Signature of author

Plane Front Stability and Cellular Solidification
in Fiber Reinforced Aluminum-Copper Alloys

by

Nancy Frier Dean

B.S.E., Metallurgical Engineering, University of Michigan, 1985

Submitted to the Department of
Materials Science and Engineering
in Partial Fulfillment of the Requirements for the Degree of
DOCTOR OF PHILOSOPHY
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 1992

© Massachusetts Institute of Technology 1992

! DepaJtment of Materials Science and Engineering
May 1, 1992

Certified by___, ., . . -

Andreas Mortensen
Thesis Supervisor

Certified by -

Accepted by__

Merton C. Flemings
Thesis Supervisor

Linn W. Hobbs, Chairman
Departmental Committee on Graduate Students
Department of Materia's Science and Engineering

ARCHIVE:
MASSA. "ISETTS INSTITUTE
OF TECHNDLORY

[JUL 301992

LIBRARIES



Plane Front Stability and Cellular Scolidification
in Fiber Reinforced Aluminum-Copper Alloys

Nancy Frier Dean

Abstract

An investigation is made of the transition from plane front to cellular
solidification, and of cellular solidification, in aluminum-4.5 wt% copper and
aluminum-1.0 wt% copper alloys reinforced with parallel, continuous, closely
spaced alumina fibers.

Specimens were designed to have a central reinforced region surrounded
by unreinforced metal of the composite matrix composition. Each was
produced by pressure infiltration, subsequently remelted and directionally
solidified in a vertical Bridgman furnace and quenched to reveal the liquid-
solid metal interface. Both unreinforced and composite sections were
characterized to determine solidification front morphology and degree of
microsegregation.

Measured cell tip undercoolings in the unreinforced metal agree with
the Bower-Brody-Flemings model. Microsegregation during solidification of
cylindrically symmetric cells is predicted by a finite difference model,
assuming Bower-Brody-Flemings cell tip undercoolings. Model predictions
agree with experimental measurements of fraction eutectic in the
unreinforced metal. The matrix of the solid composite is essentially free of
microsegregation for all solidification conditions investigated, also in
agreement with theory.

The shape of the liquid/solid metal interface near the fibers indicates a
lower fiber/liquid metal interfacial energy than fiber/solid metal interfacial
energy. In the composite, a pseudo-planar to cellular morphological
transition takes place for solidification conditions past the onset of plane front
instability in the unreinforced metal. The location of this transition agrees
with a direct application of linear morphological stability theory for cells
geometrically constrained to grow within narrow fiber interstices. This
indicates the enhanced stability of planar fronts in the composite results from
the influence of finite liquid/solid metal interfacial energy. Comparison of
cell heights with predictions for unreinforced cells indicates that cell tip
undercooling is increased in the composite.

Thesis Supervisor: Prof. Andreas Mortensen
Title: Associate Professor of Metallurgy

Thesis Supervisor: Prof. Merton C. Flemings
Title: Toyota Professor of Materials Processing
Head, Department of Materials Science and Engineering



ADSITACE «..eveetrtictt bt 2
Table Of CONLENLS........ouiuiiiitit ittt asb et e 3
List Of FIGUTES .......outiiiitccr st 6
List of Tables ........cccoovievivirecnenininrncennnns et 11
Acknowledgements ... e 12
1 INErOAUCHOMN. ... e e 14
2 Literature SUIVeY ... 16
21 The Planar to Cellular Transition.........cccoceveeiininineniiicnccneninee, 16
2.1.1 Constitutional Supercooling........cccceoveeirivvveniiirivcrnncininns 16

2.1.2 Linear Morphological Stability Analyses...........cccccevuuunee.... 17

2.1.3 Experimental Confirmation of Stability Criteria.................... 22

2.2 Cellular Solidification ........ccecvieiireviiiiiciic 24

2.3 Microsegregation ... s 28

2.4 Solidification With Geometric Constraints...........ccccvcviniiininiinncnnne. 30

3 TREOTY e 38
3.1 Capillary Effects........ciiicniiiciiiesne s s 38

3.2 Cellular Equilibrium Solidification..........cccoecevuveiinrnriiininiininicrennnn, 43

3.3 Finite Difference Cellular Solidification Model............................... 45
3.3.1 General Problem........cccovivmiinennnninninnne e 46

3.3.2  ASSUMPLIONS oottt 46

3.3.3 Governing EQUations..........cocovurietiterivevinninensieecinesessesnes 47

4 Experimental Procedure.........iiiiinincsen s 56



4.1 Materials .ottt et eeee e 56
4.2 Composite Sample Preparation......................coccommeeeerreomresrsesreoso. 57
4.2.1 Crucible Fabrication .......coeeuveuueeueceeeceeeeeeeneeescee oo 57
4.2.2  FIDer PaCKINg.......cocovvcvemrmrenerinentne e esesseeseseeeess s e 57
4.2.3 Infiltration of Fiber Preforms.............co.oeeveeeeeeermmreseesreresnnn.. 58
4.3 Directional SolidifiCation.......coceuuevueeueceniieeeceneeeeeeeeseneesees e, 59
4.4 Metallographic Preparation...................eoveeeeeeeeeeeeeeeeseseeeeeoeoooeo 60
4.5 Microstructural Characterization..................coeeeeevveveemeerovremooeoeeeoo. 62
4.6 Microsegregation ANAlYSiS .....cccoceeuueueenieeeeeeeseeeeseees e eesees oo 64
5 Experimental RESUILS...........euuriiinmueernetieececesteseeeeseeesssee e e esees e oo 74
5.1 Al-4.5% Cu / FDer FPT™............c.ovmiiereeeieieeeeeeeseeeseescesseesoes oo 74
5.2 Al-1.0% Cu / FIDer FPTM..........ooovuveereieieseeeeeecesesesseesces e 77
5.3 Determination of Equivalent Interstice Radii..........cccovvrrrerrrrrrenn.os, 77
6 DISCUSSION ottt et ssess s st sss s seseessss st es s sess e saes e 97
6.1 Unreinforced Solidification ........c..coceueiieeveereceremereseeessees e e, 97
6.1.1 Interface MOrpholOgy .......cccooummummruerrenrisitrereseeeeeeeessressssssesssonn, 97
6.1.2  Cell Height .........ouviieeeerererenrecrceeeceecce e es s, 98
6.1.3 Volume Fraction EUtectiC.......ccoeveuervvierierrereeenserceseossressesses oo, 98
6.2 Composite SOlidifiCation ...........co.eeeueceuieeiverreeere s cessees oo 100
6.2.1 MiCroSegregation...........cumueireerveseoneeieereeeseeseessesseessesssesseesoon 100
6.2.2 Interface Curvature Near the Reinforcement....................... 101
6.2.3 Limits on Predicted Cell Heights..........cc..ooovvuercvrvereeeeereeennnn, 102
6.2.4 Comparison of Cell Height in Unreinforced and
CompOoSite SECIOMNS.......c.ovurerrrreeieeeeie ettt e ee s 104
7 CONCIUSIONS ..ottt vttt et ee s eene s 116



8 Suggestions for Future Work .........ccccouevnincnneninenecsee s 118

Appendix A  Definition of Variables........c..cceceevrerurnrirrrieeinieceeee e 120
APPENAIX Bttt et st sttt 124
B.1 Phase Diagram.............ciiiiinniinecenneeseessssesseseseesssessssesesssnns 124
B.2 Diffusion CoeffiCients ......cccovceeveenesriceireneie e 124
B.3 Densities........cocouiiiriviiiiiirreccce s s e 125
B.4 Gibbs-Thomson CONStant.......coceervereveniveccrnineneseeee e 126
B.5 Thermal Conductivities and Heat of Fusion...........cccecevevereurureenneenn. 126
Appendix C  Computer Solidification Model........c.ccocoenrumrnrninrecinnrcricrees 129
C.1 General APProach...........ccccoueureeieeceneninirseiseetsssssssse s 129
C.2 Initialization of Program............ccccecuireeeinenenencenenensincennsnsseessessnnnen, 130
C.3 Solid State Diffusion .......c.ccccecervmrreevenennsineiesnneeeeeee et 130
C4 Solidification......coiiieiiiiicirirtc e 131
C.5 ReSUILS ...ttt s 135
BiDOGTapRy......c.oooiirtt st 158



List of Figures

Figure 2.1. Graph of Sekerka's stability function, S, as a function of the solid-
liquid partition ratio, k, and the stability parameter, A, defined in
equation 2.9, from Sekerka [9].....ccccccouviieiin e 34

Figure 2.2 Perturbation growth rate, 8/8, for increasing interface velocity, V,
according to the Mullins and Sekerka linear stability criterion (equation
2.5). A planar interface is stable for V < Vo ... 35

Figure 2.3 The critical velocity, V,, for the onset of plane front instability
increases dramatically when the system size, L, is smaller than 10
diffusion lengths (which equal D/V, D being the diffusion coefficient), for
a symmetric model analyzed using Green's functions techniques. From
DEE [44]. ..o s 36

Figure 2.4 Schematic interface morphology map for velocity, V as a function
of the ratio of channel size, d, to unconstrained interface periodicity, A. A
plane front is predicted to be unstable at low d/A due to curvature at the
liquid-solid-wall boundary. At low d/A dendritic side branch instabilities
are inhibited, while at d/A slightly greater cells are unstable with respect

to side branch formation, leading to a cellular-dendritic transformation.
From Trivedi, Han and Sekhar {78].......cccccovirvmiiiieienerctieeeesve e sreeeeneeens 37

Figure 3.1 Plane front to cellular transition for geometrically constrained
solidification of a) aluminum 4.5 % copper and b) aluminum - 1.0%
copper as a function of the temperature gradient, G, and interface
velocity, V, according linear stability theory. Labels denote the
maximum perturbation wavelength..........ccoconin 52

Figure 3.2 Critical velocity, V, for the onset of plane front instability as a

function of maximum perturbation wavelength, A, according to equation
3.10. Aluminum - 4.5% copper, G* = 20000 K/M......ccecorvvrrrrmnrverinenereerennen. 53

Figure 3.3 Critical effective temperature gradient, G*, for the onset of planar
front instability as a function of the maximum allowed perturbation

wavelength, A, according to equation 3.7. Aluminum 4.5 % Copper, V =
2.0 IML/S1 toveteuiieeienereeteeteee e st st eresse e et st sa e st eneh et s et eeen e be et neen st b e e 54

Figure 3.4 Fraction solid as a function of distance from the cell tips for the
limiting cases of no diffusion in the solid and complete diffusion in the
solid. Aluminum 4.5 % copper, @ = =l 55



Figure 4.1 Graphite stirrer used in casting metal ingots. Stirrer has a close fit
with the graphite crucible, forcing liquid metal to be exuded upwards
when the melt is stirred with vertical strokes. ...........ccccoovunciinvcniiicnccnncnes 66

Figure 4.2 Cross section through hybrid or "composite" sample used for
directional snlidification experiments. A central reinforced region is
surrounded by unreinforced material with the composite’s matrix
composition. (a) earlier version, (b) later version, without inner crucible
separating unreinforced and composite regions. Scale markers are given.
For clarity, however, vertical and horizontal scales differ............................. 67

Figure 4.3 Schematic illustration of solidification direction within interstices
of an aligned, fibrous composite. .........ccoeueeritiininincniincci 68

Figure 4.4 Crossectional cut through Bridgman furnace, described in text....69
Figure 4.5 Schematic of directional solidification apparatus. ..........cccccoercunneen. 70

Figure 4.6 Typical temperature profile used to determine the thermal
gradients during directional solidification. Temperature gradient, Gy, is
the slope of temperature versus distance plots in the liquid at the liquid-
solid interface. (Sample 216, G, = 6800 K/m). At the liquid-solid interface
there is a change in slope as the thermal conductivities of the two phases
are UNEQUAL ..ottt 71

Figure 4.7 Measurement of fraction solid versus distance from cell tips. The
distance for 95% volume percent solid, AXp.g5 is also schematically
shown. If a eutectic front is present, AX, the distance from the cell tips at

which the material is fully solid, is easily determined. Cell width, A, is
alSO SROWNN. ..ttt b 72

Figure 4.8 Image processing sequence. a). original image. b). dendrite arms
in quenched liquid “closed off”. c¢) solid and liquid portions are
uniformly colored. The number of light and dark pixels in vertical bands,
which correspond to isotherms, are counted. Sample 209...............ccceoe.ee. 73

Figure 5.1 Longitudinal section through quenched liquid-solid interface of
sample 201. G =14000 K/m, V =1.15 um/s, Al-4.5 wt% Cu. a).
unreinforced region, which exhibits a planar interface morphology. b).
COMPOSILE. ..vvtetiieie et 81

Figure 5.2 Longitudinal section through quenched liquid-solid interface of
sample 207. G = 17400 K/m, V =2.69 um/s, Al - 4.5 wt% Cu. a).
unreinforced region, which exhibits a cellular interface morphology. b).
composite. Note that interface morphology in the composite is similar to
that shown in FIUTe 5.1. ..o 82



Figure 5.3 Longitudinal section through quenched liquid-solid interface of
sample 210. G =19000 K/m, V =4.15 um/s, Al - 4.5 wt% Cu. a).
unreinforced region, which exhibits a cellular interface morphology. b).
composite. Note that interface character in the composite has changed
from figure 5.2, while the unreinforced morphologies are similar in
CRATACLET ..ot 83

Figure 5.4 Volume fraction primary solid versus distance from liquid-solid
interface for sample 209: G = 21300 K/m, V = 3.4 ym/s, Acell = 95um. (a)
unreinforced (b) composite. Measurements for both unreinforced and
composite sections were made using the automated image processing
MELROG.....ciii 84

Figure 5.5 Volume fraction primary solid versus distance from liquid-solid

interface for sample 211: G = 17000 K/m, V = 2.84um/s, Acell = 162 pm.

(a) unreinforced (b) composite. Measurements for both unreinforced

and composite sections were made using the automated image processing
MELOQ..... i 85

Figure 5.6 Volume fraction primary solid versus distance from liquid-solid

interface for sample 216: G = 6800 K/m, V = 2.5 um/s, Acell = 140 pm.  (a)
unreinforced (b) composite. Measurements for both unreinforced and
composite sections were made using the automated image processing

Figure 5.7 Volume fraction primary solid versus distance from liquid-solid

Interface for sample 218: G = 6200 K/m, V = 2.08 pm/s, Acell = 137 pum.

(a) unreinforced (b) composite. Measurements for both unreinforced

and composite sections were made using the automated image processing
MEthOd. .o 87

Figure 5.8 Microstructural transition from coarse eutectic formed during
slow directional growth to very fine lamellar structure formed upon
quenching. Sample 210.........ooiimininni 88

Figure 5.9 Liquid-solid reinforcement triple point in composite. The contact

angle, 8, which is defined by the macroscopic curvature of the interface
near the reinforcement, not the intruding liquid which may be a quench
artifact, is greater than 90°. Sample 207..........ccccouvmmririninisiinnnnninrsseseseces 89

Figure 5.10 Compositional variation across an interstice in transverse
section of fully solidified sample 209, determined from a microprobe
trace. Composition is normalized by the average composition, and
distances are given from the center of the interstice. Finite-difference
model prediction for an interstice of this size is also shown...........cc........ 90



Figure 5.11 Compositional variations across two interstices in transverse
section of fully solidified Al - 4.5 wt% Cu, sample 218, determined from
microprobe traces. Composition is normalized by the average
composition, and distances are given from the center of the interstice.
Finite-difference model predictions for these interstices are also shown...91

Figure 5.12 Longitudinal section through quenched liquid-solid interface of
sample 402, G = 15400 K/m, V = 3.0 um/s, Al - 1.0wt% Cu. a).
unreinforced region, which exhibits a planar interface morphology. b).
COMIPOSIER. ottt ettt es et bttt sn s 92

Figure 5.13 Longitudinal section through quenched liquid-solid interface of
sample 401, G =15000 K/m, V = 5.3 pum/s, Al - 1.0wt% Cu. a).
unreinforced region, which exhibits a cellular interface morphology. b).
composite. Note that composite interface morphology is similar to that
in FIgure 5.12. ... 93

Figure 5.14 Longitudinal section through quenched liquid-solid interface of
sample 411. G =6000 K/m, V =12.0 pum/s, Al - 1.0wt% Cu. a).
unreinforced region, which exhibits a cellular interface morphology. b).
composite. Note that interface character in the composite has changed
from figure 5.13, while the unreinforced morphologies are similar in
ChATACEET ... ittt 94

Figure 5.15 Volume fraction primary solid versus distance from liquid-solid
interface. Unreinforced and composite data are superimposed. Sample

404, G=12600 K/m, V=79 um/s, Acell = 92 UM ...ccoeveirenrrenirennrrrceererennene 95

Figure 5.16 Transverse section through partially solidified Al - 4.5 wt% Cu/
Fiber FP™ composite, used to characterize average interstice diameter.
Cells are delineated by a ring of liquid, which is light in color, or fiber
surface. KMnO4 and NaOH etchant. Sample 210..........c.ccooeviieiniieiennnen. 96

Figure 6.1 Interface morphology as a function of temperature gradient, G,
and interface velocity, V in Al - 4.5 wt% Cu. A best fit line through the
data yields a critical G/V ratio of 1.4 x 1010 Ks/m? for plane front stability.109

Figure 6.2 Interface morphology as a function of temperature gradient, G,
and interface velocity, V in Al - 1.0wt% Cu. A best fit line through the
data yields a critical G/V ratio of 2.9 x 102 Ks/m?2 for plane front stability.110

Figure 6.3 Definition of AV, the deviation in interface velocity from plane
front stability solidification conditions. AV < 0 indicates a plane front is
SEADIE. ... e 111

Figure 6.4 Plot of cell height parameter, AXp.95-G-V, as a function of the
deviation from plane front instability, AV, for Al - 4.5wt% Cu. Limits



which correspond to the Bower, Brody and Flemings celluiar
solidification model (no diffusion in solid during solidification) and
equilibrium cellular solidification (complete diffusion in solid) are also
given. a) unreinforced metal. b) composite. The iocation of the
predicted pseudo-planar to cellular transition in the composite, is also

Figure 6.5 Plot of cell height parameter, AXg.95G-V, as a function of the
deviation from plane front instability, AV, for Al - 1.0wt% Cu. Limits
which correspond to the Bower, Brody and Flemings cellular
solidification model (no diffusion in solid) and equilibrium cellular
solidification (complete diffusion) are also given. a) unreinforced metal.
b) composite. The location of the predicted pseudo-planar to cellular
transition is also ShOWN......cociinii e, 113

Figure 6.6 Measured and predicted volume fraction solid for equilibrium
solidification and equilibrium solidification with growth of the
solidifying metal during the quench. Experimental points lie above the
predicted maximum volume fraction of primary solid, indicating the cell
tips were undercooled below the Bower-Brody-Flemings temperature.
Sample 209. ..o st 114

Figure 6.7 Measured and predicted volume fraction solid for equilibrium
solidification and equilibrium solidification with growth of the
solidifying metal during the quench. Experimental points lie above the
predicted maximum volume fraction of primary solid, indicating the cell
tips were undercooled below the Bower-Brody-Flemings temperature.
Note the discrepancy between experimental and predicted volume
gfraction primary solid is greater than the previous figure, indicating the
effect of the geometric constraint was larger. Sample 211........ccceovnnnene. 115

Figure B.1 Aluminum rich end of the Aluminum - Copper phase diagram.
1510 OO O PP PRRROORS 127

Figure B.2 Density of aluminum-copper alloys at their solidus and liquidus.
Data points are from Sergeev [98] and Mondolfo [99]..........ccvverivncinincinne. 128

Figure C.1 (a) Discretization of cell shape in finite difference program. (b)
Magnification of volume element for one iteration showing location of

the interface and definition of mesh labels, i*, and radial increments A¢
ANA D%, oeereereerererrieeere ettt 138

Figure C.2 General flow chart for finite difference program.........cccccoouveenee. 139

Figure C.3 Successive volume elements showing variables used for mass
BDALAMICES. ..uvevreereeeeeirrairesee sttt b bbb s s 140

10



List of Tabl

Table 3.1 Perturbation Wavelength at the Onset of Planar Front

INStAbIlity...ccoveveieiitii e 39
Table 5.1 Results of Aluminum 4.5% Copper/FP™ experiments................ 77
Table 5.2 Results of Aluminum 1.0 % Copper/FP™ experiments............... 79
Table 5.3 Measurement of Equivalent Cell Radii.......cceccovevuriniinieniniiinnee, 80

Table 6.1 Experimentally measured and calculated cell heights for
unreinforced Aluminum 4.5 wt% COPPper.......cccoevvrviircninirncnnee, 99

Table 6.2 Comparison of Observed and Predicted Volume Fraction
Eutectic in Unreinforced Al - 4.5wt% Cu .....ccocevviiviccnincnccneee 100

Table C1 Effect of Program Parameters on Final Results...............ccccccc..... 137

11



Acknowledgements

I would like to thank the many people who have contributed in one
way or another to the successful completion of this work.

First of all, I wish to express my gratitude to my advisors, Professor
Andreas Mortensen and Professor Merton Flemings, who gave generously
of their time, offering much guidance and support

[ also thank the other members of my thesis committee: Professor Ken
Russell both for his support and help at the beginning of iny studies, and
for being there at the end when I needed his help. Professor Carl
Thompson’s many useful comments and suggestions were very helpful.

My office mates: Tami Jonas, who always had time to listen and lend
suggestions or a sympathetic ear, Toshihiko Koseki, who offered keen
insight and excellent suggestions during our many discussions, and Jared
Sommer all enhanced my stay on both personal and technical levels.

Professor Heather Lechtman’s support and encouragement, particularly
during this last year, were comforting and very much appreciated.

I would also like to thank Allison Hubel for her help and friendship in
the lab, as well as for her useful suggestions to improve this thesis.

I also appreciate the assistance of all the members of the Metal Matrix
Composites and Solidification groups. Jackie Isaacs, David Dunand,
Robert Calhoun, Tom Fitzgerald and Tom Piccone assisted me with
various aspects of this work. I would particularly like to thank Liz Earhart
for helping me with the image analysis and for showing extreme patience

when I needed “just one more file” from the computer she was using.

12



I would also like to thank my sister, Karen, who always seemed to
know the right time to call and lift my spirits, and my parents, Judy and
Bruce, for their continual support and encouragement.

Last, but certainly not least, I would like to thank my husband, Mike.
His unfailing support, love, faith, help and encouragement (not to
mention computer cycles) were instrumental to the completion of this

thesis.

Nancy F. Dean

Cambridge, MA
February, 1992

13



Chapter 1

Introduction

As technical and commercial interest in metal matrix composites
increases, much attention is being paid to casting as a primary composite
fabrication technique. Liquid metal fabrication methods are attractive as they
offer low cost and adaptability to existing commercial metals processing
practices. As in unreinforced materials, solidification plays a major role in
determining the microstructure, and hence the properties, of a cast metal
matrix composite. Optimizing those properties requires that relationships
between solidification conditions and matrix microstructure be known.

In metal matrix composites, the matrix must solidify within the geometric
constraints imposed by an inert and, often, immobile reinforcing phase. The
reinforcement spacing therefore effectively places an upper limit on the
microstructural scale of the matrix. Microstructural features of cast metals are
often significantly larger than typical reinforcement interstices. In these cases
a reinforcement modifies the matrix solidification behavior, making direct
application of conventional microstructure-processing relationships
inappropriate for solidification of reinforced materials.

The presence of a fiber reinforcement has been shown to alter matrix
microstructure in a dendritically solidified metal matrix composite. Two
other principal solidification modes, planar and cellular solidification, have
received comparatively less attention in the context of metal matrix
composites and are the focus of this thesis. More specifically, this work places
focus on the planar to cellular transition, on cell morphology and on

microsegregation, in a dilute binary alloy geometrically constrained by

14



parallel continuous fibers. By directionally solidifying the composites parallel
to the fibers, steady state solidification conditions similar to ores used in
investigations of plane front and cellular solidification of unreinforced alloys
are obtained.

The next section provides a brief review of literature on the planar to
cellular solidification transition and on cellular solidification in unreinforced
metals, followed by a summary of the work to date pertinent to plane front
and cellular solidification in metal matrix composites with an immobile
reinforcement. The theory section addresses plane front stability and cellular
solidification in fiber composites. Experimental procedures are then outlined,
and results are presented, followed by a discussion of experimental results in

light of theory.
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Chapter 2

Literature Survey

21 The Planar to Cellular Transition

Plane front solidification of a binary alloy is easily described by simple
analytical solutions for the thermal and solutal fields in front of and behind
the liquid-solid interface. This solidification mode is, however, seldom
observed in practice with non-dilute metal alloys, because the planar front
configuration is often unstable against perturbations. At small deviatiors
from growth conditions yielding a stable plane front, cells, which are regular
and smooth corrugations of the solidification front, develop. There exist well
defined criteria for predicting this transition, and to a lesser extent the
periodicity of a nonplanar interface. An excellent review of the planar to
cellular transition and cellular solidification is given by Coriell, McFadden

and Sekerka [1].

2.1.1 Constitutional Supercooling

It has been known for many years that as the growth rate, V, of a dilute
binary alloy is increased, the liquid-solid interface morphology changes from
a planar front to cells and finally to dendrites [2-4]. This phenomenon was
first explained qualitatively by Rutter and Chalmers [5] and then
quantitatively by Tiller, et al, [6] with the constitutional supercooling
criterion, enabling the prediction of the planar to cellular transition during
directional solidification of a dilute alloy.

When a dilute alloy freezes, solute rejected at the liquid-solid interface

(which occurs when the solute concentration in the solid is lower than that in

16



the liquid) must be removed by diffusion into the liquid. The resulting
concentration gradient presents a gradient in freezing point, or liquidus
temperature. At all points in front of an interface, the local temperature, T,
must be greater than the liquidus temperature, Ty, for that interface to be
stable. This condition is satisfied when the temperature gradient, G,, in the

liquid is greater than the liquidus, or freezing point, gradient at the interface:
G[_ s mg GC . (2.1)

Here m, is the phase diagram liquidus slope and Gc is the concentration

gradient at the liquid-solid interface, equal to:

Vv
G =_='ﬁC°T' (2.2)

for a planar interface, where V is the growth velocity, D, the liquid solute
diffusivity, C, is the average composition and k is the equilibrium solute
partition ratio. Thus the constitutional supercooling criterion for stability of a

planar interface is:

G. 2 D, K

(2.3)

2.1.2 Linear Morphological Stability Analyses
Constitutional supercooling predicts which phase, solid or liquid, is
thermodynamically stable in front of the interface. Morphological stability

analyses can provide a more rigorous approach to the breakdown of a planar
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front by taking into account additional phenomena, such as interfacial energy
and heat transfer.

Mullins and Sekerka [7] and Voronkov [8] were the first to perform a
linear stability analysis of plane front solidification. Mullins and Sekerka
analyzed temperature distributions in both liquid and solid as well as the
solute distribution in the liquid, using steady state fields. Conservation of
mass and heat, continuity of temperature and thermodynamic equilibrium at
the interface were assumed. The major departure from the constitutional
supercooling criterion was the use of the Gibbs-Thomson equation to

determine the temperature at the interface. This equation,
T=TM+mLCo+rK ’ (2.4)

where Ty is the melting point of pure solvent, I" is the Gibbs-Thomson or
capillary coefficient and x is the radius of curvature of the interface,
incorporates the effects of curvature in determining the interface
temperature. Kinetic undercooling was ignored.

Mullins and Sekerka assumed an arbitrary sinusoidal perturbation of a flat
interface, to determine which wavelengths, if any, can grow. Their result is
an expression for the growth rate of a sinusoidal perturbation with wave

number ® normalized by the perturbation's height &:

\" \") \"
§ . Vo { 2Ty @2 (0* 'ﬁp) -(Gs + Q) (co*--DL-p) +2m G, (0*- 5:) } 25
8 (Gs- G (@* - - P) + 20m,G
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Here p = 1-k, Gs and G are conductivity-weighted thermal gradients defined

by:

2Kg
Gs = K + K, Gs , (2.6)
and
2K
G=F.+K G @7)

Ks and K, are the thermal conductivities of the solid and liquid, respectively,

and

N =

m*:%—L af{(z%l +co2} . (2.8)

The plane front is stable when perturbations of all wavelengths decay, i.e.,
when §/8 < 0 for all .

Direct determination of the stability of a planar interface through the use
of equation 2.5 involves the solution of a cubic equation in @. Sekerka [9]
facilitated this task by developing a stability function, S, which allows the
Mullins-Sekerka stability criterion to be explicitly evaluated. S is a function of

the partition ratio, k and a dimensionless parameter, A, given by:

KX TV T,V
A= -l_k DL ('ml)Co . (29)

Values for S are tabulated or presented graphically, as shown in Figure 2.1, to

be used in a revised plane front stability criterion:
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%*

g 2 mGc , (2.10)

where G* is the effective, conductivity weighted thermal gradient:

LG+ G) 2K, ( L )
and L is the latent heat of fusion.

Inclusion of surface energy and consideration of a conductivity-weighted
thermal gradient in the linear stability criterion lead to the possibility that an
interface may be constitutionally supercooled, yet still solidify with a stable
planar front. The stabilizing effect of the surface energy manifests itself in
equation 2.10 by a deviation of S from unity. This deviation is typically small.
If the thermal conductivity of the solid and liquid differ significantly, or the
latent heat of fusion, L, is laige, the ratio G*/G will depart appreciably from
unity, resulting in measurable differences between the constitutional
supercooling and morphological stability criteria.

When a plane front is unstable, it is not unstable with respect to all
perturbation wavelengths. Short wavelengths are stabilized by capillary
effects, while long wavelengths are stabilized by the long lateral diffusion
paths relative to the plane front diffusion boundary layer. This is illustrated
in Figure 2.2 which shows a series of 8/8 plots for increasing growth velocity,
past the critical value for plane front instability. The wavelength spectrum of
destabilizing perturbations initially increases as the interface velocity
increases past its critical value. For sufficiently high velocities, this range
decreases again, leading to Absolute Stability, where all perturbations are

again stabilized. The growth rates for absolute stability are many orders of
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magnitude larger than those for initial breakdown of a plane front due to
constitutional supercooling, and are typically encountered only in rapid
solidification processes.

One of the more questionable assumptions in the Mullins-Sekerka
analysis is its use of a steady state diffusion equation to examine the time
dependent amplitude of a perturbation. Sekerka [10] and Delves [11] reworked
the problem, including a time-dependent diffusion equation to prove that the
influence of time dependent terms is weak near the critical point.

Coriell and co-workers have extended the linear stability analysis to
include a wider range of conditions, such as consideration of the effect of
convective flow in the liquid [12], the effect of concentration dependence of
liquidus slope, m; and partition ratio k [13], multicomponent alloys [14],
buoyancy effects [15], electric field effects [16] and anisotropic thermal
conductivity [17]. Corie!l and Sekerka considered the influence of curvature
at a grain boundary on morphological stability . Performing a stability
analysis on a pure material [18], and a binary alloy [19] they found that
curvature induced at a grain boundary did not alter the stability criterion,
only provided an initial site for perturbations to develop.

Other authors have examined the effects of lateral heat transport in thin
samples [20], heat of mixing [21] and the Soret effect [22] on linear
morphological stability theory. Caroli, Carcli and Roulet [23] performed a
linear stability analysis to determine the effect of the contact angle, 6, at the
junction of a confining wall and the liquid-solid interface, on stability of a
planar front in thin samples. Contact angles not equal to 90° induce interface
curvature in the thickness direction of these samples. Considering small
deviations from 90° in 8, they found that the critical velocity at the onset of

instability is dependent upon sample thickness, being lower for thin samples

21



than a three dimensionally infinite system. The geometry analyzed, that of a
liquid confined to a narrow gap between two flat plates, where there is no
upper limit to the perturbation wavelength along the width, is commonly

used in directional solidification experiments involving transparent organics.

2.1.3 Experimental Confirmation of Stability Criteria

Experimental measurements of the onset of plane front instability have
been reviewed by several authors [1, 24, 25 ]. Many studies have shown
general agreement between experiment and the constitutional supercooling
criterion, for example [26-29]. Typically these experiments involved decanting
liquid from a solidifying sample, thereby interrupting solidification and
allowing examination of the sample’s free surface for corrugations. Whether
a sample had a planar morphology was often a subjective judgement because
a thin film of liquid would adhere to the interface, obscuring small or shallow
features. Since precise measurements were beyond the scope of these
experiments, the approach usually taken was to deduce a liquid solute
diffusivity, D by assuming the constitutional supercooling criteria is valid,
and taking a reasonable value substantiate the constitutional supercooling
criterion. Within this framework, these studies showed a good qualitative
agreement between predicted and observed breakdown of the planar front.

Because constitutional supercooling and morphological stability differ
little at low growth velocities for most materials, uncertainty in
thermophysical properties of materials has precluded a distinction from being
made between the two criteria in the interpretation of data from all but a
small number of experimental studies.

Sato, Ohiro and coworkers performed such a series of experiments [30-32 ]

on aluminum alloys, measuring in separate experiments all thermophysical
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properties necessary to test linear stability theory. For these alloys, the ratic of
the effective temperature gradient to the liquid temperature gradient, G*/ G_
= 0.6, large enough for the two stability criteria to differ noticeably. For Al-Cr
alloys, scatter in their data is too large to distinguish between linear stability
theory and constitutional Supercooling. For Al-Zn, AI-Tj and Al-Cu alloys
the conditions for the onset of instability are in better agreement with
Mullins and Sekerka’s stability theory. The wavenumber of perturbations
varied significantly, and does not correspond to the predicted critical
wavenumber at the onset of instability, w,. Jamgotchian, Billia and Capella
[33], measured the onset of instability during Bridgman solidification of dilute
Bi-Sb alloys. In these experiments, capillarity exerted a significant stabilizing
influence, with S ranging from 0.61 to 0.86. Their results agree well with the
linear stability criterion.

Other authors have studied the influence of spatial constraints on stability
of plane front solidification, Ayers and Schaefer [34] examined the
morphological stability at a grain boundary groove in high purity
succinonitrile. A parametric fit of their data yielded a value for the solid
liquid surface energy that was approximately two thirds of the accepted value.
This discrepancy was attributed to lincar theory inadequately treating the
contact angle observed in the experiments. deCheveigné, Guthman and
LeBrun [35), in a series of solidification experiments with CBry4, show that the
critical growth rate for the onset of instability decreases with the thickness of
the sample. In these experiments, the liquid exists between two parallel
plates, so that there is no constraint on the perturbation wavelength in the
transverse direction. Their measurement of this meniscus effect are in

reasonable agreement with the theoretical work of Carol, et al [23].
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2.2 Cellular Solidification

Linear stability theory predicts the critical conditions for the onset of plane
front instability and can provide some insight on wavelength selection for
conditions just beyond the onset of instability. However, since perturbations
are expected to grow exponentially, nonlinear terms quickly gain significance
and must be incorporated in analyses of non-planar interfaces.

Nonlinear stability work on clas-es of hydrodynamic problems, such as
Bénard convection, can be adapted to analyze cellular solidification. First to
do this were Wollkind and Segel [36] with a two dimensional, weakly
nonlinear analysis, in which the wavenumber of a perturbation was fixed,
and perturbation growth was examined near the critical point. Their major
result was to show that the interface could be unstable to finite amplitude
disturbances when linear theory predicts stability to infinitesimal
disturbances. For a dilute tin-lead alloy, a ceil spacing of 57um was computed
and compared to observed cell diameters of 60 to 90um [37]. While this
analysis does give an approximate estimate of the cell spacing, it cannot
accurately predict cellular spacings at steady state.

Nonlinear suability analysis has recently been extended to consider other
physical effects. Caroli, Caroli and Roulet [38] include solute diffusion in the
solid, McFadden et al [39] include surface tension anisotropy in a three
dimensional weakly nonlinear analysis, and Young, Davis and Brattkus [40]
predict that cells may grow tilted with respect to the growth direction due to
anisotropic interface kinetics.

If interested only in the dynamics of the interface or the interface shape,
the full free boundary solidification problem can be mapped or projected into
one involving only the interface shape using Green’s functions, to yield an

integro-differential equation for the interface displacement from the planar
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state. The number of variables in the problem is then significantly reduced,
but the resulting equation is still analytically intractable. Approximate
solutions are obtained by assuming small interface perturbations and by
including a small number of terms in the Fourier expansion of the interface
shape. The first researchers to take this approach were Langer and Turski [41],
examining a stationary, isothermal, planar liquid-solid interface subject to
instabilities caused by solute gradients. This type of analysis has been
extended to many simplified solidification models, such as a symmetric
model (which neglects latent heat, and assumes thermal and solutal
diffusivities are the same in both phases) with constant miscibility gap [42]
and a one-sided model (which allows thermal diffusivities to vary, but
neglects solute diffusion in the solid) [43]. A benefit of this type of analysis is
that solutions can be tested for stability with respect to wavelength
modulation. Perturbations unstable to wavelength modulation may be
eliminated from the range of possible equilibrium wavelengths.

Dee, using a symmetric model, [44] developed an expression for critical
velocity at the onset of instability considering a finite system size. By
incorporating wavelength limitations, but not contact angle, or meniscus
effects, the critical velocity, V,, for the onset of instability was predicted to
increase dramatically when the system size, L, is smaller than 10 diffusion
lengths (which equal D/V, D being the diffusion coefficient), as shown in
Figure 2.3.

McFadden and Coriell [45] use finite-difference methods to examine a
steady state two-dimensional model in which equal thermal properties in the
liquid and solid are assumed. Ungar and Brown use finite element
techniques combined with curve tracking to consider development of two

dimensional cells from an initially planar interface, using a one-sided model
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[46]. Ungar and Brown restrict composition or velocity so that the cell groove
depth is similar in size tc the cell spacing, and track families of solutions for a
single perturbation wavelength, obtaining results in agreement with those of
Wollkind and Segel. Ungar and Brown's earlier calculations are extended to
examine the effect of grain boundary grooves [47], the effect of heat transfer
and solute diffusivity [48], and the formation of deep cells [49] . Considering
curvature induced at a grain boundary junction in a binary alloy and grain
boundary angles marginally greater than 90°, the interface deflection increases
dramatically, a pseudo planar-cellular transition, at a temperature gradient
greater than the critical gradient in bulk materials. For larger contact angles, a
continuous series of solutions from shallow to deep cells was found, starting
again at higher temperature gradients, which signifies a destabilizing effect on
a planar solidification front. Ungar, Bennett and Brown [48] also show
interface deflection is retarded by higher values of the Stefan number, S; =
L/p Cp Tu , where L is the latent heat of fusion, p is the density, Cp is the
specific heat and Ty is the melting point.

McCartney and Hunt use a finite difference method to treat steady state
growth of a single cell within a cellular array [50]. Neglecting solute diffusion
in the solid, they solve heat and solute flow equations and conservation
equations at the interface, including the effects of curvature and interface
kinetics on the equilibrium interface temperature. They obtain self-consistent
solutions for a range of imposed cell widths, and examine the effect of
imposed cell width, kinetic and curvature undercooling constants on tip
curvature, tip concentration and tip temperature. The kinetic undercooling
constant has little effect on stabilization of a growing cell, while the curvature
undercooling constant affects minimum undercooling. Decreasing cell radii

to approximately half experimentally observed values causes cell tip
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undercoolings to increase only slightly. No attempt is made to analyze time-
dependent cell growth, however, they propose that natural cell spacings fall
between those which give minimum tip undercooling and the largest spacing
for which self-consistent shapes are found.

Hunt and McCartney [51, 52] and Hunt [53] extend their earlier analysis to
include solid state diffusion. Again, they find self consistent solutions for a
range of wavelengths. As cell spacings become larger, the cell tips flatten,
indicating tip splitting should occur. The lowest stable wavelength,
determined by the lack of a convergent interface shape, is unchanged from
their previous analysis.

Several simpler medels have been proposed for the prediction of the
temperature and composition at the tip of cells. Bower, Brody and Flemings
[54] propose that the main cause for cell tip undercooling is the longitudinal
solute gradient in the intercellular liquid that results from local equilibrium
at the liquid/solid interface in a temperature gradient. The liquid tip

composition is then:

Ci=G(1-a), (2.12)
and the tip temperature is:
Tt = TM + mp Co (1 - a) . (2.13)
where
DG
a=s —'va Co - (2.14)



Several authors have, since, proposed more complex calculations of cell
tip temperature based on the assumption that the solute distribution near the
cell tips can be derived from models for growth of a sphere or a paraboloidal
needle into an infinite liquid bath [55 , 56]. These, and the results of
numerical models by McCartney and Hunt [51-53] all predict values for tip
temperature and composition that are close to those predicted by the Bower-
Brody-Flemings model in the cellular growth range. Theoretical predictions

agree with experimental measurements of tip temperatures [57-59].

2.3 Microsegregation

In alloys which are nominally single phase, concentration gradients and
nonequilibrium second phases may result from a low rate of diffusion in the
solid state during solidification. Termed microsegregation, this can have a
significant impact on the mechanical properties of a material. The first
quantitatively description of microsegregation was the nonequilibrium lever

rule, or Scheil equation [60-62]:

Ci=kCo(1-f* P (2.15)

where C; is the interface composition of the solid (in wt percent) when the

weight fraction solid is fs. Assumptions in developing this equation include
constant partition ratio, complete solute diffusion in the liquid, no solute
diffusion in the solid, no undercooling at the cell tips and no convection.

Bower, Brody and Flemings [54] (BBF) derived a local solute redistribution
equation for cellular solidification based on their analysis of cell tip

undercooling and assuming no diffusion in the solid:
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C_:=kCo{k—?T+ (1k—a-1—) a-g&rl, 2.16)

Flemings et al. [63 , 64) also present a local solute redistribution equation in
an analysis of Thacrosegregation induced by flow of solute rich liquid to feed
solidification shrinkage. Other researchers have allowed for the effects of
limited liquid diffusion [6], or convection on local solute redistribution,

Microsegregation predicted by models described above, which assume no
solid state diffusion, is generally greater than found experimentally. Using a
finite difference analysis of solute redistribution, Brody and Flemings [65)
addressed the effect o; back-diffusion in the solid for dendritic solidification.
In this, and in later models [66 » 67], parabolic or constant dendrite thickening
rates were assumed. Kirkwood and Evans [68] first treated the problem as a
free boundary one by specifying the rate of heat removal during solidification
for plate dendrites.

Brody and Flemings [65] also developed approximate solute redistribution
equations which include the effect of solid state diffusion for linear and
parabolic thickening of the dendrite. These expressions are upper bounds on
the extent of diffusion and are explicitely acknowledged to be incorrect unless
solid state diffusion is very limited. Clyne and Kurz [69] have proposed a
modification of the Brody-Flemings equation, which is quantitatively correct
in the limits but, as Kirkwood [70] points out, is essentially a mathematical
manipulation with no physical basis. Kobayashi [71] proved that Clyne and
Kurz’s model overestimates the extent of diffusion in the solid and derived
an exact analytical solution for solidification with parabolic growth, given by
an infinite series expansion. However, the number of expansion terms

hecessary to obtain an accurate solution is extremely large when either the
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partition ratio, k or the diffusion Fourier number, a = Dg t A-2 (where Dy is the
solid solute diffusivity, t is local solidification time and A is the distance over
which diffusion occurs) is small.

The desirability of an analytical expression for anything more than an
approximation of the degree of microsegregation is questionable, however, as
many thermophysical parameters, in particular Dg, are strong functions of
temperature. In comparison, finite difference methods, as used by Brody and
Flemings and later by others [66-68 , 70, 72-74] allow temperature dependences
to be easily incorporated.

If, at the other extreme, solute diffusion in the solid is complete, analytical
solutions can also be proposed. In particular, when there is no tip

undercooling, solidification follows the phase diagram according to the
equilibrium lever rule. The solid composition Cs' is then given by:

" kG
CG=1-f (10 (217)

24 Solidification With Geometric Constraints

Solidification with geometric constraints, in particular solidification
within a metal matrix composite, has recently been reviewed by Mortensen
[75] and Mortensen and Jin [76]. When the reinforcement is immobile, as is
the case with a fiber or reticular foam-reinforced metal, particle pushing
effects are absent, and the reinforcement essentially constitutes a geometric
constraint on the growing solid metal.

A small system size can significantly influence the liquid-solid interface
morphology. Aspects of this problem have been addressed theoretically for

plane front and cellular growth by Caroli, Caroli and Roulet [23], Coriell and

30



Sekerka [18], Ungar and Brown [47], Dee [44] and with small deviations from
unrestricted cell spacings by McCartney and Hunt {50, 52}, as outlined above.

Sekhar and Trivedi [77] and Trivedi, Han and Sekhar [78] examine
solidification of a dilute succinonitrile-acetone alloy in narrow channels and
observe that the liquid-solid interface temperature is somewhat lower in a
small channel when solidification modes are the same in large and small
channels, and that the interface morphology changes from dendritic to
cellular to a nearly planar front as channel width decreases They note that
curvature induced by the contact angle, 6, at the liquid-solid-wall junction
prohibits a true planar front from forming, and may enhance the stability of a
cellular interface for very narrow channels. To illustrate these effects,
Trivedi, Han and Sekhar [78], present an interface morphology map for
interface velocity V and relative channel size d/A where d is channel width
and A the primary dendrite arm spacing, as shown in Figure 2.4. When d/A =
1, the channel wall replaces a zero flux boundary between cells or dendrites,
and the interface exhibits its unconstrained morphology. Geometric
constraint exerts a somewhat less intuitive effect on solidification
morphology when d/A is marginally greater than one, causing ceils to become
unstable with respect to side branch formation, a cellular-dendritic transition.
When d/A < 1, curvature at the constraint destabilizes a planar front.

In similar experimental fashion, Fabietti and Sekhar [79] examine the
effects of the solid-reinforcement interface energy on the liquid-solid interface
morphology in the succinonitrile-acetone system. When the solid phase wets
the reinforcement, half cell or half dendrite morphologies are observed
within narrow channels. When the solidifying material does not wet the

restraint, cells or dendrites centered in the channel are occasionally observed,
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however, due to misorientation effects, non steady half cells and dendrites are
also observed.

Shangguan and Hunt [80] studied the solidification of succinonitrile-
acetone within a circular capillary tube to simulate cellular solidification
within a fiber interstice of a metal matrix composite. The onset of instability
of the planar front occurred simultaneously inside and outside the capillary
tube, which contained only one cell. Capillarity-induced plane front
stabilization was not observed, since the capillary tube diameter was greater
than the unconstrained cell spacing. Side branch instability was observed
earlier inside the capillary than in the bulk material, consistent with the
observations and microstructure map of Trivedi, et al. [78].

McCartney and Hunt {50 , 52] calculated interface shapes for cylindrical
cells with wavelengths near experimentally observed spacings. They
observed that the tip undercooling increases slightly (by about 1 K for an
aluminum alloy) as the cell radius is reduced to half its unconstrainred
spacing. This is in overall agreement with experimental data on dendritic
solidification of Al- 4.5 % Cu/SiC fiber composites by Mortensen, Cornie and
Flemings [74], who report no visible difference between tip temperature for
geometrically constrained and unconstrained dendrites, the interstice width
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