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Abstract

We study the global and local asymptotics of Macdonald processes, its degenerations, and related
models using the method of difference operators. We focus on three applications. First, we con-
sider random plane partitions with interactions, arising from Macdonald processes with periodic
weighting. For these models, the Macdonald parameters ¢, ¢ become interaction parameters for the
underlying dimer model. We establish global limit shape and fluctuation theorems in the limit as
the mesh size goes to 0 and the interaction parameters tend to 1. Second, we consider a particle
system obtained by generalizing the notion of squared singular values of products of truncated
orthogonal, unitary, and symplectic matrices to a one-parameter family of deformed models. This
procedure is analogous to the extension of classical real, complex, and quaternion matrix ensembles
to B-ensembles. A discrete time Markov chain is obtained by considering iterative multiplication
of matrix factors and its appropriate generalization. We show global limit shapes and fluctuations
when time is of constant order and the number of particles tend to infinity. We also establish
local limit theorems at the right edge when time increases with the number of particles. Third,
we discuss new developments in the method of difference operators to models beyond Macdonald
processes. We apply this technique to obtain moments formulas for eigenvalues of sums of unitarily
invariant random matrices and for measures derived from tensor products of representations of the
unitary group.
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Chapter 1

Introduction

1.1 Background and Methods

The purpose of this thesis is to discuss several methods and results about random particle systems
from random matrices, statistical mechanics, and asymptotic representation theory, with an eye
toward their asymptotic behavior as the number of particles tends to infinity. The particle systems
we study are derived from a two-parameter family of special functions known as the Macdonald
symmetric functions. Our methods are rooted in the exploitation of this connection with symmetric
function theory.

To illustrate the types of results and methods studied in this thesis, consider the following
example. Let A, B be independent N x N complex random matrices with random squared singular
values @ := (a3 > -+ > ay) and b := (by > --- > by) respectively, and let ¢ := (¢; > -+ > ¢pn)
be the squared singular values of the product AB. Additionally, assume that the distributions of
A and B are invariant under right multiplication by unitary matrices — the significance of this
symmetry assumption will be relevant for our discussion on results and methods later. We may
ask:

Question. If the empirical measures % Zf\il Oay s % 21]11 Oy, converge weakly in probability to some
deterministic limiting probability measures py and ps respectively, how do the squared singular
values of AB behave as N — oo at the global and local scales.

Global scaling refers to the scaling under which the size of the spectrum of (AB)*(AB) is
non-vanishing and of constant order, whereas local scaling focuses on a microscopic region of the
spectrum such that individual eigenvalues of (AB)*(AB) (equivalently squared singular values of
AB) remain distinguishable from one another.

The asymptotics of ¢ are well-understood at the global scale. Under a variety of hypotheses
on A and B, it is known that the empirical measures % Zfil d¢; converge weakly in probability
to a deterministic measure as N — oo known as the multiplicative free convolution of p1 and ue
(see |66]), depending only on the limits p1 and po. Furthermore, the centered measures Zf\i 10c;, —
E SN | 8., converge to a Gaussian limit as N — oo, see e.g. [31] and references therein. The former
result is known as a law of large numbers and the latter a central limit theorem by analogy with
the homonymous results from classical probability.



For an example of a local scale result, let us focus our attention on the eigenvalues at the
rightmost boundary of the spectrum of (AB)*(AB); that is, the largest squared singular values of
AB. We refer to this boundary as the right edge. It is known that if A and B are independent
truncated Haar unitary matrices — submatrices of random Haar distributed unitary matrices —
then as the sizes of the matrices tend to infinity in a suitable manner, the limiting point process
appearing at the right edge is given by the Airy point process. The Airy point process is a universal
limiting point process which appears at the boundary of many interacting particle systems, further
details are given within the body of this thesis. This result can be obtained from theorems of [1140]
and standard correlation kernel methods. Far less can be said under more general assumptions on
A and B; see Chapter [4| for progress in this direction.

In this thesis, we consider analogous global and local asymptotic questions in a family of models
subsuming this example. In Chapter [3], we study the global asymptotics of ¢ for matrices A and
B whose distributions exhibit different symmetries than that of right unitary invariance. Specifi-
cally, we take A and B to be both truncated orthogonal or truncated symplectic matrices. More
generally, our asymptotic methods apply to a family of deformed models parametrized by £ > 0
where 5 = 1, 2,4 correspond to products of truncated orthogonal, unitary, and symplectic matrices
respectively. We note that this deformation is consistent with the standard extrapolation of the
Dyson index for S-ensembles in random matrices, see e.g. [25]. We also study local asymptotics in
the setting where the number of matrix factors tends to infinity along with matrix size.

Naturally, one can consider sums instead of products of random matrices. Again, in this setup,
the symmetries of the matrix distributions are important. Along this line, we study the eigenvalues
of a matrix A + B where A, B are Hermitian matrices whose distributions are invariant under
conjugation by unitary matrices, see Chapter [dl Specifically, we discuss some structural results
which indicate future directions for asymptotic analysis.

There are several discrete analogues of these random matrix models which are also studied in
this thesis. In one direction, we can replace matrices with representations of the unitary group and
eigenvalues with signatures, which index the irreducible representations of the unitary group. In
this setting, random matrix sums correspond to tensor products of representations. We study this
model in Chapter [4 In another direction, we obtain global asymptotic results for plane partitions
with interactions. These are 2d-stepped surface models which recover the S-deformed models above
by restricting to certain marginals and taking suitable limits.

In our discussion below, we further elucidate the connection between the models in this thesis.
A more detailed summary of the models and results in this thesis is provided in Section [1.2

The methods in this thesis are rooted in symmetric function theory. The key functions in
our methods are analogous to the characteristic and moment generating functions from classical
probability. To give an idea of the methods, we continue in the setting of our example of right
unitarily invariant matrix products. The unitary symmetry implies that the distributions of a and
b determine the distribution of ¢. Under suitable hypotheses on the distributions of a and b, e.g.
compact supports, we have

sa(ai,...,an) o sx(bi,...,by) sx(cty. .. en)
E -E =E 1.1.1
o, 1) s, 1) “sx(1,....1) (1.1.1)
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for any partition A of length at most N, where

det (gj?\j—HV_J)
: 1<i,j<N

det (:cfv*j)

SA(xlv"'a':EN) =

1<ij<N

is the Schur function in N variables indexed by A, see |29, Proposition 2.2], [43, Chapter VII]. This
relation follows from the fact that the zonal spherical functions of the Gelfand pair (GLy(C), U(N))
are given by the normalized Schur functions. For N = 1, this reduces to the factorization of moments
in products of independent random variables.

Just as the moments can be lifted to the moment generating function, we can analytically
continue the map
8)\(1’1, ey (EN)
S )\(1, ey 1)

in A= (\ >---> Ay) € Z" to all of CV, which gives the generating function

Er(A\): A

(CN >z = (Zl, ceey ZN) = ECFC(Z).
Then, our multiplication identity lifts to
FEoFa(z) - EpFy(z) = EcFe(z),  zeCV. (1.1.2)

Moreover, there exists a family of differential operators { Dy}~ acting on functions in z such that

N
DyFy(z) = (Z xf) Fy(z), k>0, z1>--->an (1.1.3)
=1

Thus, just as differentiation of the Laplace transform recovers the moments of a random variable,
the action of Dy on E.F,(z) recovers the moments of the measure Zfi 1 6c,- Applying several Dy’s
gives the joint moments.

The upshot of the discussion above is that if the functions EqFg(2), EpFp(2z) have a suitably
nice form, then the moments of ¢ may be analyzed via the action of Dy and the convolution relation
. Notice that we can further iterate , extending the study of products AB to that of
a time-dependent process A;j --- Ap in discrete time T" > 1 — actually, this process is Markovian
due to the unitary symmetry in the distribution.

A similar structure arises if we replace complex matrices and unitary symmetry with real matri-
ces and orthogonal symmetry, or quaternion matrices and quaternionic unitary symmetry. In this
case continues to hold if we replace s) with the zonal spherical functions of the Gelfand pairs
(GLy(R),O(N)) and (GLy(H), U(N,H)) respectively, where H denotes the skew field of quater-
nions and U(N,H) denotes the quaternionic unitary group. We can similarly extend these zonal
spherical functions to the Heckman-Opdam hypergeometric functions Fy(z;0) where § = 1/2,1,2
correspond to the real, complex, and quaternion models. Like the complex case, for each 6 > 0,
the Heckman-Opdam hypergeometric functions are equipped with a family of differential operators
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{D} which satisfy analogous eigenrelations as that of (L.1.3).

The fact that the Heckman-Opdam hypergeometric functions and associated differential oper-
ators come as a one-parameter family in # > 0 beyond 6 = 1/2,1,2 suggests that we can study
models generalizing the real, complex, and quaternion random matrix models. This idea is explored
in Chapter [3| and leads to the S-deformed models mentioned earlier which generalize squared sin-
gular values of truncated Haar orthogonal, unitary, and symplectic matrices. We note that 8 and
0 are related by 8 = 26.

The Heckman-Opdam hypergeometric functions are themselves degenerations of the Macdonald
symmetric functions {Py(z)},, indexed by signatures A = (A; > --- > Ay) € Z" and parametrized
by 0 < ¢q,t < 1. As before, the Macdonald symmetric functions are eigenfunctions of a family of
difference operators {Dg’t}bo. This structure leads to a vast collection of probability measures
on partitions p = (1, 2, ..., 1un), known as Macdonald measures, whose moments are analyzable

by the action of DZ’t on the generating function Eﬁ:g;g where y is a fixed choice of normalizing

specialization. Similarly, these measures extend to stochastic processes by multiplication of these
generating functions, as with , and related procedures. This leads to the Macdonald processes.
Suitable degenerations of these processes give rise to the aforementioned matrix models and their
generalizations. In Chapter [2| we study the global asymptotics of Macdonald processes under a
periodicity assumption.

The application of difference operators to Macdonald processes first appeared in the pioneering
work of Borodin and Corwin [6] in the context of directed polymer models. Since then, the method
has been used for various degenerations of Macdonald processes, e.g. [§], [22]. While the applica-
tion of operators is a standard procedure in representation theory, such as the action of Casimirs
on characters, [6] succeeded in adapting this representation theoretic technique to a probabilistic
framework. For our applications, we are especially interested in the adaption of these representa-
tion theoretic tools to the method of moments in our models. Many works preceding [6] have also
ported representation theoretic ideas into probabilistic method of moments, e.g. [50]. However, this
thesis focuses on further developments on the approach introduced in [6]. In particular, Chapters
and [3| utilize a different family of operators from that of [6], discovered by Negut in [49], which was
initially used in [32] for the 5-Jacobi corners process. In Chapter 4} we consider an extension of this
method for models beyond Macdonald processes derived from tensor products of representations of
the unitary group and sums of random matrices with unitary symmetry.

1.2 Chapter Summaries

We now provide more detailed summaries of the subsequent chapters. We note that each chapter
is self-contained.

In Chapter [2| we study scaling limits of periodically weighted skew plane partitions with semilo-
cal interactions and general boundary conditions. These random plane partitions are Macdonald
processes and the semilocal interactions correspond to the parameters ¢, ¢ for the Macdonald sym-
metric functions. We consider the limit as ¢, — 1 and the mesh size goes to 0 where the boundary
of the skew plane partitions converges to piecewise linear limits. The periodicity enforces conditions
on the boundary, and we characterize the family of piecewise linear limits which are achievable un-
der this limit transition. We also show that, under this limit, the height functions converge to a
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deterministic limit shape and that the global fluctuations are given by the 2-dimensional Gaussian
free field. Specializing to the noninteracting case, this verifies Kenyon and Okounkov’s conjecture,
on the fluctuations of periodic, bipartite dimer models, for the case of the rv°"™¢ measure and
periodic variations under general boundary conditions. Chapter [2|is based on [2].

In Chapter |3, we study Markov chains formed by squared singular values of products of trun-
cated orthogonal, unitary, symplectic matrices (corresponding to the Dyson index f = 1,2,4 re-
spectively) where time is the number of terms in the product. More generally, we consider the
[B-Jacobi product process obtained by extrapolating to arbitrary 8 > 0. When the time scaling
is preserved, we show that the global fluctuations are jointly Gaussian with explicit covariances.
For time growing linearly with matrix size, we show convergence of moments after suitable rescal-
ing. When 8 = 2, our results imply that the right edge converges to a process which interpolates
between the Airy point process and a deterministic configuration. This process connects a time-
parametrized family of point processes appearing in the works of Akemann-Burda-Kieburg [4] and
Liu-Wang-Wang [42] across time. In the arbitrary S > 0 case, our results show tightness of the par-
ticles near the right edge. The limiting moment formulas correspond to expressions for the Laplace
transform of a conjectural S-generalization of the interpolating process. Chapter [3|is based on [1].

In Chapter |4, we describe a new approach extending the method of differential operators to
models which are not Macdonald processes. We do not answer any asymptotic questions, but
provide the foundation for future work in the direction of asymptotics. The main results are
moment formulas for two types of measures. The first type consists of spectral measures of random
matrices with the form

U AU + -+ -+ U AU, (1.2.1)

where A1,..., Ay are arbitrary deterministic diagonal matrices and Uy, . .., Uy are independent Haar
unitary matrices. The second type consists of probability measures derived from representations
of the unitary group. We express the moments of these measures in terms of certain lifts of Schur
functions, and obtain contour integral representations for these lifts.
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Chapter 2

Random Macdonald Plane Partitions

2.1 Introduction

Given Young diagrams pu C A, a skew plane partition supported in the skew diagram A/p is an
array of nonnegative numbers (7; ;)(; jyex/u Weakly decreasing in each index. For this chapter, we
set A= NM = (N,...,N). By viewing 7; ; as the number of unit cubes on (i, j), we may interpret
\w—/
M times

a skew plane partition as a discrete, stepped surface in R3, see Figure The volume of a skew
plane partition is the number of unit cubes, that is EZ ;i The projected image of this stepped
surface further admits the interpretation of a skew plane partition as a lozenge tiling; a tiling of the
triangular lattice by rhombi of three types. Yet another perspective is that a skew plane partition
is a dimer covering of the honeycomb lattice.

42
4,22
3/3/2/0/0

=

Figure 2.1: Skew plane partition with support (5,5,5)/(3,1,0).

The central objects of this chapter are Macdonald plane partitions, a broad class of measures on
skew plane partitions which are also Macdonald processes, we defer precise definitions of Macdonald
processes and Macdonald plane partitions to Sections and The distribution of a Macdonald
plane partition is determined by its domain N /u, interaction parameters 0 < ¢,t < 1, and a set
of diagonal weights. We obtain general moment formulas for the height function on Macdonald
plane partitions. Specializing to periodic diagonal weights, we establish a limit shape theorem and
Gaussian free field fluctuations as the mesh size goes to 0 and ¢, ¢ — 1, see Section[2.2]for a definition
of the Gaussian free field and Figure for some large samples which demonstrate the limit shape
phenomenon. This is consistent with Kenyon and Okounkov’s conjecture [38, Section 1.5, page 15]
that the fluctuations of bipartite, periodic dimer models are given by the Gaussian free field as
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the mesh size goes to 0; we note that their conjecture was stated in the context of non-interacting
models. The periodic weighting places constraints on the types of boundaries we can consider, and
we classify all possible limiting piecewise linear domain boundaries given these constraints. For this
classification, we require a notion of singular points; distinguished points where the model exhibits
unbounded and singular behavior. The asymptotic analysis of these singular points is one of the
main technical difficulties in this chapter.

volume

(a) Limit shape for r ordinary partition. (b) Limit shape for 6-periodic model

Figure 2.2: Samples of large plane partitions from the non-interacting case.

Macdonald processes were first studied by Borodin and Corwin in @ who introduced the method
of difference operators. As mentioned in the introduction to this thesis, the Macdonald processes
and their degenerations form a rich family of models which intersect directed polymer, random ma-
trix, and dimer models to name a few, e.g. @, , . We use a different family of operators from
that of @] which directly accesses moments of the height function for Macdonald plane partitions.
These operators were discovered by Negut and applied to the g-Jacobi corners process in
and Appendix 1] by Borodin, Gorin, and Zhang.

We comment on the interaction parameters (¢,t) and their relation to other models. For the
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Macdonald plane partitions, the parameter pair (g,¢) modulates the interaction between lozenges
through the interaction type log q/logt. The interaction type determines the strength of the inter-
action where 1 corresponds to no interaction and greater deviations from 1 correspond to stronger
interactions. We obtain the r°'"™¢ measure on plane partitions, introduced by Vershik in [65],
if there is no interaction and one-periodicity in the diagonal weights. The global and local limits
of the r¥o"™e measure have been well-researched (see [14,145,51,)52]). If we set ¢ = 0, we obtain
the Hall-Littlewood plane partitions, parametrized by ¢, which were studied by Vuleti¢ in [68] and
Dimitrov in [22]. Under a limit transition which preserves the interaction type, the Macdonald
plane partitions with one-periodic diagonal weights degenerate to the (§-Jacobi product process
where 8 = 2log ¢/ logt, studied in Chapter

The remainder of the chapter is organized as follows. Section [2.2] provides a more detailed
background on random skew plane partitions, introduces the Macdonald plane partitions, and states
the main results of this chapter: limit shape and global fluctuation theorems. In Section [2.3] we
extend the difference operators of Negut to formal equalities for joint moments of general Macdonald
processes, then specialize to obtain contour integral formulas for the joint moments of random skew
plane partitions. We derive conditions for which the Macdonald plane partitions converge to well-
defined non-singular limits and describe this notion of non-singularity in Section In Section
we perform asymptotics on the contour integral formulas for the joint moments. Section
proves the main results on the limit shape and Gaussian free field fluctuations, relying on properties
of (the complex structure on) the liquid region and frozen boundary obtained in Section

Notation. Let i denote the imaginary unit, i.e. the square root of —1 in the upper half plane.
Given an interval [a,b] C R, we write [[a, b]] := [a,b]NZ. Given a set K C C, we denote the interior
of K by int(K) and the closure of K by cl(K). Let Rso (R>() denote the positive (nonnegative)
real numbers and Zsg (Z>o) denote the positive (nonnegative) integers.

2.2 Model and Results

We now introduce our models and results with greater detail. For clarity, we begin by introducing
the non-interacting models and results, corresponding to Subsections and In Subsection
we parallel the preceding discussion for more general interacting models.

2.2.1 Plane Partitions and Lozenge Tilings

We interchangeably say Young diagrams and partitions. Let 4 ¢ N™ = (N,...,N) be a Young
W
M times

diagram. By the back wall of NM /i we mean the upper boundary of the skew diagram N /u (see
Figure . Let m = (m;;) be a skew plane partition with support N /u. For —M < v < N, the
diagonal section ™ = (7g y4a> Ta+1,0+a+1s---) is an ordinary partition, where a is the least integer
such that (a,v + a) is a box in NM /p.

A skew plane partition can be viewed as a 3-dimensional object by stacking m; ; cubes above
the box (i,7) as in Figure The resulting (projected) image is a tiling of lozenges <, Q, O.
For our purposes, we transform the lozenges by the affine transformation taking < +— <, Q +— 0O,
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Figure 2.3: (Left) A skew plane partition with support 52/(3,1,0). The grey upper boundary is
the back wall. We label the partitions along the diagonal sections from v = —2 to 3 from left to
right. (Right) The skew plane partition as a 3-dimensional object.

0 (). Take the standard basis of R? for the resulting image with lengths so that the transformed
lozenge O is the unit square, see Figure 2.4 This gives a unique projected coordinate system for
the tiling, up to the choice of origin. The back wall is then the graph of some function B : I — R
which is piecewise linear with slopes 0 or 1. The domain I of B is an interval of length M + N. For
convenience, choose the origin in projected coordinates so that I = (—M, N). Then the centers of
the projected horizontal lozenges <~ corresponding to the diagonal section 7% have z-coordinate v,
see Figure [2:4] Denote by Pp the set of plane partitions with back wall B. We may also consider
semi-infinite or infinite back walls by taking M or N to co.

s /)

] %7

‘%AAEQ

Figure 2.4: The skew plane partition in Figure after the affine transformation. (Left) The
projected coordinate axes in red. (Right) The back wall in red, the line above represents the
domain (—3,5) of the back wall, and the dots correspond to coordinates of the diagonal sections.

Fix a skew plane partition 7 € Pg. We define the height function which takes a point (z,y)
and gives the height at that point. More precisely, the height function h: (I NZ) x R — R is the
piecewise linear function which reports the total length of vertical line segments below the point
(z,y) in projected coordinates, see Figure

For a partition A = (A1, Ag,...) define |[A] = > ,o; A;. Consider the random (skew) plane
partition (RPP) with probability distribution on Pp defined by

P(r)oc  J[ (2.2.1)

—M<v<N

18



i

h(0,y) / -

gl

Figure 2.5: Graph of the height function at x = 0. The gray filled tiles correspond to the flat, gray
parts of the graph.

for a sequence of weights r, > 0 such that the weights above are summable. When 7, is constant
in v, this is the r¥°! measure studied in (14,4551} 52].

Definition 2.2.1. Let s = (...,s_1,50,51,...) be a p-periodic, bi-infinite sequence of positive
numbers. Denote by P5"$ the probability measure on Pp defined by (2.2.1)) where

Ty = SoT

given that the weights are summable.

We note that local limits for a specific class of back walls B are studied for p = 2 in [46].

2.2.2 Results

Our main result is an explicit description of the global fluctuations, in terms of the Gaussian free
field, of the measures PP"* as r — 1 and B converges to some limiting B after rescaling. More
precisely, we consider the following limit regime.

Limit Conditions. Fix a p-periodic, bi-infinite sequence s = (---,s_1,50,51,--) € RY, such
that sg---s,—1 = 1. Let PB:8 be parametrized by a small parameter ¢ > 0 where B : I — R and
r:= e ° vary with € such that

1. there exist integers
inf I°* = vp(e) < --- < wp(e) =supI®

such that for each 1 < ¢ < n, B is p-periodic on (vy_1,v¢) N (Z + %),
2. there exists an interval I C R and a piecewise linear B : I — R with non-differentiable points

inffl=Wy<---<V,=supl

19



such that
ev(e) > Ve (0<€<n), eB(x/e)— B(x)

as € — 0, where the latter convergence is uniform over any compact subset of I.
Remark 1. The condition sq---s,-1 = 1 is to ensure the existence of a non-trivial limit shape. If

50+ -8sp—1 < 1, then the limit shape becomes trivial; 0-volume upon rescaling. If so---s,-1 > 1,
then for 7 close to 1 the weights of PZ"# are no longer summable.

e=1
1
€=y
%Ln(é) %Uz(é)
= i ui(3)
Vo Va
lim: e —0 Vi

Figure 2.6: An example Limit Condition (2) illustrated by the graphs of eB*((|£]) at e = 1,1, %
and the limit ¢ — 0, along with transition points ev;(e).

In Section we classify the set B(s) of possible limits of back walls B attained by P53
satisfying the Limit Conditions. Our law of large numbers and fluctuations results are restricted to
a dense subset B2 (s) C B(s), defined in Section The reason for this restriction is related to
the presence of singular points; a concept further explained in Section Elements B € B2(s)
correspond to RPP limits with only finitely many singular points whereas B € B(s) \ B2(s)
correspond to RPP limits with a continuum’s worth of singular points. Our methods in general are
limited to accessing models with finitely many singular points, thus this restriction is necessary.

Before proceeding to the main result, it is convenient to state the following limit shape result
under our limit regime. Let h denote the random height function of P53

Theorem 2.2.2. Suppose PB™% satisfies the Limit Conditions such that B € B2(s). Then there
exists a deterministic Lipschitz 1 function H : I x R — R such that we have the convergence

([2].2) > e

9

of measures on y € R, weakly in probability as € — 0 for all x € I. An explicit description of this
height function is given in Section i terms of its exponential moments.
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Remark 2. We note that there exists an approach to Theorem through the variational
principle [17,38,[39]. Our approach is different with the benefit of giving explicit formulas for
exponential moments and being generalizable to the Macdonald plane partitions introduced in
Section 2.2.3]

Let pe,p g:Py denote the local proportions of the subscripted lozenges, if they exist. Given

the deterministic limit H, the local proportions of lozenges at (z,y) € I x R are well-defined and
given by

VH(z,y) = (1 = po, =P )

Po>+py try =1

It is convenient to encode the local proportions by a complex parameter z € H so that

p—1
Po=argz, pgy = 5 Z arg(l —so---si2) (2.2.2)

i=0
where the argument is chosen to be 0 on the positive reals. There is a unique such choice of z € H
for any given triple (pes,p gPy ). In the case where the period is 1 the parameter z admits a
nice geometric interpretation: the triangle (0,1, z) has angles m(pe,p 0Py ), see Figure 2.7, For

higher periods p, the author is unaware of a simple geometric alternative to (2.2.2)).

o/\

Figure 2.7: Geometric description for parameter z in 1-periodic case.

1

We briefly recall the pullback of the Gaussian free field. Detailed discussions of the 2-dimensional
Gaussian free field can be found in |24} Section 4; |60].

Definition 2.2.3. The Gaussian free field $) (with Dirichlet boundary conditions) on H is defined
to be the generalized centered Gaussian field on H with covariance

Given a domain D and a homeomorphism €2 : D — H, the Q-pullback of the Gaussian free field
$H o is a generalized centered Gaussian field on D with covariance

L 'Q(u)—Q(v)

ES(Q()9(OQ) = 5 los | g 5=,

Definition 2.2.4. Let Z be some indexing set and some family {&; };c7 of random variables. More-
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over, for each € > 0, define a family of random variables {£5}iez. We say that {& Ve — {&itier
as € — 0 in distribution if for any finite collection iy,... 4 € I the random vector (& ,...,&;,)
converges in distribution to (&, ..., &)

Let $ denote the Gaussian free field with Dirichlet boundary conditions on H, and denote by

h(xay) = h(:l),y) - ]Eh(xvy)

the centered height function. Let the liquid region be defined to be the set of (x,y) such that all
the local proportions p 0Py P are positive. We are now ready to state the main result for the

“Schur case”.

Theorem 2.2.5. Suppose PB™3 satisfies the Limit Conditions such that B € %A(s). The map
C(x,y) = e*z(x,y), where z is defined by , is a_homeomorphism from the liquid region to
H. Moreover, the centered, rescaled height function \/m h (L%J, %) converges to the C-pullback of the
GFF in the sense that we have the following convergence in distribution

{ﬁ/h <EJ %) o dy}xel,kez>o - {/ﬁ(g(x’y)>eky dy}xel,k€Z>0 .

In [38], Kenyon and Okounkov conjectured that the fluctuations of the height function for Z x Z
periodic, bipartite dimer models are given by the Gaussian free field. Theorem confirms this
conjecture for periodically weighted skew plane partitions.

Remark 3. We note that modifying the Limit Conditions so that r = exp(—ce) for some constant
c amounts to scaling the coordinates of the plane partition. For this reason, we consider ¢ = 1 to
reduce the number of parameters. In this case ((z,y) = e*z(z,y).

Remark 4. We emphasize that in the uniform lozenge tiling models studied in previous works, the
uniformization map from .# onto H is not given by the complex slope ((z,y), e.g. in [15,16,57]. For
the uniform models, the parameter ¢ in the remark above is taken to be 0 so that {(z,y) = z(z,y),
and this gives a covering map from . onto H with degree > 1. As an example, z(z,y) gives a
2-sheeted covering for the uniform lozenge tilings of a regular hexagon due to rotational symmetry.
The reason ((x,y) gives a uniformization map for our models can be related to the fact that there
is only one connected component for the frozen region corresponding to <>, which is a consequence
of our models having no “ceiling”.

Remark 5. The map ¢ depends continuously on the back wall 5. Thus Theorem [2.2.5| provides a
continuous family of GFFs parametrized by B corresponding to asymptotic RPPs.
2.2.3 Macdonald Plane Partitions

We now introduce a two-parameter family of deformation for the RPP defined by ([2.2.1]). These
deformations correspond to the (g,t)-parameter family of Macdonald symmetric functions with
(2.2.1)) corresponding to the Schur case ¢ = t. Instead of ¢, we will take a parameter o > 0 so that
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g=1t% Fix 0 <t <1, a >0 and define the corresponding probability distribution on Pg

P(r) =was(r) J[ I (2.2.3)

—M<v<N

where wq ; is an r-independent (v, t)-Macdonald weight, and the summability of the weights
coincides with the summability of the weights . The Macdonald weights wq ¢(7m) can be
described in terms of semilocal contributions of the plane partition. We explain this in greater
detail below, after introducing the coordinate system.

Figure 2.8: Left: o = 1/2; Right: a = 2. Top: 3-d partition projected onto (1, «,a)-plane.
Bottom: Transformed tiling with scaling so that the line segments by the lower left corner denote
unit lengths.

For the Macdonald plane partitions, it will be convenient to consider a different tiling and set
of coordinates which we call the a-coordinates. We transform <, Q, J to £,0,J where the widths
of 0,¢ are 1, the height of O is a, and the height of ~ is 1. This transformation is not affine
since the height of «# does not scale by a for a # 1, see Figure To understand where the
coordinates come from, consider the 3-dimensional plane partition. If the height corresponds to the
third coordinate, then the projection in Figure is onto the (1,1, 1)-plane. If instead we project
onto the (a,a, 1)-plane, then after choosing the basis parallel to the edges of the Q lozenge we
obtain the a-coordinates (up to sign of direction), see top row of Figure

Fix a plane partition m# € Pp. We define the height function as before which gives the height
at (z,y). More precisely, the height function h : (I N7Z) x R is defined as é times the total length
of vertical line segments beneath a point (x,y) in a-coordinates, see Figure The é term is
included because the a-coordinates contract the height from R? by «.

Consider further these vertical segments which are formed by intersections of an adjacent pair of
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lozenges ¢,0. We say that the vertical segment formed by the intersection of such a pair of lozenges
is a turn. If the pair goes from ¢/ to O (O to ¢J) from left to right, then we call it an internal turn
(external turn), see Figure

3a
i 242 4;_11,;%430
1L~/ e ———
yy (tile)
yt(tile)_, i

(MI Y4 (turn) o [ﬁ
y—(turn) o

Figure 2.9: Left: We mark external and internal turns black and white resp. along the grey band.
Middle: y4,y— indicated for tiles and turns. Right: Weights contributed by the flat tiles above the
highlighted turns.

Denote the set of turns of @ by 7 (7). A turn T is a vertical segment {xo} X [yo0,y0 + «| and
we set z(T) = zo, y—(T) = yo, y+(T) = yo + . Similarly, given a lozenge < along the diagonal
section z = v it spans a set of y-coordinates of the form [y1,y; + 1] in which case we let x(<) = v,
y— (<) = y1, y+(¢) = y1 + 1. We now introduce an interaction between a turn 7' € 7T (7) and
horizontal lozenges <~ which lie directly above it, given by the weight

1 — ty+(&)—y (1)
Vot (m,T) = 11 TR (2.2.4)
& (L )=x(T)
y—(£)2y4(T)

Note that if o = 1, then the weight is identically 1. If & < 1 (> 1), then each fraction in (2.2.4) is
> 1 (< 1). With this setup, we now define the Macdonald weight:

Wt () = H Vot (m, T') H Vot (T, )L
TeT (m) TeT ()
T is external T is internal
In words, if v < 1 then the weight w, ; favors external turns over internal turns, and the strength of
the preference is amplified by the presence of horizontal lozenges directly above the turn. Decreasing
« further exaggerates this interaction. For o > 1, this preference is reversed for internal and external
turns, and increasing « exaggerates the interaction.

Analogues of Theorems and exist for the Macdonald RPPs.

Definition 2.2.6. Let s = (...,s_1,50,51,...) be a p-periodic, bi-infinite sequence of positive
numbers such that sq---s, = 1. Denote by Pﬁf’s the probability measure on Pp defined by l)
where

Ty = ST, = rt7 q= t*
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h(0,y) f

Sl

h(0,y) /'

— y =

Figure 2.10: For a = 1/2 (top) and a = 2 (bottom), the graph of the height function at z = 0 and
the associated tiling where the gray filled tiles correspond to the flat, gray parts of the graph.

given that the weights are summable.

This generalizes the family PZ"* defined earlier which corresponds to o = 1 (in which case the
value of t is immaterial). The limit regime we consider is a generalization of the Limit Conditions
for IP’aB:tT’S where we fix s, o, t.

Theorem 2.2.7. Suppose }P’ff’s satisfy Limit Conditions with fized s, a,t such that B € B2(s).
Then there is a deterministic Lipschitz 1 function H : I x R — R independent of «, t such that we

have the convergence
1
eh QfJ ,Q) — —H(z,y)
el e Q@

of measures on y € R, weakly in probability as e — 0 for all x € I\ {Vy}}_, (recall these are
the differentiable points of the continuous, piecewise linear limit B of back walls). An explicit
description of this height function is given in Section [2.7

Theorem 2.2.8. Suppose Pf”[’s satisfy Limit Conditions with fixed s, c,t such that B € %A(s).
Then the map ((x,y) = e*z(x,y), where z is defined by , is a homeomorphism from the liquid
region to H independent of o, t. Moreover, the centered, rescaled height function \/am h (L%j, %)
converges to the (-pullback of the GFF in the sense that we have the following convergence in
distribution of the random family

S A (B ) S T et S
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for all x € T\ {Vi}}_,.

Remark 6. We prove stronger statements (see Theorems [2.7.2f and [2.7.4]) which remove the re-
striction x € I\ {V;}}_, in exchange for a microscopic separation condition. In these improved
theorems, we replace |z/e| with some sequence z(e) such that ex(e) — = for any x € I with the
caveat that certain ex(g) need to be separated by some microscopic distance from certain singular
points, see Definition [2.4.6] This separation condition can be removed for the @ = 1 case, and is
also unnecessary whenever t = k for any positive integer £ > 0. We expect that the statement of
Theorem should still hold in the absence of this condition. Due to technical complications,
we did not pursue this refinement.

Notation. Let B : I — R be a back wall for some RPP. Denote Iy = INZ and Ig = IN(Z+ 3).
For back walls B® denoted by superscripts, we denote the corresponding sets with superscripts: 1¢
(domain of BY), I = I"NZ, I& =1°N(Z+ 3).

2.3 Joint Expectations of Observables

The main goal of this section is to obtain formulas for expectations associated to the height function.

Consider
o)

@k()\a q, t) _ (1 N t—k) Z qk)\itk(—i—l-l) + t—k@()\)
i=1
where A = (A1, Ag,...) is a partition, £(\) denotes the number of indices i such that \; # 0, and
k € Z>o. The following proposition gives a connection between gj, and height functions.

Proposition 2.3.1. Consider a plane partition m € Pp. Fiz o > 0, and let h be the height function.
Then

00 . kB(x)
/ h(z,y)t"™ dy = W - pr (T Y ).

The main result of this section (stated in Theorem [2.3.17)) is a formula for the joint expectation

Elpk, (1) -+ ok, (7], (2.3.1)

where k1, ...,km € Z>0, T1,...,Tm € I, and (77)zes are the diagonals of 7 ~ ]P’i’tr’s. This gives us
an expression whose asymptotics are accessible, and the aforementioned proposition provides the
link to interpret these asymptotics in terms of the height function.

To arrive at a formula for , we establish a more general expression for observables of

formal Macdonald processes in Section (Theorem [2.3.12 and Corollary [2.3.13). Here, we
combine and generalize the approaches of [6], [7] and [32]. In Section we specialize these
= £a)

formal expressions to the case of Pf,’[’s to prove Theorem [2.3.17}; our formula for (2.3.1). We note

that the formal expressions obtained in Section are applicable to a much more general setting
than ours.
Before proceeding, we prove Proposition [2.3.1
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Proof of Proposition[2.3.1. As defined in Section the height function at (z,y) is the total length
of vertical line segments beneath a point (z,y). Let Y; denote the y; coordinate of the ith highest
2 lozenge along the z-diagonal section. Then Y; = an? — i+ 1+ B(x). We claim that the height
function is given by the formula
1 0
h(x,y):a<y—B(w)+/l|{i21:E+u2y}’du). (2.3.2)

To see how to obtain , note that the integral counts the total number of # lozenges lying
above (z,y), counting non-integer amounts of 27 if (z, y) lies on the lozenge by the vertical distance
from (x,y) to the top of . For y large, the height function is just é(y — B(x)). As we decrease y,
the integral term in enters since no vertical segments are added when passsing through a £
lozenge. This proves the claim.

Let N = {(r®), and note that 9yh = 1 (1 -3, 1[¥; — 1,Y]]) which is 0 on (—o00, Yy41) =
(=00, —N + B(x)). Then

/Oo W, y)t dy = —— /Oo(ayh)(x, y)t dy

oo klogt J_o
1 %0 al
=- 1= 1Y, = 1L,Yi|(y) | t" dy
Ozklogt/yN+1 ( ; [ I )>
1 N
= [N -k kY
ak?(logt)? ( + )g
tk:B(x)

= ak2(logt)? o (Tt ).

2.3.1 Formal Expectations

In this subsection, we obtain formal expressions for observables of formal Macdonald processes.
In Sections 2.3.1], 2.3.1], 2.3.1] we provide some background on symmetric functions and notions
to give rigorous meaning to the formal expressions we work with. In Section [2.3.1] we define the
formal Macdonald process and associated objects. In Section [2.3.1] we give a formal expression for
single cut observables of formal Macdonald processes, originally obtained in [32]. In Section m
we extend these formulas to multicut observables of formal Macdonald processes.

Symmetric Functions

The following background on symmetric functions and additional details can be found in [43|
Chapters I and VI].

Let Y denote the set of partitions. Recall that we represent A € Y as the nondecreasing sequence
(A1, A2, ...) of its parts and denote by ¢(\) the number indices i such that A\; # 0. Given u, A € Y,
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we write p < X if £(u),£(A) < N and
M > p1 > A >pp > > AN > [N

Given a countably infinite set X = (X1, Xo,...) of variables, let A x denote the algebra of symmetric
functions on X over C. For sets XM, ..., X of variables, let A(Xu)’m,x(n)) denote the algebra of
symmetric functions on the disjoint union of these sets.

Recall the power symmetric functions po(X) = 1 and

X)=> X}, keZs.

i>1
These symmetric functions are generators of the algebra Ax. For each A € Y, define

%))

HPA

Then {px(X)} ey forms a linear basis of Ayx. Fixing 0 < ¢, < 1, we have the scalar product

(Do Py aAMH La? Hzmzw

where m;()\) is the multiplicity of 7 in A.

The Macdonald symmetric functions { P\(X;q,t)} ey are the unique (homogeneous) symmetric
functions satisfying
(PA(X5q,t), Pu(X3q,1)) =0

for A # p and with leading monomial X f‘lXQ’\2 -+ with respect to lexicographical ordering of the
powers (A1, Ag,...). This implies that {P\(X;q,t)} ey forms a linear basis for Ax. Let Qx(X;q,t)
represent the multiple of Py(X;q,t) satisfying

(PA(X5q,1),Qx(X5q,t)) = 1.

For A\, € Y, the skew Macdonald symmetric functions Py;,(X;q,t), @x/.(X;q,t) are uniquely
defined by

Y) =3 Pyu(X)PuY),

peY

Y) =) Quu(X)Qu(Y).

peY

For a single variable z, we have the following expressions for skew Macdonald symmetric functions.
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Let f(u) = (:;ig))oo with (u;¢)ec == J];50(1 — uq’),

P)\/H(SL') = u%AwA/u(%t)x‘)\'_'m and Q}\/M(;L‘) = 6u-<>\¢>\/u(%t)x|>\‘_|u| (233)

where the coefficients are

f@ =t =) f(gh )
Oauat) = 1 v 2, (2.3.4)

sigigey TP @

F@N Nt f(ghe o))
Or/u(a:1) —— : (2.3.5)

& 1<i< <0(p) flghimrati=i) f(gri—rirrti=1)”

The skew Macdonald symmetric functions satisfy the branching rule:

Pyp(X,Y) = Pyu(X)Pun(Y), Quu(X,Y) =" Quu(X)Qun(Y) (2.3.6)

peY peY

for any \,v €Y.

We say that a unital algebra homomorphism p : Ax — C is a specialization. Given a specializa-
tion p and f € Ax, we write f(p) instead of p(f) in view of the special case of function evaluation.
The specializations we are interested in will have the following form. Take a sequence {a;}°; of
nonnegative real numbers such that a; > ag > --- and > .2, a; < 0o, define p by

o0

_ n

=)
i=1

for n > 0. This uniquely determines the specialization p because the power symmetric functions gen-
erate the algebra of symmetric functions. For such specializations, we may write p = (a1, az, as, . ..).
If the only nonzero members of the sequence are ay,...,ayn, we may write p = (a1,...,an).

A specialization p is (g, t)-Macdonald-positive if Px(p;q,t) > 0 for all partitions A\. The afore-
mentioned specialization p = (a1, ag,...) with a; > 0 for all ¢ > 1 is Macdonald positive, as follows
from the nonnegativity of (2.3.3)), (2.3.4), (2.3.5).

Graded Topology

Let F be a field and A be a (Z>o-)graded algebra over F. Let A,, denote the nth homogeneous
component of A. Throughout this section, let us assume that all of our graded algebras have
dim A,, < oo for every n > 0.

Definition 2.3.2. Given a € A, define ldeg(a) to be the minimum degree among the homogeneous
components of a. The graded topology is the topology on A where a sequence a, € A converges to
a € A if and only if

ldeg(a, —a) — o

as n — co. Denote the completion of A under this topology by A
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The completion A consists of formal sums > o2, an where a, € Ay. Given two graded algebras
A and A" over F, we give the following grading to A ®@p A'. If a € A, and o' € A/, then
a®d € (A@p A)min-

For a field F D C and a graded algebra A over C, denote by A[F] the graded algebra A ®c¢ F
over F; i.e. the extension of scalars from C to F. Given graded algebras A1), ..., A®) over C, we
denote the completion of (A1) @ --- @ AM)[F] under the graded topology by

—k

AVE - RABF] o Q) AV[F).

=1

Let Ax[F] denote the F-algebra of symmetric functions in X = {x1,x9,...}, a set of variables,
with coefficients in F'. Take the natural grading on Ax[F] in which (Ax[F]), is spanned by mono-
mials of total degree n. Given disjoint ordered sets of variables 71, ..., Z, with Z; = (21, ..., 2i,),
let £(Z1,...,Z,) denote the field of formal Laurent series in the variables

n
Zi1 Ziki—1
DR i
Zi,k

Y
Zi ‘
Z:1 1?2 Ve
The space ),_;Ax:[F] consists of formal sums

Y eu wPu(X1) - P (XY)
AL ANey

where cy1  \~ € F.
For fields C C F; C F, 1 < k < N, there is the natural inclusion map

—k —k
®i:1AXi [F1] < @izlAXi [Fy). (2.3.7)
We also have consistency
AX1[F] ®F-~~®FAXN[F]gAX1®'--®AXN[F]. (2.3.8)

Definition 2.3.3. The projection map 7' : KX — K{xl,‘_”xn} is defined as the continuous map
sending xn4+1, Tnt2,... to 0 and x; to x; for i =1,... n.

For a field F O C and a graded algebra A over C, we can extend the domain of the projection
%t AR AX[F] = A® Ay, 4y [F]

by identifying with 14 ® 7'y then extending by continuity under the graded topology.

Definition 2.3.4. Let A and A’ be graded algebras over C and {a,;}; be a basis for A, for each
n > 0. We say that an element f € A® A'[F] is A-projective if

_ 2 : ) ! / /
f - Qn,j ® an,j’ an,j € An
n’j
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such that lim,, ;. min; ldeg(a;“ j) = oo. This property is independent of the choice of basis.

Elements which are A-projective are closed under addition and multiplication and form a subal-
gebra of A® A'[F]. If A= Ay, denote the algebra of Ax-projective elements by Py (Ax ® A'[F)).

Macdonald Pairing and Residue
Recall the Macdonald scalar product determined by
<P/\7 QM> = 6>\M'

Definition 2.3.5. Let A, A’ be graded algebras over C. Fix a field F D C, and let the Macdonald
pairing be the bilinear map (-,-)y : (A ® Ax)[F] X (Ax ® A)[F] - A® A'[F] defined by

(a® P\, Qu®b)x = (Py,Qula®b=0d),a®Db.

This pairing does not extend by continuity to the completions of the domain. However, the
pairing does extend continuously to

Px(A® Ax[F]) x (Ax @ A[F]).

Definition 2.3.6. Given an ordered set Z = (z1, ..., z;) of variables, denote by § dZ : L(Z) — C
the residue operator which takes an element of £(Z) and returns the coefficient of (21 - - - 2;)~!. For
¢ dZ applied to f € L(Z) we write § fdZ or ¢ dZ - f.

As with the projection map, the residue operator can act on larger domains. For example, we
can extend

fdz L ALL(Z, W W) ALV, W) (2.3.9)

by the action 14 ® § dZ then extension by continuity. In this case, § dZ preserves the degree of

homogeneous elements. In particular, if we replace A with A A’ , we have that § dZ preserves
A-projectivity.
The residue operator commutes with continuous maps under the graded topology.

Lemma 2.3.7. Let A, A" be graded algebras_over C, and let ¢ : A = A be a continuous map
which extends naturally to a continuous map A[L(Z,W)] — A'[L(Z,W)]. Then

oo (f i) - (f a2) s

Lemma 2.3.8. Let A, A’ be graded algebras over C, let f € AQ Ax[L(Z)] and g € Ax & A'[L(W)].
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If f is Ax-projective, then

<y{fdz,g>X = f(f,gb( dz, (2.3.10)
<f,fgdW>X = j{<f,g>x AW (2.3.11)

Since the residue operator preserves projectivity, the left hand sides of the equalities above are valid
eTPTeSSIONS.

Proof. For arbitrary ¢ € Ay @ A[L(W)], the map (-,g)x is continuous on Py (A @ Ax[L(Z)]).
By Lemma [2.3.7 (2.3.10) follows. For f € Px(A® Ax(£L(Z)]), the map (f,-) is continuous on
Ax ® A[L(W)]. By Lemma [2.3.7, (2.3.11) follows. O

Formal Macdonald Processes

Let X,Y be countable sets of variables. Fix 0 < ¢,t < 1 throughout this section. Define the
following element of Ax R Ay

, (try; q)oo
I(X,Y) := H ot
rEX,yey ’

From [43, Chapter VI, Sections 2 and 4], we have the following equalities

I(X,Y) = ZP)\(X)Q)\(Y) = exp (Z ! :;Z :Lpn(X)pn(Y)> :

1
AeY n=1

Define the following element of Ay ® Ay obtained by taking ¢ = 0 above

X yin= I T = e (Z : ;t"pn<x>pn<y>> . (23.12)

rEXYEY Ty
Given countable sets of variables X!, X2, the following splitting equality holds
(X' X?),y) =X, Y)II(X2,Y) (2.3.13)
and likewise for H(-,-;t). There is also an inversion equality
H(X,Y;t) ' = HtX,Y;t™) (2.3.14)
where by tX we mean the variable set {tz},cx.

Definition 2.3.9. Fix a positive integer N and let U = (U!,...,UN) and V = (V! ..., V) be
ordered N-tuples of countable sets of variables. A formal Macdonald process is a formal probability
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—~N
measure on Y valued in @),_;(Ay: ® Ays) with the assignment

MPy v ()

=27'Pa(U) [ ) @V Py (U?) ] | D Qo1 (VI Py, (UN) | Qv (V)

neyY peY

N
where A = (AL,...,AY) and 2 € @,_,(Ayi ® Ays) is the normalization constant for which the
sum over A € YV gives unity.

From (7], Section 3],
7= [ mw,vi. (2.3.15)

1<i<j<N
In terms of the pairing, the formal Macdonald process can be expressed as

N-1

MP}; (X)) = 21 Pu(UY) (H Qi (VLYY Pyisa (Y, Ui+1)>yi> Qv (VM). (2.3.16)
i=1

This is an immediate consequence of the branching rule ({2.3.6]).
The IT’s introduced earlier also relate well with the pairing

(X' Y), (Y, X%)y = (X', X?).

Since the power symmetric functions from an algebraic basis for Ax[£(Z)], this relation can be
further extended as follows. Take graded algebras A and A’ over £(Z) with Z = (z1,...,2;), and
sequences {a,},{al} in A and A’ respectively such that ldeg(a,),ldeg(al,) — oo as n — co. Then

<exp (Z (len(Y)> , €XP (Z L:ilpn(Y)> > = exp (Z 1: 3: a’:ﬂ%) . (2.3.17)

n=1 n=1 n=1

See [7, Proposition 2.3] for further details.

Lemma 2.3.10. Let X', X2 X3, X% Y be countable sets of variables. Then
(H(XNY; ¢ HINX2Y), H(X3 ;¢ HII(XL Y))y
(1 — 1‘1333)(1 — %l‘lxg) (2318)

= H(X', X%t HH(X? X3, HIx?, x4
( ) ) ( H (1 — %:clxg)(l — qxlxg)

where the product is over x; € X* for i =1,2,3,4. The expression (1 — qwix3)~! is interpreted as
the formal power series Y o0 ((qrix3)™ and similarly for (1 — t~tzyz3) L.
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Proof. Use (2.3.17) with

. A BT
an=1—t"")pp(X) + 1_qnpn( )
/ —n 3, , 1—t" 4
= (1= (X 4 T, ()

Negut’s Operator

Define the continuous linear operator Di(k : K;( — 1{;( by
DYPA(X;4,1) = pr(N; ¢, 1) PA(X; 0, 1)

This operator was studied in [49] and an integral form for this operator was obtained in [32]. The
action of this operator can be given in terms of the residue operator. We first introduce notation

to abbreviate the expression. Let Z = (z1,..., 2;) be an ordered set of variables. Define
ko z1¢7! _ Zi)(1 — 92y Kk
1 Zizl P ( z)( tz~) dzp
DZ = - : — L L —. (2.3.19)
(2mi)l 21 (1 — %) (1= %) g (1- %)(1 - ‘IZ—Z;) E 2k

For the instances of (1 —v)~! in the expression, we mean the power series expansion into Y -, v™.
We adopt the shorthand notation Z~! = (21_1, e zk_l).

Proposition 2.3.11. Let X and Y be countable sets of variables. Then
DX II(X,Y) =1(X,Y) ijZ CH(qZ L, Xt YWH(Y,q¢ 1 Z; 1)L (2.3.20)

Proof. From [32, Proposition 4.10], we have where instead of a set of variables Y we have
some fixed set {ui,...,u,} of complex numbers, and X is still a countable set of variables. Here
we have § : K;([E(Z)] — Ax. The goal is to extend this to a formal equality on Ay ® Ay for Y an
arbitrary countable set of variables.

We can replace with a finite set of variables Y (™ = {y1,...,yn} instead of fixed
complex numbers. In such a setting, we must consider the residue operator as a map f dz
Ax ®Ay17~--,yn [L(Z2)] — Ax ®Ay1,--~7yn'

Note that if f,g € Ax ® Ay such that 7 f = ¥ g for all n, then f = g. One then sees that
holds formally for arbitrary countable sets of variables X, Y. In this setting, the residue
operator takes Ax ® Ay[L£(Z)] to Ax ® Ay-. O

Formal Multicut Expectations

We obtain formulas for multicut expectations of formal Macdonald processes. The idea is to
repeated apply the operators Di(k to II.
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Theorem 2.3.12. The following formal identity holds for any nonnegative integers ki, ..., ky

Buar, , (90 (\5,8) - 00y (Vi 0,)] = § DZy-+-DZy

< JI HW, ez HHG 2,v50™0 [ €2 2))

1<i<j<N 1<i<j<N
where | Z;| = k; and
(1=t gzi/wy) (1 — 2i/w;)
C(Z,W) = 2.3.21
@) = =0 - ety 2321

for sets of variables Z = (z1,...,2k) and W = (wy, ..., wy).

This theorem implies a more general result in which the gy (A\Y) may be taken to higher powers
than 1 in the expectation.

Corollary 2.3.13. Let 1 <z <--- <z, <N and k1, -,k > 0 be integers. Then

Eype, | [906 (X505 8) -+ n, (A5, )] = j{DZ1 - DZm,

m o B o (2.3.22)
[T TI HW.aZ; 't YH(q " 2o, VIit) " ] C(Zas Z).
a=1 1<i<z, a<b

where | Zy| = kq.

Proof of Theorem [2.3.12 Choose nonnegative integers ki,...,kxy and let Z; = {zij}fizl for i =
1,..., N be disjoint sets of variables.
1. Consider the element

—N
> ok (M) - oy AN )MPE 1 (A) € ®i:1(AUi ® Ayi).
A

2. Multiply through by the normalizing constant. Reexpress the sums within MP in terms of
Macdonald pairings as in ([2.3.16])

N-1
Do (A iy W) P (UY) (H (Qu(V.Y"), Pyn (Y7, U"*1>>w> Qu (V7).
A i=1
Here we note the spaces which the pairings map:
<-, '>Yi : (Avi @Ayi) X (Ayi @AU'LJA) - Avi @AUi+1.
By natural inclusions (2.3.7) and consistency ([2.3.8)), the domain of this pairing may be extended.
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3. Bring the summation inside the pairings and the pairings inside the pairings

(E1, (Eg, (- - (En—1,En)yn-1---)y2)y1

where ‘ ‘ o
E;, = Z pk‘iP)\l (YZ_I, UZ)Q)J (VZ, YZ)
Ai

and YO, YV are empty sets of variables. It was important to use the fact that the first argument
of the Y* Macdonald pairing is Ay--projective which provides the continuity necessary for bringing
the summations inside.

4. We can reexpress the summations in terms of Negut’s operator in the residue form ([2.3.20))
B = DY, (! U0

=Ty U 7{H (Y"1 UY, qz7 5t YH (g Zi, (VY 8) 7 DZ;

5. The domain of the residue operator can be appropriately extended and consistency follows
from and . Note that the integrand in E; remains Ay-projective. Therefore, by
(2.3.10) and (2.3.11)), we may commute the residue operators with the pairings. After pulling out
Y independent factors outside the residue operators, we obtain

j[Dzl Y{DZN By, (Fay - (Fy 1, F )yt - Jya)y

where
F,=HY" " Yez ;e H Y "L VY H (g 2, Y0 (v Uh), YY) (2.3.23)
N
A=[HW qz st YH(q ' Zi, Vist) 'TIUY, V7). (2.3.24)
=1

Here, (2.3.13]) and (2.3.14]) were used to split H and II.

6. Apply the pairings for Y in decreasing order of i. At the (N —4)th step, we have

%DZ1 = ']éDZN A (F1, (Fo, - (Fy, Fi)yi oo )y2)yr (2.3.25)

where A; collects the Y'!, ..., Y? independent terms. We show by induction that

Fi=H(Y',qZ; |yt DY, YLD (2.3.26)

where we used shorthand notation Z; ;) = (Zi, Zisa, ..., Z;) and similarly for V. If we suppose
(2.3.26)) is true, then within the Y bracket in (2.3.25)), .%; interacts with the third and fourth terms
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given in (2.3.23)). By (2.3.14)) and ([2.3.18]), this interaction produces

C(Zi, Zjiya,ny) H (_1Z17V[i+1’N]§t)_1

) . ) ) ) 2.3.27
x H(U, Y1), qZ L it HI((U, YY), vITLN) ( )

[i+1,N]’

where C’(Z W) is defined by ([2.3.2]] m As a formal expression, we expand any terms of the form
(1 —v)~! as the geometric series. The {Y7} independent term of m is

C(Zi, Ziga n)H (g 2, VRN H (U g2 L it HILUY, VEFLND, (2.3.28)

[i+1, N]’
After picking up the first two terms in (2.3.23)), the remaining term to interact with the Y*~! pairing
is

H(Y'™ 2 kit (=, v

V)
which completes the induction as the starting term and ending terms are consistent, the initial
term for i = N — 1 is exactly Fy, and the final term is unity because Y is empty. After collecting

the Y7-independent terms (2.3.28)) from each i = N — 1,N — 2,...,1 and applying (2.3.13), we
complete the proof of Theorem [2.3.12 O

We now illustrate the main idea of the proof of Corollary [2.3.13| via a particular example. For
further details, we note that the proof is essentially identical to a corresponding extension in [7]
(Theorem 3.10 to Corollary 3.11).

Proof Idea of Corollary|2.3.15. We consider the example of N = 1 and m = 2. Let ki, ke > 0 be
integers. Consider auxiliary variables § = (S',5%), T = (T',T?), and the formal expectation

EMPET [pkﬁl (Al)pkz ()‘2)]

(2.3.29)
=250 > ok (AR O)P(S) | D Quiyu(T)Preyu(S?) | @ (T?)

A A2Zey ney

where % is the normalizing factor MIP’;T. Consider the map ¢ : A1 ® Age — C which sends
f(THg(S?) — f(0)g(0) to the constant term for any f,g € Ax. By applying (the continuous
extension of) ¢ to (2.3.29)) and rewriting S' = U and T2 =V, we get

12@1@1 @k2 ( )Q)x( ) MIF’f [@kl()‘)pM()‘)] (2'3'30)
A€Y

where % is the normalizing factor for MP{LV' On the other hand, by Theorem [2.3.12 we have a
formal residue expression for (2.3.29)). By applying ¢ to this expression, we obtain (2.3.22)) for this

choice of N, m.
In the general case, we consider some formal Macdonald process in a greater number of variables,
apply Theorem [2.3.12] then apply variable contractions ¢ to obtain the Corollary. O
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2.3.2 RPP Observables

In this section, we derive a formula for , stated below in Theorem [2.3.17] m It is convenient

to do this in two steps: first apply Corollary m 2.3.13 to a formal version of the RPP measures, then

specialize the formal RPPs to IP’B "%,

Formal Random Plane Partition
Fix a measure ]P’ff’s. For each e € Ig, let

] _ PA/M(X;q,t) ifb=1,
FH,A(Xa b7Q7t) - { QH//\(X; q,t) ifb=0.

Definition 2.3.14. If the domain I of the back wall B : I — R has finite length, define the formal
RpPP with back wall B to be the formal probability measure PBf supported on Pp and valued in

&Qcer, Ax. so that

(2.3.31)

P (r H F .y oy (Xe;B'(e),q:t). (2.3.32)

6€IE
The partition function can be computed:
% = T 1. Xe,). (2.3.33)
e1,e2€lg,e1<e2

B’(e1)>B'(62)

We comment on how to obtain (2.3.33) after proving Proposition [2.3.15

Proposition 2.3.15. Suppose the domain I of B : I — R has finite length. Let x1 < --- < x,, be
points in I and kq, ...,k > 0 be integers. Then

TLow (v ] $ gl

i=1 a<b

]EPB,f

X I Excez %t [ Hla'ZaX5t)7' Dz
a=le€lg,e<zq eclp,e>x,
B(e)=1 B/(e)=0
where | Z,| = kq.

Proof. The proof is specializing Corollary [2.3.13]| to the formal RPPs. We find a good way of
relabeling the formal Macdonald process indices to make this specialization transparent.
Let N = |Ig|—1, ¢ = minIp and v = min Iy (then v’ = €/ — 1). We may reexpress (2.3.32) as

PB7f( ) ?Fﬂ"l/ 7'("U/+1 (Xel; Bl(e/)7 q’ t)

X Fnﬂ’+1,7rv’+2 (X8’+1; B/(el + ]-)7 q, t) U F7rv’+N77rUI+N+1 (X€/+N; B/(el + N)a q, t)

(2.3.34)
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By (2.3.3) and (2.3.31), we have that 7Vt! = (0) whenever B'(¢/) = 0. Likewise 7TV = (0)
whenever B'(¢/ + N) = 1. We may therefore assume that B'(¢/) =1 and B'(¢/ + N) = 0.

Let U = (U, .. 'LﬁN) and V = (V',...,VN) where N = |I5|—1. Consider the formal Macdon-
ald process M}P’% ‘7()\1, ..., AN). Tt will be convenient to consider relabelings U = (U®)cer,, V =
(Ve)BEIEy (Ae)eGIE SO that

vt=v¢, vr=u‘t, ..., UN=pstV! (2.3.35)
vizyett y2oyet2 0 yN oy (2.3.36)
P LD T U D D S (2.3.37)

Thus

e A 1 / ’ ’
ML 5 O, M) = Py (0) 30 Qs ju (V) P (07 H)

- 1’“ . . (2.3.38)
"ZQN/+N—1/M(V6+ - )P)\UI+N/M(U6+ - )'Q/\UI+N(V6+ )
neyY

where f}/ is the normalization factor.

For e € I, define X€ to be U¢ if B'(e) =1 and V¢ if B'(e) =0, and X = (X)cer,. Similarly,
define Y to be V€ if B'(e) =1 and U® if B'(e) =0, and Y = (Y¢)cery,-

Let péf denote the 0-specialization on Ax, or equivalently constant term map for Ax. Define
B e
pO :®p0 :®Aye—>c.
eclp e€lp

By taking tensor products with the identity on Axe for e € I, and extending by continuity, we
have a map

B . P 3 P
Po ¢ ®e€IE (AXe ®Aye) — ®eEIEAXe‘

We may further extend this map by extending the scalars from C to £(Z%,...,Z").

Applying pOB to ([2.3.38)) gives (2.3.34]) for \V = «¥, v € I,. This continues to hold true for
expectations, so we have

pg (EMP{LV [k, (T71) -+ - Pk, (me)]> = Eps.slpr, (A™) - - ok, (A"™)].
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By Corollary [2.3.13] the left hand side is exactly

o j{ 7{1_[ C(Za, Zy) ﬁ H H(U®, qZ74 17 H Hiq 2, Vo) DZ,

a<b a=1 \e<zq,e€lp e>rq,e€lp
m
—fpllczn]] 1 #vecazteh [ #a ' Zexsn oz,
a<b a=leclp,e<zq eclp,e>x,
B'(e)=1 B'(e)=0

where we have used the fact that the residue operator commutes with continuous maps. This proves
the proposition. O

Remark 7. The formula (2.3.33)) is then a consequence of applying the specializations in the proof
of Proposition [2.3.15[ to the partition function for the formal Macdonald process (2.3.15]).

Specialization to RPP

Consider the distribution in (2.2.3]) where we have a sequence of weights (7,)ver, . Fix an arbitrary
& > 0, define

A (2.3.39)

_1 .
€HU€]V6<U<UO r, - if e > vg.

gH’UEIV T'U?
Qe 1 —

The dependence of our models on a. is only through their ratios with one another. In particular,
the choice of ¢ and vg is immaterial. By (2.3.4) and (2.3.5]), the distribution defined by

P(r) = ———— || Fooix .01 (@25 B'(e), ¢, 1) (2.3.40)

coincides with (2.2.3)) if and only if

Z((ae)r,) = H (a., ac,) < co.
e1,e2€lg,e1<es
B’(61)>B,(62)

This implies the following lemma.

Lemma 2.3.16. If the weights in are summable, then for any e1,es € I such that e; < e
and B'(e1) > B'(e2), we have

ae_lla,e2 <1
where (ae)ecr,, is defined in . If I is finite, the inequality is also sufficient to determine the
weights are summable.

We note that for I of finite length, each diagonal partition 7% of 7 € Pp has bounded length
¢(m?) depending only B and v. Thus for finite I, the finiteness of 2°((ac)s,) implies the existence

of the multicut expectations of (2.3.40)).
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For the measure IP’QB:Z’S, a suitable choice for a. is given by
ae:rvs()...sl_ej :TUSO...SLEJ_ (2341)

The main formula for the observables p can be obtained by specializing the formal RPPs, taking

Xe—a 1 2B'()  For € Iy, define the function

N 1—( tae 1— (tr¢(so---si)2) "1\ 2@
R S e - I (=)

e<z,e€lp i=0 e<z eGIE
B'(e)=1 e€pZtitl
- : , (2.3.42)
G ze )= ] H I1 1—r¢(s - si)z \ ' TP
s 1—tacz tae 1—tre(sg---si)z
e>zx.e€lp 1=0 e>z,e€lp
B'(e)=0 e€pZti+i
Given some function g(z) in one-variable and Z = (21, ..., zx) an ordered collection of variables,
we write
k
9(Z) =[] 9(z)-
i=1
Theorem 2.3.17. Consider the measure ]P’B % where r = e7¢ and let (%) 4es denote the (random)
diagonal partitions. Let x1 < --- < x,, be in IV and ki, ..., kmn > 0 be integers. Suppose there exist
positively oriented contours {C,-7j}1<j<ki such that
1<i<m

e the contour C;; is contained in the domain bounded by tCy jy whenever (i,7) < (i',7") in
lexicographical ordering;

e cach domain bounded by C;; contains 0 and the poles of ng(z;a,t) but not the poles of
GE, (26, 1).

Then

Elpr, (75 ¢,t) -+ - g, (175 ¢, f 7{1_[ C(Za, Z) H G2, (Za;e,0GE,, (Zaie,0) DZ,

a<b
where | Z;| = ki, Zi = (2i1, ..., 2k, ), the contour of z; ; is given by C; ;.

Remark 8. By Lemma [2.3.16, given any poles p1,p2 of GB_(2;¢,t), GB,(2;¢,t) respectively, we
have p; < p2. The existence of the contours C; ; is then dependent on whether there is enough
distance between these two sets of poles.

Proof of Theorem [2.3.17. If the domain I has finite length, then the theorem follows from Proposi-
tion To see how to obtain the contour conditions, we recall the formal definition of
and (2.3.19). The formal expansion of that we desire amounts to taking contours which
contain the poles of G2, (z;¢,t) but not the poles of GZ,(z;¢,t). The expressions (1 — 2i-)~!

tzi’,j’
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which appear in DZ and C(Z, W) are expanded as ) _, - (t;fijl)n which requires the condition that
>0 (tzy

Ci; is contained in the domain bounded by tCy ;; whenever (z, 7) < (i, ') in lexicographical order.
Note the change of variables rewriting ¢~ Z, as Z,.

If I has infinite length, define Py := Pfft\’ " where the back wall By : I — R is defined to be
the restriction of B to IV := IN[—~N, N], for N € N. The summability of the weights of P := IP’QB;:’S
implies the summability of the weights of Py .

Let (ac)eer, be the sequence of specializations for P as in . Then (ae)eejN’e where
IY = I N[N, N] is the sequence of specializations for Py. Let 2 and 2y denote the partition
functions for P and Py respectively. Choose z; < --- < z,,, € Ig and integers ki,...,k, > 0.
Consider N large enough so that x1,...,x,, € [-N, N]. We have

InEn, Hmiwi)] S Hmw] TL 7y oy (@20 B 0
i=1 N Li=1 ecIN ’
(m)eY'v &l
> [H@’“(”m)l I 7oy s (2P 5Bl () a ) = 2 Hmi(”m)]
(r)eylv Li=1 e€lp ’ i=1

as N — oo since the sequence is monotonically increasing. Since 2y — %, we have as N — o0

i=1

m

H ks (ﬂ.%)

=1

EPN — Ep

On the other hand, for any = € Iy, we have GEY (z;¢,) — GB,(z;¢e,t) as N — oo uniformly away
from the poles of GZ_(z; ¢, t), and likewise for GZ_(z;¢,t). By applying the theorem for the known
case of By and taking N — oo, the general theorem follows. O

2.4 Limit Conditions and Back Walls

2.4.1 Consequences of the Limit Conditions

In this section, we identify the class of functions which can be realized as limits of back walls. As
mentioned in Section [2.2.2] our limit theorems restrict to a dense subset of this class. We motivate
this restriction through the concept of singular points and some examples from the literature. Our
study of singular points is also used in Section for asymptotics.

We recall the Limit Conditions.

Limit Conditions. Fix a p-periodic, bi-infinite sequence s = (--- ,s_1, 59, 51, - - ) € RS such that

50+ 8p—1 = 1. Let Pf;f’s be a family parametrized by a small parameter € > 0 where B : I* — R

and r := e~ ¢ vary with € so that

1. there exist elements in Z U {£o0}
inf I = vp(e) < -+ - < wp(e) =sup I®
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such that for each 1 < ¢ < n, B'(z) is p-periodic on (ve_1,v¢) N (Z + 3);
2. there exists an interval I C R and a piecewise linear B : I — R with non-differentiable points
inffl=V<---<V,=supl

such that
ev(e) = Vp (0<€<n), eB(z/e)— B(x)

as € — 0, where the latter convergence is uniform over any compact subset of I.

In the setting of global limits under this limit regime, some of the information encoded by s is
washed away. The dependence on s is only through the values and corresponding multiplicities of
the sequence {sg - - si}f;& . This motivates the following definition.

Definition 2.4.1. We associate to s the multiset S = {sg--- si}f:_&. Given o € S, let
Se={ie€[0,p—1]] : 0 =s0""-8}.

In particular, we remember the multiplicity of each member o € S in (s¢--- si)f;ol . The
multiplicity of o is given by |S,|. In replacing s with S, we forget about the particular order of the
sequence (so--- ;)0

For fixed S, it is not the case that any piecewise linear B may be realized as the limiting back wall
of some IP’S:{’S satisfying the Limit Conditions. This is due to the fact that Pf’f’s is not a probability
measure for arbitrary B; the conditions required for the summability of the weights, summarized
by Lemma severely restricts the class of B which give rise to probability measures. We now
characterize the set of B which can be achieved by the Limit Conditions.

Given a real-valued function f on an interval I, let f(x%) = lim,_,,+ f(u).

Definition 2.4.2. Let 74 > --- > 7, be a labeling of the elements of S and set 79 = 00, 7,41 = 0.
Let ®B(S) denote the set of continuous piecewise linear functions B : I — R on some interval domain
such that

1. the non-differentiable points of B are given by
infl=Vy<---<V,=supl;
2. for each x € T\ {V,}}_, B'(x) € {I%}fzo;
3. if V< W are non-differentiable points of B with B/(V ™) = 1%’ B (W) = 1%’ then
TlflTjJrle_(W_V) <1 (2.4.1)

Remark 9. In the definition above, we take the convention that B'(V;") =0 and B'(V,") = 1.

)Ty 8

Theorem 2.4.3. A function B : I — R is a limiting back wall of some ]P’f’t satisfying the Limit
Conditions if and only if B € B(S).
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Before proving this theorem, we provide an important link between the slopes of B’ and that of
the prelimit B'(z) on pZ + 3.

Lemma 2.4.4. Suppose PP7® satisfies the Limit Conditions. Fiz 0 € [[1,n]] and let B'(Vi_y, Vi) =
%. Then for sufficiently small e > 0, there exists a set A C [[0,p — 1]] (potentially varying in €) of
size © such that

S0 8a < Sg---8p, forallae A, be[0,p—1]]\A

and )
B'=1 [A+pZ+2]

on 15 N (ve—1,vy).

Proof. By the Limit Conditions, we know that for sufficiently small € > 0 there exists a (potentially
varying in €) subset A C [[0,p — 1]] of size i such that

1

on I N (ve—1, ve).

Assume for contradiction that for arbitrarily small € > 0, there exist (potentially varying in )
pairs 0 = sp---Sq and 7 = sp- -+ s, for some a € A and b € [[0,p — 1]] \ A such that o > 7. For ¢
small enough so that (vs—1,v¢) has more than p points, we may choose e; € (vs—1,v¢) N(a+pZ+ %),
ez € (vg—1,v¢) N (b+pZ+ 3) such that 0 < ez — ey < p. By , we have

ae_llae2 =g L2 > g lremeP
where (ae)ee 15, is the specialization sequence for IP’ % as defined in (2.3.39)). For e sufficiently
small, the 1atter is > 1 which violates Lemma [2 ]

Proof of Theorem[2.4.3. Suppose B: I — Ris a hmltlng back wall of P2 satisfying the Limit
Conditions. It is clear that B satisfies properties and (2) of Deﬁmtlon “ 2.4.2| as a direct con-
sequence of the p-periodicity and convergence in the Limit Condltlons We check property (3] of
Definition [2.4.2| Let 1 < ¢ < m <n and suppose B'(V,") = » and B (V)= ; note that checking
the cases and m = n is trivial. By Lemma [2.4.4] for small enough € > 0 there exist subsets
Ay, Ag € [[O,p — 1]] of sizes i, j respectively such that

' _ / _
B I%m(vlfl’vé) B 1[A1]’ B Igﬁ(vmvvmﬁ—l) o 1[A2]
Moreover,
S0+ Sa < S0---8p, forae€ Ay, be[0,p—1]]\ A1
so that the multiset {so- - Sq}aca, coincides with {71,...,7;}. Likewise, {so- - Sq}aca, coincides
with {71,...,7;}. In particular, there exist

Iy A e, v), ea e ([[0,p— 1]\ As + pZ + %) A (W i1

61€(A1+pZ+2
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where sg -+ -5, = 7;, S0 -8y = Tj4+1, such that
B'(e1) =1, B'(e2) =0
for small enough € > 0. By p-periodicity, we may add that
0<wvy—e <p, 0< e —vy, <p.

By (2.3.41)) and Lemma [2.3.16} we have

-1 _—1__ eg—eq
Qo) Gey = T; " Tj41T <1

where (ae)ec 1z is the specialization sequence for IP’QB;Z’S as defined in (2.3.39). Taking ¢ — 0, we
obtain
Ti—17j+1€—(vm—‘/1g) < 1.

Conversely, suppose B € B(S). For small £ > 0, set
v = |Vife]+¢, 0<0<n;

in the case Vy = —oo (V,, = +00) let vg = —[1/€%], v, = |1/€?]. Let B be a back wall of a
skew diagram such that B'(z) is p-periodic in € (ve—1,v). For each 1 < £ < n, if we have
B'(Vi-1, Vi) = , choose some subset A, C [[0,p — 1]] of size i so that

S0 Sa < S0 Sb, aGAg,bE[[O,pfl]]\Ag, B’ :l[AK]

I5N(ve—1,v¢)
By fixing e B(|z/¢]) = B(x) at some point = € I, we have the convergence
eB(|z/e]) = B(x).

It remains to check that ]P’i’f’s defines a probability measure, at least for ¢ sufficiently small. By
Lemma [2.3.16| it suffices to check that aglla,e2 < 1 over all edges e; < ey where B'(e;) = 1 and
B'(e2) = 0. We divide this into two cases.

Case 1: e1,ea € (vy_1,v7). By construction of B, we have B’ = 1[A4] on (vy_1,vs). Thus
e1 € a+pZ+%, es € b—I—pZ—i—% for some a € Ay, b € [[0,p — 1]] \ A¢. Thus

ae—11a62 = (80 e 8(1)_1(80 . Sb)Tez_el < 1'

Note that this only relies on p-periodicity and did not require property in Definition

Case 2: e1 € (vp—1,v¢), €2 € (U, Umt1) where 0 < £ < m < n. Again, by construction of B
we have B = 1[Ay] on (vy_1,v¢) and B = 1[Ay41] on (v, Vy1). EB(V,) = % and B'(V,}) = %,
then we may argue as before to establish that A, coincides with {71,...,7;} and A,,+1 coincides
with {7,...,7;}. Then

—1 _ —1__e2—e1
Qg Qey =0 TT
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where o > 7; and 7 < 7541. Since ey < vy < vy, < €2, we have

ae_llae2 S Ti—lTj+1,’,.U7n_Ug+1 — 7_i—17_j+1€—6(m—£+1)e—8(\_Vm/EJ—I_W/FJJ) < TZ_ITJ+1€_(Vm_W) S 1
where the latter inequality follows from property for B(S). O

2.4.2 Well-Behaved Back Walls

In this subsection, we introduce a subset B2(S) of B(S) which corresponds to well-behaved back
walls. This good behavior is characterized by the presence of only finitely many singular points
which we describe further below.

Before providing the definition of the subset B2(S), we begin by introducing and motivating
the notion of a singular point. Fix B € B(S), and define

p<(x) = max{r, 't : £ <x,B/(¢7) = ];},

. (2.4.2)
() = minfr et s €2 %, B(€5) = ).
Lemma 2.4.5. If B € B(S) and x € I, then
p<(x) < p>(x).
Proof. Suppose & < & and B/'(§]) = 1%, B(&) = %. It is enough to show that
7 let <7 e, (2.4.3)

If &1,& € (Vi—1, V) for some £ € [[1,n]], then i = j so that (2.4.3]) holds. Otherwise, there exists a
non-differentiable points V, W such that

<V <SW <&

Assume that V' is the minimal such point and W is the maximal such point. Then
_ 4 J
BV )=B(E)=-, BW")=8(&)=".
p p
Since
TiflTjHe_(W_V) <1
it follows that
7';1651 < Tiflev < ij_ﬁlew < Tj+1€€2.

We define the singular points to be those points which achieve equality:

Definition 2.4.6. Given B € ®B(S), we say that x € I is a singular point of B if p<(x) = p=(x).
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Definition 2.4.7. Denote by B2 (S) the subset of B(S) consisting of B with finitely many singular
points.

The concept of singular points is significant due to the following connection with the limit shape.
Recall the content of Theorem if Pg}f * satisfies the Limit Condition with B € B2(S), then
the random rescaled height function eh(z/e,y/e) converges to a deterministic limit H(z,y). Then
the local proportions p 0Py » P<> converge at each point (z,y). Recall the liquid region is the set

of (z,y) where all the proportions are nonzero. We may view the closure of the liquid region as the
set of points (z,y) where the local picture is random.

In Section we characterize the liquid region as the set of (z,y) for which some equation
GB(¢) = e7¥ determined by B has a pair of nonreal complex roots, see . The map B+ G5
is continuous with respect to the topology on B(S) induced by the coordinates

Voy o s Vi, B(Vo, Vi), ..., B (Vi_1, Vi) € (RU {00} )2

and convergence in compactum on H in the image. Thus one can formally extend the definition of
the liquid region associated to some B € B(S)\B2(S) to be the set of (,y) such that G5(¢) = eV
has a pair of nonreal roots.

Under this alternative definition of the liquid region, one can determine that the singular points
of B are exactly the points = such that (z,y) is in the liquid region for arbitrarily large y. In other
words, the singular points of B correspond to the horizontal coordinates along which the liquid
region is vertically unbounded.

For certain examples of S and B € B(S) \ B2(S), one can prove the limit shape phenomenon.
In these cases, the alternative definition of the liquid region coincides with the original definition
of the liquid region in terms of the local proportions of lozenges. Although it is not present in the
literature, we believe that one may use the method of correlation kernels to verify the limit shape
phenomenon for arbitrary S and B € B(S) \ B2(S) in the non-interacting (¢ = t) case.

We now provide several examples in the literature which illustrate the connection between
singular points and unboundedness of the limit shape, then give some references to later sections
which give suggestions for generalizing this connection to arbitrary B.

Example 2.4.1.

1. p arbitrary, S = {1,...,1}. The set B(S) consists of B such that B'(Vy_1,V;) € [0,1] N %'Z
since trivially holds. The singular points in I\ {V,}}_, are precisely = € (Vi—1,V})
where B'(V;—1,Vy) ¢ {0,1}. It was demonstrated in [14], that the horizontal coordinate
x € (Vy_1,Vy) of the limit shape is vertically unbounded if and only if B'(Vy_1,Vp) ¢ {0,1},
see also [45, Section 1.2]. The set B2(S) consists of B such that B'(V,_1,V;) = 1 or 0 for

every £ =1,...,n. In this case, the singular points are precisely those V; where
0=B(V;") <B W) =1,
and these are exactly the horizontal coordinates where the limit shape is vertically unbounded.
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2. p=2,8 ={1,a},a > 1. Consider the case where n = 3 and we take

‘/():_b7 %:_a7 ‘/QZCL, V3:b7 a<b7
B(=b,—a) =1, B(-a,a)=1/2, B(a,b)=0.

There exists a threshold value ag such that if a < ap then B ¢ B(S) (thus this does not
correspond to a limit of a plane partition), and if @ > ag then B € B(S). If a > agp, then
B € B2(S) and the singular points occur at —a,a. If a = ag, then B € B(S) \ B2(S) and
[—a, a] is the set of singular points. In both of these cases, the singular points correspond to the

set of horizontal coordinates where the limit shape is vertically unbounded, see [46, Sections
1.1.1 & 4].

3. In general, we show in Section that the singular points for B € B2(S) are exactly
the horizontal coordinates where the limit shape is vertically unbounded. The method for
computing the frozen boundary in Sectioncan also be used to see that B € B(S)\B2(S)
give rise to limit shapes (as defined above) that are vertically unbounded over an entire
nonempty open interval, and these unbounded parts correspond to components of singular
points.

Although Theorem has the advantage of simplicity, it is not as useful for application. We
have the following equivalent definition and characterization of singular points for B € B2(S).

Definition 2.4.8. Let 01 > -+ > g4 be the distinct elements of S in decreasing order, and set

So
09 = 00, ogr1 = 0. Let ga:2?21 | pj‘ for 0 <a <d.

Proposition 2.4.9. We have that B € B>(S) if and only if B € B(S) such that
1. for each x € I\ {Vi}}_,, we have B'(z) € {s}L,;
2. if V.< W are non-differentiable points of B, then p<(V) < ps(W).
If B € B2(S), then the singular points of B are exactly the non-differentiable points V of B such
that B'(V*™) < B'(V™). In this case, if B' (V™) =g then B(VT) =¢_1 and
p<(V) = ps(V) =a;le".

Before providing the proof, we highlight a few features. The first condition in Proposition [2.4.9
restricts the possible values of the slopes of B whereas the second condition is a refinement of
property in Definition This is transparent when we rewrite the second condition as the
following equivalent statement:

If V< W are non-differentiable points of B with B' (V™) = ¢;, B(W™T) =g, for some 0 <1i,j <
d, then

o lojem WY <1, (2.4.4)

Although this refinement requires the inequality to be strict for pairs of non-differentiable points
V < W, it does not require the same for V = W; namely if V is a non-differentiable point of B
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such that B/(V™) =g and B/(V') = ; then we still have the weak inequality
O'Z-_IO'J‘+1€_(W_V) <1

This way of viewing B2 (S) also has the advantage of realizing the subset as dense in B(S).
Corollary 2.4.10. If we endow B(S) with the topology induced from the disjoint union | |>7 ;(RU
{£o0})?"*L by identifying B € B(S) with the point

(‘/07 RS Vn7 B,(‘/O) ‘/1)7 s 7BI(VTL717 Vn))
Then B2(S) is a dense subset of B(S) by Proposition. Note that the parametrization identifies
B which differ up to translation.

To prove Proposition we require a lemma which describes p(x), p>(x) in terms of max-
imizing, minimizing over finite sets.

Lemma 2.4.11. Let B € B(S). Then

—1 _min(x ¢
p<(x) = max {r; 'e CVe) Vo <%, B ((Vie1, Vi) = -}
e[[1,n]] p

_ . -1 max(Vp_1,X) -V / V) = z
ralx) = i (e > 5B 0 V) =)

Moreover,

1. ifx € (Vie1,Vi] and B'(x7) = %, then

p<(x) = maX(P<(Vé—1)aT¢_1€X)a

2. and if x € [Vy_1, Vi) and B'(xt) = 1%, then
p>(x) = min(p= (V7), 7,,} €9).
Proof. Suppose £ < x with £ € (V;_1,Vy] and B'(§7) = %. Observe that
B'(§7) = B'((Vi-1, Vo)) = B/ (min(x, Vi) 7)

which is %. Then

-1 —1_min(x,V,
T; et < T; emintaVe) < p<(x).

Maximizing over all ¢ € [[1,n]] proves the statement for p-(x). A similar argument yields the
expression for p (x). The rest of the lemma follows from the obtained form for p.(x) and p~ (x). O

Proof of Proposition[2.7.9. Suppose x € (Vy_1,Vp) is a singular point of B. By Lemma [2.4.11] one
of the following equalities must hold

,0<(Vg_1) = ,0>(V£)a Tiilex = Z;llex’ P<(V£—1) = ij|_11€x7 Tiilex = p>(Vg).
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Observe that the latter two equalities cannot hold, we have

p<(Vi1) < ps(Vi1) < mjet < 17k e

)

and similarly T{lex < p=(Vy). Thus if x € (Vp_1,V}) is singular, then

p<(Vier) = p>(Vo), or 77 =711
However note that these equalities are independent of x € (V;_1, V;). In particular, this means that

B has a singular point in (Vy_1,V;) if and only if every point is singular in (V;_1, V}).

Therefore, B has finitely many singular points if and only if there are no singular points in
I\ {Vi}}_o- By our discussion above, this is true if and only if

p<(Vi-1) < p> (Vo)

for every ¢ € [[1,n]] and

-1 -1
T; < Ti+1

for any 0 <4 < p such that B'((Vo_1,Vy)) = %. The latter condition is equivalent to i = 377, [S,|

for some 0 < a < d in which case B'(z) € {s;}&,. This proves the desired equivalent description of
BA(S).

We now characterize the singular points. Since the singular points of B € B (S) are necessarily
non-differentiable points of B, we may assume our singular point is V; for some 1 < ¢ < n with
B'(V,7) = and B'(V,") = ;. Since

max(p<(Vi-1), 07 'e"t) = p< (Vi) = p= (Vo) = min(ﬂ>(vé+1)7‘fg‘_jlew)

Since p<(Vi—1) < p> (Vi) and p<(V) < p>(Viy1), we must have
o e’ = p<(Vi) = p> (Vi) = o s,

This is the case when j =14 — 1. O

2.5 Asymptotics

In this section, we obtain asymptotics of the observables from Section under our limit regime.
We begin with relevant definitions prior to the statement of the main theorems for this section

(Theorems and [2.5.3]).
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Define

1— 6I‘nin(Ve,x) (O'Z)_l %1[8/( y) )>5o]
g<x H H 1— evéfl(o—z)—l )

o€S 1<Ut<n
Vimex (2.5.1)
1 /(Y — U
1 — e ma'x(w—lvx)o'z 51[8 (V, )<so]
Gox(2) =11 11 e ias -
ceS 1<t<n
Vi>x

where we set ¢, = ¢, if 0 = 0;. Here the branches are chosen so that the argument is 0 for |z|
large and real. Recall that S is a multiset of p elements up to multiplicity with d distinct values.
In particular, the product over ¢ € § is a product over p terms.

Definition 2.5.1. Let IP’B % satisfy the Limit Conditions and let V;,, ..., V;, be the singular points

of B. Given d > 0, we say that x(e) is d-separated from singular points if
|z(e) — v (e)] >d, 1<i<vw
for all sufficiently small £ > 0.

We now present the main results for this section. Let (7%),cre denote the diagonal sections of
P
Theorem 2.5.2. Suppose Pg,’f’s satisfies the Limit Conditions with B € B2(S). Fizx € I,k €
Z>o. Let x € I3, be kt-separated from singular points and satisfy ex — x. Then
d
kt 22 (2.5.2)

27 z

x (0% 1
Bou (s, 1Y) = 5 4105 (219%(2)
as e — 0, where the contour is positively oriented around [0, p<(x)) and does not contain (p>(x),00);
recall p<(x) and p=(x) are defined in (2.4.9).

Theorem 2.5.3. Suppose P, ’rs satisﬁes the Limit Conditions with B € %A(S). Firxg <.-.- <
Xm, Ki,...,km € Z>o. Let :Ul < - < xy, in I3, be such that x; is 2k;t-separated from singular
points and satisfies ex; — X; for each i € [[1,m]]. Then the vector

1 1
(mﬁ (171314, 1) — B, (2751, 1)), ., (o, (17775149 1) — gy, (n7m5 1, r*>>)
& &

converges in distribution as € — 0 to the centered gaussian vector (D, (x1),...0k,, (Xm)) with
covariance defined by

Cov (Dy, (i), Dr; (x;))
o2 ik 7{% (G, (2)G5, ()M (G (w)GE ()]s (2.5.3)

dzdw, 1<i<j<m
(z —w)?

2711
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where
e the z-contour is positively oriented around [0, p<(x;)) but does not contain (p=(x;),00),
e the w-contour is positively oriented around [0, p<(x;)) but does not contain (p>(x;),0),
e and the z-contour is enclosed by the w-contour.

If p<(xi) = p>(x;j) =: p, then the z- and w-contours intersect at p.

The remainder of this section is devoted to the proofs of Theorems [2.5.2] and [2.5.3] We begin
by collecting some asymptotic preliminaries. We then give an outline of the proofs to illustrate the
key ideas, followed by the rigorous proofs.

2.5.1 Preliminary Asymptotics

In preparation for the asymptotics of the formula from Theorem we study the asymptotics
ngang and some asymptotic properties of their poles, formulated in two propositions. The
latter is important for understanding the placement of contours in the analysis of moments. Before
presenting the propositions, we introduce some notation to work with the poles of GECC, G]>3x.

Given ]P’f:[’s satisfying the Limit Conditions such that B € B2(S), we define the (s-dependent)
sets

_ 1

R‘i’i ={(s0- - 547°) L.ee (ve—1,v¢) N (a + pZ + 5), e<x,BVi_1,Vi) > IS (2.5.4)
_ 1

R‘;ﬁ = {(tso---547%) " i e € (vg,veq1) N (a + pZ + 5),6 > 2, B' (Vo, Vis1) < Ssgsa }-

Recall the g-Pochhammer symbol

N-1 00
(v =[] (1 —ag), (a:9)e0 = [](1 - aq)
=0 =0

Lemma 2.5.4. Suppose Pf,f’s satisfies the Limit Conditions such that B € B2(S). For e > 0
sufficiently small,

(t~!(max R(Qﬁ)z_l; m)oe  (rP(min R‘i’i)z‘l; ™) oo

((max R‘i’ﬁ)z_l;rp)oo (t=1rP(min R‘é’ﬁ)z_l;rp)oo

GEI(Z;Eﬂ t) = H

RZ,#0 (255)
GB (zet) = H (L (min R%5)12;7P) o . (rP(max R%) 123 1P) o0
> )< - . N _ — Oy ] .
iy (i B ) (B 200).

Proof. 1t B'(Vy—1,Vs)) = ¢;, then Lemma implies

1
B =1 U ‘(Sc,j +pZ+3)
1<5<i
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on I5 N (ve—1,ve). By the definitions of GE, and R‘i’i, we have

1—t" pz

B

G2, (z6,t) = || || =
RYL#0 peRY!

-1

. N
Since the elements of RZ, are
14 14 4 . 4
max RY,, 7P max RY,, r?P max RZ,, ..., minRZ,,

in decreasing order, we can rewrite the product over p as the ratios of Pochhammer symbols in

(2.5.5). The argument is similar for Glgx. O

The first proposition in this section describes the behavior of the largest pole of GE 2, and the
smallest pole of GZ,

Proposition 2.5.5. Suppose IP’ % satisfies the Limit Conditions such that B € B>(S). For
x € I, let p=(x) and pS () denote the mazimal pole of GE,(z;¢,t) and minimal pole of GE (z;¢,t)
respectively. Suppose x € I and x € I¢ satisfy ex — x as € — 0.

(a) If x € I\ {Vi}}_q, then

lim pZ (z) = p<(x),  lim pS(z) = p>(x).

e—0 e—0
(b) If x = Vy is not a singular point and

(i) © > vy for all e > 0, then

lim g2 (2) = p<(V;), T pS () = po (V) = s (V)

e—0 e—0
(i) x < vy for all e > 0, then

lim p (7) = p<(V;7) = p<(Ve),  lim pS(z) = p= (V).

e—0 e—0
(i1i) x = vy for all e > 0, then

lim p () = p<(Ve),  lim pS(z) = p>(V0).

e—0 e—0
(c) If x = Vj is a singular point, then

lim pZ (z) = p<(x) = p>(x) = lim p< (z).

e—0 e—0



Furthermore, if B'(Vy) = <5, then

lim max < U RZ ) = p<(Vo) >hmsupmax{poles of GB,(z;6,0)}\ ( U R ) ,  (2.5.6)

e—0
a€Ss a€Sy

. . a,l . . .
ggrg)mln < U R>x> =p=(Vo) <hreri>1£1fm1n{poles of GB,(z;6,0)}\ ( U R% ) . (2.5.7)

a€Sy a€ESy

(3
—1,—|z—v|-1 ps(z) < =1, —|z—vg|—2p+1
tr S @) <t 'r , (2.5.8)

e

for e > 0 sufficiently small.

The next proposition gives asymptotics of Ggm, Gfx with special precision given to points near
maximal and minimal poles respectively.

Let 6 € (0,7), 6 > 0. Define
D0 — {we C:dist(w,[1,00)) > 6} U{w e C: |arg(w — (1 —¢))| > 6},
that is the neighborhood d-separated from [1,00) between the rays of arguments +6 started from
1 — € on the left side of C.

Proposition 2.5.6. Suppose Pﬁf’s satisfies the Limit Conditions such that B € B2(S). For
x € I¢, let p= (z) and p<(x) denote the mazximal pole of G (2;e,t) and minimal pole of GB,(z;¢,1)
respectively. Suppose x € Iy, such that ex — x € I. Further assume that if x = Vy with Vy not a
singular point, then either x > vy for alle > 0, x = vy for all e > 0, or x < vy for all e > 0. Then

2
GZ, (712" pl(@)iet) = Gex(2 7 pa(x)) exp (0 (M»

G212+ 2 )20 = Goxt o0 e 0 (52 )

uniformly for z € D% and ¢ > 0 sufficiently small.
The remainder of this subsection is devoted to the proofs of Propositions [2.5.5] and [2.5.6]

Proof of Proposition[2.5.5. Suppose throughout the proof,  is small enough so that the conclusion
of Lemma is true and so that vy — vy_; > p for each ¢ € [[1,n]] (that is we have at least one
period in (vs_1,v¢)). Then

p% () = max U RY™ (2.5.9)
a€([0,p—1]];me[[1,n]]

where the above set being maximized over is the set of poles of GZ_(z;¢,t). Observe that if RZ"
is nonempty, then
max RY™ = (s - - - s4) " L™V 4 o(1)
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as £ — 0. The set RZ}" is nonempty if vy,,—1 < z and B'((Vin—1, Vin)) > Gso.-s,; here we used the
fact that v, — v;,—1 > p, otherwise it is possible that Z + a + % and (vy—1,vp,) do not intersect.

We first prove the convergence statements in @, (]ED, for pS (z). The argument for p< () is
similar.

(&). If x € T\ {Vi}}_,, then RZ}" is nonempty if and only if Vi,—1 < x and B'((Vin—1, Vin)) >
Gsg--s,- Lhen for ex — x, we have

p=(x) — max{(sp--- sq) teminVm) Ly < % B ((Vine1, Vin)) > Ssgeosy b

L mingetin) , (2.5.10)
=max{(sg---5q) €™M V1 <X, B ((Vin—1,Vin)) = Ssge-s0 } = p<(X)

as ¢ — 0, where the first equality follows from the fact that ¢,...;, is an increasing function of
(s0--+54)" and the second equality follows from Lemma [2.4.11

, (biii)) and . Suppose x = V; for some 0 < £ < n and x < vy for all € > 0. In this case,
we again have that RZ}" is nonempty if and only if V,,—1 < x = Vp and B/ ((Vin—1, Vin)) > Ssp---sa-
Then (2.5.10)) holds for this case as well.

and (d). Suppose x = V; for some 0 < ¢ < n and « > vy for all ¢ > 0. Then RZ]" is
nonempty if and only if V,,,—1 < V; = x and B'((Vin—1, Vin)) > Ss--s,- Then

p= () — max{(sg - - sq) L™V Y < x =V, B (Vino1, Vin)) > Ssposa }

= max{(sg- - sa)*lemin(x’v’”) Vi1 < x =V, B ((Vin-1,Vin)) = Ssp--sa } = p<(V£+)

as € — 0, by the same reasoning as before.

Note that combining the latter two cases gives us the complete case of the convergence of p% ()
for (d). It remains to show (2.5.6), (2.5.7), (2-5.8). For the remainder of the proof, assume x = V;
is a singular point.

(c): (2.5.6). By the argument preceding the case analysis above, RZ"" is empty if m > £ + 1.
V- NV <z
We rewrite the union

a,m a,m a,l
U R | = U Ry | U U R<m+1
ac[[0,p-1]lme([1,n] a€[[0,p—1]]m<t acll0p=1] (2.5.11)
o U ome)u ( U Rzﬁ>
ac[[0p-1]\Ss a€Ss

as four smaller unions. We want to show that the lim sup of the maximum of the first three unions
converges to p < p<(V;), then by the maximum of the fourth union must be equal to p< (z).
Since p (z) — p<(Vy) as € — 0, this establishes . Note that the maximum of the first union
is exactly pZ (vs—1) and therefore converges to p<(Vy—1) as € — 0. By Proposition m,

p<(Ve—1) < p> (Vi) = p< (Vo)
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because V; is a singular point. We have thus shown

lim max U BRE) <p<(V).
a€l[0,p—1]],m</

For the second union in (2.5.11]), observe that by Proposition if o0 = o; then
B'((Ve, Vigr)) = B' (V") = g1

Thus, arguing as in the case analysis above,

lim sup max | R‘i’iﬂ < max{(sg---5a) " e 1 ;i1 = B'((Vy, Vig1)) > Ssgosa }
e—0
a€[[0,p—1]]

<o, e <o te = p(Vy)

11—

where we recall ¢;_1 = ¢,, , and the final equality follows from Proposition It is necessary to
take the lim sup since the set above may be empty depending on whether x < vy or > vp. Also,
note that the second inequality is equality if the preceding set is nonempty (this is when 7 > 0).
Otherwise it is strict since max() = —co < 0; recall that o9 = 0o so we take o 1'— 0. The third
union is similar, we have B'((V;_1,V;)) = ¢, = ¢; by assumption. Then

lim max U RY | =max{(so-sa) e 16 = B'((Vi, V1)) > Sspsar 507+ Sa # 0}
a€([0,p—1]]\Ss

-1V, -1V,
<o,et <o et =p (Vo).

This proves (2.5.6)).

(c): (2.5.7). Uses an analogous argument as for (2.5.6]).
(c): (2.5.8). Using (2.5.6) and (2.5.7), notice that

p< () = max < U R‘é’i) =07, pl(x) = min ( U R%;) — t-lp e

a€Ss a€Sy

where
1 . 1
e1 = max{e € (vy_1,v7) N (So +DpZ+ 5) re<az}, ey =min{e € (vg,vp41)N(Se+pZ+ 5) re>xh.
We have the inequalities
HHHOM’$)—49+

max(vg, z) +



Thus we conclude (2.5.8]). O

Before going into the proof of Proposition [2.5.6] we first require a lemma on the asymptotics of
Pochhammer symbols.

Lemma 2.5.7. Let a > 0 and suppose N(g) € Z~¢ such that liminf._,oeN(g) >0 ase — 0. Then
for any fized 0 € (0,7),5 > 0, we have

(2 %) N(e) _ 1—2 an 0 6|Z|\/|z|2
(e=%zie )Ny \1—rNz P |1 — z|

uniformly for z in D% and e arbitrarily small.

Proof. Throughout the proof, the constant symbol C'is independent of £ > 0 (though it may depend
on a,6), and may change from line to line.

Set r=e ¢, N=N(e), D° = D&%9 . Define

: 1—17r® 1—
Ei(s) = log 2N L=ty ()

(roz;r)n 1—7r
1—7r® 11—z 1—2
1 <1_N> ~alog (1_N>

E(z) = B (2) + E5(2) = log (zzriNN ~alog (1—2> |

Using the fact that

we have

11— 1—-2 a 1—-2
E5(2) = —a)log [ —=-) = (- 0() ) log [ ——— ) .
0= (o) () = (o) o e (555
The log term is bounded for large |z|, behaves as C|z| for small |z|, and has logarithmic singularities

at z =1 and z = v V. Since D¢ is separated by a constant distance from the »— singularity by
the assumption liminf. ,oeN(¢) > 0, we may disregard the singularity at z = 7~ and have

for z € D?. Note that we accounted for the log singularity at 1 with the “wasteful” |1 — z| term in
the denominator and the boundedness for |z| large by balancing the right hand side.
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Observe that

N—1 i 1

(z;7m)N /7’ z 1—r° / z
log ———— = — du = — d
°8 (roz;r) N ; pati 1 —uz “ 1—7r Jixv 1 —u(v)z v

by the change of variables
, . 11— . . : ,
(r ] 3 v e u(v) = . ! (v—"1)+ 77 € (Pt 7). (2.5.12)
—r

We may similarly write

Thus

Ei(z) = 11_—7:l /; (1 - {j(v)z 1 —sz> dv = 11_—7:l /; 1 —(Z((?)z_)é)fvz) dv.

For v € [/ T, rd], )

u(v) —v =T (= 19),

so that
lu(v) —v| < Ce

where the constant is also uniform over v € [V, 1]. Also for v € [ri+1 7J],

z(u(v) = v)

<
1—u(v)z | — ¢

1—wvz
1 —u(v)z

:'H

for z € Df. Indeed, u(v) ranges from rV~!1*% to 1 so that the buffer provided by D° bounds
|1 — u(v)z| from below by some constant times . Thus

a

1— 1 _ 2 1 2
BE(2)] < r / (u(v) —v)z do| < / Celz| o
1—r |Jiv (1 —u(v)2)(1 —vz2) oN |1 —vz|?
By writing
1 1 z z e N 1]
= — vE|r
NM—vz]2 z—-z\l-vz 1-—wz)’ T
we obtain

Celz|? 1-2 1-=z | 2|2 1-2
I3 < _ — - -
Eiz)] = z2—z log 1—-rNz log 1—rNz Ce S, ME\T N



Observe that

O<‘Z‘ 1-z |z 1 1-2z <C ||
—ar - ar
=5 M \1 v |1 — z| sinarg(1l — 2) E\1=v) = 11— z|

for z € D%. The latter bound follows from the fact that the sinarg(l — z) denominator term is

1-z
1—rNz

balanced by arg ( ) away from [1, c0); note that as z approaches R we only need the fact that

1—rNz

Thus

arg ( 1=z ) approaches 0, however near z = 1 we really need arg(1 — z) to balance sinarg(1l — z).
e
1— 2]

uniformly for z € D*. Combining our bounds, we obtain

|Ei(2)] <C

ERAE

© <
B ()] < Ce—

uniformly for z € D®. Our lemma now follows from

(z;7)N

(roz;r)n = exp(E(2))-

Proof of Proposition [2.5.6, By Lemma [2.5.4] for sufficiently small £ > 0, we have

. a,f — . a,f — .
GEI(tZ . p{;(l‘),&f) _ H ((Il’lln R>I) lz i pi(x)vrp)oo . (trp(maxR>x) lz i p€>($),7‘p)00

g (i RED) 12 2 ()i 17)oc - (7 (max RE) 12 - 2 ()5 77)o
>z

Fix R‘;’ﬁ # (). As established in the various cases in the proof of Proposition the nonemptiness

of R‘;’ﬁ for a, ¢ fixed is independent of € > 0 when ¢ is sufficiently small, under our assumptions on
x. We have

((min Rg) 12 - pS (2);rP)o  (trP(max RY;) ™'z - pS (2);17)oo _ ((min REp)~'2 - pS (2);77)y

(H(min RE;) "1z - g2 (2): 7)o (rP(max REG) 12 p2 () 1P)oo (H(min REE) ™2 - g2 ()i 17)w
where N = N(¢) satisfies
. Ra,(
FP(N=1) _ min >a
max Ri’ﬁ
By definition of p< (),
S CON
min Ri’ﬁ

for some v = v(e) > 0. Note that ev — © as € — 0 for some 7; this follows from the fact that
min Ri’i converges to (sg - - - 84) 1™ Vo) and that pS (z) converges by Proposition
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There are two main cases to consider: 7 > 0 and v = 0. First suppose 7 > 0. Note that if
a1 = ay(e), az = az(e) converge to some @ > 0 as € — 0, then

a b a
1-r2 _ exp <1og (1 + M)) — (O(e(2A1))

1—rbz 1—rbz

uniformly over z € D%%? Thus Lemma implies

t
(min Bz g @) r)x (1= (50750 ™0z 060\ opnry
(t(minRi’ﬁ)—lz - pS(z);rP) N L—(s0-sa)teVrr12 - po(x)

uniformly over z € D%

If o = 0, then write
((min REL)"'2/p% (2);7")n  (Pz;7P)y

(t(min RZ})"1z/pS (2);rp)y - (B2 rP)N

If, in addition, lim._,oeN > 0, then by Lemma [2.5.7] we have

(rYz;rP) N _ 1—7r¥z éexp 0 E|Z| Vv |z[2

(trvz;rP) N 1—(sg-sa) teVetlz ps(x) 1 — 2|
uniformly over z € D%%9. We may further replace the 1 — 7”2 with 1 — z without changing the
right hand side since

11—_r:z ~ exp <log <1 + Z(i::j)» — exp <O <5,1’i2,>> (25.13)

uniformly over z € D99,

Otherwise, if lim.,0eN = 0, take M = M (e) € Z~¢ large so that lim._,peM > 0. Then by

Lemma [2.5.7]

(Mz)y _ (MmN (N sy

(trvz;rP)y  (trvz;rP)yanr (rvIPNzorp)

t
B 1—rYz \» |2 V |z)? B |2 V |z|?
= <1—rV+PNz> exp <O <5 T =exp|O|e¢ 1=z

uniformly over z € D% where the last equality follows from applying (2.5.13) to 11_;«

%N;Vz, then taking their quotient.

z

and

Multiplying over all Ri’i # () and comparing with G~x as defined in 1' we obtain the
desired asymptotics for Ggm. The argument for G’Ew is similar. O
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2.5.2 Outline of proofs

We first outline the proof of Theorem to indicate the main obstacles. Part of the proof of
Theorem [2.5.3| will mirror the outlined proof of Theorem [2.5.2
By Theorem [2.3.17 and ({2.3.19)), we can express Epy(7”;q,t) as

1q11

7, 1% ti—-1 (Z] ZZ Z’L
- GE (zi;¢,0) e, t)d
(27i)k 7{/ j{/ (22 — 121) H( —1z ~ qz) 21—11 (238, 0GE, (2556, 1) dz

(zk’ - fzk:—l) i<j s

(2.5.14)

where C] is the z;-contour and satisfies the conditions in Theorem [2.3.17] If the C, converge to C;
and are separated from one another so that the contours do not pass through any singularities of
the integrand, then the integrand converges on the contour and the integral (2.5.14]) converges to

1 k

’L 1 Zi
27” fél fék 29 — Z1 ( 2k — Zh— 1 g<X g>x< )] dz;. (2515)

=1

The dimension of this contour is in general higher than what we desire. However, we can obtain
the desired form by applying the following Theorem from [32 Corollary A.2].

Theorem 2.5.8 ([32]). Let s be a positive integer. Let f,qg1,...,gs be meromorphic functions with
possible poles at {p1,...,pm}. Then for k> 2,

2771 f 7{ (vg —v1) - (U — V1) H (ggj(vi)>£[1f(vi)dw

fs—1 S
=57 %f(v)kjl;llgj(v) dv

where the contours contain {pi,...,pm} and on the left side we require that the v;-contour is
contained in the vj-contour whenever i < j.

We note that this was how the asymptotics of moments were carried out in [32].

In the case that x = V; is a singular point, there is some additional difficulty due to the order
of dist(p (z), p% (x)) being O(e) where p= (x), p% (x) are defined as in Proposition 2.5.5 By the
conditions on the contours in Theorem our kth moment formula only makes sense if there is
some separation between vy and z. This is where the kt-separation condition is needed. Even with
this separation condition, the contours C; in are O(g) from one another on the positive real
axis; this is the main technical complication and is a byproduct of dist(p% (x), p< (z)) being O(e).
For points (21, ..., 2,) where |2 — zj| ~ O(¢), i # j, we take care to show that the integrand does
not diverge. We still have convergence to but with the limiting contours sharing a common
point; this means that the integration goes over some singularities of the integrand. However, we
are still able to obtain by finding a sequence of integrals which converge to for which
we can apply the dimension reduction formula to complete the proof of Theorem [2.5.2
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The proof of Theorem [2.5.3| requires the asymptotics of higher cumulants, see the Appendix for
a review of the definition and some facts about cumulants. Modulo a reduction step, the proof of
Theorem follows a similar line of argument as Theorem [2.5.2] Therefore some of the more
repetitive points will be done in less detail.

2.5.3 Proof of Theorem 2.5.2]
As outlined above, we want to show that (2.5.14]) converges to (2.5.15)). We suppress the dependence

on B, o and t in the indexing. Throughout the proof, constants C' are uniform in € and may vary
from line to line. We let p< (z), p% () be as in Proposition 2.5.5l For the proof, we assume that
if £ = Vp, then either x > vy for all e > 0, x = vp for all e > 0 or z < v, for all € > 0. The
purpose of this assumption is to ensure p%, and pS, both converge as in Proposition . Note
that this condition is not restrictive, if we show converges to under each separate
regime x > vy, * = vy, and = < vy, then certainly we have that converges to under
a general limit ex — x without restriction on the inequality between z and vy, since the limit is
independent of this ordering.

The first step is to find contours such that the conditions in Theorem are satisfied. As we
will see, the kt-separation condition gives us existence of such contours. In order for the conditions
in Theorem to be met, we require the contours Ci,...,C; in to satisfy the following:
C; contains [0, pZ(z)] but does not intersect [pS (x),00), and C; encircles ¢C] for any i < j. In
particular, we require that C, intersects (p%(x),p% (x)) at some point a;, and these points must
satisfy

p=(x) < ay < tag < --- < t*lap < tF71p% (2). (2.5.16)

Let 0 < 6,...,01 < 7, and set C{,...,C; to be contours in C such that C/ is the contour
consisting of line segments and circular arc

{1+uet :ue0,1]}, {zeC:|z|=1+¢e%| argz > arg(l+ %)}

where the arg branches are in (—m,n], positively oriented around 0. Then C{,...,C; intersect

pairwise at 1 and C encircles C; \ {1} whenever i < j.
The kt-separation condition guarantees the existence of points a1 := ai(e),...,ar := ag(e)

satisfying (2.5.16)). Indeed, by Proposition if

M1 P6>(95)
pZ ()

then M > k + 1. Indeed, if x is not a singular point then lim. g p% (x) < lim. 0 pS (x) so that
there is enough space to guarantee this inequality for € sufficiently small, and if x is a singular
point then the kt-separation condition implies the right hand side is > ¢t~1r=Ft=1 = ¢~ (kA1 1y
particular, we may set

7 k+1—1
a; = (M YT e (z) = (M) pE (a).
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Since a;/a;—1 > t~1, by setting C! = a;C!, we obtain contours satisfying the conditions in Theorem

2317

If x is not a singular point, then lim._,¢ pS (z) < lim._,0 p% (2) so that lim._g t—M > 1. Then
the integrand in (2.5.14) is bounded, having no singularities. Thus by Proposition (2.5.14)
converges to (2.5.15) with C; = (lim._0a;)C!.

In the case that x is a singular point, then t=™ — 1, so there are singularities in (2.5.14)) to take
care of. Let F.(z1,...,z2;) denote the integrand in (2.5.14]). We may change variables in (2.5.14
to replace the C contours with C/ via z; = a;w;. By dominated convergence, to prove that (2.5.14

converges to (2.5.15)), we seek a function g so that

IE (@, . agaon)| < glon, ., wg)
for (wi,...,wy) € C{ x -+ x C} with g integrable on C} x --- x C;/ with respect to d|wi|- - - d|wg.

We may write

Goolaiws e, ) = Geg(t™ - t(tMr VY FTw; - p% ()
k+1—1

Gsz(awi;et) = Gyt - t_l(t_Mr_l) T w; - pS ()

If we denote by C/'! = {w : w™! € C/}, then there exists § € (0,7) such that C/,C/'~" ¢ D99

177

for 1 < i < k and some fixed § > 0. This is clear for C/. For Cl{/*l, this follows from the map
w +— w~! being conformal and an involution taking (—oo,0) onto intself and (0, 1) to (1, 00). This
implies that given A > 0, then e=°C}'~ ! e75C/ c D% for 1 <i <k, a> A, § > 0 fixed, and c
depending on A. In particular, since

HE MY >

we have
W ~1 A
t——w; = (t(tMp Yy Fw,) "1 e Def
(1) =

; kel
tflpeagx)wi :t—l(t—M 71) k+1 w; € D0506
>

for 1 <i < k and some fixed d,¢ > 0, § € (0,7). Thus by Proposition we have

G<x(aiwi; £, t) = g<x(t(t7MT71) kil Wi - p<(x))texp (O <|1 _ ialw ‘>>

P (2.5.17)

Goa(aits; £, ) = Gon(t™ (¢~ M) i w; - o (x)) exp <O <\1wr>>

rS (@)

for w; € C/,1 < i < k; note that we dropped the |z| V |z|? term since C/ is bounded and separated
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from 0. Observe that away from [0, 1],
Gex(2)P = R(2)(1 — 2)

where R(z) is a rational functions with poles < 1, we have a similar statement for G.x(z) but we
will only need the fact that it is bounded (we could alternatively flip the roles of Gox and G-«
here). Using this and the fact that we may replace the exponential term in with a crude
constant order term, we have

|G ep(aiwiz e, 1) - Gog(ajwiz e, 1) < C1 — tow;[¢ (2.5.18)

for w; € C! and some fixed constant ¢ > 0, § > 0. Next, we need the following lemma.

Lemma 2.5.9. Fiz v > 0. For e > 0 arbitrarily small, there exists a constant C' independent of €
such that

_ —VE
|1 — e "2z <C
lw—e—¢z|

on (z,w) € C x C] whenever 1 <i < j <k.

Proof. Tt suffices to check the inequality for (z,w) near (1,1) where C;" x C}/ looks like

{1+ uet 4 e[0,6]} U{l +uet :ue0,0]}

for some small § > 0. Since 11:‘26__”:; is bounded over this region, independent of ¢, it suffices to
bound
1—e"%z2 1—w w—1 1
- =1 =1+ =14+ |—-.
‘w—egz ' +(w—1)+(1—e*52) ‘(w—1)+(1—65z) 14 ez

Without loss of generality, we may suppose w = 1 + uel% for u € [0,5]. Also note that if z € H
then |w — e™%2| < |w — e 2|, so we may suppose that z € H. Then 1 — e~z = v/e¥ for some
0<0<6; <0jand u’ €0,6]. Thus

1
14+ l—e—¢z

w—1

1
‘ 1+ vel0=05)

for some v € [0,00). We can maximize the right hand side over v € [0,00) for each fixed § < 6;;
the maximizing value is given by m. Thus
J

1

1—e"%z +
SiD(@i — 9])

w—e ¢z

which proves the lemma. O
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(zj—2i)(zj—%2)
(zj—12:)(25—qzi)
can dominate F¢(z1,...,z2;) as follows

Using ([2.5.18]) and the fact that

is bounded on C] x - - - x C;, uniformly in €, we

1
(22 — $21) -+ (2 — $20-1)
1

(22— $21) - (2k — $20-1)

’FE(Zla"'aZk)’ <C-:

k
[t —ta; 2l (2.5.19)
=1

1—c

<C

(2.5.20)

on Cy X --- x Cy, where the second inequality follows from Lemma With z; = a;w;, (2.5.20))
becomes

1 1—c
F.(z,...,2p)| < C
IFe( ) (a2wa — farwy) - - - (apwy — fap_1wr_1)
L (2.5.21)
1
<C =: g(wy, ..., wg
‘(w2—’w1)"'(wk—wk1) ( )
for (wi,...,wy) € C{ x --- x C;/. The dominating function g is integrable, since all its singularities

are integrable; e.g. integrate wy, then wy, etc. We may thus apply dominated convergence and see
that (2.5.14) converges to (2.5.15)) up to a change of variables where we need to take C; = p(V;)C/'.

Now that we have shown (2.5.14]) converges to (2.5.15|), we want to show that (2.5.15)) is the
right hand side of (2.5.2)). By a similar argument, we have the integral

1 k

1 Y
(2ni)k f{ . j{,; (22 = 21) -+ (2 — 2-1) o) Gealaiie ) Coelasies ) dy (25.22)

with C; and G, depending on &, converges to (2.5.15) as well. On the other hand, Theorem m
says that (2.5.22) may be reexpressed as

1 pdz
Py CI[G<$(z7€,t) cGsz(z58,1)] ~

where C’ is some contour containing the poles of G’Ex(z;e,t) and 0 and containing no pole of
GB,(z;¢,1); for example it suffices to pick C} for some i € [[1,k]]. This converges to the right hand

side of (2.5.2]). Therefore, (2.5.15|) coincides with the right hand side of (2.5.2)), completing the
proof of Theorem [2.5.2 O

2.5.4 Proof of Theorem [2.5.3

We begin by defining
1 * .
k(@) = Z(or(m":4,1) = Epr(n®; ¢, 1)). (2.5.23)
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As alluded to in proof outline, the idea is to compute the cumulants of (D, (z1),..., D}, (zm)) and
check that they are asymptotically Gaussian as € — 0; that is the order > 3 cumulants vanish and
the order 2 cumulants (i.e. the covariances) have the structure asserted by . The asymptotics
of the cumulants have many elements similar to the asymptotics from the proof of Theorem [2.5.2}
However, the higher order cumulants require greater separation in order for the formulas from
Theorem [2.3.17] to apply Which poses a problem yet again for the singular points. To ameliorate
this, we prove Theorem [2.5.3| by first reducing to a seemingly weaker claim.

Claim. Fiz integers v > 2, ki,...,k, € Z=o and let x1 < --- < x,, be points in I¢ (depending on
e) such that

ex; = x; €1 forie|[[l,v]], and

x; is (ki + -+ + ky)t-separated from singular points, for i € [[1,v]]. (2:5.24)
Then
w(DE, (1), ., D, () — { # D o1), Dy (2)) ZZZ 7 (2.5.25)
Lemma 2.5.10. The Claim above implies Theorem
Proof. We first show that for any integer £ > 0 and any « € I, we have
E(D}(x) ~ DE(#))? — 0 2526)
for any x, & € I° that are (2k)t-separated from singular points with ex, ez — x.
To see , rewrite
E(D}(x) ~ DE®))? = E(D}(x))* — 2ED}(x) Di(#) + E(DF(3))? 2527

= r(D(z), Di(z)) — 26(D(x), Di(2)) + k(D (Z), Di(Z)).
By the Claim, each cumulant appearing in (2.5.27)) converges as ¢ — 0 to the same limit:
K(D(x), Di(x)), s(Df(x), DE(%)), £(Di(T), DE(T)) = £(Di, (X), D, (X))

This implies (2.5.20).
Let @1,..., 2y € I¢ and integers ki, ..., ky € Zsq be as in the statement of Theorem 2.5.3] We
can find Z1,..., %, € I¢ such that

ex; — x; € I for i € [[1,v]], and

2.5.28
Z; is x-separated from singular points for every x > 0, for ¢ € [[1, V]]. ( )
By the Claim, we can choose x large enough so that
e (7 e (a K( Dy (Xiy), Dy (x4,)) 1 v =2,
(D, @), Df (@1)) | ) =2 (2.5.29)
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for any 41,...,4, € [[1,m]] and v > 0. By Lemma this implies that (Dy (Z1),...,Df (Zm))
converges in distribution to the Gaussian vector (D, (x1),...,Dk,, (Xm))-

By (2.5.26f), we have
E(Df, (zi) — D, (&:))* = 0

for each i € [[1,m]]. This implies that (Dj (z1),...,Df (zm)) also converges in distribution to the
Gaussian vector (D, (x1),...,Dk,, (Xm))- O

We are left to prove the Claim. Adding a constant vector to a random vector adds only a
constant order term to the logarithm of the characteristic function. By Definitions and

we have for v > 1

K‘( il (1’1), cee 7Dlacl, (:EV)) =¢ 'K (@/ﬂ (ﬂ-ml; q7t)7 sy K)ku(ﬂ'xl’; Q7t))

d
= > - nIE | T entea.0 (2:5.30)
(=1

d€Z>O 1€Ue
{U1,...Us}€®,

where we use the notation from the Appendix with 6, the collection of all set partitions of [[1, v/]].

If 1 <..- < x,, then given that the conditions of Theorem |2.3.17| are met, (2.5.30]) can be
expressed as

EV%-..fe(Zl, 2 ilj[lei(Zi)GMi(Zi) DZ; (2.5.31)

where Z; = (21,17 e 7Zi;ki)7

«(Zr,....Z) = >  (7'd-] II <@, %)) (2.5.32)
d€Z0 (=1 (i,j)eU,
{U1,...,Uq}€0, 1<j
Let C; ; denote the 2; j-contour in .

As before, the separation condition ensures that the conditions of Theorem
are met. We verify that this is the case. We require the existence of contours Cj ;, j € [[1, ki]
and i € [[1,7]], satisfying the following: C;; contains [0, pZ (z;)] but no elements of [p%,c0), and
tCl{,7 » encircles C; ; whenever (¢',5) > (i,7) in lexicographical order. In particular, we require C; ;
intersects (p% (x;), p% (;)) at some point a; ;, and these points must satisfy

aij <tapj,  (i,5) < (5 (2.5.33)

in lexicographical order. We can construct such contours as follows.
Let 0 < 6;; < m such that 0; j < 6; ; whenever (i,7) < (i,) in lexicographical order and set
Ci,j to be the contour in C consisting of line segments and a circular arc

{1+uetiuel0,1]}, {zeC:lz|=|1+e%i|argz > arg(l + €'%9)}
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where the arg brsnches are in (—, 7], positively oriented around 0. Then C{’ 1< < ki1 <i<w,
intersect pairwise at 1 and Cj; ;, encircles C;/; \ {1} whenver (¢, j) < (¢, j') in lexicographical order.

From pZ (z;) < pS(x;), we have

lim p% (a;) < lim pS (7).
By monotonicity of p% and pS, we also have that the left hand side and right hand side grow as 4
increases; recall that 1 < --- < z,. By definition of singular points and Proposition we have
equality if and only if x; is a singular point. Let ¥ C [[1,7]] be defined so that ¢ € ¥ if and only if
x; is singular. Then, we can find a; j := a; j(), for each (¢, ), (¢, j') where j € [[1, k]|, j" € [[1, ki]]
and i,i" € [[1,7]] \ ¥, such that

i 6. (2:) < Bimas « < L o (2
P () < umag < s (),

1‘ : A (2.5.34)
EI—I>I(1) @i < g%ailﬂj/’ (27'7) < (Z »J )

where we order lexicographically. For 7« € ¥ we define a; ; using the separation condition. Suppose
we have,

Xnp-1 < Xp =0 = Kppg—1 < Xpg
with x; = V} a singular point, in particular 7,...,n+&—1 € ¥. By Proposition [2.5.5| the separation
condition implies that

)
A
—

8

S

> ¢~ kibetb)tl (R tho ) =L g e - 1.

S
A®
—~
8

<)

Thus, we may define a;; for i € ¥ such that for any pair a;j,ay ; with j € [[1,k]],7" € [[1, k]
and 7,7 € [[n,n+ & — 1]], we have

a-7. L pa (SL‘) L a.,’., i o o
pE Z;I) >t 1 5’ 277’ >t 1 57 C:] > ¢ 1 6’ (l,]) < (Z/,]/) (2535)
<A 2¥) 0,

for some fixed, small § > 0. Indeed, this follows from the separation condition and telescoping over
a; j+1/a;; with boundary cases

aii/p=(@i),  pS(xi)/aik;
Although the separation condition is not optimal, it is nearly saturated in the case where z; =
... =z, all converge to the same singular point V; and are as close to vy as the separation condition
allows.

From this choice of a;;, we construct the z; ;-contour C!. = a; ;C”. similar to the proof of
INE ,J %,] LM,

Theorem |2.5.2} By (]2.5.34[) and ([2.5.35)), the points a; ; satisfy7(2.5.33). Therefore the contours CZ{J
meet the conditions of Theorem and so we may express (2.5.30)) as (2.5.31).

Our next objective is to apply dominated convergence to (2.5.31). To this end, we rewrite
(2.5.31)) in a different form. Let U C [[1,v]], T(U) denote the set of undirected simple graphs with
vertices labeled by U, and L£(U) C T(U) the subset of connected graphs. Given a graph Q, we
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denote by E(Q) the edge set of 2. We show

C(Z1,..., Zm) = I (©z z)-. (2.5.36)
Qel(1,v i<j
LD i<t o
Define
Kuy= > I «c@z.z)-1, cv)y= > I (@, z)-1). (2537)
QeL([[Ly]]) i<y QeT([[Lv]]) i<y
(i.4)€B(Q) (i.4)€E(Q)
Then
EU)= > IIKZUz (2.5.38)
d>0
{U1,.. ,Ud}E@U

By Lemma we have

KUy= > (=) Hd-1)!

a>0 /=1
{U1,....,Ua}€0U

(2.5.39)

=
Py
=

which agrees with the right hand side of (2.5.32) when U = [[1,v]]. This proves (2.5.36]).

We also record that

1—q)(t™" = 1)ziaz
C(Z,2) 1= Y I1 (1 a)( )z 0 25b (2.5.40)
025k (apyesxr (Fib — 1%ia)(Zib = $2ia)
0ATC[1,k5]]

For each i € [[1,v]] and S C [[1, k], let ag be the minimal member of S (we note this choice is
arbitrary). For each edge 7,j € [[1,v]] with i < j, and any pair of subsets S C [[1, k;]],T" C [[1, k;]],
we have

(I—q)(t = Dziazjp g2

<C (2.5.41)
zj,b - qu,a)(ZJ b — 1Zz a) (Zj,aT - qzi,as)(zj,aT - %Zi,as)

(a,b)eSxT (

for z; ; € C’ The inequality follows from removing all but one (ag,ar) € S x T using the fact that
|2j6 — qzi, a| 2j6 — 32| > Ce by our choice of contours. For each Q € L([[1,]]), fix a complete
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subtree ' of Q. Then by (2.5.36)), (2.5.40)) and (2.5.41)), we have

€(Zy,.... Z) <C Y 11 >

QeL([[1,v]]) 1<j SC[[1,k;]]
(6.9)€E(Q) TC[[1,k;]]

cext %

Qec(Lvll) | i<j  SC[[Lki]]
(1.5)€B(Q) TC[[1,k;]]

€2

Z],G»T - qzi,as)(zjaaT - %Zi,as)

1

Z.]:aT - qzi’as)(zjva'f - %zi7as)

(2.5.42)

for z; ; € CZ{J. In the last line, we used the fact that the number of edges in €’ is ¥ — 1 in pulling
out the ¢ factor.

On the other hand, as with (2.5.19)) in the proof of Theorem we have the bound

k;

11t - a2 (2.5.43)
j=1

DZ;

il P
dZ; =C

1
q

(zig — Jzi1) - (Zik — $2ik—1)

‘Gxi(Zz‘)

for some ¢ > 0 and 6 > 0 fixed along z; ; € C, . ; where we write le to indicate that we remove the
differentials from DZ;. Then by (2.5.42)), (2.5. 43 , we obtain the followmg bound for the integrand

F.(Zy,...,Z,) of (2.5.31)) as we had done with (2.5.20) in the proof of Theorem-

1 1—c

F.(Zy,... < Ce”
[Fe(Z1, -, Z0)] Zz 1) (Zik — %Zi’ki_l)

) 1—c (2.5.44)

< > 1 X

Qec([1v]]) i<i S,k
(6.)EE(Q) TC[1,k;]]

.]1aT - qzi7as)(zj’aT - %Ziﬂls)

for some ¢ > 0 along 2; ; € C; ; for each j € [[1,k;]] and i € [[1,v]].

If we expand out the rlght hand side of (2.5.44)), we have that |F.(Z1,...,Z,)| is bounded on
along C’ by a sum of finitely many terms of the form

v 1 1—c
T(Zi,...,2,) = Ce" 2
8( ) ) l/) H (Zi,Q _ %Zi,l) . (Zi,k,' — %Zi,ki—l)
) 1-c (2.5.45)
X
1
g ‘ (Zibi gy = QZiap) (Zibey) — TPiag,))

(i,7)€E(Q)

for some 2 € L([[1,v]]) and some a; ;) € [[1,ki]], by ) € [[1,k;]] for each (i,5) € E(Q'). Since
we are seeking an integrable function which dominates F.(Z1,...,Z,), it suffices to dominate
T.(Z1,...,Z,) by an integrable function.

We may assume ¢ < 1. Choose a distinguished element (iq,jo) € ' where i < jo. Then
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(2.5.45)) may be replaced by

T(Zy,...,2,) < Cev=2e
=1

1 l1—c

(2.5.46)

1 1
X

) — ) _ 1,
(Zabiigig) ~ PFinatgsn) i i Gibey — tFiaay)
(4.5)EB(Y)

where we used V=217 o remove each ‘Zj,b(i H qzi,a(i,j>| term except for the one corresponding
to the distinguished edge (iq, ja), recalling again that the number of edges of €' is v — 1.

Weset z; ; = sz ; for the rest of the proof so that w; ; runs along C; ; := (limeso0 a4 J)C”]
Then, like (2.5.21)) in the proof of Theorem we have
v 1 1—c
T(Z4,...,2,) < Cev=2e
o }_[1 (wi2 —win) - (Wi, — Wik—1)
1—c
1 1 (2.5.47)
X

(wjﬂ:b(m,m) - wiﬂ,“(mm)) i<j (wjvb(zxj) - wi@(i,j))
(4.5)EB(Y)

= e Degwy, ... W)
We show that g(W7i,...,W,) is integrable on w; ; € C; j, j € [[1, k;]], @ € [[1,v]] with respect to the

measure [ [ e,y dlwij|. We use the following lemma to this end.
gEl[Lkil]

Lemma 2.5.11. Let I' be a graph with vertices labeled by some subset of {(i, )} ic[ 7 ] IfT is a
tree and ¢ > 0, then for any (v, vy) € E(T') we have

1
7{ %|w/—w/‘1c 11 [wn, — we [ [T ldwisl <oo

(v1,02)€E(T) i€[[1,v]]
JEIL K]l

where C; ; 1s the w; j contour.

Proof. Since the contours C; ; have finite length, we can integrate out the variables independent of
the integrand, so it suffices to show

1
- dw, 254
$- f|w,_w e I e I1 (2.5.48)

(Ul ,UQ)EE(F)

where V(I') is the vertex set of I'.
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For the case where the number of edges of I' is 1, we have

$ § g v

is integrable even if C,, and C,, meet at a point.

For general |E(T")| > 1, choose a leaf vertex v; of I' so that v; is not a vertex of the edge
(v}, v5). There is a unique edge e; = (v1,v2) € E(I') containing v;. If we integrate over w,,, then
the w,,-dependent part of the integrand is |w,, — w,,|° which is integrable even if C,, and C,,
intersect. Then repeat this procedure with the graph I' \ {v1} which is still a tree. After repeating
this procedure, we will eventually return to the case |E(I")| = 1. O

We check that g(Wi,...,W,) meets the conditions of Lemma Our graph T is the
union of graph T'; for ¢ € [[0,v]] defined as follows. Let I'; be the graph with edge set E(I';) =
{((Za 1)7 (iv 2))a ce ((Za ki— 1)7 (i7 kl))} for i € [[17 V]] and E(FO) = {((Z> a(i,j))v (]7 b(z,j))) : (Z7]) € Q/}'
We must check that T' is a tree. Indeed, if we collapse each I'; to a point v; for i € [[1,v]]
(alternatively said, we project away the second coordinate for the vertex labels), then I" becomes
the tree €. Since each T; for i € [[1,v]] is a tree, this implies that T is a tree. Thus by Lemma

2.5.11
/.../9<W1,_..,Wy) [1 diwisl < +oo (2.5.49)

i€[[L,v]]
JE[L,k4]]
where the w; j-contour is C; ;.
If v > 2, then since e*~2)¢ — 0, we have that (2.5.47) converges to 0. Thus for v > 2, the

cumulant (2.5.30) converges to 0. If v = 2, then ([2.5.47|) allows us to apply dominated convergence
so that (2.5.30) converges to

ot M
27Tl k1+k2 wl a — W2 b)2
n gt ’
oclfi ] (2.5.50)
2 Zl?i L b
=1 w; ;
X H ’ . H G, (Wi ) Gox: (wi ) dwi 5

i (w2 —win) - (Wi — wik-1)

where C; ; is the z; j-contour. As in the proof of Theorem we can consider the family of
integrals replacing G4, with Gy, G4, with Gs,, and C;; w1th Ci; in (2.5.50). By applying
Theorem |2 - twice to this family and taking the limit as ¢ — 0, we have that 1’ is equal to

a2 k1ko

2771

f % g<x1( >g>X1( )] 1{[g<x2(w)g>xQ(UJ)]k2tdZ dw
e Je, (2 —
where C; = Cy; for some i € [[1,k1]] and Co = Cy; for some j € [[1,ks]]. This proves the Claim,
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and therefore proves Theorem [2.5.3

2.6 Complex Structure of the Liquid Region

Throughout this section, we fix a family ]P’ff’s satisfying the Limit Conditions, as defined in the
beginning of Section [2.5] with limiting back wall B : I — R. The liquid region, denoted by &, is
the subset of R? consisting of (z,y) such that the local proportions of J, §,< lozenges at (x,v)
are all positive. The goal of this section is to give a natural complex structure on .Z through G,.
This complex structure will be used in Section to describe the GFF fluctuations of ]P’f}f’s in the
limit as € — 0.

The key object of study is the function
G5(¢) = e B@GE (¢)- G5,(0) (2.6.1)

Throughout this section, we write G, := gf .

Definition 2.6.1. For (z,y) € R?, we define the (x,y)-companion equation
Gu(C) = e, (2.6.2)

The importance of the companion equation is due to its connection to the liquid region.

Definition 2.6.2. The liquid region denoted by .Z is the set of (x,y) € R? for which the (z,y)-
companion equation has a nonreal pair of roots.

We provided a different definition of the liquid region earlier: the liguid region is the set of (z,y)
such that all the local proportions p 0Py P are positive. The equivalence of these definitions

can be seen in Section 2.7, For now, we use the definition of the liquid region in terms of the
companion equation. The following theorem is the main result of this section.

Theorem 2.6.3. For each (x,y) € £, there exists a unique root ((x,y) of the (x,y)-companion
equation in the upper half plane H. The map ¢ : £ — H is a diffeomorphism.

Theorem endows .Z with the complex structure of H given by the pullback of {(x,y).

We prove Theorem in two parts. In Section we show that the map ((z,y) in Theorem
exists. In Section we prove that the map ((z,y) is a diffeomorphism. In Section [2.6.3]
we give a parametrization of the boundary of . which we call the frozen boundary; this involves

studying the double roots of (2.6.2)).

Before proceeding, we show a convenient expression for G, as a product of two functions where
one is independent of z and the other depends on z. We also introduce some useful definitions.
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Define

P.(z) = H (1-— e*xaz)% (2.6.3)

o€S
Q(z) = 80 H (1 —e*‘/eaz)%( [B'(V;")>60]—1[B'(V; ) >s5]) (26.4)
Le([0,n]]
o€S
B(Vo) [ W 12 e Vg 11[6,(W—I7W)<§0]
=e OH (1—e OUZPH<1_6W1UZ> (2.6.5)
oceS L =1
1 /
n _ o= Vo1 S 1B (Ve-1,Ve)>60]
— B(VO) 1 1 e oz
S IRt ) H < T (2.6.6)
oceS L =1
where the branches of (1—vz)® above are taken so that z < v~ give positive real values. If Vj = —o0,

then the expression above is to be interpreted as the limit of the expression as Vj — —oo.

Lemma 2.6.4. For x € R, we have

Proof. 1t is sufficient to prove this lemma for Vi > —oo, since we may then take Vj — —oo. Suppose
€ [[0,p — 1]] is maximal so that V,_1 < z, then (2.5.1)) implies

S1[B' (V) >¢]
1— emm(\/}_;, )(O.Z)—l P
—B(z B(x
e BEG_ (2 )HH< o . (2.6.7)

ceS =1

Observe that if z1,x9 € [V;—1, V], then
B(x1) — B(xz) = (21 — 22) B (Vo—1, V).
This implies

e B@) — B (Va )(@—Va-1) g=B(Va-1)_ (2.6.8)

By Lemman and the definition of ¢,, we have B'(V, ) =Y .5 = 5 1[B'(V,") > ¢]. Thus the first
exponential term on the right hand side of (2.6.8} - can be used to turn

1—e%(oz)"t . ; 1-— e*waz
into ———
1—eVa1(oz)~1 1—eVaigz

for each o € S in (2.6.7). The second factor in (2.6.8)) can be used to iterate this procedure where
Va—1 and V,_9 play the role of x and V,_1 respectively; then with V,_9 and V,_3, etc. At the end
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of this procedure, we obtain

; 1[B'(V, ) =so]
1 — e~ min(Ve,x) 5,
B(x _ —B(W)
)g< —° (OHH< 1—eVirigz )

geS (=1
— B ] [(1_6 2B 1B (Vi0)25] H ¢ Vagr2)bAB (V) 260]- 1[B’<v+>><01>]
og€ES £=0

where the second equality uses the fact that B'(V,, ;) = B (V,"). From li we may also write

Gonl2) = H [(1 o) 11[3/ ) <so] H VaO'Z S(AB (Ve )<so]-1[B' (Vs )<cg])]

geS

From (12.6.1)) and the fact that
B(V,") <] = 1B'(Vy) < ] = 1[B'(V, ) = o] = 1[B'(V,") > <],

we obtain

Ga(2) = e~ B(Vo) H [(1 — e_xaz)% H(l — e_Vaaz) 1B (Va ) >so]—1[B' (Va") >0
geS /=0

Definition 2.6.5. Suppose f: U — C is such that fP is meromorphic. We say zg is a branch pole
(branch zero) of f if zg is a pole (zero) of fP. The order of a branch pole (zero) of f at zg is defined
to be the order of the pole (zero) of fP at zy divided by p.

Definition 2.6.6. Suppose f is a product of terms of the form a — z or 1 — a~ 'z for some a € R.
Define

arg, f(u) = lim arg f(2)
arg z>0

for u € R away from a branch point of f, where we take arg so that arg(a — 2),arg(l —a~'z) =0

for z < a.

Definition 2.6.7. Let V be an non-differentiable point of B. Define

v={o"te" L 1[B(V) 2 o] £1[B(V7) 2 &}

and for x € I define J, = {o71e® : 0 € S}. If Vj = —0 (or Vo = +00), take Jy, = {0}
(Jv, = {oo}). Let T =Uj_yJv and Jp = J, UJ. By (2.6.4), (2.6.3), and (2.6.1), J, contains the

set of branch poles and zeros of g

By the definition of Jy, and the fact that Theorem classifies the situation where B/ (V1) —
B'(V~) < 0, we have the following lemma.
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B,r,s
a,t

Lemma 2.6.8. Let P satisfy the Limit Conditions. Let V' be a non-differentiable point of B.

o IfB (V)= B(V7) >0, then Jy = {o; " : € (B(V7),B(VT),1<i<d}
o IfB(VT) =B (V™) <O, then Jy = {ai_lev} for 1 <i <d such that B'(V™) = .

As a consequence of Lemma [2.6.8[ and (2.4.4), we have Jy < Jy whenever V < W.

2.6.1 Existence of ((z,y)
It will be convenient to consider the phase and magnitude equations for (2.6.2]):

eV =1Gz(C)] (2.6.9)
0 =arg, G.(¢). (2.6.10)

From (2.6.9) and (2.6.10)), we see that the zeros of approach branch poles and branch zeros
of G, as y = —oo and y — 400 respectively. The idea is to use this condition to restrict the
number of nonreal roots to a single pair.

The following definitions will be useful.

Definition 2.6.9. Denote by R:=RuU {o0} the one-point compactification of R. By an interval
in R we mean either an interval in R or a set of the form (a, 4+00) U {o0} U (=00, b). For a > b, we
denote the R-interval (a,400) U{oo} U (—00,b) by (a,b). The set R \ J is a union of | 7| disjoint
intervals.

Given a set of points A in R, we say that an ezternal (internal) component of I@\A is a connected
component of R\ A of the form (a,b) for some a > b (a < b).

The following basic facts are immediate consequences of the definition of G..

Recall that the branch poles and branch zeros of G, are contained in J,. When J, N J is
nonempty, there may be cancellations of poles and zeros, thus this containment may be strict for
some values of z. Note that if a € J, \ J, then a is a branch zero of G,. Also, note that any branch
pole a of G, must be a point in Jy for some non-differentiable point V of B such that a = o~ 'e"
and B/'(V*T) - B'(V™) > 0.

The following lemma gives a restriction on branch poles.

Lemma 2.6.10. Fiz x € R. Suppose L is a connected component of@\jx such that arg, G.(L) =
0. If L is the external component and x € (Vy,Vy,), then both endpoints of L are branch poles of
G.. Otherwise, at most one endpoint of L is a branch pole of G..

Proof. Since B'(Vy) = 0 and B/(V,f) = 1, we have minJ = minJy, = o;'e"0 and maxJ =
max Jy, = o, 'e¥". Furthermore, B'(V;") — B'(Vy") > 0 and B'(V,;}) — B' (V) > 0.

We prove the lemma by examining the case of the external component and internal components
separately.

External. Consider the case where L is the external component of R \ Tz It x € (W, Vy,), then the
endpoints of L are min 7 and max 7, both of which are elements of 7 \ J,. Thus these are branch
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poles of G,. If x > V,, (< V}), then one endpoint of L is a branch pole given by min 7 (max J)
and the other endpoint is a branch zero given by max .J, (min J,).

The situation for x = V,, and & = V{y is more complicated due to cancellation of elements in J
and J;. Suppose x = V,,, then one endpoint of L is still a branch pole given by min 7, and if Jy,, is
a strict subset of J, then max(J, \ Jy, ) is a branch zero and the other endpoint of L. However, we
may have Jy, = J,. In this case, B/ (V" ;) = B/(V,7) = 0 which implies B'(V," ;) — B'(V,_ ;) < 0.
Then max J, \ J; = max Jy, , is a branch zero of G, and the other endpoint of L. The argument
for x = Vj is similar. This concludes the analysis for the external components.

Internal. Now consider the case where L is some internal component. Suppose for contradiction
that both endpoints of L are branch poles of G,.

We claim that L = (o; 1V o op _1_116W) for non-differentiable points V' < W of B and for some

€ [[1,d — 1]]. By Lemma each endpoint of L must be an element of Jy; for some non-
differentiable point U of positive change in slope. The endpoints of L must be adjacent elements
of J. If o, ~1eV = max Jy, then the right endpoint of L must be o; +116W = min Jyy where W is
the adjacent non-differentiable point V' < W by Lemma [2.6.8] Otherwise, the right endpoint of L
must be O';_’_llev. This proves the claim.

Observe that

arg; Q(L) = —— Z Y. ABWV) 2ol 1B (V) > o) e < 1]
f%fejw
= Z 1B (V) > Gllo !t <o +1[B(V7) > &l1o ! > 0;1])
O’ES
= —— Z o1 < 0' = —T7G;
GGS

where the first equality follows from ([2.6.4)), the second from telescoping in ¢, the third follows from
the fact that B/(V ™) < ¢; and B/ (V) > ¢; by Theorem and monotonicity of ¢, in o~ 1.

We require arg, P,(L)—arg, Q(L) = arg, G,(L) = 0, that is arg, P,(L) = —mg;. This happens
exactly when

o, e <L < 0'Z+1€ (2.6.11)

)

Since, L = (o, ‘e aijrllew) where V' < W, this is only possible if x = V' = W. However, this is the
case where the branch pole o, LeV e Jy is cancelled by the branch zero o; Le? from Py, likewise for
O';_’_llew. Thus neither endpoints of L are branch poles. This completes the proof of the lemma. [

The lemma below allows us to extract data from the phase equation.

Lemma 2.6.11. Fiz x € R and suppose a continuous root function ((y) of (2.6.2) approaches
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a€ Jp as y — +oo (—o0). Writing ¢ = a + e’ with 6 € [0, 7], has the form

arg, Gy(a”) + (arg, G,(a¥) —arg_Gy(a™)) - % +eO@ N (m—0)) =0. (2.6.12)

Proof. Clearly, arg(1 —a~'¢) = . For b # a, we have

iy —cO0(@ N (m—10)) if a < b,
arg(1 —b7°¢) = { —(7— OO A (7 —0))) ifa>b. (2.6.13)
In the case b = 0, consider arg(—() in which case we still have (2.6.13). The lemma follows from
2.6.1). 0

The next lemma connects roots of (2.6.2)) with branch poles of G,.
Lemma 2.6.12. Fiz z € R.

1. For each component L C @\Jx such that arg, G,(L) = 0 and each endpoint a of L such that
a is a branch pole of G, there exists a continuous root function (4(y) of such that

lim (4(y) =a

y——00
which is uniquely defined on (—oo,yo) for some suitably negative yo.

2. Conversely, there exists some suitably negative yo such that if ¢ is a root of at (z,y)
for some y < yo, then ( = (a(y) for some component L C R\ J, such that arg, G.(L) = 0
with endpoint a which is a branch pole of G,.

3. A component L C R \ Jz contains exactly one root of for y near —oo if and only if L
contains at least one root of for all y € R.

Proof. By , as y — —oo, any root of must get arbitrarily close to a branch pole of
G.. By Lemma the set of such branch poles a must be those for which arg gx(cﬁ) =0
or argG,(a”) = 0 (both cannot hold simultaneously); thus a is an endpoint of some component
L C R\ J, such that arg, G,(L) = 0. Theorem further indicates that if ¢ is near a for y
sufficiently negative, then arg, G,(¢) = 0 which means that ¢ € L.

(1) For each a which is a branch pole of G, and an endpoint of some L with arg, G,(L) = 0,
we can see from that there exists some root (4(y) € L near a for y sufficiently negative.
By and the constraint that roots near a must be real for y sufficiently negative, we have
that (4(y) is uniquely defined on (—oo,yp) for some suitably negative yg. This root function is
necessarily continuous for y € (—o0, yp).

(2) By the discussion in the first paragraph and uniqueness of (,, we have that any root ¢ of
must coincide with some (4(y) for y sufficiently small.

(3) If L contains exactly one root of , then one endpoint is a branch pole and the other is
a branch zero. Roots are added to L if nonreal pairs coalesce and are removed from L if real roots
coalesce. This implies that the parity of the number of roots in L must be preserved. Thus for any
value of y, L must contain a root of . O
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We are now in a position to prove the existence of the map ((z,y).

Proposition 2.6.13. The (z,y)-companion equation has at most 2 nonreal roots for a given (x,y) €
R2. If has a nonreal root, then x € (Vy, V)

Proof. Fix x € R. By the contour integral formula for roots of functions applied to G,(¢) —e™¥
which is analytic in w = ™Y, we have that the number v of roots of is constant as y varies
in R.

Let £, be the set of components of ]@\jx containing exactly one root of for y near —oo.
By Lemma if x € (Vb, V,,) then the total number of roots of is

v=|Ly]+2

where the 2 is contributed by the two endpoints of the external component. Moreover, since there
is at least one root contained in each component L € £, for all y € R, we must have at least |L;]|
real roots of at any y € R. Thus there are at most two nonreal roots of at any given
(z,y) € R

Similarly by Lemma if x ¢ (Vo, V},) then the total number of roots of is v =Lyl
Moreover, since there is at least one root contained in each component L € L, for all y € R, all the
roots are real for all y € R. d

Remark 10. We note that a continuous extension ¢(x,y) of ((z,y) onto R? is not uniquely defined.
However, the component of R \ Jz which ((z,y) belongs to when it is real, i.e. (xz,y) ¢ £, is well-
defined. From the proof of Proposition for any fixed x € I we see that E(m, y) is contained
in the external component for y sufficiently negative. This is because the external component has
2 roots and all other components have at most one root for y sufficiently negative, and we require
a coalescing of real roots to get a pair of nonreal roots. Thus we have the freedom to choose ¢ so
that g(x,y) — min J, as y — —oo for all z € I, or so that g(x,y) — max J, as y — —oo for all
x € I; note that it is not clear that Z is uniquely determined upon making this choice, and we will
not need this fact.

Remark 11. As y increases from —oo, we have that the first coalescing of roots (i.e. the first
double root of ) appears when the two roots starting at opposite endpoints of the external
component coalesce. If y = yg is when the first double root appears, then each point in the external
component must have been a root of the (x,y)-companion equation for some y < yjg.

2.6.2 Diffeomorphism between Roots and H

Proposition gives us the existence of a map ¢ : £ — H. We now show that this map is a
diffeomorphism. Throughout this subsection, it will be convenient to use the symbol { as a variable
in C. To avoid ambiguity we will write {(z,y) when referring to the root function.

It is useful to consider the spectral curve of the RPP (see [39]), as they can be viewed as the
source of the surjectivity of ((z,y). To this end, we start by rewriting the companion equation into
an alternative convenient form.
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Definition 2.6.14. Define the analytic function

Q¢ =n-Q() " ~1 (2.6.14)
and the spectral curve for periodic weights sg, ..., sp—1
P(z,w) = H(l - O'Z)% —w (2.6.15)
ocES

where the branch is chosen so that the argument of 1 — ¢z is 0 when z < o~ L.

We will write (z,w) € P to mean P(z,w) = 0. Then ¢ € H is a solution to the companion
equation for some (z,7) € R? if and only if there exists (z,w) € P such that

Q(¢;n) =0, (2.6.16)
(¢.m) = ("2, e'w). (2.6.17)

Remark 12. This definition of the spectral curve differs from the definition in [39], which gives
[[,cs(1—0z) —wP. This difference arises from a rescaling of the x-axis, namely that [39] contracts
the z-direction by p to make the corresponding fundamental domain Z x Z periodic whereas our
fundamental domain is pZ x Z periodic.

Lemma 2.6.15. The set of (z,w) € P with z € H satisfies 0 < —argw < m —arg z. Moreover, for
any pair ¢, 0 with 0 < ¢ < 7w — 0, there exists a unique (z,w) € P with argw = —p, argz = 6.

Proof. Fix 0 € (0,7). By geometric considerations, the map p + arg(1 — pe'?) strictly decreases
on (0, 00), approaching 0 as p — 0 and approaching — (7w — 6) as p — co. Thus the map

1 ,

V:ip— — arg(1 — ope'?
pz g(1 —ope”)
o€ES

also strictly decreases on (0, 00), approaching 0 as p — 0 and approaching —(m — ) as p — oo.
Taking z = pe’’, we have that 9(p) = argw. Since 9 is a bijection, any point (6, —¢) such that
0 < ¢ < m — 6 uniquely determines a point (z,w) € P where (arg z,argw) = (0, —¢). O

Proof of Theorem[2.6.3 We first establish that ((z,y) is a bijection from % onto H. Given ¢ € H,
the pair (¢,n) = (¢, Q(€)) solves (2.6.16). To show that ¢ is a solution to the companion equation
for some (x,y) € R? (and therefore in %), we must find (z,w) € P so that (¢,n) = (e%z, eYw).
Alternatively said, we want (z,w) € P so that arg((,n) = arg(z,w), and by Lemma this
(z,w) € P is unique if it exists. By Lemma again, it is enough to show that 0 < —argn <
T — arg(.

By geometric considerations (see proof of Lemma [2.6.15)), given ¢ € H and a,b € [0, 00| such
that a < b, we have

—(m — arg () < arg(l — a~1¢) < arg(1 - b71C) <0
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where we mean arg(—() = —(m — arg () for arg(1 — co(). By (2.6.5)

1
argn—gz

c€S

arg(l — e "00()

n (2.6.18)
—I-Zl Vi1, Vi) < <o) (arg(l—e Vig¢) — arg(l — e Ve~ 10@'))]
and by (2:6.0)
argn = E Z arg(l — e V" o()
p oceS
(2.6.19)

n
+ Z 1[B'(Vi_1, Vi) > <] (arg(l — e "-10¢) — arg(1 — e_waq))] .
(=1
In (2.6.18)), each summand in the summation over ¢ is > 0 with some > 0. This implies

1
argn > Z “arg(l — e 0¢) > —(m — arg().
c€eS

In (2.6.19), each summand in the summation over ¢ is < 0 with some < 0. This implies

1
argn < Z “arg(l —e o) <0.
c€eS

So we have 0 < —argn < m — arg (. This proves ((z,y) is surjective. Moreover, we see that the
procedure from (¢ to (z,y) uniquely determines (z,y), thus ((z,y) is also injective.

Since ((x,y) is differentiable on £, it remains to show the differentiability of the inverse map.
However, the chain of procedures ¢ — ((,n) = ((,Q(¢)) — (arg(,argn) is differentiable. Fur-
thermore, the map (6, —¢) — (z,w) € P where arg(z,w) = (6, —¢) is differentiable. Therefore

¢ (g %) = (e”, eY) is differentiable. It follows that the inverse of ((x,y) is differentiable. O

2.6.3 Double Roots and the Frozen Boundary

In this section, we descr