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ON REFINED FILTRATION BY SUPPORTS FOR RATIONAL
CHEREDNIK CATEGORIES O

IVAN LOSEV AND SETH SHELLEY-ABRAHAMSON

ABSTRACT. For a complex reflection group W with reflection representation b, we define and
study a natural filtration by Serre subcategories of the category O.(W, h) of representations
of the rational Cherednik algebra H.(W,§). This filtration refines the filtration by supports
and is analogous to the Harish-Chandra series appearing in the representation theory of finite
groups of Lie type. Using the monodromy of the Bezrukavnikov-Etingof parabolic restriction
functors, we show that the subquotients of this filtration are equivalent to categories of
finite-dimensional representations over generalized Hecke algebras. When W is a finite
Coxeter group, we give a method for producing explicit presentations of these generalized
Hecke algebras in terms of finite-type Iwahori-Hecke algebras. This yields a method for
counting the number of irreducible objects in O.(W,§) of given support. We apply these
techniques to count the number of irreducible representations in O.(W, §) of given support
for all exceptional Coxeter groups W and all parameters ¢, including the unequal parameter
case. This completes the classification of the finite-dimensional irreducible representations
of O.(W, ) for exceptional Coxeter groups W in many new cases.
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1. INTRODUCTION

Let W be a finite complex reflection group with reflection representation h and let ¢ : S —
C be a W-invariant function on the set of reflections S C W. To this data one can associate
the rational Cherednik algebra H.(W, ), an infinite-dimensional noncommutative C-algebra
introduced by Etingof and Ginzburg [EG]. The family of algebras H.(W, ) parameterized by
such class functions ¢ forms a flat deformation of the semidirect product algebra CW x D(h)
of the reflection group W with the algebra D(h) of polynomial differential operators on b; as a
vector space H.(W, ) is isomorphic to Sh*@CW ®Sh in a natural way, and the multiplication
in H.(W,h) depends on ¢ in a polynomial manner. Ginzburg, Guay, Opdam, and Rouquier
[GGOR] defined a certain category O.(W, b) of representations of H.(W, ) that shares many
properties with the classical BGG category O associated to a complex semisimple Lie algebra
g. The category O.(W,b) is defined as the full subcategory of H.(W,h)-modules that are
finitely generated over Sh* and for which the action of any element y € b is locally finite.
In particular, modules in O.(W, ) can be viewed as coherent sheaves on h with additional
structure, and this geometric perspective is crucial in the study of O.(W,h).

A key technical tool for studying H.(W,bh) and the category O.(W,h) is the Knizhnik-
Zamolodchikov (KZ) functor also introduced in [GGOR]. The KZ functor KZ : O.(W,h) —
H,(W)-mody 4 is an exact functor, defined via monodromy, from O.(W,h) to the category
H,(W)-mody 4. of finite-dimensional modules over the Hecke algebra H, (W) associated to the
reflection group W. The parameter ¢ of the Hecke algebra H, (V') depends on the parameter ¢
of the rational Cherednik algebra H.(W, ) in an exponential manner. KZ induces an equiv-
alence of categories O.(W, h)/O.(W, h)*" = H, (W)-mods, [GGOR, Lo2], where O (W, )"
denotes the Serre subcategory of modules in O.(W, f) supported on the union of the reflec-
tion hyperplanes Ugeg ker(s). In this way, K Z establishes a bijection between the irreducible
representations in O.(W, h) of full support in h and the finite-dimensional irreducible repre-
sentations of H,(17). Following previous work of Etingof-Rains [ER], Marin-Pfeiffer [MP],
Losev [Lo2], Chavli [Cha], and others towards proving the Broué-Malle-Rouquier conjec-
ture [BMR], Etingof [E2] recently showed that the Hecke algebra H,(W) is always finite-
dimensional with dimension #W, even in the case of complex reflection groups.

In this paper, in the case that W is a Coxeter group with complexified reflection represen-
tation b, we extend this correspondence between irreducible representations L in O.(W,h)
and irreducible representations of finite-type Hecke algebras to include all cases in which the
support of L is not equal to {0} C b, i.e. all cases in which L is not finite-dimensional over
C. Our approach is inspired by the Harish-Chandra series appearing in the representation
theory of finite groups of Lie type. In place of the parabolic induction and restriction func-
tors defined for finite groups of Lie type, in the setting of rational Cherednik algebras one
has analogous parabolic induction and restriction functors introduced by Bezrukavnikov and
Etingof [BE|. In particular, suppose (W', S") C (W, S) is a parabolic Coxeter subsystem
of (W, S) with complexified reflection representation hy. Restricting the parameter ¢ to
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S” we may form the rational Cherednik algebra H.(W’, by/) and the associated category of
representations O.(W’, ). The algebra H.(W’, b)) does not naturally embed as a subal-
gebra of the algebra H.(W, h) as is the case for Hecke algebras, so there is no naive definition
of parabolic induction and restriction functors as there is for Hecke algebras. Rather, the
Bezrukavinikov-Etingof parabolic induction functor Indyy, : O.(W’, hy) — O (W, h) and
restriction functor Res}y, : O.(W, h) — O.(W’, bhy) are more technical and are defined us-
ing the geometric interpretation of rational Cherednik algebras and a certain isomorphism
involving completions of H,.(W, h) and H.(W’, by). The functors Res;}, and Indyy, are exact
[BE] and biadjoint [Lo3, Sh].

As for representations of finite groups of Lie type, one defines the cuspidal representations
of a rational Cherednik algebra H.(W, §) to be those irreducible representations L in O.(W, b)
such that Res%/L = 0 for all proper parabolic subgroups W’ C W. For rational Cherednik
algebras, the cuspidal representations are precisely the finite-dimensional irreducible repre-
sentations. The class of cuspidal representations is the smallest class of representations in the
categories O.(W, h) such that any irreducible representation in a category O.(W, ) appears
as a subobject (or, as a quotient) of a representation induced from a representation in that
class. From this perspective, the study of irreducible representations in O.(W, ) is largely
reduced to the study of cuspidal representations L in categories O.(W’, hy) for W C W a
parabolic subgroup and of the structure and decomposition of the induced representations
Indyy, L.

The most basic finite-dimensional irreducible representation of a rational Cherednik alge-
bra is the trivial representation C of the trivial rational Cherednik algebra H.(1,{0}) = C.
The induced representation Ind!’C, denoted Py, is a remarkable projective object in
O.(W,h). In particular, there is an algebra isomorphism Endg, ) (Prz)? = Hg(W)
with respect to which Py represents the KZ functor. The equivalence of categories
O (W, h)/O(W, )" = H (W)-mody, induced by KZ therefore establishes a correspon-
dence between the irreducible representations in O.(W, h) of full support in h and the irre-
ducible representations of End g,y (Ind; C).

In this paper, we study the endomorphism algebras EndHc(W,h)(Ind%,L) of induced cusp-
idal representations L in the general case that L is not necessarily the trivial representation
C in O.(1,{0}) and provide results analogous to and generalizing those summarized above
for the case L = C. In the parallel setting of representations of finite groups of Lie type,
endomorphism algebras of induced cuspidal representations have been studied in great detail
and are closely related to Hecke algebras of finite type. For example, in the most basic case
one considers the parabolic induction Ind%C of the trivial representation C of the trivial
group 1 to the finite general linear group G := GL,(F,), where ¢ is a prime power and B is
the standard Borel subgroup of upper triangular matrices. In that case, the endomorphism
algebra is precisely the Hecke algebra H,(S,) where ¢ is the order of the finite field, exactly
analogous to the case of Pxz = Ind}"C for rational Cherednik algebras. In the general case,
Howlett and Lehrer [HL, Theorem 4.14] showed that, in characteristic 0, the endomorphism
algebra of a parabolically induced cuspidal representation of a finite group of Lie type can
be described as a semidirect product of a finite type Hecke algebra by a finite group acting
by a diagram automorphism, twisted by a certain 2-cocycle (see, for instance, [Car, Theorem
10.8.5]). We obtain an exactly analogous result for the endomorphism algebras of induced
representations Ind%,L of finite-dimensional irreducible representations L of H.(W’, by).
Howlett and Lehrer conjectured [HL, Conjecture 6.3] that the 2-cocycle appearing in the
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description of the endomorphism algebra was trivial, as was later proved (see Lusztig [Lu,
Theorem 8.6] and Geck [G]). Appealing to the classification of irreducible finite Coxeter
groups and to previous results about finite-dimensional irreducible representations of ratio-
nal Cherednik algebras, we find that the 2-cocycles appearing in our setting are trivial as
well. The connections between the categories O (W, ) and the modular representation the-
ory of finite groups of Lie type is more than an analogy; Norton [N] explains various facts
and conjectures relating these two subjects, as well as ways in which these connections break
down.

The methods used in the setting of finite groups of Lie type ultimately rely on the com-
paratively simple and explicit definition of parabolic induction, which allows for a basis of
intertwining operators to be written down in closed form. Instead, in our setting of the more
complicated Bezrukavnikov-Etingof parabolic induction functors for rational Cherednik al-
gebras, we consider for each finite-dimensional irreducible representation L in O.(W’, hy)
the functor K Zj, represented by Ind%,L, analogous to the KZ functor. Recall that KZ in-
duces an equivalence of categories O.(W, §)/O(W, §)"" = H (W )-mod; 4 ; the functor KZ,
induces an analogous equivalence. Specifically, let O.(W, )y ) be the Serre subcategory of
O.(W, ) generated by those irreducible representations M supported on WhH"" as coherent
sheaves on h and with L appearing as a composition factor of Res%]\/[ , and let O.(W, h)ﬁ%,7 L)

be the kernel of Resyy, in O,(W, b)w,r)- Then KZj, induces an equivalence of categories
Oc(W, ) w7,/ Oc(W, B)(§1 1) = Endur, w,p) (Indyy L) PP-mod 4.

As with the K Z functor, we provide a geometric interpretation of the functor K7y, in terms
of the monodromy of an equivariant local system on bi’g, the open locus of points inside the
fixed space h"' with stabilizer precisely equal to W’. Using a transitivity result for local
systems of parabolic restriction functors due to Gordon and Martino [GM], we reduce the
problem of computing the eigenvalues of the monodromy around the missing hyperplanes,
i.e. the parameters of the underlying “Hecke algebra” EndHc(Wyh)(IndVV[[;/L)Opp, to the case in
which W’ is a corank-1 parabolic subgroup of W. In that case, we use a different application
of the Gordon-Martino transitivity result and the fact that the usual KZ functor is fully
faithful on projective objects to further reduce the problem of computing eigenvalues of
monodromy to concrete, although often involved, computations inside the Hecke algebra
H, (W) itself.

As a corollary of our explicit descriptions of the endomorphism algebras End g, (w,p) (Ind%L),
we are able to count the number of irreducible representations in O.(W, ) with any given
support variety in f. In particular, as an application we calculate the number of finite-
dimensional irreducible representations of H.(W,h) for all exceptional Coxeter groups W
and all parameters c.

This paper is organized as follows. In Section 2, we recall the necessary background and
definitions needed in later sections, emphasizing the local systems of Bezrukavnikov-Etingof
parabolic induction and restriction functors and an important transitivity result of Gordon-
Martino [GM] for these local systems. In Section 3, we introduce the filtration on O.(W,h)
that we study in this paper. We construct the functor K7 using the monodromy of the
Bezrukavnikov-Etingof parabolic restriction functors, providing a description of the algebra
EndHc(Wyh)(Ind%L)Opp as a quotient of a twisted group algebra of a fundamental group.
We use the Gordon-Martino transitivity result to show that the generator of monodromy
around a deleted hyperplane satisfies a polynomial relation of degree equal to the order of
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the stabilizer of that hyperplane in the inertia group of L (see Definition 3.1.5). In Section
4, we specialize to the case in which W is a Coxeter group. In this case, we provide a
presentation of the endomorphism algebra as a generalized Hecke algebra directly analogous
to the presentation by Howlett and Lehrer [HL, Theorem 4.14]. Using the KZ functor,
we provide a method for computing the parameters of these generalized Hecke algebras.
We apply our methods systematically, using the classification of finite Coxeter groups and
previously known results about finite-dimensional representations, to count the number of
irreducible representations in O.(W, ) of given support for all exceptional Coxeter groups
W and parameters c. We describe the generalized Hecke algebras appearing in types E and
H explicitly.

The results we obtain for finite Coxeter groups confirm, unify, and extend many previously
known results in both classical and exceptional types. In type A, we recover Wilcox’s de-
scription [W, Theorem 1.2] of the subquotients of the filtration by supports of the categories
Oc(Sn, ). In type B, we show that the subquotients of our refined filtration are equivalent
to categories of finite-dimensional modules over tensor products of Iwahori-Hecke algebras
of type B, and we obtain similar descriptions in type D. These facts follows from results of
Shan-Vasserot [SV], although their results do not generalize to the exceptional types.

In the exceptional types, however, our methods provide many new results. Among the
exceptional Coxeter types, complete knowledge of character formulas for all irreducible rep-
resentations in O.(W, h) for all parameters ¢ is only known for the dihedral types, treated
by Chmutova [Chm], and type Hj, treated by Balagovic-Puranik [BP]. For parameters
¢ = 1/d, where d > 2 is an integer dividing a fundamental degree of the Coxeter group W,
Norton [N] computed the decomposition matrices for O.(W, b), thereby classifying the finite-
dimensional irreducible representations and determining character formulas and supports for
all irreducible representations, when W is a Coxeter group of type Eg, F7, Hy, or Fy. After
this paper was finished, we learned that Norton, in a sequel to [N] to be announced, has
produced complete decomposition matrices in type Fg when the denominator d of ¢ is not
2,3,4 or 6, decomposition matrices for several blocks of O.(Fs, ) when the denominator d
equals 4 or 6, as well as decomposition matrices in some unequal parameter cases in type
Fy. However, to our knowledge, the classification of the finite-dimensional representations of
rational Cherednik algebras remains unknown in types Fg, E7, Hy and F at half-integer pa-
rameters, in type F} in most unequal parameter cases, and in type Eg when the denominator
d of cis 2,3,4, or 6.

Recently, Griffeth-Gusenbauer-Juteau-Lanini [GGJL] produced a necessary condition for
an irreducible representation L.(\) in O.(W,h) to be finite-dimensional that applies to all
complex reflection groups W and parameters c. Our results show that this condition is also
sufficient in many of the previously unknown cases mentioned above, providing complete
classifications of the irreducible finite-dimensional representations of H.(W,h) in these cases.
In combination with previous results of Balagovic-Puranik [BP], Norton [N], in this way we
complete the classification of finite-dimensional irreducible representations of H.(W,h) in
the case that W is an exceptional Coxeter group and ¢ = 1/d, where d is a positive integer
possibly equal to 2, except in the case in which both W = FEg and also d = 3 simultaneously.
In the case W = Es and ¢ = 1/3, we show that there are 8 non-isomorphic finite-dimensional
irreducible representations of Hy/3(Fs, b), and results of [GGJL] rule out all but 9 of the 112
irreducible representations of the Coxeter group FEgs as the potential lowest weights of these
representations. In particular, determining which one of these 9 irreducible representations
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is infinite-dimensional will complete the classification in type E entirely. This analysis in
types E, H, and F' is carried out Sections 4.7, 4.8, and 4.9, respectively.

In Sections 4.7 and 4.8, we describe the generalized Hecke algebras arising from exceptional
Coxeter groups W of types Eg, E7, Es, H3 and Hy at all parameters ¢ of the form ¢ = 1/d,
where d > 1 is an integer dividing a fundamental degree of . In Section 4.9, we count the
number of irreducible representations in O,, ., (Fy, h) of given support in b for all parameter
values ¢y, ¢o, including the unequal parameter case. Along with previous results of Chmutova
[Chm)] for dihedral Coxeter groups, this completes the counting of irreducible representations
in O.(W, h) of given support for all exceptional Coxeter groups W and all, possibly unequal,
parameters c.

These results for parameters ¢ = 1/d can be extended to parameters ¢ = r/d with r» > 0
a positive integer relatively prime to d; the case r < 0 is then obtained by tensoring with
the sign character. The reduction from the ¢ = r/d case to the ¢ = 1/d case can be achieved
by results of Rouquier [R], Opdam [O], and Gordon-Griffeth [GG] when d > 3. Specifically,
a result of Rouquier, as it appears in [GG, Theorem 2.7| after appropriate modifications,
implies that for any integer d > 3 and integer r > 1 relatively prime to d there is a bijection
@ on the set Irr(WW) of the irreducible complex representations of the Coxeter group W such
that for all A € Irr(W) the irreducible representations Lj/4(A) and L, /q(¢())) have the same
support in . In [O] these bijections are calculated, and in [GG, Section 2.16] a method
for computing the bijections ¢ is given which applies in greater generality. This allows the
reduction of the classification of irreducible representations of given support in O, ,4(W, )
to the classification of irreducible representations of the same given support in Oy /q(W,b).
In particular, as the finite-dimensional representations are those with support {0} C b, this
provides the same reduction for classifying finite-dimensional irreducible representations. In
type Hs, this analysis has been carried out in this way by Balagovic-Puranik [BP, Section
5.4], and this approach generalizes to the other Coxeter types. When d = 2, our results
show that the necessary condition for finite-dimensionality appearing in [GGJL] is in fact
also sufficient for the exceptional types E, H, and F', completing the classification of finite-
dimensional irreducible representations for all half-integer parameters in these cases without
the use of such bijections on the labels of the irreducibles.

Acknowledgements. We would like to thank Pavel Etingof, Raphaél Rouquier, and José
Simental for many useful conversations. We also thank Emily Norton for providing comments
on a preliminary version of this paper. The work of the first author was partially supported
by the NSF under grants DMS-1161584 and DMS-1501558.

2. BACKGROUND AND DEFINITIONS

In this section we will recall rational Cherednik algebras and related constructions and
results.

2.1. Rational Cherednik Algebras. Let h be a finite-dimensional complex vector space.
A complex reflection is an invertible linear operator s € GL(h) of finite order such that
rank(1—s) = 1. Let W C GL(h) be a complex reflection group, i.e. a finite subgroup of GL(h)
generated by the subset S C W of complex reflections lying in W. The complex reflection
groups were classified by Shephard and Todd in 1954 [ST]; each such group decomposes as
a product of irreducible complex reflection groups, and every irreducible complex reflection
group either appears in the infinite family of complex reflection groups G(m, p, n) indexed by
integers m, p,n > 1 with p | m or is one of the 34 exceptional irreducible complex reflection
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groups. Important special cases of complex reflection groups include the finite real reflection
groups, i.e. the finite Coxeter groups, which may be regarded as complex reflection groups
via complexification of the reflection representation. For example, the symmetric groups .S,
are the complex reflection groups G(1,1,n).

Let ¢: S — C be a class function on the reflections S C W. Also, for each reflection s € S
let as € h* be an eigenvector for s in h* with nontrivial eigenvalue A\; # 1 and let o) € b
be an eigenvector for s in h with eigenvalue A;'. The vectors o, and «) are determined up
to C* scaling, and we partially normalize them so that (s, ) = 2, where (-, -) denotes the
natural pairing of h* with h. The rational Cherednik algebra H.(W,h) attached to (W, b)
with parameter c is given by generators and relations as follows:

CW xT(h" @)
[x,x’] = [yay/] =0, [yax] = <y7x> - ZseS Cs<a87y><xaa;/>3 Ve eb*ye b
Observe that for ¢ = 0 we have H.(W,h) = CW x D(h), where D(h) is the algebra of

polynomial differential operators on b.

H. (W) :=

2.2. PBW Theorem, Category 0., and Support Varieties. From the above presen-
tation it is clear that H.(W,h) admits a filtration with degW = degh = 0 and degh* = 1,
analogous to the usual filtration on D(h) by the order of differential operators. Etingof and
Ginzburg [EG, Theorem 1.3] showed that the associated graded algebra of H.(W,h) with
respect to this filtration is naturally identified with CW x S(h* @ b), and in particular the
natural multiplication map Sh* @ CW @ Sh — H.(W,h) is an isomorphism of C-vector
spaces. This isomorphism should be viewed as an analogue for rational Cherednik algebras
of the triangular decomposition U(g) = U(n_) ® U(h) ® U(n;.) of a complex semisimple Lie
algebra g with respect to a choice of Borel subalgebra b = h & n . In particular, parallel to
the setting of semisimple Lie algebras and following [GGOR], from this triangular decompo-
sition one defines the category O. = O.(W, h) of representations of H.(W,h) to be the full
subcategory of H.(W,h)-modules that are finitely generated over Sh* and on which elements
y € b act locally nilpotently.

The category O.(W, h) is similar in structure to the classical BGG categories O attached
to semisimple Lie algebras g. To any representation A of CW one defines the standard or
Verma module A (\) := H.(W,h) @cwxsy A where the action of CW x Sh on A is obtained
by extending the action of CW so that h acts by 0. When A is irreducible, the Verma module
A,()) has a unique irreducible quotient L.(A), and the correspondence A — L.()\) establishes
a bijection Irr(W) — Irr(O.(W, h)) between the irreducible representations of W and the
irreducible representations of H.(W,h) in O.(W, ) [GGOR].

By restriction, any module M in O.(W,h) can be viewed as a finitely generated Sh*-
module, i.e. as a coherent sheaf on . In particular, one defines the support of M to be its
support as a coherent sheaf on h. The determination of the support varieties Supp(L.()\))
of the irreducible representations L.(\) is a fundamental question about O.(W,h). Using
parabolic induction and restriction functors, Bezrukavnikov and Etingof [BE] showed that
the subvarieties of h appearing as supports of irreducible representations in O.(W, §) are of
the form X (W') := WH"W' where W' is a parabolic subgroup of W, i.e. the stabilizer of a
point b € h. Note that X (W') = X(W") exactly when W’ and W” are conjugate in W, and
in particular the possible supports of simple modules in O.(W, h) are indexed by conjugacy
classes of parabolic subgroups of W. It is important to note that not necessarily all such
varietes X (W') appear as the support varieties of representations in O.(W,§), and in fact
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for generic values of the parameter ¢ all irreducible representations in O.(W,h) have full
support, in which case only the variety X (1) = b appears.

2.3. The Localization Lemma, Hecke Algebras, and the KZ Functor. Let b, :=
b\ U,cq ker(a), the reqular locus for the action of W on b, be the complement in b of
the arrangement of reflection hyperplanes for the action of W on h. Note that b,., is
precisely the principal affine open subset of ) defined by the nonvanishing of the discriminant
element § := [[ g, As §Wl is W-invariant and has locally nilpotent adjoint action on
H.(W,h), it follows that the noncommutative localization H.(W,§)[d~!] coincides with the
localization of H.(W,h) as a C[h]-module, and this localized algebra is isomorphic to the
algebra CW x D(h,e,) in a natural way (see [GGOR, Theorem 5.6]). Thus, a module M
in O.(W,h) determines a module M[6~'] over CW x D(b,.,) by localization, which may
be regarded as a W-equivariant D-module on b,.,. The W-equivariant D(h,.,)-modules
occurring in this way are O(,.,)-coherent, by definition of the category O.(W, ), and have
regular singularities [GGOR]. By the Riemann-Hilbert correspondence [D1], descending
to brey/W and taking the monodromy representation at a base point b € b,., defines an
equivalence of categories

CW x l)([jT'eg)']and(’)(F)Teg)—coh7 r.s. = 71-1(breg/I/V7 b)'mOdf.d.

where the subscript O(h,¢4)-coh, r.s. indicates that the D(h,.,)-modules are O(b,.,)-coherent
with regular singularities and where the subscript f.d. indicates that 7 (b,.,/W, b)-modules
are finite-dimensional. This procedure of localization to b,., followed by descent to b,., and
the Riemann-Hilbert correspondence thus defines an exact functor

Oc(VVv b) - ﬂ-l(breg/VV) b)_mOdf.d.~

The fundamental group 7 (h,,/W, b) is the generalized braid group attached to W and is
denoted By . In [GGOR], it was shown that the above functor in fact factors through the
category Hy(W)-mod; 4. of finite-dimensional representations over a certain quotient H,(17),
the Hecke algebra, of the group algebra CByy. The resulting exact functor

KZ : O(W,b) — Hy(W)-mody 4

is the K'Z functor. The quotient H,(W) is defined as follows [BMR]. Let H = {ker(s) :
s € S} be the set of reflection hyperplanes for the action of W on h. For each reflection
hyperplane H € H, let Ty be a representative of the conjugacy class in By, determined
by a small loop, oriented counterclockwise, in b,.,/W about the hyperplane H. The group
By is generated by the union of these conjugacy classes ([BMR, Theorem 2.17]). For each
H € H, let Iy be the order of the cyclic subgroup of W stabilizing H pointwise, and let
QHs Q1,8 € C* be nonzero complex numbers that are W-invariant, i.e. ¢z = ¢
whenever H = wH' for some w € W. Let ¢ denote the collection of these g; i, and define
the Hecke algebra H, (W) as the quotient of CBy, by the relations

ly—1

(Ty — 1) [[ (@Tu — /" qju) = 0.

j=1
The choice of the parameter ¢ such that the functor K7 is defined as above is given explicitly
in [GGOR] as a function of the parameter ¢ for the algebra H.(W, ). In the special case that
W is a real reflection group, which is the only case relevant to this paper, the dependence
of q on c¢ is especially simple. In that case we have Iy = 2 for all H € H, and ¢ y = *™
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where s € S is the reflection such that H = ker(s). In particular, in the Coxeter case the
Hecke algebra H, (W) appearing in the K'Z functor is precisely the Iwahori-Hecke algebra
attached to the Coxeter group W with generators {T : s € S} satisfying the relations in the
braid group By, and the quadratic relations

(T, — 1)(T, + €2mic*) = 0.

2.4. Bezrukavnikov-Etingof Parabolic Induction and Restriction Functors. Par-
abolic induction and restriction functors are central to the study of representations of
Iwahori-Hecke algebras. The definition of these functors relies on the natural embedding
H,(W’) € H,(W) of the Hecke algebra H,(W’) attached to a parabolic subgroup W’ of a
Coxeter group W in the Hecke algebra H,(W) attached to W. Parabolic restriction is then
simply the naive restriction, and parabolic induction is the tensor product Hy (W) ®n,w) e.
As for Hecke algebras, parabolic induction and restriction functors are central to the study
of representations of rational Cherednik algebras H.(W,h). Let by denote the unique W'-
stable complement to §"' in h. Then W' acts on by, and the action is generated by
reflections. Let H.(W’ by-) denote the associated rational Cherednik algebra, where by
abuse of notation ¢ here denotes the restriction of ¢ to the reflections 8" = SN W' in W
lying in W’. Then, unlike for Hecke algebras, the algebra H.(W’, hy) does not embed as a
subalgebra of H.(W,§) in a natural way, and the restriction and induction functors must be
defined differently.

Bezrukavnikov and Etingof [BE| circumvented this difficulty by using the geometric inter-
pretation of rational Cherednik algebras. The price to pay for this approach is that rather
than defining a single parabolic restriction functor Resyy, : O (W, h) — O (W', by) and a
single parabolic induction functor Indyj, : O.(W’, hy) — O.(W,b), one instead defines a
restriction functor Res, and induction functor Ind, defined for every point b in the locally
closed subvariety f)}fg; of b consisting of those points b € h with stabilizer Staby (b)) = W’.
Bezrukavnikov and Etingof explain the dependence of Res, on the choice of b € [j}fg; in the
following elegant manner. They construct an exact functor

Resyy : Oc(W.h) — (Oc(W', ) B Loc(hr,)) ™ ™",

reg
where Loc( Ke/;) denotes the category of local systems on f)}fg; and the Ny (W') in the super-
script indicates equivariance for the normalizer Ny (W’) of W’ in W, and they show that

the fiber (Resy ), of the resulting local system at b € f)Z‘e/; gives precisely the parabolic re-
Wl

striction functor Res;. In particular, for any points b,0" € b, , parallel transport along any

path v in [j}fg; connecting b and O’ defines an isomorphism between the functors Res, and

Resy. As explained in [BE], in the case W’ = 1, the functor Resy;, can be identified with the
K Z functor recalled above in Section 2.3, and therefore the functors Resy;, can be regarded
as relative versions of the KZ functor. We refer to the functors Resy, as the partial KZ
functors, and these functors are central to the approach we take here.

We recall the construction of the functors Resy, Ind,, and Resy;, below, following [BE,
Section 3].

2.4.1. Construction of Res, and Ind,. Let b € l‘)z;, i.e. a point in h with stabilizer W’ in W.

The completion ﬁIC(I/V, h), of the rational Cherednik algebra H.(W,h) at the orbit Wb C b
is defined to be the associative algebra

H.(W, ), == CH]""* @cpy Ho(W, ),
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where C[h]"Wt denotes the completion of C[h] at the orbit Wb. Restricting the parameter
¢ : S — C to the set of reflections S’ C W’ one may form the rational Cherednik alge-
bra H.(W’ h) and its completion fIC(W’, h)o at 0 € h. As explained in [BE, Section 3.3],
one may think of the algebra f[C(W, h), in a more geometric manner as the subalgebra of
Endc(C[h]"w?) generated by C[h]"w*, the group W, and the Dunkl operators D, associated

to points y € h. This geometric interpretation leads naturally to an isomorphism ([BE,
Theorem 3.2|)

0 : Ho(W.h), — Z(W, W', H(W",h)o)
where the algebra Z (W, W', f[c(W’ ,0)o), the centralizer algebra, is the endomorphism algebra
of the right H.(W,h)o-module Funy (W, H.(W’ §)o) of functions f : W — H.(W' b)o
satisfying f(w'w) = w'f(w) for all w € W, w' € W’. We may take the completion H.(W’, §)o
of H.(W’,h) at 0 rather than at b in the centralizer because the assignments w’ +— w’ for
w € W' yw— yfory € bh, and x — z—b extends to an isomorphism H.(W' §)g = H.(W' h),.
The isomorphism 6 determines, by transfer of structure, an equivalence of categories
0, - H.(W, ),-mod — Z(W, W', H.(W’,§),)-mod.

The centralizer algebra Z(W, W', H.(W’, §)o) is non-canonically isomorphic to the matrix
algebra of size |[W/W'| over H.(W’ h)o, and in particular the isomorphism 6 shows that
ﬁC(I/V, h), is Morita equivalent to ﬁIc(W’ ,B)o. A particularly natural choice of Morita equiv-
alence is given by the idempotent ey € Z(W, W', ﬁC(W’, h)o) defined by ey (f)(w) = f(w)
for w € W’ and ey (f)(w) = 0 for w ¢ W'. Note that ey~ is the image under 6, of the
idempotent 1, € C[p]"we c H,(W, ), that is the indicator function of the point b in its
W-orbit. As the two-sided ideal in the centralizer algebra generated by ey~ is the entire
centralizer algebra and as the associated spherical subalgebra ey Z (W, W', ﬁIc(W’ h)o)ew
is naturally identified with ﬁC(W’ ,b)o, the functors

I: (W', §)g-mod — Z(W, W', H.(W’,b)s)-mod
M — _[(M) = Z(VV, W/a -E[C(W/’ b)o)@w’ ®€W/Z

(W,W', He(W' 5)o)ey
and
I Z(W, W', Ho (W', §)e)-mod — H, (W', h)o-mod
N — [71(N) =ey N
are mutually quasi-inverse equivalences.
Let @C(VV, h), denote the full subcategory of f[c(I/V, h)p-modules which are finitely gener-
ated over C[h]"we. Let

Ab : OC<W7 b) - 6C(W7 b)b
be the functor of completion at the orbit Wb and let

E": O(W,b)y — Ou(W.h)
be the functor that sends a module M to its subspace E*(M) of h-locally nilpotent vectors.
By [BE, Proposition 3.6, Proposition 3.8], these functors are exact and E® is the right adjoint

of 7. Similarly, we have the category 6C(W’, B)o, the completion functor g : O (W' h) —
O.(W' h)o and the functor E° : O.(W’ §)o — O (W', h) taking h-locally nilpotent vectors,

which are in fact category equivalences [BE, Theorem 2.3].
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Let by denote the unique W’-stable complement to B in h. Clearly, an element s € W’
acts on h as a complex reflection if and only if it acts on hy as a complex reflection, and W’
acts on hy faithfully. By restriction of the parameter ¢ : S — C to the set of reflections S’
in W’ we may form the rational Cherednik algebra H.(W’, hy) and its associated category
O (W' by). Let

C : OC(W/7 b) - Oc(Wla [jW/>
be the functor defined by
C(M)={meM:ym=0VYyeh"}

As discussed in [BE, Section 2.3], ¢ is an equivalence of categories - this is essentially an
instance of Kashiwara’s lemma for D(h"")-modules, in view of the natural tensor product
decomposition H, (W’ §) = H.(W', hy) @ D(HW").

Definition 2.4.1. The parabolic restriction functor Res, : O.(W,h) — O (W' bw-) is the
composition
Resy :=CoE%0l 106,07,
and the parabolic induction functor Ind, : O (W' bw+) — O(W,b) is the composition
Eof ' olo go(

Proposition 2.4.2. The functors Ind, and Res, are exact and biadjoint and do not depend

on the choice of b € f)}fg; up to isomorphism.

Proof. Exactness is [BE, Proposition 3.9(i)], and that Ind, is right adjoint to Res, is [BE,
Theorem 3.10]. That Ind, is also left adjoint to Res, was established by Shan [Sh, Section
2.4] under some assumptions and later in full generality by Losev [Lo3]. The independence
up to isomorphism on the choice of b was established in [BE, Section 3.7] using the partial
K Z functor Resy; to be recalled in the following section. O

2.5. Partial KZ Functors. In this section we give in some detail a construction of the
partial KZ functor Res;}, introduced in [BE, Section 3.7]. Let H.(W, b)wyw denote the
reg

completion of H.(W,h) at the W-stable locally closed subvariety WH"' < p. As for the

reg

case of completion at the W-orbit of a point, the completion ﬁc(W b)WhW’ can be realized
reg

as the subalgebra of EndC(C[b]AW"%) generated by the functions C[U]AW“% on the formal
neighborhood of WH"' in b, the group W, and the Dunkl operators D, for y € b associated

reg

to the action of W on h. (Recall that the algebra of functions C[b]/\w"% is obtained by
first localizing to a principal open subset in which WH"W' is a closed subvariety, followed by

reg
completion at the ideal defining W[)XZ; in this principal open subset.) Note that the variety

Wbye/; is the disjoint union of the W-translates of [j}fg;, and the set-wise stabilizer of [j}fg; in

A ’ ’
W is precisely Ny (W'). Let Low: € C[p] ">*s denote the indicator function of h”V. as a

reg
function on the formal neighborhood in b of its W-orbit. Similar to the isomorphism

1 H (W, B)1 2 H(W', ),
from [BE] discussed in the previous section, we have a natural isomorphism of algebras

1h%;Hc(VVa [J)Whygg,lhyg; = Hc(NW(W/)a h)h%é)
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where the algebra ﬁ]c(NW(W’) b)hW’ denotes the completion of the algebra H.(Nw (W'),h) =

CNyw(W') xywr H(W',h) at the Ny (W’)-stable locally closed subvariety breg C b (for
comparison with the case of étale pullbacks rather than completions, see [GGJL, The-
orem 3.2]). The formal neighborhood of h% inside b is canonically identified with its

formal nelghborhood inside the principal open subset h%V

reg
X by C b, which is precisely

reg

(l‘)reg X [)W/) Wy — f)reg bne and has ring of formal functions C[6"']&C[[hy]]. From this it
follows immediately that there is a natural isomorphism

H(Ny (W), b)pw: = Ny (W) sy (H (W', bw)o®D(b)%,))-

Let
77[) ]_hW/H (W b)WhW/].hW’ - NW(W,) Xy ( (W/ bW’)0®D( Teg))

reg
be the isomorphism obtained as the composition of the two natural isomorphisms discussed
above, and let ¢, denote the induced equivalence of module categories.

Let euyr € H.(W', by) denote the Euler element

- n 2¢c,
euy = leyz + 5 — Z 1= )\Ss

=1 ses’
where 1, ..., x,, € b}y, is any basis of b}y, and yi, ..., y, is the dual basis of hy+. Recall that
euy satisfies the commutation relations [euy, ] = x for all x € b}y, [eup,y|] = —y for
all y € by, and [euy, w] = 0 for all w € W. Note that in our setting, euy- is also fixed
by the action of Ny (W') on H.(W’ by) because the parameter ¢ : S” — C is obtained by
restriction of the W-invariant parameter ¢ : S — C.

Let O(Nw(W') xwr (H(W' b)) ® D(breg))) denote the category of modules over the

algebra

N (W') s (Ho(W', ) © D(b)%))
that are ﬁnltely generated over (C[ Teg] ®Clhy| and on which by acts locally nilpotently, and
smularly let O(Ny (W) xypr (H (W', by )o@ D( Teg))) denote the category of Ny (W) Xy
(H. (W', bW/)0®D(breg)) -modules that are finitely generated over C[b%;]@@[[hw/]]. By the
proof of [BE, Proposition 2.4|, euy acts locally finitely on any H.(W’, by/)-module that
has locally nilpotent action of hy, and in particular euy acts locally finitely on any M €
O(Nw(W") Xy (H (W' by ) @ D(f)mg))). It follows in particular that such M are naturally

graded as

M= M,
acC

where M, is the generalized a-eigenspace of euy in M. As the actions of euy and Ny (W) x
(l‘)mg) on M commute, it follows that the above decomposition of M is a decomposition
as Ny (W') x D( Teg) -modules. As hyM, C M, for all @ € C and as M is finitely
generated over Clhy/] ® C| reg] it follows that each M, is finitely generated over C[breg]
and that the set of a € C such that M, # 0 is a subset of a finite union of sets of the form
z 4+ Z=°. 1In particular, the generalized eigenspaces M, are Ny, (W')-equivariant O(

coherent D( reg) modules. An argument entirely analogous to the proof of Theorem 2.3 in
[BE] then shows that the functor

E : O(Nw (W) sy (Ho(W, b )o®D(b}%,))) = O(Nuw (W) sy (Ho(W', ) @ D(b}Y,))

reg)
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sending a module M to its subspace of eup~-locally finite vectors is quasi-inverse to the
functor

"y - OWNw (W) s (HL(W, )@ D(OY,))) — O(Niy (W) oy (LW, by )oED (1))

of eompletlon at f)reg
Let O(H, (W, h)w hXZ;) denote the category of H,(W, b))y pis-modules that are finitely gen-

erated over the ring of functions (C[f)] wols on the formal neighborhood of Wl‘)reg in b.
Completion at WH"' defines an exact functor

“wowr : Oc(W,b) = O(H(W, ) yguwr).

Note also that the discussion above and the observation that 1w generates the unit ideal

reg

in HC(VV, b)WhX‘éf, shows that the composition
b0 Ly« OUW, By ) — O(Noy (W) s (W', By )oBD(6,)

is an equivalence of categories. Next, consider the composite functor
Eo,o 1h¥‘é; o AWh‘T"é; : O(W,h) — O(Nw (W) xyr (Ho(W' ) @ D(f)reg)))
which as we've seen is a completion functor followed by equivalences of categories.

Lemma 2.5.1. The image of the composite functor E o1, o 1h%; o Awh%; lies in the full

subeategory O(Nu (W) sy (W, bywr) © DO}, of O(Nug (W) sy (Ho (W, ) &

D( X‘e/;))) consisting of those modules M whose generalized euy eigenspaces M, have regular
coherent D(

singularities as O( -modules.

reg) reg)

Proof. Let N be a module in O.(W, h) and let M be its image under the composite functor
Eo,o 1hW' o th/ As the full subcategory of O( coherent D( -modules consisting

of those D-modules with regular singularities is a Serre subcategory, to show that the D(

reg) reg)

reg)
module M, has regular singularities it suffices to show that every irreducible D( Teg) -module
appearing as a composition factor in M has regular singularities. Note that by, acts on M
by D( Teg) module homomorphisms of degree 1 with respect to the euy-grading. It follows
that (h}y)*M is a D( reg) -submodule of M for all integers k£ > 0, and, as M is finitely
generated over Clhy/] ® C|
in some quotient M/ (b )" M for sufficiently large k. Therefore, it suffices to show that
the module M/(IJW,)’“M has regular singularities for all integers k > 0. But M/}, M is
precisely the D( Teg) module obtained by pulling N back to [jreg as a coherent sheaf as in [W,
Proposition 1.2], which has regular singularities by [W, Proposition 1.3]. That M/(b},. )M
has regular singularities then follows from the exact sequence
(hyy) "M M M

— — —
(b )*M by )*M - (i)' M

and induction on k. O

reg] that any generalized euy-eigenspace M, of M embeds

0—

By the Riemann-Hilbert correspondence [D1], passing to local systems of flat sections on

. . . . .
}f‘e/g in each generalized eigenspace then defines an equivalence of categories

RH - O(Nw (W) s (W, ) @ D(0I%))rs. — (O, ) B Loc(plly)) ¥ )
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where O, (W', by )X Loc( reg) is the category of local systems on l‘)}f‘e/g of H.(W', by/)-modules

in O.(W’, hy) and where (O.(W’', bhy) X Loc([jreg)) wW') is the associated category of
Ny (W')-equivariant objects.
Definition 2.5.2. Let Res; be the partial KZ functor
Reslf, : O.(W,h) — (O.(W, by) B Loc(
defined by the composition
Resly = RH o E o, o0 1hW/ o Ty

reg

Let b € h%, and let Fiber, : (O(W’, hy~) ® Loc(h¥ )Nw W) — O (W' by) denote
the exact functor of takmg the fiber of the local system at b. From [BE, Section 3.7], the
functor Fiber;, o Resw, is naturally identified with the parabolic restriction functor Res,. In

particular, the monodromy in f)reg provides isomorphisms of functors Res, = Resy for any

Ny (W)
reg)) wi

points b, b € breg Note, however, that such an isomorphism is not canonical and depends
on a choice of path between b and . This monodromy action on Res;, will be crucial in what
follows.

When there is no loss of clarity, we will suppress the choice of b € §"' and write Resyp
for the parabolic restriction functor Resy, and similarly we will write Ind%, for the parabolic
induction functor Ind,. The underlined @%, will always denote the associated partial K Z
functor with fibers Resi}..

2.6. Gordon-Martino Transitivity. Let W” C W’ C W be a chain of parabolic sub-
groups of W. In [Sh, Corollary 2.5], Shan proved that the parabolic restriction functors are
transitive in the sense that there is an isomorphism of functors

!
Resjp» = Resjpn o Resyy.

Gordon and Martino [GM] explained the sense in which this transitivity is compatible with
the local systems appearing in the partial KZ functors. We recall their result below.
Consider the functor

ReSWN & Id lNW %’)W”) OMWW// . Oc(VV) b)

" Nw (W', W")

— (OW", ) B Loc((bw)y) 8 Loc(hlty) )

Here Ny, (W', W") is the intersection of the normalizers Ny, (W’) and Ny (W) and | denotes
the restriction of equivariant structure to a subgroup. Similarly to the notation bzg, the
space (l‘)W/)XZ; is the locally closed locus of points in by with stabilizer W” in W’. The
goal is to relate this functor to the partial K7 functor ResW,, However, the latter functor
produces local systems on the space [jreg, not on ([jw/)ye/g/ X breg as the functor considered
above does. In general, viewed as subvarieties of ), these spaces do not coincide, and there is

. " . .
no obvious map between them. However, (bW/)X‘e/g X breg, viewed as a complex manifold, does

contain a Ny (W', W")-stable deformation retract that includes naturally in [jreg, giving rise
to a pullback functor

X W// N W/7W// W// W/ N W/ W//
L;;V’,W” . Loc(breg) w( ) - LOC((bW/)reg X breg) wi )

This functor can be constructed as follows.



ON REFINED FILTRATION BY SUPPORTS FOR RATIONAL CHEREDNIK CATEGORIES O 15

Choose a W-invariant norm || - || on h. Let € > 0 be a positive number. Define the
subspaces
Zvreg = {z etV |lwz — z|| > e for all w € W\W'} C f)reg
and

(hw)reg = {x € (hw)yeg : llall < /2 C (b))t -
Note that these spaces are NW(W’ W")-stable, that the subspace (hy)W ¢ x hIV’ reg 1S @

reg

deformation retract of (y )W via a NW(W’ W")-equivariant deformation retraction,

reg >< breg

and the,re is a natural inclusion (by),%,“ x b, C b)Y, Pullback along the inclusion
(bur) e, x H reg f)}fgg defines a functor
LOC(bZ‘e/g )NW wo.we) - LOC((bW’)reg X Zreg)NW(W W)

and the deformation retraction defines an equivalence of categories

Loc((hw)yeg < X Bl eg) M D 2 Loc((hu )y % byeg) ™ 1.

We define ¢y 1y to be the composition of these functors. Note that ¢jy, 11, does not depend
on the choice of norm || ][ or € > 0. We comment that the definition of ¢3y ;v given in [GM]
was stated in terms of fundamental groups, but the version we give here is equivalent.

We can now state the transitivity result of Gordon-Martino:

Theorem 2.6.1. (Gordan-Martino, [GM, Theorem 3.11]) There is a natural isomorphism
LW/ W//O lNW %i/%/v,,) 0@9%// = (@9%:/ IX Id) l%ng, W) O@S%/

of functors
NW (WI’W//)

Ou(W,5) = (O, i) B Loc((bu)1ty) B Loc(b]Y,))

2.7. Mackey Formula for Rational Cherednik Algebras for Coxeter Groups. Shan
and Vasserot established in [SV, Lemma 2.5] that the natural analogue of the usual Mackey
formula for the composition of induction and restriction functors for representations of finite
groups holds for the Bezrukavnikov-Etingof parabolic induction and restriction functors at
the level of Grothendieck groups. It will be convenient for us to know that, at least in the
case of rational Cherednik algebras attached to finite Coxeter groups, the Mackey formula
holds at the level of the parabolic induction and restriction functors themselves. This is
established below, by lifting the Mackey formula for the associated Hecke algebras via the
K Z functor.

Let (W, S) be a finite Coxeter system with simple reflections .S, real reflection representa-
tion hgr, and complexified reflection representation . Let ¢ : S — C be a class function on the
simple reflections, and let ¢ : S — C* be the associated class function g(s) = e?™°(*). Recall
that the Hecke algebra H (W) attached to W and ¢ is the associative C-algebra generated
by symbols {7 : s € S} subject to braid relations

T51T32T31 e = T32T31T52 .

for s; # s9 € S, where there are m;; terms on each side where m;; is the order of the product
51892, and the quadratic relations

(Ts = D)(Ts +45) =0

where we write g, for q(s). Recall that the length function | : W — Z=° assigns to w € W
the minimal length [(w) of an expression s, - - “Siyy = W of w as a product of simple
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reflections, and that such a factorization of w is called a reduced expression. The product
T,, ---T. in H,(W) does not depend on the choice of reduced expression s;, - for

Siy Siyw t Sil(w)
W, and th(e )resulting elements T, form a C-basis for H,(W). For details and proofs on such
basic structural results on Hecke algebras mentioned in this section, see [GP] (note that their
convention is to use quadratic relations (T'+ 1)(T — ¢) = 0 rather than (T'— 1)(T' +¢) = 0).

For a subset J C S of the simple reflections in W let W; C W be the parabolic subgroup
generated by J C S. Then (W,, J) is a Coxeter subsystem of (W, S), and the (complexified)
reflection representation of (W, J) is identified with the action of W; on the unique W;-
stable complement by, of B in h. The parameter ¢ : S — C* restricts to give a W-
invariant function J — C*, which by abuse of notation we also denote by q. We therefore
may form the Hecke algebra H,(W;). Reduced expressions of w € W as an element of
W are precisely the reduced expressions of w as an element of W. In particular the length
function ly, for (W, J) coincides with the restriction to W of the length function for (W, J),
and in this way the assignment T, — T, for w € W extends uniquely to a unital embedding
of the algebra H, (W) as a subalgebra of H,(W). Via this embedding we can define the

parabolic restriction functor
"Resyy, : Hy(W)-mod — H,(W,)-mod
and the parabolic induction functor
Hndyy = Hy(W) @u,w,) ® : Hy(W,)-mod — H,(W)-mod.

Let J, K C S be two subsets of simple reflections, with associated parabolic subgroups W,
and Wg. Each Wg-W; double-coset in W contains a unique element of minimal length. Let
Xk C W denote this subset of distinguished double-coset representatives. For d € X,
conjugation w — dwd~! defines a length-preserving isomorphism Wjnpa — Wa g, where
K% :=d'Kdand %J := dJd™!. In particular, the assignment T}, — T,,q—1 extends uniquely
to an algebra isomorphism H,(Wjnga) — Hy(Wajnx). Note that this isomorphism is realized
inside H, (W) by conjugation by T,. Let

Htwy : Hy(Wnga)-mod — Hy(Wa qx )-mod
denote the equivalence of categories obtained by transfer of structure via this isomorphism.

We can now state the Mackey formula for Hecke algebras. Note that this formula holds
for any numerical parameter ¢ : S — C*.

Proposition 2.7.1. (Mackey Formula for Hecke Algebras, [GP, Proposition 9.1.8]) Let
J, K C S and let Xi; C W be the set of distinguished (minimal length) Wy -W; double-coset
representatives in W. There is an isomorphism

Hp, W _H ~ Hy W H Hp, W
Resy,, o IndWJ = @ [ndemK o " twg o Res
deXk g

of functors Hy(W;)-mod — H,(Wg)-mod.

By restriction of the parameter ¢ to subsets J C .S, one can form the associated rational
Cherednik algebra H.(W;,bw,). Let JJK C S, and let d € Xk, . Note that the action
of d on bh induces an isomorphism bw, o = bw,, . ¥ — dy, and hence also an isomor-
phism [j*‘;VJmKd — [j*‘;VdJmK, f—d(f) = f(d'e). As in the comments preceding [SV, Lemma
2.5], these isomorphisms along with the isomorphism W xe — Wajqg discussed above
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induce an isomorphism He(Wjnga, bw, ) = Hc(Wajnk, bw,, ) respecting triangular de-
compositions. Transfer of structure by this isomorphism therefore induces an equivalence of
categories

twa : Oc(Winka, bw, o) = OcWajsng, bw,, )

Theorem 2.7.2. (Mackey Formula for Rational Cherednik Algebras for Coxeter Groups) Let
J, K C S and let Xi; CW be the set of distinguished Wi -W; double-coset representatives
i W. There is an isomorphism

W W~ W W
Resy,, o Indy,, = @ Indwde o twy o ResmKd

dEXKJ

of functors O.(Wy,bw,) — O.(Wk, b, )-

Proof. For a subset A C S, let KZ(Wy,bw,) denote the KZ functor O.(Wy, bw,) —
H,(Wj4)-mod. It follows from [Sh, Lemma 2.4] that to show the existence of the desired
isomorphism of functors, we need only check that the functors K Z (W, h"Vx )oRes%K oInd%}

and KZ(Wi, bwy) © Dycx,., Ind%dm}( otwy o Res?r/{Kd are isomorphic. Shan also proved

([Sh, Theorem 2.1]) that K Z commutes with parabolic restriction functors in the sense that
there is an isomorphism of functors

KZ(Wa, bw,) o Res%f o~ HRes%f o KZ(Wg, bw,)

for any A C B C S. It is clear that KZ commutes with twy in the sense that there is an
isomorphism of functors KZ(Wajng, bwajnr) © twg =2 Htwg o KZ(Wnka, bw, ..). Passing
the KZ functor to the right using these isomorphisms, the desired statement then follows
from the Mackey formula for Hecke algebras. ([l

3. ENDOMORPHISM ALGEBRAS VIA MONODROMY

Throughout this section, let W be a complex reflection group with reflection representation
b, let S C W be the set of reflections in W, and let ¢ : S — C be a W-invariant function.
Let H.(W,h) be the associated rational Cherednik algebra. In light of the isomorphism
H.(W.,b) = H.(W,hw)® D(H"), we will always assume that the fixed space h" is the trivial
subspace. In order to understand and count irreducible representations in O.(W, h) with a
given support in b, it will be convenient to consider certain subcategories and subquotient
categories of O.(W,h).

3.1. Harish-Chandra Series for Rational Cherednik Algebras. In the following def-
inition, let W’ C W be a parabolic subgroup and let L be a finite-dimensional irreducible
representation in O.(W', hy).

Definition 3.1.1. Let W' C W be a parabolic subgroup and let L be a finite-dimensional
irreducible representation in O (W', byw). Let O.w(W,h) denote the full subcategory of
O.(W,h) consisting of modules supported on WH"W', and let Opyw.p(W,h) denote the full
subcategory of Oy (W, b) consisting of modules M such that Resyy,M € O W', by is
semisimple with all irreducible constituents in orbit of L for the action of Nw (W') on
Irr(H. (W', hw)). Let O (W, h) and O.w..(W,h) denote the respective quotient cate-
gories by the kernel of the exact functor Resy.

When the ambient reflection representation (W, b) is clear, we will write O, w- for O.w (W, h),
Ocwr 1 for O.w (W, h), and similarly for their respective quotients O,y and O,y f.
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Proposition 3.1.2. The following hold:

(1) We have

Exto, g, (L', L") =0

for all L', L" in the Ny (W')-orbit of L.

(2) The categories O.yw and O. w1 are Serre subcategories of O (W, h).

(3) Every simple object S € O.(W,h) lies in such a category O.wr 1, for some parabolic
subgroup W' C W and finite dimensional irreducible L, and the pair (W' L) is uniquely
determined by S up to the natural W -action on such pairs.

(4) If (W', L) labels the simple module S in this way, then Supp(S) = Wh"".

Proof. For the Ext! statement, notice that the restriction of the parameter ¢ to the set of
reflection S" C W' is not only W’-equivariant but also Ny (W’)-equivariant. As the Euler
grading element euy is fixed by the Ny (W')-action, it follows that the lowest euy-weight
spaces of L and L' have the same weight, and therefore there can be no nontrivial extensions
between L and L’ by usual highest weight theory (see, e.g. [GGOR, Section 2]). More
precisely, let L have lowest weight A € Irr(IW’) and L’ have lowest weight A’ = n.\ for some
n € Ny (W'), and consider a module M € O.(W’, hy) such that [M] = [L.(N\)] + [L.(N)] in
Ko(O(W' hy)). Tt suffices to show that M = L.(\) & L.(\'). As the lowest weight spaces
A of L.(\) and X of L.()\) occur in the same graded degree with respect to the grading
by generalized eigenspaces of euy, the lowest weight space of M is isomorphic to A & X
as a representation of W’. It follows that there is an H.(W’, hy)-module homomorphism
A.(A) & A.(N) — M that is an isomorphism in the lowest weight space, and as [M] =
[Le(A)] + [Le(N)] this map must annihilate the unique maximal proper submodules of each
A.(A) and A.(X), as their simple constituents have strictly higher lowest weight spaces,
and hence factor through an isomorphism L.(\) & L.(\) — M, as needed. That O,y and
O, are Serre subcategories then follows from the exactness of Resyy. .

Given a simple module S € O.(W,h), its support is of the form WhH"" for a parabolic
subgroup W’ C W uniquely determined up to conjugation, and Resyy. S is finite dimensional
and nonzero for a parabolic subgroup W’ C W if and only if Supp(S) = WH"', see [BE,
Proposition 3.2]. So, there exists a finite dimensional simple module L € O.(W’, hy~)
and a nonzero homomorphism L — Resvv[[;/S. By adjunction, there is therefore a nonzero
homomorphism Indy, L — S, which is a surjection because S is simple. So it suffices to
check Indyj,L € Oy, i.e. that the irreducible constituents of Resyy,Indy, L lie in the
Ny (W')-orbit of L. This follows from the Mackey formula for rational Cherednik algebras
at the level of Grothendieck groups ([SV, Lemma 2.5]) and the fact that L is annihilated by
any nontrivial parabolic restriction functor. U

Remark 3.1.3. Proposition 3.1.2 can also be obtained from [Lol, Theorem 3.4.6].

The labeling of simple modules in O.(W, ) by pairs (W', L) as in Proposition 3.1.2 is
an analogue in the setting of rational Cherednik algebras of the partitioning of irreducible
representations of finite groups of Lie type into Harish-Chandra series.

Proposition 3.1.4. The image of Ind%,L in the quotient category O, w1 is a projective
generator. Furthermore, the natural map
Endo,,,, , (Indy, L) — Endy_ (Indy, L)

L
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1s an isomorphism, and in particular there is an equivalence of categories
66 wW!'.L = Endoc(wl byyr) ([ndW,L)Opp—modf,d,.

Proof. The statement comparing the endomorphism algebra of Ind%,L in O,wr and in
O,w1, follows from the observation that Indj}, L has no nonzero submodules or quotients
annihilated by Res% and from the definition of morphisms in the quotient category. Oth-
erwise, there would exist a simple module S € O,y 1, such that Resjj, S = 0 but such that
either Homoc,w,,L(S, Ind;} L) or Homoc’w/,L(IndMW/,L, S) is nonzero. As Indy;, and Res}y, are
biadjoint, this is equivalent to one of Homo, wy,,,)(Resyy» S, L) or Homo, ., (L, Resyy,S)
being nonzero, which contradicts Resy}S = 0.

The argument in the last paragraph of the proof of Proposition 3.1.2 shows that IndVV{;/L
admits a surjection to any simple module in O,y 1, so the claim that it is a projective gen-
erator will follow as soon as we see that it is projective in O,y . For this, note that Res%
and IndWW/, induce a biadjoint pair of functors between O,y and the Serre subcategory
of O. (W' hw) generated by those simple objects in the Ny, (W’)-orbit of L; indeed, that
these functors are biadjoint follows from the biadjunction of Res}}, and Indyy, as functors
between O.(W,h) and O, (W', hyy) and the facts that every object in O,y is of the form
(M), where 7 : Oy, — Oewrp is the quotient functor and where M € O,y 1, is such
that all simple objects in its head and socle have support equal to WH"', that Ind%,M "is
such an object for every M’ in the specified Serre subcategory of O.(W’, hy ), and that 7 is
fully faithful on such objects. This Serre subcategory is semisimple by the Ext! statement
from Proposition 3.1.2, and in particular L is projective in that category. Biadjoint functors
preserve projectives, so IndW,L is projective in O,y 1, as needed.

The category O (W, b) is equivalent to the category of finite dimensional modules of a finite
dimensional C-algebra [GGOR, Theorem 5.16]. The same is true for its Serre subquotient
O.w 1, which therefore is equivalent to the category of finite dimensional modules over the
opposite endomorphism algebra of any projective generator. The last statement follows. [J

Through conjugation and the W-action on b, any w € W determines an isomorphism
H.(W' bw+) — H.("W’' buy) and therefore also a bijection

Ier(H. (W', b)) — Iee(Ho ("W huwyr)), M — "M

on the sets of isomorphism classes of irreducible representations by transfer of structure. The
group W therefore acts on the set of pairs (W', L), where W' C W is a parabolic subgroup
and L is a finite-dimensional irreducible representation of H.(W' by), by w.(W',L) =
(“W',"L). Note that W’ C W stabilizes the pair (W’ L). This leads to the following
definition:

Definition 3.1.5. The inertia group Iy (W', L) of the pair (W' L) is the subgroup

Ly(W' L) ={weW :w(W' L =W, L}W C NywW)/W'.
The following statement follows from Propositions 3.1.2 and 3.1.4:
Corollary 3.1.6. The number of isomorphism classes of simple modules in O.(W,b) labeled

by the pair (W', L) in the sense of Proposition 3.1.2 is the number #[rr(End@C(Wm([nd%L)Opp)
of irreducible representations of the End@c(wvh)(lndv%/L)Opp. The number of isomorphism
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classes of simple modules in O.(W,§) with support variety Wo"' is given by

Z #Irr(Endoc(Wh)([nd%,L)"pp)
[Nw (W /W' Iy (W', L)] ’

LeIrr(Oc(W' b)),
dim¢ L<oco

Proof. Immediate from Propositions 3.1.2 and 3.1.4 and the definition of the inertia group.
O

Note that Corollary 3.1.6 is only non-vacuous in the case W’ # W, i.e. for counting
isomorphism classes of simple modules with support strictly containing WH" = {0}, i.e.
for counting isomorphism classes of infinite-dimensional simple modules in O.(W,§). But
the total number of irreducible representations in O.(W, §) is #Irr(WV), and in this way one
also obtains counts of the finite-dimensional simple modules by subtracting the number of
infinite-dimensional simple modules.

The inertia group Iy~ will be important to our study of Ende,aw)(Indjy, L), The
following is a basic result about the endomorphism algebra:

Proposition 3.1.7. We have
dim¢ Endy, (Indy, L) = # Iy (W', L)
Proof. By adjunction, we have
Endo, w) (Indyy, L) = Home, ) (L, Resyy Indyy, L).

By the Mackey formula for rational Cherednik algebras at the level of Grothendieck groups
[SV, Lemma 2.5] and the fact that L is finite-dimensional and therefore annihilated by
any nontrivial parabolic restriction functor, it follows that the class of Res},Indy L in
Ko(O (W', b)) equals 3, n.wnywo["L]. The Ext! vanishing statement from Proposition

3.1.2 therefore implies that Res%,lnd%,L is isomorphic to the direct sum @, ny, (wrw" L.
We therefore have

Homo, w .. (L, Resyy Indy, L) = Homo, w0 (L, € "L).
neNwy (W) /W'

As Homo,wp,,)(L,"L) is isomorphic to C if n € Iy and is 0 otherwise, the claim
follows. O

With this dimension result in mind, our goal is to give a presentation of End, (Indyy, L)
as a twisted extension of a Hecke algebra, with a natural basis indexed by Iy (W', L), anal-
ogous to the presentation by Howlett and Lehrer [HL] of endomorphism algebras of induced
cuspidal representations in the representation theory of finite groups of Lie type. A first step
towards this goal is to realize End Hc(Ind%L)‘)pp as a quotient of a twist of the group algebra
of the fundamental group of f)}’g [/Iw (W', L) by a group 2-cocycle. This is achieved in the
following section.

3.2. The Functor K7;.

Notation: Throughout this section we will again fix a parabolic subgroup W’ C W and a
finite-dimensional irreducible representation L of H.(W’, hy-). The only parabolic induction
and restrictions functors appearing will be between rational Cherednik algebras associated
to W and W, so we will omit the superscript W and subscript W’ in the notation for the
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functors Res% Indvv[[;/ and @%. We will suppress the basepoint b in the notation for the
fundamental group of [jreg and its quotients, as this basepoint plays no role in this section.
Lemma 3.2.1. The restriction

Res: Oupyr — (O W', byyr) B Loc(nV!

of the partial KZ functor to the subcategory O.w of O (W, h) is exact, full, and has image
closed under subquotients. The same is true for its restriction to Oc w1,

))Nw(W’)

Proof. Recall that by definition Res is the composition RH o E o 1), o 1hW' o™ W - All

the functors involved in this composition after ~ Whw! are equivalences of categories, and in

partlcular it suffices to check the claims of the lemma for the functor ~ wew’ - Observe that
reg

WHY' is a principal open subset of Wh"', defined by the nonvanishing of the polynomial

Swr = w (H as.> .

weW s¢S’

reg

Indeed, for any w, w € W withwh™" # w'h"" the nonvanishing of the polynomial w(Hsés, ay)

defines wh"W' in wa and w'(]], ¢s o) vanishes identically on wh"" (wh"" is the common

vanishing logus of the way, for s € S, and as wh"V' # w'h™" it follows that S’ - and hence its
complement in S - is not stable under conjugation by wlw’, so wlw’ (Hsgsw as) vanishes
on B’ and hence w'(], ¢s (ts) vanishes on wh""). Modules M in O,y are set-theoretically
supported on WhH"', and in particular the completion functor ~ Wow! is simply localization
by dw.

Define the categories

W/
H.(W, lL))‘mOdSuppCVVhW/ , H(W, h)/\Whreg_mOdSuppCWhW/

to be the full subcategories of modules over the respective algebras which are annihilated by
sufficiently high powers of the ideal of WH"'. The induction functor

0. : He(W,h)-modg,,,cpyw — He(W, U)AWh%g_mOdSuppCWhW/

given by extension of scalars along the map of algebras 0 : H.(W.h) — H.(W, f))/\Wh‘rﬂéy
amounts to localization by the function dy defining Wbreg in WH"'. We also have the
associated pullback (restriction) functor 6*, and as 6, is localization by a single element
we have 6, o * is isomorphic to the identity. It follows that 6, induces an equivalence of
categories

HC(VVv b)_mOdSuppCWhW'

ker 0,

As O.w is a Serre subcategory of H (W, h)-modg, -y and ker Res = (ker 6,) N O,

the canonical functor
_ H.(W, b)_mOdSuppCWhW/
Oc w’ —
’ ker 0,

is an inclusion of a full subcategory closed under subquotients, and the result follows. For

identical reasons, the result holds for the restriction of Res to the Serre subcategories O, w1,
O

W/
- Hc(Wa b)AWhmg—mOdSuppCWhW/ :
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It will be convenient for us to take a semidirect product splitting of the normalizer Ny, (V")
as given by the following lemma:

Lemma 3.2.2. ([Mu]) There is a subgroup Ny C Ny (W') such that there is a semidirect
product decomposition Ny (W') = W' x Nyy.

Fix a complement Ny~ to W’ in Ny (W’) as in Lemma 3.2.2. Let Iy C Ny~ denote
the stabilizer of L under the action of Ny on Irr(H.(W’, bhy)). The natural map Iy —
Iy (W', L) is an isomorphism.

Notation: Throughout this section, in which W’ and L are fixed, we will simplify the
notation by denoting Iy 1 by 1.

Given a set £ of simple objects in O.(W', by), let (L)o,w p,,,) denote the Serre subcat-
egory of O.(W', bhy) generated by L. Note that the functor Res : O,y — (O.(W', hy) X
Loc( reg))NW(W/) factors through the Serre subcategory

Nw (W) Nw (W)
(Vi (W) Lo,y B Loc(blg) ) € (OW, ) B Loc(blly))

Let H. (W’ hy~) be the quotient
He (W' bwr) = He (W', bw)/ Nueny vy A vy, ("L).
Note that H. (W’ hy) is a semisimple finite-dimensional C-algebra with Ny, (W')-action

and that the category (Ny (W').L)o, (W/ b,y) 1S Naturally equivalent to H (W', by )-mody.4..

In particular, choosing a point b € h'' taking the fiber of the local system at b defines an

equivalence of categories

regr

i NW(W/)
Fiber, : <<NW(W )-L)o.w ) Loc(breg)> e (W' by ) % Wl(breg/NW/)—modf.d
where the semidirect product is defined by the natural action of 7, (b, o/ Nw) on He (W', hy)
through the natural projection Wl(f)reg /Nw+) — Ny Let ef, denote the central idempotent
associated to the irreducible representation L of H. (W’ bhy~). Clearly ey generates the
unit ideal in H, (W', hy) x ﬂ-l(breg /Ny) and the associated spherical subalgebra is given
by
er,(He, (W, byw) x (b, /Nw))er, = Ende(L) x mi(bv, /1).
In particular, multiplication by e; defines an equivalence of categories
er, : He (W', hy) x Wl(breg/NW/)—modf.d — Endc¢ (L) % Wl(f)reg/l)—modf_d.

The automorphism group of Endc(L) is the projective general linear group PGLc(L),
and in particular the action of I on End(L) defines a projective representation m of I on
L. Let u € Z*(I,C*) be a group 2-cocycle of I with coefficients in C* representing the
cohomology class associated to mp. Let i € Zz(ﬁl(bmg/l) C*) be the pullback of u along
the natural pI‘OJeCtIOH m(breg /I) — I. Let —fi denote the opposite group cocycle defined
by (—7i)(g) = ilg) ", and for any group 2-cocyele v € Z2(my (B /1), C*) let C, [m (5!¥)/1)]
denote the v-twisted group algebra of m(breg /1), i.e. the associative unital C-algebra with
C-basis {e; : g € Wl(breg/l)} and multiplication eje, = v(g, ¢')eyy . Essentially by definition
of u we see that L is naturally a C_ [Wl([jreg /I)]-module, and in particular we have a functor

Homgya. () (L, @) : Ende(L) % my(blr, /T)-mody.q — C_z[mi(bre,/T)]-mod ...

This functor is an equivalence of categories, with quasi-inverse N — L ®¢ V.
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Remark 3.2.3. Let w1, : [ — GLc(L) be any lift of the projective representation wy. For
any n € I, the operator wp(n) gives an isomorphism of H.(W' by )-modules of L with its
twist ™ L and in particular preserves and is determined by its action on the lowest euy-weight
space L° of L. It follows that m; induces a projective representation wro of I on L° with
respect to which L° is (projectively) equivariant as a representation of W'. Furthermore, the
projective representation wy, lifts to a linear representation of I, and in particular the cocycle
1 1s trivial, if and only if the same holds for the projective representation wro. Indeed, given
a representation Tro of I on L° with respect to which L° is an equivariant representation of
W', this representation extends uniquely to a representation of I on all of L with respect to
which L is I-equivariant as an H.(W' by )-module. It follows that triviality of the cocycle
i can be checked at the level of the representation of W' in L. For example, the cocycle
is trivial in the large class of examples in which W' splits as a direct product W' = W{ x W}
with respect to which L° is isomorphic to a tensor product LY @ LY and such that both I
centralizes W{ and also LY is the trivial representation.

From the above discussion, we have:

Theorem 3.2.4. The Hom functor Homo, w,y) (Ind(L),e) on O, w1 factors as the compo-
sition of a functor

KZL . OC W' L — C_M[m(bmg/l)]—modf_d_

followed by the forgetful functor to the category of finite-dimensional vector spaces. KZy, is
exact, full, has image closed under subquotients, and induces a fully faithful embedding

Oc W/.L — C- [Wl(hreg/[>]_m0df~d~
with image closed under subquotients. In particular, there is a surjection of C-algebras

o (C—u[ﬂ-l(hreg/l)] — Endoc(Wh)([nd(L))OpP.

Proof. By adjunction, we have Homo, ) (Ind(L),®) = Home,wp,,.)(L, Rese), and this
latter functor can be expressed as the composition Homgna.(1)(L,®) o e, o Fiber, o Res of

functors discussed above, from which the existence of the lift [/(Z follows. That [/(Z is
exact, full, and has image closed under subquotients follows from Lemma 3.2.1 and the fact
that the functors appearing after Res in the composition above are equivalences of categories.
That the induced functor on O,y g is faithful follows from the fact that it is represented
by the projective generator Ind(L). By Proposition 3.1.4, this induced functor is identified
with a fully faithful embedding

EndOC(W,h)(Ind(L))Opp_mOdfd — C_ [ﬂ-l(breg/[)]_mOdf-d-

with image closed under subquotients and which is identity at the level of (C vector spaces.
Such a functor is simply restriction along some algebra homomorphism ¢, : C_;[m (E)TC el )] —
Endo, (w,5)(Ind(L)). The image im ¢, is a C_z[m (b}t /1)]-submodule of Endo, (w,p) (Ind (L)),
and because the functor in question has image closed under subquotients it follows that

im ¢y, is also a Endo, w,p) (Ind(L))°PP-submodule. As im ¢y, contains 1, it follows that ¢, is
surjective, as needed. ([l

Definition 3.2.5. Let the generalized Hecke algebra H(c, W', L, W) attached to ¢, W', L and
the group W be the quotient algebra

H(c, W', L,W):=C_ [Wl(breg/f)]/kerwb
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Let
KZL . Oc,W’,L - H(C, W’, L, W)—modf_d_

be the natural factorization of the functorl/(z from Theorem 3.2.4 through H(c, W', L, W)-mody 4..
Corollary 3.2.6. K7}, induces an equivalence of categories
6C,W/,L = H(C, W/, L, W)—modf.d,.

Remark 3.2.7. In the case W' =1 and L = C, the generalized Hecke algebra H(c, W', L, W)
is precisely the Hecke algebra Hy (W) attached to the complex reflection group W, the functor
KZ¢ is precisely the KZ functor of [GGOR]|, and the statements of Theorem 3.2.4 are
well-known in that case. The equivalence in Corollary 3.2.6 in that case is the well-known
equivalence O,/ OF" = H,(W)-mody ..

The following remark reduces the study of the algebras H(c, W', L, W) to the case in which
W is an irreducible complex reflection group.

Remark 3.2.8. Suppose the complex reflection group W and its reflection representation
decompose as a product (W, ) = (Wi x Wy, bw, ® by, ). Let S; C W be the set of reflections
i Wi fori = 1,2, so that S = S U Ss, and let ¢; be the restriction of the parameter ¢
to S;. The rational Cherednik algebra H.(W, ) decomposes naturally as the tensor product
H., (W1, bw,) ® He,(Wa, bw,). Let W C W be a parabolic subgroup, and fori = 1,2 let W/ C
W; be the parabolic subgroups such that W' = W{ x W3. Let L; be a finite-dimensional irre-
ducible representation of H.,(W/, bw:) fori = 1,2, so that L = Li® L is a finite-dimensional
irreducible representation of H (Wi X W3, bwrw;) = Hey (W1, bwr) ® He, (W3, bwy). Every
finite-dimensional irreducible representation of H.(W{ X Wy, by X byy) appears in this way,
and all of the constructions appearing in Theorem 3.2.4 split naturally as well. In particular,
there is a natural isomorphism of algebras

H(Q Wla L7 W) = H<Cla W1/7 Lla Wl) ® H<C27 W2/7 L27 W2)
compatible with the surjections pr,, ¢r, and Y1 L, -

3.3. Eigenvalues of Monodromy and Relations From Corank 1. We want to describe
the generalized Hecke algebras H(c, W', L, W) as explicitly as possible so that we can in turn
understand the subquotient categories O,y 1. To achieve this, we study the kernel ker ¢y,

Let W” C W be another parabolic subgroup, with W' C W” C W. Let Iy pw» := Iy N
W" be the (lift to Ny~ (W) via the splitting Ny (W') = W’ x Ny of the) inertia group of L
in Ny (W'). The 2-cocycle p € Z*(Iy 1, C*) restricts to give a 2-cocycle of Ty 1y, which
we will also denote by pu, and by pullback determines a 2-cocycle of m((bwu)ﬁg [Twr Lwn),

W

which we will also denote by fi. We may choose b € ) such that the projection by of

reg
b to (hy~)"" with respect to the vector space decomposition h"' = (hy )V @ h"" lies in

(f)W//),YZ;]. By Theorem 3.2.4, there is a surjection of C-algebras

QOL,W” . C*ﬂ[ﬂ-l((UW//)Z;/[W/,L,W//a bW”)] — Endoc(Wuth,,)(IndW:/L)Opp.

Notation: Throughout this section, the parabolic subgroup W’ and finite-dimensional irre-
ducible representation L of H.(W’, hy) will remain fixed, while the parabolic subgroup W”
will vary. We will denote Iy~ 1, by I, as in the previous section, and we will denote Iy f,
by Iy». We will always take the basepoints for the fundamental groups of bf‘e/; and (f)Wn)}fZ;
and their quotients to be b and by as above, and we will suppress these from the notation

for readability.
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By the construction of the functor ¢, w of Gordon and Martino recalled in Section 2.6

and the fact that Ijy» acts trivially on % ', there is a natural map of fundamental groups

reg’

lwrn w' L - 771((bW”)reg/IW”) - 7T1(breg/])

extending to a natural map of C-algebras
v,z s Coglm (D) eg/Twn)] — Calm(byiy/T)].

By functoriality, there is also an algebra homomorphlsm

Endo, (wn g,y (Ind}y, L)PP — Endo, ) (Indjy, L)

hW”
induced by the functor Ind}},, and the isomorphism Indl}, o Indly, = Ind}V,. The following

lemma is then immediate from the constructions and from Gordon and Martino’s transitivity
result that was recalled in Theorem 2.6.1:

Lemma 3.3.1. The following diagram commutes:
Calmi ((hwn) g/ Twn)] ——==—> C_z[mi 0L,/ T)]

%L,W//\L %L\L

" [ndw,,
Endo,wn . (Indyy, L) —"> Endo, qwy)(Indjy, L)

Definition 3.3.2. Given a chain of parabolic subgroups W' C W" C W as above, we say
that W' is of corank r in W if dim hy» = dim by + 7.

The parabolic subgroups W” C W containing W' in corank 1 are closely related to the
reflections appearing in the action of Ny (W’) on ™'

Lemma 3.3.3. Let W"” C W be a parabolic subgroup containing W' in corank 1. The
quotient Ny (W") /W' is cyclic and acts on H"" by complex reflections through the hyperplane
bW" < W', Purthermore, every element n € Ny (W') that acts on bW as a complex
reflection lies in some parabolic subgroup W' C W containing W' in corank 1.

Proof. The action of Ny»(W')/W’ on h"" is faithful because W' is precisely the pointwise
stabilizer of h"" in W, and the action respects the decomp051t10n b = (b )V & V", As
Ny (W) /W' acts trivially on B" and dim(by+)"" = 1, the first claim follows.

For the second claim, suppose n € Ny (W') acts on h"" as a complex reflection through
the hyperplane H C h"'. Let W” C W be the point-wise stabilizer of H in W, a parabolic
subgroup. As n does not fix B’ but W’ c W”, we have H ¢ §"" € p"'. As H is a
hyperplane, it follows that H = """, so W is a parabolic subgroup containing W’ in corank
1 and n € Ny (W) acts on b as a complex reflection through the hyperplane b" c "',
as needed. O

It follows from Lemma 3.3.3 that the inertia group Iy~ considered above is cyclic and acts
on (bW”)Teg through a faithful character. As W' is corank 1 in W” | we have (IJW//)ZZQ =C*
as a C-manifold, and in particular there is a canonical group 1sornorphlsm

Wl((bW“)}Z;/[ ") =2 7.

Definition 3.3.4. Let Ty 1 w» denote the canonical generator of Wl((hW//)Teg/IWN) arising

from the isomorphism above. We will also let Ty 1w denote its image in Wl(f)reg/[) under
the homomorphism vy w1, and we refer to Ty wr as the generator of monodromy about
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the hyperplane B C §W'. We call the parabolic subgroup W' and its associated hyperplane
bW" c hW' L-trivial (resp., L-essential) when the inertia group Iy is trivial (resp., non-
trivial). Let hglf/reg denote the complement of the arrangement of L-essential hyperplanes in
bW’ , and let I"f denote the subgroup of I generated by the subgroups Iy for all L-essential
w.

We comment that I"¢/ is a normal subgroup of I and that the action of 1"/ on h"' is
generated by complex reflections through the L-essential hyperplanes. In fact, from Lemma
3.3.3 we see that 1" is the maximal reflection subgroup of I with respect to its representation
in h’. We have l‘)reg C f)EV_,reg, and b‘iv_/mg is stable under the action of I on h"".

The second cohomology group H?(C, C*) vanishes for all cyclic groups C, and in particular
we may assume that the 2-cocycle p on [ is trivial on all subgroups Iy~ C I associated to
parabolic subgroups W" C W containing W’ in corank 1. Then, the twisted group algebra
C—g[ﬁ((bw")mg /Iwn)] is naturally identified with the Laurent polynomial ring C[TV?,} L)
The kernel of the map ¢ w» appearing in the commutative diagram in Lemma 3. 3.1 is
therefore generated by a monic polynomial Py w» € C[Tw: w~| nonvanishing at 0. It
follows from Proposition 3.1.7 that Py w» is a polynomial of degree #Iy».

Definition 3.3.5. Let Py w» € C[T] be the monic polynomial of degree #Iwn~ generating
the kernel ker w1y .

Note that Py w» only depends on W” up to I-conjugacy and that Py 1w~ (0) # 0.
Notation: As W’ and L remain fixed, we will denote Py w» by Py~ and Ty w» by
Ty when the meaning is clear.

We can now state the main result of this section.

Theorem 3.3.6. The map oy, of Theorem 3.2.4 factors through a surjection

—almi (b5, /1)]
(PW//(TW//) . W' is corank 1 in W")
of C-algebras. If the inequality

Pr: — H(e, W' L, W)

ref
C—M[Trl(bL reg/I )] : < #[ref
(Pyn(Tywn) : W" is L-essential)
holds then it is an equality and P, is an isomorphism.
In particular, if W is a Coxeter group or if the group 2-cocycle p € Z*(I,C*) has coho-
mologically trivial restriction to I, B, is an isomorphism.

dim

Remark 3.3.7. Note that only the L-essential hyperplanes feature in dimension bound
above. The 2-cocycle i € Z*(mi(h}Y Teg/[ref),(CX) is obtained by pulling back the 2-cocycle
w € Z*(I,C*) along the natural projection. Note that by their definition, the generators of
monodromy Ty are naturally elements of w (h%W, /17¢f).

The following lemma will be useful in the proof of Theorem 3.3.6

reg

Lemma 3.3.8. There is a linear character x : Wl(breg/f) — C* satisfying
—Pwn(0)  if W is L-trivial

1 otherwise.

X(Twr) = {
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Proof. As Py~ (0) is nonzero and only depends on W” up to I-conjugacy, it suffices to
show that for any parabolic subgroup W” containing W’ in corank 1 there exists a group
homomorphism 6 : Wl(breg/ I) — Z such that a generator of monodromy Ty about one

of the hyperplanes H defining bV, /I is sent to 1 under 6 if and only if H is I-conjugate

reg
to h™" and 0 otherwise. One may then compose with the group homomorphism Z —
C*, 1 — —Pw~(0), and take the product of such maps over all /-conjugacy classes of L-
trivial parabolic subgroups W” > W’. To construct such a homomorphism, choose a linear
functional o € (h"')* defining h"" in h"" and let § = [],,.,; no. Then, § defines a continuous
function 0 : l‘)}f‘e/;/l — C* with associated map () : Wl(breg/f) — m(C*) = Z. That m(9)
has the desired effect on the generators of monodromy then follows easily as in the proof of
[BMR, Proposition 2.16]. O

Proof of Theorem 3.3.6. That ¢ factors as p; through the quotient above follows immedi-
ately from Lemma 3.3.1.

Assume the dimension inequality in the theorem statement holds. As the action of I"¢f on
b"" is generated by reflections, the quotient b’ /17 is a smooth C-variety by the Chevalley-
Shephard-Todd theorem [Che, ST]. In particular, by Proposition A.1 of [BMR] and induction
it follows that the kernel of the map m; (l‘)reg /1) — (b‘iv_lreg /I7¢7) is generated (as a normal
subgroup) by the generators of monodromy Ty~ for the L-trivial W”. In particular, we have
an isomorphism

1 (b}“/[@/s/l/lref) o Iref

(Tywr : W" is L-trivial) mbz- ’"69/ )
7aeg/_fref) — C* be the compo-
sition of the natural map Wl(f)reg/[mf) — Wl(f)reg/[) with the character from Lemma 3.3.8.

Clearly, this isomorphism respects the cocycle fi. Let x : (b

The assignments g — x(g)g for g € Wl(breg/l) extend to an algebra automorphism 7, of
~almi(by%,/1)] satistying

— Py (0)(Twn — 1) if W”is L-trivial
Py (Tywn) otherwise. '

T (P (Twr)) = {

To see this formula in the case that W is L-trivial, recall that in that case Py~ (Tw~) is a
monic linear polynomial, hence of the form Py (Tyw ) = Tywn + Pw»(0); applying 7, gives
(P (Twn)) = 7 (Twr + Py (0))
pmnd —Pw//(O)Tw// —f- Pw//(O) prmnd —Pw//(O)(Tw// —_ ]_)7
as above. The formula in the case that W” is L-essential is clear. Composing these two
isomorphisms yields an isomorphism

Colm O/ T
(Pyn(Tywn) : W is L-essential) — (Pyu(Tyyn) : W' is corank 1 in W”)’

By assumption, this algebra has dimension at most #17¢f, and so the same holds for the
dimension d < #1 ref of its image in

[Trl(breg/‘[)]
(Pyr (TW//) : W'is corank 1 in W")
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under the natural map induced by the map Wl(f)Teg/I refy — Wl(f)Teg/I ) of fundamental
groups. As Wl(f)reg/[)/ﬂ'l([jreg/[ref) = [/I/ it follows that

[ﬂ-l(hre /[>] ref
<PW”(TW~) : W'is C(g)rank 1in W") <d-(F/I7) < #I

But, as §; is a surjection and dim H(c, W', L, W) = #I by Proposition 3.1.7, it follows also

that
—M[ﬂ-l(breg/‘[)]
(Pywn(Twn) : W'is corank 1 in W)
It follows that the dimension inequalities above are equalities and that @7 is an isomorphism.
For the final statement of the theorem, first suppose the restriction of ; to 1™/ is coho-
mologically trivial. Then the quotient

C[Trl(bL reg/‘[Tef)]
(Pwn(Twn) : W" is L-essential)

is precisely a specialization to C of the Hecke algebra attached to the complex reflection
group 1"/ in the sense of Broué-Malle-Rouquier [BMR]. In that paper it was conjectured
that the generic Hecke algebra is a free module of rank #17¢/ over its ring of parameters,
and this conjecture was subsequently proved in characteristic zero [E2]. In particular, this
algebra has dimension #17¢/, as needed.

Now suppose W is a Coxeter group. In that case, 1"/ is a Coxeter group as well, and its

action on h" is the complexification of a real reflection representation. We need to show
that the algebra

dim

#1 < dim

C- [ﬂ-l(bL reg/ITef)]
(Pyn (Twn) : W" is L-essential)
has dimension at most, and hence equal to, #I17f. In this case, the fundamental group
m (hW reg/_fref) is the Artin braid group Bjrs attached to the Coxeter group 1. If S C I"¢f
is a set of simple reflections for this Coxeter group, the group Bj..; is generated by the
generators of monodromy {e; : s € S} about the hyperplanes associated to the simple
reflections, with braid relations as recalled in Section 2.7. Given a finite list s = (sq, ..., Sp)
of simple reflections, let es denote the product e, ---e5,. By Matsumoto’s Theorem (see
[GP, Theorem 1.2.2]), for any w € I"/ the element e does not depend on the choice of
reduced expression w = s7...S,, and we denote as usual the element eg by e, in this case.
For a list s let Ty denote the element eg viewed as an element of the quotient algebra above,
and similarly for T),. To show that the algebra has dimension at most #I7¢/, it suffices to
check that the C-span of the elements {T}, : w € I"*’} is closed under multiplication by T,
for any s € S. If ss; - - - s, is a reduced expression with w = s; - - - 5,, a reduced expression for
w, then T, T, = p(s, w)_lTsw. Otherwise, we may choose a reduced expression w = sy -,
for w with s; = s. The hyperplane associated to s is L-essential and #Iy» = 2 for all
L-essential W” in this case, so T, satisfies a quadratic relation T? = a + bT;. We then
have T, T, = (s, sw)T? Ty, = u(s, sw)(a + bey)Tow = u(s, sw)(aTs + (s, sw)~0T,) =
(s, sw)aTls, + b1, which lies in the desired space, as needed. O
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4. THE COXETER GROUP CASE

In this section, suppose W is a finite Coxeter group with set of simple reflections S C W
and real reflection representation hg with inner product (-,-). Let h := C ®g hr be the
complexified reflection representation, let ¢ : S — C be a W-invariant function (by which we
mean c(s) = c(s’) whenever s and s’ are conjugate in W), and let H.(W., h) be the associated
rational Cherednik algebra (note that ¢ extends uniquely to a W-invariant function on the
set of reflections in W). We will use certain simplifications that arise in the Coxeter case,
such as natural splittings of the normalizers of parabolic subgroups and the T,,-basis of the
Hecke algebra H,(W), to significantly improve upon the description of the generalized Hecke
algebras H(c, W', L, W") studied in the previous section. In particular, we will give a natural
presentation for these algebras and will explain how to compute the quadratic relations
Py pwr(Twr pwr) = 0 for the L-essential parabolic subgroups W” > W’ introduced in
Definition 3.3.5.

Notation: As in previous sections, we will take W’ and L to be fixed and will suppress
them from the notation, e.g. write Iy~ rather than Iy, when the meaning is clear.

4.1. A Presentation of the Endomorphism Algebra. Let J C S be a subset of the
simple reflections and let W’ := (J) be the parabolic subgroup of W generated by J. Let
H. (W' by) be the associated rational Cherednik algebra as considered in previous sections,
and let L be a finite-dimensional irreducible representation of H.(W’ hy-). Let by g C br
denote the unique W'-stable complement to b2 in hr. We have b’ = (h¥")¢ and by =
(bw’ r)c, where the subscript C denotes the complexification viewed as a subspace of . The
action of W’ on by g is naturally identified with the real reflection representation of the
Coxeter system (W', J). Let f)ﬂ‘f{ ;eg C by denote the subset of points with stabilizer in W
equal to W’. The complexification (l‘)}é}f;eg)@ is a proper subspace of l‘)z;

Let @ C hr denote the root system attached to (W,S), let @+ C ® denote the set of
positive roots, and for s € S let a;, € ® denote the positive simple root defining the reflection
s. For a subset J C S of the simple roots, let ®; C ® denote the associated root subsystem
with positive roots @5 = ®; N ®*. Let C; := {x € by : (a5, 2) >0 forall s € J} C by g
be the associated open fundamental Weyl chamber. In [H, Corollary 3|, Howlett explains
that the normalizer Ny, (W’) splits as a semidirect product Ny (W') = W’ x Ny, where
Ny is the set-wise stabilizer of C; in Ny (W'). We then take the inertia subgroup I C Ny~
to be the stabilizer in Ny of the representation L, as defined after Lemma 3.2.2. Recall
that for each parabolic subgroup W” C W containing W’ in corank 1 we have the associated
subgroup Iy~ := I N W”, and recall that 1™ </ T is the normal subgroup generated by the
Iy for all such W”. The subgroups Iy~ are all either trivial (for L-trivial W) or of order
2 (for L-essential W) acting on b)Y through orthogonal reflection through the hyperplane
br " c hy ". Therefore I"f is a real reflection group with faithful reflection representation
bYW (potentially with nontrivial fixed points). Recall that I/ is the maximal reflection
subgroup of I.

The complement E)HV{/Lfreg of the real hyperplanes f)féw C bﬁgﬂ is the locus of points in f)ﬂ‘{g/
with trivial stabilizer in I"¢f. By the standard theory of real reflection groups, 1"/ acts
simply transitively on the set of connected components of h{{ ,L_reg. Choose a connected

component C C f)ﬂ‘f{ ,L_reg, and let 1°°"P C I be the set-wise stabilizer of C in I. Clearly, we
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then have the semidirect product decomposition
I =TI % om.

Choosing the connected component C amounts to choosing a fundamental Weyl chamber for
I/ and in particular the pair (I"®/, Sy 1) is a Coxeter system, where Sy f, is the set of
reflections through the walls of C. As " acts on C, it follows that I°P permutes the
walls of C, and in particular the action of I°™ on I"¢/ is through diagram automorphisms
of the Dynkin diagram of (1", Sy 1).

Let ¢ : Sy — C*, s — ¢, be the unique /-invariant function such that for each
s € Swr, 1, the quadratic polynomial Py 1, w5 factors as (T'—1)(T" + q5) after a rescaling of
the indeterminate T. Let [ : I"*f — ZZ° denote the length function of the Coxeter system
(1", Sy 1). We then have the following presentation for the generalized Hecke algebra
H(e, W' L,W"), analogous to the presentation given in [HL, Theorem 4.14] in the context
of finite groups of Lie type:

Theorem 4.1.1. Let p € Z*(I,C*) be the 2-cocycle appearing in Theorem 3.2.4. There is
a basis {T, : x € I} for H(e, W', L, W") with multiplication law completely described by the
following relations for all x € I, d € I°?, w € 1%/, and s € Sy 1.:

(]) T,T, = ,U,(d, 17)_1de

(2) T. Ty = ,U,(ZL‘, d)ilTxd

s, w) M T, if lsw) > I(w)
(3) LT, = Got(s,w) T + (g5 — DT if I(sw) < L(w)
ftwnrm 1) > 0
(4) TwTS N {QSM(’LU, 8)_1Tws + (% - 1)Tw ifl(ws) < l(w)

Remark 4.1.2. When the cocycle p is trivial, Theorem 4.1.1 gives an isomorphism
H(e, W', L,W") = [ x H, (I")

where H,(I7%)) is the Iwahori-Hecke algebra attached to the Cozeter system (I™, Sy 1) with
parameter q : s — qs and where I°™ acts on H,(I") by automorphisms induced by diagram
automorphisms of the Dynkin diagram of (1", Sy ). We will see in a later section, by
inspecting all possible cases, that the cocycle p is indeed trivial in every case.

Proof. Take the base point b € "V for the fundamental group to lie in the fundamental

reg

chamber C C by’ /L_Teg and outside of the hyperplanes h"" C h"' for the L-trivial parabolic
subgroups W” O W'. As I acts freely on h"Y’ so too €™ acts freely on the orbit I¢"?.b C

’r'eg’
cnN b}f‘e/; For each d € I°" choose a path v, : [0,1] — CN f)}’g inCn l‘)}f‘e/; from b to d.b.
Let 7, denote the reverse path, so that the concatenation 7, * 74 is a loop in C N f)}fg; with

base point b. As C is contractible, the image of the path homotopy class of 7, * 74 under the
homomorphism

m1(breg) = (D1 )
induced by the inclusion [j}fg; C bzv_’re o 1s trivial. As discussed in the proof of Theorem 3.3.6,
the kernel of this map is generated (as a normal subgroup) by the generators of monodromy
Tw» about the hyperplanes h"" for the L-trivial parabolic subgroups W” > W’. Tt follows



ON REFINED FILTRATION BY SUPPORTS FOR RATIONAL CHEREDNIK CATEGORIES O 31

immediately that the image of the homotopy class [v,] in the quotient
T (breg/])
(Twr : W' is L-trivial)

is independent of the choice of the path «,4 and that the assignments d — [v,] for d € 1™
extends uniquely to an algebra homomorphism

—M[ﬂ-l(breg/‘[)]
(Tywn : W' is L-trivial)’

Composing with the automorphism 7, of C_ M[ﬂ-l(breg /I)] discussed in the proof of Theorem
3.3.6, this yields an algebra homomorphism

C_ 1) —

o] Calrl /D)

( Py (T "is corank 1 in W")’

We also have the embedding

C[Trl(bL reg/‘[ref)] - _M[Trl(breg/l)]
(Pwn(Twn) : W"is L-essential)  (Py»(Tywn») : W’ is corank 1 in W")

from Theorem 3.3.6. It is clear that the map of C-vector spaces

(C—M[Trl(bL reg/‘[ref)] R —M[ﬂ-l(breg/‘[)]
(Pwo(Twn) : W"is L-essential)  (Pw»(Twr) : W' is corank 1 in W”)
induced by multiplication is surjective. It follows by Theorem 3.3.6 that this map is in fact
an isomorphism of C-vector spaces.

For a simple reflection s € Sy C I"/ let e, denote the generator of monodromy
Ty 1, w,s)- For any w e I let e, € 7T1([)L reg/I’"ef) denote the element obtained as the
product e, := e, - - - €5, for any reduced expression w = s; - --s; of w as a product of simple
reflections in Sy 1, as in the last paragraph of the proof of Theorem 3.3.6 (recall that the
product here is taken in the fundamental group m (h¥ regl T ref), i.e. without regards to the

(C—M []comp] ®(C

cocycle —f1). For w € I"/ let T,, denote e, viewed as an element of C_[m; () Teg/[ref)].
By Theorem 3.3.6 and the last paragraph in its proof, the set {T,, : w € I ’"ef } forms a basis
for the quotient
Coalm (b, e/ I)]
(Pyo(Tywn) : W is L-essential)

By rescaling the elements T, appropriately using twists by characters as 7, was used in the
proof of Theorem 3.3.6, we may assume that the quadratic relations the Ty satisfy are of the
form

(Ts - 1)(T8 + QS) =0
for some uniquely determined ¢, € C*. The assignments s — ¢, determine an /-invariant
function ¢ : Swrp — C* with ¢(s) = ¢,. The computations at the end of the proof of
Theorem 3.3.6 show that for s € Sy z and w € 1"/ we have the multiplication law

_ :U’(S, w)_lTsw it l(sw) - l(w)
TSTw - {QSN(S, w)_lTsw + (qs - 1>Tw if l(S’LU) < l(w)

where [ : I"f — 770 is the length function determined by the choice of simple reflections
Swr 1 (note that u(s,sw) = u(s,w)* because s> = 1). An entirely analogous calculation
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shows that

T T p(w, 8) 1T, if l(ws) > l(w)

U ) qep(w, 8) M s + (qs — )T if Hws) < 1(w).
For d € 1°P let
T (breg/I)

(Twn» : W" is L-trivial)
be the image of [4] as constructed above. We may also regard the e,, for w € I"/ as elements
of this quotient. Any element x € I can be written uniquely as a product x = dw for some
d € 1" and w € I/, and we may therefore define e, := ege,,. Note that ege,eq-1 = g1
SO €gwd-1€4 = €4, S0 writing = w'd’ with w’ € I"*f and d' € I°®? and taking the element
eweq defines the same element e,. Note that eqel, = eqe for any d,d’ € I°“", and hence
eqer = eq; and ezey = e,q for any d € I°°" and w € I. For any x € I, let T, denote the
element e, viewed as an element of the quotient algebra

—M[ﬂ-l(breg/j)]
(Pyn(Tyn) : W' is corank 1 in W”)

For x € I"/, the elements 7T, are the images of the elements 7, considered above. The
multiplication rules TyT, = u(d,z) Ty, and T, Ty = p(x,d) ' Tyq for d € 1™ and x € [
follow immediately from the computations with e, and e; above and the definition of the
twisted group algebra. That {7} : z € I} forms a basis for this quotient, and hence also for
H(e, W', L,W") by Theorem 3.3.6 follows immediately from the considerations above, and
the theorem follows. O

€4 €

4.2. Computing Parameters Via KZ. To compute the quadratic relations that the gen-
erators T € H(c, W', L, W) satisfy, we will reduce the problem to certain explicit computa-
tions in the Hecke algebra H, (W) of the ambient group W and its representations. This is
possible thanks to the following result of Shan:

Lemma 4.2.1. [Sh, Lemma 2.4] Let KZ : O.(W,b) — H,(W)-mody.q. be the KZ functor,
and let K, L : O.(W, ) — O.(W,h) be two right exact functors that map projective objects
to projective objects. Then the natural map of vector spaces

Hom(K,L) — Hom(KZ o K, KZ o L)

Jelkzf
s an isomorphism.

Assume that (W', S") C (W, S) is a Coxeter subsystem of corank 1. The following lemma
describing the canonical complement Ny to W’ in Ny (W) will be useful in what follows:

Lemma 4.2.2. Fither W' is self-normalizing in W or has index 2 in its normalizer Ny, (W').
In the latter case, the longest elements wy and wi of W and W', respectively, commute, and
the canonical complement Ny, to W' in Ny (W') is

NW/ = {1, wowé}

Proof. The first statement follows from Lemma 3.3.3. Let w € Ny be the nontrivial element.
Let ® C hgr denote the root system of W, let &y C & denote the root system of W’ let
a1, ..., o, be an ordering of the simple roots in ® so that aq, ..., a,_; are the simple roots in
Py, and let @+ C @ and Py, C Py denote the respective subsets of positive roots. By
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definition of Ny, w(®y},/) = ®{},,. From the proof of Lemma 3.3.3, we see that w acts by —1
in hYY'. As the remaining simple root o, is the unique simple root with nonzero component
. W/ . oy o W/ oy +
in by with respect to the decomposition hr = hr w @by and as every positive root o € ®

is uniquely of the form o = ), n;c; for some nonnegative integers n; > 0, it follows that
w(®T\ @) € @. It follows that the inversion set of w is precisely ®*\ @}, and hence that
w = wowy. As w,wp, and wy, are involutions, it follows that wy and w{, commute. O

As in previous sections, let ¢ : S — C be a W-invariant function and let L be an irreducible
finite-dimensional representation of H.(W’, hy). Let wy and w(, denote the longest elements
in W and W', respectively. We will assume that W' is not self-normalizing in W, and by
Lemma 4.2.2 it follows that wy and w} commute, that W’ is index 2 in Ny~ (W), and that
Ny = {1, wow( }. We will assume that the involution wowy, fixes the isomorphism class of L
so that I = Ny and the monodromy operator Ty, satisfies a nontrivial quadratic relation
as in Theorem 3.3.6.

The following observation in this setting will be central to our approach as it will allow for
the explicit computation, via computations in the Hecke algebra H,(W), of the eigenvalues
of monodromy in the local systems arising from the functors K Z;. This lemma should be
regarded as a generalization to Coxeter groups of arbitrary type of the calculation appearing
in [GM, Lemma 4.14].

Lemma 4.2.3. Let Cyv C by be the open fundamental Weyl chamber associated to
(W',S"), let Cw C bg be the open fundamental Weyl chamber associated to (W,S), and
choose a basepoint b = (', V") € Cyr X f)}fg; lying in Cy . As Cw- is contractible and stable
under wowy, the pair (v, Tw), where v is any path in Cy from U to wowyl! and Ty is the
half-loop in [j}fg;] lifting the canonical generator of monodromy in Wl(bfz;/NW/), determines
an element in 71 (((hw)reg X bfg;)/NW/) that does not depend on the choice of v. The image
of this element under the natural map

b1 s T (D) reg X B)ey)/Nw) = T1(Breg /W) = By

18 TwO% .

Proof. That the element of 71 (((hw/)req X [j}fg;)/NW/) determined by the pair (v, Tw-) does
not depend on the choice of v follows immediately from the contractibility of the fundamental
Weyl chamber Cy/. By definition of ¢y 1, for any sufficiently large real number R > 0 the

image tyw1(7, Twr) in m1(hreg/W) is represented by the image of the path

p[0,1] = Breg
p(t) = (v(t), Re™'V")
under the natural projection hreq — breg/W. As wow(h” = —b", it follows that p is a path

from the point p(0) = (I, Rb") € Cw to the point p(1) = wewyp(0) € wowyCy . For each
positive root o € ®F, let H, := ker(a) C b be the associated reflection hyperplane. That
p represents the element T, follows from the observation that p traverses a positively-
oriented (with respect to the complex structure) half-loop about each hyperplane H, for
roots a € ¢\ @}, while p does not encircle any of the remaining hyperplanes H, for roots
a € ®f,. More precisely, for roots o € ®\®;, the composition o p : [0,1] — C*
determines a path from the positive real axis R* to the negative real axis R~ lying entirely
in the upper half-space {z € C* : Re(z) > 0}. For roots a € ¥, the composition
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aop: [0,1] — C* determines a path lying entirely on Rt as y(t) € Cy» and (V") = 0. The
equality ey 1 (7, Tw) = Twow;, follows. L]
Let Mon(Ty ) denote the isomorphism of functors
Resjy, — tWuguwy, © Resjp

arising from monodromy along the generator of monodromy Ty in the local system Resyy.,
where @WW/, is the partial K Z functor recalled in Section 2.5. The following is an immediate
corollary of Lemma 4.2.3 and the transitivity result of Gordon-Martino recalled in Theorem
2.6.1:

Lemma 4.2.4. Multiplication by T, defines an isomorphism
Twow, " Resyy — HtwwOwé o " Resyy.
of functors Hy(W')-mody.q. — Hy(W')-mody.q.. Furthermore, Mon(Tw ) is the lift to O.(W, )
of Twowy 10 the sense that, with respect to the identifications KZ o Resyy = " Resyy, o KZ
and KZ o twyg, = HtwwOwé o KZ, we have an equality
1KzM0n(Tw) = TwowélKZ
of isomorphisms of functors

KZ o Resy, — KZ o tWiguy, © Resyy.

Remark 4.2.5. When the meaning is clear, we denote the KZ functors defined for O.(W, )
and O.(W', by) each by KZ.

Proof of Lemma 4.2.4. The first statement follows from the observation that the functor
HRes}, is represented by the H,(W’)-H,(W)-bimodule H, (1) and the observation that
Twouwy Ts = T%O (s) Twouy, for all s € ', where 7,y is the diagram automorphism of (W', S’)

w
induced by conjugation by wowj in W. The second statement is an immediate consequence
of Lemma 4.2.3 and Theorem 2.6.1. U

Definition 4.2.6. Let Xy C W be the set of minimal length left W'-coset representatives,
and let {zq}dex,,, be the unique set of elements zqg € Hy(W') such that

2 — E
Tw0w6 = Zde.
de Xy

We are interested in the elements 21, 200, € Hy(W') arising from the left W’-cosets that
are also right W'-cosets. We now establish important properties that these elements satisfy:

Lemma 4.2.7. The element 2y, commutes with Ty, and satisfies the relation

TZwowl = Zwouy0(T)
for allx € H,(W"), where o : H,(W') — H,(W") is the automorphism of H,(W') arising from
the diagram automorphism of (W', S") obtained by conjugation by wow(, in W. In particular,
multiplication by zugw, defines a morphism

Zwow)y + 1d — HtwwO%
of functors Hy(W')-modysq — Hy(W')-mody q.. Furthermore,

!
21 = ql(w0w0)7
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where, in the unequal parameter case, ¢"“o*0) denotes the product ¢/wowo) .= I1 L (wowp)
’ ’ : seS/W ds
over the conjugacy classes of reflections in W, where I, : W — Z=° is the length function
of W attached to the conjugacy class of s and qs € C is the parameter associated to the

conjugacy class of s.

Proof. As wy and w(, commute, we have Tonz;él = Twowy, = Twiw, = T;(,lewO. Every simple
reflection in S lies in both the right and left descent sets of wy, and similarly every simple
reflection in S’ lies in both the right and left descent sets of wy. It follows that T,,7Ts =
15, (s)Tw, for every s € S, where o, is the diagram automorphism of (W, S) obtained by
conjugation by wo, and similarly 7., T = Ta% (s)Twy for all s € S’, where Ouy 18 the diagram
automorphism of (W’,S’) obtained by conjugation by wyg. It follows that T7 is central
in H,(W) and Tjé is central in H,(W’) (this is well known [BS, D2]) and that Tz =
0(2) Tyuy, for all z € Hy(W'). In particular, the element Tiow{) = TfjoTl;éz € H, (W) considered
above centralizes H,(W’). As multiplication by elements of H,(W’) on the right or left
respects the decomposition of T f}owé by W'-double cosets and as Ty, normalizes Hy(W'), it
follows that = 2wew Twowy, = Zwowy Twowy® for all & € Hy(W'). But as Tyyux = 0(2) Tyguy, and
Two% is invertible, it follows that TZwowl, = zwowéa(x). That multiplication by Zwow) defines
a morphism of functors Id — # tWygu, follows immediately.

Similarly, note that conjugation by T, clearly respects decomposition of elements by
W'-double cosets and that conjugation by T, stabilizes H,(W’) and sends minimal length
W'-double-coset representatives of to minimal length W’-double-coset representatives of the

same length. In particular, conjugation by Ty, fixes the top degree term 2wy Tiwouy, in the
decomposition of Tu%gwé by left W'-cosets. As T, wowy, commutes with itself and Tiyguy Zwgw;, =
0 (Zuwguwy) Twouwy, this implies that zugw Twow, = 0 (2wowy) Twew;, and hence that o(2uww;) = Zwow)-
In particular, 2y, commutes with Ty, .

Finally, to show that z, = ¢/*o%0) by multiplying on the left by T, wy, 1t suffices to show
that the component of T,,, Ty lying in Hy(W’) according to the decomposition of H, (W)

by left W'-cosets is ql(w°w6)Tw6. This is clear from the interaction of the multiplication laws
defining H,(W) and the length function. O

Definition 4.2.8. Let Csz% be the unique morphism

Cszwé cIld — Wi}

of functors O(W', byw:) — Oc(W' bywr) lifting zuw,w, in the sense of Lemma 4.2.1, i.e. so
that

1gz° = 1

KZ Zw0w6 Zwow(’) KZ
with respect to the identification KZ o twyyu; = Htww()% o KZ.

Definition 4.2.9. Let puyu; be the isomorphism of functors
Pwguty * 1A B Wiy — tWiguy © (1d S tpgwy) = Wiy © 1d

defined by the matrix
O ql(w0w6)
Hwowf, = 1 Czwow{J :

Recall that by the Mackey formula for rational Cherednik algebras attached to Coxeter
groups (see Section 2.7), and the fact that L is finite-dimensional and hence annihilated by
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all restriction functors Res%:, for proper parabolic subgroups W” C W’ that we have
(Resyy o Indyy )L = (Id @ tWagwy ) L-
Lemma 4.2.10. With respect to the isomorphism
(Resyy: o Indyy )L = (1d @ twyquy )L
arising from the Mackey formula, the isomorphisms
(Mon(TW)llnd%/)(L), p(L) : (1d D twyguwy) L — (twwgwy, © 1d)L
are equal.

Proof. This is an immediate consequence of the compatibility of the Mackey decomposition
for rational Cherednik algebras with the KZ functor, Definition 4.2.6, and Lemmas 4.2.4
and 4.2.7. U

Notation: For a central element z € H,(1W’'), let z|, € C denote the scalar by which z acts
on irreducible representations of H,(W’) lying in the block of H,(W’)-mod 4 corresponding
to the block of O.(W’, hy) containing L under the KZ functor.

We can now give a formula for the quadratic relations satisfied by the elements T; appearing
in Theorem 4.1.1:

Theorem 4.2.11. Let T' denote the element Ty € H(c, W', L. W), and let n € Autc(L)
denote the involution of L by which wow| € Ny acts making L Ny -equivariant as a
H. (W' bw:)-module. Then T satisfies the quadratic relation

T? = (“zyguy (L) o )| LT + g (wowo)

where (¢ zyguy (L) o )| € C denotes the scalar by which the H.(W', by)-module homomor-
phism n o Czw0w6 (L) acts on the irreducible representation L.

Furthremore, if the diagram automorphism o = 0wy of (W', S") arising from conjugation
by wowy, is trivial, T satisfies the quadratic relation

T2 _ (Zwow6)|LT + ql(wowé)'

If the diagram automorphism o, is trivial but the diagram automorphism o, is nontrivial,
T satisfies the quadratic relation

Remark 4.2.12. The projective representation of Ny = 1 = Z/27 on L lifts to an linear
representation of Ny in two ways, differing by a tensor product with the nontrivial character
of Nwr, so there is a choice of sign for the action of the nontrivial element wow)y € Ny on
L. The quadratic relations appearing in Theorem 4.2.11 under assumptions on the diagram
automorphisms hold for an appropriate choice of sign for the operator n - choosing the other
sign simply negates the linear term in the quadratic relation. The quadratic relations of
the form (Ts — 1)(Ts + qs) = 0 appearing in Theorem 4.1.1 are obtained by rescaling the
generators Ty by twisting by characters of Wl(b}’g/[’) as in Lemma 3.3.8, and the relations
in this normalized form are only determined up to inverting qs but do not depend on the
choice of sign for the action of wowy on L.

Remark 4.2.13. The case in which the diagram automorphism o, s nontrivial but the
diagram automorphism o, is trivial only appears for groups of type D. We will show later
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in Section 4.5 how to reduce the problem of computing the quadratic relations in type D to
the type B case in which this complication does not arise.

Proof. By Proposition 3.1.4, Ind%L is a projective generator of O,y 1, and hence it follows

from Theorem 3.2.4 that the action of H(c, W', L, W) on Homo, ., ,)(L, Resy, Ind}y, L) is

faithful. It therefore suffices to check that the quadratic relation holds in this representation.
It follows from Lemma 4.2.10 that the action of 7" in the representation

Homo, w5, (L, Resyy Indyy, L) C L* ®c Resyy Indyy, L

is by the operator

. . 0 l(wowy)
n uwowé(L) =n & (1 CZ , (L)) .
wow

As n? = 1, a simple calculation yields

c Hwowp)
2 * Rwow) (L) 0 q 0 0
- (" ®( 0 Cry(0))) T 0 )

As the operator appearing in front of T" on the righthand side acts on Homo, g p,,,,)(L, L ©
tWaguy L) by the scalar (“z,g,; (L) 0 n)|, the first claim follows.

Now, suppose the diagram automorphism ., of (W', S’) is trivial, so that wowy cen-
tralizes W' and acts on by trivially. In particular, wowj acts trivially on H.(W’, hy-), and
hence the trivial action of Ny on L makes L Ny-equivariant, so we may take n = Id.
The quadratic relation for 7" in this case follows immediately.

Finally, suppose the diagram automorphism o, is trivial but the diagram automorphism
Oy is mot. It follows that the diagram automorphisms Ouy, and o = Twoul, ATe equal and that
Tuyx = o(x) Ty, for all ¥ € Hy(W'). In particular, multiplication by T, defines a morphism

Ty 1d — HtwwO%
of functors Hy(W’)-modyq — He(W’)-mody.q.. Let T,y be the morphism
CTw/ :1d — twwow'
0 0
of functors O.(W’, hy) — O(W’, hy) obtained by lifting T, by Lemma 4.2.1, similarly
to the definition of “z,,,; (Definition 4.2.8). We may then take the operator n € Autc(L)

by which wowy{, acts to be the involutive operator n = (T£6)|21/QCT%(L). We then have

—1/2 —1/2
(“Zuguy (L) © 1)1 = (“Zuguy (L) o (T2) 15O Tug ()] = (Zuguy T ) [1(T2,) %, and the
final claim follows. U

We will see that, in the setting of Coxeter groups, the projective representation of I on L
always lifts to a linear representation, and in particular the cocycle u € Z?(I,C*) is always
trivial. Furthermore, the inertia group [ is always as large as possible, i.e. it equals Ny».
These facts make the presentations of the algebras H(c, W', L, W) particularly simple:

Theorem 4.2.14. Let W be a finite Coxeter group with simple reflections S, let c: S — C be
a class function, let W' be a standard parabolic subgroup generated by the simple reflections
S’, and let L be an irreducible finite-dimensional representation of the rational Cherednik
algebra H.(W' by). Let Ny denote the canonical complement to W' in its normalizer
Nw (W), let Sw+ C Ny denote the set of reflections in Ny with respect to its representation
in the fized space B, and let N{;/f denote the reflection subgroup of Ny generated by Sy .
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Let Ny be a complement for N;[f,f in Ny, given as the stabilizer of a choice of fundamental

Weyl chamber for the action ofNICIf,f on hW'. Then there is a class function qw.r - Swr — C*
and an isomorphism of algebras

H(e, W', L, W) = Ni™ x H Ny

qW’,L(

where the semidirect product is defined by the action of Ny, on H L(N{;,f) by diagram

qw’,
automorphisms arising from the conjugation action of Ny, T on N&f,f

Theorem 4.2.14 is proved by case-by-case analysis of the inertia subgroups I and their
2-cocycles pi, to which the rest of this paper is dedicated. The class function gp  can be
explicitly computed using the corank-1 methods developed in Section 4.2. We compute this
class function in many cases, leading to complete lists of the irreducible finite-dimensional
representations of the algebras H.(W, h) in many new cases in exceptional types.

Remark 4.2.15. In all cases that we have computed explicitly, the class function qw: r,
depends only on the parabolic subgroup W', and not on the finite-dimensional irreducible
representation L. It would be interesting to have a conceptual explanation for this fact.

Notation For a Coxeter group W, corank 1 parabolic subgroup W’ C W, and finite-
dimensional irreducible representation L of the rational Cherednik algebra H.(W’, by ), let

q(c, W', L,W) € C* denote a scalar such that the element Ty w € H(c, W', L, W), after
an appropriate rescaling, satisfies the quadratic relation

(T —1)(T + q(c, W', L,IW)) = 0.

Note that ¢(c, W', L, W) is determined only up to taking an inverse. The calculations in the
proof of Theorem 4.2.11 show that the constant term of the monic quadratic relation satisfied
by the canonical (up to sign) element Ty 1w is ¢/“0*0), and the linear term in the monic
quadratic relation satisfied by Ty~ 1w can therefore be recovered, again up to sign, from
¢"ow0) and q(c, W', L, W). Note also that the ambiguity of ¢(c, W', L, W) up to inverse has
no impact on the isomorphism class of any Iwahori-Hecke algebra for which ¢(c, W', L, W)
is a parameter, and an explicit isomorphism can be obtained by scaling the corresponding
generators by —q(c, W, L, W)~L.

4.3. Type A. Let n > 1 be a positive integer, S,, be the symmetric group on n letters
with irreducible reflection representation h = {(z1,...,2,) € C* : > .2, = 0}, c € C be a
complex number, and let H.(S,, ) be the associated rational Cherednik algebra. As a first
illustration of the results obtained in the previous sections, let us now recover the following
result of Wilcox describing the subquotients of the filtration of category O.(S,,h) by the
dimension of supports:

Theorem 4.3.1. (Wilcox, [W, Theorem 1.8]) Suppose ¢ = r/e > 0 is a positive rational
number with r and e relatively prime positive integers. The subquotient category of O.(Sy, h)
obtained as the quotient of the full subcategory of modules in O.(Sy,h) supported on the sub-
variety Snbsg, where k > 0 is a nonnegative integer, modulo the Serre subcategory of modules
with strictly smaller support, is equivalent to the category of finite-dimensional modules over
the algebra C[Sy] @ Hy(Sn—ke), where Hy(Sy—ge) is the Hecke algebra of Sy—_ke with parameter
q = exp(2mic).
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Let ¢ = r/e be as in Theorem 4.3.1. By [BEG, Theorem 1.2], the only parabolic subgroups
W’ of S, such that H.(W’, hy-) has nonzero finite-dimensional representations are the con-
jugates of parabolic subgroups of the form S* for some nonnegative integer k < n/e, and
the unique irreducible finite-dimensional representation of H.(S¥, b k), up to isomorphism,
is L := L(triv), where triv denotes the trivial representation of S*. It follows that the sub-
quotient category appearing in Theorem 4.3.1 is the subquotient @C, sk~ By Theorem 3.2.4,
to prove Theorem 4.3.1 it suffices to give an isomorphism of algebras

H(e, S¥, L(triv), S) = C[Si] © Hy(Snet)-

This follows from Theorems 4.1.1 and 4.2.11, as follows.
The fixed space hsg is

l‘)Séc ={(z1,..,2n) € for 0 <1 <k, zjeri = ey for 1 <i < i <e}.

Take coordinates X1, ..., Tk, Y1, - Yn_ek fOT [ng, where 7; = 24_1)eqs for 1 < 1 < k and
1 <i<eandy; = zgsj for 1 < j < n —ek. These coordinates satisfy the relation
Yo vite Zj y; = 0. The complement Ngx to S* in its normalizer is isomorphic to Sy X Sy, _cx,

with the action of Sy on bs§ given by permuting the z; coordinates and the action of .S,,_cx

given by permuting the y; coordinates. The action on H.(S¥, bsr) = He(Se, hs,)®* is by
permuting the tensor factors, and in particular the inertia group Ig ; is maximal, i.e. equals

Ngg. Clearly the action of Ngr on [ng is generated by reflections, so we have [gz;f . = Ngx

and [;Z:Zp = 1. The trivial action of Ng on the trivial representation triv of S¥ makes triv
equivariant. In particular, by Remark 3.2.3, the 2-cocycle pu € ZZ(ISQ, C*) is trivial.

There are three distinct Ngi-orbits of hyperplanes defining bffg C b5, given by (1) z; = x;
for 1 <i<j<k (2 a;=y;jforl1<i<kandl<j<mn-—ek and (3)y; =y; for1 <i<
Jj < n —ek. The stabilizers in S,, of the x; = y; hyperplanes are those parabolic subgroups
containing S* and conjugate to S*! x S..;, and S¥ is self-normalizing in these groups. The
stabilizers of the hyperplanes z; = x; are those parabolic subgroups of S, containing S¥
and conjugate to So. x S¥72 and the stabilizers of the hyperplanes y; = y; are of those
parabolic subgroups of S, containing S* and conjugate to S¥ x S,. Note that S* is not self-

normalizing in either of these types of parabolic subgroups, and in particular the space [jiii reg
is the complement of the hyperplanes z; = z; and y; = y;. It follows already from Theorem
4.1.1 that there is an isomorphism of algebras H(c, S¥, L(triv), S,) = Hy, (Sk) @ Hy, (Sn_ck),
for some complex parameters ¢, g2 € C*. To show Theorem 4.3.1, it therefore suffices to
show that ¢; = 1 and ¢, = 2™,

By Remark 3.2.8, the parameter ¢; can be computed by studying the inclusion S? C Sa,
and the parameter g can be computed by studying the inclusion 1 C Ss5. In the latter case,
the associated central element 27, € Hy(1) = Cis 1 —q = 1—¢?™¢, and therefore by Theorem
4.2.11 the associated quadratic relation is 72 = (1 — ¢)T + ¢, S0 ga = q = €*™.

To obtain the parameter ¢;, we need to analyze the inclusion S? C S, and the associated
element z,,.,; € H,(S5?), where wy is the longest element of Sy, and wy} is the longest element
of S2.
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Proposition 4.3.2. The decomposition of the element Tjowé in the T,,-basis of Hy(Sa.) is
gien by
T11210w6 — Z (1 — q)*@ )T,
U)EXE

where X, C Sy, is the subset of elements w € Sy, such that the three conditions

(1) w? =1

(2) w(i) =1 orw(i) >e forl <i<e

(3) w(i) =1 or w(i) <e form <i<2e,
hold and where the functions a,b: X, — Z=° are defined by

a(w) =#{i € [l,e] : w(i) > e}
and
. o . . e w(i) =1
b(w) = — L,7):1<i<j<ew(i)>w +
(w) = —#{(i,) : 1 <i < j<ew(i)>w(j)} ;{26—11}(2') wli) > ¢
In particular, the element 2y € Hy(SZ) = Hy(Se)®? is given by
Zuwowy, = (1 — q)qu) Z ¢ T, @ Tyt
WESe
Proof. The expression for szowg can be obtained by a simple inductive argument using the
reduced expression
w0w6 = (Se . e 82671><8671 “e . 82672) ... (Sl ... 86)

and the relations defining the Hecke algebra Hy(Ss), from which the expression for z,g.;
follows immediately. O

The image of the Verma module A.(triv) in O.(S2, hs2) under the KZ functor is the 1-
dimensional representation K Z(A.(triv)) on which all of the generators T; € H,(S?) act by
the identity. In particular, the element z,,,; acts by the scalar (1 — q)q(g) > wes. gt =
(1— q)q(g)Pge(q_l), where Ps, is the Poincaré polynomial of S.. By the well known identity

e

Pseznl_(f

i=1 l—gq

and the fact that ¢ = e*™ is a primitive e root of unity, it follows that Zwow, aCts by

0 on KZ(A.(triv)), and hence it follows that z,,.; acts by 0 on all simple objects in the
block of Hg(S2) containing K Z(A.(triv)). In particular, © 2z, (L(triv)) = 0. Note also that
l(wow)) = €2, so ¢"™o*0) = 1. By Theorem 4.2.11, it follows that T%L’S% = 1. Therefore,
the parameter ¢; is 1, and the isomorphism

H(c, S*, L, S,) = C[Si] ® H,(Sn—ck)
follows, as needed.

4.4. Type B. In this section we will illustrate our results and check Theorem 4.2.14 in the
setting of the type B Coxeter groups. The results we obtain in type B follow from the work
of Shan-Vasserot [SV].

Recall that the Coxeter group B, is the semidirect product S, x (Z/27Z)", where S,
acts on (Z/27)" by permutation, and that it acts in its reflection representation h = C"
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by permutations and sign changes of the coordinates. There are two conjugacy classes of
reflections, the first associated to the coordinate hyperplanes z; = 0 and the second associated
to the hyperplanes z; = +z;. A class function c on the set of reflections therefore amounts
to a choice of parameter ¢; € C for the z; = 0 hyperplanes and a choice of parameter ¢, € C
for the z; = £z, hyperplanes. Let H.(B,,H) be the associated rational Cherednik algebra.
We will choose the set of simple reflections sg, s1, ..., S,_1 so that sq is the reflection through
the hyperplane z; = 0, negating the first coordinate, and so that s;, for 0 < ¢ < n, is the
reflection through the hyperplane z; = 2,1, transposing the i and (i + 1)* coordinates.

Recall that the irreducible representations of the Coxeter group B,, are naturally labeled
by pairs of partitions, or bipartitions, A = (A1, A\2) F n of n (see, for example, [GP]). In par-
ticular, the simple objects in O.(B,, b) are also labeled by bipartitions, with the bipartition
A corresponding to the irreducible representation L(A) := L(Vy), where V) is the associated
irreducible representation of B,, and L(V)) is the unique simple quotient of the Verma module
A.(Vy) attached to V). The representation theory of H.(B,,t) is much richer than that of
H.(Sy,bs,), and in particular the latter algebra may admit many nonisomorphic irreducible
finite-dimensional representations.

Any parabolic subgroup of B, is conjugate to a unique parabolic subgroup of the form
By x Sy, x -+- x5y, for some nonnegative integers k,[ > 0 and positive integers n; > --- >
ng > 0 with Z—I—Z n; < n. By [BEG, Theorem 1.2], the only such parabolic subgroups whose
rational Cherednik algebras admit nonzero finite-dimensional representations are those of
the form B; x S*. Let W’ be such a parabolic subgroup, and let L be an irreducible finite-
dimensional representation of H.(W’, hy~). Then L is of the form L(V3 ® triv®*), where ) is
a bipartition of [, V) is the associated irreducible representation of B;, and triv, denotes the
trivial representation of S.. If £ > 0 and such a finite-dimensional irreducible representation
exists, the parameter ¢, must be of the form r/e for some integer r relatively prime to e.

The fixed space hV' C C™ consists of those points (21, ..., zn) such that both z; = 0 for
1 <4 <1l andalso for 0 < m < k we have 2z414meti = Zip14metj for 1 < 4,5 < e. For
1 <1 < k let x; denote the coordinate of z;1114041 in l‘)W/, and for 1 < j <n—1[—kelet y;
denote the coordinate zj;;4ke, S0 that E)W’ is identified with C¥ @ C"~'=*¢ where the z; give
the standard coordinates for C* and the y; give the standard coordinates for C"~'=*¢. The
natural complement Ny to W’ in its normalizer Np (W') is isomorphic to By X B,_j_ek
compatibly with the natural reflection representation of the latter group on CF @ Cni=Fe,
In particular, Ny = Ny, f Each parabolic subgroup W” C B, containing W’ in corank 1
is conjugate to a unique parabohc subgroup appearing among the five following cases; the
form of the fixed hyperplane h""" C "’ is listed after the parabolic subgroup W”:

(1) Bl-i—k X 5571 z;, =0
(2) By x Sy, x SfiQ T; = :l:.%'j
(3) Bir1 x S¢ yi =

(4) Bl X Sé; X SQ Yi = :i:y]
(5) B, x Se—l—l X Sécil T; = :ty]

The only such parabolic subgroups in which W’ is self-normalizing are those of type (5).
Furthermore, as the longest element of any Coxeter group of type B acts by -1 on its
reflection representation, it follows that endowing V3 ® triv®* with the trivial representation
of Ny gives equivariant structure to L(Vy ® triv®*). In particular, I = Ny» = N;[f,f , the
cocycle p € Z2(1,C*) is trivial, and l‘)‘fi’reg is the complement in "' of the hyperplanes of
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the forms (1) - (4). In particular, by Theorem 4.1.1 we have an isomorphism of algebras
H(Ca By x Sfa L(V)\ ® triV;@k)? Bn) = anqz (Bk) ® Hqs,CI4 (Bn*l*ke)a

where ¢; € C* is the complex number such that the monodromy operator (appropriately
scaled) associated to the hyperplanes of type (i), as listed above, satisfies the quadratic
relation (7" — 1)(T + ¢;) = 0. Here ¢; and g3 are associated to the reflections through
hyperplanes x; = 0 and y; = 0, respectively, and ¢ and g4 are associated to the reflections
through hyperplanes z; = +x; and y; = *£y;, respectively. In particular, Theorem 4.2.14
holds in type B.

By Remark 3.2.8 the parameter ¢, associated to the inclusion B; x Sf C B x S %
SF=2 can be computed using the inclusion S? C Sy, and the finite-dimensional irreducible
representation L(trive?) of H.(S2,hs2). This case was treated in Section 4.3, and we have
g¢2 = 1. Similarly, g4 can by computed using the inclusion 1 C Sy, where S5 is generated
by a reflection in B, associated to a hyperplane z; = +z; for any 4,7 > [ + ke, giving
qs = e*™2_ The computation of the parameters ¢; and g3 reduce to computing the parameters
q(c, By X Se, L(V\ ® trive), Bite) and ¢(c, By, L(V)), Bgt1), respectively, which in turn can
be computed using Theorem 4.2.11.

We now explain how to compute the parameter ¢(c, B, L(V)), Byy1) from only the pa-
rameter ¢ and the bipartition A = n. Let p = €™ and ¢ = €*™2 so that H,,(B,) is
the Hecke algebra appearing in the K'Z functor for O.(B,,hp, ), where the parameter p is
associated with reflections through hyperplanes z; = 0 and ¢ is associated with reflections
through hyperplanes z; = £z;. Let wy denote the longest element of B, 4, let w( denote
the longest element of B, and let z,,,; denote the associated central element in H,(B,).
For 1 < i < n, let t; € B, denote the reflection ¢; := s, 1 - -- 515051 - - - 5,1 negating the i'"
coordinate. ‘ ‘

Fix a bipartition A = (A®, A\®) - n of n, and for i = 1,2 let A > ... > )‘z(;) > 0 be the
parts of the partition A(?). Recall that we may view A as a pair of Young diagrams in the
following way. Refer to an element b = (z,y,1) € Z”° x Z7° x {1,2} as a boz. A finite subset
Y C Z7% x 279 x {1,2} is called a Young diagram if whenever Y contains the box (x,y,1) it
also contains all boxes of the form (z/,y’, ) for positive integers z’, ¢’ satisfying 1 < 2/ <z
and 1 < 3y <y. Let YD(\) C Z7° x Z7° x {1,2} be the Young diagram consisting of
those boxes (x,y,4) such that y < [; and =z < AS’. Define the content, with respect to the
parameters p and ¢, of a box b = (z,y,1) to be ¢* ¥p~!if i = 1 and to be —¢® ¥ if i = 2.
Denote the content of b by ct, ,(b).

Definition 4.4.1. Given a bipartition A = n of n and parameters p,q € C* for the Hecke
algebra H, 4(By,), define the scalar z,,(\) € C by

2N = (1 =p)g" + (L= q)’¢"'p Y clpg(b).
)

beY D(A

Remark 4.4.2. Our definition of content differs slightly from the definition of content ap-
pearing in [GP, Section 10.1.4] because we choose a different convention for the quadratic
relations satisfied by the generators T; of Hy, 4(B,,), i.e. that the quadratic relations should be
divisible by (T — 1) rather than (T +1). This is natural from the perspective of the KZ func-
tor. Our algebra H, 4(B,,) is isomorphic to the algebra Hy,-1 ,—1(B,,) appearing in [GP| under
the isomorphism induced by the assignments Ty — q;'T,. The inversion of the parameters
explains the discrepancy in the definition of content.
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Proposition 4.4.3. In the notation of Lemma 4.2.7, ¢"“0%0) = pg®*, and the central element
Zwowy, € Hpq(Bn) has the following expansion in the T,-basis:

2wy = (1 =)+ (1 —9)* > ¢" Ty,
i=1
Moreover, zygy, acts on any irreducible representation of Hy.(B,) lying in the block of
H,.¢(Bn)-mody.q. corresponding via the KZ functor to the block of O.(B,,bg,) containing
L(Vy) by the scalar z,,(\) defined in Definition 4.4.1.

Proof. The expressions for z,,,; and ¢"@owo) follow immediately from standard calculations
in H, ,(By,+1) using the reduced expression s,, - - - $15¢57 - - - s, for wowy,, where s is the simple
reflection through the hyperplane z; = 0 and, for ¢ > 0, s; is the simple reflection through
the hyperplane z; = z;y;. To show that z,,,; acts by z,,(A) on the irreducibles in the block
of Hy4(B,)-modyq appearing in the theorem, it suffices to show that z,,.; acts by 2z,4(A)
on KZ(A.(Vy)). By a standard deformation argument, it suffices to prove this for generic
parameters p,q,c. For generic parameters, KZ(A.(V))) is isomorphic to the irreducible
representation V4 of H, ,(B,,) described in [GP, Theorem 10.1.5] in terms of Hoefsmit’s
matrices, and that z,,.; acts by the scalar 2, ,(A) on V" then follows immediately from the

explicit description of the diagonal action of the elements 7}, on the standard Young tableau
basis of V4. O

In particular, by Theorem 4.2.11, the canonical generator T, rv,),B,., of the algebra

H(c, By, L(V)\), By+1) satisfies the same quadratic relation as the matrix
(0 i)
L zpq(N)) 7
T% = 2, o(NT + pg™".
Rescaling appropriately, one obtains the parameter q(c, B,, L(V)), By+1). Note that when

q is a primitive e root of unity, this quadratic relation depends only on the e-cores of the
components of .

i.e.

4.5. Type D. In this section we will show that Theorem 4.2.14 holds in type D and that
the study of the generalized Hecke algebras H(c, W', L, W) when W is of type D largely
reduces to the case in which W is of type B.

Recall that for n > 4 the reflection group D,, of type D and rank n is the subgroup of B,, of
index 2 consisting of those elements acting on C" with an even number of sign changes. D,,
is an irreducible reflection group with reflection representation C" in this way, generated by
reflections through the hyperplanes z; = £z; for 1 <1 < j < n. If s, ..., s, are the simple
reflections for B,, introduced in the previous section, then the reflections /, s1, so, ..., Sp_1,
where s| = s¢s15¢ is the reflection through the hyperplane z; = —z5, form a system of simple
reflections for D,, with respect to which it is a Coxeter group.

The irreducible complex representations of D,, are easily described in terms of those of
B, recalled in the previous section. In particular, when A = (A, \?) is a bipartition of n
for which A' # A%, then the restriction of Vy to D, is irreducible, and Vi1 2y and Vi )
are isomorphic as representations of D,. When A\ = )2, i.e. when the bipartition \ is
symmetric, the restriction of V) to D,, splits as a direct sum of two non-isomorphic irreducible
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representations V" and V. All irreducible representations of D,, appear in this way, and
the only isomorphisms among these representations are those of the form V(i 2y = V(2 a1).

All reflections in D,, are conjugate, so a parameter for the rational Cherednik algebra of
type D is determined by a single number ¢ € C. It follows immediately from the definition by
generators and relations that the rational Cherednik algebra H.(D,,,C") embeds naturally
in the type B algebra Hy .(B,,C"), where in the latter algebra the parameter takes value
0 on reflections through hyperplanes z; = 0 and value ¢ on reflections through hyperplanes
z; = *+2;. Let ¢ = €*™ be the parameter for the Hecke algebra H,(D,,) whose category of
finite-dimensional modules is the target of the K Z functor. Note similarly that the Hecke
algebra H,(D,,) embeds naturally as a subalgebra of the Hecke algebra H; ,(B,,) compatibly
with the T,, bases (see [GP, Section 10.4.1]); note that T2 = 1. This embedding is compatible
with the K'Z functors in the obvious way. It is shown in [SS] that when the bipartition A
is symmetric the irreducible representations L.(ViF) are always infinite dimensional. In
particular, the finite-dimensional irreducible representations of H.(D,,, C") always extend to
irreducible representations of Hy .(B,,C"), although not uniquely.

Suppose W' C D,, is a standard parabolic subgroup such that H.(W’, by ) admits a finite-
dimensional irreducible representation L. The irreducible parabolic subgroups of D,, are of
types A and D. We will now describe a procedure for producing a presentation of the algebra
H(c, W' L, D,) in the form appearing in Theorem 4.2.14, and in particular we will see that
Theorem 4.2.14 holds in type D. Clearly, by tensoring with the sign character of D,,, we
may assume ¢ > 0.

First suppose that the decomposition of W' into a product of irreducible parabolic sub-
groups involves no factors of type D. Then by [BEG, Theorem 1.2] we can assume that
c = r/e for positive relatively prime integers r > 1,e > 2, that W’ is of the form S* for
some integer & > 0 such that ke < n, and that L = L(triv®*). Tt follows from Remark
3.2.3 that the inertia group I equals the complement Ny to W’ in Np, (W’) and that the
cocycle i € Z?(Ny,C*) is trivial. In particular, Theorem 4.2.14 holds in this case. A
detailed description of the group Ny and its maximal reflection subgroup N;[f/f (typically
a proper subgroup of Ny) may be found in [H]. As usual, the parameter gy~ 1, associated
to the Hecke algebra qu,’L(N;[f/f) can be computed using Theorem 4.2.11. The parabolic
subgroups W” C D,, containing W’ in corank 1 and in which W’ is not self-normalizing are
of the form (1) S* x Sy, (2) S*72 x Sy, (3) (in the case e = 2) S5~ x Dy, and (4) (in the
case e = 4) S¥™' x D4. By Remark 3.2.8, parameter computations in these cases reduce to
the cases, respectively, (1) 1 C Sy, (2) S C Sa, (3) S5 C Dy, and (4) Sy C Dy. As discussed
in Section 4.3 about type A, the quadratic relation in case (1) is (7" — 1)(T + q) = 0 with
q = e*™¢ and the quadratic relation in case (2) is 7% = 1. To compute the quadratic relation
in case (3), we use Theorem 4.2.11 again. In particular, letting wy denote the longest element
of D, and w}, the longest element of S5, we have ¢/(“o*0) = (—1)? = —1, and computations
in the computer algebra package CHEVIE in GAP3 [GHLMP, Mi| show that the central
element z,,,; acts on the trivial representation of H_1(S5)®? by the scalar 2. By Theorem
4.2.11 the quadratic relation appearing in case (3) is 7% = 2T'—1, i.e. (T'—1)? = 0. Similarly,
one obtains the quadratic relation (7' — 1)* = 0 in remaining case (4) as well.

Now, consider the remaining case in which the decomposition of W' into a product of
irreducible parabolic subgroups involves a factor of type D. Then again by [BEG, Theorem
1.2] we can assume that W’ is conjugate to a parabolic subgroup of the form D; x S* for some
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integers e > 2,1 > 4,k > 0 such that [+ ke < n, and the finite-dimensional irreducible repre-
sentation L is isomorphic to L.(Vy ® triv®") for some bipartition A = (A', \?) with A! # A2,
The parameter ¢ must again be of the form ¢ = r/e for some positive integer r relatively prime
to e. Furthermore, it follows from [Lo4, Lemma 4.2, Corollary 4.3] that H.(D;, C') admits no
nonzero finite-dimensional representations when e is odd, so we may assume that e is even.
To see this, consider a parameter ¢ = r/e for the rational Cherednik algebra H.(D,,,C"),
where e > 2 is an odd positive integer and r an integer relatively prime to e. The alge-
bra H.(D,,C") admits nonzero finite-dimensional representations if and only if the algebra
Ho o(B,,C") admits nonzero finite-dimensional representations. In the notation from [Lo4,
Section 4], in this case we have k = —r/e and (s1,53) = (0, —3-). Indexes 1 and 2 are not
equivalent under the equivalence relation ~ (o) as we have s, —s; = —- ¢ %Z =k 2+ 7,
so by [Lo4, Lemma 4.2] the category O (Bn, C") decomposes as a direct sum of outer
tensor products of categories O associated to reflection groups Sy with reflection representa-
tion C¥, for various k, in a manner preserving supports [Lo4, Corollary 4.3]. As the rational
Cherednik algebras associated to the reducible reflection representations (Si, C*) have no
nonzero finite-dimensional representations for any parameter values, it follows that the ratio-
nal Cherednik algebra H, .(D,,C") also has no nonzero finite-dimensional representations.
We will therefore assume that e > 1 is a positive even integer.

As the fixed space of W’ equals the fixed space of the parabolic subgroup B; x S¥ of
B, D D,, it follows that Np (W’) = D, N Np, (B; x S¥). As A\; # \o, the representation
Vy @ triv®® of W’ extends to a representation of B; x S¥, and we’ve seen in Section 4.4 that
such a representation extends to a representation of Ny (B; x S*). In particular, it follows
that the inertia group I is maximal, i.e. equals Ny, and that the cocycle y € Z2( Ny, C*) is
trivial, so Theorem 4.2.14 holds in this remaining case in type D. As discussed in “Case 17 of
the section “Type D” of [H], in this case Ny equals N","Vef and is isomorphic to By X Bp_j_ke
as a reflection group acting on (C™)"' 22 C* @ C*'*¢ in a manner completely analogous to
the discussion in Section 4.4. In particular, in this case we have

H(c, Dy x S, Le(Va @ trivE®), Dy,) 2 Hy, 1(Br) © Hy, o(Bni—ke)

where ¢; and ¢, are associated to the short roots of B, and B,,_;_g., respectively, ¢ = e
@1 = q(c, Dy x Se, L(Vy & trive), Diy.), and g2 = q(c, Dy, L(Vy\), Diy1). The following result
reduces the computation of these parameters to the type B:

2mic
)

Proposition 4.5.1. In the setting of the previous paragraph, we have
Q(Cv Dn> LC(V)\)a Dn-‘,—l) = Q((Oa C)a Bna L(O,c)(v)\)y Bn-l—l)
and
q(¢, Dy X Se, Le(Vy @ trive), Dnte) = q((0,¢), By X Se, L(o,e)(Va ® trive), Bre).

Proof. We consider q(c, D, L.(V)), Dy41) first. Let {p denote the length function on D,
with respect to the simple reflections sy, s, ..., s, introduced above, and let [ denote the
length function on B,,; with respect to the simple reflections sg, 51, ..., 5. Let wo p, wo, B, wy p,
and wy p denote the longest elements of the Coxeter groups D1, Bpi1, Dy and B, re-

spectively. Then wopwyp = sowopwyp = wo W gso- Regard Hy(D,) as a subalgebra

of Hy4(B,) via the T,-bases. We then have Ty, pur o = TsTwg puy , = Two pwy 5 Tso and

72, = 1. In particular, T2  =T2 , and it follows from Proposition 4.4.3 and the
0 0,DWy p Wo,BWq p

definitions that Zwo, pw) = Tsosz,Bw&B = Zwo,Bwé’BT&SO' As the representation V) extends to



46 IVAN LOSEV AND SETH SHELLEY-ABRAHAMSON

B,,, we can choose the operator by which wg pwj p acts on L as in Theorem 4.2.11 to be
Ts,- By Theorem 4.2.11, the generator of monodromy 7" € H(c, Dy, L.(V}\), D,11) satisfies
the quadratic relation

l (w w! ) n
T? = (Tozwg pup )T +q " 7007 = 21 ((NT + ¢*".

This is precisely the quadratic relation obtained for the generator of monodromy generating
the algebra T € H(c, Dy, Lo(V)), Dypy1), as shown in Section 4.4, and the first equality
follows.

The second equality follows by a similar argument. O

4.6. Parameters for Generalized Hecke Algebras in Exceptional Types. We will
now describe the parameters arising for the generalized Hecke algebras in exceptional type.
In each row of the following Table 1, W is an irreducible finite Coxeter group and W’ C W is
a corank-1 parabolic subgroup of W that is not self-normalizing in W. The complex number
¢ is a parameter for the rational Cherednik algebra H.(W, ) such that H.(W’, by) admits
nontrivial finite-dimensional representations, and A is an irreducible representation of W’
such that L(\) is a finite-dimensional irreducible representation of H.(W’, hy). For a given
W', all ¢ of the form 1/d such that H.(W’, hy) admits a finite-dimensional irreducible repre-
sentation are given, and for each W’ ¢ a complete list of lowest weights A with dim L(\) < oo
is given. Finally, q(c, W', L, W) is a complex number such that the monodromy operator T’
associated to the tuple (¢, W', L(X\), W), after an appropriate rescaling if necessary, satisfies
the quadratic relation
(T —1)(T + q(c, W, L,W)) = 0.

Where appropriate, g(c, W', L, W) is given as a power of the “KZ parameter” ¢ = e
Table 1 includes every case needed to give presentations for the generalized Hecke algebras
arising in types F, H and [I; this data was obtained by using Theorem 4.2.11 and computa-
tions with the computer algebra package CHEVIE in GAP3 [GHLMP, Mi] as well as SAGE.
Type F' can be handled by these same methods, although the description of the relevant
parameters ¢ and irreducible finite-dimensional representations for the parabolic subgroups
of types B and C' arising in this case is more complicated to display in a table. We will give
the counts of modules of given support in O.(F},h) in the unequal parameter case later in
Section 4.9.

In Table 1 and below, we will list the parameter for groups B, in the form (¢, ) €
C?, where ¢; specifies the value of the parameter on the short roots. In the last row of
the table, the parameter (1/2,¢s) for the even dihedral group I3(2m) indicates that the
parameter takes value 1/2 on those reflections conjugate to the nontrivial element of the
chosen parabolic subgroup A; and arbitrary value ¢; € C on the remaining parameters. The
relevant parameter values and lists of finite-dimensional irreducible representations for the
groups of type D are obtained by a standard reduction to type B (as in Section 4.5), where
these lists are easily produced using the methods of [Lo4]. The labeling used for irreducible
representations of the exceptional groups is compatible with that appearing in [GGJL]; in
particular, we denote the trivial representation by triv, the reflection representation by V'
(and its Galois conjugate in type H by V'), and other representations are denoted in the form
¢,y Where x indicates the dimension of the representation and y indicates its b-invariant,
i.e. the lowest degree in the grading of the coinvariant algebra in which the representation
appears. The labels ¢, , are compatible with the labels appearing in the GAP3 computer

2mic
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algebra package. This is a different labeling system than appears in some standard references,
e.g. |GP], although it is simple to convert between this labeling system and others using the
tables appearing in [GP, Appendix C]. Irreducible representations of groups of type D are
labeled by (unordered) pairs of partitions, in the standard way.

Remark 4.6.1. In all cases listed except the case of E; at parameter 1/10, the associated
monodromy operator T has an eigenvalue equal to 1, and in particular no rescaling was needed
to list the parameter q(c, W', L(X), W); the monodromy operator T associated to irreducible
representation Lyo0(V') of Hijio(E7,h) associated to the inclusion E; C Eg satisfies the
quadratic relation (T + €™/°)? = 0, which is of the form (T — 1)> = 0 after rescaling T. In
the cases in which T has an eigenvalue equal to 1, the parameter q(c, W', L, W) is necessarily
equal to ¢"“o0) | where q is the parameter appearing in the relevant KZ functor and ¢owo)
15 as in Theorem 4.2.11, and this covers all other cases in the table. We remark that there are
other cases, not relevant for the exceptional groups, in which T does not have an eigenvalue
equal to 1 before rescaling; for example, L(_y/s,1/3)(triv) is a finite-dimensional irreducible
representation of H(_1/671/3)(Bg) and the quadratic relation associated to the inclusion By C
Bs is (T 4 p)? =0, where p = e~ ™/3,

Remark 4.6.2. In all cases we have computed, the parameter q(c, W', L,W) depends only
on ¢, W', and W, and notably not on the finite-dimensional irreducible representation L.
This fact is reflected in Table 1, where we list all relevant lowest weights X for each pair
(W', ¢) in the same row. It would be interesting to have a conceptual explanation for this
fact.

Table 1: Parameters for Generalized Hecke Algebras

w’ c A W q(e, W', L(\), W)
An X An 1/(n + 1) triv A2n+1

A3 1/2 triv D, -1
Ag 1/4 triv D4 -1
D, 1/6 triv Ds ¢
D, 1/4 triv Ds 1
Dy 1/2 triv, (3, 1) Ds 1
A5 1/6 triv D6 -1
Ds 1/8 triv Dg q*
Dyx Ay 1/2 triv ® triv, (3,1) ® triv Dy -1
Az 1/1 triv Dy 1
Dg 1/10 triv Dy q°
Dg 1/6 triv D, 1
Dy 1/2 triv, (0,32), (1,5), (2, 4) Dy 1
A5 1/6 triv EG —1
A6 1/7 triv E7 1
Dg 1/10 triv E; 7
D6 1/6 triv E7 -1
Ds 1/2 triv, (0,32), (1, 5), (2, 4) Es ~1
Eg 1/12 triv E; 7

E6 1 /9 triv E7 1
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Table 1: (continued)

E6 1/6 tI‘iV, Vv E7 -1
Eg 1/3 triv, V, A2V E; 1
Az 1/8 triv Es 1
D, 1/12 triv Es 1
D, 1/4 triv, (2, 5) Eq -1
B 1/18 triv Es q’
E; 1/14 triv Eg q
E; 1/10 Vv F 1
Lr 1/6 triv, V, 157, 216 Eq —~1
Lq 1/2 triv, V. @157, 21,6, P27,2, 03513, P1sos Es —1
Ay (c1,1/3)  triv B; ebmicn
A? (1/2,1/2) triv Bs 1
A2 1/3 triv H3 1
Ay x Ay 1/2 triv H, ]
I,(5) 1/5 triv H, 1
Hj 1/10 triv H, 1
H; 1/6 triv H, -1
H, 1/2 triv, V, V H, ~1
Az 1/4 triv H, 1
Ay (1/2,¢9)  triv L(2m)  (—1)"leZmer
4.7. Type E.

4.7.1. Generalized Hecke Algebras for Eg. The following table list all of the generalized Hecke
algebras arising from the rational Cherednik algebra H.(Fg, hg) of type Eg for parameters
of the form ¢ = 1/d such that O.(Eg, bhg,) is not semisimple, i.e. for those integers d > 1
dividing one of the fundamental degrees 2,5,6,8,9 and 12 of Eg. The first column indicates
the parameter value ¢. The second column, labeled W', lists a unique representative of
each conjugacy class of parabolic subgroups of Fg for which a nonzero finite-dimensional
representation appears at the parameter value specified in the title of the table; if a conjugacy
class is missing, no nonzero finite-dimensional irreducible representations exist for that class.
The column labeled A gives a complete list of the lowest weights A of the finite-dimensional
irreducible representations L.(A) of H. (W’ hy-). By inspection, we see that in each case
the inertia group is maximal, the 2-cocycle p is trivial, and in particular Theorem 4.2.14
holds for algebras of type Eg. Furthermore, from Table 1 we see that the parameters for
the generalized Hecke algebra does not depend on the choice of lowest weight for the finite-
dimensional representation; therefore in the column labeled H we give the generalized Hecke
algebra H(c, W', A\, Eg) common to each of the A appearing in a given row. In the final
column labeled #Irr, we give the number of irreducible representations with support labeled
by W', obtained as the product of the number of A appearing in a given row with the number
of irreducible representations of the corresponding generalized Hecke algebra. As there are
25 irreducible representations of the group Ejg, these numbers add to 25 for each parameter
value.

Throughout, g denotes the “KZ parameter” ¢q := e The exact descriptions of the
generalized Hecke algebras follow easily from parameters in Table 1 and Howlett’s detailed

2mic
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descriptions of the groups N;[f,f and Nj"" appearing in [H]; any semidirect products appear-
ing in the description of the algebras H are given by the diagram automorphisms indicated
in [H]. By convention, we list the parameters of 2-parameter Hecke algebras by giving the
parameter for the short roots first, e.g. H, ,(Bs3) indicates that parameter p is associated with
the 3 reflections given by short roots and that parameter ¢ is associated with the remaining
6 reflections given by long roots.

The finite-dimensional irreducible representations of H.(Fs, hg,), if they exist, appear in
the rows labeled by Eg. For all parameters except ¢ = 1/2, the list of the lowest weights of
the finite-dimensional irreducible representations of H.(Eg, hg,) is obtained from results of
Norton [N]. For ¢ = 1/2, our table shows that there are no such finite-dimensional irreducible
representations.

Table 2: Refined Filtration by Supports for Fj

c W' A H #lrr
/12 1 triv (Es) 24
Eg triv C 1
1/9 1 triv H, (Es) 24
EG triv C 1
/8 1 triv H, (Es) 24
D5 triv C 1
1/6 1 triv H, (Es) 20
Dy triv Hp2(A2) 2
A5 triv Hfl(Al) 1
Ee triv,V C p
/5 1 triv H, (Es) 23
A4 triv Hq<A1) 2
/4 1 triv H, (Es) 19
Ag triv H*l,q(BQ) 3
D4 triv Hl(AQ) 3
/3 1 triv H, (Es) 13
Ay triv )27 w H,(A2) 5
A% triv qu(Gz) 4
EG tI'iV,‘/,A2V C 3
/2 1 triv H, (Es) 8
Al triv Hq<A5) 4
A% triv Hl,fl(BB) 4
Azl)’ triv H_l(Al) X Hl(Ag) 3
D4 tl"iV, (3, 1) Hl(Ag) 6

4.7.2. Generalized Hecke Algebras for E-. In this section we produce a table for F; analogous
to Table 2, following the same conventions. Again, we only list those parameters ¢ = 1/d
for positive integers d > 1 dividing a fundamental degree of E; - the degrees of E; are
2,6,8,10,12,14, and 18. The group FEg has 60 irreducible representations. By inspection,
we see that Theorem 4.2.14 holds in type Ex.

Note that there are two distinct conjugacy classes of parabolic subgroups of E; of type
As, while inside Fg and Eg there is only 1. We denote a representative of the conjugacy
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class of parabolic subgroups of type As; appearing already in Egs by AL, and we denote a
representative of the remaining conjugacy class by A?Y.

There are also two distinct conjugacy classes of parabolic subgroups of E; of type A3,
although one of these is absent in Howlett’s table [H]. The two classes can be distinguished
by containment in parabolic subgroups of type Dy; we denote the class of parabolic subgroups
of type A% contained in a parabolic subgroup of D, by (A?)" and the remaining class by (A3)”.
The class (A7)" is treated in Howlett’s paper; the complement N 43) to (A?)" in its normalizer
in E7 acts on b3y as a reflection group of type Bz x Aj. In the remaining case (A3)" the
complement in the normalizer acts in the fixed space as a reflection group of type Fy. This
can be seen as follows. Computations in GAP3 [GHLMP, Mi| show that this complement
has order 1152. This group has a decomposition as a semidirect product N x N7/
where N7/ is a real reflection group of rank at most 4 and N°™ is a finite group acting on
Nref by diagram automorphisms. From the classification of finite reflection groups, the only
possibilities giving rise to groups of order 1152 are N/ = F, and N =1, or N"*/ = D,
and N®™ = S3 where S5 acts on Dy by the full group of diagram automorphisms. As
(A3)" is contained in parabolic subgroups of different types A} and A; x Az in which it is
not self-normalizing, it follows that the hyperplanes in the reflection representation of N7/
cannot all be conjugate. This rules out N/ = D,, and we conclude that the representation
of the complement in the space b43) is identified with the reflection representation of Fj.

When the denominator of ¢ is greater than 2, the lowest weights listed for the finite-
dimensional irreducible representations of E; were determined by Norton [N], and we list
those representations in the table below. When the denominator of ¢ equals 2, we see that
there are exactly 7 isomorphism classes of finite-dimensional irreducible representations of
H.(E7,b). In [GGJL], all but 7 possible lowest weights for these irreducible representations
were ruled out. In particular, these 7 representations are in fact finite-dimensional, and this
completes the classification of finite-dimensional irreducible representations of the rational
Cherednik algebras of type Ex.

Table 3: Refined Filtration by Supports for F;

c w’ A H #Irr
1/18 1 triv H,(E7) 59
E; triv C 1
/14 1 triv H, (E7) 59
E; triv C 1
/12 1 triv H, (E7) 58
EG triv HqB(Al) 2
/10 1 triv H,(E7) 57
D6 triv HqS(Al) 2
E V C 1
/9 1 triv H, (E7) 58
EG triv Hl(Al) 2
/8 1 triv H,(E7) 56
D5 tI'iV Hq2 (Al) ® Hq(Al) 4
/7 1 triv H, (E7) 58
A6 triv Hl(Al) 2
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1/6 1 triv H, (E7) 43
D4 triv Hq7q2(33) 6
A5 triv H_l(A%) 1
A/5 triv H_Lq(Gg) 3
D6 triv H_l(Al) 1
E6 tI‘iV, \% Hfl(Al) 2
Fr triv, V, w157, pa16 C 4
1/5 1 triv H,(E7) 54
A4 triv Z/QZ X Hq(AQ) 6
1/4 1 triv H,(E7) 40
Ag triv H_l’q(Bg) (%9 Hq(Al) 10
D4 triv Hq71(Bg) 10
1/3 1 triv H, (E7) 32
A2 triv Z/QZ X Hq(A5) 14
A% triv Hl,q(G2> X Hl(Al) 8
EG tI'iV, ‘/, A2V Hl(Al) 6
12 1 triv H_\ (&) 12
Al triv Hfl(DG) 6
A% triv H17,1(B4) X Hfl(Al) 6
(Azl)’), triv Hfl,l(B3) X Hfl(Al) 3
(Azl)’)” triv Hlvfl(F4) 9
Ail triv H_l’l(Bg) 3
D4 tl"iV, (3, 1) H_1’1(Bg) 6
D4 X A1 tl"iV, (3, 1) ® triv H_l’l(Bg) 4
Ds triv, (0,32), (1,5), (2, 4) Ho (A)) 4
E; triv, V, o157, 21,6, 27,2, 35,13, L1895 C 7

4.7.3. Generalized Hecke Algebras for Eg. Next we produce a table describing the generalized
Hecke algebras arising from Fg. Again, we only list those parameters ¢ = 1/d for positive
integers d > 1 dividing one of the fundamental degrees 2,8,12,14,18, 20,24, and 30 of
FEy. There are 112 irreducible representations of the group Eg. By inspection, we see that
Theorem 4.2.14 holds in type Fy as well.

When the denominator of c is 2, we see that there are 12 isomorphism classes of finite-
dimensional irreducible representations. Comparing with the lists of “potential” lowest
weights appearing in [GGJL], we are again able to give a complete list of the finite-dimensional
irreducible representations in his case. By similar comparisons with the results of [GGJL],
we are able to obtain such lists in all cases except when the denominator of ¢ is 3, 4 or 18.
In those cases, we give the list of “potential” lowest weights from [GGJL] and the number of
those which are in fact finite-dimensional. In each of these three cases, we see that exactly
one of these “potential” finite-dimensional representations is in fact infinite-dimensional.
Furthermore, this problem is resolved fairly easily when the denominator of ¢ is not 3. For
denominator 18, Rouquier [R] proved that the representation Ly 15(V) is finite-dimensional,
and therefore the remaining “potential” finite-dimensional representation Ly /15(¢2s.8), is in
fact infinite-dimensional. That Ly /15(2s,s) is infinite-dimensional can be seen independently
by the observation that its lowest eu-weight, 2/3, is not a nonpositive integer. When the
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denominator of c is 4, the entire decomposition matrix for the block of Oy/4(Es, b) contain-
ing the simple object Ly,/4(¢2ss) can be easily produced following methods of Norton [N,
Lemmas 3.5, 3.6], yielding the equality

[L1/4(<P28,8)] = [A1/4(9028,8)] - [A1/4(90700,16)] + [A1/4(901344,19)] - [A1/4(<P700,28)] + [A1/4(9028,68)]

in the Grothendieck group of O, 4(Es, h). It follows that Supp(Li/4(p2ss)) = EshPt and in
particular that Ly /4 (s g) is infinite-dimensional, ruling out this “potential” finite-dimensional
representation.

Table 4: Refined Filtration by Supports for Eg

c W’ A H #Irr
1/30 1 triv H,(Es) 111
Eg triv C 1
1/24 1 triv H, (Es) 111
Eg triv C 1
1720 1 triv H, (Es) 111
Eg triv C 1
1/18 1 triv H,(Es) 109
E7 triv HQS(Al) 2
Eg V C 1
/15 1 triv H,(Es) 110
Eq triv, V C p
/14 1 triv H,(Es) 110
E7 triv Hq(Al) 2
/12 1 triv H,(Es) 102
Es triv Hy.4(Go) 5
D7 triv H_l(Al) 1
Eg triv, Va8 8, 352, P50, C 4
1/10 1 triv H,(Es) 104
D6 triv Hq27q3(B2) 4
E- 1% H_1(A) 1
Eg tI‘iV, V, ©28.8 C 3
1/9 1 triv H, (Es) 106
EG triv Hl,q(G2) 6
/8 1 triv H,(Es) 100
Ds triv Hy.o(Bs) 9
A7 triv H,1<A1) 1
Eg tI'iV, ©160,7 C 2
/7 1 triv H, (Es) 108
A6 triv Hl,q(A%) 4
1/6 1 triv H,(Es) 75
D, triv Hy2 o (Fy) 13
A5 triv H*l,(](GQ) X H,1<A1) 3
D6 triv Hl,fl(BQ) 2
EG tI‘iV, \% H,Lq(Gg) 6
Er triv, V, @152, po16 H_i(A;) 4
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Table 4: continued
Ey triv, V, ag8, ¥35,2, P50,8
¥56,19, ¥175,12, ¥300,85 ¥210,4 C 9
/5 1 triv H,(Es) 96
A4 triv Z/QZ X Hq(A4) 12
Ey triv, V, vos8, ©56,19 C 4
/4 1 triv H,(Es) 69
Ag triv H_17q(B5) 14
D4 triv Hl’q(F4) 20
A?)’ triv Hl,—l(BQ) 2
D7 tl"iV, (2, 5) H_l(Al) 2
Ey IV, (035 2, 50,8, 2104, 350,14 C 5
1/3 1 triv H,(Es) 52
A2 triv Z/QZ X Hq(EG) 26
A% triv Z/QZ X HLq(Gz)@z 14
EG tI'iV, V, A2V Hl,q(G2) 12
Es exactly 8 of triv, V, ¢as s, ¥35.2
¥50,8; ¥160,7; 175,125 300,85 840,13 C 8
/2 1 triv H_1(Es) 23
Al triv H,l(E7) 12
A% triv Hl 71(86) 12
Azl)’ triv H—l,l(F4) X H_l(Al) 9
Alll triv H_171(34) 5
D4 tl"iV, (3, ].) Hl’_l(F4) 18
D4 X Al tl"iV, (3, ].) ® triv H_lyl(Bg) 6
D6 tl"iV, (0, 32), (]_, 5), (2, 4) H_lyl(Bg) 8
Er triv, V, 157, Pa1,6, 27,2, ©35,13, P189,5 H_1(A1) 7
Eg triv, V, pog 8, ¥35.2, ©50,8, 175,12,
$0300,85 210,45 P560,5, 840,14, P1050,10, 14008 C 12
4.8. Type H.

4.8.1. Generalized Hecke Algebras for Hy. Next we produce a table describing the generalized
Hecke algebras arising from Hjz. Again, we only list those parameters ¢ = 1/d for positive
integers d > 1 dividing one of the fundamental degrees 2,6 and 10 of Hs. There are 10

irreducible representations of the group Hs.
holds in type Hj as well.

Table 5: Refined Filtration by Supports for Hj

c WA H #Irr
/10 1 trv H, () 9
H3 triv C 1
/6 1 trv H, () 9
H3 triv C 1
15 1 tov H, () S

By inspection, we see that Theorem 4.2.14
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Table 5: continued

12(5) triv Hl(Al) 2
/3 1 triv H,(Hs) 8
AQ triv Hl(Al) 2
/2 1 triv H,(Hs) 5
Al triv H,l(A%) 1
A% triv Hfl(Al) 1
Hy; triv,V,V C 3

4.8.2. Generalized Hecke Algebras for Hy. Next we produce a table describing the generalized
Hecke algebras arising from Hy. Again, we only list those parameters ¢ = 1/d for positive
integers d > 1 dividing one of the fundamental degrees 2,12,20 and 30 of Hy. There are
34 irreducible representations of the group Hy. By inspection, we see that Theorem 4.2.14
holds in type H, as well.

When the denominator of ¢ is not equal to 2, the list of lowest weights A giving the finite-
dimensional irreducible representations of H.(Hy, b) are obtained from results of Norton [N].
When the denominator is 2, our count below shows that there are exactly 6 isomorphism
classes of finite-dimensional irreducible representations of H.(Hy, §). In [GGJL, Section 5.6],
all except 6 of the possible lowest weights A for the finite-dimensional irreducible represen-
tations L.(A) are ruled out, and in particular those “potential” lowest weights are in fact
precisely the lowest weights of the finite-dimensional L.(X). This confirms a conjecture of
Norton [N] about the classification of these representations.

Table 6: Refined Filtration by Supports for Hy

c WA H #Irr
1/30 1 triv H, (H,) 33
H, triv C 1
1/20 1 triv H, (H,) 33
H4 triv C 1
/15 1 triv H, (H,) 32
H, triv,V C 2
1/12 1 triv H,(H,) 33
H4 triv C 1
1/10 1 triv H,(H,) 29
H3 triv H,1<A1) 1
H, triv,V,V, 9.6 C 4
1/6 1 triv H,(H,) 30
H3 triv H_l(Al) 1
H, triv,V,V C 3
1/5 1 triv H,(H,) 24
12(5) triv Hl’q(lg(lo)) 6
H4 tI'iV, ‘/, ()09’2, 9016,6 C 4
1/4 1 triv H,(H,) 30
Ag triv H_l(Al) 1
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Table 6: continued

Hy triv, g2, 9.6 C 3
1/3 1 triv Hq(Hy) 26
Ay triv Hi4(Go) 4
H, triv, V, ‘7, $16,3 C 4
1/2 1 triv Ho1(Ha) 18
Ay triv H_1(H3) 0
A2 triv Hi—1(B) 2
Hs  triv, V, 1% H_1(A1) 3
H, triv, V.V, 9.2, 096, p254 C 6

4.9. Type F, with Unequal Parameters. In this section we will both prove Theorem
4.2.14 for rational Cherednik algebras of type Fy and count the number of irreducible rep-
resentations in O, .,(Fy, ) of each possible support for all values of the parameters ¢y, co,
including in the case of unequal parameters. As a corollary, comparing with the results of
[GGJL], we classify the irreducible finite-dimensional representations of Hj s 1/2(Fy, b). This
confirms a conjecture of Norton [N] about these representations and completes the classi-
fication of the irreducible finite-dimensional representations of rational Cherednik algebras
of type Fj with equal parameters, the other equal parameter cases having been treated by
Norton. We expect that comparing our counts with the results of [GGJL] completes the
classification of the finite-dimensional irreducible representations for many other parameter
values as well, although we do not perform this comparison here.

First, we fix some notation for the Coxeter group Fj;. Our convention will be that the
simple roots of Fy are labeled s, s, s3, 54 where s1, $5 are short simple roots (with parameter
c1 € C) and s3, s4 are long simple roots (with parameter ¢; € C), and that sq, s3 are adjacent
in the Dynkin diagram. The KZ parameters are given by p := > and ¢ := e?™. We
label standard parabolic subgroups, one from each conjugacy class, as follows:

Al = (s1)

Al = <S4>

All Al = <Sl, 84>
AIQ = <Sl, 82>

AQ = <83, 84>

By 1= (s2, 53)

C3 = (s1, 82, $3)

Bg = <82, S3, S4>

All X A2 = <81, S3, S4>

AIQ X Al = <81,82,S4>

Theorem 4.2.14 follows in the case W = F}; by application of Remark 3.2.3 to the cases in
which W/ C W is one of the standard parabolic subgroups appearing above. In particular,
when W' is a product of Coxeter groups of type A, the only irreducible representations A\ of
W' which can appear as the lowest weights of a finite-dimensional representation L.(\) are
linear characters, i.e. tensor products of either trivial or sign representations. These repre-
sentations always extend to representations of Np, (W'), and then the statement Theorem
4.2.14 follows from Remark 3.2.3. The remaining parabolic subgroups W' are By, B, and
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(5. In each of these cases, Howlett [H] has shown that the normalizer Ng, (W) splits as a
direct product W’ x W” and Theorem 4.2.14 follows by Remark 3.2.3 in this case as well.
The classification of the irreducible finite-dimensional representations of the rational Chered-

nik algebras H.(W’, hy) where W’ C F} is one of the proper nontrivial parabolic subgroups
appearing above is well known. Applying our results to each of these cases, we can count
the number of irreducible representations in O.(Fy, h) with support labeled by any of these
parabolic subgroups. This information is presented in the following tables; the left column
of each table specifies certain conditions on the parameters cq, ¢ in terms of the KZ pa-
rameters p = 2™t and g = €?™2, and the right column of each table gives the number of
irreducible representations in O, .,(Fy, ) with support labeled by the parabolic subgroup
appearing in the title of the table. Here ®; denotes the d* cyclotomic polynomial.

Table 7: Simple Modules for H,, .,(F}) labeled by A}

condition # simples labeled
p = —1 and & (q)Py(q)Ps(q)Pa(q) # O 9
p=—1and ®,(q)P2(q) =0 3
p=—1and ®3(¢) =0 6
p=—1and ®4(¢q) =0 8
otherwise 0
Table 8: Simple Modules for H,, .,(F}) labeled by A;
condition # simples labeled
g = —1and ®(p)P2(p)P3(p)Ps(p) # 0 9
g=—1and ®,(p)Ps(p) =0 3
g=—1and ®3(p) =0 6
g=—1and $u(p) =0 8
otherwise 0
Table 9: Simple Modules labeled by A} x A,
condition  # simples labeled
p=q=-1 1
otherwise 0
Table 10: Simple Modules labeled by A
condition # simples labeled
P3(p) = 0 and Py(q)P3(q)P ( )P12(q) # 0 6
®;3(p) = 0 and <I>2(q)CI>6( )= 3
®3(p) =0 and P3(q) = 4
@3(]?) =0 and q)lg( ) 5
otherwise 0
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Table 11: Simple Modules labeled by As

condition # simples labeled
P3(g) = 0 and Py(p)P3(p)?P ( )P12(p) # 0
®3(¢) =0 and ®2(p)¢’6( )=

®3(g) =0 and ®3(p) =

®3(q) =0 and P1a(p) =

otherwise

O TY = WO

Table 12: Simple Modules labeled by B,

condition # simples labeled
p=—1and g=—1 2
pT = —¢q and P3(q)P4(q) =0 2
p™ = —q and ®3(q)Ps(q) # 0 4
otherwise 0

Table 13: Simple Modules labeled by Bs

condition # simples labeled
p=—¢"> and ®,(q)Ps(q)P12(q) # 0
p=—q¢"* and $4(q)P12(q) = 0

I
—_
Ol W

otherwise

Table 14: Simple Modules labeled by C3

condition # simples labeled

g= —p2 and Pq
qg=—-1=—p~andp=1
qg=—1and ®3(p) =0
otherwise

O | W DN

Table 15: Simple Modules labeled by A} x Ay

condition # simples labeled
p=—1and ®3(¢q) =0 1
otherwise 0

Table 16: Simple Modules labeled by A} x A,

condition # simples labeled
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Table 16: continued

®3(p) =0 and ¢ = —1 1
otherwise 0

To count the irreducible finite-dimensional representations for given parameters (¢, cs),
we need first to count the irreducible representations in O, ,(F}y, h) of full support, which is
achieved by counting the number of irreducible representations of the Hecke algebra H,, ,(F}).
The following table, produced by computations in CHEVIE in GAP3 [GHLMP, Mi] and in
Mathematica, gives this number of irreducible representations in all cases up to obvious sym-
metries. In particular, the isomorphism class as a C-algebra of the Hecke algebra H, ,(F})
does not change when the order of the parameters p,q is reversed or when either of the
parameters is replaced with its inverse. The following table then gives the number of irre-
ducible representations of H, ,(Fy) for a complete set of parameters p,q € C* up to these
symmetries. The first column specifies a hypersurface in the p, ¢g-plane at which the Hecke
algebra H, ,(Fy) is not semisimple, and the second column specifies additional conditions
on ¢, and the final column gives the corresponding number of irreducible representations of

Hp,q(F 4)-
Table 17: Irreducible Representations of H, ,(F})

condition q condition # simples
p=- ¢=1 0
q=—1 8
q = roots of unity order 3 11
q = roots of unity of order 4 or 6 14
otherwise 15
P +q¢=0 qg==+1 9
q = roots of unity of order 3 or 6 13
q = roots of unity of order 8 18
otherwise 19
pzl:l + q2 =0 q= 1 9
qg=—1 8
q = roots of unity of order 3 13
q = roots of unity of order 4 or 6 20
q = roots of unity of order 9 22
q = roots of unity of order 10 21
q = roots of unity of order 12 17
otherwise 23
pt =g g=1lorqg=—t 20
q=—1 14
q = roots of unity of order 3 17
q=1 14
q = roots of unity of order 6 23
g € {27/, 5 2mi/sy 18
g€ {€2ﬂ-i/12, 65-2771'/12} 17

qc {€7~27ri/12, 611~27ri/12} 23
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Table 17: continued

g € {eT2mi/2 Ql12mi/2 (192mi/24 232mi/241 23
otherwise 24
p is a root of unity of order 3 ¢ = —1 11
q = roots of unity of order 3 15
q = roots of unity of order 6 13
q = roots of unity of order 12 17
otherwise 19
p is a root of unity of order 6 g =1 22
q= —1 14
q = roots of unity of order 3 13
q = roots of unity of order 6 20
q = roots of unity of order 12 23
otherwise 24
Pl = e2rifbg g=1 22
qg=—1 11
qg= 627ri/3 11
qg= 62-2m'/3 13
qg= 627ri/6 13
q= €5~27ri/6 29
g € {e2mi/9 eh2mif9 (T2mi/9) 929
g € {e2mi/18 T2mi/18 (13:2mi/18) 929
q € {2/ T2/ 132mi/24 ] o19-2mi/24) 23
otherwise 24
otherwise 25

The following table consolidates the information in the previous tables and counts the
number of irreducible finite-dimensional representations of H., .,(Fy,h) for all parameters
1, o in terms of the K Z parameters p and ¢, up to the same symmetries mentioned above,
i.e. up to exchanging and inverting p and ¢, for which the category O, ., (Fy,b) is not
semisimple. The first column specifies conditions on the parameters p and ¢q. The remaining
columns give the counts of the number of irreducible representations in O, ,(Fy,b), for any
parameters cj, ¢p satisfying p = €2™t and q = €2™2_ with support labeled by the parabolic
subgroup appearing at the top of the column. In particular, the last column, labeled by
Fy, counts finite-dimensional representations. This last column is obtained from the others
by subtracting their sum from 25, the number of irreducible complex representations of the
Coxeter group Fy. For those conditions on p and ¢ specifying a certain finite set of points,
we give a defining ideal for these points; for example, (P2(p), P3(q)) specifies that p = —1
and that ¢ is a primitive cube root of unity. The remaining conditions specify certain curves
with certain exceptional points removed.

Table 18: Modules of Given Support in H, .,(Fy)
condition 1 All Al All X Al Al2 A2 BQ Bg Cg All X AQ A,Q X Al F4

(@1 (p), B2(q)) o . 3 . - . 4 . 3 . . 6
(@1 (p), Ba(q)) 20 . . . R . 3
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Table 18: continued

(1(p), Po(q)) 22 . . 3
(®2(p), Pa(q)) 8 3 3 1 2 2 2 4
(®2(p), P3(q)) 11 6 3 . 1 3
(2(p), Palq)) 14 8 . 3
(P2(p), Ps(q)) 49 . . o 5
(®3(p), P3(q)) 5. .. 4 4 .. 2
(®3(p), Ps(q)) 13 . .. 3. 2 .2 5
(P3(p), P12(q)) 7 . .. 5 . . 1 9
(P4(p), Palq)) 9 . . . 4 9
(Ps(p), Ps(q)) 20 . . . . .11 3
(P6(p), P12(q)) 23 . 2
(s(p), s(q),

Pi(pg)Pi(pgt)) 24 .

(s(p), s(q),

Dy(pq)Po(pg)) 18 . .. 4

(Po(p), P1s(q),

Dy (pPq)Do(p?q™t)) 22 . ) ) ) ) ) ) 2

(P10(p), P10(q),

Dy (pg®)Pa(p~'q?)) 21 2 2

(Cbu (p)7 Dy (Q)

Di(p)®i(p'q) 24

(P2s(p), Paulq)

Dyu(pq), Ps(p'q)) 23

®y(p) = 0 and

(¢° —D)Py(q) #0 15 9

®3(p) = 0 and

Dy (q)P3(q)Ps(q)-

®1z(q) #0 9 . . . 6

®g(p) = 0 and

(¢° —1)P12(q) #0 24 .

®y(pg) = 0 and
(¢° — 1)Ps(q) #0 19 . . . . . 4

Py (pg®) = 0 and

(¢ = 1)@y(q)-
®i0(q) #0 23 . .. .2

®4(pg) = 0 and
(¢ — 1)@y(pg )
Pg(pg~") #0 24 .

®g(pg) = 0 and

(¢° — D)®u(pg™")-
Dy(pg—?)-

Py(p~2q) £ 0 24 .
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Table 18 shows in particular that there are exactly 4 distinct irreducible finite-dimensional
representations of the rational Cherednik algebra Hi/s1/2(F4,h). In notation compatible
with the labeling of the irreducible representations of the Coxeter group Fy in GAP3, it
is shown in [GGJL, Section 5.7.2] that with equal parameters ¢; = co = 1/2 the lowest
weights A such that the representation L5 /2()\) is finite-dimensional are among the repre-
sentations 10, ¢ 4, ¥4 4, and g . In particular, we have the following corollary, confirming
Norton’s conjecture on the classification of the irreducible finite-dimensional representations
of H1/2,1/2(F4, b)ﬁ

Corollary 4.9.1. The set of irreducible representations A of the Coxeter group Fy for which
the irreducible lowest weight representation Lyjs1/9(Fy,b) is finite-dimensional is

/ 7
{901,07 Y245 P2.45 909,2}'

4.10. Type I. The only remaining case in which Theorem 4.2.14 needs to be verified is the
case of the irreducible Coxeter groups of type I, i.e. the dihedral groups. For d > 3, let
I5(d) denote the dihedral Coxeter group with 2d elements. Chmutova [Chm] has computed
character formulas for all irreducible representations L.()) in the category O.(I2(d), b) for all
parameters ¢, and in particular the supports of all irreducible representations in O.(I3(d), )
are known in this case, so we will not produce tables counting the number of irreducible
representations of given support in this case.

To see that Theorem 4.2.14 holds in type I, we need only consider the case of rank 1
parabolic subgroups, i.e. those of type A;. Let d > 3 be an integer and let W’ C Iy(d) be
a parabolic subgroup of type A;. If the parameter ¢; attached to the reflection generating
A; does not satisfy ¢; € 1/2 + Z, the rational Cherednik algebra H., (W', by) does not
admit any nonzero finite-dimensional representations. Otherwise, there is a unique finite-
dimensional representation L of H. (W’ bhy-) with lowest weight triv or sgn, depending on
whether ¢; > 0 or ¢; < 0, respectively. In either case, L is Ny, (W')-equivariant by Remark
3.2.3. This completes the proof of Theorem 4.2.14.
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