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Abstract

The tribology of the ball and socket on the connecting rod in a swash plate engine
is studied in the hydrodynamic regime. The engine operates at 1390rpm with an
axial load on the rod as high as 1 x 10*N. The instantaneous load and kinemat-
ics from a previous study for a swash plate engine was used as the input. The ball
and socket were assumed to be smooth surfaces. Starting with Reynolds’ equation
in spherical coordinates, the pressure was solved for and integrated over the surface
area of the socket to calculate the force exerted on the rod. This force was matched
to the input load force by adjusting the ball-socket clearance using a search algorithm
provided by the software MATLAB. The calculation proceeded until the minimum
clearance point approached the oil hole; the oil hole did not support the pressure so
that hydrodynamic lubrication failed. Then, the dissipated friction power due to hy-
drodynamic shear was calculated over the range of crank angles where hydrodynamic
lubrication applied. Results show that the dissipated power is essentially negligible.
The frictional coefficient is on the order of 1 x 107%. As the minimum clearance point
approaches the oil hole, the clearance between the ball and socket comes within the
asperity of the surfaces and there is a presence of boundary lubrication, which is
outside the scope of the present study.

Thesis Supervisor: Dr. Wai K. Cheng
Title: Professor, Department of Mechanical Engineering






Acknowledgments

The author would like to thank Dr. Wai Cheng for his tremendous guidance and con-
tributions as thesis advisor in the Sloan Automotive Laboratory. Acknowledgements
are given to the fantastic administrative staff at the Sloan Automotive Laboratory
and in the Mechanical Engineering department, for their support and unwavering
assistance.

This research was funded by the Naval Undersea Warfare Center, Division New-
port (NUWCDIVNPT) Fellowship Program. The author wishes to thank Dr. Vit-
torio Ricci (Chief Technology Officer, NUWCDIVNPT), Mr. Hector Lopez (head,
Weapons, Vehicles, and Defensive Systems Department, NUWCDIVNPT), Mr. Ryan
Lord (head, Undersea Vehicles Propulsion & Energy branch, NUWCDIVNPT), and
Dr. Joseph Fontaine (NUWCDIVNPT) for their support, encouragement, and en-
dorsement for the Fellowship Program. The author is grateful for having been given
the opportunity to participate in this program.

The author would like to thank Mr. Raymond Roberts, as industry project advisor
at NUWCDIVNPT, for his outstanding dedication and contributions to this project.

As a final note, the author would like to thank her grandfather, Mr. Joseph A.

LiVolsi Sr., for his invaluable commentary and opinion on this work.






Contents

1 Introduction
2 Lubrication Model

3 Kinematics
3.1 Coordinate System Definition . . . . . . .. .. ... ... ... ...

3.2 Transformation Matrices . . . . . . . . . . ..
4 Dynamics

5 Numerical Analysis
5.1 Initial and Reference Conditions . . . . . . . .. ... ... ... ...
5.1.1 Eccentricity Parameter . . . . . .. ... .00
5.2 Velocity in polar coordinates . . . . . . . ... .. Lo
5.3 Force . . . . ..
5.4 Poisson’s Equation . . . . ... .. 0oL

5.5 Dissipated Power . . . . . . . . .. ...
6 Results
7 Conclusion
Bibliography

Appendices

13

17

23
23
25

27

31
31
33
36
38
38
42

45

55

57

58



Transformation Matrix from Cartesian to Polar Coordinates

Poisson Solver

B.1 Matrix Formulation . . . . . . . . .. .. ... ...

B.2 Fractional Step with Periodic Boundary Conditions

Dissipated Friction Power

59

61
65
67

71



List of Figures

6-1
6-2
6-3

6-5
6-6
6-7
6-8

Swash Plate Engine Drive Line Assembly . . . . . . . ... ... ... 15
Nomenclature for Reynolds’ Equation in Spherical Coordinates . . . . 18
Eccentricity . . . . . .. .o 19
Coordinate Systems . . . . . . . . . . ... 24

Dynamics on Connecting Rod, reprinted with author’s permission from

reference [3|. Forces are in BCS. . . . . .. ... ... ... .. ... . 28
Calculation of 0y . . . . . . . . . . ... 34
Eccentricity for any Arbitrary point A . . . .. ... ... 35
Eccentricity without e, Offset . . . . . ... ... ... ... ... .. 36
Eccentricity without e, Offset . . . . . . . .. ... ... ... .... 37
Angle between BCS and SCS z-axes . . . . . . . ... ... ... ... 38
Force on Ball in Socket Coordinate System (N) . . .. ... ... .. 46
Minimum clearance (<) . . . . . . ... oo A7
Maximum Pressure as a Function of Crank Angle (-) . . .. ... .. 48
dW, Spatial distribution at Crank Angle 6 degrees . . . . . . . .. .. 48
dW, Spatial distribution at Crank Angle 6 degrees . . . . . . . . . .. 49
dW; Spatial distribution at Crank Angle 6 degrees . . . . . . . .. .. 50
dW, Spatial distribution at Crank Angle 6 degrees . . . . . . . . . .. 51
dW Spatial distribution at Crank Angle 6 degrees . . . . . . . .. .. 52
Pressure Contours . . . . . . . . . . ... 52



6-10 Pressure Gradient in @ direction for Crank Angle 6 Degrees . . . . . .

6-11 Pressure Gradient in ¢ direction for Crank Angle 6 Degrees . . . . . .

A-1 Polar Coordinate System Against Cartesian

10



List of Tables

4.1

5.1
5.2
5.3

C.1
C.2

File Format for Results from reference [3] Dynamic Analysis at Point C 29

Input Parameters . . . . . . . .. ..o L 32
Reference Parameters . . . . . . . . . .. ... 32
Dirichlet Pressure Boundaries . . . . . . . . . . .. .. ... ... .. 33
Boundary Conditions . . . . . . . ... ... oo 71
Non-Dimensional Parameters . . . . . . . .. . . . .. ... ... .. 73

11



12



Chapter 1

Introduction

The concept of a swash plate mechanism was developed in the early 1900s by English
inventor Anthony George Maldon Michell. Michell was an inventor specifically study-
ing lubrication and bearing development; he successfully obtained several patents for
hydrodynamic bearings. He developed his patent for the "Crankless Engine" in 1928
[1], which relied on contact "slippers" between the piston and the swash plate. The
concept for application to automobiles did not become widely popular due to the
amount of precision needed in manufacturing, even though the resulting engine was
extremely compact and more efficient than the conventional crank engines at the time
[2]. The tolerance needed for the design was uncommon for standard manufacturing
processes and the benefits were not considered to be advantageous enough to warrant
replacing established practices. The swash plate mechanism can most often be found
in pumps, compressors, rotor systems, and occasionally engines.

Swash plate engines are used in applications that require compact packaging. Ball
and socket joints appear in many physiological applications and mechanical devices.
For the latter, an important application is in power transmission, for which a prime
example is the swash plate mechanism. The mechanism uses the ball and socket joint
to translate rotational motion into linear motion. The associated loads are much
higher than what would be seen in biological applications. There has been much
research and improvement on the ball and socket joint for physiological applications

such as human joints, and the frictional forces are well defined. The amount of
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research that has been done to characterise the frictional dissipation in a swash plate
mechanism is sparse. This thesis is a study of the friction in a swash plate engine
at the ball and socket joint. For this study, the geometry of the wobble plate engine
was taken from Roberts [3], reference figure 1-1. The output mechanism of a swash
plate engine consists of four main parts: the connecting rods to the pistons, the
wobble plate, which holds a socket joint to the ball- end of each connecting rod, the
swash plate, and the drive shaft. A kinematic study in chapter 3 describes the whole
system in reference to a set of inertial coordinates. A dynamic analysis in chapter
4 incorporates the piston force and inertial forces into the overall forces acting on
the ball and socket joint through the kinematics. The kinematics and dynamics were
performed in conjunction with Roberts’ work, [3]. The engine simulation that was
created in Roberts” work was used to supply the loads and speeds associated with the

ball and socket joint in this analysis.

Figure 1-1 shows a cross sectional view of the wobble plate and piston mechanism
that was considered in this study. The swash plate (2) is keyed at an incline to the
drive shaft (1), and rotates with the drive shaft. The wobble plate (4) is separated
from the swash plate by a roller thrust bearing (3). The wobble plate is prevented
from rotating about the drive shaft by the cam follower (5), which translates in a
groove of the engine housing (not shown). The cam follower restricts the wobble
plate movement to a linear up-and down motion as the drive shaft goes through a

revolution.

For a 6-cylinder engine, there are six pistons connected to the wobble plate via
the connecting rods using ball- and socket- joints. Each piston head (9) has a socket
connecting to a ball joint, which is screwed to the connecting rod (8). The other
end of the connecting rod is screwed to another ball joint (7) that interfaces with the
wobble plate. Each ball joint on the wobble plate sits in a socket (6), which has a hole
in the bottom face to allow for oil passage. It is desired to know and to characterize
the friction and lubrication regime between the ball and socket joint. Characterizing
the lubrication and frictional behavior in the ball/socket joint will aid the design

of future engines. For smaller engines, the frictional force is significant, due to the
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Figure 1-1: Swash Plate Engine Drive Line Assembly

smaller size of the ball joint and corresponding higher stress level. In the following,
a lubrication model was used to calculate the lubricant film thickness and associated

friction in the ball/socket joint on the wobble plate.
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Chapter 2

Lubrication Model

The lubrication film flow between the ball and the socket was formulated in spherical
coordinates [4]. In the hydrodynamic lubrication regime, the Reynolds equation for

an incompressible fluid is

.0, h3OP d h*oP 0
smé’%(smé’gw) + 3_¢(E8_¢> — GRSZHQ[%(SZTLQ - uh)

0 oh
— 12R?%sin20— =
+a¢(vh)] R*sin 0815 0

(2.1)

Reference figure 2-1. Here, 6 and ¢ are the polar and azimuthal angular coordi-
nates; P is the local pressure; p is the kinematic viscosity of the lubricant; and R is
the radius of the socket. The relative velocities between the ball and socket are u and
v respectively in the 6 and ¢ directions.

The instantaneous relative velocity between the ball and socket was calculated
from the angular velocity of the ball relative to the socket. The values for the relative
angular velocity were supplied from the engine simulation by Roberts. The socket-
to-ball clearance, h, was assumed to be small in comparison to R.

The %(sin@ -uh) + %(vh) expression is interpreted as the "wedge" term repre-
senting the contribution of the relative tangential velocities; the sinQQ% expression
is interpreted as the "squeeze" term representing that of the relative normal velocity.
Point O’ in figure 2-1(a) is the center of the ball, and point O” is the spherical center
of the socket. The coordinate systems, [X',Y’, Z] and [X",Y", Z"] are for the ball
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and for the socket, respectively, and will be discussed further in chapter 3.

Point A is an arbitrary point on the spherical radius of the socket. Point B is
the projection of point A on the X” —Y” plane, to show the angle ¢ measured from
the X" axis. [ép, €r, €,] are the spherical unit vectors for the 6, R, and ¢ directions,
respectively. Figure 2-1 is not drawn to scale. Figure 2-1(b) shows a cross-sectional
view of the ball and socket joint, which is the interface between items (6) and (7) in
figure 1-1. The variable, h, represents the film thickness. R, and R are the radii of
the ball and socket, respectively. The vector R shown in figure 2-1(a) is the average of
the radii of the ball and socket, which will be discussed in chapter 5. The gap between
the ball and socket illustrated in figure 2-1(b) is flooded with oil with viscosity p. The
center of the oil hole is shown as the gap in the socket, through which the Z” axis

passes.

(a) View 1 (b) View 2

Figure 2-1: Nomenclature for Reynolds’ Equation in Spherical Coordinates

The clearance between the ball and the socket was assumed to be fully flooded.
The lubrication film thickness, h, was determined by the small offset of the center of
the ball to the socket. The offset may be defined by an offset e, in the axial direction,

and a radial offset of e, on an azimuthal plane at an azimuthal angle, ¥). Then, for
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h << R, h was given by:

h =c¢— e,cosl — e.cos(¢d — 1)sind (2.2)

where ¢ was the difference between the radii of the ball and the socket. The derivation
of equation 2.2 is discussed in chapter 5, using general angles. Figure 2-2 illustrates
an exaggerated eccentricity offset between the ball and socket. R, and R, are the
radii of the ball and socket, respectively. The vector, €, is composed of both the axial
and radial eccentricities, e, and e,., offset at angle ¥. Figure 2-2(a) shows the center
of the ball, point O’, offset from the spherical center of the socket, point O”. Figure
2-2(b) shows the angular offset of the two centers, 1), with reference to the socket
coordinate system. The eccentricity parameter is discussed in more detail in chapter

5. Note that figure 2-2 is not drawn to scale.

Socket 4
Q
O” l‘l) X”’
Z”’
Y”’
(a) Radial and Axial Eccentricities (b) ¥ with Z” axis into the page

Figure 2-2: Eccentricity

The value for h, defined by the value of the eccentricity parameters, ecc =
(e,,e,1) was unknown. At each point in time, a guessed value for ecc was first

used to find h. Then, from equation 2.1, P(¢,0,t) was found. The hydrodynamic
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forces, F , in each direction created by the pressure field were calculated by the fol-

lowing equations:

2 5

F,=R? / / P(¢,0,t)sin*0cospdfde (2.3)
0 Jeo
2 5

F, = R2/ / P(¢,0,t)sin*0cospdfde (2.4)
0 Joo
27 3

F, = RZ/ / P(¢,0,t)sin*0cospdfde (2.5)
0 Joo

The applied force from Roberts’ engine simulation in reference [3] was compared
to the calculated forces from this dynamic analysis. If the values were not equal, the
eccentricity vector was adjusted to calculate the film thickness, h, in equation 2.2.
The pressure distribution in equation 2.1 was recalculated for use in equations 2.3,
2.4, and 2.5.

The domain for equation 2.1 was taken as 6y < 0 < 5 and 0 < ¢ < 27. The
value of 0y defined the boundary of the oil hole. The extent of the fully flooded
region in the clearance was not known. The upper boundary of # was set at the top
of the ball seat cap, 5. Since the movement of the connecting rod did not make a
large inclination angle with respect to the socket, it was assumed that the high stress
region was confined to the vicinity of the bottom oil hole. Therefore, the contribution
to the overall friction for values of § >> 6, was not expected to be large.

The boundary conditions for Reynolds’ equation for P in equation 2.1 were peri-

odic in ¢, with Dirichlet boundaries in 6.

P = Oil Pressure 0 =6,

P = Crank Case Pressure | § = 5

In addition to the oil hole at the bottom of the socket, there was another oil hole in
the connecting rod ball to feed oil to the piston ball/socket joint. The most significant
impact of this second hole on the ball /socket tribology was that the area formed by
the union of the two holes coincided at the feed oil pressure, and therefore would

not be able to support the joint load; the joint load required a high oil pressure.
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Including this second hole in the model was complex because the geometry did not
fit easily into the polar coordinates, and it was a function of time as the ball slid
around the socket. Therefore, only the oil hole in the socket was accounted for in the
current study. It was anticipated that the calculated ball-joint friction would thus be
somewhat underestimated.

The model assumed full hydrodynamic lubrication throughout the entire domain
of 8 and ¢. However, it was anticipated that at some point in the engine cycle the two
surfaces would come into contact with each other. This would occur especially when
the relative velocity between the ball and the socket was low, or when the position of
the minimum ball-socket clearance approached the oil hole. The oil hole would not
support high pressure; the lubrication film could break through (h < 0). The friction
in the contact region depended on the deformation and roughness of the two surfaces,

and its treatment was beyond the scope of this work and was left for future study.
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Chapter 3

Kinematics

The kinematics were performed in conjunction with Roberts’ engine simulation in
reference [3|. The following is only a brief summary of the cited work, to provide
context to the information provided by the engine simulation. A full description of

the kinematics of the swash plate mechanism is included in the cited work.

3.1 Coordinate System Definition

Several coordinate systems were defined to analyze the kinematics of the system; the
ball coordinate system (BCS), the socket coordinate system (SCS), the Wobble Plate
Coordinate System (WPCS), and the Inertial Coordinate System (ICS). The relevant
coordinate systems are shown in figure 3-1. It should be noted that the origins of the
SCS and the BCS have a separation that is on the order of (R, — Rp) ~ 1 x 1075m.
The ICS z-axis, denoted Z, was defined as the centerline of the drive shaft, in the
direction of the swash plate. The x-axis, X, was defined as perpendicular to Z and
in the plane defined by the cam follower. The y-axis, Y, was dictated by the right
hand rule:
Y =2ZxX
The origin of the ICS was defined at the intersection of the centerline of the wobble

plate and the z-axis.
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The BCS and the SCS were defined relative to the ICS. The BCS z-axis, denoted
Z', was along the centerline of the connecting rod in the direction of the wobble plate.
The BCS x-axis, denoted X', was on the Z — X plane and was perpendicular to Z'.
The Y’ axis was again dictated by the right-hand rule.

In a similar way, the origin of the SCS was at the spherical center of the socket.
The z-axis of the socket, denoted Z”, was along the line connecting the centers of the
socket and the oil hole, perpendicular to the surface of the wobble plate. The X"
axis was parallel to the centerline of the cam follower. Y” was defined again by the

right-hand rule.

[ e

~
[ A
e,

.

/_%

»4%

Figure 3-1: Coordinate Systems

From Roberts’ engine simulation, the ICS was used to determine the relative
velocity between the BCS and the SCS. A transformation matrix was derived that
converted the BCS into the SCS via the ICS. The inertial forces associated with the
components were calculated from the masses and the accelerations obtained from

differentiating the velocities.
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3.2 Transformation Matrices

Roberts’ report identified transformation matrices that converted the WPCS to the
ICS and the connecting rod coordinate system (CRCS) into the ICS. The CRCS and
the BSC were parallel coordinate systems separated by a vector. This vector was

accounted for in the conversion between coordinate systems.

It should be noted that transformation matrices are real and orthogonal, where

for square matrix, A,

AAT =T

where I is the identity matrix and A7 is the transpose of matrix A.

The transformation matrix to convert coordinates from the WPSC into the BCS

was then derived in the following way:

Let the ICS be defined by X , f/, Z and the corresponding matrix be denoted A.
Similarly, the WPCS was defined X, Y’ . 7" and denoted A. The CRCS was defined
X", Y" Z" and denoted L. Let [¢] be the transformation of WPCS into the ICS:

A=[gr

A=A

Let [o] be the transformation from CRCS into ICS:



Using the definition of the ICS

A =[gA
[o]£ = [¢]A
L= [o]"[¢]A
= [T)A

where [T] was the transformation matrix from the WPCS into the CRCS, shown as
[0]7[€]. The values of o] and [£] were calculated from Roberts’ engine simulation in
order to calculate [T]. The angular velocity was calculated using the definition of a

skew symmetric matrix, |5, 6].

@ = [T)[T]" (3.1)

The linear velocities were calculated using the relationship
T=& xR

The output file of Roberts’ engine simulation calculated both the transformation
matrix and the angle between the z axes of the BCS and the SCS. The values contained
in the output file of the engine simulation were in the reference frame of the CRCS.
The transformation matrices were computed using the engine simulation provided by

Roberts.
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Chapter 4
Dynamics

A steady state analysis of the wobble plate was performed in Roberts’ engine simu-
lation. Newton’s second law of motion and conservation of angular momentum were
applied to each of the moving parts of the engine. The moving pieces were defined as
each of the pistons, the connecting rod, the wobble plate, and the swash plate. The
cylinder pressure applied a force to the face of the piston. This force was counteracted
by the crankcase gas pressure applied to the opposite side of the piston, the cylinder
wall friction, and the force applied by the connecting rod ball on the piston’s ball
seat. In general, the connecting rod was not co-linear with the cylinder’s center line;
thus the connecting rod applied a radial force on the piston’s ball seat, which was
counteracted by the cylinder wall. Using Newton’s laws of motion and the known
kinematics of the connecting rod, the reaction force at the opposite end of the con-
necting rod, point C in figure 4-1, was calculated. Point C was significant in this
analysis as the forces that act at that point were used as the basis for calculating the
eccentricity of the ball inside the socket. Figure 4-1 shows the Cartesian force vector
on the connecting rod in the ICS, as defined in chapter 3. It should be noted that
the forces on the ball, depicted in figure 4-1 as Fey, Foy, Fe., are in the BCS.

The force on the ball at point C originated from the wobble plate for every piston.
The output results from the dynamic model of Roberts’ engine simulation were read
into a file. The data was presented in the BCS in Cartesian coordinates. The columns

of the engine simulation output file are shown in table 4.1.
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Y

Figure 4-1: Dynamics on Connecting Rod, reprinted with author’s permission from
reference [3|. Forces are in BCS.

Row 2 was the crank angle of the swashplate, keyed to the drive shaft. Rows 3
through 5 in table 4.1 were the Cartesian force components acting on point C shown in
figure 4-1. Rows 6 through 8 were the angular velocity components of the ball relative
to the socket, discussed in chapter 3. Tpg;s was as defined previously in chapter 3,
the transformation matrix between the BCS and the SCS. Rows 9 through 17 were
the matrix elements of the transformation matrix; the last element, Tgs(3,3), was
the cosine of the angle between the z axis of the BCS and the z axis of the SCS.
The values for the nomenclature shown in table 4.1 were used as the inputs to the
numerical model, discussed in chapter 5, in order to solve for the dissipated friction
between the ball and the socket on the surface of the wobble plate. Roberts’ dynamic
model yielded results for crank angles 0 - 360 degrees.
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Column number Nomenclature
Time (sec)
Crank Angle (Deg)

N/ W N WN =~

e o T e S S SO SR Y
TSSO En 0D D ©0-10 ot s W~
~
W
o~
0
N’ N N e e N e N

TBtS(37 3)

Table 4.1: File Format for Results from reference [3] Dynamic Analysis at Point C

29



30



Chapter 5

Numerical Analysis

In conjunction with Roberts’ work, output from the kinematic and dynamic models
of the engine simulation was saved to a file. This chapter discusses how the data
from Roberts’ engine simulation was utilized in order to solve for the frictional forces
between the ball and socket joint in the swash plate mechanism. From here, the
dissipated power was calculated to quantify the loss due to hydrodynamic lubrication.

Referencing table 4.1, the engine simulation output file contained columns of val-
ues for the Cartesian forces on the ball in each x, y, and z direction, linear velocities,
and elements from the transformation matrix to convert between ball coordinates and
socket coordinates for every crank angle from 0 to 360 degrees. The crank angle was

given in increments of half degrees.

5.1 Initial and Reference Conditions

Full hydrodynamic lubrication was assumed. The parameters defining the problem
are shown in 5.1.

Py was the pressure at the socket oil hole, P+ was the pressure at the film exit,
Ry, was the radius of the ball, R, was the radius of the socket, Rpoy was the radius of
the oil hole, and p was the viscosity of the oil. All calculations were performed with
non-dimensionalized quantities. The reference quantities for non-dimensionalization

were defined in table 5.2.
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Parameter | Value

Phole 0.5 x 1O6Pa
P.rirt 1 x 10° Pa
Ry 0.9995 in
R, 1.0001 in
ROH 0.25 in

7 0.01-2L

Table 5.1: Input Parameters

Nomenclature | Expression | Value

Ryef LA 2.54 x 10~2m

Bres R,— R, |381x10m

Uses SshaftRres | 3.692m/sec

Prey L | 6467 x 10°Pa
Table 5.2: Reference Parameters

Sshaft Was the rotational speed of the drive shaft. This was calculated by taking

the difference in crank angle divided by the time step. Sgpqp+ Was measured in

radians
sec

All reference parameters were defined as global variables.

Equation 2.1 was non-dimensionalized using the parameters listed in table 5.2.

The reference pressure was at first unknown, but was solved for in the following way:

h = h"hey
R=R'R,cs
U= Ues
UV =0"Uey
=t
tey = 7L

where all the starred values were non-dimensional values. Inserting these definitions

of non-dimensional values into equation 2.1 yielded
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*3 P *3 P
hfefsm@—(sméh—a s 0 h70

20 p %) + refa_¢(76_¢>
+ RrerTethef(—GR*sinQ[%(sineu*h*) + g(v*h*)])

0l0)
R% .h Oh*
. ref''ref Hxa . 2 _
12—Rref R*sin o =0
U’raf

Factoring out hyef Ry fUrer showed that the pressure should be non-dimensionalized
with the term %. For clarity, the superscript, *, will be neglected for all the
non-dimensional variables in the subsequent discussion.

A finite difference model was defined using an M x N grid of 20 by 45 points
distributed across the 6 and ¢ directions respectively. In the 6 direction, there were
20 points with Dirichlet pressure boundaries as defined in table 5.3. In the ¢ direction,

there were 45 points with periodic pressure boundaries such that point N + 1 and

point 1 were the same. The grid encompassed the following angular boundaries:

m
00<0<§

0<o<2rm

Pressure (Pa) | 6 (radians)
P = Phoe 0= 00
P = Pgpirs 0 = %

Table 5.3: Dirichlet Pressure Boundaries
0y was defined as the angle corresponding to the edge of the oil hole. Referencing

figure 5-1, 6y = arcsin(%).

5.1.1 Eccentricity Parameter

Equation 2.2 showed how the film thickness, h, was calculated. This next section will
show the derivation of the film thickness based on the eccentricity parameter. The

eccentricity parameter for two offset spheres determined where the ball was positioned
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Roﬂ hole

Figure 5-1: Calculation of 6,

in the socket and was governed by three values ecc = (e., e,,1). The film thickness
was defined as the layer of oil between the ball and socket and was governed by the
eccentricity parameter. ez was the axial eccentricity, e, was the radial eccentricity,
and 1 was the angular offset. Reference figure 5-2, for some arbitrary center A in polar
coordinates at angles § and £ on an arbitrary plane labeled P. The radial eccentricity
was positioned on arbitrary plane () at some angle . The angle separating plane P
from plane ) was given by & — .

Calculating the eccentricity for just the z direction was done by setting the radial
eccentricity equal to zero. Figure 5-3 shows two concentric spheres with their radial
eccentricities aligned but offset in the z direction. The value of ¢ was defined as the
difference in the radii of the two spheres. From figure 5-3, the film thickness was
calculated:

h =c—e,cosd (5.1)

Shown in figure 5-4 is the calculation of the film thickness if the center of the
two spheres is offset in strictly the radial direction, and the centers align in the

axial direction. Figure 5-4(a) shows two concentric spheres with the projection of e,
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Figure 5-2: Eccentricity for any Arbitrary point A

onto the z — P plane. Figure 5-4(b) shows the projection in context of the z,y, z

coordinates.

Using figures 5-4(a) and 5-4(b), the film thickness was calculated:

h = c¢— e.cos(§ —1)sind (5.2)

For the condition that (h << R), the results from equation 5.2 and 5.1 could
be combined together for a final solution to calculate the film thickness between two

offset spheres as a function of angle and radii

h =c—e.,cosd — e.cos(§ — )sind (5.3)

Initial values for the eccentricity parameter were guessed with 6 = 20°, e, = 0.037,

from geometry e, = e,tan(20°), and » = w. The initial values were somewhat
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Figure 5-3: Eccentricity without e, Offset

arbitrary, as will be explained in the subsequent sections; to facilitate convergence,
the initial displacements were chosen in the direction of the force. The force vector

acts at roughly 20 degrees from the vertical Z axis.

5.2 Velocity in polar coordinates

Initially the angular velocity was given in terms of the BCS in Cartesian coordinates.
The Cartesian angular velocity was first converted to the SCS using the transforma-
tion matrix discussed in chapter 4, and then converted to polar coordinates using the

transformation matrix, Ty p:

sinfcosp sinfsing  cost

Toip = |coslcosp  coslsing —sinf

—sin ¢ cosop 0

The derivation of T¢;p matrix is shown in Appendix A.
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Figure 5-4: Eccentricity without e, Offset

The linear velocity was obtained by the cross product between the angular velocity

and the radial vector.

T=0 X R

Expanding the cross product for the three mutually perpendicular directions with

U = [uég, Véy, WeR|, & = [wyy, wy€y, Wrer|, and R = Reég

Ul + véy + wep = (Wey + Wyly + Wrer) X Rég (5.4)
For the 6 and ¢ directions respectively, equation 5.4 reduces to:

u=wgR

v=—wyR

where u is the velocity in the 6 direction, and v is the velocity in the ¢ direction. This
calculation was performed over the domain of both 6 and ¢ to form M x N matrices

for v and v.

37



5.3 Force

The force vector on the ball at point C in the BCS was a known value for each
crank angle, discussed in chapter 4. The force was converted into the SCS by the

transformation matrix, 1Tg;s, shown:

cos(¢ 0 —sin
Tpis=| 0 1 0

stn¢ 0 cosC

where ( is defined in figure 5-5, the angle between the two z-axes of the BCS and
SCS.

Figure 5-5: Angle between BCS and SCS z-axes

5.4 Poisson’s Equation

The initial assumption for the pressure was a linear distribution between the two
Dirichlet boundaries over the domain of # and uniformly distributed over ¢. This
initial guess is immaterial as long as the solution converges quickly. The pressure was
periodic over the domain of ¢; for an M x N pressure matrix, the first column and
the N 41 column were equal. The momentum balance on a fluid element in spherical

coordinates, equation 2.1, is reproduced below:
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.0, h3OP o h*oP 0
smé’%(smﬁgﬁ) + 8—¢(ga—¢) — 6R3m0[%(3m9 -uh)

0 5 . 9,0h
+8_¢(Uh)]_12R sin QE—O

Solving for the pressure distribution across both the 6 and ¢ domain lies within a
numerical simulation using a pseudo time step. To solve for the steady state pressure
over the socket, the change in the pressure with respect to a differential pseudo time
constant, 7, was set equal to the Reynolds equation and is shown in equation 5.5.
The pseudo time serves as a measure to step through the Poisson solver and converge
on a value for the pressure. Because the domain of # does not include zero, sinf was

divided through equation 2.1.

or 0 h3 opP 1 0 h30P

or 06 1 00 )-Q (55)

where
Q 63[8( nfuh) + 8( h)] + 12R?sinfh
= —(sinfu —(v sin
00 0]
Equation 2.1 can be expressed in terms of Poisson’s equation:

9 ,0pP 0 0P

05 T 6_¢(ga_¢) =@ (5.6)

where

3
f=sinf—
L

1 A3
sinb

In this form, equation 5.6 could be solved more easily with finite differencing.

The method of fractional steps [7| was employed for a combination of forward and
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backward differencing in first the # direction and then in the ¢ direction. Applying
the method to equation 5.5 yielded:

Pt — Pt ) h? 9P"+3 1 9 hPoP"

AT 20 o )t Sngae' n ae ) @ (57)
Pn+1_Pn+§ o R apn+% 1 o h3opntl
AT 20 e ) Y smgas' s ae ) ¢ (58)

In general, for any function y = f(x), a second order approximation in Az can be

written in the following form:

d ,,0y f%w% - f%i—%
8x<f8x) B Az (5.9)
fi+ fi-i—l)(yi-i-l - yi) _ (fi + fi-i—l)(yi-i—l - yz)

2 Ax? 2 Ax?

= (

This general method was applied to equations 5.7 and 5.8 separately, for each 6§ and ¢
directions. Each direction was solved independently. A full description of the process
is given in Appendix B. Once expressed in terms of the form shown in equation 5.9,
the terms were collected and shown in the following form using the Thomas Method
[3]:

—Aiiv1 + Biyi — Ciyio1 = D; (5.10)

1
where y = P:;rQ. Substitutions and definitions of each term are shown in Ap-
pendix B. Equation 5.10 is defined for ¢ = 2,..., M — 1. Inserting the known

Dirichlet boundary conditions, equation 5.10 can be represented in matrix form:

B 7] n n
1 0 0 . 0
Yo Dy
0 —Cy By Ao o 0
Y3 Ds
O —
—Cy-1 Byor An
Ym—1 Dy
0 0 1
- - | Ym | | Ym
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With a sparse matrix, Sy, being defined as

1 0 0 0
0 —C, By, A 0
S = |0
—Cyv-1 By-ow Ana
0 0 1

The pressure in the 6 direction can be solved for using the MATLAB matrix solver,
since the equation can be written in the form of Ax = b. The same process is followed
for the ¢ direction, utilizing the method of fractional steps and the Thomas Method.

Because of the periodic boundary conditions in ¢, the sparse matrix becomes:

[ by —a 0 —Cy ]
—cy by as 0
5, = 0 0
0 —cy-1 byo1 —an—y
| —an —cN by |

The definitions of a,, b,, ¢, are defined in Appendix B. The method of solving
a sparse matrix with periodic boundary conditions can be found in reference [9]. S,
has dimensions of N x N. Similarly, the pressure in the ¢ direction can be solved
using the form of Ax = b. The pressure in both the ¢ and 6 directions was solved for
by building the M x N matrix.

Initially, the pressure was assumed to be an even distribution between the two
Dirichlet boundaries over the domain of 6. For each pseudo time step, the non-
dimensional, calculated pressure from the Poisson solver was compared to the initial
assumption. The relative error between the calculated value and the assumed value
was restricted to below 1 x 107%. The Poisson solver iterated until the calculated

error was below this value.

Once the pressure had converged, the pressure was integrated over the surface area
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of the socket in order to solve for the force the socket applies on the ball using the
trapezoidal rule. The integrated pressure gave a force in polar coordinates, and was
converted into Cartesian coordinates using the inverse of the transformation matrix,
Teip- The resulting force was converted into reference quantities with the reference
pressure and the square of the reference length. The calculated force was then com-
pared to the force collected from Roberts’ dynamic model of the engine acting on point
C in the center of the ball. The error between the two force values was not linear with
respect to the eccentricity parameters; in order for the two force vectors to converge,
the MATLAB function fsolve was used to solve the non-linear equation to determine
the eccentricity parameters. The first element of the eccentricity parameter is the
clearance between the ball and socket, e,. As stated prior, the eccentricity vector was
initially given an approximate value of ecc = (e.,e,, 1) = (0.037,0.037tan(20°), 7).
The initial values of the eccentricity parameter are somewhat arbitrary in that the
program will eventually solve for the vertical and radial displacements, e, and e,;
however, the initial assumptions must be close enough such that the program will be
able to find a solution. The initial values were decided after running the program and
allowing it to calculate the eccentricity parameter several times. Values that were
approximately equal to these calculations were chosen to decrease convergence time.
The film thickness, h, was recalculated according to equation 5.3 and the Poisson
solver was rerun to find the new pressure at the corresponding film thickness. The
pressure was again integrated over the area to solve for the new force and compared
to the given force from the dynamic analysis. This comparison iteration was repeated
until the calculated force from the Poisson solver converged with the force from the
dynamic model. In this way the minimum clearance between the ball and socket was

solved for each crank angle.

5.5 Dissipated Power

After the pressure distribution across the socket was solved for, the power dissipation

due to friction was determined.
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The friction power is shown below, in Watts:

2
Wf = ( fire uTefPref/ / fsme hu<8P) + ¢
Bres 290 (5.11)
2
hv (— GP) v ]d@dqﬁ

2Rsinf " 0¢

The derivation is shown in Appendix C. Wf is defined as the power dissipated
from the shear force of the lubrication. Because the initial assumption was fully
hydrodynamic lubrication, the calculated dissipation was very low. For convenience,

equation 5.11 was broken into four pieces:

. hu OP
W1 - ?%

. U

- Eh oP

. v

Ws = 2Rsin98_¢

. 112

W4 — E

C= (Z:J{)Uremengef

With these substitutions, equation 5.11 was rewritten as
. g . : . .
Wf = C/ / sz’nQ(Wl + Wg + W3 + W4)d9d¢

W1 and Wg are the terms associated with the shear force in the 6 direction from
Poiseuille and Couette flow, respectively. W3 and W, are the terms associated with

the shear force in the ¢ direction from Poiseuille and Couette flow, respectively.
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Chapter 6

Results

From the output file, the forces on the ball at point C were tabulated. The force on
the ball in the socket coordinate system was converted into Newtons and plotted, as
shown in figure 6-1. Figures 6-1(a), 6-1(b), and 6-1(c) are plots of the forces in the
X", Y" and Z” directions respectively, against the crank angle. Figure 6-1(d) is the

force vector on point C in the SCS, and was calculated Fo = /F2, + FZ, + F2,.
As is shown in the figure, the force in the Z” direction is the dominating force on the
ball. The Z” direction is along the centerline of the oil hole in the socket. A grid of
20 by 45 was chosen for the simulation with a pseudo time step equal to 0.01.
Referencing figure 6-1, only the crank angles that correspond to the maximum
force were considered in the next section. The crank angles of interest were chosen to
be between 250 degrees and 15 degrees. The piston is at top dead center at 0 degrees
or 360 degrees; it is at bottom dead center at 180 degrees. This degree range was
chosen as it is where there is significant force exerted on the socket, shown in figure
6-1(d). The ball starts with virtually no load, and progresses to maximum load. The
calculation is not valid beyond 7 degrees because the clearance becomes negative, as
shown in figure 6-2. Furthermore, in early compression (250-325 degrees) where the
load is low and clearance is high, the solution is not valid because the pressure in some
region of the domain becomes negative, which implies cavitation. Fortunately, that
does not materially impact the subsequent solution because for the solution, the only

memory of the previous time is through the squeeze term, which is small when the
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Figure 6-1: Force on Ball in Socket Coordinate System (V)
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clearance is large. The initial conditions for the eccentricity parameter were set to be

(0.037,0.037tan(20°), w). The initial condition for the non-dimensional minimum film

thickness, h,;, was assumed to be equal to the reference thickness, h,.s, such that
h

Rnin = Ty = 1. The spatial coordinates of the maximum pressure were recorded as
re

well as the clearance between the surface of the ball and the surface of the socket.
In figures 6-3 and 6-2, the non-dimensional pressure and minimum clearance are

plotted against the crank angle between 250 and 15 degrees. It will be recalled from

chapter 5 that the reference pressure is equal to 6.467 x 10°Pa and the reference

clearance is equal to 3.81 x 10™°m.

From figure 6-3, the maximum pressure reaches roughly 300. Converting into
dimensional units translates to 190M Pa, or 28ksi. At this point, the minimum
clearance drops below zero, indicating that the two surfaces have made contact. The
hydrodynamic lubrication assumption that was initially made does not apply for
this range and thus the results are invalid for calculating the amount of dissipated
power due to friction. After 7 degrees, the minimum clearance drops below zero;
results taken after 7 degrees will be considered invalid. Leading up to the point at
which the minimum clearance drops below zero, the separate pieces of the dissipated

friction power were plotted spatially over the 6 and ¢ domain. Each contribution
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Figure 6-3: Maximum Pressure as a Function of Crank Angle (-)

from Poiseuille and Couette flow for both 6 and ¢ directions were plotted individually,
according to the definitions of Wl, Wg, Wg, and W4 in chapter 5. Figures 6-4 through
6-7 show the individual contributions, and figure 6-8 shows the total sum of each
component for the dissipated friction power across the domain as the crank angle

advances from angle 5 degrees to angle 6 degrees.

dWdot 1 at CA=6 deg

theta(rad) 0 0 phi(rad)
Figure 6-4: dW, Spatial distribution at Crank Angle 6 degrees

Figures 6-4 and 6-6 are the Couette flow contributions in the # and ¢ directions,

respectively.
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deOth at CA=6 deg

theta(rad) 0 0 phi(rad)

Figure 6-5: dW, Spatial distribution at Crank Angle 6 degrees

Figure 6-5 and 6-7 are the Poiseuille flow contributions in the 6 and ¢ directions,
respectively. Poiseuille flow depends on the pressure gradient across the domain. If
the change in pressure is negative, that implies the pressure goes from high to low,
which is a positive pressure differential, AP. A positive pressure differential causes
movement, and with movement induces a shear stress resisting the flow of the two
surfaces against the fluid. The positive values of dWW, and dW, indicate when there
is a positive pressure differential, as the shear stress would oppose the motion of the
ball against the fluid. A negative pressure differential indicates that the pressure is
changing from low to high. A negative pressure differential opposes the line of motion.
As the shear stress acts opposite to a negative pressure differential, the friction due

to the shear stress aids the motion of the ball against the fluid.

From figure 6-8, the total dissipated friction power from contributions of W,
Wa, Wy, and W, is 9.6W at 6 degrees crank angle. The program assumes infinite
smoothness in the two surfaces. Even though the minimum clearance diminishes to
be on the order of 0.001, or 0.038m, in this region, the assumption of hydrodynamic
lubrication is still valid for the case of infinitely smooth surfaces. The dissipated power
due to friction is negligible compared to the power extracted by the piston. Estimating

the velocity to be U,ey = 3.6922, the viscous friction force is 3%96—2% = 2.6N. The

force load is 4 x 10*N. The coefficient of friction is estimated to be on the order of
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Figure 6-6: dW Spatial distribution at Crank Angle 6 degrees

2.6N

iy = 2.6% 10~*. Therefore, hydrodynamic friction is negligible. In reality, boundary

lubrication is present when the clearance between the ball and socket is within the

asperity of the surfaces.

Figure 6-9(a) shows the 6 and ¢ locations for the contours of the pressure across
the crank angle at 6 degrees. The maximum pressure point is roughly located at § =
0.5rad and ¢ = 3.2rad. Based on observations made during the study of the locations
for the maximum pressure, it appears that the pressure is highly dependent on the 6
location, rather than the ¢ location. Over the course of running the program from
crank angles 250 degrees to 15 degrees, the recorded location of the max pressure did
not change from 3.2rad in the ¢ direction, but varied significantly in the 6 direction.
This is likely due to the magnitude and direction of the force vector. Figure 6-1
shows that the dominating force is in the Z” direction, along the axis of the oil hole.
The main motion of the wobble plate is restricted to the X” — Z” plane due to the
cam follower. Recall that 6 is a measurement of the angle from the Z” axis and ¢ is
measured off of the X" axis. The pressure dependence on the  direction is expected.
With a finer grid, it can be said that the ¢ coordinate does change with the crank
angle, but the change is not expected to be significant. For comparison, a contour plot
at an arbitrary crank angle equal to 331 degrees is shown in figure 6-9(b). This crank

angle corresponds to a load of 3776.5N. Referencing the figure, it can be seen that the
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dWdot 4 at CA=6 deg

theta(rad) 0 0 phi(rad)

Figure 6-7: dW, Spatial distribution at Crank Angle 6 degrees

maximum pressure is located at # = 0.657rad and ¢ = 3.2rad. The boundary of the
oil hole in the socket was set to §y = 0.125rad. The pressure increases dramatically
as it gets closer to the oil hole, transitioning into a concentrated spike. ¢ = 3.2rad is
approximately 180 degrees, which corresponds to the —X” axis of the SCS.

Figure 6-10 illustrates the pressure gradient for the 6 direction across the domain
of 8 and ¢. Figure 6-11 does the same for the ¢ direction. Comparing the vertical
axes of the two figures further illustrates the magnitude of the pressure dependence

on the # direction, which can be confirmed by examining wear patterns in the socket.
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dP/dtheta at CA=6 deg
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Figure 6-10: Pressure Gradient in 6 direction for Crank Angle 6 Degrees

dP/dphi at CA=6 deg
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Figure 6-11: Pressure Gradient in ¢ direction for Crank Angle 6 Degrees
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Chapter 7

Conclusion

The results presented in chapter 6 show the ball-socket joint hydrodynamic lubrication
behavior for the crank angles ranging from 250 degrees to 15 degrees. This specific
range has been chosen as it encompasses the region of no load to maximum load. The
maximum pressure location moves mostly as a function of 6 only, and not with ¢.
The dominant pressure magnitude is consistent with the magnitude of the force in
the Z” direction. In socket coordinates, the forces in the X” and Y” directions are
small compared to the Z” direction, which corresponds to the centerline of the oil
hole in the SCS. The wobble plate ss constricted to moving and rotating about the
X" — Z" plane by the cam follower. The connecting rod motion is therefore mostly
on the X" — Z” plane. The inclination of the connecting rod to the Z” axis in the
high load crank angle range is small. Therefore, the dominant force component is in
the Z” direction.

The results show that as the load point, the intersection of the load force vector
and the socket, moves closer to the oil hole, the pressure increases exponentially,
and the distribution narrows. The pressure gradient direction in the oil hole vicinity
implies that the oil is being forced back into the oil hole, rather than being distributed
to the socket for lubricating the joint. At roughly 8 degrees crank angle, the minimum
clearance drops below zero; the two surfaces come into contact with each other and
start to scrape against each other. Results beyond 7 degrees are considered invalid

in this study, as the initial assumption for the program was fully hydrodynamic
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lubrication. To incorporate boundary lubrication was outside the scope of this study.

The peak dissipated friction power for the range of crank angles between 250
degrees and 7 degrees was calculated to be 9.61//. Using the relative ball-socket
surface velocity, the hydrodynamic frictional force is estimated to be 2.6 /N. The load
force is 4 x 10*N. The frictional coefficient due to hydrodynamic friction between
the two metal surfaces with oil lubrication is on the order of 107*, and is therefore
negligible. This order of magnitude is consistent with the findings of reference [10].
It should be noted that, for crank angles 358 degrees to 7 degrees, the minimum
non-dimensional clearance is on the order of 1 x 1072 and 1 x 10~3 prior to the film
thickness dropping below zero. In dimensional terms, this equated to roughly 3.7um
to as low as 0.082um. Because the surfaces have been assumed to be infinitely smooth,
the presence of asperities is neglected. Taking an approximate height of large metal
asperities to be roughly equal to 2um [11], it is reasonable to assume that boundary
lubrication occurs over the progression of the cycle. The power lost due to boundary
friction will be much greater than what has been calculated in the 250 degree to 7
degree range. The power lost due to friction in the ball-socket joint of a swash plate
engine is significantly lower than what has been seen in the interaction of pistons
against the liner in a diesel engine, [12]. It is concluded that the dissipated power
from hydrodynamic friction within the ball and socket joint is negligible for this scale

of vehicle.
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Appendix A

Transformation Matrix from

Cartesian to Polar Coordinates

Shown in figure A-1 is the polar coordinate system superimposed against the Cartesian
coordinate system. The z axis represents the centerline of the socket. The x axis
perpandicular to the z axis in line with the cam follower, and the y axis is dictated

by the right hand rule,

<>
Il
N>
X
=

In figure A-1, 6 is defined as the angle measured from the vertical z axis, and ¢ is

defined as the angle from the z axis.

~ .
\L_@,/\glgé’ |

Figure A-1: Polar Coordinate System Against Cartesian
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From figure A-1,

é9 = cosbcospz + cosfsingy — sinfz

ér = sinfcospr + sinfsingy + cosbz
€4 1s given by

é¢:éRXé9

éy = (sinbBsingy + sinbcospt + coshz) x (cosbcospi + coshsingy — sinbz)

= —SInQT + cosYy

sinf stnfsing  cosf T ér
cosfcosp cosfsing —sinf gl = | éo
—sing oS 0 z ¢

where the transformation matrix between Cartesian and polar coordinates is equal

to

sinf sinbsing  cost
Totp = |cosOcos¢p cosOsing —sind

—sing cos® 0
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Appendix B
Poisson Solver

The Reynolds equation in spherical coordinates is:

0 h3 oP 9 h3 opP

4 : 0
sm@%(szrw?%) + 8¢(Z8_¢) — 6Rsinf[—(sind - uh)

; o (B.1)
o _ 2 . 290
+ agb(vh)] 12R*sin Qat 0

Equation B.1 can be rewritten in the form of Poisson’s equation:

0, ,0P d, 0P
%(f%)+6_¢(g%) =@ (B-2)

where

B ., . 0 5 .
Q= GR[%(sm@uh) + 8_¢<Uh)] + 12R*sinbh

3
f= stf—
i

1 A
stné 1

The Method of Fractional Steps developed by Professor N.N. Yanenko was used
to solve the parabolic equation shown in equation B.2 using a fixed pseudo time step.
A weighted splitting scheme identified in reference [7] was used to solve Poisson’s

equation for the pressure over a fixed pseudo time step.
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oP 9, . ,h?OP 1 0 hoP
(sind—

— === — )+ —=—(——=) — B.3
or 00 1 89) sm@@gb(,u ng) @ (B.3)

For every time, t, an initial guess equal to the previous value plus the previous
increment is used film thickness, h. h is approximated by %‘”‘t’”"“s. This value is

used to calculate the steady state value in the pseudo time, 7, for P from equation

B.3. The pressure is integrated over the area to find the force.

Let 7 and j be the indices for the # and ¢ coordinates, respectively. For an M x N
grid in the 6 and ¢ directions, the values of # and ¢ are defined accordingly as

(5 =)
A=
2T
¢;=(j—1)A¢

The terms in Q in difference form are

inOuh)isr + — (sinfuh): 1 -
(%(Sin%h))i,j  loindu )ZHJQAQ(SM ) fori=2,M;j=1N
(smeuh)gﬁjA—e(sm@uh)u fori=1,j=1N
(sinfuh) —Aésm@uh)M_Lj fori—M. j=1.N

(%(vh))i,j :(vh)i’jﬂz&;vh)i’jl for j=2,N-1Li=1M
B o — (vh):
(v )wmé” )iy for j=15i=1,M
(Uh)i,l ;A(;h>Z,N1 for ] _ N’ j = 17 M
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[2 (’Uh)]i’j) + 12R282n91h17]

Qij = 6R([£(sin9uh)]i,j + 96

00

sinb;

The first term in @ is calculated using one sided efficiency for the edge points. The
middle and third terms in ) are calculated using one-sided efficiency and periodic

boundary conditions.

Using the weighted splitting scheme for a fixed pseudo time step, equation B.3

can be broken into two steps

pts— Pt 9, hPOP"3 1 9 ,hPoP"

_ 9 eine™ 9 oy B.A
A~ 90 50 ) T sinaas\ ae ) ¢ (B-4)
prtl Pn-i—% 9 R apn+% 1 o h3opntt
A o e ) T ameae y ae )¢ (B

For any function, y = f(z), a second order approximation in Az can be written in
the following form:

d .. (0y)

%[ 8_x] to 2nd order in Az

it fi Vi — Ui (fi+ fic1) Wi — Y
= )z ) - 5 (T Az )

Using the definitions of f and ¢ previously defined, and applying to equations B.4

and B.5, equation B.4 becomes

n—l—% n+% n—i—% n+2 n—l—%

P Pl Jig+ fivny Py — By i ficy I
- =
SAT 2 (AB)? 2 (AB)?
i (giji1 + 9i5) Bl — b))  (9ig + ij-1) (P — Blq)
2 (Ag)? 2 (Ag)

— Qi

Note that this applies for ¢ = 2,..., M — 1 and for 5 = 1,...N,. The pressures at the

boundaries,P; and Py, are constants that are given. Note that for the case of the
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periodic boundaries, at j = N + 1, the values at j = 1 are used and at j = 0, the

values at j = N are used.

Collecting and rearranging terms such that

—AYiv1 + Biyi — Ciyior = D;

_ pri
where y; = P, ; *.

mn

Gijr1+ 96,5 (Pl — P (g +gij-1) B — Pl
D, — [( J+ ) J+ Jj/ J J ( J J

R 267 2 Bop )9
B . —1 fis+fig, % fig+ fisng, %
e VY ER S R V)
oT 1 1
=1+ m[fi,j + 5fi+1,j + ifi—l,j]

A — fij + fiv1 %57'
i = 2 )(A6)2

(fi,j + fifl,j> %57'

Cig = 2 (A)?

The variables, A, ;, B, ;, C;;, and D, ; are defined for i = 2,..., M — 1. The values

for A, ; and Ay ; are never used in the program.

Using the defined parameters and having rewritten Poisson’s equation in terms
of a weighted splitting scheme, the variables can be arranged such that the Modified

Thomas Algorithm can be used to solve for the pressure. As written previously,

—Aiy1 + Biyi — Ciyi1 = D; fori=2,...,.M—1

Let
Yi = Eiyiy1 + I (B.6)
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Then
—Aiir1 + By — Ci(EBiy + Fiq) = D;

or —Ayiv1+ (B —CiE;_1)y; — C;F;_1 = D;. Rearranging and solving for the previous

iteration
— A; ) n D; + CiFi
BB BT T B - GEL
Comparing with (B.6) gives
Aj
Bj=——
B; — CiE; 4
D. o
Fi _ 1 + C’LE 1
B; — CiE; 4

which is valid for i« = 2,...M — 1. These variables are defined for a forward step in
pseudo time. Given initial boundary conditions, £} = 0 and F} = y;. The backward
sweep is given by 9.,

Yi-1 = By + Fia

B.1 Matrix Formulation

The equations can be rewritten in matrix form and be easily solved in MATLAB

n
Yo Dy
—-Cy Bs Ao 0
ys | | Ds
—Cy-1 Byor An
Ym—1 _DM—1_
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Augmented by y; and y,, are given as Boundary Conditions, then

T Y1 Y1
1 0 0 0
Y2 Dy
0 —Cg Bg Ag 0
Ys Ds
O =
—Cyv-1 Byor Ama
Ym—1 Dy
0 0 1
B 2 | Ym
The sparse matrix in the i direction, Sy, is defined as
1 0 0 o 0
0 —Cy By Ao . 0
So =10
—Cy-1 By Apa
0 0 o 1

which has dimensions of M x M. The elements of the sparse matrix will be defined

by v(i,7). Fori=1and i = M

i ‘] ‘v(m)
1 1 1
M| M|1
Fori=2toi=M=1
j=i v(i,j7) = B;
j=i—1|v(i,j)=—C
=it 1| (i) = A,

Then
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U1 U1

Yo D,

Ys | _ g Dy
YM—1 Dy
i Ym | i Ym ]

B.2 Fractional Step with Periodic Boundary Condi-

tions

In the previous section, equation B.4 was solved for using the Modified Thomas
Algorithm. This section will show how the second half fractional step, equation B.5
is solved for the pressure in the ¢ direction. Note that the pressure in the ¢ direction
has periodic boundary conditions, and that the points j = N + 1 and 7 = 1 are the

same. Recall that equation B.5 is:

pn—O—l_PnJr% a( . Qh3apn+%)+ 1 a(hiiapn—l-l) Q
—— = —(sinfl— —(— -
AT 00 w00 sinf 0¢p i O
The second order approximation of %[ f %] was again used for equation B.5 to
produce
n n+1 nt+i n+ 1
Pi,j_H - b _ (fi,j + fi+l,j)(Pi+1,2j - b, 2)
%AT 2 AB?
n+i n+ i
B (fi,j + fz‘—l,j)<Pi,j : - P¢f1,2‘>
2 AH?
+ (gij+1 + Giy) (Pi?jt—ll B Pznjﬂ) . (915 — Gij—1) (Pi,jJrl B Pznf—ll)
2 (Ag)? 2 (Ag)?
— Qi

Defining z; = Pg?fl and suppressing subscript i and superscript ¢ 4 1,
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—@ijZie1 + bz — ¢z = d;

Then
fij + fiv1 SAT g1 n+i
di,j - ( ! 9 ])(20)2 (Pi+1,2j - P)i,j :
_ (fij + fi-15) %AT (Pn+% B Pn+§>
2 (AG)2 I =L
AT nt+l
— de? + _PZ’J 2
for i = 2,...,M — 1, since the pressure at the boundaries, P, and P, are given
constants.

Gij+1 T Gij %AT Gij T Gij—1 %AT

b = I T T A > (Ao)
3AT (gije1 + gig—
=1t <Z¢>2( T )

= (gijo1 +9i; OT
s 2 2(Ag)?

_ Gij—1 +gi; OT
RETING

for 7 = 1, N. Because of the periodic boundaries, for j = N + 1 the value at j = 1

Cij

can be used.
The parameters can be defined in matrix form and the Modified Thomas Algo-

rithm can be used to solve for the coefficients.

—Ccy by as 0 e
Z1 dl
0 . . .0 _
ZN dN
0 —cn-1 b1 —an—
—an —CN bN

68



As before, the sparse matrix, S, is defined as

[ by —a 0 —1 ]
—cy by Qo 0
5 0 0
0 —cy-1 byo1 —an—
| —an —CN by |

In this case, S, has dimensions of N x N. Similarly to Sy, Sy can be defined by

the values v(3, j)

fori=2:N—1.
J = v =10
J=N|v=—q
j=2 |v=—m
for i = 1.
]:1 ’U:bN
j=N-—-1|v=—cy
j=N v =—ay
for i = N.
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Appendix C

Dissipated Friction Power

The Navier-Stokes equation was reduced to solve for the velocity gradients in each

of the 6 and ¢ directions. The origin of the coordinate system was set to be at the

center of the socket, in the socket coordinate system. For the 6 direction,

L@_P = Lg(}#@)
uR 00  R?20y" Oy
_ Pu
oy

and the ¢ direction:

L op_ 10 00
uRsinh 0 — R20y" Oy

N

The boundary conditions are defined in table C.1. At the surface of the socket,
the no slip boundary condition is applied. At the surface of the ball, the § and ¢

velocities are equal to constant velocities U and V.

u =0 0|ly=0
u="U Viy=nh

Table C.1: Boundary Conditions

(%
v
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Solving for the velocity distribution for both directions with the identified bound-

ary conditions yields

1 OP U
(y) = M—R%[?f —hyl + -y (C.1)
1 opr, %
v(y) = m%[y — hy| + Y (C.2)

Equations C.1 and C.2 were integrated over the film thickness to find an expression

for the bulk velocities, u, .

) 4 1 oP. . Uh

u-/o Udy_—12uR(_%)h +7 (C.3)
) 4 1 oP ., Vh
v—/o Udy__l?,uRsmé’(_a_d))h —1—7 (C4)

Let the viscous stress be denoted by 7; ; where ¢ and j represent the direction of
the shear stress according to the shear tensor. As an example, 7y i is the shear stress

that acts in the 6 direction, perpendicular to the R direction.

ou
TO.R Ma—y
ov
To.r = Mo

Using the definition of the bulk velocities calculated in equations C.3 and C.4, the

shear stress in the # and ¢ directions is equal to:

h OP uU

TR=5p90 T
h 0P uV

TeR= Rsmé’a_(b + h

The change in the dissipated friction power per area is equal to

AW
d_/lf = (TQVR)UJ + (qu’R)U (05)
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The total dissipated friction power is calculated by integrating over the domain:

Wf_/ Ly

(C.6)
d f
/ / R%sinfdfde
0o
EXpandlng 7 A L from equation C.5 gives:
dw;  hU, 0P, uU? W orP,  pV?
ia 2R T T BRane a9 T ) (€7)

The variables calculated in the Poisson solver in chapter 5 uses strictly non-
dimensional terms. The parameters shown in C.7 have dimensions. They are non-

dimensionalized as shown in table C.2. The starred values have no dimensions.

P | PP
R | RyefR?
h | Hyeph*
U Urefu*
|4 Uref’l)>|<

Table C.2: Non-Dimensional Parameters

Recall that Py = pR,cy ngf . Inserting the non-dimensional substitutes from
ref

table C.2 into equation C.7 gives

HyofUper WU QP Uks

( MU*2
< Rref

o Cag ) GE D)
HyofUpesPrey,  h*v* )(_ap*)+ U2, (,w*?)
Rref 2R*sinb 8¢ H’r‘ef h*

I

+

The constant Prefﬂ when expanded using the definition of P,.; is equal to

U2 . .
,uﬁ Factoring out the common multiple gives:

dW H,otUnor h*u* OP*  u*? h*v* opP*  p*?
e s 1yl o B w sy e
dA R.cy 2R 00 h 2R*sinf " 0¢

Using this expression for ;Z in equation C.6 yields the following result, which is
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used in chapter 5 for calculating the dissipated friction power.

, (% HyugUpep hu*,  OP* u*?

W, — Pre refYref B
d /0v /90 / Rref [QR* ( 89 ) + h*
h*v* orP*. v

* 2R*S’m9(_ 0¢ )+ e
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