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Abstract

Let v € (0,2) and let h be the random distribution on C which describes a ~y-Liouville quantum
gravity (LQG) cone. Also let x = 16/7* > 4 and let 7 be a whole-plane space-filling SLE,, curve sampled
independent from h and parametrized by y-quantum mass with respect to h. We study a family {G}c>0
of planar maps associated with (h,n) called the LQG structure graphs (a.k.a. mated-CRT maps) which
we conjecture converge in probability in the scaling limit with respect to the Gromov-Hausdorff topology
to a random metric space associated with y-LQG.

In particular, G¢ is the graph whose vertex set is €Z, with two such vertices x1,x2 € €Z connected
by an edge if and only if the corresponding curve segments n([z1 — €,z1]) and n([z2 — €, z2]) share a
non-trivial boundary arc. Due to the peanosphere description of SLE-decorated LQG due to Duplantier,
Miller, and Sheffield (2014), the graph G¢ can equivalently be expressed as an explicit functional of a
correlated two-dimensional Brownian motion, so can be studied without any reference to SLE or LQG.

We prove non-trivial upper and lower bounds for the cardinality of a graph-distance ball of radius n
in G° which are consistent with the prediction of Watabiki (1993) for the Hausdorff dimension of LQG.
Using subadditivity arguments, we also prove that there is an exponent x > 0 for which the expected
graph distance between generic points in the subgraph of G¢ corresponding to the segment 7([0, 1]) is of
order e X9 and this distance is extremely unlikely to be larger than e xFoe(l)

1 Introduction

1.1 Context: distances in y-Liouville quantum gravity

Let v € (0,2) and let D C € be a simply connected domain. Heuristically speaking, a vy-Liouville quantum
gravity (LQG) surface is the surface parametrized by D whose Riemannian metric tensor is given by

e (dx? + dy?) (1.1)

where h is some variant of the Gaussian free field [71] on D, dz? + dy? is the Euclidean metric tensor, and d,
is the so-called dimension of v-LQG. LQG is a natural model of a continuum random surface. One reason for
this is that LQG is the conjectured scaling limit of various random planar map models, the most natural
discrete random surfaces. The case when v = \/8/73 corresponds to pure gravity, which is the scaling limit of
uniform random planar maps. Other values of v arise from random planar maps weighted by the partition
function of some statistical mechanics model, e.g., the uniform spanning tree (y = v/2), the Ising model
(y = V/3), or a bipolar orientation (y = y/4/3). For many such models, it is expected that the scaling limit of
the statistical mechanics model on the planar map is described by an SLE-type curve [69] or a family of
such curves, independent from the LQG surface, for k = 72 or k = 16/72.

Since h is a distribution, or generalized function, and is not well-defined pointwise, the formula
does not make rigorous sense. However, one can rigorously construct the volume form associated with the
metric , which should be a regularized version of €?*(*) dz, where dz is the Euclidean volume form. This
was accomplished in [29], where it was shown that several different regularization procedures for (2 4z
converge to the same limiting measure py, the v-quantum area measure induced by h. See also [67] and the
references therein for a more general theory of regularized random measures. The procedure used in |29]
also allows one to define a length measure vj, on certain curves in D U 9D (including D and independent
SLE,-type curves for x = v?).

A major problem in the study of LQG is to make sense of as a random metric (distance function).
This has recently been accomplished in the special case when v = /8/3 by Miller and Sheffield in the series



of works [54-561[58L[59L/62], using a random growth process called quantum Loewner evolution. For certain
special types of quantum surfaces defined in [27], the resulting metric space is isometric to a certain Brownian
surface, a random metric space which locally looks like the Brownian map [49,53] and which arises as the
scaling limit of certain uniform random planar maps. For example, the quantum sphere is isometric to
the Brownian map and the \/8/73—quantum cone is isometric to the Brownian plane [17]. In the case when
v £ \/%, the problem of constructing a LQG metric remains open.

Another major problem is to determine the Hausdorff dimension of the v-LQG metric, assuming that it
exists. In the case when vy = /8/3 it is known that this dimension is 4 [48]. For general v it is predicted by
Watabiki [75] that the dimension d., of 4-LQG is a.s. given by
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There have been several works which support the Watabiki prediction. The authors of [4] perform numerical
simulations using the discrete GFF which agree with the formula . In [62 Section 3.3], the authors give
an alternative non-rigorous derivation of using so-called quantum Loewner evolution processes. The
works [6L[51] prove upper and lower bounds for the Liouville heat kernel. If one assumes a certain relationship
between two exponents (which the authors of the mentioned papers are not able to verify), these estimates
suggest upper and lower bounds for the LQG dimension; this will be discussed further in Section [I.6] There
is also a related quantity for LQG, called the spectral dimension, which is expected to be equal to 2 for all
values of « [5]. This prediction is confirmed in the context of the Liouville heat kernel in [6,|68] and for a
class of random planar maps in [40].

In contrast to the above results, the recent work [24] proves estimates for several natural approximations
of the -LQG metric (different from the approximations considered in this paper) for small values of 4 which
contradict the Watabiki prediction; c.f. Section [T.6

If the dimension of LQG is d, it is expected that the diameter (with respect to the graph distance) of a
random planar map with n edges which converges in the scaling limit to LQG is typically of order n'/dv+on(1),
Hence computing the dimension of LQG is expected to be equivalent to computing the tail exponent for the
diameter of a random planar map in the LQG universality class.

The goal of this article is to present some small progress toward the above two problems. Miller and
Sheffield’s approach in the case v = \/8% does not have a direct generalization to other values of v, since it

1
dy =1+ +Z\/(4+W2)2+16’y?. (1.2)

relies on special symmetries which are specific to v = 1/8/3. Instead, we will use a different approach based
on the peanosphere construction of |27], which applies for all v € (0,2) and which we will now describe.

1.2 The LQG structure graph

A peanosphere is a random pair (M, n) consisting of a topological space M and a space-filling curve 1 on M
(with a specified parametrization) which is constructed from a correlated two-sided two-dimensional Brownian
motion (see Figure . A peanosphere has a natural volume measure, which is defined by the condition that
7 traces one unit of mass in one unit of time.

It is shown in |27, Theorems 1.13 and 1.14] that there is a canonical (up to rotation) way to embed a
peanosphere into C in such a way that the following is true. The peanosphere volume measure is mapped
to the y-quantum area measure corresponding to a particular type of v-LQG surface (C, h,0,00) called
a vy-quantum cone |27, Definition 4.9]. Note that here h is a variant of the GFF on C. The curve 7 is
mapped to a space-filling variantﬂ of SLE,, £ = 16/9? > 4 from oo to oo [63, Sections 1.2.3 and 4.3] which is
sampled independently from i and then parametrized in such a way that n(0) = 0 and the y-quantum area
wn(n([t1,t2])) is equal to ty — t1 for each ¢; < to. The correlation of the peanosphere Brownian motion is
given by — cos(my%/4) (for v < /2, this is proven in [43]). The two coordinates of this Brownian motion
give the net change in the quantum lengths of the left and right sides of 7 relative to time 0, respectively,
so are denoted by L; and R; for t € R. We write Z; = (L, R;) for the peanosphere Brownian motion. See
Section [2.1.2) and the references therein for more background on the above objects.

In this article, we will study a family of planar maps {G¢}¢so, called the LQG structure graphs(also called
mated-CRT maps) associated with the pair (h,7n), which we expect converges in the scaling limit in the
Gromov-Hausdorff sense (when equipped with their graph distances) to an LQG metric induced by h.

1Our & corresponds to the parameter ' in [27}/63].



The vertices of the structure graph G¢ are the elements of €¢Z. Two such vertices x1 and x5 are connected
by an edge if the corresponding cells n([z1 — €, x1]) and n([z2 — €, 22]) intersect along a non-trivial boundary
arc (i.e., a connected set with more than one point)E| Note that this means that x € €Z corresponds to the
time interval [z — €, x] for . See Figure 1| for an illustration of the above definition.
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Figure 1: Left: the set ([0, T]) for some T' > 0, divided into cells n([x — €, z]) for « € (0,T].z (the black dots
are the points n(x)). Here k > 8, so the cells are homeomorphic to the disk. Middle: the restricted structure
graph G¢|(o, 7] (Definition is the graph whose vertex set is (0, 7).z, with x,y € (0,T].z connected by
an edge if and only if the corresponding cells share a non-trivial boundary arc. This graph has a natural
embedding into C, where each vertex is mapped to the corresponding cell. This embedded graph is shown in
red. Right: the structure graph without the underlying collection of cells.

Remark 1.1. Figure 2] left, illustrates segments of space-filling SLE in the two phases k > 8 and « € (4, 8).
If k > 8, then the cells n([z — €, x]) for « € €Z are each homeomorphic to the closed disk, and a.s. any two
cells which intersect do so along a non-trivial connected boundary arc. If k € (4, 8), however, the interiors of
the cells are not connected since these cells can have “bottlenecks”. Moreover, a.s. there exist x1,z9 € €Z
such that n([z1 — €, 21]) and n([z2 — €, x2]) intersect along a totally disconnected fractal set, but do not share
a non-trivial connected boundary arc. In this case the x; and x5 are not adjacent in G¢.

The peanoshpere construction of [27] implies that a.s. G¢ can equivalently be defined as the graph with
vertex set €Z, with z1,x9 € €Z with x1 < zo are connected by an edge if and only if either

( inf LS) \Y, < inf LS> < inf. Lg or
s€[z1—e,x1] s€E[ra—e€,x2] s€[z1,x2—€]

( inf RS> Vv ( inf RS) < inf R, (1.3)
s€[z1—e,x1] SE[za—e€,x2] s€lz1,x2—€]

See Figure [2] right, for an illustration of this adjacency condition. We note that Brownian scaling shows that
the law of G¢ (as a graph) does not depend on €, but it is convenient to view the family of graphs {G¢}.~0 as
being coupled together with the same Brownian motion.

The formula tells us that G is a discretization of the mating of the two continuum random trees
constructed from the Brownian motions L and R (which is the reason for the term “mated-CRT map”). In
particular, the LQG structure graphs can be defined using only Brownian motion, without any reference
to LQG or SLE. In fact, all of the arguments of this paper except for the ones in Section [3] can be phrased
entirely in terms of Brownian motion.

2Tt is easy to see that G€ is a planar map with the embedding given by mapping each vertex to the corresponding cell. In fact,
G¢ is a triangulation provided we draw two edges instead of one between the cells n([z1 — €, z1]) and n([z2 — €, x2]) whenever
|x1 — xz2| > € and these cells intersect along a non-trivial arc of each of their left and right boundaries (equivalently, both
conditions in (1.3)) hold); see, the introduction of [41] for more details. In this paper we only care about graph distances in G¢,
so these facts will not be relevant for us.
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Figure 2: Left: Typical segments of the space-filling SLE,, curve n in the case when x > 8 and the case
when k € (4,8). For k > 8, the interior of the segment is simply connected and its complement is connected,
but neither of these statements hold for x € (4, 8). The “exterior” self-intersections of the outer boundary
of n([a,b]) in the case x € (4,8) (which separate connected components of C \ n([a,b])) do not correspond
to intersections along a non-trivial connected boundary arcs, so do not give rise to edges of G¢. Right: A
geometric interpretation of the adjacency condition . Suppose we draw the graph of L (red) and the
graph of C' — R (blue) for some large constant C' > 0 chosen so that the parts of the graphs over some time
interval of interest do not intersect. Each vertex = € €Z of G¢ corresponds to a vertical strip between the
graphs (orange). Vertices x1, x5 € 7 are connected by an edge if and only if the corresponding strips are
connected by a horizontal line segment which lies under the graph of L or above the graph of C' — R (this is
equivalent to ) One such segment is shown in green in the figure for each pair of strips for which this
latter condition holds.

1.3 Structure graphs and distances in LQG
One of the main reasons for our interest in the graphs G¢ is the following conjecture.

Conjecture 1.2. The appropriately normalized graph distances in the graphs G¢ converge in the scaling limit
to a metric on v-LQG. This metric is the scaling limit in the Gromov-Hausdorff topology of any random
planar map model which converges to SLE-decorated v-LQG in the peanosphere sense, including those studied
in . In the case when v = /8/3, the limiting metric coincides with the one in @ (which is
itself isometric to the Brownian map @/) Furthermore, the random walk on G¢ converges in the scaling
limit to Liouville Brownian motion on the limiting LQG surface.

The recent work shows that random walk on G¢ converges to Brownian motion modulo time
parametrization, which partially resolves the last part of Conjecture [1.2

One a priori reason to expect that the LQG structure graphs should yield a metric on LQG in the
scaling limit comes from comparison to discrete models. Indeed, many natural combinatorial random planar
map models which belong to the 7-LQG universality class for some v € (0,2) can be encoded by means
of a two-dimensional random walk via a discrete analogue of the above encoding of the LQG structure
graph in terms of a correlated two-dimensional Brownian motion. Planar maps for which this is the case
include the uniform infinite planar triangulation (UIPT) \, | (v = 1/8/3) spanning tree-decorated planar
maps , \ (v = v/2), bipolar-oriented planar maps \\ (v = v/4/3), and Schnyder wood-decorated
planar maps [50] (v = 1). In the subsequent work , we use this relationship to transfer the estimates
proven here for LQG structure graphs to these discrete models (see also Section .

In Section 1.1], the structure graphs are suggested as a possible approach for constructing a metric
on LQG. These graphs can also be viewed as a potential approach to Question 13.1]—which asks for a
direct construction of a metric on the peanosphere—since they depend only on the Brownian motion Z.

In the present paper, we will prove non-trivial upper and lower bounds for the cardinality of a graph-
distance ball of radius n in G¢ (Theorem , which we expect should scale like n® o= where d, is the



dimension of 7-LQG. Hence our bounds can be interpreted as upper and lower bound for d,. As we will
explain in Section below, these bounds for d. are consistent with both the Watabiki prediction and
the estimates of |24] and sharper than what can be obtained from [6}{51] (although there is presently no direct
rigorous connection between our results and those of [6,/24,51]).

We also prove that there is an exponent x = x(y) > 0 such that the expected graph distance between two
typical vertices of the sub-graph of G¢ corresponding to the SLE segment 7([—1,1]) is of order e X*°<(1) and
the distance between two such vertices is extremely unlikely to be greater than e~ X+o<(1) (Theorems m
and .

Although ~v = \/% is special from the perspective of [55.[58},/59], none of our results are specific to the
case v = \/% We will, however, obtain stronger estimates than the ones in this paper for v = 1/8/3 (which
give, in particular, the correct exponent for the cardinality of a metric ball) in [35] by comparing G¢ to a
uniform random triangulation.

1.4 Basic notations

Here we record some basic notations which we will use throughout this paper.

Notation 1.3. For a < b € R and ¢ > 0, we define the discrete intervals [a,b].z = [a,b] N (¢Z) and
(a7 b)cZ = (a, b) N (CZ)

Notation 1.4. Ifa and b are two quantities, we write a < b (resp. a = b) if there is a constant C (independent
of the parameters of interest) such that a < Cb (resp. a > Cb). We write a <b if a b and a »= b.

Notation 1.5. If a and b are two quantities which depend on a parameter x, we write a = o,(b) (resp.
a = 0g4(b)) if a/b — 0 (resp. a/b remains bounded) as x — 0 (or as x — oo, depending on context). We
write a = 03°(b) if a = 0,(b®) for each s > 0 (resp. s <0) as x — 0 (resp. * — o). The regime we are
considering will be clear from the context.

Unless otherwise stated, all implicit constants in <, <, and > and O,(:) and o0, () errors involved in the
proof of a result are required to depend only on the auxiliary parameters that the implicit constants in the
statement of the result are allowed to depend on.

Remark 1.6. For ¢ — 0, we allow errors of the form o.(1) to be infinite for large values of €. In particular,
the statement “f(e) > e°(1)” for some function f : (0,00) — [0, 00) means that for each ¢ > 0, there exists
€0 > 0 such that for each € € (0, ¢g] we have f(e) > €.

We next introduce some notation concerning graphs.
Definition 1.7. For a graph G, we write V(G) for the set of vertices of G and £(G) for the set of edges of G.

Definition 1.8. Let G be a graph and let n € NU{oo}. A path of length n in G is a function P : [0, n]z — V(G)
for some n € N such that either P(i) = P(i — 1) or P(4) is connected to P(i — 1) by an edge in G for each
€ [1,n]z. We write |P| = n for the length of P.

Definition 1.9. For a graph G and vertices z,y € V(G), we write dist(z, y; G) for the graph distance from
Z to y in G, i.e. the infimum of the lengths of paths in G joining = to y. For a set V' C V(G), we write

diam(V; G) := sup dist(z,y; G).
z,yeVv

We abbreviate diam(G) := diam(V(G); G). For x € V(G) and r > 0, the ball of radius r centered at x in G is
B.(z;G) :={y € V(G) : dist(z,y; G) < r}.

For many of the statements in this paper, the choice of graph G in Definition will be important. Note
that if G’ is a subgraph of G, then dist(z, y; G') > dist(z, y; G) for each z,y € V(G).



1.5 Main results

Throughout this subsection we assume we are in the setting of Section so that {G}eso is the family of
LQG structure graphs constructed from an SLE,-decorated y-quantum cone for v € (0,2) and x = 16/ > 4.
We make frequent use of Definition Our first main result gives upper and lower bounds for the scaling
dimension of G¢.

Theorem 1.10. Let v € (0,2) and let

22
d_ - 7

C 4492 /16 411

For each uw > 0, there exists ¢ = c¢(u,v) > 0 such that

2
and  dy =2+ % + V2. (1.4)

P < #B,(0;G") <n™ ] >1-0,(n™%) asn — oo,

where here B,,(0;G') is as the graph distance ball of radius n (Definition .

o1f

05 1.0 15 20 05 1.0 15 2.0

Figure 3: Left: graph of the upper and lower bounds d+ and d_ for the dimension d, of v-LQG (blue and
red, respectively) from Theorem along with Watabiki prediction for d (green), as functions of .
Right: graph of the lower and upper bounds for x (blue and dashed red, respectively) from Theorem m
and Remark respectively, along with the reciprocal of the Watabiki prediction (green), as a functions of
~. The reason the red line is dotted is that the upper bound for x is not proven rigorously; see Remark
The blue and green curves cross at (1/8/3,1/4) and the red and blue curves meet at (v/3,1/3). The “kink”
in the blue curve is located at approximately (1.56542,0.183854). Conjecture m states that there is a
v« € (V/2,1/8/3) such that y = 1/d, for v € (0,7]. These graphs are produced using Mathematica.

See Figure [3] left panel, for a graph of the bounds appearing in Theorem [T.10] By Brownian scaling, the
laws of the graphs G! and G¢ for € > 0 agree, so the statement of Theorem also true with G¢ in place
of G1.

By Conjecturewe expect that the graph distance of G¢ (appropriately re-scaled) is a good approximation
for the v-LQG metric when ¢ is small. Hence it should be the case that in fact #8,,(0;G¢) = ndrton(l) with
high probability, where d, is the dimension of v-LQG. Therefore Theorem @ can be interpreted as giving
upper and lower bounds for d., namely d_ < d, < dy. These bounds are consistent with the Watabiki
prediction . In the special case when v = /8/3, we know that d, = 4, so in this case we expect that
#B,(0;G') = n*+or(1) with high probability when n is large. This will be proven in [35] by comparing G to
a uniform triangulation.

Our next main result is the existence of an exponent for distances in the LQG structure graphs. More
precisely, we will consider distances in the sub-graphs of G¢ defined as follows.

Definition 1.11. For a set A C R, we write G¢|4 for the subgraph of G whose vertex set is €Z N A, with
two vertices connected by an edge if and only if they are connected by an edge in G°.



Theorem 1.12. For v € (0,2), the limit

- log E [diam(g6|(071])]

X = x(y) = lim log e T (1.5)
exists. Furthermore, we have
2 1 1 1
f\/(l—)<x< where £ = — = ———————— 1.6
~2 2 dy  2492/24 2y -

The exponent y will be proven to exist via a sub-additivity argument. The reason for the quantity 1—2/2
appearing in is as follows. In the case when v > /2, the left and right outer boundaries of 7/([0, 1])
touch each other to form “bottlenecks” (c.f. Figure[2). These bottlenecks correspond to simultaneous running
infima of L and R relative to time 0 (which a.s. do not exist for a non-positively correlated Brownian motion).
The dimension of the time set for Z such that this is the case is 1 — 2/9? [31], so we expect that there are

typically of order e~(1=2/7") cells n/ ([x — €, 2]) for & € €Z which intersect a bottleneck. Any path from € to 1
in g€|(0}1] must pass through each of these cells.

If we allow for paths between vertices of G¢[(g,1] which traverse vertices in all of G¢ (rather than just in
G¢(0,1)) then bottlenecks do not pose a problem. Hence we still expect that (in the notation of Definition [1.9)

diam (G°|0,1):G°) = e~ V/drtoe()  with high probability, (1.7)

where d, is the dimension of v-LQG; and that x = 1/d, when there are either few or no bottlenecks. There
are no bottlenecks for v < v/2, and according to the Watabiki prediction (I.2)), we have 1 Jdy <1 — 2/?
when v > 1/8/3. This leads to the following conjecture.

Conjecture 1.13. Let d, be the dimension of v-LQG. Then there exists v, € (V2,/8/3] such that for
v € (0,7« we have x =1/d,.

We do not have a prediction for the value of ~, in Conjecture [1.13

Remark 1.14. We expect that it is possible to prove using the same estimates used to prove the lower
bound in Theorem [1.10] plus some additional argument that in fact

1 2 4442 — /16 1 A 2
Xde<1—)= it} 6+ v(l—) (1.8)

2 272 2

where d_ is as in . However, the argument needed to deduce from the results in this paper requires
some rather technical estimates for SLE and LQG and we do not find it to be particularly illuminating.
Furthermore, we expect that if v, is as in Conjecture then for v € (0,x] the expected distance between
generic points in G¢ along paths which are allowed to traverse any vertex of G¢ (not just vertices in G|,1])

is of order e=X*+°<(1) Once this is known, (T.8)) for v € [0,7.] becomes a trivial consequence of the estimates
of this paper. We will say more about what is needed to prove (1.8)) in Remark See Figure [3] right panel,
for a graph of our upper and lower bounds for x.

Our next result estimates the probability that distances between vertices of G| 1) are of order e~xtoc(1),
We get an upper bound which holds except on an event of probability decaying faster than any power of €
and a lower bound which holds on an event of probability decaying slower than any power of e.

Theorem 1.15. Let v € (0,2) and let x be as in Theorem[1.13 There is a constant ¢ = c(vy) > 0 such that
P [diam (G| (0,1]) <€ X 7“] > 1 - O, (efcﬁ(loge—l)z) foru > 0. (1.9)

Furthermore, for s,t € [0,1] with s <t, let x5 (resp. x§) be the element of (0, 1]z closest to s (resp. t). Then

P [dist (25, 255 G%0,1)) > € ¥T] > e, (1.10)



Theorem implies that for each p > 0,

. IOgE[diam(ge|(O7l])p] — lim IOgE[dISt(xs7xt;g |(0 1]) ]

. 1.11
e—0 loge—1 e—0 loge™! R (L11)

Note that Theorem does not state that the diameter of G 1] is at least e Xxtoc(1) with uniformly
positive probability. We expect, but do not prove, that this holds with probability tending to 1 as e — 0.

Remark 1.16. The main difference between the estimates in this paper and the sorts of estimates which
would be needed to obtain a non-trivial subsequential limit of the rescaled structure graphs eXG¢| 1] in
the Gromov-Hausdorff topology is the presence of “e°<(M)” _type errors. Indeed, if we could replace “e=X~4”
with “C’e X” and “02°(e)” with “o (C)” in we would have tightness due to the Gromov compactness
criterion [16, Theorem 7.4.15]. If we could also replace “e” with “C~1” and “e°<(N” with “Coc(D)” in ,
then we Would get that any subsequential limit is a non-trivial metric space with positive probability. We do
not currently have a particular approach in mind for removing the €°(!) errors in our estimates for general -,
but we expect that it is possible to get non-trivial subsequential scaling limits in our setting for small values
of v by adapting the arguments of [21].

1.6 Related works
1.6.1 Liouville heat kernel

The papers @ study the Liouville heat kernel, i.e. the heat kernel of the Liouville Brownian motion .
As explained in [51], if one assumes a certain relationship between two exponents which the authors are
unable to verify, then the estimates of suggest that the dimension d., of y-LQG should satisfy

c@+y??
2(2 7)?

In @ a sharper upper bound is obtained which (subject to the same assumption about relationships between
exponents) suggests that d,, < 2(v+2)2. Our upper and lower bounds from Theorem are sharper (closer
to the Watabiki predlctlon) than the upper and lower bounds of @, for all v € (0,2). There are currently
no rigorous mathematical relationships between Theorem and the results of ﬂ§|, But, we conjecture
that the random walk on G¢ converges to Liouville Brownian motion, which will link the two approaches.

2+

2
g
L<d, 1.12
T (1.12)

1.6.2 Liouville first passage percolation

In addition to the structure graph, another natural approach to constructing a v-LQG metric is to consider
weighted graph distances on Z? where each z € Z? is assigned the weight ¢7"(*)_ for h a discrete GFF and
~ a positive constant. This weighted graph distance is sometimes called Liouville first passage percolation
(LFPP). Tt is natural to expect that LFPP converges in the scaling limit to the v-LQG metric induced by a
continuum GFF for ¥ = ~/d, (see, e.g., Footnote 1])E| LFPP and its variants are studied in [21}{26].
Here we highlight some aspects of this work which are most relevant to the topic of the present paper.

The paper [21] proves the existence of non-trivial subsequential scaling limits of LFPP (with respect to the
Gromov-Hausdorff topology) for very small values of 5. In a sense, the results of are orthogonal to the
results of the present paper, since the present paper focuses on existence and bounds for scaling exponents and
most of the results apply for all values of v € (0,2), but we do not prove existence of non-trivial subsequential
limiting metrics; whereas proves the existence of non-trivial subsequential limits for small values of 4 but
does not explicitly describe the scaling factors.

The work (c.t. ) shows that the expected distance between typical points for the Liouville first

~4/3
. .. . l—c2X— . .
passage percolation metric is at most a constant times N° “lee7~! with ¢ > 0 a universal constant for small

enough 7; and also proves similar upper bounds for related metrics defined using circle averages or balls

3The relation between 5 and + can be explained by observing that for a surface of dimension d~, rescaling areas by a constant
c should correspond to rescaling lengths by c!/4v | and we can obtain such a rescaling by replacing h by h 4+ v~ !logc and
h + (dy5) ! logc, respectively.



of fixed 3-LQG mass for a continuum GFF. As pointed out in [24], this estimate is inconsistent with the
Watabiki prediction ([1.2)) since it suggests that 2/d, <1 — % for small enough v whereas ([1.2]) implies
that 2/d, =1 — 07(72).

By contrast, our estimates are consistent with the Watabiki prediction for all v € (0,2). Even though
the estimates of are not consistent with the Watabiki prediction, said estimates are consistent with the

estimates of the present paper. In particular, our lower bound for x (which we expect to be equal to 1/d, at
least for v < v/2) in Theoreml 2| suggests that 2/d, > 1 — O,(v) as v — 0, which does not contradict the

upper bound 2/d, <1 — clogw
At present, there is no rigorous mathematical relationship between LEPP but we expect that it may be
possible to establish such a relationship. We plan to investigate this further in future work.

1.6.3 Other results for LQG structure graphs

The LQG structure graphs/mated-CRT maps G¢ are also studied in Section 10] (but not referred to as
such), where they are used to prove that the peanosphere Brownian motion Z a.s. determines the pair (h,n).

In , we use a strong coupling result for random walk and Brownian motion together with encodings
of random planar maps in terms of random walk to prove that graph distances in the structure graph G¢
are comparable (up to polylogarithmic factors) to graph distances in a class of other natural random planar
map models, including the uniform infinite planar triangulation and planar maps sampled with probability
proportional to the number of spanning trees, bipolar-orientations, or Schnyder woods they admit. This
allows us to transfer all of the results stated in Section [I.5 to these other random planar maps.

The paper shows that random walk on G¢ converges to Brownian motion modulo time parametrization,
which implies that the so-called Tutte embedding of G¢ (which, unlike the a priori embedding = — n(z) is an
explicit functional of the graph) is asymptotically the same as the a priori embedding. The papers
prove quantitative bounds for the simple random walk on G¢ and (via strong coupling) the aforementioned
other random planar map models.

1.7 Outline

Here we give a moderately detailed overview of the remainder of the paper. In Section [2] we will review the
definitions of LQG, space-filling SLE, and the peanosphere construction; and prove some basic facts about
the structure graphs and about correlated two-dimensional Brownian motion.

In Section [3] we will use estimates for SLE-decorated LQG to prove quantitative estimates for distances in
the 7-LQG structure graph, which will eventually lead to a proof of Theorem [I.10] These estimates are the
only arguments in this paper which require non-trivial facts about LQG and SLE. In particular, to prove the
upper bound in Theorem [1.10} we will prove bounds for the Euclidean diameter of structure graph cells and
thereby a lower bound for the minimal number of cells in a path in G¢ from 0 to the boundary of n([—1, 1]).
The lower bound in Theorem will be deduced from a KPZ-type formula (Proposition which gives us
an upper bound for the number of cells needed to cover a line segment.

In Sections @ and [} we will prove the existence of the limit y in for € restricted to powers of 2 using
a subadditivity argument. We will also show that the diameter of g2 |(0,1] is very unlikely to be larger than
2~ n(xton(1)) (Proposition. The key idea of the proof is that if we set D,, := diam(G? "|(o,1]) then E[D,]
is approximately sub-multiplicative in the sense E[D,,t.,] < E[D,]E[D,,] for a certain range of values of
n,m € N. This gives the existence of x due to a variant of Fekete’s subaddivity lemma (Lemma.

Roughly speaking, to prove the sub-multiplicativity relation for D,, we start with a path P in G2 " l(0,1]
of length |P| = D,, and divide each of the cells hit by P into 2™ sub-cells. Concatenating paths within each
of these sub-divided cells gives us a path in G2~ (0,1 whose length is at most the sum of D,, terms with
the same law as D,,. The estimates of Section [4] are needed to allow us to compare the conditional law of the
sub-divided cells given G 7n| 0,1] to their unconditional law.

In Section [6] we will deduce Theorems [I.12] and [I.15] from the results of Section [f]

Appendix [A] contains the proofs of some techmcal lemmas.
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2 Preliminaries

2.1 Backgound on LQG and SLE

In this subsection we give a brief review of some basic properties of Liouville quantum gravity, space-filling
SLE, and the peanosphere construction. Although these objects are the main motivation of this work, their
non-trivial properties will only be used explicitly in Section [3] The proofs in the other sections can be phrased
in terms of Brownian motion by means of the peanosphere construction. We refer to the cited references for
further background.

2.1.1 Liouville quantum gravity

Fix v € (0,2). A ~-Liowville quantum gravity (LQG) surface, as defined in [27,[29,56L|72] is an equivalence
class of pairs (D, h) where D C C is a simply connected domain and h is a distribution on D (typically some
variant of the Gaussian free field on D [60,/63,/70-72]). Two such pairs (5,71) and (D, h) are declared to be
equivalent if there is a conformal map ¢ : D — D such that

h=hoe+Qlog|¢/|, for Q=

N[

. (2.1)

=N
+

As shown in [29], an LQG surface comes equipped with a natural volume measure uj;, which is a limit of
regularized versions of €?*(*) dz and is invariant under coordinate changes of the form . That is, if h and
h are related as in then a.s. p4(¢(A)) = pz (A) for each Borel set A C D [29, Proposition 2.1]. Similarly,
an LQG surface has a natural length measure vy, which is defined on certain curves in D U dD |29, Section
6], including D and SLE,-type curves for k = 42 [29]. For k € N, one can define quantum surfaces with k
marked points (D, h,x1,...,x) for x1,...,zr € DUOD by requiring that the map ¢ in preserves the
marked points.

In this paper we will mostly be interested in a particular type of LQG surface called an a-quantum cone
for @ < @ (in fact we will almost always take & = ). This is an infinite-volume doubly-marked quantum
surface (C, h, 0, 00) introduced in |27, Section 4.3]. The distribution & is obtained from h® — alog| - |, where
h? is a whole-plane GFF, by “zooming in” near the origin.

The distribution & is called the embedding of the quantum surface into (C,0,00) and is not uniquely
determined by the equivalence class of (C, h,0,00). Indeed, by one obtains another embedding into
(€, 0, 00) by replacing h with h(p-)+Q log|p| for p € C. There is a natural choice of embedding for a quantum
cone called a circle average embedding, which is the embedding used in [27, Definition 4.9] and is defined as
follows. For r > 0, let h,.(0) be the circle average of h over 0B, (0) (as defined in [29 Section 3.1]). Then a
circle average embedding is one for which sup{r > 0 : h,(0) + Qlogr = 0} = 1 and h|p agrees in law with
(h® — alog| - |)|p, where h® is a whole-plane GFF with additive constant chosen so that its circle average
over 0D is 0. We note that if & is an arbitrary embedding into (C, 0, 00) of an a-quantum cone then there
exists a random p € € such that h(p-) + Qlog |p| is a circle average embedding of (C, h, 0, 00). The modulus
|p| is a deterministic function of h but arg p is not.

2.1.2 Space-filling SLE

For k > 4, a whole-plane space-filling SLE, from oo to oo is a variant of SLE, which fills all of C, even
in the case when x € (4,8) (so that ordinary SLE, does not fill space). This variant of SLE is defined
in [27, Footnote 9], using chordal versions of space-filling SLE constructed in [63, Sections 1.2.3 and 4.3].
We will not need many specific facts about space-filling SLE in this paper, since we will primarily study
the structure graphs from the Brownian motion (i.e., peanosphere) perspective. So, we only give a brief
description of this object here and refer the reader to the above cited papers for more details.
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In the case when k > 8, whole-plane space-filling SLE,, is just a two-sided version of chordal SLE,. In
the case when £ € (4, 8), whole-plane space-filling SLE,; is obtained by iteratively filling in the “bubbles”
disconnected from oo by a two-sided variant of chordal SLE, with SLE,-type curves. If z € C and 7, is the
(a.s. unique) time that 7 hits z, then the interface between n((—oo, 7,]) and 7([7,, 00)) is the union of two
coupled whole-plane SLE;4,,,(2 — 16/k) curves from z to oo ( [63, Theorem 1.1] and [27, Footnote 9]) which
intersect each other at points different from z if and only if x € (4,8). These curves comprise the left and
right outer boundaries of n((—oo, 7.]).

2.1.3 Peanosphere construction

Let v € (0,2) and let k = 16/v2. Let (C, h,0,00) be a y-quantum cone and let 1 be a whole-plane space-filling
SLE, independent from h. Suppose we parametrize ) by y-quantum area with respect to h, so that n(0) =0
and up(n([s,t])) =t — s for each s,t € R with s < t. For t > 0, let L, (resp. R;) be the net change in the
quantum length (with respect to h) of the left (resp. right) outer boundary of 7 relative to time 0. In other
words, L; is the quantum length of the set of points in the left outer boundary of n((—o0,t]) which do not
belong to the left outer boundary of n((—o0,0]) minus the quantum length of the set of points in the left
outer boundary of 7((—o0,0]) which do not belong to the left outer boundary of n((—o0,t]), and similarly
for R;. Then by [27, Theorem 1.13] there is a deterministic constant @ > 0 depending only on + such that
Zy := (L4, Rt) evolves as a correlated two-sided two-dimensional Brownian motion with

2
Var L; = Var Ry = oft| and Cov(L:, R:) = —« cos(?) [t|] VteR. (2.2)

It is shown in |27, Theorem 1.14] that Z a.s. determines (h,7), modulo rotation, but not in an explicit way.
However, one can explicitly describe many functionals of (h,n) in terms of Z. For example, 7 hits the left
(resp. right) outer boundary of n((—o0,0]) and subsequently covers up a boundary arc of non-zero quantum
length at time ¢ > 0 if and only if ¢ is a running infimum for L (resp. R) relative to time 0. Furthermore, if
t > 0 then the left and right outer boundaries of n((—o0, 0]) intersect at n(t) if and only if ¢ is a simultaneous
running infimum for L and R relative to time 0. Such simultaneous running infima occur if and only if Z is
positively correlated |74] which corresponds precisely to the case when k € (4, 8).

Figure [4] describes how to construct a topological space decorated by a space-filling curve from Z. This
object can be thought of as the structure graph with € = 0.

Definition 2.1. A peanosphere is a random pair (M, n) consisting of a topological space M and a parametrized
space-filling curve on M, constructed from a correlated two-dimensional Brownian motion in the manner

described in Figure

It follows from the above discussion that a y-quantum cone decorated by a whole-plane space-filling SLE,
is a canonical embedding of an infinite-volume peanosphere into C.

2.2 Basic properties of the structure graph

Throughout this subsection, we fix v € (0,2) and use the notation of Section[L.2} so in particular (C, h,0, 00) is
a y-quantum cone, 7 is a whole-plane space-filling SLE,; for x = 16/4? independent from « and parametrized
by wpp-length, Z = (L, R) is the correlated Brownian motion from |27, Theorem 1.13], and {G}.~( are the
associated e-structure graphs, with vertex set V(G¢) = €Z.

2.2.1 Boundary lengths

For a,b € R with a < b, the cell n([a, b]) has four natural marked boundary arcs, corresponding to the set
of points in 7n([a,b]) which lie on either the left or right outer boundary of either n((—oo, b]) or 7'([a, 0)).
We call these boundary arcs the lower left, lower right, upper left, and upper right boundary arcs. In terms
of the peanosphere Brownian motion Z = (L, R), the lower left (resp. right) boundary arc of n([a, b]) is the
image under 7 of the set of ¢ € [a,b] such that L (resp. R) attains a running infimum at time ¢ when running
forward from time a. Similarly, the upper left (resp. right) boundary arc of n([a,b]) is the image of the set of
t € [a,b] such that L (resp. R) attains a running infimum at time ¢ when running backward from time b.
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Figure 4: The peanosphere construction of [27] shows how to obtain a topological sphere by gluing together
two correlated Brownian excursions L, R: [0, 1] — [0, 00) (a similar construction works when L, R are two-
sided Brownian motions, see |27, Footnote 4]). We draw horizontal lines which lie entirely above the graph
of C'— L or entirely below the graph of R, in addition to vertical lines between the two graphs. We choose
C > 0 so large that the graphs of C'— L and R do not intersect. We then define an equivalence relation
by identifying points which lie on the same horizontal or vertical line segment. As explained in [27], it is
possible to check using Moore’s theorem [64] that the resulting object is a topological sphere decorated with
a space-filling path 7 where 7(t) for ¢ € [0, 1] is the equivalence class of (¢, R;). The pushforward of Lebesgue
measure on [0, 1] under 1 induces a measure p on the sphere which is non-atomic and assigns positive mass
to each open set. The curve 7 is parameterized so that u(n([s,t])) =t —sfor all 0 <s <t < 1. In [27], the
resulting structure is referred to as a peanosphere because the space-filling path 7 is the peano curve between
the continuum random trees [113] encoded by L and R. As explained in Section a y-quantum cone
decorated by an independent whole-plane space-filling SLE,, parametrized by quantum mass is an embedding
of the infinite-volume analog of the peanosphere into C. A finite-volume analogue of this statement appears
as [56, Theorem 1.1]. This figure together with a similar caption also appears in [34].

We will have occasion to consider four marked subsets of the vertex set of G| ) which correspond to
the four marked boundary arcs of n(]0,T]) discussed above. We emphasize that these four subsets are not
necessarily disjoint. See Figure [f] for an illustration.

Definition 2.2. For ¢ > 0 and an (open, closed, or half-open) interval I C R, we define the lower left
boundary of G¢|; to be the set QeLI of x € eZ N I such that the following is true. There is a y € €Z \ I with
y < x such that the left boundaries of n([z — €, z]) and n([y — €, y]) share a non-trivial arc. We define the
lower right boundary Qf‘[ in the same manner with “right” in place of “left”. We define the upper left and

upper right boundaries 551 and 5?[ similarly but with “y > 2” in place of “y < 2”7. We define
9.01:=0"TUdRI, 8.1:=0 TU8 I, 8.1:=9.I1Ud.I,
so that 9.1 is the set of all x € I N eZ such that z is adjacent to some element of €Z \ I in G°.

By (T.3), if 2 € €ZN T then = € d*T (resp. z € 55[) if and only if the Brownian motion L (resp. its time
reversal) attains a running infimum relative to the left (resp. right) endpoint of I at time x. The same holds
with “R” in place of “L”.

The following is a convenient way of encoding the LQG lengths of the four marked boundary arcs of
n([a, b)).

Definition 2.3. For an interval I = [a,b] C R and a path X : I — R, we define the initial displacement and
the final displacement of X over I by
. X .
Af =Xy — ;Iengs and A; =X — ;rng.

For the peanosphere Brownian motion Z = (L, R), we define the boundary length vector of Z over I by
A7 = (AF, BT AR ET) € (0,000,
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Figure 5: Left: The set n([a,b]) for a,b € R with a < b, divided into cells of quantum mass € to obtain the
structure graph G¢|(, 5. The lower left, lower right, upper left, and upper right boundary arcs of n([a, b])

are shown in red, blue, orange, and purple, respectively. The cells corresponding to vertices in Qf(a, bl,
9%(a, ), gf(a, b], and Ef(a, b] are indicated by red, blue, orange, and purple dots, respectively. The set
9 (a,b) = 9% (a,b] U3 (a,b] is the set of those vertices of G¢|(a,p) which are adjacent to vertices of G|(_ 4]

and O.(a,b] = 55 (a,b] U 5?(@ b] is the set of those vertices of G|(o 7 which are adjacent to vertices of
g€|[bm). Right: The corresponding Brownian motion picture. Times when L (resp. its time reversal) attains
a running infimum relative to time a (resp. b) are indicated with red (resp. orange) dots. The boundary arc
9% (a,b] (resp. 8% (a, b)) consists of those = € €Z for which the interval [z — €, z] contains one of these times.
Similar statements hold with R in place of L. The quantum lengths of the four marked boundary arcs of
n(a, b] are given by the four coordinates of the boundary length vector Ai’b], whose values are also indicated
in the figure.

The reason for the notation Af , etc., in Definition is that these quantities give the quantum lengths
of the four marked boundary arcs of the cell n(I) introduced above (this is immediate from the definition of
Z; see Section [2.1.3)). The main reason for our interest in the objects of Definition is the following lemma.

Lemma 2.4. Let I C R be an interval (possibly infinite or all of R) and € > 0. The graph G¢|; is measurable
with respect to the o-algebra generated by the boundary length vectors (in the notation of Deﬁnition

{Afv—e,x} tx € el I}‘ (2.3)
Proof. Let H be the o-algebra generated by the set (2.3]). We first observe that for each z1,z2 € €Z NI with
r1 < T9, we have

L . L ~L L
A[xl,xg] = - inf 7é[y—e,y] + Z (A[z—e,z] - A[z—s,z])
ye(z1,a2lez zE[x1+€,y—€lez
Consequently, A € ‘H. Similarly, Z{;lm], A[LMM], and Zfihm] are all H-measurable. On the other
b

2z,
hand, the condition (|1.3]) for 1,2 € €Z N I is equivalent to the condition that either

L
[QC] —6,%1]

AL > Z[I;fl,xg—s] and A[I;cl,wg—e] < Z (24)

=lra—exs]

or the same holds with R in place of L. Thus the event that x; and x5 are adjacent in G¢ is H-measurable,
and we conclude. O
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2.2.2 Comparison of distances

In this subsection we record some elementary observations which allow us to compare distances in the graphs
g5|(07T] for different values of € and T'.

Lemma 2.5. Suppose n € N, xg,21 € (0,1]a-»7, yo € {ro — 27" "L, 20}, and y; € {x1 — 27", 21}. Then

o.1)- (2.5)

—n— —n

ist(20,21;G% " |(0.1) < dist(yo, y1; ' 0.11) < 2dist(zg,21;G?
d G? 0,1] d G> (0,1]

In particular, diam(g2_n_l|(071]) stochastically dominates diam(G* | (o,1)) and for any s,t € [0,1] with s < t,
dist(27n—1[2ntlg]) 27—t |20t g2 |(0,1)) stochastically dominates dist(27" [2"+1s],27 |27t |; G2 " (g.11).-

Proof. Suppose P : [0,|P|]lz — (0,1]s-n-17 is a path in G " |( with P(1) = yo and P(|P|) = y;. For
i € [0,|P|)z, let P'(i) € (0,1]a-nyz be defined so that P(i) € {P’ ( ) 2771 P'(i)}. By the definition of
G2 " (PG —1) — 2771 P(i — 1)]) and n([P(i) — 27", P(i)]) are either equal or share a non-trivial
boundary arc for each i € [1,|P|]z, so also n([P'(i —1) — 27", P'(z —1)]) and n([P’(i) — 27", P'(i)]) are either
equal or share a non-trivial boundary arc for each such 7. It follows that P’ is a path in G2 " |(0,1) of length
at most |P| from g to x1, which gives the left inequality in ([2.5)).

For the right inequality, suppose P : [0, |P|]z — (0,1]3-»7z is a path in 927"|(071] with P(0) = z and
P(|P|) = z1. Let P'(0) = yo and let P'(1) € {zg — 271,20} be chosen so that n([P’(1) — 27", P'(1)])
shares a non-trivial boundary arc with n([P(1) — 27", P(1)]). For i € [1,|P|]z, inductively let P’(2i) €
{P(i) — 271 P(i)} be chosen so that n([P’(2i) — 27", P’(2i)]) shares a non-trivial boundary arc with
n([P'(2i — 1) — 271 P'(2i — 1)]) and let P'(2i + 1) € {P(i) — 271, P(i)} be chosen so that n([P’(2i +
1) —27n"1 P/(2i + 1)]) shares a non-trivial boundary arc with n([P(i + 1) — 27", P’(i+ 1)]) (unless i = |P|,
in which case we take P’(2i) = y1). Then P’ is a path in G2 l(0,1] from yo to y; with length 2|P|, and we
obtain the right inequality in . O

Lemma, allows us to compare the expected diameters of graphs of the form G¢| 71 whenever the
number of vertices T'/e is a non-negative integer power of 2. Our next lemma allows us to extend a weaker
form of this comparison to the case when 7'/e is not a power of 2.

Lemma 2.6. Suppose € > 0 and T > €. Let m := |logy(T/€)| and write |T/e| = Z?:l 2" where
ny,...,ng € [0,m]z with ny < --- < ng. Then we have the following two estimates:

B [diam (G°|(0,7))] <

M=

E [diam (QZ_% |(o,1})] <mE [diam (QQW |(o,1]>} ; (2.6)

1

<.
Il

M=

E[dist (e, | T/e]; 6|o.11)] < E{dist(rnj,1;g2*”f’\(071])} <mE [dist(rm,1;g2""’\(0,1])]. (2.7)

1

.
I

Proof. By scaling we can assume without loss of generality that e = 1. With nq,...,n; as in the statement
of the lemma, we can write (0,T]z = L]fle I;, where I, ..., I, are disjoint and each I; is the intersection of
Z with some interval and satisfies #I; = 2"7. By translation and scale invariance,

o

k
E [diam (G l0,17)] Z [diam g I,)] = ZE[diam(gT"j |(0,1]>}'
j=1

This proves the first inequality in 1) The second inequality follows from the stochastic domination
statement for diameters in Lemma [2.5| The estimate is proven similarly. O

2.3 Brownian motion estimates

In this subsection we record some miscellaneous elementary estimates for Brownian motion which we will
need several times in the remainder of this article. Throughout, we fix v € (0,2) and we let Z = (L, R) be a
correlated two-dimensional Brownian motion with variances a and covariance —a cos(my?/4), with a = a(7)
as in . We start with a basic continuity estimate.
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Lemma 2.7. There are constants a,cqg,c1 > 0, depending only on vy, such that the following is true. Let

o . 7 1/2 : o —an?
F, = { sup |ZS1 ZS2‘ < Tl(tQ tl) , th,tg S [O, 1] with to —t1 > 2 }, Vn € IN.

s1,82€[t1,t2]

Then P[F¢] < coe=™" .

Proof. This is a straightforward consequence of the Gaussian tail bound, the reflection principle, and a union
bound over all dyadic intervals of the form [(k — 1)27™,27™]y for m € [0,an?]z and k € [1,2™]z. O

Next, we extract an estimate from [74] for the probability of an “approximate 7/2-cone time” for Z. In
the next lemma, for a set A C C, we let B(A) C C be the set of points with Euclidean distance < € to A.

Lemma 2.8. Let T > 0 and 6,05 > 0 and set 6 := 6, ATY? and dp := g ATY2. Then

IP|: inf L; > —6p, inf Ry > —0gr| < T_2/72 (gL /\53)(311 \/SR)4/72_1 (28)
t€[0,T] t€[0,T]

with implicit constant depending only on ~y. Furthermore, suppose that A is the image of a smooth path
[0,1] — [0,00)? starting from 0 and ending at z € [0,00)%, and let € > 0. Then

P {Z([O,T]) C B(A), Z(T) € Be(2) | inf Ly >0y, inf Ry > —dp| =1 (2.9)

inf
t€[0,T) €[0,T]

with the implicit constant depending on A, €, T, and v but not 1, or dg.

Proof. The estimate follows from |74, Equation (4.3)] (applied with z = dy, 4+ idr) after applying a
linear transformation to Z to get an uncorrelated Brownian motion (c.f. the proof of |38 Lemma 2.2]).
The estimate follows from |74, Theorem 2] together with the analogous statements for unconditioned
Brownian motion and for Brownian motion conditioned to stay in a cone. O

We also have an estimate for the cardinality of the boundary of the graph G| 7}, as defined in
Definition [2.2] which is really just an estimate for Brownian motion.

Lemma 2.9. For T >0 and 0 < € < T, we have (in the notation of Definition|2.4) E[#0.(0,T]] < T'/2e¢=1/?
with implicit constant depending only on 7.

Proof. By symmetry, it suffices to show that IE {#55(0, T]} = TY2e=12 If x € (0,T —€]ez, then z € 55(0, T)
if and only if

inf (L; —L,)> inf (L;— L,). 2.10
tel[I;,T]( t ) tG[:lvrie,z]( t ) ( )

The random variables on the left and right sides of (2.10) are independent. By the reflection principle, the
random variable on the right has the law of —1 times the modulus of a centered Gaussian random variable
with variance ae. For each r > 0,

: _ N R ) _oa1/2
]P|:t€1[rzl,fT](Lt L) > T}A(T x) (T/\(T x) )

By combining these observations, we find that P [ac € Ef(O,T]] = (T —x)~'/2e"/? for all 2 € (0,T — €|ez.
Clearly, P [e |T/e| € 55(0, T]} = 1. We conclude by summing over all z € (0,7T].z. O

3 Quantitative distance bounds

In this section we will use space-filling SLE and LQG to prove estimates which will eventually lead to the
bounds in Theorem [1.10] as well as the lower bound for x in Theorem This is the only section of the
paper in which we directly use non-trivial facts about SLE and LQG; the rest of our arguments can be
formulated solely in terms of Brownian motion. Some of the more standard LQG estimates used in this
section are proven in Appendix [A]
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3.1 Upper bound for the cardinality of a ball

In this subsection we will prove the following lower bounds for distances in the LQG structure graph, which
will eventually lead to the upper bound in Theorem [I.10] and the lower bound for x in Theorem [T.12]

Proposition 3.1. Let & = (24+72/2+v/27)7! be as in (1.6). For eachu € (0,£_), there exists ¢ = c(u,7y) > 0
such that

PP [dist(0, 8. (—1,1];G°) > 6_§‘+“] >1—0(c%, (3.1)
with O as in Definition[2.9. Furthermore, it holds with probability tending to 1 as € — 0 that
dist (€, 1;G%|0.q]) > € & V=27 o (1), (3.2)
In particular,
E[diam(gﬂ(o,”)] > e—€-V(1=2/7")+oc (1) (3.3)

Proposition immediately implies the following corollary, which will be used in [35.[40].
Corollary 3.2. For each A > 0, there exists K = K(A,~) > 0 such that for each n € N,

P[B,(0;G") C [-n",n"]z] > 1 - 0n(n™*). (3.4)

Proof. Since G¢ 4 G! as graphs, (3.1) of Proposition implies that for m € N, P[B, ¢ -.(0;G') C
[-m,m]z] > 1 — O, (m~¢). We obtain (3.4) by choosing m = n where K > 0 is chosen large enough so
that nE-=%) > n and n=Kc < p=A. O

To prove Proposition [3.1] we will first use basic estimates for LQG to prove an upper bound for the
number of space-filling SLE cells n([z — €, z]cz) for x € ¢Z with at least a given Euclidean diameter which
are contained in a fixed Euclidean ball B,.(0) (Lemma. By considering the n largest cells contained in
B,.(0), this estimate will lead to a lower bound for the minimal number of cells in a path in G¢ from 0 to a
cell which lies outside of B,.(0). Since n([—1,1]) a.s. contains a Euclidean ball centered at the origin (and
one can estimate the radius of this ball) this will allow us to conclude Proposition The 1 —2/4% in
and comes from the fact that there are typically at least e~ (1=2/ 7*)+0:(1) cells of G¢ which intersect the
pinch points of n([—1, 1]) (recall Figure [2| right panel).

We note that the only properties of space-filling SLE,; used in the proof is |34, Proposition 3.4]—which
says that a segment of space-filling SLE, typically contains a Euclidean ball whose diameter is comparable (up
to an o(1) exponent) to the diameter of the segment—and [44, Proposition 6.2] (which is used in Lemma
to get a polynomial bound for the probability in ) Since these properties are true for every x > 4,
Proposition [3.1] remains true, with the same exponents, e.g., if we replace n by a space-filling SLE; for
K € (4,00) \ {16/42}, still sampled independently from h and then parametrized by v-LQG mass.

We now commence with the proof of Proposition [3.1] We first prove our estimate for the number of
structure graph cells having a given Euclidean diameter.

Lemma 3.3. Let h be the circle average embedding of a y-quantum cone in (C,0,00). Let n be a space-filling
SLE. from oo to oo in € sampled independently from h and then parametrized by ~y-quantum mass with
respect to h. For a > 0, let

) o (1 72>2 2
o — - —2—— o
22 2 )7 ! 2
f(o) = Al N (3.5)
2 — .
«, oz>4_i_72

For each a,u > 0, there exists ¢ = c(a,u) > 0 such that for each r € (0,1), it holds with probability at least
1 — O(€°) that the number of x € €Z such that n([z — €, z]) N B(0) # O and diamn([z — €, z]) > €* is at most

2
{O, o< GigE U
—fla)—u 2 __
e~ @) , a2(2+v)2 U.
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Proof. The idea of the proof is to first argue that each cell of G¢ which intersects B, (0) \ B;, (0) must contain
a Euclidean ball of radius slightly smaller than the diameter of the cell; then use Lemma with €® in place
of € to upper bound the number of such Euclidean balls with radius at least ¢*.

Step 1: comparing space-filling SLE cells to Euclidean balls. Fix ¢ € (0, (u A «)/100), to be chosen later. Also
fix v’ € (r,1). For « € €Z, let §, be the radius of the largest Euclidean ball contained in n([z — €, z]). Also let
zz be the center of this ball. We claim that with probability at least 1 — 02°(e),

1= A (diamn([z — €,2])) < 017C,  Va € Z with n([z — €,2]) N B, (0) # 0. (3.6)

To see this, let £ be the event that for each § € (0,¢¢] and each a,b € R with a < b, ([a,b]) C D, and
diamn([a,b]) > §17¢, the set n([a,b]) contains a Euclidean ball of radius at least 6. By [34, Proposition
3.4 and Remark 3.9], we have P[] = 1 — 02°(¢). By considering separately the values of x for which
diamn([z — €, 7]) > =9 and diamn([z — ¢, 7]) < €379 we find that for small enough € > 0 (depending
only on ), the relation holds whenever €. occurs.

Step 2: bounding the number of Euclidean balls with pp-mass at most . For a > 0 let D, be the set of
w € B,(0) N ($€*)Z*) with pp(Beaja(w)) < e. By Lemma (applied with €*/4 in place of € and with
p=1/a—2—~%/2>0) and a sum over O,(e2%) cells in the case when « < 2/(4 ++?); or the trivial bound
#DS, < O.(¢72%) in the case when o > 2/(4 +~?), we have E[#D¢] < e~ F(@)—o(1),

Since f is non-decreasing, piecewise continuously differentiable, and satisfies f(a) < 0 for o € (0,2/(2+7)?),
there exists b = b(7y) > 0 such that f(a) + ¢ <0 for a € (0,2/(2+7)? — b¢). By the Chebyshev inequality
and since #D5, is a non-negative integer (so equals 0 whenever it is < 1), we find that with probability at
least 1 — O (%),

a < ﬁ — ¢

#D6 < pay—ce
€ fle)=¢ 06(1)7 CKZ ﬁ—bc

(3.7)

Step 3: conclusion. Now suppose that holds and holds with «/(1 — () in place of «, which happens
with probability at least 1 — O(¢%). If z € €Z with n([z — €,2]) N B,.(0) # 0 and diamn([z — €,7]) > €,
then by and since ¢ < a, we have &, > ¢*/(1=%). Since pu(n([x — €,2])) = € by definition, there is a
w € Dy y ¢y With Bea/a-¢ j4(w) C Bs, (22). By (3-7), the number of such z is 0 if o/ (1—¢) < 2/(2+7)? = ¢
and is at most e~ /(=< if o /(1 — ¢) > 2/(2 +7)? — b¢, with the rate of the o¢(1) independent of e. We
now conclude by choosing ¢ sufficiently small (depending on u); and setting ¢ = ¢ for this choice of (. O

Proof of Proposition[3.1 Fix ¢ € (0,u) to be chosen later, in a manner depending only on w and 7. Also fix
r € (0,1). We will apply Lemma[3.3] to bound the number of cells of G¢ contained in B, (0) with ju,-mass in a
given interval, deduce from this a lower bound for the minimum length of a path in G¢ from 0 to a vertex
whose corresponding cell lies outside of B,.(0), then use this and a basic estimate for space-filling SLE to
obtain (3.1). The other estimates in the proposition statement will follow from and a lower bound for
the Hausdorfl dimension of the times for Z corresponding to pinch points of n([—1, 1]).

Step 1: application of Lemma[3.3 Let

2 2

JE — < e < _
(=m an 1+ 2

(2+7)? e

be a partition of {ﬁ -, ﬁ + C} with ay — ap—1 < ¢ for each k € [1, N]z. For k € [1, N]z, let Af, be

the set of z € €Z with n([z — €, 2]) N B, (0) # § and e* < diamn([z — €, 2]) < -1, Also let A§ be the set
of x € €Z with n([z — €, 2]) N B,(0) # 0 and diamn([z — €, z]) > €*°. By Lemma [3.3] applied with ay, in place
of « for each k € [0, N]z, it holds except on an event of probability decaying faster than some positive power
of e (the power depends on v and ¢) that

A5 =0 and #A; < e fetocd) v e 1 Ny (3.8)

where here f(-) is as in (3.5]) and the o¢(1) error is independent of e.
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Step 2: bounding the G°-distance from 0 to 9B,(0). The condition (3.8]) implies that the total Euclidean
diameter of the cells corresponding to elements of U?:o Aj satisfies

k
Z Z diamn([z — €,2]) < max e Fl@)raroc) v e [0, N]g. (3.9)
J=0 z€A], JEltKz

For £_ as in the proposition statement, we have —f(a) + a > 0 for a < £_. Consequently, if we choose
sufficiently small (depending only on u and «y) then right side of the inequality in is smaller than r/2 for
sufficiently small ¢ provided oy < & —u/2.

If holds and P is a path in G¢ from 0 to some y € €Z with n([y — €,y]) € C\ B,.(0), then we can
find distinct y1, ..., Yy, € €Z each of which is hit by P and satisfies n([y; — €, y;]) N B-(0) # (0 such that

Zdiamn([yi —&yi]) > and  diam7([y; — €, v;]) < -2 Vi e [1,n]z.
i=1

N3

Therefore, |P| > n = ¢ ¢~ 1%/2, Hence, except on an event of probability decaying faster than some positive
power of e,

dist(0,4;G¢) > e T2 Wy € €Z with n([y — €,y]) € C\ B,(0). (3.10)

Step 3: bounding the G*-distance from 0 to 0.(—1,1]. To transfer from to a bound for the distance from
0 to O.(—1,1], we use Lemma to get that except on an event of probability decaying faster than some
positive, ¢, y-dependent power of €, D C n([—€~¢,€e¢]). By this and , it holds except on an event of
probability decaying faster than some positive power of € that dist(0,d.(—e ¢, e ¢]; G¢) > e~ ¢-+%/2 which
by scale invariance (i.e., the fact that the law of G¢ does not depend on €) implies upon choosing ¢
sufficiently small, depending on u and ~.

Step 4: contribution of the pinch points. To prove , let 7 be the set of times ¢ > 0 at which L and
R attain a simultaneous running infimum relative to time 0. Let Y© be the set of x € (0, 1]z for which
(x—e€,2)NT # 0. It is easy to see that the Hausdorff dimension of 7 N[0, 1] has the same law as the Hausdorff
dimension of the set of 7/2-cone times of Z. If we apply a linear transformation which takes Z to a pair
of independent Brownian motion, then a w/2-cone time for Z is the same as a 6-cone time for this pair of
independent Brownian motions for § = 7y2/4. Hence, we can deduce from [31, Theorem 1] that the Hausdorff
dimension of 7 N[0, 1] is a.s. equal to (1 —2/4%) v 0. Consequently, it holds with probability tending to
1 as € — oo that the number of intervals of length ¢ needed to cover 7 N [0, 1] is at least e (1=2/7)Fu 1y
particular,

lin%IP[#YG > e—“—?/ﬁﬂ —1

On the other hand, the adjacency condition (1.3|) implies that every path from 0 to 1 in G€|(g,;; must pass
through every element of Y (equivalently, removing an element of Y disconnects G¢|(g,1] into two pieces).
Hence with probability tending to 1 as € — 0,

dist(e, 1§g6‘(0,1]) > e~ (1=2/7")+o0c (1)

Combining this with (3.1]) yields (3.2)) and hence also (3.3). O

3.2 Lower bound for the cardinality of a ball

In this subsection we will prove the following estimate, which implies the lower bound in Theorem [1.10

Proposition 3.4. Let d_ be as in (1.4]). There exists p = p(y) > 0 such that for each u € (0,1), each € > 0,
and each n € N,

P[#8,(0;G°) > n?""] > 1 — 0, (n"*"). (3.11)
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Note that by Brownian scaling, the left side of does not depend on e.

Throughout this subsection we assume that (C, h,0,00) is a y-quantum cone, with the circle average
embedding (Section , 1 is a whole-plane space-filling SLE, independent from h, parametrized by
~v-quantum mass with respect to h, and G€¢ is constructed from (h,n) as in Section

The main idea of the proof of Proposition [3.4]is to prove an upper bound for the number of cells of the
form n([y — €,y]) needed to cover the line segment from 0 to a typical point of the form n(z) for = € €Z
which is contained in ID. This yields an upper bound for the G¢-graph distance from x to the origin, which in
particular implies that z is with high probability contained in B,,(0; G¢) for an appropriate value of n.

Our upper bound for the number of cells needed to cover a line segment will be deduced from a variant of
the KPZ formula [29/46] which gives an upper bound for the number of e-mass segments of 1 needed to cover
a general set X C C which is independent from h (but not necessarily from 7). The proof of the following
proposition is given in Appendix

Proposition 3.5. Suppose we are in the setting described just above. Let X be a random subset of C which
is independent from h (but not necessarily independent from n) and is a.s. contained in some deterministic
bounded subset D of C. For § > 0, let Ns be the number of Fuclidean squares of the form [z1 + 0] X [z2 + ]
for (21, z2) € 872 which intersect X. Suppose that the Euclidean expectation dimension

By = 1y 22BN

lim oS € [0,2] (3.12)

exists and let ci, € [0,1] be the unique non-negative solution of
2 2
- T\ U

Also define
Ne:=#{zceZ : n([x —e,z]) N X # 0} (3.14)

There is a constant ¢ = ¢(y, D) > 0 such that for each choice of X as above and each u > 0,
P [Ne > e*‘fv*“} <€ Ve >0 (3.15)

with the implicit constant independent from €.

We remark briefly on how Proposition |3.5| relates to other KPZ-type formulas in the literature. The
proposition is a variant of |29, Proposition 1.6] with the “quantum dimension” defined in terms of cells of G€
rather than dyadic squares with uj,-mass approximately €, and is a one-sided Minkowski dimension version
of [34, Theorem 1.1] (which concerns Hausdorff dimension instead of Minkowski dimension). This paper
will only use the one-sided bound of Proposition [3.5] but the complementary one sided-bound is proven
in (39} Section 4]. There are also a number of other KPZ-type results in the literature, some of which concern
Minkowski dimensions [74|9,/10,/12.{27-29}/39.(66].

The proof of Proposition is similar to the proof of |29, Proposition 1.6] but with an extra step—based on
regularity estimates for space-filling SLE segments from [34]—to transfer from dyadic squares to space-filling
SLE segments. To avoid interrupting the main argument, the proof is given in Appendix [A.2}

Returning now to the proof of Proposition , we note that d, = 1/d_ is the solution to the KPZ
equation when the Euclidean dimension dj is equal to 1. Hence if z,w € C are random points at
positive distance from 0 which are chosen in a manner which does not depend on h and X is a smooth path
from z to w, then Proposition [3.5] implies an upper bound for the number of cells in G¢ needed to cover X,
and hence an upper bound for the distance in G¢ between the cells containing z and w. However, we cannot
apply this statement directly with (0,n(x)) in place of (z,w) since h has a ~-log singularity at 0 and n(z) is
not sampled independently from h (because 7 is parametrized by quantum mass with respect to h). The
~-log singularity is not a serious issue, and can be overcome by a multi-scale argument (Lemma . Getting
around the fact that n(z) is not independent from h, however, will require a bit more work

4This is not the first work to apply KPZ-type results to a set which is not independent from h; the paper |7] proves a
KPZ-type relation for flow lines of a GFF (in the sense of [57}/60L/61},/63]), in which case the lack of independence is much more
serious and (unlike in our setting) the KPZ relation differs from the ordinary KPZ relation for independent sets.
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To get around the lack of independence, we will first apply Proposition with X equal to union of the
segment [0, 7] and the circle B,.(0) for fixed r € (0,1) to show that with high probability, the G*-distance
from 0 to any y € €Z for which 5([y — ¢,y]) intersects dB,(0) is at most ¢~ /4= +2<(1) (Lemmas [3.6] and [3.7).

If x € (0, €]ez for a small u > 0 and r € (0,1/2) is small, then the sets [0,7] UdB,(0) and [n(x),n(z) +
1/2] U 0By /2(n(x)) typically intersect, so if we could replace 0 with x in the preceding estimate we would
get an upper bound of e 1/4-+o<(1) for the G¢-graph distance between 0 and z. Proposition would then
follow from this, a union over all z € (0, €“].z, and the fact that the law of G¢ does not depend on e.

We know from [27, Lemma 9.3] that (h(-+n(x)),n(:) +n(x)) 4 (h,n) modulo rotation and scaling for each
fixed = € €Z (this rotation/scaling converts h(- +n(x)) into the circle average embedding of the corresponding
quantum cone; c.f. and the surrounding discussion). So, in order to apply the above estimate with z in
place of 0 we need to control the magnitude of this scaling factor. This is accomplished in Lemma [3.§ by
comparing the pip-masses of certain Euclidean balls. The reader may wish to consult the caption of Figure [f]
to see how all of the various lemmas in this subsection fit together.

We start by dealing with the 7-log singularity of h at 0 (note that we cannot ignore this log singularity
like we do in, e.g., the proof of Lemma[A]] since here we need an upper bound for the graph distance between
0 and another point).

Lemma 3.6. Let X be the line segment from 0 to some deterministic point of OD. There is a ¢ > 0 depending
only on v such that the following is true. For e € (0,1), let N€ be the number of cells of the form n([z — €, z])
for x € €Z needed to cover X (as in (3.14) ). Then for u € (0,1), we have

]P[NE > E—l/d,—u:| < Equ2

with the implicit constant depending only on v and u.

Proof. By |44, Proposition 6.2] and Lemma we can find @ > 0 and ¢; > 0 such that
P[Be (0) & n([—€,€])] = €. (3.16)

Hence we only need to cover X \ B (0). We do this using a multi-scale argument.

Let h® := h + vlog| - |, so that (since h is a circle average embedding) h%|p agrees in law with the
restriction to D of a whole-plane GFF. For r > 0, let h¢(0) be the circle average of h“ over dB,.(0). For
k € Ny, let

h¥ = hG(e k) — ylog| - | — hS . (0).

By the conformal invariance of the law of the whole-plane GFF (modulo additive constant) we have h*|p, 4 hip.
Let n* be given by e, parametrized by ju;x-mass instead of pj,-mass. Also let

X =XnN (Be—k(o) \Be—k—l(o)).
Let v > 0 (to be chosen later, depending on ) and let Ej be the event that the following is true.
L. [hS . (0)] < 2 log(e ™).

2. There exists a collection Zj, of at most e~ (}/d=+2)1+v) intervals of length at most %elﬂ; e
Usez, n"(I) covers Xo.

The random variable h , (0) is Gaussian with variance k [29, Section 3.1], so by the Gaussian tail bound and
Proposition [3.5
2
P[E;] 2 €Y, Vk €0, [loge *]]z

for appropriate g2 > 0 depending only on «y. Therefore,

Mlog =1
P| () B >1-ewto® (3.17)
k=0
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Now suppose that ﬂLﬁ%(ﬂ Ej occurs. By |29, Proposition 2.1], for each k € Ny and each A C ID we have

pns (A) = exp(7(Q — y)k — yhS 4 (0)) pn(e™FA), for Q= % n %

Note that we have a factor of @) — v instead of () due to the v-log singularity. In particular, if Fy occurs and
I € I}, then

1
5614-@ > len = (" (1)) > e'y(Q—v)kE—uuh(e—knk(I)).

Hence e #n*(I) C n(J) for an interval J C R with length at most . If we let Jj be the collection of all such
intervals J, then {J;c , n(J) covers e %Xy = X}. Therefore,

Mlog =]

X\Ba(0)c |J U n).

k=0 JETk

The total number of intervals in U,Lli%eia] Ji is at most (loge@)e~(1/d-F+)(1+v) Tf we take v = cu for an
appropriate ¢ = ¢(y) > 0, then this quantity is smaller than %eil/ d-=u for small enough e. Recalling (3.16)
and ([3.17)), we obtain the statement of the lemma with ¢ = min{qy, gac?}. O

Lemma 3.7. Fore >0, u >0, and r € (0,1), let E.(r) = E.(r,u) be the event that the following is true.
For each x € €Z such that n([x — €,z]) intersects [0,7] U dB,.(0), we have

dist(0, x; G°) < e Vd——u,
There exists ¢ > 0 depending only on 7 such that for each u > 0 and each r € (0,1/2],
P[E.(r)]] < ™
with the implicit constant depending only on v and u (not on r).

Proof. By Proposiztion [3:5 and a scaling argument as in the proof of Lemma [3.6} it holds except on an event
of probability €™ for o = qo(y) > 0 that the number of cells n([y — €, y]) for y € €Z needed to cover 9B, (0)
is at most %e’l/ d-=u_The lemma follows by combining this with Lemma O

We next want to use translation invariance to apply Lemma with n(z) for appropriate = € €Z in place
of 0 = 7(0). By [27, Lemma 9.3], if we set

(h',n") := (A(- + (), n(- +1) = n(t), VteR, (3.18)
then (h,n') agrees in law with (h,n) modulo rotation and scaling, i.e., there exists a random p; € C for
which .

(P*(p-) + Qlog |pil, o7 'n") = (Bym); (3.19)
here we recall that @ is as in ([2.1)). The parameter p; is determined by the requirement that h(p;-) +Q log |p¢|
is a circle average embedding of h' (as defined in Section [2.1.1). Since the statement of Lemma is only
proven for h, which is assumed to have the circle average embedding, we need some lemmas to control how

much At differs from a circle average embedding, i.e., we need to control p;. In particular, we will prove the
following lemma.

Lemma 3.8. Fort € R, define (h',n') as in (3.18) and p; as in (3.19). There exists a,q > 0 depending
only on ~y such that for each € € (0,1) and each u € (0,1),

P [1([0,€"]) C Beau (0) C By, (j2(n(x)), Yo € (0,6“lz] > 1 — O (7). (3.20)
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If Beau(0) C By, /2(n(x)), then every path in G¢ from x to a vertex whose corresponding cell intersects
Bi,,|/2(n(x)) must pass through a vertex whose corresponding cell intersects 0Bcau (0). This will allow us to
apply Lemma [3.7] with 7 = €**; and with (h*,n%) in place of (h,n) and r = 1/2 to deduce Proposition
(c.f. Figure [6).

Proof of Lemma[3.8 We will establish an upper bound for 1,(Byea (0)) and a lower bound for i, (B, /2(n(x)),
which together imply that the former ball cannot contain the latter ball and hence that Beau (0) C By, |/2(n(z))
provided |n(x)| < e**. This is done using some basic estimates for the LQG measure from Appendix

Let a > 0 to be chosen later and let 7. be the exit time of 7 from B (0). By [34, Lemma 3.6], except on
an event of probability 0% (e) it holds that 1([0,7.]) contains a Euclidean ball of radius at least €2*“. Note
that n([0, 7¢]) is independent from h. By [34, Lemma 3.12], if a is chosen sufficiently small (depending only
on «) than we can find ¢; > 0 such that the probability that this Euclidean ball has quantum mass smaller
than €” is < ¢2*". Hence with probability at least 1 — O (e11*"),

77([0, Eu]) C Béau (0) (321)
By Lemma we can find b, g2 > 0, depending only on +, such that with probability at least 1 — Oe(eqwz),
pin (Byeau (0)) < €%, (3.22)

By the definition (3.19) of p, and [29, Proposition 2.1], up=(B),,|/2(0)) = pn(B),,|/2(n(x))) has the same law
as pn(Bi1/2(0)). By Lemma and a union bound over all z € (0, €“].z, it holds with probability 1 — 02°(e)
that

,U,h(B|pI|/2(7]($))) > Gabu7 Vr € (O,GU}ez. (323)
Henceforth assume that (3.21), , and (3.23]) all hold, which happens with probability at least

1-— Oe(eq“2) for ¢ = g1 A 2. The relations (3.22)) and (3.23) immediately imply that By, |/2(n(z)) ¢ Bycau (0)
for each = € (0, €%]cz. Since we are also assuming that 7([0, €"]) C Beau(0), this together with the triangle
inequality shows that for each such z,

|pz|/2 > 4™ — ()] > 3" and hence Bau(0) C By, /2(n(z))-

Hence ((3.20]) holds. O

Proof of Proposition[3.} See Figure |§| for an illustration of the proof. For z € (0,€%].z, let (A", n") and
pz € € be as in (3.18) and (3.19), respectively. Let a > 0 be as in Lemma [3.8and let E be the event E(e**)
from Lemma [3.7] (with 7 = €**). Also let E? be the event E.(1/2) from Lemma with the re-scaled pair
(h*(pz-) + Qlog |pz|, pxn™) (which has the same law as (h,7n)) in place of (h,n), i.e.,

Bz = {dist(e, y; G°) < € V=, Wy € ¢ with n([y — €, y]) N By, 2(n(a)) # 0.
Suppose now that z € (0, €*].z and the event

B N E; 0 {n(x) € B (0) C By, a(n())} (3.24)

occurs. By definition of EZ, there is a path in G¢ of length at most e /4= from x to a vertex whose
corresponding cell intersects 9B, |/2(n(x)). Since Beau(0) C Bj,,|/2(n(x)) this path must pass through a
vertex of G¢ whose corresponding cell intersects 0B.au (0). By definition of E*, we thus have dist(0, z; G¢) <
26—1/d, —u

It follows from Lemmas and that there is a ¢ > 0 depending only on 7 such that for cach
x € (0, €]z, it holds with probability at least 1 — O(e?"") that the event (3.24) occurs, with the O.(e?"")

uniform over all x € (0, €*].z. Hence

P [dist(O,x; g < 2efl/dfu} >1—0(e7), Va e (0,6
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Figure 6: Illustration of the proof of Proposition [3.4f Lemma [3.7] implies that with high probability, the
Ge-distance from 0 to any cell which intersects the circle 9B.au(0), with a as in Lemma is at most
e~ 1/d-=u_ For z € ¢Z ball By, /2(n(x)) is mapped to Bj/3(0) when we re-scale as in to get a circle
average embedding of the y-quantum cone (C,h*,0,00). Hence Lemma also implies that with high
probability the G°-distance from z to any vertex whose corresponding cell intersects 9B, |/2(n(x)) is at most
e~1/d-=*_ Lemma |3.8|implies that if « € (0, €*].7, then with high probability n(z) € Beau (0) C By, |/2(n(z)),
with p, as in (3.19)). If this is the case, then every path in G¢ from x to a vertex whose corresponding
cell intersects Bj,,|/2(n(z)) must pass through 0B (0). We obtain an upper bound for dist(0, z; G¢) by
concatenating part of a path from z to a cell which intersects 9B, |/2(n(x)) with the reverse of a path from
0 to a cell which intersects 0B.au(0) (the concatenated path is shown in solid blue). Note that our proof
shows that we can take the paths to consist of line segments and arcs of the boundaries of the circles, but
this is not necessary for our conclusion.

By the Chebyshev inequality, with probability at least 1 — O,(e?%"), there are at least (1 — oc(1))e~ (1=

elements of €Z whose distance to 0 in G is at most 2¢~1/d-—u, )

Given n € N, choose € > 0 such that n = [2¢~/4-~"| so that € < n™ 7% . Then the preceding paragraph

implies that there is a pg = po() > 0 such that if u is chosen sufficiently small, then except on an event of
d_ (1—u)

probability at most On(n*pO“Q) there are at least (1 —o0,(1))n *=?-* elements = of €Z with dist(0, z; G¢) < n.

By scale invariance, the law of #8,(0; G¢) does not depend on €. The statement of the lemma for small
d_ (1—cu)

enough u follows by replacing u with cu where ¢ = c(v) is chosen so that (1 — o0, (1))n =" < n9-—" for
small enough u. The statement for general u € (0,1) follows by shrinking p. O

Proof of Theorem[I.10, The upper bound for #B,,(0;G') follows from (3.1) of Proposition and scale
invariance. The lower bound follows from Proposition O

Remark 3.9 (Upper bound for x). In this remark we describe what is needed to extract the upper bound
for the exponent y of Theorem described in Remark from the results of this subsection and the
other estimates in this paper.

We first note that if the lower bound of Theorem held for distances in G¢ rather than in G| 1
(which we expect to be the case for v € (0,7.], as defined in Conjecture then the upper bound for
x would follow from Proposition applied with X equal to a straight line, plus a similar (but easier)
argument to the one used to prove Proposition (3.4

In order to extract an upper bound for y using only the results of this paper, we would need to apply
Proposition to a set X which is contained in ([0, 7]) for an appropriate choice of time 7. We can reduce
to the case when 7 is a stopping time depending only on 7, viewed modulo parametrization, by similar
arguments to the ones used earlier in this subsection. Due to our strong upper bound for distances ( of
Theorem we only need to consider paths between points near 7(0) and 1(7), not between 7(0) and n(7)
themselves. Hence we would need an upper bound for the minimal Euclidean length of a curve X between
appropriate points of 7([0, 7]) which is contained in 7([0, 7]). We expect that such a bound can be proven
using SLE estimates, but we do not carry this out here.
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4 Expected diameter of a cell conditioned on its boundary lengths

Fix v € (0,2) and assume we are in the setting of Section In this section we will prove an estimate
which shows that the conditional expected diameter of G2 |(0,1] given a realization of the boundary length
vector A[%)l] (Definition with |A[%71]\ not too large is not too much larger than its unconditional expected
diameter (here and elsewhere | - | denotes the usual Euclidean norm). We note that conditioning on A[% 1 18

equivalent to conditioning on L1, R;, and the infima of each of L and R over [0, 1].

Proposition 4.1. Letn € N and let F,, be the reqularity event from Lemma. For eacha = (ay,ag,dr,aR) €
(0,00)* with \A[% iyl < n, we have

E[diam(@gwkul]) 1p, A(ZO_” = a} <n’E [diam 927n|(071]] (4.1)

with the implicit constant depending only on .

The reason why Proposition is useful is as follows. By Lemma , the graph G2 " l(0,1] is determined
by {Aé,yn 2 1 @ € (0,1]2-nz}. Hence for n,m € N, Proposition 4.1 allows us to estimate the conditional

expected diameter given {AZ t @ € (0,1]p-n7} of G | (4_g-ny) for @ € (0,1]p-n7. Such an

r—2""1
estimate will play a key role i[n the no}ext section (see in particular Lemma .

To prove Proposition 4.1} we will start in Section by proving an analogous estimate when we condition
on only Z; = (ZZZM] - A(LOJ],ZQH — A} 1)) instead of on the whole boundary length vector Af ) (which
amounts to working with a correlated Brownian bridge). In Section we will improve this to an estimate
where we condition on Z; and the event that the infimum of L (resp. R) on [0,1] is at least —by (resp. —bg)
for some by, br > 0, but not on the precise values of these infima. In Section we will conclude the proof
of Proposition The reason for going through these intermediate steps is that we have simple, explicit
formulas for quantities related to a Brownian bridge (e.g., the Radon-Nikodym derivative of an initial segment
with respect to the corresponding segment of an unconditioned Brownian motion) but we do not have such
nice formulas if we also condition on the exact values of the infima of the two coordinates of the bridge.

4.1 Conditioning on just the endpoints

In this subsection we will prove a weaker version of Proposition [4.1] in which we condition only on Z; =
—~L —~R . . s

(A — A(LO’I], A — ég),l]) instead of on A% 1j- In this case, the proof of the proposition amounts to an
elementary Radon-Nikodym calculation for a Brownian bridge.

Lemma 4.2. Let € > 0 and w € R?. Also let n € N such that 27" < e. Then

n

E[diam (G%|0.11) | 21 = w] < (1V \w|)2(1oge*1)218[diam(g2’ \(071])} (4.2)

with the implicit constant depending only on ~.

Proof. Let ¥ be the covariance matrix of Z. Then for each t1,t2 € [0, 1] with to—¢; = § > 0, the unconditional
density of Z;, — Z,, is given by
271
“ Z>) (4.3)

1 {
z exp( —
- 21V 6 det 2 xp< 20

where (-,-) denotes the Euclidean inner product on R2. Furthermore, by a straightforward Gaussian
calculation, the regular conditional law of Z;, — Z;, given {Z; = w} is bivariate Gaussian with mean Jw and
covariance matrix §(1 — §)%, i.e. the density of this regular conditional law with respect to Lebesgue measure

is given by
1 <z—(5w,2_1(z—§w)>>
- . 4.4

- zm/a(15)detzeXp< 26(1—9) (44)

The ratio of the above two densities gives the Radon-Nikodym derivative of the conditional law of Z;, — Z;,
given {Z; = w} with respect to its unconditional law. Since Z; = Zy, + (Zs, — Zt,) + (Z1 — Z4,) and
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the first and last summands are independent from {Z; — Z;, }4ct, +,], we infer that the conditional law of
{Zt — Zt, }eepty t0) given {Z) = w} depends only on Z;, — Z;,, so the Radon-Nikodym derivative of the
conditional law of {Z; — Zi, }1e[t, +,) given {Z; = w} with respect to its unconditional law is also given by
dividing by ([£.3). If § < 1/2, this Radon-Nikodym derivative is at most

2(z, 27 w) — (2,5712) — 6(w, L™ w)
2€Xp< 20 =) ) (4.5)

Let K > 1 be a constant (depending only on «y) such that
K7Yz2)? < (2,2712) < K|2)?, vz € R
By the Gaussian tail bound and the form of the density (4.4), we find that for C' > 0,

P [|Zt2 — 74| > (2KC8)Y? 4 §|w| | 2y = w] <e© (4.6)

with the implicit constant depending only on 5. Furthermore, whenever |z| < (2KC6§)Y/? + §|w|, the
quantity (4.5) is at most

(4.7)

K((2KC8)'? + 5|w|)|w|
Zexp( 21— ) >

Now suppose we are given € > 0 and w € R?. In the above estimates, take C' = loge~! and let t1,t5 € [0,1]
be chosen so that
§=ty—t; = (1V|w])*(loge ')~ (4.8)

Let E be the event that |Z;, — Z;,| < (2Kéloge ")'/2 + §lw|. By with this choice of C and §
we have P[E°|Z; =w] = e. By (L7), on E the Radon-Nikodym derivative of the conditional law of
{Zy — Zy, : t € [t1,t2]} given {Z; = w} with respect to its marginal law is at most a constant depending
only on K. The graph G|, +,) is determined by {Z; — Z;, : t € [t1,12]} and the diameter of this graph is at
most €~ 1. Hence for any § € (0,1/2],

E[diam (G|1, 1)) | Z1 = w] < E[diam (G |1, 1)) 1E | Z1 = w] + € '"P[E| Z1 = w)]

E|dia
]E[diam(g6 [07t2_t1])] <log eilE[diam<92_n|(071])}, (4.9)

PN

where in the last inequality we have used Lemmas and If we write (0,1] as the union of [§7!] <
(1V]wl|)?log e~ * intervals of length , then diam (G¢|(,1)) is at most the sum of the diameters of the restrictions
of G to these intervals. We obtain (4.2)) by summing (4.9) over all of the intervals in this union. O

4.2 Estimates for conditioned Brownian bridge

In this subsection we will prove an estimate which will serve as an intermediate step between Lemma [£.2] and
Proposition Namely, we will bound the conditional expected diameter of the structure graph over (0, 1]
when we condition on Z; and on lower bounds for the infima of L and R on [0, 1] (but not the precise values
of these infima). To state the estimate, we first need to discuss precisely what we mean by this conditioning.

Let b = (bL,bR) € R? with br,br > 0, and w = (’LUL,’LUR) € R? with wy, > —br, and wg > —bgr. Let
Z = (E, E) have the law of a correlated Brownian bridge from 0 to w in time 1 with the same variances and
covariances as Z (recall ), conditioned on the event that

inf L, >—b;, and inf R; > —bg. (4.10)
te[0,1] te[0,1]

If at least one of by, br,wr + by, or wr + bg is 0, then the event (4.12) has probability zero. However, one
can still make sense of the law of Z, and in each case that law of Z; for each ¢ € (0,1) is absolutely continuous
with respect to Lebesgue measure. In particular, we have the following.
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e In the case when by, and wy, + by, are non-zero but bg and wg + bg are possibly zero, the law of 7z
is that of a correlated two-dimensional Brownian bridge conditioned to stay in the upper half plane,
conditioned on the positive probability event that its first coordinate stays above —by,. This law can be
obtained by applying a linear transformation to a pair consisting of a one-dimensional Brownian bridge
and an independent one-dimensional Brownian bridge conditioned to stay positive, conditioned on a
certain positive probability event. A similar statement holds with “L” and “R” interchanged.

e In the case when by, and wg + br are non-zero but br and wyr, + by, are zero, the law of Z\[Oyl/Q] is that
of a correlated Brownian motion conditioned to stay in the upper half plane and conditioned on the
positive probability event that its first coordinate stays above —br,, weighted by a smooth function. The
conditional law of the time reversal of Z l[1/2,1] given A lj0,1/2] is that of a correlated Brownian bridge
conditioned to stay in the upper half plane. A similar statement holds with “L” and “R” interchanged.

e In the case when by, = br = 0 but wy, + by, and wr + br are non-zero, the law of 7 is that of a correlated
two-dimensional Brownian bridge conditioned to stay in the first quadrant. This law is rigorously
defined, e.g., in [42, Section 1.3.1] or [20], building on [74] (which constructs a correlated Brownian
motion conditioned to stay in the first quadrant). The same applies to the time reversal of Z in the
case when wy, + by, = wgr +br = 0 but by, and bg are non-zero.

e In the case when at least three of by, bgr, wr, + bz, and wg + br are zero, either 7 or its time reversal
has the law of a correlated Brownian 7/2-cone excursion conditioned to spend one unit of time in the
cone and exit at a particular point. See [56, Section 3] or [30] for more detail.

For € > 0, let G¢ be defined in the same manner as the structure graph G¢|(g,1] with 7 in place of Z|[g q).
For C' > |w|, define the regularity event

Fo = { sup | Zs — Zy| < c}. (4.11)

s,t€[0,1]
The main result of this subsection is the following lemma.

Lemma 4.3. For each choice of b, w, t1,ty as above, each C > |w|, each € > 0, and each n € N with 27" <,
we have

E[diam<g~€|[tht2]) ]1150} < (1V C)*(loge)?nE [diam(gw |(071])}
with the implicit constant depending only on ~.

For the proof of Lemma we need the following estimate for a slightly different conditioned Brownian
motion. The lemma will eventually allow us to compare Z |[t17t2] for 0 < t; < ta < 1 to a correlated Brownian
bridge with no additional conditioning, which will in turn allow us to apply Lemma

Lemma 4.4. Let b= (by,br) € R? with by, br > 0 and w = (wOL,y)R) € R? with wy, > —by, and wg > —bg.
Also let ty,t2 € (0,1) with 0 <ty —t1 <t1 A(1—t2). Let Z = (L, R) have the law of a Brownian bridge from
0 to w in time 1, with covariance matriz 3, conditioned on the event that

inf  L;>-by, and inf R, > —bp. (4.12)
te[0,t1]U[t2,1] te[0,t1]U[t2,1]
Let
E ;:{ inf Ly>—by, inf R, > —bR} :{ inf L;>—by, inf R, > —bR}. (4.13)
te(ts,tz] tE(t,t2] t€[0,1] t€[0,1]

There is a constant ¢c; > 0 depending only on v such that for any choice of byw,t1,ts as above, P [E} >c.
The reason for our interest in the objects of Lemma is that the conditional law of Z given E is the

same as the law of Z; and the conditional law of Z\[tl t5] given Z| [0,t1]Uftz,1] 1S that of a Brownian brldge.
These facts (applied for varying choices of t; and t2) will allow us to reduce Lemma |4.4] to Lemma
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Proof of Lemma[]7} Let 71 be the smallest ¢ € [0,¢,] for which Z, € [=bg, + t1/%,00) x [—bg + t1/%, 00) or
71 = t1 if no such ¢ exists. Also let 7 be the largest t € [to, 1] for which Z; € [~b + (1 — t2)1/2 00) X

[~br + (1 — t2)'/2,00). The regular conditional law of Z|[o,) given Z|j, 1) is that of a Brownian bridge
from 0 to Z;, in time ¢; conditioned to stay in [—by,c0) X [~bg,00). Such a Brownian bridge has uniformly
positive probability to enter [—br, + tl/ ,00) X [~br +t1/2, 00) before time ¢, so we can find p; > 0 depending

only on 7 such that P {7’1 <t| Z |[t171]} > p1. Similarly, we can find pa, > 0 depending only on 7 such that
Pl >t thl |[07t2]] > po. Then Pl < 1, 72 > ta] > p1p2. The regular conditional law of ZO|[TI,72] given

Z lj0,7,] and Z |ir,,1] is that of a correlated Brownian bridge from ZQT1 to ZDT2 conditioned on the event that it
stays in [—br,00) X [—bg,o0) on the time set [11,t1] U [t2, 72]. On the event {7 < ¢1} N {72 > t2}, the first
(resp. second) endpoint of this Brownian bridge lies at distance at least t}/ % (resp. (1 —t3)"/?) from the
boundary of [—bg,00) X [=bg,00). Since ta —t1 <11 A (1 — t2), it follows that

IP[ZO‘[thtﬂ C [—bL,OO) X [—bR,OO) |7'1 < t1, 70 > tz] > p3

for some p3 > 0 depending only on . The statement of the lemma follows. O

Proof of Lemma[.3 Let t1,ts € (0,1) with to —¢; < t; A (1 —t2). Let Z and FE be as in Lemmaw1th
b, w as in the lemma and our given choice of t1,ts. Also let gf be defined in the same manner as the structure
graph G¢|(o, 1 with Z in place of Zljp,1) and for C' > |w\2 let F be defined as in with Z in place of Z.

The law of Z is the same as the conditional law of Z given E, so by Lemma
E|diam (G, 1)) L, | = B|diam (G°u, ) L, | B] < B [diam (g 020 L (4.14)

with the implicit constant depending only on ~.

By the Markov property, for (21,22) € R? the conditional law of Z|[,51 t5) given {(Zt1 , Zfz) (21,22)} is
that of a Brownian bridge from z; to z5. By Lemma E and scale invariance, if |29 — 21| < C and n € N
with 27" <'¢, then

E [diam(g"fhmz}) Ui | (Zins Z2) = (21, zz)} < (1V O)2(log e 1)2E [diam(g‘f" \(071])}

with the implicit constant depending only on . On the other hand, if (Z,, Zy,) = (21, 22) and |25 — 21| > C,
then F does not occur, so the above conditional expectation is 0. By plugging this into (4.14)) and integrating
over (z1,22), we obtain

—n

E [diam(’g?hthm) 1 ﬁc} < (1V O)%(log e )2E [diam(cf

(071])} . (4.15)

To conclude, we write

dlam< ) Zdlam(g ll2—*,2- k+1]> —|—Zd1am(g li—2—r+11-2- k]) +1,

multiply by 15, then take expectations of both sides and apply (4.15) to bound the expectation of each
term on the right side. O

4.3 Proof of Proposition

Let t; (resp. tp) be the time at which L (resp. R) attains its infimum on the interval [0,1]. Also let
tr,tr €[0,1] with t; < tg and let r = (rz,rg) € R? with rp, > —a; and rg > —ap. Let E = E(a,tr,tr,7)
be the (zero-probability) event that

L; = tLv tR = tRu ZtL = (_QLu’rR)v ZlR = (TLv _QR)v and Zl = (aL _gLvaR _QR)
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See Figure |7| for an illustration. Note that £ C {A(ZO = a} and if A(ZO i = @ and ty, <tp, then the event
E occurs for some choice of t;,tg, and r. By symmetry between L and R it suffices to bound the regular

conditional expectation of diam (G2 " \(0’1]) given FE.

If we condition on £, then the regular conditional law of Z|jo,] is that of a Brownian bridge from 0 to
(—ap,rr) in time tz, conditioned to stay in [~ay, 00) X [~ag, o0); the regular conditional law of Z |, . is that
of a Brownian bridge from (—a;,r) to (rg, —ag) in time tg —t;, conditioned to stay in [—a;,, 00) X [—ag, 20);
and the regular conditional law of Z|j, ) is that of a Brownian bridge from (g, —ag) to (@r —ar,a@r —ag)
in time tg — t; conditioned to stay in [—a;,00) X [—ap,00).

The diameter of G2 " l(0,1) is at most the sum of the diameters of its restrictions to (0, tz], (tz, tr], and
(tg, 1]. If any of these intervals has length < 27", then the corresponding restriction has diameter either 0 or
1. On the other hand, if the event F;, of Lemma occurs and t;, > 27", then it must be the case that

sup  |Zs, — Zs,| < nt1L/2.

$1,82€[0,t1]
Similar statements hold for (t;,tg] and (tg, 1]. Hence if F},, occurs and we re-scale one of these three intervals
whose length is at least 27" to have unit length, the event F of (4.11]) occurs with C' = n and the restriction

of Z to this interval (appropriately re-scaled) in place of Z. By Lemma applied in each of the three
intervals, we obtain

E[diam (62 |0,y ) 15, | B| <0’ [diam (6% o). (4.16)
If we average (4.16]) over all choices of ty,tr, and r, we obtain (4.1)). O

Figure 7: The path Z|jo 1) conditioned on {A[ZO = a}, decomposed into three segments as in the proof of
Proposition If we condition on the event {A[ZO = a} as well as the times t* and t* which separate the

three segments and the values of Z(t") and Z(t#) then the conditional law of each segment is a conditioned
Brownian motion to which Lemma [4.3] applies.

5 Existence of an exponent via subadditivity

In this section we will prove the existence of the exponent x in Theorem when € is restricted to powers
of 2. We will also prove a concentration estimate which says that the diameter of G2 " l(0,1) is very unlikely
to be too much larger than its expected value, which will be used to prove Theorem Throughout this
section, we fix vy € (0,2) and for n € N we write

Dy, = diam(QTn |(071]). (5.1)
The first main result of this section is a version of Theorem [1.12| with e restricted to powers of 2, which

will be proven via a subadditivity argument.
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Proposition 5.1. The limit
. logy IE[D,,]
x = lim —==——

n— o0 n

eev(e-2)

Our other main result is a concentration inequality which says that D, is at most 20xton(1)n with
overwhelming probability.

exists and (with £_ as in (1.6) ) we have

Proposition 5.2. Let x be as in Proposition|5.1. There is a constant ¢ > 0 depending only on 7y such that
for each u € (0,1) and each n € N, we have

P [Dn > 2(X+“)"} < exp(—cu’n?) (5.2)
with the implicit constant depending only on w and ~y. In particular,

n

P
lim log, E[DF]

n—oo

<xp, Yp>0. (5.3)

To prove Proposition we start in Section by stating a variant of Fekete’s subadditivity lemma for
a sequence of non-negative real numbers {a, },cn where the subadditivity relation is only required to hold
for m < An (for A € (0,1) a fixed constant) but a,, is required to be sub-linear. The proof of this lemma is
elementary, and is given in Appendix

In Section [5.2] we prove a concentration estimate which says that for m,n € N with m sufficiently
small relative to n, the distance between any two vertices of G2 |(0,1] is unlikely to differ too much from

its conditional expectation given {A[iﬂ,n s P TE (0,1]5-n7} (which determines G2 l(0,1)- This lemma

implies in particular that we can choose a pair of vertices of G2~ l(0,1) whose distance is likely to be close
t0 Dyt in a manner which is measurable with respect to {A[Zx_Q,n,x] : 2 € (0,1]5-n7}. In Section
we will show (using the estimate of Section that the sequence a,, = log, E[D,,] satisfies the hypotheses
of the subaddivity lemma of Section [5.1] and thereby prove Proposition In Section [5.4] we will deduce

Proposition [5.2] from Proposition [5.1] and the concentration estimate of Section [5.2

5.1 A variant of Fekete’s subadditivity lemma

One of the main inputs in the proof of Proposition [5.1]is the following variant of Fekete’s subadditivity lemma.

Lemma 5.3. Fiz A € (0,1), C >0, and p € (0,1). Let {an}nen be a sequence of non-negative real numbers
which satisfies the restricted subadditivity condition

ntm < Gp + am +CnP, Vn,m € N with n? <m < An (5.4)

plus the additional condition
an, < Cn, YneN. (5.5)

Then the limit lim, . a,/n exists and is finite.

The proof of Lemma [5.3]is elementary but takes a couple of pages so is given in Appendix The
main point of Lemma is that the subadditivity relation is only required to hold for n? < m < An.
Without this restriction, the lemma is an easy consequence of Fekete’s lemma and its generalization due to
de Bruijn-Erdés [19] (even without the hypothesis (5.5)).
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5.2 Conditioned concentration bound

For n € N, let
H™ = U(A[i,w’w] cx e (0, l]z—nz), (5.6)

so that, by Lemma the graph Q27n|(0,1] is H"-measurable. In this subsection we will prove the following

concentration bound, which says that distances in G2~

expected values given H".

(0,1 are unlikely to differ very much from their

Proposition 5.4. Let n,m € N and let H" be the o-algebra defined in (5.6)). Let yo,y1 € (0,1]3-n—mz be
chosen in a H™-measurable manner. Then for t > 0 we have

—n—m —n—m

IP[ |<0,1])|H””>t|H"}g2exp< ’52) (5.7)

S 23m+lp,

dist (yO, v1;G° |(0,1]) -E [diSt (yo, y1;G*

Remark 5.5. Proposition is needed for the proofs of both Proposition and The relevance
to Proposition [5.2] is clear. The relevance to Proposition [5.1] is that Proposition [5.4] allows us to choose
Y0, Y1 € (0,1]y-n-my in a H"-measurable manner in such a way that dist(yo,y1;G> (0,17) is likely to be

©.11) [ H"]).

g—n—m

close to Dy, (namely, we choose yg and y; so as to maximize E[dist(yo, y1;G

(0, 150z \ Vi

Figure 8: Left: The graph Gj_1 used in the proof of Proposition in the case when m = 1 (the case
for m > 2 is similar, but cells are subdivided into 2™, rather than 2, pieces). Vertices in V4 \ Vix—1 (which
correspond to green cells) are the elements of G2 (0,1 which have not yet been subdivided, but which lie at
minimal distance to yg in Gx_1 among all such cells. The graph G is obtained from Gj_; by subdividing
each of the green cells. Right: Illustration of the proof of Lemma Shown is the set ([0, 1]), without
all cell subdivisions shown explicitly. The graphs &! and &2 agree except with regard to how the cells in
the light green region are subdivided. Given a path P! from yy to y; in &! (solid purple and red lines) we
consider the last time ¢ that P! exits Vi \ Vix_1. By the definition of V. and since the cell of G2 "
containing P1(:) (shown in yellow) contains 2™ cells of G2~ " ", we can find a path P2 from yo to P!(c+ 1)
in 2 with length at most ¢ + 2™ (dotted purple line). We then concatenate this path with the part of P!
traced after time ¢ (red line).

Proposition will eventually be extracted from Azuma’s inequality. To this end, we first construct a
sequence of graphs G, which interpolate between G2 " and G> " and show that the conditional expectation
of dist (ym yi; 62"
the analogous information for G differ by at most 2™ (Lemma [5.6]). See Figure [§] left, for an illustration.

Fix n,m € N and yo,y1 € (0,1]3-n—mz as in the statement of Proposition Let zg, 21 € (0,1]3-ngz be
chosen so that yo € (xg — 27", 2g]a-n-—mz and y1 € (£1 — 27", Z1]|2-n-mz.

(0’1]) given (slightly more information than) Gy and its conditional expectation given
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Let Gy := g2’"|(0,1] and V; := {x0}. Inductively, suppose k € N and a graph Gi_; as well as a set
Vi C (0,1])3-nz have been defined. Let

Up:={z—j2" " : 2 €V je[0,2" =1z} C (0,1]-n-mz. (5.8)

Let G}, be the graph whose vertex set is ((0,1]a-n»z \ Vi) U Uy with adjacency defined as follows. If y,y' €
(0,1]9-n7 \ Vi (resp. y,y" € Uy), then y and ¢y are connected by an edge in Gy, if and only if they are connected
by an edge in G2 "|(o,1) (resp. G2 " "|0,1))- If y € (0,1]2-n7 \ Vi and ¢’ € Uy, then y and y' are connected
by an edge in Gy, if any only if the cells n([y — 27", y]) and n([y’ — 27"~ ™, y']) share a non-trivial boundary
arc. That is, Gy, is a hybrid of G2 "[(g,1) and G2 " " (1] where elements of (0,1]y-n7 \ Vj correspond to
intervals of length 27" and elements of Uy correspond to intervals of length 27"~™. Let

Vk+1 = Vk @] {LL‘ S (07 1]2—nZ \ Vk : diSt(yQ,{E; Gk) = diSt(yo, (0, 1]2—nZ \ Vk; Gk)} (59)
Let HE :=H", as in (5.6). For = € (0,1]3-n7, let

Ay = {Ag_(ﬁm_m_n,w_ﬂ_m_n] cxeVi, je0,2m— 1]Z} (5.10)

so that the random 2™*2-tuples A, are conditionally independent given Hj and together determine all of
the graphs Gy, (recall Lemma . Also let

pi=HiVo(Ay : z€Vy),

so that Gy, and Vi1 are ‘H}}-measurable.
Let e
Ki=inf{keN: Gy =6"" "o}
Note that G, = Gx = G2 " (01], for each k > K. The graph distance from yo to (0,1]-nz \ Vi in Gy
increases by at least 1 whenever k increases by 1. Consequently,

K < Dpi < 27D, (5.11)

For k > 0, let

—n—m

My, = E[dist (yo,yl; G? |(0,1]) |’H};L} (5.12)

Then M is a (H})-martingale (n fixed) and Mj, = dist (yo, i g27"7m|(0,1]) for k > K. The following lemma

is the main ingredient in the proof of Proposition
Lemma 5.6. For each k € N, we have My — My_1 < 2™.

For the proof of Lemma we recall that a realization of a random variable X is an element of the
support of the law of X. A realization of a c-algebra is a realization of a set of random variables which
generate it.

The idea of the proof is as follows. Suppose given £ € NN and condition on realizations of H}_,
and {A; : z € (0,1]a-nz \ Vi}. If we are given two different realizations of {A, : © € Vi \ Vik—1} (which
correspond to two different ways to subdivide the cells corresponding to elements of V},\ Vi_1 into 2™ pieces) we

—n—m

obtain two different possible realizations of G i and hence two different realizations of dist ( yo, y1; G

0,17 )-
We will argue that these two realizations differ by at most 2™, which will come from the fact that each cell of
G? " is divided into 2™ pieces. Averaging over all realizations of {A, : z € (0,1]y-ny \ Vi} will show that
changing the information in A} while leaving the information in H}_, fixed can change the value of M;, by
at most 2™, which will imply the statement of the lemma. We now proceed with the details.

Proof of Lemma[5.6. Let k € N. Throughout the proof we assume that we have conditioned on a realization
of H}_,, which determines realizations of H" and of V; and Vi_;. Let 2! and 22 be two realizations of

{Az s 2 € Vi \ Via} (5.13)
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which are compatible with our given realizations of H}_,. Note that H} is generated by H}_; and the
random vectors (5.13), so A and A% together with our given realization of HY , determine two possible
realizations of H}.
Let X be a realization of

{A; : 2 €(0,1]3-nz \ Vi} (5.14)
which is compatible with our given realizations of H}_ ;. The o-algebra H"*™ = H'. is generated by
HP _, and the random vectors (5.13) and (5.14). For i € {1,2}, let &' = & (A", X) be the realization of
GK _ 927’717’771
the corresponding realization of dist (yo, y1; 62" |(0’1]>.

The random vectors ([5.14)) are conditionally independent from H} given Hj}_,. Consequently, on the
event

|(0,1) which is determined by 2’, X, and our given realization of H}_,. Also let D(2’, X) be

{{Az Txr e Vk\Vk—l} :Q[i}

for i € {1,2}, the quantity M)}, is obtained by integrating D (2*, X) over all possible realizations X as above
with respect to the conditional law of {A, : = € (0,1]3-n7 \ Vi } given H}_,. Furthermore, this conditional
law does not depend on 2?. Therefore, to prove the lemma, it suffices to show that

DA, X) — DA%, X)| < 2. (5.15)

The proof of is entirely deterministic. See Figure [8) right, for an illustration. Let P*: [0, |P]] —
V(BL) = (0,1]3-n-mgz be a path in & from yg to y; (Definition . We will construct a path P? in &2 from
Yo to y1 whose length is at most [P!|+2™. If P! does not pass through Uy \ Uy_1 (defined as in (5.8)), then
since the restrictions of ! and &2 to (0,1]y-n-mz \ (Ux \ Ux—1) agree, we can just take P2 = P1. Hence we
can assume without loss of generality that P! passes through Uy \ Uy_1. Let

v:=sup{i € [0,|P"|]z : P'(i) € Uy \ Up—1}.

Then either « = |P!| or the cell n([P'(c + 1) — 27"=™ P1(, + 1)]) shares a non-trivial boundary arc with
n([xr — 27", z]) for some x € Uy. In the former case, we set § = P1(1) = y1. In the latter case, we can choose
y € Uy, which is adjacent to P(v+ 1) in &2,

Let & € Vj, be chosen so that § € (T—27",Z]g-n—mz. By the definition of V}, and since the restrictions
of 82 and G_1 to Uj_1 agree, we can choose §' € (T — 27", Z]o-n-my such that

dist (o, 7'; &%) = dist(yo, (0, L]y-nz \ Vi—1; 8?) = dist(yo, (0, 1]a-nz \ Vi—1; Gr1).
Since the restrictions of &' and G_; to U,_; agree, we have
dist (y07 fljla 62) = dist (y07 (Oa 1]2*"Z \ Vk—l; 61) <t

Since § and ¥’ both belong to (Z — 27", %]y-n-my, it follows that ¥ lies at &2-graph distance at most 2™
from 7. Consequently, we can find a path P? from Yo to ¥ in &2 of length at most ¢ + 2™. Let P? be the
concatenation of P? and Pl‘[L+17|P1H. Since P1|[L+1’|p1|] does not contain any vertex in Uy \ Ug_1, it follows
that P? is a path from yo to y; in &2 of length at most |P!| + 2™. By symmetry of &! and &2, we infer

that (5.15) holds. O

Proof of Proposition[5.]} By Lemma[5.6]and Azuma’s inequality, we infer that for ¢ > 0,
2
PHMQmDn _M0| >t|Hg] <26Xp( )

- 23m+1Dn

In light of (5.11)), this implies (5.7)). O
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5.3 Proof Proposition |5.1

In this subsection we will deduce Proposition by checking the hypotheses of Proposition with
an, = logy IE[D,,]. Throughout this section and the next, we define the event F,, for n € N as in Lemma
(recall that this event also appear in Proposition . For z,y € R with x < y, we let F,(z,y) be the event
that F), occurs with the re-scaled Brownian motion ¢ — (y — 2)~Y/%(Z;(y—4)1+2 — Z) in place of Z. We set

Fom= () Falz—27"2) (5.16)
2€(0,1],—ny

By Lemma [2.7] and the union bound, there exist universal constants co,¢; > 0 such that
P [ﬁgm} < cpem ™ (5.17)

Lemma 5.7. Let n,m € N. Let H" be the o-algebra from (5.6) and let l/*—’\mm be as in (5.16). Let
Y0,Y1 € (0,1]a-n-mg be chosen in a H™-measurable manner. Also let xo,x1 € (0, 1]5-n7 be chosen so that
Yo € (o — 27", 0] and y1 € (x1 — 27", 21]. Then

E{dist(yo’ Y13 gzinimko,”)]lﬁn)m |H"} < n°E[D,,] dist(xo,a:1; 927n|(o71]),
with the implicit constant depending only on .

Proof. Let P :[1,|P|]z — (0,1]3-n7 be a path in g2’”|(0,1} from z¢ to 1 with |P| = dist (mo,xl;gf”\(o,”»
chosen in some H™-measurable manner. Then

|P|
dist <y07y1;92 |(071])1ﬁn,m < Zdiam(QQ / /‘(P(i)72—n,P(i)])]]-F,,L(P(i)f2—",P(i))' (5.18)
i=1
The conditional law given H"™ of each of the restricted Brownian motions Z |( P(i)—2-n,p()] 18 the same as its
conditional law given A(ZP( =2, P(0)]" By Proposition and scale invariance, we find that the conditional
expectation given H" of each term in the sum on the right in (5.18) is < n°E[D,,]. O

We next transfer from the distance estimate of Lemma to a diameter estimate using Proposition
Lemma 5.8. For ¢ > 0, there are constants by,by > 0, depending only on  and vy, such that for n,m € N
with m < 267,

P [Dn+m > bn®B[Dy] Dy, + 267432 L2 |H"} < exp(—bp2X") (5.19)
and
E [Dnm]l & M| 2 WPE[D,D, + 2 8m/2 pl/2 (5.20)
with deterministic implicit constants depending only on ¢ and 7.

Proof. Proposition [5.4] and a union bound imply that there is a constant by > 0 depending only on ~ and ¢
such that the following is true. Except on an event of conditional probability < exp(—b022<”) given H", we
have

—n—m

S 2Cn+3m/2D1/2.

sup dist (yanlé G |(0,1]) - E{diSt(ZJOa3/1§g27n7m|(0,1]) |Hn}

Y0,Y1€(0,1]y—n—my4

By combining this with Lemma we find that it holds except on an event of conditional probability
= exp(—bo2%") given H" that either F,, occurs or

Dpim < sup E[dist (yo»yl§g2_n_m|(o,1]) IH”} + 2lnt3m/2pl/2
yUayle(Ovl]zfn—mZ

< byn®E[D,,|D,, + 26" +3m/2pL/2 (5.21)

for an appropriate constant b; > 0 as in the statement of the lemma. This immediately implies (5.19)). Since
Dy <27 < exp (bOQQC"), we can take the conditional expectations given H™ of both sides of (5.21)) to

obtain ([5.20)). O

33



The following lemma shows that log, D,, satisfies the restricted subadditivity condition in Lemma |5.3

2
reo,—— =) 5.22
( 8+6\@’y+372> ( )

For each n,m € N with n®/? < m < An, we have

Lemma 5.9. Fix

E[Dy1m] = n°E[D,,]E[D,]
with implicit constant depending only on A and 7.

Proof. By taking expectations of both sides of the estimate (5.20]) of Lemma we obtain that for each
¢>0,

E[Dysm] < n5E[Dm]E[Dy] + 267/2+3m/ 21E[D}/ 2} 4 ontmp {ﬁ;;,m]

< E[D,]E[D > a2 5.23
_[n][m]n+m~ (5.23)

Here we use that D,, 4, < 2"t™ < 1/IP[Z3,§7m] (recall (5.17) and the assumption that m > n?/?) and we apply
Jensen’s inequality to bring an exponent of 1/2 outside of the expectation.
To show that the last factor in (5.23)) is < n®, let a > 0 with

1
o<l —. 5.24
2+42/2 +/2y (5.24)
By the lower bounds for E[D,,] and E[D,,] from Proposition and (5.23)), for each ¢ > 0 we have
E[Dym] < E[Do]E[Dyi] (n5 + 2“*“/2)”“3/2*“)’"). (5.25)

If m < An and we choose ( sufficiently small and « sufficiently close to the right side of (5.24) then
(¢ —a/2)n+ (3/2 — a)m < 0, so the right side of (5.25) is < n°E[D,]E[D,,]. O

Proof of Proposition[5.1, By Lemma we find that the hypotheses of Lemma [5.9] are satisfied for A as
in (5.22), p = 2/3, a,, = logy E[D,,], and some C > 1. Consequently, Lemma [5.3] implies the existence of the
limit defining x. The lower bound for x is immediate from Proposition [3.1] O

5.4 Proof of Proposition

In this subsection we will deduce Proposition from the earlier results of this subsection. We continue
to use the notations (5.6)) and (5.16|). The basic idea of the proof is to iterate the estimate of Lemma
applied with suitably chosen values of n and m.

Proof of Proposition[5.4 Fix u € (0,1). Let A be the constant from (5.22)) and let

e u u
B I T+ 4 ATy 144d)
Also let k. = [(A()~! — 1] be the largest k € N for which
1—kC> (Wt vax e (5.26)

For each k € [0, k.]z, define
ng :=n—k|{n].

We will bound D, , in terms of D,,, and iterate to get a bound for D,,.
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By Proposition there exists a function ¢ : [0,00) — R with lim; .o t~*¢(t) = 0 for each o > 0 such
that
E[D,] = ¢(2")2X", VYn € N. (5.27)

By Lemma (and since ng < n) we can find constants by, b; > 0 depending only on ¢, A, and 7 such that
for each k € [1, k.]z, we have

P[ D, > Du (Bin® (225" 4220 DIL2) B ] < exp(—bo2¢(R0m) (5.28)

where here ﬁnk,LCn | is the regularity event from (5.16). By iterating the estimate (5.28) k. times we find that
the following is true. Let

k
E:={D,<D,[] (b1n5¢(2<”)2x<" + 22<”D;j1/2>, Vk € [1,k.]z
j=1

Then
ke o .
k=1
By (5.17) and the union bound,
k.
Pl ﬁnk,[CnJ] = exp(—cu’n?) (5.30)
k=1

for ¢ > 0 a constant depending only on v (here we recall that ¢ = u). Therefore, P[E°] < exp(—cu2n2).

We will complete the proof of ([5.2)) by showing that if E occurs and n is sufficiently large, then D,, < 20xtu)n,
Suppose to the contrary that E occurs and D,, > 2+ Let ko be the smallest k € [1, k, — 1]z for which
D,, > ox(1=kQn oy ko = k4 if no such k exists. By definition of E, we have

ko—l
Dy, < Dy, (bin®p(26)2¢" +2%7) ] (bm%(%”)z“” + 2<2<*X“*j<>/2>”)- (5.31)

j=1
By (5.26)), 22¢—x(1=3€)/2 < 1 for each j € [1, k4]z. From this and (5.31)), we infer that

ko—1

j=1
< ((by + 1)n)>F g(2¢)PheaxChot2n (5.32)

We have ((by + 1)n)%F+¢(2¢7)%k+ < 207(") (at a rate depending on ), so for large enough n,
D,, < 2(x¢ko+30n 1y (5.33)
n > Mg * .

If ko < ki, then Dy, < 2X(=kOn g0 by (£.33), D, < 20F30n < obctwn I gy = k,, then D, <
2(1=Cka)ntl < 9(CHCH for ¢ = (A~ V4x 1) so by and our choice of ¢ we have D,, < 2xH(C+HOn <
20xtun for Jarge enough n. Hence if n is chosen sufficiently large (depending only on () then on E we
have D,, < 2t 50 by our above estimate for P[E¢], holds. The moment bound is immediate
from and the fact that D,, <2™. O

6 General distance estimates

In this section we will prove some extensions of Propositions and which allow us to conclude
Theorems [T.12 and [[.15] Throughout, we let x be the exponent from Proposition [5.1}
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We start in Section by upgrading from Proposition to an estimate which gives a lower bound for the
expected G2 " |(0,1-distance between a fized pair of points in (0, 1]o-nz instead of just the expected diameter.
The proof is elementary and is based on Proposition together with the Payley-Zygmund inequality and
the triangle inequality. In Section we transfer from bounds for distances in G2 " to bounds for distances
in G¢ for possibly non-dyadic values of € using a slightly more sophisticated version of the arguments in
Section In Section we conclude the proofs of the aforementioned theorems.

6.1 Expected distance between uniformly random or fixed points

In this subsection we will transfer our diameter estimate Proposition to an estimate for expected distances
between particular pairs of vertices in G2 l0,1]-

Proposition 6.1. With x as in Proposition |5.1

lim logy E[Xn] _ X, (6.1)

n— oo n

where X, is either of the following two random variables.

. -n . . -n .
1. X, = dist (xg,a:’f;g2 |(071]) where z2 is chosen in some G* |(0,1)-measurable manner and x7 is

sampled uniformly from (0,1]y-ng, independently from g2’"\(071].

<o,11>-

Throughout this subsection, we define the diameter D,, as in . For the proof of Proposition we
will need several lemmas, which are all straightforward consequences of Propositions and from the
previous section. Our first lemma tells us in particular that the probability that D,, is smaller than its
expected value by more than an exponential factor decays slower than any exponential function.

2. X, = dist (2—", 162"

Lemma 6.2. Let {X,}nen be a sequence of random wvariables such that X, < D, a.s. and E[X,] =
20¢ton (W) For each u € N,

]P[Xn > 2(X*">"} > g=on(n) (6.2)
at a rate depending only the law of the X,,’s, u, and .

Proof. By the Payley-Zygmund inequality and since X,, < D,, a.s.,

P [Xn > ;E[Xn]] > B (6.3)

~ 4E(D?]
By (5.3) of Proposition E[D2] < 2-@x+on(1) 50 (6.2)) follows from (6.3 and our assumption on E[X,,]. [

Next we transfer the estimate of Proposition to an estimate for the size of metric balls in G2 l(0,1]-

Lemma 6.3. Let x be as in Proposition[5.1 and let ¢ € (0,x/2). Forn € N, let E,, = E,(C) be the event
that

m

#Bom (m;927n|(0,1]) > 2x+¢, Vx € (0,1]a-ng, Vm € [(n,n]z.

There is a constant ¢ > 0 depending only on v such that for n € N,
P[ES] = exp(—c(®n?)

with the implicit constant depending only on ¢ and 7.
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Proof. For r € [x(n —1,n|z and x € (0, 1]3-nz, let

n

E.(z):= {diam(gzin|(1_2,,.,”7r+2,,.,"]m[071}) < 2(X+<)T} and E, := ﬂ ﬂ E.(x).
r=[x¢n] xE(O,l]z,nZ

By Proposition and the union bound, we can find ¢ > 0 depending only on v such that IP[E;} =

exp(—c¢?n?), with the implicit constant depending only on ¢ and v. Now we will show that E, C E,.

Suppose that E,, occurs and we are given = € (0, 1]a-nz and m € [(n,nl]z. Set r := [m/(x — ¢)]. Since E,(z)
occurs, each element of (z — 27" x4+ 2" "]5-nz N (0, 1]y-nz lies at graph distance at most 2t < om

from 2 in G* "|(,1. Therefore,

#Ban (1,67 "|io,) 2 2" = 25 O

Proof of Proposition[6.1} It is clear that X,, < D,, for each of the two possible choices of X, in the statement
of the lemma, so for each such choice we only need to prove that the limit in (6.1)) is at least x. We treat the
two cases separately.

Case . Fix u,¢ € (0,x/2) and let E,, = E,({) be as in Lemma Suppose that {D,, > 2~ E,
occurs. Since {D,, > 2=} for any given choice of 2 € (0,1]y-ng, there is a yf € (0,1]y-ny with

—n

dist<$63y3;92 \(o,l]) > 2x-wn=1,

Let m := |(x — u)n| — 2. By the triangle inequality,

dist (xgay;QQ_n|(o,1]) > 20mn=2 1y € By (yS;QT"Im,u)-

—n

Since E,, occurs, there are at least 2/ (x+O—1 = on(x—u)/(x+C) elements of Bam (yg; G2

sampled uniformly from (0, 1]y-n7, we infer that

(0,1]). Since x7 is

P [diSt (.’Eg, {E?; g27n |(071]) Z 2(x—u)n—2 | QTTL |(0’1]:| ]l{DnZQ(x—u)n}ﬁEn i 2_(%_1)nl{Dn22(>€*“>"}ﬂEn (64)
with the implicit constant depending only on u, ¢, and v. By Lemmas [6.2 and [6.3] for sufficiently large n € N
we have

P [Dn > 9x—un, En] > 9—on(n),

Taking the expectation of both sides of now yields
E [dist (xg, xt; G " |(0,1])] > 2(X_“+%(<%_1_°"(1))".
We obtain the lower bound in for X,, = dist (3:8, s G " |(0’1]) by sending v — 0 and ¢ — 0.
Case @ By Lemmas and for each fixed z,y € (0, 1]3-nz, we have
IE[dist (:E,y; Q27n|(071]>} < lE[dist <x,y; g27"|(m7y]>] <nkE {dist (2_”, 1; g2*"|(0,1])}.

Therefore for a deterministic choice of zf{ € (0, 1]a-»7 and a uniformly random choice of 27 € (0, 1]3-ny we
have by case [I] that

—n 1 —n
E[dist(2*“,1;g2 |(0>1])} > ﬁE{dist(xg,x?;QQ |(0,1})} > 90xton()n,
This proves the lower bound in (6.1)) for X, = dist (2%, ;g2 " |(0,1]). 0
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6.2 Non-dyadic cell counts

In this subsection we will extend the results of Sections Bl and [6.1] to the case when the number of cells in the
structure graph we are considering may not be a power of 2. By Brownian scaling it suffices to consider a
general integer number of cells with unit mass.

Proposition 6.4. There is a constant ¢ > 0, depending only on 7y, such that for each u > 0 and each N € N,
P [diam (G'|(o,n7) > NXT*] < exp(—cu®(log N)?) (6.5)
with the implicit constant depending only on u and y. Furthermore, for each v > 0 and each N € N,
PP [dist(1, N; G'|(o,.n]) = NX7¥] > N—ov () (6.6)
at a rate depending only on u and 7.

Proof. We first deduce the upper bound from Proposition in a similar manner to the proof of
Lemma Let m := |log, N|. Choose ni,...,n; € [0,m]z withny <--- <ny and N = Zle 2", We can
write (0, Tz = |_|§=1 1;, where I,...,I; are disjoint and each I; is the intersection of Z with some interval
and satisfies #1; = 2%, Then diam(GY|(,n1) < Y5_; diam(GY|s,).

The random variables diam (Q 4 [].) are independent and by Lemma (along with translation and scale

invariance) each is stochastically dominated by a random variable with the same law as G " 0,17 We thus
obtain the estimate from Proposition and a union bound.

To prove (6.6)), fix ¢ € (0,1) and choose n € N such that 2" < N < 27*!. We will prove an upper bound
for dist(1,2L0F "J;gl|(0’2u1+<)n]]) in terms of dist(1, N;G*|(o,n1) by decomposing [1,2l3+O]] as a disjoint
union of intervals of length N plus a small error interval of length less than N, over which the diameter of
the structure graph is negligible.

Let k := | N~12L0+On] | and note that k > 2¢"~1. For j € [1, k]z, let

Xj = dlSt((] — 1)N + 1,jN;g1|((j_1)N,jN]).

Also let
Y = dist (KN, 21079 6 v s )

Then the random variables X1, ..., Xy are iid, each has the same law as dist(l7 N; Ql|(0’N]), and
k
dist (1,2105905 61 yiavem)) < DX+ Y. (6.7)
j=1

Let v € (0,u/2) be chosen so that (1+¢)(x —v) > (1 + (/2)x. By Proposition [6.1] and Lemma [6.2] for
each v > 0 it holds with probability at least 27°»(") that
dist (1, 2L(+¢)n] ; g1|(0,2L(1+<)nJ]) > 21+ x—v)n, (6.8)
Furthermore, by (6.5)) it holds with probability at least 1 — 05°(2™) that
y < 2(+¢/2)xn, (6.9)
By our choice of v, for large enough n the right side of is at least twice the right side of .
By (6.7)), for large enough N, whenever both and occur, there must exist j € [1,k]z such that
X; > E—120+0OG—v)n=1 By symmetry and the union bound, for each sufficiently large N,

P{Xl > 2<<1+<><va>f<>n71} > 9= (Cron(1)n,

Since v < u/2, sending ¢ to 0 yields (6.6]). O
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6.3 Proof of Theorems [1.12 and Theorem [L.15
We now conclude the proofs of Theorems [T.12] and

Proof of Theorem[1.12 By Proposition and scale invariance, IE[dieun(geko)1 ] — ¢xtoe(1)  There-
fore (|1.5)) holds. The lower bound for x follows from Proposition By Lemma [2.9| we have x < 1/2 (since
0(0,1]) contains a path from € to 1 in G¢[(g,1}).

Proof of Theorem[1.15 The estimate (1.9) follows from of Proposition In the case when s = 0 and
t = 1, the estimate follows from (6.6)). It remains to prove for general s,t € [0, 1] with s < ¢. To
this end, fix such an s and ¢ and let «§ ~ s and x§ ~ t be as in the theorem statement. We will prove (1.10)
by showing that G¢|(o,1) has “pinch points” at x§ and zf on an event of probability decaying slower than an
arbitrarily small power of ¢, in which case dist(z§, z§;G(0,1)) is close to dist(z§, z§; G (ze o5))-

Fix u,( > 0 and for € > 0, let E. be the event that the following is true.

1. dist(a:i,xi;gé

) > 2¢XxHC,

[wg,2f]

2. Let y< be the closest element of (0, 1]z to 2 + €% and let y§ be the closest element of (0, 1]z to z§ — €S.
Then diam(G¢|(¢ <)) and diam (G ) are each at most e~ (1=K,

[ys ]

3. In the notation of Definition each of A[Lx: Afig A[ and Zﬁ/i’rﬂ is at least $(1/2+0)

Tk el Sy es]s

By scale invariance and the case when s = 0 and ¢ = 1, the probability that condition [1| holds is at least €%<(1).
By (1.9), the probability that condition [2] fails to hold is of order 0%°(e). By standard estimates for Brownian
motion, the probability that condition [3[fails to hold decays polynomially as € — 0. Therefore, P[E,] > e%<(1).

Let F, be the event that each of the following four quantities is at most ¢$(1/2+<); Z[Lof}, Z[Rgvze], A[Lxm],
and Aﬁ’%,l}' By Lemma and the Markov property,

P[F. N E.] > 72 ¢(/2+0+o D) (6.10)

Suppose now that E. N F, occurs. By condition [3|in the definition of E,. and the definition of F,, the only
elements of [x€, =]z which are adjacent to an element of (0, z¢).z (resp. (zf, 1]ez) are those in [z€, Y|z (resp.
[yf, x§]ez). Furthermore, no element of (0, x¢).z is adjacent to an element of (zf, 1]¢z. By conditions [I| and
in the definition of E., the distance from (0,25)cz to (zf,1]ez in G%|(,1] is at least 2e7XF¢ — 2e(1=OK=¢)]
which is at least e 7X+¢ > ¢ =X+ for small enough €. Since ¢ can be made arbitrarily small, the estimate

follows from ([6.10)). O

A Proofs of some technical results

Here we collect the proofs of some technical results which are used in the main body of the paper, but whose
proofs are somewhat different in flavor than the main argument.

A.1 Basic estimates for the 7-LQG measure of a quantum cone

Here we record some basic estimates for the v-LQG measure associated with an a-quantum cone which are
used in Section [3| In practice, we will always take o = «y but it is no more difficult to treat the case of general
a € (0,Q]. We first have a basic lower bound for the v-LQG mass of a small ball centered at 0.

Lemma A.1. Let h be a whole-plane GFF, normalized so that its circle average over 9D is 0 or let a € (0, Q)]
and let h be a circle average embedding of a a-quantum cone in (C,0,00) (recall Section . Forr e (0,1)
and p > 0,

P | (Be(2)) < e2+72/2+ﬂ <ex2 W yie B(0), Vee(0,1) (A.1)

with the rate of convergence of the o.(1) depending only on p and r.
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Proof. If h is a whole-plane GFF on C, normalized so that its circle average over 9D is 0, then the restriction
of h—~log|-| to B1(0) agrees in law with the restriction to ID of the circle average embedding of a y-quantum
cone (see, e.g., the discussion just after Definition 4.9]). Adding the function —ylog| - | can only increase
the v-LQG measure of subsets of D, so it suffices to prove in the case when h is a whole-plane GFF.
Let h¢(-) be the circle average process for h. By Lemma 3.12] (c.f. Lemma 4.5]), for each u € (0, p)

we have 2
IP[Mh(BE<Z)) < 2+ /2+ue'yh€(z)} — 0(e).

Furthermore, h¢(z) is a centered Gaussian random variable with variance at most loge™! + O,(1) Section
3.1], so the Gaussian tail bound implies

(p—u)?

p_uloge} <e ?

P {he(@ <

The statement of the lemma follows upon sending u — 0. O
If we fix the radius of the ball, we obtain a stronger lower bound for the LQG measure.

Lemma A.2. Suppose we are in the setting of Lemma For each fized r € (0,1] and each € € (0,1),
Pun(Br(0)) < €] = 0 (e) (A.2)
at a rate depending on r.

Proof. As in the proof of Lemma [A]] it suffices to prove the statement in the case of the whole-plane
GFF. It is easy to see from Lemma 4.5] (see, e.g., the proof of Lemma 3.12]) that in this case

P | un(B,(0)) < 61/267}7'?(0)} = 0%°(e€), where h,.(0) is the circle average of h over dB,(0). Since h,(0) is
Gaussian with variance log 71, we also have P [e7+(0) < €1/2] = 02 (e). O

To complement the above lemmas, we also have an upper for the v-LQG mass of a ball centered at 0. The
proof in this case is more difficult since the logarithmic singularity at the origin increases the 7-LQG measure.

Lemma A.3. Let a < Q (with Q as in (2.1)) and let h be a circle average embedding of an a-quantum cone
in (C,0,00). For0<p< min{,;%, %(Q —a)} and € € (0,1],
2 ,Y2 ,72172
Elun(Bo(0))7] = (35 —0) = (A3)
with the implicit constant depending only on o and 7.

A similar, but stronger, estimate than Lemma is proven for the quantum sphere in Lemma 3.10]
(the measure studied in is proven to be equivalent to the v-LQG measure associated with quantum sphere
in ) Rather than trying to deduce Lemma from this estimate, we give a direct proof.

Proof of Lemma[A.3 Let h:=h+ alog|-|, so that by our choice of embedding h|p agrees in law with the
restriction to D of a whole-plane GFF. For r > 0, let h,.(0) be the circle average of h over dB,.(0). Also let

hr = h(r) — iLT(O). Then fOLThD 2 fQL|]D and iLT\]D is independent from fOLT(O).
For k € Ny let Ay, be the annulus B,-«(0) \ B,-x-1(0). By Proposition 2.1],

i (Ag) = eXp{—k(? + ”; - a’y) + w}ek(o)} /A |27 dpiy (). (A4)

The random variable h,—(0) is Gaussian with variance k Section 3.1], so for p > 0 we have

E{exp <’Ypilefk'(0)>:| = P°k/2, (A.5)
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By Theorem 2.11] and since 1° " |p 4 h|p, for each p € (0,4/42],

p
B|([ 1 s ) | =Bl @] <1 (A0)
Ao
For 0 < p < min{1, %(Q — )}, the function x — 2P is concave, hence subadditive, so summing (A.4)) over all

k > [loge!| and applying (A.5) and (A.6) (and recalling the independent of h”|p and h,.(0)) gives

Eln (B (0))"] < fj Efpn (42)"] = i exp{"‘“@(“i‘m)ﬂzﬁ)}

k=|loge~1] k=|loge1]

2 2,2
p(2+%—a’y)—l%

<€
In the case when 1 < p < min{%, %(Q - a)}, IA.3) follows from a similar calculation with the triangle
inequality for the LP norm used in place of sub-additivity. ]

Finally, we record an estimate for the amount of time a space-filling SLE curve parametrized by v-LQG
mass takes to fill in the unit disk.

Lemma A.4. Let o« < Q and h be a circle average embedding of an a-quantum cone. Let n be an independent
whole-plane space-filling SLE,, from oo to co sampled independently from h, then parametrized by ~-quantum
mass with respect to h. There exists ¢ = ¢(a,y) > 0 such that

P[D C n([-M,M])] >1—Op (M~  for M > 1. (A7)

Proof. By Proposition 6.2], there exists cy = co(7y) > 0 such that the following is true. If we let T_ (resp.
T,) be the time at which n starts (resp. finishes) filling in D, then for R > 1,

PlArea(n([T-, T4])) < R] > 1 — Op(R™).
By this and Lemma 3.6], we infer that there exists ¢; > ¢g such that
P[Area(([T_, T,])) € Bp(0)] > 1 — Op(R™). (A8)

By Lemma and the scaling property of the y-quantum cone Proposition 4.11] (see also Lemma
2.2]) there exists b = b(a,7y) > 0 and ¢3 = ca(a,y) > 0 such that for M > 1,

Plin(Baps(0)) < M] = 1 — Oy (M~2), (A.9)
We conclude (A7) with ¢ = ¢ A (bey) by combining (A.8) (with R = M?) and (A.9). O

A.2 Proof of Proposition 3.5

In this subsection we will prove the KPZ relation Proposition [3.5] In fact, we will prove the following slightly
more general statement, whose proof is no more difficult.

Proposition A.5. The statement of Proposition[3.5 is true with h replaced by a whole-plane GFF normalized
so that its circle average over 0D is 0 or a circle average embedding of an a-quantum cone for a < Q. In the
case of the whole-plane GFF, one in fact has the slightly stronger estimate

. log E[N‘]
limsup —————

<d,. Al
0 lOgG_l — 7 ( 0)

We believe that (A.10]) is also true for the a-quantum cone, but our proof yields only the weaker

bound (3.15]) in this case.
For the proof of Proposition we will use the following notation. For § > 0, let &5 be the set of closed
squares with side length § and endpoints in §%2. For z € C let Ss(z) denote the element of &5 which contains
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z; S5(z) is uniquely defined except if one or both of the coordinates of z is a multiple of J, in which case we
make an arbitrary choice between the < 4 possibilities when defining S5(z). We note that in the terminology
of Proposition

N =#{S€6;:5nX #0}. (A.11)

We will deduce Proposition from a variant of the proposition corresponding to an alternative notion
of quantum dimension which is closely related to the box-counting dimension considered in |29] but involves
squares of side length § which intersect X and whose d-neighborhoods have quantum mass at most €, rather
than squares which themselves have quantum mass at most €. Let X C D C C be a random set as above. Let
h be either a whole-plane GFF with additive constant chosen so that the circle average of h over 9D is zero,
or a zero boundary GFF in a bounded domain D C C satisfying D C D. For S € G; the é-neighborhood S
of S is defined by B

S={zeC : dist(z,5) < ¢}. (A.12)

We define the dyadic parent S_ of S be the unique element of Sss5 containing S. For € > 0 we define a
(n, €)-box to be a dyadic square S € UgezGy-+ which satisfies (in the notation introduced just above)
1r(S) < € and p,(S_) > €. In the case of the zero boundary GFF we extend the measure ju, to a measure on
C by assigning measure 0 to the complement of D. Let &€ be the set of (th, €)-boxes. Since py, is non-atomic,
for each z € C and e > 0 for which none of the coordinates are dyadic, there is a unique square 5¢(z) € 6°¢
which contains z; in the case where one or both of the coordinates is dyadic we define S€(z) uniquely by
also requiring that S¢(z) = S;5(z) for some § = 27%, k € 7Z, where Ss(z) is defined as in the beginning of
this section. Note that the difference between our notion of a (up,€)-box, and the notion of a (up, €)-box
considered in [29, Section 1.4], is that we consider dyadic squares where the neighborhood of each square has
a certain quantum measure, instead of considering the measure of the squares themselves. See Figure [9] for
an illustration. R N
For € > 0 define N¢ = N¢(X) to be the number of (up, €)-boxes needed to cover X, i.e.,

N =#{Se6 : SNX 0}
The box quantum expectation dimension of X, if it exists, is the limit

log E[N¢]
m —e =t ]

i oge T € [0,1]. (A.13)

The following lemma is a version of |29, Proposition 1.6] with our alternative notion of a (uy, €)-box. Recall
that we assume £ is either a whole-plane GFF with unit circle average zero, or a zero boundary GFF.

Lemma A.6. If the Fuclidean expectation dimension c/i\o of X exists and X is independent of h, then the
box quantum ezpectation dimension of X exists and is given by d~, where d, € [0,1] solves (3.13).

Proof. First we consider the case where h is a zero boundary GFF on D. Tt is sufficient to establish the
following two inequalities

log E[N] _ ~ log E[N°
liminfLH >d, and limsupL[]

<d.. )
e—0 loge! o logel = dy (A.14)

The first inequality of is immediate, since the number of boxes N¢ in our cover is at least as large as
the number of boxes in the cover considered in [29, Proposition 1.6], since each (up, €)-box with our definition
is contained in a (up, €)-box with the definition considered in [29].

We will now establish the second inequality of . Let G¢ denote the set of dyadic parents of squares

in &¢. With S as in (A.12), define the following quantum e-neighborhoods of X:

S4X) = U 5 §Sx):= U S.

SeGe: SNX#D SeGE : SNX#D

For z € C define S (z) to be the dyadic parent of S¢(z), and define S¢(z) (resp. S€(z)) to be the é-
neighborhood of S¢(z) (resp. the 26-neighborhood of S€ (z)), where J is the side length of S¢(z). The first
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Figure 9: The set of (up,€)-boxes on the figure is the set of squares which do not contain any smaller
squares. The figure illustrates various neighborhoods associated with z € €. The quantum dimension of a
random fractal X is defined in terms of the number of squares S€¢(z) needed to cover X. The set S¢(2) is a
neighborhood of S¢(z), while S€ (2) is a neighborhood of the dyadic parent S¢ (z) (which is not labelled on

the figure) of S€(z). The square S¢(z) is defined such that 1, (S€) < € and pn(S€) > €.

step of our proof is to reduce the lemma (for the case of a zero boundary GFF) to proving the following
estimate:

g Efjun (5 (X))

lim o1 <d,—1. (A.15)

Let R
NE =#{Se&° : SNX #£0}.

By (A.16)), which we will explain just below, we see that (A.15) is sufficient to prove the lemma:

log E[eN* log E[eN* log B (S (X
limL[e] — lim 28 [eN°] < lim 2% [1en (S ( ))] (A.16)
e—0 loge™! e—0 loge! e—0 loge=1

The first equality of (A.16) follows by N¢ < N¢ < 4N°. The second estimate of (A.16) follows since for any

z € D it holds that 1, (S (2)) > € and 4 (5% (2) N'S) > 0 for at most 9 of the dyadic squares S € & which
intersect X.

Our justification of will be very brief, since a similar argument can be found in [29]. Let
© = Z7te" dz dh be the rooted probability measure defined in |29, Section 3.3]. Proceeding similarly as
in [29], and letting § = d(z, €) denote the (random) side length of S¢(z) for (z,h) ~ O, we see that

El[p, (S (X P[5 (2) N X 2-do] .
BlunlSEQON _ , PEEGINX A0 EOZH] 5 (A17)
e—0 loge—1 e—0 loge! e—0 loge!

In particular, the first equality of follows by the argument right after the statement of |29, Theorem 4.2,
and the second equality of (A.17) follows by the argument of the first paragraph in the proof of |29, Theorem
4.2]. The last inequality of follows by using that the dyadic squares S¢(z) have a side length which
is smaller than or equal to the corresponding dyadic squares considered in [29, Section 1.4], and that the
last inequality of holds for the dyadic squares considered in [29]. The estimate implies ,
which concludes the proof of the lemma for the case of the zero boundary GFF.

Next we consider the case where h is a whole-plane GFF with additive constant chosen so that its circle
average over 0D is 0. Choose R > 0 such that D C Bg/4(0). Then h|p, ) = h® + B, where h° is a zero
boundary GFF in Br(0), and b is a harmonic function in Br(0). By [34, Lemma 3.12], and by using that b(0)
is the circle average of h around Br(0), so that h(0) is a centered Gaussian random variable with variance
log(R), for any u > 0,

P| sup |b(z)] >ulogd™ | = 05 (6).
ZEBR/Q(O)
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Hence, except on an event of probability 03°(), for any A C Bp/2(0), we have 67 pupo(A) < pp(A) <
" ppo(A). Since u > 0 is arbitrary, the statement of the lemma for the case of a whole-plane GFF follows
from the case of a zero-boundary GFF on D = Br(0). O

We will apply the following basic lemma in our proof of Proposition

Lemma A.7. Let uy, be the v-LQG measure associated with a whole-plane GFF with additive constant chosen
such that the average around 0D is 0. Let D C C be a bounded open set. For 6 > 0 let Bs be a deterministic
collection of at most §~2 Euclidean balls of radius § > 0 contained in D, and define As := maxpeg, pun(B).
Given any M > 0 we can find s = s(M) > 0 such that P(As > &%) =< 6*M where the implicit constant is
independent of §.

Proof. By [34, Lemma 5.2] and the Chebyshev inequality, for any B € Bs, 3 € [0,4/+%) and s > 0, we have
Plun(B) > 6%] < 67 (B)=sB+0s(1)
where f(8) = (2 + g)ﬂ - ’72—262. By the union bound,

P[As > 0°] < 672 max Pluy(B) > 6°] < §f(B)=2=sftos(1),
€bs

If we choose 3 € (1,4/~?) then for small enough s > 0, we have f(3) — 2 — s3 > sM, which implies the
lemma. O

Proof of Proposition[A.5 First we consider the case where h is a whole-plane GFF normalized as in the
statement of the proposition. Fix a large constant C' > 0 to be chosen later, depending only on «y. For e, u > 0
let E¥ be the event that the following is true.

(i) All squares S € &€ for which SN D # () have Euclidean side length at least €¥, where K > 0 is chosen
sufficiently large such that the probability of this event is at least 1 — €. Existence of an appropriate
K (independent of €,u) follows from Lemma applied with e.g. § = 10X, M = 1000, and B; a
collection of balls such that each S € égg for which S N D # () is contained in a ball in Bs, where égg
is the set of 2d-neighborhoods of boxes in Ga;.

(ii) For any interval I C R for which § := diam(n(I)) < €* and n(I) N D # () the set n(I) C C contains a
ball of radius at least ',

By [34} Proposition 3.4 and Remark 3.9], the probability of the event in (ii) is of order 1 — 02°(e€), at a rate
depending only on u and the diameter of D. Hence IP((E")¢) =< €“. If the event (ii) occurs, then for any
dyadic box S of side length § € (0 ¢X), the number of disjoint SLE segments n(I) for I C R any interval
which intersect both S and €\ S is bounded by 6~2¢ (c.f. [34, Lemma 5. 5.1]). Therefore the condition (i)
implies that on the event EY we have N¢ < e~2Ku e, Note that N€ = un(D ) ~Lfor D a slightly larger open
set containing D, so by Holder’s inequality and the moment estimate in |67, Theorem 2.11], we see that
E[1(gu)N°] decays faster than any power of e. It follows that

E[N¢] < E[e 2X“N¢| + E[1(gu). N°| < e 2KVE[N°].

Since u > 0 was arbitrary, an application of Lemma [A-6] concludes the proof of the proposition for the case of
h a whole-plane GFF.

Now we assume h is the circle average embedding of an a-quantum cone and that D lies at positive
distance from 0. Let D be a slightly larger domain containing D which also lies at positive distance from
0. By [34, Lemma 3.10], we can couple h with an instance of a whole-plane GFF h¢ (normalized as above)
satisfying the following property. There is a constant ¢ = ¢(v, &) > 0 such that for each v > 0, it holds except
on an event of probability < ¥ that e“/3uh(A) < ppe(A) < e /3y, (A) for each A C D. Let N€ (resp. N§)
denote the number of boxes in when the field is i (resp. h%). By the coupling between h and h®,

(ltu/3

except on an event of probability €, we have N¢ < 10Ng . We conclude the proof of the proposition by
using the above result for the whole- plane GFF (and we decrease ¢ in the very last step if necessary):

eltu/3

P[N¢ > ¢ "] < P[N® > 10N5 7’| + PLONE ™" > e v=h] < ev, O
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A.3 Proof of Lemma [5.3

In this section we prove our restricted sub-addivity lemma, Lemma The following recursive relation is
the key observation for the proof.

Lemma A.8. Assume we are in the setting of Lemmal[5.3 For each n,m € N with n? < m < An, we have

n L nitp
an < —am +CAT+1)m+C .
m m

Proof. Let k. := [n/m — A\~!| be the largest k € N for which n — km > A~!'m. Note that k, < n/m — \~1.
By the subaddivity hypothesis (5.4)), for each k € [0, k.]z we have

Ap—(k—1)m <am+ an_gm+ C(n - km)p
By iterating this estimate k. times we get
an < ksOm + @p—k,m + CkinP. (A.18)

We have k, < n/m and by maximality of k. we have n—k,m < (A\~141)m so our sub-linearity hypothesis (5.5))
implies @, g, m < C(A7! + 1)m. Thus the statement of the lemma follows from (A.18). O

Lemma A.9. Let f,g : N — N be non-decreasing functions and suppose there exists ng € N such that
f(n) >n and g(n) > f(f(n)) for n > ng. Let {by}nen be a sequence of real numbers and suppose there exists
a x > 0 with the following property. For each sequence {ny}ren with np — oo and f(ng) < ngt1 < g(ng)
for each k € N, we have limy_, by, = x. Then lim,_,. b, = x.

Proof. For r € N, let f™ and ¢" be the n-fold compositions of f and g, respectively.

Suppose that {m;},cn is an increasing sequence of positive integers with m; > ng and m;y1 > g(m;)
for each j € N. We claim that lim;_. bm; = x. To see this, we will construct a sequence {ni}ren with
f(ng) < npq1 < g(ng) for each k£ € N such that {m;};en is a subsequence of {n;}ren. Let 7y = 1 and
for j > 2, let r; be chosen so that f7(m;j_1) < m; < f7T!(m;_1). Such an r; exists since m;_; > ng so
fr(mj—1) > f~Y(mj_1) + 1 for r € N, whence lim, oo f"(m;j_1) = oco.

Since m; > g(mj_1) > fz(mj_l) we have r; > 2. Therefore frj’l(mj_l) > mj_1 > ng. By definition of
rj and g(n) > f(f(n)) for n > ng,

g7 myoa)) = o (mya) = my. (A.19)

For j € N, let kj :=>7_, r;. Let ny :=my. For j > 2 and k € (kj_1,k;)z, let ny :== fk_’“jfl(mj,l). Let
ng,; = mj. We claim that f(nx) < ngi1 < g(ng) for each k& € N. Indeed, given k € N, let j € N be chosen
so that k € [kj_1,k; — 1]z. If k # k; — 1, then we have ni11 = f(ny), so clearly the desired inequalities hold
in this case. If k = k; — 1, then we have ng1 = m; and ny, = fF=ki-1=1(m;_1) = fri=1(m;_1). By
we have g(ng) > ng41 and by definition of r; we have f(ng) < ngi1, as required. Since limg_, o0 by, = x (by
hypothesis) we also have lim; o by, = X.

We now argue that lim,, ., b, = x. If not, we can find an increasing sequence m; — oo and ¢ > 0 such that
|bm; — x| > € for each j € N. By passing to a subsequence we can arrange that m; > ng and m; 1 > g(my)
for each j € N. Then the claim above implies that lim; .. by, = X, which is a contradiction. O

Proof of Lemmal[5.3 Fix ¢ € (1,p~"/*) and § € (¢*,p~'/?). For n € N let f(n) := [n?] and g(n) := [n9].
Observe that f and g satisfy the hypotheses of Lemma By Lemma [A-9]it suffices to show that there
is a x € R such that for each sequence {ny}ren with ny > 2 and n{ <nyi1 < nf for each k € N, we have
limg oo Qpyy, /’I’Lk = X-

Fix such a sequence {nj }ren and let by, := a,, /nk. Since ¢ < p~!, there is a kg € N such that for k > ko,
we have nz_H <nk < Ang41. By Lemma for k > kg we have

n e
< g+ CAT + Dy + C—EEL
N Nk

Anpyr
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Dividing by ng41 gives

p
n
byt < bp 4+ up, where wy:=CA\ "+ 1)& o+ Bt (A.20)
Nk+1 ng

Since n; > 2 and n’li <ngg1 < nz for each k € N we have n; > 24" for each k € N and
wy < OO+ g T 4 T < 0 (1) (27D gm0 an ),

Since 1 < ¢ < ¢ < p~'/2, this is summable. Let

k—1 oo
Ek = bk—Zuj and ﬁ:zZuj.
j=1 j=1

The relation implies that 5k+1 < Ek for each k£ € IN. Since Ek > —[3 for each k, we infer that nm,ﬁwzk
exists. Hence also _
x := lim by = lim b + 3

k—o0 k—o0
exists. It remains to show that the x does not depend on the initial choice of sequence {ny}ren. To this end,
it is enough to show that

lim sup dn <x, (A.21)

n—oo N
since then the limiting values x arising from two different choices of subsequence must agree by symmetry.
To prove , suppose given n € N with n > ny, 42 (with kg defined as in the beginning of the proof).

Let k € IN be the largest integer such that ng41 < n, and note that & > ky. Then our condition on the ny’s
implies that nt/@ < ny < n'/9. Since 1/q < 1and 1/3% > p, Lemmawith m = nyj, implies that

nlte

an < ﬁank +CA P+ g +C
Nk ng

< xn(1 4 0p(1)) + CA" + D)nt/7 4 O P~ YT = yn(1 + 0,(1)). O
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