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Abstract

The first chapter considers the optimal purchase of durable and nondurable
goods when adjusting one’s durable stock is costly and when durables and non-
durables interact in utility. The solution to the optimization problem is char-
acterized by a two-band control of the ratio of the consumer’s durable stock to
nondurable consumption. The complexity of the solution of the model is re-
duced from solving a differential equation to the solution of six simultaneous
non-linear equations, utilizing techniques found elsewhere in the optimal con-
sumption/investment literature. The paper also analyzes the effects of trans-
actions costs of durable goods on nondurable consumption. When the durable
stock is updated, nondurable consumption also jumps. These results are dis-
cussed in the context of previous work on Euler equation and asset pricing
models.

The second chapter uses a simplified version of the model of the optimal

purchase of durable and nondurable goods under transactions costs presented
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in the first chapter. In this model-durables aiid nondurables enter additively
separable. The chapter estimates the important parameters of the model using
a data set of individual families’ holdings and purchases. The model is then
aggregated and ‘applied to inacro data. The dynainiés of the steady state distri-
bution is ‘developed in ordet to ‘predict the movements in the ratio of aggregate
durablés to aggregate nondutabiss. 'The'empirical model explains a great deal of
movementsin the aggregate ritic of durables to nondurabies over the post-war
period; and the two ‘empirical procedures yield ‘consisternt results.

The third chapter investigates ‘an’:important"' non-price contract terms in
consumer loan markets: the leiigth ‘of the T6an cortract. If is supposed that
these non-price. terms matter to cénsumers because they are unable to borrow
to fund nondurable consumption. A simple model is presented where consumers
borrow to fund a durable purchase and choose to repay the loan in the next
period or over two.periods. Attitudes towards default influence the choice of
loan contract length, and the equilibrium term structure of loan rates reflects the
partial signaling that occurs in the market. Microeconomic and Imacroeconomic
evidence is presented that suggests that the observed risk premium and the
contract length are positively correlated.
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Titles: Assistant Professor of Economics, MIT
Professor of Economics, MIT
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-'sIntroduction

_Ih'is,{tl;g:sis Investigates the theoretical and empiric‘al dynamics of durable
and nondurable consumption in the 11.S. economy. The thesis considers durable
expenéitp;gs because the growth rate of .durable expenditures is much more
vpl_zv,tilg ,t,l},al.l of nondurables over the post-war period. Durable purchases are an
important component of the business cycle. The thesis considers nondurables
because important interactions may exist between durables and nondurables
(Chaptq:s 1 and 3), or nondurables can serve as a useful tool to normalize
durables across individuals (Chapter 2).

Though the goal of the thesis is to understand aggregate fluctuations, the
theoretical sections explicitly model individual optimization, and it uses the
individual rules to derive aggregate i111plic§.tintls. The empirical sections study
both microeconomic and macroeconomic data. In Chapter 2 the microeconomic
results are used in the macroec:_momic estimation, and the consistency of the
results between the two data sets is tested. The purpose is to establish firm
microeconomic foundations for the study of aggregate durable fluctuations.

Two important elements of the consumer’s decision problem that are impor-
tant for understanding aggregate fluctuations are emphasized in the thesis. Early
research on the individual’s problem used convex costs of adjustment to justify
observed dynamics, especially when aggregated, but later developments found
such short-cuts wanting. After all, individual consumers adjust their stocks in
lumps, waiting quite a bit of time before making relatively large purchases. 'fhe
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discrete nature of:individual decision rules ]las,ilnpp;:&aut iIl]plig@tiQ&S= Ei:or ag-
gregate dynamics, and this is an explicit element of the models used i;_}. this
thesis. In chapters 1.and 2 consumers do not adjust their durable stocks contin-
uously because of transactions costs. Consumers who sell their durables receive
only a fraction of their value. Chapter 3 takes up an additional element of the
consumer’s problem that is important for very large durable purchases such as
automobiles, the consumer loan market. Because durable goods can serve as
collateral for loans, individuals can more easily buy durables on loan than non-
durables. If in fact they are prohibited from borrowing against future incoxﬁe to
fund nondurable purchases, consumers will use their loan contracts on automo-
biles as substitutes. These deviations from more classical theory are not only
important in practice but have important implications for aggregate dynamics.

The first chapter considers the optimal purchase of durable and nondurable
goods when adjusting one’s durable stock is costly and when durables and non-
durables interact in utility. The solution to the optimization problem is char-
acterized by a two-band control of the ratio of the consumer’s durable stock
to nondurable consumption. When this ratio hits a fixed band, it is returned
to a certain point in between. Usually through depreciation the durable stock
becomes too low relative to nondurable consumption, and the consumer buys
a new durable, instantaneously raising the ratio. Through bad luck, however,
the consumer may find that the durable stock is too high. In this case the con-

sumer sells the durable and buys a less expensive one, where the proceeds are




devoted to future mondirable consuniption. “The ¢oniplexity of the solution of
thé model is reduced from solving a differential equation to the solution of six
similtaneous Tion-linear  equations, itilizing techniques found elsewhere in the
optimal ‘consuniption/investment literature.

The paper also analyzes the effects of transactions costs of durable goods on
nondurable consumption. When the durable stock is updated, nondurable con-
sumption also jumps. These restilts are discussed in the context of previous work
on Euler equation and asset pricing models. In particular the solution technique
can be interpreted given the martingale theory in finance. The consumer chooses
controls such that the marginal value of wealth grows in expectation equal to
the difference between the discount rate and the risk-free rate. The marginal
value of wealth is continuous, and hence, the marginal utility of nondurable con-
sumption is continuous. Since the durable stock is an element of marginal utility
of nondurable consumption and it jumps at the time of adjustment, nondurable
consumption must also jump to preserve the continuity.

The second chapter uses a simplified version of the model of the optimal
purchase of durable and nondurable goods under transactions costs presentéd
in the first chapter; in.this model durables and nondurables enter additively
separable. Even though the dynamics of durables and nondurables are unaf-
fected by one another, the inclusion of nondurables in the analysis of durables
is important for two reasons. First, nondurables can be used to normalize the

stock of durables instead of total wealth, which is used by others. Nondurable




consumption is more, easily measured in some circumstances than permanent
wealth, and it js more readily available in some data sets. Second, the inclusion
of nondurables allows one to consider the effects of changes in relative prices.

.The chapter uses both microeconomic and macroeconomic data sets. It first
estimates the important parameters of the model using a data set of individual
families’ holdings and purchases. The steady state distribution of consumers’
ratios _i,s used as a maximum likelihood function. The maximum likelihood es-
timates are consistent with one’s intuitive expectations and are consistent with
previous researéh. The model is then aggregated and applied to macro data.
The dynamics of the steady state distribution is developed in order to predict
the movements in the ratio of aggregate durables to aggregate nondurables.
The empirical model explains a great deal of movements in the aggregate ra-
tio of durables to nondurables over the post-war period, and the two empirical
procedures yield cousistent results.

The third chapter investigates an important non-price contract terms in
consumer loan markets: the length of the loan contract. It is supposed that the
contractyle.ngt-h matters to consumers because they are unable to borrow to fund
nondurable consumption. A simple model is presented where consumers borrow
to fund a durable purchase _and choose to repay the loan in the next period or
over two periods. Attitudes towards default influence the choice of loan contract
length, and the equilibrium term structure of loan rates reflects the partial sig-

naling that occurs in the market. Microeconomic and macroeconomic evidence




is presented that suggests that the observed risk premium and the contract
length are positively correlated. Data from the Coonsumer Expenditure Survey
of 1985 suggests that consumers differ in their financing of newly purchased au-
tomobiles, and these differences support the model above. Aggregate data since
1972 also indicates that the contract length helps explain movements in the risk
premium. Both empirical exercises consider the simultaneous determination of

these variables.
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: Chapter 1

OPTIMAL DURABLE AND NONDURABLE CONSUMPTION

WITH TRANSACTIONS COSTS




1. Introduction .-

st '
R '

Recent Ii‘IOCielS of durable. goods have stressed the lumpy nature of expendi-
.turt.e.s. I‘nforma‘l. ob.ser\(r.a.tions suégest that i11cli\;idllals update their durable stocks
infreque;lt-ly., a;ld when they do make purchases, their purchases are large. This
behavior is oppo;i.te from that pred:ic‘tecl by conve‘x cost of adjustment models
wher.t.: #n individual-'smoothly through time adjusts the durable stock to its opti-
mal l.evel. As Bertola and Caballero (1990) stress, aggregate dynamics can also
differ significantly from models with smoother adjustment costs. Since durable
expenditﬁres are such an important element of aggregate fluctuations, it is im-

portant to understand the true nature of durable consumption.

Consumers, however, do not derive utility only from the services of their
durable stock. They also consume nondurable goods which they can keep at an
optimal level. If the optimal amount of nondurable consumption is independent
of the level of the durable stock, then the addition of complicated durable dy-
namics will not affect results of models which only include nondurable consump-
tion. For instance, the Permaneut-Ingome Life-Cycle model of consumption still
holds for nondurables separately. Euler equation .tests on nondurable consump-
tion such as in Hall (1978) are still valid, and the Consumption CAPM (Breeden,
1979) also obtains. On the other haund, if durables interact with nondurables,
complicated durable dynamics will feed into the dynamics of nondurables. Tests

which do not allow for these effects may he severely misspecified.

The present model allows for these effects through a general CES utility

0



function over. nondurable. and c'l.urable.cnnsumpt.i\ou. The model generalizes
Grossman-Laroque-(1990) in that the consumer can always purchase nondurable
goods. It.retains the assumption of transactions costs on the adjustment of the
durable good, and-thus, a two band policy for the durable stock is still opti-
mal. Since the model allows for interactions between durable and nondurable
consumption it is specially suited to study not only the effects of transactions
costs on durable goods, but also its effects on nondurables.

The model generates several interesting results which generalize the findings
of prev_ioqs works. Marginal utility of nondurable consumption is a continuous
random variable whose instantanecons drift. js Jjust the difference hetween the in-
dividual’s discount rate and the risk-free interest rate. In this environment Hall’s
martingale hypothesis, correctly interpreted, still obtains. With durables and
nondurables nonseparable in utility, however, nondurables suffer from the same
aggregation problems as durables. Even if the correct funcf-ional form of indi-
vidual marginal utility is specified and the correct aggregate level of the durable
stock is available, aggregate Euler tests similar to Hall are misspecified. In addi-
tion C-CAPM holds at the individual level hut not at the aggregate level. That
is, the rate of return on any asset is such that a consumer is indifferent between
holding the .asset and consuming one unit of nondurables. But because aggre-
gation of nondurables is a problem, no simple representative agent exists. Tests
of C-CAPM which relate aggregate consumption of nondurables to individual
security returns are invalid.

The rest of the paper proceeds as follows. The next section discusses pre-

8




vious-models and tests of durable ‘and nondurable consﬁmption relevant to the
issues addressed here. In the third section, the model in Grossman and Laroque
(1990) is adapted to the present issue. As before, by a homogeneity property the
number of state variables can be reduced from two, total wealth and the stock of
dura.blés, to one, the ratio of wealth to the durable minus the transactions cost.
Techniques developed by Karatzas ét al. (1986) are applied to reduce the com-
putational burden of the solution. Instead of numerically solving a differential
equation with complicated houndary conditious, one need only solve a system
of non-liﬁ_ear equations. The fourth section discusses both more general results
pertaining to the issues discussed above and numerical solutions to the problem
for interesting combinations of parameters. The continuity of marginal utility
is proved and the reia.tionship to Hall and C-CAPM is discussed. Aggregation
issues play a prominent role here. The final section concludes with directions

for further research.

2. Previous Work

2.1 Durable Consumption in Isolation

The benchmark by which all recent models and tests of durable consumption
is compared is Mankiw’s (1982) extension of Hall (1978) to durable consump-
tion. Assuming no costs of adjusting the individual’s durable stock and ignoring
the impact of nondurable consumption with separability, Mankiw shows that

9




changes in the expenditures ou real durables should follow an MA(1) process
AEBy = ¢ (1 - )ernq, (1)

where o« is the d_epreci!atio_n rate of the durable stock. Note that if the stock
fully depreciates in one period, as is true with nondurables, then one obtains
Hall’s result. Of course, (1) is derived under the assumption of quadratic utility.
Estimates of this MA coefficient using aggregate quarterly data, however, imply
a depreciation rate nearly one.

A second paper which considers the Mankiw-PIH as applied to durable
goods is Bernanke.-(1984). Unlike Mankiw, Bernauke allows for sluggish ad-
justment with a convex cost of adjustment term. He uses the panel data set of
Hendricks, Youmans and Keller (1973), which consists of interviews of 1434 fam-
ilies for each year from 1967 to 1970, to te.st the model at a micro level. Counter
to the macro literature, he finds the data fit the model fairly well. Transitory
income, apart from its annuity value, has no effect on the adjustment of the
durable stock to its desired level as the estimated parameter is small, insignif-
icant, and of the opposite sign from a liquidity constraint model. The annual
rate of stock adjustment is estimated to be 70%, larger than the 55% figure
Caballero (1990b) finds in aggregate annual data. At a micro level the PIH fits
better than at the aggregate level, a finding similar to that found in tests of the
PIH using nondurable goods (Hall and Mishkin, 1982).

In fact, Caballero (1990b) stresses the difference in results between micro

and macro studies and between studies using quarterly data and those using
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annual'data. Estiiiating ‘a not-parsimonioits MA- process for quarterly-durable
expenditures uncovers important components at further lags. Claballers inter-
prets these‘additional moving average components as suggesting that consumers
§low1y ‘adjust their stocks. Using annual data, he sliows that in three .y‘ears the
M‘a‘nki‘w model seems to lold. The sum of the three MA coefficients is -.714.

The inconsistency of results and the implausiblé microeconomic behavior
implied by these models have led researchers to cousider modeéls of lumpy pur-
chases. After all, agents do not continuously add to their s_tocks; they do not
slowly add a headlight, then a new door, a different grill so that their old 1985
Plymouth Horizon is now the equivalent of a 1991 Ford Thunderbird. Non-
combinability (Lancaster, 1979) is a basic feature of durable goods, and any
model of durable fluctuations should be rooted in a more sensible microeconomic
model. Coupled with the observation that people change their stocks only infre-
quently and in large doses has led researchers to rationalize this behavior with
S-s models of durable. In such models consumers keep their durable stocks nor-
malized by total wealth between two bands. When the normalized stock thréugh
depreciation or changes in wealth hit one of these bands, the stock is moved to a
point in between. The consumer does not continuously re-optimize as in Mankiw
and Bernanke because there exist kinked costs of adjustment that make periods
of inaction optimal (Bertola and Caballero, 1990).

One of the first papers to apply the techniques of continuous-time, stochas-

tic optimal control to the problem is Grossman and Laroque (1987, 1990). !

1 The 1987 predecessor is important in its own right since it contains the techniques by
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‘The consumer receives utility from a durable good and income from the portfo-
lio of risky:and riskless assets. A basic result of their paper is that while each
consumer still holds a mean-variance efficient portfolio and thus CAPM obtains,
C-CAPM does not. There is no simple relationship between durable expendi-
tures in their model and the returns to individual assets.? The full implications
of this model for the aggregate behavior of durable expenditures, however, are
unknown. Aggregation becomes important because the number of consumers
updating their stocks in an interval of time and the total amount they purchase
will deper_ld on the distribution of agents hetween the bands. This distribution
is not constant if shocks hit all individuals similarly.

The problem of aggregation encourages economists to move in two direc-
tions. One research agenda investigates microeconomic data instead of aggregate
macro data. Similar to what Hall and Mishkin (1982) do with nondurable data,
the strategy is to develop Euler equation tests which should hold in the presence
of S-s behavior. Eberly (1990) takes this approach with the Survey of Consumer
Finances; her results are supportive of the S-s model. The placement of the
bands between which the durable is held and the point to which the stock is
adjusted are in line with the theoretical predictions of Grossman and Laroque

(1990). In addition, the width of the bands and the time between which the

which Grossman and Laroque overcome a technical problem briefly discussed below.

The application of C-CAPM to their environment may seem strange since traditional tests
of C-CAPM use nondurable consumption data. Grossman and Laroque, however, argue
that their model is applicable to much nondurable consumption because components of
the nondurable consumption series such as apparel are in fact somewhat durable. The
durability of nondurables and its application to PIH tests is explored in Hayashi (1985b)
and Heaton (1990). Eichenbaum and Hansen (1990) =also find important durability in
nondurable data. This research strategy is not considered here.

12




stock is adjusted are affected-only by-variables that are theoretically important.
She does find, however, that 58% of her sample is coustrained in their -ability
to follow the optimal program. a number far higher than the 20% figure found
by Hall and Mishkin (1982) and Zeldes (1989), and the 15% who report being

credit constrained in her sample.?

The second approach is to confront the issue of aggregation directly.4 Bar-
Ilan and Blinder (1988&, 1988b) show that a sensible approximation to the model
in the context of automobiles suggests that the dynamics of the number of cars
bought in a quarter and the average value of that which is bought should differ
substantially. The latter matches the traditional predictions of the PIH while
the former does not. The number of cars bought should be substantially more
variable than the average expenditure on cars. They find that the realized
differences in US data are generally consistent with the theory.

Several papers consider whether aggregating S-s models can mimic actual
expenditure series on U.S. durables. Eberly (1989) discusses approximating
the cross-sect.io;lal distribution of agents in the two band environment with a
one-sided model. Bertola and Caballero (1990) develop a discrete-time approx-
imation and apply it to aggregate durable expexlditﬁres. Their model explains
a substantial portion of the variation in aggregate durable expenditures left

unexplained by the frictionless model, and it produces the serial correlation

3 Mishkin (1976) investigates the effects of liquidity constraints on aggregate durable
purchases.

4 See Caballero and Engel 1989, 1990 for o fuller discussion of the issue of aggregation in
continuous time with idiosyncratic and aggregate uncertainty in general optimal control
models.
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properties found in the durable data. Ebherly.(1990) considers the theoretical
cross-,s,elctio_nzal__'_di's_t.ribu}igx_l ofa two-sided model with no aggregate sho_clgs. The
theoreltice}‘l c!i:si:.‘_r.i_.l)u‘txi'c;nll .ma_:t(:_hes the distribution of automobiles in her sample
using a.;'g'ood;;l‘gss-lgf.-f_it statistic.

Caballero ‘(1.99.0_@) devqlqps the process for the aggregate cross-sectional dis-
tribu{ti.on of agents produced from a simplified version of Grossman and Laroque
(1990).. He applies his model to data on the expenditures of new cars and fur-
niture and furnishings. Given the different levels of development of secondary
markets fgr these two commodity groups, the aggregate dynamics of these two
series can be predicted theoretically and tested empirically. C'aballero concludes
that the evidence is in line with the idea that lun;piness at the microeconomic
level can explain the slow response of durahle purchases in reacting to aggre-
gate shocks. An aggregate shock moves everyoue closer to the adjustment band.
Those individuals who do not hit the hand immediately, hit the band sooner in
the future than they would without an aggregate shock. It is this feature of the
model that produces the lagged effects of an aggregate shock at the macro level.
In other words, S-s models can explain the slow adjustment in aggregate data

found in tests of Mankiw’s original model.
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2.2 Initeraction between Durables and Nondurables

" Theé interactivon between durables ‘and nondiirables in the context of con-
vex cost of adjustiient models Tave been explicitly explored in two papers. 5
Bernarke (1985) develops a model where the consunier faces convex costs of ad-
justmient to the durable stock and where ufility from nondurables and durables
intéract. Thus, the slowness of durable adjustment spills over to the optimal
purchase of nondurablgs. Hg finds no role, however, for these spillover effects in
aggregate data.

A second exploration of the interaction between durables and nondurables
is in Eichenbaum and Hansen (1990). They model aggregate consumption as the
outcome of maximizing behavior of a representative agent with a utility function
that allows themn to consider interaction effects. Different auxiliary assumptions
on the nature of utility, on the existence of adjustment costs of the durable stock
and on the nature of growth (trend or difference sta.t.ionar_.v) produce different
answers. Generally, they find evidence that durables and nondurables are not
perfeclt substitutes. Moreover, for the purposes considered here, they find some
evidence that the durable and nondurable preferences are not separable. They
also find, counter to the treatment of the nature of nondurables modeled here,
that there exists substantial evidence that nondurables are somewhat durable.

These results of tests of the interaction of durables and nondurables with

Caballero (1990b) jointly estimates the processes for durable and nondurable expen-
ditures. The effect of durables on nondurables, however, is only through the budget
constraint as he assumes additive separability in the utility function. Dunn and Singel-
ton (1986) model the term structure of interest rates with utility interacting between
durables and nondurables. While their results are supportive of such interaction effects,
their over-identifying restrictions are strongly rejected.




smooth.or.-no. costs of adjustment must be interpreted with caution. The plau-
sibility of'S-s microeconomic behavior and the aggregation problems associated
with these models suggests these previous tests may be biased. Furthermore, pre-
vious aggregate tests of the PIH ignoring durables have failed (Hayashi, 1985a).
Thus, the joint behavior of durables and nondurables in an S-s environment is

both an open question and one that is of a priori importance.

3. Modeling Durable and Nondurable Consumption

3.1 Set-up

Suppose an infinitely lived conswmer has a utility function of the form
- r—p ~P\ "%
U(Ke,Cr) = ;(I‘t +bCF) 7,

where K, is a durable good which depreciates at rate @ and €} is nondurable
consumption. Of course, b > 0. I also assume p > -1 and v < 1. Furthermore,
for reasons to be discussed later, if p < 0 then I assume v+ p < 0.6 Since prices
are absent in this model, an implicit assumption is that the relative price of the
nondurable in terms of the durable is constant, as is the real interest rate. The
parameter b accounts for the relative price in addition to utility.

When the consumer buys a new durable, she must first sell the old durable.
There is a transactions cost equal to AK,_, and thus, the coﬁsumer can only

obtain (1—A)X, units of a new durable from the sale of the old. The assumption

8 The case of log utility (set p = —v, subtract (1 + b)/v and take lim;._.o) can be solved
in a similar manner. The solution to the model with utility separable and especially log
separable is given below. If p — oo then the utility function converges to the Leontief
utility function.
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of a transactions cost is non-trivial and gives the problem the flavor of a durable
goods problem. If no transactions costs exist, the consumer continuously buys
and sells the durable good in order to keep durable goods services at an optimal
level. Such a response is similar to a nondurable goods problem.”

If the durable good is the only asset held. the consumer obviously never buys
and sells new durables. The consuner also holds a portfolio of two assets, B,
units of a riskless bond with an instantaneous return ¢ and X, units of a risky
assets whose value fluctuates randomly. If L, is the value of one unit of the risky
asset, then dL; = L,(adt +oduw(t)). ® Define total wealth as Q¢ = K, + By + X,
and let 4 = fi — 74 be the excess return the risky asset earns on average. One

can eliminate B, from the Q, process to obtain
dQ; = —aKdt +74(Q¢ - K))dt + Xy(pedt + adw(t)) — C,dt.

Note that marketable wealth is equal to (1 —A)I{y + By + Xy = Q¢ — AI(;. Thereis
a ba.nkrup.tcy constraint in that marketable wealth must always be non-negative.

The consumer’s problem is to maximize E [~ Le 8 (K ” + bC’t_P)_%dt.
Given that the durable good is not continixously controlled, the problem is

equivalent to maximizing expected utility over X, Cy, optional stopping times,

{71, 72 ...}, and new durables bought at those times {K;, I, ...}. Using dy-

7 See the proof of Theorem 2.1 in the Appendix for the solution to the problem when
A=0.

Grossman and Laroque allow for a portfolio of n risky assets, and then, they show that
a mutual fund theorem holds. The consumer acts as if she first figures how much of
the mutual fund she will hold and then allocates the fund in 2 mean-variance efficient
manner among the n risky assets. I side-step this added complexity and just assume
there is only one risky asset. One can literally repeat their analysis verbatim to prove
- two fund separation and the CAPM.




namic programming, the problem is fornially:

V(Qo, Kp) = sup E[/ Kt-p_l_bc,_ )~ £ o

(X(t) cu))
+eTTV(Qr — MK, _, k)
st dQy = —aKdt +r(Q, — K )dt + X, (pdt + adw(t))

(2)
=Gt 1 0,1)

dIi; = - S, dt Fe[0.1)
Q¢ — /\Ix;", =0
It is easily proved, as Grossman and Laroque (1990) and Karatzas et al.
(1986) do for their prc?blems, that the value function js bounded. In the Ap-
pendix the following theorem is proved.
Theorem 2.1

Assume

LI

'?:.6—’ - —
L 'rf_zn-?]_,,

> 0.

There ezist two constants, n; and n;, that provide the following bounds on the

value function:
mQ¥ 2 V(Q,K) 2 ,(Q - AK)".

Remark: This is the same com.:lit'ion Grossman-Laroque and Karatzas et al.
re.quire for their problems.

The upper bound is found by calculating the return to the problem with no
transactions costs; the consumer caunot (l;_) better. The lower hound is found
by calculating the return to the prohlem following an achitrary strategy under
conditions that make the consumer worse off.
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Solving an optimal control problem with two state variables can be a daunt-
ing task because the resulting Hamilton-Jacobi-Bellmaun equation is a partial
differential equa.;.ion. Grossman and Laroque (1990) prove their problem is ho-
mogeneous in the durable good, and thus. the problem can be reduced to a
single stgte_.variable. The following counstruction shows this problem also can be

rewritten in terms of a single state variable.

3.2 A Single State Variable

From equation (2) when ¢ # 7 the value function evolves according to a
Hamilton-Jacobi-Bellman equation. Suppressing the maximization operator for

convenience

§V(Qu, Ky)dt = = (K7° +bC;7?) ™ * dt + VQEdQ + 1VoodQ? + VidK.

Q=

Plugging in the values for d@ and dK and dividing by dt yields
1, ._ p—"1 R . ’
§V(Q, Ky) = ;(Ixt P+ bCP) % + Vo(—aK +75(Qe — K¢) + pX — Cy)

+ -;-0'2 VQQ‘X’Z - aKVi.

The first-order condition for X, gives

Let ¢ = Ig( and u(c,) = 1 (1 + bcfp)_%. Plugging in and rearranging yields

2

R 1 =k . .
6V(Qt,Iit) = 'RtV;(l'l_bct p) 4 +I&¢I"Q(—a+rf(-§—_:—1)—ct)—7%—aktVIﬁ
(3)

2
where v = 1 L.
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Now,let. . . .. . . . .

h(yt) = Kt-'uV(QuKt); Y = % - (4)

Differentiating (4) by Q. and I, gives expressions for Vg, Voo and Vi in terms

of hA(-). In terms of y, (3) becomes

h'(y)?
h'(y)

Sh(y) =h'(Y)(r(y+ X 1) - ¢) + 'll(l +be[P)TF, (5)

where § = § + va and r = rg + c. Also, by the Itd calculus, since y, = %— -,

oy h'(ye) p h'(ye)
Cdyy =7(y, + X —1)dt — 27Wdt —cdt — - h”(yt)du (). (6)

Given the construction of the HIB equation, next to consider is the terminal

value of the problem at ¢ = 7. Rewrite the value of the program at 7 as:

V(Qr = MK, b) = kvi M

- — ). (7)

Define a new variable, M, as:

M = sup(Q, — MK, ) "V(Q,. — \Kr. — AK,_)
k

. - y— .Qf - AI(?
= r— AK:)VEYR(————— - )
sup(Q )RR ) (8)

= St;p(y +A)""h(y).

Given (7) and (8) and noting that y,_ = Q,_ /I, - ):

- (r r - I\I-r -
V(Qr. = M k) = k(=2 e ) gy g
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~+..-Putting the technique together yields:

V(QO y I(O ) ‘=" sup E[ ("_M l (I\-t_p + b("t—p) - dt
r{X..C} 0 v

Rt S:lp e"‘s:’-'V(”Q,.._ - A, k)]
k

- ' T 1, R )
Kihw) = swp B[ [ 82 (50 4 b000) Fdt 4 e=beigyy_a)
r{z(y).C.} Jo v
h(yo) =  sup E'[/ F"S‘l(l +hey?) TEdt 4 =Bty M].
r{z(y)ed o v

(9)
Of course the bankruptcy constraint is Q, - \ Ke 20 == y,>0. 2% One can
verify that the implied HJB equation from (9) is the same as in (5).

To. solve the problem, G-L conjecture that optimally y(¢) remains between
two bands y; and y,. If y, is too high the consumer can enjoy higher durable
services immediately. On the other hand if Yt is too low, financial wealth will not
increase fast enough, and future durable purchases and nondurable consumption
will suffer. When y(t) hits one of the bands at time 7, I{(7_) is sold and a new
K(r4) is bought such that ylre) = y*. y* is the same for both y1 and y;
because in y X ¢ space the total transactions cost X is independent of y*. Since
the investor pays the same cost no matter what, she may as well move to the

optimal y. The optimal y is independent of the barrier from which the consumer

moves due to the Markov nature of the y, process, and thus, there is only one y*.

® IfU(K:,Cy) = log(K¢) + blog(Ct), the problem reduces to:

T b
h(y) = sup B f e~ ¥ [blog(bh' (ve) 1) - LEDX 1y o ombrpr f (L4,
r{z(v)}  Jo é 6

and M is defined as
(L+6)

5 log(v + A)].

M =sup[h(y) -
v



When. y(t). € [y1;¥2] the value of y,is given by h(y) which solves the non-linear
differential equation (5).
The complete mathematical description of the solution is given by the fol-
lowing equations,
Eh(y) =h'(Y)(r(y+ A =1) =) - Yoy + l/(l + bc‘,_'p)—%;
h(y) 2 y"M Yy
hy) =y M i=12

(10)
R'(y:) = vy;"lM 1=1,2;

M = sup(y + A\)"Vh(y);
v

w

y* = argsup(y + A)""h(y).
v

The inequality is the natural requirement that r, the optimal time to buy a new
durable, be non-negative. If it does not hold then the consumer should imme-
diately sell her durable and purchase another. In fact she should have already
done this. The first set of equalities for y; are the value matching conditim_ls.
At y; and y; the value of jumping minus the cost should be zero. Such a con-
ditior; is a property of a value f_unction; it is not rooted in optimality (Dumas,
1988). The second set of equalities for y; are the smooth pasting conditions.
The consumer should be indifferent between jumping immediately and waiting
a fraction of time df. The last two equations are simply the definitions of M

and y*.

3.3 The Solution to the Bellman Equation

Following Karatzas et al. (1986), define an implicit mapping between y
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and marginal utility u'(c). It should not cause confusion when I write y(c) or
alternately y(u'(c)): Later it will be shown that y(c) is a monotonic function of
u-’(‘c), and thus, of c¢. Since ¢ is continuously coutrolled, the first-order conditions

for ¢ imply that h'(y) = v'(c). Differentiate h'(y) by r to get

woy w'(c)
h'(y) = e (11)
Differentiate (5); use equation (11) and rearrange to obtain
! 2 _ ! 2,,m
gy (€) + (e = D)+ ra(ehe) — (2a'(e) - LD
+ (r(A = 1) = ¢)u"(c) = 0.
. (12)

The general solution to differential equation (12) is
y(c) = Byu'(c)®* + Bau'(c)® +1 - A + ,E

N TORY: P "(e)0- [ (13)
+ — 0 + Jo - e

where 64 and §_ are the solutions to the quadratic equation

A PR
) v

= 0. (14)
The proof is through verification.

The constants By and B; are determined by the boundary conditions given
implicitly in the value matching and smooth pasting conditions. Of course, it
must be verified for particular parameter valies that the solutions for By and B,
yield a monotonic function relating ¢ to y. In order for (13) to be well-defined,
lim, .o fo’ u'(v)‘e; dv < co. A necessary condition for this convergence is that

limy oo u'(v) = 0, hence the sufficient condition that v+ p < 0 if p < 0.
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The next step in the ‘soluti;')‘n is to solve for the u'(c) process. Thé next
theorem proved in: the Appendix gives the process.
Theorem 3.1

Let zy denote the mm'_qinal u.ﬁlz'ty‘olf ¢, 2t = u'(cy). Fort e [0,7), z, solves

the following stochastic differential equation
- — (F . al®
(‘lot = (6 - T)btdt - —‘tdw(f.).
o

Two remarks about the z process are in order. First, as long as p # 0, problems
associated with degenerate stochastic processes (zero variance at a point in time)
are not alconcern. If i = 0, any risk averse investor will keep X, = 0, investing
all her wealth in By, and thus, the problem is completely deterministic. Second,
this result is similar to that found in the literature on Euler equation tests
on nondurable consumpﬂon starting with Hall (1978). This similarity and its
implications are pursued below.

The proof of Theorem 3.1 in the Appendix follows the technique in Karatzas
et al. (1986). This result can also be understood given the results in Duffie and
Skiadas (1991). Let F, denote financial assets. that is, F; = Q, - K,. From (9),

define the problem for ¢ € [0, 7) as

max /e'stl(l+bct"”)_%dt
{=z(t).c(t)} Jg 1%

s.t. dfy = rdt + z,(pdt + odw(t)) — c,dt,

where lower case letters denote their upper case counterparts divided by Kj.

Define m; = e‘hu'(ct) =e btz Using the It6 calculus,

‘ = dz
dme = fr dt + op dw(t) = —8dt + —=. (15)
™ . <t
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From Duffie and Skiadas (1991) any security in a complete market multiplied

by m is a martingale. Defining b/ = ﬁ—" and I, ~ TL\‘-'(- implies that

dbt = T‘df

~

dly = (ft + a)dt + adw(t).

Given the two securities in this market, b(¢) and [;, this martingale property

implies
0 _ E[dbt dﬂ't
™
0= E[('”t dﬂ'f d‘_[t_@
uy; l{ Tt
Thus, pr = —7 and o> = -£. Combined with (15), this gives Theorem 3.1.

The above has i.'ollowed 886-T of Karatzas et al. (1986). The next step is to
redefine the value function in terms of ¢ which follows §§8-9. Define H (u' (c)) =

h(y(c)). Replacing k(y) with H(u'(c)) leaves
H(u'(c)) =supE [/ G—Stl(l + bct_p)_%dt + e Mys_
r 0 v :
Applying the Feynman-Kac Formula (Duffie, 1988), for t # 7, H(z;) solves the

differential equation

§H(z) = H'(z)E[dz] + 1H"(z)Var|dz] + = L (14 be?) 7,
where u'(c) = z. Plugging in the mean and variance of dz gives the differential

equation:

$H(e) = 2L (5 = r 2Ly ey 1 2D ) 4 L1 ),

u"(c)2 H( )2

(16)



The general solution to (16).is:

H(e) = A ()** + Agu'(c)?- + ;)

e (e [ et de s T [ - a)
+— 0 b+ Jo - Je

(17)
where ¢4 and ¢_ are the solutions to the quadratic equation:
r+q--4& &
P e S} (18)
Y Y

A relation used later is ¢4+ =1+ fA.
Before showing that H(c) as defined in (17) solves (10), the following

Lemma, also proved in the Appendix, is needed.
Lemma 8.2

The constants Ay and A, are related to B, and B, by

A= 0—+Bl 4> e

-’ B
1+4, 1+0_°

Theorem 3.3, the main result, now follows.
Theorem 3.3

Furthermore, H(c) is the value function, and the formulas for X(t) and c(t)

are the optimal controls as are the bounds Y1,y and ys.

Proof:

One uses Lemma 3.2 and the relationship between h and H to verify that
(17) solves (5). The boundaries y;. y* and y; are optimal because they satisfy
the first-order conditions for optimality. H(c) is the value function and X(¢)
and C(t) are optimal controls by Theorem 4.2, the Verification Theorem for
Autonomous Problems, in Flemming and Rishel (1975). Theorem 2.1 shows
that H(c) is bounded, and H(c) is obviously in ('?. Given Theorem 3.1, as long

as p # 0, the processes do not become degenerately non-stochastic.
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If p = =vj; the utility function is additively separable and the integrals in

the definitions of y.and H can be solved. Let z = u'(ec) = be? =1, then

y(z) = B; Cha N N - L [ hzd,

64 1 1
H zZ)= B 4-¢+ —_— '¢- + —=— = "'J+l
(=)= o+ ! + ¢— —Bes 116 ud
where
. 1 —— . -
i=— ¥ = (b0 - 04)G - 6-) .

The final solution to the general problem are six unknown variables, c*, c1,

c2, M, By, B; related by the following equations:
(y(c*, B1, B2) + A)_".H(c'tBh By) - M = 0;
vH(c*, By, By) — (y(c*, B1, Bz) + M) /(c*) = 0
H(ci, B1,B) - M(y(ci, B, B2))" =0,  i=1,%

A{V(y(‘:iiBI,BZ))V— -z =0, i=1,2;

(19)

where the functions y(-) and H(-) are given by (13) and (17) along with Lemma

3.2.

4. Discussion

Several results follow from this solution, some are analytical, others are

numerical given the system of equations in (19).

4.1 Microeconomic Orthogonality Tests

The first immediate implication of the above analysis is that durable ex-

penditures are dependent only on the current durable stock and current wealth.
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This is -immediate from the formula for the jump in the durable stock at the
time of ‘adjustment.
Lenima 4.1

"Att =1 the percentage change in the durable stock is given by

_I(.|. - K. Y- vt - A

- = 2
3 P (20)
Moreover, Ky — K_ >0 if y = y2 and neqative if y = y;.

The proof is in the Appendix.

Given Ko, K_ = e " [y. The expectation of Ik, at time ¢t = 0 then
involves the joint proiaability c.>f 7 and whether z = z; or z;. This distribution
function is over z which is itself a Markov process. Therefore, the expectation of
K, is dependent only on Iy and z(0). Other expectations, such as K, for some
positive ¢ not conditioned on where = is located also involve joint probabilities.
Still, these expectations are dependent only on Iy Aa.ud on expectations of the
path of z. Since z is Markov the same result obtains for E[}].

The importance of this fact is that changes in the stock of durables are
independent of any other variables known at time .s;. Traditio_nal orthogonality
tests used in the literature on nondurable consumption can be applied to durable
expenditures. For instance Eberly (1990) conditions on the time at which the
durable stock is updated. Let 7 and -r.n be two times at which the durable stock

is updated. Denote financial assets at = as F,. Then taking logs

In(Kp) = In(EKpy) = In(Fr,) ~ In(Fry) = 14 &y oy
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where ¢, -, is the realized growth rate in financial assets hetween 79, and ;. ¢
is a random, Markov process. Thus, the change in the durable stock between

updates is a Markov process viewed from the last update. Tt is this fact she

exploits in her Euler tests.

4-2 Hall’s Martingale Hypothesis

'A second implication of the above analysis is the relationship between non-
durable consumption, the durable stock and the marginal value of wealth. The
effect of 6 on the slope of marginal utility is reminiscent of the ;NOI'k on non-
durable consumption smoothing. Hall (1978) shows in a discrete time framework

with utility only over nondurable consumption that
Edl'(Can) = L1y, (21)
' ' 1+rg ’

where E,U'(Cy3,) is the expectation at time t of the marginal utility of con-
sumption at time ¢ 4 1; § is the rate of time preference and Ty is the riskless
interest rate. Karatzas ef al. (1986) with a general utility function over non-

durable consumption obtain-
dCy = (6 rp)Codi - gg‘,dw(f). (22)

where (; = U'(C;) and the other parameters are as above. 1% In both cases the
slopes of expected marginal utility depend upon the difference between the rate

of time preference and the riskless rate of return. Heaton (1990) also finds this

10 Equation 7.4, p. 272 with the parameters interpreted in terms of those used above.
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Tesult in' a:model  where the utility of ¢consumption of "‘xlolitltiré.gle” goods lasts
over time. One particular-example-of his geueral model is durable goods.

The same result ‘'obtains liere. Recall f-f"diii (4) that V(Qq, K) = KPh(y,).
Define |

Z, = VQ — Ift_(l_'})h"(yt) = IX.O_(]_U)E'Q(I_UMZ:.

When, z; € (22,21), dzy = (§ — )z, dt — Ezidw(t); from (11) A'(y,) = v'(¢y) = z,.
Using the It6 calculus, Z, solves the stochastic differential equation

dZ; = I\'O_“_")e““"""dzt +a(l - u)Kn_”_")e“”‘""‘ztdt

= I{O_(l*")e"“"”’zt [(6 + ve — (e + rg))dt + a(l — v)dt — ’—de(t)]
: o

= (6 —1f)Z:dt - thdw(t).

Moreover, the Vg is continuous at the point at which = jumps. Since the process
for Vg is a geometric brownian motion in the open interval and continuous at
the boundaries, Vi is continuous everywhere.!l The following lemma is proved

in the appendix.

Lemma 4.2
The marginal value of total wealth Q, is continuous at the boundaries. That
18
Vo(Qr— K-_) = Vo(Qr- — AK,._,Ky).

Since Uc(Ky,Cy) = Vg, the marginal utility of nondurable consumption is con-

tinuous at the point at which K, jumps.

11 The continuity of Vo may seem surprising given that A'(y) jumps at the sale of a durable.
This continuity is implied by the smooth pasting conelitions which is hidden in the ho-
mogeneity construction.
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Given the discussion earlier on the process of z,, the results in Duffie and Skiadas
(1991) can:be applied to this continuity.
, The importance of the lemma is illustrated by writing the equality of Uc

at the boundaries ... . C

.. v4p

bR (=P 1 pCmP) T = b TR (KR +5C5P) T (23)

Since I(4 differs discretely from K _, as given in Lemma 4.1, in order to preserve
the equality in (23) nondurable consumption must jump. That is C'; also differs
discretely from C'_. The sign of the jump depends on the sign of the cross partial

derivative of utility.
Uor(K,C) = (v + p)bIs ~0+P) ¢t =040 (K =P 4 b (1.=P) 7 72,

If v+ p > 0, durable and nondurable consumption are complements in utility.!?
Increases in K lead to increases in the marginal utility of nondurable consump-
tion. To lower Ug back to its former level, nondurable consumption has to
increase. On the other hand, if K and (' are substitutes in utility, when I
jumps upward, ¢' jumps downward. Of course if I and C are additively ysepa-
rable, marginal utility depends only on (. In this case continuity of marginal
utility implies continuity of nondurable consumption.

Important interaction effects between durables and nondurables imply that

former tests of the PIH using only nondurable consumption may be invalid.

12 | define two goods as complements and substitutes in utility if the cross-derivative of
utility is positive or negative. This concepts is different from the modern definition of
complements and substitutes which depends on the partial derivative of the Hicksian
demand function with respect to prices.
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While careful treatment of these interaction effects can .remove these problems
when using micro data, tests using macro data are more problematical. Both
because nondurable consumption for each individual jumps at the individual’s
boundary, and because the present stock of durables helps determine optimal
nondurable consumption, aggregate nondurable consumption depends not only
on the aggregate stock of durables, but also on the cross-sectional distribution
of agents within their bands. To see this, note that C# = [;Ci(i)di. The

important variable for analysis. however. is
Z4(3) = bCu(i) =V P (Feo(6)™° + bC(i)™?) 7%,

but there is no way to write a comparable variable in terms of K# and CAY®
Nondurable consumption, then, suffers from the same aggregation problem
as do durable goods. This aggregation problem means that a representative
agent with stable preferences, i.c. independent of the distribution of stocks of
durable goods does not exist. In particular. the C-CAPM, derived under the as-
sumpl'tion of a representative agent. is invalid. Moreover, specifying the marginal
rate of s‘ubstitution for la represénta.tive consumer is also impossible. Aggregate

orthogonality tests such as Hansen and Singleton (1982) are misspecified.

4.8 Numerical Calculations

For particular parameter values, the system of equations can be solved nu-

merically. A problem, however, is that initial guesses must be fairly close to the

13 Ap exception is if —p = v; that is additive separability: see Beaulien {1991).
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correct. value; otherwise the system.diverges. For example, under a standard
set of parameter values, By = —.169. If the remaining five initial guesses are
accurate to two decimmal places, in order for the system to converge, the:initial
guess for B; must be in the interval [—.19: =.13]. ‘To overcome the difficulty
of initial ‘guesses, one can first solve the' differential equation numerically for a
one particular parameter set. ‘Then, one simply iterates slowly over a parameter
that is changed, solving the system for each small increase in the parameter and
using the resulting solution as initial values for the next iteration. One simple
procedure is to start with p = —v and b = 0. This is the original Grossman-
Laroque model, and it is easily solved. Then one can iterate first on b and then
on p and v.

Besides the computational ease of the solution, there are other advantages
to solving the problem in this manner. Two statistics Grossman and Laroque
present are E[r], which is the expected time it takes to reach y; or y; starting
at y*, and Prob. v, whi(;h is the probability that y; is reached before y,. They
do not explicitly solve for either of these statistics because they do not have a
closed form for the wea,ltH process. As equation (6) shows dy is a function of
the unknown function, A'(y) and A"(y). Note, however, that these exit time
problems can be written in terms of ¢. y hits y; when ¢ hits ¢; and likewise
for c;. Given that u'(c) = z is invertible, one can also write these exit times in
terms of z. Since a simple closed form solution for dz exists, one can solve for
these statistics, which is done in the Appendix.

Table 1 reports simulation results for a few specific sets of parameter values.
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In‘particular:the values.of:p and.rz.are chosen so that the cases of :§llb{§t.it_gltcs,
complements and -additive separability can all be explored. More simulations are
.obviously.needed to draw.auy particular conclusions, but a few are suggested.
First;.compared to results in. Grossman-Laroque, the barrier policies shift radi-
cally to the right. That is when nondurable consurﬁption,i_s included, the ratio of
marketable wealth to the durable stock is much larger at the adjustment points,
which makes sense since some wealth is saved for nondurable consumption. Sec-
ond, the barriers in y widen as v increases while the expected time to hit one of
the ba.rrigrs decreases. Third, changes in b do not shift the bands in z-space if
durables and nondurables enter utility additively separable. Otherwise, they do.
This finding is important because b includes the relative price, and accounting
for relative price effects is easier if the bands are stable in some space (Beaulieu,
1991). Because the bands in z-space are constant under additive separability,

the two statistics E[r] and Prob. y; also do not change with changes in b.

Table 2 considers an issueAdiscussed earlier but not illustrated in Tablg 1.
Lemma 4.1 gives the formula for the percentage jump in the durable stock at
the point of adjustment. As for nondurables. that ¢ = ¢*Ky and C_ = ¢; K_
along with Lemma 1 gives the formula for the percentage jump in nondurable

consumption

Cy-C_ _C‘ Yi

= ——-1 24
C_ iy + A ’ ( )

i = 1,2 depending upon whether the durable is adjusted downward (i = 1)
or whether the durable is adjusted upward (i = 2). The percentage jumps in
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both the dur@ble stock and nondurable consumption are reported for the same
parameter values that are found in. Table 1.

As was explained above, whether nondurable consumption jumps upwards
or downwards when the durable stock is adjusted upwards depends on the sign
of the cross-partial derivative of utility. Wheun p + v is negative, durables and
nondurables are substitutes in utility, and as is seen in Table 2, nondurable
consumption jumps in the opposite direction from the durable stock. When
p + v is positive, the two are complements in utility and they jump in the
same direction. When utility is additively separable nondurable consumption is
continuous and therefore there is no jump.

The simulation results suggest that jumps in nondurable consumption are
much smaller than for durables. The durable stock jumps anywhere from 60%
to 150% while nondurable consumption Jumps only 1% to 4%. Of course non-
durable consumption varies in hetween the harriers whereas durables do not-,
and thus, aggregate va.riat.im-l in durables and nondurables will depend upon the

cross-sectional distribution of the population within the bands.

5. Conclusions

The model allows for both nondurable and durable consumption in a model
where a consumer’s durable stock is adjusted infrequently. When the amount of
the durable stock affects the optimal purchase of nondurables, the S-s policy of
durable purcliases st-rongLv affects the dynamics of nondurable consumption. In
fact nondurable consumption in such a case is not continuons as it jumps when
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the durable stock is adjusted. Sucliieffects make aggregation impossible and call

3

into question rejections basecd on an assume representative consumer.

[ S P fey o

TVYQZI."GE,R'(,)I_IS“C_S to Jt.h.e. problem 'nl" aggregation‘are possible. First, one can as-
suine additive Asepa,r,a]?ility. between diirables and nondurables, a strategy pursued
in Beaulieu (1991) and Caballero (1990a). Once olne: assuines additive separabil-
itiy', -be.s‘,:ides the possibi:l:i_t.y.of aggregatipn,_i one can use nondurable consumption
instead of wealth to normalize the durable stock. Modeling permanent income
is not needed as a precise measure of wealth shocks is available with nondurable
consumption. Moreover, including nondnrables in the analysis of durables allows
one to consider relative price effects. Beaulien discusses these points thoroughly.

{X second strategy is to eschew traditional statistical modeling and instead
use simulations to draw conclusions. For instance Brainard ef al. (1991) suggest
that one reason why previous C-CAPM tests have performed poorly is that
durables and nondurables interact in utility. They find that the C-CAPM inodel
performs better at longer horizons, a finding they reason is consistent with this
paper’s model of durables and nondurables. One way to test this stipulation is to
simulate the model for a large set of people with different levels of durable stocks
and financial wealth. The solution technique fbr an individual’s problem outlined

in this paper makes such a proposal possible for a wide range of parameter values.
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Table 2: Percentage J

VIR

";rhps in Durables “z\m::l ‘ Nondurables

Durable Non-Durable
p v A b From From - - From From

U Y2 W Y2

Substitules '
1.0 -1.5 05 1.0 -.611 .848 .012 -.017
1.0 -1.5 .05 2.0 -611 .852 010 -.013
110°:. -1:5 0 1.0 -.693 1.015 021 -.024
1.0 -15 10 2.0 -.693 1.019 .012 -.016
Complements
1.0 -5 .05 1.0 -.703 1.209 -.028 .043
1.0 - -5 .05 2.0 -.702 1.212 -.018 .029
1.0 -5 Jd0 1.0 -.780 1.449 -017 .049
1.0 -5 10 2.0 =779 1.449 -.021 .036
Additively Separable
1.0 -1.0 05 1.0 -.652 .977 .000 .000
1.0 -1.0 .05 2.0 -.652 .977 .000 .000
1.0 -1.0 .10 1.0 -731 1.173 .000 .000
1.0 -1.0 10 2.0 -.731 1173 .000 .000
-1 1 .05 1.0 -.850 2.388 .000 .000
-1 1 .05 2.0 -.850 2.388 .000 .000
-1 1 10 1.0 -.904 2.979 .000 .000
-1 .1 .10 20 -904 2979  .000 .000
Notes:
1. Other parameter values for Tables 1-2 are: a = 0.0, ry = .01, 0 = .22.
g=y+A

42




.- APPENDIX: PROOFS AND STATISTICS

The Appendix contains the proofs missing in the text. It also develops the

formulas for the statistics calculated in the simulations.

A.l1. Proofs
Proof of Theorem 2.1

It is obvious the consumer can do no better than what is optimal when
A = 0. Suppose A = 0. For any A > 0, the consumer can follow thé optimal
program for that part.icular va.iue of A, but every time a new durable is bought,
instead of paying the transactions cost, the consumer puts AK,_ in the riskless
asset. Thus, the consumer earns the same utility over an entire period but has

a bigger bank account which can be used to increase consumption at any time.

To find the upper bound on the value function, let A = 0. The process for
Q. is the same as it is in the text, and @, is the only state variable. The Bellman

equation becomes

V10) = B [V (D601 4V7@)00° + L(77 0677) %),

max
X(1),C(1),K()}

Given the form of the utility function V(Q) = v1Q" is a good guess for the form

of the utility function. Rewriting the Bellman equation,

v _ . v-1 .__- I- ,_,Y—C-'
§mQ {xm‘rg(atn)c‘h,m}[va (rsQ—(a+rp)K +p )

- 1 . -p\—%
+iv(e - Qe X7+ ;(I\,_ +bC) 7).
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The first-order conditions give

pooQ

X=£ < .

Tat1o g
1

L (vm) T
= () o

K= (e ) ™ (F2) 7o,

where

Do = b+ [b(a + Tf])]l+"’

_vte

P1=py 7.

Plugging in the values for X, C' and K and rearranging leaves

=

. v 1 v —_ 1 1 P ‘
B = (o)™ (Sp) ™0 = () (0t r) T 1)),

where

124

=4 Lk
b = - vr E e
f Framy
Given the definitions of py and p;, rewrite the above as

. L _rllte)
B =(vm) T="bT=vpy *" (1 - v).

Note that vn; > 0 as is pg. Thus, the right-hand side is greater than zero.
For there to be a well defined solution, J must be greater than zero; hence the
assumption in the theorem that 3 :~ 0. I it holds then by the Verification The-
orem (Flemming and Rishel, 1975). 1, Q% is the value function for the problem

where

1/ A \"7! _uute
N = —( ) P °

2!
AT 0 (25)

To find the lower bound. of the value function, first assume p < 0. Two
strategies are possible. The consumer sells her durable and either buys a new
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durable-that she holds forever, or she adds the proceeds from the sale to her
financial portfolio:and only consumes nondurable goods. From Grossman and

Laroque (1990), the former strategy yields

(Q = AK)”
v(é +va)

From an adaptation of results in Karatzas et al. (1l986), the latter strategy yields

b=% 1—v
( 3

) Q- K.

If p <0 then

_ ] b_%(l.—u)]—u
v+ va)’ v J5]

V2
whichever provides a more effective bound.

Now, let p > 0, and assume r = 0. Also, assume after an initial, immediate
sale of the durable good, A = 1. It is obvious that she can only do better if
7 > 0 and A < 1 by the same reasoning given above. Beginnil.lg immediately,
the consumer implements the following strategy.!4 She sells her old durable and
splits the proceeds in two. With half the proceeds she buys a new durable good.
Every year she sells and buys a new one. Because A = 1, revenue from the sale
of the old durable is zero. With the other half of the proceeds she buys a certain
stream of the nondurable good. At # = ~c her assets from the purchase of the

durable and nondurable good are exhausted.

Define Q = 1(Qo — AKy) which represents the amount devoted to each good

separately over the infinite horizon. Also define

gn €(0,1),

gn =

{éﬂ1-f%L if v < 0;

~4dn — :
e~ (l=e"3), ifv>0;

14 This strategy is similar to that found in Grossman-Laroque.
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where g5 is the fraction of Q invested in year n in the durable. Note that

Yomeo9n =1. Over the vear the durable depreciates leaving

I, = g,,e"'““""@.

As for nondurables, she consumes an amount proportional to her current capital

stock. In particular,

¢, - [ o= ifa>0;
I if @ = 0.

In either case [ C'dt = Q.

The utility from this consumption strategy is

y=1 / e‘“%(]&'t"’+bC’,“’)—%d1‘
0

v
1 s = s [ s (t=n)
= —(1 — kT b —PY "7 - F—av(t—n ¢
~(1-e QY1 + (l—e—") ) n§=0/n € d

= 12(Q0 — AKp),

where 72 depends on the sign of v.

sy (1 — e%) (1 4 b(=8r)=p) "5 lmetibval - e,

— 1-—-e
M2 = _.;l_c-(6+ual

1 - [ - .
u(6+ua)(1—€ "’)(1+b(m) ?) o if v > 0.

The value function in this case is V7, ,

Proof of Theorem. 3.1

Replacing (11) in (6) yields

dy = (r(y + X —1) = 29 ;',,((")y(c) c)dt - ’”',,({’y(c Jdw(t).  (26)

Using the It6 calculus,

de = c'(y)dy + 1c"(y)dy?.
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Replacing (6) in dc gives

de=r(y+A—1)dt - 29 ((’) y'(c) = )t - 5,",_“,,((3 y(e)du(t).  (27)
These two facts are needed:
(y)y'(e)? = ~c'(y)y"(c)
n _ _ # 1'(c) n"(c) N
1y (c) = ((r - 29 —Mm rpLA
w"(e)? . -"_n(c)z
+r (o) y+(r(A-1) - C)'u.'(c)z
Using these in dc gives
(o) () )
dec = ((6—7‘)‘1’."((—.) —-yw)d - ;mdu(t). (28)

Using the Ité calculus again gives
du'(c) = u"(c)de + Lu"(c)de?.

Replacing dc using ( 28) and after some manipulations yields

dz = (6 - r)z - E::dw(t‘),
o

where z = u'(c). o

SO ke

Proof of 3.9:
Because H(c) = h(y(c)) for the compact interval [cq, cz], their derivatives

with respect to ¢ are equal. Differentiating (13) by ¢, multiplying by u'(c), and

dividing by u"(c) leaves
= 01 B1u' ()% + 6_B,u'(c)°-

1 I YIRY:) C,I‘,'—G - 1 16 oo.'.—g- ' i_i
— m(u (C) +‘/0‘ u (l) +dl + u (c) \/c. W (U) d’L + 0+ 0_ .
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Differentiating (17) by ¢ and dividing. by u"(c) gives

Hi(c)

= =GR AT ()% + B Ayu'(e)P-
'u”(c)

- *W_ 1_ 30 ('l(,'(c)e.;, /0" l"( ) -0y dv + "i(c)e_ /'-‘°° l:.'('v)‘e- dv) ]

Because ¢4 =1+ 64, 6,6_ = —r/vy, and ¢4d_ = —§/ these are equal for all

c if and only if

04 6_
= B = B;. .
1 116, 2= 1742
Proof of /.1:
Because y = % - ARl = WQL'\ and Iy = Q;,'Yi‘ . Plugging in K_ into

the expression for K.... and (y; + M)A _ for Q.. and dividing by K_ gives (20).

To sign the expression for y = Y1, Y2, the following inequality is needed,
H'(c) =h'(y)y'(c) > 0.

h'(y) > 0 because A'(y) = K'=2V5 > 0. y'(c) > 0 because ¥'(c) = " (c)/n"(y)

= u"(c)K*"?/Vgq > 0. This gives
H(CQ)> H(C‘)')H(C]), (29)

which is true because ¢; < ¢* ~ r2. Toprove AKX < 0ify =y, and AK < 0 if

¥ = y1 note from the definition of y* and the smooth pasting conditions that

M M M
t+A-—u=* g—u_:_ ;—V=*. 30
W+ =gy T Ha) = Hm) GO

Now, first assume v < 0. Thus, H(z) <0 and M < 0. This implies

M. > M S M
H(z2) © H(z*) = H(z)
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Using (30) and noting that —v > 0 finishes the proof for v < 0. For v > 0 (29)

is reversed, but because —v < 0 the inequality is proved. e

Proof of 4.2:

Equation (8) gives
M=(Q- - AN_)""V(Q_ - M\K_,k).

Redefine the smooth pasting conditions at y; and y, in terms of @ and K replace

M with the above to get
Vo(Q-, K_) = v(Q- —AK_)7'V(Q_ - \K_, ).

From the definition of ¥*, recall it is the argmax in the definition of M, rewrite

y* in terms of Q and K to get

- -v-1
U(Q— [—{M‘— ) KI"V(Q_ - \K_..Ky)
+
N\ TV i - -
_ (QTuA_) K1™Vo(Q_ - AK_, K1)

of  Vo(Q-—AK_,Ky)=v(Q_ —AK_)"'V(Q_ — AK_ K)o

A.2. Statistics

Two statistics, E[r], the expected time it takes to hit either Y1 or ¥ starting
at y*, and Prob.y;, the probability y hits y1 before hitting y, starting at y*
provide a useful method by which the patterns of durable purchases among
different sets of parameter values can be compared. Because z is a monotonic

transformation of y, these statistics can be presented in terms of z. y hits y;
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when z hits z;. The following two lemmas provide the solutions to these hitting
time problems.
Lemma A.1

E[r] is the value given by Vo(z*), where V,(z) is given by:

v, T Y (IO < ztete- -
a(z) = m n(z/z1) + ml”('l/"?)zg&ﬁa _ zg’*”' ) (31)

Proof:
Karlin and Taylor (1981) show the solution to this hitting time problem is

the function V4(z) which solves the following differential equation:
V" (2)dz? + V'(2)E[dz] = -1, (32)
where the two boundary conditions are:
V(z1) = V(=) =0.
It is readily verifiable that V,(z) given in equation (31) solves (32). Note from

equation (18) that ¢4 + ¢_ = 1:;5 .
Lemma A.2

Prob. y; s thg value given by Vi(z*), where V3(z) is given by:

=Dyt :;5++¢‘—
h,(z)._ -¢*+¢_ __q5++d)_ . (33)
~1 ~2

Proof:
Karlin and Taylor (1981) show the solution to this hitting time problem is

the function Vj(z) which solves the following differential equation:

1V"(2)dz* + V'(2)E[dz] = 0, | (34)
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where the two boundary conditions are:
Vi) =1 V(z) = 0.

It is readily verifiable that V;(z) given in equation (33) solves (34). ,
Remark: The limits of V,(z) and Vj(z) as § — r — 0 are the solutions when

6 —-r=20.
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1. Introduction ..

Rece.x'lt' n.1;)dels of expenditures stress the lumpy nature of durable purchases.
These models lla;e broad appe;al because their features are consistent with in-
form.a.l- observ;tions of individual hehavior. Afterall. consumers do not change
their stock c;f .automobiles, appliances and furniture as easily as they change
their e)-cpenditﬁres 6n food, apparel and entertainment, and when they do make

durable purchases, their purchases are large.

Authors motivate infrequent but large purchases in their models with fixed
costs of a&justment, a natural assumption with durable goods. Brokerage costs
and sales costs are often an important element of the price of large durable assets
such as houses and cars. Some people expend a large amount of resources in
gathering inforination and searching before they commit to a purchase. Due to
the nature of the goods, non-combinability is a problem, that is, two $1,500 cars
are not the same as one $3,000 c.ar. Thus. people sell their old automobiles when
buying a new one even though the trade-in price is oftentimes disappointingly
low. Akerlof (1970) justifies such conclusions with an asymmetric information

model while Genesove (1990) finds empirical support.

A second reason to consider such lumpy adjustment models is that they have
empirical support beyond earlier smooth adjustment models. Eberly (1990) ap-
plies the Grossman-Laroque (1990) model to a panel data set and finds results
consistent with the model. Bar-IlanfBlinder (1988a,1988b) suggest that one ro-
bust prediction of these models is that the aggregate average amount of durables
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purchased should:be smooth and roughly track wealth while,the number of pur-
chases made should be rather volatile and history dependent. They successfully
test thxs p.r‘edic;io.xi :uslihg”U.S. aﬁitmnébile data. Bertola-C'aballero (1990b) and
Caba.llero (1990) present two emplncal methoclologles that apply a lumpy ad-
Justment model at the mlcroeconomlc level to U.S. macroeconomic data. They

find their model explains a great deal of the movements in the residuals from a

cointegrating relationship between durable purchases and wealth.

In spite of the fact that the main virtue of these models is their solid microe-
conomic foundations, with the exception of Eberly (1990), little work has been
done on the link between the microeconomic and macroeconomic evidence. This
paper explicitly considers this link. The theoretical tje that allows one to con-
sider both microeconomic data and macroeconomic data is the cross-sectional
distribution of the ratio of individuals’ holdings of durable goods to nondurable
purchases. On the microeconomic side, parameterizing the cross-sectional dis-
tribution allows one to estimate important parameters. On the macroeconomic
side, modeling changes in the cross-sectional distribution allows one to describe
movements in aggregate puréhﬁses of dﬁrable goods. Considering both minimizes
the difficulty in estimating the macroeconomic model by incorporating some of
the microeconomic estimates in the macroeconomic estimation procedure. This
is in contrast to Caballero (1990) who assumes symmetry in a subset of the
parameters to ease the burden of estimation. 'Considering both also allows one
to test whether the macroeconomic model s consigtent with the microeconomic
data. Since the appeal of these models is their microeconomic foundations, con-
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sistency across data sets is a prerequisite for further investigation.

The rest of the pa,pg;r is organized as follows. It first presents a model of
an individual’s optimal purchase of durables and nondurables under fixed costs
of adjustment that is thoroughly discussed in Beaulieu (1991). The model pre-
dicts that the important variable for analysis is the ratio of the durable stock
to nondurable consumption. Ipdividl_lal ratios are distributed between two fixed
bands; changes in this distribution drive aggregate dynamics. After discussing
the importance of the cross-sectional clistfibuﬁoﬁ, the paper estimates this dis-
tribution with data on individuals’ durable holdings and nondurable purchases.
The results are cons%stent with our intuition and with previous findings. The
paper then turns to macroeconomics. The microeconomic model is aggregated,
and an empirical model similar to Caballero (1990) is estimated. Several of the
parameters from the micro study are used in the estimation, linking the two
empirical secti01.15. ‘The macroeconomic model explains 56.7% of the aggregate
ratio of durables to nondurables. More importantly, the two estimation proce-
dures jlrield the same estimates for the amount of idiosyncratic risk, implying
consistency between the microeconomic model and macroeconomic model. The

final section concludes.

2. The Microeconomic Model

Similar to the model in Grossman-Laroque (1990), assume a consumer
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solves -

L (I A E b A dy

e oo
max E, e8!

KepKrg o { X(2)) 0

¢ TLrae- {00}

st dQu = —aly +r(Qr — K1) + X(pdt + odwi(t))

-, te[0,7)
dK; = —a K, te [0,97)

Qt - AI(! 2 01
(1)

where K, is the durable stock; C, is nondurable consumption which is contin-
uousl}; controllable; @, is total wealth, and X is holdings of the risky asset.
The assumption of additive separability between durables and nondurables is
important for aggregation; it means, however, that except for a level effect, non-
durable consumptioﬁ behaves as in Merton (1971).2 The consumer discounts
the future at rate §, and the durable stock depreciates at rate a. The risky asset
earns on average an excess return g with an instantaneous standard deviation
equal to 0. The risk-free rate is 74 and w‘(t) is a standard brownian motion
whose correlation properties across i are discussed below. When a consumer
~changes the durable stock at time 7, the consumer sells the old stock, receiving
only (1 — A)K,_. Because the consumer loses AK,_ at the time of the update,
total wealth just after the purchase, Q,,, equals total wealth just prior to the
purchase less a fraction of the prior durable stock, @, — AK,_. This Jump in

total wealth implies that the consumer does not continuously adjust I¢,.

1 Beaulieu (1991) contains an extended discussion of the effects on C; when the assumption

of additive separability is relaxed.




: The solution of a:.more general problem which allows for i1§teggc;t_ipns be-
tween :durables and.nondurables is described in Beaulieu (1991), ';[‘h‘r‘p‘.t:lg‘h a
change in variables similar to Karatzas et al. (1986) one can reduce the Rrobl_em
to a system of six nonlinear equations. This technique allows faster and more
exact numerical simulations that makes comparative static exercises easier. The
method also highlights alternative interpret@t{iqn;slof the first-order conditions.

The random variable, Z{, used to solve the resulting Bellman equation, is
eqial to the ratio of the durable stock to nondurable consumption times b%x and

evolves according to

dzj

2
1[,1 1- A) ;
il = df+A<6 re+ 1 Yl dt A ~dw (t)

(2)
= kdt + ¢dw'(t),

when the durable stock is not controlled. There are three bands L, C and U.

When Z hits either L or I/, the old durable good is sold; a new durable good

is bought, and Z; is moved to ¢! where (' is between L and I7. The initial value

Zé is g_iven as a function of the initial durable stock and total wealth.

Optimal nondurable consumption is given by

. 2 .
6y — _&ﬂ) dt + l_‘ﬁdwt(t), (3)
Ao

dci 1 (
C" A

‘0?2 A

which is continuous at the time of adjustment. These results can be understood
via the results in Duffie-Skiadas (1991). Given complete markets, marginal
utility of nondurable consumption grows in expectation at a rate equal to the
difference between the discount rate and the riskless interest rate. Otherwise,
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marginal utility is a martingale, a result simjlar to Hall (1978) in a different con-
text. Inverting marginal utility using Ito's lema gives (3). Marginal utility 'is
continuous at the adjustment point hecaiise durables and nondurables enter ufil-
ity-additively separable: The bands and the 6ptimal amount of adjustment come
from the énvelope condition that the marginal utility of no'nd.u'rable consumption
equals .thf: marginal value of ‘wealth. The timing and amount of adjustment sat-
isfy the conditions of optimality and continuity of the indirect marginal utility
-of wealth. Solutions such as Karatzas et al. (1986) and Beaulieu (1991) can be
undetstood in this light.

Even though it is not the subject of analysis, adding nondurable consump-
tion to the problem is important bec?ause other models of durable goods with
fixed costs normalize the durable stock by wealth ( Bertola-Caballero, 1990D; Ca-
ballero, 1990; Eberly, 1990; and Grossman-Laroque, 1990). Measures of wealth,
however, must include estimate_s of permanent income, requiring an additional
model whose specification is difficult at best when long time series are available.
When there are few time series observations, the model must be simple. More-
over, measuring total wealth requires detajled information on asset holdings.
Using nondurable consumption as the measure of permanent income, however,
bypasses these problems by relying on individuals to measure their permanent
incorhe, limiting the required modeling and widex?ing the number of useful data

sets.? The addition of nondurable consumption also allows one to consider rel-

? Cochrane (1990) finds that aggregate nondurable consumption can be nearly thought of
as the stochastic trend component of output, thus passing a weak form of the permanent
income hypothesis. The complete behavior of nondurable consumption, however, seems

58




‘ative price effects. . .

-1t is assumed that each individual in the economy shares the same parameter
values and chooses durables and nondurables optimally. Issues such as borrowing
constraints found elsewhere are not considered here. Shocks to wealth, however,
,' are assumed to have an idiosyncratic component discussed later. The immediate
its variance within the bands and to test t-h.e explanatory powers of the model for
both microeconomic and macroeconomic data. The final goal is to test whether
the resulﬁ.s from the two data sets are consistent. To accomplish this, one has to

understand how individuals are distributed within the band interval (L, U].

3. Cross-Sectional Distribution

Each individuai solving their individual problems will at any point in time
hold some K} and consume some C/| so that the‘ ratio Z{ = K|{/C} is located
between L and /. At every point in time there will be some density f(y,t) that
summarizes the location of each individual’s Z/. Modeling changes in this cross-
sectional distribution is important because it holdg the key to modeling changes
in the aggregate ratio K/*9/C/? - The amount of durables bought in the economy
in a unit of time is related to the mass near the adjustment bands L and U.
Through time this distribution changes for two reasons. First, aggregate shocks
move everyone in the same direction. For instance a positive aggregate wealth

shock shifts the distribution to the left as a positive wealth shock increases C'

excessively smooth compared to mmovements in income. See Deaton (1987) for a useful
summary.
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for everyone but-only changes K for those.individuals close to L. Second; in
the absence of aggregate shocks, f(y,t) converges to a steady state f(y).

. . - Examination of the cross-sectional distribution also allows for a richer set of
dynamics. Similar. aggregate shocks yield different impulse responses for durable
goods gepen:ding.on the density of the distribution near the adjustment bands.
The cross-sectional distribution also implies that shocks will have long lasting
effects, and the order of the shocks matter. For instance suppose that the initial
distribution has a large mass over a small interval near L and no mass near U.
Now consider a positive aggregate shock and a negative shock. If the positive
shock occurs first, then the mass near I hits L and is moved to C', meaning a
large amount of durables is bought. The negative shock then moves this mass
now around C to the right. On the other hand, if the negative shock hits first,
the distribution moves to the right first, then back to the left with the positive
shock. The sum effect is that only a small amount of durables is bought.

Two previous papers call attention to the importance of the cross-sectional
distribution in explaining aggregate movements in durable good purchases. Eb-
erly (1990) considers a panel data set from the Survey of Consumer Finances in
1983 and 1986 and analyzes the decisions of individuals in updating their hold-
ings of automobiles. Using her data set, she measures the ratio of total wealth to
the value of automobiles in both 1983 and 19S6. Given the work of Grossman-—
Laroque (1990) this ratio also lies between two points aud is adjusted to the
middle when it hits one of the bands. She calculates a smoothed estimate of
the cross-sectional density in 1983 and compares the estimate to the theoretical
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steady-state density based ot aii assumed’ set of parameters. A goodness-of-fit
test does not reject the siniilarity of the two. She then finds that the aggre-
gate shocks in the middle 1980s can explain the differences in the densities she

measures in 1983 and 1986.

Caballero ( 1990) differs from Eberly (1990) in that Caballero does not con-
sider microeconomiic data. Instead he develops a mathematical model of changes
in the cross-sectional; distribution given movements in aggregate permanent in-
come. With this model he estimates the band width and speed of movement
within”the bands that best explains movements in the aggregate holdings of
automobiles and furniture and furnishings. His model explains 81% of the de-
viations from the permanent income path for automobile expenditures and 92%

of the deviations for furniture purchases.

Table 1 reproduces the bands, drift and sta;lda,rd deviations from Caballero
.(1990) and Eberly (1990). Caballero reports l,c,u, m, and s directl.y, assuming
¢ =0and! = —u. Eberly on the other hand does not estimate m and s.
Instead she reports the fraction of her sample that hits [, that is, sells a more
valuable automobile and buys a cheaper one, and she reports the expected time
between purchases (see Table 3). From these statistics and the bands, one
can infer m and s.*> The table shows that Caballero estimates a larger band

width than Eberly. When an individual hits u, the consumer purchases a new

3 As is discussed below, this probability and expected time are functions of the bands,
drift and standard deviations.. The expected time is evaluated at ¢. The probability of
hitting ! is evaluated over all of (I, #) using the steady state density as a measure. This
procedure may yield misleading results if her sample in 1983 is far from the steady state.
She reports, however, that they are close.
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automobile whose value is 2.78 times the value of the old while Eberly estimates
this number to be 1.96. For furniture the numnber is much higher, 6.16. That
Eberly estimates a lower band [ much closer to ¢ than u is to ¢ calls into question
the;yl-nlx;l.e.tgp;ié.zt-ll)a;’lleli(;;ll{gé;ses on the moclel for computational ease. Caballero
and Eberly estimate nearly the same drift, though Caballero calculates a much

higher standard déviation.

Table 1: Bands from Other Studies — Annual Values

l c U -f::'—:' % m s
Caballero — Cars -1.021 .000 1.021 360 2.776 178 .400
 Caballero - Furnit. -1.818 .000 1.818 162 6.160 177 .400
Eberly -.051 .000 .673 950 1.960 173127

The next two secfions consider estimating parameters of the model of the
previous section using microeconomic data and macroeconomic data respec-
tively.  The first section differs from Eberly (1990) in that I estimate the bands
and speed of adjustment based on the steady-state density. She estimates the
bands by observiﬁg directly her variable for people just before and after their
purchases. The second section differs from Caballero (1990) in that it uses these
microeconomic estimates for some of the parameters, making the estimation
based on aggregate data less taxing. Otherwise it is similar in spirit though
different in the detailed application. Both sections differ from both previous
studies in that the following is based on the microeconomic model illustrated in
the preceding section. This:model uses nondurable consumption to-measure per-
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manent.income instead.of auxiliary estimates of total wealth. These differences

and others will be clearer once the applications are described.

4. Microeconomic Testing

As a first pass to understanding the cross-sectional distribution, I consider
the durable holdings and nondurable consumption of a set of families at one point
in time. The 1985 _'.Qonsu.mer Ex:pendit-urle Survey contains data on appliance
holdings and purchases, motor vehicle holdings and purchases, and expenditures
on various nondurable goods for 1,965 families in the Fourth Quarter of 1985.
Appl‘ianc'e holdings are valued at either the price paid for them if bought recently
or at an average price of the purchase of similar used appliances. Motor vehicles
are either valued at the purchase price inflated to 1985 dollars and depreciated
at 15% per year or at an average price paid for used cars of similar makes and
years. The sum of the value of appliances and motor vehicles is the value of the
durable stock for each individu-al family. Two different sets of durable stocks are
used according to whether the value of cars and light trucks uses the adjusted
purchase price or the used market price when both .a.re available. This definition
of durables covers on average 58% of durable purchases.

Nondurable expenditures include purchases of food, alcohol beverages, ap-
parel, housing operations, personal care, reading and tobacco products. A second
value of nondurable expenditures adds purchases of gasoline, motor oil and util-
ities. Including these three covers on average 52% of nondurable consumption
plus services other than housing. Four different values of the ratio are available;
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the Data Appendix describes the creation of this data set more fully.

To estimate a subset of the parameters, I assume that the distribution
of thg:lz.art.io_is in st.e‘a.c:{y state in 1985:4. The steady state distribution is the
distribution -such that in the absence of correlated shocks the (listri.bution of
individuals remains the same, even if a large amount of idiosyncratic shocks
move individuals in the interval [L,U]. Outside of steady state, the actual
distribution converges to the steady state distribution unless correlated shocks
move it away. I use maximum likelihood treating the cross-sectional density of
Z; as a likelihood function. For what follows, it is easier to work with the log of
the ratiq; the steady state of the log is given il; Proposition 1 .

Proposition 1

Let z} be the log of the ratio of the durable stock to nondurable consumption
where the dynamics of Z] are given in (2). Letl, ¢ and u denote the log of L, C
and U respectively. The steady state density of z}, g(z), is given by:

o (e¥* — €v) fl<z<ec
g(z) = aofo(e”* —e") if c<z<u

0 otherwise
eVl _ eve
ﬂo = evu _ evc
1
g = —
(c = Devt + Fo(u — c)eve
2K
v = ? -1

Proof:
The log of the ratio is a brownian motion controlled between [ and w. When

it hits either [ or u it is moved to c. In between, z} solves the stochastic differ-
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ential‘equation
dzi = (k= 46%)dt + cdwf, =€ (L,u). (4)

The steady-state density solves the appropriate forward equation which is done
in-the fifth section of the Technical Appendix. This density is also found in
Caballero (1990)', and Eberly (1989) obtains a similar density by different means.

S.up“pose', however, that in 1985 for every individual ¢, z{ is measured with
error. Specifically suppose

5=z +¢, (5)

where e:" is independent across i and is normally distributed with mean g and
variance oZ. The cross-sectional density of Zi is given in Proposition 2 .
Prbposition 2

Suppose %} is given as in (5) and zi evolves as in Proposition 1 . Then the

steady state density of i is

via? I—c—p r—u—
3(z) = aoffpe” =11+ 53 (q,(% +vo.) —Q(—#+ws))
€ €

—aafert (#(Z2ETL) g2 1k

T¢ O¢
b2a2 s—1— —_c —
+ qpe¥(=—m+ 5= (fI’( Il ol + uae) - @(-—z cTH + uae))
) y Te¢ O¢

_auevl<¢(iﬁ) _ @(Eﬂ)),

Te Oe
The constants ag, B9 and v are as in Proposition 1 , and &(-) is the standard
normal cumulative distribution function. Furthermore, there is some continuity
in that as € converges to da point mass at zero, §(z) — g(z) pointwise, and as zi
converges to a point mass, §(z) converges to a normal density.
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Proof: .. e T .

Tl_1e _Rrob?.bi'l.it): ..deusity..fu'uctiion of the sum of two independent variables
is the convolution of the densities of the two variables. This convolution can
be written as above by uoting that g(z) # 0 only over the range ({,u) and
by completing the square. The rest of the proof is in the sixth section of the

Technical Appendix. e

The density §(2) is used for maximum likelihood estimates because it has
several advantages over g z). First, and most importantly, g(z) violates one
assumption that ensures consistency of maximum likelihood. The parameters
! and u define the range of observation for g(z) whereas the range for g(z)
is (—oo,go). Secorid, because g(z) = 0 for all = outside of (l,ﬁ) means that |
necessarily must be less than the minimum = in the sample and @ must be greater
than the maximum. Any error greatly effects these estimates whereas g(z) is
designed to account for measurement error. Third, given the specification in logs,
€} can represent cross-sectional variation in the taste parameter . Consumers
may place different relative weights on durables versus nondurables. Fourth,
that g(z) has a nondifferentiable point at ¢ makes numerical methods difficult in
practice. Fifth, given the approximations needed to construct the durable stock
and the incomplete measures of both durables and nondurables, the assumption
of somne error in K}/Ciis natural.? And sixth, in principle, g(z) can approximate
g(z) arbitrarily well when #=0and o, — 0.

The maximum likelihood estimates for I, ¢, u, k/<? and o, are reported

* The assumption that the errors'are independent, however, is problematical if one believes
that the error also represents deviations from steady state. In such a case the errors are
correlated. :

66




in the first half of Table 2 for the four ratios for the full sample. The mean 7
is set to zero-as it-and the level of !, c and u are joinf.ly unidentified. To see
this; add some constant k to # and subtract k from I, ¢ and w; the density is
unchanged. This underidentification also implies that one should not conduct
hypothesis tests based on the location of (l,c,u); ie. only ¢ — I and w — ¢ are
identified. In addition, the table reports the value'of the log likelihood assuming
the ratio is distributed according to §(z) and assuming that the ratio is simply
norxlla;lly distributed. A simple normal distribution assumes in effect that the
ratio is Aalvl error or that the model does not explain the ratio. The mean and
variance of Z, is reported in the columns headed Normal Distribution.

Froﬁl the table, one can see that the model is marginally successful in ex-
plaining the data. The estimated parameters L, C' and U are well-ordered in
that C is between L and U. The values of the log likelihood are somewhat larger
than for the normal model, and the standard errors suggest that the three bar-
riers are distinct. ® In addition, for both series that use primarily net purchase
prices to evaluate the automobile stock, (' is surprisingly close to U, and the
drift rate « is estimated to be positive, where a negative number is expected.

To test the robustness of the results, I consider one amendment. As dis-
cussed earlier, one likely source of error is missing data from both nondurable

and durable goods. Even though the model is homogeneous and thus should

5 Comparisons of the log likelihoods can only be informal as twice the difference is not a
valid likelihood ratio test. Assuming a null of normality means that [v| = e and at least
either [ or u equal ¢, as is discussed in the proof of Proposition 2 . The log likelihood of
a model whose parameters lie on the boundary of the parameter space is not normally
distributed (Godfrey, 1988). The same applies to a Wald test. A typical LM test is
unavailable because the hessian is not invertible under the null.
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work-equally well no matter the level of wealth, error is likely to be especially
acute for those families in the tails of the distribution of wealth. A small amount
of absolute error in either the. numerator or the denominator greatly influences
the ratio of durables to nondurables for poor families. Rich families are likely
to have large_énmunts of durables not accounted for or valued incorrectly and a
greater amount of nondurable consumption going to other goods not accounted
for. To see if such an effect is present, I exclude from the sample the top 20%

income earners and the bottom 20%.6

The results from this middle income sample are reported in the second
half of Table 2, and they are encouraging. The log likelihoods are further from
the normal log likelihood. The standard errors of the parameter estimates are
smaller than their countefparts in the first half of the table, and the standard
deviation of the error, o, is smaller. For used values €' is further from U , and for
purchases with utilities, the drift rate is negative. Note that even these middle
income sample estimates imply that the new durable stock is between 6 and 11
times larger than the old stock when people upgrade their stocks. These jumps
are much larger than is found in Caballero (1990) for automobiles or in Eberly

(1990), but is near the estimated jump for furniture in Caballero.

Figure 1 plots the kernel density estimate of the observed ratio using the
ratio which employs used car values, includes utilities and uses only the middle

60% of income earners. The figure also plots three estimated densities. The

8 Theoretically, total wealth is the measure that should be used, but it is unavailable.
. Income should be a good enough proxy for this purpose.

68




dashed line is the estimated -§(z) which is.the theoretical density that includes
an error term: The.solid rectangular shaped figure is the steady state density
without error. . The dotted figure is the normal density assuming that z, is
normally distributed, that is, the model explains none of the observed ratio.
The figure explains why the two likelihoods are very close, as the two calculated
densities are similar. The function §(z), however, has fatter tails and a smaller

peak, characteristics that are closer to the observed ratio.

To further evaluate these results, consider Table 3 which contains a couple
statistics that facilitate comparisons across studies. The first statistic E[r] is
the expected time to hit one of the barriers, either ! or w. The second pd is the
probability that an individual’s wealth decreases sufficiently so that the durable
stock must be sold to raise cash. Of course, a new durable good is bought, but
this is much smaller than the old one. These statistics can be evaluated at a
point in the interval of (/,u) such as ¢ or over the whole interval using some
probability distribution over (I,x). A natural candidate to use as a measure
over -(l,u) is the steady st§te density developed in Proposition 1 . The formulae
for these statistics evaluated at any point are functions that are the solutions to
a couple of simple differential equations involving the drift and variance of the

stochastic process and boundary conditions at { and « (Karlin-Taylor, 1981).

A few observations emerge from the examination of Table 3. First, Ca-
ballero and Eberly agree that the unconditional probability of having to sell
one’s durable to raise cash is small. Implicitly, he estimates it to be .115 for
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automobiles and .030 for furniture while she fitids it directly to be .04.7 Their
estimates for the expected time between purchases, however, differ somewhat as
Caballero estimates values (4.663; 9.910) larger than the 2.5 vears Eberly finids
in her sample.

The last two thirds of the table teport the values for the eight series con-
si‘dclje(l in thi; paper. Slnce only m/s? is estimated, m and s are separately
identified by setting m = —.209 = 4 x —.057, where this value for m is used in
the next section on aggregation. Only the ratio m/s? is needed to calculate the
probability of hitting u, conditionally or unconditionally, while both are needed
for E[r]. The statistics show more graphically why an estimate of ¢ close to u in
the CES is problematical.® The probability of hitting « is counterfactually too
large, especially so for the series that use primarily reported purchase prices.

The last third of the table reports the statistics for the series when the tails
of the ilx1.con1e distributioh are excluded. Even for this sample, the series that
use purchase prices is ill-behaved. The series that uses primarily used values
for auig.omol-)iles and light trucks and includes utilities, however, is more in line
with previous studies. The probability of having to adjust the durable stock
downwards is .087 from C and is -031 unconditionally. The expected times
are also in line with Caballero and Eberly. One reason why the results that

employ used car values are better than those that use purchase prices is that the

7 As is discussed earlier, the probability Eberly estimates is not really an unconditional
probability but is conditional on the distribution of individuals within the bands in 1983.

The true unconditional probability will differ to the extent this distribution differs from
the steady state distribution.

8 Recall u here is having to sell to raise cash, resulting in a stock of durables smaller than
the stock immediately preceding the adjustment, the opposite from Caballero and Eberly.
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indices used to.inflate to 1985:4 prices may poorly reflect the real value while
used car prices do not suffer from this problem. The assumption of exponential
depreciation, though still Illaintaiﬁed, may also be problematical. For these
reasons the results that employ used values for cars, nondurables with utilities

and include only middle income families is emphasized in the rest of this paper.

5. Macroeconomic Testing

The link between data on individual holdings and aggregate data is the
cross-sectional distribution of Z{ in [L,U]. Assuming that idiosyncratic shocks
are 11;1cofrelated across income groups, the ratio of the aggregate durable stock
to aggregate nondurable consumption equals b~ % times the mean of individ-
uals’ Z]. The rest of this section is dedicated to developing and testing this
implication. The first subsection proves this relationship between the observed
aggregate ratio and the individual Z}'s by aggregating the microeconomic model.
The required assumptions needed for aggregation are highlighted. The second
subsection calculates the ratio of the aggregate durable stock to aggregate non-
dura.bles less price eﬁ'ects. This removes the term b~ % and thus should equal the
mean of Z} across i. The subsequent subsection models movements in this mean

by tracking the behavior of the cross-sectional density. The last subsection then

compares the model of this mean to the observed aggregate ratio.

5.1 Aggregating the Optimal Ratio

Assume people can be represented on a continuum in two dimensions, Z

and z € [0,1]. Denote this total space as I and the subspace where all z are the




same as I,. Optimality requires

&
I

>

1
2
N

(6)

~
=~

for each individual i. The problem of aggregation, however, is that one only

observes
KA9 = / Kidi CAI = / C'idi.
I I
Assume there is some cross-sectional density of nondurable consumption g(z,t)

where = € [0,1], and write aggregate nondurable consumption
1
¢t9 = [ ge1Cuard,
Jo

where Cy(x) represents the common consumption of people who are located at

percentile z.

Given equation (6) and the cross-sectional density g(-)
Kz)=b"% / Zi=Cy(z)di
o I

= b~ % Cy(z) / Zi=di.
J I

Let f(y,t;z) denote the cross-sectional density of Z} for those individuals in

percentile z. Rewrite (7) as
r
Ki(z) = b‘%Ct(:c)/ yf(y,tix)dy.
JL
Integrating over z gives the aggregate durable stock,

- )
K2 =% [ gle)ciga) [ vttutimtayae. (8)
0 .
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In order-to employ ‘this technology; assume that flustiz) = f(y,t) for all .
That is-the cross-sectional fléilsit-y' of Z] within its haunds is independent of the
percentile consumption of %. This will be true if ‘t.he initial density of individuals
is the same across = and that idiosyncratic shocks to dwi(t) sum to zero for all
z, which is assumed below.

The value of this assumption is given by plugging the assumption into (8).

1 u
KA = b=+ / o(z)C(x) / yf(y, t)dydz
0 Ji ,

L i ur
=b—%/ g(:t‘)(-':,(:")d-‘f/ vf(yt)dy (9)
! L
K9
cfe

I’
=% [ sty .

Equation (9) gives a precise prediction of the ratio of the aggregate stock of
durables and nondurable consumption. |

The parameter b in (9) represents preferences between durable and non-
durable consumption. It also represents the relative price P., between durables
and nondurables which has had important movements over the post-war period.
The price of durable goods relative to nondurables on average has decreased.
Furthermore, the trend in p.; does not fully account for the trend in K29/ chs.

The model in Beaulieu (1991) assumes that b is constant; he also.shows
that permanent changes in b do not change the optimal bands (L, C, U ) in the
Z space. These changes also do not affect Zi itself. While the unimportance
of permanent changes is comforting, two problems arise from the actual price
process. First, b is stochastic and_has stationary movements. The bands in
Z space for a more general model which allows stationary movements in b will
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depend on b: If futiire prices are expected to be high, the consumer will update
the durable stock early to take advantage of the low price relative to the future.
Second, that b.trends means the differential equation is no longer autonomous
and explicit account of the dependence on time is required, .

I use a simple model to accommodate these taste and price movements. I
assume that the bands in Z space are fixed, and thus the bands for K*?/CA?
move with b,. This amounts to assuming the stationary movemeits in b, are
unimportant. I ;'emove the effects of the long run trend and price movements
through a cointegration relationship. That which remains is Z, which is con-

trolled between two fixed bands L and I/.

5.2 Calculating the Aggregate Ratio Less Price Effects

To estimate Z;, assume that b can be represented as
0.t 0
by = boe" " pCE,

where p is the relative price of nondurable goods to durable goods and ¥; are

a series of nuisance parameters. Taking logs of (9) leaves

ln(%:) = —%(ln(bo) + 91 + 92 In(pee)) +1n(Z,). (10)

As discussed above stationary movements in p.; may exist. Such additional
movements, however, should not asymptotically bias the coefficients 511 (10) if
611e takes (L, C,U) as fixed from the point of view of movements in In(P,;) and
if In(Pe;) and In(K/A9/C#9) are integrated. Absent further aggregate shocks and
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changes in P, ln(?y)wvill.converge.to a constant as the cross-sectional density
converges to its steady state (see the Technical Appendix), and thus, the effects
of stationary price changes on In{Z,) can be thought of as stationary.

‘Table 4 reports the results of integration and cointegration tests of
In(E7/CA% and In(P.,).

The aggregate durable stock is calculated by assuming an initial stock and adding
durable purchases. A depreciation rate of 15% per year is used. ® The tests are
estimated both statically and dyunamically by including lags of the changes in
the depen.de'nt variable. An examination of the table indicates that one cannot
reject the hypothesis of integration for In(P,;). On the other hand ln(KtA 9/ CtA 9)
may not be integrated as the test that includes the three important lags yields
a statistic significant at 2.5%. Clearly, 16 lags uses too much degrees of freedom
and must be discounted, while no lags is not enough. The test for cointegration
suggests that if In(K/29/CA9) is integrated, K29/CA9 and P, are cointegrated
as boifh of the preferred statistics are significant at least at the .05% level.
Table 5 describes the results from estimating (10) assuming the two are
cointegrated. Both a static and dynamic specification using 2 leads and 8 lags
(Stock-Watson, 1989) is estimated. After estimating the nuisance parameters in
(10), Z, is found by plugging in the estimated parameters and subtracting from
the dependent variable. The table indicates that the effect of P., on Kp9/che

is small at best.

® The Data Appendix describes the data and the construction of the durable stock in more
_detail.
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Figure -2 illustrates the movements-in Z; with the NBER recession dates
plotted on the time scale. One important effect consistent with the model is the
decline in Z, after recessions. Negative aggregate shocks to wealth lead to an
iinmediate increase in Z, as the cross-sectional density of individuals shifts to
the right. Eventually, K, decreases through depreciation and lack of purchases,

moving Z, back to the left.

9.9 Estimating Movements in the ('ross-Sectional Distribution

Given a set of bands L, (;,' and 7, values for the drift rate and standard
deviation, -and an initial density f(y,0), a second estimate of fg yf(y,t)dy can
be obtained; call it i First, the process for f(y,t) without aggregate shocks
must be developed; the strategy is the same as in Caballero (1990) and Bertola—

Caballero (1990a). Assume first, there are no aggregate shocks to Z{, and write
dZ{ = mZ}dt + sZidwi(2). (11)

From Beaulieu (1991), the individual Z{’s follow (11) when Z{ € (L,U). When
Z} l;its.L or U, Z{ immediately moves to C'. Let f(y,t) denote the cross-sectional
density of Z{ at time ¢, and assume for the moment that there are no aggregate
shocks to the individual Z}’s. Theorem 1 gives f(y,1).
Theorem 1 :

Let the Z} process be described as in (11). Then f(y.t), tl;e cross-sectional

density of Z;, solves

fely, 1) = 1% 9% fyy (y, 1) + (282 — m)yf,(y, 1) + (52 — m) f(y, 1), (12)
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in the intervals (L,C) -and (C, 1) separately. The boundary conditions are
f(L:” = f(U,t) =0
FICF ) = (O, t)
CP(F(CF, 1) = £ (1)) = U £, (U, t) = L2 f,(L, 1),

Furthermore the solution to (12) is

> o]

f(y!t) = Z Aked,ktH(yJ ":l'k)a
k=0

where i, Ar and H(z,vY%) are given in the Technical Appendiz.
Proof:
See the Technical Appenc.lix._

Caballero (1990) develops the process for the density of In(Z,) using a discrete
time approximation and passing to the limit. The technique in the Appendix
uses the forward equation for an instantaneous return process with a random
return to the interior and takes the limit as the return is to C' with probability
one. Both techniques yield the same process, but an advantage of the second
approach is that it can accommodate more easily diversity in the return point.

The process for Z;, however, contains aggregate shocks. To accommodate

these shocks, write
dZ{ = (m + m#9)Z]dt + sZ]dwi(t) (13)

where m9 is the aggregate shock in period ¢ and 77 is any drift term additional
to the average of m;9. Given an initial density f(y,t — 1), the procedure is to
approximate f(y,t) by assuming that mf‘g is deterministically realized through
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the period.: That is, the drift of the Z{ process in period t, my, equals 77 +- mf‘g.
Of course next period the drift Will likely equal something else as mi9 £ mff].
This assurﬁption, which is also used in Bertola—Claballero (1990a) and Caballero
(1990) amounts to ignoring the fact that changes in m{'9 are not predictable
within any period [¢, + dt]. Bertola-Caballero discuss this simplifying assump-
tion more fully.

To identify these aggregate shocks, one can use aggregate nondurable con-
sumption. Recall the process for optimal nondurable consumption given by

equation (3). Let

"dw'(t) = o dw'' (1) + 549 duwA9(t),

./ ¢ e ye . .
where dw* (t) is idiosyncratic and therefore uncorrelated across 7, and dw49(t)
is aggregate and therefore common across i. The two brownian motions are

assumed independent, and #i'2 4+ 7492 — 52, Replacing in (3) gives

dci 1 ( 1+ 4 p? ) Ly, g, o Ag s Ag
T,ti——z 5—7‘ —Tm (‘H'I-ZE(O' Clil (t)+0’ d‘ll.) (t)),

Integrate both sides over an index of 1 » Iz, where each i has the same consumption

level, and assume that

| / .dw"'(t)di =0.

I.
That is, the idiosyncratic shocks wash out for all [.. This assumption assumes
that such shocks as changes in the tax code which differentially affect different
wealth percentiles are unimportant.
To use this assumption, multiply bqth sides by g(x)C'=(t) and integrate

78




over'z-giving«’ i+ ‘

1 o 4l - o9
/o 9(z)dC}=dv = (‘l<5 —Ti ML)‘“ 5 d”’Ag(t))

A A 202 o
pl
/ g(z)Cliv dz
0. .
' oh9 dcfd 1 1+ A4 p?
po agpy 2 4G L 1 (o 14+A PN
or yr dw?9(t) = A +A(6 - Ty yi 20_2)dt.

The process for Z; is

dZz} 1 ( pEl— A‘) o, o, Ag g A
Lt _adt+ =6 b 2T TV g o dwe () 9 dwA9
7 -adt + - & R b dt Ar:r(a dw' (t) + o 49dw9(¢))
2 1Ag i
_ f acye  pe' o
= —adt'i‘%a_zAzdt—E——Idw (f).

(14)

One additjonal complication is that changes in relative prices lead to move-
ments in nondurable consumption beyond increases in wealth. Since movements
in b do not change Z, or K, immediately, equation (6) implies that the growth
rate in nondurable consumption equals that which is due to the growth rate in
wealth plus %dbt.m This effect on (', is opposite from the effect of b, on K./C,.
Using the notation from section 5.2, the wealth effect on Z, is dC—C:' +u dt+uz%!-.

Equation (14) is modified to

dZz;i dC e d Py, .,
— =Tndf — — vdt — — sdw" (¢t
Z,‘ m CtAg 1 A vz P., ( ) (15)

=m, — sdw® (1).

To find the value of T, let « equal 3.75% or 15% per year, the value used

in the creation of 7:, and note that

o _7_05+,,,+.,2%_(r,_5)/,4 o
o247 1+ A ' (16)

10 Consistent with the assumptions in previous sections, a potential quadratic term is
dropped. In effect I assume the shock to b is continuously and evenly realized through
the unit of time.




Thé-mcan quarterly growth rate in C; from 1947:2-1990:2 is 0.0078 while the
mean quarterly growth rate of the relative price from 1950:2 1990:2 is 0.0041.

The values of vy and v, are from Table 4. Using annual values for 74 and § of

.03 and .01 and a value of 4 of 2 yields a value for ;% = .0030 and a value
for Mt = —.0345. Note that the affect of the assumed values for A, § and ¢ will

be small for reasonable parameters, as most of 77 is —a.

For each set of parameters (L, C,U,m, s) the estimation of :Z:: is as follows.
First, one needs an initial cross-sectional density, f(y,0). This initial density is
assumed to be the steady-state density for the exponential of zf estimated in the

previous section. The mean drift of Zi, my, is calculated as

my=m—

dcs dPey

C.']Ag — V] — U2 P,;] . (].l)

Given f(y,0) and m,, f(y, 1). is calculated as in Theorem 1 . Then,

_ U
Z, =/; yf(y,1)dy. (18)

The process is iterated forward through t as the newly calculated cross-sectional
density is used as the initial density for the next period. For a set (L, C,U,mm, s)
this process gives a vector of generated values _Z’:z

An important assumption in the development of the process for the cross-
sectional density is the existence of idiosyncratic shocks. Given that thg microe-
conomic model is based on a portfolio policy, idiosyncratic shocks make little
sense. Grossman-Laroque (1990) show that CAPM obtains in this model, and

thus, all individuals should hold the same market portfolio. If one interprets
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idiosyncratic shocks as undiversifiable labor income, then the assumption that
all income is generated from tradable assets is not true. In either case, the mi-
empirical implementation is only loosely based on the model.

Three considerations, however, argue that the empirical model should allow
for the existence of idiosyncratic shocks even if these shocks are not fully de-
veloped in the model. First, in principle the empirical tests can estimate s, the
standard deviation of the idiosyincra_tic component of wealth, to be zero. Second,
idiosyncratic shocks to wealth must exist since individual consumption is not per-
fectly correlated with aggregate shocks. How important these shocks are is open
to debate (Cochrane, 1991; Heaton-Lucas, 1991; Lucas, 1991; Mace, 1991) and
certainly warrants further exploration. Their inclusion, however, seems reason-
able. Third, idiosyncratic taste shocks in b, may also be adequately described
in this model as similar to idiosyncratic wealth shocks.

A second interpretation of the iﬂiosyncratic shocks is that they represent

stochastic depreciation rates as in Reider (1991). Suppose
dKy = —aq + ordwi(t), (19)

where dwi(t) is an idiosyncratic brownian motion increment. As Appendix C
shows, the qualitative solution to the problem with stochastic depreciation rates
as in (19) is unchanged, though substantially complicated. Therefore, as the

problem is written, the idiosyncratic shocks can also come from (19).

<0
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5.4 Macroeconomic Results

 To genérate a theoretical series, %—:, based on the technique of the previous
subsection, I useé the batid parameters L, (! and I7 estimated from the CES data
set and the value of 77 as calculated in the previous subsection. I estimate s by
minimizing the sum of squares hetween the ohserved aggregate ratio less price
effects and the generated series. One problem, howgver, is that these bands are
truly identifiéd only up to a constant multiple. Recall that one can interpret any
multiple W of the three bands in the CES data set as part of the taste/relative
price parameter b. This multiple can also be thought of as the exponential of
the mean of the log error in the data set. Moreover, the multiple b is removed
from the observed Z, series. No estimated parameter should be based on an
arbitrary multiple of the bands
A simplifying fact is that the cross-sectional density is homogeneous of
degree one in L, C' and U7. One can calculate i as in (18) by dividing the bands
L, C, and U by some constant W and b.y multiplying the distribution by W.
The estimation procedure takes advantage of this homogeneity by normalizing
the estimated band values by U —Land optim.izing on the width also. Formally,

the estimation problem is

T —~ ~
min ([Z. - Z] - W[Zd(s) - Z(s)])?, (20)
=1

where Z, is calculated as in (10). The values for v; to construct Z, are reported
in the Dynamic column of Table 4. The series i is calculated as in (18). The
bands for Z, are L/(U — L), C/(U — L), and U/(U — L) where the values for L,
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C and U arethe Used/Util/Middle values in Table 2. To minimize the effects of
the assumed value for the initial density. the first 16 values of i are dr‘o'ppc.d.

The results from the estimatioun equation (20) are reported in the first third
of Table 6, underneath the heading Excludes Real Interest Rate Effects. The
first row (Aggregate) reports the estimates; the second (CES) reports analogous |
results from the CES data set. Since only m/s? is identified in the CES data set,
s is identified by assuming a value for m. This value is calculated asin (17) where
dC./Cy and dPy/ P; are set to their values in 1985:4; these are respectively .0225
and .0121. The value for m is -.0573 giving a value of s equal to .1788. The third
row (Difference) reports the difference between the aggregate estimates and those
implied in the CES data set. Standard errors of each are in parentheses. The first
column reports the estimated width; the second reports the estimated value for
idiosyncratic risk s. The third column reports a t-statistic testing whether the
estimated s equals .20, the implied quarterly value of s that Caballero (1990)
finds. Caballero’s standard errors are not included in the t-statistic. The p-
value for the two sided test is reported in braces. The fourth column reports
a t-statistic testing whether the difference equals zero, while the last column
reborts the estimated R?.

Three findings from the table are important. First, the model explains
a great deal of the observed Z, as the R? is 56.7%. Second, the estimated
amount of idiosyncratic risk is close to what Caballero ( 1996) estimates, though
a traditional t-statistic rejects s equal to .20. Third, and most importantly, the
estimated s in the macro data set is nearly the same as the estimated s in the
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micro data set. The third row (Difference) shows that the difference between
the two is nearly zero. Moreover, the t-statistic, testing whether the difference
is zero, is iAnsigni.ﬁcant at any conceivable level of significance.

Figure 3 plots hpth the observed series and the generated i The figure
suggests that the model performs very well in the 50’s and 60’s. The ratio in
the 70’s, however, tends to be higher than the model predicts, and the ratio in
the mid 80’s tends to be lower.

One consideration the model ignores is the important movements in the real
interest rate over the post WW II period. Comparative static exercises with the
model in Beaulieu (1991) suggests that movements in T¢¢ have important effects
on the bé.nds. A complete model of optimizing behavior with stochastic real
interest rates is unavailable, instead I use the previous model with movements
in U, C and L. To keep the model simple, these bands move so that U//C and
C/L remain constant. Their levels move contemporaneously with movements in
_the real interest rate.

To model these movements I include the real interest rate in the cointe-
grating relationship between I,/C, and p.,, removing the effect of r_f; on Z,.
The results from this new cointegrating equation are reported in Table 7. I then
subtract the change in the real interest rate times the coefficient on r¢, from the
drift rate in the simulation. The bands moving up in this space are like Z, mov-
ing down with the bands constant. Because of the shortened sample, I exclude
only the first 8 observations, leaving as the sample period 1964:4-1989:2.

One important consideration in the use of real interest rates is that they
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are extreely Volatilé relative to the implications of economic models. These
additional moveinents yield temporary values of ex ante real interest rates any-
where belween 9.69% and -3.14%. These large momentary swings probably do
not affect the movements in K, /C’; as much as the fact that the level of » fuin the
1980s was much higher than in the 1970s. To smooth ry, without imposing too
much structure, I imagine that the economic relationship is better characterized
as depending on the expectation of ry, as of t —1. The Data Appendix describes
the construction of E,_j74; in g'r'eater detail; the following is a brief sketch.

The nominal interest rate used is the three month Treasury bill rate. Sub-
tracted from the nominal rate is the expected inflation rate in durable prices
over the next three months. This expec‘taﬁon is calculating by describing the
process of inflation as an ARMA(4,4) with mbney supply growth and the spread
between 6 and 3 month nominal rate included. The expectation of ry; is calcu-
lated as is implied in the model of Barro-Sala-i-Martin (1990). It is given as the
fitted values from the regression of ry, on one lag each of r¢,, real government
surplus, the ratio of gross investment to GNP, real crude oil prices, the real rate
of return on equities, and a trend. Durable prices are used as a dgﬂator. As is
evidenced from Figure A2 in the Appendix, E,_iry follows rg, rather closely
but with dampened oscillations.

The estimation procedure is the same as before. It uses the same band
parameters, but calculates 77 slightly different. It modifies equation (16) by
including the average real rate times its coefficient in Table 7. The resulting
value for 77 is —.0343. The results from this estimation procedure are reported
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in. Table 6 underneath the heading Includes Real Interest Rate Effects. The R?
is larger than before, 63.1%. The estimated standard deviation _of idiosyncrati.c
.ri,s].t 1s couslstent with its previous estimate, but this s is slightly larger, .182. As
before, one'cannot reject the difference between the estimated s and that implied
in the CES data set. Figure 4 plots the observed and generated series. The figure
implies that including real interest rate effects helps explain the important drop
in tlie ratio in the mid 80’s, but the tise in the ratio in.the late 70’s is still
puzzling. One potential explanation for this 70s effect may be the large increase
in real oil prices, requiring a shift to more fuel efficient automobiles.

To test whether the larger R? in the procedure that includes real interest
rates is from the different sample, I recalculate the generated series without real
interest rates, using the same parameters that the first macroeconomic calcula-
tion used. The sample series is the same as the sample period that includes real
rate effects, that is 1964:4-1989:2.

The results, reported in Table 6, are generally in line with the previous
results. The estimated standard deviation of idiosyncratic risk is .1628, which
is slightly larger tlhan that previously estimated that excludes real interest rate
effects but is smaller than that estimated that includes such effects. The R?,
.4557,is smaller, implying' that the higher R? estimated when real interest rate
effects are included is not a result of the smaller sample. This result is expected
given that Figure 3 suggests that the best fit is in the early years and important
deviations come in the late 70’s and early 80’s. Figure 5 plots the observed and
generated series. It confirms the results suggested in Table 6; the change in
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sample does not affect the estimmated results.

6. Conclusion

Linking microeconomic and macroeconomic data is important for several
reasons. Many economists, searching for “micro-foundations” only believe those
aggregate models that are based on individual optimization. Models based on
microeconomic behavior can give sharp predictions for the effects of policy in-
terventions and may perform better at medium-term forecasting. They can also
explain breaks in ARIMA /trend time series models that are often found to be
important in aggregate data.

The present paper uses a description of individual optimizing behavior to
mode] the ratio of durables to nondurable consumption for both cross-sectional
microeconomic data and aggregate macroeconomic data. The theoretical link
between the two data sets is the cross-sectional distribution. The microeco-
nomic results are reasonable and are in line with previous research and prior
expectations. The aggregate results are encouraging in that a large fraction of
the residual K/A9/C{9 series is explained by movements in the cross-sectional
density of individuals within their bands.

The 1nost important empirical finding, however, is that the microeconomic
and macroeconomic models yield the same estimates for the degree of idiosyn-
‘cra.tic risk, s. Not only is the difference between the two estimates statistically
insignificant, but the difference is economically not meaningful. So often in tlie

past, aggregate models based on optimizing behavior have been rejected because
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they have failed such a test. That this model yields consistent results encourages
the search for micro founc_lations along the liueé outlined in this paper.

Three assumptions which make the modeling and empirical procedures eas-
jier, however, seem unsatisfying. On the microeconomic side, one identifying
assumption is that the distribution of individuals within their bands in 1985:4 is
in steady state. This may be far from the case considering the sharp movements
_in nondurable consumption in the early 1980s. One solution is to reverse the
procedure, that is, beginning with some initial dist-l"ibution in the past, model
changes in the distribution as is done in the macroeconomic section, picking
parameters that produce a distribution closest to the observed CES distribution
in 1985.' This procedure uses macroeconomic data to explain microeconomic
observations.

On the macroeconomic side, the present is a partial equilibrium model.
The real interest rates and relative price processes are taken as given, and even
then, their effects are modeled simply. To completely understand movements
in durable goods, a general equilibrium model linking prices and quantities is
needed. For example, a simple extension would be to close the real interest
rate process by setting the net supply of risk-free assets equal to zero. With
individuals distributed within their bands, such'a model would produce complex
dynamics in the real interest rate and describe a realistic economy where some
people borrow and some lend.

On the modeling side, .the optimal band policy is based on a model of
portfolio diversification. This leads to stable bands in the space of Z;. Non-
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diversifiable income, however, may mean that these bands move. Aggregate
shocks 'th'en come in two guises. Besides the common movements in wealth,
measured by the growth rate of nondurable aggregate consumption, aggregate
shocks may also mean coinmon movements in the bands. One example is that
the bapds may widen in recessions as individual and aggfegatf; uncertainty in-
creases. Such a model may be what scribes have in mind when they explain
recessions as people putting off the purchase of big-ticket items. Investigating

these considerations is the object of future research.
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Table 3 : Summary Stzyi;ti's."_'tigsg_.for Controlled Processes

Efqmc Unconditional

E[T] . Pd E[7] pd

Caballero ~ Gars 4663 . .093 3.837 .115
Caballero~ Firniture 9910 - .018 7.8906  .030
Eberly | 2500 . .334 1.976  .040
Used/Not/All 1,331 570 1.233  .362
(6.600) (1.016) (5.340) (.723)

Used/With/All 4146 .354 3.360  .131
' (5.612) (.798) (1.874) (.231)

Prch/Not/All - 999 - 978
: — (020 —  (.081)
Prch/With/All — — — —
Used/Not/Middle — — — —
Used/With/Middle 7.355 087 4683  .031
(2.717)  (.271) (.872) (.084)

Prch/Not/Middle 041 983 534 547
(2.731) (1.114) (3.425) (.483)

Prch/With/Middle 097 981 1484 4927

(4.952) (.983) (3.691) (.479)

Notes:

1. E[r] is the expected time to hit one of the two barriers in years. pq is the probability one hits
the barrier that results in a reduction in the durable stock. From c evaluates these two statistics
conditional on starting from the return point c¢. Unconditional evaluates them over the entire
range (I, u) using the steady state probability density as the measure. Standard errors are in
parentheses.

. For Caballero the statistics are calculated given the reported bands, the drift and standard
deviation. Eberly directly reports the bands, the conditional expected time and unconditional
probability (see text for further discussion). The drift and standard deviation are calculated to
match these statistics. The other statistics are then calculated from these derived values. The
last eight are based on the results from Table 2 . There the bands and m/s? are reported. The
drift m and standard deviation s are identified by matching assuming m = —.229 which is the
annualized drift used in the aggregation section (4 x —.057). The Prch/Not/All expected times
are unavailable since m/s? is estimated to be positive. Prch/With/All is unavailable because
C is estimated to be larger than U. :
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Table 6:: Aggi‘eg'ate-sResultsv- o

" t-stat t-stat
U-1 “§ s=.20 DfFs=0 R?

Ezcludes Real Interest Rate Effects, 1956-1989

Aggregate 3.7639  .1551 -73.8569 5673
(.2883)  (.0006) {.0000}

CES 17.8925  .1788 -.3348
(13.7673)  (.0632) {.7379}

Difference -14.1286 -.0238 -.3764
(12.7704) (.0632) {.7067}

Includes Real Interest Rate Effects, 1964-1989

Aggregate 3.8746 .1816 -30.4059 .6308
. (-3025) (.0006) {.0000}
CES 17.8925  .1802 -.3101
(13:7673) - (.0637) . {.7565}
Difference -14.0179 .0014 .0214
(13.7707) (.0637) {.9829}

Ezcludes Real Interest Rate Effects, 1964-1989

Aggregate 3.7882 .1628 -49.5674 4557
(.4226) (.0007) {.0000}
CES 17.8925 .1788 -.3348
(13.7673) (.0632) {.7379}
Difference -14.1043 -.0160 -.2532
(13.7738) (.0632) {.8002}

Notes: : .

1. The table is divided in three parts. The top third reports results that exclude the expected
real interest rate from the cointegrating relation and does not include changes in the rate as
aggregate shocks. It uses data from from 1956:2-1989:2. The second third does include real
interest rate effects in both the cointegrating relation and in tracking the cross-sectional density.
It uses data from 1964:4-1989:2. For comparison, the last third excludes real interest rate effects
but uses the same sample as the middle third table does.

2. Standard errors of estimates are in parentheses; p-values for two-sided tests for whether the
t-statistic equals zero are in braces.
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Table 7 : Calculating é; with Tyt

Static Regressions

Const.  Trend  pe rre
Coeff. -14  .12-107% -21 -90.10-2
S Brro o 130 95-1077 19 17-107
T-Stat 104 1.30 112 505

Dynami¢ Regressions

Const. Trend Pet T
Coeff. -49  .35-10"? -73 -.14-107!
Std. Err 13 .94.107% 19 .16-10"2
T-Stat - -3.75 3.8 -3.84 -8.84

Notes:

1. The test regresses the log of K;/C; on a constant, linear trend, the log of p, and of 1.
Dynamic regressxons also include two leads and eight lags of the change in the log of p.:. The
sample period is 1962:3-1988:4. Static regressions include no leads and lags, and the sample
period is 1962:3-1989:4.
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!0 w..APPENDIX A: TECHNICAL APPENDIX

DERIVATION OF THE CROSS-SECTiONAL DISTRIBUTIONS

This appendix develops the cross-sectional densities discussed in the paper.
The first section proves the fix-'st half of Theorem 1, that is, that the cross-
sectional density solves that particular differential equation. The second section
then solves the differential equation, while the third section provides a lemma
useful for tfhe interpretation of some of the developments in the solution of the
forward equation. The fourth section develops the steady state distribution of
Z, showing the connection hetween the general solution to the cross-sectional
density of section two and the steady-state distribution. The fifth section proves
Proposition 1, the steady state distribution of zy, while the sixth section finishes

the proof of Proposition 2.

A.1. Derivation of Forward Equation

Define the instantaneous return process, Z, on the interval [L, U] such that
when Z, hits L or U, it moves to a random point in the interior immediately

according to the cdf p(7). In other words
P(!,-l) = PT.Ob [Zt+ < :’7]’ where Zi. =1L, U; P(L) =0; p(U) =1

Denote by a(y) one-half of the instantaneous varjance and by b(y) the instan-
taneous drift. For the Z, process used here a(y) = 3s%y?, b(y) = my. Feller
(1954) (see also Bharucha-Reid, 1960) shows that for any open interval Q in
(L,U), f(y,t) solves the forward equation for the instantaneous return process.
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This‘equation is~ :» -

% /ﬂ v t)dy = /n 4( LD by fla)

- +2(0) lig (@D

- oty Jimg (A, ).

The term on the left equals the change in mass that lies in Q. It equals the

first two terms, the net flux through the two boundaries Q = (wy,w;), plus the

second two terms, that which is IIlO\"Gd from L and U into Q. The total that

is in_stantaneo_usl_y moved anywhere is the net flux at the boundaries, the limit

terms in the brackets. A proportion equal to p(w;) — p(w;) ends up in 0. If
p(y) is differentiable in 9 then one can neglect the integrals and the equation ‘
* becomes a partial differential equati-on.

Feller (1954) also shows that for an accessible houndary, r;, the boundary

condition for f(.) is such that
lim a(y)e) *=Mate)e o 4y g
Yy—r; '

It is easily verified that the terms other than f(-) are bounded and nonzero

giving .
H(Lyt) = f(U.1) = 0, (22)
the first two boundary conditions.
For the problem considered abhove, pP(y) = 0 for y < C and p(y) = 1 for

y > C. That is, p(y) collapses to a degenerate cdf. Applying this to any 2 to

the left of C, the equation becomes the standard forward equation. That is

2 le(y)f(3.1)]

£i(1:t) = o [F255 2 - ) (0] (23)
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For any § to the:right of ',:p(y) =,1. Extra terms are involved on the rlght
hand side,: but these.are constant with respect to y. Therefore, once again
the forward equation (21) reduces to (23). Thus, the basic forward equation
then holds over the iﬁterval (L, (') and (C'. U). with the added proviso that two
bo.un‘d.ary“coﬁdit‘idn-s at ' are needed.

Given the continuity of the y process, the first houndary condition at C' is
f((’q’st) = f(c-at)' (24)

To find the second, let Q collapse to (¢“~,C'+). Equation (21) becomes

5 /|ty

= tim (AT gy 15,00 -t (T b1, 0)

+ tin (20O 10,0 - g (ADIO] b(y)f(y,t()]- |
‘ 25

Plugging in the values for a(y) and b(y), taking the appropriate limits and sub-

stituting (22) and (24) in (25), equation (25) becomes
0= Cz(fy(c-'-’t) - fy(C_st)) - (szy(Uat) - szy(IHt))' (26)

Plugging the values for a(y) and b(y) in (23) and collecting equations (22), (24)

and (26) finishes the proof. =

A.2. Solution to Forward Equation

Equation (13) of the paper can be solved using the method of the separation
of variables. Write f(y;t) = M(t)H(y) where
M'(t) = $M(t),
YH(y) = £’y H"(y) + (25° — m)yH'(y) + (s* - m)H(y).
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It-is obvious that M(t) = evt. Plugging in M'(t)H(y) for fi(y.t), it is easily

seen that H(y) = y¢ where

§€=-1(3-2m/s?) £ 1V/(3 - 2111/.521)2 = 8(1 - m/s? — ¢/s2). (27)

Denote the two roots of (27) as £,,¢

A. 2.1 Real Roots
Suppose first the roots are real. Write

A+ Ayt L< y< G
Hly)= { Azy'+ + Agyt-, C<y<U.

Plugging in (22) implies

Ayt - L&t yt) L<y< s

H(y) = {Aa(y¢+ —US -yt ), C<y<U. (28)

Plugging in (24) means

(64 — [er—~E_ (6o

As = T U6 e e A

On the other hand, (26) means
A (€ 08+ E_USH+—E-é-+1 _ (64 — E_)UE++1)

= A, (E+C‘++‘ — L+ -6 b1 _ (€4 — E_)LE++1),
These last two conditions are compatible if and only if

(&4 - E_)(U‘+"‘- — L&+-¢- )(;-£+ o +1 _ (€p —E_YUt++! _ L‘*'“)C"*
~ (& _VE_)(U—I-E- — Lol-6e )y pea b e g,
Certainly, the last equation holds if €+ = £_, but equation (28) shows that this
implies H(y) = 0Vy. It is easily verified, however, that the ahove equation also
holds if £, or £_ = —1, which is true if and only if ¥ = 0. In summary then, if
the roots are real,

Aoly=t — L-'-¢48), L<y<(,

AOH(yv d’o = 0) = {Bvo (y—l . U—I—Eyt), C <y< U, (29)
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where . . , Lt e
£ =-242m/s?
_1-(C/L)+e

Bo=1z (C/U)+e

. ¢o = 0.
With 1y = 0, 4, is found by

U

AoH(y,v)dy = 1.

Doing the required integration

i
~ In(CTL) + By (U

Ao

(30)

The calculation of 4, also shows why 19 = 0. When ¥ is complex, as is
shown in Section 3 below, Lemma Al, .fLU H(yi¥n)dy = 0. Thus, for all Y
real, the sum over n of e¥~t A, H(y,,) must integrate to one for all . But for
¥ # 0 the constant 4, must depend on time for this to integrate to one for all

t, contradicting the assumption that A, H(y,v,) is independent of time.

A. 2.2 Complez Roots

Suppose now the roots are complex. Write £, = ¢ + iy where

¢ =-1(3 - 2m/s?)

7= V2l —m/s? Z§]s?) - g2
6, =vlny.

Note that ¢ complex means 7 is real which requires that
2 2
¢’<‘%(1‘TT)25°° (31)

The implications of (31) are pursued helow.
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Plugging:the-definition for ¢ into the solution of H(-) gives

i _ y°"‘(A1'(5059,,+Az‘Sin9,,). 2y LG
A"H(y)_{y¢(A3c059y+A4sin9,,), C<y<U.

Plugging in (22) implies

H(. )= { A1y*(cos8, — cotdy, sinf,), L<y<(;
vr= A3y®(cos, — cotfy sinf,), C <y<U.

Plugging in (24) means

cos 0z — cotfy sinfc

A, = .
7 Cos Oc — cotfy sinfc !

On the other hand, (26) means

A; (¢(cos fc — cotfy sinbc) — v(sinf¢ + cotby cosbc)

+ (U/C-')Hd"ycscb"u)
(32)
= A, (¢>(cos 6c — cotfy sinf:) — v (sinfc + cotfy cosbc)

+ (L/C)1+¢7csc05) .

These last two conditions are compatible if and only if

sin(yIn(U/L)) — (U/C)"** sin(yIn(C/L)) — (L/C)™* sin(7In(U/C)) = 0.
(33) .
There are an infinite number of 1, that satisfy this equation.

In summary, then, for & > 1,

AvH(y,¥) = { Ary?(cos(v Iny) — cot(yx InL)sin(yx Iny)), L < y < C;
R H(Y, Yr) = By Avy®(cos(1x Iny) — cot(yx InU) sin(y, Iny)), ¢ <y<U,

(34)

where

_ cos(7k ln-C-') — cot(yx In L) sin(yx InC)
" cos(7 In'C) ~ cot(x InU)sin(74 In C)”

(35)
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-« The coefficients 4 are found through the initial condition that f(y,0) is

given. Let p(y).= f(y,0) — Ao H(y: ). Then

> A H{yivw) = ply).
n=1

Under certain conditions on L, ¢* and U, for ex#mple U/C' = C/L, the problem
satisﬁes the conditions; of :the Sturm-Liouville problem (Churchill, 1941), and
one can appeal to the orthogonality conditions to solve for the coefficients 4.
Generally, however, these conditions are not met. The technique employed here
is a simple shortcut. The coefficients A, are found by approximating H, as a
vector and fitting E:;O AvH(y,9Yn) to f(y,0) by least squares. The upper limit
of the sum, K, is chosen such that all the v, that satisfy equation (33) are found
where 1, > —200. Because of non-orthogonality this is only an approximation.
The final solution is just the sum of these particular solutions,

Flyt) =3 Ave™ H(yivn). o (36)

k=0

A.3. The Integral of H(y, ;)

In finding A, in (30), the claim was made that fLU H(y,yn)dy = 0for k > 1.
Letﬁma A1l proves this claim.
Lemma A1l

Forallk > 1, [} H(y,v:)dy = 0.
Proof:

Standard integral tables show that

/ € sin(nu)du = g (@sin(nu) — ncos(nu)) + C;
au _ eau ) .
/ e®* cos(nu)du = prary (@ cos(nu) + nsin(nu)) + C.
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Making a:standard:change of variables

yl+d

/-y". sin(y In(y)) d: =(1T;F+—7,[(1 + #)sin(4 In(y)) = v cos(yIn(y))];

1
(1—_*_%)—2:-:7—2[(1 + ¢) cos(v1In(y)) + vsin(yIn(y))].

Denote by 6,, vIn(y). Using (34) and the above

/ y® cos(7In(y))dy =
14+¢) 472 [7 ' ,
(Cl—)+¢ L H(k,yi) = ~(L/C)"*®yesehy,
+ (1 + @)(cosbc — cotfy sinb¢ ) + y(sinbe + cotdy, cosb¢)
= Bi(1 + ¢)(cosfc — cotfy sinfc) + Bry(sinfc + cotfy cosfc )

+ B (U/C)*®yesefy .
- (37)

Equation (32) means

—Bv[sin8c + cotfy cosb¢c] + By (U/C) +®vycschy
=- B,,qb[cos 6c — cotfy sinfc]
4 ¢[cosfc — cotby, sinb¢)

~ 7[sinf¢ + cotfp cosbc] + (L/C)+®vcschy.
(38)

Replacing (38) in (37) gives

(1+¢)°+7°

U
Ciie /L H(k,%) = (1 + ¢)(cosbc — cotfy, sinfc)

+ 7(sinfc + cotfp cosc) — (L/C) % yeschy,

— By (1 + ¢)(cosfc — cotfy sinfc) — By ¢(cosfc — cotby sinfc)
+ ¢(cosbc — cotfy, sinfc) — v(sinb¢c + cotfy, cosbc)
+(L/C)*®yeschy

= (1 + 2¢)[cosfc — cotfy, sinfc — By (cosOc — cotfy sinfc)].
(39)

But the definition of B, in equation (35) implies the last line in (39) = 0. o
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A.4.-Steady State Distribution of f(y,t)

‘The steady state disttibution is simply AgH(y,¥s) as defined in equations

(29) and (30). Moreover, as shoiild he expected.

dim f(y,t) = Ao H(y, o).

If no aggregate shocks hit the system. the distribution converges to the steady
state.

To prove the first statement simply let f(y,0) = Ao H (v, ¥o), that is, assume
the distribution is initially in steady state. In the development of A, the func-
tion p(y) is defined as f(y,0) — Ao H(y, ¥). In this case p(y) = 0, and this im-
plies Ay = 0Vk > 1. If, f(y,0) = AoH(y. %) then f(y,t) = AoH(y, o)Vt > 0
as AoH(-) does not change through time. Thus, if the initial distribution is
AoH(y,%o) and there are no aggregate shocks, the distribution will always be
AoH(y,%0). This is the definition of a steady state. To prove the second state-
ment rewrite (36) as

f(y,t) = Ao H(y,v0) + Z Ave®  H(y; ).
k=1

From equation (31), ¢ < 0, and thus, forall k > 1
tl_i_m Ave’ ' H(y,Yy) = 0.0 ‘

Note ﬁhat Ao H(y, o) solves (23) if one sets the left-hand side of (23), equal to
fe(y,1), to zero.

Figure Al plots the sfeady state distribution for a variety of values for s
holding L, C,U, and m fixed. The specific values are (2.363,19.201,31.160) for
the bands and m = —.525 for three; m = .525 for the other. The values of s
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chosen are 0,.654 and .327. For 8 = oo one can just set m = 0 and s can equal

anything. ‘The distribution is Jjust as calculated as in equations (29) and (30).
For s =0, however, one must take limits because ¢ explodes. Let m he less

than zero as it is in the figure. The analysis for m > 0 is just the mirror around

C.Form<0,§— —x. Consider first y > C. Then from (29) -
H(y) = BoAo(y™" ~ U~ (y/U)").

First off, B, — 0, because (¢/L) > 1 meaning (C‘/L)¢ — 0 while (C/U) < 1
giving (C/U)¢ — oo. This also gives 4, = W which is bounded. In the
limit then BoA,y-! — 0. Multiplying the value for By by the second term in

parentheses leaves

1= (C/L* e e - (&S
T = AT

Suppose first that I%L > 1 then the expression converges to zero, and H(y) =0

for y > C. Now suppose that £ <« 1. The above limit prohlem satisfies the

i

conditions of L’Hopital, and the limit of this expression as £ — —co equals

£
llm %(EL{ (LL’ 1( ) In(LU =0
—— 00 3 C
¢ %(F) ln(l—,) ln(,_,)
because % > 1. In either case H(y)=0fory > C.
The case for y < C is easier. From (29)
H(y) = Ao(y™" - L' (y/L)").
Ay is given as ahove and (y¥/L)¢ — 0. This leaves
. =0 =4 ¥/ In(C/L), L<y<C;
liy H(y, o = 0) = { ¥ A (40)
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Equation (40) implies that In(Z) is unifornially distributed in (L, ('), whichis
the steady state distribution for a variahle controlled by a one-sided § — s rule.
As indicated in the figure, from the left. f(y) converges to .025 as y — €', while

from the right, f(y) = 0.

A.5. Steady State Distribution of g(y)

The previous section proved that H(y,y = 0) is the steady state distri-
bution of f(y,t). It was noted that H(y, o) solves the forward equation (23)
when one replaces f,(y,t) with 0. The following does this calculation for g(y).

Recall that z, solves

dz, = (k — 1¢?)dt + cdw(t), z € (L u).

When z, =l or u, z, is immediately moved to ¢. Define a(y) = 1¢? and b(y) =
k— 162, Replacing these values in (23), (22), (24) and (25) and setting g,(y) = 0
gives these systems of equations

0= 36g,,(¥) — (xk — 4s7)g,(y)

0=yg(l)=g(u)

0=g(c*)~g(c7)

0= (gy(c*) - g,e™)) = (g, (1) = g, (1).

The solution to the differential equation is

()_{ao(e"”—al) ifl<y<ec
9= aofo(e? —a;) fc<y<uy,

where v = 2 — 1. The boundary conditions at ! and u imply that c; = €”! and

a, = e**, while the continuity at ¢ means that

(’."' — eve

Bo =

elr'l-l — eV: )
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It is easily.verified that the solution to the differential equation and these values

for a;, a; and S, also satisfy.the last boundary condition. aq is calculated to

ensure that g(y,) integrates to one. Thus,

N | .aolers =€) ifl<z<c
9(2) = | qoBole” —ev) ifc< :z <u
Lo otherwise
evl — eve
ﬁo = evu _ gve
o = 1
o= (c = Devt + pBo(u — c)eve
2K
vV = ‘—2 —_ 1,

proving Proposition 1. e

A.8. Continuity of §(y)

This section proves the claim that as €, converges to a point mass, §(z)
converges pointwise to g(z), and as zj converges to a point mass, §(z) converges
to a normal distribution.

The first part of the claim is éasy to see. The random variable ¢;, converges
to a point mnass at its mean when o, converges to zero. Set g = 0 in §(z) for

convenience, and let o, — 0. Immediately one can write

vz+:’—;1- _ vz i—-c ~ i-c
e e and 3( = +vo) = §( = )-
o and [y are unaffected. As o, — 0,
- 1 ifz>¢
@(6 ‘ll.) . % if__ — .
e 0 ifz<c

Repeating this limit for the other terms and plugging in §(z) gives g(z). Setting
z = ¢, l, and u gives these special cases. giving pointwise convergence.
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- +The second part-of the claim is more involved. Write
€ve — evu

(c - I)(evs — e )e"l + (1 — c)(e! — eve Jers
s . ’

Qo =

€ve —¢¥
(c=Ders — e )ert + (u — c)(e"? — eve )evu

The following claims are easily verified

ol =

. 1
' lim qofee” = —
v—oo n—c
lim qgfee’ =0
lim rovc = L
v—oo U—c

lim anpe*! = 0.
UV —

First, let v — oo; the analysis for ¥ — —co is the mirror image in (I, c).
g9(z) — U[‘,_.u] where U, ,) is the uniform distribution in [cyu].! Thenlet ¢ — u

which gives a point mass at u. To see the convergence of g(z) rewrite g(z) as

aoeve(evlz=c) _evll-e)) jf1<:<¢
9(2) = | oo™ (evtz-v) _ 1) fe<z<u
Lo otherwise.
Using the above limits in (41)

. 1 : -
lim g¢(z ={u—c fe<:z<un
v—o0 9(z) 0 otherwise.

Then as u — ¢, = converges to a point mass on c.

As for §(z), abusing notation a hit, first note that

vlirge"‘+v+(§(: — 4 voe) - ‘I‘(fo__—u +va))
11 ¢ ¢ (42)

(em 3320 4ve _ o= 102520 4vu)

Vo /2n

The analogous result is also true for (B(=L +va,) - *I'(-‘;f‘ + vo,)). Also note

the same is true if v — —oc0. Plugging (42) in the expression for §(z) and using

(41) gives

lim 3(z) = ——(8(2) - (2

v— oo u-—-c

).

€

! The uniform distribution is the steady state distribution of a one.sided rule for z as is
discussed in Section 4.
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Now, letting u — ¢ gives

l €_%(l—n'2

..

lim lim §(z) =
U~ V— OO T, 2-,7

which is the density of a normally distributed random.variable with mean u and

variance o?. o

A g e e
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+.+ »APPENDIX B: DATA SOURCES

[ oD L

The first zsecti?;n' describes the_ﬁga,tion of the data set that uses the Con-
sumer Expenditure Survey of 1985. One subsegtion concerns the creation of the
appliance data set, a second concerns the development of the motor vehicles
data set, .\;\(li_i_le a third the nondurable expenditure data set. The second section

describes the aggregate data and the construction of the real interest rate.

B.1. Microeconomic Data Set

B. 1.1 Appliances

There are two data sets on appliances in the CES. One is called APA, and
it contains expenditures on major appliances over the last twelve months.' The
second is called APL, and it contains minimal data on the stock of appliances.
The APL has data on eleven appliances, electric stoves, gas stoves, microwaves,
othe.r cooking stoves, refrigerators, home freezers, built-in dishwashers, portable
dishwashers, garbage disposals, clothes washers, and clothes dryers. The APA

has these eleven as well as range hoods and combined major appliances.

The two data sets were merged and matching appliances were deleted.
Newly bought appliances were valued at cost while the existing stock was val-
ued at the average price for used purchases in the APA. This is adequate for
all but garbage disposals for which no used purchases were made. To calculate
the price for garbage disposals, the average markdown (average used/average
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new) for‘the other nine-was calculated:!* A weighted ‘average of the markdown
was then multiplied by the. average new price for garbage disposals to g'ef the
used price: This is’procedure is summarized jn Table A1 . Purchase prices are
not available for range hoods-and combined appliances. These were set to the
weighted ‘average net purchase price, also found in Table A1 .

+* The values of all appliances for a particular family was summed to obtain a
total value of appliances. Tlie sumimary statistics are reported below. The first
line summarizes appliatices for each family for which data exists, the second line

summarizes appliances for those families in the finial sample.

Summary Statistics for Appliances

Obs Mean Std Dev Min Maz
9,518 579.73 : 346.66 ©20.00 4,202.26
1,965 . 744.81 367.09 31.00 4202.26

B. 1.2 Automobiles

-The relevant data set is OVB which contains data .on personal holdings of
motor vehicles. Besides automobiles and light trucks, the data set also contains
listings on other vehicles. The method by which T value automobiles and light
trucks differs from the other vehicles.

One method to evaluate the value of automobiles and light trucks is to use
the reported purchase price. This price is deflated for inflation by using the

proper deflator according to whether the automobile was a new domestic car,

1 Other stoves is excluded because it has only one observation.
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new foreign car, used car, or-truck. These deflators are available from Citibase by
dividing current dollar-output by constant-dollar output. The deflator is divided
by the 1985:12 deflator so that the deflator in 1985:12 equals one, and the year
chosen is based on the reported time of purchase. To account for wear and
obsolescence, a second type of depreciation is needed. An annual depreciation
rate of 15% is used where the base time is 1985:12.

A second method that allows one to evaluate the value for those automobiles
that lack data on purchase prices is to use the value of used cars for that par-
ticular make. ]jata comes primarily from The Red Book (1979-1985) and Older
Car Red Book (1969-1978), though a few used car valuations are from Road &
Track or -The Standard Catalog of American Light Duty Trucks. The Red Books
contain the vaiue in the Fourth Quarter of 1985 of used automobiles and light
trucks of various makes and years down to 1969. For the most part, automobiles
older than 1969 were priced at 1969 values. The OVB for the most part reports
the make of the car, for instance a Dodge Diplomat. A problem, however, is
that several values for a Diplomat are'available é.ccording to body style, engine
size and special versions. When useful, the transmission type and number of
_ cylinders were used to identify the particular make of car. If the purchase price
also was repoi'ted,‘ th.at information was also used. When no other data can be
used to pinpoint the exact make, a middle level or slightly lower level inake was
chosen to represent that particular model.

A second approximation is needed when the exact year is unknown. This

happens because the purchase year was unreported, or it happens when the
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car-was bought: used:; In:these cases,.I used the approximate year.the car was
made. It is approxinmiate because the data set only reports groups of years for
the year the car was built (1985, 1984, 1980-1983, 1975-1979, 1970-1974 and <
1969). To calculate thevalue of the ¢ar, I use a-weighted average of the prices
for all possible years. These weigl‘lts are multiplied by a factor that declines
geometrically and is based on the observed number of automobiles of each year
known to be owned by members of the sample. For instance, an individual buys
a used Ford Mustang in 1980 and reports that the car’s year is between 1975
and 1979'. Suppose the probability of the car being a 1979 model is y. The

2

probability of it being a 1978 is = -y, *77 is 2 . y, "76 is @3 - y, and so on. Since

1

the car is between a 1975 and 1979 model, y = P s e B

Letting n; denote
the number of observations of automobiles of that year and n the total number
of observations between 75 and "1;9, z is chosen to maximize the log likelihood:
. 4
L= mzax—ln(l +z+ 22+ +2%) +In(z) Zjn'[g_j.
j=1

The resulting « in this case is .747. As an example, the probability weights and

values for a Ford Mustang in each year are

Calculating Value of a ’75-79 Ford Mustang

75 "6 T 78 79
103 A37 .184 .246 330
1,575 1,675 1,975 2,500 3,200

giving a total value of $2,425.98. This procedure is repeated for every combi-
nation, of years, giving of course different values of z. A particularly difficult
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calculation:was:for:the Ford .Capri.which was produced before and after_.197§
but-not in"1978. Different values for = were used. because the exit rate from the
data set probably is mot constant over the years.

If'the automobile was purchased used, it was assumed that the automobile
was not made in the same year as the automobile was purchased, unless that
is-the only: year the automobile could be. One such case is if the automobile is
reported as being in 75-79 and was bought used in 1975.

A third approximation occurs when an individual reported the make of _th.e
car only.as a particular division. For instance several families report owning
Cheverolets. In such cases a middle level car is chosen as representative of the
value.

Several observations were marked as missing since crucial information was
unavailable or is inconsistent with other reports. All automobiles for which the
make was coded as missing or was topcoded were marked as missing. For 17
observations the ‘m'a.kc was not pz{gduced in years any where close to that reported
or were of makes for which no data are available. These were also coded missing.
In addition, a few observations were coded as missing when the purchase price
implied something far different than the other information provided. In some
cases, however, the purchase prices implied a simple correction that made the
data consistent. In these cases the corrections were made.

The value of the used car were augmented to reflect the value of reported
additional options and atypical transmissions. These values, also from the two
Red Books, also depénd on which éption classes the particular make falls into.
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.+ One-final-change'to the used value is made. Lemons models such as Akerlof
(1970) or Genesove’(1990) suggest that the market price of used cars is less or
that the quality of the product on the market is less than the average. Another
way of putting this.is by assuming that the average retail price includes the
transactions cost implicit in the model. To adjust for this transactions cost, I
took the deflated and depreciated value of the autos and trucks as reported and
divide by the used car price when both were available. The average of this ratio
is 1.107. I multiplied the used car prices by 1.107, so that both types of data
are in the. same units.

Two basic data sets emerge. One uses as the final value of the vehicles the
used value from the Red Books unless the data are missing and thus uses the
purchase cost as properly deflated and depreciated in its stead. The second does
the opposite. It uses the purchase costs unless that value is missing and thus

uses the used car values.

Summary Statistics for Automobiles and Light Trucks

Obs Mean Std Dev Min Maz
Used Values 3,767 _ 3,575.32 2,949.05 379.88 36,223.53
Purchases 1,433 5,789.10 4,674.42 80.82 27,822.49

Of the two vehicles 1,304 have data for hoth; 2,463 have data from used values
but not from purchases; and 129 have data from.purchases but not used values.

Other vehicles such as campers and boats are also part of the OVB. Most
of these observations contain very little data, mostly just what type the vehicle
is. To price these I took ;:hose vehicles that have reported pl-lrchase prices and
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purchase times. I deflated and depreciated these prices by the trucks and recre-
ational vehicles deflator:and an annual depreciation rate of 15%. I then priced

those vehicles without reported prices according to this average. For those obser-

vations that have data on purchase times, but not prices, I adjusted ‘the average
to reﬂect- this additional information on depreciation. New and used vehicles are
treated alike. Table A2 .summarizes this information.

The value of all vehicles for a particular family were summed, and this data

was merged to the nondurable appliance data. Implicitly, this assumes that

those individuals in the Fourth Quarter of 1985 have the vehicles as reported.

The summary statistics for tliese two measures of the stocks of durables, both

of which include the values for vehicles other than cars and trucks are reported

below.
Summary Statistics for Motor Vehicles
Obs Mean Std Dev Min Maz
Used Values 3,280 . 4,980.99 4,358.16 80.82 45,232.37
Purchases 3,280 5,152.39 4,829.69 80.82 45,232.37
Used Values 1,965 5,141.04 4,570.33 279.15 49,232.37
Purchases 1,965 - °5,280:84 4;957.53 89.80 45,232.37

B. 1.3 Nondurable Ezpenditures

The relevant data set is the Family Characteristics and Income File (FMLY).

It contains data on the expenditures of various groups of nondurables and

T
R PR BN AR e

¢

durables. Only a subset .of these expenditures were used for nondurables be-
cause many groups contain a significant portion of durable expenditures. Those
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expénditures-that areused are alcohol beverages, apparel, food, housing-opera-
tions, personal care, réading and tobacco. The sum of these is the first measure
of nondiirables (“Excludes Wtilities”); thus T assume that all expenditures in
this quarter represent utility gained from nondurable consumption. A second
measute of nondurable consumption (“Includes Utilities”) adds to the first gaso-
line, inotor oil and utilities. These measures of nondurable expenditures are
summarized below.

Summary Statistics for Nondurable Consumption

. Obs Mean Std Dev Min Maz
Excl. utilities 5,319 479.44 623.09 0.00 7,042.48
Incl. utilities 5,319 691.86 818.40 0.00 7,299.93
Excl. utilities 1,965 848.39 670.83 34.67 7,042.48
Incl. utilities 1,965 1,246.34 821.69 88.00 7,299.93

The ratio of durables to nondurables then is simply the value of vehicles
and appliances divided by current nondurable consumption. Four different com-
binations are possible, summarized below.

Summary Statistics for the Ratios

Obs Mean Std Dev Min Maz

Ex. utilities/Used 1,965 10.062 10.689 310 184.208
In. utilities/Used 1,965 6.026 5.402 275 52.128
Ex. utilities/Prch. 1,965 10.183 11.180 169 184.208
In. utilities/Prch. 1,965 6.131 5.804 150 65.354

The number of observations for the different measures of the components of
the durable stock and of nondurable expenditures differ for numerous reasons.
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Appliances-has a large number because it contains data for families who are
interviewed in any of the five quarters covered by the CES. The same is true for
motor vehicles. Still, the gmallest number of observations for any group is 3,280
is much greater than 1,965. A large bit of this discrepancy arises from the fact
tl.lea.t‘ families must have data from ea.cl:'l-component, appliances, motor vehicles
and nondﬁrables in order to be in the final sample. Missing data in any group
means the family is excluded. In addition, because a ratio is taken, any family
that reports zero nondurable consumption is excluded. For these reasons 1,965

families are left.

B.2. Macroeconomic Data

All aggregate data were collected from Citibase and are available quarterly
from 1947:1 - 1990:2. Real durable purchases is GC' D82, and it is measured
in billions of 1982 dollars. Nominal durables is GC'D, and durable pricés 1s
GCD/GCD82. Nominal nondurable consumption is nominal nondurables plus
nominal services except. for housing services. The components that define non-
durables are GCN (GCN82) - Nondurables, GCSHO (GCSHOS8) - Hous-
ing Operations Services, GCST (GCST82) - Transportation Services, GCSM
(GCSMB82) - Medical Services, GC'SOS (GCSOS8) — Other Services, where
the first variable is nominal, the second in parentheses is real. Nominal non-
durables is the sum of the nondurable components, while real nondurables is the
sum of the real cpmponents. 'The price of nondurables is the ratio of nominal
nondurables to real nondurables. ’i‘he relative price p.¢ is simply nondurable
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prices divided by durable prices.

. The durable stock is assumed to solve the difference equation
Ky = (1 — a)f,_; + GC' D82,

fort =47:2...90: 2 where the annual depreciation rate is 15% or a = .0325.

The initial value I{;94s;; is approximated by

oo
- 1.2 s .
Kig4ry = €Potic E (1—a)e P,
=0

where Bo and f; are calculated from a regression of the log of real durable
purchases on a constant and trend. The additional ls? term, where o2 is the
variance of the residuals, is motivated by a Taylor expansion. The specific values

fora regression over 1947:1-1990:2 are
Bo = 4.0412 B1 = .0116 o? = .0070.

To attenuate the effects of the estimation of Kjg47.1 only values for 1949:1 and
greater are used.

The growth rate of non-durable consumption is the log difference of non-
durable consumption divided by the average over the quarter of the resident
population,

dC,

= log(C¢/ Pr) — log(Ce—1/Pe-1),
t

where pP=1 2 _o POPRESyym. POPRES is available monthly; t +m, m =
0...2 represents the three months in quarter ¢.

The price deflators used for motor vehicles divide nominal expenditures by
real. ‘Monthly expenditures in Citibase for domestic new cars, foreign new cars,
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net used cars, and new & used trucks and recreational vehicles are denoted ‘as
GMCAND (GMCNDS8), GMCANF (GMCAFS), GMCAU (GMCAUB), AND
GMCAT (GMCATS). Nominal values are given first, real values in parentheses.

The real interest rate is deﬁned as the three month rate on U.S Treasury
Bills minus the expected rate of inflation over the next three months. The
inflation rate at time ¢, m, is defined as 400 times either the natural log of
the seasonally unadjusted cpi divided by the three month lag of the cpi or the
natural log of current durable prices divided by the three month lag of durable
prices. The real interest rate series used in the paper is the rate that deflates by
durable p?ices. Durable prices, PDRB are measured as the deflator. Thus T,

the real interest rate, annualized is defined as
Ty =ty — E|mep1|F), (43)

where 7, is the nominal three month t-bill rate. All data are quarterly; where -
monthly data is available the first month of the quarter is used. Each variable

is described in more detail in Table A3 .

The reduced form inflation rate process is modeled as
A(L)my = ao + arge + C(L)me + 2as(I — i) + agt + B(L)e,, (44)

where m; is the inflation rate, m, is the log growth rate of M1, I, is the six month
nominal interest rate while 7, is the three month nominal interest rate, g, is a
quarterly dummy, €, is white noise, and A(L), B(L), and C(L) are fourth order
polynomials in the lag op.eraf.or, L. The results of the estimation of (44) are
reported in Table A4 .
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Following Barro and Sala-i-Martin (1990) the real rate of interest is modeled
in reduced form as

e = Bo+ Bimyy + 2 PDEF, .y 4+ Bl i/ Yio1 +Barecy + BsOIL,
| | (45)
+ BeSTOCIK,_1 + P+t + 1y,

where r is the real ra,.te of returﬁ as defined in (43), DEF is the federal deficit
deflated by the GNP-deﬂator, I/Y is investment over GNP, OIL is the price of
oil déﬁaﬁed by the CPI, and STOCK is the rate of return on a value weighted
portfolio of stocks including dividends. The results of equation (45) are reported
in Table A5 .

The realized rate of return is defined as the nominal rate minus realized
inflation. The actual real rate of return is defined as in (43), and the expected
real rate is the projected values from (45). These three series are plotted in

Figure A2 for the series that uses cdurable prices for the period 1962:3-1989:3.




i Table:B1:\Summary. Statistics for Appliances

M Used “ New " Ratio

" Appliagnce -+ Mean Std. Dév. Méan" Std. Dev. Mean Std. Dev.
Eléctric Stove 25450  206.61 506.05 24923 50 44
Gas Stove’ 117.67 187.38 48942 217.70 24 41
Microwaive 161.43  77.89 27423  214.52 59 .32
"Othér Stove 52.00 = 21450  324.20 — —
Refrigerator 177.00  160.26 604.68  332.15 29 .34
Home-Freezer 131.79  89.61 507.37  379.47 .26 .30
Built-in Dishwasher ~ 257.25  106.52 421.74  139.01 61 AT
Portable Dishwasher ~ 61.33  49.90 43380  5L.65 14 12
Garbage Disposal — — 101.21 59.51 — —
Clothes Washer 152.62  107.99 426.51  110.84 36 26
Clothes Dryer 96.08  67.81 32951  91.14 .29 .21
Simple Average 151.77  140.36 398.38  252.39 37
Weighted Average 140.82 114.86 385.09  266.27 25

Notes:

1. Other Stoves and Garbage Disposals were excluded from the calculation of averages and of
the ratio. Weighted averages use the inverse of the standard deviations of each divided by the
average of the inverses as the weights and then averages over the CES sample. This effectively
gives more weight to those appliances with more observations. The ratio averages only over the
nine categories, and therefore does not weight by observation.
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Table B2: Non-Car and.Truck; Vehicles

Vehicle Obs “M:ean Std. _._l?(:bt _‘Mz'n. . Mazr. "Tot‘:aTO“Bs'
Motorized Camper 10 12;405.94 5,1264;6‘0 . 4,709.77 21,693.67 .31
Trailer Camper 18 5,038.98 " 3,908.45 249.73 12,184.38 70
Other Camper 9 1,200.44 1,579.32 141.38  4,418.03 39
Motorceycles . 66 1,428.08 1,333.85 100.11  6,065.55 247
Boat w/ Motor 38 5,604.75*  8,381.51 99.91 49,095.20 177
Boat w/o Motor 11 348.80 329.18 58.44  1,201.28 83
Trailer, Not Camper 6 473.31 298.60 . 95.34 946.09 125
Other Vehicle 15 - 1,079.38 606.40 139.48  2,422.18 53
Notes:

1. * indicates one observation with reported value equal to zero was valued at the mean.
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Table.B3: :Description of Data

CPIL, Consumer Price Index for urban consumers, all items, not seasonally adjusted

DEF; Government surplus or deficit (surplus +) deflated by the GNP deflator

1 Nominal three month ’I‘reasury Bill rate on the secondary market

I " Gross Investment in billions of $

M1 M1, available monthly

OIL; - Producer price index of crude petroleum in the U.S., deﬁated by the CPI or
Durable Prices

PDRB, Nominal durable goods, GCDx, divided by real durable goods, GCDB2:

STOCK; The real rate of return on a yalue weighted ‘portfolio of publically traded

stocks mcludm_g d1v1dends. The nominal rate is from CRISP. The CPI
inflation rate is subtracted from it
Y Gross National Product in billions of $

Notes:
1. All data except for the rate of return on the stock market are from Citibase.
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... Table B4; Expected m,

AR

MA

2(Rt - 7';)
Trend

SEAS

AR

MA

2(Rt - T‘t)
-Trend

SEAS

’0 ) . :'::l ll.:l":: ':‘_- “.'.2l,n~:
Durable Prices
e .;;,763 s
(.267) (.323)
— -.201 .081
. (-283) (-267)
20.014 2218 -11.541
(23.543) (23.684) (23.174)
--.854 — —
(.638)
.220 - -
(4.597)
51.587 — —
(138.867)
CPI
— 581 -.141
(.137) (.082)
— -.275 664
(.117) (.114)
24.902  79.953  31.727
(24.764) (24.116) (22.808)
.183 — —
(.562)
.038 — —
(.030)
-2.450 780 1.442
(3.590) (464)  (.474)

3 4

-.039 264
(310)  (.236)
2038 -111
(275)  (.173)
11232 -20.274
(22.811) (23.304)
828 -.563
(084)  (.133)
..701 909
(124)  (.108)
20366 22.452
(22.220) (19.814)
618 —
(.418)
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Notes to Table B4: '

1. A(L)is 1= 34, arL* whereas B(L), and C(L) are of the form 1+ Y;_, b L*. SEAS, is the

constant, while SEASy for k = 1...3 are dummies equal to 1 for quarter k, 0 otherwise.

2. Standard errors are in parentheses. The analysis with durable prices is over 1961:2 — 1990:1
with R? = .415 and Q = 36.448 with a p-value of .194. Q is the Ljung-Box statistic taken
over 32 autocorrelations. The analysis with the cpi is over 1961:2-1989:2 with R? = .675 and
Q = 25.036 with a p-value of .723. The Q statistic uses 32 autocorrelations.

Table B5: Expected r;

Durable Prices CPI

Coeff. Sid. Er. T-Stat Coeﬂ_f_. .S'td.__ Er. T-Stat
Const. 1209 2825 460 5.705  3.067  1.860
_— 40.841 16.141  2.530 -309 18.673  -.021
DEF_, . 011 007 1615 1325 687 473
L1/ Yoy -15.464 17.160 -901 -37.097 19.020 -1.950
reor 746 070 10.599° 514 085  6.064
OIL,_, 018 010 1714 3.654 1.215  3.008
STOCK:- 423 2989 142 591 3434 172
Trend 010 010  1.025 009 010 -.875

Notes:

1. The Durable Prices regression is over 1962:3 — 1989:3; R? = .651 and Q = 36.811 with a p-value
of .183. @ is the Ljung-Box statistic taken over 31 autocorrelations. The CPI regression is
over 1961:3 — 1989:2; R? = .473 and Q = 96.863 with a p-value of .000. Q is taken over 32
autocorrelations.
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Appendix C: Stochastic Depreciation of the Durable Stock

This appendix describes the solution to the consumer’s optimization prob-
lem when the durable stock depreciates stochastically. It is based on Reider
(1991), though it goes further, using the same techniques as in Chapter 1. It
shows that stochastic depreciation of the durable stock can account for the id-
iosyncratic shocks in the ratio. For simplicity durables and nondurables enter
additively separable as in Chapter 2. The development below uses the same ter-
minology as in Chapters 1 and 2, except where noted. The definitions of these
variables are in those chapters.

The consumer solves
T

1 ~8t /1 a a —ér - .
T'E‘{a;)'ccl i —¢ (K8 +6C8)dt + e~ V(Q,. AK,_ k)

sit. dQe = —aKdt + ordwr(t) +r4(Q, — K, )dt + Xi(pdt + odw(t))
— Chdt t € [O,t)
dK; = —aKdt + opdi(t) te0,¢)

Q¢ — MK, >0,
(46)

where dwi(t)dw(t) = 0. The solutions to X; and C, are the same as before.
This gives a similar Bellman equation after plugging in the values for dQ and

dK. Suppressing the maximization operator
2

. . Q |7 )
6V (Qe, K¢)dt = -’“‘f(f —-1)Vo - ‘YI,-QQQ - aK (Vo + Vi)
+ 10} K?*(Vog + 2Vor + Vi -)+-1-+ l—ab—.L -1
7%k QQ QK KK a a o -

Define

L~
I
=]
|
—

and h(y) = K~°*V(Q, K).
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This definition of y is slightly different than that used in the main text, but it

should not cause any confusion. It simplifies notation slightly. The reader may

believe that because K is stochastic, the problem caunot be reduced to one state

variable, but as shown below, that which is of interest, can be found using this

same construction. Differentiating by @ and K gives the partial derivatives of

V in terms of h:

£ ! 15242 h" h'(y)?
Sh(y) = Fyh'(v) + 3oky’h" (v) = Yy

1—-a a
'+21{+ —bm TR (y)57,

where § = § + 1a(l — a)o? and 7 =1 + (1 — a)o}.

As before let z = h'(y). Differentiating (47) by z yields
—y2%y"(2) + (F — & = 29)zy'(2) + (7 + 77)y(2)

y"(z)

1 _1_
ylay TR

— tofy(z)?
The general solution to (48) is |
B, zf + Bgzg + B;:,zg + Dzil_l,
where 8; solves
—r8® + (F— 8§ —27)8% + (7 + Lol)f +‘ 108 =0,

and D is given by

The stochastic differential equation for y is

dQ QdK | QdK® dQdK

Y==K "KK K K2 I

= (F — aol)ydt — 2yzy'(z)dt b T zeeTdt

— gzy'(z)dtzy(t) — orydwi(t).

135

(48)

(49)

(50)



Suppose:z solves
z = p(z)zdt + oy 2dw(t) + o9-(2)zdwi(t).

Then dy is also given by

dy = y'(z)ﬂz(z)":dt + %y"(z)zz (afz + O’%z)dt

| | | (51)
+ y'(;)z(a'lzdw(t) + UZz(z)dwk(t)) :

Equations (50) and (51) imply

T
01z = ——
a
y(z)
T sz = =T
2 k ') (52)

.1.= §—7— 1+ a)o? y(:
F ( ok v'(z)

e

Equation (52) is the basis of the claim that the introduction of a stochastic
durable stock does not qualitatively change the solution of Chapter 1. The
pseudo marginal utility variable z, is still approximately a geometric brownian
motion because the last terms in o;. and p. is bounded. Suppose 8; < 6, < 83
without loss of generality. As : — —oo, % — 1/6,, while as z — oo,

y(z) _
s 16

As for the value function, note that, as before, the problem can be rewritten

as

7(2) = hiy) = max [ emtoctiroondmmta=torearl ooy
T 0 a (53)
+e—-§aafr+adll'h(f)My: .

The terminal value My2 is found as before. Let M, = e‘%“":“*'“""d‘”"('),
and dM; = M,dw(t). The true value function I~{(z) actually depends on two
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state variables, z; and M,. But as (53) makes clear, H can be separated, write
H(z) = M H(z). The Bellman equation for H solves is
~ - - - 1 1 a =
6IJ(Z¢,Mt) = HzEdZ + %H;:d.’.’z + —Mg(l + b—:‘-_lzm) + .HMth
a
+ %I}MM({ME + E:MdZth

§MH(z) = M H.Edz + 1M, H..dz? + %M,(I + b i zaET)

+ H(z)dM, + H.dzd M, (54)
§H(z¢) = H,Edz + 1H..dz* + }-(1 + b—a_-l-fzau-l) + H(z)th
a M¢
+H=dszt

t

§H(z) = H.(Edz — aai%ﬁ))) + 1H..dz* + %(1 + b)),

Therefore, one can proceed as before in solving the Bellman equation with

the proviso that there are “near constant” terms involving

z’ﬁ::) and its square.
The solution of the problem as before is characterized by the two-sided, fixed-
band S-s policy, except now, the solution to (54) is not known. The important

part, however, is that the qualitative nature of the value function is unchanged,

and the process of z; is similar to a geometric brownian motion, as was claimed.




Chapter 3:

THE RELATIONSHIP AMONG THE MATURITY OF
AUTOMOBILE LOANS, NONDURABLE CONSUMPTION

AND LIQUIDITY CONSTRAINTS: THEORY AND EVIDENCE
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1. Introduction , .

" Several aiithiors have noted the spécial Hatre of credit markets, suggesting
that the simple price~qiiantity analysis of introductory microeconomics is defi-
cient. Consumer loan éontracts consist of tore than an interest rate and loan
quiantity. They als6 define the length of the contract, the payment period, collat-
eral requiréments, the downpaymeiit, and ¢onditions in case of default. Changes
in the economic énvirénment need not result in changes in the stated interest
rate if other terms of the contract move.

While there are a myriad of models of credit markets that incorporate non-
price terms and/or credit rationing, few papers have provided direct empirical
evidence for the effects they describe.! Of course several empirical works pro-
vide indirect evidence of credit market imperfections. Zeldes (1989), Hansen
and Singleton (1982) and others find substantial violations of the intertempo-
ral euler euqtion for nondurable consﬁmption in the direction implied by credit
constraints.? Chah, Ramey and Starr (1991) find that aggregate durable pur-
chases forecast future nondurable consumption, an implication consistent with a
model where consumers can borrow for durables but not nondurables. None of
these models, however, take advantage of existing credit markets data except for
possibly Treasury Bill interest rate data. They suffer from multiple alternatives
such as rule-of-thumb behavior or m&opia, which can be difficult to distinguish

(Flavin, 1985).

! Exceptions are Jappelli (1990) and Ostas and Zahn (1975).
? See Deaton (1987) and Hayashi (1987) for useful reviews.
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..+~ This: paper‘investigates the relationship aniong non-price terms ‘and the
defined risk premium:in’ consumer credit markets: More specifically, the market
considered is: the ‘consumer auto loan market. 38.7% of consumer installment
credit outstanding at the end of 1990 is devoted to the purchase of motor vehicles,
so it is an important piece of consumer credit markets. In addition, specific data
on this market are available, including loan rates and non-price te’rm's.-

To.emphasize non-price terms not discussed previously in the literature, a
simple model is developed to explore the importance of loan contract length. In
the model consumers borrow to fund a durable purchase and choose to repay
the loan.in the next period or over two periods. Attitudes towards stochastic
future income as well as the slope and variance of future income all influence the
maturity decision. Animportant additional element, however, is future attitudes
towards default. Individuals with a propensity towards default in some states of
the world prefer longer maturities than those who repay their loans always, and
the equilibrium term structure of loan rates reflects the partial signaling that
occurs in the market. -

The paper then considers empirical evidence both microeconomic and mac-
roeconomic. The microeconomic data set contains 1,561 observations of con-
sumers who bougﬁt automobiles in 1985. It has a variety of personal character-
istics, financial data and terms of the loan contract for those who financed their
purchases. The paper analyzes both the finance/cash outcome and the terms of
the loan contracts. The macroeconomic data set contains average monthly ob-
servations on the loan rate, the lenéth‘of the finance contract, the downpayment,
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and the‘amount financed over the period 1972-1991. The estimation procedure
analyzes the determinants of the risk premium and the contract length.

~ + The theoretical analysis and the empirical evidence suggest two important
conclusions.  First, non-price terms of consumer auto loan contracts matter for
market equilibrium. Both the downpayment and the length of the contract affect
the risk premia individual borrowers receive and the average risk premium in the
economy over time. Such ‘observations cannot tesolve the debate over whether
non-price terms move to clear the market and prevent credit constraints. It does
suggest, however, that-some of the features emphasized in previous models of
credit markets may be at work; some of these same attributes are present in
models of credit rationing:

Second, that the contract length is one term that matters suggests that a
Modigliani-Miller theorem does not hold for individuals in at least one impor-
tant dimension. That thé ¢ontract length matters means consumers adjust their
planned spending, probably to smooth consumption and reduce variance. That
some hold outstanding liabilities while also holding interest bearing assets im-
plies consumers do so at some cost. This paper offers that consumers take these
me.asures because they cannot insure their labor income or even borrow against it
to fund nondurable consumption. Given the importance of a downpayment and
presumably of collateral requirements such credit constraints on nondurables are
not that far-fetched. Such conclusions have implications not only for models of
credit markets but for models of intertemporal smoothing, the effect of mone-
tary policy on aggregate activity, and the time series of aggregate durable and
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nondurable purchases: . ..

.+ The rest of the paper is organized as follows. Section 2 presents a simple
model in which the decision to borrow for two periods versus one period to fund
durable purchases depends upon the expected future utility of nondurables and
attitudes towards default. The model delivers the implication that long-er loan

maturities are associated with higher default probabilities as consumers sort

themselves somewhat on this dimension. Section 3 investigates the relationship

between contract length and risk premia in a set of observations on individuals,

while Section 4 uses aggregate data through time. Section 5 concludes.

2. A Simple Microeconomic Model

In order for such non-price terms as the length of the contract, the payment
period, . collateral requirements, the downpayment, and conditions in case of
default to influence the stated interest rate, borrowers and/or lenders must have
some preferences over these t;erms. For some terms, the preferences are obvious.
Most borrowers probably do not appreciate high downpayments for the same
reasons they are borrowing in the first place. They want resources now to invest
or t§ consume and will repay later with interest. Lenders, on the other hand, like
downpayments since this raises the ratio of the loan principal to the collateral
value, thereby reducing the loss from default. Other terms such as the length
of the loan contract are not 'as obvious and are not strictly modeled in the
literature.

~ If consumers and/or:lenders have preferences over non-price loan terms, the
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market equilibrium echoes these preferences. Le‘nders may offer combinations of
interest rates, loan: quantities and non-price terins, reflecting their preferences,
and. consumers may ask for different sets of combinations, tracing out' their
indifference curves. Equilibrium may then be a single contract where these two
hyper-planes intersect, or it may be a set of contracts reflecting heterogeneity
in borrowers or lenders. For example, such terms as a lower downpayment or a

longer loan contract may be bought with a higher stated interest rate.

With heterogeneity among consumers, however, an additional consideration
arises. If consumers have different default probabilities and these probabilities
are correlated with preferences over aspects of the loan contract, the menu of
contracts offered by lenders will reflect these probabilities. The information con-
sumers reveal about their default probabilities in their choice of terms may be
the single biggest explanation of lenders preferences. As an extreme example,
suppose there are two consumers, one with a default probability strictly inside
(0,1) and the other with a défault probability of exactly zero. Furthermore,
suppose the consumer who may default has a strong preference for long loan
contracts while the second does not. Lenders offer two contracts, one short-term
the other long-term. A separating equilibrium may arise where the defaulter
chooses a long-term contract with a large interest rate, while the non-defaulter
chooses a short-term contract with a small interest rate. A pooling equilib-
rium can also arise if the preferences over contract length are not as strong. In
the pooling equilibrium, the non-defaulter subsidizes the defaulter because the
formgr cannot signal her difference \.ris-a.-vis' the latter.
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-.... A-final aspect of preferences and equilibrium is that attitudes towards de-
fault may also shape the preferenc.es of borrowers over non-price terms. For
example, ceteris. paribus those borrowers who.have no qualms towards default-
ing at any time weakly prefer longer loan contracts than those who do not default
on their loans. The option of defaulting has some value to the former while its
value is zero to the latter. Paying a loan off early more quickly dissipates the
option.

Informal evidence exists that consumers and lenders care about the length
of the loan contract, in spite of the fact that in a Modigliani-Miller world, the
term length of any one loan can easily be undone by another financial instrument.
The New York Times (Sloane,.1990) reports that banks and finance companies
are limiting the number of five year loans they are willing 1.:0 give to consumers.
They supposedly charge much higher interest rates on longer contracts, and they
have tightened eligibility requirements. In 1988 70% of GMAC loans were for
five years; in 1989 it was 58%. Other lenders report the same decrease in five
year loans. In the late 1960’s and early 1970's GMAC’s stated policy in their
corporate annual reports was to offer loan contracts no longer than 36 months.
Later they admitted that éompetitive pressures have led to longer contracts.
Besides this contemporary evidence, as discussed below, the average contract
length has increased steadily from 1972-1990, though one can observe a recent
flattening. This trend and the “competitive pressures” suggests consumers prefer
long maturities. |

This informal analysis suggests that a model of ﬁon-price terms should
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consider several:aspects. First,-default:risk is irpportant and some motivation
for default or non-default should be-explicit in the model. A simple justification
used below is that-default:results only in the 1055‘ of the utility stream from
the durable collateral. Secord, preferences over non-price terms:influence the

(
'equilibrium that arises and must be justified. They may be primitive to the
utility- function; they may arise from attitudes towards default, ‘or ‘they may
reflect ‘some other aspect of the economy. One reason consumers in the model
presented below have preferences over the length of the loan contract is that
the longe.r the contract, the smaller the monthly payments. Smaller monthly
payments may be preferred-because of smoothing considerations over time for
which the consumer is incapable of doing otherwise, while quick payments may
be preferred because of uncertainty over future income. Third, an equilibrium
model must incorporate the signaling that occurs in the choice of contracts.
The result may be pooling, separating or a combination of the two if consumers

differ in many relevant dimensions. The model below has each of these outcomes,

depending upon the explicit parameterization.

Several papers have considered the effects of non-price terms on equilib-
rium interest rates. A particularly popular non-price term is collateral. Several
authors suggest that collateral requirements can mitigate the effects of imper-
fections that lead to credit constraints (Azzi and Cox, 1976; Bestor, 1985; Chan
and Kanatas, 1985). Others argue against these claims (Jaffee and Modigliani,
1976; Stiglitz and Weiss, 1981; Wette, 1983). Manage (1990) investigates em-
pirically the effects of collateral requirements on interest rates.in states which

. 145




impose-different: interest rate ‘ceilings on consumer loans.:Luckett (1970) notes
informally-that banks:which aré less “sound” hold loans ‘with more stringent
terms suchras higher collateral requirements or higher asséts-to-liabilities ratios.

' -A second term that has been investigatedis downpayments. Koskela ( 1983)
develops'a model where the downpayment is an important element of the loan
contract;'emphasizing one non:price term while noting this is one example: In
the model restrictive monetary policy increases the reqiiired downpayment while
its effects on the stated loan rate and the amount of credit rationing is ambigu-
ous.

Only a few papers, however, have considered the contract length as one of
the non-price terms. Harris (1973) and Plaut (1985) present two simple models
which include the maturity of the loan as one of the terms that can vary in a
loan contract. Consumers:pick from a menu of choices lenders offer, -trading
off interest rates, downpayments, maturity length, etc. optimally. Neither,
however, explicitly explore the reasons why consumers have preferences over
maturity length and what the equilibrium implications of these preferences are.
Melenik and Plaut (1986) do the same with loan commitments to businesses.
Extending further their analysis, Melenik and Plaut examine a data set of 101
U.S. firms in 1980-81, finding corroborative evidence.

Dhillon, Shilling and Sirmans (1990) discuss factors influencing the decision
of mortgage maturities. In their sample some home buyers hold 30-year mort-
gages while others have 15-year ones. They find that such factors as the region
the home is located in, the age of the buyer, the price of the home and tax
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considerations ‘are important in the:outcome of the contract. Other correlated
factors, however, are the interest rate and the downpayment. The higher:the
interest rate; the more likely the consumer has chosen a 30-year mortgage; the
higher the downpayment, the more likely the consumer has chosen a 15-year
mortgage.

A few:papers have dealt with the issue of debt maturity for business invest-
ment. Hart and Moore (1991) present a model of business loans for investment
purposes where the optimal repayment path depends on the path of project
returns and the durability of the projects assets. Their model is devoted to
explaining why the maturity of business loans match the payment stream of
returns 1’;0 the loan, that is short-term projects such as working capital are fi-
nanced with short-term loans while long-term projects such as capital structure
loans are financed with long-term loans. Diamond (1991) models the maturity
choices of businesses for investment purposes. Some companies may choose long-
term bonds in order to ingure that they have the requisite capital in the future,
whiereas others choose short-term debt to obtain the smaller interest rates.

Some of these same issues -arise in models of credit constraints. Several
models, such as Jaffee and Russell (1976), Stiglitz and Weiss (1981) and Jaffee
and Stiglitz (1990), predict that some consumers will be denied credit. More-
over, this constraint has more bite as the supply of funds to lenders is cut by
monetary authorities, delivering an important role for monetary policy. A mini
industry has grown up as some authors question whether some people are really

constrained or just want a cheaper interest rate than their default risk deserves
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(Vandell,,1984), whether credit constraints are necessary in equilibrium (Van-
dell), and whether collateral can screen and separate individuals, eliminating
credit constraints. Of course hé.l':'érogeneous individuals faced with a menu of
choices may select different contracts, revealing a set characteristics (Milde and
Riley, 1988). As Jaffee and Stigﬁtz incﬁcate, however, as long as the dimension
of risk characteristics is larger than the dimension of observable relevant signals,

the equilibrium may be characterized by partial pooling. Pooling equilibria can

lead to credit constraints.

As discussed above some non-price terms as downpayments and collateral
requirements are théroughiy -ciiscussed in the literature. The following model
explores the contract length as an additional important non-price term. The
model does not introduce elements of credit constraints, not because they are
unimportant, but simply to highlight the role of the contract length. Introducing
additional elements to allow for constraints would simply complicate the analysis

without qualitatively altering any of the conclusions on other non-price terms.

2.1 Model Set-up for the Consumer’s Problem

Most previous models of credit markets have been two period models where
the consumer borrows in the first period and repays in the second. Obviously,
two periods is not enough to study contract length. The simplest extension is to
have three periods. Th_erefqre, assume that a consumer maximizes utility over
three periods over both nondurable consumption and a durable good. Formally,
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the consumer solves -~ . .-

2

it t rk _ . ' )
C .Tsﬁgﬁ.r[&] ‘?0 ;ﬂ (UK + T (Cy))

i

s.t. K-g = CYKt_]

Aty = Rydy +y, — C, — I[P, (1)
4, >0
Ay =0,

where U%(;) is the VNM utility function over durables and U (-) is the VNM
utility fun__ction over nondurables. To enable the consumer to choose to default
U*(0) > ~oo. C, is nondurable consumption; K, is the durable good; 1/a —1
is the depreciation rate; A, is any savings the consumer makes, earning the
gross risk-free rate Ry; y; is income; and P, represents per-period payments on
the loan contract. When the co-nsumer buys the durable good at time 0, the
consumer cannot choose the level of the durable good; it is fixed at K. Allowing
the consumer to optimize on K just complicates the analysis. T} represents the
terms of the loan contract signed in period 0, and it is assumed that lenders
offer two contracts. In one’'contract, the consumer pays the entire loan in period
1 with an interest rate Rp,. Py = Rp,K; P, = 0. In the other the consumers
pays half the contract in period 1 and half in period 2. The implicit interest
rate is Rp,. P; = -%’;7’ for i = 1, 2. The constraint 4, > 0 means that
the consumer can only borrow to fund the durable good and not nondurable
consumption. I[P,] is an indicator function equal to one if the consumer is
current in payments; it equals.zero in the case of default.
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++ The revelation of income is also special in order to illustrate the points. In
period 0 the consumeriearns yg: for certain. It is assumed that y, is sufficiently
small so that the consumer does not make any downpayments and does not save
in this period.- In period 1 income is also known for certain, equal to y;. In
period 2 income can take on one of three values. With probability ps income
is high;yz := yr; with probability p,, income is middling, y2 = ym; and with
probability p; = 1 — pr — pm, income is low, y2 = y;, where yp > ym > 1. Period
2 income is not known when any décision at time 1 is made. Three outcomes
for income occur in period 2 so that one can analyze the effects of variance in
states where default does not occur. If there were only two states in period 2 and
one of the states was a'default state, conditioning on not defaulting in period 2,

period 2 income would be known for certain.

The timing of decisions is as follows. In period 0 the consumer borrows
K, earns yo and consumes Cp. Because A_; = 0, Cp = yo. At this time the
consumer agrees to either a one-period contract or a two-period contract. In
period 1 the consumer earns y;, consumes C, thereby deciding what additional
assets the consumer will deliver into period 2, and pays what the loan contract
caﬁs for or decides to default. If the consumer defaults in period 1, she does
not enjoy the utility from the durable in that period or the subsequent period.
The only thing stopping consumers from defaulting is that they lose the utility
services of the durable good; it’s also why the consumer cannot borrow to fund
nondurable consumption since there wogld be no reason to repay the loan. With

durable loans, in case of defaﬁlt, the lender repossesses the durable and sells it,
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réceiving only (1 \)K,. Period 2 is like period 1, except inco-me is risky and the
consumer coflsumciﬂhatsve; liquid. resources.are left since the horizon is over.
Decisions in f)eriod 2 are taken knowing what income in period 2 is. Figure 1
diagrams the'arrival of information and'the timing of decisions.

In order to ex:]).i;re the eﬁ';:_‘ts of dt;,fiault coﬁsumers are of two types. One
type values ”riondurable consumption more so than the other. Consumers who
v'e_alue nond.ura.ble consumption highly default if y; = y;, while consumers of the
second _ty;)e tio I'l'Of; default: The first type of consumers default because they
would rather back out of their loans and devote their resources to nondurable
consumption. Call these two groups Defaulters (D) and Non-Defaulters (N). §%
of consumers fall in group (D) while (1 — §)% fall in group (N). Consumers who
default in period 2, state [ make their plans in earlier periods knowing they will
default if 2] occurs. There is no myopia in this model.

As an example let U¥(K) = ;e~#K and U(C) = e=#C. The parameter ¥;
controls whether consumers default in the last period, state I, where ¥4 < ¥n,
sufficiently so that for defaulters the gain to nondurable utility from defaulting
outweighs the loss to durable utility. Assume parameters are such that con-
sumers choose not to default in any other state; this needs to be verified (see
Appendix A). Let A denote any additional savings the consumer makes in the
second period, and suppose yo is small enough that the consumer makes no
downpayment and does not save in the first period. Fix the two-period interest
rate at some level higher ﬂ,ia.'l} the one-period interest rate. The optimal deci-
sions of the two atomistic consumers, one who defaults, the other who does not,
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are given in Table 1,

Table i: Specific C'o'nsumpti‘on Patterns

JI (o5 Czh Com Cz[ A Matr.

Defaulter - 1.0 1.223 5.000 1.500 .500 .000 2
Non-Defaulter 1.0 1.223 5.000 1.500 .500 .000

Defaulter 3.0 1.321 4.898 1.398 .003 .399
Non-Defaulter 3.0 1.146 5.075 1.575 .575 .075

= NN

Notes:
1. Other parameters values are: a = .8, § = .99, Ry = 1/8, Rp, = Ry,
Rp, = 1.023, g = .095, ¢, = 1.194, K = .992, § = .5, A = .25, pp = .25,
Pm = .60, yo = 0.0, y1 = 2.225, y2n = 5.00, y2rn, = 1.50, and yz; = .50.
Matr. is the number of periods in which the loan is paid.
2. Consumption patterns from Table 2.

The solution points to an important effect that is likely robust in a variety
of more complicated models. Consumers who default in period 2 weakly prefer
longer maturities to those who do not default. In the particular example of
Table 1, for p = 3.0, the defaulter chooses a two-period contract while the non-
defaulter chooses a one-period contract, while for z = 1.0 they both choose two-
period contracts. The proof of this weak preference is straightforward. Ignore
the utility from durableé since one can take the default decisions as optimal
given the definitions for defaulters and non-defaulters. Let V; be the value t;) a

consumer of paying the entire loan in period 1:
Vi =U(y: — Re, K — A1) + BEU(y: + RyAs),

which is the same for defaulters and non-defaulters. A; represents the savings of
consumers who choose one-period constracts. Now suppose non-defaulters are
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indifferent ‘bétween one- and two-period contracts:
Var =U(y1:=~ P — An) + B[prU(yn — P.+ Ry A,)
+PmU(ym — P + RfAn) + pU(yt —P + Ry An)] = W,
where 4,, denotes the savings on non-defaulters who choose two-period contracts,
and P.is the:per-period payment. Then defaulters strictly prefer two-period
contracts:..
Vi=Ven <U(y1 — P — An) + B[prU(yn — P + Ry An)
+PmU(ym — P+ RgAn) + pU(y1 + Ry Ay))
LU(ys — P — Aa) + B[prU(yn — P+ Ry Aa)
+PpmU(ym — P+ Ry Aq) + piU(y1 + Ry Ag))
= Vaa.

The strict inequality is from the default state 2[, that is,
ﬂPlU(yl - P + R_fA.n) < ﬂPlU(yl + RfAn).

The weak inequa]jty comes from optimizing on A; A4 is the argmax to the
defaulter’s problem, whereas A, is not necessarily optimal. Therefore, ﬁnder
different parameterizations for the problem, it is possible that non-defaulters
choose one-period contracts, while defaulters choose two-period contracts. The
reverse is impossible.

The intuition for this weak preference is straightforward. The choice of
maturities arises from two effects. The first effect is a smoothing effect which
encourages consumers to choose longer maturities, thereby reducing per-period
payments. The second effect is a prudence effect. As explained in Kimball (1990)
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any consumer with a VNM utility function with a positive third derivative will
save for precautionary reasons, whicl;. I},i{i{mb';tll ;efers to as prudence. Even if
~expected future income is equal to present income, the consumer will save in
case the future turns out badly. This eﬁ'ect works somewhat opposite of the
smoothiI;g effect. Consun‘;ers with stronger prudence motives want to deliver
more resources into the uncertain future. They can accomplish this by paying
the loan off early; it’s as if they were saving, earning an interest rate equal to
the stated loan rate.?

People who default in period 2 prefer longer contracts because they have
more of a smoothing motive and less of a prudence motive. These motives differ
because for defaulters the relevant comparison is state 1 versus only states 2h
and 2ﬁ. State 2! is irrelevant for this choice because the consumer does not
make a payment in it rega.rdlesé of whether she chooses a one period contract
or a two period contract. It dées matter, however, in so far as it affects savings
decisions in period 1. The smoothing motive is stronger for group (D) because
period 2 has a higher expected income than it does for members of group (N).
Members of group (D) are more eﬁcouraged to transfer some of the burden from
the middle period to the last period than are members of group (N). They have
less of a -prudence motive because the worst outcome in period 2 is irrelevant.
The relevant income stream for (D) dominates that for (N) in a first-order sense.

To see this difference in valuations across periods, suppose that defaulters

3 This model is a bit deceptivé in this respect because it only has three periods. Another
way to deliver some resources in period 2 is to pay the loan in periods 1, 2, 3 and more,
if such additional periods exist. -
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and non-défaulters have savings fixed and ‘équal to 4 and that each have signed
two-period ‘¢ontracts. "Consider ‘the marginal increment in utility from trans-
ferring $1 from period 1 to 2. This marginal valie for each consumer is given

by Lo
MVy=~U'(y2 — P — A) + BR¢ [pnU' (yn — P + RsA)

+PmU'(ym — P+ Ry A) + piU' (w1 + Ry A)]
MV, = -U'(y: — P — A) + BRf[prU'(yn — P + R A)

+PmU'(ym — P+ Ry A) + pU'(y1 — P + Ry A))],

while the difference is
MVy — MV, = pBRs [U'(y1 + Ry A) = U'(yi — P + RpA)] < 0.

This difference, MVy; — MV, is readily seen in Table 1 where (D) saves less
than (N) when they both have two-period contracts and g = 1.0. Future dollars
relative to current dollars are more valuable to non-defaulters than to defaulters.

One may be tempted .to simply assert that a member .of group (D) prefers
a two-period contract more so than a members of group (N) simply because
by choosing a two-period contract, the consumer preserves the option value of
defaulting in period 2.4 This option value is worth something to (D) while it
is worthless to (N). While this statement is correct, it provides little in under-

standing what gives the option its value, especially in comparison to alternatives.

4 The option value is related to the discounted increment in utility times its probability of
exercise. In this particular model, the relevant difference is given by

Bri[UE(0) + U(;u + Ry A;) - UK (e?K) ~ U(ys — P+ Ry A;)).

This difference is positive for defaulters and negative for non-defaulters by definition. See
_Appendix A for more details.
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The‘option’sivalue is worth more, the higher the value of liquid marginal wealth
(maréinal utility of nondurable consumption) is in the states the option is ex-
ercised. Its value, however,.is lower, the less probable its exercise is. Moreover,
its value must be compared to it.s cost, which is the value of marginal wealth
in other periods times the relevant interest rate. The analysis in this section

explains this more fully.

It is also interesting to note in Table 1 the simultaneous borrowing and lend-
ing that occurs, for both defaulters and non-defaulters when p = 3.0. Rotemberg
(1984) discusses this issue with a model similar to the one above. With high
values of y1, consumers have relatively high degrees of risk aversion and relatively
low elasticities of intertemporal substitution. Under these conditions each type
of consumer is concerned with moving resources infé the future. Non-defaulters
do so both by choosing one-period contracts and by saving. Table 2 shows that
as p increases, noﬁ-defaulters_ first begin to save. A point is reached when in-
stead they choose to pay the loan off earlier and save nothing. Finally, with
g = 3.0 they do both. This makes the point that the contract length of loans on
durable goods is a rough instrument consumers can use to smooth nondurable

consumption.

To confirm the ideas above and that the results hold in an economy where
lenders understand the effects described, the next subsection considers a full

equilibrium.
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2.2:Equilibrium

"The equilibriiin ¢oncept is'sithple. For a givén set of interest rates' Rp,
and Rp, and the other parameters of the model, consumers choose either ne-
period or two-period contracts, whatéver is optimal. Assume consumers differ in
another dimel}sion so that some (D) consumers and some (N) consumers choose
one-period contracts while others choose two-period contracts. It implies on
average a certain percentage of consumers who choose two-period contracts will
default in*the last period. In equilibrium the term structure of interest rates
reflects this difference in default probabilities.

As for lenders, it is assumed that lenders are risk-neutral and operate in
a competitive environment. Thus the expected return on each type of loan is
equal to the return on a riskless bond. Since no borrowers default in period 1,
Rp, = R;.® As for the two-period rate 4 is the percentage of group (D)
choosing two-period contracts while ¢,, is the percentage of group (N) choosing
two-period contracts. The proportion of -people choosing two-period contracts

and who default is

: dpapr .
= . 2
(1= 8)on + bppa (2)

Y

A lender who signs a two-period contract receives in expectation at the end of
the second period

RsP + (1 —-7)P +va*(1 - )K. (3)

All consumers pay P in period 1, and therefore after investing in the riskless

5 To break this exact tie, one can assume that a certain percentage of consumers, indepen-
dent of period choice default in period 1. No subsequent analysis is changed.
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asset, the lender receives RgP. (1 — ) of the consumers pay P in the second
period; 7 consumers default, leaving only a?(1 — A)K. The zero profit condition
1mphes (3) equals RZK since the lender can also guarantee receipts from a

-\

nskless roll-over strategy S Defining Rp, = (1+Ry)P/K yields after rearranging

. Rp+1 .
Rp, = -}# (R_fRB1 - ‘ya2(1 — /\)) > R¢Rp,. (4)

The equilibrium is Nash; it is simply the set of interest rates that deliver the
optimizing behavior and the set of contracts, optimal for all consumers, that
generates the default rates that justify the loan rates. These loan rates imply
zero proﬁt in expectation.

As is indicated above, besides the relative weight they give durables, con-
sumers differ in another dimension. To explore various effects, consider three
different economies in which consumers can differ. In each particular economy
consumers differ-only in one of these added dimensions. First, to explore the ef-
fects of attitudes towards risk z;nd intertemporal substitution, suppose . € [E’ zl,
wherf: p is the coefficient of absolute risk aversion. Second, to isolate the effects
of the motive to smooth payments let

Y1 = PrYp + PmYm + P17y — v/ Ry
Y2 =Yy2 + v,
where v € [v,7]. The lower ¥; is relative to Ey,, the more need the consumer

has to smooth payments over both periods. Third, to explore the effects of risk

8 One can also introduce a two-period riskless bond whose gross return differs from Rz

for some real or nominal term structure issues not modeled. The subsequent analysns
remains unchanged.
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let . T T IR R AT S R

Y =Yk + SPm

Ym = Ym — SPhy
where s € ;[E,E]. This last static exercise keéps Eyzland yr constant while
ehanging the variance of y2. As s itléfeases, y;n decreases, and both defaulters
and non-defaulters face more risk. As risk increases the consumer wants to
deliver more resources into period 3. They can do this by saving, or they can
lsay the loan off é‘ntir.elzyh in the second“period. Each of these three variations are

such that the parameters are uniformally distributed over the intervals for both

(D) and (N).

2.9 Equilibrium Analysis

Table 3 contains the resulting statistics from solving for the equilibrium in
the three different economies, while Table 2 contains savings and consumption
decisions for several specific consumers in these economies.

The second economy, where y; is varied, investigates the effects of smooth-
ing. As the level of y; decreases relative to Ey; more consumers are inclined }
to choose two-period contracts. In the parameterizations considered it is non-
defaulters who switch from one-period contracts to two period contracts. Indi-
viduals with high smoothing motives (low y;) choose two-period contracts, while
those with low smoothing motives (high v;) choose one-period contracts.

The third ecc;nomy, where |yn — ym| is varied, investigates the effects of
prudence. As the variance of Y2 increases more consumers are irclined to choose
one-period contracts. Asin the second economy this effect hits non-defaulters
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more strongly: than. defaulters.:: Individuals with high prudence motives (high
|yr-— Yin|) choose one:period contracts; while those with low prudence motives
(low |yn = yi|) choose two-period:contracts. As discussed previously, this ef-
fect . may be.ambiguous. With more periods consumers may choose even longer
contracts to ensure that payments in any single month are low. This analy-
sis depends on the stochastic process of income. If ncgaiive shocks to.income
are temporary then longer contracts are preferred compared to more permanent
shocks. If shocks are permanent, the consumer ceteris paribus would rather have
the payments already finished.

In equilibrium, a further consideration arises as the price of one- and two-
period <-:ontra_cts diverge to reflect the different probabilities of default. (D)
consumers may choose a one-period contract because the option value is not
worth as much compared to the extra burden of paying a higher rate in non-
default periods. This effect .is seen in Table 3 where consumers in the first
economy with very low values of 1 choose one-period contracts. They give up
the default option because it is worth very little to them in expectation. The
curvature of their utility function is low enough that they are practically risk-
neutral, and thus, they maximize the expected sum of consumption in each

period, discounted by 8.

Changes in various parameters affect each economy in similar ways. As men-
tioned above one reason why the average term length of contracts has increased
steadily since the mid-70’s may be that the depreciation rate of automobiles has _

declined. A second reason may be that real personal income for .at least one
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segment of the population has not grown as quickly as the real value of automo-
biles. The editors of Automotive News suggest this as a reason why the contract .
length varied from 1979 to 1980. .Each of these effects can be captured in this
simple model. For the depreciation rate one simply reduces the value of a, while
for the second, one increases the value of K. Each of these exercises result in
more consumers choosing two-period contracts as is evidenced in Figures 2 and
3. These figures show the percentage of each group choosing two-period con-
tracts-in i;he economy where consurﬁers differ in y as well. For increases in a the
return tq lenders on a default increases, thereby reducing Rp, in equilibrium.
More consumers, especially (N), choose two-period contracts as the relative cost
is reducéd. For increases in K, more consumers have a stronger smoothing mo-
tive as paying off the enfire loan in period 1 becomes more burdensome, more so
than the increased damage from paying the loan off in state 2m for defaulters or
in states 2! and 2m for non-defaulters. The relative mix of people who sign two-
period contré.cts improves as more members of group (N) move to two-period
contracts than members of group (D). This also decreases Rp,, amplifying the
effect until equilibrium is reached. The changes in the equilibria for both static

exercises are similar in the end though the mechanisms are different.

3. Microeconomic Evidence

This section is intended to test whether the risk premium and the length of
the loan contract are related in a microeconomic data set at one point in time.
The data set is the Consumer Expenditure Survey in the Fourth Quarter of 1985,
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which*contains ‘data” o ‘personal ‘characteristics and financing data for those
who recently bought motor vehicles. I restrict the sample to those who bought
vehicles in the last twelve months and who did not have missing data on a subset
of variables that are of @ priori importance. This leaves 1,561 observations, 786
ﬁnance&:fliéif'car, while 775 paid in full. For those who financed their car, the
amount ‘the ¢onisumer borrowed, the amotint of the downpayment, the length
of the ‘¢ontract, both when the payments start and the number of monthly

paymients, and the amount of the monthly payments are available.

To calculate the risk premium for the loan contract of individual 1, let P;
denote the principal of th<‘e loan signed at time ¢;, and let p; denote the monthly
payments. Every contract in the sample called for monthly payments. Let n;
denote the number of mo'rl}t,hs before consumer 7 has to begin payments, and let
N; equal the total number qf payments. Let ¢(Z,s) denote the price as of time
t of a discount bond that pays $1 at time s. The;e prices are calculated from

McCulloch (1990) and are explained more fully in the Data Appendix.

If there were no risk premium, the discounted stream of future paymeiits
would equal the principal, that is, the value of the portfolio of p; units of discount
bonds for each period the payments are made would equal P;. Any difference be-
tween the discounted stream of payments and the principal, is related to default
risk, since to a first approximation this valuation method adjusts for inflationary
expectations and real term structure effects. Since the period the contracts are
sighed are all within a twelve month period anyway, these considerations do not
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differ greatly across observations, . The risk premium is.calculated by

S s=t+n;

(0 ) »

Note this me
any go_xj;el,qt_ign.ﬁ,gndo_g\cnqus}ly. It values the future payment stream in terms of
today’s prices and then asks }_h.ow much large this value is than the amount the
lender pays to buy it, the principal. The contract length is simply n; + N;.

The simplest analysis is to consider the correlation between individual risk
premia and the contract lengths. This correlation over 786 observations is 0.227.
A slightl); more advanced analysis is to take those consumers who finance their
purchases and regress the risk premium on the contract length, the downpay-
ment, and other risk factors such as the ratio of income to the loan value. Asis
explained in Maddala (1983) this introduces a bias in the coefficient estimates.
first place. The correct methoci is to use a tobit estimator that takes into account
the censoring of the sample in the first step.

Traditional tobit analysis assumes that the factors involved in censoring are
the same that explains the relationship conditional on observation. In this case,
however, the financing outcome may be influenced by several factors other than
time horizon which are included in the second stage. One method of estimation
is to use a two-step procedure as advanced by Heckman (1979) and amended
by Lee et al. (1980): The procedure is to first model the finance/not finance
outcome with a typical ma.;;i:m,u_n; likelihood probit estir.natt-)r. The predicted
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values are then transformed and included as a regressor in the second stage
stage, ¢ the density of a standard normal and & the cumulative normal, the
transformation.is simply ¢(#;)/®(9:). This variable is included as a regressor
because otherwise the expectation of the regression error in the second-stage
conditional on the other right-hand side variables is not zero. The non-zero
expectation leads o a classical omitted variables bias; including the Heckman
correction factor, ¢/®, clears up the problem.

The analysis, however, leaves out the decision to buy a car in the first place.
If borroyving constraints are important, that is, some consumers are denied_credit
because of observable characteristics or other factors, then some may want to
buy a car but cannot. This prior step in the decision process should also be
included in the estimation. It is excluded because not enough data is available
to explain the purchase decision in the first place. Most importantly, the data
on the characteristics of the vehicle people owned previous to the one they
Jjust bought is missing. This presumably is the most important element in the
decision to buy a new one. Therefore, the subsequent analysis, especially the
distributional assumptions, are all conditioned on buying a car in the first place.
Care must be given in interpreting the estimated coefficients.

The results from estimating the system are reported in Table 4a. The first
half reports the results from the first-stage probit analysis. The right hand side
variables include a dummy for whether the auto is used or new (Used; = 1), a
dummy for whether the consgm_er- owns a car which was financed in the past
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(Borrowed; = 1if s0), the ratio of incomié to the: piirchase price (Income;),
the ‘ratio of ‘existing liguid “assets, that is chécking accounts, savings accounts,
stocks' and bords, to' the ‘purchase ‘price "(Liquid;), a dumimy for whether the
consumer'is uriemployed (Uneémp; = 1), a dummy for ‘whetlier the family has
multiple th‘é"‘é‘ai'ners (Multearn; = 1), a dummy for whether the consumer
attended " college (College;=1),a dummy for whether the ‘consunier is ‘tétired
(Retired; ='1), & dumiily for whether the consumer is white (Wkite; = 1), a
dummy for ;?vhéth'er the consumer lives in a rural area (Rural; =1), a dummy
for whether the consumer is a female (Female; = 1), the number of members in
the family (Fmlsize;), ahd a constant’(Constant;).

The table suggests:that most of these factors explain the finance outcome.
Used cars are less likely to be financed than new cars, consistent with the evi-
dence in the Automotive News. Individuals with more financial assets or higher
income ate less likely to finance their purchases (Incomie & Liquid). The retired
also are less likely to finance. They presumably cannot earn a higher riskless
return on their assets as the loan rate, and they have the ability to pay for the
motor vehicle in full. Paying in cash saves them money. On the other hand,
the unemployed also are less likely to finance, which makes sense in some credit
rationing stories. Since these people do not have an expected high stream of in-
come in the future to pay off their debt, they are more likely to default. Suitably
modifying the model of the previous section by increasing the probability of the
worst s,:t'ate would -deliver this prediction. Lenders do not raise flle interest rate
to reflect this probability but instead refuse to lend at all. Multiple earner fam-
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ilies are'more likely to finance their ‘purchases, presumably. because they more
likely .can -absorb.some bad news. yet still make.their.car payments.

-Three other factors are.also significant or close to traditional levels. Being
white .comes in negative, which.is surprising given traditional redlining stories.
The white dummy may pick-up other wealth levels measured poorly by the
variables abp.vg. Owning.a car that one financed in the, past is also negative.
Again. a positive number is expected, but since this variable is one only if the
family owns.more than one vehicle, it too may be picking up wealth effects not
captured elsewhere. Finally, family size.is significantly positive. This may be
due to.the smoothing effects described above, or it may simply reflect younger
families that do ﬁot h_a,v.e the resources to pay in full at the time of the future.
Having attended college, living in a rural area or being female are insignificant.

Table 4b shows that 74.8% of the finance outcomes are correctly predicted.
This number comes from adding the number of families who did not finance their
automobiles and had an estimated probability less than .5 and the number who
did finance and had an estimated probability greater than .5 and then dividing
| by the total number of observations, 1,561. The pseudo R? (Maddala, 1983),
another goodness-of-fit measure that behaves like the traditional OLS R?, equals
.345.7

As for the second stage two equations are of interest. The first equation con-
siders the determination of the risk premium. In most models the risk premium

depends on the factors that affect the probability of default and affect the value

7 Its formula is Var($;)/(E($:) — E?(3:)).
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of the collateral in case of default. Variables such as Income;, Multearn; and
Ownhome; are taken as indicators of default risk, where 'dwnhome; is a dummmy
for whether the consumer owns their home. The higher the first two, the more
likely the consumer. will be able to make their payments. The last may also
reflect wealth that can be used to offset negative income shocks, and it also may
reflect a good credit rating, i.e. a smaller propensity to default. Variables such
as Downpayment; and Used; are related to the value of the automobile in case
of default. Downpayment; is defines as one minus the ratio of the principal of
the loan t'o the purchase price of the automobile. The higher the downpayment,
the lower is the principal to the value of the car. At any point in time, the lower
the prin.cipa.l—to—value ratio, the less the lender loses in case of default. If the
automobile is used at any time in the future, its depreciation may be worse than
the remaining principal due.
This analysis leads to the following specification
R} = a9 + a1 ContractLength; + a; Downpayment; + a3 Used;

+ a4lncome; + asMultearn; + agOwnhome; (6)

+ a7Othrerd; + asd(3:)/B(F:) + €.
The second to last variable Othrcrd; is a dummy for whether the consumer
obtained financing from some source other than an auto dealer or a financial
institution. One example of such a source is relatives who may not charge
market interest rates. The last variable is the Heckman correction. The contract
length is includéd to test if after controlling for other observable risk factors, the

contract length matters for the length of the risk premium, and more specifically,
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if it is positive.

Another.test is to consider the-determinants of the contract length itself.
The'model presented in the previous section suggests that those consumers who
have higher smoothing and prudence considerations will choose longer contract
lengths: Smoothing motives are related to the expected slope of future income.
Variables such as'Age; and Retired; are observable indicators. The younger the
consumer is, the more likely the income profile is upward sloped, and hence,
the more likely the consumer will choose a longer contract. If the consumer
is retired., the income profile is flat, and hence, the less likely the consumer
will choose a longer .contract. The:variable Famsize; ¢an be one measure of
both smoothing and prudence motives as the larger the family size, the more
commitments the consumer has. The family has other important expenses that
have to be made each period or that mmay arise stochastically in the.future. This
means the consumer is more ]ikely. to be squeezed in the future, and thus, the
consumer wants to limit the value of future payments. This leads to longer
contracts. In addition, the lower income is 'compé,red to the purchases price, the
more burdensome the monthly payment, keeping the contract length constant
is. These horizon factors may even be important in a model where signaling
default probabilities through the contract length is not important.

The suppliers of credit may also have some preferences on contract length.
As before Othrcrd; is included. In addition a dummy variable for whéther the
supplier of credit is an automobile company, Autocrd; = 1, if so. The evidence
discussed earlier from GMAC annual reports suggests automobile companies care
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about the contract length::The model-above may explain this preference, and it
may not. be different from the preferences of finance companies. If both finance
companies and auto financing -arms have the same preferences, then the slope
coefficient 0;1 this variable will be zero. One cannot rule out a priori, however,
that it is non-zero.
This discussion s‘_uggests the following regression:
ContractLength; = By + B1 R} + f2Used; + B3Income;

+ B4Age; + PsRetired; + fsFamsize; (7)

+ B70threrd; + s Autocrd; + B d)(@,-)/*i’(;&;) + €.
The risk premium is included to test whether the two are correlated after control-
ling for these factors. It may be positive because the higher R} is, the higher the
monthly payments are. Ceteris paribus the consumer will still want to smooth
the payments over time. It may be negative if the smoothing motive is already
controlled for and therefore weak, and the consumer wants to limit the financial
loss from paying a high premium. Most importantly, however, if there are other
determinants of the length that are missing because they are unobservable, the
correlation will still last. “The model of the previous section explicitly has an
unobservable variable, 1;, which helps determine the contract length. Leaving
variables such as 1; out of the regression equation leads to an omitted vari-
ables bias, which will preserve the positive relationship. The standard errors for
« in equation (6) and B in (7) are corrected for the inclusion of an estimated
regressor, as is described in Lee et al. and Lee and Trost (1978).

Table 5 shows the results from the two second-stage regressions where nei-
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ther regression is instrumented; the first half reports the results for (6), while
the second reports the results from (7). The corrected standard errors are large,
so firm conclusions are hard to draw. Still, it is clear that the risk premium
and contract length are positively correlated. Each enters positively and sig-
nificantly in the other’s regression. The downpayment may have some eﬁ'ectg
6n tilé r1sk1;rennum, and ‘f.ix.i:;.r;cing the vehicle through some other place than
a financial institution or the auto dealer significantly lowers the risk premium.
The standard errors on the other variables are so large that no other coefficients
is significantly different from zero. That the horizon variables are insignificant
in the second regression equation (7) is disappointing.

Ha;ving shown suggestive evidence that the contract length and the risk
premium are positively correlated, one may want to estimate a more structural
relationship. Running both sets of regressions suggest that one may want to
run instrument;.l variables. In the first equation instrumenting for the contract
length should still give a positive « if the equilibrium signaling conditions are
important. In the second equation, instrumenting for the risk premium also does
not alter the implications for a positive correlation. Lee et al. (1980) shows how -
to use two-stage estimation techniques in this-environment.

Table 6 reports the results from this IV estimation. It uses the exclusion re-
strictions implied by the simultaneous equations through two-stage least squares
to identify the parameters. As before the corrected standard errors blow-up so
that one cannot make strong conclusions. In the first regression the contract

length enters negatively and insignificantly. Nothing else comes in important.
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In the 'second régression the ¢oefficient on thé’risk premium is positive bt in-
significant. It is' 4150 the only variable that is closé to béing important. That the
other coefficients are inisignificant, as they are in Table'5, suggests identification

is problematical.-

4. Macroeconomic Evidence

Credit markets are an important element in the consumer automobile mar-
ket. In 1989:70% of automobiles bought were at least partially financed. Though
this figure fluctuates somewhat from year-to-year, in 1990 it was only 62%, it
has rem.ained between 60% and 70%:since the 1950’s.

Most. of the empirical and theoretical analysis considers the relationship
between the quantity of loans issued and its price, either the gross loan rate or
net of some risk-free rate. Figure 4 plots the average loan rate and the analogous
Treasury Note rate. Before 1983 the average rate reported is the annualized rate
for a three year loan, while after the 1983 the average rate is for a four year loan.
The Treasury Note rates before 1983 are three year rates, while after 1983 they
are an average of three and five year rates. The figure illustrates that while the
loan rates trace the general movements in the Treasury rates the year-to-year
movements in the loan rates are dampened relative to the Treasury rates.

Figure 5 illustrates this effect also. It plots both the spread between the
loan and Treasury rates and the Treasury rate itself. A regression of the changes
in the spread on changes in the Treasury rate yield a coefficient of —.917 with a
t-statistic of —15.129. This str‘oﬁg correlation suggests that variation in the
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difference between the two.rates does not arise solely in changes in default
risk. While there are several explanations why institutional considerations make
different financial assets less than perfectly substitutable (Kashyap, Stein and
Wilcox, 1991) and therefore helps explain the .correlation, one explanation why
auto loan rates do not move closely with the cost of funds is. that non-price
factors may help to clear the market.

One such non-price factor, considered above, is the length of the loan con-
tract. A few observations on the avc:age length stand out. First, Figure 6 shows
a strong upward trend in the average length of loan contracts for both new and
used .c_ars'. In 1974 the average contract on a new car lasted 35.7 months; in 1990
the avefage contfact lasted 54.6 months. An interesting side question discussed
a bit earlier is the reason for the upward trend. Weber (1984) suggests auto-
mobiles hold their value better, and therefore, creditors are better protected.
Holding everything else equal, loans can be longer because the collateral is more
valuable. The model above confirms this effect. I digress in order to suggest
that the trend in contract lengths is immediate evidence that some of the fac-
tors discussed above are at wérk. Note that this trend in the contract length is
not offset by increases in the average downpayment (Figure 7). In fact a simple
regression of the downpayment on a constant and a f;rend yields a significant,
negative coefficient, though only 18.5% of the variation is explained, which is
small.

The above model and discussion suggeésts the following empirical specifica-
tion. As i__n'the microeconomic section consider two equations, one for the aggre-
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gate risk premium; one for:the average contract length. For the risk premium,
riskless: Treasury securities and consumer loans may be iinperfect investment
substitutes as discussed in Kashyap etal. (1991). Thus, the riskless rate Ry,
should be included. - Second, there may be variation over tiine in the default
probabilities of individuals due to aggregate conditions. As a proxy for expected
default probabilities in the_ future, I use the expected growth rate in consumption
over the next three or four years (ConsmpGrowth,). Current conditions may also
matter, and thus, I include a recession dummy, Recess;. Finally, movements in
the average downpayment also may effect the risk premium.

Let M, denote the maturity of the loan, R} the risk-premium; that is the
averagé auto loan rate minus the appropriate Treasury Note rate (three years
before 1983:1 and the average between three and five years after 1983:1) and
Dum83; a dummy variable equal to one if ¢ 2> 1983:1, zero otherwise. The

equation for the risk premium is:

R} = oo 4+ a; M, + azDownpymt, + a3 ConsmpGrowth, + asRg,

(8)
+ asRecess; + agDum83; + ¢ -

The average maturity M, is included to test whether it is important after con-
trolling for these other factors.

For the average maturity, some of the same variables used above are in-
cluded in the second equation. Business cycle conditions may effect the choice
of maturities. If the future is expected to be good compared to current condi-
tions, consumers may want to pﬁsh the burden of loan payments in the future
by choosing long contracts. Current conditions may also affect the maturity
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choice for the ‘same reasons. To account for these smoothing and risk effects,
the expected EOnS'ﬁI?iptio’h growth rate, a recession dummy and the ratio of the
value of ‘the loan to per-capita income P;/Y; are included. In addition, as is
obvious from an examination of Figure 6, the average contract length has in-
creased stéadily. Weber (1984) suggests increases in the value of collateral help
explain this‘trend. A trend term is included to account for these effects.
The equation for .t'he average maturity is
My = By + f1R; + +PB2ConsmpGrowth; + 3t + B3Recess,
| (9)
+ Bs P/ Ye + 17"
As before the risk premium is included in order to test its relevance after other
factors are accounted for.

Using a rational expectations argument, one can include the realized real
interest rate and the realized growth rate instead of the expected rates as long
as one instruments for the expectation error in the realized rates. Any variable
dated at ¢ or' earlier is appropriate. Thus, the variables used to instrument for
consumption growth are the contemporaneous and past six, one-month growth
rates in consumption. The instruments used for the expectation error in re-
alized inflation, are the current, appropriate nominal Treasury Note rate and
the contemporaneous and past six one-month inflation rates in the consumption
deflator.

Because of the serial correlation implied in the use of overlapping data
(Hansen and Hodrick, 1980), a GLS estimation procedure combined with the
optimal instruments technique of Hansen (1982) is used. The procedure takes
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two,steps., First, the coefficients are estimated using OLS. The asymptotic co-
variance matrix of the residuals with the instruments is calculated using the
technique of Newey and West (1987) to ensure positive definiteness. 48 lags
are used; more lags do not gh_a,nge_: the coefficient estimatgs but do im-prove the
standard errors. The reported results u'su'ally have the smallest t-statistics in
absolute value. This asymptotic covariance matrix is then used as part of a GLS
estimator in the second step.

Table 7 reports the estimation results from (8) and (9), when the maturity
and the risk premium are not instrumented; 7.e. the implied simultaneity of
(8) and (9) is not accounted for. In the first equation the maturity is positive
and significant. Raising the length by one month raises the premium by 28
basis points after controlling for other factors. I interpret this as evidence for
the effects discu§sed above. The real interest rate is 'sign_i-ﬁca.nt and negative.
Increasing the real interest rate by one percentage point decreases the risk pre-
mium by about a half, suggesting the supply of credit is still important. Note
that this estimated eﬁ'ectvis smaller in absolute value than simply regressing
R} on the nominal T-Note rate. The expected growth rate in consumption is
positive and significant. While the above story suggests this effect should be neg-
ative, it is important to note that thi,s. procedure does not identify demand and
supply curves. The positive relationship may reflect credit supply factors not
full captured in the real interest rate. The coefficient on the recession dummy
is positive and significant, sgggesting a higher risk premium by 73 basis points.

The downpayment is also positive and significant. If all of the otheri effects
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were controlled; ‘one would expect this'coefficient would be negative. A higher
downpayment, however; may' be indicative of higher risk factors not controlled
for ‘elsewhere and-not fully offset by higher downpayments. In other ‘words,
when ‘default risk is high; the equilibrium risk premium and the dowhpayment
may be jointly higher. Oneé sii¢h risk factor not fully accounted for elsewhere is
compositional effects. The number of credit worthy individuals who ask for and
receive loans may vary over time. Such variation may be reflected both in the
risk premium and in the downpayment.

Thé .'secor:ld equation suggests some of the same effects. The risk premium
enters positively and significant, though its effect is economically small. As
before the growth rate in consumption has the opposite sign expected, as does
P;/Y;. These may also be due to compositional effects. The recession dummy
is positive, as expected, but it is insignificant. The trend term is of course very
important.

Table 8 reports the results from estimating the same equations (8) and (9),
except this time the maturity and risk premium are instrumented. _The exclusion
restrictions provide identification. The first equation, when the risk premium
is the dependent variable, is hardly affected by instrumenting. The coefficient
~on the maturity length increases by only 4 basis points. Presumably, this is
because the risk premium has such a small effect on the maturity length in the
second equation. All of the other variables are not qualitatively or quantitatively
altered.

.The second equation, when the maturity length is the dependent variable,
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on the other hand, is.somewhat affected by instrumenting. The coefficient on
the.risk.premium becomes negative, and nearly significant at conventional levels.
The economic importance of the effect, however, is still small. Increasing the
risk premium by a full. percentage point, decreases the average contract length
by only .06 months. The coeficient on ConsmpGrowth, is a bit closer to zero,
while the coefficient on P,/Y; is even more negative. Both are still significant.

The coeficient on the recession dummy is zero for all practical purposes.

5. Conclusion

The paper suggests that in an environment where bprrowing constraints for
nondurable consumption is .im.port‘a_nt, consumers will ha.w_/e Preferenc_es over non-
price terms in their auto loan contracts. Attitudes towards risk, intertemporal
smoothing and default affect the choice of contracts. In equilibrium lenders take
these preferences in account, building the implied set of default rates in the
offered term structure of loan rates. Heterogeneous agents separate themselves
by chposing different combinations of interest ra.feé and contract lengths. Some
microeconomic and some macroeconomic evidence is presented that non-price
terms influence the equilibrium contracts offered and accepted. One non-price
term emphasized in this paper and neglected elsewhere is the contract length.
The paper offers that the fact that the contract length matters has implications
that reach farther than durable credit markets: consumers have to take costly
measures to smooth nondura.l.:)le consumption.

The next step of the analysis is to test what aspects of individual loans move
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to produce rﬁovements in aggregaté series:-One hypothesis is that the terms of
most contracts move over-time because of aggregate risk factors or the supply
of credit. Some E{ridéﬁéé in the macroeconomjc section such as the recession
d_um_m); ,s_u.ggest,_;‘ t.h.a.t.. aggregate varié.blqs that,na.ﬁ'e.ct- aﬁ individuals are impor-
tant. A different hypothesis is that individual contracts do not change as much
but that the mlx of 1nd1v1duals requestip‘g‘ and receiy.i..xlig loé.ns does move due to
aggregate circumstances. Such a hypothesis may explain the otherwise anoma-
lous results on some of the macroeconomic variables such as the consumption
growth ;gtc and the average downpayment. An analysis of the terms of indi-
vidual loan contracts over time should shed light on the amount of information
that He; in aggréga.te series such as average contract lengths and average inter-

est rates that are presented in Section 4. The relationship among movements in

default rates, contract lengths and interest rates are of primary interest.
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At Table '-3'5 ..,‘Eéy;ill,:ib'rium.zlisesul,.ts

Defaulters 2-period- if
Ya

Non-Defaulters 2-period if
' Yn
Rpg,

€ [.001,3.000] v € [~.5000,.0000)

4 € [.002;3.000] v € [~.5000,.0000]
095 400

p € [.012,1.644] v € [~.0692,.0000]
1.194 879

1.023 1.024

s € [~1.500,1.500]

s € [-1.500,1.500]
407

s € [-1.500,1.086]
965

1.023

Notes:

1. Other parameters values are: a = .8, f = .99, Ry = 1/8, K = .992, 6 = .5, A = .25, yo = 0.0,
pr = .25, pm = .60, and the base cases for income are y; = 2.225, yap = 5.00, y2m = 1.50,

ya2r = .50.
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Notes:

Table 4a: First-Stage*(Probit)-Results

Coeff.
Used -.857
Borrowed -.366
Incothe -.048
Liquid -.069
Miltearn .395
Unemp -.123
College 041
Retired -.514
White -.209
Rural .023
Famsize .086
Female .101

Constant 989

Std. Err.

.084
078
.004
024
097
161
078
.149
131
.098
030
107
175

t-stat

-10.170
-4.711
-11.221
-2.832
4.089
-.763
523
-3.448
-1.592
233
2.899
947
5.653

Table 4b: First-Stag'e (Probit) Results

pr. < .5 pr. > .5
Paid in Cash 556 : 219
Borrowed 174 612
‘Total 730 831

total

775
786

1561

1. Dependent variable equlas Finance=1 if car was financed.
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! Table5:"Se¢ond:Stage Resiilts '~ -

Dependent Variable = Risk Premium

Coeff. Std. Err. t-stat
Cntrlngth .188 .045 4.150
Downpymt .018 .021 .866
Constant -.026 .100 -.261
Used 040 .058 697
Income .001 .605 .001
Multearn -.004 .078 -.046
Ownhome .002 .075 .028
Othrerd -.034 .012 -2.948
Heckman .007 061 117

Dependent Variable = Contract Length

Coeff. Std. Err. t-stat
Riskprm .521 207 2.518
Constant 531 3.040 175
Used -.104 1.783 -.058
Age -.000 127.553 -.000
Retired .003 .594 .005
Famlsize .003 10.454 .000
Ticome -.006 18.747 -.000
Othrerd -.024 .186 -.128
Autocrd .016 815 .020
Heckman 221 1.271 174

Notes: ‘
1. Standard errors are corrected for the estimated Heckman correction, as described in Lee et al.
(1980).
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Table 6: Second-Stage Results — Instrumented
Dependent Variable = Risk Premium
Coeff. Std. Err. t-stat
- Cntringth -.132 512 -.257
: Downpymt -.012 - 177 -.065
B Constant 152 1.052 .144
Used .009 611 .014
Income -.001 6.414 -.000
Ownhome .007 791 .009
Multearn 002 827 002
Othrerd -.049 .065 -.743
b Heckman .076 441 171
: .
Dependent Variable = Contract Length
. Coeff.  Std. Err. t-stat
Riskprm 1.847 2.213 835
i Constant 443 2.699 .164
Used --.126 1.581 -.080
A Age -.000 113.070 -.000
Retired 025 528 047
Famlsize .002 9.267 .000
Income -.005 16.618 -.000
Othrerd 035 .192 181
Autocrd .019 722 .026
: - Heckman 196 1.128 174
i3 - -
Notes: . .
1. Standard errors are corrected for the estimated Heckman correction, as described in Lee et al.
:
2 2. The instrument technique is two-stage least squares applied to the the risk premium and the
i contract length. ' '
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Table 7:. Aggregate ‘Time Series Regressions

Dependent Variable = Risk Premium

Coeff. Std. Err. t-stat
Contract Length 276 .032 8.711
Down Payment .283 .048 5.910
Consmp Growth .249 .055 4.515
Ry -.520 .033 -15.764
Recession 732 275 2.661
Dum83 -.920 .534 -1.724
Constant 15.266 4.510 3.385

Dependent Variable = Average Maturity of New Cars

' Coeff. Std. Err. t-stat

Risk Premium . .078 .029 2.706

. Consmp Growth -.264 .050 -5.302

Trend 111 .002 50.540

Recession 290 239 1.213

P, /Y: -3.725 2.234 -1.667

Constant 37.732 1.578 23.907
3 Notes:
1. Each regression uses the right-hand side regressors as instruments except for £y and Consmp
i Growth. Instruments for Ry are the nominal 3-month Treasury Note rate and the contempo-

rary and the last six one-month inflation rates in car prices. Instruments for Consmp Growth
are the contemporary and last six one-month growth rates in consumption.

i 2. The estimation procedure uses Hansen’s (1982) estimation procedure though ammended given
- the results of Newey-West (1987) with 48 lags. The time length is 1973:8 1987:11.

3. A test of the overidentifying restrictions yields a x%, = 4.236 for the first regression with a
3 p-value of .994 while x2 = 2.630 for the second regression with a p-value of .854.
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Table 7: Aggregate Time Series Regressions — Instrumented

Dependent Variable = Risk Premium

Coeff. Std. Err. t-stat

Contract Length .323,. . . ,.016 . 19.616

Down Payment Co el fpag R 6.303

Consmp Growth :¢280. " .036. ' 7.674

Dum83 1253 7 sl -4.464

Ry - 561 022 -26.040

Recession 714 .138 5.176
Constant 14.782 4.816 3.531

- Dependent Variable = Average Maturity of New Cars

, Coeff. Std. Err. t-stat

Risk Premium -060 . .037 -1.631
ii Consmp Growth -.193 .016 -11.867
P Trend 108 002 65.380
f Recession .044 119 .372
P./Y, -5.199 1,372 -3.788
. Constant 39:073 994 39.306

Notes:

1. Each regression uses as instruments a constant, a'trend, Dum83, the nominal 3-month Treasury
Note rate; .the contemporary and the last six one-month inflation ratés in car prices, the
contemporary and last six one-month growth rates in consumption, the recession dummy, and
P,/Y;. In addition the downpayment is included as an instrument when the risk premium is
the dependent variable.

2. The estimation procedure uses Hansen’s (1982) estimation procedure though ammended given
the results of Newey-West (1987) with 48 lags. The time length is 1972:8 1987:11.

3. A test of the overidentifying restrictions yields a x%, = 4.248 for the first regression with a
p-value of .994 while x3, = 3.835 for the second regression with a p-value of .996.
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APPENDIX A: EQUILIBRIUM CONDITIONS

To calculate and ensure the equilibrium described above, one must verify
that certain conditions are met. There are seven:
1. Find the savings rules of consumers in period 1. Let A4 denote the savings
of consumers in period 1 who have two-period contracts and will default in
2l; let A, denote the savings of consumers who have two-period contracts
and do not default; let A; denote the savings of people who sign one-period
contracts and do not default; and let A} denote the savings of people who

default in period 1. These values solve the following first-order conditions:

U'(yy — Rp, K — A;) = BRs[prU'(yp + RyA1) + pmU'(yq + Ry A1)
+ pU'(y1 + Ry Ay)]
U'(ys — A3) = BR [paU'(un + Ry A7) + Pl (v + Ry A5)
+pU'(yi + Ry A37)] |
U'(y1 — An — P) = BR;[paU"(yn + RAn — P) + prU'(ym + Ry An — P)
+pU'(y1 + Ry An — P)]
U'(y1 — Aa — P) = BRs[pnU'(yn + RgAd — P) 4+ pmU' (ym +RfAd - P)

+ pU' (w1 + RsAd)].

2. Find the conditions on v to ensure some default in state 2! while others do

Et not, and that none default in state 2m:
U5(0) + U(yi + RsAa) > Us(c’K) + U(y1 + Ry Aa — P)

UL(0) + U(y + RyAn) < UX(a?K) + Uy + Ry An — P)
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where 4, = A,, or Ay.
3. Find the conditions on % so that none default in 2:
(1+B)UH0) + U(yr ~ A7) + BEU(y2 + R A7)
< U*(aK) +BU*(a®K) + U(ys — Rp, K — 4;)
+BEU(ys + Ry A1)
<U*aK)+BU*(a*K) + U(y: — P — A,)

+’ﬂEU(yz + .R'fo~ -P. 1[p2]).

4. Find the conditions such that consumers choose to pay in 1 orin 1 and 2 for

defaulters and non-defaulters. T_héy pay the entire loan off in 1 if:
U(y1 — R, K — A1)+ BEU(y. + Rg A1) 2 U(y1 — P — A;)

+ BEU(y2 + ReA, — P. l[p,]).
5. Find the conditions on yp so that consumers do not make any downpayments:

U'(yo) > BRB,U'(y1 — Rp, K — 4,)

U'(yo) > 1BRB,U'(y1 — P — A.).
6. Check to make sure selling isn’t better than defaulting in period 2I:

P/K > o*(1 - ))

7. Find Rp, consistent with ¢ and « as given in (2) and (4).

Computationally, to find the equilibrium, one first picks an arbitrary Rp,,
EB, and calculates the optimizing behavior of individuals taking the loan rates
as given. This induces default probabilities and one calculates what the loan
rates should be given consumer behavior. - This leads to a different rate, Rp,.
Then one sets ﬁg, = R'B,, and proceeds in this fashion until convergence is
achieved, that is until ﬁg, = ﬁg,, which is rapid.

196




e s ——

ey

Appendix B: Data Sourees

The microeconomic data is from the Consumer Expenditure Survey, 1985,
and it is described in an aﬁpendix to the second chapter on data or in the text
to this chapter.

The prices of discount bonds are calculated from McCulloch (1990). Mec-
Culloch reports interest rates for 1-6 month bonds, 9 mmonth bonds, and 1-5 year
bonds. Interest rates for interim months are linear interpolations from the two
closest interest rates on either side. Let r(%,s) denote the interest rate on a bond
at time ¢ that pays 1$ at time s that McCnlloch reports, and let ¢(t,s) denote
the price of that bond. Then Pr,s = e"”""“‘)/”“b. The interest rate is mul-
tiplied by (s — ¢)/1200 because McCulloch lists annualized rates in percentage
terms.

As 'for the macroeconomic data, the auto loan rate data is from Data Re-
sources Incorporated. Three and five year Treasury note rates, real and nominal
aggregate consumption, new car price deflators, and per-capita income come
from Citibase. Per-capita income is calculated by dividing disposable personal
income (GMYD) measured in th'ous;nds of dollars, seasonally adjusted, divided
by the resident population (POPRES), also measured in thousands. Agé;egate
contract lengths, downpayments and nominal values of loans are averages for

auto financing companies and are from the Federal Reserve Board. Contempo-

_ raneous values are reported in the Bulletin. Real loan values are deflated by the

new car price deflator.




