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Abstract Autonomous Underwater Vehicles (AUVs) are used in many applica-
tions such as the exploration of oceans, scientific and military missions, etc. Devel-
oping control schemes for AUVs is considered to be a very challenging task due to
the complexity of the AUV model, the unmodeled dynamics, the uncertainties and
the environmental disturbances. This paper develops a robust control scheme for
the dynamic positioning and way-point tracking of underactuated autonomous un-
derwater vehicles. In order to insure the robustness of the proposed controllers, the
sliding mode control technique is adopted in the design process. Simulation results
are given to validate the proposed controllers. Moreover, studies are presented to
evaluate the robustness of the developed controllers with model uncertainties and
under different types of disturbances including unknown currents.

Keywords AUV · Autonomous Underwater Vehicle · Sliding Mode Control ·
Dynamic Positioning · Way-point Tracking · Underactuated

1 Introduction

In recent years, the development of autonomous underwater vehicles (AUVs) has
drawn a great attention. AUVs have the ability of self-propulsion underwater as
well as on the water’s surface. There are many applications where AUVs are needed
such as exploration of oceans, sea mapping, underwater pipelines inspection, scien-
tific and military missions, etc. In these applications, they are required to perform
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several hard tasks in an automated manner without the interaction of human op-
erators while performing well under a variety of load conditions and with unknown
sea currents. The use of AUVs can benefit social welfare in terms of saving lives,
low operational costs, increased mobility, long endurances, reaching places that are
difficult to reach by humans, etc. Hence, many research works were undertaken
towards the development of autonomous underwater vehicles.

There are many obstacles in designing control schemes for AUVs. For example,
some of the factors that make it difficult to control AUVs are the complexity of the
AUV dynamics, the nonlinearities, the unmodeled dynamic effects, the system’s
uncertainties and the environmental disturbances. Furthermore, common AUV
prototypes are underactuated where the available actuators do not produce forces
and torques in all directions of motion. In other words, the vehicle has less control
inputs than the number of independent generalized coordinates (i.e. degrees of
freedom (DOFs)). Therefore, the problem of controlling AUVs is a very challenging
task which attracted and still attracting many researchers. Hence, these challenges
along with the wide applications of autonomous underwater vehicles are the main
motivation for undertaking this work.

Designing control schemes for the motion of AUVs may differ according the
considered control objective or strategy. Objectives of the control task of AUV
include trajectory tracking, path following, dynamic positioning and way-point
tracking. The trajectory tracking deals with the problem of forcing the AUV to
track a time-parametrized path while the path following control problem handles
the tracking of a path that is independent of time and which is expressed in terms
of its geometric description [1]. The dynamic positioning problem refers to the
design of control laws that forces the vehicle to reach a desired point and keeps it
there. For the way-point tracking objective, it is required that the AUV tracks a
sequence of way-points to reach a final goal position.

In the literature, many research works tackled the problem of controlling AUVs
and marine vehicles considering different control problems such as trajectory track-
ing [45,30,44,28,10], path following [13,50,33,32,21], dynamic positioning and
way-point tracking [3,43,46,27]. Some research works proposed combined trajec-
tory tracking and path following control designs such as in [22].

Different nonlinear control techniques are used in these works. Some of these
techniques include sliding mode control [50,12,10,11,27], higher order sliding mode
[30], adaptive control [18,38,45,37,9,17,35,3], learning control [54], Neural net-
work control [40,48,53,25], fuzzy control [31,49], Lyapanov-based techniques [34,
41] and Lyapanov’s direct method [29].

Several attempts have been made to address the dynamic positioning problem
for AUVs. Some of the published studies have not considered the robustness of
their designs neglecting the effects of environmental disturbances and model un-
certainties such as [14,16,2,19,36]. Recent research has focused on robust solutions
to be more suitable for practical conditions. In [3], a nonlinear adaptive controller
was used to achieve the dynamic positioning and way-point tracking of AUVs
taking into consideration unknown ocean current and model uncertainties. This
approach relies on estimated values of ocean currents speed and direction obtained
through an observer which adds more computational complexity. Moreover, it con-
siders only model perturbations due to parameters uncertainties neglecting other
sources of disturbances within the dynamic model. The research [39] considered a
robust approach based on hybrid control taking into account perturbations due to
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ocean currents only leaving out model uncertainties as future research. Similarly,
[20] proposed a backstepping controller for the dynamic positioning considering
only the case of irrotational constant ocean currents. Furthermore, their controller
works only if a certain condition relating the AUV’s heading and the currents direc-
tion is satisfied which is limiting in practice. Another robust dynamic positioning
control was proposed in [26] using model predictive control and neural networks
which has an expensive computational cost. Moreover, it considers a fully actu-
ated case of AUVs. The shortcomings of the available approaches in the literature
to address the dynamic positioning of underactuated AUVs under disturbances
motivate more research in this field.

The focus of the present work is to develop control schemes for the dynamic
positioning and way-point tracking problems considering the lateral motion of
AUVs (i.e. the motion in the horizontal plane). Since AUVs often operate in harsh
underwater environments, the proposed control schemes are designed to be robust
against unmodeled dynamics, model uncertainties and external disturbances due
to ocean currents and waves. Also, the considered system is underactuated since
it is the most common type of AUVs. It is known that an underactuated system
cannot be stabilized by any continuous time-invariant feedback controller [52];
this implies that discontinuous control laws are needed to solve the problem of
controlling underactuated AUVs. Therefore, the sliding mode control technique is
adopted for the controllers design proposed in this work; this technique is known
for its robustness that provides superior tracking performance even when bounded
disturbances are acting on the AUV or with parameters or model uncertainties. To
sum up, the main contribution of this work is the development of a robust dynamic
positioning and way-point tracking controllers for underctuated AUVs that can
perform well under environmental disturbances and modeling uncertainties.

This paper is organized in the following manner. Section 2 presents a model
of the AUV for the lateral motion and formulates the control problem considered
in this work. Also, a coordinate transformation is given to facilitate the control
design. The proposed solution to the considered control problem is then conducted
in two stages. The first stage handles the dynamic positioning of the vehicle at the
neighborhood of a given target position; the designed robust controller to achieve
this task is given in section 3. In the second stage, a robust control scheme is
proposed to steer the vehicle through a sequence of given way points to reach a
desired final position; this controller is presented in section 4. Simulation results
are provided to validate the performance of the proposed controllers. Moreover,
the robustness of the proposed controllers is investigated in the subsections 3.3
and 4.3 using computer simulations. Finally, section 5 summarizes the conclusions
of this work.

2 AUV Model and Problem Formulation

This section presents the model of an underactuated AUV for the lateral motion;
it also formulates the problem under consideration, and provides a coordinate
transformation.
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2.1 Dynamic Model of the AUV

Modeling the motion of AUVs requires studying the geometrical aspects of the
motion as well as analyzing the forces and torques causing the motion. These two
parts are referred to as kinematics and kinetics of the AUV respectively [24].

The AUVs motion can be represented by a set of independent displacements
and rotations that describes the vehicle’s position and orientation. They are de-
scribed using 6 degrees of freedom (DOF) which are known as the surge (the
longitudinal motion), the sway (the lateral motion), the heave (the vertical mo-
tion), the roll (the rotational motion about the longitudinal axis), the pitch (the
rotational motion about the lateral axis) and the yaw (the rotation about the ver-
tical axis). Modeling an AUV considering all the degrees of freedom results in a
very complicated model that poses a lot of problems for the design of controllers.
Therefore, one of the common approaches is to separate this model into models
for the lateral and the vertical motions in order to facilitate the control design.
The work done in this paper considers the three degree of freedom lateral motion
model of AUVs (i.e. the motion in the horizontal plane) which corresponds to the
surge, the sway and the yaw DOFs.

Additionally, special reference frames are required to present the model of the
AUV which are the Earth-fixed {n} and the body-fixed {b} reference frames (see
Fig. 1). The definitions of these reference frames according to [23] are:

– The Earth-fixed frame {n} = (xn, yn, zn) is called the North-East-Down
frame (NED), and it is considered to be inertial. The vehicle’s coordinates in
this frame are described relative to a fixed origin on defined in the center of
this frame.

– The body-fixed frame (BODY) {b} = (xb, yb, zb) is a moving frame fixed to
the vehicle. Its origin ob is defined at the center of the vehicle. The axes of this
frame are usually chosen to coincide with the principal axes of inertia.

The considered model in this work for the lateral motion of AUVs is derived
from [23] assuming the following: (i) the vehicle is neutrally buoyant (W = B), (ii)
the quadratic damping terms are neglected, (iii) the sway motion is unactuated,
(iv) the center of gravity xg = 0 and (v) there are external disturbances and model
uncertainties.

Let u and v be the surge and the sway linear velocities of the vehicle respec-
tively, and let r be the vehicle’s yaw angular velocity. Also, let x and y be the
coordinates of the vehicle’s center of mass, and ψ be its orientation. Note that,
the linear and angular velocities (i.e. (u, v, r)) are described in the body-fixed
frame {b}, and the vehicle’s position coordinates and orientation (i.e. (x, y, ψ)) are
described in the earth-fixed frame {n}.

• The kinematics model of the AUV can be written such as,

ẋ = u cosψ − v sinψ

ẏ = u sinψ + v cosψ

ψ̇ = r.

(1)



Title Suppressed Due to Excessive Length 5

q

r

p

v

u

w

on

ob

xn

zn

yn

xb

zb

yb

Fig. 1 The earth-fixed and body-fixed reference frames for an AUV

• The dynamics model of the AUV can be written such as,

u̇ =M1(Xuu+ a1vr + τu) + d1

v̇ =M2(Yvv + a2ur) + d2

ṙ =M3(Nrr + a3uv + τr) + d3.

(2)

In the above model, the parameters M1,M2 and M3 are such that:

M1 =
1

m−Xu̇

M2 =
1

m− Yv̇

M3 =
1

Iz −Nṙ
,

and the parameters a1, a2 and a3 are defined by:

a1 = (m− Yv̇)

a2 = (Xu̇ −m)

a3 = (Yv̇ −Xu̇),

Note that, the following standard notation is used:m is vehicle’s mass, Iz is the
vehicle’s moment of inertia about the z-axis,Xu, Yv andNr are the linear damping
terms, and Xu̇, Yv̇ and Nṙ are the hydrodynamic added mass terms in the surge,
the sway and the yaw directions of motion respectively. The terms d1(t), d2(t)
and d3(t) represent the model uncertainties and external disturbances acting on
the AUV such as ocean currents. It is assumed that the disturbances d1(t), d2(t)
and d3(t) are bounded such that |di(t)| ≤ Di where Di ≥ 0 for (i = 1, 2, 3).

The available control inputs are the surge force τu and the yaw torque τr gen-
erated by the AUV’s actuators, and no actuation is available in the sway direction.
Therefore, the problem being considered corresponds to an underactuated control
problem.

2.2 Problem Formulation

This paper addresses two control problems for the motion of AUVs; these problems
are the dynamic positioning and way-point tracking. For the dynamic positioning
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control problem, it is required to force the AUV to reach the neighborhood of a
final, desired position starting from any initial position. The way-point tracking
problem requires the AUV to reach a final, desired position starting from any
initial position by following a specified path between these two positions; this path
is defined by a sequence of way-points. Therefore, the tackled control problems
considered in this work can be formulated as follows:

The Dynamic Positioning Control Problem:

For the nonlinear model of an underactuated AUV described by (1) and (2),
a robust control law that computes the required surge force τu and yaw torque τr
needs to be designed in order to force the vehicle’s position p0 = (x, y) to reach a

neighborhood Bǫ(p) centered around a desired point p = (xd, yd) with a radius of

ǫ > 0 such that Bǫ(p) := {p ∈ R2, ||p0 − p|| < ǫ}.

The Way-point Tracking Control Problem [3]:

Consider the nonlinear model of an underactuated AUV described by (1) and

(2). For i = 1, 2, · · · , n, let P = {p1, p2, · · · , pn} such that pi = (xi, yi) ∈ R2 be

a sequence of way-points described in the earth-fixed frame {n}. Each point pi is

associated with a neighborhood Bǫi(pi) centered around pi with a radius of ǫi > 0
such that Bǫi(pi) := {p ∈ R2, ||p− pi|| < ǫi}.

It is required to design a robust control law that computes the required surge

force τu and yaw torque τr in order to force the vehicle’s position (x, y) to reach

the neighborhood of pn after passing through a given sequence of neighborhoods

Bǫi(pi); i = 1, 2, · · · , (n− 1).

Therefore, the following sections are devoted to the design of control schemes to
solve both the dynamic positioning and way-point tracking control problems. The
developed controllers assumes that the measured/estimated values of the system
states are available from the vehicle’s navigation system; examples of available
navigation systems algorithms to estimate AUVs motion can be found in [5–7,15].

2.3 Coordinate Transformation

A coordinate transformation is now presented which will be used to facilitate
the control design. Let xd and yd be the coordinates of a generic way-point, and
let the vector from the origin of the body-fixed frame {b} to the point (xd, yd)
be denoted by Vw (see Fig. 2). The length of the vector Vw is denoted as e;
the angle of Vw measured from the x-axis of the body-fixed frame (i.e. xb) is
denoted by β. Motivated by the work in [4,3], we consider the following coordinate
transformation:

e :=
√

(x− xd)2 + (y − yd)2

x− xd := −e cos(ψ + β)

y − yd := −e sin(ψ + β)

ψ + β := tan−1

(

(y − yd)

(x− xd)

)

(3)

It should be noted that the angle β needs to be selected carefully (i.e., one has to
select the angle ψ+ β in the proper quadrant). Also, note that e > 0 according to
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Fig. 2 Illustration of the coordinate transformation for the dynamic positioning and way-point
tracking control problems

this transformation. The coordinate transformation expressed by (3) is illustrated
in Fig. 2.

Moreover, since β̈ is needed in the control design, it is obtained by differenti-
ating β̇ with respect to time as follows,

β̈ =
1

e2

(

(u̇ sin(β) + uβ̇ cos(β))e− u sin(β)ė
)

−
1

e2

(

(v̇ cos(β)− vβ̇ sin(β))e− v cos(β)ė
)

− ṙ

=
1

e2

(

eβ̇(u cos(β) + v sin(β))− ė(u sin(β)− v cos(β))
)

+
sin(β)

e2

(

M1(Xuu+ a1vr + τu) + d1
)

−
cos(β)

e2

(

M2(Yvv + a2ur) + d2
)

−M3(Nrr + a3uv + τr)− d3 (4)

Remark 1 It should be mentioned that the coordinate transformation given by (3)
is not valid when e = 0. This will not be an issue for the control design since the
objective of the control problem is to force the AUV to reach the neighborhood of
the desired point (i.e. force |e| ≤ ǫ where ǫ is an arbitrary small positive constant).

Using the coordinate transformation given by (3), the AUV’s kinematic model
can be expressed as follows:

ė = −u cos(β)− v sin(β)

β̇ =
u

e
sin(β)−

v

e
cos(β)− r

ψ̇ = r.

(5)
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Moreover, β̈ can be written such that,

β̈ = f̄ + ḡτr +
sin(β)

e2
d1 −

cos(β)

e2
d2 − d3 (6)

where f̄ and ḡ are defined such as,

f̄ =
1

e2

(

eβ̇(u cos(β) + v sin(β))− ė(u sin(β)− v cos(β))
)

+
M1 sin(β)

e2
(Xuu+ a1vr)

−
M2 cos(β)

e2
(Yvv + a2ur)−M3(Nrr + a3uv) (7)

ḡ =−M3 (8)

3 Dynamic Positioning Control

3.1 Design of the Dynamic Positioning Controller

This section presents a dynamic positioning control scheme for AUVs; this control
scheme aims to force any AUV to reach a desired position. The design is carried
out using the coordinate transformation in (3). Since this transformation is not
defined when e = 0, the following lemma, which addresses this case, is given first
before proposing the developed control scheme. Note that the case e = 0 can
occur in some rare situations when sudden disturbances act on the AUV resulting
in moving the vehicle to the desired position directly or when the AUV starts at
the desired position which is a trivial case.

Lemma 1 For the case when e = 0, the asymptotic convergence of u and r to

zero is guaranteed if the surge force and yaw torque are chosen such that,

τu = −Xuu− a1vr −
K1

M1
sign(u) (9)

τr = −Nrr − a3uv −
K2

M3
sign(r) (10)

where K1 > D1 > 0 and K2 > D3 > 0. Furthermore, the asymptotic convergence

of the sway velocity v to zero is ensured if d2 = 0.

Proof Consider the following Lyapanov function candidate,

V̄ =
1

2
u2 +

1

2
r2. (11)

The time derivative of V̄ along the dynamics in (2) is such that,

˙̄V =uu̇+ rṙ

=u(M1Xuu+M1a1vr +M1τu + d1) + r(M3Nrr +M3a3uv +M3τr + d3)

≤u(M1Xuu+M1a1vr +M1τu) +D1|u|+ r(M3Nrr +M3a3uv +M3τr) +D3|r|

Substituting (9) and (10) in (12) gives the following,

˙̄V ≤ −K1usign(u) +D1|u|+K2rsign(r) +D3|r|

= −(K1 −D1)|u| − (K2 −D3)|r| (12)
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Since K1 > D1 > 0 and K2 > D3 > 0, it is clear that ˙̄V < 0. This clearly proves
the asymptotic convergence of both u and r to zero.

Moreover, if d2 = 0 then the sway dynamics when u = r = 0 will be such that,

v̇ =M2Yvv (13)

Since M2 > 0 and Yv < 0, the asymptotic convergence of v to zero is guaranteed.
Therefore, the asymptotic convergence of (u, v, r) to (0, 0, 0) is guaranteed for

the case when e = 0 under the assumption that d2 = 0 and using τu and τr given
in (9) and (10).

It should be mentioned that if d2 6= 0 and |d2| ≤ D2, then it can be shown
that v is uniformly ultimately bounded.

The developed dynamic positioning control scheme is presented next.
In order to force the vehicle to reach the neighborhood of the desired point,

we define the following error,
ẽ = e− ǫ (14)

where ǫ is a small positive constant that defines the neighborhood of the desired
point.

We propose to use a sliding mode control scheme to force the AUV to reach
the neighborhood of a desired position. To that matter, it is required to force ẽ
and β to converge to zero. Therefore, we will choose the sliding surfaces S1 and
S2 in terms of ẽ and β such that,

S1 = u− c1tanh(kẽ) (15)

S2 = β̇ + c2β (16)

where c1, c2 and k are positive constants. Also, let the design parametersW1,W2,
K1 and K2 be positive constants such that K1 > D1 > 0 and K2 > D3 > 0.

Theorem 1 Consider the nonlinear model of the AUV’s kinematic and dynamic

equations of motion given by (1) and (2) respectively. Let the control law for the

surge force and yaw torque be such that:

τu =



























−Xuu− a1vr +
1

M1

(

c1k ˙̃e sech2(kẽ)−D1 sign(S1)
)

+
1

M1

(

−W1 sign(S1)
)

, if e 6= 0

−Xuu− a1vr −
K1

M1
sign(u), if e = 0

(17)

τr =







1
ḡ

(

− f̄ − c2β̇ −
(D1

e2
+
D2

e2
+D3

)

sign(S2)−W2 sign(S2)
)

, if e 6= 0

−Nrr − a3uv −
K2

M3

sign(r), if e = 0

(18)

where f̄ and ḡ are defined in (7) and (8), ǫ is an arbitrary small positive constant,

c1, c2, k > 0 and D1, D2 and D3 are bounds on the disturbances d1, d2 and d3.
If the proposed controllers in (17) and (18) are applied to the AUV, then the

asymptotic convergence of the position of the vehicle (x, y) to the neighborhood of

the desired position (xd, yd) is guaranteed.
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Proof The proof starts with the case when e 6= 0. Consider the following Lyapanov
function candidate:

V1 =
1

2
S2
1 +

1

2
S2
2 (19)

The time derivative of V1 can be obtained using (2), (6) and (14) as follows:

V̇1 = S1Ṡ1 + S2Ṡ2

= S1(u̇− c1k ˙̃e sech2(kẽ)) + S2(β̈ + c2β̇)

= S1

(

M1(Xuu+ a1vr + τu) + d1 − c1k ˙̃esech
2(kẽ)

)

+ S2

(

f̄ + ḡτr +
sin(β)

e2
d1 −

cos(β)

e2
d2 − d3 + c2β̇

)

≤ S1

(

M1(Xuu+ a1vr + τu)− c1k ˙̃esech
2(kẽ)

)

+D1|S1|

+ S2

(

f̄ + ḡτr + c2β̇
)

+ |S2|
(D1

e2
+
D2

e2
+D3

)

(20)

Substituting in (20) for the control laws in (17) and (18) gives,

V̇1 ≤ −W1S1sign(S1)−W2S2sign(S2)

= −W1|S1| −W2|S2| (21)

It is clear that V̇1 < 0 for (S1, S2) 6= (0, 0) since the design parameters W1 and W2

are positive scalars. Therefore, the finite-time convergence of the sliding surfaces
S1 and S2 to zero is guaranteed using the proposed control laws.

Furthermore, once the trajectories reach the sliding surfaces (i.e. S1 = S2 = 0),
Eqs. (15) and (16) imply the following,

u = c1tanh(kẽ) (22)

β̇ = −c2β (23)

On the sliding surfaces S1 = S2 = 0 and using the first equation of system (5),
the following dynamics are ensured:

˙̃e = −c1tanh(kẽ) cos(β)− v sin(β) (24)

β̇ = −c2β (25)

Since c2 > 0, Eq. (25) guarantees that β asymptoticly converges to zero as t
tends to infinity. Thereafter, the Eq. (24) reduces when β converges to zero to the
following,

˙̃e = −c1tanh(kẽ). (26)

The solution of Eq. (26) is as follows:

ẽ(t) =
1

k
log

[1

2
e−c1kt

(

ekẽ(0) − e−kẽ(0)
)

+
1

2

(

e−2k(ẽ(0)+c1t)(e2kẽ(0) − 1)2 +4
)1/2]

.

(27)
This result indicates the asymptotic convergence of ẽ to zero as t tends to infinity
since the design parameters c1 and k are positive constants.



Title Suppressed Due to Excessive Length 11

Therefore, the proposed control scheme ensures that (β, ẽ) asymptotically con-
verges to (0, 0). That is, one can guarantee that the vehicle’s position asymptoti-
cally converges to the neighborhood of the desired point under the application of
the proposed controller.

Equations (14), (22), (24) and (25) lead to the asymptotic convergence of
(e, ė, β, β̇, u) to (ǫ, 0, 0, 0, 0). Hence, the asymptotic convergence of r to −v

ǫ can
be inferred from Eq. (5). Therefore, from equation (2), the sway dynamics can be
written such that:

v̇ = −γ1v + d2 (28)

where γ1 = −M2Yv. Notice that γ1 > 0 since M2 > 0 and Yv < 0.
In the following, we will show that the sway velocity v is bounded if |d2| ≤ D2.

To that effect, consider the following Lyapanov candidate function,

V3 =
1

2
v2 +

1

2
v4 (29)

The function V3 satisfies the following:

α1(v) ≤ V3 ≤ α2(v) (30)

where α1(v) and α2(v) are class κ∞ functions defined such that:

α1(v) =
1

2
v2, α2(v) =

1

2
v2 +

1

2
v4 (31)

The time derivative of V3 along the dynamics in (28) gives,

V̇3 = vv̇ + v3v̇ = (v + v3)(−γ1v + d2)

= −γ1v
2 − γ1v

4 + d2v + d2v
3

≤ −γ1v
2 − γ1v

4 +D2|v|+D2|v|
3

= −γ1v
2 − γ1v

4 + θ(|v|2 + |v|4)− θ(|v|2 + |v|4) +D2(|v|+ |v|3), 0 < θ < γ1

= −(γ1 − θ)v2 − (γ1 − θ)v4 − θ|v|(|v|+ |v|3) +D2(|v|+ |v|3)

≤ −(γ1 − θ)v2 − (γ1 − θ)v4 ∀ |v| ≥
D2

θ
= µ (32)

The result obtained in (32) proves that the sway velocity v is uniformly ulti-
mately bounded with an ultimate bound of:

b = α−1
1 (α2(µ)) =

√

µ2 + µ4. (33)

Remark 2 It should be mentioned that if d2 = 0, the proposed controller will
guarantee the asymptotic convergence of (u, v, r) to (0, 0, 0) as can be seen from
(28) since γ1 > 0.

Moreover, if e = 0 and d2 = 0, the proposed controller ensures the asymptotic
convergence of (u, v, r) to (0, 0, 0) according to lemma 1. On the other hand, if
e = 0 and d2 6= 0, the sway dynamics will be such that,

v̇ = −γ1v + d2. (34)
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The solution of the above equation is given by,

v(t) = e−γ1tv0 + e−γ1t

∫ t

0

eγ1τd2(τ)dτ (35)

where v0 = v(0) is the initial value of v. This equation indicates that after a
small time t the sway velocity v will be different than zero which will force either
ẋ 6= 0, or ẏ 6= 0 or both. As a consequence, the vehicle will move from its position
resulting in either x 6= xd, or y 6= yd or both; this means that the case changes to
e 6= 0. Once e 6= 0, the proposed controller will force the vehicle to reach e = ǫ as
proven earlier.

Thus, the proposed control scheme in (17) and (18) guarantee the asymptotic
convergence of (ẽ, β, u, v, r) to (0, 0, 0, 0, 0) if d2 = 0. Moreover, the controller
ensures the asymptotic convergence of (ẽ, β, u, r) to (0, 0, 0,−v

ǫ ) while the sway
velocity v remains bounded if d2 6= 0. That is, the proposed controller forces the
AUV to reach the neighborhood of the desired position (xd, yd) and keeping it
there.

Remark 3 The proposed design of S1 in (15) gives us the freedom to choose the
desired surge velocity in order to reach a goal point and avoid practical limitations
on the velocity by properly choosing the design parameter c1. This is due to the
fact that on the surface S1, the surge velocity is u = c1tanh(kẽ) which implies
that u tends to c1 if the vehicle is far away from the goal destination.

Remark 4 The proposed control law can be calculated online due to its low compu-
tational complexity (i.e. it can be computed directly from the measured/estimated
values of position, orientation and velocities). This is considered as a favorable
feature for practical implementation since some AUVs may have limited onboard
computational power.

Remark 5 A common concern in the practical implementation of the proposed
control scheme in (17) and (18) is its switching behavior which is known as the
chattering problem due to the signum function. In practice, such function is ap-
proximated using a saturation function to reduce the chattering effects as will
be shown in the simulation section. A number of unmanned underwater vehicles
implementing sliding mode controllers have shown good performance in practice
such as the Benthos RPV-430, the Hamburg ROV and the Subjugator vehicles
(see [51] and references therein).

3.2 Simulation Results

The proposed control laws for the surge force τu and the yaw torque τr given in
(17) and (18) are applied to the nonlinear system described by the AUV’s model
in (1) and (2), and the performance is evaluated using computer simulations. In
these simulations, a practical AUV called the REMUS AUV is considered. The
REMUS AUV was developed by Von Alt and associates [47]; this AUV has many
features which include compact size and weight, proven reliability (used by the
U.S. Navy), ease of operation and a full suit of standard sensors. These features
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make the REMUS AUV a good choice in many scientific and military applications
such as hydro-graphic surveys, mine counter measure operations, harbor security
operations, environmental monitoring, etc. Therefore, we consider the REMUS
100 AUV for simulations in this paper. Its parameters are given in table 1. In this
sub-section, the model is considered with no disturbances (i.e. d1 = d2 = d3 = 0).

In order to avoid the well known chattering problem, the discontinuous sign
function used in the control laws (17) and (18) is replaced by the popular boundary
layer concept. Generally, the boundary layer is defined by replacing the sign(S)
in the control laws by a saturating function sat(S) defined as follows:

sat(S) =











− 1, S < −ϕ

S/ϕ, −ϕ ≤ S ≤ ϕ

1, S > ϕ

(36)

where ϕ is a positive constant that normally describes the error associated with
the smooth approximation of the signum function by the saturation function; the
boundary layer thickness is defined as 2ϕ.

The simulation starts with the following initial condition: x(0) = y(0) = ψ(0) =
u(0) = v(0) = r(0) = 0, and the desired position is chosen such that (xd, yd) =
(8, 10) with ǫ = 0.5 m. The desired radius of the targeted neighborhood ǫ is chosen
taking into consideration the length of the REMUS 100 AUV (L = 1.6 m). Also,
the design parameters are selected such that: k = 1, c1 = 0.5, c2 = 1, W1 = 1,
W2 = 1.5 and ϕ = 0.001.

The simulation results are illustrated in figures 3, 4, 5 and 6. Figure 3 depicts
the path taken by the vehicle (i.e the y position versus the x position of the
AUV). It can be clearly seen from this figure that the vehicle’s position (x, y)
converges to the neighborhood of the desired position (xd, yd) = (8, 10); note that
the neighborhood of the desired position is represented by a circle. In Fig. 4, the
AUV velocities u, v and r versus time are shown. One can see from this figure
that the surge velocity is u = 0.5 m/s as long as the vehicle is far away from the
goal destination which is for t < 20s; this agrees with what we discussed in remark
3. Then, the surge velocity starts to decrease near the final destination in order
to completely stop in the neighborhood of the destination. Also, this figure shows
that the velocities converge to zero once the vehicle reaches the neighborhood
of the desired point. The simulated surge force and sway torque are shown in
Fig. 5. Discontinuities in both controllers can be observed at about 0.5 seconds.
This occurs because both sliding surfaces S1 and S2 are very close to zero and
changing their signs. Figure 6 shows the transformed coordinates e and β versus
time; it is clear that the proposed proposed control scheme forces the transformed
coordinates (e, β) to converge to (ǫ, 0) = (0.5m, 0) with β converging to zero faster
than e in order to align the vehicle with the error vector between its position and
the final destination.

Therefore, it can be concluded that the proposed sliding mode controller solves
the dynamic positioning control problem of an AUV moving in the horizontal
plane.
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Table 1 The REMUS 100 AUV model parameters [42]

Parameter Value Units

m 30.48 kg
L 1.6 m
Iz 3.45 kg ·m2

Xu -8.8065 kg/s
Yv -65.5457 kg/s
Nr -6.7352 kg/s
Xu̇ -0.93 kg
Yv̇ -35.5 kg
Nṙ -35.5 kg ·m2
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Fig. 3 The path of the AUV
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Fig. 4 The velocities of the AUV versus time
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Fig. 5 The surge and yaw control laws of the AUV versus time

0 10 20 30 40 50 60

t (s)

0

2

4

6

8

10

12

14

e 
(m

)

0 10 20 30 40 50 60

t (s)

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

 (
ra

d)

Fig. 6 The transformed coordinates e and β of the AUV versus time

3.3 Robustness Studies

The proposed dynamic positioning control scheme is tested for robustness by per-
forming several computer simulations; the obtained results are presented in this
subsection.

In these simulations, three cases of the disturbances d1, d2 and d3 are taken
into considerations in addition to a case including model with uncertainties. To
include uncertainties within the mode, its parameters were varied randomly around
their nominal values given in table 1 within ±20% while the controller uses only
the nominal values. The three cases of disturbances are as follows:

1. Disturbances due to ocean current effects (case 1) (see remark 6):

d1(t) = 0.05 cosψ + 0.05 sinψ, d2(t) = −0.05 sinψ + 0.05 cosψ, d3(t) = 0
(37)

2. Sinusoidal Disturbances (case 2):

d1(t) = d2(t) = 0.1 cos(t), d3(t) = 0.1 sin(t) (38)
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3. Disturbances for a time period (case 3):

d1(t) = d2(t) = d3(t) = 0.15[us(t− 10)− us(t− 15)] (39)

where us(t) is the unit step function which is defined as follows:

us(t) =

{

1, t ≥ 0
0, otherwise.

The results of the simulations for the three cases of disturbances are given
in figures 7-12, and the results for the case of model uncertainties are shown in
figures 13-14. The actual path of the AUV is shown in figures 7, 9, 11 and 13, and
the surge and the yaw controllers versus time are presented in figures 8, 10, 12 and
14. For the three cases, the given results show how the controllers change their
values at steady state in order to suppress the effect of the disturbances, Also,
note that for the first two cases, the vehicle moves to the neighborhood of the
targeted position but it will not stop moving since d2(t) 6= 0 for t > 0. However,
this is not the case for the third case where d2 6= 0 for a period of time and d2 = 0
otherwise. For that case, the vehicle stops completely in the neighborhood of the
final destination and the velocities u, v and r converge to zero. The simulation
results agree with what was mentioned in remark 2. Thus, the obtained results
clearly show that the vehicle reaches the goal position regardless of the bounded
disturbances acting on the AUV. Furthermore, it is clear from the results of the
last case that the controller works well with model uncertainties. Therefore, we can
conclude that the developed dynamic positioning control scheme is robust against
bounded disturbances and model uncertainties.

Remark 6 [8] The ocean currents effect can be modeled by considering it as a
constant disturbance in the earth-fixed frame which is further projected onto the
body-fixed frame. In this approach, it is assumed that the current is constant
and irrotational in the earth-fixed frame. Therefore, one can define the vector of
current disturbance in the earth fixed frame as νC = [νCx, νCy, 0] ∈ R

3 and its
corresponding disturbance vector in the body-fixed frame can be obtained from
the following:

dC = R(ψ)νC (40)

where the transformation matrix R(ψ) is a 3× 3 matrix and it is such that:

R(ψ) =





cosψ sinψ 0
− sinψ cosψ 0

0 0 1



 . (41)
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Fig. 7 The actual path of the AUV using the dynamic positioning controller with the distur-
bances of case 1
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Fig. 8 The surge and yaw control laws versus time using the dynamic positioning controller
with the disturbances of case 1
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Fig. 9 The actual path of the AUV using the dynamic positioning controller with the distur-
bances of case 2
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Fig. 10 The surge and yaw control laws versus time using the dynamic positioning controller
with the disturbances of case 2
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Fig. 11 The actual path of the AUV using the dynamic positioning controller with the dis-
turbances of case 3
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Fig. 12 The surge and yaw control laws versus time using the dynamic positioning controller
with the disturbances of case 3
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Fig. 13 The actual path of the AUV using the dynamic positioning controller considering a
model with uncertainties
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Fig. 14 The surge and yaw control laws versus time using the dynamic positioning controller
considering a model with uncertainties

4 Way-point Tracking Algorithm

Motivated by the work done in [3], a control algorithm is presented in this section in
order to force the underactuated AUV to pass through a sequence of neighborhoods
Bǫi(pi) := {p = (x, y) ∈ R2 : ||p − pi|| ≤ ǫi} with a center pi and a radius ǫi > 0
where i = 1, 2, ..., (n − 1). Finally, the AUV is required to be positioned in the
neighborhood of a final target position pn = (xn, yn).

4.1 Control Algorithm

Define the following transition function:

σ = η((x, y), i) (42)
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where η((x, y), i) is such that:

η((x, y), i) =







i, ||p− pi||2 > ǫi
i+ 1, ||p− pi||2 ≤ ǫi; i 6= n
n, i = n

(43)

and ǫi is an arbitrary small positive constant representing the radius of a ball
centered around pi (neighborhood of pi). Using this definition, the desired way-
points are then computed according to:

(xd,i, yd,i) = pσ (44)

where σ refers to the index of the current way-point to be reached.

Consider the following sliding surfaces:

S̄1 = u− ud (45)

S̄2 = β̇ + cβ (46)

where c > 0 and ud is the desired surge velocity such that ud > 0 and u̇d = 0.

Let W̄1 > 0, W̄2 > 0, and let the surge force τu and the yaw torque τr be such
that:

τu = −Xuu− a1vr +
1

M1
(−D1sign(S̄1)− W̄1 sign(S̄1)) (47)

τr =
1

ḡ

(

− f̄ − cβ̇ −
(D1

e2
+
D2

e2
+D3

)

sign(S̄2)− W̄2 sign(S̄2)
)

(48)

where f̄ and ḡ are as defined in (7) and (8).

Theorem 2 Consider the nonlinear model of an AUV moving in the horizon-

tal plane and let e and β be defined as in (3) with (xd, yd) = (xd,i, yd,i) com-

puted according to (42)-(44). The control law for the surge force τu and yaw

torque τr given by (47) and (48) guarantee that the AUV passes through the

sequence of way points p = {p1, p2, ..., pn−1} with the associated neighborhoods

{Bǫ1(p1), Bǫ2(p2), ..., Bǫn−1
(pn−1)} where ǫi is an arbitrary small positive constant.

Furthermore, at the final point pn, if the control law proposed in (17) and (18)
is applied, then the vehicle’s position (x, y) will converge to the neighborhood of

pn.

Proof Consider the following Lyapanov function candidate:

V4 =
1

2
S̄2
1 +

1

2
S̄2
2 (49)
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Differentiating V4 with respect to time and substituting for the surge and yaw
control laws using (47) and (48) yields,

V̇4 = S̄1
˙̄S1 + S̄2

˙̄S2

= S̄1(u̇− u̇d) + S̄2(β̈ + cβ̇)

= S̄1

(

M1(Xuu+ a1vr + τu) + d1
)

+ S̄2

(

f2 + g2τr +
sin(β)

e2
d1 −

cos(β)

e2
d2 − d3 + β̇

)

≤ S̄1

(

M1(Xuu+ a1vr + τu)
)

+ |S̄1|D1 + S̄2

(

f2 + g2τr + β̇
)

+ |S̄2|
(D1

e2
+
D2

e2
+D3

)

≤ −W̄1S̄1sign(S̄1)− W̄2S̄2sign(S̄2)

= −W̄1|S1| − W̄2|S2| (50)

Since W̄1 and W̄2 are positive scalars, it is obvious that V̇4 < 0 for (S̄1, S̄2) 6= (0, 0).
This implies that the finite-time convergence of both surfaces S̄1 and S̄2 to zero is
guaranteed when the proposed controllers are applied.

One can see from (45) and (46) that when both surfaces converge to zero, the
convergence of (β, β̇, u) to (0, 0, ud) is guaranteed. Furthermore, since the con-
trollers in (47) and (48) are applied for e ≥ ǫi > 0, eq. (5) implies the following,

r = −
v

e
. (51)

Now, we can use this result in order to show that v will remain bounded which
will indicate the same for r. In order to do so, the sway dynamics is found to be:

v̇ =M2(Yvv + a2udr) + d2

≤M2(Yvv − a2ud
v

e
) +D2

≤ −γ2v +D2

where γ2 = −M2(Yv + a2ud

e ) > 0 since M2, ud, e > 0 and Yv, a2 < 0. This en-
sures that v is uniformly ultimately bounded which can be proven using the same
Lyapanov function V3 in (29).

Hence, the control law in (47) and (48) guarantees the convergence of the
vehicle’s position to the neighborhood of a desired point pi = (xd, yd). Moreover,
if (xdi

, ydi
) are computed according to (42)-(44) for a sequence of way points,

the control law will steer the vehicle through the neighborhoods of each point pi
(for i = 1, 2, · · · , (n − 1)). This is then followed by positioning the vehicle at the
neighborhood of pn through the application of the control law in (17) and (18)
which was proven in theorem 1.

4.2 Simulation Results

The efficiency of the proposed way-point tracking control algorithm is tested by
applying it to the REMUS AUV and simulating the vehicle’s performance. The
design parameters are selected as follows: ud = 0.5, c = 0.5, W̄1 = 1, W̄2 = 0.25,
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ϕ = 0.01, ǫi = 1 m and ǫn = 0.5 m. The sequence of points to be tracked are
taken to be {(3,0), (6,0), (9,0), (12,4), (12,8), (12,12), (15,16), (18,16), (21,16)}.
The initial condition for the simulation is taken to be x(0) = y(0) = ψ(0) = u(0) =
v(0) = r(0) = 0. This subsection considers the model under no disturbances (i.e.
d1 = d2 = d3 = 0).

Figures 15, 16, 17 and 18 present the simulation results. In Fig. 15, the AUV
velocities versus time are presented. The surge velocity converges to the desired
value ud = 0.5 m/s as it passes through the way-points. Then, it starts to de-
crease near the final point pn in about 60 seconds in order to settle down in the
neighborhood of pn. Once there, the surge, sway and yaw velocities converge to
zero and the vehicle stops. The surge and sway control laws are shown in Fig. 16.
It is obvious from Fig. 17 that the vehicle passes through the neighborhood of the
desired way-points until it settles at the neighborhood of the final destination.

Also, the transformed coordinates e and β versus time are presented in Fig. 18.
This figure clearly shows that e = 3 and β = 0 at the start of the simulation which
corresponds to the first point of the sequence. Then, the proposed controllers force
the vehicle to move towards that point resulting in the decrease of the position
error e until it reaches e = ǫ1 = 1 m at about 4 seconds meaning that the vehicle is
in the neighborhood of the first point. Once there, the next point in the sequence
is selected according to the proposed algorithm in (42)-(44), and hence the error
to that point is determined to be e = 4 m which will be fed to the controller
so that the required surge force and yaw torque are computed in order to force
the vehicle to move towards the second point and so on for each point in the
sequence. This procedure will be repeated till the last point is selected where the
dynamic positioning scheme starts to take effect in order to stop the vehicle at the
neighborhood of the final point where e = ǫ9 = 0.5 m as can be seen for t > 70 s.
Discontinuities can be seen in both the surge and yaw controllers at about 58
seconds; these discontinuities occur once the dynamic positioning control scheme
is applied when the final point is selected.

Regarding the angle β, it can be observed from the plot that starting from the
3rd point in the sequence the required point to be reached is at a different angle
than the vehicle’s heading angle where for each point the controller managed to
bring the vehicle’s heading to the new desired point successfully by forcing β to
converge to zero. This can be seen from the yaw torque plot where discontinuities
occurs at different times since S̄2 changes its value accordingly with the value of β
in order to force the vehicle to be aligned with the targeted point in the sequence
to maintain the tracking (i.e. a discontinuity occurs every time the vehicle needs
to realign itself for the new destination). Therefore, it can be concluded that the
proposed control algorithm works well for the way-point tracking of the AUV.
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Fig. 15 The velocities of the AUV versus time
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Fig. 16 The surge and yaw control laws of the AUV versus time
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Fig. 17 The path of the AUV
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Fig. 18 The transformed coordinates e and β of the AUV versus time

4.3 Robustness Studies

The robustness of the developed way-point tracking control scheme for AUVs
is investigated in this subsection. Several computer simulations were carried out
considering the three cases of the disturbances given in (37)-(39) and the case of
model uncertainties. The obtained simulations results are presented in figures 19-
26. Figures 19, 21, 23 and 25 show the actual path of the AUV, and figures 20,
22, 24 and 26 show the surge and the yaw controllers versus time. As mentioned
before, discontinuities can be seen in the controllers whenever the vehicle is not
aligned with the error vector meaning that β 6= 0 which leads to a change in the
sign of the surface S̄2. It is clear from these results that the way-point tracking
objective is achieved using the proposed control scheme for all the cases. Thus, we
conclude that the proposed control scheme for the way-point tracking of AUVs is
robust under bounded disturbances and model uncertainties.
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Fig. 19 The actual path of the AUV with the disturbances of case 1
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Fig. 20 The surge and yaw control laws versus time with the disturbances of case 1
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Fig. 21 The actual path of the AUV with the disturbances of case 2
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Fig. 22 The surge and yaw control laws versus time with the disturbances of case 2
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Fig. 23 The actual path of the AUV with the disturbances of case 3
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Fig. 24 The surge and yaw control laws versus time with the disturbances of case 3

-5 0 5 10 15 20 25

x (m)

-2

0

2

4

6

8

10

12

14

16

18

y 
(m

)

actual position
Way Points

Fig. 25 The actual path of the AUV considering a model with uncertainties
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Fig. 26 The surge and yaw control laws versus time considering a model with uncertainties

5 Conclusion

A robust dynamic positioning and way-point tracking control scheme for AUVs is
presented in this work. This control scheme aims to steer the vehicle through a se-
quence of way points to reach a target position where it settles in its neighborhood.
The proposed controller is based on the sliding mode control technique. Simula-
tions are performed on the REMUS AUV to validate the proposed controller. The
simulation results indicate that the proposed control scheme works well. Moreover,
simulation studies are presented to show the robustness of the proposed control
scheme.
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