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Abstract We derive the leading-power singular terms at three loops for both ¢7 and O-
jettiness, 7y, for generic color-singlet processes. Our results provide the complete set of
differential subtraction terms for g7 and 7 subtractions at N>LO, which are an important
ingredient for matching N3LO calculations with parton showers. We obtain the full three-
loop structure of the relevant beam and soft functions, which are necessary ingredients for
the resummation of g7 and 7 at N3LL’ and N*LL order, and which constitute important
building blocks in other contexts as well. The nonlogarithmic boundary coefficients of the
beam functions, which contribute to the integrated subtraction terms, are not yet fully known
at three loops. By exploiting consistency relations between different factorization limits, we
derive results for the g7 and 7y beam function coefficients at N3LO in the z — 1 threshold
limit, and we also estimate the size of the unknown terms beyond threshold.

Contents

I Introduction . . . . . . . . e e
1.1 Notation and CONVEeNtiONS . . . . . . . o o v v v v vt e e e e e e e e
2 7 factorization to three loops . . . . . . . . ...
2.1 Factorization . . . . . . . . . . e e e e
22 Tosoftfunction . . . . . . . . .. e
23 Topbeamfunction . . . . . . . ...
2.4 Beam function coefficients in the eikonal limit . . . . . . .. .. ... ... ... .. .. ...,
2.5 Estimating beam function coefficients beyond the eikonal limit . . . . . .. ... ... ... ...
3 gr factorization to three loops . . . . . . . . . L
3.1 Factorization theorem . . . . . . . . . . . .. e
3.2 Rapidity anomalous dimension . . . . . . . . ...
3.3 Softfunction . . . . . . . L e e
34 Beam function . . . . . . . ... e
3.5 Beam function coefficients in the eikonal limit . . . . . . . ... ... ... ... . . ... ...,
3.6 Estimating beam function coefficients beyond the eikonal limit . . . . . .. ... ... ... ...
4 NBLOSUDIEACHONS .« © « o v o ot e e e e e e e e e e e
4.1 Subtraction termsS . . . . . . . . . e e e e e e e e

4 e-mail: georgios.billis@desy.de

b e_mail: ebert@mit.edu

¢ e-mail: johannes.michel @desy.de

de-mail: frank.tackmann @desy.de (corresponding author)

Published online: 16 February 2021 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjp/s13360-021-01155-y&domain=pdf
http://orcid.org/0000-0003-0555-0688
mailto:georgios.billis@desy.de
mailto:ebert@mit.edu
mailto:johannes.michel@desy.de
mailto:frank.tackmann@desy.de

214 Page 2 of 52 Eur. Phys. J. Plus (2021) 136:214

5 Conclusions . . . ...
A Plus distributions and Fourier transforms . . . . . . . . . ... oL
A.1 One-dimensional plus distributions . . . . . . . .. ... L o
A.2 Two-dimensional plus distributions for g7 . . . . . . . . . . .
B Threshold soft function . . . . . . . . . . .
B.1 Plus distribution basis . . . . . . . . ...
B.2 Three-loopresult. . . . . . . . . . .
B.3 Extraction method . . . . . . . ...
C Collinear-soft function for the exponential regulator . . . . . . . . . .. ... .. ... ... ......
D Perturbative ingredients . . . . . . ...
D.1 Anomalous dimensions . . . . . . . . . . ... e e e
D2 Ingredients for 7o . . . . . . ..o e
D3 Ingredients for g7 . . . . . . . e
D.4 Mellin kernels and splitting functions . . . . . . . .. .. ... .. ..
References . . . . . . . . . e

1 Introduction

The ever increasing precision of experimental measurements at the LHC requires equally
precise theoretical predictions in order to be fully exploited. Color-singlet processes play a
central role in the LHC physics program. The pp — Z, W Drell-Yan processes are key
benchmark processes that have been measured at the percent level and below [1-4]. Precise
measurements of Higgs and diboson processes provide strong sensitivity to possible contri-
butions beyond the standard model [5—10]. They are also important irreducible backgrounds
in direct searches for dark-matter production at the LHC.

The inclusion of higher-order QCD corrections is crucial to obtain reliable predictions.
Depending on the specific process and phase-space region, reducing the current theoretical
uncertainties requires the calculation of the full corrections at the next order in «g and/or
the resummation of the dominant higher-order terms to all orders in «y. For color-singlet
processes, theory predictions are being pushed to the third order in the fixed-order expan-
sion [11-20] as well as in resummed perturbation theory [21-29].

A key requirement in both cases is to understand the infrared singular structure of QCD at
N3LO. For fixed-order calculations, this is crucial for the cancellation of infrared divergences
between real and virtual emissions, as evidenced by the variety of methods that have been
developed by now at NNLO [30—45]. Resummed predictions are intimately linked to the
singular limit, and the N3LO singular structure is a key ingredient to extend the resummation
to the full three-loop level.

One way to study the infrared singular limit of QCD is to consider a suitable resolution
variable t, whose differential cross section can be factorized in the singular limit 7 — 0.
In this paper, we consider two such variables, O-jettiness 7( and the total color-singlet trans-
verse momentum g7, and derive their singular structure to NLO. Our results are necessary
ingredients for carrying out the resummation for g7 and 7o at N>LL’ and N*LL order. For the
associated g7 and 7 subtraction methods [35,38,39], we provide the complete differential
N3LO subtraction terms in analytic form. The structure and required ingredients for the 7y
subtractions at N°LO were already discussed in [39]. The g7 slicing method at N3LO was
also considered in [18]. Differential 7 subtractions are the basis of the NNLO + PS (parton
shower) matching in Geneva [46,47], and our results are an important ingredient for its
extension to N°LO + PS.

To continue our discussion, we need to set up some basic notation. We consider the
production of a generic color-singlet final state L in hadronic collisions. In the singular limit,

@ Springer



Eur. Phys. J. Plus (2021) 136:214 Page 30f 52 214

the only hard interaction process that contributes is the Born process, which we denote as
ka(qa) kb(qp) — L(g) with gl +q; =q". (1.1)

We always use the indices a and b to label the initial states, and «; € {g, u, u,d, d,s,...)
denotes the parton type and flavor. When there is no ambiguity, we simply identify «; = i,
e.g., we just write ab — L. The qff , are lightlike Born reference (label) momenta given by

n
n w, Q

" a,b _ 2 "o = N a,b +Y

gy p=0wap——, ni=nt=0,2), nj=a"=(1,-2), xp=——=—-—¢€",

’ 2 Ecm Ecm

(1.2)

where Z is the beam direction and E.p, is the hadronic center-of-mass energy. The precise
definition of the Born momentum fractions x, ; and the associated w, , = x4 p Ecm depends
on how we choose to parametrize the Born phase space in terms of physical observables. For
definiteness, in Eq. (1.2), we have chosen the total invariant mass Q = \/? and rapidity Y

of the color singlet. Other choices are possible as well, e.g., w,» = ¢T = /0% + q%eiy.
In the singular limit, all possible choices are equivalent and yield the same factorized cross
section. The specific choice affects the nonsingular power-suppressed corrections.

The cross section for color-singlet production for a (suitably factorizable) resolution vari-
able T factorizes for T — 0 as [48,49]

dQSﬁ = Zb Hap(@qwp) [Ba(xa) ® Bp(xp) ® Sc](1) x [I+O(M].  (1.3)
The convolution structure denoted by ® depends on the precise definition of t. The key
properties of Eq. (1.3) are that it captures all QCD singularities in t and that it factorizes the
dependence on the underlying process from the dependence on .

The process dependence is carried by the hard function H,p, which describes the Born
process ab — L, with the sum running over all relevant parton channels. At lowest order,
H ;2) is equivalent to the partonic Born cross section for ab — L. At higher orders, it
encodes the finite virtual corrections to the Born process and thus can be obtained from the
corresponding quark or gluon form factors. Results at three loops are known for gg — H in
the m; — oo limit, bb — H, and Drell-Yan production [50-63]. Explicit expressions for
the hard functions in our notation can be found in [27]. The hard function also encodes any
additional cuts or measurements on the constituents of L, which we keep implicit.

The entire t dependence in Eq. (1.3) is encoded by the beam and soft functions. The
beam functions B, ; describe collinear emissions from the incoming partons a and b, while
the soft function S, encodes soft radiation between them. They are universal objects that do
not depend on the details of the hard process. Namely, B; only depends on the type of its
incoming parton i = k;, while S, only depends on the color channel of the Born process.
In our case, the only possible color channels are ¢ = {¢q, gg}, which are equivalent to the
color representation of the incoming partons, so we simply label itby c =i = {q, g}.

The beam and soft functions do depend on the definition of t, which also determines their
convolution structure in Eq. (1.3). They can be formally defined as renormalized operator
matrix elements in soft-collinear effective theory (SCET) [64—68]. The beam and soft func-
tions relevant for 7p and g7 are the most basic of their type, measuring the small light-cone
momentum or the total transverse momentum of the inclusive sum of all collinear and soft
emissions, respectively. For this reason, they are important objects in their own right, encod-
ing fundamental properties of the singular structure of QCD, and also appear in a variety of
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other contexts. In particular, they often serve as building blocks for constructing the beam and
soft functions necessary for more complicated scenarios or observables, see, e.g., [69-81].

In this paper, we derive the analytic structure of the 7y and g7 beam and soft functions
at three loops from their known renormalization group equations (RGEs). The nonlogarith-
mic boundary coefficients are not predicted by the RGE and require an explicit three-loop
calculation. While they are not required for the differential subtraction terms, they are the
essential ingredient required for the integrated subtraction terms. So far, they are known at
three loops for the g7 soft function [82].

The most complicated are the beam function boundary coefficients, because they are
nontrivial functions of a partonic momentum fraction z. However, they drastically simplify
in the limit z — 1. In this limit, the energy of collinear emissions is constrained to be
small which means their interactions with the primary collinear parton can be described in
the eikonal approximation where they only resolve its color charge and direction. This was
already pointed out and exploited at NNLO in [85,86]. Here, we exploit this to obtain for
the first time the three-loop beam function coefficients in the z — 1 limit for both 7y and
qr by relating them via appropriate consistency relations to known soft matrix elements.
The required consistency relations were only partially known so far. We give their detailed
derivation and show explicitly that they hold to all orders, allowing one to obtain the z — 1
limits of the beam functions also to higher orders once the relevant soft matrix elements are
known. In case of g7, we provide their general structure for illustration up to six loops. We
find that a previous conjecture for this limit [137] only holds up to N3LO but fails starting
at N*LO. Since our results capture the complete singular structure for z — 1, they can also
simplify the full calculation because it can be carried out strictly for z < 1 which reduces
the degree of divergences. We also employ the obtained eikonal terms of the beam function
coefficients to construct an ansatz for the missing next-to-eikonal coefficients to estimate
their numerical size.

When this paper first appeared, the 7y beam function was only known at NNLO [85-88],
while only partial results were known at N3LO [83,84]. By now, the complete results for the
three-loop beam functions have become available [91,94], for which our results provided
important cross checks. In particular, the predicted z — 1 limit was the only available check
of the genuine three-loop contribution. Similarly, the complete results for the three-loop beam
functions for g7 have become available [92,93], for which our results in the z — 1 limit
again provided important checks.

For g7, a similar study of the logarithmic structure at N>°LO was performed in [18] to
construct an approximate g7 subtraction at this order. Here, we present a more detailed
derivation of its fixed-order structure and the ensuing g7 subtraction, which differs from the
method employed in [18]. While the RGEs necessary to derive the three-loop differential
subtractions are in principle known in the literature, we provide here for the first time a
comprehensive account of the complete structure for both g7 and 7g. All required perturbative
ingredients are collected in the appendix, while the results for the three-loop beam functions
can be directly used together with our results. This provides the complete results for g7 and
To subtractions for ¢4 and gg processes at N3LO.

In the remainder of this section, we summarize important conventions used throughout
this paper. The three-loop structure of the beam and soft functions and the eikonal limit of
the beam functions are derived for 7 in Sect. 2 and for g7 in Sect. 3. The application to
To and g7 subtractions at N3LO is discussed in Sect. 4. Readers primarily interested in this
application may directly skip ahead to Sect. 4. We conclude in Sect. 5. In Appendix A, we
collect the needed definitions and relations for plus distributions. In Appendices B and C,
we discuss in more detail the soft matrix elements that are involved in extracting the eikonal
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limits of the beam functions. Explicit expressions for required perturbative ingredients are
collected in Appendix D.

1.1 Notation and conventions

Throughout the paper, we denote the perturbative expansion of any function F(u) as

o0

Foo = Y FO o [50T" (14)

n=0

All anomalous dimensions y/ (a;) and the QCD splitting functions are expanded as

00 n+1
. . o n+1 (n) o ( M)
y,é(as):ZOy;,, (o) Piew= ZP,” z )[ : LA
n=
We use the following notation to abbreviate Mellin convolutions and flavor sums

(I™MPMy;i(2) = Z / 1(’”’ Z (]'-')(z’),
[I(t,mP(”)]ij(z)zZ/Z—Z, ACEND LA (1.6)
k

where i, j. k € {g,u,u,d, d,s,.. .} label parton type and flavor. We also define a corre-
sponding identity operator as

1;j(z) =6;;6(1 —z) with (1P);;(z) = P;;(2). (.7

For Fourier-type convolutions, we use the notation

(FG)(k, ) = /dk’ Flk=k,mGK, 1),

[FZi@] @, w*) = /dr’ Ft =1, )T 2, %) . (1.8)

Here, the corresponding identity elements are simply (k) or §(¢).
We denote logarithmic plus distributions as

0(x)In" x
X

1
Ly(x) = |: ] with / dx L,(x) =0. (1.9
+ 0

For dimensionful arguments, we define

1k o1 t qr
Lotk = La() Lawd = 5 8a(o) Latrw = <2(1 .

More details are given in Appendix A.
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2 Ty factorization to three loops
2.1 Factorization
The factorization for N-jettiness, 7y, has been derived using SCET in [49,69,95]. Here, we

focus on O-jettiness, 7q, which is relevant for color-singlet production and coincides with
beam thrust [49,88]. It can be defined in terms of generic measures as [69,95]

20 ki 2qp - ki
%:Zmin{k, ab ‘}, .1)
i Qa Qb

where the sum runs over the momenta k; of all final-state particles excluding L and any of its
constituents. The measures Q, 5 determine different definitions of O-jettiness. Two possible
choices, corresponding to the original definitions in [49,88], are

leptonic: Qu=0p=agop =0, T,F= Zmin!eyna ki ey -ki}
i
hadronic: Qub=wap = 0etY, o" = Zmin!na ki, ny ~kl-] .
i
2.2)

For our present purposes, the precise choice of the Q; is not important, so we will simply
use the symbol 7.
The factorization for 7y is given by [49]

_do 2 / (gt
TONTIE —gﬂmg 1) [ dtq dty Baltas Xa 1) By(ty, 3, 12) 8 (To o Qb,u)
7o
[1+0(3)] 2.3)

Explicit definitions of the beam and soft functions for 7y in terms of operator matrix elements
in SCET can be found in [49,87].

The beam function appearing in Eq. (2.3) is the inclusive virtuality-dependent (SCETT)
beam function. It appears in the N-jettiness factorization for any N [95], including deep-
inelastic scattering [96]. Recently, it was shown that it also arises in generalized threshold
factorization theorems for inclusive color-singlet production in hadronic collisions [97]. The
virtuality-dependent quark and gluon beam functions are known to NNLO [85-88], and they
are being calculated at N3LO [83,84].

The soft function in Eq. (2.3) is the hemisphere soft function for incoming Wilson lines.
It is closely related to the hemisphere soft function for e™e™ — jets, which is known to
NNLO [98-102]. They have the same anomalous dimensions to all orders [49,87] and are
equal to NNLO [49,103]. It is an open question whether they remain equivalent at higher
fixed orders.

The factorization in Eq. (2.3) receives power corrections suppressed by 7o/ Q, as indicated.
In addition, starting at N*LO it also receives contributions from perturbative Glauber-gluon
exchanges, which are not captured by Eq. (2.3) [104,105].
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2.2 Ty soft function
The beam thrust soft function satisfies the all-order RGE [49,87]

d . / .
M@Si(k, w) = /dk’yé(k =k, W) Stk W) = (vg Sk, 1),

v§k, @) = 4Tkl 0] Lok, ) + vlas (18 (k) (24)

where Féusp (ctg) and y§ (ag) are the cusp and soft noncusp anomalous dimensions.

The RGE in Eq. (2.4) fully predicts the structure of S;j(k, ;) in k and p to all orders
in perturbation theory. By solving it recursively order by order in o, we can derive this
structure at any given fixed order. Expanding both sides of Eq. (2.4) to fixed order in o5 (1)
and accounting for the running of «s (1), we obtain a relation for the (n + 1)-loop term in

terms of the terms up to n loops,

n

d . .
pgp S 0 = (AT (CoS) )+ b+ G|, 29)

m=0

where we used the short-hand notation in Eq. (1.8) for the convolution in k. This can be
integrated to give

W dlL/ n ) )
Si(n+1) (k’ M) - /k\ //L’ Z |:4F:l—m (EOSi(m))(k’ M) + (Zmﬁn_m + Vé‘nfm)si(m)(k’ M)]
+

m=0

+ (k) stV 2.6)
where the soft function boundary coefficients are defined by
Sk, = klp) = 8(k)s™ with s =1. 2.7)

Here, we have used distributional scale setting 1o = k|4 [106], which is defined such that it
effectively allows us to treat the ; dependence of the logarithmic distributions like ordinary
logarithms. In particular, it satisfies [106]

Lok, po = kl4) =0,

1 o

Sk In™+ =+ DLk, p),

o=k|+

reoodw , 1
— Ly, ') = ———Lyt1(k, 1) (2.8)
mo=kly M

n+1

The first relation is used in Eq. (2.7) to define the boundary coefficients as the coefficients of
the & (k) by setting all logarithmic distributions in Si(") (k, ) to zero. The other two relations
allow us to easily perform the u’ integral in Eq. (2.6), essentially turning a § (k) into a Lo (k)
and a £, (k) into a £,,41 (k). In addition, to evaluate the cross terms for m > 1 in Eq. (2.6),
we need the convolutions [107]

(LoLo)(k, ) = 2Ly (k, ) — 228(k),

3
(LoLy)(k, n) = Eﬁz(k, w) — Lok, w) + &3 8(k),

4
(LoLa)(k, p) = 553(/@ W) =26 L1(k, ) + 283 Lok, ) — 284 8(k)
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5
(LoL3)(k, p) = 154(k, w) —35Lak, ) +653L1 (k, ) — 684Lo(k, ) + 6858 (k) .
(2.9)

Starting from the LO result, sl.(o) =1, Eq. (2.6) yields up to two loops

SV, 1) = 8(k)
Sk, 1) = —=L1(k, ) 4T = Lok, 1) v +8K) s,
S (k, ) = L3k, ) 8T + La(k, 1) 2T (2P0 + 3y o)
+ L1k, [ 16522 + o + VhoIvho — 4T — 4Th 5" |
+ Lok, W[4THAGTY = @2vke) = vey — Cho+ Vo) s ] + 80 57
(2.10)

which agrees with [39]. Evaluating Eq. (2.6) at the next order, we obtain the three-loop result,

5
SOk, ) = 8(k) s> + > 85 Lok, 1) 2.11)
=0

with the coefficients of the logarithmic distributions given by

s = sy’

10 . :
Si3 = =5 (T))° @ho+3v4p)

< o 4 10 N o
53 = 4F6[16¢2(F6)2 - 35— (?,30 + Vo) Vho + 4T} + 2T sl.(l)]

Sty = 16(C0)*[ 10837 + 38280 + ¥50)] + (@Bo + 3y§0) (—Bovgo + 20D — —(VSZO)

i

+ 21281 + 34, + 80 + vk

S5 = 32(T)2[6aTh — £330 + 27 )] + 86TH[(BBo + vig)vho — 4T ]
+4Boviy + 2vko(Br + Vi) + [—1602(T)? + 883 + (6B + Vi)V — 4T ]s!”
—4rh — 41} s

S0 = 1602 (47526263 — 3¢5) + 4280 + %)] — 45T [(2Bo + vig)vig — 8T
—daa(viol} + Thvdy) + [4T5 [T — 20 + vip)] - @B+ v Js!”

—yiy — @+ yigs? 2.12)

This agrees with a corresponding numerical expression in [22]. The required anomalous
dimension coefficients up to three loops and boundary coefficients up to two loops are given
in Appendix D.

Numerical impact The soft function S; (k, ) has an explicit dependence on ., which cancels
against that of the hard and beam functions in Eq. (2.3). Therefore, simply varying the scale
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— 10— — — 20— 1 —
= E Sy(1s) ® Ud(ps, 1) : E—— E Sy(us) ® Ud(ps, 1) i E
= E p=Tcut=20GeV = — E u=Tcut=20GeV o 3
| E E I 10f ; E
E E 3 ':E 3
EE E E £3 E 3
B E i E E
~ E N E
E E E E q
¥ 1 = L E
- — N°LL/(sP =0) -10F -7 S — NLU(sP=0)

® - —-NNLL E ‘3; E---~ - —-NNLL/ E
o | [ NLY E . L o NLLY E

10— L Py L
0.5 1 2 0.5 1 2
s/ Teut 15/ Teut

Fig. 1 Residual scale dependence of the integrated resummed 7 soft function for i = ¢ (left) and i = g

(right). Shown are the relative deviations from the NNLL' result Sfi‘;‘lml at the central scale ug = Zeyt

(s not very meaningful for illustrating the numerical impact of the p-dependent three-loop
terms. Instead, we consider the resummed soft function,

Si(k, p) = /dk/ Si(k', ws) Usk =K', s, ) (2.13)

where the evolution factor U g (k, s, n) encodes the solution of Eq. (2.4), with U g (k, ns, iLs)
= §(k). It can be found, e.g., in [87,88]. Formally, the ;s dependence on the right-hand side
cancels, but when the starting condition S; (k, ) is evaluated at fixed order, it only cancels
up to higher-order terms. For ease of presentation, we consider the cumulant of the soft
function

. Teut .
(8i @ Ug)eut (Teut, 1) = / dk /dk’ Si(k', ws) Uk — k', jus, 1) (2.14)

for which the distributions turn into ordinary logarithms of 7.

InFig. 1, we take as an example 7,y = 1 = 20 GeV and show the residual s dependence
of the resummed soft function when varying s around the canonical central value ps = Zcy
at NLL' (dotted green), NNLL' (dashed blue), and N3LL’ (solid orange). For the latter, we set
the currently unknown three-loop constant term si(S) = 0. In all cases, we show the relative
difference to the central value at NNLL'. For simplicity, we always use the same four-loop
(N3LL) running for a;, which formally amounts to a higher-order effect at (N)NLL'. For
the quark soft function (left panel), the ©s dependence is more than halved going from
NLL' to NNLL/, and roughly halved again at N3LL’. In the gluon case (right panel), the /s
dependence is noticeably larger, but also reduces significantly at each order as it should. Note
that the missing three-loop constant term will add an additional source of ps dependence
due to its ozs (us) prefactor, which, however, should not change the general picture.

We stress that the residual ©g dependence in the resummed soft function by itself is not
necessarily a good indicator of the perturbative uncertainty. Nevertheless, the reduction in the
scale dependence still provides a useful cross check and an indication of the typical reduction
of perturbative uncertainties one might expect at each order. We also emphasize that the size
of the variations in Fig. 1 does not necessarily reflect the variations one should expect in
the resummed cross section, where the evolution of the soft function happens in conjunction
with the beam and hard functions.
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2.3 7y beam function

The beam function B; (¢, x, i) obeys the all-order RGE [49,87]
d ’ 0 / /

w—Bi(t,x,u) = [dt'yp(t —1t', ) Bi(t', x, u),

du
Vit ) = =20k las (0] Lo(t, 1?) + viles 018(1) (2.15)

where Féusp(as) and yé (og) are the cusp and beam noncusp anomalous dimensions. For
t > Aqcp, the beam function satisfies an OPE in terms of standard PDFs [49,87]

d
Bi(l,x,,u):Z/?Zzij(t,&ﬂ)fj( )[H—O( ‘iCD)], (2.16)
J

where the Z;; (¢, z, 1) are perturbatively calculable matching coefficients. Taking into account
the evolution of the PDFs, they obey the RGE [87]

/
uizﬁ (toz.p) = ; / ar dz—z T (0 =1 5o [ 0 15 @) = 86 2Py )|
(2.17)
where 1;;(z) = 8;; 6(1 — z) and 2 P;;(z, 1) are the PDF anomalous dimensions.

By solving the RGE in Eq. (2.17) recursively order by order, we can derive the complete
structure of Z;; (t, z, ) at any given fixed order, as was done in [85,88] to NNLO. Following
the same procedure as in Sect. 2.2, keeping track of the flavor indices and Mellin convolutions,
the (n + 1)-loop term is determined from the up to n-loop terms as

20 (12,17 = 50 100 () + / { hem[£oZ @], 77
0

4 m—

V- . 2 (-
(B + NI 1,2, 1) = [T, G2 PO (z)} ,

2
(2.18)
where the p-independent boundary coefficients are defined as
7z 1t =t =80 1@ (2.19)

Starting from the LO result, IZ(JO) (z) =1;j(z) = 8;; 6(1 — z), we obtain up to two loops

zl.(f) (t, 7, u%) = 8(1) 1;(2)

I (2 1?) = L1 1) T 14 @) + Lot D) =20 1) + PP @) + 800 1)

%) _ (0)2
L;; (t,z, 1% = L3(t, 1%

1;(2)
+ Lo(t, u?) 70 [— (ﬁo + %Vziz 0) 1;;(z) + 3Pl.(j0) (Z)]
+z:1(r,u2>{[ & + (o + ygo)yéo +1i 15

— (Bo+ Vi) P @) + (POPD);i(0) + T ﬂ”(z)}
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+£0(1M)H (3r0+;y’3°) VBI]I,@ oTy Py @)

i Pi(jl)(z) _ (ﬂ i VBO)Ii(jl)(Z) + (I(I)P(O))ij(Z)}
+o(0 15 (), (2.20)

which agrees with [39,85,88]. The NLO and NNLO boundary coefficients I/ (z) together

with the required Mellin convolutions ( PO p©O)y, j(z) and (1 M) p0)y, j(z) can be found in
[85,86].!
Plugging Eq. (2.20) back into Eq. (2.18), we obtain the N3LO result

7Pz 1) =50 15 (2) + ZI“Q (@) Le(t, 1) (221)
=0

with the coefficients

I5(2) = 1, ()

st G 7]
B NS

5 )
- (3p+ ygo)P,-“)(z) £ POPOY @) + L0 )}

i 5 : 3 ; 3 ; i ; ( i )”5
70 = {(1"0)2[5{31“0 + S0+ vho)| = (Bo+ S7ho) (B 750 + 1)) — B
Vziao 111 (0)
5 T ]Pij ()

- %’(m - %y,él)}lij(z) +3[-6rh? + g (ho+ %)

3
3 i 1
= 3 (Ao + L) POPO); ) + S (POPOPO) )
3 4 i
+ 21"0[1’(')(2) (fﬂo + @)Iﬁ”(z) + (I(I)P(O))i<(z)]
I(z)l (@) = { ) [ T+ 3380 + 2)’30)] — ;21“0[(3/30 + VBO)ﬂ +2r ]

+ oy + %(ﬂl +yp1) + rg}l,;,-(z) +{rb[46sTh + 260 + 2vho)]
— B+ ])}P}j@(z) — 26Ty (POPD);;2) — B0 + i) P @)

)VBO +ri ]I(l)(z)

+ (POPW 4+ POPO);) + [—a(Tf)? + 263 + (360 + ko 5

2
— Bpo+ ) IVPD)ij(2) + (1<”P<°>P<°>> @+ 51 @)

,<J3)0(Z) {(F(")) [ F0(2§2§3—3§5)+§4<ﬁ0+ n )]+§3F0[<ﬁ _1_)’1;0)7/1;0 }

1 We caution that the functions P;j(z) and I;;(z) in [39,85,86] are expanded in powers of o5 /(27), while
here we expand them in powers of « /(47).
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+ 2 (bl + i) - %}L—,—(z) - {rg[%ra + 380 + Vho |

+ 6T } P @) +T[e(POPO);2) — P ()] + PP (2)

+ {F6[§3F6 + §Z(ﬁ0 + %)] — (}31 + %)}Ii(jl)(z) _ Fg){-Z(I(l)P(O))ij )
+ (P, (2) - (2,30 + %)1;]_2)@ +UPPOY, (). 22)

The required anomalous dimensions and splitting functions up to three loops are given in
Appendix D. We have evaluated all Mellin convolutions appearing in Eq. (2.22) using the
MT package [108]. To calculate (/ @ pO)y, j(2), this required employing the identity

z
1+z

1 1
) =83-0 ln(1+Z)—§ln2(1+z) lnz+§ln3(l+z).
(2.23)

1
Li( )+Li _z +Li(
T2 3(=2) 3

Numerical impact As for the soft function above, to illustrate the numerical impact of the
three-loop corrections, we consider the integrated resummed beam function

. feut X
(Bi ® Ul eutfeuts ¥, 1) = f ar / A Byt x, ) Uyt — ' g ). (2.24)

The explicit expression for the beam function evolution kernel U é (t, up, 1) can be found
in [87,88].

In Fig. 2, we show the residual u g dependence of the resummed integrated beam function
at fixed representative values of x = 1072 and /7y = 1+ = 30 GeV. We again show the
relative difference to the NNLL' central result at ;g = /Zcy; at NLL' (dotted green), NNLL'
(dashed blue), and N3LL' with the unknown three-loop Ii(;) (z) = 0 (solid orange). We use
the MMHT2014nnlo68cl [109] NNLO PDFs and four-loop running of o4 everywhere.
These evolution orders are sufficient to ensure the formal cancellation of the i p dependence
at N’LL’, while at lower orders, they amount to a higher-order effect. Numerical results to
N3LL with PDFs and o, evolution at corresponding lower orders can be found in [86]. The
residual dependence on p g is noticeably reduced by about a factor of two at N>LL’ compared
to NNLL'. The missing three-loop constant terms will again add an additional source of g
dependence due to its (xf (up) prefactor and also the scale dependence of the PDFs, which,
however, should not change the qualitative picture.

2.4 Beam function coefficients in the eikonal limit

We now obtain the beam function coefficients Ii@(z) in the z — 1 limit. As was already
pointed out and exploited in the NNLO calculation in [85,86], the beam function in this
limit is effectively determined by a matrix element of eikonal Wilson lines. Here, we exploit
a recently derived consistency relation [97] that explicitly relates the Ii(;’) (z = 1) to the
threshold soft function to all orders in «. Consistency relations of this kind generically
arise from different factorization theorems that apply in different limits of the same multi-
differential cross section. In particular, a soft or collinear matrix element of several arguments
will refactorize into a product (or convolution) of simpler pieces of fewer arguments by taking
a stronger limit.
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Fig. 2 Residual scale dependence of the resummed integrated 7y beam function for i = d (top left), u (toq
right), d (bottom left), and g (bottom right). Shown are the relative deviations from the NNLL' result Blcecntr

at the central scale ug = /fcut

We start by defining the color-singlet lightcone momenta ¢ and corresponding momen-
tum fractions x,

- [ 5. 2 / - 9"
q =n-q= Q2+q2 oyt =ng= Q2+q%e v x;L:E . (2.25)

cm

As recently shown in [97], in the generalized threshold limit x_ — 1 but generic x4, the
inclusive color-singlet cross section differential in ¢* factorizes as

do
H dt thr
Py aZ w(qa™ u)/ firlx- (14

pe> _), M]Bb(t, X4, [4) [H—O(l—x_)] .

(2.26)
Here, H,p, is the same hard function as in Eq. (2.3), and By, is the same inclusive beam
function as in Eq. (2.3). The threshold PDF f;hr (x) encodes the extraction of parton a from
the proton for x — 1.
On the other hand, in the well-known and stronger soft threshold limit, where both x_ — 1
and x4 — 1, the cross section factorizes as [110-114]

do +

da = ZHab(q . u)/dk dkt ‘hr[ _(1+Iq<—:) ]f““[ ( %)M]

X S}hr(k_,k+,u) [1+00—x_,1-xp)]. (2.27)
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The new ingredient is the threshold soft function S[lhr (k=, k™, w). It describes the process-
independent contribution of soft emissions with total lightcone momenta k™ = n - k and
k~ = n - k. It also only depends on the color representation ¢ = i = {g, g} of the incoming
partons.

The threshold soft function is defined as a vacuum matrix element of Wilson lines that are
invariant under longitudinal boosts, and therefore satisfies the rescaling property

ST kT ) = Sk ek, ) (2.28)

More specifically, in the context of SCET, the soft function is invariant under RPI-III trans-
formations [115,116]. Exploiting this property, the soft function can be extracted [14,19,
82,111,117] from the soft-virtual limit of the total color-singlet production cross section
do/dQ?, which is known to O(a}) [11,12]. In Appendix B, we review this procedure and
give explicit results for S}hr (k™, k™, u) to three loops.

The factorization theorems Eqs. (2.26) and (2.27) describe the same cross section and
share a number of common ingredients. In particular, only the beam function depends on
x4 in Eq. (2.26). Further expanding Eq. (2.26) in the limit x = x4 — 1, it must reproduce
Eq. (2.27). As a result, the eikonal x — 1 limit of the beam function must coincide with the
threshold soft function [97],

dk t k

Bi(t, x, ) = /7 S}hr(—, k, M) ﬁhr[x(l n —), M] [1+00-n]. 29
1) 1) 1)

Replacing fi‘hr [x(14+1—27)]by fi(x/z)/z, which is justified at leading power in 1 — z, yields

the corresponding relation for the matching coefficients [97],

Ttz = 5 S™[ 001 = 2,0 [1+ 001 - 2)]. (2.30)

This relation captures all terms in Z;; (¢, z, ) that are singular for z — 1, while power
corrections have at most an integrable singularity for z — 1. Notably, the beam function
becomes flavor diagonal as z — 1, while off-diagonal channels are O(1 — z) suppressed.
By Eq. (2.30), the matching coefficients also inherit the rescaling property in Eq. (2.28), i.e.,
in the limit z — 1, they become invariant under a simultaneous rescaling ¢ — et and
1 — z+> e Y(1 — z). In other words, they are symmetric in #/w and w (1 — z) such that the
dependence on w cancels on the right-hand side.

In [97], Eq. (2.30) is explicitly confirmed at two loops by comparison with [85,86].
We now use it to predict the beam function coefficients in the eikonal limit at three loops.
They are given by the coefficient of §(k™) in the threshold soft function upon identifying
(k™) 8(1—z)and £, (kT, ) — L, (1 —z). Including the one-loop and two-loop results
for reference, we find

1@ =8, [£10 =T+ 801 25 V] + 0[1 - 2],

(Th)?

rt . . . thr
17 @) =8, {53(1 -2) = Lol =2 o+ La(1 - z)[—ZQ(l"b)z + T +T)s" “)]

+ Lol = 9265 + B — pos™ V] +501 - ) s;h‘<2’} +0[(1-2°],

Fi 3 5 '
Ii(;)(z) = 5;‘_,’{£5(1 —2) ( t(;)) — L4l —2) E(F(I))Zﬂo
. . 2 ) Fi

+L3(1-2) 1"6[—2;2(1"6)2 + %0 +T+ jos;'"(')]
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. , T 3. .
+ Lo(1 = 2) [(TA56T +36260) — oy — =2 (81 = S7ky +4B0s™ ") |
+ L1(1 = 2) [ (T8l — 6530) — 462T§I} = fovky + T

+ (=20 + 283 + T 41 5]

+ Lol = ) [ (T (~Th(86263 — 6¢5) +264po) + THAGT = Loy + 252

+ (U626 + Th262p0 — B+ 51 )™ — 205"
+8(1 —z)s;h‘“’} +0[(1-2°]. (2.31)

The boundary coefficients s;hr(") of the threshold soft function are given in Eq. (B.8). We

have exploited that the noncusp anomalous dimension of the threshold soft function is given
by —yé (ag), see Appendix B.2. For brevity, we also used that y§ o = 0. The result for generic
Véo can be read off from the full expression for the threshold soft function in Eq. (B.5).

The three-loop result in Eq. (2.31) is new and a genuine prediction of the consistency
relation in Eq. (2.30). We stress that the information provided by it goes beyond the RGE
predicted three-loop structure in Eq. (2.22). The fact that the leading z — 1 terms must be
symmetric in ¢ /w and w (1 — z) allows one to directly determine (or check) the §(¢) L, (1 —z)
terms from the RGE-predicted £, (t)6(1 — z) terms, which was already noted in [85,118].
However, the §(¢)3 (1 — z) coefficient cannot be predicted in this way, and Eq. (2.30) explicitly
identifies it with the threshold soft function coefficients s;hre).

As was shown in [97], a factorization theorem analogous to Eq. (2.26) also holds for the
inclusive cross section differential in Q and Y, with B; replaced by a closely related, modified
beam function B; (t, x, ).2 Note that in contrast to Egs. (1.3) and (2.3), here the difference
between qjE and (Q, Y) matters. The RGE for B; (t, x, u) is the same as for B; (¢, x, ) in
Eq. (2.15), and hence, Eq. (2.22) also holds for Ei just with different boundary coefficients

fi(;’) (2). In the limit z — 1, the difference between B; and Bi becomes power suppressed in

1 — z. As aresult, the z — 1 limit of the modified ii(n) is also given by Eq. (2.31).

2.5 Estimating beam function coefficients beyond the eikonal limit

Having the eikonal limit of the beam function coefficients at hand, we can study to what
extent it can be used to approximate the full result and/or estimate the uncertainty due to the
missing terms beyond the eikonal limit.

In Fig. 3, we compare the full 7y beam function coefficient (solid) to its eikonal (LP
dotted green) and next-to-eikonal (NLP dashed blue) expansions at NLO and NNLO for the
u quark and gluon channels. We always show the convolution (/;; ® f;)(x)/fi(x) with the
appropriate PDF f; and normalize to the PDF f;(x), corresponding to the LO result, where
i = u for the u-quark case and i = g for the gluon case. With this normalization, the shape
gives an indication of the rapidity dependence of the beam function coefficient relative to the
LO rapidity dependence induced by the shape of the PDFs. We also include the appropriate
powers of «y/(4m) at each order, so the overall normalization shows the percent impact
relative to the LO result. For definiteness, we choose i = 30 GeV for the scale entering the
PDFs and .

2 Not to be confused with the g7 beam function B; (x, l;T, i, v) in the following section.
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Fig. 3 Comparison of the full beam function coefficients to their leading eikonal (LP) and next-to-eikonal
(NLP) expansion at NLO (top) and NNLO (bottom). The u-quark channel is shown on the left and the gluon
channel on the right. In each case, we also show the sum of all nondiagonal partonic channels for comparison

The eikonal approximation reproduces the correct divergent behavior of the full flavor-
diagonal contributions, denoted as ¢gq V and gg, toward large x but is off away from large x.
On the other hand, including the next-to-eikonal terms yields an excellent approximation for
all x, particularly for the quark beam function. The rise at very small x for the gluon, which is
not reproduced at NLP, is due to the z — 0 divergent behavior in the gluon coefficient, which
is not reproduced by its z — 1 expansion. If desired, it can be captured by including the
leading z — 0 behavior of the coefficients, which for simplicity we refrain from doing here.
For illustration, we also show the total contribution from all other corresponding nondiagonal
channels (gray dot-dashed). In each case, they are numerically subdominant to the flavor-
diagonal channel and also much flatter in x, since they only start at NLP.

The fact that the NLP result reproduces the full result very well, motivates us to construct
an approximate ansatz for it, which we can then use at three loops to get a good estimate of
the size of the unknown three-loop beam function coefficient beyond the eikonal limit.

We consider the following ansatz to approximate the coefficient,

LP NLP NLP
L oprox @ = 1 @+ Lo @) + X2 (1= QL5000 ) (2.32)

where the NLP coefficient itself is approximated as

n n d "
@ = =1 =91 @ + X1 (1= gm [ -2 @] @3
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and X and X» are free parameters that can be varied to estimate residual uncertainties. This
ansatz is motivated by the known general logarithmic structure at NLP

2n—1
N”’(”)() Z NEP k(1 — (2.34)

By multiplying the LP term by (1 — z) in Eq. (2.33), we generate the appropriate logarith-
mic structure at NLP. The first term in Eq. (2.33) reproduces the correct NLO and NNLO
coefficients for the leading logarithm at NLP cNLP = —4C; and 012\”3“1) = —8C2 for both
quarks and gluons. Here, the additional double loganthm is determined by the same power
of (FO)” as at LP, and this pattern can be expected to hold at higher orders. The second term
in Eq. (2.33) generates a next-to-leading logarithmic NLP series. We fix the central value for
X1 = 1 to reproduce the NLL constant term at NLO ¢ o = 4C;. Interestingly, we find that
this choice also reproduces all NNLO coefficients c¢; x very well, typically to within 10%,
for both quarks and gluons and also independently of the choice of n y. This provides a very
nontrivial check and so we expect that Eq. (2.33) provides a very good model of the true NLP
structure also at higher orders. To estimate the uncertainties, we vary X; by £0.5, which
effectively varies the coefficients of the subleading terms. At NNLO, this variation covers the
exact value for all coefficients. In addition, the last term in Eq. (2.32) estimates the possible
effect of terms beyond NLP. Here, we simply take the central value X, = 0 and vary it by
+1.

Since X; probe independent structures, we can consider them as uncorrelated. Hence, we
add the impacts A; on the final result of their variation in quadrature

A=A @® A =,/A2+ A (2.35)

In Fig. 4, we show the approximate kernel at NNLO (top) and N3LO (bottom) for the
u-quark (left) and gluon (right) channels. The dashed orange line shows the central result
from our ansatz and the yellow band its estimated uncertainty. The gray lines show the impact
of the individual variations of the X; as indicated. In the top panel (NNLO), we also show
the known full two-loop results (red solid). It shows that the ansatz including uncertainties
approximates the true result very well, except for the gluon at very small x where we do not
expect it to hold.

At N3LO, we see that the approximate result gives rise to a sizable shift from the pure
eikonal limit, which we believe to be genuine. Hence, we expect the full three-loop coefficients
to have a nontrivial impact in the one to few percent range. The uncertainties at N>LO are
reduced compared to NNLO as expected, but are still sizable, which adds motivation for the
exact calculation of the full three-loop coefficients.

3 gr factorization to three loops

3.1 Factorization theorem

The factorization of the g7 distribution in the limit g7 = |g7| < Q was first established by
Collins, Soper, and Sterman (CSS) [48,119,120], and was later elaborated on in [121-124].

The factorization for g7 was also shown within the framework of SCET in [117,125-127].
Sometimes it is also referred to as transverse-momentum dependent (TMD) factorization.
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Fig.4 Approximate ansatzes for the NNLO (top) and N3LO (bottom) kernels, in the u-quark (left) and gluon
(right) channels

We write the factorized cross section as

- ~ si n 2
Yo /dz,;T piirbr w[l n O(Lr)],
dQ2dYd2gr dQ2dy 02
d&sing(l; ) 5 . . _ .
WMT: Hap(Q%, 1) Ba(Xa, by, ., v) By (xp, by, i, v) Si(br, i, v) . (3.1)

a,b

It receives power corrections suppressed by q% /02 as indicated. As is common, we consider

the factorized singular cross section in Fourier-conjugate b7 space, where convolutions in gr
space turn into simple products. In particular, Fourier transforming the gr-dependent plus
distributions £, (gr, i) turns them into powers of the canonical br-space logarithms, which

we denote as
2.2

Ly, =1In by =2e7VE

—, (3.2)
by
More details on their Fourier transformation are given in Appendix A.2.

The gr factorization is affected by rapidity divergences that must be regulated by a ded-
icated rapidity regulator. This gives rise to an additional rapidity scale, denoted as v in Eq.
(3.1). We use the exponential regulator of [ 117], which up to two loops gives results equivalent
to the 7 regulator of [127,128].

The beam function appearing in Eq. (3.1) is the inclusive transverse-momentum dependent
(SCET]) beam function, which also appears in the g factorization of Z + j and y + j [129,
130]. The gr-dependent soft function in Eq. (3.1) is the renormalized vacuum matrix element
of two incoming soft Wilson lines. Note that for simplicity, we generically refer to them as
g7 beam and soft functions, even though we mostly consider their br-dependent Fourier
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conjugates. The g7 beam and soft functions are known at two loops for several regulators
[131-138]. The soft function is known at three loops using the exponential regulator [82].
We also note that one can equivalently define v-independent TMDPDFs as

fiCxe, br, 1, &) = Bi(x, by, w, W/ Si(br, i1, v), ¢ = > = (xEem)?, (3.3)

as is done, e.g., in [48,121-126]. Here, the Collins—Soper scale [119,120] ¢ = @? is given
in terms of the lightcone momentum w = x P~ carried by the struck parton.

3.2 Rapidity anomalous dimension

The v dependence of the beam and soft functions is encoded in their rapidity RGEs [127],
d - - i ~ -
vaBi(x, br,u,v) =y, g(br, uw) Bi(x, br, u,v),
d - > -
vaSi(br, W, v) =y, s(br, w) Si(br, i, v), (3.4)

where y y B and y y s are the beam and soft rapidity anomalous dimensions, which are closely
related to the Collms—Soper kernel [119,120]. Because the cross section in Eq. (3.1) is
independent of v, they are related by

7o(br. ) = 75 g(br, p) = =27} g(br. 1), (3.5)

and we will simply refer to )75 (br, ) as the rapidity anomalous dimension.

An important property of 7! (b, 1) is that like the soft function it only depends on the
color representation i = {q, g} but not on the specific massless quark flavor. While we
only need its fixed-order expansion, we note that it becomes genuinely nonperturbative for
by ! < Aqcp, and recently, a proposal was made to calculate it nonperturbatively using
lattice QCD [139, 140].

The rapidity anomalous dimension itself satisfies an RGE in p,

d _.
M@Vﬁ (br,pn) = 4Féusp[as w1, (3.6)
which predicts its all-order structure in b7 and w. Similar to the 7q soft function in Sect. 2.2,
it can be solved recursively order by order in «y. Expanding both sides of Eq. (3.6) to fixed
order in o (1) and accounting for the running of «(w), the (n + 1)-loop term is related to
the lower-order terms by

> ) " I dM ~
7LD by, ) = =200 Ly + Y 2(m + 1)/3,,_"1/ FEO (b, )y + 74 S
m=0 bo/br
3.7
where the nonlogarithmic boundary coefficients are defined as
Von =701, 1 =bo/br) . (3.8)

The result up to three loops is
7o O br, w) = =Ly 2T + 73 »
7o P br, w) = =L ToBo + Lo(Bo7yo — 2T1) + 741 »
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» 2 . » . . » » .
7@ br, 10 = —L3 SToBG + Ly (3700 — 201 Bo — ToB1) + L (260751 + Bi 750 — 213)
+ 70, (3.9)

The boundary coefficients )75 ,, are known up to three loops [82,136,141] and are summarized
in Eq. (D.10).

3.3 Soft function

The soft function is explicitly known to three loops [82]. For completeness, we explicitly
derive its fixed-order structure to illustrate the joint solution of its i and v RGEs,

d - y .
M@Si(bT, w, v) = ys(u, v) Si(br, p, v), (3.10)

d . y .
vaSi(bT, M, V) = yu(bTv M) Si(bT5 M, U) .

The perturbative structure of yj is discussed in Sect. 3.2. The p anomalous dimension has
the all-order structure

P51, v) = 4T, [ (M)]ln = + pilas (w1, (G.1D)

where Féusp (ag) and )7§ (og) are the cusp and the soft noncusp anomalous dimensions. Expand-
ing both sides of Eq. (3.10) order by order in «, we obtain the coupled RGEs

n

d - ~
TR M CATED B TR I R S L AR

m=0
d n
N 1 ~i (n—m <
v 8 r vy = 3 A b ) 87 by ). (3.12)
m=0

These are easily integrated to give

n

(D) eodw W - m) )
5V by oy =Y n (4ri 0 &+ 2mB, o+ 74, )5 )
m=0 bo/br M v

v dv/ _
+ / — P S b, by /by, v )] +50D (3.13)
bo/br v

where we first integrated the v RGE at fixed u = bo/br and then the u RGE at arbitrary v.
In this way, the rapidity anomalous dimension reduces to its boundary coefficients y, ,,. The
soft boundary coefficients in Eq. (3.13) are defined as

57 = 8" (br, 1w = bo/br, v = bo/br) . (3.14)

Starting from the LO result, 51.(0) = 1, and expressing the results in terms of

b2 2
Ly=in=5 bp=2e7%, Ly=mn". (3.15)
v
0

Eq. (3.13) yields up to two loops

SOWr,uvy =1,
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SV by, . v) = —Lb—+Lb<L 2r0+@+@) Lyt +350,

2 i
3r vy =14 & 0) - LT (L. FO+@+@+%0>
34 4
3

[ 205 + LT (o + 7o + 5740

Y M T

( O UO>+ (T§0+ 7h0)” _71_7051‘()

+Lb{—L52F6)7V’o+L [ (ﬂo+y5°+ ) io 20 42T 5 ~“>]

7/51 Vul ( Vso Vvo) <D
+ S (B RS
Flo)? -1 -2
F L2200 (5 45 ) 452 (3.16)

2
At three loops, we write the result as

6

Vb vy =Y SV LD L, (3.17)
=0

where the S( k) coefficients themselves are polynomials in L,. Inserting ySO = Vuo = 0 for
brevity, they are given by

=3) (Ff))3
S L) =
o (L) ==&~
Ty (T?
$3(Ly) =L, 2 + g Bo,

59 2 T/ o iy Do
Ny =—L2TH)> Ly~ (Fo)ﬂ +7( 50+F]+7si ).

53w, =L3 —(r0)3 +L22(T)2B0 + L ro( g —2r —Thi")
2., /31 ySl J/ 1 5 ~(1)
_ ,l‘" _ ( rS1 v 2 ( ) ’
150 3t T ek
. 3
(3)(L”) = LiTo(r +2rp5") + [ZF Po+ FO(’gl + 75y + 2%1 + 380 S(l))]

,)/ Fl l"l -1 Fl~2
e e g

S(Ly) = —L22T470 + Ly 2(—poyiy + T4 +T1 50 415 52)
(ﬂ + VS‘ + %)5}” +24052
D) + s(3) (3.18)

)52 )1)2
4 2= 4 fve
2

3 )
8Ly = —L, (yéﬁm §;
Equations (3.16) and (3.18) agree with [82,136]. The required anomalous dimension and
boundary coefficients up to three loops are given in Appendix D.3.
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Fig. 5 Residual scale dependence of the resummed g7 soft function in Fourier space for i = ¢ (left)
and i = g (right). Shown are the relative deviations from the NNLL' result SiCemral at the central scales

(us,vs) = (u,v) = (bo/br, bo/bT)

Numerical impact The soft function S’,- (br, 1, v) has an explicit dependence on the scales i
and v that cancels against that of the hard and beam functions in Eq. (3.1). Therefore, varying
w and v is not very meaningful for illustrating the numerical impact of the scale-dependent
three-loop terms. Instead, we consider the resummed soft function,

Si(br, w,v) = Si(br, s, vs) Ug(br, ps, |4, vs, V),
~i Vo " d/'L/ ~i,
Ug(br, ps, p, vs, v) = eXp[ln — 7, (br, us)] exp[/ — Vs, V)} , (3.19)
vs ns M
where we have chosen to first evolve in v and then in w.

To probe the full set of terms in the fixed-order expansion of Si(br, s, vs), we consider
simultaneous variations of (g, vs) around the canonical central scales ug = vg = u =
v = by/br. In Fig. 5, we show the residual scale dependence of the resummed soft function
at the representative value by/by = 20 GeV at NLL' (dotted green), NNLL’ (dashed blue),
and N3LL' (solid orange), normalized to the NNLL' result at the central scale. The three-loop
finite term is included in Fig. 5, so the NNLL' and N 3LL results do not coincide at the central
scales. We use four-loop running of «; throughout, which formally amounts to a higher-order
effect at (N)NLL'. As expected, the scale dependence reduces from NLL' to NNLL’, where
it is already quite small. At N3LL/, it further stabilizes over a wider range of scales. As in
Sect. 2.2, we stress that the residual scale dependence in the resummed soft function by itself
is not necessarily a good indicator of the perturbative uncertainty, but gives an indication of
the typical reduction of perturbative uncertainties one might expect at each order.

3.4 Beam function
The beam function obeys the coupled RGEs
d - - > O,
M@Bi(x, br, u,v) = yp(u, v/w) Bi(x, br, 1, v),

d - - 1. .
vaBi(x,bT,u,v)=—§Vé(bT,M)Bi(x,bT,u,V), (3.20)

where the v anomalous dimension is discussed in Sect. 3.2, and the ;+ anomalous dimension
has the all-order form

7h (. v/@) = 2lgplas (0] = + Fhlas ()], (3.21)
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where Féusp (ctg) and )71"g (oey) are the cusp and the beam noncusp anomalous dimensions.

For perturbative bo/br > Aqcp, the TMD beam function satisfies an OPE in terms of
standard PDFs [48],

~ dz -~
ByGe.browov) =Y /f Tyjbro v/ fi (S )[4+ Otbr Agen)].
j

- - dz gik ~ gi'\ bf_bj‘_ 3
B{*(x, by, . v) = 2/7[72gj(z, br, i, v/®) + (7 - b—z)Jgj(z, br. i, v/w)]
j ’ 1
/X
x fj(z,u>[1 +ObrAgen)] . (3.22)

For the gluon beam function, we have made its dependence on the gluon helicity explicit and
decomposed it into two orthogonal structures, namely the polarization-independent piece
7,; and the polarization-dependent piece J,;, where g7* = g — (n?i* + i#n*)/2 is
the transverse metric and bj’_ is the transverse four vector with bi = —l;% Due to the
multiplicative structure of Eq. (3.20), both fg j and jg j obey the same RGE, and in the
following, we will only consider the RGEs for Z; -

The Z; j are perturbatively calculable matching coefficients, whose RGEs follow from Eq.
(3.20) by taking the evolution of the PDFs into account,

d - dz ~ /z s
Mafi,‘(z, br, pu,v/w) = 2/7 ik(?, br, u, V/w)[yfg(u, v/o)li;(Z) = 2P (@ W],
3

d - 1, .
vafzj(z, by, p,v/w) = _Ey“(bT’ W) Lij(z, by, p, v/w). (3.23)

Similar to the soft function, these coupled RGEs can be solved recursively as

n

~ n dM/ . v » -
Ii(j"l“)(z’ br, p,v/w) = Z |:-/b o (21“;,7,” In > + Vhnem + 2mﬂn_m>1i(j'-")(z, br, i1, v/w)
m=0"-"?0/°T

modp
-2 / [I“’“(bT Wovj@) PO (2)
bo/br M

vd ~ "
_ / " Finm Il.(f")(z,bT,bo/bT,v//w)]+Ii(f1+l)(z), (3.24)
w V 2 J J

where the nonlogarithmic boundary coefficients are defined as
1@ =280 @, by, = bo/br, vjo =1). (3.25)
Starting from the LO result, ii(jO) (z) = 1;j(z) = 6;; (1 — z), we obtain up to two loops

I br.pv/o) = 14(2).

N 750 P -
T . bro /@) = Ly | (LoTh + 722 15() - P.(.‘))(z)]—Lw%’lu(z>+1f-‘><z),

) (riy Y Y
zf,»”(z,bT,u,v/w)=L§“Li%+ 0('30”80”(’30+ 30) BO] i@

Bo 7V 1
B (L‘”FO ot %0) i(jO)(Z) + *(P(O)P(O))ij (2)

i
+Lb{[—Lgr6%+L [- (ﬂo+y§°)7°+r;]+i] e
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~i
YL, % P0G - PP

]/ ~ ~
+ (Lol + o+ 30)1i§1>(z> - (1<‘>P<°>>i,»(z)}

~i \2 ~1
s (Foo) 7 Yvo 7(D) %(2)
+[Lw"T—Lw v ] 50— Lo 2 PO+ 10 ).
(3.26)
where we abbreviated

b2 2

Ly=m2L hy=2e7", L,=In—. (3.27)
bg w

Note that L, differs from the characteristic logarithm of the soft function in the previous
section. The ii(]-") (z) are given in [136] for quark and gluon beam functions in terms of the
results of [134], and were directly calculated at NNLO using the exponential regulator for
the quark case in [138].

At three loops, we write

I8 @ by, v/w) = ZI“) (2 Lo) L. (3.28)

and using )75 o = 0 for brevity, the coefficients are

70z Ly) = { (F§)3 v L2 (Fo) (,30+ y‘;“) YL, ro[ﬂ; + (ﬁo+ @)i]

i VBO)(ﬂ i VBO)VBO} @)

+ (8o

_ [Li (Tp)? Lwré<ﬂo+@)+ﬂi+(lg +@
(L
L2

2 3 4

+ 2
L
®92 12

)7}90 (0)
)—}P,,. @)
Vi 1
ZO)(P(O)P(O))L/(Z) E(P(O)P(O)P(O))ij(Z)y

rir + L, [F’(ﬂ +VB°)+%6(51+)7£1>]

+
7(3)
Z;i5(2 Lo) = { >
+

Vi1 | T Bi ¥
polBL + T80, Bl)}l,,@_( 1+—‘+%)P5~°’<z>

. % 1
LoTh + fo + @)Pﬁ”(z) +5(POPO 4 POPO); (o)

» ()’

(
+ L :
(

+ Lo —(3ﬁo+y30) +(Bo+ yBO)(ﬁ + ”BO)]i}j”(z)
LaTh+ 30 + %)(ﬂ”P(O))mz) 5 AOPOPOY; ),

73 m

; y Vi
,jl(Z,Lw)Z{ L2 T + L, [ (ﬂo+i0>yvl+rz]+iz}1ij(z)

VB]

~i
+ meP};’)(z) P(Z) () + (Lwr’ + B+

: LD @) = APV
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o
+ (LaTh+260+ 2010 @) - AP0,

~i
Wi

Sl
00 Lo) = —Lo 222 1) — Lo 2L I @ + 1), (3.29)
where the three-loop boundary coefficients I~i(<3) (z) are currently unknown. We have eval-
uated all Mellin convolutions appearing in Egs. (3.26) and (3.29) with the help of the MT
package [108]. In contrast to [18], we were able to perform all required convolutions in terms
of standard harmonic polylogarithms without encountering multiple polylogarithms, after
using the identity in Eq. (2.23) to simplify some of the inputs.

The polarization-dependent kernels jg ; have a simpler structure than the 7; j because
their LO contribution vanishes. For unpolarized gluon-fusion processes, the accompanying
tensor structures are only contracted with each other, and hence, we only require their NNLO
expressions for the N>LO cross section. They are given by

Ty (@, br, 1, v/w) =0,

- B 1—2
(n 7)) . .
Toi @ by, vjw) = J,;7(2) = 4C; Pt

~g
YBo

T @ br.wvjw) = Ly[ (LoT§ + fo+ 22

)1 @ = TOPO),0)]

58
Yvo 7D 7(2)
~1, 20 0@ + 7P @) (330)

The two-loop terms J ;12.) have recently been calculated in [ 142] using the exponential regulator
and in [143] using the § regulator. They can be converted to our convention via the relation

7(2) _ 7@
Jgj (2) = Ig,' (2)

L2000, Loy
§C @) = 55 g (@) (3.31)

In the first line of Eq. (3.31), I;,(iz) (z) is the two-loop boundary term as given in [142]. In

the second line of Eq. (3.31), Eél) = —2C 4 is the soft function constant at one loop and
(SLCE,Z(:(]).’O) (z) is the two-loop finite piece of the TMDPDF given in [143].

Numerical impact As for the soft function above, we illustrate the numerical impact of the
three-loop corrections for the resummed beam function

Bi(x,br, 1, v) = Bi(x, br, up, vp) Uy (w, br, wp, w, v, v),

i Lov_; o
Ug(w,br, g, 1, vp,v) = exp| —= In — v, (br, up) | exp — v, v/w)|.
2 v np M
(3.32)
Fori = g, we restrict to the polarization-independent piece fg ; and write I§g = —81pr f?g *

for short. As for the soft function, we restrict to simultaneous variations of up and vp.

In Fig. 6, we show the residual dependence on (up,vg) at NLL' (dotted green),
NNLL' (dashed blue), and N3LL’ with the unknown Il-(;) (z) = 0 (solid orange) as the
relative difference to the central NNLL' result at (up, vg) = (u,v) = (bo/br, w) for
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Fig. 6 Residual scale dependence of the resummed g7 beam function in Fourier space for i = d (top left),
u (top right), d (bottom left), and g (bottom right). Shown are the relative deviations from the NNLL' result
Bl.Cemral at the central scales (g, vg) = (1, v) = (by/br, w)

bo/br = 20GeV and w = 100GeV. As for 7y, we use four-loop running of o and
MMHT2014nnlo68cl [109] NNLO PDFs throughout. In all cases, the scale dependence
is substantially reduced at each order. We again anticipate that this qualitative behavior con-
tinues to hold when the full result for fi(;) (z) is included.

3.5 Beam function coefficients in the eikonal limit

We now proceed to extract the three-loop beam function coefficients in the z — 1 limit
from consistency relations with known soft matrix elements. For the g7 beam function,
these consistency relations arise from factorization theorems for the triple-differential cross
section do 7 /d 0%dYdgr that enable the joint g7 and soft threshold resummation [144—
147]. In terms of the momentum fractions x, 5 defined in Eq. (1.2), the soft threshold limit
is equivalent to taking both x, — 1 and x, — 1. As x,, — 1, initial state radiation is
constrained to have energy < A_A4 Q, where

A2 ~1—x, and A3 ~1—x (3.33)

are power-counting parameters that encode the distance from the kinematic endpoint.

The all-order factorization relevant for different hierarchies in g7 /Q and the threshold
constraint A_A4 was derived in [117,148]. Some consequences of the resulting consistency
relations have already been explored in [117, 148]. In fact, the exponential regulator is defined
by its action on the refactorized pieces in these consistency relations. In the following, we
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briefly review the relevant factorization theorems and derive the all-order structure that arises
for the g7 beam function in the eikonal limit.

qr/ 0O <K A_A4 ~ 1 In this regime, initial-state radiation is not yet subject to the threshold
constraint, and the standard g7 factorization theorem Eq. (3.1) holds. It receives power
corrections O(q% / 0?%), but captures the exact dependence on x, 5, via the beam functions.

qr /0O <K A_Xiy < 1 For this hierarchy, the factorization takes a form similar to Eq. (3.1),
but real collinear radiation into the final state is constrained in energy by 1 — x, , < 1. The
leftover radiation in this limit is described by intermediate collinear-soft modes [74,149] in
terms of n, ,-collinear-soft functions Si(k, by, i, v). They are matrix elements of collinear-
soft Wilson lines and depend on the small additional momentum k = kT available from
either one of the (threshold) PDFs and on the color charge of the colliding partons. The
factorization theorem in this regime reads [117,148]

dé (br)
dQ2dy

= Zh Hap(Q2, 1) /dk* Sk b v £ [ (14 ';—_) ]

/dk+3(k+ br, ,u,v)fﬂ"[ ( +E) u] Sibr, p,v)

x [1 + O(M, A2, Ai)]. (3.34)

Collinear-soft emissions do not contribute angular momentum, so the polarization indices for
gluon-induced processes become trivial in this limit and we suppress them in the following.

qr/Q ~ A—Aq < 1 In this regime, the threshold constraint dominates and all radiation is
forced to be soft. The recoil against soft radiation with transverse momentum kr = —qr
is encoded in the fully differential threshold soft function S}hr (k—, kT, k7). In terms of its

Fourier transform with respect to I:T, S‘l.‘hr (k—, kt, br), the factorization theorem reads

45 kr) _ 5~y 00, M)/dk daict fiex (1+];;) ]fthr[Xb<1+k+> ]

dozdy —
x S}hr(k’, Kt b, w) [T+ 002, 2D)]. (3.35)

Notably, the fully differential threshold soft function is free of rapidity divergences because
they are regulated by the threshold constraint. (This is the starting point of the exponential
regularization procedure.) The fully differential soft function was calculated to O(a?) in
[150], albeit in a different context, and to O(af) in [82]. By construction, it satisfies

/ &%y S KT kL ) = SPTGT KT by =0, 0) = ST KT ). (3.36)

where Sl?hr(k’, k™, w) is the double-differential threshold soft function appearing in Eq.
(2.27).

Consistency relations Consistency between Eqs. (3.1) and (3.34) implies that the x — 1
limit of the g7 beam function is captured by the collinear-soft function [117,148],

BiCx, by, o, v) =/dk§,-(k,br,u,v) f;hf[x(l n g)u] [1+00-n]. (337
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This is the analog of Eq. (2.29) for g7, but this time relates the eikonal limit of the beam
function to an exclusive collinear-soft matrix element instead of the inclusive threshold soft
function. At the partonic level, Eq. (3.37) implies [117,148]

Tij(z, br, sy v/@) = 8ij 0 Si[w(1 = 2), br, w, v] [1+ 01 — 2)]. (3.38)

Note that Eq. (3.38) is true for any rapidity regulator as long as the same regulator is used on
both sides. The consistency between Eqs. (3.34) and (3.35) implies [117,148]

~ ~ ~ ~ 1
S K by = Stk by ) S by ) Sitbr, ) [140(o =) |
T

(3.39)
which again holds for any choice of rapidity regulator. In particular, the left-hand side has no
rapidity divergences, so the dependence on the rapidity regulator cancels between the terms on
the right-hand side. Together, Eqgs. (3.37) and (3.39) uniquely determine the eikonal limit of
the beam function in any given rapidity regulator scheme in terms of the fully differential soft
function (which is independent of the scheme) and the g7 soft function S‘i (b, 1, v) (which
determines the scheme). Furthermore, the scheme ambiguity amounts to moving terms from
the soft function boundary coefficients into the coefficient of §(1 — z) in the beam function
coefficients. Since §(1 — z) is a leading-power contribution as z — 1, it follows that up to
lower-order cross terms, all scheme-dependent terms in the beam function are contained in
the leading eikonal terms predicted by Eq. (3.38).

Extraction of the finite terms For the exponential regulator, the relation between the fully dif-
ferential and standard TMD soft function is particularly simple, leading to an all-order result
for the collinear-soft function in terms of the rapidity anomalous dimension, see Appendix
C. Inserting this result into Eq. (3.38), we find for the eikonal limit of the br-space beam
function matching coefficient Z; ;j in the exponential regulator scheme,

Tij (b s vf) = 8 © Vi, M[ a-a][1+o0-2], (3.40)

where the plus distribution V,(x) is defined in Eq. (A.4). The simplicity of this result is a
direct consequence of the specific rapidity regulator, i.e., one may equally well have imposed
this form of the eikonal limit as the renormalization condition. Nonetheless, when combined
with the soft function to a given order, the scheme dependence cancels and leaves behind a
unique set of terms that capture the threshold limit of the singular cross section in Eq. (3.1).
We note that a close relation between the rapidity anomalous dimension and the eikonal limit
of the beam function is a scheme-independent feature [148], and was also conjectured for
the §-regulator in [137].

It is straightforward to expand Eq. (3.40) in o to obtain the finite terms in the matching
coefficient at any given fixed order using Egs. (3.9) and (A.7). Up to two loops, we have

i@ =o0[0-2",
[P @) =6 ;1 Lo(1 —2)+0O[(1 = )], (3.41)

in agreement with the full two-loop result [136], and where we have used that )750 = 0.
Including terms up to six loops for illustration, we find

@) =8

VEZ Lo(1—2) +O[(1 - 2)°].
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We again stress that these expressions are a direct consequence of the renormalization condi-
tion in the exponential regulator scheme and must be combined with the soft function in the
same scheme to obtain a scheme-independent result. It is interesting to note that starting at
four loops, Eq. (3.40) does in fact predict a term proportional to § (1 — z) in the beam function
matching coefficient due to the inverse Fourier transform to k* back from the conjugate b
space, where the regularization procedure is applied.

3.6 Estimating beam function coefficients beyond the eikonal limit

As in Sect. 2.5, we can use the eikonal limit of the beam function coefficients to study to
what extent it can be used to approximate the full result and/or estimate the uncertainty due
to the missing terms beyond the eikonal limit.

In Fig. 7, we compare the full g7 beam function coefficient (solid) to its eikonal (LP dotted
green) and next-to-eikonal (NLP dashed blue) expansions at NNLO for the u-quark and gluon
channels. Since the NLO coefficients are not singular, we do not show the corresponding NLO
results. We always show the convolution (/;; ® f;)(x)/fi (x) with the appropriate PDF f; and
normalize to the PDF f; (x), corresponding to the LO result, where i = u for the u-quark case
and i = g for the gluon case. With this normalization, the shape gives an indication of the
rapidity dependence of the beam function coefficient relative to the LO rapidity dependence
induced by the shape of the PDFs. We also include the appropriate powers of «;/(4m) at
each order, so the overall normalization shows the percent impact relative to the LO result.
For definiteness, the renormalization scale entering the PDFs is chosen as u = 30 GeV.

In both flavor-diagonal contributions, denoted as gq V' and gg, the eikonal limit correctly
reproduces the divergent behavior as x — 1, but is off away from very large x. Including
the next-to-eikonal terms yields a sizable shift from the eikonal limit, and provides a very
good approximation in the shown x region. In the gluon channel, one can see a rise of the full
kernel toward small x, arising from an overall 1/z divergence in the coefficient / é? (z), which
is not captured by the expansion around z — 1. If desired, one could also include the leading
z — 0 behavior of the coefficients, which for simplicity is not done here. For illustration,
we also show the total contribution from all other corresponding nondiagonal channels (gray
dot-dashed). In both cases, they are numerically subdominant to the flavor-diagonal channel
and also much flatter in x, since they only start at NLP.

Similar to the 7y coefficients in Sect. 2.5, we now wish to make an ansatz for the unknown
three-loop NLP terms to get an estimate of their size. A peculiar feature of the g7 coefficients
is that up to three loops, its eikonal limit contains no logarithmic distributions £, (1 — z) with
n > 0, but only Lo(1 — z). In contrast, the NLP NNLO coefficient does contain a double
logarithm In2(1 — z). Based on this observation, we make the following ansatz for the N"LO
beam coefficient,
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Fig. 7 Comparison of the full beam function coefficients to their leading eikonal (LP) and next-to-eikonal
(NLP) expansion at NNLO. The u-quark channel is shown on the left and the gluon channel on the right. In
both cases, we also show the sum of all nondiagonal partonic channels for comparison

T oo @ =T @ + [XiT§ 020 = 2) + Xayf (1 = 0| D@

ij,approx ij,reg
~(n) LP
- X3 =" (). (3.43)
Here, fl("ie refers to the full regular (non-eikonal) piece of the beam coefficient at O(a}).
At NLO, there is no NLP term, so at this order we simply define the regular piece to be the
appropriate color factor. More explicitly, we use

12} 2
The ansatz in Eq. (3.43) dresses the lower-order regular kernel with two additional logarithms
In(1 — z). The coefficients of these logarithms are chosen such that at the central choices

X1 = X, = 1, they reproduce the known double and single logarithms at NNLO. The
effective noncusp anomalous dimension yy needed to achieve this is given by

vy =3Ca—Po. vy =10(CF —Ca). (3.45)

7

2
ijreg@) = —8i; Ci, i

e @ =17 (@) = 81,2 Lo(1 = 2). (344)

The size of these additional logarithms can be probed by varying the coefficients X » by £1
around the central choice. Furthermore, we add the eikonal limit ii(.")LP suppressed by one
power of (1 — z) to estimate the pure NLP constant. Its coefficient X3 is varied by £1 around
the central choice X3 = 0.

Since the X; probe independent structures, we can consider them as uncorrelated. Hence,
we add the impacts A; on the final result of their variation in quadrature

A=A ®A®A;=/AT+ A+ AL (3.46)

In Fig. 8, we show the approximate kernel at NNLO (top) and N3LO (bottom) for the
u-quark (left) and gluon (right) channels. The dashed orange line shows the central result
from our ansatz and the yellow band its estimated uncertainty. The gray lines show the impact
of the individual variations of the X; as indicated. In the top panel (NNLO), we also show
the known full two-loop results (red dashed). It shows that the ansatz including uncertainties
approximates the true result relatively well, even for the gluon case in the shown x region. In
particular, the rather large shift from LP to the approximate NLP result is needed to correctly
capture the full result within uncertainties.

At N3LO, we see again that the approximate result gives rise to a sizable shift from the
pure eikonal limit, which by itself is a very small correction. This large shift arises, on the
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Fig.8 Approximate ansatzes for the NNLO (top) and N3LO (bottom) kernels, in the u-quark (left) and gluon
(right) channels

one hand, because the LP limit only contains L£o(1 — z) with a rather small coefficient y‘f 25
while the NLP now contains up to In*(1 — z). The fact that the uncertainty bands are of
similar size at NNLO and N3LO reflects their numerical importance and that relatively little
is known about the NLP structure, which also motivates an exact calculation of the three-loop
coefficients.

Finally, we briefly comment on the treatment of the unknown three-loop beam function
coefficients in [18], where the ¢7 subtraction was first applied at N>LO for Higgs production.
There, the employed approximation was I, éz) (z) = Cn3 8(1—2), with Cy3 fixed such that the
inclusive cross section is correctly reproduced. This effectively absorbs the averaged effect
of the actual z dependence into an effective § (1 — z) coefficient. From our results, we know
the exact §(1 — z) coefficient, and so our approximate results give an independent estimate
of the actual rapidity dependence and total size of these unknown terms.

4 N3LO subtractions

The factorization in Eq. (1.3) fully describes the limit T — 0 and thus captures the singular
structure of QCD in this limit. Hence, it can be used to construct a subtraction method for
fixed-order calculations. In principle, this works for any resolution variable t and any process
for which a corresponding factorization is known [35,38,39,151-156]. The subtractions can
be formulated differential in v or as a global t slicing, which we briefly review in the
following. For a more extensive discussion, we refer to [39].

Our starting point is to write the inclusive cross section as the integral over the differential
cross section in 7,
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o(X) = / ar 990 X ) = / e 40X (4.1)
dr dr

where the second relation defines the cumulant in z.,. Here, X denotes any measurements
performed, which caninclude Q and Y of the color singlet L but also additional measurements
or cuts on its constituents. For t — 0, the cross sections scales like ~ 1/7, so performing
the t integral requires knowing the full analytic distributional structure involving §(t) and
L, (1), which encodes the cancellation of real and virtual IR divergences. To separate out the
singular structure in 7, we introduce a subtraction term,

do(X) do P (X)
dr dr

o (X) = o (X, of) + / dr [ o(t < roff)] , 4.2)

where do*"(X)/dt captures all singularities for 7 — 0,

dU(X) B dUsing(X) dasub(X) B dGSing(X)

1+0 , 1+0 , 4.3
T i [1+ O(1)] I i [1+O(7)] 4.3)
and o"P (X, 7o) is the integrated subtraction term,
d sub X
(X, 7o) = / dr UT()Q(r < Tofr) . (4.4)
T

By construction, the integrand in square brackets in Eq. (4.2) contains at most integrable
singularities for T — 0 and so the integral can be performed numerically. Hence, the full
cross section do (X)/dt is only ever evaluated at finite T > 0, which means it can be obtained
from a calculation of the corresponding ab — L + 1-parton process at one lower order. In
practice, one always has a small IR cutoff § on the 7 integral,

do(X) dosUb(X)
dr dr

where the last term contains the integral over t < §,

o (X) = o™ (X, to5) + / dr [ f(zr < roff)} +Ac(X,8), (4.53)
)

Ao (X,8) = o(X,8) — (X, 8) ~ O@). (4.6)

which is neglected for § — O.

The above is a differential T-subtraction scheme, where the parameter o ~ 1 determines
the range over which the subtraction acts. The key advantage of formulating the subtractions
in terms of a physical resolution variable 7, is that the subtraction terms are given by the
singular limit of a physical cross section. Hence, they are precisely given by the factorization
formula for T — 0, which is also the basis for the resummation in 7. In fact, this form of the
subtraction is routinely used when the resummed and fixed-order results are combined via
an additive matching. In this case, 7o corresponds to the point where the T resummation is
turned off, and the term in square brackets in Eq. (4.2) is the nonsingular cross section that
is added to the pure resummed result. Differential 7y subtractions are used in this way in the
Geneva Monte Carlo to combine the fully differential NNLO calculation together with the
NNLL' 7y resummation with a parton shower [46,47,157]. The differential subtractions at
N3LO are a key ingredient for using this method to combine N3LO calculations with parton
showers.

In contrast to a fully local subtraction scheme, all singularities are projected onto the
resolution variable 7, so the subtractions are local in T but nonlocal in the additional radiation
phase space that is integrated over. As discussed in [39], the subtractions can be made more
local by considering a factorization theorem that is differential in more variables. For example,
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the combined g7 and 7 resummation [74,75] offers the possibility to construct double-
differential g7 — 7 subtractions.

The key point of the differential subtraction is that § can in principle be made arbitrarily
small, because the integrand of the t integral is nonsingular, which also means that the
numerically expensive small 7 region does not need to be sampled with weight 1/7. On the
other hand, by letting § = 7., be a small but finite cutoff and setting toff = Tcut, Eq. (4.5)
turns into a global 7 subtraction or slicing,

do (X)
T

a(X) = o™ (X, Tew) + / dr + Ao (X, Teur) - 4.7

Teut
The practical advantage of the slicing method is that it allows one to readily turn an existing
L + 1-jet N"~!LO calculation into a N"LO calculation for L, and so most implementations
use this approach [18,38,158—164]. The main disadvantage is that the cancellation of the
divergences now only happens after the integration over . This makes the L+ 1-jet calculation
very demanding, both in terms of computational expense and numerical stability, because
the 1/7-divergent integral of do (X)/dt must be computed with sufficient accuracy down
to sufficiently small 7.y, which in practice limits how small one can take t.y. Since the
integral is divergent, one cannot let 7.,; — 0 even in principle, so one always has a leftover
systematic uncertainty from the neglected power corrections Ao (X, Teyt)-

The numerical efficiency of the subtractions can be improved by including the power
corrections in the subtractions for both 7y [165-170] and g7 [171,172]. The size of the
missing power corrections also strongly depends on the precise definition of 7y [165-167].
The hadronic definition in Eq. (2.2) exhibits power corrections that grow like ¢! at large Y,
which is not the case for the leptonic definition. The power corrections also depend on the
Born measurement X . In particular, additional selection or isolation cuts on the color-singlet
constituents typically enhance the power corrections from O(z) to O(y/7) [173].

4.1 Subtraction terms

The singular terms needed for the subtractions only depend on the Born phase space, so we
can write them as

% — /d¢0 w X(Dg), (4.8)

dr dr

where ®g = Pg(k,, kp, @y, wp) denotes the full Born phase space, including the parton
labels «,_p, the total color-singlet momentum g* parametrized in terms of w, ; as in Egs.
(1.1) and (1.2) as well as the internal phase space of L. The X (®g) denotes the measurement
function that implements the measurement X on a Born configuration.

The singular terms are defined such that their T dependence is minimal and given by

d sing 1)
0 < e @0)5(0) + Y Cal@0) £4(0)
n>0
2m—1 Q. \m
= Z[ci"?<d>o>a(r>+ > Cé’">(¢o>cn(r>](ﬁ) S @)

m=>0 n=0

Their integral over T < 7¢,; immediately follows as

In" 7oy

" (Do, Tow) = C1(P0) + Y Ca(Po) — -

n>0

@ Springer



214 Page 34 of 52 Eur. Phys. J. Plus (2021) 136:214

— Z[C(M)(¢0)+ Z C(Vn)(q> )ln TCU[](::[)WL . (4.10)

m=>0

The differential subtractions are given by using Eq. (4.9) for > 0, which amounts to drop-
ping the C_1(®g)é(7) term and using £, (t > 0) = In"~! (7)/7. The integrated subtractions
are directly given by Eq. (4.10).

The precise definition of the C,(®¢) coefficients depends on the normalization of the
dimensionless variable t or equivalently on the boundary condition of the £, (). Rescaling
T — At moves contributions from C,, (®g) to C,, -, (Pg). This freedom was used in [39] to
absorb all terms with n > 0 in Eq. (4.10) into a C_1 (g, Zofr) by taking T = To/Zosr. Here,
we prefer to keep the cutoff dependence explicit as in Eq. (4.10) and take

T 2
r==2 (for ), t=IL
0 0
The m-loop subtraction coefficients c,&"” (®g) directly follow from expanding Eq. (2.3)
for 7g or Eq. (3.1) for g7 to mth order in «;. For the three-loop coefficients, this yields

(for 7). .11

3
O (@) = HO (®0) fu(xa) fo) + Y HO™™ (0) [Ba(xa) By (x5)S]") .

m=1

i)y (@p) = ZHG 9 (0) [Ba(xa) By (xp) ST . 4.12)
k=1

where for simplicity we have suppressed the dependence on w and the distinction of the
7o vs. gr beam and soft functions. The virtual three-loop corrections to the Born process
are contained in H® (dg), which only enters in C(fl) . The m-loop soft/collinear contribution

[BBS]™ follows from inserting the fixed-order expansions of the respective beam and soft
function, reexpanding their product to mth order and picking out the coefficients of §(7) and
L, (t). The three-loop boundary coefficients of the beam and soft functions only enter in C(_31)
and thus are needed for the integrated subtraction terms but not the differential ones. Note
also that most of the process and ®g dependence resides in the hard coefficients, while the
soft/collinear contributions only depend on x, 5, and the parton types,

omy _ [ dzq dzp ‘ 4 m) , (Xa\ , (Xb
e e B A (). @

Zb

The results for the subtraction coefficients C,, (®) in Eq. (4.12) up to three loops for both 7y
and g have been implemented in the C++ library SCET11b [174] and will be made publicly
available.

Note that evaluating Eq. (4.12) for 7y requires rescaling and convolving the plus distribu-
tions in the beam and soft functions, as discussed in [39]. For gr, expanding the l;T—space
result d6¥"(by) yields powers of the ET-space logarithm L} up to n < 6. Their Fourier
transform, given in Table 1 in Appendix A.2, yields simple §(g7) and £, (g7, i), which are
easily rescaled to §(t) and £, (7).

Note also that the original g7 subtractiog method in [35] was based on the g7 resummation
framework of [175], where the canonical br-space logarithms are replaced by

. by u?
Ly — L= ln< 2‘2’“ n 1). (4.14)
0
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This form is also used, e.g., in [18, 160]. While using Zh has certain advantages in the context
of gr resummation, it is unnecessary for the purpose of g7 subtractions, since L, and Zb
yield the same singular terms and only differ by power corrections. A drawback of using
Ly, here is that the Fourier transform of I:Z yields complicated expressions in g7 space, see
Appendix B in [175], whose cumulants are not known analytically and must be performed
numerically.

5 Conclusions

We have studied the three-loop structure of beam and soft functions for both O-jettiness 7o and
transverse momentum g7. These functions are defined as collinear proton matrix elements
and soft vacuum matrix element, measuring the small light-cone momentum (for 7p) or total
transverse momentum (for g7) of all soft and collinear emissions, and thus are universal
objects probing the infrared structure of QCD.

The all-order structure of the beam and soft functions is governed by renormalization group
equations, which we have employed to derive their full three-loop structure. For the currently
unknown scale-independent boundary coefficients Il.(/.S)(z) of the N3LO beam functions, we
employ consistency between different factorization limits to derive their leading eikonal limit
Ii(;) (z — 1), i.e., the full singular limit of the beam functions as z — 1, and estimate the
size of the unknown terms beyond the eikonal limit. All results of this paper will be made
available in the C++ library SCET11ib [174].

Our results provide important ingredients required for the resummation of 7y and gr at
N3LL’ and N*LL order. In particular, they are important for extending the g7 and 7o sub-
traction methods to N3LO, for which we provide the complete set of differential subtraction
terms at three loops, which are, for example, necessary for extending the matching of fixed-
order calculations to parton showers to N°>LO+PS. The integrated subtraction terms are not
yet fully known at three loops, but the obtained eikonal limit allows us to provide a first
approximation for a full three-loop subtraction, and will be a useful cross check once the full
gt and 7y beam functions become available.

Note added: As discussed in the introduction, since this paper first appeared, the full three-
loop integrated subtraction terms have become available. Specifically, results for the three-
loop 7y quark beam function in the generalized large- N, approximation have appeared in
[91], and the complete result has been calculated in [94]. The three-loop beam functions for
gr have been calculated in [92,93]. In all cases, the full calculations have confirmed our
predictions of the eikonal terms at three loops.
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A Plus distributions and Fourier transforms

Here, we summarize the definitions and relations for plus distributions.

A.1 One-dimensional plus distributions

Following [107], we denote plus distributions as

C[emWm"x] . d In" ! x
La(x) = [x]+—3£%cu[9(x‘€) -
0 d 4 —1
e =[], =m0

such that

n

In" x
Lix>0=——, L x>0 =
X

xl-a
For distributions with dimensionful arguments, we define
1 k 2 1 t
Loty =—L,(2), Latt i) = —L4(—).
wooNp 0 5
Using £%(x), we further define the distribution
e VE4 1 k
V) = iyl @ @] Vet = v
which satisfies the group property

VaVo)(k, 1) = /dk/ Valk =k, ) VoK', 1) = Vain(k, w), Volk, p) = 8(k).

The n dependence of V, (k, () is given by

% / d
Valk, 1) = (%) Valk 1), p=Valk ) = —aVak, ).
Jz du
Expanding V, (k, i) in powers of a, we find
2
a

Valk. ) = 800 +a Lolk, 1) + 7 [2£1 k. 1) = £28(6)]

3
+ 5 B2tk ) = 362Lo(k. ) +2638(0)] + O

The Fourier transformation of V, (k, i) is given by

2w

1 1
, /dxﬁn(x)zf dx £%x) =0.
0 0

(A.1)

(A.2)

(A3)

(A.4)

(A.S5)

(A.6)

(A7)

. d o .
/ dk eV, (k. 1) = e~ / gk emaly =y, (k, ), Ly = In(iype’®).
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Table 1 Fourier transform of L" In" (b uz /bo) to g space for n < 6, as given by Eq. (A.12)

L FT=1[LY]

1 8@ @Gr)

Lp —Lo(qr, 1)

L2 +2L1(Gr, 10

L3 =3L2(Gr. ) — 4238P (Gr)

L} +4L3(Gr, 1) + 1683 L0 (G5 11)

Lg —5L4(qr. 1) — 8023L1 (7, 1) — 48258D (G1)

LS +6L5 (7. 1) + 24083 L2 (G 1) + 28825 Lo(Gr. 1) + 160526D) Gr)

A.2 Two-dimensional plus distributions for g7

Following [106], we define two-dimensional plus distributions in g7 as

- 1 q7
Ly (qu /vL) = j»cn o B (A9)
T m

where £, (x) is defined as above in Eq. (A.1), such that

u? 1 qZ
/ &Gr La@Gr.p) =7 / dg7 —25,1(—9 =0. (A.10)
lgr1<p 0 TR 1
The cumulant for a generic cut |g7| < g5 follows to be
cut cuty2
/ &*Gr La(Gr. 1) = O e )7 (A.11)
lgr|<q5™ n+1 n?

The Fourier transformation of £, (g7, i) and its inverse are [106]

B n+1 n+1
2> —igr-b pd k (n+1-k) r k
/d gr e T L, (Gr, ) = Z( 1) ( L )Rzn Lk,
dng o —1 Ck—
qr- bTLn 1 k+1 R(” k I)E g R(n)(S(Z) -
(271)2 Z( ) ( r ) > x(qT, 1) + R, @qr) ,
(A.12)
where L, is the usual logarithm in Fourier space
Ly =In(b3u2/b3), by =2e77E, (A.13)
and the coefficients R, ™) in Eq. (A.12) are given by
ar (1
R = L e LATO | (A.14)
da” rd—a)l,—

Up to N3LO, we require the Fourier transforms of L} with n < 6, which are summarized in
Table 1.
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B Threshold soft function

Here, we discuss the double-differential threshold soft function S}hr(k_, k*, w), which
appears in the soft threshold factorization for the inclusive cross section in Eq. (2.27) and
determines the eikonal limit of the 7p beam function in Eq. (2.31). We give its complete
N3LO result in Appendix B.2 in terms of a convenient plus distribution basis defined in
Appendix B.1. In Appendix B.3, we discuss how the three-loop coefficients are extracted
from the known three-loop results for the closely related inclusive threshold soft function.

B.1 Plus distribution basis

A key property of the threshold soft function is that is invariant under the simultaneous
rescaling k= +— k~e™Y and k* > ke, see Eq. (2.28). To make this property manifest,
we define a basis of plus distributions in k™ that individually satisfy this property,

OGOk Y) fk—ktN—1+a  [8k™ Skt X am
( >2< >( : ) _[ ( )+Z © L M (a HZ%Lm(kﬂm]
m=0

7 W

S(k—. k) at
=— +Z Lk ). (B.1)

a
n=0

Note that the leading 8 (k™ k™) term multiplies a double pole in a. The second line implicitly
defines the £, (k~, k™, ;) by the expansion of the first line in powers of a. They are by
construction invariant under rescaling, because the left-hand side is. Explicitly, they are
given by
S k) =8(kT)8(kT),
Lo(k™ kF, ) = 8(k7) Lokt ) + Lok, 1) 8GT)

n—1

—1
+ny (”m )zmac-, 1 L1 K, ). (B2)

m=0

B.2 Three-loop result

The threshold soft function satisfies the all-order RGE

d .
,u—S}hr(k_, k) = /drdﬁ (i Ay S A R I A AT

Vi k™ kF, ) = =208l ()] Lok ™, kY, 1) + v las 018k, k%) . (B.3)
Expanding the threshold soft function in « as
- o (W) 7
Sk = Yo S O e w [2EE ] (B4)
= 4

and suppressing all arguments for brevity, S;hr(") = S}hr(") (k= kt, 1), Lp = L(k™, kT, ),
8 = 8(k—, k), the three-loop solution of Eq. (B.3) takes the form

S;hr(O) =34,
i ’

i
s = £y 1 — Lo % P
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- (l-i)2 ]_'i 3 .
s @ _ % - Ly 70(/30 + EytlhrO)

i i
+ £1[-262(T) + (o + 0 ) 0y g ]

i i
+ Lo[ T (26T + Eavi) — Tt — (o + H0 )5 D] 455,

(l"i)3 3 ) 2 yi
SO = s =0 — Lo S (Sh0+ i)

2 i
. . r
+ L3 Fa[—2§z(F6)2 + —’330 + ( Bo + y‘*"o) ’/t;“’ + T+ —Zos}hr“)]

+ L2 {(F6>2[543F6 300+ ¥heo) |~ (Bo+ 27beo) (Bo Vti*;O +1})

_ (Vélr 0) 1“o

3 thr(1
16 5 [,31 + 2Vthr1 + (4ﬂ0 + ythr()) 8 )]

+ L {(F6)2[4§4F6 — 53(6B0 + 47 0) ] — ©2TH[(BBo + Vi o) Vo + 474

+ BoVinr1 + t;rO Br + Vire1) + 15

+ [ ~262(T)? + 267 + (340 + T0) H0 {5 41 sf‘“a)}

+ Lo {(rf))Z[—Fé(s;z;a = 685) + 26480 — Vi) ] + &35 (Bo + 720 o

+ 4T} |+ 2 (VieoT + Toie 1) = 52 + [ (152265 + T80 + Vo)

i i
(1 )0 (o o) 0

Consistency of the factorization theorems in Egs. (2.3), (2.26), and (2.27) implies
2yi(as) + v§s) = 2y p(@s) + Vi (@) = v(es) + vp(as) (B.6)

because the hard function is the same in all cases. Here, yj’; (aty) is the coefficient of §(1 — z)
in the PDF anomalous dimension Eq. (D.14). Solving Eq. (B.6) for yélr(ots), we find

Vier (@) = =V5(@) . Von = ~Vsn (B.7)
where the soft anomalous dimension coefficients yén are given in Eq. (D.7).
The boundary coefficients sthr(") which are defined as the coefficients of §(k~, k™) in Eq.
(B.5), are given by [11, 1213

hr(1
s} ‘D= _ci20,

3 We note that the coefficient of C; ;i C4 in the two-loop finite term disagrees with the bT — 0 limit of the
fully differential soft function as reported in terms of k* and bT in [150]. This color structure only enters at
two loops and thus is unaffected by non-Abelian exponentiation. We were unable to resolve this difference,
but tend to attribute it to a typographical error in [150] because [82,117] agreed with the pure position-space

result of [150] in terms of bE and I;T.
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208 164 10
s = [c,- 2144+ Ca (7 — 402 = 106 ) +o( 5 =562 - —C‘)] :

3
640 , 499 416 512 188
s _ ¢ [Cz(—g3 - —;6> +C CA( Sl gttt 22472 — 77;6)

328 448 235 308
+Gi ,30< 77 76— TQ + 754 + 74253 - 64{5)
115895 45239 23396 334 1072 4348
2 2
- - T + 2400083 — 22405 + —— (2 + 0
A( 304 186 27 gy BT 324008 G+ —5 4+ {6)
363851 1043 140 230 164 632
B TR S TR S SR )
64 34 20
+ B (o — S0 - 0+ 30
42727 275 1636 76 1
1(9772 TR T g BT et *{243 - 7{5)] (B.8)

We have also checked that inserting the above coefficients into Eq. (B.5) and expanding
against the Drell-Yan hard function, we reproduce the three-loop soft-virtual partonic cross
section in [14,111] interms of 1 — z, =k~ /(QetY) and 1 — z, = kT /(Qe™ V).

B.3 Extraction method

The double-differential threshold soft function depends on the total lightcone momentum
components k* of the soft hadronic final state. Equivalently, its Fourier transform

Shr(pt b ) = / dk~dkt e HIETPTHRTDT2 ghe = gty (B.9)

depends on the time-like separation (b~ n* + bT72**) /2 between the Wilson lines in the soft
matrix element.

Importantly, S'}hr(b‘”', b~, ) only depends on the product b™b~ by the rescaling relation
Eq. (2.28), and thus only depends on b b~ ;12 by dimensional analysis. On the other hand,
the dependence on p is fully predicted by the RGE Eq. (B.3), which in position space reads

d . - i - i 5 -
u—ﬂS}“(b*,b INE {2Fcusp[as(u)] L (™. b ,M)+Vthr[as(u«)]}thr(b+,b )
(B.10)

This implies that at any given order in perturbation theory, S}hr (b*, b, ) is a polynomial
in

bth~ 2 ,2yE
o) (B.11)

Lun(b*, b7, 1) = In(~ .

The relevant Fourier transforms between Ljj. and L, (k~, k*, ) follow from the one-
dimensional Fourier transforms in Appendix B of [106], accounting for the relative factors
of —1/2 in the Fourier exponent in Eq. (B.9).

A factorization analogous to Eq. (2.27) holds for the inclusive cross section do/dQ?,
where the corresponding inclusive threshold soft function Sl.‘hr (k°, w) only depends on the
total energy k of soft radiation. In particular, S}}"(ko, w) is the process-independent soft
contribution to the inclusive partonic cross section o,;(z) in the soft-virtual limit z — 1,
where 1 — z = 2k°/Q. In position space, the inclusive threshold soft function S‘hr(b0 w)
is defined in terms of Wilson lines separated by b°(n* 4 1) /2, i.e., strictly along the time
axis. This is a special case of Eq. (B.9), so the two position-space threshold soft functions
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are simply related by . R
SO, B0 ) = 80, . ®.12)

This is of course equivalent to integrating over the longitudinal momentum * of soft radiation.
We stress that Eq. (B.12) cannot be used to approximate S’}hr (T, b, p) by taking b = b~
in general. This is because in Eq. (2.27) the k™ and k™~ dependences are separately convolved
with the PDFs, and thus, the rescaling property Eq. (2.28) is lost at the level of the cross
section. See also Appendix D of [97] for further discussion of this point.

Inserting Eq. (B.12) into Eq. (B.10) implies that both threshold soft functions have
the same noncusp anomalous dimension given by Eq. (B.7). Moreover, the position-
space boundary coefficients of the double-differential soft function at Ly, = 0, i.e., at
W = jy = +i2e 72 /b0, are equal to the inclusive ones at the same scale. Hence, the
double-differential threshold soft function can be constructed from the inclusive one.

The inclusive threshold soft function was calculated to three loops in [11,12]. Here, we use
the results of [12], where the three-loop soft function for i = g is reported in exponentiated
form,

o Ci 1oy (i) a?(ps) ad (s
0 3 - 4
S0, ) =exp{ ‘| . Cl oy A %Acﬁm] +OW@) -

Ca
(B.13)

We have also exploited Casimir scaling to three loops to restore the dependence on C;.
Comparing Eq. (B.13) to the position-space solution of Eq. (B.10) at L, = 0, we obtain Eq.
(B.8) for the momentum-space boundary coefficients after performing the inverse Fourier
transform.

C Collinear-soft function for the exponential regulator

In this appendix, we derive the all-order expression for the collinear-soft function using the
exponential regulator, which leads to Eq. (3.40) in the main text.

We start by defining the complete Fourier transform of the fully differential threshold soft
function

ST b by ) = f dk e PRSP Kk, ) (C.1)

where b* = (bT, b, I;T) is tlle fo_qr—vector Fourier conjugate of k* = k*, k™, %T) with
b-k=bTk=/24+b"kT /2 — by - ky. Correspondingly, we define the Fourier transform of
S (k*, by, 1, v) with respect to its lightcone momentum argument kT as

Si(bT, by, p,v) = f Ak e K2 Sk by, ) (C2)

and analogously forb~ <> b and k™ <> k. Fully in position space, the consistency relation
Eq. (3.39) reads

) ~ R L . btb-
St b7 b = SiGY by ) SO by ) Sy ) [140(55-)].
(C.3)
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In the exponential regulator scheme, the regulated g7 soft function is defined as [82,117]*
~ ahr (100 1D
S;(br, V') = lim s;hf(i, 20 by, M) , (C.4)
V=00 v
where we use v’ to distinguish it from the scale at which we later wish to evaluate the
collinear-soft function. The prescription for taking the limit is to keep all nonvanishing terms.

In particular, a logarithmic dependence of the right-hand side on v’ is to be kept. Inserting
Eq. (C.3), we have

Si(br, w,v') = lim [3i<i}:—?, br, i, v) §i<if)7—?, br, u, v) S;(br, i, v) + O(;)]

V' —00 v’zb%
~ . ~ (1bg ~ (1bg
= Si(br, u,v) lim [&'(ﬁ, br, u, V) Si(*/, br, u, V)]
v/ —00 v v
- ~ (1bg ~ (1bg
= Sibr. o) & (7 browv) S (S bro s v) (©3)
v v

In the second line, we moved the g7 soft function out of the limit, since it does not depend on
v/, and dropped the power corrections. On the third line, we used that all dependence of the
S; on V' is logarithmic, so the limit is trivial. Because the exponential regulator is symmetric
under an interchange of collinear-soft directions, we find

22 (ibo Si(br, p, V) i v’
SH(Sbrov) = S < expl i by . (C6)
G Sironyy L v
where the second equality follows from solving the rapidity RGE of the soft function between
v and v’ at fixed p. Assuming we are dealing with the n,-collinear-soft function that depends
on b+, we can analytically continue back to v/ = iby/b™ = 2i/(bTe”F), leaving

N 1._.
Sib* br. w,v) = exp|—37i(br. ) In(=ibve 2)|. (k)

Evaluating the inverse Fourier transform using Eq. (A.8), we find the following all-order rela-
tion for the momentum-space n,-collinear-soft function in the exponential regulator scheme,

Si(k™,br,p,v) = Viiwraw2k™v), (C.8)

and identically for the n;-collinear one as a function of k™. In other words, the collinear-soft
function in the exponential regulator scheme is simply given by the rapidity RG evolution
between its canonical rapidity scale vs ~ k~ and v, with trivial boundary condition at vs.
Inserting this result into Eq. (3.38) leads to Eq. (3.40) in the main text.

D Perturbative ingredients

D.1 Anomalous dimensions

We expand the QCD g function as

das ()
M M

= Blas )], Bl = 20 3 u(5)"T (0.1)
n=0

4 Comparing eq. (2) in [82] to eq. (33) in [117] suggests that the latter has a spurious factor of 2 in the
denominator, noting that their 7 = 1/v.
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The coefficients up to three loops in the MS scheme are [176,177]

P llC 4
= — —_ = ne,
0 3 A 3 Fng
34 10
Bi = 5 Ch—2Trns(5 Ca+2Cr).
2857 1415 , 205 , 5 5 /79 1
ﬂ2— 54 CA+2 an( ?CA_KCFCA+CF)+4Tan(§CA+?CF)

(D.2)
The cusp anomalous dimension and all noncusp anomalous dimensions are expanded as
o0 oo
i [ n+l o \ntl
M) =Y Th(2) -+ v =Y nm(s)" (D3)
n=0 n=0
The coefficients of the MS cusp anomalous dimension to three loops are [89,90,178]

F6:4C,‘,

: 67 20
Fll = 4Cl [CA(; — 2;2) - 3 TF nfi| )
; 245 268
I} = 4¢; CA<? -t 7{3 +22¢4)
209 40 28 55 165 »
+2TF"f[CA(—E tga-ga)rer(-g+ 84“3)} Ty E" f}

(D.4)
where C; = Cp fori =g and C; = C4 fori = g.

D.2 Ingredients for 7y

The quark beam function noncusp anomalous dimension coefficients to three loops are [87]
Yho = 6CF.
q 73 3 121
vy =2Cr|Ca(5 —4053) + Cr (5 — 1262+ 2453) + o <5 +222) |

18
52019 1682 2056 820 176
l =2Cr|C3 - - - — 232
v, =2Ck| Ci( e ol — ot b+ ¢s)

151 410 844

494
+ CACF(T - T{z + TQ - T;4 + 168285 + 120§5>

29
+ C%(7 180> + 6823 + 14474 — 320205 — 24045)

7739 650 1276 617
C4)

C ( Xy - 4 2L
Rl G R v i S

B2 Dot D) a (b - Rot 2n - 2u)|. @)
0\"324 T3 T3 TP T T3 T g T
They have been confirmed recently by an explicit three-loop calculation of the jet func-

tion [179], see also [180].
The gluon beam function noncusp anomalous dimension coefficients to three loops are [88]

Vgo =280,
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751 =2Ca [CA(% —163) + o5 - 2;2)] +261.

¢ _oc C2<49373 944 2260 144 +128 12 )
Vpo =2C4| Cy 162 7 e} 5 &3 Ca 3 £¢83 s

6173 376 140 2/ 493 10 28
+CA/80(_574_W§2+ §3+117§4)+ﬂ0(_871_?§2+?§3)
1765 152
+ B (—54 — 2=l 8(4)} + 2. (D.6)

The soft noncusp anomalous dimension coefficients to three loops follow from consistency
by yi(as) = —2yp(ats) — 4yi(ey), where the y( () are taken from [27]. They are the hard
noncusp anomalous dimensions and are known up to three loops from the quark and gluon
form factors [50-53,55-57]. We obtain,

Y50 =0,
. 64 56
L . - _
ys1—2c,[cA( 5 +280) +ho(— +2;2)],
; 37871 620 2548
L =2C|Ci(——— + =0 144—— —192
742 CI[CA( O G+ ot 144G — 20t - 1925)
4697 484 220 50 10 28
c ( o+ 112 i
+Cabo( oy + e+ o 12n) + B (ST 50 - S 6)
B (o 20+ 2+ 86 (D7)
1 54 ¢] 9 {3+884) |- .
Finally, the soft function coefficients to two loops are [49,100-103]
sl-(o)zl,
=C; 28,

o 640 20 37 58
s? = ¢ 27¢4+CA(—?+8;2+44;4)+5o<—ﬁ S+t ) (D.8)

The three-loop coefficient is still unknown.

D.3 Ingredients for g7

In the exponential regulator, the noncusp anomalous dimension )7§ of the gr soft function is

equal to that of the threshold soft function ytilr, which in turn is the negative of the 7y soft

anomalous dimension yé. As aresult, we have
75(@s) = Vi (@s) = =v5(@) s Vs, = Vi 09)
V(as) = yp(as) + vg(as) , VB =YBn + Vin-

The result for y é follows from RG consistency and the fact that the hard anomalous dimension
is the same for g7 and 7. The )/é ,, and )/én coefficients are given in Egs. (D.5), (D.6) and
(D.7) above.

The rapidity anomalous dimensions coefficients, which enter the fixed-order expansion
of 7! in Eq. (3.9), are known up to three loops [82,136, 141]. They are given by

3750=0’
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. 64 56
Vo1 =2GCi |:CA (—3 + 28(3) - jﬂo] ;

" ,( 37871 620 2548 176
yv2:2ci CA<_W+?§2+ §3+144§4_ 7;2;3_ 192;5>

3865 412 220
— —3—50
+ Capo( S + 556+ 55— 504)
464 1711 152
—— -8 - 8 . D.10
+,30( 31 §3> ,31( 52 + 9 —&+ C4)} ( )
The soft function coefficients are also known up to three loops [82,136], and are given by
5O Z 1,
sV =-cCi2,

- 208 164 14
5,7 =Ci|Ci 5.4+ CA(ﬁ -4+ 10{4) +ﬂ0(ﬁ =50 — ?§3) ,

35 416 328 28
0 _~|_2 o _ g(_22° =
57 = C,[ G g let CICA( TR 2024 35{6) + Cz,BO( TR 2584 + 3 §2C3)

115895 51071 23396 928 . 3086
2
_ _ — 5824 + 240 2045 4 02— 2000
A( 304 136 & 31 & &4 + 283 — &5+ 4“3 7 §6)
363851 2987 428 830 220 1388
+CA’3°(_ 2006 T as6 2T g BT g MT 3 est g “)
L, 64 34 140 11
+A(—75 30— o 54)
2727 215 1744 76 112
+8( Gy — - gty ;zza——Cs)} (D.11)

D.4 Mellin kernels and splitting functions

We decompose the flavor dependence of a generic Mellin-convolution kernel K;;(z) as

Kq,-qj (z) = Kq','c}j (z2) = ainqu(Z) + quS(Z) + quAS(Z) s
Kg,3;(2) = Kgiq;(2) = 8ij Kqqv (2) + Kgq5(2) — Kgqns(),
ing(Z) = Kti,'g(z) = qu(Z) )
Koo (2) = Kgg(2) s
Kgq:(2) = Ky (2) = Kgq(2) . (D.12)
This decomposition is sufficient and unique to all orders by the flavor and charge symmetries
of QCD. The K,,v and K, contributions are already present at tree level, the K, and
K g4 channels start at one loop, the K45 and K5y channels open up at two loops, and the
K445 channel only receives contributions from topologies at three loops and beyond. This
decomposition also makes it straightforward to evaluate and iterate sums over intermediate
partons. For example, for the convolution of two generic kernels (K K”); j(2), we have
(KK')gg(2) = (Koo Ko) () +2n 5 (Kgg K} ) (@) |
(KK")gg (@) = [(Kgqv + Kggv + 21 Kgqs) K} ](2) + (Kgg K} )(2) 5
(KK")gq(2) = [Kgq (Klyy + Kiay +2n 7K 5)](2) + (Kgg Ky ) (2)
(KK )gqv (@ = (Kgqv K} y) (@) + (Kggv K} (@)
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(KK")gqv(2) = (Kgqv Kpqv) (@) + (Kggv Ky ) (@),
(KK)gq5(2) = [Kqqs(Kgqv + Kggv) 1) + [(Kgqv + Kqggv) K gys](2)
+2n 7 (Kgqs Kgqs) @ + (Kgg Kgg) (@),
(KKgqas(@) = [Kqqas(Kgqy — Ky @ + [(Kgqv — Kgqv)Kggas](@)
+ 217 (KggasKyqas) (@, (D.13)

where n 7 is the number of active flavors, and the outer brackets on the right-hand side indicate
Mellin convolutions without flavor sums.
The DGLAP splitting functions are defined as the anomalous dimension of the PDFs,

d dz x
g i) = 2;/Z Piem (5. (D.14)

We perturbatively expand them in powers of «; /4w, see Eq. (1.5), and decompose their
flavor dependence as in Eq. (D.12). The DGLAP kernels have been calculated at three loops
in [89,90]. Denoting the results of [89,90] by a calligraphic P to distinguish them from our
P( ") we can relate the two notations by

PIL@ = [P0+ PR 0] PR =PRG),

1 - n n
Pyiv@ =3 [P,E’Z)Wz)—?%iz) @], P<><z>—7>< V@),

I (D.15)
Ps(@) = (")(Z) (”)(z) = (”)(z)
f f
Pyins(@) = 77;’5;;» @
f
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