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ABSTRACT

An experimental and theoretical study has been made of fully
developed turbulent flow in rotating, rectangular radial-flow
channels. The transverse pressure gradient associated with the
Coriolis acceleration of fluid flowing in rotating channels can
interact with the velocity profile to produce secondary circula-
-tions, and to alter transverse velocity fluctuations and momen-
tum transfer. The relative importanceé of these two effects is
studied experimentally in rectangular channels of different as-
pect ratios (height, L/width, D). Rotational effects are seen
to depend on the Reynolds' number (pUdy/u), a spin parameter
wD/U and the aspect ratio L/D.

Measurements of velocity profiles, wall shear stresses and
u' turbulence daistributions are made for spin rates up to
wD/U = 0.08. Relatively large effects are measured at the 1/2:1
and 1:1 aspect ratios while much smaller effects are noticed in
the 4:1 and 7 1/3:1 ducts. Indeed, the experimental measurements
suggest that secondary circulations provide the mechanism for the
most important rotational effects in the present range of spin
parameter.

A Second Order solution of the Navier—Stokes equations used by

Barua toc calculate the perturbation effects of rotation on fully
developed laminar flow in a circular pipe is modified to apply ap-
proximately to turbulent flow in rectangular channels. Within the
limitations of low spin rate and an uncertainty as to the eddy vis-
cosity, it is found possible to calculate the rotational efiects on
the centerline velocity profile quite closely, and a better under-
standing of the flow is gained. The calculation omits any effects
of Coriolis instability.
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The change in friction factor is measured and compared with
the predictions, based on data for bent circular pipes, of a use-
ful analogy between the flow in rotating, bent and heated hori-
zontal channels. The predictions are seen to show reasonable
agreement with the data chbtained for the square channel.
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NOMENCLATURE
A.R. Aspect Ratio = T
: Bk Constant in "Slip velocity" boundary condition

C Dimensionless axial static pressure gradient

dh Hydraulic diameter

D Chaunel width

f Friction factor

fc,fR,f8 Friction factors for curved, rotating and straight ducts

%3 %3 %‘ Coordinates and- coordinate directions (see Fig.2)

K = 2%%32' parameter  of rotating flow

L Channel height

.n Outward radius of curved duct

n, Radius‘of curved duct

N Radius of curvature of curved duct

P 3 Static pressure

R - R /R

L T

Re Reynolde' Number (Laminar or turbulent) based on
uniform viscosity

Ro = gaﬁw-"kossby'Number

u,v,w ' Total velocity component

u, - J;;7; friction velocity

1] Peak no-rotational velocity

U Peak rotational velocity
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Bulk mean velocity

Vector Representation of complete velocity
Pressure drop

Sublayer thickness

Molecular viscosity

Eddy viscosity

Momentum parameter

Density

Wall shear stress-

Stream function in y-z plane

Angular velocity
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I. INTRODUCTION

One of the major problems in designing centrifugal compressors is
the accurate prediction of impeller-exit/diffuser-entry flow conditions.
The flow in the impeller is affected by an interaction between the trans-
verse pressure gradient, arising from the Coriolis acceleration, and the
wall boundary layers. This interaction may cause major modifications to
the:exit velocity profile which can in turn influence the flow in the.
diffuser, thereby affecting the ovérall performance of the machine.

Interactions between transverse pressure gradients and wall bound-
ary layers also occur in bent channels and heat horizontal ducts, and
it may be expected that the three flow patterns will be similar since
there is an unbalanced body force in each case. The similarity is approx-
imate and it is immediately apparent for example that the Coriolis forces
in rotating tubes are proportional to the velocity, while centrifugal
forces in bent tubes vary as the square of the velocity. Trefethenls?
has shown however that the friction factor variations due to the secondary
fiow patterns in the three cases can be expressed in terms of the Reynolds
Number (ReL) of the flow and a dimensionless group characterizing each
of the three cases. This dimensionless group whea properly specified
provides a quantitative connection between flows.

In specifying the parameters which determine the friction factor
(and heat transfer) changes Trefethen assumes that 'with the diameter,
total flow, and viscosity fixed, the flow pattern in z long tube is
determined solely by the difference in transverse body force per unit
volume between the fluid at the wall and fluid at the average velocity

and average temperature'. The differences in transverse body forces thus



obtained are:

112
pUZ s _
N’ 2pUw and pr(Tm Tw)

for the bent, rotating and heated pipes, respectively, and the corres-

ponding parameters are:

Re, 7,7V, Re, YZun /U , /pgB(T - T)) (8n 3)/2u*

A subsequent comparison of friction factors and heat transfer coef-~
ficients for laminar flow in tubes, and friction factors for turbulent
flow in tubes, led to the conclusion that the secondary flows are simi-
lar if the force differences are of the same size. Also it was found
that the critical Reynolds Number for transition between laminar and
turbulent flow is similarly irncreased by bending and rotation. Although
the analogy is not strictly applicable in every detail it provi&es a
good platform from which to view the phenomena considered throughout
this report and also suggests possible extensions of the general con-
clusions.

There are two possible mechanisms by which Coriolis acceleration
can affect the turbulent boundary layer, Coriolis instability and secon-
dary flows.

A. Coriolis Instability

It has been found by Liepmann3, Eskinazi and Yeh" and Margiolis
and Lumleys (among many others) that for flow in a curved duct the

boundary layer fluid on the concave wall is considerably more unstable



and transition occurs more readily on this surface than on the convex
wall. Consideration of the flow of an inviscid fluid between co-axial
cylindrical walls led Rayleigh® and Prandtl? to an inviscid stability
criterion based on the stability of a fluid particle in the transverse
centrifugal pressure gradient. The criterion for stable motion being
i)-g—:—lﬁ->0
where r 1s the outward radius for the curved flow. This argument when
applied to a rotating duct with the transverse centrifugal pressure grad-
ient replaced by the Coriolis pressure gradient proceeds as follows:-—
Consider a fluid particle in the boundary layer on the pressure side
o% the rotating duct (sea sketch below). The motion of the payticle
normal to the pressure surface is governed,
in the absence of shear forces, by'the inter-
action between the Corinlis force experienced

by this particle and the local transverse

pressure gradient balancing the mean motion

Pressure side Suction side

of all particles passing through that location.

1f the particle were displaced away from the wall

without any significant change in its streamwise momentﬁm component it
would enter a regicn where the mean streamwise momentum and the associated
local pressure gradient were larger. The new pressure forces would
therefore exceed the Coriolis force and accelerate the particle further

~ from the pressure surface. Similarly, a lateral movement toward the

pressure surface would be furthered rather than opposed by the local
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pressure gradilent, and the particle motion is seen to be unsgtable. On the
éuction side of the duct the same reasoning can be used to show that tur-
bulent fluctuations normal to the wall are opposed by the local transverse
pressure gradient, and the particle motion 1s stable. Recent measure-
ments by Halleen® have shown that Coriolis instability effects can be
significant and are qualitatively as predicted by this argument which
results in the criterion for stability as du/dy > 0.

The conclusion drawn from the above argument is that Coriolis forces
should tend to increase the turbulent momentum exchange in the boundary
léyer on the pressure side of the channel and inhibit it on the suction
side. Thus the velocity profile could be modified to show a thinner boun-
dary layer on the pressure side.

B. Secondary Flows

Thomson? in an explanation of the deposition of detritus on the
inner banks of river bends recognized the existence of a layer of fluid
near the bottom cf the river which is retarded by viscous action. He
argued that this layer moves towards the inner bank under the influence
of the centrifugal pressure gradient set up by the curvature of the
faster moving stream above it. Further, he demonstrated these second-
ary flows in a curved water channel using threads and small particles
which moved with the fluid!0,

The rotating rectangular channels considered by Hill and Moon!!
and Moonlz, and the impeller of a centrifugal compressor provide analogous

examples of this situation in which the Coriolis pressure gradient set up

by the primary flow influences the top and bottom wall (hub and shroud)
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boundary layers. The boundary layer fluid is then convected towards the suction
surface (see sketch below) while retaining its axial momentum , and there

arises the possibility of secondary flow circulations. (It should be noted
however that these examples also provide the possibility of Coriolis
instability). In fully developed flow there are, strictly speaking, no
boundary layers but a corresponding imbalance between the Coriolis and

pressure forces acting on the ''slow-moving particles" near the top and

bottom walls of the channel can cause similar secondary flows.
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The experimental results of references (11) and (12) showed that
rotational effects can be large and significant on the development of a
turbulent boundary layer in a rotating rectangular channel. In particular
the wall shear stress on the pressure survface was higher than for a zero
pressure gradient boundary layer, while on the suction side it was lower.
Also the developing velocity profiles obtained by Moonl? show striking

resemblance to the mid-passage profiles measured by Lohmann!3 in his
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investigation of the exit planes of several impeller configurations. Indeed
Lohmann has concluded the existence of an accumulation of low relative-mo-
mentum fluid on the suction surface of his test impellers as the direct
result of secondary flows.

Most of the effects of rotation observed by Moon on the shape of the
- velocity profiles and on the wall shear stresses could be explained by
either of the mechanisms. The higher shear stress on the pressure side
could equally well be due to increased turbulent momentum exchange or to
the removal of low momentum boundary layer fluid by secondary circula-
tions. Similarly the lower shear stress on the suction side could Qé
caused by secondary flow depositions or reduced momentum exchange. Hence,
at the "centerline" of the duct it is possible, in principle, to separate
the effects of secondary flows from those due to Coriolis instability.

In the present study it was decided to try to determine the relative
importance of these two effects in fully-developed flow in rectanéular
ducts of varying aspect ratio (height/width). An increase in the height
of a constant-width duct effectively moves the driving force of the sec-
ondary flow away from the duct centerline, while maintaining an approx-
imately constant transverse pressure gradient.

Experimental investigations were performed in rectangular channels
of aspect ratios 1/2:1, 1:1, 4:1 and 7 1/3:1 to determine the effects
of spin rates up to wD/ U = 0.08 on the centerline flow. Axial velo-
city profiles, wall shear stresses and u' turbulence distributions as
well as axial static pressure drops were measured for the fully-developed
flow. Relatively large effects were measured at the 1/2:1 and 1:1 aspect

ratios while much smaller effects were noticed in the 4:1 and 7 1/3:1 ducts.
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Indeed the experimental measurements suggested that secondary circulations
provide the mechanism for the most important rotational effects in the
present range of spin parameter. Although these circulations involve very
small velocities in the plane normal to the axial direction changes in
axial velocity of up to 20% and in shear stress of up to 507 were recorded
at the small aspect ratiocs.

The relative importance of secondary flows shown by the experimento
led to an attempt to calculate the secondary axial velecities. This
wvas based on a linearized First Order theory used by Benton!" to predict
the effects of Coriolis acceleration on laminar flow in a long pipe,
combined with a Second Order theory given by Deanl!3 for the analogous
£low in a bent pipe, and later modified by Barual® in his analysis of
laminar flow in a rotating circular pipe. The analyses of both Benton and
Barua are only applicable for low rotational speeds, while a more recent
study by Boyer17 only applies for arbitrarily large spin rates. Although
the range of usefulness of Boyer's analysis is well away from the present
experiments, it was found thﬁt a very approximate extension of Barua's
theory could be applied to the lowest spin rates. The extension involved
representing the turbulent flow in a rotating rectangular chamnel by flow
with uniform isotropic eddy viscosity, connected to the wall by a region of
constant shear stress which included a thin laminar "slip velocity" layer.
The constant shear stress region led to a boundary condition of the form

u=3B 22'. Within the limitations of low spin rate and an uncertainty

k 3y
as to the eddy viscosity it was found possible to calculate the rotational
effects on the centerline velocity profile quite closely, and a better

understanding of the flow was gained. The calculation omitted any



effects of Coriolis instability.
Fully-developed turbulent flow in a rotating rectangular duct may be

considered as governed by three parameters

pUdh wD L
Re ='—-—'°,"'_—and-]5,
. M U

the Reynolds number, a spin parameter and the aspect ratio. Actually
the important ratio of forces is the Coriolis to the viscous but in a tur—
bulent flow the shear stress obeys no simple relation as do Newtonian
fluids. Also the Reynclds' normal stresses add further complexity absent
in laminar flow. The eddy viscosity v is often used in turbulent flows
as a useful means of relating the shear stress to the mean velocity
profile. Unlike the laminar kinematic viscosity it is not isotropic, nor
a property of the fluid, but it has been found for two-dimensional tur-
bulent boundary layers that the simple assumption v/U$ = constané'gives
reasonable results for the outer part of the boundary layer!8, Indeed,

8 quite successful method for calculating the outer 80% of the boundary
layer velocity profile is available using a similar assumption!®,

An extension of this assumption to give 2v/UD = constant seems one of the
few ways of estimating v for a rectangular duct. An order of magnitude

analysis may then be used to obtain a typizal ratio of

2
Coriolis force - 2pwu N wU n wD n %?u
U

Viscous force ov 32u/3y2 v T/D2 v

N

EQQQ
AT

Low flow rates and large spin rates would thus appear necessary for large

rotational effects.



IT. EXPERIMENTAL PROGRAM

The experimental invegtigations performed during this study were
designed to measure differences in centerline velocity profiles and wall
shear stresses, as well as overall pressure drop due to the rotation of
rectangular channels. In addition, some off-centerline velocity profiles
were measured, and an investigation of the distribution of u' turbulence
was carried out on the centerline for each aspect ratio. The four aspect
ratios tested were 1/2:1, 1:1, 4:1 and 7 1/3:1.

A. Apparatus

The apparatus was essentially the same as that used by Moonl?, but
a modified test-section was used and improvements were made to the air-
supply and rotational power systems. A general view is shown in Figure
la, and a schematic of the test-section in Figure 2.

The spacing between the vertical Plexiglas test-plates was primarily
chosen to allow fully-developed flow to be established, but had to be
large encugh for the flow to be investigated in some detail and to render
negligible any variations in plate spacing along the test-section. A
spacing of D = 3/4 inch was used for aspect ratios (Height, L/Width, D)
1:1, 4:1 and 7 1/3:1; while D = 1 1/2 inches was chosen for the 1/2:1
section. The top and bottom walls of the test-section were extruded
aluminum channel sections bolted between the test-plates at the desired
spacing and to an accuracy of + .002 inches for the smallest sections
and + .007 inches for the largest.

The 72 inch long test-section was centrally mounted ou a rotating
horizontal aluminum plate and enclosed by a cylindrical Plexiglas cover

to reduce the effect of rotation upon swirling of the room air. The
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balanced test-rig was driven through V-belts by a 3 Hp D.C. Shunt Motor.
An armature-resistance control and the variable excitation of a 250V D.C.
generator were used to give a complete speed range from 30 - 210 rpm.

The speed was measured using the linear voltage output of a General Elec-
tric Tachometer Generator driven by a flexible coupling in frictional
contact with the main shaft (see Fig. lc).

The air supply was provided by an axial-flow blower, rated at 250
cfm at 1 inch of water static (giving a maximum bulk velocity ¥ 60 ft/sec).
The blower was hung from the laboratory ceiling vertically above the
axis of rotation. A sheet-metal cone, with holes and spacers for bleeding-
off excess air, delivered the flow to a 6 inch square sheet metal duct
which led to a contraction immediately upstream of the test-section.
Strips cof tape placed on the walls to provide a smooth tramsition frem
the contraction and its variable fairing to the test-section also promoted
turbulence. Honeycomb screens and flow aligners were placed in the
guiding duct and at the inlet to the contraction to give a uniform velo-
city profile entering the test-section for all rotational speeds. In
particular, a circular piece of honeycomb rotated in the exit of the
sheet metal cone providing a steady air flow (see Appendix Al).

The measuring stations were located at x = 6, 42, 54 and 66 inches
from the test-section inlet, midway between the top and bottom walls
(hereafter called 'the'" centerline), and 1 inch above and below the
centerline for the 4:1 and 7 1/3:1 sectons.

B. Instrumentation

B.1l Pressure Measurements

The measuring probes are shown in Figure lb. Mean velocity profiles
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were measured with two total head probes constructed from hypodermic
tubing and flattened to an outside height of .018 inches. Since trans-
verses were only made from the suction side of the duct, one probe was
bent slightly to allow investigation of the pressure side wall while the
other was bent towards the suction side.

Transverse pressure gradients and probe blockage effects were meas-
ured with a static pressure probe of diameter .058 inches, the same as
the main supporting tube for the total head probes. Also the wall static
pressures were read on both sides of the duct centerline through tappings
.020 inches diameter located axially every 6 inches.

The mechanism for traversing the probes consisted of a Selsyn gene-
rator and motor and reduction gears on the probe support (shown in TFig.lb).
A small revolution-counter geared to the Selsyn generator gave an accurate
reading of the probe position, and one revolution was equivalent to .006
inch.

Wall shear stresses were measured using two identical Preston tubes
of .028 inches outside diameter, and six sublayer fences of the kind
described by Goldberg?0. A central step .006 inches high and .01 inches
wide was machined on the end of a 3/16 inch diameter brass plug. Two
static pressure tappings .020 inches diameter were situated on either
side of the step which was normal to the flow when the fences were pressed
{nto the walls of the test-section. The fences were situated on the
centerline at axial distances x = 39, 51 and 63 inches.

A Pitot-static tube was located at the test-section inlet (x = 6
inches) and gave a measure of the bulk flow rate in the duct (see Appendix

A2).
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All pressure readings were transmitted from the rotating test-section
by a rotary device developed in the Gas Turbine Laboratory and described
in reference (11). Longer service was obtained using Army and Navy Speci-
ficiation "0" rings. Pressure differences were measured using the ampli-
fied signal from a Statham Ap pressure transducer of maximum range + .05
psi. This transducer was calibrated (see Appendix A3) against an inclined
manometer, and the axial pressure distributions were checked using a
Meriam multi-tube manometer board inclined at an angle of 6.5°. The
Preston tube reference static pressure tappings we;e located 1/4 inch
from the duct centerline and these were also used as velocity head

reference pressures as they were unaffected by the position of the probes.

¢ B.2 Hot-wire I{easurements

The constant temperature hot-wire system and apparatus were those
used by Goldbergzo. The amplifier and linearizer were powered by two
6 volt wet-cell batteries. The D.C. component of the linearizer butput
was monitored on a Heathkit VTVM and the fluctuating component on an RMS
meter. The linearizer output was also displayed on an Oscilloscope and
recorded on the x-axis of an X-Y Plotter, the y-axis of which was driven
by a signal proportional to the distance between the duct walls.

Tungsten wire of .00015 inches diameter was used as the hot-wire.
The ends of the wire were copper plated, leaving a bare section approx-
imately .05 inches long and with a resistance of between 8 and 12 ohms.
The wire was then soft-soldered perpendicular to the two supporting
needles and close to the points. After linearizing the hot-wire res-
ponse, the output signal corresponding to the duct maximum velocity at

no-rotation was adjusted to a convenient value (1.5V). Signal readings
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of u' turbulence on the RMS voltmeter, also recorded on the X-Y Plotter,
could then be read directly as Yu'2/U.

C. Experimental Procedure

At each aspect ratio tests were performed with two Reynolds numbers of

= 2 x 10"

bulk mean velocities approximately 33 and 60 ft/sec. pﬁh
(5
Stationary and rotating checks were made on the inlet velocity profiles
to ensure the bulk flow rate Q was maintained constant. Also, fully-deve-
loped flow was checked as closely as possible before recording velocity
pressures, axial and transverse static pressure distributions and shear
stress pressure differences, at various spin rates. The rotating elec-
tr%cal signal transmitter was checked for noise level and centerline u'

measurements recorded.

C.1 Check on Fully-developed Flow

Claims of fully-developed flow can generally only be substantiated
by measurements after the addition of an extra order of magnitude to the
length of the duct or channel. Such procedure was impossible in this case
and suffice had to be made of profile measurements at axial stations
x = 42, 54 and 66 inches. In both the stationary and rotating checks
made at all aspect ratios any differences observed were well within
experimental accuracy (see Section IIE). Also there was close similarity
between the stationary profiles on the suction and pressure sides. It
was concluded that the flow was fully-developed at x = 54 inches, the
measuring station where the majority of traverses and measurements were

made.
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C.2 Wall Shear Stresses

Four Preston tubes of diameters .072, .0575, .042 and .028 inches
were tested to determine the effect of size in the constant shear-stress
wall region. The correlation of Patel?! was used to obtain shear stresses
from the Preston tube Ap; no large differences were observed and the
smallest tube was chosen as the least likely to be affected by departures
from the Law of the Wall.

Each sublayer fence was calibrated (see Fig.3) using the .028 inch
diameter Preston tube at various flow rates and no rotation. Although
the fence measurements showed subsequent agreement in rotational tests
the Preston tube was found to be a more sensitive indication of the wall
shear stress as the pressure difference thus measured was approximately
three times that measured by the fences.

D. Data Reduction

The velocity head data obtained from each transverse was in éhe form
of amplified transducer signals of the difference between the total head
pressure and the suction side wall static pressure. These readings were
corrected with the transverse static pressure distribution (approximated
as a linear variation between the measured wall static pressures) by a

computer program which then gave values of:

x yu o w
b} ’

R H T H

pyu_

e
clc

X
U

Mo other corrections were made to the velocity head readings and the
friction velocity was calculated from the shear stress obtained using the

Preston tube data. The sublayer fence readings were first converted to
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equivalent Preston tube readings using Figure 3. The u' turbulence
distribution (/57575) was found from a recording of the RMS value obtained
using the X-Y Plotter. A mean line was passed through this trace and a
correction made for the slipring noise level (see TFig.4) in the rotating
cases.

E. Accuracy

Differences between rotational and no-rotational measurements were
generally more accurately determined than the absolute magnitude of the
measured quantities. The transducer gave velocity heads and static
pressure differences with an accuracy better than 4% while the relative
accuracy was estimated to be within 27 and the manometer board check
within 1%Z. Velocity head measurements closer to the walls than about
2 probe heights (0.018 inches) were probably less accurate due to the
wall effect. Preston tube Ap values were obtained with accuracy similar
to the velocity head except for the lowest shear stresses where readings
were small. Sublayer fence readings were always smaller than those of
the Preston tubes so that their readings were probably less accurate.

The problem of drift and linearity in the hot-wire equipment were
minimized by rapid transverses (3/4 inch per minute) and frequent cali-
bration. The most significant error in the u' measurements was due to
slipring noise which for the particular rings used was found to increase
with speed. The maximum errors were thus of the order of 5% for no-ro-
tation and 10% for maximum rotation. The rctational speed was maintained

within 2% of the required value by use of thc tachometer.
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III. PRESENTATION AND DISCUSSION OF RESULTS

A. Velocity Profiles

The centerline (plane of mid-height) velocity profiles obtained with
no rotation for the 1;1, 4;1 and 7 1/3:1 aspect ratios were found to
agree within 2% when non-dimensionalized witih the peak velocity. The
profile is shown in Figure 5 and is plotted logarithmically in Figure 6
to give a comparison with the Law of the Wall. The Law of the Wall

region is fitted well by the correlation

pyu

where A = 5.6 and B = 4.9 as suggested by Clauser??, and u is calculated
from the Preston tube wall shear stress. The measurements were obtained
from the edge of the laminar sublayer, but show a wake region quite clearly.
The 1/2:1 profile obtained with no rotation is shown in Figures 7 and
8 and exhibits a region of uniform axial velocity as well as the Law of the
Wall and wake regions. (The 1/2:1 profiles were plotted separately because
of the difference in no-rotational velocity profiles).
Figures 5 to 8 also show the general effects of rotation on the
centerline velocity distribution for the four aspect ratios. Large
effects on both velocity profile and wall shear stress are noticed for
the 1:1 duct and especially for the 1/2:1 duct. The velocity on the
pressure side is markedly increased by rotation at these aspect ratios
and the shear stress is correspondingly higher. On the suction side the
effect of rotation is to decrease the velocity and the wall shear stress.

Also the peak velocity moves toward the pressure side and there appears
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a slight deficiency in the integrated centerline flow. These results

may be qualitatively explained by the mechanism of secondary flow which
transfers low momenﬁum fluid from the low velocity regions near the top

and bottom walls to the suction side of the duct. The deficiency in the
integrated centerline flow will be reconsidered in Sections IIIC and IIIF.5.

The effects of rotation on the 4:1 and 7 1/3:1 profiles are much less
pronounced, and are almost within experimental error for the 7 1/3:1 aspect
ratio. The peak velocity appears slightly displaced to the suctien side
and the integrated centerline flow is somewhat lower than for no rotation.
Indeed the profiles are quite similar to the fully-developed curved duct
pfofiles of Eskinazi and Yeh".

Comparison with the Law of the Wall, shown in Figures 6 and 8, shows
that the pressure side retains a logarithmic region for all aspect ratios
while the suction side exhibits this universality only for the 4:1 and
7 1/3:1 ducts. The suction sides of the 1:1 and 1/2:1 ducts depart from
the Law of the Wall in a manner similar to boundary layers in adverse
pressure gradients, the effect being largest for the greatest spin para-
meters wD/U, when very little logarithmic profile remained. The experi-
mental accuracy on the suction side is however lower than on the pressure
side because the velocity head is much smaller, and this undoubtedly
affected both the Preston and Pitot tube readings. Indeed for the low
Re measurements the velocity heads were low at all points.

L
B. Secondary Axial Velocities

A measure of the effect of rotation on the flow can be obtained by
subtracting the no-rotation velocity profile from the rotational profile

to give the secondary axial velocity. Also the relative accuracy of the
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velocity measurements was probably better than their absolute accuracy wnich
suggests the use of this method of comparison.

The secondary axial velocities, non-dimensionalized.with the no-rota-
tion peak velocity, are shown in Figures 9 and 10 for two values of Reynolds
number (equivalent to U = 33 ft/sec and 60 ft/sec approximately) and various
spin rates at each aspect ratio. Generally the velocity differences increase
in a roughly linear manner for low spin rates, the changes becoming much
smaller at high spin rates. The rotational changes in velocity profile
previously shown in Figure 5 are now plotted in Figure 11 and it can be seen
that the effect of increasing the aspect ratio is to decrease the secondary
axial velocities. A better picture of the effect of aspect ratio on the

centerline secondary axial velocities is obtained by defining a momentum

parameter
D/2 )
u
1 X
£E=3 (T;) dy
-D/2

The values of this parameter for the two series of tests at each aspect
ratio are plotted in Figure 12, and re-plotted against aspect ratio in
Figure 13. Again the largest and only really significant effects are

seen to occur at the small aspect ratios. These findings would seem to
support the idea that secondary flows are the dominant factor in rotational
duct-flows with the present range of spin parameters.

C. Off-centerline Velocities

A feature of the centerline secondary velocities is that more momentum
is lost on the suction side than is gained on the pressure side. This

centerline loss of momentum was checked at the 4:1 and 7 1/3:1 aspect ration
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where a traversing station 1 inch from the centerline was available.

The results are shown plotted in Figure 14 and it can be seen that
there is now a surfeit of momentum on the pressure side. Thus it appears
that the observations for the whole duct can be explained without viola-
tion of continuity by a transfer of low momentum fluid to the centerline
of the duct. This would also seem to support the postulated mechanism
of secondary circulations.

D. Calculation of Turbulent Flows

The equations of motion for the turbulent flow of a fluid are gene-
rally much more complex than the corresponding equations for laminar flow
with uniform viscosity. They include the so-called Reynolds' stresses.
Sometimes, however, the only significant contribution of the turbulence is
to increase the shear stress, albeit in a non-uniform manner. In a

strictly two-dimensional flow only one shear stress appears and it has been

found possible to represent the mean characteristics of the flow by a
region of uniform eddy viscosity v ( where -u'v' = v %5) extending over
the majority of the boundary layer thickness, and a slip velocity region
at the wall. The uniform eddy viscosity in the outer portion of a tur-
bulent boundary layer arises as a result of the shearing stress being
carried by the large eddies of the turbulent flow, and the fact that the
characteristic size of these eddies in this region is a nearly fixed
fraction of the boundary layer thickness.

Application of a similar procedure to a rectangular duct flow in-
volves the further assumption of an isotropic eddy viscosity unless’the
component equations are treated separately. Furthermore, it is known

that for turbulent flow in rectangular channels the Reynolds' stresses
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give rise to secondary effects even without rotation, bending, etc:. These
effects are largest in the corners and distort the axial velocity distri-
bution in such regions. The present analysis is primarily concerned with a
calculation of the centerline velocity distribution together with a
qualitative representation of the cémplete flow. It was hoped that, with
only these limited objectives in mind, a slip velocity model of the flow of
a fluid with uniform, isotropic eddy viscosity would yield some useful
results and a better understanding of the problem.

E. Calculation of Flow in Rotating Channels

The analysis of fully-developed laminar flow in straight channels

6 14

placed in a rotating reference frame has been studied by Barual!® and Benton
who concerned themselves with a circular pipe, and more recently by

Boyer17 who considered a rectangular channel. In each case the channel
rotates at constant angular velocity about

an axis perpendicular to the channel axis, i

as illustrated in the sketch opposite.

The equations of motion for the steady . i?
flow of an incompressible fluid with uni-
form viscosity in this case may be written p w=kuw
k
in the form -
(V. V) V==-2uwxV-Vd+ iy (1)

w?r?
2

vity is neglected.

where ¢ = %-- , r is the distance from the axis of rotation and gra-

Benton, who was interested in the effects of the earth's rotation on

pipe flow, immediately linearized the equations by assuming the components
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and derivatives of the perturbation velccity to be small compared with
the conventional sclution for laminar flow in a straight pipe. He then
proceeded to compute the secondary velocity components, in particular
the component in the axial direction. The stream function associated
with velocities in the y-z plane was found to be proportional to the

e

ratio of the Reynolds number to the Rossﬁy Numberh, i.e. R = = Q%g .
o

2%2 - 32332', which is itself proportional to the ratio of the Coriolis
and frictional forces. As Coriolis forces increase in relative magni-
tude the secondary flow appears and strengthens.

The perturbation of the axial velocity non-dimensionalized with
the no;rotational peak velocity was found to be proportional to
K= ;f— = Zeggﬁgi . This secondary axial velocity was found to be sig-
nificant for K > 5 x 102 while the linearization only appeared applicable
for K < 103,

Barua used a modification of a theory used by Dean!® to calculate the
effect of curvature on fully-developed laminar flow in a curved pipe.
The method involves expanding the axial velocity and the stream function
as power series in a dimensionless constant found from the non-dimensional
equations of motion. The constant used by Barua was R = 22%32- and he
carried his calculations as far as the Second Order terms imn R. It
shculd be noted that the First Order equations and their solutions are
the same as those obtained by Benton, and thus the range of rotational
speeds for which the solution is applicable will be the same, or alter-

natively the power series is convergent. If the First Order solution was

not a close estimate of the true perturbation velocity the Second Order

*
Rossby Number ~ a non-dimensional ratio, 5&3, found useful in meteorology
and oceanography
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would necessarily be large and the power series would not converge.

Both of the theories just considered apply for small spin rates.
At the other extreme Boyer studied the problem of the effect of large
rotation rates on laminar flow in a rectangular channel. He found that
for R = 22$EE >> 1 and Re(-e%%) << RI/2 the channel flow is of a boundary
layer type in which the regions of large shear are restricted to the
neighborhood of the channel walls. Values of R & 2 x 10 and thus Re = 1,0
were suggested as necessary for this type of flow.

Table 1 - Approximate Experimental Spin Parameter Ranges Based on

Uniform, Isotropic Estimate of Turbulent Eddy Viscosity

Aspect Range of Range of R =
Ratio 2wD3U 2uwL3U 2uwL2 UL
L/D v2 v2 v v
1/2:1 0+ 2x 10° 0+ 2x10% 0~ 30 750
1:1 0+ 2 x 10% 0+ 2x10% 0~ 30 750
431 0+ 2 x 10% 0+ 1.3 x10% 0 + 400 3000
7 1/3:1 0+ 2 x 10" 0+ 8 x 105 0 +20600 5000

Table 1 reviews the ranges of the above-mentioned spin parameters
which were obtained during the present series of tests. The major factor
in preducing such large ranges, was the variation in the rotational speed
w. The procedure proposed for estimating the eddy viscosity is described
in Section IIIF.2, but for these estimates a value of v = .005 ft/sec was
selected. It is seen that the Reynolds number (%%) is very much larger
than that required for the flow regime considered by Boyer while the
values of R are too small except possibly for the highest spin rates at

L/D = 7 1/3:1.



~23-

3
The experimental range of 29&32— is now compared with the range of
v
applicability found by Benton for his First Order theory. As the para-
R
meter §E increased from 103 to 5 x 103 Benton found that the assumptions
o

made during linearization became less tenable, thus one would expect the
Second Order terms of Barua's theory to increase in relative magnitude
until they eventually dominate (the series becomes divergent). The cal-
culation of the present turbulent flow involved the use cof a slip velocity
at the wall, and an approximation of the actual velocity profile with

no rotation. It was tentatively hoped that these modificatio<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>