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ABSTRACT: We introduce collinear drop jet substructure observables, which are unaffected
by contributions from collinear radiation, and systematically probe soft radiation within
jets. These observables can be designed to be either sensitive or insensitive to process-
dependent soft radiation originating from outside the jet. Such collinear drop observables
can be exploited as variables to distinguish quark, gluon, and color neutral initiated jets, for
testing predictions for perturbative soft radiation in Monte Carlo simulations, for assessing
models and universality for hadronization corrections, for examining the efficiency of pileup
subtraction methods, and for any other application that leaves an imprint on soft radiation.
We discuss examples of collinear drop observables that are based both on clustering and on
jet shapes. Using the soft-collinear effective theory we derive factorization expressions for
collinear drop observables from QCD jets, and carry out a resummation of logarithmically
enhanced contributions at next-to-leading-logarithmic order. We also identify an infinite
class of collinear drop observables for which the leading double logarithms are absent.
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1 Introduction

Jets are collimated sprays of particles observed in high energy colliders. They emerge from
energetic quarks and gluons produced in a hard collision, which are then converted into
final state particles through parton splitting and hadronization. The parton shower ap-
proximation is built primarily around the logarithmic enhancement from collinear splitting
and has been very successful for understanding and modeling jets. It is at the heart of a
number of Monte Carlo event generators which are able to reproduce a significant amount
of experimental data at various energy scales [1-8], after tuning of their hadronization mod-
els. Although the agreement between these simulations and data is not always perfect, and
fails in some cases, these showers are important for experimental calibration and are usually
the default method for making comparison to new measurements. They are also important
as baselines for studying the dynamics and utility of jet substructure observables [9-15].
A program has also been developed to increase the accuracy of parton showers, through
improved treatment of kinematic regions and matching to fixed-order calculations, see for
example [16-23]. An important ingredient for testing such improvements is to define new
types of observables that are sensitive to different regions of phase space, or which test
aspects of the shower beyond the leading collinear approximation.

Another driving force for making progress in understanding hard collisions has been
systematically improvable field theoretic methods for making predictions for jet data. This
includes both methods based on Soft Collinear Effective Theory (SCET) [24-28] and coher-
ent branching [29-31], as well as state of the art fixed-order pp collision calculations with
final state jets, see for example [32-35]. For such calculations our imperfect understanding
of soft radiation, hadronization, and underlying event are now often limiting factors in var-
ious theoretical predictions. See refs. [36—44] for analytic work on predicting these types of
soft corrections for jets. Thus testing analytic field theoretic methods for predicting soft
radiation sensitive observables have also now become a priority.

The field of jet substructure was developed to systematically study and explore the
dynamics of radiation inside jets. Typically, soft radiation has been viewed as a contam-
inant to be eliminated in order to improve the reconstruction of jet observables. This is
accomplished by using jet grooming procedures [45-49] to suppress soft contributions to jet
observables by systematically removing soft and wide-angle particles within the jet. This
leads to groomed observables that are much less sensitive to the dynamics of any processes
occurring outside of the jet, such as initial and final state soft radiation from other jets,
underlying event, and pileup. This jet grooming is also motivated by obtaining improved
precision to search for new physics. Often jet substructure observables can be strongly
affected by jet grooming, since it may change their leading logarithmic structure [48, 50].
An example is the jet mass, which is strongly modified by the removal of peripheral soft
radiation. Another possible approach to truncating soft radiation is to use jet shapes with
angular weights [51-53] which suppress the contribution from wide-angle radiation. In both
cases one removes soft and wide-angle radiation contributions by effectively introducing an
energy and angular cutoff, so that it is predominantly energetic collinear radiation that
is retained.



In this paper we introduce the “collinear drop” class of jet substructure observables
to do precisely the opposite, retaining components of the soft radiation for detailed study,
while removing collinear radiation. We show that such collinear drop observables can be
constructed from approaches mimicking both the jet grooming and jet shape approaches.
The goal here is to consider jet observables that are sensitive to physics in various soft
phase space regions. This makes collinear drop observables ideal for studying perturbative
soft dynamics, hadronization, underlying event, and pileup in proton-proton collisions. We
show that if one wishes to study only soft radiation related to the jet itself, that collinear
drop observables can easily facilitate this using the same techniques as in jet grooming.
Collinear drop observables can also be used to study the jet quenching mechanism and
medium evolution in heavy ion collisions, which are known to be sensitive to jet information
that can be probed with jet substructure [54]. Besides elucidating the soft regime of QCD,
collinear drop observables are also useful for studying the color radiation pattern of the
particle initiating a jet. This makes them useful for boosted particle tagging, an application
that we intend to explore in more detail elsewhere.

To illustrate the idea behind collinear drop observables we will consider two main
examples. As our first example we exploit the soft drop jet grooming algorithm [49] (which
generalizes the minimal mass drop algorithm [48]). We consider the difference between
two soft drop masses, mgp, and mgp,, defined using two different choices for the soft
drop parameters,

Am® = mip, —mip, . (1.1)

We choose the parameters so that the SDy grooming is more aggressive than that of SD,
implying that the particles remaining in the SDs jet are a subset of those in the SD; jet, and
that Am? > 0. Am? probes a jet region that is free from the energetic collinear radiation
contained within the SD» jet, thus making it a collinear drop observable. Furthermore, the
choice of parameters in SD; controls the initial jet to which we have applied this collinear
drop procedure. If we wish to study underlying event or pileup contamination in the jet,
then we can turn off the SD; grooming so that m%Dl — m?], the full jet mass observable.
On the other hand, if we wish to study soft radiation associated to the dynamics of the jet
itself, then we can carry out grooming through the choice of SD; to ensure that Am? has
reduced sensitivity to soft radiation originating from outside the jet.

As our second example we consider a class of jet shapes that we refer to as “flattened
angularities”,

Tw = Z Z3 w(ﬁi,ﬁo) N (1.2)
i€jet

where z; are energy or pr fractions for each particle ¢ in the jet, and w(#,6y) is an angu-
lar weight function, with 6 measured relative to the jet axis. For pp jets this would be
w(AR,0y), where AR is the usual rapidity-azimuthal distance measure to the jet axis. We
take the definition of flattened angularities to imply that for a chosen angular parameter
0o > 0 the function w(#, §y) either vanishes identically or is exponentially suppressed for a
finite region around the jet axis, which we denote by w(f < 6y, 6p) ~ 0. By choosing the



angle 6y to contain the vast majority of the collinear radiation, we obtain a collinear drop
observable. If desired, one can also define w(f, 6p) in a manner that suppresses wide-angle
soft radiation to obtain an analog of the jet-grooming present in our Am? example. This
flattened angularity gives a collinear drop jet shape observable that does not require the
jet reclustering that occurs in soft drop.

We intend to use Am? and 7, to illustrate the general principles behind collinear
drop as a new class of jet substructure observables, though it should be clear that one
can construct many other examples beyond those considered here. For instance a simple
generalization would be to consider differences of other observables besides the jet mass in
eq. (1.1), like transverse momenta or angularities of particles in the groomed jets, or to use
a different choice of jet groomer.

The rest of the paper is organized as follows. In section 2 we describe general strate-
gies for constructing collinear drop observables and discuss the two examples of Am? and
T, in more details. We also discuss examples of observables that are not collinear drop
observables, by virtue of only having power-law suppressed contributions from collinear
radiation rather than having a stronger veto on the contribution from these particles. In
section 3 we review the SCET factorization theorem for the soft drop jet mass cross sec-
tion, including a discussion of the effect of a jet radius in the factorization. We discuss
differences between the e™e™ and pp collider cases, and develop appropriate scale choices
that implement the groomed to ungroomed transition. We also develop scale variations
that respect the jet mass transition and endpoint, and test the resulting uncertainty bands
at next-to-leading-logarithmic order (NLL). In section 4 we make perturbative predictions
for the Am? collinear drop observable for QCD jets. In particular we derive a factorization
theorem for Am? using SCET, and use it to provide analytic resummed partonic predic-
tions at next-to-leading-logarithmic (NLL) order. We also discuss potential groomed to
ungroomed transitions and the adjustable collinear drop spectrum’s endpoint, and develop
scale choices and scale variations that respect these constraints. In addition we explore the
general features of collinear drop distributions when we vary grooming parameters at NLL
order, and test our method for estimating perturbative uncertainties at this order. Here
the resummation of logarithms arises both from the hierarchies involving the observable,
Am? < @2, as well as other hierarchies related to removing collinear and soft particles. In
section 5 we study collinear drop observables with PYTHIA and VINCIA Monte Carlo sim-
ulations, including re-testing the parameter dependence and making explicit comparisons
with the NLL SCET results. We also demonstrate the utility of using collinear drop to
study hadronization in observables with little sensitivity to underlying event. On the flip
side we show that other collinear drop observables have enhanced sensitivity to underlying
event, and hence can be used to test models intended to describe it. In all cases further
light will be shed on these tests by confrontation with experimental data. Finally, as a
second type of collinear drop observable we briefly analyze MC simulations for a 7,, exam-
ple that we refer to as the annulus energy fraction. In section 6 we conclude and give an
outlook of the use of collinear drop observables in soft QCD.



2 Collinear drop observables

2.1 Collinear drop definition

The goal of collinear drop is to specify observables that are sensitive to soft radiation within
jets, while eliminating contributions from energetic collinear radiation that is collimated
with the jet axis. Using light-cone coordinates we can write momenta components of any
four vector p* as p = (n-p,n - p,p1) where in four-component notation n = (1,7;) and
n = (1,—ny) are light-like vectors involving the jet axis unit vector nj;. Using light-
cone components, collinear radiation can be defined as particle having momenta scaling as
P~ QN2 1, ). Here Q = 2E;et with Ejet the jet energy, so each collinear particle carries
a non-negligible fraction of the jets energy, and the small parameter A < 1 determines how
collimated the radiation is with the jet axis. For such collinear radiation the contribution
to a collinear drop observable ACD should either vanish or be exponentially suppressed

[Pl

ACDI[p] ~0 for o ~sin(f) < Ao < 1, (2.1)

where \g sets an angular cutoff scale for the polar angle § measured relative to the jet-axis.!
For jet algorithm based observables the particle with momentum p could be a subjet or
contained in a subjet.

Two examples of observables satisfying eq. (2.1) have already been given in egs. (1.1)
and (1.2), and we elaborate on these examples below in Secs. 2.2 and 2.3, respectively.
Then in section 2.4 we contrast this with examples that suppress the contribution from
collinear radiation, but which do not fully qualify as collinear drop observables.

2.2 Collinear drop from jet grooming

In jet grooming, the constituents of a jet are reconsidered in order to remove soft wide-
angle particles, many of which arise from processes like underlying event, hadronization,
and pileup that contaminate the partonic description of the jet. This grooming effectively
introduces an additional energy or angular cutoff scale that determines what radiation is
removed. These algorithms are designed to retain collinear radiation, and a smaller subset
of soft radiation, which are then used to define the groomed jet observable. A simple way
to obtain a sample of particles on which to define a collinear drop observable is to use the
complement, namely to define the observable using the subjets/particles that were removed
by the jet grooming.

As a concrete example, we use the soft drop grooming procedure [49] with two different
degrees of grooming. Given a jet reconstructed with radius R using any algorithm (such
as anti-k; [56]), we recluster the jet using the Cambridge/Aachen (C/A) algorithm [57, 58]
to obtain an angular ordered branching tree. We then traverse the tree starting from the
largest angles, making pairwise comparisons that remove the softer subjet branch until the

!Note that this condition only implicitly depends on the fact that the eliminated collinear particles have
a large energy, n.-p ~ @, through the pre-determined jet-axis which defines p’; and 6. A choice of recoil-free
axis [b5] makes sure that collinear particles align with the jet axis.



soft drop condition is satisfied:

min(pr;, pr; AR \P
(p p])>zcut( U)

for pp collisions,

min(E;, Ej) sin(6;;/2) \” R
TZE; > Zeut (ﬁsm(R%]e/Q) for eTe™ collisions. (2.2)

For the pp case, pr, and pr, are the transverse momenta of the two branches, and AR;; is
the longitudinally boost invariant distance between the two branches in the plane of the
rapidity (y) and azimuth angle (¢),

AR} = 2cosh(y; — ;) — 2cos(ds — ¢5) = (yi — y;)° + (¢ — 05)% (2.3)

where the last approximation is valid in the small angle limit, and is sometimes simply
adopted for the definition of AR?j. For ete™ collisions we instead use the energies E; and
E;, and the geometric angular distance 6;; between particles. The parameters Ry (or Rf%)
set a reference angular scale in the soft drop condition, and are usually taken to be equal
to the initial jet radius R. In eq. (2.2) z¢yt is a dimensionless soft drop parameter which
sets an upper momentum cutoff for the removal of soft branches, and the parameter
provides a weight factor which for § > 0 makes the cutoff stronger for branches separated
by a wider angle.

In the small angle limit the physics of the soft drop constraint is universal between the
pp and eTe™ cases. Approximating coshn ~ coshn; where n; is the jet’s pseudo-rapidity,
we have AR = 6 coshn; +O(#?), and the ratios on the Lh.s. of eq. (2.2) are also both equal
to a common parameter z;;. The soft drop condition therefore becomes

Zij > Zeut 95 (2.4)

where following ref. [59] we have defined a parameter Z.,; that differs for pp and e*e™ col-
lisions. In particular, Zeus = Zeus (V2 sin (RSe/Q))f’B for ete™, and Zeyt = zeut(cosh 77(]/1-20)ﬁ
for pp. An additional definition that will be useful later on is

cht = 26 écut Q . (25)

To setup an adjustable sample of soft particles on which to define a collinear drop
observable, we consider an initial jet that has been groomed with soft drop parameters
SD1 = (zcut1,51) and then we remove all particles that are kept by a stronger soft drop
grooming given by parameters SDo = (zcut2, 32). Intuitively this implies taking zeys1 <
Zewt2 and (1 > B9, such that SDo grooms the jet more aggressively than SD;. Technically
we only require that the SDs jet constituents are a subset of the SD; jet constituents,

{ietsp, } C {ietgp, } - (2.6)

The sample used to define collinear drop observables is then taken to be the particles which
are groomed away by SD2 but not by SD1, i.e., in the complement set {jetgp, } \ {jetsp, }-
Figure 1 gives an illustration of this with two soft drop settings. Note that {jetgp, } contains



(Zcutla B1)

(zeut2, 3)

Vi I

Figure 1. Illustration of the particles kept in the collinear drop sample, displaying for simplicity a
set of angular-ordered emissions from a single branch. The soft-drop parameters SD1 = (2cut1,51)
determine what soft wide-angle red particles are dropped, while the soft-drop parameters SDq
enforce collinear drop by determining which green collinear particles are dropped. The collinear-
drop observable is then defined on the remaining orange particles, roughly contained between the
two groomed jet radii R, and R,,.

the energetic collinear radiation, and removing these particles is the crucial ingredient for
collinear drop. In contrast, if so desired, the parameters of SD; can be relaxed so that
{ietsp, } is the full jet, which enables a better probe of underlying event and pileup. In
contrast, choosing a non-trivial SD; enables collinear drop to primarily probe soft radiation
associated to the jet. Thus we see that this definition of a collinear drop observable can be
adjusted depending on the type of soft radiation one wants to look at.

Given this setup we can then directly define a collinear drop observable Ocp using
only particles from the complement set

Ocp = O[{jetsp, } \ {ietsp, }] , (2.7)

or alternatively by considering the difference of groomed jet observables each defined by
one of the sets of grooming parameters,

Ocp = Osp, — Osp, - (2.8)

The results from using egs. (2.7) and (2.8) will agree for observables O that are linear in
their contributions from constituents, which is true of many observables of interest. For
observables that are not even approximately linear, one should use only particles in the
complement set as in eq. (2.7).

As an explicit example of the above construction we consider the collinear drop jet
mass, Am?, which can be defined as

Am? = mgp, — mip, . (2.9)
Here mgp, is the groomed jet mass with the soft drop condition SD;;,

m%Di = P%Di ,  where Plsiji = Z P’f . (2.10)
jEjetSDi

Note that when there is no cause for confusion we will simply use m; for the soft drop jet
mass, but like we do here, we will use the alternate notation mgp, if we want to specify the



soft drop parameter set i from which the jet mass is derived. Defining Ap* = png — png
we have

Am? = 2pgp, - Ap + (Ap)? =2psp, - Ap+...=Qn-Ap+... , (2.11)

where the ellipses denote contributions power-suppressed by mgp,/Q < 1. Thus we see
that in the region of interest, where the jet mass is much smaller than the energy of the
jet, Am? is to a very good approximation a linear observable, and egs. (2.7) and (2.8) both
lead to the same leading description. Here Am? probes the lightcone projection of the
particle momenta n - Ap for those particles which are roughly between the two groomed jet
radii Ry, and Rg,, but which technically are dynamically determined on a jet-by-jet basis.

In later sections we will use Monte Carlo to explore the physics that Am? can be used
to probe, and show that analytic resummed expressions can be obtained for the do/dAm?
cross section using factorization in SCET.

2.3 Collinear drop from jet shapes

In our construction of collinear drop observables in section 2.2, the definition intrinsically

relied on a clustering algorithm that is inherent in the jet grooming. Another way of defining

a collinear drop observable is with a so-called jet shape, defined by directly summing over

observed final state particles in a pre-determined jet with rapidity yje; and azimuthal angle

®jet- The precise values for this jet axis depend on the algorithm used to determine the jets.?
With a single sum over particles we can define the following jet shapes

E'.
for eTe™ collisions: Tw = Z zi w(B;,00) , where z; = E-l , (2.12)
i€jet Jet
for pp collisions: Tw = Z zi W(AR;,00), where z; = p—zz ,
i€jet pJT

where the function w(f, 6y) > 0 is an angular weight factor depending on a fixed parameter
fg. Here 6; is the angular distance of particle i to the jet-axis, and AR; is the angular
distance from the jet-axis in the rapidity-azimuthal plane, defined as in eq. (2.3) but with
Yj — Yjet and ¢; — ¢jet. The definitions in eq. (2.12) are generalizations of the classic
angularity jet shapes [51, 52]. To ensure these are collinear drop jet shapes we demand,
for some angular distance parameter 6y within which the majority of collinear particles are
contained, that

w(8 < 6p,6p) ~0. (2.13)

Here ~ 0 could be an exact equality, or indicate that the contribution from this region is
exponentially suppressed relative to the dominant contributions. To ensure collinear safety
we take linear dependence on z; in eq. (2.12), and we can impose the condition that w(#, 6)
is continuous as # — 6y from above. Since soft emissions have z; — 0 in the soft limit, 7,
is always infrared safe.

2This jet axis can be chosen as a conventional jet axis like anti-kr or a soft-recoil free axis [60] such as
the Winner-Take-All axis [55].



We can also define collinear drop observables which involve correlations between two or
more particles in the jet. For example, as a collinear drop extension of the 2-point energy
correlation function [61] we can define

egﬁ)CD = Z Zi Zj 926] w(91/7 00)&](9], 90) 3 (214)
i,j€jet
1<)

with similar extensions for higher point energy correlation functions. Here the extra mul-
tiplicative factors of w(#;,6y) ensure that only comparisons that do not involve collinear
particles give non-negligible contributions in the sum.

The above construction still leaves considerable freedom in specifying the function
w(0,6p) whose choice is needed to fully specify the collinear drop observable. One po-
tentially desirable feature is to also induced a suppression for wide-angle soft particles
near the jet boundary, in order to mimic some of the features of jet grooming in the jet
shape variable. This can be accomplished by demanding that w(6,6p) ~ 0 in a region of 4
about 0 = R.

For definiteness and our later analyses, we give a few examples for collinear drop
jet shape observables by specifying w(f,60p). One simple example is a double-sided step
function at radii R; and Ro,

1 R1<0<R2

. 2.15
0 otherwise ( )

wa(0,Ry) = {

This observable is closely related to the classic observable of jet energy profile p(r) =
d¥(r)/dr averaged over a jet sample [62-66]. Here we highlight the dependence on R; > 0
in the argument of this w since choosing R; to contain the majority of the collinear radiation
is what makes this a collinear drop observable. The resulting jet shape is equivalent to the
momentum fraction z of particles within the ring region Ry < 6 < Ry,? and we will refer to
the corresponding 7, as the “annulus energy fraction”. If we take Rs > R then there is no
suppression for particles near the jet boundary, whereas for Rs < R we remove a subset of
the wide-angle soft radiation. Here R; and R» play a similar role to the groomed soft drop
radii Ry2 and Ry of our example in section 2.2. We will consider Monte Carlo simulations
and analytic resummation results for the annulus energy fraction in the later sections.

94

Another example is the gaussian angularity or “gaussianity”® 7,,, that is obtained using,

wy(0, 17 — 20) = e (O=7) /2% (2.16)

Here the weight function has its dominant support around the angular region r — o < 6 <
r + o, and we can choose the angular distance g = 7 — 20 > 0 to ensure that collinear
particles from small angles give only exponentially suppressed contributions. For r+20 < R
this w, choice also give exponentially suppressed contributions for soft particles near the
jet boundary. Yet another possibility for defining a collinear drop observable would be to

3The non-collinear drop case where Ry = 0 is the jet shape distribution considered in [67].
4We thank Christopher Lee for this suggestion.



retain exponential suppression for collinear particles, but make the suppression for wide
angle soft particles polynomial by using

we(0,7/10) = (1 —0/R)*e™"/% . (2.17)

These examples should make clear the method for constructing other possible collinear
drop jet shapes, and that we have not attempted to provide an exhaustive list.

2.4 Examples that are not collinear drop observables

In this subsection we consider combinations of standard jet measurements which have the
property that they suppress the contribution of collinear particles. In particular, we wish
to highlight some examples that at first glance appear to be similar to collinear drop
observables, but which actually do not satisfy our definition because they still obtain non-
trivial contributions from energetic collinear particles.

One example of an observable that changes the weight of collinear and soft particles
are the conventional angularities [51, 52|, which include a angular weight indexed by a
parameter o > 0. For the jet shape angularity they can be defined by

To = Zz@%)a T = Zzi<A}]:i>a, (2.18)

i€jet i€jet

for eTe™ and pp collisions respectively, with the same definitions for §; and AR; as in
eq. (2.12). For small 7, or for jets with small R, the angularity with o = 2 is the same as
the jet mass, while @« = 1 corresponds to a jet shape broadening. Note that, wide-angle
radiation near the jet boundary with 0; ~ R has the maximal angular weight, while the
contribution from collinear radiation with 6; < R is angularly suppressed. A larger o will
suppress the collinear radiation and enhance the relative contribution of the wide-angle
soft radiation. However this suppression is only polynomial with the power «, and hence
it is weaker than what we require in the definition of a collinear drop observable.
Motivated by the definition of collinear drop observables in eq. (2.8), one might also
consider the difference of two angularities as a potentially related observable. Taking 5 > «

AT =1y—T5=)_ zi[@)a - <2>6] >0. (2.19)

i€jet

we let

Here the angular weighting factor vanishes when 6; — 0 and 6; — R, which seems similar
to our collinear drop observables. One can also determine that the contributions to A7
peak at a finite angle,
1
o

Opea = (6) “R<R. (2.20)

However, for energetic collinear particles with z; ~ 1 and 6; < R we have

= () () - (3)



so the angular weight is dominated by a power-law with the exponent «. Thus A7 is again
not a collinear drop observable. Note that it also suppresses wide-angle soft radiation
linearly as ~ (8 — a)(1 — 6/R) for 6 — R.

The issue with the difference of the two angularities is simply that they do not give
the same weight to collinear particles, which therefore do not cancel out in A7. When

considering classic event shapes in e

e” collisions it is known that for thrust 7 =1—T" [68]
and C/6, where C' is the C-parameter [69, 70], have the same resummation formula up to

next-to-leading logarithmic order [71]. The difference

Arg=T1— % : (2.22)

therefore seems like a potential candidate for a collinear drop observable. In terms of a
sum over all particles in the ete™ event we can write

ol C 1w, |1
T—azpj mln(ej,e J), g—*zp‘]m (223)
J J

Here ij and 7); are the particle transverse momentum and pseudo-rapidity defined with
respect to the thrust axis. To see whether this qualifies as a collinear drop observable we
consider the limit where particles are collinear to the thrust axis, 6; < 1, where ij ~ z;0;
and we have e~ 1"l = 0, /2 therefore,

S 1 1

= el —— )~ . .—3\n-|%7§: i

ATC X pj (6 ’ e"m +e|7]3|> 2239]6 ! 8 Zjej ) (224)
J

J J

while each of 7 and C/6 alone behave as zj9]2» in the collinear limit. Thus we see that
the observable A;c suppresses the collinear contribution by increasing the power of the
angular exponent by two, but since this behavior is still polynomial in 6, this A;¢ is not
a collinear drop observable.

2.5 Comparison of phase space with soft drop and collinear drop

For our analytic QCD based analysis we will focus on the collinear drop observable Am?
from eq. (2.9). In the following sections we will derive a factorization formula for do/dAm?
using SCET, and use it to resum logarithmically enhanced terms from the hierarchies

. 2\ 55
i (Am )“ R (2.25)

Am? < Q?, o~ « =,
QQcut i 2

2
where i = 1,2. Since collinear radiation has been dropped, the first condition in eq. (2.25)
ensures that only soft radiation contributes to Am?. The second condition with i =
1,2 ensures that the angle of soft radiation contributing to Am? is always parametrically
smaller than the jet radius R. For this reason we refer to them as collinear-soft radiation
contributions. We will also assume that the soft drop grooming is removing soft radiation,
and the collinear drop grooming is removing all collinear radiation, which requires

Zorl K 1 y Zeut2 K 1. (226)
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Figure 2. Phase space regions in the plane of energy fraction (z) and polar angle from the jet axis
(6), where the white regions are those that are kept. The left panel shows the result for soft drop
where the orange shaded region is eliminated. The right panel shows the result for collinear drop
where in addition the red shaded region is eliminated. In SCET the relevant degrees of freedom are
collinear (C) modes, collinear-soft (CS) modes, and global soft (GS) modes, shown by solid dots.

An illustration of the phase space of the radiation contributing to the soft-drop jet
mass and our collinear drop jet mass observable is shown in figure 2. Here z and 6 are
the energy fraction and angle relative to the jet energy and jet axis, respectively. The blue
solid line indicates the scaling associated to the measurement, and the open white region
is the phase space that contributes after one or both of the soft-drop and collinear drop
conditions are applied. The solid circles in these panels correspond to modes in SCET
which we will discuss in more detail below. The panel illustrate that, depending on the
choice of parameters there can be hierarchies between the collinear drop and soft-drop
constraints, such as:

L 1
02 Am? \ 7+52 Am? \* 6
_( Am AmE TR O (g
Zeut 1 K Zeut 2 5 2 <Qcht2> < <Qcht1 2 ( )

The hierarchies in eq. (2.27) require additional resummation, which we also carry out using
our factorization based resummation approach. For simplicity we will restrict our results to
NLL order,” though the factorization formula we have derived can be used for resummation
at higher orders, and makes the procedure for this systematic. Indeed, in eTe™ collisions
several event shape observables have been resummed at next-to-next-to-next-to-leading
logarithmic accuracy [41, 72-74] using SCET based techniques.

3 Soft drop factorization and the groomed-ungroomed transition

Since the collinear drop observable Am? is defined using soft-drop jet masses, we first
summarize in section 3.1 key ingredients of the factorization of soft-drop jet mass [75,
76], which are relevant for our factorization of Am?. Extensions required for small-R

®Note that since our results are presented for generic choices for 1,2 we refer to them as NLL. For the
special case of 8 = 0 there is not a double logarithmic series in the groomed m? (or in AmQ) [48], and
hence these NLL terms are actually the leading-logs.
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resummation of jet masses were studied in refs. [77-81], and we discuss the analogous
extension for soft-drop jet mass in section 3.2. Then in section 3.3 we discuss how to
handle the mass region where the transition from soft drop being effective to ineffective
happens, developing corresponding profile scales, since to the best of our knowledge this
has not yet been done in the SCET framework.

3.1 Review of soft drop modes and factorization for ete™

In this section we review the modes used to carry out resummation for soft drop in SCET
following the analysis of ref. [76] for hemisphere jets in eTe™ with m?%/Q? < zey < 1. For
our discussion we specialize to the soft drop groomed jet-mass observable, m ;.

Modes in SCET can be characterized by the scaling of their momentum components
(pT,p~,pL) = (n-p,fi-p,p1), which here are defined relative to the jet axis 7oy by using
the light-like vectors n = (1,77) and n = (1, —ny). The measurement of the soft-drop jet
mass my determines the relevant energetic collinear modes with momenta

pe ~ (”gf,Q,mJ) — QUL (3.1)

where A = m;/@Q < 1 is the power-counting parameter. QQ = p; ~ 2E; is the center-of-
mass energy of the eTe™ collision and E; is the jet energy. Together with the soft-drop
condition with parameters (zeut, 3), the relevant collinear-soft mode [76] emerges by solving
the following system of constraints,

0 2 m2
QZ<2> %p(—; ~ ﬁ ) 2~ Zeut 967 (32)

where z = E/E; ~ p~ /p] is the energy fraction, 6 is the polar angle relative to the jet-axis,

and we have taken 6 < 1. The parameter Zey; o< zeut Was defined in eq. (2.4) for ete™
collisions. Therefore the collinear-soft mode has the following momentum scaling,

2
pes~ Gt << Cl 1> , (33)

where we have made use of the shorthands

2\ =B
Ccs = (QZ;J t> ’ 9 cht = Qﬁ écut Q . (34)

Note that this corresponds to a characteristic energy scale of E g ~ m% /(2QC¢%) = cht(fs /2
and angle 0.5 ~ 2(.s.%

STaking ns = 0 for pp collisions we have Zc,s = zcut/Rg, and eq. (3.3) becomes

R 23 8
m my 248 ( my >2+5)
Pes ~ Rl EJZC‘J — D - y M/ Zcu - 5 — 5
<EJ t(E‘\]Ro\/a> ! EJRO\/ Zcut

which then agrees with ref. [76]. Note that the combination Q(.s is independent of 7; since factors of
coshny cancel.
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The collinear and collinear-soft modes contribute to the soft-drop jet mass at leading
power, and the distribution has the following factorized form,

do - -

W = Z Ni((I)Jvzcutv/Bal‘L) Pz‘SD(m?]anZcutaBnU’) ) (3'5)
J o i=qg

where ®; = {E,0;} encodes the jet energy and angle (or pr and 7y for a jet from a pp

collision). The perturbative m; spectrum is determined by

1 1
F)iSD (m2J7 Q, Zeut, B, M) = Q(;rtﬁ ds dk™* Ji(s, ,LL) Sci (k+chlirtB , B, ,u) (5(m3 — S — Q]{;+) ,
(3.6)

which is a convolution of the inclusive jet function J; and the collinear-soft function S¢y,
which describe collinear and collinear-soft contributions to the groomed jet mass respec-
tively.” The perturbative function PiSD has mass dimension —2. The index ¢ = ¢, g labels
the parton initiating the jet as either a quark or a gluon. The function N; encodes the
process dependence, including for example a hard function for the hard scattering process,
global soft function Sg;, and proton parton distribution functions in the case of pp col-
lisions. The hard function describes the hard scattering process producing the energetic
quark or gluon ¢ which initiates the jet. The global soft function describes how soft radi-
ation within the jet is removed by the soft drop procedure, with the relevant global soft
mode scaling as

Dgs ~ Qgcut(la 1, 1) s (37)

which does not depend on the measurement of the jet mass m ;. N; also encodes information
of the radiation outside jets that affects the jet cross section. Note that the factor N; has
multiple characteristic energy scales which depend on z.t, 8 and R, which themselves
could require resummation, but does not depend on the jet mass. The factorization scale
dependence in the perturbative calculations of N;(1) and PSP (1) cancels and the physical
cross section is independent of the scale p.

Because of the convolution form of the factorized expression, it is convenient to study it
in Laplace space. For any momentum space function f(s) we define the Laplace transform
f (y) and its inverse by

_ 0 S B c+100 PV
Fly) = /0 dscV P f(s), f(s) = e / B wems ), (38

ico 2Tl

where we include the factor of e™# when defining y to simplify later equations. With this
transformation eq. (3.6) is converted to a product form,

piSD(y, Q, Zeuts By 1) = jl(y, 1) Sci (QQcﬁtﬁy, B, N) (3.9)

1
/1 B 7
_J <1n2,as(m) Sci (m%, ,as(m> ,

“In order to make manifest the functional dependence for Sc; derived in ref. [76], our notation for Sc;
follows ref. [59].
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where the Laplace space J;, and S¢; are dimensionless functions, and in the last line we
have defined forms whose first arguments are given by the only logarithms that can appear.
They satisfy multiplicative renomalization group (RG) equations,

d - 1 .
i - 2]-_‘1 S In — Ji s i\ ) 1
i) = |2ty @) | ) (3.10)
1
d & 1+B ) Qﬂ Sci Q 1+B
Sci| QQeut ¥, 811t ) = 2Fcusp( s)In 248 + 7% () | Sci| QQeut s B4t ) -
dlnp 1 Qy

Here Fcusp(ozs) is the cusp anomalous dimension, which obeys Casmir scaling up to 3-loops,
I oo (as) = Cileusp(ais), where Cy = Cp = 4/3 and Cy = C4 = 3, and up to two-loops

cusp
o 67 w2 20 as\?
Fcusp(as) = 4(47’[‘) +4|:<9 - 3> Cy— 5 an:| <47r> s (311)

where Tr = 1/2 and ny is the number of active quark flavors. Note that the cusp anomalous
dimension term for J; and S¢; each depend only on the dimensionless combination of their
two arguments, as expected. The product appearing in SCZ. can also be written in terms of
the jet energy as

QQ1+ﬁ Elfﬁ ~1:-1/3 . (312)

cut Zeut

The 1 dependence of the product J;S¢; is canceled by the p dependence of Ny, ensuring
that the cross section is p independent. The RGE for N; is also multiplicative,

B
d ~ i 76@0
dlnluNi(q)Jazcut?Bnu) = _2Fcusp(a5) IDT

_|_f>/ (as) Ni((I)J,R7§cut7ﬁmu)7
(3.13)

where vVi (as) +77 (as) +75¢ (as) = 0, and the sum of I'Y | terms in eqs. (3.10) and (3.13)

cusp
also vanishes. The anomalous dimensions for Nj; in eq. (3.13) is independent of y, and has

contributions from two scales that can be seen by writing
25 oTs 8
PP Qo 1 p Iz 1 0

In = In =In——-——In

Q 1+ /B QlJFBQ;ult Q 1+ 6 cht

(3.14)

Here the first term in the last equality comes from the hard function in N; and the second
term from the global soft function Sg;.

With R ~ 1 the fixed-order calculations of the jet, collinear-soft, global-soft, and hard
functions determine the corresponding momentum space scales fi7, fics, ftgs, and py, where
they have no large logarithms. These are [76]

m3\ 28 Sl
ny=myg, Hes = <QJ> chjl—tﬁ ) tgs = Qeut ; ph = Q. (3.15)
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Note that the scale for the collinear-soft function, s, is a geometric average of the ultrasoft
scale m?, /@ that is present for jets without any grooming, and the scale Qcy. The canonical
scales also satisfy the relation

248 , 4
pes” pn = p% pgd” (3.16)

Using RG equations we can evolve the jet and collinear-soft functions from their character-
istic energy scales u; and pi.s to the factorization scale p, and the RG evolution will resum
the logarithms of scale ratios. Note that when 8 = 0, u.s depends linearly on m s therefore
the scale ratio f1;/pcs is independent of my. This implies that the m; distribution only
consists of single logarithms, as originally discussed in [48].

The resummed expression of the soft-drop jet function is obtained by evolving the jet
and soft-collinear functions from their natural scales (p; and pi.s respectively) up to the
global-soft scale f4,. This gives

do . -
-5 — Z N’i(q)Jv Zcut s 57 Hh, ,ugs) P’LSD(m?ﬁ Q7 Zcut s 67 ;U'gs) ) (317)

2
dm i=q,9
where the normalization factor N; now also contains a resummation of large logarithms
between pp, and pgs (which will not concern us here), and the resummation of large log-
arithms that modify the m spectrum are all contained in the resummed result for PZ-SD.
Its resummed expression is

]i (m 7Qazcutaﬁa,ugs) (318)
1 201' w(,uCS7M95)

22+ B p:QLr
= exp |4C;iK (g, pigs) — ((1 + ﬁ)) Cilt (pess pgs) | |
pes” Q
X exp [WJ,; (MJa Mgs) + Wsg; (Hcs; ,Ugs)]
1
Man e VEN

X :fi(anaasOiJ)) gC’i an +1In Tgut :/87 as(:ucs)

pres” Q
1 <m2>77
Xi —_—
2
m? \ p4

Here 0, = 0/0n enter in a polynomial fashion through fixed order terms in the functions J;

I'(n)

n=2C; w(fhes,p.y)

and S¢;. The functions K (u1, p2), w(u1, pe), wr(pl, pe) in the exponent are RG evolution
kernels, defined by

as(p2)  Puo(a) [@ do’
K(p1, p :/ dozcuSp/ —, 3.19
' 2) as(p1) 5(6“) as(p1) 5(6“,) ( )

as(p2) Teus (a) as(p2) ’YF(Oé)
w(pr, =/ do—222— wp (1, =/ dox :
o) = | G ) Plmopa) = | A0

If we specialize to NLL order then the boundary conditions j; and §Ci can be set to 1, the

result for Teysp(c) is kept at 2-loops, and the result for the v"(a) terms are kept at 1-loop.
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3.2 Soft-drop for pp collisions with a jet of radius R

In this section we consider the generalization of the hemisphere eTe™ results from sec-
tion 3.1 to the case of pp collisions with ungroomed jets of radius R. We will include
also the case where R/2 is small, which is typically the case at the LHC and especially in
heavy ion studies. Various parts of this generalization are straightforward. In particular
for pp collisions Q = 2E; = 2ppcosh(ny), where pr and 7 are the jet’s transverse mo-
mentum and rapidity. Also we now use the pp version of the soft-drop definition where
Zeut = Zews(coshny/Rp)? from eq. (2.4). For the kinematic limit we are considering, the
jet function J; is not modified relative to the eTe™ case since these modes never see the
jet boundary. The hard function and other contributions to N; are modified for the pp
case, and in particular the relevant hard scale is u;, = prR. For a jet of radius R, the
normalization function N;(® s, R, Zcut, 5, 1) also has explicit R dependence because of the
jet selection, so for pp we have

do

W = Z Ni(q)Jv R7 Zcuta ﬁv /’L) PiSD(m?]’ Qv écuta 57 M) ) (320)
S i=qyg

where ®; = {pp,ns} encodes the jet kinematics. We will discuss below the R independence
of PiSD for pp in the soft-drop factorization region.

One important source of R dependence is the in-jet global soft modes, whose scaling for
(pT,p~,pL) is modified relative to eq. (3.7). To derive the modified scaling we set AR ~ R,
and note that the polar angle 6 relative to the jet axis ny scales as 0 ~ 2¢/pt/p= ~
R/ coshny. The overall energy scale is fixed by saturating the soft drop condition, yielding

5~ / 1 / = ~CL1 = Zcu _— . 21
P> ~ Qe <4 cosh?n; " 2cosh 77J> 1 ou = St <C05h 77J> ot <R0 ) 520

This scaling relation drops O(1) factors associated to the deviation in the shape between
af < Rand AR < R jet, and also differs for a jet in an ete™ collision.® Note that
st ~ (prR 2.,)? so we require z.,, < 1 to make the scale of the global soft mode distinct

from the hard(-collinear) scale ~ prR. Here prR is a hard-collinear scale for R < 1, and
a hard scale for R ~ 1. In the case of R < Ry, The condition z/,, < 1 holds when one
requires that z.yy < 1. However, in the case of R > Ry, a sufficiently large value of 5 will
break this condition so that 2/, can go beyond 1/2 which is the maximum value of the
soft branch momentum fraction. In this case the jet instead has a reduced radius R;.q < R
because the particles with their angle § > R,..q are all dropped.

One can consider the in-jet global-soft function which accounts for the cross section
of dropped soft radiation and includes the part of the soft contributions in N; needed to

8For an ete™ collision with a geometric jet of radius R we instead have pys ~ Qzly (R?/4,1, R/2) with
_ . R\’ V2sin(R/2)\"
Z(/:ut = Zcut <2 sin E) = Zcut (Wée/é))) s (3.22)

which is equal to Zewt R? in the small-R limit. Again we require z.,, < 1 for the scale of the in-jet global
soft mode to be parametrically smaller than the hard(-collinear) modes, pgs < (QR/2)%.
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cancel the u scale dependence in P;. For a single gluon radiation with d = 4 — 2¢ we have
the bare result”

49201 MZEeE'YE /ddq 27T(5+(k2) @(gs)

SGi(chta B, R, 6) =1+ (27[_)(1(47_‘_)6 (q+q_) SD

Oalg » (3.23)

where 67 (k?) = 6(k?)O(k°) and

(g5 N o25 . B _

O’ = 0(Qzan (207 /¢")? — 2¢°) = 0(Qa (675 —¢* —q7) |

Oug = O(R* — AR?). (3.24)
For simplicity we will take AR? = cosh?n;4¢1 /¢~ which is strictly true in the R/2 < 1

limit, noting that this also suffices to determine the appropriate scale for the global soft
function even when R/2 ~ 1. This gives

Cias(p) 1 1 1 pu 5 [
Sqi(Qcut, B, R, e) =1+ —————— [ — 4+ -1 | e 3.25
“ (Q ’ B 6) * ™ 1 + B 262 € ! ,cut i /cut - ( )

where the ellipses denote terms that are not relevant to our discussion and

. R 1+8 . R B
cht = Qcut <2008h 77J> =prR Zeut = pr R Zcut <}%0> . (3'26)
This determines the appropriate result for the global soft scale to be 145 >~ QL. Note that
this Q.. is independent of 77, and thus invariant to boosts along the beam axis. Also note
that the (1/€)In(u/QL,) term in eq. (3.25) induces a In R/e term that is independent of
(. This is only apparent because we have distinguished R and Ry.

The anomalous dimensions for J; and S¢; are not modified by the presence of the jet
radius R, so RG consistency implies that V; must still satisfy eq. (3.13). The cusp term

there involves the combination

-1 =1 =1
QQ& = pr(precaBy”) ™ = prR(prRzcu(R/R0)’) ™ (3.27)

which is both n; and R independent. Since the contribution from the global soft function in
eq. (3.25) involves Q. rather than Qcyt, there must be an extra R dependent contribution
to the cusp contributions to ud/duN;. This arises from contributions from outside the jet.
For exclusive jet production [82] this contribution is from the “unmeasured soft function”
Sunmeas( Ry .. .), which is independent of the jet grooming but may depend on parameters
for other parts of the event. With R/2 < 1 it involves the term

SURMESS (R p o) =1+ Gias() 1ln (R> +..., (3.28)

7T € 2

where the ellipses are finite O(e?) terms or terms associated with other parts of the event.
This cancels the (1/¢) In R term in the product Sg; S"™™* at O(«s), an contributes the ap-

propriate term to give the R independent anomalous dimension in eq. (3.13). For inclusive

9The virtual contributions is scaleless and only contributes here by ensuring the proper interpretation
of 1/e poles as UV.
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jet production with R/2 < 1 the required contribution to N; occurs from a hard-collinear
matching coefficient H;_,;(Rpr, pt, . ..) [83], whose anomalous dimension now has the re-
quired In R dependence to cancel that from eq. (3.26). These cancellations between the
global soft function and contributions from outside the jet are direct analogs of the cancel-
lation of factors of R in the final result in eq. (3.27).

Next let us discuss how the collinear-soft function should be generalized for pp. When
R ~ 1 the scaling for the collinear-soft mode is identical to eq. (3.3), since eq. (2.25) im-
plies that 0., < R, and the collinear-soft function does noE see the jet boundary. Thus the

1 -
required function is still SCi(k:JrQ(T, ,,u) or S¢; (QQ&?y,B,u) with the same anoma-
lous dimension in eq. (3.10). Th appropriate canonical scale for p.s is also still given by
eq. (3.15). In fact we also have these same functions for the case R < 1, but now we must
be more careful in determining the upper limit on m; for which this analysis in terms of
collinear-soft and global-soft functions still holds. To determine the limit, consider the one
gluon emission calculation for S¢;, but including a jet boundary constraint O, for R < 1.

This yields the integral

29%Ci *“e” / dqtdg dQg_s
(2m)d(4m)e (gtq)tte

Since the modes in S¢, are collinear-soft we must take ¢* < ¢~ for the © functions in

(2m)d(¢" — kT) Osp Ouyg. , (3.29)

eq. (3.24), so the appropriate soft-drop and jet boundary constraints are

+\ B8/2 2 +
_ q R q
Osp = O — Qeut | — , Oug. =0 ———5——— | . 3.30
o <q N t(Q‘) > B <4008h2 1 (f) (3:30)

For fixed ¢© = k™ both of these constraints give a lower limit on ¢~. Thus the range of
validity is determined by having the ©gp constraint be stronger than the ©,j, constraint.

R \*7 R
kT cut| ——— =QLil ————). 31
<Q t<2COShT]J> cht<2COShT]J) (3:31)

This requires

Setting kT = m?] /@ this implies that the factorized description with a collinear-soft func-
tion is valid for

my < mo=prRy/zl, - (3.32)

Above the mass value mg the soft drop grooming is no longer effective, and the factorization
theorem transitions to the ungroomed jet mass result. We discuss this transition in detail
in the next subsection.

In summary, at NLL with mjy < mg the same resummation formula for PZ-SD in

eq. (3.18) applies for the pp case, except now the scale choices in eq. (3.15) become

m?] % — m2J % R R\”
3 p) /
Hes = ( Q > Qca_tﬂ = <pTR> chg—ﬂ , Hgs = cht = prR zeus (Ro) s

py =my, pn = prR. (3.33)
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Figure 3. Canonical global soft scale pg, and collinear soft scale p.s, which merge into the soft
scale ug at the point mj; = mg. For mj > mg the grooming is no longer effective.

Once again these canonical scales obey the relation in eq. (3.16). Note that the collinear-
soft scale u.s depends on Ry but is independent of R. Also, all scales are independent of
1

— = /
n7, as is the combination Q. " /Q = Q

cut

1
oot /(prR) appearing explicitly in eq. (3.18). The
full result for pp is also affected by changes to the calculation of N; which differs from the
ete™ case.

For completeness we note that the analogous formulas to eq. (3.33) for a jet of radius
R in an e'e™ collision are

1+8

m3\ =6 sl R
Hes = — Q;jtﬁ ; Hgs = cht tan1+ﬁ 5 |
Q 2
R
nyg=myj, Hh = Q tan 5 ) (334)

which reduce to the hemisphere case for R = 7/2.

3.3 Transition between groomed and ungroomed regions and profiles

From eq. (3.32) we saw that soft-drop for a jet of radius R in pp is no longer active when
my > mg. At mg the collinear-soft and global soft scales are equal,

2 2y m%%ﬁ_ PTR2 ’ % 1481 75ﬁ
et =ty = (75) et = (2L N )

= prR 20 = Hgs - (3.35)
Therefore the corresponding collinear-soft function (S¢;) and global-soft function (inside

N;) should be merged into a single soft function. For R/2 ~ 1 the new relevant mode is
(ultra)soft, while for R/2 <« 1 it is a different collinear-soft mode. In general the scaling
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for this mode is

2 2 2
. 4m3cosh 77J< R R ) (3.36)

~ b) 17
Ps QR? 4cosh®n;’ " 2coshny

The canonical scale for this soft function is the standard (ultra)soft scale p? ~ u? where
s = m?, /(prR). The description is continuous at mj = my since the value of pg is equal
to the scale of the collinear-soft and global-soft functions at my,

/Ls(m(%) = Ncs(mg) = Hgs - (3.37)
The behavior of these scales and their merging is plotted in figure 3.

Thus we see that the soft drop factorization theorem must be smoothly transitioned
to the ungroomed factorization theorem at mj; = mgy = pTR\/a . In our NLL resummed
predictions this can be trivially accomplished by making the appropriate transition for the
pies and pg scales. For the canonical scale choice we simply replace in eqgs. (3.17) and (3.18)
the scales as

Hes — Mcs(m?f) = ’

fgs = figs(m7) =S o : (3.38)

At our NLL precision the endpoint of the (effectively ungroomed) jet mass spectrum is at
myj = Mmax = prR, above which the cross section vanishes. Our resummed distribution
vanishes at this value due to the relation

:U'S(m?nax) = MJ(mIQnaX) = Hh - (339)

Note that for 2/, = 1/2, the transition does not happen and is superseded by the truncation
at the reduced jet radius my < prRyeq \/1/7 . In the next section we will provide theoretical
predictions of soft-drop jet mass distributions.

We will estimate the theoretical uncertainty by varying the scales up, py(m?%), pgs(m?)
and fics(m%) in the resummation formula. This is done by using the method of profile
functions in the SCET framework [41, 84]. These scale variations are devised so that
they always maintain the joining conditions in egs. (3.37) and (3.39), and maintain the
hierarchies between scales so that py, > pgs > pies and gy > pies. In particular we determine
the uncertainties at NLL by considering the following four variations

1. Overall variation of all scales simultaneously up/down by a factor of two, so u; — epp;
with eg = 1/2 or 2.
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Figure 4. Soft-Drop jet mass distributions from PYTHIA simulations of pp — dijets at 13 TeV.
The distributions are given at both parton level (dotted) and hadron level with MPT effects (solid).
The jet mass distribution without grooming is also shown for comparison (black curves). For the
soft drop curves the left panel fixes z.yy = 0.1 and varys 8 = 0,1,2, while the right panel fixes
B =1 and varies z.yt = 0.01,0.05,0.1.

2. Variation of the 145 and pics scales by a multiplicative factor of e = 3/2 or 2/3 in the
region my < mg, while simultaneously multiplying ,us(m?,) for the region my > mg
by a power [m?/(prR)?m s/ M7t to maintain egs. (3.37) and (3.39).

3. Variation of p; by a multiplicative trumpet factor of [1 + eJ(l — %)2] with e; =
+1/3.

4. Variation of ucs by a multiplicative trumpet factor of [1 + ecs( — %)2@(7710 — mj)]
with e.s = £1/3.

We then compute the total uncertainty as simply the outer envelope of these variations.

3.4 Monte Carlo and partonic SCET results for my

Having discussed soft drop groomed jet mass calculations, in this section we briefly discuss
some features of the corresponding jet mass distributions [48, 49, 80, 85, 86]. This will be
useful for the purpose of drawing contrasts between the behavior of soft drop and collinear
dropped jet mass for different choices of the grooming parameters. Furthermore it will set
a baseline of our discussion when we compare our theoretical NLL predictions to results
from Monte Carlo simulations, which in this case can be compared also with data. We will
also discuss the groomed to ungroomed region transition, which will have a direct analog
in the collinear drop distributions. In all cases the jets are reconstructed using the anti-k;
algorithm with Rg = R = 0.8 in dijet events from 13 TeV proton-proton collisions, and we
impose the jet pr cut of 600 GeV < pr < 700 GeV to select high pr jets.

Figure 4 shows the PYTHIA simulation of soft-drop jet mass distributions with various
soft-drop parameters. The left panel shows results with z.,; = 0.1 fixed, varying 5 =0, 1, 2,
which were also the values used in the ATLAS measurement [87]. Soft drop groomed jet
mass measurements have also been made by CMS [88]. The right panel shows various values
of zcqy with a fixed 3, and both panels also include the ungroomed jet mass distribution
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for comparison. The dotted lines are purely partonic PYTHIA results, while the solid
lines include hadronization and multi-parton interactions (MPI). The curves are plotted
using p = log;o(m?%/p%) to better highlight the various regions of the distribution, and
are normalized dlogo/dp = (1/0)(do/dp). Here o is chosen so the area is normalized to
1 in the plotted region. In general, stronger grooming pushes the distribution to smaller
my and flattens the peak in the displayed distributions. From the left panel of figure 4
we see that the groomed to ungroomed region transition occurs at logq(R%2cyt) ~ —1.2
for zcyt = 0.1, independent of the 8 as expected, while in the right panel one can observe
that the transition value changes as we vary zey. For mj > prR,/Zeus soft drop becomes
ineffective, and the groomed distributions transition to the ungroomed distribution in this
region. For mj < prRy/zcus, soft drop removes wide-angle soft radiation and deforms the
Sudakov peak by increasing the distribution in the smaller log,y(m?/p2.) region. Generally
hadronization and MPI increase the value of the jet mass and soft drop suppresses these
effects. As one decreases the value of 8 or increases zcus, soft drop removes more particles
and results in a wider distribution further toward small jet mass region. One can also
see that the region where hadronization and MPI effects are significant is further pushed
toward the left with more aggressive grooming. With a very small z.y; =~ 0.01 the grooming
transition can even pass the Sudakov peak so that few particles are removed by soft drop
and the distribution is only distorted in the very small jet mass region.

Figure 5 shows results for the NLL partonic soft drop jet mass distribution with
Zewt = 0.1. For the top left panel we take 5 = 1 and display the uncertainty band ob-
tained following the method described in section 3.3, while normalizing all variations to
the central curve over the range shown. Since this panel includes the uncertainty in the nor-
malization, the displayed variations are rather large at NLL. However, for a comparison to
experimental data the cross sections are often normalized, making a comparison with only
shape uncertainties more relevant. This is achieved for the NLL prediction in the top-right
panel of figure 5 by normalizing results within the range of —3.7 < log,o(m?/p%) < —1.7
as in the ATLAS measurement. In particular, each of the scale variations used to estimate
the perturbative are normalized in this fashion, prior to taking their envelope. This plot
also shows for comparison partonic and hadronic distributions for PYTHIA and VINCIA
simulations as well as ATLAS data from ref. [87]. The lower panels show analogous results
for § =0 and 8 = 2 respectively.

For 8 = 0 all the NLL, PyTHIA, and VINCIA curves somewhat undershoot the data
in the region where log;q(m?/p%) ~ —1.2, but the NLL results are within our estimate
for the perturbative uncertainties. In this region higher order fixed order perturbative
corrections (included in the more detailed analyses in refs. [80, 85, 86]) are important. For
small loglo(m% / p%) < —3.4 one enters the region where nonperturbative hadronization
corrections become (O(1), as can be seen by the difference between partonic and hadronic
simulation results. These differences are also visible at small m in the § = 1, 2 panels. For
B = 1,2 one can also see some difference between the PYTHIA, VINCIA, and NLL SCET
results at larger m y values. In both cases the central SCET partonic NLL curve being closer
to that of PyTHIA. We caution that no hadronization corrections have been included here
in the SCET results, though such corrections have recently been rigorously characterized
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Figure 5. Comparisons of soft drop jet mass distributions with z., = 0.1 and 8 = 0,1,2 in
proton-proton collisions at 13 TeV. The solid blue curves represent the partonic NLL SCET results
with uncertainty band estimated by scale variation. The top-left panel includes normalization uncer-
tainty, whereas the remaining panels do not. Results are also shown for partonic and hadronic+MPI
simulations from PYTHIA and VINCIA, and compared to ATLAS data [87].

in ref. [89]. In general we see that examining the NLL partonic SCET results enable us
to see the bulk features of the soft drop jet mass spectrum, while not yet capturing the
finer details entailed by inclusion of hadronization corrections and fixed order matching
corrections. The goal of our presentation of NLL results for collinear drop will be at a
similar level, leaving more detailed analyses that reduce the theoretical uncertainties and
include hadronization corrections to future work.

4 Analytic predictions for collinear drop Am?

In this section we carry out perturbative calculations for the collinear drop observable Am?,
given by the difference of jet masses in eq. (2.9) with soft-drop parameters (zeu1,31) and
collinear drop parameters (zcut 2, 32). This allows us to carry out an all order resummation
of large logarithms induced by the allowed soft radiation, and determine transition regions

for this observable.

4.1 Collinear drop from soft drop grooming at O(as)

To familiarize ourselves with Am? consider the calculation of its distribution at O(as).
We consider only the region where Am < pRy\/Zewti < pR and p is the initial

parton momentum.
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Figure 6. Single emission phase space regions that are kept and eliminated by collinear drop for
the measurement of Am?2. The values of zeus1 and zey; 2 are exaggerated for visibility.

For this calculation we take Ry = R and 1y = 0 so that p = pp, and use the Altarelli-
Parisi splitting function P;_,;1(2), where the indices i, j, k label the parton types in the
1 — 2 splitting. This gives

o)
dAm?

dk
= / 42 Py B(Am? — AP (k1) Ocp Oy (L)
7.k

where Am?(z,k,) = k2 /[2(1 — 2)], and the constraint imposed by the jet algorithm is
given by O, = O(R —0) = O(pR+/2(1—2z) — Am). Here 0 = k| /[pz(1 — 2)] =
Am/[p\/z(1 — z) ], and the equalities involving Am use the relation imposed by the 4-
function. The constraint ©¢p is the collinear drop condition which restricts the phase
space to a soft region,

Ocp = & minz,1 - 2) - s @)B) (zen2 @)B “mins1-2) . @2

These constraints leave two strips in the phase space as shown in figure 6. Since zcup1 <
Zeut2 < 1, the allowed regions for z either satisfy z < 1 or (1 — 2z) < 1, implying that one
of the two final state particles must be soft.

If z < 1 then the integration region is

Am? \ 75 e Am? \ 75 s
W (Zcut 1) <z < W (Zcth) . (43)

And for (1 — z) < 1 there is the mirror image region obtained from z — 1 — z. Performing
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the integrals the singular term at O(«;) involves a logarithm,

2 B 8 By
2do™) _as(wCi | |zt < Am? >2+%2_2+1ﬂ1 ( Am? >2+m =
dAm? m 7 \ (prR)? (prR)? cuts
cut 1

(4.4)

The displayed term is the first term in the leading logarithmic series, while the terms not
displayed are power suppressed in the limit we are considering as indicated. We will use
SCET to resum these logarithmically enhanced terms to all orders in ay, including terms
up to the next-to-leading-logarithms. This includes at least all terms Am?2do/dAm? ~
S0 [ak L%~ 4ok L%=2) (with L a generic large logarithm). Technically the resummation
includes more terms since the counting and resummation are done by including the first
two series of logarithms in the exponential in Fourier space.

If we take 81 = 0 and/or B2 = 0 then the associated leading logarithmic singular-
ity that depends on Am? is removed, which is consistent with the behavior expected for
the minimal-mass-drop limit of soft drop (51 = 0). Interestingly, there is also no double-
logarithmic singularity at O(a) in Am? for $; = B2. We will demonstrate in section 4.3
that this absence of double logarithms persists to all orders in « for the leading logarith-
mic series.

4.2 Factorization for collinear drop using soft drop grooming

Having summarized the major ingredients for soft drop jet mass calculations in SCET, we
can now derive a factorization formula to perform resummation of large logarithms to all
orders in ay for Am?. We carry out our analysis in the form relevant for pp collisions and
a jet of radius R. Our factorization analysis makes use of the SCETy [90-93] extension of
SCET, which in our case includes two collinear-soft modes.

Since our collinear drop measurement also has a soft drop component, the dynamics
of the jet being measured continue to factorize from the rest of the event, so analogous to
eq. (3.20) we have

do

m = Z N]CD(®J7 R7 gcutiv ﬁh /'L) —PJCD<Am2, Q, gcutzﬁ /Br“ /,L) . (45)

J=a.9
Here P]-CD determines the Am? spectrum, while N jCD is a normalization factor, and we
include a collinear drop superscript (CD) to indicate that both of these factors differ from
the soft drop case. The functions N]»CD and PJ-CD each depend on both {zcut1,1} and
{zcut 2, B2}, the former due to the contributions from two global soft modes, and the latter

due to contributions from two collinear-soft modes. In addition we still have Q = 2E},
and define

Zeuti = Zeuti (COSh UJ/RO)ﬁi . (46)

The measurement of Am? as well as the collinear drop condition impose the following
constraints on the kinematics of the emissions,
N Am?

s Fen 07 S 2 S A2 07 (4.7)
J
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Figure 7. Regions kept by Collinear Drop in the plane of energy fraction (z) and polar angle from
the jet axis (0). Results are shown for four different values of {zcut1, 51} and {zcut2, 52}, along
with the corresponding modes needed for the SCET calculation. In the top two panels we have two
collinear-soft (CS) modes and two global soft (GS) modes, while in the lower panels one or both of
these pairs are combined into a single mode.

These constraints are plotted in figure 7 for several different choices of the zcut; and 5;
parameters, taking R = Ry. In these plots the intersection of the blue Am? measurement
line and the orange and red regions removed by collinear drop define collinear soft modes
CS;, whereas the intersection of the collinear drop constraints with the # ~ R line defines
global soft modes GS;.
removes the collinear region of phase space, including contributions from the collinear
modes denoted by C.

The soft drop mass measurement can be expressed as the insertion of a measurement

In all cases the collinear drop constraint involving {zcut2, 82}

function & that incorporates the jet reclustering and the collinear drop constraints. For a

single emission Ogp, imposes the constraint that we are below the orange boundary, and

O°P = Ogp1Osps =

Osp1 — Osp2 selects the white unshaded regions in figure 7, so the measurement function is

@SDQ = 1 — Ogp, ensures we are above the red boundary. Therefore

6 = 6(Am? — [Osp, — Osp,]Qn D) . (4.8)

For these © functions we can make approximations appropriate for collinear-soft radiation.
The global soft modes do not contribute to the Am?, and these modes capture contributions
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from the shaded regions to the event normalization. For a single emission these regions are
determined by

o) = [0y -8, (4.9)

where @égg? =1- Q(SQDSB impose the constraints with approximations appropriate for global-
soft radiation.

A key difference between the various panels in figure 7 is whether the two restrictions
present for collinear drop (labeled soft dropped and anti-soft dropped) are themselves
hierarchically separated or not. In the upper two panels the choice of parameters makes
the constraints hierarchically separated, so we have distinct collinear-soft and global-soft
modes on the soft drop and anti-soft drop boundaries. In the lower two panels one or
both of the collinear-soft and global-soft modes merge into a single mode because the
constraints are no longer fully hierarchical. In general this distinction will affect the form
and results derived from the factorization theorem, however we will see that at NLL order
the description is continuous across these cases.

We will begin by discussing the factorization structure of PiCD in the hierarchical case
in the next section, followed by sections discussing various aspects of this result. The
generalization to non-hierarchical cases is left to section 4.2.2, and turns out to be very
simple at NLL order.

4.2.1 Collinear drop Am? with hierarchical constraints

Since the soft drop and anti-soft drop constraints are hierarchically separated, we can
factorize the collinear drop constraint such that each boundary condition is individually
satisfied by the modes that live on that boundary.

Generalizing our soft drop discussion, in the hierarchical case we have two sets of
global-soft modes, whose scaling is

R2 R R2 R
~ (@ 1 ~ (Q= !
Dgs1 (Qzeui1) <4 cosh? 7]] '3 cosh nJ) » Pgs2 (Qzeut2) <4 cosh2 . ' 9 cosh nJ) )

(4.10)

~ R Bi R\Pi
zéutiEZcuti(COSth) :zcutz'<RO> : (4.11)

!/ / :
We assume z/,;; < 22 50 the GS2 modes are always more energetic, Eys0 > Egs1. For

where

later convenience we also define
chti = QBi Zcuti Q . (412)

The corresponding scales where there are no large logarithms for the two global soft modes
are pgﬂ ~ ,ugsl and pgﬂ ~ Ngsm where

O =pR LAW — Q= prR R\ 4.13
Mgs1 —chtl = PrivZceut1 RO ) ,U/ng—chtQ = PriiZcut2 RO 5 ( )
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Qeuti R /(2 coshn7)1+Pi. Note that we will always have Hgs1 < flgs2-
Up to one loop the bare global functions for the hierarchical case have the following integral

and we have Q.. ,;, =

expressions,

4 20, 26667E dd 27T6+ 2 i
Sci(Qeut 1, B1, Roe) =1+ g ik / q q><@g)

(2m)4(4m)e (q+ ; SD; ) Oalg » (4.14)

5 _ L AP e [dig 2w5+(q2) 5

where O, is given in eq. (3.24) and

) 2 B _
oy = @(Qj;tiz ()5 —qt — g > . (4.15)

To derive the form of the constraints in eq. (4.14) we use eq. (4.9) and apply the power

(g)

counting. For Sg1 we set ©gp, — 1 since the energy is always much smaller than the upper

s)

bound this constraint imposes. For Sgo we set @(g — 0 since its parametrically larger

energy never satisfies this constraint. Performing the calculations gives

as(u)Cj |:1 1
m(1+ B1)

Scj(Qeut1, 81, Re) =1+ + In? /M —|—..},

cutl cutl
as(wCj [1 1. p 2 M

Scj(Qeut2, Bo, R, € =1 Sl —+71n +In +..., (4.16)
j( “ ) (1+52) ¢ cut2 ::ut2

where the ellipses are terms that can be neglected at NLL order. This enables us to
determine the anomalous dimensions for the renormalized global soft functions

d 2C; 1
—InSei (Qeut1, B1, R, pt) = —L—T cusp[as] In —— + s, [as] 4.17
g 565 Qe B, o) = 1 eplos] n o s o], (47
d . = 2C,; ,u
— InSg; (Qcu s 7R7 :_7]1_‘0118 os|In + Qs ,
7 dp 56 (Qeut2, B2, R, 1) 1+ 6, plos] m V5, ]

where I'cusp is given by eq. (3.11) and both g, [as] and g, [as] vanish at one-loop. Note
that it is perfectly consistent to keep the R dependence in these anomalous dimensions.
From the point of view of RG consistency this R dependence cancels out in the prod-
uct SGjS'Gj.

We also now have two sets of collinear-soft modes, as shown in the upper two panels
of figure 7. They have the following momentum scaling,

Am? 1 Am? 1
Pes1 ™~ QC(;51 <Ccsla gcsl ) Pes2 ~ QCcs (Ccs% @7 > 9 (418)
where
Am? e
csi = . 4.19
= () (419
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More explicitly, combining definitions we have

B1 B1
Am? Am? 281 Am? 32+81)
Des1 ™~ ppa—— EJZcut 1 <> y V Am2zcut 1 <> s (420)

2FE; E?,R(Q)zcut 1 E?]R(Q)Zcut 1

with an analogous result for p.s2. The characteristic energy and angular scales are

> Am?2 > Am %
csi — ? = LijZcuti m )
2
Hcsi Am 248
= =R . 4.21
Ccsz 0 EJ RO \/m ( )

Note that to have a non-trivial contribution to Am? requires a non-trivial phase space for
collinear-soft modes, which is ensured by the equivalent conditions:

Ecs2 > Ecsl ) 9052 < ecsl . (422)
Thus we see that the SDs collinear-soft mode lives at smaller angles. The corresponding
canonical scales for the two collinear-soft scales are
+B2

1458, 1
Am2 PR - Am2 218y Ll
Hes1 = ( Q ) Q;;;Bf ) Hes2 = < Q ) Q(?J—tﬁ% . (4'23)

Here we always have pics1 < pes2- These results can also be written as

1+8;

Bi
Am?2\ 245, 151 Am? 22+5;)
o= (Y gzt (2 ) g

pTR (pTR)zzcuti

where the last equality is only true when taking R = Ry. The first equality shows that the
canonical scale choice for p.s; is independent of n;.

The modes SD; and SDs contribute to the Am? measurement. For individual soft
drop jet masses m%Dl and m%DQ there are contributions from both collinear modes (p.)
and collinear-soft modes (pcsi), m%Dl = (pe +pes1)? =2+ Qn - pest + ..., and ngz =
(Pe+pes2)? = p?+Qn-pesa+. . ., where the ellipses denote terms that are power suppressed.
When we take the difference to obtain Am? the dependence on p? cancels. Thus the leading
power collinear drop measurement is given by Am? = Q (n - pest — 1 - pes2). Therefore
the collinear drop jet mass observable measures a concrete projection of soft radiation
within the jet. To define the momenta p.s; we must include the collinear drop phase space
constraints as in eq. (4.8), and implement the power counting for the hierarchical case.

The SD; modes give a collinear-soft function S¢; which is identical to that for soft
drop, since these modes have smaller energy and larger angle, and hence have ©gp, = 0 in
eq. (4.8). The SD2 modes give a dropped collinear-soft function D¢; whose measurement
constraint sets Ogp, = 1, which effectively gives the opposite phase space constraint to Sc;.
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Up to one loop the bare functions therefore have the following integral expressions,

1 4920 MQEee'yE —1
Sc; <k+Q§tﬂf , B, 6) =4 (kJrQ;Jtﬁf ) WQQY& (4.25)
d%q 216t (g2
</ <c_,+q§) 0" k%) ~ ala")]Osp,.
1 4920A NQEGeny -1
+ I8 + 1+13 J 148
DCj <k cht22 ’ /827 6) <k cht22 ) WQCUt;

d - 2
X /dqé;:rgq) [5(q+_k+) _ 5(q+)] (1 B @SDQ),

where

q+ Bi/2
Ogsp, = @<q_ — chm;(q_) > . (4.26)

The complement constraint 1 — Ogp, is effectively equivalent to —©sp, because of the
scaleless integral for the 1 term, therefore the calculation is the same as the one for soft
drop jet mass with an additional minus sign. We find

_1 OzSC' _1 2‘1’6 1 7T2
o 0 ) (i) ) ()

1
o 8 2 “’*3
41 u%ﬁo k Q1 2(1+ p1) 12+5€1 Ly F Qe
. 238, 9 +61 2+Bq )

Ml-‘rﬁl N1+ﬂ1

1 1 2
;] 1+8 asCj 1+8 2+ [ 1 7T
Dc; <k+QCu+t22u32,6> = 6(k+QcJt22> - ’ {5<k+QcJt22> 1+ 5, (_262 T o1

2oy (kﬂax% m1+ﬁﬂuz$?£l<'%x$%>}

1
teuTm L o

2+ 5 hszr

(4.27)

Renormalized Sc¢; and D¢; functions are obtained in the MS scheme by removing all 1/¢2
and 1/e terms here by suitable convolutions with counterterms.

Note that Sc; is the same collinear-soft function as in the soft drop case. In ref. [76] an

1
1+

all orders argument was given for the dependence of S¢; on only the combination kTQ.." .

This argument is based on the structure of the soft drop constraint, comparisons made
in CA clustering, and boost invariance of the Wilson lines in the operator defining S¢;.
This same argument applies equally well for the dependence of D¢; on the combination
given in its first argument. Furthermore, just as in soft drop, this implies that there are
no non-global logarithms in the Am? spectrum for this hierarchical case.
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Using the Laplace transform of eq. (4.27), we find that the functions Scy and D¢y
satisfy the following multiplicative RG equations,

L ; ; S
dlnp In Sc; (QchJtlly B1, ,u> 2l usp () In — 52— + 779 (o)

d ~ 5 i Q@ Des
dln,u In Doi QchtQ Y, ﬁ?? 2F0usp( )ln T298y + v Z<a5) ) (428)

P2 Qy

where 790 (as) and yP¢ () are zero at one-loop.

Putting the contributions to the Am? measurement together leads to the following

factorized result for P]-CD,

F)]CD(Am27 Q> Zcutia ﬁiv ) (429)

= QUTQNE [ aktaig 5(dm?- Qi - Qi)

1 1
x Sc; (’ff Qeutr ,Bl,u> Dc; (krj Qe ,ﬁz,u>
=1 =1
= /dQ1dQ2 5<Am2 — 1QQemt — ©2QQ 7 ) Sci(ar, B1, 1) Dej (g2, B2, 1)

which is a convolution of the collinear-soft function and the dropped collinear-soft func-
tion. The minus sign for the O(ay) terms in D¢j in eq. (4.27) can be interpreted as the
subtraction of the soft drop distribution contributed from the CSs collinear-soft mode. In
the convolution of collinear-soft functions the CSs mode subtracts the collinear drop phase
space region from the CS; result, thus implementing the full collinear drop constraint.
Again, it is convenient to study the factorized expression in Laplace space using eq. (3.8).
In this case the convolution becomes a product

PPy, Q, Zeuti» Bis 1) = Sci <QQCJ£1y B, ) Dei (QQ&L@?y,ﬁz,u) (4.30)
1 1
s Qe ~ Qemz
= Sci | In =", B, as(p) | Do | In—"%25—, B, a(p) |
yQu'th YyQu+r

where PJ-CD, S'Ci, and D¢ are all dimensionless, and in the last line we have defined modified
functions that have a logarithms as their first argument.

From eq. (4.28) the y dependence of the RGE cancels out for the product ]%-CD =
SciDei, thus properly enabling its ;1 dependence to be canceled by that of N, ]-CD, ensuring
that the cross section is p independent. Thus the RGE for N ]CD is also multiplicative

d
dln

CD j Q Hﬁf Q 1+2ﬁ2 NP
In N; (P, R, Zeuti, Bis ) = =207 jp(as) In Hewtl Xeut2 4 N7 (h) . (4.31)
M1+51 1+52
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Here WNJCD(aS) = 5% (as) + vP% (ay), and also vanishes at O(a). At NLL order we
observe that the anomalous dimension for N]-CD is fully consistent with the p dependent
contributions from the two global soft functions, times a u independent factor H J»CD,

NP (@, R, Zewis Bis 1) = HYP (@, R) Siij (Qeue, 1 1) S6j (Qeurzs B2, ) - (4:32)
J J
In particular, adding the terms in the anomalous dimensions in eq. (4.17) gives

1 __1
2 2 1+81 1489
In n—F — o1y Pt Qewn ~ (4.33)
L+/ Qe 1+082 Qeurs (T T

thus reproducing eq. (4.31). Beyond NLL, the p independence of HJ»CD in eq. (4.32) will
imply that 'yNJ'CD(ozs) — 7563 (aig) + 7567 () beyond O(as).

Note how the In R contributions in the individual anomalous dimensions cancel when
the are summed in eq. (4.33). For collinear drop additional contributions to N; from
outside of the jet are not needed to satisfy the RG consistency, unlike the case for soft
drop. This occurs because the collinear drop constraint effectively makes the jet behave
like an “unmeasured jet” (a jet of radius R that is tagged by the jet algorithm, without
making further measurements). For example, taking radius R dijets in an e*e™ collision
with a cut A on energy in the veto region outside the jets, we have

6+67 q unmeas unmeas unmeas
HDC (R, R) = HU(Q, p) Jy™ ™ (QR, 1) Jy™™ S (QR, p) SYMneis (R, A, ), (4.34)

Jj=q

where HY9 is the standard dijet quark hard function, J "% is the unmeasured jet function,
unmeas
q,dijet

j = q indicates that we carry out the collinear drop jet mass measurement on one of the

and is an unmeasured soft function for the two quark induced dijets. The subscript
quark jets. This combination is p independent on its own, as can be seen from the per-
turbative results in ref. [82]. Since we are not interested in summing logarithms of R here,
for our purposes the required H J-CD for pp collisions can simply be calculated in fixed order
perturbation theory and integrated against the initial state parton distribution functions.

For the collinear drop jet mass factorization theorem with resummation we write

do

m - Z NJCD((I)JaRa 2cuti76i7ﬂgslal'69527ﬂ) P]CD(Am27 Q?gcutiwehﬂcslnucs%:u’) .

J=4.9
(4.35)

This notation indicates that in N jCD we have resummation from g1 to p for Sg; and
from fig52 to p for S'Gj. And that for PjCD we have resummation from s to p for Sp;
and from pcs to p for Cpj. The choice of u is arbitrary and cancels exactly between the
two resummed functions. Solving the anomalous dimension equations in eq. (4.28) the
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resummed result for PjCD is

PjCD(Am27 Qa 2Cut’ia B’ia Hesly Hes2s M) (436)

2(2+ 1) 22+ B2)
TBI ngK(#cs%m

1 2489 QC]' w(ﬂcsla/‘)
Q 1+81 1489
cutl cs2

= €xXp|— CK( Hesly B )+

1 2+B1
Q 1+B82 1457
cut2 Mg

X exp [WSCJ- (,Ufcsla ,u) + WD¢, (Mcs?v N)] 5C’j (8777 627 Qs (/’LCSQ))

1 2489
_ Q T+81 |, 1482 e~ VET
X SC] 8 +In CUtl C;EBI ; 517 Qs (NCSI) r
Q 1+ﬂ2 1+81 (77)
cut2 Mg
1 n
2 M) 1+B82
1 Am cht?
2 2482 ’
Am 1+52 Q ')7:2Cj UJ(MCSLMCSQ)
Hes2

There are no non-global logarithms in the collinear-soft functions S¢; and D¢, so the same
holds for PCD Note that the dependence on the jet rapidity n; cancels in the combinations

chmjtﬁl chlﬂgz CIJJ;Q /@ which appear in eq. (4.36). Solving the anomalous dimension

equations in eq. (4.17) the resummed result for N jCD is

NjCD((I)Ja Ra 2cut’ia B’ia Mgslaug527ﬂ)

= H]‘CD((I)Ja R)SGj(chtb B, ,Ugsl)SGj(chtQ’ B2, Ngs2)

2C 2C;
x| 2K g ) = T K g )|

X €xp [U‘)Scj (Mgsl ’ N) + WS'G]- (Hng, M)]

29 w(jager i) TS w(pgsa )
y <Mgsl >1“31 ot (ugsz )”"2 T (4.37)

/ /
cutl cut2

From the resummed expressions we can see that the canonical scale choices in egs. (4.13)
and (4.23) remove all the logarithms that are not contained in the K, w, or wg evolution
kernels. Thus these solutions sum the desired large logarithms. To truncate these solutions
to NLL order we can set the boundary condition functions ﬁcj, gcj, Sa; and ng to 1.

4.2.2 Relaxing hierarchical constraints on {zcuti,3:}

In our analysis so far we have primarily assumed that the two boundaries that define
the collinear drop region are hierarchically separated. However for realistic choices of the
{Zcut i, Bi} parameters this is often not the case. Two examples are shown in figure 7 in
the lower two panels. In the lower left panel we have the situation where there is a single
common collinear-soft mode, and a single common global-soft mode, where both of their
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phase space is constrained by the two boundaries. In the lower right panel we have the
situation where there is a single common global-soft mode, but we still have two collinear-
soft modes that have a hierarchical scaling for their momenta. (The opposite case is also
possible, but not shown.)

For the moment we will assume that the collinear-soft modes are well separated from
the global-soft modes. There are then two possible ways that the hierarchical situation can
be modified. First we may have a single global-soft function when

Zéutl ~ Z(,:ut2 < 1) (438)

which for Ry = R is the same as z¢uyt1 ~ Zecut2- In this case there is a single global soft
mode with scaling pgs ~ pgs1 ~ Dgs2 With pge; from eq. (4.10). The O(ay) calculation of the
global-soft function for this case follows that in eq. (4.14), but with a single phase space
constraint given by @é%sz — @ég;; for a single emission. This breaks into two independent
pieces, so the result follows immediately from the hierarchical case

S (Qutt, Qeuiz: 81, B2, 1) = Stj (Qeuir, B, 1) S (Qeuizs B2, 1) + O(a2). (4.39)

The corresponding canonical scale choice is pgs ~ figs1 ~ figs2, and its anomalous dimen-

sion is
d 12
M@ In SG]' chtl’ cht2a ﬁlv /827 R7 1% (440)
2C; I 2C; L
=" D 1 — 7 Teus In ——
T e g T T el I g g )

1y
461 Typy

= —2C;Tcusp(0vs) In 62(21111:17[1/1 +Ys22 (as) -

P Qe

Second we could have a single collinear-soft function because

Ccsl ~ (cs? . (441)

For this situation we have a single collinear-soft mode with momentum scaling as p.s ~
Desl ~ Pes2, With peg; from eq. (4.18). The O(as) calculation of the corresponding collinear-
soft function follows that in eq. (4.25), but with a single phase space constraint given by
Osp, — Osp, for a single emission. Since this breaks into two independent pieces the result
again follows immediately from the hierarchical case

1

_1
5S¢ (WQSJQ K Qeuis' B, o u) (4.42)

1

1
= [[aktag o0 =kt = )5y (K QT i) Des (15 Qi B
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In this case the corresponding canonical scale choice is fies ~ pics1 ~ pes2 and the Laplace
space anomalous dimension is

1 1
,UCZL In S¢7 <QQ§H Y QQcuz ¥, b1 Ba, u> (4.43)
o 0
= 20T eusp(as) In — 22— — 20 Teysp (vs) In — 22— 4 Tspz ()
P Qy 12 Qy
TR
= 20 cusp(as) In M + Vsi2 (o) .
P Q'3 |

The three possible cases with a relaxed hierarchy correspond to Sé?jggj, nggcj[?oj,
or SGjS'GjS%?j, and in all cases the RGE consistency relations are satisfied. For example,
for S(%S%?J this follows because the anomalous dimensions in eqs. (4.40) and (4.43) are
equal and opposite, with Vs (as) = —'ysézj(ozs).

The simple structure of the phase space constraints at one-loop order has direct impli-
cations for obtaining the resummed result for the non-hierarchical cases, where we have one
or both of egs. (4.38) and (4.41). The NLL result in all non-hierarchical cases are simply
obtained by evaluating eqs. (4.36) and (4.37) at this order with the same scale choices as
used in the fully hierarchical case from section 4.2.1. This suffices since the transition to
the non-hierarchical cases is fully continuous at this order. However, we do caution that in
these non-hierarchical cases that non-global logarithms can appear in Sg] or Sé?j at O(a?).

It is also interesting to consider the transition between the collinear drop resummed
expression, and that for soft drop, by turning off the colliner drop constraint, which could
be achieved by taking z.ut2 = 1 and By = 0. It is straightforward to see that this reproduces
the LL resummed expression for the soft drop jet mass spectrum with a correspondence
between anomalous dimensions that has Dc; — J; and S’Gj — Hj;. However beyond LL
this correspondence becomes more complicated since the non-cusp anomalous dimensions
of J; and Hj are not obtained by a simple limit from D¢; and SGj.

4.2.3 Collinear drop Am? with 81 = B2

The special case where we take 51 = 5 is interesting because the result does not contain
a leading double logarithmic series. This is analogous to the behavior of soft drop in
the f = 0 limit where it reduces to the modified mass drop tagger (mMDT) grooming,
and there is no double logarithmic series. For mMDT the grooming removes the soft m
dependent logarithm from the series, replacing it by a logarithm of z.y. In the collinear
drop case the radiation is always soft, and the leading double logarithmic series is absent
for any value of 81 = s = 5. This gives an entire family of observables without a double
logarithmic series.

To demonstrate the cancellation of the double logarithms, take 81 = By = § in
eq. (4.36), which gives

P]‘CD(Am27 Q; Zeutis Bi = B, Hests fes2s M) (4.44)

2G5
= exp —wcf((u s fhes2) Zeutl Mz:éﬁ 75 w(ttestop)
1+ ﬂ J csly Hes Zeuts Mg;ﬁ
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X €Xp [wSci (fes1, 1) + wpe,; (Hes2, M)] EC’Z‘ (8177 B, as (McsZ))

S 1 Zeutl IUQ-ZB e 7En
X Sci | 9y + In B2 B« 1 —_
’ ( T+ B Zeu ,uijlﬁ o{fteat) I'(n)
1
1 Am2 QL5
2 248 ’
Am /‘I’Cl':és Q 77:2Cj w(/”'csl »,U'CSZ)

Furthermore for 3; = /3, the canonical values in eq. (4.23) give a Am? independent ratio
of scales

_1
Hes2 _ (ZcutZ) 1+ (4 45)
Hes1 Zcut 2 ‘ .

Since at LL only this ratio appears inside K (pcs1, fes2) and w(fiest, fes2) in eq. (4.44), and
other wg appear only beyond LL, we see that the LL terms involving double logarithms of
Am? are not present.

4.3 Transitions with increasing Am? for collinear drop

/

cutl-* In

The above factorization and resummation expressions work for Am? < (prR)?z
contrast, in the region where

AmQ Z (pTR)2Z</:ut1 = Amgutlv (446)

soft drop SD; is now ineffective and we need to match to the effective theory where SDy
is turned off. When z.u1 is small, such transition can happen at small values of Am?
because the SD; constraint can be easily failed by a majority of the jet configurations.
This transition is the same as that we discussed for soft drop in section 3.3. Thus we have

ILLCSl(Am(zzut 1) = Hgsl - (4.47)

However unlike the case there, for Am? the SDy collinear drop constraint is still always at
work in the Am?2 > Amgutl region. In this region the SD; collinear-soft mode and GS;

global-soft mode are replaced by a single c-soft mode with

Am?2

2
P~ OR? (R'?,1,R) (4.48)
where R’ = R/(2coshny). Here the characteristic scales are equal to a single soft scale
ps(Am?) as
2 2 2 Am’? 2 2
prest (Am?) = pigs1 (Am®) = pg(Am*) = R for Am*>AmZ,; - (4.49)

In this region Am? measures the difference between the SDy groomed and ungroomed jet
masses. At NLL order our factorization theorem which combines eqs. (4.36) and (4.37) still
properly describes the logarithms in this region, simply by implementing the choice of scales
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Figure 8. Plots of the canonical scales for collinear drop, including the merging of pgs1 and fics:
at the transition where the SD; grooming becomes ineffective at (Am?2,, ;)'/? from eq. (4.46). The
upper endpoint of the spectrum occurs at (Am2,,)'/?, where all the curves meet at the far right,
and depends on the collinear drop parameter zeut2 via eq. (4.50).

in eq. (4.47). Beyond NLL there will be modifications from the fixed order corrections of
the c-soft function for the modes in eq. (4.47), which will in general differ from the product
of fixed order corrections from the S¢; and Sg; functions. Note that once the soft drop
grooming is not longer active, that there will be non-global logarithms in the spectrum
(through the soft function), like in the ungroomed case.

Finally we note that there is an upper bound on the Am? spectrum

Am? < (prR)? 2o = Amzuw , (4.50)

beyond which the cross section is zero. This bound occurs because as Am? increases the
phase space that passes the collinear drop constraint decreases. The available phase space
for radiation vanishes when we reach the bound in eq. (4.50). At NLL order the vanishing
of our cross section at Am? = Am?,, occurs because all the scales become equal at
this point,

,US(Amgut 2) = Mes2 (Amgut 2) = Hgs2 - (4-51)

4.4 Profile function for Am?

We summarize again the canonical scale choices of fics1, fles2, figs1 and figs2 in the resummed
SCET prediction for Am?,

A 2 71+gl 1

m 2+ 5T 5T

(557)""emt am <o,

Mcsl(Amz) = Cg )
Am
7R Am2 Z Amgutl
pr
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/ 2 2
prR Zeut 1 Am* < ATn‘cut 1

/’Lgsl(Am2) = Am2 )
Am? > Amgutl

prR
1489
Am?\ 752 5
Ncs2(Am2) = < > Q;Ttﬁg )
Q
figs2(Am?) = prR 2y o - (4.52)

The grooming transition happens at Am? = Am2,,; in eq. (4.46), at which point we merge
fes1 and fige1 continuously so that they become equal to the single ultrasoft scale pg =
Am?/(prR). Also, as Am? increases the scales fi.s2, fgs2 and pus merge at Am? = Am2
in eq. (4.50), which is the endpoint of the spectrum. In the special case of zecut1 = Zeut 2, the
region Amgut 1 < Am? < Amzum disappears, so the grooming transition does not happen.
In all perturbative regions the canonical scales for this collinear-drop jet mass observable
obey the relation

2+p1 -1 2+ B2 —1
14+, 1481 _ , 1+B2  1+Bg
csl Mgsl = Hes2 lugsZ (453)

The collinear-soft scales ji.s; and fi.s2 are monotonic functions of Am?. 1In the
Am? — 0 limit these two scales can get close to the Landau pole singularity where the
strong coupling constant diverges, and the perturbative expressions for the anomalous di-
mensions break down. In this region there are O(1) nonperturbative corrections to the Am?
spectrum. Since pies1 < fes2 it will always be ues1 that gets near to the non-perturbative
region first. These non-perturbative transitions occur for p.s1 and pcso at the values

1 1
A ey A 5
Am? ~ (pTR)AQCD< QCD) L Am2~ (pTR)AQCD< ‘?CD> YL (454)

!
cutl cut 2

respectively, which correspond with jics1 ~ Aqep and pies2 ~ Agep. These relations have
the same form as for the non-perturbative region for the soft-drop jet mass [76]. Therefore
the running has to be terminated at a low scale ji.s; ~ 1 GeV, and we do so by modifying
the two collinear-soft scales as pics; — f(fiesi), using the following profile function,

% B> 2410

12

o (1 + > < 2p0
44

Flw) = (4.55)

We take as a default ug = 1 GeV, which ensures that the collinear-soft scales never go below
po = 1 GeV. Furthermore when Am? — 0 we have fics1 = jlesa = po, which from eq. (4.36)
with 7 — 0 can be seen to force the differential cross section to vanish. Since the collinear
drop spectrum is dominated by smaller values of Am? than we have for soft drop jet mass
or ungroomed jet mass, more of its spectrum is sensitive to non-perturbative effects. The
choice of pg can modify the partonic cross section in the region where nonperturbative
corrections are important, as we discuss in the next section, and hence gives a method for
testing the extent of this region.
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We will estimate the theoretical uncertainty by varying the scales ugsg(Am2),
fes2(Am?), pgs1 (Am?) and pies1(Am?) in the resummation formula, again using profile
functions [41, 84]. These scale variations are devised so that they always maintain the
conditions in egs. (4.47) and (4.51), and the hierarchies between scales so that pgsa > pigs1
and fies2 > fes1. In addition, for cases where zeus 1 = Zeus 2 50 that pgsr = pgs2, then we
retain this equality during the scale variations. For simplicity we quote the variations here
taking Ry = R. For situations with zcut 1 < zcut 2 we consider the following four variations:

1. Overall variation of all scales simultaneously up/down by a factor eg, so pu; — epu;

with eg = 1/v/2 or v/2.

2. Variation of the pgs1 and pce1 scales by a multiplicative factor of ey, = 10/9 or
9/10 in the region Am? < Am?2,,, while simultaneously multiplying pus(Am?) for
the region Am? > Amgutl by the factor [AmQ/(p%Rzzwt 2)}11165“/111(2““/2“”) to
maintain egs. (4.47) and (4.51).

3. Variation of the jigs0 and fics2 scales by a multiplicative factor of ey, = 10/9 or 9/10,
while simultaneously multiplying js(Am?) for the region Am? > Am2,, by the
factor [Am?/(phR?zcut 1)]_lneSb/ln(zcutl/ZC“”) to maintain eqs. (4.47) and (4.51).

4. Variation of pes1 and peso simultaneously by trumpet factors pies1 — flest [1 + €cs (1 —
Am )2@(Amcut1 — Am)] and fies2 —> fes2 [1 + ecs(l Am )2] with eq.s = +1/4.

Ameut 1 Amcut 2

For cases where z¢ut 1 = 2cut 2 We replace the second and third variations by

2. Variation of the fpgs1 = figs2 and pies1 scales by a common multiplicative fac-
tor of ega = 10/9 or 9/10, while simultaneously multiplying p.s2 by the factor
[Amg/(p?pRQ)]lne”/ln(zml) to maintain eqgs. (4.47) and (4.51).

3'. Variation of the Hgs1 = [lgs2 and fieso scales by a common multiplicative fac-
tor of ey, = 10/9 or 9/10, while simultaneously multiplying pu.s1 by the factor
[Amz/(p%RQ)]lne“/ln(zc““) to maintain eqgs. (4.47) and (4.51).

We then compute the total uncertainty for collinear drop cross sections at NLL as simply
the outer envelope of these four variations. Note that the size of the variation parameters
e; for collinear drop are smaller than in soft drop because the scales tend to be smaller and
closer together, and hence smaller variations are required to maintain picso > fics1-

4.5 Partonic SCET results for Am?2

We now study the partonic SCET predictions for the Am? jet mass to gain intuition about
these distributions and their dependence on the collinear drop parameters.

Figure 9 shows a comparison between ungroomed (black dotted), soft drop groomed
(blue dot-dashed), and collinear drop (green dashed and red solid) jet mass distributions
predicted by the SCET formulae. The soft drop and collinear drop curves are at NLL accu-
racy, while the ungroomed curve is shown for illustration and only includes so-called NLL
global logarithms, while neglecting non-global terms. Note that although the horizontal
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Figure 9. Comparison of collinear drop, soft drop, and ungroomed jet mass spectra calculated
using SCET. The soft drop parameters are z.,1 = 0.05 and 81 = 1 in all cases, while the collinear
drop parameters are varied as indicated. The left and right panels show the same spectra but
plotted with different axes choices in order to contrast the linear versus logarithmic distributions.

axis has been labeled with Am?, the ungroomed and soft-drop cases have Am? = m?] The
soft-drop parameters are chosen to be (zcut 1, 51) = (0.05,1) and the two collinear-drop ob-
servables are constructed by varying the value of z.,; with a fixed 5: (zcut 2, B2) = (0.10, 1)
(green), or varying f with a fixed zeut: (zcut 2, 52) = (0.05,0) (red). The left panel shows
the distributions linearly with v Am?2 while the right panel shows the same distributions,
but plotted with the variable log;o(Am?/p%). From the left panel of figure 9 we observe
that collinear drop distribution significantly softens the jet mass distribution, and makes it
narrower, as expected for the removal of energetic collinear radiation. The same softening
of the spectrum is even more clearly visible in the right panel, where the peaks of the two
collinear drop distributions are significantly to the left of both the ungroomed and soft
drop distributions.

A noticeable feature of the collinear drop distributions, seen most clearly in the right
panel of figure 9, is that their upper boundary occurs earlier than that of the non-collinear
drop spectra. We recall that at the order we are working it occurs at Am? = p%RQZcut 2,
which corresponds to VAm?2 ~ 125 GeV and log;o(Am?/p2) ~ —1.5 for zeut 2 = 0.05, and
VAmM?2 ~ 177 GeV and log;o(Am?/p%) ~ —1.2 for 2cut 2 = 0.10, taking pr ~ 650 GeV and
R = 0.8. The green collinear drop curve with z.y;2 = 0.1 also exhibits the same transition
as the blue soft drop curve for the groomed to ungroomed transition point, which is at
Am? = p%RQ,zcut 1 corresponding to VAm?2 ~ 125GeV and logm(Am2/p?,,) ~ —1.5. In
contrast the red collinear drop curve with zcut1 = Zcut2 has no such transition. Note that
the red and green collinear drop distributions have quite distinct shapes.

In figure 10 we contrast 8 different collinear drop observables, which probe different
The left panel has a fixed value of zcut1 = Zeut2 = 0.1
and varies 81 and Py within the values 0, 1,2 for the blue dot-dashed, green dashed, and
red solid curves as indicated. These sets of parameters are the ones used in the ATLAS
soft drop jet mass measurements. (The CMS [88] soft drop jet mass uses S = 0.) This
makes it straightforward to carry out new measurements for these observables based on

parts of the soft phase space.
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Figure 10. Comparison of collinear drop distributions calculated using SCET. The left panel shows
examples from varying the angular parameters §; while holding zcut1 = Zcus2 fixed, whereas the
right panel gives examples with varied z.ut; with fixed 8, = fBo.

the same ATLAS data set. Since zeut 1 = Zeut 2 these results are groomed throughout the
full spectrum. The choice of §; values mostly effects the shape and location of the peak.
We also show with the black curve a comparison of a collinear-drop observable that does
not include the soft drop grooming, and hence retains the soft wide-angle radiation. It
peaks further to the right, though still to the left of the curves without collinear drop from
figure 9.

In the right panel of figure 10 we show a different type of collinear drop observables,
holding 1 = fo fixed, taking zeyt1 = 0.05 and varying zewte = 0.1,0.2. Recall that
although this is simply a special case of the generic NLL formula, that for 81 = 52 only the
LL Am? dependent logarithms are summed at the order we are working. For fixed 81 = fo,
varying zeus2 does not lead to large differences, so we choose to use 1 = 82 = 0,1, 2 for
the red solid, green dashed, and blue dot-dashed curves respectively. The most notable
feature in the comparison of these collinear drop distributions is the slope in the central
region, which varies in each case. We show with the black curve a different collinear-drop
observable that again does not have soft drop grooming. This curve has double logarithmic
Am? dependence, and a different shape. Note again that both the grooming transition and
the upper bound are determined by the values of zcut 1 and zeyt 2, respectively, which are
clear features one can exploit.

Another interesting feature to examine is the sensitivity to hadronization corrections.
From the purely partonic SCET calculation we can get an idea about this sensitivity by
varying the parameter pg in eq. (4.55), which is the scale where we choose to freeze the
running of the strong coupling constant to ensure that it does not enter the nonperturbative
region for the evaluation of perturbative anomalous dimensions. In figure 11 we take an
example collinear drop distribution, and vary g from its default of 1 GeV (green dashed
curve) up to 1.5 GeV (blue solid curve). In the left panel we show the differential distribu-
tions, using the same normalization from the g = 1 GeV result for both curves so as to
not obscure differences in the spectrum. We clearly see that the change to pg only modifies
the results below some value of Am?, and the region where these curves differ provides a
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Figure 11. Comparison of Collinear Drop distributions calculated using SCET with (zeut1,581) =
(0.1,2) and (zcut2,02) = (0.1,1) and different cutoff scale pg of the running of strong coupling
constant. The left panel shows the differential distributions while the right panel shows the cumu-
lant ones.

rough indicator for the region where we can expect larger corrections from hadronization.
In the right panel of figure 11 we show the analogous results for the cumulative collinear
drop cross section

l do
odAm?2’

To obtain NLL SCET results for ¥ we integrate eq. (4.36) which replaces
(Am2)="1/T(n) — (Am2)~™"/T(1 + n), and we use Am? in place of Am? for all the
scales p1;. From figure 11 we see that the results asymptotes to 1 at large Am? as expected.

Am?
S(am/ph) = [ dam?) (4.56)

Again we see that for large enough Am? that the curves with two different values for g
agree, but start to deviate at smaller Am? in the region where nonperturbative corrections
are more relevant. Figure 11 also exhibits an important feature of the collinear drop cross
section, namely that ¥ goes to a non-trivial constant as Am2 — 0. This differs from the
ungroomed or soft drop groomed observables where this constant would be = 0. The reason
for this behavior is that due to the collinear drop constraint, we are always removing per-
turbative radiation, even as Am? — 0. Hence, rather than being dominated by a Sudakov
suppression for the radiation, we instead find an interesting constant that corresponds to
the fraction of radiation that is retained by collinear drop in this limit. Although not
shown in the figure, we find that this constant exhibits strong dependence to the choice
of collinear drop parameters, and hence is an interesting event fraction observable in its
own right. We will leave further dedicated study of these collinear drop event fractions to
future work. We will return to the study of hadronization corrections in section 5, where
we use Monte Carlo simulations to examine these effects for collinear drop.

So far our collinear drop results have been based on central values obtained with
canonical profile scales. In figure 12 we include uncertainty bands from varying the scales
u; following the prescription outlined in section 4.4, with the overall uncertainty determined
by the envelope of individual variations. In the left panel the central curve is normalized
over the range shown, while the individual variations are not further normalized, implying
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Figure 12. An example of collinear drop distributions showing uncertainty bands at NLL order.
The left panel includes the normalization uncertainty, while the right panel only includes shape
uncertainty.

that this result includes an estimate for the (relative) normalization uncertainty. In the
right panel the individual profile variations are themselves normalized, so the band only
estimates shape uncertainty, and hence is not as large. This pattern echos what we observed
already for soft drop in section 3.4. Examining figure 12, and its analog for a wide range
of other collinear drop parameters, we conclude that the uncertainty results obtained by
our proposed scale variations are a reasonable estimate for the uncertainties at NLL order.

5 Monte Carlo analysis and comparison to analytic predictions

In the previous section we derived analytic factorization based predictions for the partonic
collinear drop jet mass observable Am?, and examined the resulting partonic SCET distri-
butions at NLL order. In this section we carry out further analysis of these collinear drop
spectra using Monte Carlo simulations. In particular we compare simulation results be-
tween PYTHIA and VINCIA, and our SCET based factorization results. We also examine the
impact on collinear drop observables of final state hadronization and of the multi-parton
interaction model for underlying event effects. When observables have different quark
and gluon compositions for a jet sample this can also significantly affect jet substructure
distributions, and it is interesting to see how accurate these channels are or whether their
discription can be improved. Therefore we also perform separate comparisons for these two
components. For both the simulations and factorization based results, the identity of a jet
as being quark or gluon induced is determined at the stage of the initial hard scattering.
Since this work focuses on analytic predictions at the parton level, comparing our
results with simulations generated using different parton showers will provide useful infor-
mation about the impact of parton shower accuracy on jet substructure observables. For
the Monte Carlo analysis, we use PYTHIA 8.223 and VINCIA 2.0.01 to generate jet samples
from dijet events. Here jets are reconstructed using the anti-k; jet algorithm with radius
R = 0.8. We study the leading two jets in inclusive jet events in 13 TeV proton-proton
collisions, and we impose the following kinematic selection: 600 GeV < pr < 700 GeV and
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Figure 13. PYTHIA collinear drop results for various parameter choices. The top left panel
compares collinear drop to the soft drop and ungroomed partonic jet mass spectra analogous to
the NLL SCET results in the right panel of figure 9, while the remaining two figures show partonic
results for 8 choices of collinear drop parameters analogous to the SCET results in figure 10.

ly| < 2.0. The main difference between the MC simulations is that PYTHIA uses a dipole
shower where we can talk about the radiator for individual branches, whereas VINCIA uses
a antennae shower with radiation produced by color correlated pairs. Both of these MCs
use a string fragmentation model to implement hadronization.

As was mentioned previously, ATLAS recently measured soft-drop jet mass with pa-
rameters zeyt = 0.1 and § = 0,1,2 (and CMS with 5 = 0). Since the same data can be
readily used to construct the collinear drop observables Am?, we will include this parameter

choice in our collinear drop analysis.

5.1 Monte Carlo partonic results for Am?

We begin in figure 13 by reproducing with PYTHIA at the parton level some results that
were obtained using factorization in figures 9 and 10 of section 4.5. The top left panel
of figure 13 compares distributions for ungroomed (black dotted), soft-drop (blue dot-
dashed) and collinear-drop (green dashed and red solid) jet mass, to be compared with
partonic SCET results in the right panel of figure 9. As already discussed earlier, the soft
drop curves are quite close. The collinear drop curves also exhibit the same hierarchies in
different regions and the same endpoints, but the precise shape does show some differences,
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Figure 14. Collinear Drop distributions with (zeut1,61) = (0.1,1) and (zeut2, f2) = (0.1,0) from
PyTHIA and VINCIA simulations as well as SCET calculations with theoretical uncertainty estima-
tion (blue bands). The top two panels show the distributions for quark-initiated jets (left panel)
and gluon-initiated jets (right panel), and the bottom right panel gives the dijet distributions. The
bottom left panel gives a decomposition of the Collinear Drop distribution from PYTHIA simulations
into quark and gluon components.

in particular for the green curves. More collinear drop results are shown in the right most
panel and bottom panel of figure 13, which can be directly compared to the two panels in
figure 10. Again the pattern of curves is similar, but there are noticeable differences in the
precise shape, particularly for the bottom panel of figure 13. This motivates carrying out
a more detailed comparison, including the NLL uncertainties, to which we now turn.

5.2 Comparison to partonic SCET results for Am?

We now consider a more detailed comparison between the partonic NLL SCET predictions
with Monte Carlo simulations generated with both PYTHIA and VINCIA at the parton level,
pointing out places where they differences in their predictions for collinear drop observables.
Such comparisons can point the way to methods for improving both parton shower and
analytic predictions. All curves are normalized over the displayed range, unless otherwise
indicated.

In figure 14 we consider the collinear-drop observable Am? with fixed Zeut 1 = Zeut 2 =
0.1, with 81 = 1 and P = 0. The partonic results from SCET at NLL accuracy are shown
by the solid blue lines, PYTHIA by dotted red lines, and VINCIA by dashed green lines. The

45 —



08 ——r——7r—r——r 11— 08 —————7r+—r—— 11T
a8 L Q:Tg\g, pr: (iog,iloté) GeV (Zeut1.81) = (0.1,2) 1 S r ngg‘g, pr: (600,700 GeV Geut1,81) = (0.1,2) ]
S Ao ppm Ceut2:B) =100 ] X p T e \ Geut2:82) = 0.1,1) 7
“z 06 [Am™ = mgp, = mgp, 4 % 06F \ b
3 F 28 ——— NLL SCET parton ] 3 r ——— NLL SCET parton ]
= F III \ B - PytHiA parton - = g N e PyrHiA parton -

S [ TN i S L 4 . ]
o 04 < - === ViNcia parton _] o0 0.4 - . )\ -==-- Vincia parton ]
-—01 r \\ A T 2 r "’ “} 7
~ L \\»‘ ~ : . > :
= [ / 2 = L A ]
\b/ 0.2 - % s N 3 021 4 &, ]
T F 4 S 20 r K/ O, ]
2 L £’ N = [ ! \ ]
~ L= \ = ey \Y 1

00E=" 1 1 I AN 0.0E=0 I L N

-5 -4 -3 -2 -1 0 -5 -4 -3 -2 -1 0
2.2 2/.2
log,o(Am”/p7) log,o(Am~/p7)

Figure 15. More Collinear Drop distributions with (zeut1,81) = (0.1,2) and (zcut 2, B2) = (0.1,0)
(left panel) and (zcut1,51) = (0.1,2) and (zeu2,02) = (0.1,1) (right panel) from PyTHIA and
VINCIA simulations as well as SCET calculations.

blue band corresponds to theoretical uncertainty estimated by scale variation following the
method described in section 4.4, and studied in section 4.5. The top left panel of figure 14
shows the results for quark-initiated jets while the right panel corresponds to gluon-initiated
jets. For quark initiated jets the VINCIA results are significantly more peaked than for
PyTHIA, but both simulations agree with the SCET results within the uncertainty band.
For gluon initiated jets the SCET results are closer to those of VINCIA, while PYTHIA
is broader and peaks at larger Am? values. In the log,o(Am?/p2) ~ —1.5 region, the
analytic and simulation results for gluons differ. In general this region is the most sensitive
to fixed order corrections and corrections from beyond leading power in the collinear drop
expansions. In the lower left panel of figure 14 we show the breakdown of quark and gluon
contributions for dijets in PYTHIA. Here only the total quark+gluon curve is normalized,
while the individual quark and gluon curves add to this total. As expected the quarks
dominate for smaller Am?, whereas the gluon contributions are broader and peak at larger
values. In the lower right panel of figure 14 we consider the collinear observable for pp —
dijets, again comparing the partonic collinear drop predictions. Clear differences are still
evident in this figure between PYTHIA and VINCIA, particularly in the peak region. This
motivates both the corresponding experimental measurement, as well as carrying out more
precise SCET calculations beyond NLL, to shed light on these differences.

In figure 15 we extend the comparison of dijet predictions to two other collinear drop
observables in the same class, still fixing zcuyt1 = Zeut 2 = 0.1, but using other values of
p1 and/or Ba. The results for 81 = 2, S = 0 in the the left panel are similar to those
of figure 14, with somewhat smaller differences between the predictions. On the other
hand, the results for f; = 1, B2 = 2 in the the right panel of figure 15 exhibit even clearer
differences between PYTHIA and VINCIA. In this case the SCET NLL results appear to
clearly favor the VINCIA result. For the analysis of a different class of collinear drop
observables, where we have zqut 1 < zeut 2 and 81 = (o, please see appendix.

In general we conclude that there are noticeable and interesting differences between
PyTHIA and VINCIA simulation predictions for collinear drop observables. The NLL SCET
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Figure 16. Collinear Drop distributions with (zcut1,/51) = (0.1,1) and (zecut2, B2) = (0.1,0) (left
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Results at parton and hadron (with and without multi-parton interactions) levels are provided.

14 1.4 .
™ E 13 TeV, pr: (600,700) GeV (Zeut1,81) = wlo 7 o F 13 TeV, pr: (600,700) GeV ]
S 12ER=08 pp - dijet Cot2:B) =01 1DT & 12ER=08 pp— dijet ungroomed 3

E ] ~ E ]

% 10 Pyraia had+MPI 3 % 10F Pyraia had+MPI 3
S F —---- PyrHia hadron ] = F ———- Pyruia hadron E
S 08F------ Pyria parton - 5p 0.8 F--uun- PyrHia parton 4

0 E ] E E

2 EAm? = m, — mi ] i) £ E
= 0.6 SD; SD, — ~ 0.6 - —
< £ ] = £ B
T 04F 1 b o4f ) E
e E ] o0 £ J |
& o02F 1 8 o02b <7 E
~= £ 1 = £ S ]

0.0 E= (134 [ 0.0 b S PP L P I R L

- -4 -3 -2 -1 0 -5 -4 -3 -2 -1 0
2,2 2,2
log,o(Am™/ p7) logo(m3/p7)

Figure 17. Collinear Drop with (2eut 1, 51) turned off and (zcut 2, 82) = (0.1, 1) as well as ungroomed
jet mass distributions from PYTHIA simulations. Results at parton and hadron (with and without
multi-parton interactions) levels are provided.

calculations performed here show somewhat of a preference for the VINCIA results, though
higher order calculations should be carried out with reduced uncertainties to more clearly
pin this down. Such studies should be carried out independently for quarks and gluons,
with the combinations giving dijets then compared to experimental data. Also prominent
is the advantage to studying the zcut 1 = zcut 2 class of collinear drop observables, where
soft wide angle radiation is always more suppressed due to the lack of a groomed to un-
groomed transition region. On the other hand if the goal is to study this radiation, then the
prominent peaks in this region provided by the 51 = B3 class of collinear drop observables,
provide a means to do so.

5.3 Hadronization and Multi-Parton Interaction (MPI) for Am?

In this section we carry out a study of the sensitivity of collinear-drop observables to
hadronization and underlying events modeled by Multi-Parton Interaction (MPI) effects
as implemented in MC simulations.
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Figure 16 shows the log;o(m?/p%) distributions with two sets of collinear-drop pa-
rameters: zeyt1 = zeut2 = 0.1 and f1 = 1, B2 = 0 (left panel), as well as f; = 2 = 1
and zeyt1 = 0.05, zeyt2 = 0.2 (right panel). The curves include parton level (dotted
green), hadron level without MPI effects (dashed red) and hadron level with MPI effects
(solid blue). For both of these results we see by comparing the red and green curves that
there are, as expected, significant hadronization corrections. For the left panel these pre-
dominantly occur for log;o(m?/p%) < —2.8, whereas in the right panel the hadronization
corrections cause the distribution to become more peaked in both the groomed to un-
groomed transition region, and for small masses. In both cases the comparison of green
and blue curves shows that the MPI effects are suppressed. For this choice of collinear
drop observables the soft drop cut has protected us from MPI effects, while still providing
interesting observables for studying hadronization.

Collinear drop observables can also be designed to have more sensitivity to MPI. To
demonstrate this we consider in figure 17 (left panel) the collinear drop observable that
takes zcut2 = 0.1, B2 = 1, but does not include soft drop grooming with z.u1,81. Here
there is a significant difference between the (dashed red) hadron level MC curve, and the
(solid blue) curve including both hadronization and MPI. Due to the collinear drop this
observable is sensitive to soft MPI radiation, and is now not protected from large effects
due to the absence of soft drop grooming. Indeed, the effect of MPI is even larger for this
observable than for ungroomed jets, which are shown in the right panel. This makes it
an interesting observable for testing the accuracy of the modeling of MPI effects in MC,
through comparison with experimental data.

Every jet sample is a mixture of quark-initiated jets and gluon-initiated jets, and it
is worth noting that hadronization effects can also differ for jets with different partonic
origins. It should also be possible to apply the formalism for studying nonperturbative
corrections to soft drop observables developed in ref. [89] to the collinear drop observables
proposed here. We leave further studies of hadronization and MPI effects to future work.

5.4 Annulus energy fraction

Having discussed in detail the example of collinear drop observable Am?, in this section
we study one other example of a collinear drop observable with MC simultations, namely
the annulus energy fraction z = 7y, defined with egs. (2.12) and (2.15).

The left panel of figure 18 shows the = distributions with hadronization and MPI effects
for different ring regions: 0.1 < r < 0.2 (dotted red), 0.3 < r < 0.8 (dot-dashed orange),
0.3 <r < 0.4 (dashed green) and 0.7 < r < 0.8 (solid blue). We can see that a significant
fraction of the jet energy is contained within a ring away from the core of the jet. The
0.1 < r < 0.2 region is even capable of capturing energetic, collinear splittings and develops
a peak at large values of log;, = (and is not itself a collinear drop observable). As one moves
away from the jet axis, the fraction of jet energy decreases quickly. Less than 10% of the
jet energy is contained in the 0.7 < r < 0.8 region. The right panel of figure 18 shows the
hadronization and MPI effects to the annulus energy fraction. We provide the distributions
for 0.7 < r < 0.8 (blue), 0.3 < r < 0.4 (green) and 0.1 < r < 0.8 (red). Unlike many other
jet substructure distributions where hadronization and MPI effects tend to increase the
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Figure 18. Annulus Energy Fraction distributions of various ring regions. The left panel shows
the results with hadronization and MPT effects, while the right panel shows the partonic results as
well as the hadronic results with multi-parton interactions.

values of the observables, these effects can give a qualitatively different trend and cause a
depletion of the annulus energy fraction in certain ring regions so that the peak position
moves to smaller values. Analytic calculations using SCET for such observables will be
discussed in future work.

6 Conclusions and outlook

Systematic improvements of the understanding of collider events and searches for new
physics require an efficient probe of the Standard Model phase space, especially in regions
with more complicated soft dynamics or hadronic activity. In this paper we introduce a
new class of jet substructure observables called collinear drop, which allows us to optimize
the sensitivity to soft regions of QCD phase space from higher energy perturbative scales
down to the confinement scale. We used techniques of jet grooming and jet shapes to
give concrete examples of constructing collinear drop observables. In particular, we used
multiple soft-drop jet grooming algorithms to select controlled internal jet regions by re-
moving energetic, collinear particles as well as soft, wide angle particles. We work out
the analytic description of collinear drop observables using the soft-collinear effective the-
ory, and we provide theoretical predictions at next-to-leading logarithmic (NLL) accuracy.
We also developed scale variation methods to estimate perturbative uncertainties for these
observables that are compatible with transition regions.

We provide comparisons of soft-drop jet mass distributions between our theoretical
predictions to PYTHIA simulations, which agree well at parton level, and were also con-
trasted with ATLAS data. We then compare analytic results of partonic collinear drop
distributions to different Monte Carlo simulations generated by PYTHIA and VINCIA. We
observe interesting differences between Pythia and Vincia with collinear drop observables,
indicating that they are useful experimental observables for testing and improving MC
simulations. While in general the NLL SCET results are closer to the Vincia results, the
reduced theoretical uncertainties expected at one higher order (next-to-next-to leading log-
arithmic accuracy) will be needed in order to utilize SCET to truly distinguish features
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of different parton shower event generators. We also demonstrated that collinear drop
observables can be utilized to study hadronization in jets in a manner independent from
underlying event contamination, and with different settings, can be also used as a sen-
sitive probe of underlying event effects themselves. Thus predictions for collinear drop
observables provide key probes of soft phase space that are useful both for systematic im-
provements of Monte Carlo event generators and for rigorous study of underlying event
and non-perturbative hadronization, paving the road toward higher precision QCD results
for hadron-hadron, electron-ion, and heavy-ion collisions.

There are many other potential applications of collinear drop observables, especially for
probing the color coherence of soft particles which can allow us to distinguish quark, gluon
and color neutral particle initiated jets. For hadronically decaying boosted electroweak
bosons, standard tagging methods exploit the two-prong structure inherent from the boson
masses and kinematics [61, 94, 95], local color flow information due to color connection [96—
98], or by visualizing jets in the Lund jet plane [14, 99]. On the other hand, collinear
drop observables can be used to perform color-singlet jet isolation [54, 100, 101] which
has been seen to improve the W/Z and top tagging efficiency. Recently, an observable
Oy that is efficient for quark gluon discrimination was studied in ref. [102], which also
suppresses collinear radiation. The analytic calculation of collinear drop observables for
hadronic electroweak boson jets, and their prospects for improving tagging methods, will
be discussed in a separate paper.
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A More comparison between Monte Carlo and partonic SCET results
for Am?

We now turn to the analysis of a different class of collinear drop observables, where we
have zcut1 < Zewt2 and B1 = [Bo. In figure 19 we take 57 = [ = 1, with z¢u1 = 0.05
and zeut 2 = 0.2. Again we compare partonic results, and the blue curves are NLL SCET,
dotted red are PyTHIA, and dashed green are VINCIA. In addition we show black dot-
dashed curves which correspond to PYTHIA results with initial state radiation (ISR) turned
off. The top left panel of figure 19 shows quark initiated jets, while the right panel shows
the result for gluon initiated jets. Interestingly, there are again quite significant differences
between the PYTHIA and VINCIA curves, which in this case are evident for quark jets in
the region log;,(Am?/p%) < —3 where nonperturbative corrections are expected to become
more significant. The lower panels figure 19 again show the breakdown of quark and gluon
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Figure 19. Collinear Drop distributions with (zcut1,01) = (0.05,1) and (zeut2,52) = (0.2,1)
from PYTHIA and VINCIA simulations as well as SCET calculations with theoretical uncertainty
estimation (blue bands). Results from PyTHIA simulations with initial state radiation turned off
are also provided. The top two panels show the distributions for quark-initiated jets (left panel)
and gluon-initiated jets (right panel), and the bottom right panel gives the dijet distributions. The
bottom left panel gives a decomposition of the Collinear Drop distribution from PYTHIA simulations
into quark and gluon components.

contributions (left panel) and the predictions for dijets (right panel). In general the SCET
results at NLL exhibit a less peaky structure than the MC simulations, and are in general
closer to the VINCIA results.

For gluon jets near logyo(Am?/p%) ~ —1.5 in figure 19 there is a clear difference
between the simulation and SCET results, since there is a significant peak in both MC
simulation results that does not appear in our NLL theory curve. This corresponds to the
value where the groomed to ungroomed transition occurs, where it is known that fixed
order corrections become more important. Since soft drop grooming is no longer being
effective in this region, there can also now be significant corrections from wide angle soft
radiation that are not included in our NLL calculations here. To test the importance of
such radiation, we have included PYTHIA results with ISR radiation turned off (black dot-
dashed curves). In this case the peak structure near the groomed to ungroomed transition
is removed and the spectrum from PyYTHIA simulations with ISR off agrees better with
our partonic NLL results. It would therefore be interesting to increase the perturbative
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Figure 20. More Collinear Drop distributions with (zcut 1, 51) = (0.05,2) and (zeut 2, 82) = (0.1,2)
(left panel) and (zeut1,81) = (0.05,0) and (zcut2,02) = (0.2,0) (right panel) from PyTHIA and

VINCIA simulations as well as SCET calculations. Results from PYTHIA simulations with initial

state radiation turned off are also provided.

precision of the SCET calculation in this transition region, by including both ISR effects
and higher order matching corrections. We leave this for future work.

In figure 20 we compare dijet results for two different collinear drop observables which
also have 51 = 9 and zcut1 < 2cut2- The left panel which is more peaked takes g1 =
B2 = 2, while the right panel which is wider and flatter uses 51 = B2 = 0. Again we
see significant differences between the PYTHIA and VINCIA results in both cases, and
the presence of significant wide angle soft radiation contributions near the groomed to
ungroomed transition point. Away from that point the SCET results agree more closely
with VINCIA for the left panel, and do not clearly favor either MC in the right panel.
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