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Abstract

Data is increasingly important for firms, regulators, and researchers to develop accu-
rate models for decision-making. Since data sets often need to be externally acquired,
a systematic way to value and trade data is necessary. Moreover, buyers of data often
interact with each other downstream, such as firms competing in a market. In this
setting, an allocation of data may not only benefit the buying firm, but also impose
negative externalities on the firm’s competitors. The way data is allocated and sold
should thus depend on the particulars of its downstream usage and the interaction
between data buyers.

We capture the problem of valuing and selling data sets to buyers who interact
downstream within the general framework of auctions of digital, or freely replicable,
goods. We study the resulting single-item and multi-item mechanism design prob-
lems in the presence of additively separable, negative allocative externalities among
bidders. Two settings of bidders’ private types are considered, in which bidders either
know the externalities that others exert on them or know the externalities that they
exert on others. We obtain forms of the welfare-maximizing (efficient) and revenue-
maximizing (optimal) auctions of single digital goods in both settings and highlight
how the information structure affects the resulting mechanisms. We find that in all
cases, the resulting allocation rules are deterministic single thresholding functions for
each bidder. For auctions of multiple digital goods, we assume that bidders have inde-
pendent, additive valuations over items and study the first setting of privately known
incoming externalities. We show that the welfare-maximizing mechanism decomposes
into multiple efficient single-item auctions using the Vickrey-Clarke-Groves mecha-
nism. Under revenue-maximization, we show that selling items separately via optimal
single-item auctions yields a guaranteed fraction of the optimal multi-item auction
revenue. This allows us to construct approximately revenue-maximizing multi-item
mechanisms using the aforementioned optimal single-item mechanisms.

Thesis Supervisor: Munther A. Dahleh
Title: William A. Coolidge Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

1.1 Motivation

Propelled by the digitization of services and the Internet of Things, a wide range
of data has become increasingly crucial for firms and regulators to develop accurate
models for production and planning decisions. As machine learning algorithms grow
more standardized, the bottleneck for real-time modeling and decision-making lies
largely in obtaining useful and up-to-date data sets. Such data frequently needs to
be acquired from specialized external sources (e.g., information about consumers,
satellite images, weather forecasts), which has led to the proliferation of data services
selling such information. Moreover, buyers of data often interact with each other
downstream, such as with firms competing in a market. In this case, an allocation
of data may not only benefit the buying firm, but also impose negative externalities
on the firm’s competitors. The way data is allocated and sold should thus depend on
the particulars of its downstream usage and the interaction between data buyers.
Meanwhile, the goal of data sellers is often either to maximize their revenue or to
maximize social welfare, in the latter case ensuring the most efficient allocation of data
amongst the buyers. To achieve either goal, one needs to be able to price collections
of data sets, and to this end, to parameterize the value that data buyers have for an
allocation of data. This task is shaped by two properties of data: (1) as a digital

good, it is freely replicable and so there is no inherent scarcity of it, and (2) its value



is intrinsically combinatorial, i.e., different data sets, such as training features for
a machine learning model, often contain correlated information. Without additional
structure, a buyer’s valuation over a collection of data sets may require a prohibitively
large number of parameters to express. However, under certain assumptions on the
usage of data, we can reduce such combinatorial valuations to functions of a scalar
allocation variable. (See Section 2.1.)

We are then led to the overarching question: how should a data seller allocate and
price data sets to data buyers who may compete with each other downstream, in such
a way that maximizes social welfare or the seller’s expected revenue? We motivate the
central model and mechanism design approach through which this thesis addresses

this question with the following example.

1.1.1 Example: Allocative Externalities Arising from Compe-

tition Among Data Buyers

Overview.  Consider the setting depicted in Figure 1-1, in which a monopolistic
data seller sells data sets to firms who subsequently use them to train models for
prediction tasks, and then use these models to make decisions, such as inventory

management or task scheduling, in a downstream market.
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Figure 1-1: A monopolistic data seller sells data sets to firms who subsequently use
them to train models for prediction tasks, and use these models to make decisions in
a downstream market. These firms are in competition with each other downstream,

so one firm’s increase in prediction accuracy may hurt another’s utility in the market.

Concretely, suppose several firms producing substitute goods are engaging in
Cournot competition, and can purchase data from a third party. The usage of such
data has the ultimate effect of increasing the buying firm’s production efficiency, so
more goods are produced for a given input investment. We assume there is a mono-
tone increasing relationship between the quality or quantity of data purchased and
the resulting increase in production efficiency.

By buying data, all else fixed, a firm will realize an increase in its equilibrium
profit. However, since the firms are in competition with each other, a firm that
implements data-driven improvements will also cause a negative externality on other
firms’ equilibrium profits. A higher degree of substitutability between two firms’
products will magnify the negative effect of one firm’s competitive advantage on the
other.

The competitive interaction between data buyers can be modeled with varying
levels of detail and complexity. We can start by considering first-order interactions
between bidder’s allocations, such that each bidder’s utility is linear in the allocations
to all bidders. That is, firm ¢ always suffers a constant decrease in utility whenever

another firm j is allocated the good (here, data sets), no matter what the allocations
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to other firms besides ¢ and j are. More realistically, the negative externality a firm
suffers may depend on more than just whether or not each competitor gets data,
but also on which groups of other bidders get data, or on some nonlinear function
of the number of other bidders who get data. However, under suitable conditions,
a linear approximation of additively separable externalities may suffice, and such
a model already demonstrates key ways in which externalities affect efficient and

optimal mechanism design.

Formal Model. Consider two firms, indexed by ¢ € {1,2}, producing perfect
substitute goods. The firms each decide on a production input quantity ¢; € [0, 00).
Each firm 4’s unit production cost is ¢; € [0,00), such that the production cost
incurred by each firm is ¢;q;. Meanwhile, firm ¢’s production output, or yield, is given
by a;q;, where a; € [0,00) is called firm i’s production efficiency.

Let M € Rs( be the market demand parameter, such that given the production
input decisions ¢;, g2 and production efficiencies ay, ap of the firms, the market price

of the good is

P(Q17Q2; 061,042) =M — (Oél g1+ Q- CI2)-

Each firm 7 realizes market profits

7Tz'(Q1792;0417042, C1702) = P(CI1>Q2; aq, 042) “O0Gcq; — Gt g (1-1-1)

Cournot Market Subgame. Let us gather all the market relevant parameters
into the variable £ = (ay,ag,c1,ce, M). Both firms choose their production inputs
¢; in order to maximize their market profits m;(q1,¢2;€). We find the equilibrium
production decisions ¢} (§) and profits 7} (£) by simultaneously solving the firms’ best
response functions dm;/dg; = 0. We make assumptions on the parameters (mostly
that the market demand M is large enough) so the ensuing equilibrium is an interior

solution.



Thus the equilibrium production decision of firm 1 is

16y — 20i9¢1 + Maqog

¢ (&) =

J

30&12(1/2
and the equilibrium profit is given by

. (cveo — 2a0¢ + Ma1a2)2 .
T (g) = 9@120422 - (QIQI)Q‘

By symmetry, we obtain similar expressions for firm 2, with the indices 1 and 2

swapped above.

Comparative Statics and Linearized Model. @ We Taylor expand the equilib-
rium profit functions around some initial parameter values & = (aq o, a2, ¢1, C2). In
our model, we are only interested in how changing the production efficiency «; affects

profits, so we do not account for perturbations in the parameter c;.

2

K(EY k(e ) i v — v
7 (€) — 7 (o) ;aaj(@ (a]::Az],O)

2
1 o’
+ = : (a; — ajo)(ag — ago) + ...
2‘ Z aO[jOék (50) ( J ],0)( k k70)

Jk=1
The coefficients of the first order deviations give us comparative statics that show
how changes in each firm’s production parameters, with all other parameters held

constant, affect the firms’ equilibrium profits. In particular, for firm 1 they take the

forms:
aﬂ'ik (5) . 401 (041C2 — 20(2C1 + MOélOQ) . 401 «
8061 N 90613052 N 3061 @
oy () = 2cy (1cp — 209¢1 + Mana) 2006y
8062 B 9061@23 B 30&22 @
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Furthermore, the coefficients of the second order terms take the form:

Oy 8y (e — 3aact + Mayay)
da? B 91 tay
om0t dace
dajay  Odasay _9a12a22
Oy _ 2c3 (3 — 4ager +2Manan)
o3 Yoy gt

Depending on the magnitude of these higher order terms evaluated at &,, a linear
approximation to the equilibrium profit function may or may not be reasonable in
the regime of values considered. Again, by symmetry, we obtain similar expressions
for firm 2 by swapping the indices 1 and 2 above.

Restricting our attention to the first order Taylor approximation, we obtain the

linear model of equilibrium profit for firm i € {1,2} and j # i:

4c; 20 0C;
(&) — 7! ~—q Aoy — —— gt - Aay
T (5) ; (&)) 3@7;70 4q; (50) «a 3@j702 4q; (50) Qi
Labeling the coefficients
461' 20él' 0Cj
i = * s i . - 1.1.2
v 30%0 4; (50) Ni—j 3053',02 4; (&)) ( )

and the changes in production efficiency z; := Aq;, we can re-express firm i’s change

in equilibrium profit as

A’/T:(.’L‘l, Z'Q) = ’/T;k<£) — W:(fg) VX — Ni—j = Tj. (113)

Note that v; and 7, ; take nonnegative values. We can interpret v; to be the value
that firm ¢ gets from an allocation of data that leads to an increase x; of its production
efficiency, while 7;.; is the negative externality caused by an allocation of data to
firm j on firm ¢’s market profits, which arises due to the Cournot competition between

the firms.
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Additively Separable Negative Externalities Now suppose there are n firms
(N ={1,...,n}) engaging in Cournot competition. Again, a third party offers data for
sale which the firms can use to improve their production efficiency by an amount z;
which is monotonically increasing in the quality or quantity of the data allocated. We
generalize the preceding derivation by Taylor expanding each firm’s equilibrium profits
with respect to the changes z;. Keeping only the first-order terms in the expansion
and ignoring higher-order effects, we get that each firm’s change in equilibrium profit

due to a given allocation of data inducing (xy, ..., z,) can be approximated as

* ~o
Aﬂ'i (ZL‘l,...,l'n) ~ UV Xy — E Ni—;5 T

FEN\G

where v; and 7, ; are appropriately defined nonnegative quantities.

Private values.  Consider once more the case of 2 firms in Cournot competition.
Suppose each firm privately knows its production cost ¢;, while it shares a common
prior (known to all firms and the data seller) on the distribution of all other firms’
production costs. Further, suppose all initial production efficiencies «; ¢ are common
knowledge, as well as the initial equilibrium production decisions ¢} (&), which could
have been observed in a previous season. Then the parameters v; and (7,;) ;e N\i» 1
(1.1.2) are privately known to bidder i. We then let t; = v;e; — ZjeN\i nije; be the

vector in R™ denoting firm ¢’s private type, where e; denotes the ith unit vector.

Auction Framework Though = = (x1,...,z,) captures the effects of an allocation
of data among the n firms on their production efficiencies, we will also refer to x as
the allocation itself. Let p = (p1, ..., pn) be the vector of payments from the firms to
the data seller. Each firm ¢ € N then has utility function

wi(@, pists) =t — pi = v — Y ey — Py
JEN\I

with private type t;.

Given this structure of utilities, how should the data seller allocate (i.e., choose

12



which firms get data and at what level of quality) and price a collection of data sets
to these n competing firms, in order to

(1) maximize social welfare, > .\ t; - x, or

(2) maximize the data seller’s expected revenue E[Y .\ p;], where the expectation
is taken with respect to the common prior on bidders’ private types?

In this thesis, we answer these and related problems in an auction design frame-

work.

1.2 Related Work

1.2.1 Single-Item Auctions

Both efficient, i.e., welfare-maximizing, and optimal, i.e., revenue-maximizing, auc-
tions of a single nondivisible good to multiple bidders have been well characterized.
The Vickrey-Clark-Groves (VCG) mechanism gives a family of payment rules for the
welfare-maximizing allocation that satisfy incentive compatibility and individual ra-
tionality [37, 15, 20]. Optimal single-item auctions were studied in the seminal paper
of [32], where the problem of maximizing revenue was essentially reduced to one of
welfare maximization after transforming bidders’ valuations into virtual valuations.
This solution which relies on the assumption that the auction designer knows the
prior distribution of bidders’ valuations. A key result of this early work is that the
efficient single-item auction with n bidders can be implemented as a second-price auc-
tion, while the corresponding optimal auction is a second-price auction with reserve
prices determined by the bidders’ distributions to extract more revenue. [29]| provides
a comprehensive introduction to auction theory.

The most relevant line of work in this field studies the question of designing auc-
tions in the presence of externalities. Optimal single-item auctions with additive
allocative externalities among bidders were studied in [27, 28|. They consider the
same multidimensional, interdependent valuation setting as the one presented here,

and in Chapter 3, we extend their results to the setting of digital goods auctions and
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additionally provide an optimal mechanism without the restriction to one-dimensional
bids imposed in [28]|. The survey [26] provides a useful reference. Many papers con-
sider a similar additive model, but often assume that externality parameters are public
[7, 12] or do not depend on the identity of the competitor [9], essentially reducing the
auction to the single dimensional setting. Closest to our work is [18] which extended
the setting of [27] to the situation where K copies of the same indivisible item are
being sold. However, their focus was on quantifying the effect of changing the param-
eter K. Finally, we mention |21, 38| which consider single-dimensional non-additive

models of externalities yielding tractable auctions.

1.2.2 Multi-Item Auctions

The welfare-maximizing auction for selling multiple items to multiple bidders can
be derived using VCG mechanism. However, without additional assumptions, this
method requires bidders to communicate their valuations on all subsets of items and
must optimize the welfare over all possible allocations, which requires a exponentially
large communication and computational complexity in the number of items.

Meanwhile, finding the optimal multi-item auction is difficult due to not only pos-
sibly combinatorial valuations, but also the vastly more complex structure of optimal
auctions themselves. The non-intuitive properties of multi-item auctions, such as the
nonmonotonicity of optimal revenue with respect to the distribution of bidders’ valua-
tions, are illustrated in [24]|. Even in the setting of selling two goods to a single bidder,
there is no simple characterization of incentive compatible optimal mechanisms— de-
pending on the bidder’s distributions of valuations, the optimal mechanism requires
randomization or even an infinitely large menu, i.e., partition of the bidder type space
based on allocation and payment rules [23].

In general, there are two lines of work regarding multi-item auctions, given the
hardness [17] of finding the optimal such auction, and the generally unrealistic as-
sumption that bidders’ valuation distributions are common knowledge. The first
line uses a duality-based framework to characterize the optimal auction, or find spe-

cial conditions on the bidder distributions under which simple auctions are optimal
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[14, 30, 16]. The second line of approach tries to approximate the optimal auction
using simpler auctions, such as selling all the items separately, with guarantees on
the fraction of optimal revenue that such simpler auctions achieve [22], [8]. [8] show
that for a single buyer with additive and independent valuations over a set of items,
the mechanism that chooses the more profitable of selling items individually or all
together in a grand bundle, will recover a constant fraction (1/6) of the revenue of

the optimal auction, which itself may be very complicated.

1.2.3 Sale of Information Goods

A key aspect of the problems we consider is the fact that buyers of goods or infor-
mation may interact downstream, for example, through Cournot competition, which
affects their valuation of the overall allocation of the goods. |33, 39| considered the re-
lated problem of sharing market-relevant information among competing oligopolists,
and showed that the effect of such information sharing on the overall welfare of the
firms depends on the type of competition in which they are engaged (e.g. Bertrand
or Cournot competition), and the type of market-relevant parameters they are shar-
ing (e.g. firms’ individual production cost estimates or a common market demand
parameter). In some cases it is not optimal for any firm to share information with
the others, due to the overwhelming negative effects of increased competition on
their downstream profit. These findings motivate the study of how different forms
of interdependent valuation functions may affect the welfare-maximizing or revenue-
maximizing allocation of data.

More recently, there has been a range of works modeling the sale of information,
usually some noisy signal of a market-relevant parameter, to competing firms |11,
4]. Here, the information seller may add noise to the signal being sold, where such
versioning is a unique feature of selling an information good, as well as restrict the set
of firms who are offered the information. [11] shows how the optimal selling strategy
depends on the form of downstream competition between the firms, but assumes
that the competition structure and firms’ resulting utility functions are known to the

information seller.
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In reality, data buyers may have private informational priors and valuations on
data set allocations, which calls for the integration of an auction framework that
incentivizes participation and truthful bidding by the buyers. A line of work studies
mechanism design for the sale of data, in which the value of data is derived from its
informativeness in a learning task. For procurement auctions, [19] consider a setting in
which the buyer wishes to estimate a population statistic while the sellers experience
a cost due to privacy loss. In [35], the authors consider a similar problem but assume
a known prior on the sellers’ costs. A budget-feasible regression problem is considered
in [25] and [1] consider an online learning setting. [6] develops a two-sided market for
selling and buying data, capturing the value of data through increases in prediction
accuracy for buyer-specific machine learning models. In our work, we build on this
model of valuation and study auctions of data in the presence of externalities.

Other recent works look specifically at the sale of consumer data to firms. [10, 36|
study settings in which firms may use consumer data to set personalized prices. [2]
study a form of externalities between data sellers who value their privacy. In their
model, correlations between consumer signals yield equilibria where consumers sell
their data for very cheap prices despite having high values for privacy. [3]| provide a
comprehensive review on the economic implications of collecting, using, and selling

consumer data.

1.3 Contributions and Outline

In this thesis, we study welfare-maximizing and revenue-maximizing mechanisms for
auctions of single digital goods and auctions of multiple heterogenous digital goods in
the presence of additively separable, negative allocative externalities among bidders.
Two scenarios are of interest: Setting 1 of privately known incoming externalities,
and Setting 2 of privately known outgoing externalities. In the former, bidders pri-
vately observe their value(s) for the item(s) and the externalities that allocations to
the other bidders would exert on them, and in the latter, bidders observe their item

values and the externalities that they exert on other bidders. Building on characteri-
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zations of truthfulness and participation constraints from the literature, we solve for
the efficient and optimal single-item auctions in both private type settings. Under
revenue-maximization, we extend the results of [27] and [28] to the digital goods set-
ting, and in the setting of privately known incoming externalities, provide an optimal
mechanism with multidimensional bids under an independence assumption.

For auctions of multiple digital goods, we assume that bidders have additive valu-
ations over the goods and study the setting of privately known incoming externalities.
We obtain the form of the welfare-maximizing auctions using the VCG mechanism.
For revenue-maximization, we prove that selling items separately via optimal single-
item auctions yields a guaranteed fraction of the optimal multi-item auction revenue.
To do this, we nontrivially extend the approximation technique of [22| to the current

setting of interdependent valuations with endogenous participation constraints.

Organization of Thesis. The remainder of this thesis is organized as follows.
Chapter 2 presents the model of digital goods auctions with externalities studied in
this thesis, as well as a key motivating reduction of the problem of selling an arbitrary
number of data sets used for ¢ different prediction tasks to the problem of selling ¢
digital goods. Chapter 3 studies welfare-maximizing and revenue-maximizing mech-
anisms for single digital goods with externalities in both settings of bidders’ private
types. Chapter 4 studies welfare-maximizing and revenue-maximizing mechanisms
for multiple digital goods with externalities in the Setting 1 of private types. Finally,

we conclude and discuss future work in Chapter 5.
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Chapter 2

Model

In this chapter, we present the central model of digital goods auctions with exter-
nalities studied in this thesis. In Section 2.1, we capture the motivating problem
of valuing and selling data sets for prediction tasks within the general framework of
digital goods auctions. To do so, we reduce the task of selling an arbitrary number of
data sets used for g different prediction tasks to one of selling g digital goods. Section
2.2 presents the formal model, including the form of bidder utilities, bidders’ private
types, the auction design problem, and definitions of truthfulness and participation

constraints that are central to mechanism design.

2.1 Selling Data Sets through Digital Goods Auc-
tions

At first glance, it seems natural to model the problem of selling data sets as one of
selling multiple digital goods, with each good representing one data set. However,
different data sets, e.g., training features for a machine learning model, often contain
correlated information, so the value of data is inherently combinatorial. Without
additional structural assumptions, multi-item auctions for data sets would have pro-
hibitively large communication and computational requirements. Buyers may need

to report their valuation for each possible subset of items (data sets) that can be
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allocated, which requires an exponentially large, in the number of items, set of pa-
rameters. Further, optimizing for social welfare or the seller’s revenue could entail
an intractable combinatorial optimization problem. However, this complexity can be
bypassed if one assumes that data is only useful when it is actually used. That is, we
assume that a buyer’s valuation for data does not come from the specific data sets
on sale, but rather from an increase in prediction accuracy of a quantity of interest.

Specifically, building on the model introduced in [6], we assume that buyers of data
sets are interested in using the data to train machine learning models for prediction
tasks, and that they derive an increase in utility from increases in prediction accuracy
from the downstream use of their models. For example, a firm may want to predict
consumer demand for a given product, and a more accurate prediction may increase
the firm’s net profit through better production decisions. Suppose S is the set of all
available data sets, which could comprise |S| training features for a given machine
learning task. Let G be the function mapping subsets of S to some quantity measuring
the increase in prediction accuracy (e.g., based on the root-mean-squared error) that
training on the subset provides. Assuming that the gain in prediction accuracy is
monotone in the subsets of data sets used, let G(S) be the maximal increase in
prediction accuracy that a firm ¢ can gain from the data seller. Letting z;(U) =
GU)/G(S) € [0,1] be the fraction of this maximal prediction accuracy increase for
subsets U C S, we can then represent a given allocation of data sets to a firm ¢ with
a single scalar value, x; € [0,1]. This reduction allows us to address the problem
of optimally allocating and pricing data sets to the auction of a single digital, i.e.,
freely replicable, good, with allocation z; to bidder i. Fractional values of z; could
be mapped back to allocations of subsets of the collection of all available data sets or
simply interpreted as a fractional probability of getting allocated the entire collection
of data, or some interpolation between the two.

Note that implicit in G' are the particulars of the machine learning model used
and the prediction task at hand. If data buyers seek to buy data for multiple, say g,
different prediction tasks, we can model data sets for different contexts as g separate

digital goods. For example, firms may be active in multiple countries, and thus seek
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relevant data sets for each market. Using the formulation above, we can reduce the
sale of a collection of an arbitrary number of data sets used for g different prediction

tasks to the sale of g heterogenous digital goods.

2.2 Model

We now present a general model of a digital goods auction with negative, additively
separable externalities among bidders. The digital goods may represent allocations of
data sets or other freely replicable goods. For simplicity, we introduce here the model
of a single digital good for sale, and present the generalization to ¢ digital goods in
Chapter 4.

Let N = [n] be the set of bidders interested in buying the digital good from the
seller, or auctioneer. Let z; € [0,1] denote the probability of allocating the good to
bidder i € N. Then for a given allocation vector z = (z1,...,x,), each bidder i has

the valuation

vi(z) = viz; — Z NicjTj - (2.2.1)

JEN\
Here, v; € R> is the value that bidder ¢ derives from the good, and 7, ; € R>g is the
magnitude of the negative externality that an allocation to bidder j has on bidder ¢’s

utility.

2.2.1 Private Types of Bidders

Note from (2.2.1) that each bidder 7’s valuation is a function of v; and (7;—;)jen\;-
However in reality, depending on the particulars of the competition structure the
bidders engage in, the private information a bidder has might differ. We call this

private information the bidder’s “type”. We consider two natural settings:

Setting 1: Knowledge of Incoming Externalities. Bidder i’s private type
parameters are v; and (7;—;);jen;- In this case, bidder 7 has knowledge of the

externalities that other bidders cause on it.

20



Setting 2: Knowledge of Externalities Outgoing Externalities. Bidder
i’s private type parameters are v; and (7j;)jen\i- In this case, bidder i has

knowledge of the externalities that it causes on other bidders.

The difference in what defines the private type of a bidder, though subtle, crucially

affects the form of the optimal allocation and payment functions.

Bidder Type Spaces and Bid Spaces. Let t; € O; denote bidder ¢’s private
type vector, where ©; denotes the type space of bidder i. In Setting 1, we have
t; = vie; — Z]EN\Z. Niej€; = vie; — M, where e; denotes the ™ unit vector and
Niee 1= — >, jeni Micj€; is the vector of externalities imposed on bidder ¢. Similarly,
in Setting 2, bidder i’s type vector is t; = v;e; — ZjGN\i Nji€j = Vi€; — T, Where
Neg i= — Z]‘ eni i€ is the vector of externalities exerted by bidder 7. With abuse
of notation, we let t; refer to both kinds of private types as its relevant definition
will be clear from context. We further assume the type parameters lie in bounded
ranges: v; € [v;,0;] and n;; € [7_72.3.,771»]-] for i € N,j € N\i. The overall type space
is © = [[,cy ©i- The collection of all the bidders’ type vectors is denoted by t =
(t1,...,t,) € O©. t_; denotes the collection of type vectors of all bidders except bidder
i.

We assume bidders are rational, selfish agents who act to maximize their utilities in
a given auction setting. It is possible that participating in the auction, i.e., submitting
a valid bid, receiving an allocation, and making a payment, may leave bidders worse
off than simply not participating. To give bidders the option of non-participation, we
define the bid spaces B; .= ©; U{0} and B := II;cy B;. Then a bidder can report any
type in ©;, but can also choose to not participate in the auction by reporting (0.

Throughout, we use the convention that a “hat” letter denotes a quantity reported
by the bidders, as opposed to the “true” realization of the same quantity. For example,
t; denotes the (true) type of bidder i while #; denotes its bid (i.e. reported type).
Similarly, t_; and f_; denote respectively the true types and reported types of all
bidders but bidder .
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Prior Distribution of Bidder Types. In certain settings we consider, making a
distributional assumption on the private types of bidders will be necessary. For those
settings, we let the bidders’ private types t; be drawn independently from commonly
known distributions F; on ©;. Let f; be the corresponding density functions for Fj,
f =1Ly fi;and F = [],. v i be the joint distribution function of ¢ on ©, likewise for
the individual parameters v; and 7, ;, we denote the corresponding marginal density

and distribution functions by f,, fy..;, and Fy, F,

nie;» Tespectively.

2.2.2 Auction Design Setup

The auction design problem consists of designing the following two functions to max-

imize social welfare or the seller’s revenue:
e an allocation function = : B — [0, 1]";
e a payment function p : B — (Rso)™.

In short, given a vector of bids £ € B from the bidders, z(#) is the resulting vector
of allocations and p(f) is the vector of payments required of the bidders. We abuse
notation and let x denote both the vector of allocations and the function, which maps
bids to this allocation vector. We similarly abuse notation for p.

We assume bidders have quasilinear net utility from participating in the auction.
That is, given allocation and payment vectors x and p, respectively, and true types

t € O, bidder ¢’s utility is

ui(z,p;t) = vi(x) — pi = viw; — Z NiejTj — Di-
JEN\i
Remark 2.2.1 (Key Difference From Standard Auction Set-Ups). The key difference
from standard single-item auction setups is that for digital goods, such as data, there
is no feasibility constraint on the allocation function z(-). In particular, we do not
require that the sum of the allocations (> | x;), is less than or equal to one. The

absence of this feasibility constraint is key in obtaining a simple structure for the
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optimal auctions despite it being a multi-dimensional mechanism design problem

(i.e., each bidder is parameterized by a n-dimensional vector).

Outside Option. When a bidder chooses not to participate in the auction, the
auctioneer cannot charge the bidder any payment nor “dump” any goods on the bidder.
That is, we have the restriction that z;(f) = 0 and p;(f) = 0 whenever ; = (. Note
that even if a given bidder chooses not to participate in the auction, allocations to the
other, participating bidders can still affect its utility through negative externalities.
Bidder i’s utility when it does not participate and all remaining bidders N\i do
participate depends only on others’ bids and the true underlying types, and is called
bidder ¢’s “outside option”. In standard auctions without externalities, the utility
of the outside option is a constant usually set to 0, but in the present setting, it
is endogenously determined by the mechanism’s allocation rule and bidders’ types.
Explicitly, given a type vector t € © and a vector of bids ¢_; from other bidders, the

utility of bidder 7 in its outside option is given by

&
—~
&
—~
I
=

k>

*i)ap(fi = @,f,i); t) = Z niejajj(fi = @,7?71') . (2.2.2)

JEN\i

In general, fully specifying a mechanism involves defining z(#) and p(f) when
any subset of bidders bids () to not participate. However, since we are interested
in designing Nash equilibria where all bidders participate (and bid truthfully), it
suffices for us to only explicitly define the mechanism under single-bidder deviations
from equilibrium and the equilibrium itself. That is, we seek allocation and payment

rules () and p(t) defined over all £ € B with at most one bid of §.

2.2.3 Truthfulness and Participation Constraints

A fundamental result in mechanism design known as the Revelation Principle [32]
states that any dominant strategy or Bayes-Nash equilibrium outcome of an arbitrary
mechanism can be implemented by a dominant strategy or Bayes-Nash, respectively,

incentive compatible direct mechanism. In the present context, this implies that
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we can without loss of generality restrict our search for efficient and optimal auction
mechanisms to be over incentive compatible (IC) and individually rational (IR) direct
mechanisms where all bidders are incentivized to truthfully bid their true types.
Suitable characterizations of IC conditions, which express “truthfulness constraints”,
and IR conditions, which express “participation constraints” allow one to express the
efficient and optimal auction design problems as constrained optimization problems
with objectives linear in the decision functions.

We now define ex-post and interim incentive compatibility and individual ratio-

nality conditions.

Ex-Post Constraints. We first consider ex-post truthfulness and participation

constraints.

Definition 2.2.2 (Dominant Strategy Incentive Compatibility). A mechanism (z, p)
is Dominant Strategy Incentive Compatible (DSIC) if for all type vectors ¢, € © and
bidders i € N

ui(:v(ti,f_i),pi(ti,f_i);t) > ui(x(f),pi(f);t) :

Definition 2.2.3 (Ex-Post Individual Rationality). A mechanism (x,p) is ez-post
Individually Rational (ex-post IR) if for every type vector ¢t € © and bidders i € N

wi((t), pi(); t) > wi(x(0, ), p(0,1_,); ) .

Dominant strategy incentive compatibility expresses that no matter what the true
types are and what other players bid, a bidder cannot strictly increase its net utility
by bidding untruthfully. Ex-post individual rationality expresses that no matter what
the true types are, in a situation where all other bidders participate and bid truthfully,
it is better for each bidder to report truthfully than to not participate. These two
properties combined imply that participating and reporting truthfully is a dominant

strategy equilibrium of the game induced by the mechanism.
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Interim Constraints. In situations where types are drawn from a known prior
distribution and bidders reason in expectation over other bidders’ private types, con-
ditioned on their own observed types, we consider interim relaxations of the IC and
IR definitions.

To this end, define Vj({;;t;) = IE[uZ (m(fi,t_i),pi(fi,t_i);t) ‘ ti} to be the interim
expected utility of bidder i € N if it bids ¢; € B; while having a true type t; € ©;,
and all other bidders bid their types truthfully. Note that the expectation is taken

over a random realization t ~ F' conditioned on the event that bidder’s i type is ;.

Definition 2.2.4 (Bayes—Nash Incentive Compatibility). A mechanism (z,p) is Bayes—
Nash Incentive Compatible (BNIC) if for all types t;,f; € ©, and bidders i € N,
Vilti;sti) = Viltss ta).

Definition 2.2.5 (Interim Individual Rationality). A mechanism (z,p) satisfies in-
terim Indiwvidual Rationality (interim IR) if for every type t; € ©; and bidders i € N,
Vit ti) > Vi(0;t;).

Given the setup here introduced, we derive and study welfare-maximizing and

revenue-maximizing auction mechanisms in the subsequent chapters.
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Chapter 3

Auctions of a Single Digital Good

with Externalities

In this chapter, we study welfare-maximizing and revenue-maximizing mechanisms for
single digital goods with externalities. We consider two scenarios of interest, which
will be formalized below: Setting 1 of privately known incoming externalities, and
Setting 2 of privately known outgoing externalities.

We build on characterizations of incentive compatible (IC) and individually ratio-
nal (IR) mechanisms presented in [27] and [28], which in turn specialize more general
characterization results [34] for mechanisms where bidders have utilities linear in
their types. These results allow us to express the efficient and optimal auction design
problems as constrained optimization problems with objectives linear in the decision
functions. The appropriate characterizations and constraints depend on the form of
bidders’ private types, and we study Setting 1 and Setting 2 separately.

Section 3.1 presents relevant characterizations of truthfulness and participation
constraints. Section 3.2 studies welfare-maximizing mechanisms, Section 3.3 studies
revenue-maximizing mechanisms, and Section 3.4 provides a comparative discussion

of the results.
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3.1 Characterizations of IC and IR Mechanisms

An important step towards elucidating the solution structure of the welfare-maximizing
and revenue-maximizing mechanisms is to obtain a characterization of the IC and IR
constraints defined in 2.2.3. Since the present model of utilities has the same form as
the one in 27, 28], we rely on the characterizations found in these papers, and state
them below for completeness. These characterizations depend on the form of bidders’

private types and thus are organized by private type setting.

3.1.1 Characterizations in Setting 1

We first consider the setting where private types are of the form t; = v;e; — n;.. For
ease of notation, we define the overall interim expected allocation function y®(;) :=
Elz(t;,t_) | t;] = By, [z(t;, t_;)] and the interim expected payment q;(;) == E[p;(t;,t_;) |
t;] = E;_,[pi(t;,t_;)] for each bidder i € N, when 7 bids t; € B; with true type t; € ©;.
Note that, under the given assumption of independent bidder types, the interim ex-
pected allocation and payment functions do not depend on bidder i’s true type t;.

Also note that y* is a vector field mapping B; to [0,1]". Under these definitions, we
have that

Vi(tisti) =t - y(“(t}) - qz(fl)

Finally, for each i € N, we define the critical type ; = vie; — 1, where 0, =
> e i t; is the vector in ©; closest to the origin and will feature in the following

IC and IR characterizations.

Proposition 3.1.1 (|28, Proposition 1]). Suppose bidders’ private types are of the
form t; = vie; — mi for each bidder i € N. Then the mechanism (x,p) is BNIC if
and only if for each bidder i € N:

(i) y is conservative.

(it) y' is monotone, that is (s; — t;,y @ (s;) — y(t;)) > 0 for all s;,t; € ©;.
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(1ii) for each type t; € ©;, the interim payment is given by
&

where C; is an arbitrary integration constant whose value sets Vi(fi; tz), the in-

terim utility of bidder i when its type is t; = vie; — 1, -

We also provide the following characterization of interim IR for BNIC mechanisms

that maximize revenue.

Proposition 3.1.2 (Adapted from |28, Proposition 3|). Suppose private types are of
the form t; = v;e; — n; for each bidder v+ € N. Then a revenue-maximizing BNIC
mechanism satisfies the interim IR constraint Vi(t;;t;) > Vi(0;t;) if and only if this

condition is satisfied for the critical type t; = v;e; — .. -

Proof. We first show that the optimal outside option when bidder i does not par-
ticipate allocates the digital good to all remaining participants N\i. We then show
that it suffices to check that interim IR is satisfied for the type £;, and finally find the

optimal value of the integration constant V;(i;;1;).

Optimal Outside Option. The interim IR constraint is essentially a constraint
on the values that the constant C; = Vi(fi; toi) can take. That is, after plugging in the
form of the payment rule (3.1.1), interim IR can be expressed as: for all i € N and
t;, € ©,,
Viltisti) + ﬁtl y(s;) - ds; > Vi(D;t).
t

Maximizing revenue corresponds to maximizing the expected sum of the interim
payments ¢;(t;) and thus of minimizing V;(fi;toi). Since for all t; € ©;,V;(0;t;) >
—Zje N\; iy, We can maximize the feasible region for IR payments by setting
Vi(0;1;) = = 32w Mie—j with an outside option that allocates to all j € N\i when i
does not participate. That is, we set x;(t; = 0,_;) = 1{i # j} for all i,j € N and
t_; € 0_,.
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Sufficiency of Checking Interim IR for Type i; If the interim IR constraint
holds for all types t;, then it clearly holds for the critical type #;. Now suppose that
Vi(fl-;toi) > Vi(0; tz) Note that given the optimal outside option of allocating to all

remaining bidders, we have that for every t; € ©,,

Vi(l;t:) = — Z Mi—j- (3.1.2)

JEN\G

Then for every t; € ©;

t; )
Vi(tit) = Vit i) +[ y @ (s;) - ds;
t;

> Vit ti) + Z (=niey — (=1, )

J

JEN\i
= Vit ;) + Vi(0; 1) — Vi(0; 1)
> Vi(0;t:)
where for the first inequality we used that ¢;; = v; > v;, t;; = —ni; < —n. . and

L7

y' > 0 as an allocation vector, the second equality follows from (3.1.2), and the last

inequality follows from our assumption that Vj(#;;t;) — Vi(0;4;) > 0. O

3.1.2 Characterizations in Setting 2

We now consider the case where the private types are of the form t; = v;e; — n_; for
each bidder ¢ € N. Note that in this setting, bidder i’s expected outside option utility
Vi(0;t;) does not depend on t;. For ease of notation, we define the interim expected
allocation of each bidder ¢ bidding #; € B; with true type t; € ©; to be yi(fi) =
Elzi(ts, t_) | t:] = B, [z:(f;,t_;)] and recall the definition of the interim expected
payment ¢;(f;) = E,_ [p;(t;,t_;)]. Again, note that under the given assumption of

independent bidder types, the interim functions do not depend on bidder i’s true
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type t;. Under these definitions,

Vz‘(fi,tz‘) = Uz‘yi(fz‘) - Z Et_i[mejxj(fut—i)] - %‘(Ai)-

FEN\G

Proposition 3.1.3 ([27, Proposition 2|). Assume that private types are of the form
t; = vie; — 1oy for each bidder i € N. The mechanism (x,p) is BNIC if and only if
for each bidder 1 € N:

(i) there exists a mnon-decreasing function y; : [v;,v;] — [0, 1] such that the interim

allocation satisfies y;(vie; — ney) = yi(v;) for almost all v; and for all n.; €
HjeN\z‘ [7—734—1‘7 Njei] -
(i) the interim payment q;(t;) for each type t; = vie; — n.; € ©; is given by
qi(ti) = vigi(vs) —/ Gi(v)dv = Y Blnie oyt t) [6] = Ci, (3.1.3)
Yi JEN\I

where C; is an arbitrary integration constant.

Furthermore, if these conditions are satisfied, then Vi(t;;t;) is constant with respect
to ne; for almost every v; € [v;,vi], and C; = Vi(v,e; — nei;ve; — neq) for alln ; €
HjeN\i [7,7]-(_2-7 Mjei] -

We provide the following alternative (and arguably simpler) proof of this propo-

sition.

Proof. We first show the necessary implications of IC. Writing Definition 2.2.4 for
t; = vie; — M as the true type and t; = e, — M.; as the reported type, and then

vise versa, i.e.

Viltist:) > Vit i) (3.1.4)
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Combining the two inequalities yields
yi(t:) (v — 0:) > i(E:) (v — ;).

By Lemma 3.1.4 below, this implies condition (1).
Note also that the inequality (3.1.4), by adding and subtracting the term ;y;(f;)

on the right hand side and regrouping terms, can be written equivalently as

for all ¢;,t;, € ©;. Then plugging in ¢, = v;e; — n.; and t; = tie; — Ne; into the
preceding inequality yields Vj(t;;t;) > Vi(f;;1;). Swapping the roles of ¢; and #; yields
the inequality in the opposite direction, and we have that V;(¢;;¢;) is independent of

it
Vi, Vi, V1, Vi(vz’@i - 77H') = W(Uiei - ﬁe'L)

We henceforth write ‘N/l(vz) to denote V;(v;e; — 1. i; vie; —n.;) for any n,.;, and likewise
let 7;(vi) := yi(vie; — Ni).
To prove (3), we first note that V;(¢;;t;) is convex in v;. (3.1.4) implies that

Vi(ti;t;) = max y;(£;)v; — Z E [niejz;(tit_;) 4] — qi(t:).

40 FEN\

Thus, V;(t;;t;) is the maximum of a family of linear functions of v; and is thus convex
in v;. (3.1.5) implies that y;(¢;) is a subderivative of ‘N/Z(vl) In fact, since V; is convex

in v;, it is differentiable almost everywhere and

y OVi(ti; ts
yz(vz) = % a.e
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Further, this implies that

Vi(vie; — neisvie; — 1) = / gi(v)dv + f/z(ﬂz) (3.1.6)

Zi

where for the last term we used the fact that V;(v,e; — nei;v,e; — ney) = 1;;(1)2) and

is independent of 7, ;. Now plugging in the following expression for V;,

Vi(tit;) = viys(t;) — Z E[Uiejlﬁj(fi, t_) ‘ t;] — (L) .

JEN\I

and solving for ¢;(t;), we get

qi(t:) = vigi(vi) — /Ui Gi(v)dv = Y Bl (ti t ) [ 6] = Vi(w,). (3.1.7)

Yi JEN\

We next show the sufficiency of conditions (i) and (ii) for BNIC, by proving the
equivalent condition for BNIC, (3.1.5). We have that for all i € N,t; = vie; — 1

and t; = v;e; — N,

where the first equality follows from (3.1.6) and the inequality follows from condition

i) that g;(v;) is increasing in v;. O
Yy g

Lemma 3.1.4. Ford > 1, let f : R x R* = R be a bounded function such that

f(@o,y2) (w2 — 1) > flor, )22 —21),  (z1,31), (22,52) € R X R,

Then, there exists a non-decreasing function f : R — R such that f(z,y) = f(x) for

all y € R and for all but at most countably many values of x € R.

Proof. By a rescaling and shifting of f we assume without loss of generality that

the range of f is contained in [0,1]. Let us now define S = {x € R : Jy;,y2 €
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R s.t. f(z,y2) # f(z,41)} and for n > 1, S, == {z € R: Jy1, 95 € R s.t. f(x,) —
f(z,y1) > 1/n} and observe that S = U,>1.5,.
We now prove that |S,| < n. Indeed, consider z; < -+ < x,,, m distinct points

in S,,, and for each k € [m], v}, y? such that f(xy,y?) — f(z,yi) > 1/n. Then

% < Z [f (@i, y7) — fzn up)]
= f(xma y72n) - Z[f(wkayli) - f(xk’—la yz—l)} - f(l‘hy%)

=
||

2

< f(@m,ym) — flz, 1) <1,

where the first inequality uses the definition of .S,,, the equality is summation by parts,
the second inequality uses our assumption on f and the last inequality uses that the
range of f is contained in [0, 1]. It then follows that m < n, i.e. that |S,| < n, which
in turn implies that S is countable.

Define f by f(x) = f(z,y) for z ¢ S (this definition does not depend on the choice
of y by definition of S). Then our assumption on f immediately implies that fis
non-decreasing on R\S. We can thus extend f to a non-decreasing function defined
over all of R (for example by right continuity). The resulting f satisfies the stated

requirements. ]

Finally, we have the following characterization of interim IR for BNIC mechanisms.

Proposition 3.1.5. Suppose private types are of the form t; = vie; — n_; € ©; for
each bidder © € N. Then a BNIC mechanism satisfies the interim IR constraint
Vi(ti;ti) > Vi(0;t;) for all t; € ©;, if and only if this condition is satisfied for some
type of the form v;e; — 0w, where ne; € [[;cp, [Uj<—i’ Njeil-

Proof. Note that BNIC implies (3.1.6), and since the integrand 7; > 0, we have that
Vi(ti; t;) > 171(1_)1) for all ¢; € ©;. Since V;(0;t;) is independent with respect to ¢;, it
is both necessary and sufficient for IR to hold that the IR condition holds for some

type of the form v,e; — n.;, for each bidder : € N. O
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3.2 Welfare Maximization

In this section, the seller’s problem is to design allocation and payment functions,

x(+) and p(-) that maximize the total social welfare, i.e. the sum of bidder valuations:

SW(z;t) = Z vi(x) = Z (vz-xi - Z nﬂ_jxj> (3.2.1)

iEN iEN JEN\?
such that the auction: (i) is incentive compatible; (ii) satisfies individual rationality;
(iii) has no positive transfers, i.e., the seller never pays a bidder to participate in the
auction. We organize this section by the private types of the bidders according to the

two settings described in Section 2.2.1.

3.2.1 Welfare Maximization in Setting 1

We first consider the case where the private type of bidder i € N takes the form
t; = v;e; — M, so each bidder observes the incoming allocative externalities that it
suffers due to other bidders. Note that in this setting, a bidder i’s valuation of a vector
of allocations can be expressed as v;(x) = t; - x. We instantiate the Vickrey—Clarke—
Groves (VCG) mechanism for this setting and comment on the resulting allocation
and payment functions.

We wish to maximize (3.2.1) subject to DSIC (Definition 2.2.2), ex-post IR (Def-
inition 2.2.3), and the feasibility constraint that for all i € N, z; € [0,1] (Section
2.2.3). To define ex-post IR, recall that we need to instantiate the outside option, i.e.
what occurs if bidder 7 chooses not to participate in the auction. Here, we choose
the natural outside option, that is to run the welfare-maximizing auction with the

remaining set N\i of bidders.
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Efficient Allocation. Note that by rearranging terms, we can express the social

welfare objective (3.2.1) as

SWizst) =3 | vi— D mi | 2ilt) =D Wilt)ai(t) (3.2.2)
ieN JEN\ ieN

where we let W;(t) == v; — Zj eni Mjei represent the “welfare contribution” of bidder
1, that is, the net contribution to the social welfare, SW, if bidder i were allocated
the good. As we shall see, a constant theme for the efficient and optimal mechanisms
studied in this chapter is that W;, or variants thereof, is the key quantity determining
the allocation of bidder 7. Since (3.2.2) is linear in the allocations z;, it easily follows
that the welfare-maximizing, or efficient, allocation under the above constraints is

simply to allocate whenever W;(t) is nonnegative, i.e.

z;(t) = L{W;(t) > 0} = Il{vi =) e > 0} : (3.2.3)

JEN\G
As was alluded to in Section 2.2.2; although z; is only constrained to be in [0, 1], the
optimal allocation turns out to be one of two extremes: either allocate all data or

none of it to a bidder.

IR and the Outside Option. To streamline presentation, let us define the welfare
contribution of bidder j when (only) bidder ¢ chooses to not participate in the auction
to be, for j € N\,

W;<t71) = — anej

keN\{i,j}
Then following the same reasoning above, the welfare maximizing allocation of bidder

J in the absence of bidder 7 is given by

xi(t; = 0,t;) = L{W!(t—;) > 0}. (3.2.4)
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and the value of bidder ¢’s outside option utility is thus

wi ((0,t ), pi(0, )3 ) = — Z Miejzi(ti = 0,1 ) = — Z ey L{Wj(t—;) > 0}.
JEN\G JEN\G

Note that the welfare-maximizing VCG mechanism does not guarantee that each

bidder’s net utility will be nonnegative, but rather no less than the utility if the bidder

were to not participate in the auction, which could be negative due to externalities.

Remark 3.2.1. While we choose the outside option to be the welfare-maximizing auc-
tion with the remaining bidders, as is natural, we could instead have declared the
ensuing auction to have any feasible allocation rule for the bidders N\i that does
not depend on bidder ¢’s bid. For instance, a feasible outside option is to allo-
cate all data to every j € N\i if bidder i does not participate, resulting in utility
wi(0,t_s5t,t) = — Z]EN\Z. nij;. This is in fact the worst possible outside option
for bidder ¢, which thereby increases the set of IR-satisfying mechanisms. Indeed, as

discussed in Section 3.3, this worst-case outside option is the revenue-optimal one.

VCG Payment Rule. The payments associated with this allocation rule are for

each bidder ¢ € N, and for all t € O,

pi(t) = Z Wi (t_i)a;(ti = 0,t_;) — Z VT — Z kT

JEN\ JEN\i kEN\j

J/

Vv VvV
SW when ¢ is absent SW with N\i

= 57 (Wit (et = 0,t-) — a;(1)) + nyszalt)

JEN\G

= > (Wit ) [1{W](t-0) > 0} — 1{W;(t) > 0}] + nmyes 1{Wi(t) > 0})

JEN\i

(3.2.5)

Note that bidder 7’s payment is the sum of the change in welfare if it leaves the

auction and the sum of externalities it induces in the current allocation.

Proposition 3.2.2 (Efficient Mechanism, Setting 1). The mechanism specified by
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allocation function (3.2.3) with outside option (3.2.4) and payment function (3.2.5),
mazimizes social welfare among all DSIC and ex-post IR auctions, and has no positive

transfer.

A proof of these properties is given in Appendix A.1.1.

3.2.2 Welfare Maximization in Setting 2

We now consider the case where bidders know the externality that they would exert
on other bidders if allocated the good, i.e., when the private type of each bidder

iGN, iSti:Uiei_nei-

Motivating Interim Constraints. Note that in this setting, bidder ¢ cannot fully
evaluate its valuation of a given allocation z, since it depends on the parameters
(Mij)jen\i, which are part of the private types of the other bidders N\i. Therefore,
each bidder can only reason with its own realized type t; and the commonly known
priors on other bidders’ types. It is more sensible, therefore, to impose interim versions
of truthfulness (BNIC) and participation (interim IR) conditions (see Definitions 2.2.4
and 2.2.5 respectively).

Ex-Ante Welfare Optimality. As a first attempt toward a welfare-maximizing
mechanism in this setting, one might try to use the previous welfare-maximizing allo-
cation rule (3.2.3). Due to Proposition 3.1.3, however, this allocation violates BNIC
when the private types are of the form t; = v;e; —n,_;, since the corresponding interim
allocation y;(t;) = L{W;(t) > 0} = 1{v; > >\, Mj«i} is not in general constant
with respect to 7;.;. Indeed, note that in this setting the welfare contribution of
bidder i depends solely on ¢; and can be expressed as W;(t) =t; - 1.

In fact, any attempt to find such welfare-maximizing BNIC mechanisms will fail.
It turns out that in general, no mechanism satisfying BNIC can be ex-post (pointwise)

welfare-maximal over all types ¢, as stated next.

Proposition 3.2.3 (Impossibility of Ex-Post Optimality). Suppose bidders’ private

types are of the form t; = v;e; — n.; for each bidder i € N. For any joint distribution
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F of types t = (tq,...,t,), let
Xpnic(F) ={z:0 — [0,1]"| Vi € N,y;(t;) = 9:(v;) for some non-decreasing function y;}

be the set of allocation functions that satisfy condition (1) in the BNIC characteriza-
tion. Then there exists a distribution F of types on © s.t. for all x € Xpnio(F),

there exists a t° € © and 2’ € Xpnic(F) such that
SW(z;t°) < SW(a';1%) (3.2.6)

Proof. Consider the distribution of types F' with probability mass 1/2 on each of two

points: t* = (e, — 1% ,,t_1) and t* = (e, — 1 ;,t_1), where &, € R > 0 and

~

t_y = (t; : j # 1) take arbitrary, fixed values. Let n%,_, and n}_,, for j € N\i be such

that
b= Y 0y >0 (3.2.7)
JEN\1
and v, — Z 77?<—1 <0 (3.2.8)
JEN\1

For instance, we can take each n¢,_, = 0 and 7?_, = 20;.

Note that for all z(-) € Xpnic(F) and t € O, x1(t) = Elz1(t)|t1] = 9:(v;) for some
increasing function ¢;(v;). However, under distribution F', v; only takes the single
value 0;, so the function z(¢) must be constant-valued.

Then for all z(-) € Xpnic(F), and t € O, if x1(t) > 0, let y(-) be such that
y1(t) = 0 and y;(t) = z;(¢) for all j # 1. We have that

SW (a; %) — SW (y; t°)
—or— 3 )@ ) — p(t) < 0

JEN\I

where the strict inequality follows from (3.2.8) and that for all ¢, z1(¢) > 0 = y(¢).
Likewise, if 1(¢t) < 0, let y(-) be such that y;(¢) = 1 and y;(t) = x;(¢) for all j # 1.
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Then

SW (z;t*) — SW(y; t*)
= D )@ (t) = n(t) <0

JEN\L
where the strict inequality follows from (3.2.7) and that for all £,z (t) < 0 < 1 = y1(¢).
Thus, we have shown that for any allocation rule in a BNIC mechanism, there
is some type realization such that a different BNIC allocation rule yields a strictly

greater social welfare, which is the statement of (3.2.6).

]

Since Proposition 3.2.3 implies that there are distributions in which no mechanism
satisfying BNIC can also be welfare-maximizing over all type realizations, we relax
the objective of finding a pointwise optimum to one of maximizing the expected social

welfare, that is,

E[SW (z;1)] ZE

i€EN

> njH)xm] . 529)
FEN\G

Proposition 3.2.4 (Welfare-Maximizing Allocation, Setting 2). Suppose that the

map v; — v; — ZjeN\iE[njH‘Ui] is non-decreasing for every bidder i € N. Then the

allocation rule mazimizing the expected social welfare (3.2.9) under BNIC is
JEN\:

Proof. To solve for the form of the expected welfare maximizing allocation function
satisfying the IC constraints, we first express the objective in terms of the interim
allocations y;(t;). In terms of the welfare contribution W;(t) = v; — 3, Mjei, We

have

E[SW(z;t)] = S EW; = Y E[EWi(t)ai(ti, t-) [t]] = Y EWi(t)yi(t:)

1EN 1EN 1EN
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As noted, in the present setting of private types, W;(t) depends only on ¢;. Now, the
BNIC characterization from Proposition 3.1.3 implies that there must exist functions
Ui © [v;,0;] — [0,1] such that y;(t;) = y;(v;) for almost all t; € ©,. Plugging in this

representation above, we get

E[SW (z;t)] =Y E[Wi(t)7i(vi)] = Y E[Fi(vi) E[Wi(t) | vi]] .

iEN iEN

Noting the linearity of the objective in y;, we find that the optimal allocation rule is

Ui (v;) —IL{]E t) | vi >O}—Il{vl Z E[n;: | vi] 20}.
JEN\i
Under the given assumptions, y;(v;) is non-decreasing in v;, so BNIC is satisfied.
Finally, note that since we can express the objective function and constraints only in
terms of the interim allocations y; for i € N, we can without loss of generality for all

i € N, set the allocation rule x;(t) = y;(t;) = vi(v;). O

Remark 3.2.5. Note that if we were selling a non-replicable good rather than the
digital good of our setting, the feasibility constraint ),y x; < 1 would couple the

allocations and z; would be a function of other bids v; for j # i.

Proposition 3.2.6 (Payment Rule Associated with Welfare-Maximizing Allocation,
Setting 2). Suppose that the map v; — v; — 3y E[njeilvi] is non-decreasing for
every bidder i € N, and let 7; := inf{v € [v;,0;] | v > 3",y Elnjeilv]}'. Consider
the auction with the welfare-maximizing allocation rule described in Proposition 3.2./,
that also runs the welfare-mazimizing allocation on the remaining set of bidders when-
ever some subset of bidders chooses not to participate in the auction. Then the BNIC

payment rule with this allocation is given by

=Y - Hoiznt— > Bl -1y > 7} - Ci. (3.2.11)

JjEN\ JEN\i

Furthermore, IR is satisfied whenever C; = Vi(t;;t;) > Vi(0;t;), for some t; of the

'Here and throughout this chapter, we use the convention that 0 - 0o = 0
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form v,e; — n; € ©;. In particular, if the maps v; — v; — ZkeN\{M} E[nge;|v;] are

non-decreasing, for j € N\i, then V;(0;t;) is given by

Y E

JEN\L

keN\{yj,i}
Proof. The induced interim payment rule ¢;(t;) = E[p;(¢) | t;] associated with y; as

derived in Proposition 3.1.3, condition (ii) is

Gilt) = s () — / o — S Bttt — G (3:213)

Yi JEN\
Recall that the constant term C; is set such that the payment function satisfies IR.
By Proposition 3.1.5, it suffices to check IR for any type of the form ¢; = v,e; — 1.,
for each i € N. Here, bidder i’s expected utility V;(();¢;) if it doesn’t participate
is the sum of the externalities effects from the allocations z;(t; = 0,¢t_;) in the
welfare-maximizing auction run with the remaining set N\i of bidders, and given

the assumption of v; = v; — 374\ 1.4y Elkej|v;] non-decreasing, we have

Vi(0;t;) = Z Elniejz;(t; = 0,t-3)(t—)] = Z I

JEN\I JEN\i

Ties 1{%’ > ZH’%WM]}]

keN\{j,i}
(3.2.14)

Then any payment rule of the form (3.2.13) with the constant C; set greater than or
equal to V;(0;t;) in (3.2.14) will give us an IR mechanism.

Finally, since the objective function and constraints can be expressed solely in
terms of the interim payments ¢;, we can set p;(t) = ¢;(¢;). Under the given as-
sumption that v; — v; — > ic N\Z.E[nj&i\vi] is non-decreasing, we can re-express the

allocation rule as

zi(t) = yi(t;) = 1{01- > Elnje| v@-]} (3.2.15)

JEN\

= 1{v; > 7} (3.2.16)

41



The integral term in (3.2.13) then becomes

/Ui Ho > 7i}do = (vi — ) - s > 73} = (vi — 1) - yil(ts)

Zi

Plugging in the above expression, along with the form of the allocation (3.2.15), into

3.2.13) completes the proof. O
( ) comp p

Proposition 3.2.7 (Efficient Mechanism, Setting 2). The mechanism specified by
allocation function (3.2.10), and that runs the welfare-mazimizing auction with the
remaining bidders whenever a subset of bidders chooses not to participate, and uses
payment function (3.2.11) maximizes expected social welfare among all BNIC, interim

IR auctions.

Proof. Immediate from Proposition 3.2.4 and 3.2.6. ]

3.3 Revenue Maximization

In this section, we focus on the problem of designing auctions that achieve optimal
revenue. Specifically, the goal is to design allocation and payment functions z(-) and

p(+) to maximize the seller’s expected revenue

> Elpi(t)] (3.3.1)
ieEN
subject to BNIC and interim IR constraints. Note that we can also express the
expected revenue as Y, v E[E[p;(t) [t;]] = Y ,cn E[ai(t:)] by the law of total expec-

tation and the definition of the interim payments.

3.3.1 Revenue Maximization in Setting 1

We aim to maximize the seller’s expected revenue subject to BNIC and IR constraints,
where private types take the form ¢; = v;e; — n; for each i € N. Recall the notation
for the interim expected allocation functions ¥ (£;) = E,_.[x(;,_;)] and the interim

expected payment functions ¢;(f;) = E,_ [pi(fi,t_i)], for each bidder ¢ € N. (See

i
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Section 3.1.1). As is natural, ¢; , = t; - e;, denotes the k'™ component of the vector t;,

for i,k € N.

Independence assumption. For this section, we make the simplifying assump-
tion that the components of each bidder i’s type are independent, so the prob-
ability distribution function of ¢; factors as f;(t;) = Ilgenfir(tix), where we de-
fine the density functions f;x(tix) = fix(—Micr) = fo . (Mick) for ¢ # k € N
and fi;(t;;) = fu,(v;) for i € N. We further define the virtual value functions
D, p(tin) =tix — (1 — Fip(tin))/ fin(tik).

Proposition 3.3.1 (Optimal Mechanism, Setting 1). Suppose bidders have private
types of the form t; = v;e; — mi for each bidder i € N, and that f;(t;) factorizes as
fi(t:) = Hyen fir(tix). Suppose also that the distribution F of bidder types is such
that the virtual valuation functions ®; i (t; ) are nondecreasing. Then the mechanism

with allocation rule

zi(t) = 1{ ) Cpi(trs) > 0}, fori € N, t€© (3.3.2)
keEN
l’](tz = @,t_i) = ]1{2 7& j}, fOT’ 2,] S N, t_; € 6—1' (333)
and payment functions given in Proposition 3.1.1 condition (iii) with C; = — ZjeN\i i

is revenue-optimal among BNIC and interim IR auctions.

Proof. We present the proof in three parts: (1) we derive the optimal allocation rule,
(2) we verify that the allocation and associated payment rules satisfy BNIC, and
(3) we set the optimal constant term of the payment function subject to interim IR
constraints.

Part 1: Deriving the Optimal Allocation. We first use the form of the interim

payment functions from the BNIC characterization in Proposition 3.1.1 to express
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our objective solely in terms of interim allocation functions.

= POICI S SELTAOINES et

1EN 1EN 1EN
t;
=D E {?J(i)(tz’) i — / y W (si) - ds; — Cz}
ieEN t
t;
=S [0t [ 0 ds— ]
iEN L

In the last equality, we shifted the lower bound of integration from ¢; to t, = v, —
> jeni Tiei€; along with the corresponding constant of integration C; to C;. The type
t, can be considered the “lowest” type of bidder 4, as it yields the lowest valuation on
any given allocation over all feasible types. Originally C; = V(toi; tz), and now the new
constant of integration C! sets the value of V(¢,;t;). The constant term C! can be set
independently of the allocation functions, and we defer finding the optimal such C!
(and thus C;) satisfying IR to the last part of this proof, after we have solved for the
optimal allocation rules.

Expanding the inner product in the first term above and ignoring the constant

C!, we temporarily take our objective to be

Z (Z yi ( 7]> /ti y D (si) - dSz‘] (3.3.4)

1€EN \JjeEN

)

Fix any k£ € N. We now re-express the above integral term to be linear in yl(f) (t;).
By Proposition 3.1.1, y is a conservative vector field, so we can evaluate the line
integral by taking any path from ¢; = (¢, ,...,t;,,) to t; = (i1, ..., tin). Let us take any
path that first fixes the kth coordinate while moving all other coordinates to their

final value at the point (t;1,...,tik—1,; 1 tik+1, - ti,n) and then from there moves

parallel to the kth coordinate axis to the endpoint ¢;. That is, we evaluate the line
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integral as

t; 0 (Fi, 150 sti k— 15t fosta ot 15eestisn) @
3 7
/ Y (s:) - ds; =/ Y (Sis1s s Sik—1, Ly oy Sikt 1y -0 Sin) - dSi
t (t

—i,lv-nvti,n)

tzk
@)
+ / Y (tits oo Lik—1s Sie Liska1s -oor Lin ) dSi e
t

L,k

i

(3.3.5)

Note that the first integral term on the right hand side of (3.3.5) does not depend

on the value of ¢; ;. To emphasize this fact, we temporarily denote this quantity by

E(tins s tiko1s tikt1s s tin)

(tz 1, :tz k 17t1 k’tz k+1, 7t2 n) ()
o — (]
= / Y (51,17 cooy Sik—15 b oy Sijkt15 oo 5i,n) - ds;.
(t

ti1seotin)

(3.3.6)

Next, we use the assumption of independence of the components of ¢; to evaluate

the expectation of the second term on the right hand side of (3.3.5):

t;
E / yé)(ti,l, ey Lik—1s Siks Likt1s -os tim) dSi;
b —_——— —_———

ti,k— ti,k:+
t_i,k ti,k ()
= H/ dti;fij(tig) / dti,kfi,k(ti,k)/ dsi Yy (tik—s Siks igr)
FEN\E ¥ Li; tik Lk
ik 0 it
= H/ dti;fij(ti;) / ds; 1Yy (ti,k—asi,kati,k—&-)/ ik fin(tik)
FEN\Kk Vi Lk Sik
ik ; 1—F, (s
- 1I / dhisfiattss) | | T P W LIS et LG 1)
Lik fi,k(si,k)

JEN\K L
=K { (Z)( tists oo Lim1s Liskes tikg1s s Lim)

1 - sz(tm)}
Jis(tix)

1— szz(tzk):|
=E |:yl(ci)(ti)

The first equality follows by definition of expectation and by the independence of
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the coordinates of t;, the second by changing the order of integration, the third by
definition of the CDF, and the fourth by the definition of expectation once again.
Plugging the last expression and (3.3.6) back into the objective (3.3.4), we get

=X (o)
ieN \JeN
i 1 — Fip(t;
- <§k(ti,17 s bik—1s Li ks ooy tim) + y,ﬂ%)#) ]
i 1 — Fp(tik)
=E | >y (t:)(tig — ——)
et fin(tik)
+ Z Z yj(‘i)<tz’)ti,j = &k(tins o tik—1, tikt1s s tim) ]
i€EN \jeEN\k
1 — Fp(tix)
=E|) E lxk(t)(ti,k — RNt
prt Jis(tin)
+ Z Z y§i)<ti)ti,j —&k(tin, s tin—1, tikt1s o tin) ]
i€EN \jEN\k
1 —Fip(t; k))
=FE [z,(t (th -

+E Z Z yj(i) (ti)ti; — Ee(tin, - tik—1, tiks1s s tin)
iEN \jEN\k
where we rearrange terms to arrive at the first equality, use the definition of interim
allocation for the second, and the law of total expectation and linearity of expectation
for the last equality. Note that neither the allocation function x; nor any of the interim
allocations y,(f) to bidder k, for ¢« € N, feature in the second expectation term of the

last expression. There are also no coupling constraints between the allocations x; and

x;j for j # k. Since we have expressed the objective as linear in xj(t), the optimal
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allocation rule zx(t) can thus be read off as
1 — Fix(ts k))
rr(t) =1 E tix———F—= 120 3.3.7
0 {ieN ( St (337)

=1< Dy p(vg) + Z(I)zk —Niet) >0

1EN\k

1—-F E -
_1dy G 3 < nH(W k-)) >0

Nie—k —
where ®; p(tix) = tix — %’;(tkz)’“) is the virtual valuation of the parameter ¢;; for

i,k € N, and we used the fact that f;(t;x) = fi,_.(mix) and correspondingly,
Fix(tix) = 1 — F,,_,(nicr). Since k was fixed arbitrarily, the form of the optimal
allocation rule (3.3.7) holds for all £k € N.

Part 2: Verifying BNIC. We first show that the interim allocation vector fields
y® are monotone. Note that for & € N, the allocation functions () are only
dependent on t;, for all i € N. Further, y,Ef) (ti) =P jen(tin — %) > 0|tk
is increasing in t¢;; since ®;x(t;x) is increasing in ¢; 5, and y,(f) (t;) only depends on
the parameter ¢; ;. Given this, let ﬂ,(:) be a single-parameter, increasing function such

that y,(j) (t;) = y,(;)( tix). Then for all s;,t; € ©;,

(si —ti) - (¥ (s:) — oy (t:))
- Z(S’L}If - ti,k)(gl(:)(si,k) - z},(:)(ti,k)) > 0.

keN

The inequality holds because each term in the sum is nonnegative, since yjl(f) are

increasing functions.

Next, note that the functions g,(:) are integrable, and let Y (¢;) = 7', ft vk g l) (8i1)dSi -
It can be checked that y¥ is the gradient of potential function Y. Thus, the vector
fields y¥ are conservative.

Part 3: IR and the Optimal Payment. Finally, we consider the interim IR

constraint and the optimal constant term of the payment function. By Proposition
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3.1.2, the optimal outside option is to allocate x; = 1 to all bidders j € N\i when
bidder ¢ does not participate and it suffices to check interim IR for the type t; =

viep — 1, - That is, interim IR given the optimal outside option is equivalent to

Ci = Villisty) = Vilsto) = = > m,

JEN\G
Maximizing revenue corresponds to maximizing the expected sum of the interim pay-
ments ¢;(t;) and thus of minimizing V}(fi; t,) Hence, in the revenue-maximizing auc-

tion, we set the constant C; in the payment function to be — ) jenyi .

i Recall that
we re-expressed our objective function in terms of the constant C] = V;(¢;;¢;), which
is fully determined by the interim allocation rule 3 given above and C;. Thus the

corresponding optimal constant C) that yields an IR mechanism is

" @ (s.) - ds: _ D (s.) - ds; —
Cl = / Yy (s;) - ds; +C; = / Yy (s;) - ds; Z Mo s
t; t; JEN\i
By construction, our payment rule satisfies the BNIC characterization of Propo-

sition 3.1.1, so our overall mechanism is BNIC and interim IR.

O

Remark 3.3.2. We are able to prove this result despite the multidimensional nature of
this auction due to two assumptions. The first one exploits the fact data is inherently
a digital, freely replicable good and imposes no feasibility constraint on the allocation
function besides x; € [0, 1], allowing us to effectively decouple the allocations. The
second, more restrictive, assumption is that the coordinates of ¢; are independent. It

is unclear whether it is necessary or simply an artefact of our proof technique.

Remark 3.3.3. Observe that the allocation rule given in Proposition 3.3.1 is similar
in form to the threshold functions derived for the two social-welfare maximization
cases (3.2.2) and (3.2.10) but where the virtual value functions (as introduced in
[32]) now play the role of the relevant coordinates of the bidders’ private types. As

with standard revenue maximization settings, the optimal allocation is in general not
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efficient, i.e. welfare-maximizing, and allocates the digital good less often to bidders

than the efficient allocation. An illustrative example is presented in Section 3.4.

3.3.2 Revenue Maximization in Setting 2

Recall in this case the private type of each bidder i € N is t; = v;e; — n.;. Using
the BNIC characterization of Proposition 3.1.3, Proposition 3.3.4 below shows that
the problem of finding the revenue-optimal mechanism can be reduced to solving
n distinct optimizations over single-variable functions. Throughout this section, we
denote by F,, (resp. f,,) the cumulative (resp. probability) distribution function of

the marginal distribution of v;, for : € N.

Proposition 3.3.4. For eachi € N, let yF be a solution to the mazimization problem

sup E
y

1 — Fvi(vi>
y) | vi— ——7~— — Z Elnjei|vl ||,
o (vi) .
JEN\i
where the maximization is over the set of non-decreasing functions y : [v;, v;] — [0, 1].
Then the mechanism with allocation functions x;(t) = y;(v;) and x;(t; = 0,t_;) =
1{i # j} fori,j € N,t € T, and payment function given by (3.1.3) with C; set to

— ZjeN\iE[ni%j] 15 revenue optimal among all BNIC and interim IR auctions.

Proof. We consider a mechanism (z, p) and use the BNIC characterization of Propo-
sition 3.1.3. In particular, recall that there exists a non-decreasing function y; such
that y;(¢;) = ¥;(v;), where y; is the interim allocation. Plugging in the form of interim

payments ¢; given by (3.1.3) we get the expected revenue

ZE[Pz(t)] = ZE viYi(vi) — / yi(v)dv — Z E iy - 2;(t) | t:] — C
ieEN iEN Yi JEN\i
(3.3.8)
Observe that the last term on the right-hand side is independent of the choice of (x, p)

and can thus be ignored when searching for the revenue optimal auction.
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For the second term, swapping the order of integration gives

e|f | = [ e ([ aa)av

= /vi (1 — F, (vl-))@'(vi)dvi =E [%ZZ()UZ) i (v;)

21

For the third term, we write

Z Z 77%;% ’t] = Z Z E [ni%j ) xj(tﬂ

i€EN jEN\i i€EN jeN\i
=" Enjei m®)] =>_ Y E e - Elxi(t) | ]
i€EN jEN\i i€EN jEN\i
= Z Z 77]<—z Yi Uz)] = Z Z E [?Z(Uz) Elnje | UzH 5
i€EN jEN\i i€N jEN\i

where the first, third and last equality use the law of total expectation, the second
equality is just a change of index and the penultimate is by definition of ;.
Combining the previous derivations, we get that the revenue maximizing problem

is equivalent to maximizing

S E [Giw) | vi— 1 ffzv =3 Elpyes|vl || - (3.3.9)
ieN o (Vi) FEN\I
where y; is the interim allocation computed from z; and must be non-decreasing by
Proposition 3.1.3. Hence, we see that the objective function as well as the BNIC
and IR constraints can be written solely in terms of the functions (¥;)ien. It is
thus sufficient to optimize over them separately, under the constraint that y; be non-
decreasing and [0, 1]-valued. Given an optimal choice of (y});en, we can then define

x; and p; as in the proposition statement.

To complete the proof we need to choose the smallest constant of integration C;
in (3.3.8) such that interim IR is satisfied. By Proposition 3.1.5, it suffices to set C;

to be the lowest interim utility a bidder could get in any outside option, which is
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exactly — 3 i Elnjeil. O

Remark 3.3.5. In contrast to Proposition 3.3.1, Proposition 3.3.4 does not make the
assumption of independently coordinates for bidder i’s type. However, it again cru-
cially exploits that digital goods are freely replicable so there are no feasibility con-

straints coupling bidders’ allocations.

As a corollary to Proposition 3.3.4, and similar to the single parameter setting
[32], we obtain that under a certain regularity assumption, the optimal allocation rule
takes a simple form: set a threshold value for each bidder above which the good is
deterministically allocated and below which it is not. In other words, the optimization
problem of Proposition 3.3.4 over single-variable functions further reduces to finding

n parameters: the optimal threshold value of each bidder.

Corollary 3.3.6 (Optimal Mechanism, Setting 2). Define fori € N, the virtual value
function ®;(v;) = v; — (1 — F,,(v;))/ fv,(v;). Assume the function D, : v; — By(v;) —
> jenvi Eljei | vi] is non-decreasing and define 7; := ®:1(0). Then the mechanism

giwen by allocation functions
x,(t) = H{Ul Z Ti} and Qlj(tz = @,t,i) = H{Z §£ j}, Z,j € N, t e e
and payment function

pz(t):]l{UzZTl}Tz—F Z E[ni%jl{vj<7—j}]a iEN, te o

JEN\G
is revenue optimal among all BNIC and interim IR mechanisms.
Proof. Observe that the optimization problem in the statement of Proposition 3.3.4
can be written concisely in terms of ®;(v;) as sup,, E[®;(v;)y(v;)] where the optimiza-
tion is over non-decreasing functions taking values in [0, 1]. Note that the pointwise

optimal function ¥ is given by 1{®;(v;) > 0} and that this function is non-decreasing

in v; if 51 is also non-decreasing. The result then follows from Proposition 3.3.4. [
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Remark 3.3.7. Again, observe that ‘i is similar in form to the threshold functions
derived for the two social-welfare maximization cases (3.2.2) and (3.2.10). In contrast

to Proposition 3.3.1, the virtual function is only applied on the valuation v;.

Example 3.3.8. If we further assume that n;.; is independent of v;, then E[n;.; | v;] =
E[n;i] and the last term in the definition of ®; does not depend on v;. In this case our
assumption on (T)Z is equivalent to the standard regularity assumption of the marginal

distribution F), of v;. The payments also take the simpler form

pi(v) = v > 7} -7+ > Elnicy]Plo; < 7).
JEN\©

3.4 Discussion

In this section, we discuss the techniques used and results for single digital good auc-
tions. The related work of [28] and [27] reduce the optimal mechanism design problem
down to be essentially one-dimensional: the first work, studying Setting 1 of private
types, imposes symmetry assumptions on bidder types, and explicitly restricts bids
to be single-dimensional, and the second, studying Setting 2, uses a characterization
of incentive compatibility to show that bids are effectively one dimensional. In this
chapter, we have extended these results to auctions with digital goods. In Setting
1, under an assumption of independent type parameters, we solved for the optimal
mechanism with fully multidimensional bids and without requiring any symmetries.
In Setting 2, the same IC characterization reducing the relevant information in a bid
to a single parameter held in our setting.

We find that in both settings of private types and both objectives (welfare and rev-
enue maximization), the prescribed allocation rules are thresholding functions which
allocate the good to a bidder if its value for the good sufficiently outweighs the ex-
ternalities it causes on other bidders, or else allocates nothing. The specific way in
which the threshold is set depends on the situation considered and is summarized in
Table 3.1.

We now provide some interpretation for Table 3.1. In Setting 1, we transition
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x(t) = 1{} Setting 1 (7:..) Setting 2 (1)

Welfare Maximization v; > ZjGN\i Njei v; > ZjeN\iE[nme]

Revenue Maximization | ®;(v;) > ZJEN\Z. — D, i (—njei) | Pi(v;) > ZjeN\i]E[nﬂ—i‘Ui}

Table 3.1: Summary of efficient and optimal allocation rules z;(¢) in the two settings
of private types for the single-digital good auction considered in this chapter. Setting
1 is where each bidder knows the incoming externalities caused by others, and Setting
2 is where each bidder knows the outgoing externalities they cause on others. Here,
¢z(z) = 2z — (1 — Fz(2))/fz(%) denotes the virtual valuation function associated
with a bounded random variable Z with distribution and density functions F, f7,
respectively.

from welfare maximization to revenue maximization simply by replacing the type
parameters (both the value for the good and externalities) with virtual types. This
parallels what happens in the standard result [32], where virtual values reduce the
problem of maximizing revenue to maximizing welfare. In Setting 2, a similar reduc-
tion holds, but only the value v; needs to be transformed via the virtual function.
In this setting, the externality parameters reported by a bidder do not appear in
the bidder’s own utility function but rather other bidders’ utilities. Thus, incentive
compatible allocations ignore these reports and instead rely on the prior distribution
on externalities.

For more intuition on efficient versus optimal allocations, we consider the special
case of two bidders with uniformly distributed type parameters in Scenario 1. The
revenue-maximizing allocation allocates to bidders less often than does the welfare-
maximizing allocation and is in general not efficient. This is illustrated in Figure
3-1, where the welfare-maximizing and revenue-maximizing allocations are shown to
partition the type space for ¢ into the regions based on bidder 1’s allocation. For

details, see Appendix A.2.
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Welfare vs. Revenue Maximizing Allocation
for v; ~ UJ0,3],m9.1 ~ UJ0,2]
27 2 I
z1 = 1, Welfare Maximization
18+ z1; = 1, Revenue Maximization
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Figure 3-1: Partition of type space by welfare versus revenue maximizing allocations,
assuming vy and 7y, 1 are uniformly distributed on their respective domains [0, 3] and
[0,2]. The shaded regions denote where bidder 1 is allocated the entire digital good

(1 = 1) and the un-shaded regions correspond to the opposite case of x; = 0.

Finally, we revisit the problem of selling data sets for prediction tasks to buyers
with downstream interactions. Given the reduction of this problem to one of selling a
single digital good, as presented in Section 2.1, we interpret an allocation of z; € [0, 1]
to be either a probabilistic allocation of the entire collection of data to bidder i or the
allocation of an appropriate subset of data. The findings in this chapter imply that
all-or-nothing data allocations suffice: in both the welfare-maximizing and revenue-
maximizing auctions, bidders either receive the entire collection of data or nothing at

all, depending on the thresholding rules discussed above.
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Chapter 4

Auctions of Multiple Digital Goods

with Externalities

In this chapter, we consider auctions of multiple heterogeneous digital goods in the
presence of negative externalities among bidders. We assume that bidders have ad-
ditive valuations over the goods and study the setting of privately known incoming
externalities, the analog of Setting 1 in Chapter 3. That is, bidders’ private types
include their valuations of each good and the negative externalities that allocations
of goods to other bidders have on their utility.

Once again, we would like to find auction mechanisms that either maximize the
social welfare or the seller’s expected revenue. However, as will be explained in
Section 4.3, optimal multi-item mechanisms are notoriously complicated and often
not realistically implementable. To this end, we prove that simply selling each item
in separate auctions can yield a guaranteed fraction of the optimal multi-item auction
revenue. This allows us to construct approximately optimal multi-item mechanisms
using the optimal single-item auctions derived in Chapter 3.

Section 4.1 presents the extension of the model in Chapter 2 to the setting of mul-
tiple digital goods. Section 4.2 studies welfare-maximizing mechanisms, and Section

4.3 studies (approximately) revenue-maximizing mechanisms.
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4.1 Model

Let G = [g] be the set of heterogeneous digital goods for sale, indexed by k €
G. Let N = [n] be the set of bidders, usually indexed by i, € N. We assume
independent items and independent bidders, i.e., valuations for items are independent
across bidders and across items. As previously stated, we also assume that bidders’
valuations are additive over the items. That is, each bidder’s valuation of a set of
items is simply the sum of the valuations of each item in the set.

We denote by T; the private type of each bidder i € N, where T; € R™Y is a

matrix with (j, k)™ entry

Similar to the single-item case, v¥ > 0 is bidder i’s value of the kth good and nf‘;j >0
is the magnitude of the negative externality that bidder j’s allocation of item £ has
on i’s utility. We collect all private types into 7" = (11, ..., T},), and let T_; = (1}) 4
contain all type matrices except for bidder i’s. Let © = Hl jeN [Licc @ﬁ ; denote the
type space, where T}, € O, = -7}, —7_7?(_3,] for j # i and T}, € ©F = [vF, 0}] for
1,7 € N,k € G. For i € N, define the critical type T, to be the type in ©; closest
the origin, i.e., T}, = —gfﬂ, and T := v} for j # i € N and k € G. In the case
of revenue maximization, we assume that the types T' are distributed according to a
distribution F on ©. The assumptions of independent items and bidders translates
to the type parameters {Tfj 1,7 € N,k € G} being mutually independent.

We denote an allocation of items by the matrix X € R™9 where the (i, k)™
element XF € [0,1] denotes the probability of allocating the kth good to bidder i.
In our model, a bidder i with type T; has a valuation v;(X;T;) that is linear in the

allocation X over both bidders and items, and can be expressed using the matrix
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inner product as

W(X;T) =T X (4.1.1)
= et =) Xy (4.1.2)
keG JEN\i

Let p = (p1,...,pn) € R™ be the vector of payments from the bidders to the
auctioneer. Bidders have quasilinear utilities w;(X, p;; T;) = v;(X; T;) — p;.

Auction Design As in the single-item setting (see Section 2.2.2), we augment the
type spaces of bidders i with the element () denoting a bid of non-participation, to
obtain the space of feasible bids B; = T; U {}. Let B = [],.y B; be the entire bid
space. A auction mechanism p = (X(-),p(+)) consists of an allocation function X (-)
and payment function p(-) mapping bids in B to allocations in [0, 1]™9 and payment
vectors in R"™, respectively.

Two common goals of mechanism design are social welfare maximization and rev-
enue maximization. Using the revelation principle, without loss of generality, we
optimize for these two goals over direct mechanisms that are Bayes Nash incentive
compatible (BNIC) and interim individually rational (interim IR), as defined in Sec-
tion 2.2.3.

4.2 Welfare Maximization

To derive the class of welfare-maximizing auctions of multiple digital goods, as with
the case of single goods, we instantiate the VCG mechanism. Because valuations are
additive over items, the resulting efficient mechanism can be interpreted as running

g VCG mechanism, one for selling each item separately.
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To see this, we express the social welfare as

SW(X:T) =) T X
=3 X =S (o) Ak

keG ieN jeN keG ieN jeEN

Thus the welfare maximizing allocation rule is X*(T) = 1{_ ieN Tr;, > 0} = 1{v} —
> jenvi Miei = 0}, which allocates item k to bidder 7 if the net contribution of such an
allocation to the overall welfare is nonnegative. Because the social welfare decomposes
as a sum over the items, the associated VCG payment rules also decompose as sums

of VCG payments for the individual items. See Section 3.2.1, and specifically (3.2.5),

for details on the single-item payment rules.

4.3 Revenue Maximization

We now consider the problem of revenue-maximizing auctions for multiple digital
goods with externalities when bidders have additive valuations over the items. Despite
the apparently simple condition of additive valuations, however, optimal multi-item
mechanism design in this setting and more generally is notoriously complicated. With
a single good for sale, the format of the optimal auction is the same regardless of
bidders’ type distributions. In the standard auction setting without externalities,
for instance, the optimal mechanism may be implemented as a second price auction
with reserve price. Though the reserve price depends on the type distribution, the
fact that we have a single threshold function as the allocation rule remains the same.
However, with multiple goods for sale, the form of the optimal auction itself depends
on the type distribution, and may require randomness, uncountably large menus, and
bundling (even when bidders have additive valuations over the items!) [16]. The
optimal mechanisms can also exhibit unintuitive properties like being non-monotone
in the distribution of bidders’ valuations, i.e., even when bidders’ values for items

increase, the maximum expected revenue may decrease [24].

58



Because optimal multi-item mechanisms can be structurally complex and often
not realistically implementable, we turn from trying to solve for exactly optimal
mechanisms and instead seek mechanisms with a simple structure, such as selling
items separately or as a grand bundle, that still perform reasonably well. In this
section we prove that selling items separately via optimal single-item auctions (which
are studied in Chapter 3) yields a guaranteed fraction of the optimal multi-item
auction revenue. To do this, we nontrivially extend the approximation technique of
[22] to the present setting of interdependent valuations with endogenous participation

constraints.

4.3.1 Approximately Optimal Mechanisms

Once again using the Revelation Principle, we restrict the class of mechanisms p =
(X(+),p(+)) considered to those that satisfy Bayes-Nash incentive compatibility (BNIC)
and interim individual rationality (interim IR) (see Definitions 2.2.4, 2.2.5). Then for
a given distribution of random valuations 7', let Rev(7T") denote the maximum ex-

pected revenue attainable by a BNIC, interim IR mechanism:

Rev(T):= sup E
wis IC, IR

ZPi(T)

1€EN

This quantity will be the benchmark by which we measure the performance of classes
of simple multi-item auctions.

Given that valuations are additive over items, it is natural to compare the sum
of the revenues of single-item auctions for each of the goods with the optimal multi-
item auction revenue. It turns out that under the running assumption of independent
item and bidder valuations, selling items separately can guarantee a fraction of the
optimal revenue. This is formalized in the following main result, which bounds the
revenue from the optimal mechanism for selling 2 items in terms of the revenue from

optimally selling each item separately.

Theorem 4.3.1. Let T be the random matriz of types for n bidders and g = 2 items,
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distributed according to F on © = O x ©2, such that the types {Tf] 1,7 € Nk e G}
are mutually independent. Further, suppose the average externalities are bounded by
a constant factor v > 1 times the smallest, such that E[Tfj] > yﬁ'fj foralli# j € N,
ke G. Then

Rev(T") + Rev(T?) < Rev(T) < (1+n+7) - (Rev(T") 4+ Rev(T?))

We first present a collection of relevant results that will be used in the proof of
this theorem, but that also illustrate the nature of auctions of multiple digital goods
with externalities. In particular, the fact that bidders have interdependent valuations
and their outside option utility (i.e., utility under non-participation in the auction) is
endogenously determined, foils attempts at a simple extension of existing constant-

factor approximation results ([22]) that hold in settings without externalities.

Notation. Before moving on, we define the following useful quantities. Let V;(T}; T}) :
Elu (X (T}, T-,), p(T}, 1\;); T;)|T;] be the interim expected utility of bidder 4 for report-
ing type T, € B; given true type 7T; € ©;, and assuming all other bidders report their
types T_; € ©_; truthfully. Recall that a bid of {) represents non-participation in the
auction, and we must have that Xlk(j} =0,T;)=0fork € Gand pl(TZ =0,T7;) =0,
for all i € N. Further, let Y(T}) := E[X(T},T,)|T;] = Er_[X(T},T_;)] denote the
interim expected allocation from bidder ¢’s perspective, when 7 bids T, with true type
T;, and let qz(ﬁ) = E[p(TZ-, T)|T] = ETfi[p(Ti, T_;)] likewise denote the interim ex-
pected payment by bidder i. Note that, under the given assumption of independent
bidder types, the interim expected allocation and payment functions do not depend
on bidder #’s true type T;. Also note that Y(7}) € [0,1]"9 is in general a different

function for each bidder ¢+ € N, which for notational simplicity we do not explicitly

denote. We then have that

ViAT; T) =T, - Y(Ty) — gi(Th).
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As in the single good case, the optimal allocation given a bid of non-participation
T,=0 by bidder 7 € N is to allocate all goods to all bidders except i. For ¢ € N, let
Z;y denote this allocation matrix, such that Z(ki)j = 1{i # j}. Due to negative exter-
nalities, this allocation maximally depresses bidder ¢’s utility of non-participation, and
gives us the loosest IR constraint and thus the largest feasible set of mechanisms over
which we maximize expected revenue. Then it is optimal to set X (TZ =0,T,) = Zi).-
Note that we only need to consider single bidder deviations (i.e., non-participation)

from equilibrium under the Bayes-Nash solution concept.

The first of our results adapts the proof technique of |22, Proposition 6] to show
that any optimal mechanism can be implemented with the no positive transfer
(NPT) property. This property states that the auctioneer never has to pay a bidder
to participate, i.e., p(T') > 0 for all T € ©.

Proposition 4.3.2. Let = (X(-),p(+)) be an BNIC and interim IR mechanism on

type space ©. Then the following hold.
(i) For all allocations X € [0,1]™9 and types T; € ©;, T; - (X — Zy) > 0.

(ii) ¢i(T) > T;- (Y (Ty) = Zwy) for all Ty € ©; if and only if ¢;(T3) = Ti- (Y (T}) — Zs)).-

(i1i) There exists a BNIC, interim IR, and NPT mechanism fi = (X(-),p(:)) such
that the allocation rule X(T) = X(T) and E[p;(T)] > E[p:(T)] for all i € N
and T € O©.

(iv) Let 6 C © be a subset of the type space. Then E >, \pi(T)L(T € 6)] <
Rev(T).
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Proof. (i) Let T; € ©;, X € [0,1]™9. Then

T-X =) | Y thal+tha

keG \jEN\i

EZZfﬁj-HO

kE€G jeN\i

=T Zu

where we used that :L'"; € [0,1] for j € N,k € G and tﬁj < 0 for j # 4, and
th. > 0.

(ii) (=) Suppose ¢(T}) > T;- (Y (T}) — Z) for all T; € ©;. In particular, this holds
for the critical type Tl Next, by the interim IR condition for 70},

T - Y(T}) — q;(T3) > Ty - Y (T; = 0)
= T,-Y(T)) — q(T3) > Ti - Zgy

= ¢(Ty) < T - (Y(T}) — Zw)

where for the first implication we used the fact that the lowest utility from
non-participation occurs when the allocation is Z;), i.e., TZ . Y(ﬁ =0) >
;- Z ;) for any mechanism with interim allocation Y. Combined with the initial

assumption, we get that equality must hold: ¢(T}) = T; - (Y (T}) — Ziy).

o

(<) Suppose that ¢;(T}) = T; - (Y (T}) — Z)). By BNIC, for all T € ©,

T Y(T}) — q(Ty) > T; - Y(T3) — a:(T5)
= T;-Y(T) = (T, Y(T) = Ts - Zw)) > T; - Y(Ti) — ¢:(Ty)
= T;- (Zuy =Y (17) 2 —a¢:(T)

= (1) > T; - (Y(T}) — Zy)
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(iii)

(iv)

Define the new mechanism ji = (X(-), p(+)) with X (T) = X(T) and
piT) = piT) + [~a(T) + T, - (Y(T}) = Z)]

for all T € ©,i € N. Here we let ¢;(T;) and Y (T}) denote, respectively, the
interim expected payment and allocation from bidder ¢’s perspective for the
mechanism y, and accordingly let ¢;(7}) and Y (T}) denote, respectively, the
interim expected payment and allocations for the new mechanism . Then for
al T, € ©;, Y =Y and ¢(T}) = ¢(T3) — (1) + T; - (Y(T;) — Z). Let us
further set the allocation in case of non-participation of a single bidder 7 to be

the “worst-case” for i: X (T; = 0,T_;) = Z.

Note that since p is interim IR, the constant shift in bidder i’s payments is
nonnegative, i.e., —q;(1}) + Ty - (Y (T}) — Ziy) > 0,80 p(T) > p(T'). [i satisfies
BNIC since bidder 4’s utilities are uniformly shifted by a constant. Further, by
Lemma 4.3.4, iz is interim IR if and only if interim IR is satisfied for the types
j}, for i € N. This condition indeed holds by construction:

T,-Y(T)-a(T) =T, Y(T) - T, (Y(T}) - Za) = T; - Z.

Since i is BNIC, interim IR, and g;(T}) = 13- (Y (T}) —Zy) for i € N, statements
(4.3.2.1) and (4.3.2.ii) imply that for all T; € ©,,¢;(7;) > 0.

Now given pi, Lemma 4.3.5 gives us another BNIC and interim IR mechanism
i = (X(-),p(-)) with p;(T) = @(T;) > 0 for i € N. Thus i also satisfies NPT
and for all i € N, E[p;(T)] < E[p;,(T)] = Elg:(T;)] = E[p:(T)].

Let i = (X(-),p(-)) be a BNIC, interim IR, NPT mechanism with E[p;(T)] >

E[p;(T)], as constructed in the proof of (4.3.2.iii). Then

EY pi(T) LT € 6)] <E[>_5(T) L(T € 6)] <E[>_ 5(T)] < Rev(T)

iEN iEN iIEN

where we use that p > 0 by NPT, and the definition of Rev(T).
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]

Remark 4.3.3. Note that the conditions in (4.3.2.ii) are stronger than NPT, by state-
ment (4.3.2.1). In particular, we make use of the fact that the interim IR constraint is
endogenously determined by the mechanism because of the externality effects, and the
optimal such constraint allows the auctioneer to charge bidders against the “threat”
of allocating goods to other bidders. By statement (4.3.2.iii), it suffices to consider
BNIC, interim IR, and NPT mechanisms in the search for revenue-maximizing mech-

anisms.

The following two lemmas were used in the proof of Proposition 4.3.2. Lemma
4.3.4 is a characterization of interim IR similar to that of 3.1.2 and says that it suffices

to check interim IR for the critical type TZ €0, forie N.

Lemma 4.3.4. Suppose = (X (-),p(-)) is a BNIC mechanism on type space © with
the allocation rule X (T; = 0,T_;) = Z fori € N. Then p is interim IR if and only
if interim IR holds for the critical types 70}, i.e., that

T,-Y(T) —q(T) > Ty - Zyy, i€ N. (4.3.1)

Proof. Suppose (4.3.1) holds. Then for all T; € 6,

o

T,-Y(T) — i(T) > T, - Y(T3) — ¢:(T3)
= (T, - Ty) - Y(T) + (T; - Y(T})) — a:(T3))
> (T, = T) - Zwy + Ti - Zg

=T Zw,

which is the desired interim IR condition. The first inequality is by BNIC and the
second inequality is follows by (4.3.1) and from the fact that for any X € [0, 1]™9,
(T; — TZ) X > (T, — TZ) - Z(;y. We can see this by using the definition of the critical
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type Tl to get

oF —0b >0, i=

—nk_ 4+t <0, i # ]

]

For k # G, X} > Zl,, = 0,and X} < Z}, . = 1for j # i, so that (T,—T;)-(X — Z)) >

0. Finally, the converse implication clearly holds. O]
The next lemma allows us to, without loss of generality, choose the payment rule
for each bidder i to be equal its interim payment rule. In particular, we can have that

bidder ¢’s payment only depends on 4’s bid T;.

Lemma 4.3.5. Suppose i = (X(:),p(+)) is a BNIC and interim IR mechanism on
type space ©. Then the mechanism i = (X (-), p(-)) with X := X and py(T) = ¢;(T})
is BNIC and interim IR, and E[Y_, .y pi(T)] = E[>_,cy pi(T)].

Proof. Let X := X and p;(T) := ¢:(T}) = E[p:(T)|T}] for i € N, T € ©. The expected
revenue remains unchanged by the law of total expectation and linearity of expec-
tation: E[} ey pi(T)] = E[X ey Elp(D)|TH]] = E[X iy ¢:(TH)] = ER ey Epi(T)].
The interim IR and BNIC conditions for p only feature the interim expected pay-

ments for each bidder 7 € N:

(LC) T;-B[X(T;,T-)|T}) — i(Ty) > Tp - E[X(T;, T-)|T3] — 4:(T})
Since ¢;(T;) = ¢;(7T;), BNIC and interim IR carry over to fi. O

Lemmas 4.3.6, 4.3.8 and 4.3.9 will be used to bound various terms in the proof of
Theorem 4.3.1. The first of these lemmas follows a proof technique similar to that used
in [22] to derive a mechanism to sell one item given a two-item mechanism. However,
in the current setting of interdependent valuations and endogenous IR constraints,

extra care must be taken to ensure BNIC and interim IR of the induced mechanism.
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Lemma 4.3.6. Suppose = (X(-),p(:)) is a BNIC and interim IR mechanism for 2
items on type space ©1 X Oy. Fiz some 175 € Oo, and define the induced mechanism

1O = (XO(|7), pD(-|1)) on O, by

XO(Tr) = XTI ), XTI =0,Th|m) = Z (4.3.2)
(T 7) = pi(Th, 1) — 72 - E[X3(T1, T%)| T}, T? = 7]
+ T BT T)|T T2 = 72) = T - BXN (T T 17 = 7] (43.3)

2 2
Then p) is BNIC and interim IR.

An interpretation of the induced mechanism p) is as follows. Given a collection of
bids T, the allocation of item 1 will be as the same as in the 2-item mechanism given
bids 72 for item 2. We modify the bidder i’s original payment rule by subtracting
the effect that the allocation of item 2 would have had on ¢’s utility. The third and
fourth terms in (4.3.3) are corrections that will allow us to transfer BNIC properties

from g to pM, and the final term will allow us to transfer interim IR properties.

Proof of Lemma /.3.6. By Lemma 4.3.5, without loss of generality, assume that p;(T) =
¢;(T;) for all T € ©. Under the induced mechanism, the interim expected utility of
bidder 7 bidding T}, with true type T} is

VITHTY = B [T} - XO(TH, T |7%) — pM(T) T |172) | T
= T;l : IETl [Xl(Tilv Tii? 7—2) | Tzl] - Qi(ﬁ17 Tz‘2)
+ Tz2 : IE‘Tl,TZ ) [XQ(jji17 Tiw 7—127 TE@) | 711]

— T Epm [ XY(T!, T,

7747

)| T+ T B e [XHT T, 72, T2) | T

—3 17

2 2
=T L,

where we have substituted in the definition of (V). After simplifying and re-arranging
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terms, we get

‘/;(1) (ﬁlv 1—;1) = T‘il ' ET[Xl(ﬂlu Tim T2) ’ 7—;17 7—;2 = Ti2]
o B [X(TL T, T%) | T T = 77
- qi(Ti17 72'2) - 71'2 : Z(2i)
= V;((Tzlﬁ Tz?); (T;l’ 7—1’2)) - 7'22 ) Z(Qz')‘
We thus see that ;1) inherits BNIC from p since bidder ¢’s interim utility function
is only shifted by a constant:
e .
VAT T = V(T ) (T 7)) — 72 - 24

(2 (2 3

< V(T 72) (T ) — 72 - 28y = V(T T)).

K3 (3 (2

Further, p(" inherits interim IR as well:

VT T = V(T 25 (T ) =72 - 2

% ARERE ) %

> (T,l’ Ti2> - Ziy — 2. Z(Qi)

1 ]

=T' Zy =T - YT} =0,TY|m).

)

]

Remark 4.3.7. Unlike in the setting of [22], bidders here have interdependent valua-
tions. This prevents us from being able to decouple bidders’ allocations, for example
by replacing the allocation function X (7") with any of the bidders’ interim expected
allocations Y (7;). Further, we only inherit BNIC conditions from p rather than
stronger DSIC conditions that would easily transfer from p to p®, for all values
of 77 € ©?. To circumvent this difficulty, we add in the modification term in the

penultimate line of (4.3.3).

Lemma 4.3.8. Let m > 0 be a fived constant. Let p = (X(-),p()) be the mechanism
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to sell one item to n bidders with type distribution F on type space © = O given by

X](ﬂ = @,T_i) = ]l{ Z Tkj > 7T}, T ,€06_
keEN\i

pi(T) =Y | Y Ty (X(T =0,T5) = X;(T)) = Ty Xu(T) | +7X,(T), T €O

JEN\i | keN\i

where w;(T) :== ..y Tji fori € N. Then p is BNIC and interim IR with ezpected

revenue

E >E|) 7 l{w(T) >} (4.3.4)

iEN

Z pi(T)

1EN

Proof. We first extend p to be a VCG mechanism to sell the single item to n + 1
bidders, consisting of the original n bidders and a “phantom” bidder n + 1 with type

space © such that

0, =0, i,jEN

Oins1 = {0}, Oppri={-7}, i€N

C:)n—&-l,n—i-l = {0}7

and with TZJ still distributed according to F; ; for 4, j € N. Thus, each of the original
bidders exerts a negative externality of magnitude m on the phantom if allocated
the good, but the phantom has no value for and causes no externalities on others if
allocated the good. Let i be the VCG mechanism in the extended setting. Using
Proposition 3.2.2 in Section 3.2.1, with the correspondence that W; = w;(T) + Tn-ﬁ-l,ia
Wi = wi(T)+Tpsr— Ty j, and Wiy = Wi, =0fori#je N, we get the allocation
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and payment rules for /i on ©:

Xi(T) = l{wi(f) > o}, ieN

Xj(~z:®,T_l):ﬂ kaj_ﬂ->0 , j?éZGN
kEN\i
pi(T) = (Y Ty = MK (T = 0,T3) = X;(T)) = T Xu(T) | +7Xi(T), i€N

Xon(T) = 1{0 >0} = 1, pua(T) = 0.

These functions comprise a DSIC and ex-post IR mechanism, which also implies that
it is BNIC and interim IR. Note that the allocation and payment rules for u are
simply those for i when restricted to bidders ¢ € N, and the expected interim utility
functions of bidders + € N under i and p are equal since the phantom bidder causes
no externalities. Thus, u also satisfies BNIC and interim IR constraints.
Furthermore, note that (3¢, Thi—m)(X;(T; = 0, T_;)—X,;(T)) > 0and Tj; < 0
for all T € ©,i # j € N. Then we immediately get that p;(T) > 7X;(T) for i € N,
which implies (4.3.4). O

Lemma 4.3.9. Given a set of goods G and of bidders N with types T" distributed on

type space O,

N> —TF < Rev(T).

keG ieN jeN\i

Proof. Consider the mechanism = (X (-), p(-)) with X(T) = 0 and p;(T) = —1;- Zs)
for all T € ©, and X(T; = 0,T;) = Z for i € N,T_; € ©_;. That is, p never
allocates any item to any bidder but extracts the maximum payment possible under
optimal participation constraints. This mechanism is BNIC (and DSIC) since bidders’

utilities are constant with respect to their bids, and is interim IR (and ex-post IR)
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since for all T; € ©;,
ViTy Th) = —pilT) = T; - Zsy = Ty Zgyy.

Thus, its expected revenue can be bounded by the optimal revenue: E [ZZE ~pi(T )] =
D keG DuieN 2ujeNi —TF; < Rev(T). O

We are now ready to prove our main theorem bounding the optimal revenue from

selling two items in terms of the optimal revenue from selling the items separately.

Proof of Theorem /.3.1. Suppose u = (X(+),p(-)) is a BNIC, interim IR, and NPT
mechanism on © with types T distributed according to the distribution function F.
Let us first define the following quantities, which capture the effect of an allocation

of item k to bidder 7 on the total welfare:

k (rk k k k
w; (T") = ZTN =U; — Z Nji
JEN JEN\
and let wﬁ)(T’“) ‘= MaX;en wé“i).
Since p is NPT, p;(T) > 0 and we partition the type space and bound the expected

revenue from

E =E

ZPi(T)

1EN

Zpi(T) Il{w(ll)(Tl) > w?l)(T2)}

1EN

(4.3.5)
+E

> plT) 1w}y (T?) = wi (T}

iEN

Consider the first term. For a fixed 72 = 72 € 02, let puM) = (XU (:|r), pM(-|72))
be the induced BNIC and interim IR mechanism on ©; to sell item 1, as in Lemma

4.3.6. Then expressing p;(T", 72) in terms of ") and given our independence assump-
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tions, we write the following conditional expectation

E| > pi(T) 1{why (1) = wh) (19} | T2 = 72
iEN
=Ep | > (0T ) + 72 B[XA(T, T2)|T}, T2 = 2]
iEN

~ T EXNT, 1)1, T? = 2]+ T} EIXNT, )T}, 17 = 7] (4.3.6)

=77 Z8y) H{wiy (T") = wiy (%)}

We will bound (4.3.6) by attacking it in four parts.
Part 1. First, note that since (! is a BNIC and interim IR mechanism, statement
(iv) of Proposition 4.3.2 bounds the first term by the optimal revenue from selling

good 1 alone:

Zpl (T"|7) Il{w >w(1)( 2)} < Rev(TY).

iEN

Part 2. Next, given 72 € ©% and any allocation X2 € [0,1]", we can write

> X = T = ST A

ieN ieN jEN iEN jEN
=3 wH(r) X7 <> wiy(r?) 1{wy (7%) > 0}.
1EN 1EN

Using this, we bound the second term in (4.3.6):

ZT E[X*(TY, T%)|T}, 77 = 77 1{w,,(T") > w(21)(7'2)}]

iEN

<> Eludy (%) L{wfy () = 0} 1wy (T") > wiy(r)}]

€N

<nlE

> wiy () 1{wfy (%) > 0} 1{w] (T") > wﬁl)(#)}] . (4.3.7)

ieN
By applying Lemma 4.3.8 with 7 = w(Ql)(7'2) Il{w(zl)(TZ) > O}, and in particular the
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inequality (4.3.4), we bound the quantity under the expectation in (4.3.7) by the
expected revenue of some BNIC and interim IR mechanism. This expected revenue is
in turn bounded above by the optimal revenue, Rev(77), over all BNIC and interim
IR mechanisms. Thus the second term in (4.3.6) is bounded by n Rev(7T7).

Part 3. We show that the expectation of the second line in (4.3.6) vanishes.
Temporarily let 72 denote a random variable independently and identically distributed

with T2, with distribution F? on ©2. Then

Eps [T} E[X (T, 7)1}, T = 7] + T} - EX (T 7)1, 17 = 7]

E[-T} - X'(T",7%)|7°]] + E[E [T} - X'(T", 72, T2)|7%]]

sl

E[

=E[Ep [T} - E[X'(T", 7)1}, 7] + T} - BIX (T, 7 T2)| T 7]
E|
E[

-7 XNT", )] + E[-T} - X(T",7%)]

where we have made use of the independence of T%’s and the law of iterated expec-
tations.

Part 4. Finally, we bound the contribution of the last term in (4.3.6) by using
the assumption on the distributions of externality parameters, that E[T},] > fyi’fj for

1#j€ N, keG. Then

Er |y E[-T7- Z% 1{wh)(T") > w}y(T?)} | T7]
iEN
<E|> -T2 2% =E[ -3 3 T3
iEN i€EN jEN\i
<y>_ Y —Ti Sy Rev(I?)
i€N jEN\i

where the first inequality holds since —T7 - Z(zi) > 0, and the second inequality by the
distributional assumptions on 7; ;, and the final inequality by Lemma 4.3.9 applied

with a single good, item 2.
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Putting everything together, we have

E|Y p(T) L{wh)(T") = wh)(T%)}

1EN

=Rev(T") + nRev(T") + v Rev(T?).

A similar argument holds for the second term in (4.3.5). Thus, given any BNIC,
interim IR, and NPT mechanism p, its expected revenue

E < (1+n+7)(Rev(T") + Rev(T?)).

Z pi(T)

1EN

By statement (iii) of Proposition 4.3.2, Rev(T') can be taken as the optimal revenue
over BNIC, interim IR, and NPT mechanisms. Finally, since the sum of the revenues
from selling each of the two items in separate auctions is bounded by Rev(T'), we

conclude
Rev(T') + Rev(T?) < Rev(T) < (1 +n +7)(Rev(T") + Rev(T?)).

]

Remark 4.3.10. While [22] prove that selling 2 goods separately provides a constant
factor 2-approximation to the optimal revenue in the absence of externalities, we
obtain a less desirable (1 + n + ) approximation factor. The dependence on the
number n of bidders arises because the interdependent valuations couple bids, allo-
cations, and utilities across bidders and thus restricts the set of BNIC mechanisms
that we can use to bound the second term in (4.3.6). The ~ term arises from the fact
that the presence of negative externalities makes outside option utilities and thus IR
constraints endogenously determined by bidders’ private types. Reducing a two-item
mechanism to a one-item mechanism tightens the IR constraints (since in the latter,
one can only extract at most the magnitude of the externalities caused by a single

item), a restriction which does not occur in standard auction settings.
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Remark 4.3.11. To extend the result from auctions of 2 digital goods to auctions of
g digital goods, one could follow the strategy used in [22], where an approximation
bound similar to Theorem 4.3.1, but for 2 bundles of items, is used to prove the
result inductively. However, this extension relies primarily on the common assump-
tion of additive item valuations, while the 2-item setting already captures the key

complications that externalities bring to the table.
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Chapter 5

Conclusion

5.1 Summary

In this thesis, we set out to answer the question: how should a data seller allocate and
price data sets to data buyers who may compete with each other downstream, in such
a way that maximizes social welfare or the seller’s expected revenue? Along the way,
we captured the problem of valuing and selling data sets for prediction tasks within
the more general framework of digital goods auctions, and motivated the model of
additively separable negative externalities among the bidders.

Note that a multi-bidder (n) auction digital goods without externalities simply
reduces to n single-bidder auctions, since the lack of a constraint in the supply of
digital goods decouples the allocations of goods among bidders. In the presence of
externalities, however, bidders’ allocation functions are once again coupled, but this
time through the interdependent valuations that determine their utility functions and
affect strategic considerations like truthful bidding.

We studied two settings of the bidders’ privately known information, or type: one
in which bidders observe their value for each good sold and the externalities that
other bidders exert on them, and one in which bidders observe their value for each
good and the externalities that they exert on other bidders. The form of private
types affects the characterization of incentive compatible and individually rational

mechanisms, and thus the form of the efficient and optimal allocation functions.
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Welfare-maximizing and revenue-maximizing mechanisms for auctions of a single
digital good under both settings of private types were studied in Chapter 3. Welfare-
maximizing and approximately revenue-maximizing mechanisms for auctions of mul-
tiple heterogenous digital goods with additive valuations over items were studied in
Chapter 4.

A version of Chapters 2 and 3 of this thesis, on the sale of data and auctions of a

single digital good, is published in [5].

5.2 Future Work

Beyond additively separable externalities. In the central model studied, bid-
ders have utility functions linear in the allocations to all bidders. In particular, allo-
cations of goods induce additively separable negative externalities among bidders, a
setting which can capture first-order downstream interactions. However, many sce-
narios of interest may feature significant higher order, nonlinear interactions between
the bidders. For example, a bidder’s utility may depend on which groups of other
bidders get an item or on the number of other bidders who get certain items. A natu-
ral next step would be to characterize and solve for efficient and optimal mechanisms

given more general forms of externalities.

Learning. As we saw in Chapter 3, the optimal allocation rule for single digital good
auctions with externalities takes the form of a thresholding function, with the specific
threshold depending on the distribution of bidders’ types. However, the standard
assumption that this prior distribution is common knowledge is often unrealistic.
Instead, an auction designer may need to learn either the distribution or directly,
the optimal threshold to set, from either a single-shot auction with a large number
of bidders or over multiple repeated rounds of auctions. [5] begins to study the
sequential learning version of this problem, and it would be useful to explore whether
one can exploit the structure of externalities among bidders to more efficiently learn

the optimal auction. A related direction is to extend the line of work on learning
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simple auctions that approximate optimal multi-item auctions [31, 13| to the present

setting of interdependent valuations arising from externalities.

Approximating Optimal Mechanisms. In Chapter 4, we showed that opti-
mally selling 2 digital goods separately guarantees at least a 1/(1 4+ n + «) fraction
of the optimal revenue, where n is the number of bidders and v captures a distri-
butional assumption on the externality parameters. It is currently unknown how
tight this lower bound is. In the setting without externalities, a constant factor 2-
approximation to the optimal 2-item auction has been shown [22|. In the present
setting, however, complications arise from the fact that bidders have interdependent
valuations and that participation constraints are endogenously determined (i.e., a
bidder’s “outside option” utility depends on its externality parameters). A natural
next step would be to explore is whether simple auctions, possibly including bundling,
can guarantee a fraction of the optimal revenue that is in constant with respect to n

or the distribution of externalities, or whether some dependence inherently necessary.
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Appendix A

Appendix

A.1 Welfare Maximization

A.1.1 Proof of Proposition 3.2.2

Proof. We show that the specified VCG mechanism (1) satisfies DSIC, (2) ex-post
IR, and (3) uses nonnegative payments. Recall that in this setting, private types are

of the form t; = v;e; — n;, for i € N.

1. For all i € N and all ¢;,#;, € ©;,t_;,t_; € ©_;, let us temporarily define the
following quantities for ease of notation. Note the only quantity varying in the

following terms is bidder ¢’s bid, while all other parameters are fixed.

~

xTi = xi(ti,f—z‘),fi = l‘z‘(fut—i)
Ty = xj(ti7£—i)7 fj = Ij(lgi,f_i>,$§ = .Tj(tz = @,t_i), for ] c N\Z
Di = pi(tz‘,ﬂi)aﬁi = pi(fiaffi)

Wi = wv; — Z 77j<—i7VT/i =0 — Z Mjei

jEN\I jEN\:
W; =wv; — Z Mgy Wy 1= v — Z Neej — Ny, for j € N\i
keN\j keN\{j,i}

We show that the following expression is nonnegative, which is precisely the
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statement of DSIC:

JEN\?
+ Y (Wi = 25) = mjesrs + Wilah — &) — njeids)
JEN\G
= (2, — ) (v — Z Njei) + Z (W} = niy) (@ — &5)
FEN\G FEN\G
= (L{W; > 0} — 1{W; > 0)W; + Y Wi(1{W; > 0} — 1{W; > 0})

FEN\G

> 0.

For the first equality we used the second expression of the payment rule in
(3.2.5), we regrouped terms and used the definitions of W;, W; for the second
and third equalities. The final inequality holds because

(

1iff W, > 0 and W, < 0

T{W; > 0} — 1{W; > 0} = ¢ —1iff W, < 0 and W, > 0

0 else.
\

and likewise for 1{W, > 0} — 1{W; > 0}, implies that each term in the sum-

mation is nonnegative.

. Let t be an arbitrary type realization. Showing ex-post IR is equivalent to

showing

JEN\G FEN\G
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Plugging in the payment rule, we get the equivalent inequality
v — Yy (Wil —z) +mpeaws) > = D mici(ah — )
JEN\G FEN\G
Rearranging and regrouping terms, we get that this is equivalent to
Wiz — Y Wylah — ;) >0
JEN\
Since x; = 1{W; > 0}, the first term is always nonnegative. The terms in the

summation are likewise nonnegative since

(

Liff W; > 0 and Wi < 0
xj— @ =4 —1iff W; <0 and W} >0

0 else.

\

Thus, the IR constraint is satisfied for all types t.

. Let ¢ be an arbitrary type realization. Note that since 7;.;, > 0, we can bound

the payments given by (3.2.5) by

pi> Y WiI{W; >0} — 1{W; > 0})

JEN\i
We have that
( .
Liff W} >0 and W; <0
H{W} >0} — 1{W; > 0} = —1iff W <0and W; >0
0 else

\

Matching up the cases, we get that p; > 0, so payments are nonnegative.
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A.2 Comparing Efficient and Optimal Allocations

We consider the special case of two bidders with uniformly distributed type parame-
ters in Setting 1 and compare the welfare-maximizing and revenue-maximizing allo-
cation functions.

As stated in Section 3.3.1, given a distribution function F}, . and corresponding

density function f,, . for n,;on [n. . %i;], fori # j € N, we define the distribution

Lij

of t;; on [—7ij, —7_7Z,<_j] by the distribution and density functions

Evj (t%]) =1- Fﬂi(—j(_ti,j) =1- FTh'<—j (771<—])

fijtig) = Foc;(=tig) = Foie;(Miey)-

Further, for all i, j € N, we define the virtual value functions ®; ;(¢;;) :=1t;; — (1 —
F; ;(ti;))/fi;(ti;). Then for all i € N and j € N\i, we can express the virtual

functions as

Dii(tii) = vi — (1 — Fy,(vi))/ fu, (03)

Dij(tig) = =iy — FouyMicg) [ fons (M)

Suppose all the parameters v; and 7, ;, for ¢ # j € N are uniformly distributed

on their respective domains. The virtual value functions take the forms

O, i(tii) = 2v; — v

D;;(tig) = —=2micj + 1,
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The optimal allocation rule 3.3.2 then becomes
zy(t) = IL{Z Gik(tin) > 0}
iEN

= 1< (2o — ) + Z (—=20ick +m,_,) >0
1€N\k

@k_ZiNkni
= 1< v — E Nik = ;\ ok
iEN\K

In the case of n = 2 bidders, bidder 1’s allocation is

vy —n
ri(t) = ﬂ{vl — N1 = %}

Meanwhile, the welfare-maximizing allocation rule for bidder 1 is
z1(t) = H{vr — naeq > 0}

Thus, the revenue-maximizing allocation allocates to bidders less often than does the
welfare-maximizing allocation. The optimal mechanism therefore is not in general
efficient. This is illustrated in Figure 3-1, where the welfare-maximizing and revenue-
maximizing allocations are shown to partition the type space for t into the regions

based on bidder 1’s allocation.
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