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Abstract

The n-body mapping method of Wisdom and Holman (1991) is generalized to en-
compass rotational dynamics. The Lie-Poisson structure of rigid body dynamics is
discussed. Integrators which preserve that structure are derived for the motion of
a free rigid body and for the motion of rigid bodies interacting gravitationally with
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Chapter 1

Introduction

There is a growing appreciation of the importance of understanding the dynamics

of the solar system on very long timescales and there is no other way to study this

dynamics other than long term numerical integration. Such long term computational

journeys in the solar system are taking place with greater frequency. They have been

made possible by improvements in computer hardware as well as improvements in

numerical integration algorithms. As a recent example, Wisdom and Holman ([51],

hereafter WH91) presented a new symplectic mapping method for integration of the

planetary n- body problem which is an order of magnitude faster than conventional

integrators. Sussman and Wisdom [36] used the new mapping method with the

Supercomputer Toolkit (Abelson, et al. [1]), a specialized parallel supercomputer,

to integrate the evolution of the whole solar system for 100 million years. That

calculation confirmed the result of Laskar [24] that the evolution of the solar system

is chaotic with an exponential divergence timescale of only 4-5 million years.

Rotational dynamics has so far not been considered in these adventures, though

there is every reason to expect that important new discoveries are waiting to be

made. In this work we extend the algorithmic developments of WH91 to encompass

rigid body motion in the context of solar system dynamics. We introduce a symplectic

scheme for integrating the motion of a free rigid body, which conserves the magnitude

of the angular momentum vector and its orientation in space. Then, we incorporate

gravitational interactions to obtain a symplectic scheme which integrates the motion

| ()



of rigid bodies interacting gravitationally with mass points, while preserving the total

angular momentum vector. We use these algorithms to examine the rotational dy-

namics of Mars over one hundred million years. We find that the evolution is chaotic

with an exponential divergence timescale of about 3-4 million years.

In chapter 2, we discuss the Lie-Poisson structure of rigid body dynamics and

derive algorithms which integrate the motion of afree rigid body and of bodies inter-

acting gravitationally with mass points. We study the stability of the free rigid body

algorithm by examining the spurious resonances introduced by the discretization.

Chapter 3 is devoted to the study of the long-term rotational dynamics of Mars.

We discuss the results of numerical integrations performed with the Lie-Poisson al-

gorithms on an axisymmetric Mars interacting gravitationally with the solar system.

We give evidence for the chaotic behavior of the rotation of Mars and link it to a

secular spin-orbit resonance. We study a simple quasiperiodic model which captures

the essential dynamics of the obliquity of Mars. We choose to focus on the physics

and leave mathematical details to Appendix A.

We conclude in chapter 4 with a brief summary of our current knowledge about

the history of planetary obliquities. We also outline certain directions that this work

could /will take.
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Chapter 2

Lie-Poisson Integrators for Rigid

Body Dynamics in The Solar

System

Our objective is to derive symplectic integrators for the motion of rigid bodies in

the solar system. We require our integrators to conserve integrals of motion that

result from the translational and rotational symmetries of the problems i.e. the total

linear and angular momenta. We construct our symplectic integrators in the manner

of WH91. We encode the Euclidean symmetries by moving to a relative coordinate

system and by exploiting the Lie-Poisson formulation of rigid body dynamics. The

story follows.

2.1 The Algorithm: Divide and Conquer

As described in WH91, symplectic mappings analogous to the n -body mapping

method can be generated for any problem for which the Hamiltonian can be split into

parts which are individually integrable and efficiently solvable. Consider a Hamilto-

nian of the form:

192



where H, and H, are individually efficiently solvable. The simplest mapping is ob-

tained by multiplying the perturbation H; by a periodic sequence of Dirac delta

functions:

Haren = Hi + Zr85, (80) Hs, (2.2

where |

Soli = &gt;" 6(t~ nn) = ne cos(nt), 12.3)
and is the mapping frequency, which is related to the stepsize h of the mapping by:

(0 = 27 /h. The motivation is the averaging principle: providedstepsize resonances are

avoided (see [52] and below) the extra high frequency terms introduced by the delta

functions tend to average out and do not substantially contribute to the evolution of

the system. The advantage is that the evolution of the whole system can be computed

in terms of the efficiently solvable pieces: between the delta functions the motion is

entirely governed by H; and crossing the delta functions the evolution is governed

solely by H;. The simple mapping method, as just presented, is only accurate to

first order in the stepsize, but has the correct average Hamiltonian. The mapping

can be made accurate to second order while preserving the average Hamiltonian by

offsetting the delta functions by half a mapping step. Higher order can be achieved by

a more intricate interleaving of the evolutions governed by the integrable parts of the

Hamiltonian. Of course, similar mappings can also be generated from Hamiltonians

which are separated into more than two solvable parts, but achieving high order is

more complicated, though perfectly straightforward. In what follows we concentrate

on the efficient solution of parts of the Hamiltonian under the presumption that the

method of putting them together to form the map of the desired order is understood.

Deriving a map for the problem of celestial rigid bodies appears to be a straight-

forward application of the procedure just described. We write the full Hamiltonian

as a sum of integrable pieces:

H= Her + Hooter + Hiniornetion (2.4)

where Hpi, describes the free rigid body motion of each extended body, Hxcpier

describes the interaction of each body with the massive central object (which may be
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an extended body itself). and Hj, teraction includes all remaining gravitational inter-

actions. Each of the components is separately integrable, as required. The problem

with this direct application of the mapping procedure is that though the motion ofthe

rigid bodyis integrable, to our knowledge. it is not efficiently solvable. The solution

is complex and involves elliptic functions.

We can avoid the use of elliptic functions by further dividing the Hamiltonian for

the free rigid body into two integrable pieces: a part which describes the integrable

motion of an axisymmetric rigid body and an integrable perturbation which describes

the triaxial deviation from axisymmetry. This division 1s motivated by the near

axisymmetry of many bodies in the solar system; however, the algorithm is not limited

to such situations. The solutions of these subproblems are simple and free of elliptic

integrals.
This approach still has further problems. A fundamental problem in the descrip-

tion of the motion of the rigid body is that any choice of canonical angles, such as

Euler angles, is singular. A complete covering of the phase space without singular-

ities requires at least two independent coordinate systems (see, for example, [48]).

So, we take Euler's advice and look at the motion of the angular momentum vec-

tor in a frame moving with the body. This move has the advantage of dealing with

non-singular Cartesian components, and, for the free rigid body, of looking at the

dynamics on the sphere defined by the conserved angular momentum. We first solve

for the evolution of the Cartesian components of the angular momentum vector in the

rigid body frame and then recover the configuration via a set of kinematic equations.

Euler's equations have three dimensions; the phase space of the rigid body is six di-

mensional. Euler’s approach to rigid body dynamics is a particular case of a more

general formalism which-can be used for reducing the dimensionality of problems with

symmetry, the Lie-Poisson formalism. We make use of the Lie-Poisson formalism to

derive singularity free algorithms for the problem at hand.
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2.2 Gravitating Rigid Bodies

The Hamiltonian of a rigid body gravitationally interacting with a mass point 1s the

sum of the kinetic and potential energy. The kinetic energy of a rigid body can be

written as the sum of the translational kinetic energy of the center of mass and the

kinetic energyof rotation about the center of mass. The potential energyis that of an

arbitrary mass distribution in the Newtonian field of a mass point. The Hamiltonian

is given by: H= SL . Zz Lr JSS(2.5)2m tm 2 B |r + CQ]

where my, 71, and p; are the mass, position, and linear momentum of the mass

point S, and ma, 7, and p, are the mass, position of the center of mass, and the

linear momentum of the rigid body B. The vector 7 is the relative position vector:

r= ry — 71, and dm(Q) is a differential mass element of the body at position Q.

The vector M is the angular momentum of B, and I is the inertia tensor. C is

the orthogonal matrix that situates the body frame B with respect to the inertial

frame SS. We denote by lowercase letters vectors in the inertial frame S and by upper

case letters their counterparts in the rigid body frame B. The generalization to more

point masses or extended rigid bodies is straightforward and will be presented in later

sections.

The Hamiltonian only depends on the relative positions of the bodies; a transfor-

mation to relative coordinates and center of mass coordinates separates the interesting

relative dynamics from the trivial dynamics of the center of mass. The Hamiltonian

for the relative motion is

H= ein oO li (2.6)
27 2 B |F+ CQ

where p is the linear momentum conjugate to 7.

To derive the mapping we must separate the Hamiltonian into integrable pieces.

We want to take advantage of the fact that the unperturbed motion consists of the

composition of an elliptical two-body motion and of free rigid body motion governed

by Euler’s equations. With this in mind, we expand the potential function in terms of

J



Legendre polynomials. For the applications we have in mind, it is sufficient to consider

the first three terms. Higher order terms can be included without a substantial

increase in computational effort. This procedure gives us McCullagh’s formula for the

potential, which when incorporated with the kinetic energy yields the Hamiltonian :

H, = Le + =) + Li ig Mt = + in 12. an
Hrree Hinteraction

In Hp,..., the rotational and translational motions decouple. We write:

Hever = Hitonter + Higuiors {2 3)

where:
oy | an

Hi epler = Eo = + rr Ca

Heuer = Lit PTL (2.9)

We diagonalize I by choosing the principal axis frame as the body frame, and denote

by Ii, I; and [3 the moments of inertia about the principal axes 0X, oY, and oZ,

respectively. In the principal axis frame the rigid body Hamiltonian is
2 2 2

where M;, M,, and Ms; denote the components of the angular momentum on the

principal axes.

As outlined earlier, we divide the rigid body Hamiltonian into two subHamiltoni-

Te I TR a (2.10)
21, 2h 2h
TE

H pzisymmetric Hrriazial

H pzisymmetric governs the motion of an axisymmetric body, and Hr, iaziar acts as a

perturbation. This splitting is motivated by applications in solar system dynamics

where departures from axisymmetry are often small, though the application of the

mapping is not limited to problems with small triaxiality.

We must find efficiently computable solutions to each piece of the Hamiltonian.

We first present a canonical version of the rigid body mapping, and then turn to the

[Lie-Poisson formalism.

Le
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2.3 Canonical Map for the Free Rigid Body

In this section the pieces of the free rigid body Hamiltonian are integrated in a

convenient set of canonical coordinates. the Andoyer coordinates[2, 15]. The Andoyer

momentahave simple physical interpretations in terms of the angular momentum and

its projections in the body and inertial reference frames. In Andoyer variables the

free rigid body Hamiltonian is cyclic in the coordinate conjugate to the total angular

momentum; thus Andoyer variables naturally express the conservation oftotal angular

momentum. This property is not shared by the traditional Euler angles. A further

advantage of the Andoyervariables is that Hazisymmetric and Hr iaziar are easily solved

when expressed in terms of them.

Denote by oxyz an inertial reference frame and by 0 XYZ a frame rotating with

the rigid body. Let M be the angular momentum vector as seen in the body frame,

and I' the plane normal to the angular momentum vector M. The canonical system

consists of the momenta:

e [the projection of M on oz;

eo (i, the magnitude of M:

e [, the projection of M on oZ,

and the angles conjugate to them:

e f, the angle between oz and the line of intersection of I" with oxy.

e ¢, the angle between the lines of intersection of I" with oxy and 0 XY ;

e [, the angle between the line of intersection of I' with 0 XY and 0X;

From the definitions, it follows that:

My = VG? 12 sin(l),

Me i= v2 12 cos(l]),

Mii= "1, 12.12)EI

ie



where M;, My; and MS; are the components of M along 0X, oY, and oZ, respectively.

Using these we can reexpress the rigid body Hamiltonian in terms of the Andoyer

variables:

ah IR GT ent)g=—+—(—-—-=)+—(=—=).2.13He. nC 7 (7 nT 9 (7 a ( )teetereeterreeereaters/SUNerooerH azisymmetric Hrriazial

The equations of motion are derived via Hamilton's equations or equivalently the

canonical Poisson bracket. We solve H i,isymmetric and Hrriariar separately, and then

approximate the solutions of Hg, with the method outlined above.

The Hamiltonian H azisymmetric 18 cyclic in all the coordinates, so the momenta are

conserved:

L(t) = L(0),
1 1

Hela lA — — hitch), (2.14)Fils

G(t) = G(0),
G(0

2

Of course, F', which is a spatial component, is conserved, and with it the angle f.

The Hamiltonian Hrs... 1s independent of Band ‘cyclic in gland f,se: Gl) =

G(0); F(t) = F(0), and f(t) = f(0). The other variables must satisfy:

d 0
== =H testa ki Lsin®(ldt bE sly

eldt = ol Triaziali—SinCOSd 0
Ty = ==—Hrunzia = rsin’ 2.79 al I BGsin“(1), (2.16)

where 3 = x — =

We can integrate these equations:

M;(0)Li) = t TT Le a(®) Ll [wm cos(vt) + M3(0) |
L(t) = —M(0)sin(vt)+ M5(0)cos(vt)

2 : t 2 zrR (M0) sin(v ¢) + M7 (0) sin(v t) + M5(0) M3(0) cos(v t) 2.17)
M;(0)M(0) cos(vt)

wind.
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where M;(0), My(0). M3(0) and M (0) are the initial values of the the angular mo-

mentum components and magnitude which we can compute in terms of (0), L(0)

and G(0). and v = 3M,(0). These are the equations of a rotation about the Xaxis

expressed in canonical coordinates.

Having solved for the flows generated by Hizisymmetric 80d Hrrigrial, We can use

our method to construct approximations of the trajectories generated by Hg, to the

desired accuracy. Note that the transformations are symplectic and they explicitly

conserve (G and F

2.4 Do the Right Thing: Euler’s Move

A while ago, Euler demonstrated the simplicity of rigid body dynamics when seen in

a frame that is rotating with the body. In the absence of external forces, the angular

momentum vectoris fixed in space, and the motion of the body can be recovered by

following the projections of that vector on a basis fixed in the body.[4]

The configuration of the rigid body is specified by aspecial orthogonal transfor-

mation, C € SO(3), which takes body vectors into space vectors:

B=CV (2.18)

Since no torques are acting on the body, the angular momentum vector m is

invariant in space:

i =, (2.19)

2 (ca) = co 4 (oi = 0. (2.20)
For any time dependent orthogonal matrix C(t), (4£C)C! is skew symmetric, and,
in the case of a rigid body, corresponds to the space angular velocity vector, @:

Leyes = 2 0. (2.21)
dt

The body angular velocity vector is given by: Q=C-1a. Equation 2.20 reduces to:
d= ET

= M =M x 4. (2.22)

Ei

| Q



The angular momentum and velocity vectors are related by the symmetric moment

of inertia tensor I:

M = If. (2.23)

So, we can rewrite Eq. (2.22):

d ns = =1iaT) ie
—M=Mx&lt;xI"'M. (2.24)dt

Euler’s equations, as these equations are known, put us directly on the angular mo-

mentum sphere and are free of singularities.

To get the time evolution of B with respect to S$, we need to follow C(t). We can

do it directly by solving for the configuration matrix:

d 1
—C = CS[I"" M|, (2.95)dt

where we denote by S[V] the skew symmetric matrix associated with V:

f=
S[V] = a = (2.26)

{oe ght

Alternatively, one can take an indirect route and follow the motion of a spatially fixed

vector in the body frame. We adopt the second course since it fits naturally in the

problem we are considering. Let 7 be an arbitrary vector fixed in S: RE = C~!F. Since

47 = 0, the motion of R is governed by:

d — — — —_ -1 —

ZE=RExQ=Rx1 M. (2.27)

Clearly at any time t, we have: R(t) = C~1(¢)7 = C~1(¢)C(0)£(0). So, by solving

Eq. (2.27), we isolate C™!(t), and recover the configuration matrix C(t) by transpo-
sition.

[In summary, the motion of a rigid body is governed by the equations:

d= a—=M =A colt NM
dt

d = 0 E i

TE = J wl "A. (2.28)

0)



2.5 Lie-Poisson Dynamics

Aninteresting feature of Euler's equations is that the rate of change of the components

of the angular momentum is expressible solely in terms of the components of the

angular momentum. Even though the phase space of the rigid body is six dimensional,

the dynamics governing the angular momentum is only three dimensional. Now,

the rate of change of any component of the angular momentum can be written as a

Poisson bracket of that component with the rigid body Hamiltonian. Euler's equations

show that the resulting Poisson bracket can be written solely in terms of the angular

momentum. It turns out that a more general property holds: the Poisson bracket of

any two functions of the angular momentum can be written solely in terms of the

angular momentum. This property was known to Sophus Lie, and was first discussed

in modern terms by Arnold [3]. Here, we give a coordinate dependent proof of this

interesting feature which we shall use later to connect functions defined on the angular

momentum sphere to the dynamics they generate.

The Cartesian components of M were expressed as functions of the canonical

Andoyer variables in Eqs. (2.12). The Poisson bracket of the components of the

angular momentum with an arbitrary function of the angular momentum F(M) 1s

(Ms F(Y} = 20, 2 FUT — 2M 2 )
(My, F(M)} = OM, F(A) - MSP (3)
(Ms, F(M)} = oan BE - ru (2.29)

al dL ali al

We carry out the computations explicitly for M; and derive the others by analogy.

We have:

oF = VguF- at
or = VF. ol (2.30)

where Vai refers to the gradient with respect to the components of M. Using

A



bas. (2.12), we gel:

eh
—M =ol Huis)

0

MM;
5 MIM?
I MaM, 9:
TY = hier 62.513

1

Replacing in the equation for Mj, we get :

; Vl ; OF MM OF _MiM, OFTEI eT ne
EAs (M2 F — My52-F) (2.32)

which after reduction gives:

- oF dF
My, F(M)} = My—— — M3——. 2.33{ ti )} 4 29M, 39M, ( )

Similarly, we find that:

~ oF IF
My, FIM)} = M3—— — M;,——of. Bilis Mop= Mr

- ar OF |
Ms, FIM)} = My —— — My,———. 2.34hE = tis 25)

Thus, we are able to express the canonical Poisson bracket of M with any real valued

function F' of M, in terms of M alone:

(M,F}=M x VF. (2.35)

In particular, when F' is equal to Hg. Va F — I'M and
hin rn . u

= M =1M Fld = Alc lit VM, (2.36)

which 1s Euler’s equation.

We can generalize this computation by finding the Poisson bracket of two arbitrary

real valued functions F} and F; of M . The time derivative of Fi along the trajectories

generated by Fj, is given by:
d ~ d - = So so n 5

ZH =Vab- 2M =VuF (MxVuF)=-M- (VF x Veh). (237)
))



Thus,

(FL.F)=-M- (Vghi x Vgh). (2.38)
We can recover the equation governing the motion of a spatially fixed vector in

the body frame within this formalism. We start by generalizing the configuration

equation (2.25) to the case of the flow generated by an arbitrary Hamiltonian F(M).

Using Eq. (2.35), we rewrite Eq. (2.20) as:

C(M x VyF)+ Ley = (, (2.39)
M dt

Using the fact that this equation holds for any M. we find:

d ~

—C=OSIN A] (2.40)dt :

Next, we consider an arbitrary space fixed vector r = CR. As before, we can

write:
d = di

C—R+(—CIR=0. 2.41apc 2A
Using Eq. (2.40), we obtain:

d = = —

72 = -SIV FR (2.42)

Expanding the matrix multiplication, we get:

A a

t= {8 F(M)} = Rx VyF. (2.43)

As before, when F(M) 1s equal to Hgyer, we get the expected equation for R:

dim a Na
Zi = BR x V rH ater =n [1 41. (2.44)

Note that for any Hamiltonian H, which only depends on M, the equations of

motion generated by the Poisson bracket conserves the magnitude of R:

SEE TE 0 Sl

RB-—R=R-(ExVyi)=0. (2.45)
The same is true for M. So, for any such H, the motion of M and R consists of finite

rotations.
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The reduction procedure is not specific to the free rigid body problem. A reduction

of the Poisson bracket from a high dimensional phase space to one of lower dimensions,

is possible whenever a group of symmetries acts on the original phase space. In-the

case that the phase space is the cotangent bundle of a Lie group, and the symmetry

group 1s the Lie groupitself, the reduction procedure leads to what is known as the

Lie-Poisson bracket. This is precisely the case of the free rigid body problem where

the configuration space is the group of special orthogonal transformations and the

dual Lie algebra can be identified with the angular momentum space. In the next

section, we derive a Lie-Poisson bracket for the problem of a rigid body interacting

gravitationally with a mass point, a problem which is invariant under the group of

Euclidean motions.

2.5.1 Spin-Orbit Lie-Poisson Bracket

Hamiltonian (2.6), the spin-orbit Hamiltonian, admits the group of Euclidean motions

as a group of symmetry. This translates into the conservation of the total linear and

angular momenta. We used the conservation of linear momentum when we moved to

the center of mass frame. In order to enforce the rotational symmetry, we move to

B. Denoting vectors in the body by capital letters as before, R is the relative vector

in the rigid body frame, and P is the relative linear momentum in the body frame.

The equations of motion, including the kinematic accelerations, are:

GP = Px [ Cult,
IR + Q)

FR = BxTUT+ Ft),
97 = rial [ERED (2.46)

|B + Q
After our discussion of Euler’s equations, the reader should not be surprised to find

out that these equations can be derived via a Poisson bracket of the various dynamic

variables with the Hamiltonian expressed in the body frame:

H= Tol + us + Li I'M -/ i (2.47)
2 my Mg 2 B |R + Q|
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A formal derivation of the bracket, which uses the differential structure of the Lie

sroup of Euclidean motions, is given in Wang, Krishnaprasad, and Maddocks (1991).

Here, we derive the bracket in a manner analogous to our derivation of the Lie-Poisson

bracket for the free rigid body. To give an idea of what is involved, we derive the

equations of the angular momentum vector. As argued before, we can express the

angular momentum vector in terms of canonical variables. The canonical equations

governing the evolution of M are:

2 {Mu}, (2.48)dt

where the bracket denotes the canonical Poisson bracket. Applying the chain rule,

we expand the Poisson bracket:

3 3

(MH ={M BY =MxVgH-3 Vol {BEM} &amp;-Y [Vell - {FM},
- - (2.49)

where €7, €3, and €3 are unit vectors along axes 0X, oY and oZ respectively. The M

dependence of H gives the term M x Val as shown before. Using Eq. (2.43), we

get:

(B,M;} = ExVgM =RxEé,
{PM} = PxVaMi=Px¢&amp;,i=123 (2.50)

Replacing in Eq. (2.49) we get:

iy 0 le i a ANSEL Se

=M = {MH} =MxVgH+RExVH +P xVsH (2.51)

The canonical structure, in addition to the reduction calculations, gives us the re-

maining equations for R and P in terms of a Poisson bracket:

d= A

7k = RxVyH+VaH

18 = BuVali- Vai. (2.52)

If A happens to be the spin orbit coupling Hamiltonian, expressed in the rigid body

frame, we get the expected equations for the motion of M, R and P

~~ U.
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Note that for any H(R. P, M), these equations preserve the total spatial angular

momentum :

MTotal = iE Fx 7, (2.53)

as can be seen by taking the time derivative of my, and replacing 4, iF, and

LP with the Poisson brackets just derived.

Finally. we derive the Poisson bracket of two real valued functions, fF} and F; , of

M. RE, and P:(FLE) = Vb-{M.B}+Vah{BR+VR{BF}= —M x V2 Fi x Vib

LR ’ VF X V a F1 = VF X Val]

np. NF X Nal — N 7, X Vib

LF NEN SS (2.54)
With this, we end our adventure on Poisson manifolds. We will use the bracket

derived in this section in the rest of the paper.

2.6 A Lie-Poisson Mapping for a Free Rigid Body

We use the Lie-Poisson bracket to derive a scheme that integrates the motion of

a free rigid body, while preserving the symplectic structure (Poisson bracket) and

the magnitude of the angular momentum vector. The angular momentum vector is

naturally fixed in space. First, we integrate the Hamiltonians that enter into the

construction. Then, we put the integral curves together to approximate the actual

motion.

2.6.1 Axisymmetric Body: Exact Solution

We solve for the motion of an axisymmetric body. Assume, for definiteness, that the

body is symmetric about the Z axis, i.e. I; = I; = I. The Hamiltonian is given by:

Me+M:  M:H="1__% 43 2.55217 i 27; ( )
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Euler's equations become:

1 1 J
—M, = M;My(+—— =mah 3 Mo Zz 7)
d 1 1
—M, = —-MMs(+—— =dt’ SE
d
CAT, 2.567 13 0 (2.56)

These equations govern the precession of the angular momentumvector around the

axis of symmetry. Setting a = Ix — LY M5(0), we integrate to get :

cos(a i) sin{at) 0 :

M(t) ee —sin(at) cos(at) 0 M(0) = Cz(at)M(0). (2.57)

0 0 ho

Next, we solve for the motion of i:

d 5 o&gt; -1 a7

a (2.58)dt

or, using Bq. (2-57)
SE =

SE = Bn I Ca (at) SI. (2.59)

[t is easy to check that, in the case we are considering, I"!Cz; = CzI"!. Next,

transform to a frame that is precessing with M:

R(t) = Cz(at) R(t). (2.60)

Replacing in Eq. (2.59), we get :

nd — d = — ie

(C2) Ry == Cz fy = CoB, x [CI M(0)]. (2.61)

Noting that Cza x Czb = Cz(a x b), and that C3! = CL, we can rewrite Eq. (2.61):

d= D 177 rd o&gt;
=k, = Ba ANC —C 1, (2.62)dt dt

OR
rd ow

Cra tr = oR (2.63)

SERGE
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So, reducing the right-hand side of Eq. (2.62), we end up with:

0 My(0)  _ My(0)
1 I i —

2a Ma (0) M, (0) Ds M (0) ;
75 — re 0 Ln = Bx X Eg (2.64)

Mp0)  Mi(0) 0
I I

These equations govern the precession of the vector a around the vector Q(0) =

M(0)/1. The solution is given by the Euler-Rodrigues formula (see Goldstein, 1980):

R(t) = Cg(5t)R,(0). (2.65)

where

sin(5t = 1 - BN a [A

C(t) = cos(3t)1 + RR s [G4(0)] + ey s? [(3(0)] , (2.66)

where 1 is the identity matrix, 5 = —16(0)] and S[Q(0)] is the skew symmetric matrix

corresponding to Q(0). Thus, we obtain:

E(t) = (Cz(at)Cq(B1)) R(0). (2.67)

Finally, we update the configuration of the rigid body via:

C(t) = C0) (CFU (ACF (ee). (2.68)

2.6.2 Integrating the Triaxial Perturbation

The subHamiltonian Hypiqzier 1s of the form:

M?
Har, = a i m2 (2.69)

We solve Hy, in detail, and solve the others by analogy.

We compute the Poisson bracket using Hp . The angular momentum vector

evolves according to:

aq M, \
li .

7M =A Vi Hu, = M = 0 (2.70)
0 [

a



; | oy My Ms (2.71)dt
Ma, =X} M, M, /

These equations govern a rotation about the X axis with frequency a; M;(0) :

Cond )

M(t) = | 0 cos(ay Mi(0)t)  sin(ay My(0)t) M(0) = Cx(a; My(0)t)M(0).
, 0 —sin(a; M(0)%) cos(a; My(0)¢) ,

(2.72)
We obtain a similar equation for R:

ar My
Tilorii=2 B=Tx gl (2.73)

dt

0)

E(t) = Cx (ay Mi(0)t)R(0). (2.74)

The configuration matrix evolves according to:

C(t) = C(0)YC3 (o, M, (012). (2.753)

Similarly, the Hamiltonians Hy, and Hy, lead to rotations about axis Y and Z:

1. Hy, — M(t) = Cy (az My(0)t) M(0); C(t) = C(0)C5 (az Ma(0) 1);

2. Hy, — M(t) = Cz(as Ms(0)t) M(0); C(t) = C(0)C3 (as Ma(0) 1),

where Cy and Cy refer to rotations about axis Y and Z respectively.

2.6.3 The Free Rigid Body as We See it

The function Hagisymmetric 1s the Hamiltonian of a body that is symmetric about 7; it

was Integrated in section 2.6.1. The function Hr, iazie is a quadratic monomial of the

forty Hy iam =o) 2%. where a; = 3 — 5); it was integrated in section 2.6.2. Using

or

0
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the method of WH91, we construct algorithms for the integration of the motion of a

free rigid body, by stringing together the parts we have just integrated. The order

of the algorithms is limited only by the computational effort that one is willing to

spend.
The scheme conserves the magnitude of M: the motion is a composition of or-

thogonal transformations. Also, the scheme preserves the spatial angular momentum

vector m: in every step B and M rotate by equal and opposite amounts. It is also

true that the mapping is symplectic and area preserving on the angular momentum

sphere, since it was derived from the Lie-Poisson structure, which was derived by

reducing the canonical Poisson bracket from the six dimensional phase space to the

sphere. The use of Cartesian coordinates avoids the singularities of Euler type an-

gles. Finally, the configuration of the rigid body is recovered naturally as part of the

integration.

2.6.4 Stability Analysis of the Free Rigid Body Algorithm

We are interested in the stability of the rigid body algorithm. By that we mean

the conditions under which the algorithm faithfully renders the actual motion. Since

the algorithm is symplectic, and the angular momentum vector is restricted to a

sphere, we know that, for small enough step size, the angular momentum vector will

not drift on the sphere. It will either follow a closed curve, or be confined by such

curves. However, the motion could still suffer from resonant interactions between the

frequencies of the system and the step size of the mapping. Such resonances are best

understood via the time dependent Hamiltonian which our scheme integrates. In this

section, we follow the work of Wisdom and Holman [52] on the stability of symplectic

mappings for the gravitational n-body problem. We study the Hamiltonian that

generates the first order mapping. We concentrate here on the primary resonances.

The mapping Hamiltonian is

= TZ + 2 - i — 278, (OU) 2 - Te sin N26)

30)



As in previous sections, 8,,(t) is a periodic sequence of Dirac delta functions, with

period 27 and 2 is the mapping frequency. The step size of the integrator is given by

h = 27 /Q. The periodic delta functions admit a Fourier representation:

Bortl) = - 5 cos(nt), (2.77)
22 Ep

which we incorporate into H,,,,:

Honey. 2 7 + HT - i
Lok — Lye 2 5° cos(nQt)
dT, el

Al 1 2 ns
a HE = Fy cos(2] — nit). (2.78)

Because the total angular momentum G' is conserved we can restrict our attention to

the dynamics of the canonical pair (/, L), and ignore constant terms in the Hamilto-

nian. We can further simplify the Hamiltonian by factoring z — &gt; out, and rescaling

time to get:

Yip = 2 — ne A wa : cos(2] — ne) (2.79)

where a = 3 —- x Andi = or — ie We will concentrate on the case where

v &lt; 1, i.e. when the problem differs from an integrable one by a small time dependent

perturbation.
A primary resonance occurs whenever the argument of one of the cosines, in

the Fourier expansion of H,,,,, is stationary: 24] — ni = 0, for some n € Z. In

order to study the motion near the n-th primary resonance, we extract the resonance

Hamiltonian:

Ho Se - a cos(2l — no), (2.80)
and ignore the other terms. The resonance Hamiltonian contains one linear combina-

tion of angles. We can eliminate the time dependence with a canonical transformation,

whose generating function is:

Fil ot = 2 (L~ £6 + nt), (2.81)
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where (p, ¢) is the new canonical pair, and L, is a constant to be determined. Ex-

plicitly, the transformation is given by:

L—-1L,
fh 2s i

ea 0= (0 + n=t) (2.32)2 «

Replacing in H,.,, we get a time independent Hamiltonian:

oF 2+ s GE = Tmt] | QBrn Hos oe = iis tg PERRET Lr 0 ley
ot 4 1 a

Expecting small excursions awayfrom the center of the resonance, we ignore terms

of order vp and vyp*. We choose L, to eliminate linear terms in p:

n)
hs =i (2.84)

2a

The momentum L, gives the angular momentum at the resonance. Since |L| &lt; G,

we must have al &gt; 1 for primary resonances to exist, or h &gt; hy = BG: Ignoring

the constant terms in oo we get:

. 2 G2 oi [2

a =n Bo cos(o) (2.85)

The half-width of the libration region of this pendulum-like Hamiltonian is

voit)
Paz = ” (2.86)

2

which we express in terms of the original variables:

Lone = 2 Das = Lo (2.87)

Notice that the maximum width is of the order of /7.

Next, we look for the condition on under which the separation between the

resonance centers is equal to the sum of the half-width of their respective separatrices.

T'his condition, known as the resonance overlap criterion, was used by Chirikov [10] as

a heuristic criterion for the development of chaos in nonintegrable problems. Since we

are concerned with the numerical reliability of the method, we will worry about the
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overlap between the n = 0 resonance, which enters the actual motion, and the n = 1

resonance, which was introduced by the discretization. The condition for resonance

overlap reads:

2 t [ (2.88)

2

Glo g-&gt; (2.89)
[n terms of the stepsize, the resonances will overlap when:

&gt; hpy= i (2.90)
2700

The evolution can be affected by stepsize resonances even if there is no serious

resonance overlap. Thus, a more conservative limit on the stepsize of the map is to

require that there are no primary stepsize resonances in the phase space: h &lt; hy.

2.6.5 Numerical Tests of the Free Rigid Body Algorithm

The numerical experiments discussed in this section are intended to illustrate the

conservation properties of the rigid body algorithm, and the spurious resonances

introduced by the discretization.

The continuous free rigid body motion conserves the kinetic energy. For an ax-

isymmetric body, the mapping is exact and consequently conserves the energy ex-

plicitly. However, for a triaxial body our free rigid body algorithm was not designed

to explicitly conserve the energy. We expect that in this case the energy will oscil-

late with an amplitude that changes algebraically with the stepsize, for small enough

stepsize. To illustrate this, we explored the dependence of the energy error on step

size, with a first order implementation of the algorithm. The behavior of the energy

error as a function of time is shown in Fig.2-1 for a rigid body which is close to

axisymmetric: I, = 0.3, I; = 0.31, I; = 1.0. The initial conditions for this trajectory

are: M; = 0.0, and M3; = 0.999, with M = 1.0. The step size is A = 0.017,,,.., where

Tyree = 27 /(aM3(0)), and a = 1/1, — 1/13. As expected, the error oscillates and over

the displayed time interval does not appear to grow secularly. As can be seen in the

or



mapping Hamiltonian of the previous section. the smaller the triaxiality of the rigid

body, the smaller the energy error at a given stepsize.

Of course, the amplitude of the energy error varies with the stepsize. For this

first order version of the algorithm. the energy error is linear with stepsize for small

stepsize. At large stepsizes, stepsize resonances are encountered which give large

energy errors. This behavior is illustrated in Fig. 2-2 for the same physical parameters

and initial conditions as in the previous example. The maximum energy error over

5 x 10° iterations is plotted versus stepsize. The peaks in the energyerror occur at

stepsize resonances. Our stability analysis predicts primary resonances at stepsizes

h/Tyree = nM3(0)/2. Fig. 2-2 confirms the prediction.

Next we look at the conservation of the spatial angular momentum vector. Using

the same rigid body but a second order version of the algorithm, we consider a

trajectory with M;(0) = 0, M,(0) = 0.6, M3(0) = 0.8, and an initial configuration

which coincides with the inertial frame. The free body algorithm is designed to

conserve the spatial angular momentum vector, m, and a fortiori, the magnitude

of that vector. However, in practice, roundoff errors creep up on the integrals. As

shown in Fig. 2-3, the magnitude of m differed from unity by O(107!!) after a period

of 10” T,,... As far as the spatial components of m are concerned, they are affected

both by roundoff errors in M and in the configuration. The configuration could

be followed either in terms of the standard rotation matrices or in terms of the

quaternions equivalent to them (see, for example, [19]). It is questionable whether

quaternions alone can help cut down on the round-off errors, since one pays the price

for carrying four scalars (instead of the nine required for matrices) in terms of more

involved algebraic operations. However, since our quaternions are of unit magnitude,

we can enforce the special orthogonality of our transformations by normalizing at

regular intervals. Typically, we find that by normalizing the quaternions, Fig. 2-4,

we can cut round-off errors by one order of magnitude below the maximum errors

accrued when we used standard rotation matrices, Fig. 2-5. Thus, using normalized

quaternions does cut down on roundoff error, but we suspect more improvement can

still be made.
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Figure 2-1: The energy error in the free rigid body algorithm is plotted against time.
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Figure 2-4: The angular momentum of a free rigid body is fixed in space. Here, we plot
the error in my, the y spatial component of the angular momentum vector, against
time. In this experiment, the configuration is represented in terms of quaternions
which are normalized every 100 steps
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Figure 2-5: The same experiment as in Fig.4 was carried out except that in this case
the configuration is represented in terms of standard rotations.

2 Ih

20



In summary, the energy integral is conservedto the order of the algorithm, as long

as the chosen step size, for a given trajectory, avoids the artificial resonances. The

angular momentum integrals suffer only from roundoff errors, and care must be taken

to reduce them. Writing the evolution of the configuration in terms of quaternions is

useful in the struggle against roundoff errors.

2.7 Lie-Poisson Integrator for a Rigid Body in

the Field of a Mass Point

Having developed algorithms for the free rigid body, we now turn to the solution of

the interaction Hamiltonian Lr

» Gm 3G zp
HH 1nieraziion EE 3 =f gE ; IR (2.91)

to complete the full spin-orbit map.

Using the spin-orbit Lie-Poisson bracket, the equations of motion are:

d —

R=dt
d — 3Gm, = 3Gm, = 15Gm, — N=

du =&gt; 3G'm, = —
== —x Real, 2.92dt RS (2.92)

where tr(I) stands for the trace of the inertia tensor.

Since, iR = 0, we trivially integrate the differential equations:

R(t) = R(0),

Pl) = Pl) =f WE ay t

M(t) == M(0) + [R(0) X N irri) t, (2.93)

The forces and the torques are evaluated at R(0), the relative position vector in the

body frame B. Since the configuration is not affected by the evolution generated

bY Hinteraction, We can assume that the configuration matrix at time ¢ is given, and

invert to get R(t) = CT(#)7(t). It is natural to compute the Keplerian evolution in

10)



an inertial frame, so the change in the linear momentum in the inertial frame must

be monitored:

Ft) = (0) + C(H(P(t) — P(0)). (2.94)

Having integrated all the components of the spin-orbit Hamiltonian, we are in

a position to construct algorithms for the motion of a rigid body gravitationally

interacting with a mass point. The simplest algorithm is first order in time and

consists of a step of Kepler and Euler and a step of potential interactions. One

can construct an algorithm which is second order in time by taking a halt step of

Eulerian and Keplerian motion, followed by a full step of potential interactions, and

ending with a half step of Eulerian and Keplerian motion. An Euler step updates the

configuration of the rigid body which can then be used to compute the interactions

in the rigid body frame.

[f one is interested in a situation where the effect of the rigid body on the orbit of

the mass point is negligible, then all that one has to do is to neglect the part of the

interaction that affects the linear momenta. Of course, in that case, the total angular

momentum 1s no longer conserved, but the orbital angular momentum is. Such a

situation arises in the study of spin orbit coupling in the solar system. It has been

investigated in detail in [48, 50]. Our algorithm presents an efficient tool for dealing

with this problem.

As an algorithm for Lie-Poisson dynamics, ours echoes the generalizations of the

ideas of Forest and Ruth [17] given in Channell and Scovel ([9], hereafter CS91).

These ideas are equivalent to the operator splitting approach given in WH91 with

a different motivation. However, CS91 limit themselves, with Forest and Ruth [17],

to Hamiltonians which can be written as the sum of a kinetic and a potential en-

ergy. The approach of WH91 and our generalization to Lie-Poisson dynamics are not

limited to such Hamiltonians. Also, CS91 do not consider the splitting of integrable

problems into efficiently integrable subproblems, a step we exploit in our derivation.

Furthermore, the approach of WH91 has the added advantage of giving us a handle

on the time dependent Hamiltonian that is exactly integrated by the algorithm. This

Hamiltonian can in turn be used to analyze the structure of the spurious resonances

[1]



introduced by the algorithm as was done in Wisdom and Holman [52] and carried

out for the rigid body map in section 2.6.4. Finally, CS91 presented efficient imple-

mentations of the approach of Ge and Marsden [18] which involves an approximation

of the dynamics via generating functions. However, as pointed out by CS91 the ex-

plicit algorithms which use the operator splitting route are, in general, faster than

algorithms that use the generating functions approach.

As an algorithm for rigid body dynamics, ours differs from the one presented in

Austin, Krishnaprasad, and Wang [5] on the ground that our algorithm is Lie-Poisson

while theirs, which is based on the mid-point rule, only preserves the Lie-Poisson

structure to second order in the step size. The mid-point rule provides second order

algorithms which conserve integrals of motion which are linear or quadratic in the

coordinates. In that sense, the algorithm of Austin et.al [5] preserves both the energy

and the angular momentum of the free rigid body. However, while it traces the

trajectories on the sphere, it suffers from a systematic lag in the configuration space.

Since our applications have an energy which is not quadratic in the coordinates, the

mid-point rule will not preserve the energy anyway, and then it becomes advantageous

to have the Lie-Poisson structure preserved. Furthermore, Austin et.al [5] do not

provide higher order generalizations of their algorithms. To our knowledge none of

these rigid body algorithms have been generalized to spin-orbit problems as considered
in this paper.

2.7.1 Energy Conservation in the Spin-Orbit Integrator

We explore the energy conservation properties of the spin-orbit coupling algorithm.

In most solar system applications, the rotational energy is negligible when compared

to the orbital energy. To get a handle on the rigid body contribution to the energy, we

look at a rigid body moving on a fixed Keplerian orbit. Of course, in this case, neither

the total energy nor the total angular momentum vector are conserved. However, by

choosing the orbit to be circular, and moving to a frame that is rotating at the orbital

rate, we get rid of the periodic time dependence, and obtain a “Jacobi”-like integral

which captures the contribution of rigid body interactions to the energy (see [50]). As
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an example we considered a body with the Moon’s moments of inertia which is moving

on a fixed circular orbit and use a second order version of the algorithm. We started

the body spinning at the orbital frequency about the axis with largest principal

moment, and tipped that axis 0.1 radians with respect to the orbit normal. We

monitored the variation in the integral of the motion over a time span of 5000 orbits,

with a step size of 1/100 of the orbital period. The result is shown in Fig. 2-6. The

error in energy oscillates and shows no signs of growth, a commonly observed feature

of symplectic integrators. We carried out a similar experiment with an axisymmetric

Mars-like bodyspinning about the axis with largest principal moment at Mars’ current

rotational period and attitude. With a stepsize of 1/100 of the orbital period, the

energy oscillated with an amplitude of order 107! as can be seen in Fig. 2-7.

2.8 The Dynamics of Rigid Bodies in the Solar

System
Now that we have derived a mapping for following the motion of a rigid body grav-

itationally interacting with a mass point, it is a simple matter to generalize to more

complicated situations.

2.8.1 One Rigid Body in the Gravitational n-Body Problem

I'he step from one mass point and a rigid body to n mass points and a rigid body

increases the computational effort, but leaves the conceptual framework practically

unchanged. The Hamiltonian of this problem is given by:
Ho &gt; ry 2. Gm,m; Gm;

H=2M 1M nS a Lt mii, (2.95)
i= 2m perl is = B |r; + CQ

where, in this case, the massive central body has index 0 and the rigid body has the

index 1. We carry out the following operations on the Hamiltonian:

o Transform the Hamiltonian to heliocentric (or Jacobi) coordinates to eliminate

the center of mass motion:
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o Further transform the Hamiltonian by moving to a frame rotating with the rigid

body;

o Expand the potential interaction between the rigid body and the mass points in

terms of Legendre polynomials and keep, as before, three terms of the expansion;

eo Group into two separate Hamiltonians the terms governing the free motion

(Keplerian and Eulerian). and the interactions (translational and rotational).

We work in a heliocentric framework since it is natural for computing the rigid body

interactions. We carry out the steps outlined above and end up with the following

Hamiltonian:

H = Hoss + Hl gnier + Hl trvernetions + Hire, (2.963

Wile -e,

- 1
» ZePE mang
Hoon = &gt; 5, EE ii=|21Roi|ge Alea
Herr SL 5 A == Sa

2h 2 2A 2. Gmym; 2.|Gm,3Gm;=elvier astions ZEA — &gt; : —_— x itr es rl : IR;
0&lt;i&lt;] Ri; i=0 28; 2 RB g

i#1
. 1 Tent fanH rdizecti=om7,=1P;j2s2.97Rt re Don Ea

where 1/p; = 1/m; + 1/my.

We note that the Lie-Poisson bracket that we derived for the case of a rigid body

interacting with one mass point generalizes naturally to the case of n mass points.

The reduction was made possible by moving to the rigid body frame, a step we can

still take in this problem. All we have to do is to account for the additional torques

on the body and the reaction forces on the mass points:

d= Zi ~ % mE

— Ro = {RH} =RauxVgH+Vsl
di 5 RE a

oll 12.0 2 EuNg ll =S, Bi=1l,...n
d = =—t A — — A — — A .

30s {MB} =MxVal + 3 Bo; 0%. (2.98)
J1=

in yes
I AN

TH
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The Keplerian motion is found by using a Kepler solver like the one discussed in

WHO91. The Eulerian free body motion is solved using the Lie-Poisson algorithm we

presented above. The Hamiltonian Hppgiece results from the transformation to-the

non-inertial heliocentric frame. Since it only depends on the linear momenta, it will

only affect the position vectors:

— — 1 7 — ”

Ro; (1) _ Ro; (0) “i i Sl lu. 1 (2.99)
mo ~~

The interaction Hamiltonian depends on the relative distances between the various

objects. Thus, as before, this Hamiltonian affects the momenta only, leaving the

position vectors and the configuration of the rigid body unchanged. We integrate it

to get:

Roi(t) = Roi(0)

Bie} we 20) = [V a, Hinteraction) t, = L. cee I

M(t) i M(0) + = R;1(0) x Va, BH rrserantion) t, (2.100)
#1

where the forces and torques are evaluated at Roi (0), gil, on Ts

This completes the integration of the parts. Finally, we construct a mapping that

approximates solutions to the full Hamiltonian by following the method of WH91. A

second order mapping will consist of: a half step along H,ierqctions Which modifies the

momenta; a half step along Hj,irect, which modifies the position vectors; a full step

of Keplerian and Eulerian motion; a half step Hp, 4ireet With the current momenta and

a final half step of Hynieractions -

2.8.2 Two or More Rigid Bodies in the Gravitational n-

Body Problem

This case generalizes the previous one. We will be interested in cases where the first

three Legendre polynomials in the potential expansion are sufficient. This allows us

to ignore rigid-rigid interactions, or equivalently, to assume that each rigid body sees
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all the other bodies in the system as mass points. Thus, the problem reduces to the

previous one, except that we have to follow two or more angular momentum vectors

and configurations instead of one.

2.9 Summary

We derived a symplectic integrator for a free rigid body, which conserves the magni-

tude of the angular momentum vector and its orientation in space. Two equivalent

versions were discussed: one made use of a canonical Poisson structure, the other of

the Lie-Poisson structure of a free rigid body. Numerical experiments explored the

conservation properties of the algorithm. Round-off errors were reduced by using a

quaternion formulation, with timely normalization. The energy error was bounded,

and suffered from large increases at resonant stepsizes. The time dependent Hamil-

tonian, which generates the algorithm, was used to analyze the primary resonances

introduced by the discretization. The free rigid body integrator was incorporated

in the n body integrator of WH91, to provide a mapping for the dynamics of one

or more rigid bodies interacting gravitationally with mass points. This mapping is

Lie-Poisson in the sense that it preserves the Poisson structure and the symmetries

generated by the Lie group of Euclidean transformations.
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Chapter 3

The Obliquity of Mars: A Case of

Adiabatic Chaos

[t has been understood for some time, thanks to Ward’s analysis of secular spin-

orbit resonances, that the rotation of Mars is strongly affected by variations in its

orbit.[41, 42, 44] The large variations in the obliquity of Mars predicted in some mod-

els would have important consequences for the modulation of Mars’ climate and other

atmospheric behavior such as dust storms. Variations of the obliquity have been sug-

gested as a possible cause of the layered polar deposits on Mars.[39, 46] However,

a number of obstacles have prevented a reliable determination of the history of the

obliquity of Mars. One obstacle is fundamental and unavoidable. Ward, Burns, and

Toon [45, 20] pointed out that a variety of physical mechanisms can change the mo-

ments of inertia of Mars, and that as the moments of inertia change secular spin-orbit

resonances could be encountered which can drastically alter the obliquity of Mars.

Secular spin-orbit resonances occur when the period of precession of the spin-axis of

Mars is commensurate with one of the periods in the variation of the orbit of Mars.

The timescale for significant internal geophysical changes in the physical rotational

parameters of Mars is estimated to be greater than 100 million years, perhaps even

billions of years. On shorter timescales, less than 100 million years, the most signifi-

cant obstacle to a reliable determination of the history of the obliquity has been due

to uncertainties in the orbital dynamics of Mars. The strongest secular spin-orbit res-
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onance is due to the near equality of the frequency of the precession of the spin-axis

with the frequencyof the second inclination mode of the solar system, the mode that

dominates the evolution of the orbit plane of Venus. As orbit theories have improved,

the estimates of the difference between these frequencies have varied significantly.[23]

Recently, Ward and Rudy [46] used an improved Fourier decomposition of the evo-

lution of the orbit of Mars from the secular semi-numerical theory of Laskar [23] to

update the history of the obliquity of Mars. They found that on a timescale of several

million years the obliquity reaches values as large as 45°, compared to a maximum of

35° found using earlier orbit theories. Meanwhile, Laskar [24, 25] has found evidence

that the evolution of the solar system is chaotic in a numerical integration of an aver-

aged secular approximation of the equations of motion for the planets. Sussman and

Wisdom [36] confirmed this result by direct numerical integration of the whole solar

system. The timescale for exponential divergence is only about 4-5 million years.

Thus the evolution of the planetary system is not quasiperiodic, and consequently

not well described by Fourierseries, an assumption made in all existing investigations

of the obliquity of Mars. The discovery that the solar system is chaotic necessitates

a new investigation of the evolution of the obliquity of Mars without Fourier ap-

proximations to the orbital variations. Here we present the results of a number of

such direct numerical integrations of the rotation of Mars in the chaotically evolving

planetary system.

3.0.1 Physical Model

Our physical model for the planetary evolution is the same as that used by Sussman

and Wisdom [36], which is the same as Quinn, Tremaine, and Duncan [32] except for

an unimportant difference in the treatment of the general relativistic corrections. In

addition to the effects of general relativity, the model approximates the effect of the

Earth-Moon quadrupole on the evolution of the planetary orbits. We take Mars to

be an axisymmetric body. We consider both the case in which only the solar torques

are included and the case where all gravitational torques are taken into account. We

ignore the effect of Mars’ extended shape on the evolution of the planetary orbits.

50



For the physical parameters of Mars we assume J, = 0.00196 [6, 21, 46], and A =

C'/MR? = 0.366 [22, 21, 46]. We used two different sets of initial conditions. In set IC]

we took the initial conditions and masses from Quinn, Tremaine, and Duncan. In the

other set IC2 we took initial conditions and masses from JPL ephemeris DE202 [35].

The rotational state of Mars was derived from M.E. Davies, et al. [13, 14]. We use

the symplectic Lie-Poisson integration algorithm, which we discussed in the previous

chapter to integrate the motion. The stepsize in our integrations is 7.2 days. Our

integration extends backwards in time.

3.0.2 Numerical Integrations

Fig. 3-1 shows the obliquity of Mars, ©, for 80 million years in the past as determined

by our numerical integration with initial condition set IC1. The obliquity of Mars

executes large irregular variations that range from about 11° to about 49°. We have

computed the Lyapunov exponent for the spin dynamics and find that the evolution

1s chaotic with an exponential divergence timescale of about 3-4 million years.

The sudden change in mean obliquity that occurs about 4 million years ago (Fig. 3-

2) is not a sensitive feature of the orbit model. The same transition occurs with initial

condition set [C2. Indeed, the initial segment of both integrations is remarkably sim-

ilar to that found by Ward and Rudy [46], including the transition in mean obliquity.

Beyond about 7 million years in the past the obliquity in our calculation begins to

diverge from that found by Ward and Rudy. In light of the chaotic evolution of the

spin-axis such divergence is to be expected. Ward and Rudy use Laskar’s Fourier

representation of the orbit of Mars, which approximates the chaotic evolution of the

orbit over about 10 million years [23, 46]. So if the chaotic orbit model of Laskar were

used instead of the quasiperiodic representation of the orbit, we expect the obliquity

of Mars would behave similarly. Thus the history of the obliquity of Mars over the

last few million years is no longer sensitive to remaining differences in the models of

the evolution of the orbit of Mars.
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3.0.3 Secular Spin-Orbit Resonance

Ward and Rudy [46] attributed the transition in mean obliquity to passage through a

secular spin-orbit resonance. As mentioned above, the most important secular spin-

orbit resonance for the evolution of the rotation of Mars is due to the near equality of

the frequency of the precession of the spin-axis with si, the frequency of the second

inclination mode of the solar system. In the Laskar Fourier decomposition of the

evolution of the orbit of Mars, the component due to the second inclination mode is

accompanied by a number of smaller components of similar frequency. A multiplet

of components can be viewed as a single component with varying amplitude and

frequency, the frequency of the variations being comparable to the frequency spread of

the multiplet. Ward and Rudy pointed out that transitions across the resonance and

capture into the resonance can be induced by this modulation. As the amplitude and

frequency of the resonant perturbation vary, the amplitude of the resonance motion

adjusts to approximately preserve the adiabatically invariant resonance action. If the

modulation is great enough, transitions can be induced. A plot of the resonance angle

hy — 23 versus time confirms the essential role this resonance plays in the dynamics

(Fig. 3-3). Here, h; is the ascending node of the equator of Mars on the invariable

plane, and 23 is the phase of the second proper mode of the solar system computed

from our data using the transformation of Laskar [25]. The transition in the mean

obliquity that occurs about 4 million years ago coincides with a transition across the

resonance associated with this combination of angles: the direction of rotation of

the resonance angle changes as the mean obliquity changes. In Fig. 3-4 the mean

obliquity, ©, is plotted versus the resonance angle, h; — 23. The mean obliquity

has been computed from the obliquity with a simple low-pass filter that removes

frequencies above about 10 arcsec/year. As the resonance angle circulates the mean

obliquity is relatively constant and stays on one side of the resonance; oscillation of the

resonance variable is associated with an oscillation of the obliquity. This behavior

1s typical of non-linear resonance. Transition from circulation in one direction to

circulation in the other direction is associated with a sudden change in the mean
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obliquity as the resonance 1s crossed.

It is amusing to note that the large change in mean obliquity about 4 million

years ago does not happen in our model if the general relativistic corrections: are

not included. We have carried out a full direct integration spanning 20 million years

without relativistic corrections and did not find large variations in the obliquity. This

is perhaps not surprising since general relativity induces changes in the secular mode

frequencies, particularly the first two frequencies, that are large compared to the

frequencyspread of the important multiplet near the second normal mode. Perhaps

the geology of Mars will ultimately provide another test of the validity of general

relativity.

3.0.4 Adiabatic Chaos

Isolated spectral components in the Fourier decomposition of the orbital variations

imply a region of libration of the corresponding non-linear secular spin-orbit reso-

nance. However, in Laskar’s Fourier decomposition of the orbit of Mars the reso-

nances corresponding to the components of the multiplet near the second inclination

mode are not isolated: the width of the libration zones for the principal components

are much larger than the frequency separation of the components.[47] The resonance

overlap criterion [10] immediately suggests that the evolution of the obliquity of Mars

is chaotic. However, the evolution of the obliquity of Mars is better understood in

another way which takes advantage of the small frequency spread of the multiplet.

Again, the multiplet of secular spin-orbit resonances can be combined into a single

coherent resonance with parameters that vary with a frequency comparable to the

frequency splitting of the multiplet. As the resonance parameters vary the size of

the libration region can vary drastically, but at the same time the amplitude of the

motion adjusts to approximately preserve the resonance adiabatic invariant. Taken

together these two facts imply that some trajectories can be forced across the time-

varying separatrix. As the separatrix is crossed there is an irregular jump in the value

of the adiabatic invariant, determined by the relatively rapidly rotating phase of the

resonance variable. Wisdom [49] pointed out that repeated separatrix crossings while
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resonance parameters change slowly can give rise to chaotic behavior, and that the

size and shape of the chaotic zone can be well approximated bythe set of trajectories

that are forced to cross the separatrix. This mechanism of “two-timescale chaos” or

“adiabatic chaos” was independently discovered by Menyuk [28] and analyzed by Es-

cande [16]. Wisdom was concerned with explaining the large chaotic zones near mean

motion resonances in the asteroid belt. and dealt with a coherent resonance represent-

ing a multiplet of mean-motion resonances with time evolving parameters governed

by the slower secular evolution of the eccentricity and perihelion. Escande dealt with

the more abstract problem of a mathematical pendulum with explicit time-varying

parameters. The chaotic spin dynamics of Mars 1s an example of adiabatic chaos,

but with an interesting twist. In the spin dynamics of Mars, the time variation of

the resonance parameters that drive the spin-system repeatedly across the resonance

separatrix are also chaotically varying because of the chaotic evolution of the solar

system. However, the evolution of the spin-dynamics of Mars is separately chaotic

and does not directly inherit its chaotic character from the chaotic character of the

evolution of the solar system. The spin-dynamics of Mars would still be chaotic even

if the solar system was quasiperiodic rather than chaotic provided the spectrum of the

orbit variations contained sufficiently strong multiplets. We have verified this by com-

puting the evolution of the spin of Mars over 100 million years with the orbit of Mars

represented by the most important terms in Laskar’s Fourier decomposition. With

the assumption of principal axis rotation, the evolution of the spin axis is governed

by the simplified time-dependent one degree-of-freedom Hamiltonian
; 2i= 5 z + coef] + Q(t) sinfi(t)]v1 —Z2cos(z),(3-1)where z is the ascending node of the equator plane on the orbit of Mars(simply re-

lated to hy; — 3) and is the coordinate canonically conjugate to the momentum Z,

the cosine of the obliquity of Mars. The precession constant « = (37/P)(D/P)J;/\,

where P and D are the orbital and rotational periods of Mars, respectively, has the

value a = 8.26 arcsec/year for our adopted physical parameters. The orbital preces-

sion frequency § and the orbital inclination i are simply given as functions of the
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quasiperiodic expansion of the orbit(for details see Appendix A). The terms included

in the expansion are those used by Ward and Rudy [46]. We find that the evolution

of the obliquity in this simplified model is still chaotic with an exponential divergence

timescale of about 5 million years, similar to that found in our full numerical integra-

tions, which integrate the rotation of the axisymmetric Mars without approximation

and automatically include the chaotic evolution of the solar system.

The mechanism of adiabatic chaos in the spin-dynamics of Mars can be illustrated

by considering the simplified model with only the two strongest components of the

orbit variation near the secular spin-orbit resonance. The system has a single degree

of freedom with periodic forcing at the difference frequency. A stroboscopic surface

of section for this model is shown in Fig. 3-5. Points are plotted once per cycle of

the periodic forcing. At the chosen phase of the section the coherent combination

of the two resonances is at maximum amplitude, and the maximum variation of

mean obliquity 1s represented on the section. We see that only two components are

sufficient to give a large region of chaotic behavior in the spin-dynamics of Mars.

The range of obliquity variation in the simple model matches rather well the range

of mean obliquity observed in Fig. 3-4. The coherent resonance that models the

two components varies in amplitude and phase. Trajectories inside the separatrix

when the amplitude is maximum are forced to cross the separatrix as the amplitude

decreases and the separatrix shrinks. Thus the chaotic zone is nearly identical to the

region enclosed by the separatrix at the maximum amplitude. We superposed on the

surface of section a solid curve which delimits the predicted chaotic zone at the chosen

phase. The size and shape of the chaotic zone are accurately predicted. Keep in mind

though that the quasiperiodic representation of the orbit variations is only valid for

a few million years, the actual coherent resonance parameters vary chaotically as the

orbit varies chaotically.

3.0.5 Parameter Sensitivity

We emphasize that the orbital dynamics is no longer a limiting factor in determining

the obliquity of Mars over, say, the last 10 million years. All of the orbit models
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give qualitatively the same results. with nearly identical transitions in mean obliq-

uity about 4 million years ago. However, if the physical parameters of Mars were

determined to be significantly different from the nominal values we have used, the

calculated evolution of the obliquity of Mars could be radically altered. To evaluate

the sensitivity to physical parameters we have integrated the quasiperiodic model

over a range of physical parameters, keeping the initial conditions of Mars fixed. The

crucial parameter is the precession constant; for our adopted physical parameters

a = 8.26 arcsec/year. We find that in the quasiperiodic model the spin dynamics

is chaotic in the range 7.4 &lt; a &lt; 8.6 arcsec/year. We note that the exponential

divergence time for the spin dynamics varied in the range of 1 to 5 million years as

a was varied. The range of obliquity also varies with «, with larger mean obliqui-

ties associated with larger values of a. Of course, the model is approximate. The

full problem should be reexamined if the estimates of the physical parameters are

significantly revised.

The history of the obliquity of Mars over longer intervals must be considered to be

inherently unpredictable. The evolution of both the orbit and spin of Mars are chaotic

and it is inherently impossible to make detailed forecasts of chaotic systems. Also

there are the unpredictable long-term changes in the physical parameters of Mars.

Thus any calculation of the remote history of the obliquity of Mars could only be

considered to be representative of a range of possibilities. These difficulties are only

compounded by the possibility that over the age of the solar system the obliquity

of Mars may increase secularly as a result of delayed postglacial rebound associated

with climate changes induced by obliquity variations.[33] Thus, little constraint can

be placed on the primordial obliquity of Mars.

3.0.6 Summary

Our numerical integrations of the rotation of Mars in the field of the fully interacting

and chaotically evolving planetary system shows that the spin-dynamics of Mars is

chaotic and that the obliquity of Mars undergoes particularly large irregular vari-

ations. The large variations in the obliquity are associated with repeated passage
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across a secular spin-orbit resonance. The chaotic character of the spin-dynamics

is not directly inherited from the chaotic character of the solar system and can be

understood to arise through the mechanism of adiabatic chaos. The detailed long

term evolution of the obliquity of Mars is inherently unpredictable, but, provided the

current estimates of the physical parameters of Mars are not too far from the truth,

the obliquity of Mars has almost surely had irregular episodes of high obliquity in the

past.
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Chapter 4

°Conclusion

The dynamics of Mars gave us a hint of the eventful history of planetary rotation.

Equipped with the numerical algorithms we described, and a suspicion for complex

secular spin-orbit resonances, we can go on and explore the rotational dynamics of

other planets and satellites in the solar system. Following a different route, Laskar

and Robutel carried out some of these calculations. At about the same time that our

results were published [38], they published a study [27] in which they independently

confirm the chaotic rotational dynamics of Mars, using Laskar’s semi-numerical calcu-

lation of a secular solar system. Furthermore, they find that the rotation of the inner

planets, excepting the Earth, has large chaotic zones associated with it. They also

find that the lunar forcing of the Earth rotation helped the Earth escape the fate of

the other planets. They find that the giant planets have regular rotational dynamics,

indicating that the obliquities of these planets are very likely to be primordial. Their

orbital model does not allow them to investigate the rotation of Pluto.

We believe that a thorough exploration of the rotational dynamics of a planet

like Venus, Mercury and most certainly the Earth is constrained by the conservative

models used in this paper and those used by Laskar and Robutel [27]. A history

of the Earth-Moon system requires the inclusion of the dissipation that results from

the tidal distortion of the Earth and the Moon which drastically effects their orbital

and rotational evolution. We are currently taking steps in this direction and we will

describe the results in a forthcoming report. Furthermore, the rotational dynamics of
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the Earth requires us to take account of the coupling between the Earth mantle and

core. A Lie-Poisson formulation of the conservative dynamics can be derived from

the elegant paper of Poincare [31]. giving us a route to the Lie-Poisson algorithm.

One can then examine the effect of other forms of coupling including the dissipative

torque at a turbulent boundary layer between the mantle and the core. A realistic

description of the rotation of Venus must examine the effect of dissipative torques of

the Venusian atmosphere or a possible core.

In anycase, judging from our first encounters with longterm rotational dynamics

in the solar system, it seems just a matter of time before the system yields more of

its complex flirtations with resonances and chaos.
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Appendix A

Precession: The Slow Road to

Chaos

We have explained how the chaotic obliquity of Mars results from the concerted effort

of two slow, but resonant dancers dragging a fast one. Such a conspiracy was first

written about by Cassini in reference to the rotation state of the Moon. Among

other things, Cassini observed that the angular momentum of the Moon remained

coplanar with the normal to the ecliptic and the orbital angular momentum suggesting

a resonance between the frequencies of precession. Cassini’s observations became the

subject of theoretical work beginning in the 60s with the papers of Colombo [11] and

Peale [29] on this continent, and the work of Beletskii [7] in the former USSR. Here,

we intend to go over some of the details we omitted in chap. 3. We will first introduce

the slow dancers (the fast dancer, the spin of Mars, does not need much introduction),

then go on to examine the dynamics on the celestial dance floor.

A.1 Our First Dancer: The Precession of The

Equinox
[t is the fate of inclined planetary equators to precess under the action of gravitational

torques. Some equators do it faster than others depending on the planets equatorial
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bulge, spin rate, inclination, mean motion and the existence of satellites. We discuss

the case of an axisymmetric Mars moving on a circular orbit around the Sun. We

assume that Mars is in a state of principal axis rotation with angular momentum

M=Cw.

The equator precession rate. 0g, is much slower than the mean motion and the

spin rate of the planet. We can therefore average over these frequencies, and con-

sequently examine the torque that the solar orbital ring exerts on Mars’ equatorial

bulge. The potential for such interactions is derived by averaging MacCullagh’s for-
mula over the mean motion:

CMarers Mey, GMe,, CA 3
Viody = — rt TM TES — (Sin? @ — 1), (A.1)

- 7 2 2

where © is the angle between the equator and the orbit plane. The torque acting on

the angular momentum conjugate to the generalized angle © is equal to minus the

derivative of the potential with respect to that angle:

OViod 3GMgn(C — A)T=—-——= = —— 2 in(20). A.2dO 4 73 (26) ( )

This torque acts to bring the bulge in alignment with the orbit. In order to recover

the precession rate of M about the normal 7 to some reference plane, we just divide

T by the component of M along 7. Let ¢ be the angle between M and 7, then the

precession rate is given by:

: 3n?C — Asin(20)
Sim (A.3)dw CC sin(¢)

or setting a = Sn OA Qk, == —g onze) with a = 8.26 arcs/yr currently.

A.2 Our Second Dancer: The Precession of The

Nodes

The orbit of Mars precesses in space. The precession frequency is again smaller than

the mean motions in the solar system. Following ideas in the previous section, it

should be straightforward to get a feel for this behavior. We replace the equatorial
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ring with a ring formed by the averaged orbit of a planet and examine its interaction

with the ring formed by the averaged orbit of Mars. In case one orbit is inclined

with respect to the other a gravitational torque will arise which will tend to bringthe

orbits into the same plane. This torque causes the precession of the orbits.

The potential energy(up to the second order Legendre polynomial) of the Mars

ring in the field of a planetary ring P with ap..s &lt; ap 1s given by:

Tn on 2

RN wai 2 sin? — | | (A.4)
where 7 is the mutual inclination of the orbits. In case, aps &gt; ap, the planetary

indices should be switched for the approximation to hold. Again the torque experi-

enced by the Mars ring is given by the derivative of the potential energy with respect

to's ,

Ta aa ne thy a Rk Ania) (A.5)
Let I be the inclination of Mars’ orbit with respect to the reference plane. Then,

the precession frequency is given by the torque divided by the component of the ring

angular momentum, L,;,,, along n:
: 1

ONode = i (A.6)

Using this formula, we find that the torque exerted by Jupiter causes the orbit of

Mars to regress at about 1.97 arcs/yr or with a period of 657 thousand years.

This approach is useful for getting a rough idea of the time scales that are involved.

However, the orbits of the planets are eccentric and their dynamics coupled. Faced

with this prospect, one has two options. One can look for better and better quasiperi-

odic approximations of the solar system, a venture started by Laplace-Lagrange and

developed to higher orders by Bretagnon [8] and Laskar [23]. However, realizing the
chaotic nature of the solar system one develops accurate numerical tools to explore

the long term dynamics, an approach taken by Sussman and Wisdom [36]. In our

work, we have added another tool in the numerical arsenal. But we have also explored

the consequences of a quasiperiodic solar system on the rotation of Mars. So we shall

say a few words on the analytic side of things.
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The Laplace-Lagrange approximation of the solar system consists of averaging

the equations over the fast frequencies, i.e. the mean motion of the planets, and

expanding the Hamiltonian up to second order in the eccentricities and inclinations.

Having done that, the system becomes linear in the conjugate canonical pairs (p;, ¢;)

and (h;, k;) where, for small eccentricities and inclinations:

p= sin Ls RY = snl) cos (0),Jsin(fki) ¢ ( (AT)
hy =e; sin{c;) k="; con).

2; 1s the argument of perihelion, e; the eccentricity, /; the inclination, and ; the

argument of the node of planet ¢. The eigenvalue problem is solved and the amplitudes

and phases calculated from observations. One can play more complicated versions

of this game. Bretagon [8] found a solution which was complete to second order in

the masses and third order in the inclinations and eccentricities. Laskar [23] found

a solution which was complete to second order in the masses and degree 5 in the

inclinations and eccentricities. These solutions lead to a proliferation of frequencies

resulting from the coupling between the planets. In the final analysis, the inclination

and precession of Mars will be represented by a quasiperiodic series:

PMars = i N; sin(s;t + 4)
J

Ilrs = - N; coslst + 47), (A.8)

Pq — 4p
0 Vans TE

hy
Siar) = NET GE. (A.9)

For the problem at hand, we will be interested in those frequencies that are close

to the precession frequency of the equator. Table A.2 shows the dominant resonant

modes in Laskar’s theory as quoted in Ward [47].

and
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A.3 The Couple in Resonance:Cassini States

Here, we assume that the orbit of Mars precesses with a constant rate while keeping

a constant inclination : to the ecliptic. We ask: what relationship should exist between

: and the obliquity .0, in order for the coplanar configuration, observed by Cassini,
to hold? Of course,

B70 = Uren (A.10)

both precessions being calculated with respect to the ecliptic normal. Using eq. A.3,

we get: ,
sin(2 ! :

pa at ml) (A.11)
where # = © — 1 is the angle between the equator and reference plane. For a = 8.26,

sin(z) = 0.00131766 and 0 = —7.053108arcs/yr, the equilibrium condition is satisfied

for 8, = —-31.23°, 8, = —0.52°, 8; = 31.49°, and 0; = 179.95. The strange ordering

respects historical convention. A plot of Og, vs § 1s shown in Fig. A-1. Depending

on values of Q the problem has two, three or four equilibria. Which of the equilibria

are stable and which are unstable? Of course this question could be answered by

examining the equations of motion that govern this problem and linearizing around

the equilibria. Here, we will address this question using the plot of the precession

frequency and physical intuition. Consider a case (Mars’ case) where four equilibria

exist and let ni, € and 0 be unit vectors normal to the reference, equator and orbit

planes respectively. We recall that the torque exerted by the Sun on Mars’ bulge acts

along € x 0.

State 1: In this state, € and 0 are on the same side of rn, with ¢ between 7 and

é. Increasing || increases |Qg,|. &amp; lags behind €. A torque develops which tends to

bring € closer to 0. This torque contributes an upward kick on €, thus stabilizing it.

The same can be shown for other directions. So state 1 is stable.

State 2: In this state, € and ¢ are on opposite sides of 7, with both above the

ecliptic. Increasing 6 decreases QE, o catches up with €. A torque develops which

contributes an upward kick on €, thus stabilizing it. So state 2 is also stable.

State 3: In this state, € and o are on opposite sides of 77, with € below the ecliptic,

(0
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Figure A-1: The solid line shows the change of the precession frequency of the equator
with 0. The dashed line is the orbital precession frequency. The points at which the
two lines meet are the Cassini equilibria.



closer to 7 than 4 is. Increasing f increases |Qg,|. € catches up with 6. A torque

develops which contributes an upward kick on € which stabilizes it. So state 3 is also

stable.

State 4: A similar argument shows that state 4 is unstable.

A.4 Dynamics: The Hamiltonian

[n order to go past the equilibrium configuration, we need some dynamics and for

that we develop the Hamiltonian that governs the problem. We assume that Mars

moves on a circular orbit whose inclination and precession are some given functions

of time. Let ji be the angular velocity of the orbit in space, and &amp; be the angular

velocity of Mars with respect to the orbit frame. The Lagrangian is:

BG |
£m SE +a) US +E) -V, (A.12)

where I is the tensor of inertia and Vis the potential energy. The angular momentum

is equal to M = 24 = I(&amp; + fi). The Hamiltonian is then given by:

H = M-3-L
l — — —

= S40 AM MEY (4.13)

We use MacCullagh’s formula for the potential energy. We perform the following

operations on the Hamiltonian:

» express the Hamiltonian in terms of Andoyer variables (G, L, H, g,![, h)(referred

to the orbit plane) and the semi-major axis a, the inclination i(¢) and the

precession rate Q(t) of the orbit;

e average the Hamiltonian over the mean motion;

o enforce the axisymmetry of Mars and average the Hamiltonian over the fast

angle g¢;

» assume principal axis rotation( which is now consistent with the dynamics) and

ignore the constant terms in the Hamiltonian.
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We end up with:

Td] 5 cos (1) Ole Tse RL 0) sin(i(t)) sin (1) cos(h) ST

where cos([) = H/L is the obliquity of Mars and « is the usual precession constant.

Next we set: Z = cos([), z = h and drop the L in the Hamiltonian:Hgars = = z . + Qsin(i)V1—Z2cos(z)(A.15)The reader can check that (Z,z) is a canonical pair. With this, we complete the

derivation of the Hamiltonian for a rigid Mars on a circular orbit with a time depen-

dent orientation.

A.4.1 The Integrable Dance

We examine the dynamics when only one inclination mode is present. Then, parsers =

N sin(st + 6) and qarars = N cos(st + 6), Q = 5 and sin(z) = IN, and the problem is

an integrable one degree of freedom problem whose behavior is given by contours of

the Hamiltonian. The equations of motion are:

dz Q cos(i) ZQ sin(i) cos(z)i i ~a|z+ 22) Tear
2 = QOsin(i)v1 — Z2sin(z). (A.16)

The equilibria are located at zg = 0, 7 with Z satisfying:

i 2 5 ©cos(i)] . ZS sin(1) cos (zo) Wo (ALT)
mi yo

The two conditions can be reduced to Eq. A.11 by setting [ = § + ¢. Since we have

essentially reduced the dynamics to that of a unit vector, it is best followed on a

sphere. Fig A-2 shows a projection of the motion for Z &gt; 0, and X =v/1—Z2sin(z)and Y = —/1 — Z?sin(z). We see only three fixed points, the fourth having Z &lt;

0. The plane is divided into three regions : Region I consists of counter-clockwise

circulation around State 1; Region II is a region of libration around State 2; in region

[II, the trajectories circulate in a clockwise direction. The regions are separated by

two trajectories which are homoclinic to State 4.
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Figure A-2: Contours of of H in a case of fixed orbital precession and inclination.
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A.4.2 The Two Frequency Dance

We consider a two-frequency secular orbit model which consists of the dominant,

near-resonant inclination modes. We have:

PMars = Nysin(sy t + dy) + Nasin(sa t + ds)

Mars = Ni cos(syt + dy) + Nycos(syt + ds)

(A.18)
0 2 51 NZ +52 N2 +N) Na (51452) cos[(s1—s2)t+(d1—d&gt;)]

Tr NZ+NZ+2N; No cos|(s1 —s0)t+(d1—d» )]

sin(z) = \/N{ + Ni + 2N; Ny cos[(s1 — s2)t + (dy — d3)]

The inclination and precession frequency are periodic with period T' = 2x /(sl —

s2). The Hamiltonian is a one degree of freedom Hamiltonian with periodic time

dependence. sl and s2 being very close to each other, we are in a situation of

“infinite” resonance overlap in Chirikov’s terminology [10]. Asi and © vary with time,

the homoclinic trajectories in Fig. A-2 pulsate. The separatrix extends to maximum

width at t,,,. = — (di — d2)/(s1 — $2). As argued in Sec. 3.0.4, the maximum extent

of the chaotic zone is well represented by the region bounded by the separatrix at

t = tmar. A planar Poincare section, at maximum separatrix width, was shown in

Fig. 3-5, along with the predicted chaotic region . The spherical counterpart is shown

in Fig. A-3. The separatrix at maximum width is superposed on the surface of section.

A.4.3 The Quasiperiodic Dance

We examine a quasiperiodic model which incorporates eight of the dominant modes

in the inclination of Mars(see table A.2). Here, we lose the benefit of the surface

of section, but features of the chaotic adiabatic invariant, associated with repeated

separatrix crossings, remain. We examine the past of a trajectory starting with the

obliquity of Mars and an azimuth of 37/4. The 8-frequency model shows a transition

to higher obliquity at about 4.5 million years, Fig A-4. The trace of the orbit in the
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Figure A-3: The separatrix at maximum width is superposed on the chaotic zone of
the 2-frequency model. The agreement is rather good.
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X —Y plane, Fig A-5 shows the expectedtransition between libration andcirculation.

We finally add two high frequency, but large amplitude terms:sq = —17.761481,

dg = 286.709047, Ng = 0.071051880, 310 = 18.744, 619 = 67.263903, No = 0.0237524.

We obtain a trajectory, Fig A-6. which reproduces the qualitative features of the

numerical integration. We refer to Laskar [27] for a global picture of the phase space.

A.4.4 The Finale: A Chaotic Dance

The orbital dynamics of Mars is chaotic. The frequencies and phases of the modes

vary chaotically in time and quasiperiodic approximations are useful for a very short

time in comparison with the age of the solar system. If we add to this the dynamic

geology on Mars, we are left with a fundamental obstacle to a reconstruction of the

history of the obliquity of Mars. One thing we know for sure is that it is chaotic, and

that the present does not represent the primordial conditions.
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Figure A-4: The past evolution of the obliquity in an 8-frequency model.
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Figure A-5: The same evolution seen in the X — Y plane. Transitions between
circulation and libration are evident.
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Figure A-6: The past evolution of the obliquity in an 10-frequency model.
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s (arcsec/year) o (deg) [
“7.053108 144.957652 0.00131766
-6.963110 311.798757 0.00103666
-7002513 118.034667 0.00073136
-7.148319 327.622257 0.00068832
-6.860594 298.460307 0.00061120
-7.189558 301.392902 0.000594
-6.813234 330.778441 0.00035216
-6.750999 285.604903 0.00023228

Table A.1: Near-resonant Inclination Modes for Mars’ orbit, from Laskar’s theory.
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