training steps. The Pauli-random network showed fast learning to the target unitary.
Networks with Givens rotations and Householder reflections were also able to learn
the target unitary though the time to convergence was slower. Five simulations were
run for each network and optimizer. Note, figure should be viewed in color.

over long learning times.

From figure 3-2, it is also apparent that the Adam and the root mean square

propagation (RMS) optimizers outperform optimization using the conventional

stochastic gradient descent (SGD) at 10,000 training steps.

3.2.2 Learning of high dimensional unitary matrices with

𝒪(𝑑 log2(𝑑)) parameters

For large unitary matrices, performing learning on the full parameter space (i.e.

𝑑2 parameters for a 𝑑 dimensional unitary matrix) can become computationally

infeasible. Thus, in this section, we consider the separate challenge of learning

arbitrary matrices using networks with 𝒪(𝑑 log2(𝑑)) parameters (𝒪(𝑑) parameters

per layer with 𝒪(log2(𝑑)) layers). This framework is more applicable for use in
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Table 3.3: Test loss averaged across five simulations for networks with 𝒪(log2(𝑑))
layers.

Optimizer
Network Adam RMS SGD
EUNN 1.953 1.955 1.994
Householder 1.992 1.989 2.039
Givens-butterfly 1.100 1.098 1.297
Givens-random 1.533 1.535 1.898
Givens+diagonal 1.890 1.883 1.958
Pauli-random 1.896 1.893 1.936
dense-non-unitary 0.930 0.877 0.877

machine learning settings where learning with fewer parameters and shorter time

complexity is desired.

For this higher dimensional setting, we consider 1024 × 1024 (𝑑 = 1024) unitary

matrices as our target. Layer sequences listed in table 3.1 are repeated until there are

𝒪(𝑑 log2(𝑑)) parameters. For all networks except the EUNN setup, this corresponds

to repeating the layer sequence ten times. The EUNN setup has 7𝑑 parameters, so

this layer sequence is not repeated. Furthermore, the dense-non-unitary network

consists of a single matrix with 𝑑2 parameters, and this is not repeated.

Given the larger dimension of the target unitary matrix, the learning problem is

much more difficult than the prior over-parameterized setup. From table 3.3, it is

clear that the Givens-butterfly network outperforms other networks in learning the

target unitary achieving a mean squared error loss of around 1.1 on the test set. None

of the networks are able to outperform the dense-non-unitary network. However, dur-

ing training, the dense-non-unitary networks set their parameters (matrix entries) to

very small values. The resulting networks are able to reduce the loss to values near 1.0

(the mean squared length of the target vectors) by constructing output vectors with

small norms. Thus, the dense-non-unitary network learns by essentially eliminating

information and generating a non-unitary matrix that does not preserve vector norms.
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Figure 3-3: Progression of training loss as a function of the number of training steps.
Givens rotations arranged in the butterfly pattern performed best in this setting. Five
simulations were run for each network and optimizer. Note, figure should be viewed
in color.

Figure 3-3 shows that the Givens-butterfly network not only converges to the

lowest loss value, but also converges to a final solution the fastest. This holds true

regardless of the choice of optimizer. From figure 3-3, it is also clear that the only

other network that performs relatively well is the Givens-random network. As in the

case with the over-parameterized networks in the prior section, the Adam and RMS

optimizers converge to a solution in many fewer steps than conventional SGD.

3.3 Discussion

In the over-parameterized case, it appears that all networks considered except for the

EUNN network are able to approximate the target unitary to low errors in the loss

function. Even though all networks have roughly the same number of parameters,

Pauli-random networks converge to the solution at a rate much faster than the other

unitary networks, achieving convergence often even faster than dense-non-unitary
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networks. These results suggest that the landscapes of the loss function for the

Pauli-random networks are much steeper than those of other networks. This is

contrasted with results from the Givens-random and Givens+diagonal networks,

where it appears that the landscapes of the loss function are shallow and steep at

different points in the learning curve. It is an open question as to why the landscapes

of the loss functions are different for the various networks.

In the under-parameterized case where networks are designed to have 𝒪(log2(𝑑))

layers, the Givens-butterfly network performs the best of all the unitary networks.

One explanation for this result comes from random matrix theory, where as stated

in section 3.1.1, 𝑑 log2(𝑑)/2 successive Givens rotations are required in order to

obtain a distribution of random matrices dense in the space of rotation matrices

[52]. A second explanation comes from the fact that the butterfly arrangement

ensures that an interaction exists between all pairwise indices of the matrix. These

two facts intuitively give a possible explanation for the strong performance of

the Givens-butterfly network. However, the extent to which it outperforms other

networks is partly unexpected (especially the Givens-random networks).

Of the three optimizers used, the Adam and RMS optimizers converge to critical

points in the loss function at rates much faster than conventional SGD. Though the

Adam and RMS optimizers sometimes also converge to lower values of the loss func-

tion, we conjecture that SGD would converge to equally good solutions if simulations

are drawn out for many more training steps. More work is needed to validate this

conjecture. Nevertheless, it is apparent that the landscapes of the loss function can be

very shallow, and adding momentum terms as in Adam or having a changing learning

rate as in RMS can significantly speed up the speed to convergence. Finally, in the

case of the Adam optimizer, it appears that as a network converges to a final solu-

tion, smaller steps are needed to avoid oscillations or increases in the loss function. In

future work, we hope to perform more hyperparameter tuning for the optimizers and

incorporate methods to reduce learning rates over time to address these oscillations
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and issues with convergence.

3.4 Conclusion

Our results show that learning an arbitrary unitary matrix depends on the number

of learnable parameters included in the learning model and the method used for

parameterizing a unitary matrix. For the over-parameterized case, where the number

of parameters in the learning model exceeds the number of parameters in the

target unitary, various different networks constructed converge to a solution with

very low error in both the training and test sets. Furthermore, convergence to

the final solution is achieved quickly using a network parameterized by a series of

random Pauli matrices. For the under-parameterized case, our results show that

Givens rotations arranged in a butterfly pattern with 𝑑 log2(𝑑) parameters can

produce reasonably good convergence to a solution, though loss values in the test

and training sets are still significantly larger than zero. In all cases, we find that

the Adam and RMS optimizers work better than conventional SGD. Throughout

our work, we observe that the landscape of the loss function is non-convex. Given

this non-convexity, it is an open question whether second order optimization

methods (e.g. Quasi-Newton methods) or optimization methods that do not calcu-

late gradients (e.g. genetic algorithms) can better explore the non-convex landscapes.

For our analysis, we considered a general case where the target unitary matrices

were randomly chosen. However, actual data is not random and often contains

simple patterns that can potentially be easily learned. Future analysis can focus

on which networks are best suited to learning simpler unitary matrices that are

drawn from real-world examples. For example, learning can be performed on target

unitary matrices that are composed of a small number of rotations or reflections.

Alternatively, unitary matrices here can be used to learn covariance matrices

generated from actual data.
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Chapter 4

Learning Unitary Matrices with

Alternating Hamiltonians

In this section, we shift to the quantum setting and study the hardness of learning

unitary transformations by performing gradient descent on the time parameters of

sequences of alternating operators. Such sequences are the basis for the quantum ap-

proximate optimization algorithm and represent one of the simplest possible settings

for investigating problems of controllability.

A fundamental task in both quantum computation and quantum control is to

determine the minimum amount of resources required to implement a desired unitary

transformation. In this paper, we present a simple model that allows us to analyze

key aspects of implementing unitaries in the context of both quantum circuits and

quantum control. In particular, we implement unitaries using sequences of alternating

operators of the form 𝑒−𝑖𝐴𝑡𝐾𝑒−𝑖𝐵𝜏𝐾 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 . Each unitary is parameterized

by the times {𝑡1, 𝜏1, . . . , 𝑡𝐾 , 𝜏𝐾}. This approach of parameterizing unitaries is the

basis for the quantum approximate optimization algorithm (QAOA) [20, 21]. The

acronym QAOA is also used to refer to the phrase “Quantum Alternating Operator

Ansatz." Recently, it has been shown that quantum alternating operator unitaries

can perform universal quantum computation [49]. In the infinitesimal time setting,

QAOA also encompasses the more general problem of the application of time varying

quantum controls [7, 9, 41, 55, 61–63, 66, 67, 70]. In this work, we study the quantum
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alternating operator formalism as a general framework of performing arbitrary unitary

transformations.

We investigate the difficulty of learning Haar random unitaries in 𝑈(𝑑) using

parameterized alternating operator sequences. Here, we find that unsurprisingly,

when the number of parameters in the sequence is less than 𝑑2, gradient descent

fails to learn the random unitary. Initially, we had expected that because of the

highly non-convex nature of the loss landscape, when the number of parameters in

the sequence was greater than or equal to 𝑑2, gradient descent would sometimes fail

to learn the target unitary. However, our numerical experiments reveal the opposite.

When the number of parameters is 𝑑2 or greater, gradient descent always finds the

target unitary. Moreover, we provide evidence for a “computational phase transition"

at the critical point between the under-parameterized and over-parameterized cases

where the number of parameters in the sequence equals 𝑑2.

Learning Setting. Suppose we have knowledge of the entries of a unitary 𝒰 ∈ 𝑈(𝑑)

and access to the Hamiltonians ±𝐴 and ±𝐵. Recent work has provided a constructive

approach to build a learning sequence 𝒱 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝐾𝑒−𝑖𝐵𝜏𝐾 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 that can

perform any target unitary 𝒰 where 𝐾 = 𝑂(𝑑2) [50]. In this work, we ask whether

optimal learning sequences for performing the target unitary 𝒰 can be obtained by

using gradient descent optimization on the parameters 𝑡⃗, 𝜏⃗ of 𝒱 (⃗𝑡, 𝜏⃗). The matrices

𝐴,𝐵 are sampled from the Gaussian Unitary Ensemble (GUE) so that the algebra

generated by 𝐴,𝐵 via commutation is with probability one complete in 𝑢(𝑑), i.e.,

the system is controllable [7,9,41,55,61–63,66,67,70]. The parameters 𝑡⃗, 𝜏⃗ represent

the times for which the generators of 𝒱 (⃗𝑡, 𝜏⃗) are applied. We assume we can apply

±𝐴,±𝐵; equivalently, we can take 𝑡𝑗, 𝜏𝑗 to be positive or negative. Note that this

problem formulation lies in the domain of quantum optimization algorithms such as

the Quantum Approximate Optimization Algorithm [22, 25, 37, 80], the Variational

Quantum Eigensolver [53,59], and the Variational Quantum Unsampling [8] in which

one varies the classical parameters in a quantum circuit to minimize some objective

function.

In general, the control landscape for learning the unitary 𝒰 is highly non-convex
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[7,9,41,55,61–63,66,67,70]. Gradient descent algorithms do not necessarily converge

to a globally optimal solution in the parameters of a non-convex space [78], and

they frequently converge instead to some undesired critical point of the loss function

landscape. We study how hard it is to learn an arbitrary unitary with the quantum

alternating operator formalism via gradient descent. We quantify the hardness of

learning a unitary with the minimum number of parameters required in the sequence

𝒱 (⃗𝑡, 𝜏⃗) to perform the unitary 𝒰 . Since 𝒰 has 𝑑2 independent parameters, in general,

at least 𝑑2 parameters in the sequence 𝒱 (⃗𝑡, 𝜏⃗) are required to learn a unitary 𝒰 ∈ 𝑈(𝑑)

within a desired error. Nevertheless, the non-convex loss landscape suggests that it

might not be possible to learn an arbitrary 𝒰 with gradient descent using 𝑂(𝑑2)

parameters. Our work numerically shows that exactly 𝑑2 parameters in the sequence

𝒱 (⃗𝑡, 𝜏⃗) suffice to learn an arbitrary unitary 𝒰 to a desired accuracy.

We also consider the case of learning “shallow" target unitaries of the form

𝒰 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝑁 𝑒−𝑖𝐵𝜏𝑁 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 where the number of parameters in the tar-

get unitary is 2𝑁 ≪ 𝑑2. For example, the simplest such target unitary is a depth-1

sequence 𝒰(𝑡, 𝜏) = 𝑒−𝑖𝐴𝑡𝑒−𝑖𝐵𝜏 . Such unitaries are, by definition, attainable via a shal-

low depth alternating operator sequence, and we look to see if it is possible to use

gradient descent to obtain a learning sequence 𝒱 (⃗𝑡, 𝜏⃗) of the same depth that approx-

imates the target unitary 𝒰 (⃗𝑡, 𝜏⃗). That is, we look at the alternating operator version

of whether it is possible to learn the unitaries generated by shallow quantum circuits.

We find that gradient descent typically requires 𝑑2 parameters in the sequence 𝒱 (⃗𝑡, 𝜏⃗)

to learn even a depth-1 unitary. This result suggests that gradient descent is not an

efficient method to learn low depth unitaries.

Rabitz et al. consider the case of controllable quantum systems with time varying

controls, including systems with drift, and show that when the controls are uncon-

strained (space of controls is essentially infinite dimensional), there are no sub-optimal

local minima [62, 63, 70]. When the sequence of controls is finite dimensional, prior

studies sometimes find traps in the control landscape [55, 66, 67]. Here, we look at

the simplest possible case where the system does not have drift and the space of

controls is finite dimensional. Our numerical results show that even in spaces where
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Figure 4-1: Gradient descent experiments for a Haar random target unitary 𝒰 of
dimension 32. The logarithm of the loss function 𝐿(⃗𝑡, 𝜏⃗) with increasing gradient
descent steps for learning sequences 𝒱 (⃗𝑡, 𝜏⃗) with 2𝐾 parameters.

the dimension of the system is the minimum it can be to attain the desired unitary

and the control landscape is highly non-convex, it still contains no sub-optimal local

minima and gradient descent obtains the global optimal solution.

We now provide a detailed numerical analysis of the learnability of both arbitrary

and shallow depth unitaries using gradient descent optimization.
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Figure 4-2: Gradient descent experiments for a Haar random target unitary 𝒰 of
dimension 32 exhibit a power law convergence in the first 1,000 gradient descent
steps (best fit line shown in dashed red in the plot). In the under-parameterized case,
at a certain point, the gradient descent plateaus at a sub-optimal local minimum. In
the over-parameterized case, after the power law regime, the gradient descent enters
an exponential regime consistent with a quadratic form for the loss function in the
vicinity of the global minimum (best fit line shown in dashed blue in the plot). In
the critical case, 2𝐾 = 𝑑2, the power law persists throughout the gradient descent
providing further evidence for a computational phase transition.
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4.1 Numerical experiments for learning an arbitrary

unitary

In this section, we present numerical experiments that aim to learn an arbitrary

unitary 𝒰 by constructing a sequence 𝒱 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝐾𝑒−𝑖𝐵𝜏𝐾 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 and

performing gradient descent on all 2𝐾 parameters to minimize the loss function

𝐿(⃗𝑡, 𝜏⃗) =
⃦⃦
𝒰 − 𝒱 (⃗𝑡, 𝜏⃗)

⃦⃦2
. Here ‖·‖ denotes the Frobenius norm. Given access to

the entries of a Haar random target unitary 𝒰 , we fix the number of parameters 2𝐾

and ask how many gradient descent steps 𝑆 are required to construct the sequence

𝒱 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝐾𝑒−𝑖𝐵𝜏𝐾 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 that can learn the target unitary 𝒰 to a given

accuracy or loss.

We present numerical evidence that with at least 𝑑2 parameters in the sequence

𝒱 (⃗𝑡, 𝜏⃗), we can learn any selected Haar random unitary 𝒰 . Because of the highly non-

convex nature of the loss landscape over the control parameters, we did not expect

this result. The details of the numerical analysis are provided below.

We ran experiments for a Haar random target unitary 𝒰 of dimension 32 while

varying the 2𝐾 parameters in 𝒱 (⃗𝑡, 𝜏⃗). At each step, we compute the gradient ∇𝑡⃗,𝜏⃗𝐿

and perform gradient descent with fixed step size.

In Fig.(4-1), we plot the loss 𝐿(⃗𝑡, 𝜏⃗) as a function of the number of gradient de-

scent steps 𝑆 for learning sequences 𝒱 (⃗𝑡, 𝜏⃗) of varying depth 𝐾. When the sequence

𝒱 (⃗𝑡, 𝜏⃗) is under-parameterized with 2𝐾 < 𝑑2 parameters, we find that the loss func-

tion 𝐿(⃗𝑡, 𝜏⃗) initially decreases but then plateaus. Thus, in the under-parameterized

loss landscape, we find that as expected, with high probability, the gradient descent

algorithm reaches a sub-optimal value of the loss which cannot be decreased by further

increasing the number of gradient descent steps.

When the number of parameters 2𝐾 in 𝒱 (⃗𝑡, 𝜏⃗) is equal to 𝑑2 or more, we find

that gradient descent always converges to the target unitary – there are apparently

no sub-optimal local minima in the loss landscape. As noted above, this result was

unexpected given the non-convex nature of the loss landscape. We also find that

the rate of convergence grows with the degree of over-parameterization as shown
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Figure 4-3: The power law rate of gradient descent 𝛼 for the initial 1000 gradient
descent steps grows linearly with the number of parameters (2𝐾). The first 50 steps
have been excluded in the fit. The slope of the best fit line is 1.9. The computational
phase transition takes place at a value of 𝛼 ≈ 1.25.

in Fig.(4-1). At the critical point where the number of parameters 2𝐾 = 𝑑2, we

note the existence of a “computational phase transition." At this critical point, the

learning process converges to the desired target unitary, but the rate of convergence

becomes very slow. For each parameter manifold of dimension 0.1𝑑2 ≤ 2𝐾 ≤ 2𝑑2, we

performed ten experiments and each of the experiments has been plotted in Fig.(4-1).

In Fig.(4-2), we fit the loss 𝐿(⃗𝑡, 𝜏⃗) over the first 1000 gradient descent steps (the

first 50 steps are excluded) to a power law

𝐿 = 𝐶0𝑆
−𝛼 + 𝐶1, (4.1)
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where 𝐶0 and 𝐶1 are constants, 𝐿 = 𝐿(⃗𝑡, 𝜏⃗) and 𝑆 is the number of gradient descent

steps. As shown in Fig.(4-2), the data for the initial 1000 gradient descent steps

fits closely to such a power law. However, with the exception of the critical learning

sequence with 2𝐾 = 𝑑2 parameters, the performance of gradient descent deviates from

a power law fit at later steps. For the under-parameterized case, the gradient descent

plateaus at a sub-optimal value of the loss. For the over-parameterized case, the

power law transitions to an exponential as the gradient descent approaches the global

minimum, which is consistent with the expected quadratic form of the loss function

in the vicinity of the global minimum. Fig.(4-2) shows the exponential fit for the

later stages of gradient descent in the over-parameterized setting. The exponential

fit takes the form

𝐿 = 𝐶0𝑒
−𝑟(𝑆−𝑆0) + 𝐶1, (4.2)

where 𝐶0, 𝐶1, 𝑟, and 𝑆0 are constants (optimized during the fit), 𝐿 = 𝐿(⃗𝑡, 𝜏⃗) and 𝑆

is the number of gradient descent steps.

The critical case of the sequence 𝒱 (⃗𝑡, 𝜏⃗) with exactly 𝑑2 parameters is consistent

with a power law rate of convergence to the target unitary 𝒰 during the entire gradient

descent process.

The initial power law form of the gradient descent is consistent with a loss land-

scape that obeys the relation Δ𝐿/Δ𝑆 ∝ −𝑆−(𝛼+1) and 𝛼 ≥ 0. For example, the case

𝛼 = 1 corresponds to a power law of the form Δ𝐿/Δ𝑆 ∝ −𝑆−2. The final exponential

form of convergence corresponds to the case 𝛼 → ∞, and to a quadratic landscape

where Δ𝐿/Δ𝑆 ∝ −𝑒−𝑆 ∝ −𝐿. The fitted value of 𝛼 in the initial power law regime

is plotted as a function of the number of parameters in Fig.(4-3). Here, we observe

a linear relationship between the power law exponent 𝛼 in Eq. (4.1) and the number

of parameters 2𝐾 in 𝒱 (⃗𝑡, 𝜏⃗) – i.e., the larger the degree of over-parameterization, the

faster the rate of convergence, and the larger the exponent in the power law.
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Figure 4-4: Loss function landscape when the target unitary is 𝑒−𝑖𝐴𝑡*𝑒−𝑖𝐵𝜏* where 𝑡* =
−1.59 and 𝜏 * = 4.08. The landscape is highly non-convex with many local minima,
indicating that it is difficult to learn the target unitary with first order optimization
methods such as gradient descent unless the starting point of optimization lies in the
neighbourhood of the global minimum.

4.2 Learning shallow-depth unitaries

In this section, we study the learnability of low-depth alternating operator unitaries

𝒰 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝑁 𝑒−𝑖𝐵𝜏𝑁 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 where 2𝑁 ≪ 𝑑2. Such unitaries are the al-

ternating operator analogue of shallow depth quantum circuits. As noted above,

unitaries of this form are by definition, obtainable by a learning sequence 𝒱 (⃗𝑡, 𝜏⃗) with

depth 𝐾 ≥ 𝑁 . We wish to investigate for which values of 𝐾, it is possible to learn

the target unitary 𝒰 (⃗𝑡, 𝜏⃗) of depth 𝑁 . We could reasonably hope that such a shallow

depth unitary could be learned by performing gradient descent over sequences 𝒱 (⃗𝑡, 𝜏⃗)

of depth 𝐾 = 𝑁 . We find that this is not the case. Indeed, we find that even to
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Figure 4-5: Gradient descent experiments for a low-depth unitary 𝒰(𝑡*1, 𝜏 *1 , 𝑡*2, 𝜏 *2 ) of
dimension 32 with 4 parameters (𝑁=2) where 𝑡*1, 𝑡*2, 𝜏 *1 , 𝜏 *2 ∈ [−2, 2].

learn a unitary 𝒰 (⃗𝑡, 𝜏⃗) of depth 𝑁 = 1, with high probability, we require a full depth

learning sequence 𝒱 (⃗𝑡, 𝜏⃗) of depth 𝐾 ≥ 𝑑2/2 or 2𝐾 ≥ 𝑑2 parameters in 𝒱 (⃗𝑡, 𝜏⃗).

Depth 𝑁=1 unitaries take the form 𝒰(𝑡*, 𝜏 *) = 𝑒−𝑖𝐴𝑡*𝑒−𝑖𝐵𝜏* . In Fig.(4-4), we

present the landscape of the loss function 𝐿(𝑡, 𝜏) =
⃦⃦
𝑒−𝑖𝐴𝑡*𝑒−𝑖𝐵𝜏* − 𝑒−𝑖𝐴𝑡𝑒−𝑖𝐵𝜏

⃦⃦2

which is a two dimensional parametric manifold. Here we attempt to learn the target

unitary 𝒰(𝑡*, 𝜏 *) via a sequence 𝒱(𝑡, 𝜏) also with two parameters. The loss function

landscape is highly non-convex and contains many local sub-optimal traps. Learn-

ing the target unitary with much less than 𝑑2 parameters using gradient descent is

guaranteed only when the initial values of the parameters 𝑡, 𝜏 lie in the neighbour-

hood of the global minimum at 𝑡* = −1.59 and 𝜏 * = 4.08. In unbounded parametric

manifolds, such an optimal initialization is generally hard to achieve.
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Next, we consider a target unitary 𝒰 (⃗𝑡*, 𝜏⃗ *) with four parameters (𝑁 = 2). In

Fig.(4-5), we find that when the sequence 𝒱 (⃗𝑡, 𝜏⃗) has 2𝐾 < 𝑑2 parameters, the loss

function plateaus with increasing gradient descent steps. This indicates that gradient

descent halts at a local minimum of the loss function landscape. The rate of learning

improves when 2𝐾 = 𝑑2 or 2𝐾 > 𝑑2 as in the over-parameterized domain. In this

setting, the loss function rapidly converges towards the global minimum of the land-

scape, and the rate of convergence to the target unitary 𝒰 (⃗𝑡*, 𝜏⃗ *) is similar to the

over-parameterized case shown in Fig.(4-2).

4.3 Conclusion

We have numerically analysed the hardness of obtaining the optimal control parame-

ters in an alternating operator sequence for learning arbitrary unitaries using gradient

descent optimization. For learning a Haar random target unitary in 𝑑 dimensions to

a desired accuracy, we find that gradient descent requires at least 𝑑2 parameters in

an alternating operator sequence. When there are fewer than 𝑑2 parameters in the

sequence, gradient descent converges to an undesirable minimum of the loss function

landscape which cannot be escaped with further gradient descent steps. This is true

even for learning shallow-depth alternating operator target unitaries which are the

alternating operator analogue of shallow depth quantum circuits.

Gradient descent methods generally guarantee convergence only in convex spaces.

The loss function landscape for unitaries is highly non-convex, and when we began

this investigation, we did not know whether gradient descent on 2𝐾 ≥ 𝑑2 parameters

in the landscape would succeed in the search for a global minimum. Indeed, we

expected that gradient descent would not always converge. However, in contrast to

our initial expectations, we find that when the number of parameters in the loss

function landscape 2𝐾 ≥ 𝑑2, gradient descent always converges to an optimal global

minimum in the landscape. At the critical value of 2𝐾 = 𝑑2 parameters, we observe

a “computational phase transition" characterized by a power law convergence to the

global optimum.
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Chapter 5

Conclusion

5.1 Applications

5.1.1 Quantum Computation and Quantum Machine Learning

Quantum computers currently perform operations that are noisy and of low fidelity

[60]. In general, applying a desired set of gates may not be efficiently possible. For

algorithms to realistically be implemented on near term quantum computers, different

methods to perform quantum operations should be compared since some methods may

be less noisy than others. The work here provides a means to construct arbitrary

unitary quantum operations via parameterizations of unitary matrices that can learn

the desired unitary operation. For example, in the alternating Hamiltonian setting

considered in chapter 4, the control Hamiltonians 𝐴 and 𝐵 can be chosen as two

unitary operations that have high fidelity on a quantum computer. Performing a

specific unitary operation using these two control Hamiltonians may provide a method

of performing arbitrary unitary operations with high fidelity.

Understanding the learnability of unitary matrices can also aid efforts to construct

quantum machine learning algorithms. Speed-ups in machine learning algorithms on

quantum computers can arise from embedding data into high dimensional Hilbert

spaces or by implementing machine learning algorithms in variational quantum cir-

cuits [32, 51, 72]. In both of these cases, algorithms implemented in quantum com-
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puters may leverage parameterizations discussed here to form layers in a quantum

learning architecture.

5.1.2 Neural Networks

As discussed in section 1.4, unitary matrices provide a straightforward method to

avoid vanishing and exploding gradients in recurrent neural networks. Prior research

has embedded unitary matrices into neural networks with some success [2,38,54,77].

However, almost methods to embed unitary matrices into neural networks suffer can

require increased computation time during training due to the parameterization of

the unitary matrices. Fully parameterizing a unitary matrix often requires building

networks with many layers to allow for a full parameterization. Future work can

focus on methods to develop unitary optimization methods that perform optimization

partially outside the unitary manifold to avoid this issue as in [52].

More broadly, unitary matrices may also prove useful in neural networks that are

not recurrent. Developing very deep networks requires stability: i.e., actions of many

layers in composition do not cause large, chaotic changes to an input. Methods exist

to preserve stability in deep networks, e.g., skip connections in residual networks [33].

Unitary matrices embedded into neural networks may complement current methods or

provide new structures for maintaining neural network stability since unitary matrices

preserve norms.

5.2 Recommendations for Future Work

Consistent in both the quantum and classical learning settings is the finding that

algorithms to learn unitary matrices are most effective when the learning algorithms

are over-parameterized (i.e., at least 𝑑2 parameters are used to learn a 𝑑× 𝑑 unitary

matrix). Furthermore, in cases where learning algorithms are under-parameterized,

we find that learning landscapes contain many traps or sub-optimal minima. Future

work can focus on improving the results in the under-parameterized setting by iden-

tifying systems that can avoid sub-optimal traps. Perhaps, to achieve success in the
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under-parameterized setting, future research can consider problems where target uni-

tary matrices or objective functions are limited to certain subspaces of the complete

unitary manifold. Recent work on block-encoded unitary matrices and singular value

transformations may be leveraged in this regard to build improved quantum machine

learning algorithms [10,26].

Furthermore, future work can broaden the scope of this thesis to consider learning

unitary matrices with algorithms and cost functions not considered here. For ex-

ample, all the optimization methods considered here performed some gradient-based

algorithm on well defined, smooth, cost landscapes. It is a natural question whether

there exist non-gradient based optimization methods which can improve upon the

results here. One possible such algorithm to test would be simulated annealing and

its quantum analog [39,40].

Finally, it may be the case that real-world data is simpler to learn than the random

target matrices considered here. Thus, despite the challenges faced here in learning

random unitary matrices, the same algorithms implemented in more realistic settings

may have better performance. Future work can and should focus on embedding

unitary learning algorithms into the real-world applications discussed earlier.
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Appendix A

Computational Details

All experiments were performed using various different Python packages including

Pytorch [58] and Tensorflow [1]. Experiments were run on a machine equipped with

a Nvidia 2080 TI GPU and an Intel Core i7-9700K CPU. Calculations were per-

formed with 64-bit floating point precision. The code used to perform the numerical

experiments is available upon request.
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Appendix B

Supplementary Materials to Chapter

4

B.1 Experiments using Adam optimizer
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Figure B-1: a) Experiments using Adam gradient descent for a Haar random target
unitary 𝒰 . b) Experiments using the Adam optimizer for a low-depth target unitary
𝒰 of dimension 32 with 8 parameters (𝑁=4).

In addition to performing optimization using simple (vanilla) gradient descent,

we performed optimization using the Adam optimizer [43], a common optimization

method used in deep learning. Adaptive Moment Estimation or Adam is an upgrade of

71



0 2000 4000 6000 8000 10000
Gradient Descent Steps

10
4

10
3

10
2

10
1

10
0

10
1

10
2

Lo
ss

 (l
og

 a
xi

s)

# params (2K)
0.10d2

0.50d2

1.00d2

1.10d2

1.50d2

2.00d2

(a)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Ratio of Parameters to Dimension Squared (2K/d2)

0

10

20

30

40

50

60

Lo
ss

 V
al

ue
 a

t C
on

ve
rg

en
ce

(b)

Figure B-2: a) Simple gradient descent experiments for a target unitary 𝒰 of dimen-
sion 32 with 8 parameters (𝑁=4). b) Value of the loss function after convergence
with 10,000 steps of simple gradient descent. Experiments were performed for 𝒰 of
dimension 32 with various number of parameters.

the simple gradient descent algorithm where parameters are assigned different learning

rate which are adaptively computed in every iteration of the algorithm. These updates

are solely computed from first order gradients. In contrast, the learning rate is fixed

for each parameter in simple gradient descent. For more on the Adam optimizer,

the reader is referred to [43]. The final loss obtained for learning unitary matrices

using the Adam optimizer was consistent with those obtained from simple gradient

descent. However, the Adam optimizer appears to converge to a final outcome in far

fewer steps. The results of our experiments are provided in Fig.(B-1). A comparison

between the performance of simple and Adam gradient descent can be observed from

Fig.(B-1) and Fig.(B-2).

B.2 Critical points in the under-parameterized mod-

els

When learning target unitaries using alternating operator sequences with 𝑑2 param-

eters or more, gradient descent converges to a global minimum of the loss function
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Figure B-3: Magnitude of the gradient at each step of gradient descent. In the under-
parameterized setting, we find that the magnitudes can increase and decrease over
the course of gradient descent. In the over-parameterized setting, we find that the
magnitudes decrease, often rapidly, over the course of gradient descent. For each
parameter setting, a single experiment was performed which has been plotted here.

landscape. When learning with under-parameterized models, we find that gradient

descent plateaus at a non-zero loss function value. In the under-parameterized setting,

we further explore how the loss function changes over the course of gradient descent

by investigating the magnitude of the gradients. In the under-parameterized setting,

we find that the magnitude of the gradients can both increase and decrease over the

course of gradient descent, suggesting that the path of gradient descent passes in the

vicinity of saddle points in the loss landscape. In the over-parameterized setting, the

magnitudes of the gradients monotonically decrease with increasing gradient descent

steps, suggesting that in this case, the path of gradient descent does not explore

saddle points. The results of our findings are presented in Fig.(B-3).
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B.3 A greedy algorithm

As noted in the text, we find that gradient descent algorithms require 𝑑2

parameters in the sequence 𝒱 (⃗𝑡, 𝜏⃗) to learn a low-depth unitary 𝒰 (⃗𝑡*, 𝜏⃗ *) =

𝑒−𝑖𝐴𝑡*𝑁 𝑒−𝑖𝐵𝜏*𝑁 . . . 𝑒−𝑖𝐴𝑡*1𝑒−𝑖𝐵𝜏*1 where 𝑁 = 𝑂(1). This suggests that such low-depth

unitaries are intrinsically hard to learn with less than 𝑑2 parameters using gradient

descent. We also considered a simple greedy algorithm for performing a low-depth

target unitary 𝒰 (⃗𝑡*, 𝜏⃗ *). Let 𝒱𝑞 (⃗𝑡, 𝜏⃗) = 𝑒−𝑖𝐴𝑡𝑞𝑒−𝑖𝐵𝜏𝑞 . . . 𝑒−𝑖𝐴𝑡1𝑒−𝑖𝐵𝜏1 . The first step of

the greedy algorithm begins with 𝑞 = 1 and uses gradient descent to optimize the

parameters 𝑡1 and 𝜏1. The next step of the algorithm at 𝑞 = 2 performs gradient

descent starting from the initial values 𝑡2 = 𝜏2 = 0 and 𝑡1, 𝜏1 which are the optimal

values obtained in the previous step. The greedy algorithm then continues, and at

each step, 𝑞 is incremented by 1. At the 𝑞th step, the initial starting points for gra-

dient descent are 𝑡𝑞 = 𝜏𝑞 = 0 and the remaining parameters {𝑡𝑖, 𝜏𝑖}1≤𝑖≤𝑞−1 are the

optimal values obtained at the end of the previous step. We present the pseudocode

of the greedy algorithm below.
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Algorithm 1 Greedy Algorithm
Input: Low-depth target unitary 𝒰(𝑡*, 𝜏 *) ∈ 𝑈(𝑑) and GUE matrices ±𝐴,±𝐵.

Initialize: Parameters 𝑡1, 𝜏1 = 0. 𝒱0(⃗𝑡, 𝜏⃗) = 𝐼. Loss = 𝑎0 =
⃦⃦
𝒰 (⃗𝑡*, 𝜏⃗ *)− 𝐼

⃦⃦2
.

1: while 𝑞 ≤ 𝑑2/2 do

2: Construct the unitary 𝒱𝑞−1𝑒
−𝑖𝐴𝑡𝑞𝑒−𝑖𝐵𝜏𝑞 with parameters 𝑡𝑞, 𝜏𝑞. Loss = 𝑎𝑞 =⃦⃦

𝒰 (⃗𝑡*, 𝜏⃗ *)− 𝒱𝑞−1𝑒
−𝑖𝐴𝑡𝑞𝑒−𝑖𝐵𝜏𝑞

⃦⃦2
.

3: Perform gradient descent on {𝑡𝑖, 𝜏𝑖}1≤𝑖≤𝑞 to minimize 𝑎𝑞 starting from

{𝑡′𝑖, 𝜏 ′𝑖}1≤𝑖≤𝑞−1 in 𝒱𝑞−1 and 𝑡𝑞 = 𝜏𝑞 = 0.

4: Let {𝑡′𝑖, 𝜏 ′𝑖}1≤𝑖≤𝑞 be the optimal parameters. Updated loss = 𝑎′𝑞 =⃦⃦
𝒰 (⃗𝑡*, 𝜏⃗ *)− 𝑒−𝑖𝐴𝑡′𝑞𝑒−𝑖𝐵𝜏 ′𝑞 · · · 𝑒−𝑖𝐴𝑡′1𝑒−𝑖𝐵𝜏 ′1

⃦⃦2
.

5: if 𝑎′𝑞 ≤ 𝜀, the sequence 𝒱𝑞(𝑡⃗′, 𝜏 ′) converges to 𝒰 (⃗𝑡*, 𝜏⃗ *) and let Q = q.

6: else continue.

7: end while

Output: 𝒱𝑄(⃗𝑡
′, 𝜏⃗ ′) such that

⃦⃦
𝒰 (⃗𝑡*, 𝜏⃗ *)− 𝒱𝑄(⃗𝑡

′, 𝜏⃗ ′)
⃦⃦2 ≤ 𝜀.

We investigated the performance of the greedy algorithm for systems of up to five

qubits in a restricted area of the loss function landscape. In particular, we considered

the parameters 𝑡*𝑗 , 𝜏 *𝑗 ∈ [−2, 2] in a low-depth target unitary 𝒰 (⃗𝑡*, 𝜏⃗ *). In this setting,

we find that with a probability that decreases as a function of the number of qubits,

the greedy algorithm can construct a sequence 𝒱𝑄(⃗𝑡, 𝜏⃗) where 𝑄≪ 𝑑2/2. In contrast,

gradient descent experiments require 𝑑2 parameters in 𝒱 (⃗𝑡, 𝜏⃗) to learn 𝒰 (⃗𝑡*, 𝜏⃗ *). That

is, the greedy algorithm does indeed sometimes find low-depth target unitaries even

in cases where simple gradient descent on under-parameterized sequences fails. For

a system of five qubits, the success probability of the greedy algorithm to learn a

target unitary 𝒰 (⃗𝑡*, 𝜏⃗ *) of depth 𝑁 = 2 (i.e., with 4 parameters) using less than 50

parameters in 𝒱𝑄(⃗𝑡, 𝜏⃗) is around 0.1.
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