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—— Abstract

In this work we consider the role of entanglement assistance in quantum communication protocols,
focusing, in particular, on whether the type of shared entangled state can affect the quantum
communication complexity of a function. This question is interesting because in some other settings
in quantum information, such as non-local games, or tasks that involve quantum communication
between players and referee, or simulating bipartite unitaries or communication channels, maximally
entangled states are known to be less useful as a resource than some partially entangled states.
By contrast, we prove that the bounded-error entanglement-assisted quantum communication
complexity of a partial or total function cannot be improved by more than a constant factor by
replacing maximally entangled states with arbitrary entangled states. In particular, we show that
every quantum communication protocol using ) qubits of communication and arbitrary shared
entanglement can be e-approximated by a protocol using O(Q/e+log(1/¢€)/e€) qubits of communication
and only EPR pairs as shared entanglement. This conclusion is opposite of the common wisdom in
the study of non-local games, where it has been shown, for example, that the 13322 inequality has a
non-local strategy using a non-maximally entangled state, which surpasses the winning probability
achievable by any strategy using a maximally entangled state of any dimension [17]. We leave open
the question of how much the use of a shared maximally entangled state can reduce the quantum
communication complexity of a function.

Our second result concerns an old question in quantum information theory: How much quantum
communication is required to approximately convert one pure bipartite entangled state into another?
We give simple and efficiently computable upper and lower bounds. Given two bipartite states |x)
and |v), we define a natural quantity, deo(|X) ,|v)), which we call the o Earth Mover’s distance,
and we show that the communication cost of converting between |x) and |v) is upper bounded by a
constant multiple of doo(|X) , |v)). Here doo(|X) , |v)) may be informally described as the minimum
over all transports between the log of the Schmidt coefficients of |x) and those of |v), of the maximum
distance that any amount of mass must be moved in that transport. A precise definition is given
in the introduction. Furthermore, we prove a complementary lower bound on the cost of state
conversion by the e-Smoothed {~-Earth Mover’s Distance, which is a natural smoothing of the
{so-Earth Mover’s Distance that we will define via a connection with optimal transport theory.
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1 Introduction

1.1 Entanglement-assisted communication complexity

Imagine that two cooperating players, Alice and Bob, are given the task of evaluating a
function f(z,y) (z,y € {0,1}"), where x is known only to Alice and y is known only to
Bob. The communication complexity of f is the number of bits that Alice and Bob need to
exchange in order to compute f. Popular variations of this framework include allowing a
small probability of error, allowing qubits to be communicated instead of classical bits, and
allowing extra resources such as shared randomness or entanglement.

In classical communication complexity, Newman’s theorem [14] states that arbitrarily
large amounts of shared randomness in a protocol can be replaced by a distribution with
O(log(n/e€)) bits of entropy while only reducing the success probability of that protocol by e.
(Here n is the input size of each party.) Is there a quantum analogue to this result?

In one sense the answer is “no”. Given a two-party entanglement-assisted protocol for, say,
computing the value of some function, we cannot replace the shared entanglement with some
different, less entangled, state, without causing large errors [10, 1]. It is an open question
whether it is possible to replace a large entangled state with a less entangled one while also
changing the communication protocol.

However, while it remains a challenge to characterize the dimension of shared entanglement
required for optimal entanglement-assisted quantum communication protocols, in this work
we show that the type of shared entanglement required by such protocols can be neatly
characterized. In Theorem 1 below, we establish that the bounded-error entanglement-assisted
quantum communication complexity of a partial or total function cannot be improved by
more than a constant factor by replacing maximally entangled states with arbitrary entangled
states. This is accomplished by constructing an explicit protocol which allows two parties,
who only share maximally entangled states, to simulate any entanglement-assisted quantum
communication task regardless of the shared state that that task originally required.

» Theorem 1. Consider a quantum communication protocol R whose goal it is to compute
a joint function f(x,y) € {0,1}. Suppose that R uses an arbitrary bipartite entangled state
W)AB (of unbounded dimension), as well as Q qubits of communication total, in either
direction (for sufficiently large @ > 15). Then, for every ¢ > 0, there exists a quantum
communication protocol R’ which simulates R with error €, while using only a mazimally
entangled state as an entangled resource (rather than |)*P or any other state), and using
O(Q/e+1og(1l/e)/e) qubits of communication. Thus, if R computes f with error €' it follows

that R’ computes [ with error e + €.

Theorem 1 shows that, although the role of shared entanglement in quantum commu-
nication complexity is still not well understood, the type of shared entanglement does not
drastically change communication complexity. This is true regardless of input size or promise,
as long as we are in the constant-error regime and some communication is allowed between
players (unlike, say, the simultaneous-message-passing model). This result sets quantum
communication complexity apart from settings such as channel simulation [3], nonlocal
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games [11, 16], unitary gate simulation [6], and communication tasks involving quantum
communication between referees and players [12]. In each of those cases the ratio between
the EPR-assisted costs and the (unrestricted) entanglement-assisted costs can be made arbi-
trarily large. This suggests that the role of shared entanglement in quantum communication
complexity may be fundamentally different than in these other settings. Furthermore, the
result achieved in Theorem 1 may be useful in future work attempting to further bound the
role of entanglement in quantum communication complexity, as it restricts the problem to
the case of shared EPR pairs, without loss of generality.

Previously it was known that a universal form of entanglement existed: the embezzling
state [8]. Our Theorem 1 can be viewed as showing that these states can be replaced by the
much simpler family of maximally entangled states.

It may be worth noting that the proof of Theorem 1 is nearly oblivious to the entanglement-
assisted protocol being considered in the following sense: Given a protocol P using ) qubits
of entanglement and a shared entangled state |i), we can replace |¢) with a “consolidated”
state p at the cost of error e. Moreover, p can be prepared from a maximally entangled state
using O(Q/e + log(1/€)/e) communication. Taking e constant implies that the EPR-assisted
communication complexity of a function is at most O(1) times the (unrestricted) entanglement-
assisted communication complexity of that function. It was not necessary to modify the
protocol P to achieve this result, except to pre-compose it with a pre-processing protocol
which starts with only EPR pairs, and prepares the state p using only O(Q/e + log(1/€)/€)
communication. P can then be run on p directly. Such a protocol-agnostic preprocessing
should not be taken for granted, since it is known that reducing the number of EPR pairs
may in some cases require more than just pre-processing [10, 1].

1.2 Communication cost of state transformations

Our second contribution, which is related at the level of techniques to Theorem 1, is to
provide upper and lower bounds for an old quantity studied in quantum information theory,
the communication cost of state transformation.

Suppose that | X>AB and \1/>AB are bipartite pure quantum states, with vectors of Schmidt
coefficients denoted respectively by x and v. In this setting it is known that |x) can be exactly
converted into |v) using LOCC if and only if x is majorized by v [15]. But the communication
cost of this transformation is known only in a few special cases. If |y) = |xo)®" and
V) = |vo)®" for some states |xo), |1o), then this cost is O(y/n) or less in some special
cases (e.g. |vp) is maximally entangled). More generally there is, in principle, an exact
characterization of the communication cost (either LOCC, or quantum communication) of
state transformation using the Schubert calculus due to Daftuar and Hayden [4], but in
practice it is difficult to extract concrete bounds from their main theorem.

In this work we identify a simple and efficiently computable quantity, which we call the £
Earth Mover’s (or Wasserstein) Distance, which tells us approximately how much quantum
communication is required to transform |x) to |v). Given its simple form, we believe that
this quantity may be a useful tool in quantum information theory.

» Definition 2 (£, Earth Mover's Distance ). Let [x)*” = 3,cx v |1 @[i)” and [v)*?

diey \/1Tj\j>A ® |5)? be two states. We define doo(|X), |v)) to be the ls, Earth Mover’s
distance between |x) and |v), which is equal to the minimum p > 0 for which there exists a
joint distribution w(z,y) : X x Y — Rxo such that:

ey w(ij) =xi Vie X

Yiexw(i,j)=v; VjeY

w(i,j) =0 whenever |log(x;) —log(v;)| > p
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We can think of y as corresponding to placing x; mass at position log(x;) for each i,
and similarly for v. Then do(]x), |v)) is the £o, EMD (Earth Mover’s distance) between
these distributions.

In Section 4 we will show that this quantity gives an intuitive upper bound on the amount
of quantum communication required to transform one bipartite shared state into another. In
particular we prove the following theorem.

» Theorem 3. Let |x)*? and [v)*? be two bipartite shared states. There is a protocol Mo
which can prepare |v) from |x), using only 4[dso(|X),|v))] + 8 qubits of communication.

In Section 3 we establish a complementary lower bound, showing that a “e-smoothed”
version of the ¢, Earth Mover’s Distance, denoted by d5_(|x) , |[v)), gives a lower bound on
the cost of state transformation. That is:

» Theorem 4. Given any two bipartite shared states )P = Zl\/Eh}A ® [i)® and
)P = > Vi iY* @ |i)?, shared between two parties A and B, together with a unitary
Up which can be performed on the state |¢>AB
that uses Q qubits of communication between A and B, we have that, for every e:

via a quantum communication protocol P,

1 .
(@ Up [9) 5| <1 76 + 24 273 U0x (W19 =50)

In words: If two shared states cannot be brought within small /., Earth Mover’s Distance
of each other by moving an e quantity of mass of their Schmidt coefficients, then they also
cannot be brought closer than 1 —O(€?) fidelity with each other without using Q(dS, (|¢) , |¢)))
qubits of communication (for sufficiently large values of d5_(]#),|¢))). Thus, the e-smoothed
f~ Earth Mover’s Distance provides a lower bound on the communication cost of state
conversion. On the other hand, from the definition of d5_(|¢), |¢)), stated in Definition 13,
we note here that one can use Theorem 3 to move |¢) to within 1 — e fidelity of |¢) using only
O(d5.(|¥) , |¢))) qubits of communication. To do this, omit the e mass of Schmidt coefficients
on which the two states have large e-smoothed ¢, distance, and apply Theorem 3 as one
would do with the regular ¢, Earth Mover’s Distance. In this sense d<_(]1) , |¢)) gives both
an upper and lower bound on the communication cost of state conversion.

To put these bounds in context: One could consider entanglement concentration and
dilution to be the starting point for the study of state conversion. The original paper on
entanglement concentration and dilution [2] concerned the many-copy limit and did not
attempt to bound the amount of classical communication used. The first time the classical
communication cost of state conversion was considered explicitly seems to have been in [13],
which could be said to establish a version of our upper bound in the case where the starting
state is maximally entangled. (Their result is not quite that general but contains many of
the key ideas.) A version of our lower bound was established, again for the case of starting
with maximally entangled states, in [7, 9]. These lower bounds could be applied to general
state conversion but relied on Renyi entropy inequalities that are clearly not tight in many
cases. Finally, as noted earlier, a full characterization of the communication cost of general
state conversion was given in [4] but the resulting formula is complicated and there is not an
efficient algorithm known to evaluate it.

We conclude the section with two remarks about notation.

» Remark 5. In theorem statements above, and where appropriate, we have made use of
superscripts A and B, as in W)AB =3 Vi iy ® \i)B to explicitly denote the two halves of
the bipartite division of a state. However, since all of the shared entangled states considered in
this paper are bipartite, and since the two components of the bipartite division are generally
clear from context, we will usually omit this notation.
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» Remark 6. When considering a bipartite state |i), we will assume that the state has
a Schmidt decomposition of the form |¢) = >~ \/4; |i) ® i) across the implicit bipartite
division. This is done in the theorem statements above and everywhere in the paper. We
can assume this WLOG because any state that has the same Schmidt coefficients as |¢) can
be moved to this canonical form (and vice versa) using only local unitary transformations,
which can be implemented with no quantum communication between the two components of
the bipartite division. Thus our analysis of communication costs is unaffected by assuming
WLOG that, in any quantum communication protocol, shared entangled states start and
end in this form.

» Remark 7. Given a quantum state |v) in Ha ® Hp, we will use rkscnmiat(|V)) to denote
the Schmidt rank of |v) across the bipartite division between H 4 and Hp.

2 Entanglement-Assisted Communication Complexity

In this section we will discuss the proof of our main result, Theorem 1, which shows
that arbitrary entanglement-assisted quantum communication protocols can be simulated
by quantum communication protocols that use only the maximally entangled state as an
entangled resource. A basic fact we will need is that two bipartite pure states which are
sufficiently different in the distribution of mass across their Schmidt coefficients must be
nearly orthogonal. This fact is stated for our specific purposes in Lemma 9 below. Crucially,
such states remain nearly orthogonal even after one of them is acted on by any unitary
which can be implemented with a small amount of quantum communication, as we detail in
Lemma 8.

» Lemma 8. Given two quantum states |¥) and |v) on Ha @ Hp, such that the Schmidt
coefficients of ¥ are upper bounded by Amax, and those of v are upper bounded by Vmax, and
further given a unitary transformation U on Hx ® Hp which can be implemented using at
most Q qubits of communication between the H 4 and Hp components of the Hilbert space, it
follows that:

| <¢|u ‘V> | S 2%Q : rkSchmidt(|w>) V )\mameax

Proof. If U is a unitary transform using @ qubits of communication, then rkgcpmiat(U [V)) <
297ksenmiar (V) [9]. We also know that the Schmidt coefficients of U |v) are bounded above
by 29,42 [9]. The desired result now follows by Lemma 9. <

» Lemma 9. Given two quantum states |¥) and |v) on Ha @ Hp, such that the Schmidt
coefficients of 1 are upper bounded by Amax, and those of v are upper bounded by Vmax,
we have:

| (@[) | < Tksenmiat (|9)) v/ AmaxVmax

Proof. For brevity let r = rkschmidat(|t0)). Schmidt decompose |[¢)) and |v) as |¢) =

Z::_ol Vi) 4®i) g, as [v) = Zj Vi 17) 4®1j) g Define the matrix M, = Ej Nz {45
and note that

20:5
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Now, by definition of a Schmidt Decomposition, we know that the maximum singular
value of M, i \/Vmaz. Thus, for all i we have that | (i4]| M, |i%) | < /Vmae (since |i4) and
lig) are normalized vectors by definition). It then follows that:

| <1/1|V> | <r V )\max’/max = TkSchmidt(|¢>) V Amax”max <

Although Theorem 1 is the main result of this work, the proof is too long to fit in a 10
page abstract. Therefore will now give a brief, intuitive outline of the proof of Theorem 1,
restated below for the reader’s convenience, and include the complete proof in Section A of
the Appendix.

» Theorem (Restatement of Theorem 1). Consider a quantum communication protocol R
whose goal it is to compute a joint function g(z,y) € {0,1}. Suppose that R uses an
arbitrary bipartite entangled state WJ)AB (of unbounded dimension), as well as Q qubits of
communication total, in either direction (for sufficiently large Q > 15). Then, for every
€ > 0, there exists a quantum communication protocol R' which simulates R with error e,
while using only a mazimally entangled state as an entangled resource (rather than |¢>AB
or any other state), and using O(Q/e +log(1/e)/e) qubits of communication. Thus, if R
computes [ with error € it follows that R’ computes f with error e + €.

Proof Sketch of Theorem 1. Suppose that we have a communication protocol using @
qubits of communication and a pure entangled state |¢). If we can prepare |¢) from EPR
pairs using O(Q) qubits of communication then we are done. Thus we can assume that |¢)
has entanglement spread that is > @. This will be defined more precisely below (see also
[9, 7, 5]) but roughly speaking it means that we can write |) as a superposition of varying
numbers of EPR pairs, say from Funin t0 Emax, With Enax — Fmin > Q. (Technically we
need to use Theorem 3 to show that with a small amount of communication |¢) can be
mapped to a superposition of maximally entangled states of different sizes.)

For simplicity, suppose that |p) = |a) + |3) where |a), |3) each have norm 1/4/2 and, up
to normalization, |«) is locally equivalent to E,;, EPR pairs and |3) is locally equivalent to

Erax EPR pairs. This difference in entanglement means that |«) and |3) must be nearly

Emax_Emin
orthogonal: specifically their overlap can be at most 1/v/2

a unitary communication protocol P using ) qubits of communication to one of them, say /3,
then that will not be enough to bridge the gap. If we perform P and then measure the first
qubit, this is equivalent to measuring the observable PTUQ)P, which conveniently is also a

. Moreover, if we apply

unitary using 2Q) qubits of communication. The bias of the protocol (i.e. Pr[1] — Pr[0]) is
then

(| PTeMP o) = (| PTeVP [a) + (B PToVP|B) + (1)
(| PTeMPIB) + (B PToVP |a) (2)
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Because of the limited communication used by P the terms in (2) are negligible, on the order
of 1/y/amesBmin=1Q

This means that |p) behaves effectively like an incoherent mixture of |«) and |5). The
phase of the superposition between |a) and |8) cannot be observed without using more
communication. Similar arguments were used in [6] to argue that projecting onto |¢) required
a lot of communication even given the assistance of unlimited EPR pairs. Indeed applying a
phase of —1 to |a) + |3) but not |a) — |5) is equivalent to the unitary which maps |a) < |3),
and so must require quantum communication if the two states have different amounts of
entanglement. (The only exception would be if an embezzling state is used.)

If |a) and |3) are locally equivalent to maximally entangled states of different sizes then
their mixture can be prepared using no communication starting with a large number of EPR,
pairs and a shared random bit (which can also be obtained from an EPR, pair). Since P
cannot distinguish ¢ from this mixture, we can run the protocol successfully starting with
EPR pairs which we map for free (or almost for free, given our above use of Theorem 3) to
the mixture of |a) and |5).

To prove the full theorem we need to consider more general superpositions and new
mathematical subtleties arise. But the key principle is still that a low-communication protocol
cannot observe phases of superpositions between states whose degrees of entanglement are
too far apart. <

3 The Cost of State Transformation: A Lower Bound

It is natural at this point to discuss the background and proof for Theorem 4, which establishes
a lower-bound on the cost of State Transformation by the e-Smoothed /., Earth Mover’s
Distance, and to postpone the discussion of Theorem 3 until Section 4, for two reasons. First,
the proof of Theorem 4 in this section shares key techniques in common with the proof of
Theorem 1 in Section 2 above, and so this progression may provide the reader with some
continuity of thought while also reiterating the usefulness of the techniques. Second, Theorem
4 in this section motivates the notion of the ¢, Earth Mover’s Distance by highlighting
its, perhaps surprising, relevance to lower bounding the cost of state transformation. This
prepares the reader with some motivation for why the upper bound proven in Theorem 3, in
Section 4 below, is interesting and potentially useful. Thus, covering Theorem 4 at this point
may provide the reader with a reason to accept the e-smoothed /., Earth Mover’s Distance
as a useful proxy for the cost of State Transformation.

Whereas the proof of Theorem 3 in the next section will make direct use of Definition 2, the
proof of Theorem 4 in this section is elucidated by first establishing an equivalent formulation
of the ¢, Earth Mover’s Distance which is derived by establishing the relationship between
the /o, Earth Mover’s Distance as defined in Definition 2, and the Monge-Kantorovich
Transportation distance on the real line, as shown below. After translating to this equivalent
definition, stated in Definition 12, the generalization to the e-smoothed /., Earth Mover’s
Distance in Definition 13 is straightforward and natural.

» Definition 10. Given two probability distributions u and v on the real line, define I'(u, V)
to be the set of probability distributions on R X R whose marginals are p and v, respectively.
Given a cost function ¢ : R x R — [0,00] the corresponding Monge-Kantorovich distance,
dyri (1, v) between p and v is defined as:

o) =it { [ ooy €T}

20:7
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We can interpret I'(u, v) as flows mapping u to v and ¢(z,y) as the cost of moving one
unit of mass from position x to position y. The Monge-Kantorovich distance is then the
minimum cost flow using this cost function and boundary conditions.

In order to translate into a statement about quantum states, we make the following
definition in a similar style to Definition 2:

» Definition 11. Given a bipartite shared state |v) = > .o Vi li) ® |i) let us define a
random variable Vi, which takes value log(v;) with probability 1; (note that, since the i;
sum to one, this is a well defined random variable). We now define py to be the probability
distribution of this random variable.

It is clear that, for every v, py is a probability distribution on the real line. One may
note the following simple relationship between Monge-Kantorovich distance and ¢, Earth
Mover’s Distance:

For any ¢ > 0, consider the Monge-Kantorovich distance, djsxg) where the function
¢: R xR — [0,00] is defined by c(z,y) = 1 if |z —y| > 6§ and ¢(x,y) = 0 if |z — y| < 0.
Then, for any two quantum states |¢) and |¢), we have that doo (|20}, |¢)) < 6 if and only if
darx (o) (Py: Py) = 0.

Given this concrete connection between ¢, Farth Mover’s Distance and the Monge-
Kantorovich distance, we can now make use of the following characterization of Monge-
Kantorovich distance for distributions on the real line, which is well known in optimal
transport theory:

» Fact. Let p and v be probability distributions supported on the real line, and let F,, and F),
be their cumulative distribution functions, respectively. Then, for any ¢: R x R — [0, 00] :

v€r(p,v)

duxtur) =t L[ ceainten) - /01c<FH1<s>,FV1<s>>ds

It follows from this Fact, combined with the discussion above, that an equivalent definition
of the /o, Earth Mover’s Distance is given by:

» Definition 12.

(1) . 16)) = i 75, (0) = £ (@)

A drawback of d(|30) , |¢)) is that it is not robust against tiny changes of either distri-
bution in the total variation distance. Concretely, it is lower but not upper semi-continuous,
since adding an infinitesimal amount of mass far away can cause do(, t)o increase by an un-
bounded amount. This is acceptable for an upper bound (i.e. protocols using communication
scaling with d(, )) but it would be impossible to prove a lower bound (or no-go theorem) of
the form of Theorem 4 if stated using that definition. For this reason, we find it convenient
to introduce a “smoothed” version of the distance measure.

» Definition 13. e-Smoothed . -Earth Mover’s Distance

di([¥),]¢)) = max  min |FH(q) — Fp )l ()]

in
q€[0,1] r€[g—e,q+¢]

With this definition in place we can now state the lower bound.
» Theorem (Restatement of Theorem 4). Given any two bipartite shared states [y AP =
SV @ )P and |6)*P = 3. V@i |0 @ |i)P, shared between two parties A and
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B, together with a unitary Up which can be performed on the state |¢>AB via a quantum
communication protocol P, that uses Q) qubits of communication between A and B, we have
that, for every e:

1 .
(B*F Up [9)*7] < 1 - 362 + 24 274090160 -30)

Intuitively, Theorem 4 states that two bipartite shared states which are far apart in the
e-Smoothed ¢,.-Earth Mover’s Distance, cannot be made equal via a quantum communication
protocol unless it uses at least ¢ - dS_(|¢),|®)) qubits of communication (for a particular
constant ¢ which can be computed from the statement of Theorem 4).

Proof. Suppose that two bipartite shared states |¢)) and |¢) have d5_ (|¢),|¢)) = d. By
definition Jp € [0, 1] such that
i Flp)—F 1) =d 3
e \Fy,, (p) — F, . (r)] 3)
Suppose that Fﬁl (p) < Fp;1 (r) (if the opposite is true then we simply switch the
roles of ¢ and ¢ and continue with the same proof). Define z = Fp_wl (p). Further define
|¢>§m = Z{i:l]ogl/d)i‘gz} Vi li) ® |i), and V) = [¥) — |¢>§m Similarly define ‘¢>Zm+d =
Z{i:l]og 1/¢:|>a+d} Véili) ® i), and 0) cova = 0) — ‘¢>2x+d- Note that Iw>§w, and [¢) .,
are orthogonal, as are |¢) _,, ; and [¢)s, .\ 4

Since we have z = ijpl (p) it follows from the definitions that ||[¢), [|* = p. Since

Fy, () = p, and F, '(p) < F,'(r), it follows from Equation 3 that Fy,,(z +d) < p — e

Therefore, ||[6) -y 4|12 < p — € and thus [|16)s, g2 = 1~ [16) cpag P = 1= p+c.
The main idea in the proof of this theorem is that we can now decompose Up [1) and |¢)
each into three nearly orthogonal parts as follows:
» Definition 14,
vy =Upl¥), |8°) = 19) 300 92) = (1 - |6°) (¢]) Up [9)...
V%) =[6") (S| Upl)ses |61) = [91) (W 180 carar |07) = (1= [#7) (V') 180 cora
It follows from this definition that:

Up ) = [1) + [?) + |[*) (4)
o) = |o") + |¢%) + |¢?) (5)

The motivation and key property of the particular decomposition described in Definition
14 is best illustrated by the discussion of Lemma 15 below and the remainder of the proof of
Theorem 4, which follows that.

» Lemma 15. Fori,j € {1,2,3} with i # j, we have that |(¢*[7)]| < h(Q,d), |(Wi|w)| <
W(Q,d), and |(¢|¢7)| < h(Q, d), where h(Q,d) = 4-2°%5.

The proof of Lemma 15 is given separately in the appendix. Within that proof is the key
use of Lemma 8 which is the primary conceptual step in proving Theorem 4. Understanding
the proof of Lemma 15 is also the best way of understanding the motivation behind Definition
14 above.

While the individual |wi> and |¢i> are not necessarily all orthogonal we do have ’z/)2> L
’1/}3> and W1> 1L ‘1/)2> + |w3> Likewise ‘¢1> 1 ‘¢2> and ’¢3> 1 |1/)1> + ‘1p2> Together with
equations (4) and (5), these imply

L= ([ 2+ o)) + |l
1= 6D+ e + 16 (6b)

I
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From Lemma 15 it follows that:

A PW)) | = [ (8| Up [0} | = | ({&*] + (6*| + (&%]) (]} + [9?) + |[v*))]
< [(@' )|+ [(@?[¢?)| + [(6*[v*)] + 6 - h(Q,d)
< eI+ M T+ e ) )] + 6 - (@, d) (7)
Now recall that
[l = ||oe 1) <a|| = ||1) <o || = vE
H|¢3>H==\M¢>Z£+d\ >\/1-pte

We now return to Equation 7. Setting z; = || [/*)|| and y; = || |¢?)]| for i = 1,2, 3 we have
[ (@IP(W)) | < @191 + w2y2 + w3y3 + 6 - h(Q, d) (8)

where 1 = \/p, y3 > /1 —p+ € and (21, x2,23), (Y1, Y2, y3) are unit vectors. We claim that
this quantity is maximized by setting ro = yo = 0 and y3 = /1 —p + €. Indeed we can

upper bound \/py1 + T2y2 < x12y12 where z12 = /27 + 23 and y12 = \/y; + y3. Now define
212 = cos(), x3 = sin(a), y12 = cos(fB), y3 = sin(B) and we have

21y1 + z2y2 + z3ys < cos(a — f). (9)
This is maximized by taking (z1,22,23) = (y/p,0,v/1—p) and (y1,92,43) =
(vVp—¢,0,/1T—p+e¢). Thus

[@IPW) | <Vp—eyp+V1-pyl—p+e+6-h(Q,d). (10)

Finally we would like an upper bound independent of p. This maximization is performed
in the proof of Fact 27 from Section G of the Appendix and yields the following.

HBIP@)) | <1~ 1+ 6-h(Q.d). «

4 The Cost of State Transformation: An Upper Bound

In this section we will give a proof of Theorem 3, which states that the quantum communica-
tion cost of converting between two bipartite entangled states is upper bounded by the /.,
Earth Mover’s Distance between those states. This upper bound represents the second half
of our two sided argument (employing both Theorem 3 and Theorem 4) that the £, Earth
Mover’s Distance is a simple and efficiently computable proxy for the cost of state conversion.
The proof is divided into two parts which are proved separately in Lemma 18, and Lemma 19
together with Corollary 20. At a high level Lemma 18 tells us that, given bipartite states |x)
and |v), one can map the Schmidt coefficients of |x) directly onto the Schmidt coefficients
of |v) using a series of bipartite “flows” that have small degree (where degree is a quantity
defined below). Lemma 19 and Corollary 20 then tell us that any such “flow” which has small
degree, can be implemented as an actual bipartite state transformation, with correspondingly
small communication required.

Here we establish Lemmas 18 and 19 which, together, prove the desired theorem. We
begin with a couple definitions establishing the concept of flows, as we use it here.
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» Definition 16 (Right (Left) Index-1 Flow). Fiz two states |x) = >,cy /Xi i) ® |i) and
[v) =3 ey VU) 17) ® 7). A Right Index-1 Flow from |x) to |v) is a bipartite graph Gx,y
with vertex set X UY, and edge set Exy (where X,Y represents the bipartition of the
vertices) such that:

Each vertex in j € Y has degree 1 in Gxy.

Foralli€ X, Xi =3 cy.(ij)epyy Vi

If the roles of |x) and |v) are reversed in the above, then we say that there is a Left

Index-1 Flow from |x) to |v). Equivalently, there is a Left Index-1 Flow from |v) to |x)

exactly when there is a a Right Indez-1 Flow from |x) to |v).

» Definition 17 (Degree of a Right (Left) Index-1 Flow). We define the degree of a Right

(Left) Index-1 Flow from |x) = > ;cx /X li) ® [i) to [v) = > .y /Ui 1) @ |j) to be the
maximum degree of any vertex in the bipartite graph Gx vy .

The following lemma, which a key step in proving Theorem 3, establishes that bipartite
states which are close to each other in the /., Earth Mover’s Distance of Definition 2, can
be mapped to each other through a series of flows of bounded degree. This series of flows
intuitively establishes a map for converting one bipartite state to the other using bounded
quantum communication, in a manner that will be made rigorous in Lemma 19. The main
step in the proof of Lemma 18 involves constructing a flow through a type of greedy algorithm
whose analysis has a number of subtle cases. In order to concretely exhibit these cases the
entire greedy algorithm, including every case, is written out in pseudocode in Algorithm 1.

» Lemma 18. Given two states |x) and |v), there exist two “intermediate” states |y) and |p),
such that there is a Right Index-1 Flow from |x) to |y) of degree at most 22Td=(X):[v))1+4 4
Left Indez-1 Flow from |v) to |p) of degree at most 2[4=(X11vN142 " and o Left Index-1 Flow
from |p) to |v) of degree at most 214<(1X),[v))1+2,

The Proof of Lemma 18 is included in the Appendix, section D.

Lemma 18, above, shows that two bipartite entangled states can be connected to each
other by a series of flows which have a degree which is bounded in terms of the /., Earth
Mover’s Distance between them. The next step is to establish that every flow can be
implemented via a quantum communication protocol. Lemma 19 and Corollary 20, below,
accomplish this by showing that, if two bipartite states can be connected by flows of small
degree, then one state can be converted to the other (and vice versa) using a quantum
communication protocol which only requires small amounts of communication.

» Lemma 19. Given two states |7) and |k) such that there is a Right Index-1 Flow from |T)
to |k) with degree at most 29, there exists a quantum communication protocol P, which uses
Q qubits of communication, and converts the shared state |T) to the shared state |k).

The idea of the proof is that if |7) = >, /7 |i) ® |i) then it suffices to define separately
protocols for each i) ® |i) term. These protocols simply use quantum communication to
create a shared entangled state, resulting in the state ), 7; i) 4 ® |i) 5 ® [¥) 4, 5. Choosing
the Schmidt coefficients according to the given Right Index-1 Flow yields the result. The
details of this argument are in the Appendix xE.

Corollary 20 establishes the same result as Lemma 19, but in the reverse direction.

» Corollary 20. Given two states |T) and |k) such that there is a Left Index-1 Flow from |k)
to |7) with degree at most 2%, then, for two parties sharing entangled state |k), there exists a
quantum communication protocol P, which uses @ qubits of communication, and converts
the shared state |k) to the shared state |T).

20:11
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» Theorem (Restatement of Theorem 3). Let |x

The proof of Corollary 20 is straightforward and appears in Appendix F.

>AB and |U>AB be two bipartite shared states.

There is a protocol My, which can prepare |v) from |x), using only 4[dso(|x),|v))] + 8
qubits of communication.

Proof. The proof follows by applying Lemma 18, followed by Lemma 19 and Corollary 20. <«
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A Proof of Theorem 1

A concept which will be useful in the proof of Theorem 1 is the notion of the spread of a state:

» Definition 21 (Spread). For a finite dimensional bipartite entangled state W)AB =

ZZ\/EMA ® |i)B let Aoz be the mazimum of the Schmidt coefficients of v, and let
Amin be the minimum Schmidt coefficient. We define the spread of |¢) to be the quantity

log(/\maz /)\mzn ) .

We note that the above definition of spread is given in the case of finite dimensional
|1}, which is the only case we will need. There is also an e-smoothed variant of the spread
of a state [9, 5], but it will not be needed for this proof. Within the proof of Theorem 1
the spread of a bipartite state will be used as a proxy for the amount of communication
required to create that state from a maximally entangled state. This intuition is formalized,
for example, by Theorem 3, but in this case of converting from a maximally entangled state,
is also an implication of earlier works, such as [7, 9].

» Theorem (Restatement of Theorem 1). Consider a quantum communication protocol R
whose goal it is to compute a joint function g(x,y) € {0,1}. Suppose that R uses an arbitrary
bipartite entangled state |1/)>AB (of unbounded, but finite, dimension), as well as Q qubits
of communication total, in either direction (for sufficiently large Q > 15). Then, for every
€ > 0, there exists a quantum communication protocol R' which simulates R with error e,
while using only a mazimally entangled state as an entangled resource (rather than WJ)AB
or any other state), and using O(Q/e + log(1/e)/e) qubits of communication. Thus, if R

computes [ with error € it follows that R’ computes f with error ¢ + ¢'.

Proof. Given R, g, and |¢) as in the theorem statement, Schmidt decompose |¢) as
> Vi li i) (see Remark 6 for why we may assume WLOG that |¢) has this form).

Let N > 2 be an integer, which will be specified later. Define a function f : [0,1] —
{0,1,...,2N} given by

) = of [ | N—t051/0)] {1,2,4,...,2V},

and define a new state [p) = 32,3 i1 oy VP [(6.4), (4, 7)), where v;; = ﬁ
Note that }, ;Vi,j =1, so that |p) is a normalized pure state. Furthermore, every Schmidt

_ [log(1/Xy)
coefficient v; ; of |p) is within a multiple of 2 of the integer power 2 [ =¥ ]N. This follows
because

o 3 —tog (2[4 w201 ) [lsUAT] o
= Fog(lN/AW N —log (1/X;) — Hlog(lN/Mw N—log(l/&)”
1 (11)

IN

Next, we can upper bound d(|¥), |¢)) < N by considering the coupling in which each
v; ; is moved to A;. The largest distance obtained here is the maximum log f();) for which
A; > 0, and this in turn is < N. Therefore, by Theorem 3, there is a protocol M by which
Alice and Bob can prepare |¢) from |p), using 4[d(|x),|v))] + 8 < 4N + 8 qubits of
communication. (For this special case, of course a simpler protocol could also be used.)
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Define C = R o M to be the composed protocol in which Alice and Bob start with shared
state |¢), first use protocol M to convert |p) to |¢), and then perform protocol R using
shared state |¢)) and inputs z and y, to compute the joint function g(z,y). It is evident that
C has exactly the same success probability as R. Since M uses at most 4N 4+ 8 qubits of
communication and R uses (Q qubits of communication, C can be performed with Q + 4N + 8
qubits of communication.

For k a nonnegative integer, define Iy, := {i : 27*N+1 > )\, > 27kN-11 and define the
subnormalized state

o) = 37 VAl i) (12)

i€ly

From Equation (11) and the surrounding discussion, we have that |¢) = 3", |¢). Further-
more, by the definition of Iy, it follows that |¢x) has spread at most 2; note that the spread
of |¢k) does not depend on whether the state is normalized or not.

The idea of the proof is that different |py) are not only orthogonal, but must remain
approximately orthogonal even after a small amount of quantum communication. In particular,
note that for any I, rkscnmia(Jei)) < 2N+ |¢r) ||, Furthermore, for all [ we have, by
definition, that the Schmidt coefficients of |p;) are bounded above by 27/V+1. Therefore, if
U is a unitary transform using M qubits of communication, then, it follows by Lemma 8,
that Vj, k,

(x| U lipj)] < 28M2mmGRNHL ([ oo || V273N +1. 2 =kN

[7—F]

<Ay o)

I (13)

To apply this to our problem, we first note that the protocol C depends, a priori, on the
inputs z,y to the function g(x,y) that we wish to compute (just like the the protocol R).
We now fix any input pair x,y and for the remainder of the proof of this theorem we will
perform only transformations of the shared state which do not depend on the value of x,y.
We will therefore establish that our transformation to a maximally entangled shared state
does not significantly impact the success probability of the quantum communication protocol
regardless of the value of x,y. The desired Theorem then follows.

With the input x, y now fixed, we observe that the success probability of protocol C (which
we have already established is equal to the success probability of the original protocol R)
can be expressed WLOG by performing C and then computing the probability of outcomes
when measuring the first qubit in the computational basis. The probability that such a
measurement on protocol C outputs b € {0,1} is

Pr[b] = (| C1(b) (bl ® 1)C ),

where I acts on all qubits except for the first, which is being measured. Define P =
Cl(o,®I)C =CT(|0) (0| ® I)C — CT(|1) (1| ® I)C. Then

Pr(0] — Pr[1] = (g| P l) = > (5] Plex) (14)
3.k
Observe, for later, that P is a unitary operator that can be implemented using 2Q+8N 416
qubits of communication.
The proof will proceed as follows: In Lemma 24 we show that the density matrix
© = |¢) {p| can be divided into three “pieces”, one piece which has small trace norm and can
therefore be omitted, one piece called g, which only has non-zero terms which are far from
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the diagonal in the appropriate basis, and one piece called ok Which is a block-diagonal
mixed state that can be produced with small error and low communication cost from a
maximally entangled state. Then, in Lemma 25, we show that the (g, piece of ¢ has very
little effect on the protocol C. This means that ¢ can be replaced by @pock alone while
incurring very little error in the success probability of C. Stated equivalently, via the equality
in Equation 14 above, Lemma 25 shows that the quantity |Tr(P (¢ — @block))| is small. Since
we know from Lemma 24 that ¢pocc can be produced with low cost from a maximally
entangled state, this leads us to the desired result.
We now establish some notation which will be useful throughout the rest of the proof:

» Definition 22 (subset-matrix). Consider operators on the Hilbert space which is the span
of the |p;). We say that an operator M’ is a subset-matrix of an operator M, if it is the
case that for all I,k either (| M' |¢r) = (w1l M |or), or {oi| M |¢r) = 0.

» Definition 23 (Non-Zero Set). For an operator 6 on the Hilbert space which is the span of
the |¢;), define the non-zero set of 6 to be Ty = {(I, k) : (pr|0|¢1) # 0}.

» Lemma 24. Consider the density matriz ¢ =), , |pr) (¢1]. For any € > 0, there exist
subset-matrices, Qviock, Pfars of @, such that

1. [ — (@biock + Pfar)|l1 < 26

2. T,,, €{(L,k) : |k —1| > B}, where B = 30 + 2 {%—‘

3. The bipartite shared state ppiocr can be prepared starting from EPR pairs with O(N/e +
log(1/€)/€) bits of communication.

The proof of Lemma 24 is included in Section B of the Appendix.
We can now bound the difference between the protocol C acting on ¢ versus C acting on
Pblock, following equation 14 as follows:

|(Pl“@[0] - Prtp[l]) - (Pr<pblock [0] - Prtpblock[l])| = |TI“('P(<,0 - (pblock))|

Setting N = 2Q) and recalling from the Theorem statement that ¢ > 15 by assumption,
it follows by Lemma 25, stated below, that:

[(Pry[0] = Pry[1]) = (Proy [0] = Proy 1)) = [Tr(P(p = ¢biock))| < 3e (15)

This completes the proof of the Theorem as we now describe.

We know from Lemma 24 that there is a quantum communication protocol, call it /C,
which prepares the shared state ¢pock starting from just a maximally entangled state using at
most O(N/e+1log(1/€)/e) bits of communication. Now define the protocol R' = C o K. Since
C uses at most @ +4N + 8 qubits of communication, and since we have chosen to set N = 2@Q)
(in the line above Equation 15), it follows that R’ uses at most O(N/e + log(1/e)/e) =
O(Q/e +1og(1/e)/e) qubits of communication. Furthermore, the success probability of R’
with only the maximally entangled state as an entangled resource is the same, by construction,
as the success probability of C with ¢pocc as an entangled resource, which, by Equation 15
above and the original definition C = R o M, is within 3e of the success probability of the
original protocol R from the theorem statement when using the original shared state |¢) as
an entangled resource. This is the desired result. |

» Lemma 25. For @pocr as constructed in Lemma 24, and for N,Q as defined in the proof
of Theorem 1 we have, |Tr(P(® — @oiock))| < 3¢ whenever N > 2Q > 30.
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Proof. Following Lemma 24, we define B = 30 + 2 {%—‘ Now, letting @plock and ey

be as in Lemma 24, and recalling that || — (¢block + Prar)||1 < 2€, we have:

|TI‘(P((p - @block))| < ‘Tr(lp((@block + QOfar) - Qoblock))| + 2= |Tr(7)§0far)| + 2e

= Z (k| Ploi)| + 2¢ < Z (x| P len)| + 2¢

(kD) €Ty, (kD) €Ty,

> lerlPlan)] +2€

k,l:|k—1|>B

IN

where the final inequality follows because T, C {(l,k) : |k — 1| > B} by Lemma 24.
Recalling that the unitary P can be implemented using 2Q+8N+16 qubits of communication,
and applying equation 13 then gives that:

|k

. . - —i 2
ITe(P (e — Pblock))| — 2¢€ < Z min(1, 23/2 (RREEN+16)9= N +4) H“Pmin(k,l)>||
kL) k—I|>B
_ 22 |||90l>||2 Z min(1, 23Q+12N+2427N¥+4)
l k>I+B
=9 Z min(l, 23Q+12N+242—N%+4)
n>B

o0
< 9.93Q+12N+249—BN/2+4 Z o-N%
k=0

_N
— 9.93Q+12N+249—BN/2+4 <1 4 2 2N>

<4- 23Q+12N+242—BN/2+4

So, recalling from the Lemma statement that N > 2¢Q) > 30 by assumption:
ITr(P (@ — Pblock))| — 26 < 4 - 23QF12N+249—BN/2+4
< 4 .928914N 15N~ (%] N

< 2302—N—10g(1/e)

AN

€
So,
|TI‘(P((p - Qoblock))| < 3e |

Note, in the pre-processing step in the proof of Theorem 1, and again at a point within
the proof of Lemma 24 we use our Theorem 3 in a setting where either the starting or
ending state is very close to a maximally entangled state. It is helpful to observe, to avoid
confusion, that in such cases Theorem 3 is not strictly necessary and could be replaced with
previously known results from, for example, [7, 9]. In this manuscript we will use Theorem 3
in these cases in order to remain self-contained, and for the convenience of the reader, but
we emphasize that the lines of the proof of Theorem 1 in which we use Theorem 3 could be
replaced with known results.
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B Proof of Lemma 24

> Lemma (Restatement of Lemma 24). Consider the density matriz o = 3, [pk) (¢i]. For

any € > 0, there exist subset-matrices, Qpiock, Pfar, Of @, such that

1. H‘p - (@block + @far)”l < 2e

2. Ty, C{(,k):|k—1| > B}, where B =30+ 2 {%]

3. The bipartite shared state ppiock can be prepared starting from EPR pairs with O(N/e +
log(1/€)/€) bits of communication.

Proof. Note: The terminology used in this proof is defined in the proof of Theorem 1
preceding the use of Lemma 24 there (Appendix A).

Fixing an € > 0 we will now show how to “cut” ¢ = > ; [¢k) (¢i| down into a mixture of
states of small spread such that the cut only removes subset-matrices of the operator which
are either far from the diagonal or small in the trace norm (less than 2e).

Define a sequence of mutually orthogonal projectors {P;}, where each P; is the projection
onto the span of {|¢;)}oi—1)B<i<2i.B- Let

M; = (Poi—1 + Poi)o(Poi—1 + Pay).

Now, for k € [1,....,[1/€]] define

Sk = Z Mi-[l/e]—i—k-
=0

The Sj, are block-diagonal subset-matrices of ¢, which are disjoint in the sense that Ts, N
Ts, = O when k # k. Additionally, > ;151 S, = 3, M; is a subset-matrix of ¢ which
contains the entire diagonal of . Indeed > ,le/ld S) can be obtained from ¢ via the “pinching”
TPCP which has Kraus operators given by the {Py;—1 + P»;}. Thus

Choose &’ such that tr[Si/] < 1/[1/€] < e. Since the S are all PSD we also have || Sy |1 < e.

Our strategy now is to use something like ¢ — Sy as a candidate for @pjock + Prar in the
Lemma statement. However, subtracting all of S/ removes some terms close to the diagonal,
which, even though it is not a large fraction of all entries in ¢, would make the proof and
statement of Lemma 24 somewhat awkward. So, in order to make the Lemma statement
as clean as possible we will only subtract the “anti-diagonal” parts of Sg/, and leave the
“diagonal” parts of Sy in a manner made precise below.

Define the block matrices

D= Poi_10Psi_1 + PoijpPs; Ai = Poi 10Po; + PojpPoi_1

D; and A; are, respectively, the diagonal and off-diagonal blocks of M;.

Further define Ky = 377 Ajr1/e140- We have that Ky = Spr — 372 Dyr1 /6445 and
that || 372 D1/ |l1 = [|Skr[l1 since Y272 Dyr1/e1 44 is a block-diagonal subset-matrix
of Sy containing the entire diagonal of Si,. Thus,

1Kpelly = 1Sk = > Dipryeranlln < ISwll + 1D Dirryersn |l = 218k [l1 < 2e
=0 i=0
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We now define a “cut down” version of ¢ by ¢ = ¢ — K. From this definition we have:
e = @ll = [[ Kk llr < 2e. (16)

Further, we define the projectors

nj = > B, (17)

2((F=1)-T1/€]+k)<I<2(j-[1/€]+K)

and define the block diagonal matrix @pjock as:

Poiock = »_Qi8Q; =Y Qi(p— Ki)Qj = > Q;90Q; (18)
J J J

where the last equality follows because > y Q;KiQ; = 0 because K} consists only of
the “anti-diagonal” components A;.r1/¢144 which lie outside of the @Q;. Note that vplock is a
subset-matrix of ¢ according to Definition 22. Now define ¢g,, by:

Pfar = 55 — $©block (19)

Therefore, ys,; is also a subset-matrix of ¢ according to Definition 22. Furthermore, it
follows immediately using Equation 16 that:

H‘p_ (@far‘i‘@block)nl = H<P_§5H1 < 2e (20)

Second Claim: To establish the second claim in Lemma 24 we now show that T, C
{(l,k) : |k =1 > B} (recall that B = 30 + 2 [%_‘ ). To see this, we consider the case
that |k — [| < B and show that in this case (I, k) ¢ T,,,,. Assume WLOG that k > [. When
|k — 1] < B we know that either 3j such that:

2B(2(j — 1)[1/e] + 2K —1) < I,k < 2B(2j[1/€] +2k" — 1) (21)
or 35 such that:
AB(j[1/e] + k) =3B <1 <2B(2j[1/e] + 2K —1) < k <4B(j[1/e] + k') - B (22)

In the first case, denoted by Equation 21, we have that the coordinates (I, k) lie within
the subset-matrix @piock of ¢, and thus that either (I, k) € Ty, ... or (I,k) ¢ T, by definition.
In particular, either (I,k) € TQ,0qQ; € Tpyiou as follows by Equation 18 and the definition of
Q; in Equation 17, or (I, k) ¢ T,. If (I,k) € T, ... then we note that T,

ovioex N Lo = 0 by
definition (Equation 19), and this implies that (I,k) & Ty, .. If (I, k) & Ty, then (I,k) ¢ T,
because Ty, CT,.

Prar

On the other hand, in the case denoted by Equation 22, we have the coordinates (I, k)
lie within the subset-matrix Kjs of ¢, and thus that either (I,k) € Tk,,, or (I,k) & T,,.
The reason for this is that we know that, in this case, the coordinates (I, k) are within
the subset-matrix M1 44 of ¢. Furthermore, since we have already ruled out the case
of Equation 21, we know that (I,k) is not in Djr 44, the block diagonal portion of
M;r1/e1+%- Therefore, the coordinates (/,k) must lie in the block-anti-diagonal portion
Airi/e+k = Mjre4x — Djr1/e1+4 (this can also be determined directly from Equation
22 itself, and the definition of Aj1/e)44/). Since Ky = Yo Aif1/¢1+k We know that the
coordinates ([, k) lie within the K}/, or more precisely, either (I,k) € Tk,,, or (I,k) & T,,.
Just as before, if (I,k) ¢ T,, then (I,k) ¢ T,,. € T,. On the other hand, in the case

far far
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far

that (I,k) € Tk,, we know that Tk,, N T, = () because T,
T; NTk,, = () as follows from the definition @ = ¢ — Kj.

This establishes that Ty, € {(l,k) : |k — 1| > B}.

Third Claim: To establish the third claim in Lemma 24, and complete the proof, we
will show that @pieck is & mixture of states of spread at most O(N/e + log(1/€)/¢), which
means that ¢plock can be produced from a shared maximally entangled state with at most
O(N/e +1log(1/€)/e) bits of communication.

Recalling the definition of @piock in Equation 18, let us define p}; = Q;¢Q;, so that it is
clear that @plock = D ; p;. It is also clear that p;- is not only PSD, but also an un-normalized

pure state, because

Py = Qi9Q5 = Qjly) (¢l Q.

From the definition of ); in Equation 17 we have that:

Qjle) = Z o)

B,<I<B,

C T by Equation 19, and

Where the index limits are

Bs=22((j—1)-[1/e]+k)—-1)-B
By=2(2(5-[1/e] + k') —1)- B.

We know from the definition in Equation 12 that the |p;) are orthogonal to each other,
and that each |¢;) has Schmidt coefficients bounded by 2-IN+L > N\, > 27IN=1 Thus, it is
immediate that p’; has spread at most (B, —Bs)N +4 = 2[1/¢| BN +4 = O(N/e+log(1/e)/e),

where the last equality follows because B = 3042 {%1 . Therefore ppiock is a normalized

mixture of states with spread at most O(N/e + log(1/e)/e).

Consider the normalized version of p;, which is still a pure state of spread at most O(N/e+
log(1/€)/e) it is clear that this state has Earthmover distance at most O(N/e + log(1/¢€)/¢)
from the nearest maximally entangled state (simply move all of the weight onto Schmidt
coefficients of the size of the smallest Schmidt coefficient, which can be done by moving all
the weight a distance less than or equal to the spread). It follows, by using Theorem 3 that
there is a protocol which prepares the normalized version of p from EPR pairs, with only
O(N/e+1log(1/e€)/e) bits of communication (we note that this line of the proof could also have
been established using result from [7, 9], for example). Now the state ppiocc = ), p; can be
prepared by applying this same protocol in superposition over ¢ (with the probability tr(p})
assigned to each ¢), and then tracing out over the i register. Thus @pock can be prepared
starting from EPR pairs with O(N/e + log(1/¢€)/¢) bits of communication. <

C Proof of Lemma 15

Proof. First note that it is immediate from the definitions that <¢2’1/)1> = <¢3”(/J2> =0, so
the conditions of the lemma are automatically satisfied in those cases.

To bound the remaining inner products we will first prove a bound on the inner product
|<¢3W1> | and note that the remaining inner products are bounded as a consequence of
this first bound. For notational convenience, while establishing the bound on | <¢)3W1> [,
we set [p) = [¢) .., and let p; be the non-zero Schmidt coefficients of |p) (which are just a
renamed version of the non-zero Schmidt coefficients of 1), ). Therefore, we know that,
forall j, 1> p; >27% and [Y) ., = [p) = >_; \/pj l7) ® ) The purpose of this renaming
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convention is that we can now cleanly make the following definition. For integers i define

p); = Z{j:i<\1og1/pj\§i+1} VPili) ®[7), so that we have W>§x =|p) = Zk—l p);» and
(pk|pi) = 0 whenever k # i. So,

[2]
Y Mol =le)* < 1 (23)

i=—1

By definition, for any 1 <14 < [z], the Schmidt coefficients of |p), are upper bounded by
2%, and lower bounded by 2~ and from the latter we have rkschmia: (|p);) < 2% |||p)]].
Furthermore7 the Schmidt coefﬁcients of |¢>4+q4) are upper bounded by 2~ (@+d) and thus,
we have by Lemma 8 that:

(B304 Up 0)i] < 28%rkgemiae (o)) V2 D27 < 23Q, 2 o) V202
= 2239 |p), P VZET < 2282 ||, |22 272 = 4 L2, (24)

where the final inequality follows because i < [x] by assumption. Thus,

[2]
D ($5aral Up lp),

i=—1

[x]
< bzatal Up o)

i=—1

(& [01)] = [(@zaral Up ), | =

[z]
<425 Y fllo) P = 4-27F

i=—1

o]

hQ,d), (25)

where the second inequality follows by Equation 24 and the subsequent equality follows
by Equation 23. Having established this upper bound on |<¢3|1/J1>| we now proceed with
bounding the other inner products in the Lemma statement:

[P [9)] = [(Wsal UL [6%) (6°[01)] = [(Wsal UL [6*) | [(0*|0")| < [(8°[¢")] < h(Q,d),  (26)

(02 [0")] = [(wsal UL (T 67) (6°]) [1)] < [@Wsal U [0")| + [(wsal U [67) (6°|41)]
= [(Wsa ULUP [9) | + [ (%[0 )] = [Wsalv<a) + [(0° [01) | = [(0°[0")]| < n(Q, ),

where both of the inequality steps follow by Equation 26 (the first of which also uses the
triangle inequality).

[(@°[¢")] = K [") (¥ [d<ora)| = (S*[¥)] (¢ [d<zra)| < [(6°[41)] < (Q, ),

[€2°[6%)] = [€0° (1 = 18" (¥*]) 1) <oal < [(8°[0<ara)| + [(8°]47) (¥ |#<ora))]
= [(¢sarald<ara) + [ (8°[0)] [ (" |p<ara)| = [(8°[¢)] [(¥" |p<ara)| < [(°]¢")] < R(Q,d)

Now, as noted earlier, <¢2|¢1> = <¢3W2> = (0. Continuing with the cross terms we have:
[{o"[w2)] = [Co?|e)] = [{w[w7) (0t ocara)| = [(? [0} (0! |6cara)] < [(w?[s7)] < ni@. ).

) = [l )] = () o ocnad] = [ o] (o <ora)] = (977 = w2,
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where the last inequality follows from Equation 26. And, since we already have ‘ <¢3 |w1 > ’ <
h(Q,d) from Equation 25, the final inner product to bound is:

(&[] = [(Blcora (I = [01) (¥1]) [07)]

< [ pcaralt®)| + [(P<ora|’) (@' |9)]

= [(p<ura|®”) (6°| Up [)s | + [(b<ural ) (91 [¢7)]

= [(b<aral )| [(8*| Up [¥) 5| + [(S<aral )] [(01 9%

= [(p<araltsara)l [(0°| Up [0) s o | + [(S<aral®h)] [(¥"]47)]
<0+ [(¥'|v*)] < Q. d),

where the last inequality follows by Equation 26. |

D Proof of Lemma 18

Proof. Given two states [x) = > ,c x v/Xi [i) @ [i) and |v) = 3.y /05 [4) ® [5), let w(i, j) :
X xY — Ry¢ be the joint distribution on X x Y which satisfies the o, Earth Mover
conditions for |x) and |v), and acheives the optimal earth mover bound du (]x) ,|v)). That is,
forallie X, >y w(i,j)=x; forall j €Y, >, v w(i,j) = vj, and w(i, j) = 0 whenever
[log(x:) —log(v;)| > deo(|X) , [V))-

Define [p) = 3" cy D pepprase (0o 42] VPik

J) @ |k) @ |j) @ |k), where

pi = ;21X IT+2,

We now define the intermediate state

M=y > > Viikr 1) @ k) @ |r) @ ) @ |k) |r)

JEY ke2ldoo (10 1v)1+2] pe[2ldoo (1), 0))1+2]

where the Schmidt coefficients v; 1 , are left unspecified for now.

In order to specify the Schmidt coefficients of the intermediate state |y) as well as the
Right Index-1 Flow from |x) to |v), and the Left Index-1 Flow from |v) to |p) we will first
define “bins” for the Schmidt coeflicients of |v) as follows:

For le NU{0}let T, ={j €Y :27! > v, 22_(”‘1)}, and X; ={i € X:270 >y, >
27D} Define w(Xom, Y1) = 3 jyex,. xr Wi 4)-

» Fact 26. If [m — 1| > do(|X) ,|v)) + 1, then w(X,,, T;) =0

Proof. Given i € X,,, and j € Y; we have by definition that 27! > vj > 2=+ " and
27™ > y; > 27" and therefore that |log(x;) — log(v;)| > |m — 1| — 1 > ds(|X), [0)),
where the last equality follows by assumption. It follows by definition of do(|x) , |v)) and of
w, that w(i,7) = 0. Since this is true for all (i, j) € X,,, x Ty, the claim follows. <

We will now specify an iterative, “greedy” procedure to define the Schmidt coefficients
Vi.k,c as a function of the |x) and |p).

For each (m,l) € NU{0} x NU {0} such that w(X,,,T;) > 0 we first note that by Fact
26 that |m — | < deo(|X) , |v)) + 1. Thus, for each (i,5) € X, x 1y,

i = 27D > 9 lmdee (002 5 9 joldas (LI TH2 > 4 9ldec(RINTH2 = 5

for all k € [2[de (). lv))1+2],
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Algorithm 1.

1: For all 7 set temp,; = x;

2: Set 4, = min{X,,} for all m
3: for [ e NU {0} do

4: Set j :=min{V}};

5. Set k=0;

6:  Set overflow = 0

7. for m e NU{0} do

8 if w(X,,,T;) > 0 then

9 Set temp,, = w(X, Y1)

10: while temp,, > 0 do

1 I 3, <overfiow Vikor < Pjk then

12: while temp,, > Pjk — Erﬁoverﬂow Vi k,r do

13: if k = 2[de(x).1v)1+2 then

14: Set j=75+1

15: Set overflow = 0

16: Set k=0

17: if temp; | < pjk — D <overflow Vik,r then

18: Set v; k,overflow+1 = temp;

19: Set temp,, = temp,, — temp,

20: Set temp; =0

21: Add an edge in the flow graph from i, to (j, k, overflow + 1)
22: Set 4y =ty + 1

23: Set overflow = overflow + 1

24: if temp; > pjix 7Zr§0vcrﬂow V. k,r and temp,, > p; k 72T§ov0rﬂow V;.k,r then
25: Set Vj,k,overflow+1 = Pjk — Zv-goverﬁow Vi,

26: Set temp,, = temp,, — Vj,k,overflow+1

27: Set tempim = tempim — Vj,k,overflow+1

28: Add an edge in the flow graph Gx z from i, to (j, k, overflow + 1)
29: Set k=k+1

30: Set overflow = 0

31: if k = 2[d=(x)1v))1+2 then

32: Set j=45+1

33: Set overflow = 0

34: Set k=10

35: if temp,, < pjk — D, <overfiow Viok,r then

36: if temp,; < temp, then

37 Set V) k,overflow+1 = temp,

38: Set temp,, = temp,, — temp,

39: Set temp; =0

40: Add an edge in the flow graph Gx,z from i,, to (j, k, overflow + 1)
41: Set iy = i + 1

42: Set overflow = overflow + 1

43: if temp,; > temp,, then

44: Set Vi,k,overflow+1 = temp,,

45: Set temp,, =0

46: Set temp; = temp, — temp,

47 Add an edge in the flow graph Gx,z from i, to (j, k, overflow + 1)
48: Set overflow = overflow + 1

49: if k = 2[d(X)IvD1+2 then

50: Set j=7+1

51: Set overflow = 0

52: Set k=10
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One may check that Algorithm 1 defines Schmidt coeflicients v; x ., satisfying

Z Z Z Yikr = Z xi =1,

JEY ke2ldoo (10 1v)1+2] pe[2ldon (1) 10))1+2] ieX

as well as a Right Index-1 Flow from |x) to |7), with degree at most 2[de(Ix).[v))1+2 ..
2l doo (XD 1)) 142 = 92[dec (IX):[v))1+4 In particular the Right Index-1 Flow from |x) to |y) is
constructed in Algorithm 1 by iteratively adding edges to form the bipartite flow-graph Gx z
where Z = (Y, [2[de(IX):1vD)1+42] [2ldoc(1X):1v))1+2])  Each line in the pseudocode which reads
“Add an edge in the flow graph from 4, to (4, k, overflow + 1)”, or similar, adds a single edge
to the graph G'x,z and the union of all these edges forms the bipartite flow G x z between
X and Z. Furthermore, for the v; ; , defined by Algorithm 1,

E Yikr = Pjks

re[2ldoo (1) 0))1+2]

so that there is a Left Index-1 flow from |v) to |p) defined by a bipartite graph between
the Schmidt coefficients of |y) and |p) respectively, in which, for every (j,k,r) € Y x
[Q(doo(\x>,\v))1+2] X [Zrdm“’()"“m'*'z}, there is an edge from «; 1 » to p; i of weight ;. This
Left Index-1 flow then clearly has degree 2[dee(Ix):[v)1+2,

Finally, recall that,

Z Pik = Z Uj/z(doo(\x%\v))]w =y,

ke[2ldoo (1), 10)1+2] ke[2Mdoo (1x).10))1+2]

So, by very similar reasoning, there is a Left Index-1 flow from |p) to |v) with degree
exactly 9 doo (Ix),|V)) 142 .

E Proof of Lemma 19

Proof. By assumption there is a Right Index-1 Flow from |7) to |k) with degree at most
29, so there exists a bipartite graph Gxy with vertex set X UY, and edge set Exy (where
X,Y represents the bipartition of the vertices), such that:

Each vertex in j € Y has degree 1 in G'xy.

Foralli € X, 7i =3 iy j)epy.y Fi-

The maximum degree of any vertex i € X in Gx y is 29.

The protocol for Alice and Bob to start with shared state |7) and end up with shared
state |k) will proceed as follows: Beginning with the state |7) shared between Alice and
Bob, we will refer to the register containing the Alice half of |7) as A, and the register
containing the Bob half as B. Alice will append two additional registers, of ¢ qubits each,
and initialize each of them to the all zeros state. We will call these two new registers C; and
C5 respectively. Alice will then perform a controlled unitary operation between A and the
registers C7 and C5. She will then pass the register Cs to Bob using @ qubits of quantum
communication to do so. Bob will then perform a controlled unitary between B and Cj,
Alice will perform a controlled unitary between A and C4, and after that Alice and Bob will
share the state |x).

To describe the protocol more precisely we will define the specific controlled unitaries
performed by Alice and Bob at each step. Beginning with a shared state |7), after Alice
appends the two additional @Q-qubit registers to her side of |7}, the shared state looks as follows:

Ty =D VA 0%9), @ |099) o @ i), ® i) g

1€X
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Where, initially, Alice holds the registers A, C7, and C5. Alice now performs a controlled
unitary operation, acting on registers C; and Cs and controlled on register A. To describe
this controlled unitary concisely we will need to imagine that there is some total order on the
elements j € Y (any total order will do, one can simply imagine that the j’s are indexed by bit
strings which encode integers), and we will define s;; = [{j’ € Y : j' < j, and (i,j') € Ex vy }|.
Note that, since every i € X has degree at most 2, s;5 is always an integer between 0 and
29 50 it can always be expressed in binary as a Q-bit binary number. We will take this
convention in the following argument.

Now to define Alice’s controlled unitary: When controlled on |¢) , Alice’s unitary moves the
state ’O@’Q>C1 ® |0®Q>c2 to the state [i-controlled)q, o, = - ey i jyemyy VEi/TilSii) o, ®
|siz) Oy Note that since s;; is always a ()-bit binary string, it can always be contained in the
Q-qubit registers C; and C5. Further note that, since 7; = ZjeY:(i,j)eEx,y K by assumption,
|i-controlled) , (, is a normalized pure state. Thus there exists a unitary operation that
moves ’O®Q> o, ® ’O®Q> o, o |i-controlled) c,c, and Alice need only perform this specific
unitary when the control register is in state |i) ,. So, when Alice applies this controlled
unitary to her registers Cy, Co and A (where A is the controlling register), the resulting new
shared state between Alice and Bob is:

7} = |i-controlled) ¢, ¢, @ |i) 4 i) (30
1€X

= Z Z Vi \/’fj/Ti|Sij>Cl ®|5ij>02 Ry, | (28)

1€X jeY:(i,j)€EEx,y

=3 Y VRlside, ®lsia, @1i)a ®1i)p (29)

1€X jeY:(i,j)EEx,y

At this point Alice uses @@ qubits of communication to pass the Q-qubit register Cs to
Bob. The resulting shared state is:

SN VRlsie, @l a® i) @ lsi)e,

i€X jeY:(3,7)EEX,y

Where Alice owns registers C; and A, and Bob owns registers Co and B. Now it is not
hard to see from the definition of s;; and the fact that every j € Y has degree exactly 1 in
the graph Gx y, that there is a bijection mapping each j € Y to the tuple (7, s;;). Alice and
Bob both know this bijection since they know the description of G x )y, and since bijections
are invertible, Alice and Bob can now both apply a local unitary which relabels the basis
element |i) ® |s;;) to the basis element j. The resulting shared state is:

oY VRl =Y VR ®li)s = k)

i€X jeY:(i,j)EEx,y JjeYy

Where the first equality follows because each j € Y appears in the initial sum exactly
once (because j has degree exactly one in Gx y).
This completes the protocol. |

F  Proof of Corollary 20

Proof. By definition, if there is a Left Index-1 Flow from |x) to |7), then there is a Right
Index-1 Flow from |7) to |x) (which is the starting assumption of Lemma 19). One can check
that, in the proof Lemma 19, every operation performed by Alice and Bob was reversible.
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Therefore, the proof of this corollary is simply to start at the end of the proof of Lemma
19, and “reverse” every step of the proof in order from end to beginning (including the

communication step...now communication goes from Bob to Alice rather than Alice to Bob).

The result is the desired quantum communication protocol, which converts the shared state
|k) to the shared state |7) using @ qubits of communication. <

G Fact 27

» Fact 27. Forp e [0,1] and 0 < e <p, \/p—e\/ﬁ—k\/l—p\/l—p—&—egl—%eQ

Proof. Define f(z) = /p — z\/p++/1—py/1 —p+ . Note that f'(z) = —2\/\2%—0—2\/11_;&05,
and f"(2) = =1/4 (-G + =L ) So, £(0) =1, £/(0) = 0, and

L—p N 1
"(z) =—-1/4 VP vi-p < —1/4—Y" - < —1/4- < —1/4
f@) / ((P$)3/2+(1p+m)3/2 <-1/ (p—2)3/2 ~ /pf /
for all p € [0,1] and 0 < z < p. Tt follows by integration that:
flz) =1 +/ / f(y)dydz < 1 +/ / (—=1/4)dydz = 1 — 1.2

o Jo o Jo 8
So,

1

\/P*€\/Z>)+\/1fp\/1—7p+6:f(e)§17§62. <
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