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Abstract

We develop an exact partial differential equation-based methodology that predicts
time-energy optimal paths for autonomous vehicles navigating in dynamic environ-
ments. The differential equations solve the multi-objective optimization problem of
navigating a vehicle autonomously in a dynamic flow field to any destination with the
goal of minimizing travel time and energy use. Based on Hamilton-Jacobi theory for
reachability and the level set method, the methodology computes the exact Pareto
optimal solutions to the multi-objective path planning problem, numerically solv-
ing the equations governing time-energy reachability fronts and optimal paths. Our
approach is applicable to path planning in various scenarios, however we primarily
present examples of navigating in dynamic marine environments. First, we validate
the methodology through a benchmark case of crossing a steady front (a highway
flow) for which we compare our results to semi-analytical optimal path solutions. We
then consider more complex unsteady environments and solve for time-energy optimal
missions in a quasi-geostrophic double-gyre ocean flow field.
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Chapter 1

Introduction

The growth of autonomous vehicles has been staggering in the last few decades. Self

driving cars on land, autonomous gliders in the air and remotely operated underwater

vehicles in the ocean have all seen a surge of interest in the engineering and research

community in the past years [e.g. Griffiths, 2002, Schofield et al., 2010, Floreano and

Wood, 2015, Bagloee et al., 2016, Lermusiaux et al., 2017, Murphy, 2019]. Central

to the effective operation of all autonomous vehicles is efficient and accurate motion

control which falls under the purview of path planning. Path planning, in the most

general sense, corresponds to a set of rules to be provided to an autonomous robot

for navigating from one configuration to another in some optimal fashion [Lolla et al.,

2014a]. The metric for optimality, moreover, is problem dependent and depends on

the user specified objective of interest. This can range from optimizing for travel time,

vehicle safety or quality of data generation to name a few [Lolla, 2016, Subramani and

Lermusiaux, 2016]. Increasingly, the requirement for vehicles to operate autonomously

for longer periods of time has resulted in an ever increasing importance to another

key metric: Energy [Bellingham and Rajan, 2007]. In particular, there is a central

need for vehicles to operate for long periods at sea, either by developing more efficient

power supplies or using the environment to minimize energy consumption [Subramani

and Lermusiaux, 2016]. Similar needs arise in other applications as well, where the

environment can play a significant role such as in the navigation of land robots and

air vehicles [Webb et al., 2001]. The focus of this work is a new methodology for
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time-energy-optimal path planning of autonomous vehicles navigating in deterministic

strong and dynamic environments. Cases from ocean applications are emphasized and

presented, however it is important to note that the theory is not unique to marine

applications and is in fact equally applicable to different environments.

The energy requirements of AUVs are quite diverse. In addition to the power re-

quired for the propulsion system itself, additional power is needed for non-propulsive

purposes – what is known as the "hotel" load – for components such as the sonar

system for mapping and systems for data transmission and reception [Reader et al.,

2002]. When navigating from a fixed start point to a desired destination, improved

energy efficiency can ultimately come from two major sources: (1) Designing new

AUVs and/or power systems or (2) Intelligently planning the path to optimize for

energy expenditure. The former has undergone significant research in the past few

years, aiming for ideal AUV power sources that have key desirable characteristics

such as high energy and power density, low cost, and long life, to name a few [Øistein

Hasvold et al., 2006, Vasilescu et al., 2010]. The resulting research has lead to var-

ious novel power sources being developed for marine applications such as improved

battery cells, semi-fuel cells and even flywheel batteries [Sharkh et al., 2002, Godart

et al., 2021, Pulsone et al., 2017, Ware, 2012]. Additionally, new AUV designs have

also been under development with the central task of overcoming energy limitations

and allowing for navigation over extended times and distances. One such design with

good potential is the Solar powered AUV (SAUV) [Blidberg and Ageev, 2002]. Sev-

eral different models have been tested and analyzed, all of which allow for extended

endurance of the vehicle by having it recharge its onboard energy system by returning

to the surface [Ageev, 1995, 2000, Jalbert et al., 2003, Crimmins et al., 2006].

In this thesis, we focus primarily on the second approach for energy efficiency:

Intelligently planning the path of the vehicle while optimizing energy consumption.

Path planning for autonomous vehicles has been extensively studied, however tra-

ditionally the focus has been on static environments [Latombe, 2012, Leonard and

Bahr, 2016]. The ocean environment, on the other hand, presents its own set of

unique difficulties as a highly dynamic system with considerable variability in the

14



temporal and spatial domain. Strong currents and waves have significant influences

on the marine vehicle. In typical settings, these currents are either comparable in

speed to certain autonomous marine vehicles, such as AUVs [Schmidt et al., 1996], or

possibly much larger than vehicle speeds, such as in the case of gliders [Rudnick et al.,

2004, Lolla et al., 2014a]. Thus, it is imperative to account for the dynamic nature of

ocean currents and their effect on the resulting vehicle path. When navigating with

the intent of optimizing for energy use, these currents provide tremendous potential.

Autonomous vehicles can save significant energy by leveraging the external flow field

such that, when and where favorable currents are strong, the thrust can be reduced

and energy can accordingly be saved. Due to the complexity and variability of cur-

rents, it is however not obvious to predict which regions are reachable, which paths

to take, and when/where to slow down, so as to achieve the goal in minimum time

and energy. The critical challenge is thus to predict the currents in time and space,

and to predict the reachable sets and the optimal paths for the joint energy-and-time

optimization in these dynamic currents. For latter predictions, we also need to find

the equations that govern the optimal solutions and efficient numerical schemes for

solving these equations.

In this work, we develop an exact partial differential equation based methodology

that predicts energy-time optimal paths that accounts for energy usage for vehicles

navigating in dynamic flows. In particular, in the case of moving from a start location

to a specified destination, the goal is to find a path that minimizes the travel time and

energy usage. This, of course, is a multi-objective optimization problem requiring the

minimization of two cost functions. Our approach allows for the ability to compute a

family of solutions to the multi-objective optimization problem which all lie on what

is referred to as the Pareto front. The user can then select the optimal solution(s)

that they prefer based on how highly they value minimizing energy usage over travel

time, or vice-versa.
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1.1 Energy Optimal Path Planning

Path planning for energy efficiency is not a new problem, and several algorithms

have been proposed to address it. Graph search schemes is one class of methods

in which the state space can be discretized into a grid with weighted nodes. The

optimal path from the start to the target in this discrete space is then turned into a

graph search problem which can be solved through different approaches such as depth-

first search, breadth-first search, Dijkstra’s method and the A* algorithm [Lolla et al.,

2012]. Graph search methods have been studied quite extensively in autonomous path

planning problems [Carroll et al., 1992] and advances have been made to incorporate

energy efficiency as well. For instance Garau et al. [2005] build upon Carroll et al.

[1992] by determining optimal paths (in terms of energy cost) in ocean environments

consisting of eddies and currents. Kularatne et al. [2016] consider graph search based

methods for generating time and energy optimal paths while also considering kimatic

constraints on vehicle operation, while Huynh et al. [2015] use nonlinear robust Model

Predictive Control where optimal paths are found using an A*-like algorithm. Koay

and Chitre [2013] additionally have studied the effectiveness of current-aware energy-

efficient paths for AUVs found using an A* algorithm.

Rapidly Explore Random Trees (RRTs) is an additional approach to path planning

that uses random sampling to explore a space and find a path to the destination. Work

has been completed with RRTs in regards to energy optimal path planning such as

in Rao and Williams [2009], where RRTs are used to find feasible paths for gliders,

following which an A* search is used to identify a path from this collection that

minimizes an energy based metric.

Evolutionary algorithms for path planning have also been developed and, within

this class, the genetic algorithm (GA) and particle swarm optimization (PSO) algo-

rithm are two of the most popular [Zeng et al., 2016]. Alvarez et al. [2004] use a

genetic algorithm approach on a grid to find minimum energy cost paths in spatially

and temporally variable ocean environments. Cao et al. [2016] consider a framework

for optimal path planning for underwater gliders in 3D space that uses a modified 3D
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Dubins curve to get candidate paths and then uses a genetic algorithm to generate

optimal trajectories that minimize energy consumption. Huang et al. [2016] uses re-

ceding horizon control along with particle swarm optimization to generate trajectories

that are energy-optimal for solar-powered vehicles for the purpose of target tracking.

Several algorithms also have been proposed for finding optimal continuous paths

by formulating the path planning problem as a nonlinear optimization problem.

Kruger et al. [2007] determines continuous vehicle paths by solving an optimization

problem in which energy usage is added to the search space, thus allowing for the

vehicle thrust to be modified to minimize energy expenditure. Witt and Dunbabin

[2008] build upon the work in Kruger et al. [2007] by optimizing continuous paths

in a search space that includes time, obstacles, traversability, propulsion energy and

speed.

PDE based approaches for energy optimal path planning have also been studied.

Subramani and Lermusiaux [2016] presents one such approach. In particular, it looks

at solving a stochastic Hamilton-Jacobi PDE, using the level set method, in which

the vehicle speed is treated as a random variable. Using an efficient reduced order

model, the Dynamically Orthgonal (DO) equations, to solve the stochastic PDE, the

method ultimately allows for the determination of minimum energy paths among

time-optimal paths.

1.2 Present Research

In this work, we derive a method for energy-time optimal path planning that builds

upon the time-optimal equations [Lolla et al., 2014a,b, Lolla and Lermusiaux, 2017,

Lermusiaux et al., 2016, 2017] through state augmentation and multi-dimensional

differential optimization. Using Hamilton-Jacobi theory, our PDE-based approach

computes reachable sets and globally optimal paths for the multi-objective energy-

time optimal path planning problem. The method in particular provides a convenient

approach to compute the Pareto front of the multi-objective path planning problem

involving minimizing energy usage and arrival time. The user is then able to select
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a path through the dynamic environment from this family of solutions based on a

requirement of minimizing the arrival time, energy usage, or some weighted combi-

nation of the two. In chapter 2, we present the general problem statement that is

the focus of this work and introduce the key notation that is used throughout this

thesis. Chapter 3 provides a brief review of time-optimal path planning using level

set equations, and this is followed with a description of how energy constraints can

be introduced into the optimization problem. Algorithmic and numerical implemen-

tation details are provided in Chapter 4. In Chapter 5, applications and numerical

results for path planning in highly dynamic environments are presented, followed by

our conclusions in Chapter 6.
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Chapter 2

Problem Statement

In this chapter, we formally introduce the problem statement that we will solve.

2.1 Problem Parameters

Consider a vehicle that has to travel between two points in the ocean. The first

simplifying assumption we make, given the scale of the size of the vehicle and the size

of the ocean, is that the vehicle is a point particle.

Let the position of the vehicle at a time 𝑡 be given as 𝑋𝑝(𝑡) ∈ Ω, where Ω ⊆ R𝑑

is the physical domain the vehicle operates in. Let the energy stored in the vehicle

at a given time 𝑡 be 𝐸𝑝(𝑡) ∈ R ∩ [0, 𝐸𝑚𝑎𝑥] where 𝐸𝑚𝑎𝑥 is the maximum energy that

can be stored in the vehicle.

The first control the the vehicle has is its relative speed. Let 𝐹𝑚𝑎𝑥 be the maximum

speed of the vehicle in still water and 𝐹 (𝑡) ∈ R∩ [0, 𝐹𝑚𝑎𝑥] be the relative speed of the

vehicle with respect to water at a given time 𝑡. The second control is the heading of

the vehicle, which we represent using a unit vector: ℎ̂(𝑡) ∈ 𝑆𝑑−1

We denote 𝑥𝑠 and 𝑥𝑓 as the positions of the start point and the end point respec-

tively and 𝐸𝑠 the initial energy of the vehicle at the start point.

The vehicle travels in a dynamic environment with a background flow given by

𝑉 (𝑥, 𝑡). The problem parameters are summarized in Table 2.1
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Parameters Description
𝑑 The number of spatial dimensions
𝑥 Spatial variable
𝑡 Temporal variable

𝑥𝑠 Position of the start point
𝑥𝑓 Position of the target
𝑋𝑝 Position of the vehicle
𝑉 Background velocity
𝐹 Relative speed of the vehicle

𝐹𝑚𝑎𝑥 Maximum relative speed of the vehicle
𝐸𝑝 Energy of the vehicle
𝐸𝑠 Initial energy of the vehicle at start point

𝐸𝑚𝑎𝑥 Max energy of the vehicle

Table 2.1: Summary of Problem Parameters

2.2 Vehicle Dynamics

In this section we describe the dynamics of the vehicle whose path we optimize.

Given the two controls of the vehcile – the heading ℎ̂ and the speed 𝐹 – the

dynamics of the vehicle are given by the ODEs in Equation 2.1.

Net velocity⏞  ⏟  
d𝑋𝑝

d𝑡
=

Background Velocity⏞  ⏟  
𝑉 (𝑋𝑝(𝑡), 𝑡) +

Relative velocity⏞  ⏟  
𝐹 (𝑡)ℎ̂(𝑡) (2.1a)

d𝐸𝑝

d𝑡⏟ ⏞ 
Energy gain rate

= 𝑄̇𝑖𝑛 (𝑋𝑝(𝑡), 𝑡)⏟  ⏞  
Energy harvested

− 𝑊̇ (𝐹 (𝑡))⏟  ⏞  
Energy loss rate

due to propulsion

(2.1b)

Equation 2.1a simply states that the net velocity of the vehicle (given by the

magenta arrow in Figure 2-1) is the sum of the relative velocity exerted by the vehicle

(red arrow) and the velocity of the water at that point (blue arrow).

Equation 2.1b is the first law of thermodynamics for the vehicle. The rate of

energy gain of the vehicle is sum of the rate of energy gain due to harvesting and the

rate of energy loss due to propulsion. The vehicle can potentially harvest energy from

its environment from solar panels, wind turbines or by harvesting tidal energy. For

the purpose of this thesis, we will only consider vehicles that do not harvest energy

20



=⇒ 𝑄̇𝑖𝑛 = 0.

We will derive our methodology for a energy loss rate due to propulsion that

is 𝑊̇ = 𝑘 [𝐹 (𝑡)]𝑛 where 𝑘 and 𝑛 are constants, but the approach should hold for

arbitrary functions 𝑊̇ (𝐹 ) ∈ 𝒞1.

Figure 2-1: Schematic describing the problem statement and the vehicle dynamics. The
vehicle needs to travel from the start point (∙) to the target (F) under the effect of an
external velocity field (→). The net velocity of the vehicle (→) is due to both the external
velocity field (→) and the velocity imposed by the vehicle (→). As the vehicle travels, it also
loses energy. If we consider the motion of the vehicle in the full state space, its velocity in
the energy dimension is the rate of loss of energy due to propulsion (→). The net velocity
of the vehicle in the full state space (→) is the sum of these velocities.

With the dynamics of the vehicle described, we now formulate the specific opti-

mization problems we wish to solve. The solutions to these optimization problems

will give us the optimal path our vehicle needs to travel.
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2.3 Energy Constrained Time Optimal Path Plan-

ning

The first class of problems we look at is time optimal path planning with energy

constraints.

minimize
𝐹 (𝑡), ℎ̂(𝑡)

𝑡𝑓

subject to 𝐸𝑝(𝑡𝑓 ) ≥ 𝐸𝑚𝑖𝑛

𝑋𝑝(𝑡𝑓 ) = 𝑥𝑓

𝐸𝑝(𝑡) > 0 ∀𝑡 ∈ [𝑡𝑠, 𝑡𝑓 ]

(2.2)

Here, we try to reach minimize the time duration of the trip with the following

constraints: (i) The amount of energy we end up with is higher than the specified

minimum value (ii) We reach our target and (iii) We do not run out of energy during

the course of the trip. The third constraint is important only when we consider the

case of a vehicle that can harvest energy. If a vehicle does not harvest energy, the

fact that it reaches the destination with the minimum required energy implies that it

does not run out of energy during the trip.

This class of problems is especially useful for low powered ocean vehicles trying

to cover large distances. By giving a hard constraint for energy use, we ensure that

we never use more than the allowed amount of energy.
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2.4 Time Constrained Energy Optimal Path Plan-

ning

The next class of problems we look at is time constrained energy optimal path plan-

ning.

maximize
𝐹 (𝑡), ℎ̂(𝑡)

𝐸𝑓

subject to 𝑡𝑓 ≤ 𝑡𝑚𝑎𝑥

𝑋𝑝(𝑡𝑓 ) = 𝑥𝑓

𝐸𝑝(𝑡) > 0 ∀𝑡 ∈ [𝑡𝑠, 𝑡𝑓 ]

(2.3)

Here, we try to reach minimize the energy used during the trip with the following

constraints: (i) The time taken to reach the destination is less than the specified

maximum value (ii) We reach our target and (iii) We do not run out of energy during

the course of the trip.

This class of problems is more important when the trip has a strict time constraint.

There is no extra advantage to reaching the destination early – we just need to find

the trip with the least energy use given we reach on time.

2.5 Multi-objective Energy-Time Optimal Path Plan-

ning

While both of the above discussed problems can be argued to fall under the umbrella

of Energy-Time optimal path planning, we attempt to solve a more general problem.

minimize
𝐹 (𝑡), ℎ̂(𝑡)

[𝑡𝑓 ,−𝐸𝑓 ]

subject to 𝑋𝑝(𝑡𝑓 ) = 𝑥𝑓

𝐸𝑝(𝑡) > 0 ∀𝑡 ∈ [𝑡𝑠, 𝑡𝑓 ]

(2.4)

We wish to optimize both, the energy used and the time taken during the trip.
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Figure 2-2: In multi-objective optimization, Pareto solutions are solutions which are such
that the performance on one objective cannot be improved without worsening the performance
on the other objective. The above plot shows the performance of various feasible solutions
on the two objectives we wish to minimize. The collection of the feasible solutions forms the
feasible region. The pareto optimal solutions are marked with blue.

Often, these are conflicting goals since in most cases, it is possible to reach the

destination faster if more energy is used. The trip that minimizes energy is thus

generally not the trip that minimizes time. As with general non-trivial multi-objective

optimization problems, we don’t have a globally optimal solution that minimizes both

the objectives. To resolve this ambiguity, we introduce a class of solutions known as

Pareto optimal solutionsLaValle and Hutchinson [1998]. A Pareto optimal solution

is one where performance on any one of the objectives cannot be improved without

performing worse on the other objective. The collection of Pareto optimal solutions

is called the Pareto front.

In the case of energy-time optimal path planning, a path is pareto optimal if it

is not possible to reach the destination quicker while using lesser energy. It is clear

that the solutions obtained in Sections 2.4 and 2.3 are Pareto optimal solutions. In

this work, we introduce a method to compute the entire pareto front, thus computing

solutions for all possible energy and time constraints in the previous two sections.
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Chapter 3

Multi-objective Energy-Time Optimal

Path Planning: Theory

In this chapter, we outline our approach to solve the corresponding energy-time opti-

mal path planning problem. We start by introducing the key concepts on which our

method is built on from control and reachability. In particular, we highlight the work

presented in [Lolla et al., 2014a,b] which uses reachability for exact time-optimal path

planning in Section 3.1. In Section 3.2, we then discuss the modifications needed to

this time-optimal framework to now further account for energy usage in the optimiza-

tion problem.

3.1 Time Optimal Path Planning: Control and Reach-

ability

In the case of time-optimal path planning, we consider the problem of navigating

from a start point to a specified target through the dynamic flow field in minimal

time. Consider a vehicle in a dynamic flow field 𝑉 (𝑥, 𝑡). Starting from a point 𝑥𝑠,

the vehicle’s motion through the physical space is governed by the ODE given in
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Equation (2.1a) which is restated here for convenience:

d𝑋𝑝

d𝑡
=𝑉 (𝑋𝑝(𝑡), 𝑡) + 𝐹 (𝑡) ℎ̂(𝑡).

The position of the vehicle at any time 𝑡, 𝑋𝑝(𝑡), is ultimately governed by the start

point 𝑥𝑠 and the control functions chosen for the speed 𝐹 : [0, 𝑡] → R and heading

ℎ̂ : [0, 𝑡] → R𝑑.

Central to the process of computing the time-optimal path is the evolution of what

is known as the reachability set of the vehicle. Denoted as ℛ(𝑥𝑠, 𝑡), the reachability

set at any point in time contains all the states in the physical space the vehicle

could have reached, starting from 𝑥𝑠 and using a valid sequence of controls (speed

and heading functions). The boundary of this set, 𝜕ℛ(𝑥𝑠, 𝑡), is aptly termed the

reachability front, and intuitively represents the furthest points in space the vehicle

could reach at a given time. Framed using the concept of reachability sets the time

optimal path problem is then simple: continue to evolve the reachability front until

it touches the target. The resulting path followed by a point that remained on the

front and reached the target is then the corresponding time-optimal path.

The original time-optimal path planning problem hence boils down to the simpler

– albeit still complicated – problem of computing and evolving the reachability front.

A numerically convenient way to track the front’s evolution is through using the level

set method. Consider a domain 𝑥 ∈ R𝑑. The level set of a function 𝜑(𝑥) is the set

given by {𝑥 : 𝜑(𝑥) = 𝑐}, where 𝑐 is some defined constant, and corresponds to a hyper-

surface of dimension R𝑑−1 embedded in the domain. In the context of reachability,

the principle power of the level set method is to represent the reachability front

𝜕ℛ(𝑥𝑠, 𝑡) – which is a hyper-surface of dimension R𝑑−1 – by a level surface of some

implicit function. A temporally evolving function 𝜑(𝑥, 𝑡) is chosen such that its zero-

contour is used to represent the front, while the reachable set ℛ(𝑥𝑠, 𝑡) is represented

by the set {𝑥 : 𝜑(𝑥, 𝑡) < 0}. Hamilton-Jacobi theory can further be used to evolve

the reachability front using the function 𝜑(𝑥, 𝑡). In particular, if 𝜑0(𝑥) is an implicit
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function which represents the initial reachable set, the evolution of 𝜑(𝑥, 𝑡) is governed

by the Hamilton-Jacobi PDE given by Equation (3.2):

𝜕𝜑(𝑥, 𝑡)

𝜕𝑡
+max

𝐹,ℎ̂

{︁
𝐹 ℎ̂ · ∇𝜑(𝑥, 𝑡)

}︁
+ 𝑉 (𝑥, 𝑡) · ∇𝜑(𝑥, 𝑡) = 0,

𝜑(𝑥, 𝑡 = 0) = 𝜑0, (3.2)

To reiterate, the solution to the PDE in Equation (3.2) gives 𝜑(𝑥, 𝑡), whose zero level

set at any given time gives the reachability front 𝜕ℛ(𝑥𝑠, 𝑡). The reader is directed to

[Lolla et al., 2014a, 2012, Lolla, 2016] for a rigorous derivation of this PDE.

The maximization in Equation (3.2) can be performed analytically. In particular,

if the speed function is bounded as 𝐹 ∈ [0, 𝐹𝑚𝑎𝑥], we have that the optimal speed

and heading is given, at any point in space and time, as 𝐹 * = 𝐹𝑚𝑎𝑥 and ℎ̂* = ∇𝜑(𝑥,𝑡)
|∇𝜑(𝑥,𝑡)|

resulting in the following PDE governing the evolution of the reachability front [Lolla

et al., 2014a]:

𝜕𝜑(𝑥, 𝑡)

𝜕𝑡
+ 𝐹𝑚𝑎𝑥 |∇𝜑(𝑥, 𝑡)|+ 𝑉 (𝑥, 𝑡) · ∇𝜑(𝑥, 𝑡) = 0,

𝜑(𝑥, 𝑡 = 0) = 𝜑0. (3.3)

Equation (3.3) – referred to as the level set equation – may be discretized and solved

numerically by standard techniques such as finite difference, finite volume or finite

element methods. The PDE is moreover solved until the time 𝑡𝑓 such that 𝜑(𝑥𝑓 , 𝑡𝑓 ) =

0. In other words, the equation is solved until the reachability front reaches the target.

Once the reachability front has reached the destination, it still remains to deter-

mine the optimal path to be followed by the vehicle. Using the fact that the optimal

heading should always be normal to the reachability front, the optimal path can then

be determined using the evolved level set 𝜑(𝑥, 𝑡) by solving backwards in time from
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the destination to the target. Specifically, the optimal path, 𝑋*
𝑝(𝑡), can be shown

[Lolla et al., 2014a] to be governed by the ODE given as

d𝑋*
𝑝(𝑡)

d𝑡
= −𝑉 (𝑥, 𝑡)− 𝐹

∇𝜑(𝑥, 𝑡)

|∇𝜑(𝑥, 𝑡)|
, (3.4)

which is solved backward in time starting from 𝑥 = 𝑥𝑓 and time 𝑡 = 𝑡𝑓 . Equation

(3.4) is referred to as the backtracking equation.

To summarize, this section has presented theory that assures globally time-optimal

paths in dynamic flow fields. The reachability front is first evolved using Hamilton-

Jacobi theory and the level set method until it reaches the destination. Following

this, Equation (3.4) can be solved – the backtracking equation – to compute the

time-optimal path. In the next section, we present how to augment this approach to

further account for energy optimality.

3.2 Multi-objective Energy-Time Optimal Path Plan-

ning

We now present the key contribution for this thesis: how the aforementioned theory

can be augmented to consider energy optimality. Central to this will be to use the

concepts from control and reachability upon which the time-optimal path planning

theory in Section 3.1 was built upon.

In the case of energy optimal path planning, we once again consider the reacha-

bility set, but now look at its evolution in an augmented state space. In particular,

the dynamics of the vehicle through the physical space – given by Newton’s second

law – as well as its energy evolution – given by the first law of thermodynamics – is

governed by the following ODE system:

d𝑋𝑎
𝑝 (𝑡)

d𝑡
=𝑈𝑎(𝑡) + 𝑉 𝑎

(︀
𝑋𝑎

𝑝 (𝑡) , 𝑡
)︀
, (3.5)
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where

𝑋𝑎
𝑝 =

⎡⎣𝑋𝑝

𝐸𝑃

⎤⎦ (3.6a)

𝑈𝑎(𝑡) =

⎡⎣ 𝐹 (𝑡)ℎ̂(𝑡)

−𝑊̇ (𝐹 (𝑡), 𝑡)

⎤⎦ (3.6b)

𝑉 𝑎
(︀
𝑋𝑎

𝑝 (𝑡) , 𝑡
)︀
=

⎡⎣𝑉 (𝑋𝑝 (𝑡) , 𝑡)

0

⎤⎦ . (3.6c)

For a physical space of dimension 𝑑, we have that 𝑋𝑝 ∈ R𝑑+1 – an augmented state

space.

3.2.1 Forward Solve: Evolving the Reachability Front

Analogous to what was done in the case of time-optimal path planning, we consider

the reachability front in this augmented space 𝜕ℛ(x𝑎
𝑠 , 𝑡) and model its evolution using

an augmented Hamilton-Jacobi equation:

𝜕𝜑(𝑥𝑎, 𝑡)

𝜕𝑡
+ max

ℎ̂,𝐹 (𝑡)
{𝑈𝑎

ℎ̂
(𝑡) · ∇𝜑}⏟  ⏞  

Maximization term

+ 𝑉 𝑎(𝑥, 𝑡) · ∇𝜑 = 0

𝜑(xa, 𝑡 = 0) = 𝜑0. (3.7)

Equation (3.7) governs the growth of the reachability front using an implicit function

that lives in the full state space xa = [x 𝐸]𝑇 .

Maximization of the Hamiltonian

What remains to be addressed is the maximization term in Equation (3.7). For

autonomous vehicles with energy usage models 𝑊̇ (𝐹 (𝑡), 𝑡) of certain functional forms,

the maximization problem in Equation (3.7) can be solved analytically. As motivated

in Section 2.1, in this work we consider the frequently used energy usage model of
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Figure 3-1: Schematic demonstrating the growth of the reachability front in the augmented
state space. Fig (a) shows the pareto front which can be computed by tracking the intersection
of the level set with the energy line at the destination. Fig (b) shows the contours of the
reacability front at different energy levels projected onto the 2D space

the form 𝑊̇ (𝐹 (𝑡), 𝑡) = 𝑘 · 𝐹 (𝑡)𝑛 for some constant 𝑘 ∈ R and a positive integer 𝑛.

Common choices of 𝑛 include 𝑛 = 1, 2, 3 – corresponding to constant drag, linear

drag and quadratic drag resepectively [Subramani, 2014]. With this addition, the

maximization term can be simplified to give:

max
ℎ̂,𝐹 (𝑡)

{𝑈𝑎
ℎ̂
(𝑡) · ∇𝜑} (3.8)

= max
ℎ̂,𝐹 (𝑡)

{︂
𝐹 (𝑡) ℎ̂(𝑡) · ∇𝑥𝜑− 𝑊̇ (𝐹 (𝑡), 𝑡)

𝜕𝜑

𝜕𝐸

}︂
(3.9)

= max
𝐹 (𝑡)∈[0,𝐹𝑚𝑎𝑥]

{︂
𝐹 (𝑡) ‖∇𝑥𝜑‖2 − 𝑘(𝐹 (𝑡))𝑛

𝜕𝜑

𝜕𝐸

}︂
⏟  ⏞  

𝑔(𝐹 (𝑡))

, (3.10)

where we have used that the maximization over all possible headings yields

ℎ̂* =
∇𝑥𝜑

‖∇𝑥𝜑‖2
(3.11)

whose substitution results in the polynomial 𝑔(𝐹 ) (the time argument in the speed has
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been dropped for conciseness of notation). In the following, we present the maxima

of this expression for 2 cases: (i) 𝑛 ≥ 2 and (ii) 𝑛 = 1.

(i) Case 𝑛 ≥ 2

𝑔(𝐹 ) = 𝐹 (𝑡) ‖∇𝑥𝜑‖2 − 𝑘(𝐹 (𝑡))𝑛
𝜕𝜑

𝜕𝐸
(3.12)

𝑔′(𝐹 ) = ‖∇𝑥𝜑‖ − 𝑘𝑛
𝜕𝜑

𝜕𝐸
(𝐹 )𝑛−1 (3.13)

𝑔′′(𝐹 ) = −𝑘𝑛(𝑛− 1)
𝜕𝜑

𝜕𝐸
(𝐹 )𝑛−1 (3.14)

𝑔′(𝐹 ) = 0 =⇒ 𝐹 * =

(︃
‖∇𝑥𝜑‖
𝑘𝑛 𝜕𝜑

𝜕𝐸

)︃ 1
𝑛−1

. (3.15)

Equation (3.14) suggests that the polynomial can have a maxima in the interval

𝐹 ∈ (0, 𝐹𝑚𝑎𝑥) only if 𝜕𝜑
𝜕𝐸

> 0. In this case, it will occur at 𝐹 = 𝐹 * as given in

Equation (3.15). However, in the case where 𝐹 * > 𝐹𝑚𝑎𝑥, the monotonic nature of the

polynomial in [0, 𝐹𝑚𝑎𝑥] will result in the maxima occuring at 𝐹 = 𝐹𝑚𝑎𝑥. Additionally,

in the case where 𝜕𝜑
𝜕𝐸

≤ 0, the maxima will be at the extreme points of the interval

which, from Equation (3.12), can be concluded to occur at 𝐹 = 𝐹𝑚𝑎𝑥. To summarize,

we have

max 𝑔(𝐹 ) = 𝑔(𝐹 *) (3.16)

where 𝐹 * =

⎧⎪⎪⎨⎪⎪⎩
𝐹𝑚𝑎𝑥

𝜕𝜑
𝜕𝐸

≤ 0

min

(︂
𝐹𝑚𝑎𝑥,

(︁
‖∇𝑥𝜑‖
𝑘𝑛 𝜕𝜑

𝜕𝐸

)︁ 1
𝑛−1

)︂
𝜕𝜑
𝜕𝐸

> 0.
(3.17)

(ii) Case 𝑛 = 1

𝑔(𝐹 ) = 𝐹

(︂
‖∇𝑥𝜑‖2 − 𝑘

𝜕𝜑

𝜕𝐸

)︂
. (3.18)

Equation (3.18) is a linear function whose maximum can be trivially calculated:
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max 𝑔(𝐹 ) = 𝑔(𝐹 *) (3.19)

where 𝐹 * =

⎧⎪⎨⎪⎩𝐹𝑚𝑎𝑥 ‖∇𝑥𝜑‖2 ≥ 𝑘 𝜕𝜑
𝜕𝐸

0 ‖∇𝑥𝜑‖2 < 𝑘 𝜕𝜑
𝜕𝐸

(3.20)

The final PDE that evolves the implicit function (and thus the reachability front) is

obtained by substituting the above maximization terms into Equation (3.7) to yield

𝜕𝜑(𝑥𝑎, 𝑡)

𝜕𝑡
+ 𝐹 *(𝑡) ‖∇𝑥𝜑‖2⏟  ⏞  

I

− 𝑘 (𝐹 *(𝑡))𝑛
𝜕𝜑

𝜕𝐸⏟  ⏞  
II

+𝑉 𝑎(𝑥, 𝑡) · ∇𝜑⏟  ⏞  
III

= 0

𝜑(𝑥𝑎, 𝑡 = 0) = 𝜑0, (3.21)

where 𝐹 * can be computed from Equations (3.20) or (3.17) based on the 𝑛 value

corresponding to the energy usage model.

3.2.2 Computing the Pareto Front

It is important to highlight the physical significance of the reachability front in this

augmented space which is analogous to what was considered in the case of time-

optimal path planning. A point on the reachability front in the combined state space

of the vehicle implies that the state is reachable, that is, a set of controls exist such

that the vehicle can reach the specified physical position with the specified energy

at time 𝑡. This property allows for the exact solution of the energy-time Pareto

optimization problem given in Equation (2.4).

Consider a destination point in the physical space 𝑥𝑓 that we aim to plan a path

for the vehicle to navigate to from a start point 𝑥𝑠. Additionally, consider all possible

values of the energy remaining in the vehicle upon arrival, 𝐸𝑓 . This set of energy

values corresponds to the line in the augmented space given as {𝑥𝑎 = [𝑥 𝐸]𝑇 :

𝑥 = 𝑥𝑓 , 𝐸 ≥ 0}. The intersection of the reachability front 𝜕𝑅(𝑥𝑎
𝑠 , 𝑡) with this line
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at 𝑥𝑓 (see Figure 3-1) gives us the maximum energy that the vehicle can have if it

were to reach the destination at time 𝑡. This is because states of the vehicle at 𝑥𝑓

with a higher energy are not in the reachability set and hence are not ‘reachable’. If

the reachability front does not intersect with the line at 𝑥𝑓 , it means that it is not

possible for the vehicle to reach the destination at time 𝑡.

Let 𝐸𝑓 (𝑡) be the energy value from the intersection of the reachability front with

the energy line at the destination point. 𝐸𝑢𝑠𝑒𝑑(𝑡) = 𝐸𝑠 − 𝐸𝑓 (𝑡) is the total energy

used by the vehicle to reach the target point. If the target point is not reachable at

time 𝑡, we set 𝐸𝑢𝑠𝑒𝑑(𝑡) = ∞ as it is not feasible to reach the destination with a finite

energy. Define 𝐸𝑝𝑎𝑟𝑒𝑡𝑜(𝑡) as follows:

𝐸𝑝𝑎𝑟𝑒𝑡𝑜(𝑡) = min
𝜏<𝑡

𝐸𝑢𝑠𝑒𝑑(𝜏) (3.22)

It is easy to see that 𝐸𝑝𝑎𝑟𝑒𝑡𝑜(𝑡) is the Pareto front since it corresponds to the minimum

energy that can be used to reach the destination at time 𝑡. It is not possible to reach

the destination faster and while using less energy.

3.2.3 Backtracking

Once the Pareto front has been computed, a Pareto optimal solution can be chosen

– which we denote as [𝐸𝑓 , 𝑡𝑓 ] – that satisfies our mission objectives. As in the case

of time optimal path planning, the optimal path, optimal headings and the optimal

speed for this optimal solution must be computed by solving a backtracking ODE:

d𝑋𝑎
𝑝 (𝑡)

d𝑡
=−𝑈𝑎

* (𝑡)− 𝑉 𝑎
(︀
𝑋𝑎

𝑝 (𝑡) , 𝑡
)︀
, (3.23)
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where

𝑋𝑎
𝑝 =

⎡⎣𝑋𝑝

𝐸𝑃

⎤⎦ (3.24a)

𝑈𝑎
* (𝑡) =

⎡⎣ 𝐹 *(𝑡) ℎ̂*(𝑡)

−𝑊̇ (𝐹 *(𝑡), 𝑡)

⎤⎦ (3.24b)

𝑉 𝑎
(︀
𝑋𝑎

𝑝 (𝑡) , 𝑡
)︀
=

⎡⎣𝑉 (𝑋𝑝 (𝑡) , 𝑡)

0

⎤⎦ . (3.24c)

which is solved backward in time starting from 𝑥 = 𝑥𝑓 and time 𝑡 = 𝑡𝑓 . Furthermore,

the optimal heading ℎ̂* is given by Equation (3.11) and the optimal speed 𝐹 * is given

by Equation (3.17) or (3.17) based on the value of 𝑛 considered for the energy usage

model.
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Chapter 4

Numerical Schemes and

Implementation

In this section we outline the numerical schemes that are used to first evolve the

reachability front and then solve the backtracking ODE to compute the final optimal

paths.

4.1 Forward Solve: The Lax-Friedrichs Scheme

The full PDE for energy-time optimal path planning given in Equation (3.21) is of

the form

𝜕𝜑

𝜕𝑡
+𝐻(∇𝜑,𝑥, 𝑡) = 0, (4.1)

where 𝐻 is the Hamiltonian function which, in general, takes as input the components

of the gradient ∇𝜑 ∈ R𝑑 and may be a function of space 𝑥 ∈ R𝑑 and time. For the

case considered in this work, it is of the form:

𝐻(∇𝜑,𝑥, 𝑡) = 𝐹 *(𝑡) ‖∇𝑥𝜑‖2 − (𝐹 *(𝑡))𝑛
𝜕𝜑

𝜕𝐸
+ 𝑉 𝑎(𝑥, 𝑡) · ∇𝜑. (4.2)

Equation (4.1) is known as a Hamilton-Jacobi equation, and the existence, uniqueness

and properties of viscosity solutions to this equation have been extensively studied
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[Osher and Fedkiw, 2005, Evans, 2010] due to its broad applicability to many different

fields. For further details, we refer the reader to these references.

Several schemes have been investigated for solving Hamilton-Jacobi equations and

numerically computing viscosity solutions. For the case of structured rectangular

meshes, high-order finite difference schemes have been shown to be quite versatile.

For these cases, the semi-discretized schemes (i.e. discretizing only space) are of the

form

𝜕𝜑𝑖

𝜕𝑡
+ 𝐻̂(∇+𝜑𝑖,∇−𝜑𝑖,𝑥𝑖, 𝑡) = 0, (4.3)

where 𝐻̂ is a numerical approximation of the Hamiltonian – called a numerical Hamil-

tonian – and 𝜑𝑖 is the value of the field 𝜑(𝑥, 𝑡) at a given node, at position 𝑥𝑖, in

the finite difference mesh. Additionally, ∇+𝜑𝑖 ∈ R𝑑 and ∇−𝜑𝑖 ∈ R𝑑 are one-sided

discrete approximations to the spatial derivatives. Monotone schemes are one class

of approaches that look to use a monotone numerical Hamiltonian to compute the

solution. These schemes have several favorable properties such as stability in the 𝐿∞

norm and they can be shown to produce solutions that converge to the viscosity solu-

tion of the corresponding Hamilton-Jacobi equation [Shu, 2007]. The Lax-Friedrichs

scheme is one such monotone scheme which approximates the numerical Hamiltonian

as

𝐻̂𝐿𝐹 (∇+𝜑𝑖,∇−𝜑𝑖,𝑥𝑖, 𝑡) = 𝐻

(︂
∇+𝜑𝑖 +∇−𝜑𝑖

2
,𝑥𝑖, 𝑡

)︂
+

𝑑∑︁
𝑘=1

𝛼𝑘

(︂
∇+

𝑘 𝜑𝑖 −∇−
𝑘 𝜑𝑖

2

)︂
, (4.4)

where ∇+
𝑘 𝜑𝑖 is the 𝑘𝑡ℎ component of the one-sided spatial gradient approximation.

The parameters 𝛼𝑖 are dissipation coefficients that control the amount of numerical

viscosity and are given as

𝛼𝑘 = max
𝑝∈𝐼

|𝐻𝑘(𝑝,𝑥𝑖, 𝑡)|, (4.5)

where 𝐻𝑘 is the partial derivative of the Hamiltonian with respect to the 𝑘𝑡ℎ com-
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ponent of the gradient ∇𝜑. The domain 𝐼 over which the maximization in Equation

(4.5) is performed varies based on the variant of the Lax-Friedrichs scheme used. In

the traditional Lax-Friedrichs scheme, this domain is of the form

𝐼 =

[︂
min

𝑖
(∇−

1 𝜑𝑖,∇+
1 𝜑𝑖),max

𝑖
(∇−

1 𝜑𝑖,∇+
1 𝜑𝑖)

]︂
×
[︂
min

𝑖
(∇−

2 𝜑𝑖,∇+
2 𝜑𝑖),max

𝑖
(∇−

2 𝜑𝑖,∇+
2 𝜑𝑖)

]︂
...

(4.6)

That is, spatial derivative values over the whole domain are used to dictate the

interval 𝐼 over which to perform the maximization. The traditional Lax-Friedrichs

scheme typically produces large values for the dissipation coefficients which in turn

results in a more dissipative solution. As it is desirable to pick as small of a value

for 𝛼𝑘 as possible without inducing oscillations or other nonphysical phenomena into

the solution, variants of the Lax-Friedrichs scheme have been developed, such as the

Local Lax-Friedrichs scheme which performs the maximization for the dissipation

coefficients at each grid point using local gradient information [Osher and Fedkiw,

2005, Shu, 2007].

In this work, we have investigated the use of the Local Lax-Friedrichs scheme

to numerically solve the Hamilton-Jacobi equation given by Equation (3.21). For

computing the dissipation coefficients in Equation (4.5), a closed form solution for

the maximization of the partial derivatives of the Hamiltonian is not available. To

remain computationally efficient, in this work a simple grid search over the interval

𝐼 has been used to solve the maximization problem. This has not caused any issues

and has proved to be quite effective as we show in the following examples. We plan to

investigate more robust approaches to compute the dissipation coefficients in future

work.

4.2 Backtracking

Once the forward solve has been used to generate the Pareto front, the backtracking

equation, Equation (3.24a), is solved to determine the final optimal path. This is
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a system of ODEs which can be discretized and solved using standard explicit or

implicit schemes, as outlined in Lolla et al. [2014a].

In this work, an implicit first order time integration scheme has been used to

backtrack all optimal paths. Denoting the augmented state of the vehicle at time 𝑡

as (𝑋𝑎
𝑝 )𝑡, the discretized form of Equation (3.24a) is given as

(𝑋𝑎
𝑝 )𝑡+Δ𝑡 − (𝑋𝑎

𝑝 )𝑡

Δ𝑡
=−𝑈𝑎

* (𝑡)− 𝑉 𝑎
(︀
(𝑋𝑎

𝑝 )𝑡, 𝑡
)︀
. (4.7)

It is important to note that Equation (4.7) is indeed implicit, as the backtracking

equation is solved backward in time starting from the final state (𝑋𝑎
𝑝 )𝑡𝑓 at the final

time 𝑡𝑓 . Therefore, at each time step, (𝑋𝑎
𝑝 )𝑡+Δ𝑡 is known whereas (𝑋𝑎

𝑝 )𝑡 is the

unknown to be computed. Solving for (𝑋𝑎
𝑝 )𝑡 moreover requires the solution of a

system of nonlinear equations for which a fixed point scheme can be used. For further

details on the numerical benefits in using an implicit backtracking scheme, we refer

the reader to [Kulkarni and Lermusiaux, 2020].
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Chapter 5

Results and Applications

In this section, we illustrate our theory and schemes on two numerical cases. In the

first example, we consider a canonical case of crossing a simple idealized front (a

highway flow). This case admits a semi-analytical solution which therefore makes

it useful to validate our methodology. In the second case, we consider energy-time

optimal path planning in a more complicated ocean flow in order to showcase the

applicability of our approach in more realistic applications.

5.1 Highway Case

In this section, we consider the case of determining energy-time optimal paths for

crossing a simple idealized front as shown in Figure 5-1 (figure not to scale). The

front, which can be thought of as a "highway", consists of a uniform steady jet that

flows from the left to the right in a rectangular domain. The goal of the autonomous

vehicle is then to traverse from a start point at the bottom left of the domain to a

target point at the top right of the domain which is located on the other side of the

jet. In addition, we aim to find energy-time optimal paths – Pareto optimal solutions

– for the multi-objective problem of jointly minimizing arrival time and energy usage.

We start by first outlining the process of computing the semi-analytical solution.

Consider an initial spherical reachability front centered at (𝑥𝑐, 𝑦𝑐, 𝑒𝑐) in the augmented

state space and with initial radius 𝑟0. Our aim, recall, is to determine Pareto opti-
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Figure 5-1: Schematic demonstrating the highway case. The vehicle has to travel from the
start point (∘) to the destination (F). The environment consists of a current of velocity 𝑉
going horizontally through the middle of the domain

mal paths originating from anywhere in this reachable set to the destination that

minimize travel time and energy usage. Intuitively, it is clear that any such Pareto

optimal path must originate from a state on the boundary of the reachability set –

the reachability front. The unknown start point of the path from the spherical front

can be parametrized using two degrees of freedom as:

𝑥𝑖(𝛼, 𝛽) = 𝑥𝑐 + 𝑟0 𝑠𝑖𝑛(𝛽) 𝑐𝑜𝑠(𝛼)

𝑦𝑖(𝛼, 𝛽) = 𝑦𝑐 + 𝑟0 𝑠𝑖𝑛(𝛽) 𝑠𝑖𝑛(𝛼)

𝑒𝑖(𝛼, 𝛽) = 𝑒𝑐 + 𝑟0 𝑐𝑜𝑠(𝛽). (5.1)

The variables 𝛼 and 𝛽 correspond to the angular positions of the start point on the

front, where 𝛼 denotes the polar angle and 𝛽 the azimuthal angle as defined in the

standard spherical coordinate system. Consider now the motion of the vehicle through

the three main segments of the domain – before the jet, within the jet, and after the

jet. The net vertical distance travelled by the vehicle in the first segment before the

jet is given as Δ𝑦1 = Δ𝑦1 − 𝑟0 𝑠𝑖𝑛(𝛽) 𝑠𝑖𝑛(𝛼). The net horizontal distance that the
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vehicle must travel to reach the target is Δ𝑥 = Δ𝑥0 − 𝑟0 𝑠𝑖𝑛(𝛽) 𝑐𝑜𝑠(𝛼). The time

taken by the vehicle in each segment is given as:

𝑇1(𝐹1, 𝜃1, 𝛼, 𝛽) =
Δ𝑦1

𝐹1𝑐𝑜𝑠(𝜃1)
=

Δ𝑦1 − 𝑟0 𝑠𝑖𝑛(𝛼) 𝑠𝑖𝑛(𝛽)

𝐹1 𝑐𝑜𝑠(𝜃1)

𝑇2(𝐹2, 𝜃2) =
Δ𝑦2

𝐹2 𝑐𝑜𝑠(𝜃2)

𝑇3(𝐹3, 𝜃3) =
Δ𝑦3

𝐹3 𝑐𝑜𝑠(𝜃3)
. (5.2)

The total time taken to travel the required vertical distance is then given as 𝑇 (𝜃,𝐹 , 𝛼, 𝛽) =

𝑇1 + 𝑇2 + 𝑇3, where 𝐹 = [𝐹1, 𝐹2, 𝐹3]
𝑇 and 𝜃 = [𝜃1, 𝜃2, 𝜃3]

𝑇 correspond to the speed

and headings in each segment (refer to Figure 5-1). Since the time taken to traverse

the vertical and horizontal distances to the target are the same, we have the following

constraint on the horizontal distance that must be travelled by the vehicle:

Δ𝑥0 − 𝑟0 𝑠𝑖𝑛(𝛽) 𝑐𝑜𝑠(𝛼)−Δ𝑥(𝜃,𝐹 , 𝛼, 𝛽) = 0 (5.3)

where Δ𝑥(𝜃,𝐹 , 𝛼, 𝛽) = 𝐹1 𝑇1 𝑠𝑖𝑛(𝜃1)+𝑇2 [𝐹2𝑠𝑖𝑛(𝜃2)+𝑉 ]+𝐹3 𝑇3 𝑠𝑖𝑛(𝜃3) corresponds

to the horizontal displacement of the vehicle, given a set of headings and speeds

chosen. Finally, the energy used by the vehicle is given as 𝑒𝑢𝑠𝑒𝑑(𝜃,𝐹 , 𝛼, 𝛽) = 𝑘 𝑇1𝐹
3
1 +

𝑘 𝑇2𝐹
3
2 + 𝑘 𝑇3𝐹

3
3 , resulting in the energy remaining in the vehicle at the destination

to be:

𝑒𝑑𝑒𝑠𝑡(𝜃,𝐹 , 𝛼, 𝛽) = 𝑒𝑖(𝛼, 𝛽)− 𝑒𝑢𝑠𝑒𝑑(𝜃,𝐹 , 𝛼, 𝛽). (5.4)

With the travel time and energy at destination defined, we can finally define the

optimization problem to obtain the semi-analytical solutions. The Pareto front of

the multi-objective optimization problem is built by solving a series of constrained
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optimization problems to minimize the travel time:

minimize
𝐹 ,𝜃,𝛼,𝛽

𝑇 (𝜃,𝐹 , 𝛼, 𝛽)

subject to 𝑒𝑑𝑒𝑠𝑡(𝜃,𝐹 , 𝛼, 𝛽) ≥ 𝐸𝑚𝑖𝑛

Δ𝑥0 − 𝑟0 𝑠𝑖𝑛(𝛽) 𝑐𝑜𝑠(𝛼)−Δ𝑥(𝜃,𝐹 , 𝛼, 𝛽) = 0.

(5.5)

For each 𝐸𝑚𝑖𝑛 value on the Pareto front, the corresponding minimal arrival time is

computed by solving Equation (5.5).

For our case of interest, we have considered values of Δ𝑦1 = Δ𝑦2 = Δ𝑦3 = 0.5 to

define the net vertical distance between the start and target point. We additionally

consider the net horizontal distance to be given by Δ𝑥0 = 1.0. A cubic energy usage

model has been used (𝑊̇ ∝ 𝐹 3) with an energy dissipation rate of 𝑘 = 1.0 units.

Furthermore, the domain has been discretized using 121 nodes in the 𝑥-axis, 181

nodes in the 𝑦-axis and 76 nodes in the 𝐸-axis. To evolve the reachability front in

the forward solve, a second order ENO scheme has been used to compute all spatial

derivatives along with a second order Total Variation Diminishing (TVD) Runge-

Kutta scheme to integrate in time using a fixed time step size of Δ𝑡 = 1 × 10−4. A

first order implicit scheme was finally used – as described in Section 4.2 – to compute

optimal paths corresponding to different Pareto optimal solutions.

Figure 5-2(c) shows the Pareto front corresponding to the case of interest. Included

are the numerical solutions, as obtained using our formulation, and the semi-analytical

solution obtained from solving Equation (5.5) using a numerical optimization soft-

ware.

With the Pareto front computed, we then proceeded to consider three different

Pareto optimal solutions on the front. In particular, Pareto optimal solutions cor-

responding to energy use values of 0.8, 0.5 and 0.3 needed to reach the destination

were considered. The corresponding optimal paths and optimal speed functions (the

speed used by the vehicle as a function of time) are shown in Figure 5-2(a) and 5-2(b)

respectively. As expected, the optimal paths are all angled in order to leverage the

large current from the jet to push the vehicle to the destination. Additionally, in the
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jet, the vehicle noticeably reduces its thrust, and thus reduces its energy consump-

tion, as the favorable current can be used to reach the target more efficiently. Good

agreement can be noted in these Figures as well between the numerical and analytical

solutions.

Figures 5-3 and 5-4 show the time evolution of the reachability front from the

forward solve. Figure 5-3 shows a 3D isometric view of the front in the augmented

state space, while Figure 5-4 depicts the contours of this front as seen in the physical

space. The strong currents in the jet can be seen to deform the reachability front in

the jet region in the direction of the current.

Figure 5-2: Comparison of numerical and semi-analytical solutions. The numerical path,
speed function and Pareto front all match the semi-analytical solutions
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Figure 5-3: The forward propagation of the 3D level set. The states enclosed by the front
are reachable at that given time under some set of controls. The front is propagated till the
destination state is reachable
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Figure 5-4: Reachability front evolution with time. These are the contours of the 3D level
set in Figure 5-3 at different energy levels. These plots correspond to the plot (b) in the
schematic in Figure 3-1
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5.2 Double-Gyre Barotropic Quasi-Geostrophic Ocean

Circulation

In this next case, we consider a more complicated, time-dependent environment by

considering an idealized double-gyre flow field. This flow simulates near-surface ocean

circulation at mid-latitude regions, where easterlies and trade winds in the northern

hemisphere drive a cyclonic and an anticyclonic gyre with the zonal jet in between

(e.g. an idealized version of the Gulf Stream) [Lolla et al., 2014a].

The fluid flow is governed by the non-dimensional PDEs:

𝜕𝑢

𝜕𝑡
=

𝜕𝑝

𝜕𝑥
+

1

Re
Δ𝑢− 𝜕(𝑢2)

𝜕𝑥
− 𝜕(𝑢𝑣)

𝜕𝑦
+ 𝑓𝑣 + 𝑎𝜏𝑥

𝜕𝑣

𝜕𝑡
=

𝜕𝑝

𝜕𝑦
+

1

Re
Δ𝑣 − 𝜕(𝑢𝑣)

𝜕𝑥
− 𝜕(𝑣2)

𝜕𝑦
− 𝑓𝑢+ 𝑎𝜏𝑦

0 =
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
(5.6)

which are solved numerically using our modular finite volume framework [Ueckermann

and Lermusiaux, 2012]. For the case shown, a flow Reynolds number of 150 was used

with 𝑓 = 𝑓 + 𝛽𝑦, the non-dimensional Coriolis coefficient, and 𝑎 = 103, the strength

of the wind stress. In non-dimensional terms, we use 𝑓 = 0, 𝛽 = 103. The flow in the

basin is forced by an idealized steady zonal wind stress, 𝜏𝑥 = − 1
2𝜋
𝑐𝑜𝑠 2𝜋𝑦 and 𝜏𝑦 = 0.

Snapshots of the flow field at various non-dimensional times is shown in Figure 5-5.

For the following case of interest, optimal paths were searched for for a vehicle

launched in the top left of the domain tasked with navigating to a destination point

at the bottom right of the domain through the dynamic flow field. The reachability

front of the vehicle was propagated forward to a non-dimensional time of 𝑡 = 0.25. A

cubic energy usage model once again was used (𝑊̇ ∝ 𝐹 3) with an energy dissipation

rate of 𝑘 = 4.0. Furthermore, the domain was discretized using 75 nodes along all

three coordinate axes (𝑥, 𝑦 and 𝐸). To evolve the reachability front in the forward

solve, a second order ENO scheme was used to compute all spatial derivatives and a

second order Total Variation Diminishing (TVD) Runge-Kutta scheme was used to
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integrate in time using a fixed time step size of Δ𝑡 = 5 × 10−5. Furthermore, as in

the first case, a first order implicit scheme was used to backtrack the optimal paths

corresponding to different Pareto optimal solutions.

Figure 5-6 shows the time evolution of the reachability front. Shown in the Figure

are the contours at various energy values of the reachability front in the augmented

space. We see that the strong flow field has a large influence on the propagation of

the reachability front, as evidenced by the early evolution front where it can be seen

to flow in a circular pattern as a result of the gyre. The front furthermore expands

fastest in directions in which it is assisted by the flow field as well.

Figure 5-5: The background velocity field obtained by solving the quasi-geostrophic double
gyre system
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Figure 5-6: Evolution of the forward level set with time. Plotted are the contours of the 3D
level set at different energy levels

Figure 5-7a shows the Pareto front for the case of interest. This front was com-

puted using Equation (3.22). In particular, the red curve in the Figure was first

obtained by continuously measuring the energy value of the reachability front at the

destination as a function of time. This data could then be processed using Equation

(3.22) to ultimately determine the Pareto front for the multi-objective path planning

problem. Moreover, from this Pareto front, three different Pareto optimal paths were

considered. Figures 5-7b and 5-7c show the optimal speeds and paths for these cho-
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sen Pareto optimal points, obtained by backtracking from the destination to the start

point. The different energy usage values for the Pareto optimal solutions results in

the slight differences in the optimal path and speed of the vehicle. As expected, ve-

hicles with lower energy usage values have slightly slower optimal speeds on average.

Moreover, each solution can be seen to have optimal paths that are quite similar near

the start point, as they all perform a loop due to the gyre present. The paths have

slight differences after exiting from this loop, were it can be seen that vehicles with

higher energy usage values (and correspondingly higher speeds) take a more direct

path to the target, whereas the others which move slower are more strongly influenced

by the external velocity field.
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(a) The obtained Pareto front for the given
system. Marked are various Pareto optimal
solutions

(b) Speed functions for the marked Pareto op-
timal solutions

(c) Optimal paths for the marked Pareto op-
timal solutions

Figure 5-7: Energy-Time optimal solutions under the quasi-geosrtophic double gyre flow
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Chapter 6

Conclusion and Future work

In this work, we have presented an exact methodology that governs and computes

energy and time reachable sets and optimal paths for autonomous vehicles navigating

in strong and dynamic flow fields. We have extended the methodology to compute

time optimal paths using level set methods [Lolla et al., 2014a, Lermusiaux et al., 2016,

2017] to account for the second objective of optimizing energy. This was achieved

using the idea of state augmentation to derive a higher dimensional level set equation

which exactly governs the reachable set of the vehicle in both spatial and energy

coordinates. We have shown that once the evolution of the reachability front in

this augmented space has been solve for, the Pareto front for the multi-objective

optimization problem can be efficiently computed. A user can then select a Pareto

optimal solution from this front, and, in the backtracking process, use the time history

of the forward evolution of the level set to determine the optimal headings and speed

values to be used by the vehicle to navigate to the destination for the given Pareto

solution(s) chosen.

Two cases of interest were utilized to validate and demonstrate the accuracy and

efficiency of our new methodology. The first was a validation case, considering the

crossing of a jet with a strong current – a highway flow. This case admitted a semi-

analytical solution, thus allowing us to verify the correctness of our approach and of

our implementation. Our second case involved a more complicated, unsteady, flow

field governed by partial differential equations. Specifically, we employed the idealized
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quasi-geostrophic double-gyre flow field, which is representative of ocean circulation

at mid-latitude regions. This dynamic flow was described and the corresponding

energy-time reachability fronts and optimal paths from a fixed start point to a fixed

target were found.

The method presented is based on an exact PDE, thus removing the need for

heuristics. While the examples shown here were restricted to vehicles travelling in

two spatial dimensions, work done by Kulkarni and Lermusiaux [2020] can be used to

extend our results to three spatial dimensions. Our governing equations can be used

to extend previous results on time optimality so as to account also for energy usage.

For instance, this method can be applied to plan energy-time optimal paths through

various waypoints [Ferris et al., 2018]. Other examples include risk optimal path

planning [Subramani and Lermusiaux, 2019], learning AUV models [Edwards et al.,

2017], pursuit-evasion games [Sun et al., 2017a,b], trajectory clustering [Dutt et al.,

2018], and ship interception or routing optimization [Mirabito et al., 2017, Mannarini

et al., 2020]. The extension to moving targets, multiple possible start points, avoiding

islands, and coordinated paths is also feasible [Lolla et al., 2014b, 2015].

There is a range of extensions that can be the focus of future work. For one,

the methodology presented is not specific to energy optimal path planning, and is

amenable to handle cases of harvesting external fields as well. This includes for in-

stance the case of algae harvesting [Bhabra et al., 2020] or even plastic collection

[Lermusiaux et al., 2019]. Additionally, all cases considered assumed complete knowl-

edge of the ocean flow fields, that is, only deterministic fields were used. Such exact

knowledge is rarely available, and a truly robust path planning scheme should be able

to handle case of determining paths in uncertain flow fields, i.e. stochastic path plan-

ning [Subramani et al., 2018]. In a similar light, the developed theory and framework

can be further augmented for the case of on-board planning. In this case, a vehicle, as

it operates to the target, can use measurements along the way of its state to assimilate

and predict the correct flow field, and accordingly modify its optimal path [Yilmaz

et al., 2006, Wang et al., 2009, Lermusiaux et al., 2007, Lolla, 2016, Heuss et al., 2020].

Finally, it is likely possible to extend the present multi-dimensional Hamilton-Jacobi
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approach to the search for the most informative data [Lermusiaux, 2007, Lolla, 2016,

Lermusiaux et al., 2017], either directly or by combination with other methods. Such

advances would allow optimizing the paths of groups of ocean vehicles that efficiently

collect data for underwater acoustic surveillance, pristine ecosystem monitoring, or

climate change predictions. There is indeed a wide range of applications possible,

with significant societal benefits.
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