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Abstract. We describe Springer fibers corresponding to the minimal and minimal special nilpo-
tent orbits of simple Lie algebras. As a result, we give an answer to the conjecture of Humphreys

regarding some graphs attached to Springer fibers.
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1. Introduction

Let G be a simple and simply-connected algebraic group over an algebraically closed field k and
let g be its Lie algebra. We assume that chark is good (i.e. not bad, where bad primes are listed
in [SS70, I.4.3]). Let B be a Borel subgroup of G and b be its Lie algebra, which is by definition a
Borel subalgebra of g. For a nilpotent element N ∈ g, we consider

BN := {gB ∈ G/B | Ad g−1(N) ∈ b},

which is called the Springer fiber of N . Since the celebrated paper of Springer [Spr76], it has become
one of the central objects in geometric representation theory.

This paper mainly considers the case when N is contained in the minimal nilpotent orbit or
the minimal special nilpotent orbit of g. Here we say a nilpotent orbit of g is minimal if it is
minimal among non-trivial nilpotent orbits with respect to the order defined by O ≤ O′ ⇔ O ⊂ O′.
Similarly, we say a nilpotent orbit of g is minimal special if it is minimal among non-trivial special
nilpotent orbits.

For N ∈ g contained in the minimal nilpotent orbit of g, the corresponding Springer fiber
BN is studied by Dolgachev and Goldstein [DG84]. In their paper a graph ΓN attached to BN

is introduced (originally defined by Kazhdan and Lusztig [KL79, Section 6.3]): its vertices are
the irreducible components of BN and two vertices are connected by an edge if and only if their
intersection is of codimension 1 in each irreducible component. Here, we extend their results to
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SPRINGER FIBERS FOR THE MINIMAL AND THE MINIMAL SPECIAL NILPOTENT ORBITS 2

include the case when N is contained in the minimal special nilpotent orbit. (Note that the minimal
and the minimal special nilpotent orbit coincide if and only if G is of simply-laced type.)

This paper is motivated by the conjecture of Humphreys [Hum16a]. (See also [Hum11] and
[Hum16b].) In [DG84] Dolgachev and Goldstein observed a duality between the graphs attached
to Springer fibers corresponding to the subregular and the minimal nilpotent orbit when G is of
simply-laced type, but this duality breaks down when G is not simply-laced. Instead, Humphreys
conjectured that one needs to consider the minimal special nilpotent orbit instead of the minimal
one, and also that the Langlands dual should come into the picture. (Indeed, the idea to consider
minimal special nilpotent orbits already appeared in the last paragraph of [DG84, p.34] following
the remark of Spaltenstein.)

The main goal of this paper is to describe ΓN for all simple g and all minimal/minimal special
nilpotent orbits. As a result, we verify the conjecture of Humphreys as follows.

Theorem 1.1 (Main theorem). Let G be a simple and simply-connected algebraic group over an
algebraically closed field k and let N ∈ g := LieG be contained in the minimal special nilpotent
orbit of g. (We assume chark is good.) Then, ΓN is isomorphic to the graph corresponding to a
subregular nilpotent element in the Lie algebra of the Langlands dual of G.

In fact, this theorem has a generalization to some special cases in type A. In [Fre10] Fresse
observed the following; let G be of type A and Nλ ∈ g be a nilpotent element which corresponds
to a partition λ. If λ is a hook, two-row, or two-column partition, then ΓNλ

is isomorphic to ΓN
λt
,

where λt is the transpose of λ. Note that Nλ and Nλt are related by the Lusztig-Spaltenstein duality
on the set of special nilpotent orbits in g. In general, it is known that for a pair of special nilpotent
orbits dual to each other, their corresponding Springer representations (both of which are irreducible
and special) have the same dimension. Thus it is natural to ask the following question.

Conjecture 1.2. For N ∈ g contained in a special nilpotent orbit, the quotient of ΓN by the
action of the component group of the stabilizer of N in G is isomorphic to that corresponding to
the Lusztig-Spaltenstein dual of the orbit.

Also, there is an order preserving bijection between the sets of special nilpotent orbits in
LieSO2n+1(k) and LieSp2n(k). Since such two orbits related by this bijection have the same
irreducible Springer representation, the following question is also natural to ask.

Conjecture 1.3. Let N ∈ LieSO2n+1(k) and N ′ ∈ LieSp2n(k) be contained in special nilpotent
orbits related by the order-preserving bijection described above. Then the quotient of ΓN by
the action of the component group of the stabilizer of N in SO2n+1(k) is isomorphic to that
corresponding to N ′.

In this paper, for each N ∈ g in the minimal and the minimal special nilpotent orbit we also
analyze the action on ΓN of the component group of the stabilizer of N in G, and thus one can
easily verify that Conjecture 1.2 and 1.3 hold in such cases.

We remark that a lot of calculations for exceptional types are done using SageMath [Sag17],
and most of the calculations to obtain Kazhdan-Lusztig polynomials are done using Coxeter 64
[dC10].
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2. Preliminaries

2.1. Let k be an algebraically closed field. For a variety X over k, we write Irr(X) to be the set of
irreducible components of X. If Y is a subvariety of X, then Y ⊂ X denotes the closure of Y in X.
For varieties X, Y , and Z over k, we write Z : X L99 Y if Z is (algebraically) a locally trivial fiber
bundle over X with fiber Y . It does not describe the fiber bundle structure explicitly, but note that
Z is smooth if X and Y are smooth. Also for varieties Xi and Z, Z : X1 L99 X2 L99 · · · L99 Xn

means Z : ((X1 L99 X2) L99 · · · ) L99 Xn.

2.2. Let Gr(k, n) be the Grassmannian of k-dimensional subspaces in kn. Similarly, when chark 6=
2 and kn is equipped with a non-degenerate symmetric (resp. symplectic) bilinear form, we denote
by OGr(k, n) (resp. SGr(k, n)) the Grassmannian of k-dimensional isotropic subspaces in kn.
SGr(k, n) is only well-defined when n is even, but when n is odd we still write SGr(k, n) to denote
an “odd” symplectic Grassmannian in the sense of [Mih07]. Then Gr(k, n), OGr(k, n), SGr(k, n)
are smooth of dimension k(n − k), 1

2k(2n − 3k − 1), 1
2k(2n − 3k + 1), respectively. (In the odd

symplectic case, it follows from [Mih07, Proposition 4.1].)

2.3. Let G be a simple and simply-connected algebraic group over k. We shall assume chark is
good for G. We fix a Borel subgroup B ⊂ G and its maximal torus T ⊂ B. We denote by Φ the
set of roots of G with respect to T , and Φ+ ⊂ Φ be the set of positive roots with respect to the
choice of T ⊂ B. Then the set of simple roots Π ⊂ Φ+ is well-defined. For any α ∈ Φ, let Uα ⊂ G
be the one-parameter subgroup corresponding to α, which is isomorphic to A1

k
as a group. Then

B = T ·
∏

α∈Φ+ Uα and
∏

α∈Φ+ Uα ⊂ B is the unipotent radical of B, denoted U .

Let g := LieG be the Lie algebra of G, b := LieB ⊂ g be the Borel subalgebra of g corresponding
to B, and h := LieT ⊂ b be the Cartan subalgebra corresponding to T . Also, for any α ∈ Φ, we
let Xα := LieUα ⊂ b be the Lie subalgebra corresponding to Uα. Then b = h ⊕

⊕
α∈Φ+ Xα and⊕

α∈Φ+ Xα = LieU ⊂ b is the nilpotent radical of b, denoted n.

2.4. Let W be the Weyl group of G, which is the quotient of the normalizer of T ⊂ G by T . Then
there exists a set of simple reflections S ⊂ W which corresponds to Π ⊂ Φ+, and (W,S) becomes a
Coxeter group. Also, there exists a well-defined length function l : W → N where l(w) is the length
of some/any reduced expression of w ∈ W with respect to S.

2.5. Let B := G/B be the flag variety of G. We also use the notation B(G) if we need to specify
the group G. For any s ∈ S, we define a line of type s to be

gBsB/B = gBsB/B ⊔ gB/B ⊂ B

for some g ∈ G. Thus if we let Ps ⊂ G be a parabolic subgroup of G generated by 〈B, s〉, then a
line of type s is gPs/B ⊂ G/B for some g ∈ G.
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For any element N ∈ g, we define BN to be the Springer fiber of N , i.e.

BN := {gB/B ∈ G/B | Ad g−1(N) ∈ b}.

In this paper, N ∈ g is a nilpotent element in most cases. Attached to BN there exists a graph
ΓN which is defined as follows. The set of vertices of ΓN , denoted V (ΓN ), is simply Irr(BN ).
The set of edges of ΓN , denoted E(ΓN ), contains (X,Y ) for some X,Y ∈ Irr(BN ) if and only if
X ∩ Y is of codimension 1 in X and Y , i.e. dimX ∩ Y = dimX − 1 = dimY − 1. (Note that
dimX = dimY = dimBN by [Spa77].) Also, for any X ∈ V (ΓN ) = Irr(BN ) we define

IX := {s ∈ S | X is a union of lines of type s}.

It follows from [Spa82, II.4] that IX is nonempty if and only if dimX ≥ 1.

We write C(N) to be the component group of the stabilizer of N in G. Then the action of the
stabilizer on BN descends to that of C(N) on IrrBN and ΓN . It is clear that for any σ ∈ C(N)
and X ∈ IrrBN , we have IX = Iσ(X).

2.6. For each w ∈ W , we define S(w) := BwB/B ⊂ B to be the (open) Schubert cell corresponding
to w. Then we have a Bruhat decomposition B =

⊔
w∈W S(w) which gives a stratification of B into

affine spaces. Also, the (closed) Schubert variety corresponding to w is S(w).

For v, w ∈ W , we write Pv,w(q) to be the Kazhdan-Lusztig polynomial defined in [KL79]. Also,

we define P(v,w)(q) :=
∑

v≤u≤w ql(u) to be the Poincaré polynomial corresponding to the Bruhat

interval (v, w). Note that Pv,w(q) = P(v,w)(q) = 0 unless v ≤ w. The following lemma will turn
out useful for checking the smoothness of irreducible components for some Springer fibers.

Lemma 2.1. For w ∈ W , the Schubert variety S(w) is rationally smooth if and only if Pid,w(q) = 1

if and only if P(id,w)(q) is palindromic. Furthermore, if G is of simply-laced type, S(w) is rationally
smooth if and only if it is smooth.

Proof. The first part is a consequence of [KL80] and [Car94], and the second part is proved in
[CK03]. �

2.7. We label the simple roots of G by α1, · · · , αn where n is the rank of G, such that it agrees
with the following Dynkin diagrams. Also we label S = {s1, · · · , sn} where each si corresponds to
αi. For short, we write s(i1i2 · · · ir) := si1si2 · · · sir .

Type An: 1 2 · · · n− 1 n

Type Bn: 1 2 · · · n− 1 n

Type Cn: 1 2 · · · n− 1 n

Type Dn:

1 2 · · · n− 2

n− 1

n
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Type E6:

1 3 4 5 6

2

Type E7:

1 3 4 5 6 7

2

Type E8:

1 3 4 5 6 7 8

2

Type F4: 1 2 3 4

Type G2: 1 2

2.8. We define the minimal nilpotent orbit of g to be the nilpotent orbit of g which is minimal
among non-trivial nilpotent orbits where the order is given by O ≤ O′ ⇔ O ⊂ O′. Likewise, we
define the minimal special nilpotent orbit of g to be the nilpotent orbit which is minimal among
non-trivial special nilpotent orbits with the same order. (Here the term “special” is in the sense of
Lusztig.) These orbits are always well-defined and coincide if and only if G is of simply-laced type,
i.e. type A, D, E.

Here we summarize some properties of these orbits and corresponding Springer fibers in the
following table. (We assume that n ≥ 2 for type Bn and Cn, and n ≥ 3 for type Dn.) Most
of these can be read from [Car93]. Also, [CM93] describes C(N) for simply-connected G (when
chark = 0).

Type N ∈ g M/MS dimBN | IrrBN | C(N)
An (1n−121) M=MS 1

2 (n
2 − n) n 1 (Z/2 when n = 1 and chark 6= 2)

Bn
(12n−322) M n2 − 2n+ 2 n− 1 1 (Z/2 when n = 2)
(12n−231) MS n2 − 2n+ 1 n+ 1 Z/2

Cn
(12n−221) M n2 − n 1 Z/2
(12n−422) MS n2 − 2n+ 1 2n− 1 Z/2

Dn (12n−422) M=MS n2 − 3n+ 3 n 1
E6 A1 M=MS 25 6 1
E7 A1 M=MS 46 7 1
E8 A1 M=MS 91 8 1

F4
A1 M 16 2 1

Ã1 MS 13 6 Z/2

G2
A1 M 3 1 1

G2(a1) MS 1 4 S3
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Here each column represents:

• Type: the type of G.

• N ∈ g: if G is of classical type, then it means the Jordan type of N , that is the partition
corresponding to the sizes of Jordan blocks of N considered as a nilpotent endomorphism on
the defining representation. (See [Sta86, p.28] for the notations about partitions.) If G is of
exceptional type, then it is the label of the orbit containing N with respect to the Bala-Carter
notation.

• M/MS: “M” if N is in the minimal nilpotent orbit, “MS” if N is in the minimal special
nilpotent orbit, and “M=MS” if N is in the minimal nilpotent orbit which is also special.

• dimBN : the dimension of the Springer fiber corresponding to N .

• | IrrBN |: the number of irreducible components of BN .

• C(N): the component group of the stabilizer of N in G.

In this paper, we provide the following:

(1) an explicit descriptions of each irreducible component of BN ,

(2) a determination of whether all the irreducible components of BN are smooth,

(3) a determination of the set IX for each X ∈ IrrBN , and

(4) a description of ΓN and the action of C(N) on ΓN .

3. Classical types

In this section, we assume that G is of classical type and analyze BN when N ∈ g is contained
in either the minimal or minimal special nilpotent orbit. We remark that it is already studied for
minimal nilpotent orbits in [DG84]. Thus, here we skip proofs which can be read from [DG84] or
if it follows from direct calculation, unless nontrivial observation is needed.

3.1. Type A. Assume G = SLn+1(k) which is of type An. Then there is a one-to-one correspon-
dence between nilpotent orbits of g and partitions of n+1 given by taking the sizes of Jordan blocks
of a nilpotent element. Under this correspondence the minimal nilpotent orbit is described by the
partition (1n−121) and it is also special.

We regard G as the set of linear automorphisms of determinant 1 acting on kn+1. Then the flag
variety B is identified with the set of full flags in kn+1, i.e.

B = {[Fi] = [0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ Fn+1 = kn+1] | dimFi = i}.

Let T ⊂ G be the maximal torus stabilizing each line 〈ei〉 ⊂ kn+1. Then we can choose S = {si |
1 ≤ i ≤ n} in the Weyl group W = N(T )/T such that for any [Fj ] ∈ B and si ∈ S, the line of
type si passing through [Fj ] is defined by {[F ′

j ] ∈ B | Fj = F ′
j for j 6= i}. Note that the labeling of

elements in S agrees with the Dynkin diagram in Section 2.7.

Let N ∈ g be contained in the minimal nilpotent orbit of g, regarded as an endomorphism of
kn+1 of Jordan type (1n−121). According to [Var79] (see also [Fun03]), its corresponding Springer
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fiber is described as follows. For each 1 ≤ i ≤ n, let Xi be the closed subvariety of B defined
by

Xi := {[Fj ] ∈ B | imN ⊂ Fi ⊂ kerN}.

Then it is easy to check that

Xi : Gr(i− 1, n− 1) L99 B(SLi)× B(SLn+1−i).

Thus Xi are smooth varieties of dimension 1
2 (n

2−n). Also Irr(BN ) = {X1, X2, · · · , Xn}. For i 6= j,
codimBN

Xi ∩Xj = |j − i| by direct calculation. Therefore ΓN is described as follows.

X1 X2 · · · Xn−1 Xn

It is easy to check that Xi is the union of lines of type sj for i 6= j, but not the union of lines of
type si. It follows that IXi

= S − {si} for each 1 ≤ i ≤ n. Also, the action of C(N) on ΓN is
trivial.

3.2. Type B. LetG = SO2n+1(k) (n ≥ 2, chark 6= 2). We regardG as the group of automorphisms
of determinant 1 acting on k2n+1 equipped with a non-degenerate symmetric bilinear form. Then
we may identify B with the set of full isotropic flags in k2n+1, i.e.

B = {[Fi] = [0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn] | dimFi = i, Fi ⊂ k2n+1 is isotropic}.

Let T ⊂ G be the maximal torus stabilizing each line 〈ei〉 ⊂ k2n+1. Then we can choose S = {si |
1 ≤ i ≤ n} in the Weyl group W = N(T )/T such that for any [Fj ] ∈ B and si ∈ S, the line of
type si passing through [Fj ] is defined by {[F ′

j ] ∈ B | Fj = F ′
j for j 6= i}. Note that the labeling of

elements in S agrees with the Dynkin diagram in Section 2.7.

Let N ∈ g be contained in the minimal nilpotent orbit of g, which has Jordan type (12n−322).
We define Yi for 1 ≤ i ≤ n− 1 as follows.

Yi := {[Fj ] ∈ B | imN 6⊂ Fi, there exists a line ~l ⊂ imN such that ~l ⊂ Fi ⊂ kerN}

Also let Xi be the closure of Yi, i.e. Xi := Yi. Then

Y1 : P1
L99 B(SO2n−1),

Yi : P
1
L99 OGr(i− 2, 2n− 3) L99 Ui L99 B(SLi)× B(SO2n−2i+1) if i 6= 1.

Here Ui is a certain irreducible open subset of Gr(i − 2, i − 1). Thus Yi are irreducible smooth
varieties of dimension n2 − 2n + 2 and Xi are irreducible of the same dimension. Also Irr(BN ) =
{X1, X2, · · · , Xn−1}. For i 6= j, codimBN

Xi ∩Xj = 1 if and only if |i − j| = 1 by [DG84]. Thus
ΓN is described as follows.

X1 X2 · · · Xn−1

It is easy to check that Xi is the union of lines of type sj for i 6= j, but not the union of lines of
type si. It follows that IXi

= S − {si} for each 1 ≤ i ≤ n − 1. Also, the action of C(N) on ΓN is
trivial.

Remark. Here Y1 = X1, but Yi ( Xi for i 6= 1. Indeed, instead we may try to define

Xi := {[Fj ] ∈ B | there exists a line ~l ⊂ imN such that ~l ⊂ Fi ⊂ kerN}

and to argue as in Section 3.1. However, then at some point one needs to examine the structure
of the Grassmannian of isotropic k′-dimensional subspaces in kn′

for some k′ ≤ n′, where kn′

is
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equipped with a “degenerate” symmetric bilinear form. Thus it is cumbersome even to determine
whether such Xi are irreducible.

Furthermore, in general not all the irreducible components are smooth; for example, if G = SO7

we may show that

BN ≃ S(s(31232)) ∪ S(s(31231))

using the method of [DG84]. However, the Kazhdan-Lusztig polynomial Pid,s(31231)(q) is equal to

q + 1, thus S(s(31231)) is not even rationally smooth by Lemma 2.1. �

This time we let N ∈ g be contained in the minimal special nilpotent orbit of g, which has
Jordan type (12n−231). For 1 ≤ i ≤ n define

Xi := {[Fj ] ∈ B | imN2 ⊂ Fi ⊂ kerN}.

Then

Xi : OGr(i− 1, 2n− 2) L99 B(SLi)× B(SO2n−2i+1).

Thus Xi are smooth varieties of dimension n2 − 2n + 1. They are also irreducible except when
i = n, in which case Xn is the union of two irreducible components of BN , denoted X ′

n, X
′′
n . Then

Irr(BN ) = {X1, X2, · · · , Xn−1, X
′
n, X

′′
n}. For i 6= j < n, codimBN

Xi ∩Xj = |i − j|, codimBN
Xi ∩

X ′
n = codimBN

Xi ∩ X ′′
n = n − i, and X ′

n ∩ X ′′
n = ∅, which can be verified by direct calculation.

Thus ΓN is described as follows.

X1 X2 · · · Xn−1

X ′
n

X ′′
n

It is easily checked that IXi
= S − {si} for 1 ≤ i ≤ n− 1 and IX′

n
= IX′′

n
= S − {sn}. The action

of the nontrivial element in C(N) ≃ Z/2 is given by the nontrivial automorphism of ΓN which
permutes X ′

n and X ′′
n .

3.3. Type C. Let G = Sp2n(k) (n ≥ 2, chark 6= 2). We regard G as the automorphism group of
k2n equipped with a non-degenerate symplectic bilinear form. Then we may identify B with the
set of full isotropic flags in k2n, i.e.

B = {[Fi] = [0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn] | dimFi = i, Fi ⊂ k2n is isotropic}.

Let T ⊂ G be the maximal torus stabilizing each line 〈ei〉 ⊂ k2n. Then we can choose S = {si |
1 ≤ i ≤ n} in the Weyl group W = N(T )/T such that for any [Fj ] ∈ B and si ∈ S, the line of
type si passing through [Fj ] is defined by {[F ′

j ] ∈ B | Fj = F ′
j for j 6= i}. Note that the labeling of

elements in S agrees with the Dynkin diagram in Section 2.7.

Let N ∈ g be contained in the minimal nilpotent orbit of g, which has Jordan type (12n−221).
Then

BN = {[Fj ] ∈ B | imN ⊂ Fn ⊂ kerN},

which is irreducible. Also we have

BN : SGr(n− 1, 2n− 2) L99 B(SLn),
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thus BN is smooth of dimension n2 − n. It follows that ΓN has only one vertex, i.e.

BN

It is easy to see that IBN
= S − {sn}. Also, the action of C(N) on ΓN is trivial.

This time let N ∈ g be contained in the minimal special nilpotent orbit of g, which has Jordan

type (12n−422). Then N · {x ∈ k2n | 〈x,Nx〉 = 0} consists of two lines, say ~l,~l′ ⊂ k2n, which span
the image of N . Now we define

Xi := {[Fj ] ∈ B | ~l ⊂ Fi ⊂ kerN}

X ′
i := {[Fj ] ∈ B | ~l′ ⊂ Fi ⊂ kerN}

Xn = X ′
n := {[Fj ] ∈ B | imN ⊂ Fn ⊂ kerN}

Then

Xi, X
′
i : SGr(i− 1, 2n− 3) L99 B(SLi)× B(Sp2n−2i).

(Here SGr(i − 1, 2n − 3) denotes the “odd” symplectic Grassmannian defined in [Mih07].) Thus
Xi, X

′
i are smooth of dimension n2 − 2n+ 1. Also, Irr(BN ) = {X1, · · · , Xn = X ′′

n , X
′
1, · · · , X

′
n−1}.

We have codimBN
Xi ∩Xj = |i− j| and codimBN

Xi ∩X ′
j = 2n− i− j by direct calculation, thus

ΓN is as follows.

X1 · · · Xn−1 Xn = X ′
n X ′

n−1 · · · X ′
1

It is easy to check that IXi
= IX′

i
= S − {si} for each 1 ≤ i ≤ n. The nontrivial element of

C(N) ≃ Z/2 acts on ΓN by permuting Xi and X ′
i.

3.4. Type D. Let G = SO2n(k) (n ≥ 3, chark 6= 2). We regard G as the group of automorphisms
with determinant 1 acting on k2n equipped with a non-degenerate symmetric bilinear form. Then
we may identify B with the set of certain isotropic flags in k2n, i.e.

B = {[Fi] = [0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1] | dimFi = i, Fi ⊂ k2n is isotropic}.

Let T ⊂ G be the maximal torus stabilizing each line 〈ei〉 ⊂ k2n. Then we can choose S = {si |
1 ≤ i ≤ n} in the Weyl group W = N(T )/T which satisfies the following conditions. For any
[Fj ] ∈ B and si ∈ S for 1 ≤ i ≤ n − 2, the line of type si passing through [Fj ] is defined by
{[F ′

j ] ∈ B | Fj = F ′
j for j 6= i}. If i = n− 1 or n, first note that there exist exactly two Lagrangian

subspaces Fn,1, Fn,2 ⊂ k2n which contain Fn−1. They can be labeled in a way that for any two
flags [Fj ] and [F ′

j ] and g ∈ G such that g · [Fj ] = [F ′
j ], we have g · Fn,1 = F ′

n,1 and g · Fn,2 = F ′
n,2.

Then the line of type sn−1, sn, respectively, passing through [Fj ] is defined by

{[F ′
j ] ∈ B | Fj = F ′

j for j 6= n− 1, Fn,1 = F ′
n,1}, {[F ′

j ] ∈ B | Fj = F ′
j for j 6= n− 1, Fn,2 = F ′

n,2},

respectively. Note that such labeling of si ∈ S agrees with the Dynkin diagram in Section 2.7.

Let N ∈ g be contained in the minimal nilpotent orbit of g, which has Jordan type (12n−422).
For 1 ≤ i ≤ n− 1 we define

Yi := {[Fj ] ∈ B | imN 6⊂ Fi, there exists a line ~l ⊂ imN such that ~l ⊂ Fi ⊂ kerN}
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Also let Xi be the closure of Yi, i.e. Xi := Yi. Then

Y1 : P1
L99 B(SO2n−2),

Yi : P
1
L99 OGr(i− 1, 2n− 4) L99 Ui L99 B(SLi)× B(SO2n−2i) for i 6= 1.

Here Ui is a certain irreducible open subset of Gr(i−1, i). Thus Yi are smooth varieties of dimension
n2 − 3n+3 and Xi are of the same dimension. They are also irreducible except when i = n− 1, in
which case Xn−1 is a union of two irreducible components of BN , denoted X ′

n−1 and X ′′
n−1. Then

IrrBN = {X1, · · · , Xn−2, X
′
n−1, X

′′
n−1}. For i, j ≤ n−2, by [DG84, Theorem 4.6] codimBN

Xi∩Xj =
1 if and only if |i − j| = 1. Also, codimBN

Xj ∩X ′
n−1 = 1 and/or codimBN

Xj ∩X ′′
n−1 = 1 if and

only if j = n− 2. However, codimBN
X ′

n−1 ∩X ′′
n−1 > 1. Therefore ΓN is as follows.

X1 X2 · · · Xn−2

X ′
n−1

X ′′
n−1

It is easy to check that IXi
= S−{si} for 1 ≤ i ≤ n−2, and {IX′

n−1
, IX′′

n−1
} = {S−{sn−1}, S−{sn}}.

Also, the action of C(N) on ΓN is trivial.

Remark. Here we have a similar issue as in the remark of Section 3.2, thus the argument here is
also similar to it. Furthermore, in general Xi are not smooth; for example, if G = SO8 we may
show that

BN ≃ S(s(3124232)) ∪ S(s(4123121)) ∪ S(s(3124231)) ∪ S(s(3124121))

using the method of [DG84]. However, the Kazhdan-Lusztig polynomial Pid,s(3124231)(q) is equal to

2q + 1, thus S(s(3124231)) is not even rationally smooth by Lemma 2.1. �

4. Exceptional types

For exceptional types, it is difficult to describe each irreducible component of BN as explicitly
as classical types. Instead, in this section we choose a representative N ∈ g carefully and study the
intersection of BN with each (open) Schubert cell. From now on, we let λ ∈ Φ+ be the highest root
and µ ∈ Φ+ be the highest root among short roots if Φ have roots of two different lengths. We
start with the following observation. (Recall the definition of Xλ, Xµ ⊂ n in Section 2.3.)

Lemma 4.1. If N ∈ g is a nontrivial element in Xλ ⊂ n, then N is contained in the minimal
nilpotent orbit of g. If G is not of type G2 and N ∈ g is a nontrivial element in Xµ ⊂ n, then N
is contained in the minimal special nilpotent orbit of g.

Proof. It is proved in [DG84] for simply-laced cases. It can also be easily checked for other types
using case-by-case calculation. �

Remark. If G is of type G2, then the orbit of N ∈ Xµ − {0} is labeled by Ã1 with respect to the
Bala-Carter notation. In particular, it is not special. �
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Thus if G is of type E6, E7, E8, or F4, we may assume that either N ∈ Xλ or N ∈ Xµ. Now the
following lemma is our main tool.

Lemma 4.2. We keep the assumptions and notations in Lemma 4.1.

(1) If N ∈ g is a nontrivial element in Xλ ⊂ n, then BN ∩ Sw 6= ∅ if and only if w−1(λ) > 0.
If so, then BN ∩ Sw = Sw.

(2) If N ∈ g is a nontrivial element in Xµ ⊂ n, then BN ∩ Sw 6= ∅ if and only if w−1(µ) > 0.
If so, then BN ∩Sw = (

∏
α Uα)wB/B, where the product is over all the roots α ∈ R+ such

that w−1(α) < 0 and either α+ µ /∈ Φ or w−1(α+ µ) > 0.

Proof. This is basically [Spr76, 7.10–7.14] with a minor correction, which fixes an error in the proof
of [Spr76, Proposition 7.11]. �

4.1. Type E6. If we let N ∈ g be a nontrivial element in Xλ ⊂ n, then N is contained in the
minimal nilpotent orbit which is also special. In this case we use Lemma 4.2 to calculate ΓN

directly, which is also described in [DG84]. By direct calculation using SageMath, we find that the
graph ΓN is given by the following diagram.

S(w1) S(w3) S(w4) S(w5) S(w6)

S(w2)

Here, the irreducible components of BN are Schubert varieties S(wi) where each wi is as fol-
lows.

w1 = s(5645341324565413245432432)

w2 = s(5645341324565413245134131)

w3 = s(5645341324565413245432421)

w4 = s(5645341324565413245341321)

w5 = s(5645341324562453413241321)

w6 = s(1345624534132453413241321)

Also, Ii = S − {αi} for 1 ≤ i ≤ 6. The Kazhdan-Lusztig polynomial Pid,wi
(q) for each wi is as

follows.

Pid,w1
(q) = 1, Pid,w2

(q) = q3 + q2 + 1, Pid,w3
(q) = q2 + q + 1

Pid,w4
(q) = q3 + 2q2 + 2q + 1, Pid,w5

(q) = q2 + q + 1, Pid,w6
(q) = 1

Thus by Lemma 2.1, only S(w1) and S(w6) are smooth. Also, the action of C(N) on ΓN is
trivial.
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4.2. Type E7. We argue the same as in type E6 and find that the graph ΓN is given by the
following diagram.

S(w1) S(w3) S(w4) S(w5) S(w6) S(w7)

S(w2)

Here, the irreducible components of BN are Schubert varieties S(wi) where each wi is as fol-
lows.

w1 = s(2456734562453413245675645341324565413245432432)

w2 = s(2456734562453413245675645341324565413245134131)

w3 = s(2456734562453413245675645341324565413245432421)

w4 = s(2456734562453413245675645341324565413245341321)

w5 = s(2456734562453413245675645341324562453413241321)

w6 = s(2456734562453413245671345624534132453413241321)

w7 = s(7654324567134562453413245624534132453413241321)

Also Iwi
= S − {αi} for 1 ≤ i ≤ 7. The Kazhdan-Lusztig polynomial Pid,wi

(q) for each wi is as
follows.

Pid,w1
(q) = q5 + q3 + 1, Pid,w2

(q) = q3 + q2 + 1,

Pid,w3
(q) = q5 + q4 + q3 + q2 + q + 1, Pid,w4

(q) = q5 + q4 + 3q3 + 2q2 + 2q + 1,

Pid,w5
(q) = q4 + q3 + 2q2 + q + 1, Pid,w6

(q) = q3 + q + 1,

Pid,w7
(q) = 1

Thus by Lemma 2.1, only S(w7) is smooth. Also, the action of C(N) on ΓN is trivial.

4.3. Type E8. We do the same procedure as in type E6, E7 and find that the graph ΓN is given
by the following diagram.

S(w1) S(w3) S(w4) S(w5) S(w6) S(w7) S(w8)

S(w2)



SPRINGER FIBERS FOR THE MINIMAL AND THE MINIMAL SPECIAL NILPOTENT ORBITS 13

Here, the irreducible components of BN are Schubert varieties S(wi) where each wi is as fol-
lows.

w1 = s(134562453413245678654324567134562453413245678

2456734562453413245675645341324565413245432432)

w2 = s(134562453413245678654324567134562453413245678

2456734562453413245675645341324565413245134131)

w3 = s(134562453413245678654324567134562453413245678

2456734562453413245675645341324565413245432421)

w4 = s(134562453413245678654324567134562453413245678

2456734562453413245675645341324565413245341321)

w5 = s(134562453413245678654324567134562453413245678

2456734562453413245675645341324562453413241321)

w6 = s(134562453413245678654324567134562453413245678

2456734562453413245671345624534132453413241321)

w7 = s(134562453413245678654324567134562453413245678

7654324567134562453413245624534132453413241321)

w8 = s(765432456713456245341324567876543245671345624

5341324567134562453413245624534132453413241321)

Also Iwi
= S − {αi} for 1 ≤ i ≤ 8. Instead of Kazhdan-Lusztig polynomials Pid,wi

, we calculate
the Poincaré polynomial P(id,wi) for each Bruhat inverval (id, wi) as follows.

1 2

P(id,w1)(q) =q91 + 8q90 + 35q89 + 113q88+· · ·+112q3 + 35q2 + 8q + 1,

P(id,w2)(q) =q91 + 8q90 + 36q89+ · · · +35q2 + 8q + 1,

P(id,w3)(q) =q91 + 9q90+ · · · +8q + 1,

P(id,w4)(q) =q91 + 10q90+ · · · +8q + 1,

P(id,w5)(q) =q91 + 9q90+ · · · +8q + 1,

P(id,w6)(q) =q91 + 9q90+ · · · +8q + 1,

P(id,w7)(q) =q91 + 9q90+ · · · +8q + 1,

P(id,w8)(q) =q91 + 8q90 + 35q89 + 112q88 + 294q87 + 673q86+

· · ·+ 672q5 + 294q4 + 112q3 + 35q2 + 8q + 1.

Thus, P(id,wi) are not palindromic for all 1 ≤ i ≤ 8, which implies that no S(wi) is smooth by
Lemma 2.1. Also, the action of C(N) on ΓN is trivial.

1In fact, it is extremely time-consuming to calculate the Kazhdan-Lusztig polynomials Pid,wi
in this case.

2The author thanks David Vogan for assistance to this calculation.
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4.4. Type F4. Let G be of type F4 and assume that N ∈ g is a non-trivial element in Xλ ⊂ n.
Then N is contained in the minimal nilpotent orbit. As in type E, we find that ΓN is described as
the following diagram.

S(w1) S(w2)

Here, the irreducible components of BN are Schubert varieties S(wi) where each wi is as fol-
lows.

w1 = s(3234323123431232)

w2 = s(3234323123431231)

Also Iwi
= S − {αi} for i = 1, 2. The Kazhdan-Lusztig polynomial Pid,wi

for each wi is as
follows.

Pid,w1
(q) = q3 + 1, Pid,w2

(q) = q2 + q + 1

Thus both components are not even rationally smooth. Also, the action of C(N) on ΓN is triv-
ial.

Now we assume N ∈ g is a nontrivial element in Xµ ⊂ n. Then N is contained in the minimal
special nilpotent orbit. Since the justification for this case is lengthy and complicated, here we only
state the result and give the proof in the appendix. ΓN is described as follows.

X4 X5 X6X1 X3

X2

Also IX1
= IX6

= {s1, s2, s3}, IX2
= {s2, s3, s4}, IX3

= IX5
= {s1, s2, s4}, IX4

= {s1, s3, s4}. The
action of the nontrivial element in C(N) ≃ Z/2 is given by the nontrivial automorphism on ΓN

which permutes X1 and X6, and X3 and X5.

Remark. It is likely that the Poincaré polynomial of X4 is not palindromic, and thus not every
irreducible component is smooth in this case. However, the author cannot prove it. �

4.5. Type G2. If N ∈ g is a nontrivial element in Xλ ⊂ n, then N is contained in the minimal
nilpotent orbit. Then BN = S(s(121)) using the method of [DG84], thus ΓN is given by the
following single-vertex diagram.

BN

Also, IBN
= {s1}. Note that S(s(121)) is not smooth by [BP05, Theorem 2.4], even though it is

rationally smooth because the Kazhdan-Lusztig polynomial Pid,s(121)(q) is 1. Also, the action of
C(N) on ΓN is trivial.

For type G2, the minimal special nilpotent orbit is the subregular one. Thus by the result
in [Ste74, 3.10], BN is a Dynkin curve and ΓN is as follows.
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X2 X1 X4

X3

Also IX1
= {α2}, IX2

= IX3
= IX4

= {α1}. Every irreducible component is P1, hence smooth. The
action of C(N) ≃ S3 stablizes X1 but permutes X2, X3, and X4 faithfully.

5. Proof of the main theorem

We are ready to prove Theorem 1.1. Until now, we described ΓN when N ∈ g is contained in
the minimal or the minimal special nilpotent orbit. If N ∈ g is subregular, the corresponding ΓN

is already calculated in [Ste74, 3.10] and it is isomorphic to some Dynkin diagram. Thus, it only
remains to compare our results with [Ste74, 3.10].

Here, we list some Dynkin diagrams isomorphic to ΓN for some N ∈ g subregular or contained
in the minimal special nilpotent orbit. For short, we write (X, sr) (resp. (X,ms)) if G is of type X
and N ∈ g is subregular (resp. contained in the minimal special nilpotent orbit).

• (An,ms), (An, sr): ΓN is isomorphic to the Dynkin diagram of An.

• (Bn,ms), (Cn, sr): ΓN is isomorphic to the Dynkin diagram of Dn+1.

• (Cn,ms), (Bn, sr): ΓN is isomorphic to the Dynkin diagram of A2n−1.

• (Dn,ms), (Dn, sr): ΓN is isomorphic to the Dynkin diagram of Dn.

• (E6,ms), (E6, sr): ΓN is isomorphic to the Dynkin diagram of E6.

• (E7,ms), (E7, sr): ΓN is isomorphic to the Dynkin diagram of E7.

• (E8,ms), (E8, sr): ΓN is isomorphic to the Dynkin diagram of E8.

• (F4,ms), (F4, sr): ΓN is isomorphic to the Dynkin diagram of E6.

• (G2,ms) = (G2, sr): ΓN is isomorphic to the Dynkin diagram of D4.

From this comparison Theorem 1.1 directly follows.

6. Folding of Lie algebras

This section is motivated by the question of Humphreys in [Hum11] and the comment by Paul
Levy therein. Assume G is simple of simply-laced type, and σ is an automorphism on G which
gives a nontrivial action on the Dynkin diagram of G. We list some of possible choices of (G, σ).
(Here |σ| is the order of σ.)

(1) G is of type A2n−1, |σ| = 2: Gσ is of type Cn

(2) G is of type Dn+1, |σ| = 2: Gσ is of type Bn

(3) G is of type D4, |σ| = 3: Gσ is of type G2
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(4) G is of type E6, |σ| = 2: Gσ is of type F4

We describe how these automorphisms are related to the results we obtained so far. Assume that
chark is good for G and Gσ. Thus in particular |σ| ∈ k∗ in each case. We may choose T,B ⊂ G
such that they are stable under σ, and each T σ, Bσ ⊂ Gσ is a maximal torus and a Borel subgroup
of Gσ, respectively. (cf. [Ste68, Chapter 8]) Then there exists a natural embedding Gσ/Bσ →֒ G/B,
i.e. B(Gσ) →֒ B(G) = B. Let N ∈ g be contained in the minimal nilpotent orbit of g and denote

also by σ its induced action on g. Define N ′ :=
∑|σ|−1

i=0 σi(N) ∈ gσ. We assume that N is chosen
generically, then by [BK92] N ′ is contained in the minimal special nilpotent orbit of gσ.

We claim the following lemma.

Lemma 6.1. dimB − dimBN = dimB(Gσ)− dimB(Gσ)N ′ .

Proof. (This can also be checked case-by-case.) We denote by O(N),O(N ′) the orbit of N in g

and that of N ′ in gσ, respectively. By [BK92], there is a gσ-equivariant projection π : g → gσ

which induces a finite morphism O(N) → O(N ′). In particular, dimO(N) = dimO(N ′). As for

any nilpotent Ñ ∈ g

dimBÑ = dimU −
1

2
dimO(Ñ), i.e. dimB − dimBÑ =

1

2
dimO(Ñ),

the result follows. �

Note that BN ∩ B(Gσ) ⊂ B(Gσ)N ′ . Thus we have

dimBN ∩ B(Gσ) ≤ dimB(Gσ)N ′ = dimBN + dimB(Gσ)− dimB ≤ dimBN ∩ B(Gσ),

where the equality in the middle is obtained from Lemma 6.1 and the latter inequality follows from
the relation between codimensions of varieties and their intersection. Thus dimBN ∩ B(Gσ) =
dimB(Gσ)N ′ and BN ∩ B(Gσ) contains some irreducible components of B(Gσ)N ′ .

ΓN ′ and ΓN have the same shape by case-by-case observation, and in particular | IrrBN | =
| IrrB(Gσ)N ′ |. Thus if we can show that

(∗) X ∩ B(Gσ) 6= ∅ for any X ∈ Irr(BN ),

then it follows that BN ∩ B(Gσ) = B(Gσ)N ′ and Irr(B(Gσ)N ′) = {X ∩ B(Gσ) | X ∈ Irr(BN )}.
Indeed, we have the following

Lemma 6.2. (∗) is satisfied for any (G, σ) on the list at the beginning of this section.

Proof. First we assume G = SL2n(k) and k2n are equipped with a symplectic bilinear form. By
Section 3.1 each Xi ∈ Irr(BN ) is given by

Xi := {[Fj ] ∈ B | imN ⊂ Fi ⊂ kerN}.

Then Xi ∩ B(Gσ) is nonempty if and only if there exists Fi ⊂ k2n such that imN ⊂ Fi ⊂ kerN ,
and isotropic if 1 ≤ i ≤ n and coisotropic if n ≤ i ≤ 2n− 1. But it is true for a generic choice of N .

If G = SO2n+2(k), then first suppose that we are given each k2n+1, k2n+2 with a symmetric
bilinear form, respectively, and an isometry k2n+1 →֒ k2n+2. Then Gσ →֒ G can be regarded as the
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monomorphism SO2n+1(k) →֒ SO2n+2(k) induced by the embedding above. By Section 3.4 each
Xi ⊂ IrrBN contains an open dense subset Yi which is defined by

Yi := {[Fj ] ∈ B | imN 6⊂ Fi, there exists a line ~l ⊂ imN such that ~l ⊂ Fi ⊂ kerN}.

Then Yi ∩ B(Gσ) is nonempty if and only if there exists Fi ⊂ k2n such that

Fi ⊂ 〈e1, · · · , en, f1, · · · , fn, en+1 + fn+1〉

and satisfies the conditions in the definition of Yi. But again it is true for a generic choice of N .

If G is of type D4 or E6, then we argue as follows. Since we chose N generically, the intersection
of B(Gσ) and each X ∈ Irr(BN ) is nonempty if the intersection product [X] · [B(Gσ)] is nonzero
in the Chow ring of B. As a flag variety admits an affine paving, its Chow ring is canonically
isomorphic to its (ℓ-adic) cohomology by [Ful98, 19.1.11]. Thus it suffices to show that ι∗([X]) 6= 0
for [X] ∈ H∗(B) where ι∗ : H∗(B) → H∗(B(Gσ)) is the pull-back under ι : B(Gσ) →֒ B. This can
be done by explicit calculation.3 4

�

In sum, we have Irr(B(Gσ)N ′) = {X ∩ B(Gσ) | X ∈ Irr(BN )}. Now we claim that for X,Y ∈
Irr(BN ),

(6.1) (X,Y ) ∈ E(ΓN ) ⇔ (X ∩ B(Gσ), Y ∩ B(Gσ)) ∈ E(ΓN ′).

Indeed, suppose dim(X ∩ B(Gσ)) ∩ (Y ∩ B(Gσ)) = dimB(Gσ)N ′ − 1. Then in particular X ∩ Y is
nonempty. As we chose N generically, dimX ∩ Y ∩ B(Gσ) = dimX ∩ Y − codimB B(Gσ). Now if
dimX ∩ Y < dimBN − 1, then

dimX ∩ Y ∩ B(Gσ) = dimX ∩ Y − codimB B(Gσ)

< dimBN − 1− dimB + dimB(Gσ) = dimB(Gσ)N ′ − 1,

which is absurd. Thus dimX ∩ Y = dimBN − 1 and (X,Y ) ∈ E(ΓN ). Now the other direction
follows from the fact that |E(ΓN )| = |E(ΓN ′)|.

Appendix A. The minimal special nilpotent orbit of type F4

This section is based on heavy computation using SageMath. Let G be of type F4. We assume
that N ∈ g is a nontrivial element in Xµ ⊂ n, where µ is the highest root among short roots of G.
We consider BN ∩S(w) for each w ∈ W when it is nonempty, i.e. when w−1(µ) > 0 by Lemma 4.2.
Since we only need information of irreducible components and their codimension 1 intersections,
we only list w ∈ W where codimBN

dim(S(w) ∩ BN ) = 0 or 1, i.e. dim(S(w) ∩ BN ) = 12 or 13 in
the following tables.

Here, the first column represents the label of each element w ∈ W which satisfies the condition
(we keep these labels from now on,) the second column gives a reduced expression for each w ∈ W
and the third column is the subset Aw ⊂ Φ+ of positive roots which satisfy the condition in Lemma
4.2(2). Here (a, b, c, d) means aα1 + bα2 + cα3 + dα4 ∈ Φ.

3The author thanks Siddharth Venkatesh for the comments on this calculation.
4Here each X ∈ Irr(BN ) is a Schubert variety, thus its class in H∗(B) is known. Also one can check that the

morphism ι∗ : H∗(B) → H∗(B(Gσ)) is (at least in these cases) isomorphic to

H∗(B) ։ H∗(B)/ 〈L − σ(L),L ∈ Pic(B)〉 .

Thus one can also show that ι∗([X]) 6= 0 for any X ∈ Irr(BN ) by direct calculation.
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dim(Xw ∩ BN ) = dimBN = 13
w ∈ W red. exp. Aw

y1 s(3231234323123121)
(0, 1, 0, 0), (0, 1, 2, 0), (0, 1, 2, 1), (1, 0, 0, 0), (1, 1, 0, 0),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1),

(1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

y2 s(12342312343232)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 1, 0), (0, 1, 2, 0), (1, 0, 0, 0),
(1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0),

(1, 2, 2, 1), (1, 2, 3, 1), (2, 3, 4, 2)

y3 s(1234231234323121)
(0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1),

(1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

y4 s(123423123432321)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0),
(1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1),

(1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

y5 s(123423123423121)
(0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2),

(1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

y6 s(231234323123121)
(0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0),
(1, 1, 1, 1), (1, 1, 2, 0), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2),

(1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)
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dim(Xw ∩ BN ) = dimBN − 1 = 12
w ∈ W red. exp. Aw

z1 s(1234231234232)
(0, 1, 0, 0), (0, 1, 1, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (2, 3, 4, 2)

z2 s(12342312342321)
(0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z3 s(23123432312312)
(0, 1, 0, 0), (0, 1, 1, 1), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z4 s(12342312342312)
(0, 1, 0, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z5 s(23123423123121)
(0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z6 s(323123423123121)
(0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

z7 s(1234323123121)
(0, 0, 0, 1), (0, 1, 0, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 1, 2, 2), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (2, 3, 4, 2)

z8 s(23423123432321)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (0, 1, 2, 1), (1, 1, 0, 0),
(1, 1, 2, 0), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z9 s(323123432312321)
(0, 1, 0, 0), (0, 1, 2, 0), (0, 1, 2, 1), (1, 1, 0, 0), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

z10 s(1234231234323)
(0, 0, 1, 0), (0, 1, 1, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (2, 3, 4, 2)

z11 s(1234231234231)
(0, 1, 0, 0), (0, 1, 1, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (2, 3, 4, 2)

z12 s(2342312343232)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (0, 1, 2, 1), (1, 1, 0, 0),
(1, 1, 1, 0), (1, 1, 2, 0), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 3, 4, 2)

z13 s(23123432312321)
(0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z14 s(23423123423121)
(0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (0, 1, 2, 1), (1, 1, 0, 0), (1, 1, 2, 0),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z15 s(234231234323121)
(0, 1, 0, 0), (0, 1, 1, 1), (0, 1, 2, 0), (0, 1, 2, 1), (1, 1, 0, 0), (1, 1, 2, 0),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

z16 s(31234323123121)
(0, 0, 1, 1), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 1, 2, 2), (1, 2, 2, 0), (1, 2, 3, 1), (1, 2, 4, 2), (2, 3, 4, 2)

z17 s(323123432312312)
(0, 1, 2, 0), (0, 1, 2, 1), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

z18 s(32312342312321)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 3, 4, 2), (2, 3, 4, 2)

z19 s(12342312343121)
(0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 1, 2, 2), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (2, 3, 4, 2)

z20 s(12342312343231)
(0, 1, 1, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0),
(1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (2, 3, 4, 2)

z21 s(123423123432312)
(0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (1, 2, 4, 2), (1, 3, 4, 2), (2, 3, 4, 2)

z22 s(3231234231232)
(0, 0, 1, 0), (0, 1, 0, 0), (0, 1, 1, 0), (0, 1, 2, 0), (1, 0, 0, 0), (1, 1, 0, 0),
(1, 1, 2, 0), (1, 1, 2, 1), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 3, 1), (2, 3, 4, 2)

z23 s(1234231234121)
(0, 1, 0, 0), (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1), (1, 1, 2, 0), (1, 1, 2, 1),
(1, 1, 2, 2), (1, 2, 2, 0), (1, 2, 2, 1), (1, 2, 2, 2), (1, 2, 3, 1), (2, 3, 4, 2)
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We let Yi := S(yi) ∩ BN and Zi := S(zi) ∩ BN . Then IrrBN = {Y1, Y2, · · · , Y6}. Now we use the
following lemma repeatedly.

Lemma A.1. Suppose si ∈ S and w ∈ W satisfy l(wsi) = l(w) − 1. Then for any A ⊂ Φ which
contains wsi(αi), we have

∏

α∈A

UαwB/B ⊃
∏

α∈A−{wsi(αi)}

UαwsiB/B.

Also,
∏

α∈A UαwB/B is a union of lines of type si.

Proof. We have

∏

α∈A

UαwB/B =


 ∏

α∈A−{wsi(αi)}

Uα


Uwsi(αi)wB/B

=


 ∏

α∈A−{wsi(αi)}

Uα


wsiUαi

siB/B

=


 ∏

α∈A−{wsi(αi)}

Uα


wsiBsiB/B,

thus the claim follows as BsiB/B ∋ B/B. The second claim also follows since BsiB/B is a line of
type si. �

By Lemma A.1 and direct calculation, we obtain the following information.

(1) IY1
= {s1, s2, s3}. Also Y1 ⊃ Z6, Z9, Z17.

(2) IY2
= {s2, s3, s4}. Also Y2 ⊃ Z1, Z10, Z22.

(3) IY3
= {s1, s2, s4}. Also Y3 ⊃ Z6, Z21 and it contains an affine space of dimension 12 in Y4.

(4) IY4
= {s1, s3, s4}. Also Y4 ⊃ Z2, Z18 and it contains an affine space of dimension 12 in Y2.

(5) IY5
= {s1, s2, s4}. Also Y5 ⊃ Z2, Z4, Z5.

(6) IY6
= {s1, s2, s3}. Also Y6 ⊃ Z3, Z5, Z15.

Thus Y4∩Y5 ⊃ Z2, Y5∩Y6 ⊃ Z5, Y1∩Y3 ⊃ Z6, which means (Y4, Y5), (Y5, Y6), (Y1, Y3) ∈ E(ΓN ). Also
since each Y2∩Y4 and Y3∩Y4 contains an affine space of dimension 12, respectively, (Y2, Y4), (Y3, Y4) ∈
E(ΓN ). We claim that they are all the edges of ΓN , i.e. ΓN is described as follows.

Y4 Y5 Y6Y1 Y3

Y2
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To that end, first we describe the action of C(N) ≃ Z/2. By direct calculation any representative
of s3 ∈ W in G corresponds to the nontrivial element in Z/2, which permutes Yi, Zi as follows.
(Here A ↔ B means s3(A) = B and s3(B) = A.)

(A.1)
Y3 ↔ Y5, Y1 ↔ Y6, Z3 ↔ Z17, Z4 ↔ Z21, Z5 ↔ Z6,

Z7 ↔ Z16, Z9 ↔ Z13, Z11 ↔ Z20, Z14 ↔ Z15, Z19 ↔ Z23

Thus it follows that

s3(Y1) = Y6, s3(Y2) = Y2, s3(Y3) = Y5, s3(Y4) = Y4, s3(Y5) = Y3, s3(Y6) = Y1.

(s3 fixes Y4 because it is the only component which is a union of lines of type s1, s3, and s4,
respectively. Similarly s3 fixes Y2.) It means

(A.2) ΓN is symmetric under the action which switches node Y1 and Y6, and node Y3 and Y5.

Next for each yi ∈ W we list elements yj , zj ∈ W which is less than or equal to yi with respect
to the Bruhat order on W .

(1) y1 ≥ y1, y6, z3, z5, z6, z7, z9, z13, z16, z17, z18, z22

(2) y2 ≥ y2, z1, z10, z12, z22

(3) y3 ≥ y2, y3, y4, y5, z1, z2, z4, z5, z6, z8, z10, z11, z12, z14, z15, z18, z19, z20, z21, z22, z23

(4) y4 ≥ y2, y4, z1, z2, z8, z10, z11, z12, z18, z20, z22

(5) y5 ≥ y5, z1, z2, z4, z5, z11, z14, z19, z23

(6) y6 ≥ y6, z3, z5, z7, z13, z16

Note that there is no yj or zj which is both less than or equal to y4 and y6. Thus (Y4, Y6) /∈ E(ΓN ).

Similarly, (Y2, Y6) /∈ E(ΓN ). Thus by (A.2), (Y1, Y4), (Y1, Y2) /∈ E(ΓN ).

We claim that (Y2, Y5) 6∈ E(ΓN ). Suppose the contrary, then as z1 is the only element among
yj , zj which is both less than or equal to y2 and y5, we should have Y2 ∩ Y5 ⊃ Z1. Since l(z1s1) =

l(z1) + 1, it implies that Z1 is not a union of type s1. Now we recall the following lemma.

Lemma A.2. Let X be a closed irreducible subvariety of BN for some nilpotent N ∈ g. Suppose
there exists s ∈ S such that for every element x ∈ X there exists a line of type s which contains x
and is contained in BN . If these lines are not all contained in X, then the union Y of such lines is
a closed irreducible subvariety of BN and dimY = dimX + 1.

Proof. [Spa82, Lemme II.1.11]. �

Now let Y be the union of lines of type s1 which pass Z1. As Y5 is a union of lines of type s1
and contains Z1, by the previous lemma it follows that Y = Y5. By construction we have

Y =
∏

α∈Az1

Uαz1Uα1
s1B/B

and Y ⊂ Bz1s1B/B as l(z1s1) = l(z1) + 1. But z1s1 < y5, thus Y 6⊃ Y5, which is a contradiction.
Thus it follows that (Y2, Y5) 6∈ E(ΓN ). By (A.2), we also have (Y2, Y3) 6∈ E(ΓN ).
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We also claim that (Y1, Y5) 6∈ E(ΓN ). Suppose the otherwise, then as z5 is the only element
among yj , zj which is both less than or equal to y5 and y1, we should have Y1 ∩ Y5 ⊃ Z5. But

by (A.1) it means Y3 ∩ Y6 ⊃ Z6, which is impossible as y6 6> z6. Now by (A.2) we also have
(Y3, Y6) 6∈ E(ΓN ).

Thus it only remains to show that (Y3, Y5), (Y1, Y6) 6∈ E(ΓN ). First assume that (Y3, Y5) ∈
E(ΓN ). Then the list of yj , zj which is both less than or equal to y5 and y3 is as follows.

y3, y5 ≥ y5, z1, z2, z4, z5, z11, z14, z19, z23

If Y3 and Y5 have a codimension 1 intersection in Y5, then by (A.1) they also have a codimension
1 intersection in Y3, which is impossible since y5 < y3. Also, Y5 cannot contain Z1 since Y2 ⊃ Z1

and we already know that (Y2, Y5) 6∈ E(ΓN ). Also, Y3 ∩ Y5 cannot contain any of Z4, Z5, Z11, Z14,
respectively, since otherwise by (A.1) Y3 ∩ Y5 also contains Z21, Z6, Z20, Z15, respectively, which is
impossible as z21, z6, z20, z15 6< y5.

Suppose Y3 ∩ Y5 ⊃ Z2. As l(z2s1) = l(z2) + 1, Z2 is not a union of lines of type s1. Thus if
we let Y be the union of lines of type s1 which pass Z2, then by Lemma A.2 we have Y = Y3.
But it is impossible since Y =

∏
α∈Φz2

Uαz2Uα1
s1B/B ⊂ Bz2s1B/B and z2s1 < y3. Thus if

(Y3, Y5) ∈ E(ΓN ) then Y3, Y5 contains either Z19 or Z23. By (A.1), it follows that Y3, Y5 contains
both Z19 and Z23.

Now we recall the following fact.5

Lemma A.3. Suppose N ∈ g be a nilpotent element and h ∈ g be a semisimple element such that
[h,N ] = 2N . Let g =

⊕
i∈Z

gi be the weight decomposition of g with respect to ad(h), i.e. ad(h) acts
on gi by multiplication of i. Let P ⊂ G be the parabolic subgroup of G such that LieP = ⊕i≥0gi.
Then the intersection of BN with any P -orbit of B is smooth.

Proof. It follows from [dCLP88, Proposition 3.2]. (There k = C is assumed, but its proof is still
valid in our situation.) �

In our case the parabolic subgroup P ⊂ G which is generated by 〈B, s1, s2, s3〉 satisfies the
condition in the lemma above. Now if we intersect BN with Ps(4323412)B/B, we have

BN ∩ (Ps(4323412)B/B) = Y3 ⊔ Y5 ⊔ Z4 ⊔ Z14 ⊔ Z15 ⊔ Z19 ⊔ Z21 ⊔ Z23 ⊔ (dimension ≤ 11).

Thus Y3 ∩ (Ps(4323412)B/B) and Y5 ∩ (Ps(4323412)B/B) are irreducible components of BN ∩
(Ps(4323412)B/B). (Indeed, one can show that these two are the only irreducible components of
BN ∩ (Ps(4323412)B/B), but this is not needed.)

Since Z19, Z23 ⊂ Y3∩Y5, it follows that Y3∩(Ps(4323412)B/B) and Y5∩(Ps(4323412)B/B) have
nonempty intersection. But it is impossible since BN ∩(Ps(4323412)B/B) is smooth, which implies
that every irreducible component is pairwise disjoint. Thus it follows that (Y3, Y5) 6∈ E(ΓN ).

Now we claim that (Y1, Y6) 6∈ E(ΓN ). Its proof is completely analogous to that of (Y3, Y5) 6∈
E(ΓN ). First the following is the list of yj , zj which is both less than or equal to y1, y6.

y1, y6 ≥ y6, z3, z5, z7, z13, z16

5The author thanks George Lusztig for informing him this result.
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If Y1 and Y6 has a codimension 1 intersection in Y6, then by (A.1) they also intersect in Y1 with
codimension 1, which is impossible since y6 6> y1. Also, if Y1 ∩ Y6 contains any of Z3, Z5, Z13,
respectively, then by (A.1) it also contains Z17, Z6, Z9, which is impossible since y6 6> z17, z6, z9.
Thus it follows that Y1∩Y6 contains either Z7 or Z16. By (A.1), it means Y1∩Y6 ⊃ Z7⊔Z16.

Now if we intersect BN with Ps(4323123)B/B, we have

BN ∩ (Ps(4323123)B/B) = Y1 ⊔ Y6 ⊔ Z3 ⊔ Z7 ⊔ Z9 ⊔ Z13 ⊔ Z16 ⊔ Z17 ⊔ (dimension ≤ 11).

Note that BN ∩ (Ps(4323123)B/B) is smooth by Lemma A.3. Also, Y1 ∩ (Ps(4323123)B/B)
and Y6 ∩ (Ps(4323123)B/B) are irreducible components of BN ∩ (Ps(4323123)B/B). However, if
Z7⊔Z16 ⊂ Y1∩Y6 then Y1∩(Ps(4323123)B/B) and Y6∩(Ps(4323123)B/B) are not disjoint, which
is absurd. Thus it follows that (Y1, Y6) 6∈ E(ΓN ).
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