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ABSTRACT

This multivariable control study investigates the feasibility of a high performance (high
bandwidth) automatic flight control system (AFCS) for a Twin Lift Helicopter System (TLHS).
Two system configurations are considered in order to see if one has any advantages over the other.
Each TLHS configuration consists of two Sikorsky UH-60A Blackhawk helicopters, jointly lifting
a heavy payload. The payload is suspended from the ends of a rigid bar. The endpoints of the bar
are attached, via tethers, below the helicopter c.g.'s. For one configuration the tether lengths are
equal (Equal Tether Configuration) and for the other they are unequal (Unequal Tether
Configuration). In each case we regulate the horizontal separation (between the helicopter c.g.'s)
and the load motion, while horizontal and vertical velocities are commanded.

It is concluded that a hi gh performance design is feasible for each configuration provided that
model uncertainty is sufficiently low. If model uncertainty is high, the designs become unfeasible.

This is because, in such a case, the large robustness requirement forces the helicopters to undergo
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substantial pitching and oscillations in the vertical plane in order to regulate the horizontal
separation and load motion when horizontal and vertical velocities are commanded. Moreover, if
model uncertainty is high then only low bandwidth designs become feasible. This is due to the fact
that a trade-off must be made between performance and stability robustness and that this trade-off is
exacerbated by the high bandwidth objective. It is also concluded that besides providing a larger
tip-to-tip rotor clearance, unequal tethered flight offers no significant advantages over equal
tethered flight. To reach these conclusions three steps are taken.

First, guidelines are presented which can be used to systematically develop a "real world"
multi-input multi—butput (MIMO) AFCS for even highly-coupled high-order Twin Lift models.
These guidelines are based on singular value ideas and the well established LQG/LTR design
procedure. Secondly, the guidelines are applied to the Equal and Unequal Tether Configurations.

Finally, the designs for each configuration are compared and the conclusions are made.
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Hu: Filter gain matrix

p: Target loop transfer function matrix recovery parameter
Gp: Control gain matrix

K(s): Recovered compensator transfer function matrix

Gi(9): Recovered loop transfer function matrix (loop broken at error)
S(s): Recovered sensitivity transfer function matrix

T(s): Recovered closed loop transfer function matrix

ft.: feet

fps.: feet / second

deg.: degree

rad.: radian

Ib.: pound

sec.: second

dec.: decade

db.: decibel

oct.: octave

fig.: figure

eq.: equation



CHAPTER 1: INTRODUCTION AND OVERVIEW

1.1 Motivation for Research

Ever since its birth in 1939, the helicopter has found itself playing a major role in areas such
as aériculnirc, industry, public service, and the armed fprces. The helicopter has been used to
spray Crops, assist construction engineers, obtain traffic reports, and to perform vital military
operations.

As the years have passed, and the technology improved, the applications of the ﬁelicopter
have increased. The need for bigger, more powerful helicopters has also grown. During the past
few years, however, a leveling off of heavy lift helicopter production has occured (NASA, [16]).
The high development costs for a new heavy lift helicopter have become difficult for users to
justify, especially when there are much more economical alternatives. An appropriate question to
ask would be: "Does such an alternative exist at the present time and state of helicopter
technology?" The answer, of course, is affirmative. The Twin Lift Helicopter System (TLHS) is
such an alternative.

Twin Lift allows us to use already existing helicopters to demonstrate its performance for
only a fraction of the cost required to develop a new heavy lift helicopter. Twin Lift is not only
highly cost-effective, but it provides the only immediate method for achieving a significant increase
in payloads beyond the 16 tons currently managable in the Western World.

In addition to being an economical solution to the heavy lift problem, Twin Lift represents an
extremely challenging design problem for control engineers. As will become apparent in the
chapters which follow, the TLHS is -an inherently unstable multivariable system with "highly
coupled” dynamics. In order to systematically develop a high performance multivariable centralized
automatic flight control system (AFCS) for the TLHS, a design methodology ié needed which
trivializes the stabilization problem and possesses enough degrees of freedom to address the
following key feedback design issues:

(1) low frequency command following,

(2) low frequency disturbance rejection,



(3) Insensitivity to low frequency parameter uncertainty,
(4) stability robustness to high frequency unmodeled dynamics,
(5) attenuation of high frequency sensor noise,
(6) saturation of actuators.
An ﬁppropriatc question to ask would be: "Does such a multivariable design methodology exist?"
The answer, of course, is again affirmative. The Lincar Quadratic Guassian with Loop Transfer
Rccovcry (LQG/LTR) design methodology, when coupled with singular value ideas, constitutes
such a methodology (Doyle, Stein, Athans, Lehtomaki [5], [6], [7], [8] ).
This thesis shows how the LQG/LTR design methodology, coupled with singular value
ideas, can be used to develop a high performance multivariable centralized AFCS for a TLHS.
Having given industrial and academic motivations for Twin Lift control research, the section
is concluded with a quote:
"The practical advantages of harnessing two helicopters to the same
payload have long been recognized, but as with all technologies a
full understanding of the factors governing its use are required

before it is universally accepted." (Curtiss, Warburton [1])

1.2 Prior Research

The dynamics of a single hovering helicopter have been understood for many years
(Bramwell, [3]). In the early 1960's, engineers at Kaman Aircraft showed how tethered
helicopters differed from their free flying counterparts (Kaufman, Schultz [2]). Much work on
helicopters carrying sﬁné loads has also been done (Dukes, [4] ).

During the 1960's, multilift investigations were sponsored by the Department of Defense,
but no major advances were made. In 1968 Sikorsky Aircraft was funded to explore twin lift
techniques. These studies culminated in a 1970 Sikorsky demonstration of a 20-ton twin lift
configuration using CH-54B crane helicopters with rear viewing cockpits [1]. That twin lift
experience resulted in the development of a master-slave automatic control concept in which a

command pilot, in the master helicopter, flies the desired formation by manipulating his helicopter
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while the slave is automatically controlled to maintain horizontal separation as well as spreader bar
orientation. The 1970 demonstration showed that twin lift air taxi operations for short distances, at
low speeds, were definitely feasible. Because of high pilot workload, however, high speed
demonstrations were deemed unsafe. Sikorsky engineers concluded that a better understanding of
twin lift dynamics was required [1].

In order to develop such an understanding Professor Curtiss, of Princeton University, in
collaboration with Sikorsky engineer, Frank Warburton, developed a seven degree of freedon
linear model for the longitudinal dynamics of a TLHS near hover. In a joint paper [1] they
analyzed the system and used root locus techniques to identify the key parameters affecting nominal
stability. They showed that the TLHS dynamics could essentially be thought of as those of a
tethered helicopter [2] with those of a helicopter carrying a sling load [4]. The paper indicated how
separation and attitude feedback could be used to achieve nominal stability. Other practical issues
were also addressed.

The above discussion clearly indicates a steady trend toward understanding twin lift
helicopter dynamics. There are key issues, however, which have not yet been addressed in the
literature. This thesis will carefully delineate some of those issues in an effort to understand them,
quantify them, and in the end, provide a sound design process for developing a multivariable

centralized AFCS for TLHS's.

1.3 Contributions of Research

Because of the inherent coupling in TLHS's, single-input single-output (SISO) design
techniques can hot easily be used to systematically develop a centralized AFCS.

The paramount contribution of this thesis is the delineation of well defined guidelines for
designing a "real world" multi-input multi-output (MIMO) AFCS for TLHS's. These guidelines
combine state space analysis methods and singular value ideas with the well established LQG/LTR
design methodology. Furthermore, -the guidelines are just as easily applicable to highly coupled 16
degree of freedom Twin Lift models as to relatively weakly coupled 7 degree of freedom models.

More specifically, it is shown how singular value ideas can be used to formulate frequency
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domain performance and stability robustness specifications for MIMO Twin Lift controllers in a

manner which closely parallels classical SISO feedback control problem formulations.

Furhermore, it is shown that the LQG/LTR procedure not only trivializes the Twin Lift

stabilization problem, but also possesses enough degrees of freedom to meet pre-defined frequency
domain performance and robustness specifications.

In addition, it is shown how singular vector information can be used to understand the
input/output directionality properties of a TLHS under full automatic control. In order to help
visualize this information the notion of MOID and MOOD plots is introduced.

Another contribution of the thesis is that it provides two complete case studies of a TLHS
under full automatic control. One is for the Equal Tether Configuration and the other for the
Unequal Tether Configuration. The studies show fundamental trade-offs that must be made in
designing an AFCS (equal tethers or unequal). In particular, it will be shown that Twin Lift control
engineers must trade-off ired performan ndwidth) ver model simplicity. More
specifically, as model simplicity (uncertainty) increases engineers must settle for less demanding
performance specifications. Moreover, this will be shown to be true whether the tether lengths are
equal or unequal.

The comparison between equal tethered flight and unequal tethered flight is another
contribution since it shows that besides providing a larger tip-to-tip rotor clearance, unequal
tethered flight offers no significant advantages over equal tethered flight when a high performance
design is the objective.

Finally, the fact that we address the TLHS high performance (high bandwidth) design
problem marks still another contribution. By addressing this challenging problem one obtains an
indication of how much can realistically be expected from TLHS's under full automatic control.
This information is crucial for Twin Lift engineers developing specifications for future "real world"

TLHS's.



1.4 Outline of Thesis

The main body of the thesis is organized as follows: _

Chapter 2 describes the TLHS to be studied and develops the mathematical model which will
be used throughout the thesis.

' Chapter 3 is the first analysis chapter. In this chapter the model developed in Chapter 2 is
analyzed assuming the tether lengths are equal ("Equal Tether Problem"). The chapter describes the
three basic motions associated with any TLHS [1]. In this chapter the natural modes of the TLHS
"Equal Tether Configuration" are identified and discussed. The variables to be controlled (i.e.
outputs to be commanded by pilot) are selected and design specifications are presented using
singular value ideas. Classical-like arguments are given to understand the difficulties associated
with the development of a high performance design.

Chapter 4 is the first design chapter. In this chapter the LQG/LTR design process is
described and applied to the Equal Tether Problem. A high bandwidth LQG/LTR AFCS is
obtained and evaluated. Fundamental trade-offs regarding performancc and model uncertainty are
presented. To help visualize the directionality properties of the resulting LQG/LTR-based design,
we introduce the notions of MOID and MOOD plots. These plots are entirely based on information
provided by singular vectors. The chapter shows that a high performance Equal Tether AFCS is
feasible only if model uncertainty is "sufficiently" low. It is also shown that if model uncertainty is
high then only a low bandwidth design becomes feasible. This is because, in such a case, the
large robustness requirement forces the helicopters to undergo substantial pitching and oscillations
in the vertical plane in order to regulate the horizontal separation and load motion when horizontal
and vertical velocities are commanded.

Chapter 5 is the second analysis chapter. This chapter addresses the problem in which the
tether lengths are unequal ("Unequal Tether Problem"). The chapter essentially parallels chapter 3,
but emphasis is placed on the coupling between two of the three basic motions when the tether
lengths are unequal ("Unequal Tether Configuration"). Comparisons are made between the
Unequal and Equal Teher Configurations.

Chapter 6 is the second design chapter. In this chapter the LQG/LTR design methodology is



applied to the Unequal Tether Problem. A high bandwidth design is obtained and evaluated. Again,
emphasis is placed on the coupling which occurs when the tether lengths are unequal.
Comparisons are made with the Equal Tether AFCS. The chapter shows that the trade-offs that a
designer must make when the tether lengths are equal remain when unequal tether lengths are used.
It is also shown that unequal tethered flight offers no significant advantages over equal tethered
flight when a high performance design is the objective. |

Chapter 7 summarizes the thesis and gives suggestions for future research.



CHAPTER 2: MODELING A TWIN LIFT HELICOPTER SYSTEM (TLHS)

2.1 Introduction

In this chapter the Twin Lift Helicopter System (TLHS) configuration to be studied is
described. The helicopter controls which shall enter the final control law are identified and
discussed. Finally, a seven degree of freedom linear model is developed for the longitudinal

dynamics of a TLHS near hover [1]. This model shall be used throughout the thesis.

2.2 Description of TLHS; Longitudinal Configuration
The basic configuration to be studied in this thesis is shown in Fig. 2.2.1. It consists of two

helicopters, two tethers, a "spreader” bar, two load cables, and a payload.

master

spreader
bar

payload
- Fig. 2.2.1: TLHS; Longitudinal Configuration.
.. This configuration is referred to as the longitudinal configuration® because the spreader bar is

parallel to the longitudinal axes of the helicopters. In studying the longitudinal configuration it is

assumed that the lateral dynamics of the helicopters and load-bar assembly decouple from the planar

*The lateral configuration is obtained by rotating the helicopters ninety degrees so that their longitudinal axes are
perpendicular to the spreader bar,




(longitudinal) dynamics of interest. This, of course, implies that the system motion is restricted to
the vertical (longitudinal) plane and hence only vertical translation, horizontal translation, and
pitching are allowed.

The helicopters being modeled are Sikorsky UH-60A Blackhawks. They are assumed to be
identical and to have no on-board autopilots or stabilization avionics. The lead helicopter shall be

referred to as the master helicopter and the trail helicopter as the slave. Each tether is assumed to

have a fixed length .* The helicopter-tether attachment points are assumed to be a fixed distance, h,
below the center of gravities (c.g.'s) of the helicopters. Each tether is attached to one end of the
spreader bar. The spreader bar is assumed to be rigid and to have a fixed length, L. It provides

horizontal separation for the helicopters, helps distribute the load more evenly between the

helicopters, and helps vertical following of the master by the slave [1]. The payload is suspended a
fixed distance, Z, below the spreader bar c.g. via two fixed length load cables. For simplicity the

tethers, as well as the load cables, are assumed to have no compliance and to always be in tension.

2.3 Description of Helicopter Controls

Controlling the longitudinal dynamics of a TLHS near hover is the problem being addressed
in this thesis. In order to develop a control law, the pertinent control inputs must be identified and
understood. Because the thesis restricts the system motion to the longitudinal plane, only four
helicopter controls (two per helicopter) are relevant. These are the collective pitch controls and the

cyclic pitch controls [3] (Fig. 2.3.1).**
The collective pitch controls essentially control the vertical (up / down) motions of the

* k%

helicopters. A pilot ordinarily manipulates his collective to control the lifting power of his

* Real time tether length variations will not be used to control the system.

** The tail rotor pedals (directional controls) are not relevant to our study since no yawing is allowed. The throttle
control is not considered since engine dynamics are assumed to be negligible in our study.

*** We say ordinarily since in our study it is assumed that there is only one pilot which shall eventually issue only

reference commands to an AFCS which will dynamically coordinate the controls of each helicopter so as to achieve
the desired response,




helicopter. Pulling back on the
collective pitch stick causes an increase
in the angle (pitch) with which the main Throttle

control
rotor blades cut through the air (angle of

Collective
pitch
control

attack), thus increasing the lift. The

Tail rotor

name collective pitch control stems from pedal

the fact that the blades pitch
simultaneously (collectively) when the
pilot issues collective pitch commands. ‘ .

Fig. 2.3.1: Helicopter Cockpit.

The ¢yclic pitch controls™ essentially control the horizontal (fore / aft) and pitching motions
of the helicopters. A pilot ordinarily manipulates his cyclic pitch stick to control that point in the
rotation of the main rotor at which maximum blade pitching occurs. By doing so the pilot, in
effect, tilts the lift vector in the direction of desired motion thus providing more thrust in that
direction, causing his helicopter to pitch downward and accelerate forward. The name cyclic pitch
control stems from the fact that the point in the main rotor cycle at which maximum blade pitching

occurs is altered when the pilot issues cyclic pitch commands.
In actuality, the collectives also affect the horizontal and pitching motions of the helicopters
while the cyclics affect their vertical motions. Throughout the thesis, however, it is assumed that

these couplings are negligibly small.

* The cyclic control shall not be used to control roll and lateral motions since these motions are not considered in
this thesis,




2.4 Development of Linear Model
In this section a seven degree of freedom linear model is developed for the longitudinal

dynamics of the TLHS near hover [1]. A more detailed derivation appears in Appendix 2. All
designs presented in this thesis shall be based on this model.

The following seven variables (degrees of freedom) can be used to describe the TLHS

longitudinal dynamics:*

(1) x4 - Horizontal coordinate of slave helicopter c.g. with respect to hover point (ft.),
(2) zg - Vertical coordinate of slave helicopter c.g. with respect to hover point (ft.),
3)6 ¢ - Pitch attitude of slave helicopter (rads.),

4) Bm - Pitch attitude of master helicopter (rads.),

5) g - Angle that slave tether makes with vertical (rads.),

6) €, - Angle that master tether makes with vertical (rads.),

) €p - Angle that spreader bar makes with horizontal (rads.).

where all counter-clockwise angles are assumed to be positive angles.
These seven degrees of freedom capture the vertical, horizontal, and pitching motions of each
helicopter (3 degrees of freedom per helicopter) as well as the pendular motion of the load-bar

assembly (1 degree of freedom for load-bar assembly).
Some very important (time invariant) TLHS parameters are:**

Wy - Weight of master and slave helicopters (1bs.),

I.y - Moment of inertia of master and slave helicopters about their pitch axes (slug ft.2),

* Appendix 1 is a glossary. It provides definitions for all Twin Lift variables and parameters. It also contains the
numerical values of all relevant TLHS parameters.

** Their values, and all other relevant Twin Lift parameter values, are provided in Appendix 1.
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h - Distance from helicopter c.g.'s to helicopter-tether attachment points (ft.),

H - Length of master helicopter tether (ft.),

H - Length of slave helicopter tether (ft.),

L - Length of spreader bar (ft.),

Wy - Weight of spreader bar (lbs.),

Iz - Moment of inertia of spreader bar about its c.g. (slug ft.2),
Z - Distance that payload hangs below spreader bar c.g. during unperturbed hover (ft.),
W, - Weight of payload (Ibs.).

The seven degrees of freedom and the parameters described above can be visualized as shown in

Fig. 2.4.1.

h —=Xm
Xgs Zg |
; i master c.g.
slave c.g.” ' :
W, I '
B ‘ spreader
' bar

|
helicopter- tether
attachment point

Fig: 2.4.1: Initial Seven Degrees of Freedom for TLHS

Longitudinal Dynamics Near Hover.
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To develop the model, it is assumed that the following aerodynamic forces and moments act

on the helicopters:

X X - Horizontal aerodynamic forces acting on master and slave helicopter c.g.'s (1bs.),
Z» Z - Vertical aerodynamic forces acting on master and slave helicopter c.g.'s (Ibs.),

M, ., M, - Aerodynamic moments about master and slave helicopter pitch axes (ft. 1bs.).

It should be noted that the aerodynamic moments on the spreader bar are assumed to be negligible
in comparison with the other forces and moments acting on the system,

Using the aforementioned variables, parameters, aerodynamic forces and moments, a
nonlinear model can be developed using Lagrangian methods. Doing so gives a set of seven second
order nonlinear ordinary differential equations written in terms of the aerodynamic forces and
moments discussed above (see Appendices 2.1 and 2.2 for more details).

To obtain a linear model about hovering trim, with the tethers vertical and the spreader bar
horizontal, it is necessary to determine the equilibrium (trim) value of all variables, aerodynamic

forces and moments under these conditions. These values are:

Xeo = Zgo =0 (Helicopters hovering)

€0 =€no=Ep,=0 (Tethers vertical and spreader bar horizontal)
Xmo=Xg=0 (Horizontal equilibrium)
Zio=Zsg= W+0.5 [Wg + Wi ] (Vertical equilibrium)

Omo = 050 =Mmo =M, =0

where the subsrcipts "o" are used to denote equilibrium (large signal) values. It should be noted

that the last condition assumes that the helicopter main rotor shafts pass through their c.g.'s when

at hover.

Next, each variable, aerodynamic force and moment, is written as a sum of an equilibrium
(large signal) component and an incremental (small signal) component (small perturbation from

equilibrium value). The following example illustrates how this is done.



Ex: Zires = Zno + AZ,  (For aerodynamic forces)
M, = N o + AM_  (For aerodynamic moments)
€5 = €po + dey  (For position and angular variables)
T T T

"true" quantities "“equilibrium" quantities "incremental" quantities

Assuming that all variable perturbations (incremental components), 8(*), are small and neglecting
products and squares of variables gives us a set of seven second order linear ordinary differential

equations in terms of the incremental variables and the incremental aerodynamic forces and
moments acting on the helicopters; namely (Axm, AZ,,AM ) and (AX, AZ,, AMy). For
notational economy we drop the §'s on the motion variables.* This concludes the linearization of
the nonlinear equations near hovering trim with the tethers vertical and spreader bar horizontal (see
Appendices 2.3 and 2.4 for more detail).

In order to exploit the "natural” symmetry of the TLHS, it is convenient to introduce the

following "natural” seven degrees of freedom [1]:

3 Average Variables:

Zx =[xy, + %] /2 : Average horizontal helicopter coordinate (ft.), 2.1)
Tz=(z, + z] /2 : Average vertical helicopter coordinate (ft.), (2.2)
26=[6 by T 0 s] /2 : Average helicopter pitch attitude (rads.). (2.3)
3 Difference Variables:

Ax = [x,- X;] : Horizontal separation between helicopter c.g.'s (ft.), (2.4)
Az =[z - z] : Vertical separation between helicopter c.g.'s (ft.), (2.5)
AB=[0_ -6 : Differential pitch attitude (rads.). (2.6)

1 Generalized I.oad Coordinate:
xp'=x; -Zx - (h+ Hy 20 - (Z /L) Az (ft.). 2.7)

where x; 1is the horizontal coordinate of the payload with respect to the hover point.

* Note that only incremental (small signal) quantities shall appear in the final linear model.
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The above seven degrees of freedom are independent and hence sufficient to describe the
longitudinal dynamics of the TLHS near hover. It should be noted, however, that the following

incremental expressions are very useful:

Ax=-[hA®+H_ ¢ -He] (2.82)
=[h6,+Hel-[h6_ +H e ] (2.8b)
Az=Le, (2.9)
x'=0.5[Hy, e +Hge]-H, 0 (2.10a)
= 0.5 [Hy, (e, - 0)) + Hg (g,- 6] + 0.5 [H - HJ 0 _ . (2.10b)
e, ={2[x'+H Z6]-[Ax+h AB] } /2 H_ (2.11)
g, =1{2[x'+H;Z6] + [Ax + h A6] } /2 H (2.12)

In a manner analogous to egs. (2.1) - (2.6), we define an average tether angle and a differential

tether angle:

EEE[am+es]/2 (2.13)

Ae = e, - es] (2.14)
The proof of eqgs. (2.8) and (2.10) are given in Appendix 2.5. Equation (2.9) is, of course,
based on the small angle assumption for the spreader bar angle, €g. Equations (2.11) and (2.12)
follow from egs. (2.8) and (2.10).
- The interpretation of the 4 average variables (Zx, Xz, £9, Ze)' and the 4 difference variables
(Ax, Az, A, Ag) should be apparent from egs. (2.1) - (2.6), (2.13), (2.14), and the fact that the

variables are incremental (small signal) quantities. Nevertheless, we shall comment on Ax and Az

which may be a bit confusing to some.

It should be emphasized that Ax = 0 implies that the actual horizontal separation between the
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helicopter c.g.'s is L; the spreader bar length. From eq. (2.8) we see that this can occur if and
onlyif h® +H_ € =h6_ +H e. This makes sense since the left and right sides of this
equation are merely the horizontal (incremental) distances from the spreader bar endpoints to the

master and slave helicopter c.g.'s, respectively. To better visualize this condition it helps to

interpret eq. (2.8) as indicated by Fig. 2.4.2. Note that eq. (2.8) does not capture the effect that the

spreader bar rotation has on horizontal separation. Namely, when the spreader bar rotates by an

| master helicopter c.g.
e |

Ax = Xm = Xg
Him [h6s+ Hges | [ N8+ Hene]

spreader bar c.g.

T

Fig. 2.4.2: Visualization of (Incremental) Horizontal Separation.

angle €p, the horizontal separation should decrease by an amount L (1 - cos €g). This nonlinear
effect is not captured since &g is assumed to be small.

It should also be emphasized that Az =0 implies that the actual vertical separation between
the helicopter c.g.'s is H, - Hg; the difference between the master and slave tether lengths. From
eq. (2.9) we see that this can occur if and only if €g =0; i.e. when the spreader bar is horizontal.

To help visualize this condition, it helps to interpret eq. (2.9) as indicated in Fig.2.4.3. Note
that eq. (2.9) not capture the eff; at heli r pitching and tether rotation has on vertical

separation. Namely, when the helicopters pitch and the tethers rotate, the vertical separation

decreases by an amount [H, - HJ] - [H , cos g, -Hgcose]-h[cos 6 -cos Gs]. This nonlinear
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T Zm
\moster helicopter c.g.
Az=lLeg 78\ _
L/2 >spreader bar c.g.
K A

Zs ¥=~_slave helicopter c.qg.
Fig. 2.4.3: Visualization of (Incremental) Vertical Separation.

effect is not captured since 6, 6, €_, and g, are assumed to be small.

m’
An interpretation for x; ' follows from eq. (2.10). This equation shows that when the tether
lengths are equal (H,, = H = H), then

x,'=05H[(e,-6,)+ (- 0] (2.152a)
= H [Ze - 20] (2.15b)
In such a case x; ' represents the average displacement of the spreader bar end points from the

helicopter-tether attachment points, measured parallel to the longitudinal axes of the helicopters.

This is shown if Fig. 2.4.4.

Fig. 2.4.4: Interpretation of Generalized Load Coordinate (H,,= H, = H).
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When the tether lengths are not equal (H,#Hy), then x;'is given by eq. (2.10). To

interpret x; 'in this case we rewrite eq. (2.7) in its more useful form:

x; -Zx=(+H)Z0+(Z/L) Az +x' (2.16)

The quantity x; - Xx shall henceforth be referred to as the load deviation from center. The quantity

Tx shall be referred to as the center. It follows from eq. (2.16) that x; ' should simply be

interpreted as that quantity which must be added to (h+H) X0 +(Z/L) Az to get x; - Zx.

Substituting egs. (2.9) - (2.10) into eq. (2.16) gives us:

x -Zx=hZ0+(Z/L)Az+05[H, e +He] (2.17a)
=hZ0+Ze; +05[H,e +He] (2.17b)
=0.5{[h6m+Hmem]+[hBS+HseS]]+ZeB (2.17¢)

This can be concisely written as follows:

XL— ZX= EXI{B + xBL (2.18)
where

xyp=[h Gm +Hp e ] (2.20)

xgg =[h 6, + Hge] (2.21)

The quantities xyp and xgp are the (incremental) horizontal distances from the master and slave

helicopter c.g.'s to their respective spreader bar endpoints. The quantity xp; is simply the
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(incremental) horizontal distance from the spreader bars' c.g. to the load. xyp, Xgp, Xpr, and x; -

2x can be visualized as in Fig. 2.4.5.

f

| slave helicopter c.g.

o
\ load deviation from center
X - Zx=2xyg+ XgL

Fig. 2.4.5: Visualization of Load Deviation from Center.

Equations (2.16) - (2.22) and Fig. 2.4.5 show that the load deviation from center depends on the
pitch attitudes of the helicopters, their vertical separation, and their respective tether angles. They
also show that x; -2x = 0 if and only if Zxyp =-xp;. Physically, we see from Fig. 2.4.5, this

means that the average horizontal (incremental) distance from the helicopter c.g.'s to their
respective spreader bar endpoint must be equal and opposite to the horizontal load displacement
(incremental) resulting from spreader bar inclination. The load deviation from center, as the name

implies, shall play an important role in regulating the load motion.
After introducing the seven incremental variables ( Zx, X0, Xz, Ax, A8, Az, xr'),

manipulating the equations, and defining new parameters to simplify them (Appendix 2.6), we

develop the aerodynamic forces and moments on the helicopters by making use of the Blackhawk
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helicopter control and aerodynamic derivatives near hover (Appendix 1).
Control derivatives are constants of proportionality that allow us to introduce the four

helicopter incremental controls into the linear model. The four helicopter contols can be written as

follows:

O, © - "True" master and slave helicopter collective pitch controls,

Bieme Bies - ' True” master and slave helicopter cyclic pitch controls,
where (-)cm =600+ 8(~)cm, 0,=0.+ 6@05, (2.23)
and Bicm = Bicmo + 8Biem B s = Biego + OBjcs: (2.24)

O, and O, denote the master and slave equilibrium ( large signal ) components of

collective. They provide the vertical aerodynamic forces, Zo=2Zy=Wy+05[Wg+W],
which maintain the TLHS in vertical equilibrium. B, , and B, ., denote the master and slave

equilibrium (large signal) components of cyclic. They are both zero since X =X =M =

M, =0.

o0 cm and SGCS denote the master and slave incremental (small signal) components of

collective. They are to be generated by an AFCS (not a pilot). OB, and 8B, denote the master

and slave incremental (small signal) components of cyclic. They too are to be generated by an
AFCS (not a pilot).

It is assumed throughout the thesis that the incremental collectives and cyclics must always
satisfy:

180, 1< 10 degrees and 18By | <15 degrees. (2.25)

Again, for notational economy we shall suppress the §'s.

In an analogous manner to the average and difference variables defined earlier, we define the

following four controls:
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2 Average Controls:

IO, = [@cm +©_]/2 : Average collective control (rads.), (2.26)
IB,. =B\ + Bl c S] /2 : Average cyclic control (rads.), (2.27)
2 Difference Controls:

A@C = [(-)c - e .s] ¢ Differential collective control (rads.), (2.28)
AB,. =[B., - Bi] : Differential cyclic control (rads.). (2.29)

Aerodynamic derivatives are constants of proportionality which allow us to express the
incremental aerodynamic forces and moments acting on the helicopters in terms of the
aforementioned incremental variables. Appendix 2.7 contains the incremental aerodynamic forces
and moments acting on the TLHS.

Substituting the incremental aerodynamic forces and moments of Appendix 2.7 into the
simpified incremental equations of Appendix 2.6 gives the final seven linear second order ordinary
differential equations describing the the longitudinal dynamics of the TLHS near hover. These

equations appear in Appendix 2.8. The equations in Appendix 2.8 can then be rearranged to obtain

the following 12 order state space model:

=Apkp+Bpuys  KeRZ pe RS @30
x,=[2z Il Ax AB Ax AB Il 26 Az x;' Zx IO Az x'] (2.31)
w,=[Z6, Il ABy; Il A®, B, IT. | (2.32)

where the symbol Il is used to partition the state and control vectors.

The matrices Ap and B, are given in Table 2.4.12 and 2.4.1b, respectively. TLHS parameter

values are provided in Table 2.4.2 as well as in Appendix 1. Table 2.4.3 summarizes the important

Twin Lift geometrical relationships discussed in this chapter. It is emphasized that all state and

control variables in the linear model are, by definition, incremental (small signal) quantities and

thus represent small perturbations from their equilibrium (large signal) counterparts. This model
shall be used to develop the two AFCS designs presented in this thesis. One AFCS is for the Equal
Tether Configuration (H, = H,) and the other for the Unequal Tether Configuration (Hp, = Hy).



Table 2.4.1a Linear Model For Longitudinal Dynamics of TLHS Near Hover
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Definitions: ¥=1+e,+4p 72 & (1-8) Notes: 1. Places where no entry appears implies a zero entry.

Da-coAzll+u+(h+Hs)p£+(4T5L%lmA2)]

E=-[X,+M, (h+Hg)]
F=(h+Hg)epowy2SHy- 0,2 Hy-4 T8 Z Hg
T=[pd Zwy2 ]!

T=[J¥]!

V=1+(h+Hg)e+(1/p)+(48,272/¥)

2. This model can also be used to study the lateral dynamics.

All that is needed is a simple transformation of coordinates.

Units: radians, feet, radians/second, feet/second, pounds
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Table 2.4.1b Linear Model For Longitudinal Dynamics of TLHS Near Hover

o -
1ty
xBlc
HBlc
Bp=
xBlc
MBlc
‘%CTJ
L Tzec?Jsz i} -[xBlc+Mﬁlc(h+Hs)l |
TLHS Parameters:
p=[Mp +Mgl/2My 6, =ML /[ML +Mp] WAZE(SI'HA)
Hp =2 Hg Hy, /[ Hg +H,, ] Ho=H,/L S=[Hy -Hg]/[Hg+Hp]
e=Myh/I, Z=Z/L ' ep=2Ig /My L2

Ig=(1/12)Mg L2

Notes: 1.
2.

Refer to Appendix 1 or Table 2.4.2 for parameter values.

Although the above model assumes angles to be measured in radians,
most discussions throughout the thesis assumes angles to be measured
in degrees. Displacements and velocities are assumed to be measured

in feet and feet/second, respectively. Forces (weights) are assumed

to be measured in pounds.

..zz -
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Table 2.4.2: TLHS Nominal Parameter Values

UH-60A Blackhawk Helicopter Helicopter Parameters
Wy = 14000 1bs. - Helicopter weight.

My = 434.78 slugs - Helicopter mass.
Iy = 5700 slug ft2 - Helicopter moment of inertia about pitch axis.

h = 3.6 ft.- Distance from helicopter c.g. to helicopter-tether attachment point.

UH-60A Control Derivatives Near Hover
Xpic =274 ft/ radsec2 - Horizontal acceleration per radian of cyclic.

Z@c = 340.9 ft / rad sec? - Vertical acceleration per radian of collective.

M| = - 47.24 rad / rad sec? - Angular acceleration per radian of cyclic.

UH-60A Aerodynamic Derivatives Near Hover

Xy=-0.06ft sec-2 / ft sec™] - Used to characterize horizontal drag forces due to horizontal motion.
Zy, = - 0.346 ft sec2 / ft sec™! - Used to characterize vertical drag forces due to vertical motion.
M, = 0.041 rad sec2 / rad sec™! - Used to characterize pitching moments due to forward motion.

M(1 =-3.1 rad sec2 / rad sec! - Used to characterize rotational damping due to pitching.

Tether Lengths

Hp, = H = 13.25 ft. - Master helicopter tether length.
Hg - Slave helicopter tether length; Hg = 2H, in Chapters 3 and 4 (Equal Tether Problem).
H; = 2Hp, in Chapters 5 and 6 (Unequal Tether Problem).

Spreader Bar and Load Parameters
L =69 ft.

Wpg = 644 Ibs - Spreader bar weight.
Mp = 20 slugs - Spreader bar mass.
Ig = 7935 slug 2 - Spreader bar moment of inertia about its c.g.

Z = 34.5 ft. - Distance that load is suspended below spreader bar c.g.
Wi, = 12000 Ibs. - Weight of load.

My =372.67 slugs - Mass of load.

g=3221t/ sec - acceleration due to gravity,
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Table 2.4.3: Important Twin Lift Geometric Relationships
Ax=-[hA®+H_ g -He]
=[h8,+Hge]-[hO +H € ]
Az=Legg

x'=0.5[H, €+ Hge] - Hg 20

=0.5 [Hy, (e, -0,,) +H, (€,-6)]+0.5 [H -HJ 6_
e, ={2[x'+H 20]- [Ax+hA0] } /2 H,
g = {2 [x.' +H 6] + [Ax +h A0] } /2 H,

xL—Ex=(h+HS)29+2Az+xL‘
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2.5 Classical Derivation of Linear Model

In the previous section a linear model was developed for the longitudinal dynamics of a
TLHS near hovering trim. The development was rigorous and based on Lagrangian methods.
Although rigorous and correct, the Lagrangian method provides little incite into the physics of
Twin Lift. This is because the method relies on energy concepts which, for complicated systems,
provide limited iﬁcite. In order to provide incite into the physics of Twin LIft, we shall derive the
same linear model using the classical Newtonian approach. In doing so expressions are obtained
for important quantities such as the tensions in the tethers and load cables. For simplicity, small
angle assumptions shall be made from the very beginning. First, we shall consider the helicopters

and then the load-bar assembly.

2.5.1 Helicopter Equations

Consider the free-body diagram for the master helicopter shown in Fig. 2.5.1. The figure
shows all exfcrnal forces and moments which act on the master helicopter. These include
aerodynamic forces and moments, the force of gravity, the force due to the tension in the master
tether, and the equilibrium (large signal) component of rotor thrust. A similar free-body diagram

can be drawn for the slave helicopter.

N MH[ZW Zm + Z@cecm]

\ Iy [Mu"‘m + Mg ém +Mgic Bicm]

. equilibrium My [Xu im + XBic Bicm] z
' component of h | %

rotor thrust mg.sg.er OmYy -~ tether attachment point
E
W +
H ) : WL wB STm
€m 2

Fig. 2.5.1.1: Free Body Diagram For Master Helicopter.
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To obtain the equations of motion for the master and slave helicopters we apply Newton's

second law of motion.

First, we use small angle assumptions to resolve the rotor and tether forces into vertical and

horizontal components. This is shown in Fig. 2.5.1.2.

\ Iy [Muim'*'Mg 9""+M81c B'lcrn]
c.g. g g MH[inm"'xBic Bicm ]
_mr W+ Wg

—z |m

W, +W |
[_—La B]-I-STm'

Fig. 2.5.1.2: Free Body Diagram for Master Helicopter.

Summing forces in the z and x directions gives us the following equations for the master and

slave helicopters.
My z, = MyxlZ,, z, + Zg, O] - 8T, (2.33)
My Z, = MylZ,, z, + Zg, 0 ] - 8T (2.34)
My X = 0.5[W+ Wgl &, - Wy + 0.5(Wp + Wp)] 6, + My[X,, X, + Xpjo Biom] (2.35)

My X = 0.5[Wp + W] & - [Wy+0.5(Wp + Wp)] 8 +My[X, &, +Xpi. B (2.36)

Taking moments about the helicopter c.g.'s gives us the following equations:
I, 8, = 0.5[W +Wp] he - 0.5[Wy +WglhO_ +L[M, i, + M, 8, + Mg Bign]  (2.37)

Iy 6= 0.5[Wy +Wp] h e, - 0.5[Wp +Wp] h O + L [M, % + M, 6 + Mgy, By (] (2.38)
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Taking the average and difference of each pair of equations gives us the following set of

equations:
My 2z = My(Z,, Zz+Zg, ZO ] - 0.5[8T, + 8T (2.39)
My Az =MyxlZ,, Az+Zg, AO o) - [6T, - 8T] (2.40)

My IX = 0.5[Wy + W] Ze - [Wyg + 0.5(Wy_+ Wp)] 6+ My[X, Tk + Xp . ZB ] (2.41)

My A% = 0.5[Wp + Wg] Ae - [Wig + 0.5(Wp + Wp)] A® + My[X, Ax + Xp AB, ] (2.42)

I, 26 = 0.5[Wy +Wpg] h Ze - 0.5[Wy +Wg] h 20 + L [M, Tx + M, 26 + Mg  TB; ]  (2.43)

I, AB = 0.5[Wy +Wg] h Ae - 0.5[W +Wy] h AO + L [M, Ak + M, A + My  AB; ]  (2.44)
Defining the parameters:

k =0.5[M; +Mg]/ My (2.45)

e=Myh/I, (2.46)

we can rewrite egs. (2.39) - (2.44) as follows:

Tz=Z, Zz+Zg, O, - 0.5[8Ty, + 8T ]/ My (2.47)
Az=Z, Az+Zg AB, - [8T, - 8T]/ My (2.48)
IX = pg Te - [1+p] g 20 + X Ex + Xp;. ZB, (2.49)
Ax =pg Ae - [1+p] g A8 + X Ax + Xp, . AB,. (2.50)
%6 = epg Te - epg TO + M, X + M, Z6 + My, TB) (2.51)
AB = epg Ac - epg AD + M, Ak + M, AD + Mg, ABy (2.52)

The quantities 8T, and 3T, represent the incremental (small signal) components of tension in the
master and slave tethers. They shall be computed shortly.

In Table 2.4.3 expressions were given for g, and €. From these expressions it follows that

Te={S[Ax+hAB] +2[x;'+H 201 } /2 Hy (2.53)
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Ae=- { [Ax +h AB] +2S[x;' + H 6] } /2 H, (2.54)
where

H, =2H H, /[H +H_] (2.55)

S=[H,-H]/[H+H,] (2.56)

Substituting egs. (2.53) - (2.56) into eqs. (2.49) - (2.52) gives us the desired expressions for AX,
AB, T, and 30. After finding expressions for 6T, and 6T we can obtain the desired X7 and Az

equations from egs. (2.47) - (2.48). By desired we mean the equations in Table 2.4.1.

It should be noted that egs. (2.47) - (2.52) are valid for both the Equal Tether (Hp, =Hy) and

Unequal Tether (H, # Hy) Configurations. In fact, the only place that the tether lengths enter is via

Ze and Ae. The incite that the above relationships provide should be apparent.

2.5.2 Spreader Bar Equations
To compute the tensions 8T, and 8T, we require a free-body diagram for the spreader bar.

Such a diagram appears in Fig. 2.5.2.1. The figure contains all external forces which act on the

Fig. 2.5.2.1: Free Body Diagram For Spreader Bar.
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spreader bar. These include gravity, the tether tension forces, and the load-cable tension forces.
Again we note that it is assumed that the aerodynamic forces and moments which act on the
spreader bar are negligible in comparison with the forces and moments shown in Fig. 2.5.2.1.

Summing forces in the z and x directions gives us the following equations:

Mg Zp = W + [8T,, + 8T] - [T; sin(8 + gg) + T, sin(6 - €p)] (2.57)

Mg Xp = - [W+Wp] Z¢ - [T} cos(8 + gp) + T, cos(6 - €p)] (2.58)
where

zg =17 +7Z (2.59)

Xg =X - ZE€p (2.60)

Substituting the first order Taylor series expansions:

sin(6 £ gg) = sin® % cosB g (2..61)
cos(6 = €g) = cosOFsinf e (2.62)

into egs. (2.57) - (2.58) gives us

Mg zg =W + [ 8T, + 8T ] - T, [sin6 + cosB ggl - T, [sinb - cosb eg]  (2.63)

Mp X = - (W + Wg) Ze - T [cos8 - sin® e5] + T, [cosO + sind €] (2.64)

Taking moments about the spreader bar c.g. gives us the following expression:

Iy €5 =0.5 [8T, - 8TJL - 0.5 [T, - T,] L sin® (2.65)
where
L2
I =2 (Mg /L)[ x2dx = (1/12) Mp L? (2.66)
0

It thus follows from egs. (2.63) and (2.65) that
8T, + 8Ty = Mg zg - W+ [T, + T,] sinB + [T - T,] cosB N (2.67)

0Ty, - 8T =2 (I /L) &g + [T - T,] sin® (2.68)



- 30 -

From these equations we see that 6T, and 8T can be found if the load-cable tensions, T and T,

were known. We now compute expressions for them.

2.5.3 Load-Cable Tensions

The free body diagram for the load when the system is in equilibrium is given in Fig.

Tio Lz.x

— G o o— e—

2.5.3.1.

Fig. 2.5.3.1: Free Body Diagram For Payload when System is in Equilibrium.

From the diagram it can easily be shown that

Ty0=Tpp =T =0.5 (W, /sin ) (2.69)

Now suppose the system is not in equilibrium. In such a case we let

and the free body diagram for the load becomes that shown in Fig. 2.5.3.2.

T+3T, T+8T,

Fig. 2.5.3.2: Free Body Diagram for Payload.
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Summing forces in the z and x directions and using the Taylor expansions in egs. (2.61) -

(2.62) gives us the following equations:

M; z; = [T + 8T;] [sinB + cos gl + [T + 8T,] [sin0 - cosd egl- WL (2.72)

M, X =[T + 6T,] [cosO - sinB ggl - [T+ 8T,] [cos6 + sinb ggl (2.73)

Rearranging these equations and neglecting products of small terms gives us the followingg

equations:
M 7 =[2T sin6 - Wy ] + [8T,; + 8T,] sin6 (2.74)
M X; =- 2Tsin® g5 + [8T, - 8T,] cos® (2.75)
Using the fact that 2T sin® = Wy then gives us
0T, + 8T, =M z /sinf (2.76)

OT; - 6Ty =M [SiL +geg]/cosb 2.77)
From eqgs. (2.76) - (2.77) we then get

8T = 0.5 [My 7 /sin® + My [%_+ g eg]/ cosé] (2.78)

8Ty =0.5[My z; /sin@- M [%; +g €gl/ cosd] (2.79)
With these expressions we can now compute the individual tether tensions, 8T, and 8T,

2.5.4 Tether Tensions
Substituting egs. (2.70) - (2.71) into egs. (2.67) - (2.68), and using the fact that 2T sin8 =

Wi, givesus

8T, + 8T = Mg Zg + [8T + 8T,] sinb + [8T, - 8T,] cos® &g (2.80)
8Ty, - 8Ty =2 (Ig / L) €, + [8T; - 8T,] sind (2.81)
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Sustituting egs. (2.76) - (2.77) into these, and neglecting products of small terms, gives us

8Ty, - 8Ty =2 (Ig /L) &; + My [¥ + g €] tan®

where tan@ =2 (Z /L) =2 Z.
We now note that zg may be written as follows:
zg=2z +7Z
=zg-[h+Hg-0.5 Legl
=z, -[h+H;+05 Leg]

=Xz- [h+0.5 (H, + H)]
These imply that

(2.82)

(2.83)

(2.84)
(2.85)
(2.86)

(2.87)

(2.88)

Using this fact and noting that tan =2 (Z /L) =2 Z and €g = Az /L we can rewrite egs. (2.82) -

(2.83) as follows:

0Ty, + 8T, = (M + Mp) Xz

8Ty, - 8T =My ep A7 +22Z My [Kp + 0,2 H, Az]
where

ep =2Ig /My L?
wp*=g/Hy
I’:IAEHA/L

From eqgs. (2.89) - (2.90) it thus follows that

8T, =0.5 [ (Mp +Mp) 5z + My ep A7 +2Z M G + 0,2 H, A2)]

8T =0.5[ (M +Mp) Tz - Myye, AZ +2Z M (&p - 0,2 H, Az) ]

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)
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With these the equations for £Z and AZ, egs. (2.47) - (2.48) become
Yz=2Zy,%2+Zg, X0, - L2z
Ai=Z, Az+Zg, AO, - [ey Az +2Z (M /My G +©,2H, Az)]
or

Ti=[1/1+p][Z,2z+Zg,IO,]

[1+e,] Az=Z, Az +Zg AO -4 18 Z (4 + 0,2 H, Az)

where

8 = ML /(M +Mp)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

We note that eq. (2.98) is exactly the equation for £z in Table 2.4.1. To get the expressions for Az

and X ', given in Table 2.4.1, we first need an expression for X; .

2.5.5 Load Equation

To obtain an expression for X; we consider thee load-bar assembly. A free body diagram for

the load-bar assembly is given in Fig. 2.5.5.1.

Fig. 2.5.5.1: Free Body Diagram for Load-Bar Assembly.
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We want to apply Newton's law at the center of gravity of the load-bar assembly. Suppose

that the load-bar assembly has c.g. at (xc_g., zc_g_). By definition Xc.g. and z. o must satisfy:
Recalling that zg = z; +Z znd xg =X - Z €5 we then have

Zc g =2, + Mg Z/ (M + Mp) (2.103)

Applying Newton's law at (xc_g_, zc_g_) gives us

M; +Mp) ;{c.g. + (W +Wp) Ze=0 (2.105)
Substituting eq. (2.104) into this gives us
or

X =(1-8)ZAs-g%e (2.107)

It should be noted that this equation can also be obtained from egs. (2.60), (2.64), (2.69) - (2.71),

and (2.76) - (2.77). Substituting this equation into eq. (2.99) gives us the desired equation for Az;

i.e. the one in Table 2.4.1. To get the desired equation for Xy ' we recall that
xp' = xp - [Zx + (h + H) 20 + Z Az] (2.108)

Using this relationship together with eq. (2.107) and the equations for A%, AB, =X, 6, AZ gives

us the desired equation for X; ',
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Table 2.5.5.1 summarizes the classical derivation. Table 2.5.5.2 gives the Twin Lift
equations written in terms of Ze and Ae. With the exception of the X; ' equation, the equations in

Table 2.5.5.2 show no explicit dependence on the tether lengths.

2.6 Summary

In this section the TLHS longitudinal configuration was described. The relevant controls for
controlling this configuration were identified and discussed. A seven degree of freedom linear
model was then developed for the longitudinal rigid body dynamics of the TLHS near hover. This
model shall serve as the basis for developing the two AFCS's presented in this thesis. The model
assumes that both helicopters are identical. Other, more subtle, properties of the model shall be
disclosed in Chapters 3 and 5 where the "Equal Tether" and "Unequal Tether" configurations are
analyzed.
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Table 2.5.5.1: Summary of Classical Derivation.
Helicopters

My 2z =MylZ,, 22+ Zg, 2O ] - 0.5[8T,, + 8T ]

My AZ=MylZ, Az+Zg, A@__ ]-[8T,, - 8T,

My ZX = 0.5[Wy + Wg] Ze - [Wyg + 0.5(Wy + Wp)] T+ My[X, 5 + Xp;. ZB, ]
My AX = 0.5[W + W] Ae - [Wyg + 0.5(Wy_+ Wp)] A8 + My[X,, A% + X, AB, ]
Iy 26 = 0.5[Wy + W] h T - 0.5[W; +Wp] h 56 + LM, Ex + M, 28 + Mg, ZBy ]

I, AB = 0.5[Wy + Wyl h Ae - 0.5[W +Wg] h A0 + L [M, Ak + M, A6 + Mg, AB, ]

Spreader Bar
Mg Zp = [8T,, + 8T] - [8T; +8T,] sin, 7p = 57
Mp Xp =- [W +Wg] Ze - [8T, - 8T,] cosd + W en

Ip €5 = 0.5 [8T,, - ST L - 0.5 [8T, - 8T,] Lsin®, e =Az /L

Load-Cable Tensions
M, z; =[8T, +8T,] sin® 3T, + 8T, =M, z; /sin®

M Xp =-2W g +[0T -dT,]cos® 8T, - 8T, =M [¥ +g ggl/ cosB

Load-Bar Assembly
M+ Mp) ':ic_g_ + (W, +Wg)Ze=0

X, g =X - Mg Z Az / (M +Mp) % =(1-8,)2A5-gZe

Tether Tensions

0Ty, + 8T = My Zp + [8T; + 8T,] sinb = (My + My ) 2z

0Ty - 8T =2 (I /L) € + [8T, - 8T,] sin6 =2 (I /L?) Az + My [%; + g €3] tan®

Ze={S[Ax +h AB] +2[x; '+ H  Z0]}/2H, Ae=- {[ Ax + h AB] + 2S[x; '+ Hg Z0]}/2H
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Table 2.5.5.2 : Twin Lift Equations Written in Terms of Xe and Ae

Tz=[1/A+WI[Z, Zz+Zg 26 ]

AX =pgAe-[1+p]gAB +X, Ax + Xp,. AB,.
A'é=augAe-eugA9+MuAk+MqAé+MB}cABlc
TX = g Ze- [1+p] g 20 + X, IX + X, TB
Z§=eugze-eug20+Mu}:§<+MqZé+MBlcEBlc
WAZ=4ud Zg [ Ze- (g/L) Az]+Z,, Az+Zg AG,
X '=-[EX+(+H)Z0+ ZAZ] + 5,

=-[ZX+(h+H)I0+ZAz]+[(1-8)ZAZ-gZe]

Note: With the exception of the SEL' equation, the above equations

depend on the tether lengths only through Xe and Ae.
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CHAPTER 3: ANALYSIS OF TLHS EQUAL TETHER MODEL

3.1 Introduction
In this chapter the linear model developed in Chapter 2 shall be analyzed using the nominal

parameter values given in Table 2.4.2. In particular, the chapter will focus on the "Equal Tether
Problem"; i.e. the case in which the master and slave tether lengths are equal (H,, = H, = H). The

chapter discusses the decoupling of the "Equal Tether Model" into three sets of differential

equations which describe "3 Basic Motions" [1]. The natural modes of the Equal Tether

Configuration are identified and discussed. Outputs are selected and performance and stability
robustness specifications are presented using singular value ideas in the frequency domain. The
purpose of the chapter is to provide a thorough understanding of the Equal Tether Model so that a
high performance (high bandwidth) centralized AFCS can be developed in the next chapter.

3.2 The 3 Basic Motions

A seven degree of frécdom linear model was developed in the previous chapter. This model
characterizes the longitudinal rigid body dynamics of a TLHS near hover. When the helicopters are
assumed to be identical and the tether lengths are assumed to be equal (Fig. 3.2.1), the 12t order
model decouples into three systems of differential equations. These three systems describe the "3
Basic Motions" of a TLHS. These three basic motions shall be referred to as the Average Vertical

Motion, Symmetric Motion, and the Anti-Symmetric Motion. Their associated states and controls
are listed in Table 3.2.1.

master
Hm=H

spreader
bar

payload

Fig. 3.2.1: Visualization of Equal Tether Configuration.
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The Average Vertical Motion (AVM) refers simply to the average vertical velocity of the

helicopters (Zz). This motion is controlled by issuing average collective commands (@ c). The

AVM is similar to the vertical motion of a single hovering helicopter (Appendix 3). This motion is

always decoupled from the Symmetric and Anti-Symmetric Motions; i.e. even if the tether lengths

are unequal (Chapters 5 & 6). Fig. 3.2.2 shows a block diagram for the AVM.

Table 3.2.1: The 3 Basic Motions™

1. Average Vertical Motion (AVM) - 1 degree of freedom
state:Xz
control: £O® L

2. Symmetric Motion (SM) - 2 degrees of freedom
states: Ax, AQ, Ax, AB
control: AB;.

3. Anti-Symmetric Motion (ASM) - 4 degrees of freedom

states: 20, Az, x; ', Ix, 0, Az, XL

controls: A® - ZB,.

o0 .
Zgc | & 2z 1 s
E®C_.-‘|_+F'— A S Xz
Zw
t+p-‘

Fig. 3.2.2: Block Diagram for TLHS Average Vertical Motion (AVM).

* From now on all variables and controls are incremental (small signal) quantities and the adjective incremental
mall signal) shall ly be suppressed.
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The Symmetric Motion (SM), Fig. 3.2.3, refers to that portion of the TLHS motion which is
symmetric about the equilibrium configuration (tethers vertical and spreader bar horizontal). The

SM involves the Ax, A9 degrees of freedom and is controlled by issuing differential cyclic
commands _(ABlc)' The SM is similar to that of a single hovering helicopter tethered to a fixed
point in space [2].

The Anti-Symmetric Motion (ASM), Fig. 3.2.4, refers to that portion of the TLHS motion
which is not symmetric with respect to the equilibrium configuration. The ASM involves the Zx,

20, Az, x; ' degrees of freedom and is controlled by issuing differential collective (AE-)C) and

average cyclic commands (£B;.). It can be shown that when the payload and spreader bar c.g.'s

coincide (Z = 0), the ASM is similar to that of a hovering helicopter carrying a sling load [1].

The block diagrams for the SM and ASM are given in Fig. 3.2.5 and 3.2.6, respectively.

It is strongly emphasized that although the equations are decoupled in terms of the defined
variables, they remain coupled in certain quantities such as the individual helicopter controls,
velocities, and pitch attitudes. An important consequence of this is that although the AVM, SM,
and ASM's may be treated separately to obtain incite about the Twin Lift control problem, they
must subsequently be evaluated simultaneously, along with their corresponding controllers, so that

important quantities can be untangled using the following relationships:

Xp = 2x + 0.5 Ax xg = 2x - 0.5 Ax, (3.1)
z,=2z+05Az z,= Xz -0.5 Az, (3.2)
8, =20 +0.5 A6 8, =26 - 0.5 A6, (3.3)
O = Z6,+05A8, 0,.,=Z6_-0540, (3.4)
Biem =ZBj + 0.5 AB;, By = ZBy. - 0.5 AB,.. (3.5)

These relationships follow trivially from egs. (2.1) - (2.7). They are needed for evaluating the
response of the Equal Tether (and Unequal Tether) AFCS to exogenous signals; i.e. pilot

commands, disturbances, and sensor noise.
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Fig. 3.2.3: Visualization of TLHS Symmetric Motion (SM).

Fig. 3.2.4: Visualization of TLHS Anti-Symmetric Motion (ASM).
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Fig. 3.2.5: Block Diagram for TLHS Symmetric Motion (SM).
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Fig. 3.2.6: Block Diagram for TLHS Anti-Symmetric Motion (ASM).
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Other useful expressions, which follow from those in Table 2.4.3, are given in Table 3.2.2.

Table 3.2.2: Important Equal Tether Geometric Relationships

Ax = - [h A® + H Ag]

Az=LzaB

x ' =H [Ze - 26]

g, = {2[x'+HZ6]-[Ax+h A6] } /2H

g = {2[x'+HZ0]+[Ax +h A8] } /2H

X - XX =-(h+H)ZS+i Az +x;
=h¥0+ZAz+HZ3e

Te=[x'+HZE6]/H

Ae=-[Ax +h AB] /H

3.3 Modal Analysis of TLHS Equal Tether Configuration
3.3.1 Introduction

In this section the natural modes of the Equal Tether Configuration ( H =H ,=H)are
identified and discussed. These modes are found by solving the 12t order ordinary eigenvalue

problem associated with the homogeneous system ( u, = 0):

X0 =A x®, x(0)=xpe R (3.6)

where A.p is given in Table 3.3.3.1 (Kailaith, Strang [11], [12]). In doing so, the solution to the

eq. (3.6) may be written as follows:

12
x®=efplxg= Y (wfxp) erity, 3.7

i=1



Table 3.3.1.1: Ap Matrix for Equal Tether Configuration

-0.238¢ 0, 0. . 0.  o. o 0. 0. 0.

0.
0. 0. 0. 1.0000 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 1.0000 0. 0. Q. 0. 0. 0.
0. -1.0975 -0.8847 - -0.0600 Q. 0. 0. 0. 0. 0. 0.
0. =17.2670 -5.0777 2.3493 -3.1000 0. 0. 0. 0. 0. 0.
0. Q. 0. 0. 0. 0. 0. 0. 0. 1.0000 0.
0. 0. 0 0. 0. 0. 0 0. 0. 0. 1.0000
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. -0.5620 0. 1.0975 -0.0600 0. 0.
0. 0. 0. 0. 0. . 0. - 17.2670 2.3493 -3.1000 0.
0. 0. 0. 0. 0. 0.4679 -0.38685 2,0233 0 0 -0.3361

0. 0. 0. 0. 0. -0.2220 0.i844 -9.5654 -0:6]08 0:9[!6 0.1595

Units: degs, ft, deg/sec, ft/sec, Ibs

_sv-



where Apy_i=?\iy_i i=1,2,...12 (3.8)
HA =wH =

w; Ap w; ?LJ ji=12,...,12 (3.9)
1 if i=]

wiy;=§;= (3.10)
0 if i#j

and the subscript "H" is used to denote a conjugate transpose (hermitian) operation. The li are the
eigenvalues of Ap The v; and w; are the right and left eigenvectors of Ap corresponding to the ?\.i.

From egs. (3.6) and (3.10) it is seen that the prescription for studying real exponential
modes is as follows:

Xg=y; = x()=e 7“i t v; for any real mode ( Z.i, Vi, Wy). (3.11)

What is the prescription for studying complex (exponential-sinusoidal) modes? Suppose

Y; i+1=4a%jbare complex conjugate right eigenvectors corresponding to the complex conjugate

eigenvalues A. = o= jo, respectively. It can then be shown that

Li+ 1

If xg=k;ja+kyb wherekl,kZG Rl

= x(1) = (k;2+ky2)0- €t [a cos(at - tan"l(k, / ky)) - bsin(ot - tan'I(ky / k)] (3.12)

Egs. (3.11) and (3.12) provide mathematical formulae for studying the natural modes of the Equal
Tether Configuration (or any other dynamical system).

The modes of the Equal Tether Configuration are those of the three subsystems discussed in

the previous section. These modes are given in Table 3.3.1.2 and are plotted in Fig. 3.3.1.1. The li

and corresponding v;, for the Equal Tether Configuration, are given in Table 3.3.1.3. For

convenience the polar form of the Equal Tether Model's complex eigenvectors have been provided

in Table 3.3.1.4.
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Table 3.3.1.2: Natural Modes of TLHS Equal Tether Configuration.*

AVM: Vertical Damping Mode: A = - 0.2384, 1=4.2 sec.

SM:  Tethered Helicopter Mode: A, = 0.7561.
Horizontal Spring Mode: A3 4 =-0.8122£j2.2228, {=0.34, o, =237rad/sec, T=123sec.
Symmetric Damping Mode: )LS =-2.2919, 1=0.44 sec.

ASM: Backflapping Mode: 16.7 =0.0402 +j 04785, (=0.084, = 0.48 rad/sec.
Vertical Spring Mode: 1’8,9 =-0.1976 +j0.7364, [=026, w,=0.76rad/sec, 1 =5.06 sec.
Pendular Mode: 110,11 =-05314+j26245, {=02, o, =27rad/sec, T=1.88sec.
Anti-Symmetric Damping Mode: A1, = - 2.1187, 1= 0.47 sec.

IMAGINARY AXIS

3-0 Ll T T T T T T L)
x
2.4+ 4
x
8 f d
Horizontal Spring Mode; { =0.34 :
Vertical Spring Mode; { =0.26
1.2F 4
Symmetric Damping Mode /
x
9.8 l Average Vertical Damping Mode p< -——Backflapping Mode; { = - 0.084 7
\

0.0 e >

. f L
‘ Anti-Symmetric Damping Mode x Tethered Helicopter Mode i
-1.2+ i
-1.8f .
x
Pendular Mode; £ =0.2
-2.41 d J
x /
..3-0 I 1 1 L 1 ) L N
-3.0 -2.4 -1.8 -1.2 -0.6 0.0 0.6 1.2 1.8 2.4 3.0
REAL AXIS

Fig. 3.3.1.1: Poles of TLHS Equal Tether Configuration.

- damping factor - undam n 11 n - tim nstant
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Table 3.3.1.3: Eigenvalues and Right Eigenvectors For Equal Tether Model
AVM: Average Vertical Damping

Mg 7 =0.0402 + j 0.4785

0. +0. i 0. 0, i
-0.0000 - 0.0000i -0.0000 + 0.0000i
0.0000 - 0.0000i -0.0000 + 0.0000i
0.0000 - 0.0000i -0,0000 - 0.0000i
0.0000 + 0.0000i 0.0000 - 0.0000i
0.1789 + 0.3106i 0.3172 + 0.2415i
-Y6 - 0.7512 + 0.0100i !8 — -0.5786 - 0.2456i
0.0225 + 0.0030i -0.0269 - 0.02141
-0.3746 + 0.0800i -0.1580 + 0.3116i
-0.1414 + 0.0981i -0.2405 + 0.1868i
0.0254 + 0,35981 0.2952 - g.ggg!
-0.0005 + 0.0109i 0.0211 - 0.01551
Pendular Anti-Symmetric Damping
= - +3 ==
110.11 0.5314 +£j 2.6245 7\.12 2.1187
0. + 0, i 0.
-0.0000 + 0.0000i 0.0000
-0.0000 + 0.0000i -0.0000
-0.0000 - 0.0000i -0.0000
-0.0000 - o.oogOi 0.0000
0.2093 + 0.2160i -0.4458
¥10=  0.0330 - 0.0083i Y125 olo12s
-0.1604 - 0.0548i 0.0706
-0,0475 + 0.1205i -0.1541
-0.6780 + 0.43454 0.8809
0.0043 + 0.0909i 0.0263
- 0.3919i -0.1496

0.2290

Ag o =-0.1976 £ 0.7364

A =-0.2384
-1.0000
0.
0.
0.
0.
0.
Vi = 0.
=1 0.
0.
0.
0.
0,
SM:  Tethered Helicopter =~ Horizontal Spring Symmetric Damping
A, =0.7561 7\3 4 =-0.8122 £ j 2.2228 ?LS =-2.2919
0. 0. + 0. 1 0.
0.3658 0.0613 - 0.0365i 0.0564
-0.,7089 0.3673 + 0.1073i ~-0.3959
0.2766 0.0314 + 0.16581 -0.1292
-0.5360 -0.5368 + 0.7292i 0.9074
Vh = 0.0000 = =0.0000 + 0.0000i v 0.0000
0.0000 -0.0000 + 0.00001 ~0.0000
0.0000 0.0000 - 0.0000i -0.0000
0.0000 -0.0000 + 0.0000i 0.0000
0.0000 0.0000 - 0.00004 -0.0000
-0.0000 0.0000 + 0.0000i -0.0000
0.0000 0.0000 + 0.0000i 0.0000
ASM: Backflapping Vertical



- 49 -

Table 3.3.1.4: Polar Form of Equal Tether Complex Eigenvectors

SM: Horizontal Spring

MAG PHAS
0.07134 -30.8°
0.3827 16.29°
0.1687 79.3°

09044 126.4°

ASM: Backflapping

MAG PHAS
0.3584 60°
07512 1°
0.0227 17.6°
0.383 168°
0.1721 145.3°
0.3607 86°
0.0109 92.6°

Vertical Spring
MAG PHAS
0.3987 37.3°
0.6286 -157°
0.0344 -1415°
0.3494 117°
0.3039 142.3°
0.4792 -51.98
0.0262 -36.3

MAG = magnitude PHAS = phase

Pendular

MAG PHAS
0.301 45.9°
0.034 -14.1°
0.1695 -161.2°
0.1295 112°
0.8053 147.4°
0.091 87.3°
0.4539 -59.7°
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In discussing the modes of the Equal Tether Configuration it is, of course, assumed that all
four incremental inputs (collectives and cyclics) are zero; i.e. only equilibrium values are applied.
Although the discussion shall be based on the right eigenvectors in Table 3.3.1.3, reference shall
be made to single helicopters, tethered helicopters, and helicopters carrying sling loads in order to

provide incite into the difficulty of controlling the Equal Tether Configuration being studied.

3.3.2 Discussion of AVM Modes

The AVM possesses one natural modes; an Average Vertical Damping Mode. This mode
only affect the Xz degree of freedom and can be described as follows.

The Average Vertical Damping Mode characterizes the effect of vertical aerodynamic drag
forces on the TLHS during average vertical climbs (£z). More specifically, if the TLHS is given
an initial average velocity, Zio, then this average velocity will decay exponentially to zero
with a time constant of 4.2 seconds. This mode is similar to that experienced by a single hovering

helicopter but has a larger time constant due to the extra mass in TLHS's. This is apparent fromthe

AVM differential equation:

Zz=[1/1+W]IZy 2z +Zg Z6 ] (3.13)
=-0.2384 Xz + 4.0985 20, (3.14)

where Xz is measured in feet / second and 20, in degrees. The vertical damping mode for a single

helicopter has time constant 1/ | Z,,1=2.89 seconds.

3.3.3 Discussion of SM Modes

The SM possesses three natural modes; a Tethered Helicopter Mode, a Horizontal Spring
Mode, and a Symmetric Damping Mode. These modes only affect the Ax, A® degrees of freedom.
Because of this, the modes are symmetric with respect to the equilibrium configuration (tethers
vertical and spreader bar horizontal). The SM modes can thus be studied by assuming each

helicopter to be tethered to a fixed point in space (Fig. 3.3.3.1).
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The Tethered Helicopter Mode is an unstable

exponential mode. This mode is not present in free
flying helicopters or in helicopters carrying sling
loads. The mode, however, is present in helicopters
which are tethered to a fixed point in space [2]. The
instability is due to the tension in the tethers and the

fact that the helicopter-tether attachment points are

VOSSN SSSSSSSs

Fig. 3.3.3.1: Helicopter Tethered to a
Fixed Point in Space

below the helicopter c.g.'s.

Given the proper initial conditions (eq. (3.11)), the helicopters experience a divergence in
their relative pitch attitudes (AB8) as well as in their relative positions (Ax). More specifically,
suppose the master helicopter experiences a horizontal velocity disturbance. Because the
helicopter-tether attachment point is below the helicopter c.g., a nose-down pitching moment is
induced about the helicopter c.g. As a result, a nose-down pitch attitude begins to develop. The
downward pitching causes the helicopter's forward component of rotor thrust to increase. This, in
turn, causes the helicopter to accelerate and pitch divergently. Since the slave exhibits a similar
response (only with signs reversed), we see a divergence in the relative pitéh attitudes and positions
of the helicopters. Because of the nature of this instability; i.e because the helicoptcrs' tend to topple
over, the mode is sometimes referred to as the inverted pendular mode [2]. It should be noted that
as the helicopter-tether attachment points approach the helicopter c.g.'s (i.e. ash — 0), the mode
approaches a horizontal equilibrium mode (a natural integrator). Throughout the thesis, however,
the attachment points remain a fixed distance, h = 3.6 ft., below the helicopter c.g.'s. As a
consequence, a minimum gain will be required to just stabilize the SM.

The Horizontal Spring Mode is a stable, moderately damped, sinusoidal mode. This high
frequency pitching mode is due to the stabilizing effect of the tethers attached below the helicopter

c.g.'s; i.e. given the proper initial conditions (eq. (3.12)), the helicopters will pitch and translate
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back to their equilibrium positions just as if a horizontal spring were present. More specifically,
suppose that the master helicopter experiences a small forward velocity disturbance while pitching
upward. The relative airspeed causes the rotor to tilt backwards thus exerting a nose-up pitching
moment about the helicopter c.g. The nose-up pitching continues until it is arrested by the restoring
moment due to the tether. Because of the nose-up pitch attitude, the backward component of rotor
thrust decelerates the helicopter until its forward motion is arrested. At this point backward motion
begins. The relative airspeed causes the rotor to tilt forwards thus exerting a nose-down pitching
moment. The cycle is then repeated. Because of the symmetry associated with the symmetric
modes, the slave exhibits a similar behavior (only with sign reversed). This mode resembles the
anti-symmetric backflapping mode (characteristic of a hovering helicopter) to be dcscribcci
subsequently, but is stable because of the restoring moment provided by the tethers. It should be
noted that as h — 0 the horizontal spring mode becomes unstable [1]; i.e. the stabilizing horizontal
spring effect due to the tethers is lossed. As a matter of fact, the mode becomes identical to the
unstable Backflapping Mode (to be described subsequently), but only at a much higher frequency
due to the extra load-bar mass in the TLHS.
The Symmetric Damping Mode is a stable exponential mode which characterizes the effect of
horizontal aerodynamic drag forces on the TLHS during symmetric translations ( Ax ). More
specifically, if the TLHS is given the proper initial condition (eq. (3.11)), including an initial
differential horizontal velocity, AX, then this initial velocity will decay to zero with a time constant
of 0.44 sec. This mode is similar to that experienced by a single hovering helocopter (Appendix 3)
but has a larger time constant which can be attributed to the extra load-bar mass. The extra load-bar
mass requires a larger component of thrust to keep the system in vertical equilibrium. It is this
larger component of thrust that results in the larger time constant.

To gain incite into the nature of the SM modes it is instructive to see the effect of varying the

load-bar weight (1 = [Mj +Mp] / 2Mp) and the distance from the helicopter-tether attachment point

to the helicopter c.g.'s (h). Fig. 3.3.3.2 shows the effects of varying the parameter | on the

SM modal characterisics. Fig. 3.3.3.3 shows the effects of varying h [1].
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o =0 jw b3
0O u=0.225
v p=0.4516 o1 Horizontal Spring Mode
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o Single Helicopter
Symmetric Domping \-1/—B°Ckflfppinq Mode

Mode ~o Tethered Helicopter Mode
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Fig. 3.3.3.2: Influence of Varying | = [M; + Mg]/2Mp on SM Modal Characteristics.

°© h=0 juls [

O h=1.8ft.

v h=3.6ft v/——Horizontal Spring Mode
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U\_o/High Frequency
Symmetric Damping 4 Backflapping Mode
| Mode Tethered Helicopter Mode

—— ok Owv-l ! O-Chv-'--——.l o
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Fig. 3.3.3.3: Influence of Varying h on SM Modal Characteristics.

Fig. 3.3.3.2 shows that for a small load-bar weight (small p), the Tethered Helicopter Mode
approaches the origin; i.e. a natural integrator. 'fhis horizontal separation equilibrium mode is due
to the fact that for L = 0, any initial helicopter separation will be maintained if no collective or
cyclic commands are issued. Similarly, for small p, the Horizontal Spring Mode approaches a
mode which is identical to the Backflapping Mode of a single hovering Blackhawk helicopter. This

is because for p = 0 the SM equations become

Ax 0

Ax 0 0 1 0

Al _1o 0 0 1 AL 4 1O ABye (3.22a)
Ax 0 -g Xu 0 Ax XBic

AB 0 o M, M llas Mgic
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0 0 1 0 |Iax 0
- 10 0 0 1 A} . 0 AB,, (3.22b)

0 -0562 -006 0 |]|ax 0.4782

0 0 23493 -3.1]11 A6 -47.24

when Ax is measured in ft., Ax in ft./sec., A8 in degs., and Aé in degs./sec.. These equations
are identical to those for a single hovering Blackhawk helicopter (Appendix 3). Because of this,
we also see that as p—0, the Symmetric Damping Mode approaches the Horizontal Damping
Mode of a single Blackhawk near hover. It is emphasized that i = 0.4516 shall be used to develop
the Equal Tether AFCS (Chapter 3) and the Unequal Tether AFCS (Chapter 6).

3.3.4 Discussion of ASM Modes
The ASM possesses four natural modes; a Backflapping Mode, a Vertical Spring Mode, a

Pendular Mode, and an Anti-Symmetric Damping Mode. These modes only affect the Tx, 28,
Az, x; ' degrees of freedom. Consequently, in studying the ASM modes it is reasonable to assume
that Ax = A8 = 0.

The Backflapping Mode (Fig. 3.3.4.1) is a low frequency unstable exponential-sinusoidal

mode. This mode is due to the backflapping of the main rotor with forward motion and is

characteristic of a hovering helicopter (Appendix 3). More specifically, suppose that the master

helicopter experiences a small horizontal velocity disturbance (Fig. 3.3.4.1a). The relative airspeed

[ R
% 2

(a) v=0 (b) «—V (c) v=0 (d)y V

Fig. 3.3.4.1: Visualization of Backflapping Mode.
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causes the rotor to tilt backwards and exert a nose-up pitching moment about the helicopter's c.g.
A nose-up pitch attitude then begins to develop and the backward component of rotor thrust
decelerates the helicopter until its forward motion is arrested. At this point (Fig. 3.3.4.1c) the disc
tilt and rotor moment vanish but the nose-up pitch attitude remains so that backward motion begins.
This causes the rotor to tilt forward and exert a nose-down pitching moment (Fig. 3.3.4.1b).
Following this, a nose-down pitch attitude develops (Fig. 3.3.4.1a) which accelerates the
helicopter forward and returns it to the situation in Fig. 3.3.4.1d. The cycle then begins again. The
amplitude of the oscillations increase steadily because of the helicopter inertia. Since the slave

exhibits an identical response its motion need not be discussed. In addition, it should be noted that

because this mode is largely associated with £6, and hence £x, we expect a relatively large impact
on x; . However when x; is strongly affected we expect significant Az motion. This is confirmed by

the magnitude of the Az component of the Backflapping Modes' eigenvectors (Table 3.3.1.4).
Finally, because this mode is unstable, the AFCS will require a minimum gain just to stabilize the
ASM. |

The Vertical Spring Mode is a stable, low frequency, lightly damped sinusoidal mode. This
mode is associated, primarily, with the Az degree of freedom and is due to the fact that the payload
is suspended a fixed distance, Z, below the spreader bar c.g. More specifically, suppose that the
slave helicopter experiences an upward velocity perturbation and the master helicopter a downward

velocity perturbation. This causes the spreader bar to rotate clockwise about it's c.g. This, in turn

results in the load swinging to the left of the center (xp-Xx = ZAz~Z €< 0). Consequently,

the tension in the slave tether increases and the tension in the master tether decreases, causing the
slave and master to decelerate. This continues until the slave and master motions are arrested. The
load then swings to the right and the bar rotates counter-clockwise about it's c.g. This results in the
slave moving downward and the master upward. The cycle then repeats itself every 8.5 seconds

and the motion decays with a time constant of 5.06 seconds. To better understand the origin of this

mode, it is important to note that as Z — 0, this mode approaches two real modes. One being
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similar to the natural vertical damping mode of a helicopter but less damped (s=Z /
(1+e,) =-0.3434 )*, the other a natural vertical equilibrium mode (s =0). This clearly shows

that the Vertical Spring Mode is due to the fact that the load is suspended below the spreader bar
c.g. We note that when Z = 0, the ASM is identical to that of a single helicopter carrying a sling
load [1] [4].

The Pendular Mode is a stable, high frequency, lightly damped, sinusoidal mode. This
mode characterizes the natural tendency of the load to sway. The mode is predominantly associated

with Ze, but because the tethers are attached below the helicopter c.g.'s, it has a relatively large

impact on $H. This is confirmed by the magnitude of the )3 component in the Pendular Modes'

eigenvectors (Table 3.3.1.4). This mode has a period of 2.4 seconds and decays with a time

constant of 1.88 seconds. It should be noted that this mode has a frequency of oscillation (o, =2.7

rad/sec) which is considerably larger than the uncoupled pendulous frequency, © A=V 8/Hy

= 1.56 rad/sec. Finally, it should also be noted that this mode decays because of aerodynamic
" damping on the helicopters; not on the load-bar assembly.

The Anti-Symmetric Damping Mode is a stable exponential mode which, as the Symmetric
Damping Mode, essentially characterizes the effect of horizontal aecrodynamic forces and moments
on the TLHS during horizontal translation (£x). More specifically, suppose that the load is initially
to the right of the center and that both helicopters experience forward velocity perturbations. Their
velocities will decay to zero exponentially with a time constant of 0.47 second. This is larger than
the Symmetric Damping time constant (0.44 seconds) as well as the 0.31 second time constant of a
single Blackhawk helicopter near hovering trim (Appendix 3).

To gain incite into the nature of the ASM modes, it is instructive to see the effect of varying
the load-bar weight and the distance that the load is suspended below the spreader bar c.g., Z. The
effects of varying h on the ASM modal characteristics are shown to be of secondary importance in

[1].
* Zis an aerodynamic derivative and ey, = (2 Ig)/(My L2) = Wg / (6 Wiy
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For M| = Mg =0 (i = 0) the ASM equations become

Az

>0
X
6

Z, Az+Zg AB,

- 0.346 Az + 5.9494 A®,
[ 0 1]
-g X 0
| 0 M, M|
[0 0 1]

-0.562 -0.06 0

L 0 23493 -3.1 |

26
X

| 26

20 |
%

|26 |

—

By

+10.4782
- 47.24 |

2By,

(3.23a)
(3.23b)

(3.24a)

(3.24b)

where Az is measured in ft., X0 in degs., Zx in ft./sec., and A®_  and ZB, in degs.. These

equations are identical to those for a single hovering Blackhawk helicopter (Appendix 3). Notice

that for M} = My = 0 we have no equation for X; . For "small" M; and Mg (not both zero) one

can show that the equation for X; ' becomes:

X '=- (g/H) x'- [X, + (b + H) M] B - M (h + H) 26 - [Xp, + (b + H) M, ] 5B (3.25)

These facts are in agreement with Fig. 3.3.4.2 which shows that as @ — 0 the Vertical Spring

Mode, a damped sinusoidal mode, approaches an integrator and the vertical damping mode of

a single hovering helicopter. Similarly, as p— 0, the Backflapping and Anti-Symmetric Modes

apprbach the backflapping and horizontal damping modes of a single hovering helicopter. As

U — 0, the Pendular Mode approaches the uncoupled pendular mode. This mode is an

undamped sinusoidal mode with frequency ® 4 =ve/H=156rad/sec.

Again, we emphasize that |l =0.4516 shall be used to develop the Equal Tether AFCS

(Chapter 4) and the Unequal Tether AFCS (Chapter 6).
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o u=0 ij

o p=0.225 —3.0

v p=0.4516 =1 Pendular
1 Mode

—2.0
>

Vertical Spring Mode~ [ {.0

ing Mode
Anti- Symmetric %/Backfloppmg
O

Damping Mode

[
Lol v 1 o l __ _» O
-3.0 -2.0 -1.0 2.0

Fig. 3.3.4.2: Influence of Varying p = [M + Mg] / 2Mp on ASM Modal Characteristics.

Fig. 3.3.4.3 shows the effects of varying Z=7Z/L, the normalized distance from the

spreader bar c.g. to the load, on the ASM modal characteristics [1]. We see that as F ey 0,
the Vertical Spring Mode approaches two real modes (s =0 and s =Z_, /(1 + ) = - 0.3434).

The Backflapping and Anti-Symmetric Damping Mode characteristics, however, do not change

much as Z — 0. Finally, as Z —» 0 the Pendular Mode increases in frequency and becomes more

lightly damped. It is emphasized that Z =0.5 shall be used throughout the thesis.

o g=0 jw t
O z2=0.25 3.0
a 2=0.5 _}+— Pendular
dA Mode
2.0
Vertical Spring Mode
Anti-Symmetric \ —1.0 _Backflapping Mode
Damping Mode A°/
L 1 y 1 s
-3.0 -2.0 {.0 1.0

Fig. 3.3.4.3: Influence of Varying Z=Z /L on ASM Modal Characteristics.
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3.4 Selection of Outputs for TLHS Equal Tether Problem
To emphasize the decoupling of the Equal Tther Model into 3 subsystems we rewrite our

Equal Tether Model as follows:

L,=Apx, +Byu; X € R1Z, up € R4 (3.26)

x,=[Z2 I Ax A AX AG Il 30 Az x' Zx 3B Az x'1T  (3.27)

u,=[ 2O, Il AB Il A®, ZBy T (3.28)
where Ap = diag (Apl, Apz, Ap3) (3.29)
B, = diag (B, By, Byg) (3.30)

and the pairs (Api, Bpi), i=1, 2,3, describe the AVM, SM, and ASM, respectively.

In order to formulate the Twin Lift control problem we must choose outputs (quantities to

control). The number of outputs must equal the number of inputs. Since the TLHS dynamics

decouples into 3 subsystems, it only makes sense to select outputs for each of the subsystems.

3.4.1 Selection of Qutputs for AVM Subsystem: The AVM Plant

The pair (Apl, Bpl) describes the TLHS's AVM, involves the Xz degree of freedom, and is
conrolled by issuing average collective commands (£© o)- This subsystem has only one input

which can be used to control at most one output, the average vertical velocity: £z. The AVM thus

has the following state space representation:

Xp1 = Ap1 Xp1 +Bp1 Up; xp1 € RY (3.31)
Yp1 = Cp1 Xp13 ups Yp1 € RY (3.32)

where u, =X0, Xp1 = ¥z, Cpi€ R,and y,; = ¥z. When Xz is measured in ft./sec. and L@, in

degs., we have

Ay =Z, /(1+p)=-02384 (3.33)

B, =Zg,/ (1 +p) =4.0985 (3.34)



Cpl =1 (3.35)

This SISO (single-input single-output) system has transfer function given by:

Gpy(s) = Cpy SI- Ay By (3.36a)
=[Zg. /(A+W1/[s-(Z,/(1+n)] (3.36b)
=4.0985/ [s +0.2384] (3.36¢c)

It is very easy to show that the state space triple (Apl, B Cpl) is controllable and

pl’
observable. It thus follows that the state space and transfer function representations are equivalent
minimal representations [11]. From now on the state space representation given by egs. (3.27) -
(3.28), and the equivalent I/O representation given by eq. (3.29), shall be referred to as the AVM
Plant.

For convenience all AVM Plant parameter values are provided in Table 3.4.1.1.

Table 3.4.1.1: AVM Plant Parameters

Wy = 14000 Ibs., My = 434.78 slugs
Wpg =644 Ibs., Mg = 20 slugs
W =12000 lbs., M; = 372.67 slugs

p=[Mp +Mg]/2M = 0.4516
Z,, =- 0.346 ft. sec’? / ft. sec !

Zg. = 340.9 ft. / rad. sec? = 5.949 ft. / deg. sec?

It should be noted from eq. (3.36) that the AVM plant pole is simply the single root of the

characteristic polynomial:

det (sI - Apl) =s+0.2384 (3.37)
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This pole has already been interpreted in the modal discussion of section 3.3.1. In that section we

described the pole as the Average Vertical Damping Mode; a mode which characterizes the effects

of vertical aerodynamic deag forces on the TLHS during average vertical translations, Xz.

It should also be noted from eq. (3.36) that the AVM Pl.ant has no zeros.

3.4.2 Selection of Qutputs for SM Subsystem: The SM Plant
The pair (Apz, sz) describes the TLHS's SM, involves the Ax, AB degrees of freedom, and
is conrolled by issuing differential cyclic commands (ABy.). This subsystem has only one control

input which can be used to control at most one output. Since the horizontal separation, Ax, is

much more critical than A6, we select Ax as the output to be controlled. Typically Ax will be

commanded to zero. With input and output clearly defined, the SM thus has the following state

space representation:

Xpp =App X + By U xpe R4 (3.38)

Yp2 = Cp2 Xp2s U Yo € R (3.39)

where upy = ABy. » Xpp = [Ax AO Ax Aé 1T, sz € Rlx", and Yp2 = Ax. When Ax is

measured in ft., Ax in ft./sec., A@ in degs., and A8 in degs./sec., and AB,. in degs., we have

[0 0 1 0]
A2l e o ] X o | 402
- oy - [g(1+ )+1.1mA X 0 40a
| -epo A2 - EHO A%(h+H) Mf’u M, |
[ o 0 1 0|
= 0 0 0 1 (3.40b)
- 1.09748 -0.88468 - 0.06 0
| - 17.267 -5.0777 2.3493 - 3.1_
0 0
B, =[0 = 0 (3.41)
X 0.478185
| My -47.24

Cpp=[1 0 0 0)F (3.42)
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This SISO system has transfer function given by:

Gpp(s) = Cpp (I - Apz)‘l By (3.43a)
=k, [s2 + b;s + byl / [s*+ a3s3 + a232 +a;s + ag) (3.43b)
=0.4782 [s2 + 3.1s + 92.475] / [s* + 3.16s> + 6.361s2 + 5.785s - 9.703] (3.43c)

where
k) =Xpjc (3.44)
by=-Mg (3.45)
bOEBLL(l)AZﬂl+H)-MBIc[},LGJA2h+g(I+u)]/XB1c (3.46)
ag=-[ Mq +X 1 (3.47)
=M X, +pw,2(1+eth+H)] (3.48)

a; =M, [H0,%h +g (1+W]- M pe,2-X epw,2 (h+H)  (3.49)
ay = - EL® A2 g. (3.50)

It can be shown that the state space triple (Apz, sz, sz) is controllable and observable. It
thus follows that the state space and transfer function rcprcscntatioﬁs are equivalent minimal
representations. From now on the state space representation given by egs. (3.31) - (3.32), and the
equivalent I/O representation given by eq. (3.33), shall be referred to as the SM Plant.

For convenience all SM Plant parameter values are given in Table 3.4.2.1. Appendix 1
contains all TLHS parameter values.

From our discussion it follows that the pdlcs of the SM Plant are simply the roots of the

characteristic polynomial:
det (sI- Apy) = s* +3.1683 + 6.361s2 + 5.785s - 9.703 (3.51)
These poles have already been interpreted in the modal discussion of section 3.3.2 which was

based on the right eigenvectors of Ap2' In that section we referred to these poles as the Tethered
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Table 3.4.2.1: SM Plant Parameters

Wy = 14000 1bs. My =434.78 slugs Wg = 644 lbs.

Mg = 20 slugs _ W = 12000 lbs. M; =372.67 slugs
L=[M +Mgl/2Mg =0.4516 h=36ft H = 13.25 ft.

g =32.2 ft/sec? w,2=g/H=2431/sec? I, = 5700 slug fi®

€=Mgh/I, = 0.2746 ft'1

X, =-0.06 ft sec’? / ft sec’] M, =0.041 rad sec’2 / ftsec’l M, =-3.1rad sec’?/rad sec’!

q
Xpic = 27.4 ft / rad sec? Mg, =-47.24 rad / rad sec?

Helicopter Mode, the Horizontal Spring Mode, and the Symmetric Damping Mode. The Tethered
Helicopter Mode was described as an unstable exponential mode associated with helicopters which
are tethered to a fixed point in space. The instability is due to the fact that the helicopter-tether
attachment points are located below the c.g.'s of the helicopters. The Horizontal Spring Mode was
described as a stable, moderately damped, sinusoidal mode. This mode is associated with the
stabilizing effect of the tethers when attached below the c.g.'s of the helicopters. The Symmetric
Damping Mode was described as characterizing the effects of horizontal translations (Ax).

Note that unlike the natural modes of the SM Plant, which are independent of the output
selected, the zeros are functions of the output chosen. This follows from the fact that the zeros are

given by the roots of the polynomial:

det [sI -Ay -Bp2] = det (I - A p) det [Gpp(S)] (3.52a)

Cp, O

= 0.4782 [s2 + 3.1 s + 92.475] (3.52b)

This clearly shows a dependence on the output matrix sze RI¥4 which selects the output, Yp2

= Ax. The roots of this polynomial are s = - 1.55+j 9.4906 (t=2/ M, = 0.65 sec., { =0.16, o
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= 9.62 rad./sec.). For reasons to be given these zeros shall be referred to as the SM Helicopter
Pltching Zeros. The pole-zero structure for the SM Plant is given in Fig. 3.4.2.1.

Since we intend to base our SM AFCS design on the SM Plant linear model it is important to
understand the nature of its lightly damped, high frequency, zeros. To do this it is necessary to

recall the definition of a tansmission zero for a state space triple (A, B, C) [7].

A state space triple (A, B, C) has a transmission zero at s = z; if there exists an initial
condition, X, and an initial input direction, u, such that when x(0) = x, is the initial state and u(t)

= cZOt_qo the applied control then the state and output trajectories are given by x(t) = czotgo and y(t)

=0, respectively, forallt=0.

10. T T T T T 1 T =T Y
o
N SM Helicopter Pitching Zero; { =0.16
8. J
6. o
4 . |- Horizontal Spring Mode; { =0.34 i

™

- > N
2. - Tethered Helicopter Mode

s~

0 L) 3
< >
-

Symmetric Damping Mode /f

o

-10. -8. -6. -4. -2, 0. 2. 4. 6. 8. 10.
REAL AXIS

Fig. 3.4.2.1: Pole-Zero Diagram for SM Plant.
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The zero, z,, the right zero direction, Xy and the input direction, u,, can be found by

solving the following system of linear algebraic equations:

[zOIéA -0] [ig] _ [8 ] (3.53a)
or equivalently, by solving the following right generalized eigenvalue problem:
Al gl e
Doing so for the SM Plant (A = ApZ’ B= sz, C= sz) gives us the following for one zero:
zy = - 1.55 + j 9.4906 (3.54)
X=[0 -j0.1351 0 1.2825+j0.2095]T (3.55a)
=[0 01351390 0 1.299¢9-28"|T (3.55b)
up =-j 0.25 = 0.25 &J9' (3.56)

and (zy*, Xo*, up*) for the other complex conjugate zero. To interpret these complex zeros and

directions we provide the following general result.

Suppose that (zy, xj, ug) and (zy*, Xo*, 1y*) define a pair of complex conjugate zeros in

the s-plane; one at s = z;= 0 + jo and the other at s = zy* = 0 - jo. Suppose further that we

define
Xor =Re{ x4 } X =Im {xg) (3.57)
u(t) =Re (¢%ly, } u;(® =Im { %oty } (3.58)
x(t) = Re { e%lx, } x(® =Im { e%otx, ) (3.59)

where Re {+} and Im { - } imply that the real parts and imaginary parts must be taken one

component at a time. With these definitions it can be shown that for all a, be R, if
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x0(0) =a x5 + b Xy (3.60)
and u(t) =au(t) + byt (3.61)
then x(8) = a x(1) + b x,(t) (3.62)
and ¥y =0 (3.63)

for all t = 0. The implications of this can be stated as follows:

To study a complex conjugate pair of zeros we can apply any linear
combination of the state-control vectors

Re | X0 and Im| %o (3.64)
eZotu, eZoty,

Doing so gives us the same linear combination of Re { eZ0tu, } and

Im { e?0ty, }, respectively.

Applying the above genereal result to the SM Plant gives us the following:

Zy =G +jo = - 1.55 + j 9.4906 (3.65)
Xo=[0 5§0.1351 0 1.2825+j0.2095]T (3.66)
Xp=Re{x,}=[0 0 0 1.2825]T (3.67a)
X0 =Im{xy) =[0 -0.1351 0 0.2095]T (3.67b)
ug =0.25 3%’ (3.68)
eZ0tuy =e@+i0)t025¢JN' =025 Ot (@t-90) (3.692)
= 0.25 €5t [ cos(et - 90°) + j sin (@t - 90°) ] (3.69b)
=[0.25e% sinwt ] +j [ - 0.25 et coswt ] (3.69¢)
u(t) = Re { eZ0tuy) = 0.25 et sinot (3.702)
u;(t) =Im { eZotuy } =- 0.25 et cosmt (3.70b)
e?0lxy =@+t 0135139 0 1.299¢1928T (3.71a)

=eOt[0 0.1351¢f (@-90 o 1299 ei (@t+9.287) 1T (3.71b)
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=[0 0.1351eS'sinot 0 1.299eSt cos(wt +9.28°) ]T

+j[0 -0.1351eS coswt 0 1.299 €% sin(wt + 9.28°) 1T (3.71¢)

x () =Re { eX%x; } =[0 0.1351e%'sinot 0 1.299 eSt cos(wt + 9.28°)]T} (3.72a)

x;(0 =Im { eZ0otxy } = [0 - 0.1351ecoswt 0 1.299 € sin(wt + 9.28°)]T l(3.72b)

From these it follows that for alla, be R, if

gpz(()) =aX, +bx, (3.73a)
=a[0 0 0 1.2825]T + b[0 -0.1351 0 0.2095 |T (3.73Db)
and
upp() =ault) + b u(t) (3.74a)
=a[0.25 eSsinwt] + b [- 0.25 e coswt] (3.74b)
then
X =ax(t) + b x() (3.752)
=a[0 0.135eS‘'sinmt 0 1.299 eStcos(ot +9.28°) IT (3.75b)
+b[0 -0.135¢eS cosmt O 1.299 eStsin(wt + 9.28°) 1T (3.75¢)
and
Yp2®) =0 (3.76)

for all t=0. With these relationships, and the fact that X5 = [ Ax AB Ax Aé]T, we have a
complete characterization of the SM Plant zeros. These zeros characterize the fact that if initially
Ax = Ax = 0 and the helicopters are given the appropriate initial relative pitch and pitch rate (eq.
(3.73)) and if the differential cyclic, Uy = ABy, is properly manipulated (eq. (3.74)), then the
helicopters will pitch in accordance with eq. (3.75) maintaining Ypg =Ax =0 for all time. Since Ax

=- [h AB + H Ag] = 0, this means that

AB =- (H/h) Ae =-3.681 Ae 3.77)



- 68 -

for all time. This implies that if 78 =Se =0, then _=- H/h)e_, 6,=-0_, ande =-¢_. In

m,
such a case we can have the situation depicted in fig. 3.4.2.1 which assumes (a =0, b= 1) in egs.

(3.73) - (3.75).

Jo.o676°
I | I
0.1048 °/s;\c H[™00184° I —"0.1048 sec
' ! 0.0184°.4
0-0285 Ysec 0.0285°/sec

Fig. 3.4.2.1: Visualization of an Initial Condition to Interpret
the SM Helicopter Zeros (a=0, b= 1).

Physically, the SM Plant zeros are due to the fact that gach helicopter can pitch without

undergoing translation provided that they are given appropriate initial conditions and that their

cyclics are properly adjusted. This fact shall be discussed in more detail later in the section. For
now we shall shed light on the above "numerical" analysis by providing "symbolic" relationships
which show the exact dependence of the zeros and their directions on the SM Plant parameters.

Given the definition of a transmission zero we know that if the SM Plant is properly excited
(zg» Xg» Ug) then Ax =0 for all time. It thus follows that Ax(0) = Ax(0) = 0. Substituting Ax =0

into the differential equations describing the SM:

Mg AX = 0.5(Wy + WR)AE - (W + 0.5(W, +Wg))AB + MyX Ak + MyXp AB;. (3.78a)
I, AB = 0.5(Wy +Wp)hAe - 0.5(W +Wp)hAQ + I M AX + I M A8 + [ M AB),  (3.78b)

Ae =-[Ax+h AB6]/H (3.78¢c)
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gives us the equation

AB(Y) = My Xp1e ABy (1) (3.792)
Wy +0.5(W +Wpg) (1 +h/H)

= 0.5405 AB (1) (3.79b)

This equation completely specifies the right zero direction, Xy More specifically the equation
shows that if AB, = 0.25 e® coswt then AB = 0.1351¢! sinwt and A = 1.299¢St cos(wt + 9.28°).
Also if AB;= - 0.25¢% coswt then AB = - 0.1351¢%! coswt and A8 = 1.299¢Ctsin(wt + 9.28°).

These, of course, are in agreement with egs. (3.73) - (3.74).

Substituting Ax = 0 and AB = AB %0t into the SM equations and using eq. (3.79) gives us

the following quadratic in zy:

where | |is used to denote the absolute value of an otherwise negative quantity. This quadratic
shows that for . = [My + Mg]/2My =0 (i.e. W = Wg =0), the quadratic becomes identical to

that for a single hovering helicopter with velocity as an output (Appendix 3). This fact shall be

further addressed later in the section. For now, it suffices to note that the discriminant of eq. (3.80)

fof the single hovering helicopter (L = 0) is negative; i.e.
M2 - 4 M, | g/ X, < 0 (3.81)
This, of course, implies that the quadratic

zg? + Ml 2y + Mgl g/ Xp =0 (3.82)

(for a single hovering helicopter with horizontal velocity as an output) always has complex
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conjugate zeros. Furthermore, since 0.5 (W + Wp) (1 + h/H) [h/I, + Mg, |/ MyXp] is

always nonnegative, it follows that the zeros for the SM Plant (with output Ax) also occur in

complex conjugate pairs. In addition these zeros always have real part at s = - IMqI /2=-1.55,
radial frequency greater than or equal to Mg, | g/ Xp,. 105 =7.45, and damping ratio less than

0.2. Of course, for our fixed parameter SM Plant it has already been shown that zg=- 1.55 £ j
9.4906 (o =9.62, { =0.16).

To terminate the section we note that the SM Plants' zeros (associated with the output Ax)
might have been anticipated from our knowledge of a single hovering helicopter with horizontal
velocity as an output (Appendix 3).

As mentioned throughout the section, the SM equations reduce to those of a single helicopter
when i =0. Setting =0 gives us by =- g MB,./ Xg|. =55.52 and b; = - Mq = 3.1 for which the
zeros become zy = - 1.55+j7.29 (0 =7.45, £ =0.2). These lightly damped, high frequency,

zeros characterize the fact that a hovering helicopter can pitch without undcrgding translation,
provided the helicopter (initially at rest) is given an appropriate initial pitch, pitch rate (determined
by AO = (X, / 8) AB;. =0.851 AB,), and that its cyclic control is properly manipulated. Based
on this fact alone one might anticipate the lightly damped zeros of the SM Plant where Ax is an
output.
The implications of the SM Plants’ modes and zeros on the Twin Lift Equal Tether Control

Problem shall be discussed in a later section. Now we shall select outputs for the ASM subsystem,

define an ASM Plant, and study its zeros.

3.4.3 Selection of Outputs for ASM Subsystem: The ASM Plant
The pair (Ap3, Bp3) describes the TLHS's ASM, involves the Ix, X0, Az, x; ' degrees of

freedom, and is conrolled by issuing differential collective commands (A®_) and average cyclic

commands (EBIC). This subsystem has only two control inputs which can be used to éontrol at
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most two outputs. The load deviation from center, x;-Zx, shall be selected as an output because
it will allow the pilot to directly control the load motion in a "very natural manner"; i.e. by

controlling the vertical separation between the helicopters (eq. (3.11)). Typically xp -Zx will be

commanded to zero. The average horizontal velocity, Zx, shall also be selected as an output since
the regulation of pilot commanded velocities is essential. The ASM thus has the following state

space representation:
Xp3 = Ap3 Xp3 + By 3 x;3€ R7 (3.83)
= . 2

where 43 =[A®, B, 17, Xpp =026 Az x; Tx IO Az x ' 1T, Cpe R2ZXT and Yp3=1
X[ -ZX Ei]T. When A® o 2B,., X0 are measured in degs., ¥6 in degs./sec., Az, x1', X1 - Ix

in ft., and Ix, Az, xr'in ft./sec., we have

I 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
=| ¢ 0 Lo X 0 0 0]¢3.852)
A3 0 0 . £l 2 M, M, 0 0
4TH . -4TH. 4T 0 0 Z.TI 0
|-4T8; ZH 4T8;ZH D E Myh+H) -2, TI8 Z 0]
0 0 0 0 1 0 0]
0 0 0 0 0 1 0
0 0 0 0 0 0 1
=|-0.56195 0 1.0975 -0.06 0O 0 0 }(3.85b)
0 0 17.267 -23493 -3.1 0 0
0.4679  -0.3885 2.0233 0 0 03361 0
-0.2220 0.1844  -9.5654 -0.6309 0.91161  0.1595 0
_ - -
0 0 1 0 0
0 0 0 0
0 0 0 0
Bys=|0 Xp1e = ]o 0.4782 (3.86)
0 ale 0 -47.24
7% v 157789 0
RALY [Xpyc + Mol + ) -2.7423 13.4136|
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Cp=[C+H) Z 1 0 0 0 0
0 0 0 1 0 0 0
=[02836 05 1 0 0 0 0

0 0 0 1 0 0 0

This TTTO (two-input two-output) system has transfer function matrix given by:

Gp(s) = Cpg (sI- Ay B,
g11() gu(s)]
len®  gyu0)

where gij(s) = nij(s) / d(s) iL,j=1,2

and
npq(s) = 0.147 s> + 0.465 s* + 10.969 s3 + 32.371 s2 + 1.305 s + 15.142
nyp(s) =- 0.478 5> -1.641 s* - 52.445 §3 - 19.611 s? - 60.985 s - 0.097
ny,(s) = - 3.009 s* - 9.329 s3+ 26.612 s2 + 0.0004 s - 0.0024

(3.87a)

(3.87b)

(3.88a)
(3.88b)

(3.88c)

(3.89a)
(3.89b)
(3.89¢)

Ny,(s) = 0.478 8+ 1.643 7 + 46.528 s* + 20.858 s3 + 155.97 s2 + 34.435 5 + 38.1 (3.89d)

d(s) =det (sI - Ap3)
=57 +3.496 s0 + 11.203 s5 + 20.681 s* + 12.404 s3 + 12.694 s2

+ 1.936 s + 2.0356

The roots of these polynomials are as follows:

Roots(n;;) = - 0.099 % j 8.592, 0.055 +j 0.072, - 3.071
Roots(ny,) = - 1.544 £ 10.254, - 0.173 +j 1.076, - 0.002
Roots(n,y;) = - 4.903, 18.034, - 0.0095, 0.0095

Roots(ngy,) = - 1.545 £ 9.506, - 0.061 +j 1.784, - 0.112 +j 0.508
Roots(d) = eigenvalues of Ap3

=0.0402 £j 0.4785, - 0.1976 +j 0.7364, -0.5314 +j 2.6245, -2.1187

(3.89%¢)

(3.89f)

(3.90a)
(3.90b)
(3.90c)
(3.904d)

(3.90¢e)
(3.901)
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It can be shown that the state space triple (Ap3s By, Cp3) is controllable and observable. It

thus follows that the state space and transfer function matrix representations are equivalent minimal
representations. From now on the state space representation given by eqgs. (3.83) - (3.87) and the
equivalent I/O representation given by egs. (3.88) - (3.90) shall be referred to as the ASM Plant.
For convenience all ASM Plant parameter values are given in Table 3.4.3.1.
From our discussion it follows that the poles of the ASM Plant are simply the roots of the

characteristic polynomial:
det (sI- Ap3) =57 +3.496 s5 + 11.203 5 + 20.681 s* + 12.404 3 + 12.694 s

+1.936 s +2.0356 (3.91)

These poles have already been interpreted in the modal discussion of section 3.3.3, which was

based on the right eigenvectors of Ap3. In that section we referred to these poles as the

Backflapping Mode, the Vertical Spring Mode, the Pendular Mode, and Anti-Symmetric
Damping Mode. The Backflapping Mode was described as a low frequency unstable
exponential-sinusoidal mode characteristic of hovering helicopters. The instability is due to the
backflapping of the main rotor with forward motion. The Vertical Spring Mode was described as a
stable, low frequency, lightly damped, sinusoidal mode. This mode is associated with the fact
that the load is suspended a distance Z below the c.g. of the spreader bar. The Pendular Mode was
described as a stable, high frequency, lightly damped, sinusoidal mode. This mode characterizes
the natural tendency of the load to sway. The Anti- Symmetric Damping Mode was described as a
stable exponential mode. This mode characterizes the effect of horizontal acrodynamic drag forces
on the TLHS during horizontal translation (Zx).

Note that unlike the natural modes of the ASM Plant, which are independent of the outputs

selected, the zeros are a function of the outputs chosen. This follows from the fact that the zeros
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Table 3.4.3.1: ASM Plant Parameters

Wy =14000Ibs. My = 434.78 slugs

Wy =120001bs. M = 372.67 slugs
H =H

H,=H
L =69 ft.

p=[M +Mgl/2Mp =0.4516

g =322 ft/ sec?

g=Mph /Iy =0.2746 fr'!

ep =2 Iz / My L? = Mg / 6 My = 0.0077

Z=Z/L=05

W=1+e,+4pnZ28, (1-8)=1.0295

Wy =644 bs. Mg = 20 slugs
I, = 5700 slug ft* h=3.6 ft.

H = 13.25 ft. Z =345 ft.

w,2=g/H=243
Iz = (1/12) Mg L? = 7935 slug fi?

H=H/L=0.192

=-02[1+p+hQ+H)pe+4T § Z/ 0,2 =-3.9363 frsec?/ft

=- [X, + M, (h + HY] = - 0.63085 ft sec2/ ft sec’]

T=[1 8 Zw,2! = 1.9203 sec?

T=pd Zw,2/¥ =0.50584 sec2

X, =- 0.06 ft sec’2/ ft sec’1
M, = 0.041 rad sec’? / ft sec’!

My=-3.11ad sec2 / rad sec’]

Z,, =-0.346 ft sec2 / ft sec]

Xpe =274 1t sec’? / rad
Mg, = -47.24 rad sec’? / rad

Zg.=3409 ft sec2 / rad
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are given by the roots of the polynomial:

det [SI- Ayy - Bpy| =det[sI- Ayl det[Gy(s)] (3.92)
[ Cpy~ 0

This clearly shows a dependenceon the output matrix Cp3c=. R2x7,
Note that unlike the poles of the ASM Plant, which are independent of the outputs selected,

¥p3 =[x, - Zx 2x]T. The roots of this polynomial can be shown to be z),=-0.179%j6.41 (t=
5.56 sec., { = 0.028, ®_ = 6.42 rad/sec) and Z34=-137%j9.81 (t=0.73 sec, £ =0.138, ®,

= 9.9 rad/sec). For reasons to be given subsequently, z; o shall be referred to as the ASM Load
Motion Zero and Z3 4 as the ASM Helicopter Pitching Zero. It should be emphasized that the zeros

21234 of the ASM Plant Gp3(s), are not zeros of the individual transfer functions within Gp3(s)

(egs. (3.89) - (3.90)). This fact is true for most MIMO systems with coupled dynamics [7]. The

pole-zero structure for the ASM Plant is given in Fig. 3.4.3.1.

10 . T T T LI I
8 \ ASM Helicopter Pitching Zero; { =0.138
6. e Load Motion Zero; { =0.2 - i
w 4.k J
o |
< Pendular Mode; { =02 —
e 2.t / Vertical Spring Mode; { = 0.26 N
& %
0.
< / X
=
- -2. | Anti-Symmetric Damping Mode A Backflapping Mode; { = - 0.084 1
&) x
S
> 4.} y
—f
-6. i
[
-8. | i
| . _10 . 1 1 i P | 1 x i
-10. -8. -6. -4, -2. 0] 4 6 8. 10

. 2.
REAL AXIS
Fig. 3.4.3.1: Pole-Zero Diagram for ASM Plant.
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To interpret these zeros we solve the following right generalized eigenvalue problem:

(][] - =4 8] [g] memee o

for the input directions, u;, and the right zero directions, x;. Doing so gives us the following:

ASM I oad Motion Zeros:
2),=-0179%j64l1 =0, tjo,, (3.94a)
X192 = [0.9823 -0.6349 0.0286 0 -3.8326 4.8345 -1.2902]T (3.94b)

+j[0.5703 -0.7362 0.204 0 6.1973 -3.9398 0.1475]T
= [1.14e530-1" 0.972¢71308° 21e482° o 7.29¢5121.7" 6.24 €539-2° 1.3e5174T

(3.94¢)

;5 =[4.3715 1.0888]T +j[5.0917 2.1028]T (3.944)
=[ 6.71 e5494" 2 37 £1i6261T (3.94e)

ASM Helicopter Pitching Zeros:

z234=-137+j981=0,,tj0,, (3.95a)

X34=[0.1464 -0.0031 -0.0415 0 2.8309 0.377 -1.20211T (3.95b)

+j[-0.3092 -0.038 0.11 0 1.86 0.0217 - 0.5578]T
=[ 0.34e J4.7° 0.0386H94.7" (.12e%110.7° o 3.309¢1i333° (.38e4i3.3" 1 2gR151YT

(3.95¢)
u34=[-0.1019 0.2673]T £j[0.6198 -0.6156]T (3.95d)
=[0.63 593" 0.6716H66:5T (3.95¢)

The relations in (3.94) can be used to interpret the ASM Load Motion Zeros. From these

equations it follows that for all a, be R, if

x30)=aRe{ %} + bIm{x,} (3.96a)
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=2a[0.9823 -0.6349 0.0286 0 -3.8326 4.8345 - 1.2902]T
+b[0.5703 -0.7362 0204 O 6.1973 -3.9398 0.1475]T (3.96b)

Uz =aRe {y e“1t} + bIm { y; e%1t) (3.97a)
=a[6.71 e1tcos(w,t+49.4°) 2.37eS1tcos(w,t + 62.6°) 1T

+b[6.71 €S1tsin(w,t +49.4°) 2.37e%1tsin(e,t +62.6°) 1T (3.97b)

Xpph=a R;a {x; %1t} +bIm { x, eZ1t } (3.98a)
=aeC1t[1.14 cos(®w;t+30.1°) 0.972 cos(w;t- 130.8) 0.21 cos(w;t+82%) 0
7.29 cos(@,t + 121.7°) 6.24 cos(@,t-39.2°) 13cos(w,t + 174°)]T
+beC1t[1.14 sin(o;t +30.1°) 0.972 sin(o,t - 130.8°) 0.21 sin(w,t + 82°) 0

7.29 sin(@,t + 121.7°) 624 sin(@,t-39.2°) 1.3 sin(o, t + 174°)]T

(3.98b)
and
yp3(t) =0 (3.99)
for all t2 0. Considering only the real part of eq. (3.96) with (a =-1, b =0) gives
zp3(0) =[-0.9823 0.6349 -0.0286 0 3.8326 -4.8345 1.2902]T (3.100)

Using the Equal Tether (Hg = H,;, =H) relationships for x; ' and X; - XX, givenin Table 3.2.2, the
initial condition in eq. (3.100) can be visualized as indicated in Fig. 3.4.3.2.

Here the collectives and cyclics are coordinated so that A®_ leads By by 13.2° (eq. (3.97)).

This results in Az leading X¢ and Ze leading £6. This in turn results in x; -Zx =0and Zx = 0.

Because these zeros, relatively speaking, are primarily associated with the Az and Ze degrees of

freedom (Az(0) = - 4.84 ft./sec., }:é(()) = 9.41 deg./sec.) we refer to them as the ASM Load Motion

Zeros.
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4 2.42 ft/sec {1 2.42 ft/sec

0.64 ft

0-98‘5 3.8°/sec
- 3.8°/sec K‘

Zx=0ft/sec

1.11°
9.41°% sec

{.11°
- 9.41°/sec

xL‘2X=Off

Fig. 3.4.3.2: Visualization of Initial Condition to Interpret
ASM Load Motion Zeros (a=-1, b=0).

The relationships in (3.95) can be used to interpret the ASM Helicopter Pitching Zeros.

From these equations it follows that forall a, b e R, if

x30) =aRe(x3) + bIm (x5} (3.101a)
=a[ 0.1464 -0.0031 -0.0415 0 2.8309 0.371 -1.021 ]T
+b[-0.3092 -0.038 011 0 1.8  0.0217 -0.5578]T (3.101a)
gp3(t) =aRe { u;e?3t} +bIm { uy et} (3.102a)

=a[0.63eC3t cos(e;t + 99.3%) 0.671e°3t cos(m3t -66.5°) 1T

+b[0.63 eS1t sin(@,t +99.3°) 0.671e°3t sin(®w,t - 66.5%) 1T (3.102b) -

X3t =aRe { x3€%) +bIm {x3€%t) (3.1032)
= 2.¢93t [0.34cos(@;t - 64.7°)  0.038cos(wyt - 94.7°)  0.12 cos(et + 110.7°)
0 3.39cos(t + 33.3%) 0.38cos(@yt+3.3%) 1.2cos(@st - 151°)]T
+b €93t [0.34sin(w4t - 64.7°)  0.038sin(qt - 94.7°)  0.12sin(wyt + 110.7°)

0 3.39sin(w;t + 33.3°) 0.38 sin(w,t + 3.3°) 1.2sin(w,t - 151°)7
(3.103b)
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and
Y30 =0 (3.104)

for all t = 0. Considering only the real part of eq. (3.101) with (a =-1, b = 0) gives

xp3(0)=[-0.1464 0.0031 0.0415 0 -2.8309 -0.371 1.021)T (3.105)

Using the Equal Tether relationships for x; ' and x; - Zx once again, the initial condition in eq.

(3.105) can be visualized as indicated in Fig. 3.4.3.3.

1 0.186 ft/sec

I 0.186 ft/sec

— 0) 2.83%sec

= 0.15
_10.0031 ft

2.83°/$eck

Tx =0 ft./sec :
: 0.03

{.58%sec
1.58°%sec

Fig. 3.4.3.3: Visualization of Initial Condition to Interpret
ASM Helicopter Pitching Zeros (a=-1, b=0).

Here the collectives and cyclics are coordinated so that A® . lead B, by 165.8°. Doing so results

in 2O leading Az and Az leading Ze. This in turn results in x; - Zx = 0 and Ix =0. These high
frequency, lightly damped, zeros are characteristic of a single hovering helicopter. For this reason
we refer to them as the ASM Helicopter Pitching Zeros. Note that, relatively speaking, they

primarily involve the Z6 degree of freedom (Zé(O) = 2.83 deg/sec).



- 80 -
The implications of the ASM Plants’ modes and lightly damped zeros on the Twin Lift Equal
Tether Control Problem shall be discussed subsequently. Now we shall combine the AVM, SM,

and ASM Plants to form an "Equal Tether Plant", Gp(s).

3.4.4 TLHS Equal Tether Configuration: The Equal Tether Plant
The previous 3 sections can be summarized by simply specifying the complete state space

representation for the TLHS Equal Tether Configuration:

X, =Ap X, +Bpuy; x, € R12 (3.106)
¥p=Cp %y Uy ¥y RY (3.107)
x, = [Zz IlAx A® Ax AQ Il 20 Az x' Zx 20 Az X ']T (3.108)
u,=[Z0_Il AB,; 148, 2By ]T (3.109)
yp=[Zz Il Ax Il xp-2x Zx]T (3.110)
where A.pEdiag (A.pl, Apz, Ap3) (3.111D
B, = diag (B,;, By, Byy) (3.112)
Cp = diag (Cpy, Cpa, Cp3) (3.113)

and the state space triple (Api, B Cpi), i=1, 2, 3, refer to the AVM, SM, and ASM plants,

p
respectively. The transfer function matrix for our plant (Equal Tether Configuration of TLHS) is

then given by:

G (s) =Cp (sI - Ap)'pr (3.114a)

= diag (Gy;(s), Gpp(s), Gy3(s)) (3.114b)

where the

Gpi () =Cp SI-A)TB ;. 1=1,2,3 (3.115)
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refer to the AVM, SM, and ASM plants respectively.

From now on when we refer to the "Equal Tether Plant", Gp(s), we are referring to egs.

(3.49) - (3.59). The matrices (A.p, Bp, Cp) are given in Table 3.4.4.1 for convenience. An
input/output visualization of the TLHS is provided in Fig. 3.4.4.1. When the tether lengths are
equal this visualization can be redrawn as in Fig. 3.4.4.2 which shows the individual AVM, SM,
and ASM Plants.



Table 3.4.4.1: State Space Reresentation for Equal Tether Plant

-0.238¢ o, 0. 0. 0. 0. 0, 0. 9. 0. 0.
0. 0. 0. 1.0000 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 1.0000 o, 0. 0. 0. 0. 0.
0. -1.0975  -0.8847 -0.0600 . 0. 0. 0. 0. 0. 0.
0. -17.2670  -5.0777  2,3493 -3.1000 o, 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 1.0000 o,
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 1.0000
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. -0.5620 0, 1,0975 -0.0600 0. 0.
0. 0. 0. 0. 0. 0. 0. 17.2670 2.3493  -3.1000 o
0. 0. 0. 0. 0. 0.4679 -0.3885  2.0233 0. 0. -0, 3364
0. 0. . 0. 0. 0. -0.2220  0.1844 -9,5654 ~0.6308  0.9116  0.1635
4.0985 0. 0.
0. 0. 0. g‘
0. 0. 0, 0.
0. 0.4782 o, 0.
0. =47.2400 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
0. ) 0. 0. 0.
g' 0. 0. 0.4782
o 0. 0. -47.2400
. 0. 5.7789 o,
0. 0. ~2.7423 13,4136
1.0000 o. 0. 0. 0. 0. 0. 0, 9. 0. 0.
0. 1.0000 o, 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0. 0.2941  0.5000  1,0000 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 1.0000 O, 0.

-ZS-
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3.5 Frequency Domain Analysis of Equal Tether Plant

Before presenting performance and stability robustness specifications, we examine the
"functions to be shaped".* The notion of shaping is fundamental to classical SISO control theory
and, as will be demonstrated in this thesis, fundamental to MIMO feedback control system design.
The functions to be shaped are precisely the transfer functions of the AVM, SM, and ASM Plants
since these make up the transfer function matrix (tfm) of our Equal Tether Plant. In this section
we thus examine, in great detail, the Bode plots of the AVM and the SM Plants (both SISO

systems). For the ASM Plant, the singular values are analyzed.

3.5.1 Frequency Domain Analysis of AVM Plant
The AVM Plant transfer function, Gpl(s), was given by egs. (3.36). This SISO, first order,

system has control input @ . (degs.) and output Xz (fps) . The Bode magnitude and phase
plots for the AVM Plant are given in Flg 3.5.1.1.
The magnitude plot shows a dc gain of:
Xz / 20, =Gp,(0) =-Zg./ Z,, =172 fps / degree  (24.7 db) (3.116)
which is in agreement with eq. (3.30). It thus follows that to have a steady state average vertical
velocity of £z = 5 fps, it is necessary to have a steady state average collective of O, = 0.2907

degrees. The magnitude plot has a break at the pole frequency ® = Z,, / (1+ ) = - 0.2384 rad/sec.

The gain crossover frequency™ for the AVM Plant is seen to be Wgp = 4.1 rad/sec. For frequencies

above the break, the magnitude rolls off at -20 db/dec and the phase rolls off at appproximately - 45
degrees/dec to - 90 degrees as expected for a first order system.
The above characteristics imply that the AVM shall be relatively easy to control. It must be

emphasized, however, that although the AVM control strategy will not affect the ASM, it will affect

* Gain crossover frequency is the frequency at which the maenitude is unity.
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the Az motion and hence the individual helicopter velocities (e.g. z,,= £z + 0.5 Az). It thus follows

that the AVM should not be treated completely independently from the ASM.

3.5.2 Frequency Domain Analysis of SM Plant
The SM Plant transfer function, sz(s), was given by egs. (3.43) - (3.50). This fourth

order, SISO system has control input AB, (degs.) and output Ax (ft.). We now analyze this

transfer function for s = 0; i.e. at dc.
Assume that the SM has been stabilized and that a steady state differential cyclic of 1 degree
is applied to the SM Plant; i.e.

ABy, =1 degree. (3.117)

Computation of (-Apz)'prz shows that the following steady state values will result (and are hence

necessary for equilibrium):
Ax =-4.558 feet (13.18 db) (3.118)
AB = 6.194 degrees (3.119)
Age = 18.03 degrees (3.120)

Fig. 3.5.2.1 gives one possible visualization (£x =0, 0 =0, Z& =0) of the above steady state

conditions.

Fig. 3.5.2.1: Visualization of SM Steady State for AB_ = 1 degree.
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From the analysis, it follows that in order to bring the helicopters closer together (Ax < 0), a
positive differential cyclic must be applied. At first this might seem counter-intuitive; i.e. one might
expect that a positive differential cyclic is needed to sustain a helicopter separation (Ax > 0). This
line of thinking is in flaw because it fails to consider the effect of the equilibrium (largé signal)
componenté of thrust provided by the main rotor on each helicopter. These components of thrust
have lines of action which are assumed to pass through the helicopter-tether attachment points as
well as the helicopter c.g.'s. The differential cyclic should be thought of as providing that force
which keeps the helicopters from toppling over. The analysis also shows that the needed positive
differential cyclic produces a positive differential pitch attitude. This is explained by noticing that if
the contrary were true; i.e. if a positive differential cyclic produced a negative differential pitch
attitude, then the helicopters would have net horizontal forces acting on them and hence equilibrium
would be impossible.

The Bode magnitude and phase plots for the SM Plant are given in Fig. 3.5.2.2. The dc
magnitude and phase confirms eq. (3.1 18); i.e. the helicopter horizontal separation will decrease by
4.558 feet for every degree of steady state differential cyclic. The plots show that this dc gain
holds almost up to 0.2 rad/sec. It should be noted that the minus sign in eq. (3.118) is attributable
to the unstable Tethered Helicopter Mode. At @ = 0.75 rad/sec the magnitude breaks downward
at - 20 db/dec due to this mode. At 0= 2.4 rad/sec another break occurs due to the Symmetric
Damping Mode. Finally, at ® =2.4 we have a final break due to the Horizontal Spring Mode.

Above ® = 2.5 rad/sec the magnitude plot exhibits a -80 db/dec (4 pole) roll-off. This
considerably large roll-off continues paast the gain crossover frequency (® = 3 rad/sec) until about
10 rad/sec where the SM Plant's lightly damped zeros provide an upward break. The magnitude
then rolls off at - 40 db/dec. This is due to the fact that Ax = M, (ABlc/sz) for "large" s.

The phase plot shows the 180 degree phase lag due to the Tethered Helicopter Mode at dc, its

initial lead effect at low frequencies, and the combined phase lag due to the Translational Spring

and Symmetric Damping Modes near gain crossover. The phase lead due to the zero is observed
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near 10 rad/sec. It should also be noted that the SM Plant has two phase crossover frequencies; i.e.
frequencies at which the phase is + 180 degrees. One is at dc and the other is near 1.5 rad/sec.
This implies that the SM Plant can be stabilized with a single gain (~ 0.22); i.e. via separation

feedback alone. Doing so, however, would certainly not result in a high performance design.

3.5.3 Frequency Domain Analysis of ASM Plant
The ASM Plant transfer function matrix, Gp3(s), was given by eqgs. (3.88) - (3.90). This
seventh order, TITO (two-input two-output) system has inputs A®, (degs.) and By (degs.) and

outputs x; - Zx (ft.) and Tx (ft./sec.). This section studies the singular values of Gp3(jm). Before

proceeding, however, it is convenient to recall the definition of the singular values of a matrix, the
singular value decomposition of a matrix, and their ramifications in the frequency domain [7] [13].

Consider the square (m x m) non-singular complex matrix, G. G can be witten as follows:

G=UzvH= E‘, o; yy; (3.121)
i=1
where X = diag(oy, .., O'm) c;>0 (3.122)
U=[y; © * * ugl Ul=UH (3.123)
Vely; © * vl v-l=vH (3.124)
and GHG Y= Giz v (3.1252)
GGHy; =02 ;. (3.125b)

Equation (3.121) is referred to as the singular value decomposition (SVD) of G. The o, are called

the singular values of G. The u; are called left singular vectors of G and the v; are called right
singular vectors of G. Egs. (3.123) - (3.124) show that U and V are, by definition, unitary
matrices. It thus follows that the following relationships hold:

u;Hy, = aij i=1,..,m (3.1262)



Hy, =8, i=1,.,m (3.126b)

Equations (3.125) - (3.126) show that the o, = (4,(GHG))%5 = (A,(GGH)05, i =1, .., m. o is by

v;

convention the maximum singular value of G and o, the minimum singular value of G. The

maximum and minimum singular values of G are particularly important. Their importance stems

from the following fact [7]:

The matrix G is said to be large (small) if and only if its
minimum (maximum) singular value is large (small), (3.127)

This notion of large and small is motivated from the fact that ©, and 6, may be defined in

terms of the Euclidean two-norm lixll, = (xHx)0:5 a5 follows:
o, =max { IGully / llully In+#0 } (3.128a)
C, =min { IGull, /llully lu=0 } (3.128b)

Now use eq. (3.121) to consider the multiplication of the matrix G by the m-vector u; i.e. let

m
y=Gu= Y, o;u (). (3.129)
i=1
Equations (3.128) and (3.129) show that
Now let G = Gp3(]'a)). Suppose further, that the left and right singular vectors of Gp3(jm),

at w, are given by:

g =[lyledBa  juyledbo B  i=12 (3.131)

vi=[ lvklle"jakl lvkzle'.i‘lkz]H k=1,2 (3.132)
and that the corresponding maximum and minimum singular values are o, and O,, respectively.

Now suppose that the ASM has been stabilized and that a steady state sinusoidal control vector
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up(t) is applied to the ASM Plant. Equations (3.129) - (3.130) then imply that:

¥ u® =Re{yelot}
= { [ 1'vyqlcos (u)t+0t.k1) Ivkzlcos(o)t+(x.k2)] }T k=1,2 (3.133a))

= y,® =Re { o uel O}
={ o, [lug lcos (@ +B,) lugleos(ot+B,)]}T k=1,2. | (3.133b)

The ideas contained in egs. (3.129) - (3.133) shall be used considerably throughout the
thesis. These equations will provide us with a way of understanding the input/output properties of

the Equal Tether AFCS to be designed in Chapter 4 and the Unequal Tether AFCS to be designed
in Chapter 6. Before studying the singular values of Gp3(icn), we study Gp3(]'0)) form=0; ie.at

de.
Assume that the ASM has been stabilized and that a steady state differential collective of 1
degree is applied to the ASM Plant; i.e.

A@c = 1 degree; IB,. =0 degrees. (3.134)

Computation of (—Ap3)'1Bp3 shows that the following steady state values will result (and are hence

necessary for equilibrium):
Tx=30=Xe=x'=0 (3.135)
Az = 14.872 feet (eg = 12.4 degrees) (3.136)
xp - Zx =7.436 feet  (17.43 db) (3.137)

Fig. 3.5.3.1 gives one possible visualization (Ax = 0, A8 = 0, Ae = 0) of the above steady state
conditions
The above discussion indicates, for example, that a steady state load deviation of - 1 foot

requires a steady state differential collective of - 0.1345 degrees accompanied by a steady state

vertical separation of - 2 feet. We note that in the steady state x; - Zx = ZAz=05 Az
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Az =14.872 ft.

>

erL—Zx =7.436 ft.

Fig. 3.5.3.1: Visualization of ASM Steady State for A®_ =1 degree.

Assume now that the ASM has been stabilized and that a steady state average cyclic of 1

degree is applied to the ASM Plant; i.e.

A@c =0 degrees; IB). =1 degree. (3.138)

From (—Ap3)'1Bp3 it follows that the following steady state values will result (and are hence

necessary for equilibrium):
Xx = 18.76 feet / sec (25.46 db) (3.139)
20 =- 0.7936 degrees (3.140)
Te=Az=0 (3.141)
x;'= 0.1835 feet (3.142)
X[ - Zx = - 0.0499 feet. (3.143)

Fig. 3.5.3.2 gives one possible visualization (Ax =0, A8 = 0, Ae = 0) of the above steady state
conditions.

The above discussion indicates, for example, that a steady state average horizontal velocity
of 5 feet / sec will require a steady state average cyclic of 0.2665 degrees accompanied by a steady

state average pitch of - 0.2115 degrees and load deviation from center of - 0.0133 feet.
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Fig. 3.5.3.2: Visualization of ASM Steady State for ZB;. = 1 degree.

Note that in both cases discussed above the steady state Ze = 0 degrees. This follows from
the fact that

% =MgZ/[Mp +Mp] AZ - g e (3.144)
(Chapter 2) and in the steady state SEL =AZ =0. Intuitively, this also follows from the fact that the

aerodynamic forces and moments acting on the spreader bar have been assumed negligible.

From the above dc analysis, it follows by linearity that the following relationships hold at dc:

x - Zx = 7.436 A®_ - 0.0499 By, (3.145)

Ik = 18.76 IB,.. (3.146)

The first term in eq. (3.145) is associated with the Az degree of freedom and the second term with
the Zx and 26 degrees of freedom. Equation (3.146) is, of course, associated with the £6 degree
of freedom since the helicopters must pitch in order to move fore and aft. These equations show

that at low frequencies EB]C has little affect on Xy = >x and A@L has no affect on Tx: i.e. at low
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frequencies the Az degree of freedom and the Ix, £8 degrees of freedom are, for all intents and

purposes, decoupled. This confirms our intuition which tells us that x; - Zx should be controlled

through Az via A® and ¥x should be controlled through ¥6 via ¥B,.. The following singular

value dccomposition of Gp3(s) = Cp3(sI - Ap:.’)'lBp3 at dc confirms our intuition:

Gp3(j 0) = Cp (I - Ap3)‘1 Bys (3.147a)
_[7.436 -0.0499 | (3.147b)
Lo 18.76 ]
[0.003 1 1876 0 ] 0.0013 1 ] (3.147¢)
Tl 0.003} [ 0 7.437 [ 1 0.0013

_[x, ,’% o, } [_gﬁ __} (3.147d)

These show that ifgp3 =yv;=[0 l]T then ¥p3 = Oju; = 1876 [0 1]T. EBlc thus has little
affect on x; - Zx. Similarly, if U3 =¥y = [1 0]T then ¥p3 = Oplly = 7.437[1 0]T. A® 3 thus has
little affect on Zx. It thus follows that x; - Zx should be controlled by A®,_ and Tk by £By.

The ASM Plant singular values (()'i(Gp3(i(D)); i = 1, 2) have been plotted in Fig. 3.5.3.3. At
low frequencies we see that G, =~ 25.46 db (18.76) and 6, = 17.43 (7.436) which agrees with our
dc analysis.

Near o =0.5 rad/sec, the maximum ASM singular values exhibit a hump. This hump is due
to the unstable Backflapping Mode ( { = 0.084 ).

The Vertical Spring Mode ({ = 0.26), near » = 0.76 rad/sec, is seen to predominantly affect
the maximum singular value. This follows from the fact that the maximum singular value roll-off at
-80 db/dec (Backflapping Mode and Vertical Spring Modes) just after breaking downward near @ =
0.8 rad/sec and before intersecting the minimum singular values at approximately ® = 1.5 rad/sec.

This indicates coupling between the Xx and Az degrees of freedom.
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Fig. 3.5.3.3: Singular Values of ASM Plant.
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The Pendular Mode ( { = 0.2 ) is seen to cause a hump in the maximum singular value near ®
= 2.7 rad/sec.

The Anti-Symmetric Damping Mode (@ = 2.12 rad/sec) is seen to predominantly affect the
maximum singular value. This follows from the fact that the maximum singular value roll-off at

-60 db/dec (Pendular and Anti-Symmetric Damping Modes) between ® = 4 rad/sec and ® = §
rad/sec.

The maximum singular value crosses 0 db just below ® = 4 rad/sec. The minimum singular
value rolls-off at -80 db/dec (Backflapping and Vertical Spring Modes) between = 1.5 rad/sec and

o = 2 rad/sec. It crosses 0 db just below © = 2 rad/sec.
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Near o = 6.5 rad/sec, the minimum singular value exhibit a downward blip and then an

upward break. These are due to the ASM Plant's very lightly damped zeros ({ = 0.028) which are
asssociated with the load motion. The minimum singular value then rolls-off at -40 db/dec. This
"double integral" is associated with the load motion.

Near ® = 10 rad/sec, the maximum singular values exhibit an upward break. This break is

due to the ASM Plant's other lightly damped zeros ({ =0.138) which are associated with the

helicopters (Appendix 3). The maximum singular value then rolls-off at - 20 db/dec. This "integral”

is associated with the average horizontal velocity.

The above analysis, loosely speaking, shows that singular value plots can be thought of as

"MIMO Bode magnitude plots".
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3.6 TLHS Equal Tether Control Problem Formulation

It has been shown that the Equal Tether Plant, Gp(s), consists of three plants:
1. The AVM Plant, Gy(s) = Cp (sI- A, By,
2. The SM Plant, G5(s) = Cpp (sI- App) By,

3. The ASM Plant, Gp3(s) = Cp3 (5T - A)™! B,
It thus follows that the final "Equal Tether AFCS", to be designed in the next chapter, will
consist of three AFCS's; i.e. one for each of the above plants. In this section the structure of the

final Equal Tether AFCS is presented and discussed. Performance and robustness specifications

are presented for the Equal Tether AFCS; i.e. for the AVM, SM, and ASM AFCS's. To help meet
the performance specifications, the Equal Tether Plants, Gpl(s), sz(s), and Gp3(s) are
dynamically augmented.

The purpose of this section is to formulate the Equal Tether Control Problem and to

qualitatively discuss the feasibility of a high performance Equal Tether AFCS.

3.6.1 Structure of TLHS Equal Tether AFCS
Fig. 3.6.1.1 shows the structure of the Equal Tether AFCS to be developed in the next
chapter. The AFCS is seen, simply, to possess a negative feedback MIMO structure. The AFCS

consists of the 12M oder Equal Tether Plant (ETP), Gy(s), a 4% order augmentation, a

Equal Tether
Design Plant; G(s)

e y d: disturbances

P e ul| T Up Ip r
r —»{ pre- filter -—(—j}_—m Kiqe/Ltr(S) > 5 Moo Gp(s) - '—""':s,!tem
:;gt:rrgg:gs ™~ — — ofltpuls

Compensator; K(s) "TLHS ETP

4

+
+
N sensor noises

Fig. 3.6.1.1: Structure of TLHS Equal Tether AFCS.
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dynamic LQG/LTR compensator, KLQG/LTR(S)’ and a pre-filter. When properly designed, the
AFCS "minimizes" the effects of the disturbances, d, and sensor noises, n, so that the system

outputs, y, "approximate" the pilot reference commands, r.

As noted earlier, the Equal Tether Plant, Gp(s), consists of the AVM, SM, and ASM Plants;
ie. Gp(s) = diag(Gpl(s), sz(s), Gp3(s)) where Gpi(s) = Cpi (sI - Api)-l Bpi’ i=1,2,3.

The dynamic augmentation consists of four integrators (one per input channel). Reasons for

their introduction shall be provided subsequently.

The Equal Tether Plant plus the four integrators shall be referred to as the Equal Tether

Design Plant. The Equal Tether Design Plant consists of an AVM Design Plant, a SM Design

Plant, and an ASM Design Plant. These design plants have state space representations given by:

X;=A;x +B;y (3.148)

yi=Cix;+4; * (3.149)
where

Aj= [g‘m ]gpi] (3.150)

B;=[0 nt (3.151)

C=[Cy 0] (3.152)
and

%= [x,T uy; TT i=1,2,3 (3.153)

where i=1, 2, 3 denote the AVM, SM, and ASM Design Plants, respectively. Their inputs are:

up =iy, =20, (3.154)
Uy =i, =AB,, (3.155)
w3 =iz =[A0, 3BT (3.156)

These are the inputs to the four integrators.

*In previous section we had d; = 0 and hence ¥Yp1-=Yi.
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Their outputs are:
y1=Zz
Yy =Ax
¥v3=[x-Zx =x]T

Their transfer functions (assuming d; = Q) are given by:
GI(S) = Gpl(s) / §= Cl (SI - Al )-IBI

The Equal Tether Design Plant has state space representation given by:

x=Ax+By; x€ R16, y e R?
y=Cx+dg; yeR4, deR?
x=[x; %7 x3MT
u=[uy u, T
A =diag(A,, Ay, Aj)
B =diag(B,, B,, B3)
C = diag(C;, C,, Cy)

Its transfer function matrix (tfm) is given by:

G(s) = Gp(s) /s

= diag(G,(s), G,(s), G5(s))
=C(sI- AY!B

(3.157)
(3.158)

(3.159)

(3.160)

(3.161)
(3.162)
(3.163)
(3.164)
(3.165)
(3.166)
(3.167)

(3.168a)

(3.168b)
(3.168c)

The Equal Tether LQG/LTR compensator consists of three compensators; one for each of

the Equal Tether Design Plants. It shall be denoted as follows:

Kp QoL tr() = diag { Ky ggrtr(s)) i=1,2,3

(3.169)

where i = 1, 2, 3 denote the LQG/LTR compensators for the AVM, SM, and ASM Design Plants,
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respectively. The order of the Equal Tether LQG/LTR compensator is 16. This is the order of the

Equal Tether Design Plant, G(s). Reasons for this, as well as the exact structure of KLQG /L'I'R(S)'

shall be presented in the next chapter.
Since the total compensation consists of the dynamic augmentation plus the LQG/LTR

compensator, it makes sense to define the compensator, K(s), as follows:

K(s) = Ky oGLTR() /8 (3.1702)
=diag{ Ki(s)} - i=1,2, 3 (3.170b)

wherei=1, 2, 3 denote the AVM, SM, and ASM compensators.

The pre-filter consists of three Butterworth filters; one for the SM reference and the other two
for the ASM references. Reasons for their introduction shall be provided subsequently. A more
detailed visualization of the Equal Tether AFCS is given in Fig. 3.6.1.2.

Before presenting design specifications for the AVM, SM, and ASM AFCS's, we must first

define some very important functions.

One important function to consider is the final loop tfm, G; (s), given by:

G (s) = Gp(s)K(s) (3.171a)
= diag(Gy 1(s), G »(s), Gy 3(s)) (3.171b)
G () = Gpi(s)Ki(s) i=1,2,3 (3.171¢)

and the Gy ;(s) denote the final AVM, SM, and ASM loop functions.

Another important function is the final sensitivity tfm, S(s), given by:

S(s) = [I+ G ()] (3.172a)
= diag(S;(5), Sy(s), S5(s) (3.172b)
where 8;(s) = [1 + Gy o))" i=1,2,3 (3.172¢)

and the S;(s) denote the final AVM, SM, and ASM sensitivity functions.
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Finally, it is important to consider the final closed loop tfm, T(s), given by:

T(s) = 1+ GL()]! GL(s) (3.173a)
= diag(T (s), T,(s), T5(s)) (3.173b)
where Ts) =0 +G G y(9)  i=1, 2,3 (3.173¢)

and the T;(s) denote the final AVM, SM, and ASM closed loop functions.

The prime objectives of the Equal Tether AFCS, in addition to guaranteeing nominal stability,
can be listed as follows:
1. Low frequency command following;
2. Low frequency disturbance rejection;
3. Insensitivity to low frequency modeling errors;
4. High frequéncy Sensor noise attenuation;

5. Robustness to high frequency unmodeled dynamics.

To assure the first three requires that the sensitivity functions, S;(s), be "small" at "low" frequencies

where reference commands, disturbances, and "unintentional" modeling errors have their greatest

spectral content. To assure the last two requires that the closed loop functions, T;(s), be "small" at

"high" frequencies where sensor noises and "intentionally” unmodeled dynamics have their greatest
spectral content.

In addition to the above five desirable feedback properties, the Equal Tether AFCS must be
designed so that the closed loop system exhibits "good internal" performance. This means that the
pitch rates of the helicopters, as well as their vertical and horizontal acceleration characteristics, must
be "passenger friendly". It also irhplics that the amplitude and/or spectral content of references, as
well as the closed loop bandwidth must be restricted so that the control transients do not exceed the

control limits. This saturation issue is particularly important to Twin Lift control engineers because
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of the the inherent open loop instabilities associated with the Equal Tether Configuration. The
presence of these unstable modes implies that the closed loop system will have a finite "downward
gain margin". Consequently, if the controls are permitted to saturate an effective loop gain reduction
will occur and the system may become highly oscillatory and possibly go unstable. Kapasouris,
(18], provides a design methodology for plants with saturating actuators.

The sections which follow shall present performance and stability robustness specifications
for the final Equal Tether AFCS. These design specifications shall be presented in terms of the final
AVM, SM, and ASM loop, sensitivity, and closed loop functions. The 'speciﬁcations will primarily
be based on TLHS capabilities, as reflected in the linear model. Before presenting the specifications
it is important to put our goals into proper perspective.

In contrast to the gain stabilization methods employed in [1], the approach taken in this thesis
will be to dynamically stabilize the TLHS and use the many degrees of freedom in the compensator
to systematically develop a high performance (high bandwidth) Equal Tether AFCS. The emphasis
of this chapter and the next, however, is not so much the design itself, but the description of the
design procedure and the trade-offs involved when a high bandwidth is desired.

In the remaining sections of this chapter we present performance and robustness specifications

for the AVM, SM, and ASM AFCS's.

3.6.2 Design Specifications for AVM AFCS
The structure of the final AVM AFCS is shown in Fig. 3.6.2.1.

AVM Design Plant ; G,(s)

+__ e , Tuei=Z8; P Yer ¥+ _
praseeaie] —— e e -
ri—‘(?_-—' Klas/LTr!® S| control [P [ + sy‘stem
reference ~ ~— ~ | output
command AVM Compensator; K, (s)
: +
+

Fig. 3.6.2.1: Structure of AVM AFCS.
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It was shown in section 3.5.1 that the AVM Plant, Gpl(s), with input ZO_ and output Yp1 =
¥z, is nothing more than a simple first order lag. To assure zero steady state error to step reference
commands, 1y, for £z, the AVM Plant has been augmented with an integrator (at the plant input).
The combined AVM Plant integrator, as stated earlier, shall be referred to as the AVM Design Plant,
G (s), where

Gy(s) =Gpy(s) /s (3.174a)
=Cy(sI- A)1B, (3.174b)

The integrator will also guarantee complete steady state rejection of step disturbances, d; (Internal

Model Principal) (Athans, [7]).

In Chapter 4, the AVM LQG/LTR compensator, KlLQG/LTR(S)’ shall be developed. Since a

high performance design is desired, the specifications for the final AVM AFCS were selected as

follows.

AVM AFECS Design Specifications

Performance
1. Zero steady state error to step commands and step output disturbances.

To guarantee this the AVM Plant was augmented with an integrator.

2. Less than 10% steady state error to sinusoidal commands and output disturbances
with spectral content at or below 0.08 rad/sec. This requires that the final AVM sensitivity
tf satisfy:

1S;(w) 1<-20db for all w<0.08 rad/sec.

3. Gain crossover frequency: Wy = 0.5 rad/sec.

4. Noise attenuation: | T;(jw) | < - 20 db for all @ = 20 rad/sec.
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Robustness
1. Robustness to low frequency uncertainty and high frequency unmodeled
rotor dynamics (0, = 27 rad/sec).

To ensure this we require that the final AVM AFCS sensitivity tf satisfy:

1S;Gw)I<B, =131 (2.3db) foralw =0.
1 1

Since the AVM loop will not contain any unstable poles this specification can
be translated [21] into the following SISO stability margins.

Gain Margins: {GM, = - e
TGM, 2B,/ (B, - 1) =4.23 (12.5db)
Phase Margin: | PM; | > 2sin"1(1/2,) =45

2. Closed loop gain crossover frequency (bandwidth): O 1 < 0.5 rad/sec.

We note that the above method of presenting the AVM AFCS specifications is based on
classical Bode SISO loop shaping ideas.

Because of the simplicity of the AVM Design Plant, G4(s) , the above design specifications

should be very easy to satisfy. Its Bode magnitude and phase plots, given in Fig. 3.6.2.2, indicate
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Fig. 3.6.2.2: Bode Magnitude and Phase Plots for AVM Design Plant.
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that a simple lead-lag compensator, K{(s), may be all that is needed. More specifically, it is seen

that a KILQG/LTR(S) with a zero at low frequencies (to draw the AVM Design Plant poles to "nice"

locations) and poles at high frequencies (to provide sufficient roll-off in the loop) would suffice.
The development of such a compensator, using the LQG/LTR design methodology, will be

addressed in Chapter 4.

3.6.3 Design Specifications for SM AFCS
The structure of the final SM AFCS is shown in Fig. 3.6.3.1.

SM Design Plant; G, (s) d,

: + 92 2 Uz |4 uP2=ABic =AX
- fp F’re-fllfer +- KLQG/LTR(S) "’é‘ control g sz(S) .‘/2
reference - ~ v, :ztst:;n
command SM Compensator; KZ(S) P

Fig. 3.6.3.1: Structure of SM AFCS.

It was shown in subsection 3.5.2 that the SM Plant, sz(s), with input Up2 = ABy, and

output yp» = Ax, is an unstable fourth order system with a pair of lightly damped zeros.

Since the SM Plant does not contain any natural integrators, it has been augmented with one
(at the plant input) so that we are guaranteed zero steady state error to step reference commands, 1o,

for Ax. Typically, however, Ax will be commanded to zero; i.e. 1, = 0. The integrator will also
guarantee complete steady state rejection of step disturbances, d,. The combined SM Plant and

integrator, as stated earlier, shall be referred to as the SM Design Plant, G,(s), where
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Gy(s) =Gpp(s) /s (3.134)
=C, (sI- Ay)!B,. (3.135)

In Chapter 4, the SM LQG/LTR compensator, K2LQG/LTR(S), and the SM pre-filter shall be

developed. Since a high performance design is desired, the specifications for the final SM AFCS

were selected as follows.

SM AFCS Design Specifications

Performance

1. Zero steady state error to step commands and step output disturbances.

2. Less than 10% steady state error to sinusoidal commands and output
disturbances with spectral content at or below 0.04 rad/sec. This requires
that the final SM sensitivity tf satisfy:

I S,(Gw) | < - 20 db for all ® < 0.04 rad/sec.

3. Gain crossover frequency: Wy = 1.5 rad/sec.

4. Noise attenuation: | T,(jo) | < - 20 db for all o > 20 rad/sec.

Robustness
1. Robustness to low frequency and high frequency unmodeled rotor dynamics.

(cor = 27 rad/sec).

To ensure this we require that the final SM sensitivity tf satisfy:

ISy(w) 1<B, =193 (5.72 db) for all > 0.
It can be shown that this translates into the following SISO stability margins:

Gain Margins: L GM, 2 B, / (B, + 1) = 0.66 (-3.6 db)
TGM, 2B,/ (B, -1)=2.08 (6.3 db)
Phase Margin: 2sin"1(1/2p,) = 30"

2. Closed loop gain crossover frequency (bandwidth): Oy 5 < 3 rad/sec
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The SM pre-filter shall be selected so that references are appropriately bandlimited. A
Butterworth filter shall be used since it is "maximally flat" in the passband. The order of the filter,
as well as its cut-off frequency, will be selected from the final reference to control tf since this tf
shows clearly what reference frequencies are amplified by the AFCS.

We note that, as with the AVM AFCS specifications, the above method of presenting the SM
AFCS specifications is based on classical Bode SISO loop shaping ideas.

The Bode magnitude and phase plots for the SM Design Plant are given in Fig. 3.6.3.2.
These plots indicate that the horizontal separation will be difficult to control, even under full

automatic control. The sources of this difficulty are now described.
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Fig. 3.6.3.2: Bode Magnitude and Phase for SM Design Plant.

The primary source of difficulty is due to the unstable Tethered Helicopter Mode (Section
3.3.2) which has a time to double of approximately I second.* Because of this unstable mode and
the downward gain margin specification, the SM AFCS will require a minimum bandwidth just to

stabilize the SM Design Plant.

* This mode is much too fast for open loop master-slave pilot control, Pilot workload would be too high,

100
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Accompanying this minimum bandwidth there will be minimum differential pitch rates and
differential cyclic rates (for fixed reference commands). These rates may be untolerable depending
upon the size and frequency content of disturbances and noise. (Pilot reference commands for Ax
are typically zero). In order to keep these rates to a minimum, it makes sense to keep the SM
AFCS bandwidth small. Doing so, however, would necessarily mean giving up performance
(speed). Since the central theme of this thesis is to address the feasibility of a high performance
AFCS for TLHS's, we chose a relatively high SM AFCS bandwidth specification. More
specifically, the SM AFCS gain crossover frequency specification was chosen to be on the order of
the SM Design Plant's gain crossover frequency (2 rad/sec). The implications of selecting such a

gain crossover frequency is well understood from classical SISO loop shaping theory [14].
There are 5 SM Design Plant poles which the SM LQG/LTR compensator, KZLQG/LTR(S):
will have to deal with. These consist of the unstable Tethered Helicopter Mode (@ = 0.7561

rad/sec), the Horizontal Spring Mode ({ = 0.34, @_ = 2.37 rad/sec.), the Symmetric Damping
n

Mode ( @ = 2.29 rad/sec.), and the integrator. Each of these poles contribute phase lag at the
desired SM AFCS gain crossover frequency, Oy = 1.5 rad/sec. The Tethered Helicopter Mode
contributes 117° of lag, the Horizontal Spring Mode contributes 36°, the Symmetric Damping

Mode contributes 33°, and the integrator contributes 90°. Collectively, the 5 poles contribute a total

of 276° of phase lag at the desired gain crossover. Because of this huge amount of phase lag, the

SM LOG/L TR compensator will require a great deal of lead (derivative action) in order for the

resulting SM AFCS loop to have a nice phase margin. This follows from the fact that the phase

margin (PM,) is measured at the open loop gain crossover frequency. Moreover, the more lead

introduced near crossover, the better our phase margin will be. More lead, however, translates into
more control activity and larger pitch rates. Consequently, the poles force us to trade-off
performance versus stability robustness.

So far we have only addressed the implication of the SM Design Plants' poles with respect to
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obtaining a high performance SM AFCS design. What about the implication of the SM Design

Plants' lightly damped zeros ({ = 0.16, ®, =9.62 rad/sec) ? One might think that these zeros are
helpful since they contribute lead at the desired gain crossover frequency (mg2 = 1.5 rad/sec).

Although the zeros do contribute lead at o2

the lead is very little (3°) contributes much lag near
the desired gain crossover. Infact, the detrimental amplifying effect of the zeros, at high

frequencies, far outweighs their "nice" lead effect at crossover. Above ® = 9.62 rad/sec the zeros

contribute 12 db (40 db) of amplification per octave (decade) increase in frequency. At =30
rad/sec, for example, they contribute about 20 db of amplification. This, of course, does not help
us as far as high frequency noise is concerned. Since attenuation of noise is necessary for high
performance it follows that the effect of these high frequency zeros must be reduced. To do this we
must introduce phase lag into the loop. Introducing lag, however, reduces our stability margins.
Consequently, the zeros also force us to trade-off performance versus stability robustness.
Because we seek a high bamdwidth design the trade-off between performance and robustness
is exacerbated. The degree to which this happens shall be addressed in Chapter 4, where the SM
AFCS is developed. From the above qualitative analysis, it is expected that a large robustness
(lead) requirement would result in substantial control action. This, of course, implies substantial
pitching in order to regulate the horizontal separation. The robustness specifications given for the

SM AFCS were appropriately selected to illustrate this point.

In Chapter 4, the SM compensator, K4(s), shall be developed using the LQG/LTR design

methodology. To address the lead issues described above a SM pre-filter shall also be developed.
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3.6.4 Design Specifications for ASM AFCS
The structure of the final ASM AFCS is shown in Fig. 3.6.4.1.

ASM Design Plant; Gz (s) da,
g h . ds2
- + €34 Y5 [7]1P31=A8¢ Yp3i ys XL™ZX
34— Pre-filter 3 b3 - nC ? >
4 e K u Up32=2B Cpa(s) Y32 ¥+ V3 Zx
—olPro-filter—oi@®—22 o LQG/LTR(s)|Ys2[1] P327251c (s)
iz - 51 controls +
reference = ~ syststertn
~~ . outputs
commands ASM Compensator; K4(s) + P
'8
+

Fig. 3.6.4.1: Structure of ASM AFCS.

It was shown in section 3.5.3 that the ASM Plant, Gp3(s), with inputs U3 = [A(-)c EBlc]T and

outputs y,3 =[x - =x Xx]T, is an unstable seventh order system with two pairs of lightly

damped zeros. Since the ASM Plant does not contain any natural integrators, it has been
augmented with two (one per control channel) so that we are guaranteed zero steady state error

to step reference

commands, 3 = [rg; r32]T, for x; -Zx and Zx. The integrators will also guarantee complete steady
state rejection of step disturbances, d; = [ds3, d32]T. The combined ASM Plant and integrators, as

stated earlier, shall be referred to as the ASM Design Plant, G;(s), where

G3(S) = Gp3(s) /s (3.1753)
= C3(sI- Ayl B, (3.175b)

In Chapter 4, the ASM LQG/LTR compensator, K3LQG/LTR(S), and the ASM pre-filters

shall be developed. Since a high performance design is desired, the specifications for the final

ASM AFCS were selected as follows.
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ASM Design Specification

Performance

1. Zero steady state error to step commands and step output disturbances in all directions.
To guarantee this the ASM Plant was augmented with two integrators (one per control

channel) at the plant input.

2. Less than 10% steady state error (llieglly 0.1 lidsll;)to sinusoidal commands and output

disturbances with spectral content at or below 0.06 rad/sec. This requires that the final

ASM sensitivity tfm satisfy:

O nax[930W)] < - 20 db for all ® < 0.06 rad/sec.

3. Low frequency errors on the unit circle are of equal importance. This implies that
the errors 3 = [1 0T, [1 11T/ 2, [0 1]T, and any error with two-norm

ligslly = (_g3Hg3)0-5 = 1 are of equal importance and should thus receive equal

steady state attenuation. This implies that the final ASM sensitivity tfm should satisfy:

O pax[S3GW)] = S nin [S3Gw)] (at each w)
at low frequencies. If such is the case we say that the loop singular values are matched

at low frequencies [7].

4. Gain crossover frequencies: 0.75 < We3 < 2 rad/sec. The gain crossover frequencies

for a MIMO system are the frequencies at which the maximum and minimum

loop singular values cross 0 db.
5. Noise attenuation: O ax[ 130®)] < - 20 db for all o > 20 rad/sec.
Robustness

1. Robustness to low frequency uncertainty and high frequency unmodeled rotor dynamics

(cor = 27 rad/sec).
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To ensure this we require that the final ASM AFCS sensitivity tfm satisfy:

O nax [S300)] < [33 =1.93 (5.72 db) for all ® = 0.

It can be shown [21] that this translates into the following mulivariable stability margins:

Gain Margin: {GM < B,/ (B, +1)=0.66 (- 3.6 db)
TGM > B,/ (B;-1)=2.08 (6.3 db)

Phase Margin: [PMj3l > 2sin"1(1/2B,) = 30°
2. Closed loop gaincrossover frequencies (bandwidth): ®qp 3 < 2 rad/sec.

The ASM pre-filters shall be selected from the final reference to control singular values.

The above method of presenting design specifications shows that singular values help us
extend the classical Bode SISO loop shaping ideas to the MIMO case. Consequently, even highly
coupled MIMO TLHS control problems can be formulated in a manner which closely parallels
classical SISO control problem formulations. This shows why in recent years, singular values
have become particularly attractive to control system design engineers.

It should also be noted that the above design specifications have been expressed in terms of
the loop, sensitivity, and closed loop tfm's associated with the plant output (or error signal). We
thus say that the specifications have been presented at the plant output. We make this point because
in general, a designer may also want to satisfy design specifications "at the plant input”. Such
specifications would be presented in terms of the singular values of the loop tfm obtained by
breaking the loop at the plant input. This issue shall be revisited in Chapter 4.

The singular values of the ASM Design Plant are given Fig. 3.6.4.2. The large slope near 1
rad/sec, due to the unstable Backflapping Mode, the Vertical Spring Mode, and an integrator
indicates the difficulty of the high performance (high bandwidth) ASM AFCS design problem. The
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Fig. 3.6.4.2: Singular Values for ASM Design Plant

reasoning behind this is analogous to that used in the previous section for the SM Design Plant. In
addition, the ASM Design Plant also possesses a Pendular Mode, an Anti-Symmetric Damping
Mode, and another integrator. The bottom line is that many poles near the desired ASM AFCS

gain crossovers, intuitively, even for a MIMO system, requires alot of lead to have nice stability

margins. Furthermore, the ASM Design Plant has two pairs of lightly damped zeros. As with the

SM AFCS design problem, the ASM AFCS design problem will require a trade-off between
performance and stability robustness. '

Because we seek a high bandwidth design the trade-off between performance and robustness

is exacerbated. The degree to which this happens shall be addressed in Chapter 4, where the ASM
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AFCS is developed. It is expected that having large stability margins would result in substantial
pitching and oscilaations in the vertical plane in order to regulate the load motion when horizontal
velocities are commanded. The robustness specifications given for the ASM AFCS were

appropriately selected to illustrate this point.

In Chapter 4, the ASM compensator, K4(s), shall be developed using the LQG/LTR design

methodology. To help address the ASM lead issues an ASM pre-filter shall also be developed.

It must be emphasized that although the design specifications have been presented in terms of
the AVM, SM, and ASM AFCS's, it is important to make sure that overall Equal Tether AFCS
performance is "adequate" for conducting typical Twin Lift maneuvers. "Large" pitch rates,
accelerations, and controls for "simple" Twin Lift maneuvers, for example, would not be

acceptable.

3.7 Summary

In this chapter the longitudinal dynamics of a TLHS near hovering trim were examined. For
simplicity the tether lengths were assumed to be equal and fixed (Equal Tether Configuration). As
a result of this assumption, the Twin Lift model developed in Chapter 2, was shown to decouple
into three basic subsystems describing three basic motions: the Average Vertical Motion (AVM),
the Symmetric Motion (SM), and the Anti-Symmetric Motion (ASM). The natural modes of each
subsystem were identified and discussed. Outputs were then selected for each subsystem and three
plants were defined, Gpi(s) = Cpi(sI - Api)‘IBpi; i=1,2,3; the AVM Plant, the SM Plant, and the
ASM Design Plant. The frequency response of each plant was then analyzed. The chapter
concluded by formulating the high performance Equal Tether Control Problem. This involved
describing the structure of the Equal Tether AFCS (to be developed in Chapter 4) as well as the
structure of the individual AVM, SM, and ASM AFCS's which make it up. Also, part of the
Equal Tether Control Problem formulation was the presentation of specifications for a high
performance robust Equal Tether AFCS. Design specifications were presented in the frequency
domain for the AVM and SM AFCS's using classical SISO Bode ideas. Singular value ideas were
used to present the ASM AFCS specifications. This showed how classical SISO Bode loop
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shaping concepts could easily be extended to the MIMO case. This also showed how one could
formulate performance and robustness specifications in the frequency domain for even a highly

coupled 16 degree of freedom Twin Lift model.
In order to meet the performance specifications, the three plants, Gpi(s), were augmented

with integrators (at the plant input) to obtain three design plants, Gy(s) = Gp,i(s) / s = C; (sI- A))'B; ;
i=1,2,3; the AVM Design Plant, SM Design Plant, and ASM Design Plant. The
ease/difficulty of meeting the high bandwidth design specifications was also discussed. In
particular, the frequency response and pole-zero analyses were used to indicate trade-offs that must
be made in designing high performance SM and ASM AFCS's. More specifically, the analysis
suggested that in each case the trade-off would have to be made between performance and stability
robustness. Since we seek a high bandwidth design this trade-off is exacerbated. The extent to
which this happens shall be examined in the next chapter, where a high performance AFCS is
developed for the Equal Tether Configuration. From the qualitative discussion presented in this
section, however, we expect that a sufficiently large robustness (lead) requirement would require
the helicopters to undergo substantial pitching and oscillations in the vertical plane in order to
regulate the horizontal separation and load motion when horizontal or vertical velocites are
commanded.

In the next chapter we shall use the LQG/LTR design methodology and simple filtering
techniques to develop an AFCS for the Equal Tether Configuration.
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CHAPTER 4: AFCS DESIGN FOR TLHS EQUAL TETHER CONFIGURATION
4.1 Introduction

In this chapter the LQG/LTR design methodology is described and applied to the Equal
Tether Design Plant, discussed in Chapter 3*. The chapter shows how the methodology, coupled
with singular value ideas, can be used to systematically develop an AFCS for the Equal Tether
Configuration.** A design satisfying the specifications presented in Chapter 3 is obtained and
evaluated.

In addition to demonstrating the power of LQG/LTR as a tool for developing multivariable
control laws for TLHS's, the chapter identifies and discusses important trade-offs which Twin Lift
control engineers must face. In particular, the chapter will show the extent to which Twin Lift
control engineers must trade-off performance versus stability robustness when a high bandwidth
design is the objective. Moreover, it is concluded that a high bandwidth AFCS design for the
Equal Tether Configuration is feasible only when model uncertainty is sufficiently low. If model
uncertainty is high, the design becomes unfeasible. This is because, in such a case, the large
robustness requirement forces the helicopters to undergo substantial pitching and oscillations in the
vertical plane in order to regulate the horizontal separation and load motion when horizontal and
vertical velocity commands are issued. More specifically, if model uncertainty is high then only a

low bandwidth design becomes feasible.

4.2 LQG/LTR Design Methodology

In this section the compensation scheme to be used by the Equal Tether AFCS is presented.

After describing the "model based" compensator, the Linear Quadratic Gaussian with Loop
Transfer Recovery (LOG/L'TR) design methodology is described.

4.2.1 A Model Based Compensation Scheme

Consider the i" Equal Tether Design Plant

G{(9)=Gyi(9) /5 @

* The Equal Tether Design Plant consists of 3 design plants: the AVM Design Plant, the SM Design Plant, and the
AVM Design Plant.

* ok [he

aegua
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=C; (sI- A)! B, i=1,2,3 (4.2)
where A; isn;xn;, B; isn;xm;, C; ism;xn, and i=1,2,3 denotes the AVM, SM, and

ASM Design Plants, respectively (m; =1, ny=1my=1,n,=5; my=2,n,=9). As discussed

in Chapter 3, the i Design Plant consists of the ith plant and an integral augmentation at the plant
input. Although, in general, the designer can use any augmentation he or she deems appropriate,
it must be introduced at the plant input. The reason for this is to preserve the quantities which we
want to command. These quantities, of course, are at the plant output. (Note: An augmentation
could also be introduced at the error; i.e. in front of KH‘QG/LTR(S). This, however, shall not be

addressed in the thesis.)

Suppose now that a compensator, KiLQG/LTR(S)» is needed so that the closed loop system

in Fig. 4.2.1.1 satisfies prescribed design specifications (at the plant output).

—

L D—— K\ qe/LTR(S)

Fig. 4.2.1.1: Structure of i'" Equal Tether AFCS.

The structure for KH_.QG/LTR(S) to be used is given in Fig. 4.2.1.2. Since the matrices A,

B;, and C; are contained within KiLQG/LTR(S)’ we refer to it as a model based compensator
(Athans, [7]).
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Fig. 4.2.1.2: Structure of ith Model Based LQG/LTR Compensator.

The gain matrices H;.u and Gpi are chosen such that the closed loop system in Fig. 4.2.1.1is

nominally stable and meets prescribed design specifications. The tfm from g; to u; is given by:

Kl QG/LTR(S) = Gp; (sI- A; + B; G, + Hy; )T H (4.3)

It can be shown that the closed loop system in Fig. 4.2.1.1 has state space representation given by:

Ez'i]z [ﬁiﬁci Ai-Bi-](STvip?th ci] [EJJ' [r?w Igm I-(i)w-:l Egii] (4.4)
i
yi=I[C 0] [-’ii] + [00 1 Iy (4.5)
: H

where x; = [:_c.piT HpiT 1T is the state vector of the ih design plant and z; is that of the it LQG/LTR
compensator.

The closed loop poles are the eigenvalues of the first matrix in eq. (4.4). Because of the
complexity of this matrix the closed loop poles are not easily identified. To obtain a more
"transparent” state space representation we perform the following change of basis (similarity

transformation):



[ =01 1] [F] (4.6)

Substituting eq. (4.6) into egs. (4.4) - (4.5) gives us the following "transparent” state space

representation:
[5:]- [ﬁi‘ RN Bﬁw"t s 1]*[%& -P?w- -?Im] [%] @7
=[C; 0] [;l _i] + [0 0 I [%] (4.8)
i

Eq. (4.8) shows that the poles of the closed loop system are given by the eigenvalues of A, - BiGpi
and those of A, - Hy C; (Separation Principle).

Given the above compensation scheme, it is appropriate to ask how the gain matrices H;
and Gpi are chosen so that the closed loop system is nominally stable and meets prescribed design

specifications. To answer this question the LQG/LTR design procedure is described. The
LQG/LTR procedure not only trivializes the stabilization problem but also possesses enough
degrees of freedom which can be used to meet performance and stability robustness design
specifications.

The LQG/LTR design procedure consists of essentially two steps. In the first step the

designer develops a "target loop". In this step the "filter gain matrix," Hy is found by solving

an appropriately formulated estimation problem (Athans, [7] ). For our purposes, the fact that we

are solving an optimal linear estimation problem is not important. In the second step the designer

obtains a compensator KiLQG /LTR(S), which "recovers” the target loop from the design plant, G;(s).

In this step the "control gain matrix", G,;, is found by solving an appropriately formulated

pi’
optimal linear control problem. The two steps are now described in detail.

In our problem the design specifications heve been presented at the plant output. For this reason we compute the
filter gain matrix first. If the specifications were at the plant input we would compute the control gain matrix first
7.
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4.2.2 Developing a Target Loop

The first step of the design process is to develop a "target loop"; i.e. a loop transfer function

matrix with desirable closed loop properties. We denote this target loop tfm by GiKF(s), where

Gigp(s) =C; (sI- AT Hy; (4.9)

The subscript KF is used to emphasize that the target loop, and hence Hp.i are found by solving an

appropriately formulated Kalman filtering problem. The main results for designing GiKF(s) are

now presented.

LetL, be an n; x m; matrix design parameter and M, a positive scalar design parameter. The

selection of L; and p, shall be discussed subsequently. Assume that (A;, L;) is at least stabilizable

and that (A; C)) is at least detectable [11]. The filter gain matrix, H;.u" is then given by:
Hyi=2, G/ (4.10)
where the above stabilizability and detectability assumptions guarantee that zlli is the unique

symmetric positive semi-definite solution of the following Filter Algebraic Riccati Equation
(FARE):

0=A T +Z AT+LLT -2, CGTA/) G (4.11)
If (A;, C)) is observable, as is the case for the AVM, SM, and ASM Design Plants, then Eu—i is the

unique symmetric positive definite solution of the FARE.
It should be noted that the above stabilizability and detectability assumptions also guarantee
that the eigenvalues of A, - H,; C; all lie in the open left half s-plane. This, of course, implies that

the target loop or target Kalman Filter Loop, GiKF(s), seen in Fig. 4.2.3.1 is guaranteed to be

closed loop stable for all valid design parameters L, i, (i.e. (A;, L) at least stabilizable and p. >

0) as long as (A;, C;) is at least detectable; i.e.

(A; L) stabilizable
(A;, G)) detectable = Re lj (A;j-H,; G) <0 forall j=1,..,n

i

(4.12)
H, >0
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Fig. 4.2.2.1: Visualization of Target "Kalman Filter" Loop.

Although the above summarizes the target loop design process, it still remains to be shown
how the design parameters L; and |1, are selected.

Suppose we define the "filter open loop” transfer function matrix, Ggqy; (s), as follows:

Glgor(s) = C; 5I- A) 1L, (4.13)

It can then be shown (from the FARE) that
[+ Glgp(s)] [+ Gixp(-9)T =T+ (1/1,) [ Glror(s) 1 [ G'roL(-) 1T (4.14)

This relationship is known as the Kalman Filter Frequency Domain Equality (KFFDE). If s=jw

then we may write

[T + Gigp(jo )] [T + Gigg(jo ¥ = I+ (1/p) [ GroL(j®) ][ Girop(jo) 1H | 4.15)

since [NGo)]H = [N*(jw)]T = N(-jo)T for any complex matrix N(je) (with real inverse Fourier

Transform). From this equation, and the following two facts,

o,(N) = lj(NH N) = lj(N NH), (4.16)

?Lj(I +N)=1+ Kj(N) for all matrices N, “4.17)
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it can be shown that

oj[1+GiKF(jm)] = 1+(1AK) cj[GiFOL(jm)] for all j=1,.., m, (4.18)

This relationship provides us with incite on how we can intelligently choose the design parameters
L; and p,. From eq. (4.18) it follows that if G'g(j@) and G'gop (jo) are "large” at low frequencies

(i.e. if their minimum singular values are "large"), then

oj[GiKp(jm)] = (1VW) cj[GiFOL(jm)] at low frequencies. (4.19)

From this equation it follows that L; determines the low frequency shape of O'j[GKF(i(D)] and that p;

just affects the low frequency "gain" at a particular frequency. The parameter |, can thus be used to

control the open loop and hence the closed loop bandwidth. It should be emphasized that after

the dynamic augmentation of the plant to form a design plant, the selection of L;and p, is the

most critical part of the LQG/LTR procedure. This is because L; and p; completely determine what
we want our final closed loop system to look like. Obviously, if we ask for foolish things we will

get foolish things.

Suppose, for example, that one specification is that "low frequency steady state errors should
be independent of the direction of the applied reference, r;". This is the case for the ASM AFCS.
In such a case it is necessary that the singular values of the target sensitivity function, SiepGm) = [I
+ Gigp(®)]L, be "matched" at low frequencies, i.e. o, [Sikp(®)] = 6, [S'kr(w)] at low

frequencies. This, however, can only be done if omin[GiKF(jm)] = Umax[GiKF(jm)] at low

frequencies. To accomplish this we choose L; as follows:

To show that this L; matches the singular values of G'gg(jo) at low frequencies, we substitute eq.
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(4.20) into eq. (4.13) to get
Glrop(s) = C; (sI- A) 1L, (4.21)
=[C;(sI-A)™" B;] [Cp AT B 1T (4.22)
Using the fact that Gy(s) = Gpi(s) /s=C;(sI- Ai)'1 B; in eq. (4.22) gives us
GroL() = [ Gpi(s) /51 [ Cpi (-App) L By 'L (4.23)
Recalling that Gp(s) = Cy; (SI- A )"l B); and substituting this into eq. (4.23) gives us

G'roL(s) =[C; (5I- A B;1 [Cpi A By I /s, (4.24)

This equation shows that, for low frequencies (small s = jw), we have

Glror (o) =1/ jo (4.25)

and hence Gmin[GiFOL(jm)] Ecmax[GiFOL(jm)] at low frequencies. This shows that selection

of the matrix design parameter, L;, in accordance with eq. (4.20) forces the singular values of
GH:OL(jm) to be "matched" at low frequencies. What about the singular values of our target loop,
GiKp(ico) ? Suppose further that p, is chosen sufficiently small so that Gj[GiKF(jm)} =(1/p)

Gj[GiFOL(jO))] forall j=1,.., m; atlow frequencies. This can always be done once realistic

performance and robustness regions have been established. Fig. 4.2.2.2 shows what typical target

loop singular values might look like.

4db
%max [GIKF (JW)]
Performance //
Region
= log w
od \ Robustness
. Region
"'min[GIKFu"")] :

Fig. 4.2.2.2: Visualization of Typical Target Open Loop Singular Values.
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It thus follows that if the singular values of GiFOL(io)) are "matched" at low frequencies and if
GigorL(jw) is "large" at low frequencies then the singular values of Gigp(j®) will also be
"matched" at low frequencies. It should be noted that the parameter 1, can not be made too small

for if this is done we run the risk of entering our robustness region (Fig. 4.2.2.2) and possibly
exciting high frequency unmodeled (rotor) dynamics.

The first step of the LQG/LTR procedure has been completely described. It has been shown
that to develop a target loop, GiKF(s), a designer must pick a "nice" L; and p,. The filter gain
matrix, Hui’ is then found by solving the FARE. An appropriate question to ask is: "What are the

benefits of chosing H;u in this manner 7" In addition to guaranteeing the stability of the target loop,

ie. Re lj(Ai -H,; C) <Oforallj=1,..., n;, there are two more properties which are guaranteed

and extemely desirable. It is because of these two properties, and because our design specifications

are at the plant output, that we compute the filter gain matrix, H;, first. (When the specifications

are at the plant input we compute the control gain matrix, G,., first [7]). The two properties

piv
are now described. Both follow from the KFFDE and the singular value relationships (Lehtomaki,

Sandell, Athans [8]). It can be shown, for example, that

cj[1+GiKF(jm)] >1 forall j=1,.,m; for all ®2>0. (4.26)
From this it follows that
i [I+ GlkrGw)] = 1 for all 0. 4.27)

Using the fact that o ax(M) =1/0C

min

M 1) we get the desired inequality:

Sikp(G@)] < 1 for all @=0. (4.28)

O maxl

This inequality tells us that when the target loop is selected in accordance with the KF algorithm,
described above, then the resulting target closed loop system will possess guaranteed (low

frequency) performance properties at the plant output.
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It can also be shown that

cj[1+GiKF(jco)] >1/2 forall j=1,.,m for all ®20. (4.29)

From this it follows that

o . [I+Gigr(jw)] > 1/2 for all @20. (4.30)

min

If we define T'gp(s) = G'kr(s) [1+ G'gp(s)]! then using the fact thato_ (M) = 1 /o_. (M)
for all nonsingular matrices M gives us the desired inequality:
Cpax k()] < 2 for all ©20. (4.31)

This ineqpality tells us that when the target loop is selected in accordance with the KF algorithm
described above, then the resulting target closed loop system will possess guaranteed (high
frequency) robustness properties at the plant output.

In addition to the above properties, egs. (4.28) and (4.31) guarantee that the target loop

G'kg(s) can sustain modeling errors of the form k e/ on each channel (both independently and

simultaneously) where k e (1/2,e0) and 6 € (-60, 60 ) degrees (Safonov, Athans [21]).

We terminate this section by summarizing the target loop design procedure.

umm fT Design Pr

1. Given a plant Gp(s) = Cp(sI - Ap)‘1 Bp augment it at the input with any system, G,(s),
that can help in meeting the design specifications. This gives us the Design Plant G(s) =
G, (s) Gas) = C(sI - AY'1B. Typically G,(s) =1/s.

2. Select a matrix L such that (A, L) is at least stabilizable and G{Ggpp ()] = G;[C(sI -
A)1L] look "nice".

3. Select a positive scalar L (bandwidth parameter).

4. Solve the following FARE for Ell:

= T T._ T
O_AEH+ZMA +LL EuC (1/].1,)C)'.§l_l
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5. The target (desired) loop is then given by:
Ggp(s) = C(sI - A)'ll—Iu
— T
where Hu = EuC a/p).
Now that the procedure for designing a target loop with nice closed loop properties has been

described, it is essential to identify a compensator which "recovers" the target loop from the design

plant. ( Note: The bandwidth parameter, p, should not be confused with the Twin Lift parameter,

4.2.3 Recovering the Target Loop

The second step of the LQG/LTR procedure is to develop a compensator, KiLQG/LTR(S),

which when placed in a unity feedback loop with the design plant G;(s), "recovers" the desired

loop characteristics; i.e. the nice characteristics of GiKp(s). As stated earlier this step involves the

computation of the control gain matrix, Gpi . A method for computing Gpi is now given.

Let M; be an m; x n; matrix design parameter and p; a positive scalar design parameter to be
discussed subsequently. Assume that (A;, B;) is at least stabilizable and that (A;, M;) is at least

detectable. The control gain matrix, G, is then given by:

pi

Gpi=(1/p;) BTK (4.32)

pi

where the above stabilizability and detectability assumptions guarantee that Kpi is the unique

symmetric positive semi-definite solution of the following Control Algebraic Riccati Equation

(CARE):

0=- Koi A - AT Kpi -MTM,; + Kpi B; (1/p;) BT Kpi : (4.33)
If (A;, B;) is controllable, as is the case for the AVM, SM, and ASM Design Plants, then Kpi is

the unique symmetric positive definite solution of the CARE.
It should be noted that the above stabilizability and detectability assumptions also guarantee
that the eigenvalues of A; - B; Gpi all lie in the open left half s-plane; i.e.
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(A;, B,) stabilizable
(A;; M) detectable » = Re ?Lj(Ai - B, Gpi) <0 for all j=1,.,n;. (4.34)
p;>0
What does this property tell us? In section 4.2.1 the model based compensator, KiLQG/LTR(S)’
structure was described. It was also shown that the closed loop poles are exactly the eigenvalues of

A; - Hy; G and those of A; - B; Gpi. We have presented a procedure for selecting H,;and Gpi SO

that Re lj(Ai - HIJJ C,) <0andRe ?..j(Ai - B, Gpi) <0 forallj=1,..,n; ie. so that nominal

{2
closed loop stability is guaranteed. The stabilization problem has thus been trivialized. But what
about the properties of the loop Gi(s)KiLQGmm(s) ? In order to "recover" the nice properties of
Glkg(s) we proceed as follows.

Suppose that the transfer function matrix GjOL(s) =M, (sl - Ai)'1 B, is minimum phase; i.e.

all its zeros lie in the open left half s-plane. It can be shown (Athans, [7] ) that the following is

true:
lim VP Gpi =lim [(1A/P; ) BTKy;1= WM (4.35)
pi—->0+ pi—>0+

where W; € R™i XM is some orthogonal matrix (W;1 =W,T).
Suppose further that we select M; = C;. It then follows that GgoL(s) = Gy(s). Since the
AVM, SM, and ASM Design Plants, G;(s), are minimum phase we know that eq. (4.35) holds for

M, = C,. Using this "recovery" relationship it can be shown (Doyle, Stein [5] ) that

lim Gi(®) K'LQG/LTR(S) = GiKR(s) (4.36)
Pi—0+

from which it follows that

lim K G/ 1R(S) = G;! (5) Gigp(s). (4.37)
P;—0+

It is because of eq. (4.36) that p; is referred to as a "recovery parameter”. It can be shown that the

convergence in egs. (4.36) - (4.37) is pointwise in s.
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A summary of the recovery procedure is now given.

mm f for Recovering T

1. Given the minimum phase design plant, G(s) = C(sI - A)'!B, and the target loop tfm

Ggr(s) = C(sI - A)1H,, choose a "small” positive p.

2. Solve the following CARE for Kp:

— T T T
=- K, A-ATK,-CTC+K,B(1/p)BTK,

3. The compensator which recovers Ggp(s) from G(s) is then given by:
KLoo/LTR(S) = Gy(sI - A+BG,, + HuC)‘lHu

— T
where Gp =(1/p)B Kp.

4. A rule of thumb for deciding whether the recovery is good, is having
oi[G(jm)KLQG/LTR(jm)] = ;[Gggp(w)] for all <10,

Because the gains HuJ and Gpi are computed using results from classical LQG (Linear
Quadratic Gaussian) theory and since the properties of the loop tfm are approaching those of
Glkg(s) we call the procedure the LQG/LTR (Linear Quadratic Gaussian with Loop Transfer

Recovery) design methodology. Actually, since we are recovering the properties of GiKp( s) at the

plant output, the procedure is called LOG/L TR at the plant output. A more detailed discussion of
the LQG/LTR design methodology can be found in references [5] - [8]. The procedure is now

applied to the AVM, SM, and ASM Design Plants, G;(s) = Gpi(s) /s=C; (sI- Ai)‘1 B;i=1,2,3.
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4.3 Design and Evaluation of AVM AFCS

4.3.1 Introduction

In this section the LQG/LTR design methodology is applied to the AVM Design Plant, G,(s)
= p1(s) /s =C;(lI- Al)'1 B;. A compensator satisfying the performance and robustness
speciﬁcatidns presented in section 3.6 is obtained. The AVM Design Plant consists of the AVM

Plant, Gpl(s) = Cpl(sI - Apl)’1 B_ ¢, preceded by an integral augmentation. We recall that the AVM

pl’

Plant has input E@c (average collective control) and output Xz (average vertical velocity). ZO . 1s

assumed to be measured in degrees (degs.) and £z in feet / second (ft./sec.).

In developing the target AVM loop, Ggp(s) = Cy(sI - AI)‘1 H,; , the design parameters, L;

and |1, were chosen to be
Ly =B, [Cpy A1 ByIt (4.38)

By =1 (AVM AFCS bandwidth parameter). (4.39)

The AVM loop recbvery parameter, p,, was chosen to be

p; =10 (AVM AFCS recovery parameter). (4.40)

Given the above parameters, the filter and control gain matrices, Hul and G,;, can be computed

pl
using the LQG/LTR procedure described in section 4.2. These matrices completely specify the

AVM compensator, K, (s), given by:
K, (s) =KL qG/LTR() /8 (4.41a)

=G (SI- Ay +B1Gp; +Hy Cp Hy /s (4.41b)

Since K,(s) specifies the entire AVM AFCS, eq. (4.42) tells us that Hul and Gpl completely
specify the AVM AFCS. These matrices are given below:

H,;;=[04921 0.582]T (4.422)

Gp1=1994.75 903 ] (4.42b)
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4.3.2 Frequency Domain Evaluation of AVM AFCS

Fig. 4.3.2.1 shows the Bode magnitude and phase plots for the target and recovered AVM

open loop transfer functions, Gle(jco) and Gy ;(jw). The plots show that the recovered AVM loop

magnitude approximates the target magnitude almost up to approximately @ = 40 rad/sec which is

almost two decades above the gain crossover frequency W1 = 0.6 rad/sec. The recovered phase

margin, measured at

g1’ is seen to be greater than 70 degrees. This easily satisfies our phase

margin spaceification (1 PM; 1 245" ). The recovered downward gain margin is seen to be infinite.

This, of course, is due to the fact that the AVM AFCS is open loop stable. The recovered upward

gain margin, measured at the phase crossover frequency ® = 81 rad/sec, is seen to be greater than
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Fig. 4.3.2.1 Recovery of Target AVM Open Loop Transfer Function.

40 db. Our upward gain margin specification is thus easily satisfied (TGM, 2 12.5 db). It should

be noted that recovery can be improved by decreasing the recovery parameter, p;- By doing so the

phase crossover frequency moves toward infinity and so does the upward gain margin. Decreasing

p; can thus considerably improve our upward gain margin. In doing so, however, the phase margin
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remains relatively unchanged since, for all practical purposes, we have already recovered our target
phase margin. It should also be noted that for frequencies below ® = 0.01 rad/sec the recovered

loop looks like an integrator.

To evaluate the performance properties of the recovered AVM AFCS, we need to quantify its
ability to follow low frequency commands for £z and reject low frequency disturbances on Xz.
This is best done by evaluating the Bode magnitude plot of the recovered AVM scnsitivity function.

The Bode magnitude plots of the target and recovered AVM sensitivity functions, SIKF(ia)) and

S;(w), are given in Fig. 4.3.2.2.
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Fig.4.3.2.2 Recovery of Target AVM Sensitivity Transfer Function.

The figure indicates that for all practical purposes the target sensitivity has been completely

recovered. Since IS;(jw)! <-20 db for all w < 0.09 rad/sec, we are guaranteed that steady state

errors due to reference commands or output disturbances, with spectral content at or below ® =
0.09 rad/sec, will be less than 10%. This satisfies our low frequency performance specification.

In addition to this, the low frequency slope of + 20 db/dec will guarantee zero steady state error to

step commands and step output disturbances in Zz.
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To evaluate the stability robustness of the AVM AFCS to high frequency unmodeled rotor

dynamics, as well as its ability to attenuate high frequency noise in our £z measurement, we
examine the recovered AVM closed loop transfer function, T;(jw). Its Bode magnitude plot, as

well as that of the target AVM closed loop transfer function, Tlgg(jw), are given in Fig. 4.3.2.3.
The figure shows that the recovered AVM closed loop magnitude approximates the target

AVM closed loop magnitude up to ® =40 rad/sec. The recovered AVM closed loop bandwidth is

seen to be approximately @~ ; = 0.4 rad/sec and the peak value of IT;(jw)! is seen to be well below

2 db for all frequencies. It is also seen that IT,(jw)l <-20db for all @ > 5rad/sec. This satisfies
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Fig. 4.3.2.3: = Recovery of Target AVM Closed Loop Transfer Function

our high frequency noise attenuation specification. Also, for the selected value of Py» the

recovered AVM closed loop magnitude rolls off at -20 db/dec between @ = 1 rad/sec and @ =40

rad/sec. Above m =40 rad/sec, the recovered AVM closed loop magnitude rolls off at -60 db/dec

(one pole roll-off due to Gpl(s) and two pole roll-off due to K(s)). The high frequency break at

= 40 rad/sec is due to two "far away" poles of the recovered AVM LQG/LTR compensator. These
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poles shall be discussed subsequently. It should be noted that in order to achieve a faster roll-off

near the first harmonic (@, ) of the main rotor, we need the "far away" compensator poles to break

earlier, say 1 octave below @_= 27 rad/sec. This can be done by selecting a larger value of p;- In

doing so, however, we must sacrifice our upward gain margin as well as our phase margin

(unless, of 'course, the gain crossover frequency is reduced). This tradeoff is easily explained as

follows. As p, isincreased the "far away" poles of the AVM compensator move closer to the

origin of the s-plane. As a result of this, the phase crossover frequency decrease and so does ihc
resulting upward gain margin. Furthermore, because of the larger phase lag contribution at gain
crossover due to the AVM compensator's "far away" poles, the resulting phase margin is also
reduced. These trade-offs may or may not be tolerable depending on the extent of modeling errors
near gain and phase crossover. This trade-off is fundamental to all control systems; i.e. we cannot
have an arbitrary large roll-off near gain crossover and still maintain "nice" phase and gain margins.

To understand the AVM compensator "strategy”, we evaluate the Bode magnitude and phase

plots of the recovered AVM LQG/LTR compensator transfer function. The Bode magnitude and
phase plots for the target and recovered AVM LQG/LTR compensators, G;-1(jo) Glgr(jo) and

KILQG/LTR(jm)’ are given in Fig. 4.3.2.4.

Fig. 4.3.2.4: Recovery of Target AVM LQG/LTR Compensator Transfer Function.
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The plots show that the recovered AVM LQG/LTR compensator approximates the target AVM
compensator up to ® = 40rad/sec in magnitude and ® = 2 rad/sec in phase. The recovered AVM
LQG/LTR compensator is seen to exhibit a low frequency gain of - 25 db. The reason for this low
frequency gain is simply because the recovered AVM LQG/LTR compensator is trying to invert the

AVM Plant, Gpl(s), which has a dc gain of 24.7 db, in order to make the recovered AVM loop

look like an integrator at low frcqucncics. Near o =0.5rad/sec the recoverd AVM LQG/LTR
compensator exhibits an upward break in magnitude corresponding to a phase lead. It is this phase

lead, due to a compensator zero, that allows us to meet our nice phase and upward gain margin

specification. The plots indicate that the target compensator has the form Bl(l +a/s) (at low
frequencies) where a = 0.5 and BI =(2/17.2). The target AVM AFCS thus implements a simple

PI (proportional plus integral) type control strategy. This implies that velocity (£z) and position
(Zz) error information are being used to generate the average collective control signal, ZO..

Fig. 4.3.2.5 shows the Bode magnitude plot of the target and recovered tf's from the

reference command, 1;, to the control, E@c. The figure shows that the most control activity will

result when references, noise, or output disturbances with appreciable spectral content near our

gain crossover frequency, ® ™ 0.6 rad/sec, are present. It also shows that as p — O the high
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Fig. 4.3.2.5: Recovery of Target AVM Reference to Control Transfer Function.
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frequency gain approaches a constant (~18 db). This implies that for p, sufficiently small, step

commands for ¥z will result in step-like control action, @ . This follows from the Initial Value

Theorem from the theory of Laplace Transforms [14]. It will be demonstrated when simulations
are presented. We note that since the reference to control tf is always "small", pre-filtering of Xz

commands is not necessary. Itis always "small" because the lead requirement is small.

4.3.3 AVM AFCS Poles and Zeros

To further understand the strategy of the recoverd AVM LQG/LTR compensator and its
asymptotic properties, it is instructive to compare the target AVM open loop poles and zeros with
the recovered AVM open loop poles and zeros. The target AVM open loop poles and zeros are
given in Table 4.3.3.1. These are the poles and zeros associated with the target AVM open loop
transfer function, Gle(s) =C, (sI- Al)'1 Hp.l' The recovered AVM open loop poles and zeros

are given in Table 4.3.3.2. These are the poles and zeros associated with the recoverd AVM loop
transfer function, Gpl(s)Kl(s).
Table 4.3.3.1: Target AVM Open Loop Poles and Zeros
Poles: s=0

s=-0.2384; 1=4.2 sec

Zero: s =-04845

Table 4.3.3.2: Recovered AVM Open Loop Poles and Zeros

AVM Plant: '
Poles: s=-0.2384; 1= 4.2 sec

Zeros: None
VM Compen I:

Poles: Integrator: s=0
Far away poles: s = -45.515 + j45.515; {=0.707; 1= 0.02 sec; @, = 64 rad/sec.

Zergs: s=-04818; 1= 2.1 sec.
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Tables 4.3.3.1 and 4.3.3.2 show that the recovered AVM loop poles and zeros are nearly
identical to those of the target AVM loop poles and zeros. One small difference is that the
recovered AVM compensator zero is slightly to the right of the target AVM loop zero. It can be

shown that the recovered zeros of the tf Gpl(sI- Al)‘lHul. The major difference between the

recovered and target AVM loop poles and zeros is the presence of "far away" poles in the recoverd

AVM loop. As alluded to earlier, these poles can be made larger by recovering more of the target

AVM loop; i.e. by choosing a smaller value of p,.

Before driving the recovered AVM AFCS with a typical step commands for Xz, it is
instructive to compare the target AVM closed loop poles and zeros with the recovered AVM closed
loop poles and zeros. The target AVM closed loop poles and zeros are given in Table 4.3.3.3.

These are the poles and zeros associated with the target AVM closed loop transfer function,

TIkr(s) = Glgr()I + Glgp(s)] 'l = C (sl - A+ H; cpt H,,;. The recovered AVM closed loop
poles and zeros are given in Table 4.3.3.4. These are the poles and zeros associated with the
recovered AVM closed loop transfer function, Ti(s) = Gpl(s)Kl(s) I+ GPI(S)KI(S)]'1 = Gpl(s)

[0+ Gy @, (8)B 1! Gy @, (9)Hy[1 + C; @, (s) Hyy 1! where @, (s) = (sI- Ap)! (Athans [7]).

Table 4.3.3.3: Target AVM Closed Loop Poles and Zeros

Poles: s=2;(A;-H,1Cy)=-0.3653 % j 0.3240; { = 0.75; T = 2.7 sec; @, = 0.49 rad/sec.
Zero: s =-0.4845.

Table 4.3.3.4 Recovered AVM Closed Loop Poles and Zeros

Poles: s= li(AI - Hulcl) =-0.36525 £ 0.32402; { = 0.75; T = 2.7 sex; o, = 0.49 rad/sec.

s=A;(A1 - B1Gp1) =-45.269 £ j 45.268; { = 0.707; = 0.02 sec; @;, = 64 rad/sec.
Zero: s=-0.4818



VEL@CITY (FEET/SECGND)

- 139 -

Tables 4.3.3.3 and 4.3.3.4 show that the recovered AVM closed loop poles and zeros are
nearly identical to those of the target AVM closed loop poles and zeros. The major difference is
due to the presence of "far away" closed loop poles in the recovered AVM closed loop system. It
should be clear from Table 4.3.3.4 that the dominant closed loop poles are those due to A;- Hul (o
(€ =0.75, T=2.7 sec, o = 0.49 rad/sec).. These closed loop poles are thus attributable to the

AVM filter (target loop), G!xr(s). The far away poles are due to Al'Blel- These closed loop

poles are attributable to the so-called AVM LQ-Loop, Gy o(s) = Gy (SI - A)1B, [7).

4.3.4 Time Domain Evaluation of AVM AFCS
Finally, it is necessary to test the recovered AVM AFCS's command following properties for
a typical Xz reference command. Fig. 4.3.4.1(a) shows the Xz response to an AVM step reference

command, ry = 5 ft / sec (no pre-filter). Fig. 4.3.4.1(b) shows the corresponding ZE')C response to

~ the reference command.
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The Zz response in Fig. 4.3.4.1(a) is quite acceptable. The settling time is approximately 11
seconds and the overshoot is less than 10% .

The @ response in Fig. 4.3.4.1(b) is extraordinarily fast at the beginning. This is due to
the "high-pass" characteristic of the AVM reference to control magnitude plot in Fig. 4.3.2.5. This

high-pass characteristic is attributable to two zeros which are present in the AVM reference to

control transfer function. One zero is due to the AVM compensator zero. The other zero is due to
the AVM Plant pole. Although the initial £@ . Tate may be large, the peak value is well within the
usually permitted control authority. Finally, it should be noted that the steady state collective is in
agreement with the AVM plant dc gain which dictates an average vertical velocity of 17.2 ft/sec per
degree of average collective control or equivalently, 0.2907 degrees of average collective control

per 5 ft/sec of average vertical velocity.

4.3.5 Summary of AVM AFCS Design

In this section the LQG/LTR design methodology was applied to the AVM Design Plant; a
simple SISO system consisting of an integrator and a stable real pole. It was shown, as expected,
that controlling the AVM Plant presents relatively little difficulty; even when the specifications call
for a high performance (high bandwidth) design. In conclusion, the LQG/LTR-based AVM AFCS

obtained in this section satisfies all of the AVM design specifications presented in section 3.6.2.

Furthermore, for a typical Zz reference command, the AVM AFCS response is quite good. The

AVM AFCS design is thus acceptable.

4.4 Design and Evaluation of SM AFCS
4.4.1 Introduction
In this section the LQG/LTR design methodology is applied to the SM Design Plant, G,(s) =

sz(s) /s =Cy(sI- A2)'1B2. A high performance (high bandwidth) compensator satisfying the

specifications presented in section 3.6 is obtained. The SM Design Plant consist of the SM Plant,
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sz(s) = sz(sl - Apz)'prz, preceded by an integral augmentation. We recall that the SM Plant
has input AB, . (differential cyclic control) and output Ax (horizontal separation). AB,. is assumed

to be measured in degrees and Ax in feet. Scaling is not an issue since the SM is represented by a

SISO system.
In developing the target SM loop, G2KF(S) = Cy(sl - AZ)‘II—I‘Q, the design parameters, L,

and H,, were chosen as follows:

L, =B, [Cpp (A1 Bl (4.43)

Hy = 1 (SM AFCS bandwidth parameter). (4.44)

The SM loop recovery, p,, was initially chosen to be p, = 1012, For reasons to be explained

subsequently the recovery parameter was increased to

Py = 10® (SM AFCS recovery parameter). (4.45)

Given the above parameters, the filter and control gain matrices, H}lZ and G,,, can be computed

p2’

using the LQG/LTR procedure described in section 4.2. These matrices completely specify the SM

compensator, K,(s), given by:

K,(s) =K2 qG/TR(S) / 5 (4.4632)

=Gpo(sI- Ay + B, Gyp + Hyp C) T Hp /. (4.46b)

Since K,(s) specifies the entire SM AFCS, eq. (4.46) tells us that Hl-l2 and sz completely

specify the SM AFCS. These matrices are given below:

H,»=[22063 -4.9246 2.4339 -4.5238 0.21943]1T (4.47)

sz =[955.46 -36.449 28273 -2.6377 22.795] (4.48)
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4.4.2 Frequency Domain Evaluation of SM AFCS

Fig. 4.4.1 shows the Bode magnitude and phase plots for the target SM open loop transfer

function, GZKF(j ®). The Bode magnitude and phase plots for the recovered SM open loop transfer

function, Gy »(jw), are also shown in the figure for Py = 10712 and Py = 10°6.
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rad/sec and the associated phase margin is PM, = 55°. Both of these exceed our gain crossover
and phase margin specifications. The phase phase crossover frequencies are O = 0.55 rad/sec

and ®_,, = 60 rad/sec. Corresponding to these phase crossovers we have a downward gain

p2
margin of ,lGM2 =~-10db and an upward gain margin of TGM2 =~ 30 db. Both meet our gain

margin specifications. All of these properties are very good but for reasons to be explained later in

the section we had to reduce the amount recovered. We thus increased our recovery parameter to
p, =100,

For p, = 106 the recovered SM loop magnitude is seen to approximate the target SM loop
magnitude, within 6 db, up to @ = 8 rad/sec. The corresponding SM loop phase is seen to
approximate the target SM loop phase, within 5°, up to w = 1 rad/sec. The recovered gain

crossover frequency and phase marin are now Wgy = 1.4 rad/sec and PM, = 34°, respectively.

Both of these just satisfy our specifications. The phase crossover frequencies are ®_,, = 0.5

p21
rad/sec and Wpop = 5 rad/sec. Corresponding to these phase crossover frequencies we have a
downward gain margin of \GM = - 7 db and an upward gain margin of TGM = 10 db. Both of

these also satisfy our gain margin specifications.

To evaluate the performance properties of the recovered SM AFCS, we need to quantify its
ability to follow low frequency commands for Ax and reject low frequency disturbances on Ax.
This is best done by evaluating the Bode magnitude plot of the recovered SM sensitivity function.

The Bode magnitude plots of the target and recovered SM sensitivity transfer functions, SZgp(j®)
and S,(jw), are given in Fig. 4.4.2.2.
The figure shows that for Py = 10712 the target SM sensitivity is for all purposes completely

recovered. For p, = 105, however, the recovered SM sensitivity approximates the target SM

sensitivity, within 5 db, for all frequencies. The plot shows that the AFCS will especially be
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sensitive to references and output disturbances with spectral content between @ = 0.7 rad/sec and @
=7 rad/sec. The low frequency slope of 20 db/dec, however, guarantees zero steady state error to

step to step commands and output step disturbances in Ax. Furthermore, since IS,(jw)l <-20db

for all w <0.04 rad/sec we are guaranteed that steady state errors due to references or output

disturbances, with spectral content at or below ® =0.04 rad/sec, will be less than 10%. Our

performance specifications are thus met.

To evaluate the ability of the SM AFCS to attenuate high frequency noise in our Ax
measurement, we examine the recovered SM closed loop tf To(jw). Its Bode magnitude plot, as
well as that of the target SM closed loop transfer function, T2 (jo), are given in Fig. 4.4.2.3.

The figure shows that for p, = 10° 12 the target SM closed loop magnitude is recovered up to

® = 60 rad/sec. For p, = 106, however, the recovered SM closed loop magnitude approximates

the target SM closed loop magnitude, within 3 db, up to ® = 8 rad/sec. The plot shows that the
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Fig. 4.4.2.3: Recovery of Target SM Closed Loop Transfer Function.

AFCS will especially be sensitive to modeling errors and sensor noise near ® = 1 rad/sec since at
this frequency we have a closed loop gain of about 6 db. The recovered SM closed loop crossover

(bandwidth) is seen to be approximately Oy 5 = 2.5 rad/sec. Itis also seen that IT,(jw)l < - 20 db
for all w 2 10 rad/sec. This satisfies our high frequency noise attenuation specification. The figure
also shows that for p, = 10, the recovered SM closed loop magnitude rolls off at - 20 db/dec
between =2 rad/sec =8 rad/sec. Above @ =8 rad/sec, the recovered SM closed loop

magnitude rolls off at -80 db/dec (2 pole roll-off due to sz(s) and 2 pole roll-off due to K,(s)).

The 3 pole break above @ =~ 10rad/sec is due to three "far away" poles of the recovered SM
LQG/LTR compensator. These poles shall be discussed subsequently.

To understand the SM compensator "strategy", we evaluate the Bode magnitude plot for the
recovered SM LQG/LTR compensator. The Bode magnitude plot of the recovered SM LQG/LTR

compensator, K% o1 Tr(G®), is given in Fig. 4.4.2.4 for p, =10, 1012, and 10°15,
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Fig. 4.4.2.4: Recovery of Target SM LQG/LTR Compensator Transfer Function.

The figure shows that for p, = 106, the recovered SM LQG/LTR compensator magnitude

approximates the target SM LQG/LTR compensator magnitude up to ® = 8 rad/sec. The recovered
SM LQG/LTR compensator is seen to exhibit a low frequency gain of about -16 db. The reason
for this low frequency gain is simply because the recovered SM LQG/LTR compensator is trying to

invert the SM Plant, sz(s), (which has a dc gain of 13.18 db) in order to make the recovered SM

loop look like an integrator at low frequencies. Near @ = 0.25 rad/sec the recovered SM LQG/LTR
compensator magnitude exhibits a +20 db/dec upward break. This slope is sustained until ® =2.3
rad/sec by a compensator zero. At @ = 2.3 rad/sec a +60 db/dec upward break occurs thus giving us

a +80 db/dec slope which is sustained by four compensator zeros. It is important to emphasize that

all four zeros are absolutely necessary to have "nice" stability margins for the selected gain

crossover frequency. One zero stabilizes the SM Design Plant, Gy(s) = sz(s) / s, and the other

three compensator zeros provide derivative action to decrease the phase lag associated with the

Horizontal Spring and Symmetric Damping Modes at the SM loop gain crossover frequency (cng2 =
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1.5 rad/sec). The plot shows that the 80 db/dec slope provided by these zeros is sustained until
about @ = 10 rad/sec. Above this frequency the recovered SM LQG/LTR compensator exhibits a

five pole downward break which gives us a final slope of - 20 db/dec. Finally, the figure shows
that as p,—0 the compensator becomes more and more improper with a limiting slope of 40 db/dec.
In addition, the amount by which errors with spectral content above the closed loop bandwidth

(0cp p = 2.5 rad/sec) get amplified increases imensely as p,—0. It is because of this great
amplification of high frequency errors (to generate controls) that one is forced to use Py = 1076 rather

than p, = 10°12, This very important trade-off between stability robustness and performance is
addressed below.

Fig. 4.4.2.5 shows the Bode magnitude plots of the recovered transfer function from the

reference command, I, to the control, AB,, for Py = 106 10-12, and 10-15. The figure shows
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Fig. 4.4.2.5: Recovery of Target SM Reference to Control Transfer Function.
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that reference commands, sensor noises, and output disturbances with spectral content above 3

rad/sec will be amlified to produce the necessary differential cyclic control action. The figure

further indicates that as p, is decreased below 106, and the recovery improves, the amount by

which high-frequency exogenous signals get amplified, increases substantially. Although the
horizontal separation, Ax, will usually be commanded to zero, so that SM references do not
contribute much to the SM control activity, sensor noise and disturbances are always present. it
thus follows that if high frequency sensor noise and disturbancesare present, as is always the case,
then large differential cyclic controls may result. Large differential cyclic controls would
necessarily result in large differential pitch rates. In order to avoid the large control activity and

pitch rates one is forced to hold back on the recovery. Holding back on the recovery, however,

means trading off stability robustness. Consequently, we conclude that a trade-off must be made
between performance and_ stability robustness. It thus follows that because we have a high
bandwidth design, this trade-off is expected to be particularly pronounced. Moreover, because of
this, we expect a large robustness (lead) requirement to cause problems. More specifically, the
more model uncertainty the larger the robustness (lead) requirement and the more control activity

and pitching needed to regulate the horizontal separation. The extent to which this occurs shall be

seen when time simulations are presented for the recovered SM AFCS (p2 = 10'6). Finally, it
should be noted that as p,—0 the reference to control tf high frequency slope approaches 20

db/dec. This implies that if step-like commands are issues for Ax then the resulting control AB;,

will be impulse-like. Typically, however, Ax is commanded to zero and only disturbances

affecting the horizontal separation matter.

4.4.3 SM AFCS Poles and Zeros
To further understand the strategy of the recovered SM LQG/LTR compensator (py = 10°6)

and its asymptotic properties, it is instructive to compare the target SM loop poles and zeros with

the recovered SM loop poles and zeros. The target SM loop poles and zeros are given in Table
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4.4.3.1. These are the poles and zeros associated with the target SM loop tf, GZKF(S) =C, (sI-

Az)'1 Huz. The recovered SM loop poles and zeros (for Py = 106,10°12) are given in Table 4.4.3.2.
These are the poles and zeros associated with the recovered SM open loop transfer function,

sz(S)Kz(S).
Tables 4.4.3.1 and 4.4.3.2 show that for p2=10'6 the recovered SM open loop poles include

the target SM open loop poles, a pair of lightly damped compensator poles, and three "far away"
compensator poles. The recovered SM open loop zeros include the SM Plants' lightly damped
zeros and four compensator zeros. The lightly damped compensator poles decrease the amplifying
effect that the SM Plants' lightly damped zeros have on high frequency sensor noise. The four
compensator zeros, as expected from the discussion in Chapter 3, provide our stability robustness

properties. The three "far away" compensator poles provide roll-off in the SM loop so that the

four-zero compensator lead does not result in substantial control activity (AB;.) and pitching (AB)

in order to regulate the horizontal separation (Ax).

Table 4.4.3.1: Target SM Open Loop Poles and Zeros

Poles: s=0 Zeros: s=-034183
s =0.7561 s =-0.8175 % j 2.2269
s=-0.8122+j2.2228 s=-2.2286
s=-2.2919

Table 4.4.3.2: Recovered SM Open Loop Poles and Zeros

SM Plant Poles: s =0.7561
s=-0.8122+j22228

SM Plant Zeros: s =- 1.55+ j 9.4906

s=-2.2919
M Compensator Poles:  (p = 10°6) (Py=10"1%
s=0 s=0

s =- 14266  j 7.6892

"far away" poles §=-6.6325 £ 7.7966

s=-12.043

M Compensator Zeros: s=-0.2525
s=-0.8160 £ j 2.2228
s=-2.2898

s =- 1.55 + j 9.4906
s = - 39.303 + j 68.686
s=-80.738

s =-0.33239
s =-0.81742 + j 2.2264
s =-2.2869
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Table 4.4.3.2 shows that as p, is decreased from 10 to 1012, two of the recovered lightly

damped poles move on top of the SM Plants' lightly damped zeros. On the one hand, having this
pole-zero cancellation is good in that it nullifies the high frequency lead effect of the zeros. On the
other hand, however, having this pole-zero cancellation implies the pesence of lightly damped

poles. Although these poles are unobservable and hence would not affect Ax, they would affect

A® and AB,.. This gives us one reason why we would not want to make p, any smaller than 106

although doing so would improve our robustness. This, however, is not the main reason. The

main reason for not decreasing p, below 106 (and improving our robustness) is because, as

shown in the table, this moves the compensator's "far away" poles to very high frequencies. As
discussed earlier, and as seen in Figs. (4.4.2.4) - (4.4.2.5), this results in an untolerable amount

of error to control amplification which in turn means untolerable pitch rates. Because of this

performance-robustness trade-off we fixed the value of p, at 105,

Before studying the recovered SM AFCS's (p, = 10°%) time response characteristics, it is

instructive to compare the target SM closed loop poles and zeros with the recovered SM closed loop

poles and zeros. The target SM closed loop poles and zeros are given in Table 4.4.3.3. These are

the poles and zeros associated with the target SM closed loop transfer function, T2KF(S) = GZKF(S)

[T+ szz(s)]'1 =Cy(sI- A, + Hl-l2 Cl)'1 Hl-l2 The recovered SM closed loop poles and zeros are
given in Table 4.4.3.4 and are plotted in Fig. 4.4.3.4. These are the poles and zeros associated
with the recovered SM closed loop transfer function, T,(s) = sz(s)Kz(s) I+ sz(s)KZ(s)]'l =
Gp1(s) [T+ Gy Py(5) B21'1 Gpo Py (s) Hypp [T+ Co Dy(s) Huz]'1 where @,(s) = (sI - Ayl

In examining the closed loop poles and zeros presented in Tables 4.4.3.3 and 4.4.3.4, it is
essential to identify which modes shall have the greatest impact on our output, Ax, and which
modes shall have the greatest impact on "internal" quantities such as A6 and AB,.. First lets

examine the target SM closed loop poles and zeros
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Table 4.4.3.3: Target SM Closed Loop Poles and Zeros

Poles: A;(Ap-H;9Cp): s =-0.7245  j 0.47483; { = 0.84; o = 0.75 rad/sec; T = 1.4 sec
s=-0.8084 + j 2.2288; { = 0.34; @ = 2.37 rad/sec; T=1.24 sec
s = - 2.3006; T = 0.44sec

Zeros: s=-0.3412
s=-0.8175+% j2.2269; {=0.35; ©,, = 2.37 rad/sec; T = 1.22 sec
s=-2.2864

Table 4.4.3.4: Recovered SM Closed Loop Poles and Zeros

Poles: li(Az-Huzcz): s =-0.72449 £ j 0.47483; { = 0.84; o= 0.75 rad/sec; T= 1.4 sec
s =-0.80839 £ j 2.2288; L = 0.34; o, = 2.37 rad/sec; T =1.24 sec
s = - 2.3006; T = 0.44sec

Ai(A2-BGpp): (py = 10°6) (py =1012)
s = - 1.6909 + j 7.3321 s=-1.55%j9.4906
"far away” poles | s=- 6.4223 +j6.2478 (s=-39.288 £+ j67.403
| s =-9.77284 | s=-78.561
Zeros: Plant: s=-1.55+j9.4906 s=-1.55%j9.4906
Compensator: s =-0.25254 s=-0.33239
s = - 0.81602 + j 2.2228 s=-0.81742 +j 2.2264
s =-22898 s =-2.2869

Table 4.4.3.3, shows clearly that the dominant closed loop poles, i.e. those poles which will
have the greates impact upon Ax are those with { = 0.84, ®_=0.75 rad/sec, and T = 1.4 sec. This

follows obviously since the other target closed loop poles are approximately cancelled by
compensator zeros. It should be emphasized, however, that although the other target closed loop
poles have essentially no impact on Ax, they will have a large impact on A® and AB;. (ie. on

internal variables). Similar comments hold for the recovered closed loop poles in Table 4.4.3.4.
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This will be seen when transient responses are presented. The impact of the ({ = 0.23, o = 7.53,

T = 0.59) pole, near the SM lightly damped zeros, will be of particular interest. Although Ax is

usually commanded to zero, it must be noted that when such commands are issued the low

frequency compensator zero at s = - 0.25 will have a tremendous impact on the output Ax [14].

4.4.4 Time Domain Evaluation of SM AFCS
(A) Ax Command Following

Typically the horizontal separation, Ax, will be commanded to be zero. When it is
commanded, however, the command should be pre-filtered so that the high-pass effect of the
compensator lead on control activity and pitching is reduced. To decide on the filter structure we

referred to the reference to control Bode magnitude plot in Fig. 4.4.2.5. In order to reduce the
80 db/dec slope, between o =3 rad/sec to ® = 8 rad/sec, to 20 db/dec we chose a third order

Butterworth filter:
H(s) = 3 (4.47)
3+ 2052 + 20,52 + @,

with @, = 4 rad/sec. Fig. 4.4.4.1 shows the responses of the recovered SM AFCS (p, = 109 toa

step and filtered step command for Ax.

Fig. 4.4.4.1a shows the step response of the third order Butterworth filter (w, = 4 rad/sec).

Fig. 4.4.4.1b shows the horizontal separation, Ax, responses to a step and to a pre-filtered
step. The figure shows a tremendous overshoot in Ax. This overshoot is attributable to the
interaction between the dominant closed loop poles ({ = 0.84, @, = 0.75) and the low frequency
compenator zero (s = - 0.25) (Ogata, [14]). We see that pre-filtering commands does not help this
overshoot. |

Fig. 4.4.4.1c shows the corresponding differential pitch attitude, A, responses. Without
pre-filtering we have a peak AO of about 10 degs. When the pre-filter is used, the peak A
decreases to 5 degs. The figure also shows clearly that when references are pre-filtered the effect

of the lightly damped pole ({ = 0.23, @, = 7.53, T = 0.59) is substantially reduced. Pre-filtering



feet

Ab (degrees)

- 153 -

Fig. 4.4.4.1: SM AFCS Response to a Step and Filtered Step Command for Ax.
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references thus makes a big difference.

Similar comments hold for the differential cyclic control AB,,, responses in Fig. 4.4.4.1d

(B) Ax Disturbance Rejection
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Next we examine the ability of the SM AFCS to regulate the horizontal separation. Fig.

4.4.4.2 shows the response of the SM AFCS for an initial condition of Ax = 1 ft. One can think

of this as a disturbance rejection evaluation. (We note that the SM pre-filter does not play a role in

this simulation).
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Fig. 4.4.4.2a shows a very good Ax response; Ax settling down in about 3 seconnds. The
corresponding differential pitch response (Fig. 4.4.4.2b), however, shows rather large pitch
rates. The corresponding differential cyclic control (Fig. 4.4.4.2d) is also a bit excessive for the
relatively small initial condition (Ax = 1 ft.). Obviously, this could be reduced by lowering the
bandwidth. This, however, would mean less performance. If a high bandwidth design is indeed
the objective then the only way to reduce the amount of control activity and pitching is by reducing
the effect of the lead. This amounts to reducing the robustness requirement. This, however, can
be done only if model uncertainty is low. Thinking in terms of the Nyquist plot for the SM AECS
loop tf, this amounts to having sufficiently small net uncertainty between the two phase crossover
frequencies. Consequently, a high performance SM AFCS is feasible only if model uncertainty is
sufficiently low. If model uncertainty is high then such a design becomes unfeasible. This is
because, in such a case, the large robustness requirement forces the helicopters to undergo
substantial pitching in order to regulate the horizontal separation. More specifically, the

simulations show that if model uncertainty is high then only a low bandwidth design becomes
feasible. Sucha design can be obtained by increasing the SM AFCS bandwidth parameter H, and

selecting p, small enough so that the robustness requirement is met. Finally, it should be pointed

out that removing the integrator would significantly reduce the extent to which performance and

robustness must be traded off,

4.4.5 Summary of SM AFCS Design

In this section the LQG/LTR design methodology was applied to the SM Design Plant; an
unstable SISO system with considerable low frequency phase lag and two lightly damped high
frequency zeros. It was shown, as expected from Chapter 3, that controlling the SM Plant is ver
difficult; particularly when the specifications call for a high performance (high bandwidth) design.
More specifically, it was shown that a trade-off must be made between performance and stability
robustness. In addition, it was shown that when the specifications call for a high bandwidth

design then this trade-off becomes particularly pronounced.
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In summary, we conclude that a high performance SM AFCS is feasible only if model
uncertainty is sufficiently low. If model uncertainty is high then such a design becomes unfeasible.

In such a case, only a low bandwidth design becomes feasible.

4.5 Design and Evaluation of ASM AFCS

4.5.1 Introduction

In this section the LQG/LTR design methodology is applied to the ASM Design Plant, Gs(s)
= Gp3(s) /s=C5(sl - A3)‘1 B3. A high performance (high bandwidth) compensator satisfying the
specifications presented in section 3.6 is obtained. The ASM Design Plant consists of the ASM
Plant, Gps(s) = Cps(sI - A.ps)’pr3, preceded by an integral augmentation (one integrator per
command channel). We recall that the ASM Plant has inputs A® 3 (differential collective control)
and EBlc (average cyclic control) and outputs x| -2x (load deviation from center) and Tx (average

horizontal velocity).
It is assumed that the controls are assumed to be in degrees (degs) and the outputs in feet (ft)
and feet/second (ft / sec), respectively.

In developing the target ASM open loop transfer function matrix (tfm), G3K]:‘(S) = Cs(sl -

A3)‘1 Hu3, the design parameters, L and H,, were chosen as follows:

L3 =B; [Cp3(-Ap3) Byl (4.48)

K, =1 (ASM AFCS bandwidth parameter) (4.49)

Choosing L as in Eq. (4.48) assures that the target ASM singular values are matched at low

frequencies. This was shown in section 4.2.2. We want the loop singular values matched because
the design specifications presented in Chapter 3 stated that "low frequency errors are equally

important in all directions". The recovery parameter, P, Was chosen to be

p3 = 105 (ASM AFCS recovery parameter). (4.50)

For reasons similar to those given for the SM AFCS, p; was not decreased any further. Given the
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above parameters, the filter and control gain matrices, H 3 and Gp3, can be computed by using the

LQG/LTR procedure described in section 4.2. These matrices completely specify the ASM

compensator, K3(s), given by

K3(s) =K g r(S) /5 (4.51a)
=Gp3(sI- A3+ B3Gp3 + H;3C) ' H ;3 /5. (4.51b)

Since K3(s) specifies the entire ASM AFCS, eq. (4.5-1) tells us that Hu3 and Gp3 completely

specify the ASM AFCS. These matrices are given below:

Hll3 = {03605 1.6237 0.0017 -0.1552 0.2494 0.6729 0.025 0.1201 -00239 | T (4.52)
-1.0979 0.3121 0.0117 1.0734 0.0244 -0.2014 -0.0129 0.0605 0.0477

Gp3= 49.7344 138.3322 156.5858 149.8413 455383 87.648 153.479 13.0342 -1.1653
-63.2715 -74.8953 -79.9454 275.6631 -17.1355 -27.2046 -49.3773 -1.1653 23.592 (4.53)

4.5.2 Frequency Domain Evaluation of ASM AFCS
Fig. 4.5.2.1. shows the singular values of the target ASM open loop tfm, G3gg(j®). The

singular values of the recovered ASM loop tfm, G| (jw), are also shown in the figure.
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The figure shows that the recoverd maximum and minimum ASM loop singular values
approximate the target singular values within 3 db up to about 8 rad/sec. The recovered maximum
and minimum singular values cross 0 db at about 1.5 rad/sec and 0.8 rad/sec, respectively. Both
satisfy the gain crossover specifications presented in section 3.6.

To evaluate the performance properties of the recovered ASM AFCS, we need to determine
its ability to follow typical reference commands and reject typical disturbances in xp -Xx and IX.
This is best done by studying the input/output frequency domain properties of the recovered ASM
sensitivity transfer function matrix, S;(jw). This matrix should be thought of as relating the ASM
references, r3(jw), and disturbances, d;(jw), to the ASM tracking error e3(jo). The ASM tracking

error is given by

e (0) = 13(0) - ¥3Gw) (4.54)
= 830 [13Go) - d3Ge0)] + T3(je0) nz(iea) (4.55)

where T3(jw) is the recovered ASM closed loop transfer function matrix and ns(jo) is the ASM

noise vector due to feedback measurement error in X; -Zx and TX. T3(Gw) and n3(jo) shall be
discussed subsequently. For now, however, we focus on the first half of eq. (4.55).

Equation (4.57) shows that to keep the ASM tracking error "small" we will need S;3(jw) to be
"small" at low frequencies where the ASM references, r3(jw), and output disturbances, di(w),

typically have their greatest spectral content. From section 3.5.3 we recall that a matrix, say S;(w),

is "small" (in the sense of the two-norm) if and only if its maximum singular value is "small". Fig.

4.5.2.2 shows the singular values of the target and recovered ASM sensitivity transfer function
matrices, S3gp(jw) and S;(j).

The figure shows that for Py = 105 the recovered ASM sensitivity approximates the target
ASM sensitivity, within 3 db, for all frequencies. The worst case sensitivity is 3 db ([33 =1.4125)

and it is seen to occur near ® = 1.5 rad/sec. This worse case sensitivity translates into the following

guaranteed stability margins:
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Fig. 4.5.2.2: Recovery of Target ASM Sensitivity Singular Values.

LGM; =B,/ (By + 1) = 0.59 (- 4.6 db) (4.56)
TGMy = By/ (B, - 1) =3.42 (107 db) (4.57)
IPMy 1 =+2sinl(1/2B,) =+ 41.5° (4.58)

all of which satisfy our margin specifications ([33 < 1.718 (4.7 db)). The figure also shows that for

all frequencies below ® = 0.06 rad/sec, the maximum singular value of S;(jw) is below - 20 db.
This satisfies our low frequency performance specification.

If S3(jw) consisted of two decoupled SISO sensitivity transfer functions then the interpretation
of these facts would be clear since each singular value would simply be an independent Bode
magnitude plot. Because S3(jw) isa coupled TITO transfer function matrix, it is necessary to
carefully explain the significance of the above facts. This is best done by providing a graphical
interpretation for the singular value decomposition (SVD) of a matrix.

Consider the matrix S(jw) relating e(jw) and d(jw) as follows:

e(w) =S(w) dGw) (4.59)

where
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d, sin(ot+6;)7- joty d;.d, eR 4.60)
40=[ G5 (v oly = (4] ez € (
e)=[e;sin(ot+¢,)7]- joot (4.61)

[ell,sm(mt+¢2)] Im {¢ ™)
d =I[ded® dg,ed0H (4.62)
e =[e; €301 e,edOH (4.63)

In the discussion which follows, we refer to the time signal d(t) and the complex vector d

interchangeably. We do the same for g(t) and e. Suppose that S has SVD given by:

S=UzVvH (4.64)

- [ u; u2 —v, - (4.65)

where
sHS v, =02y i=1,2 (4.67)
SsHy, =62y, i=1,2 (4.68)
y_inj = §j; (4.69)
!liHEj = Bij ,j=1,2 (4.70)
1 i=j

%ij = {0 if i%] “.71)
v; = [vy e9%1 vy, e T i=1,2 (4.72)
u; = [u;; e3P uy, eBig)H i=1,2 o,Be (T (4.73)
oy =max {IISdll,/Iidl, 1d#0 de C?) (4.74)
o, =min {ISdll, /Idll, 1d#0 de C?) (4.75)

where lixll, = (&HQ 172 js the standard Euclidean norm (two-norm).From these facts it follows that
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o, < _ISdl, < o - (4.76)
dll,

where the left equality holds if and only if d = v, and the right inequality holds if and only if d =
v;. These inequalities tell us that g, and ¢, represent the maximum and minimum amplifications of
S in the sense of the Euclidean norm, Il ll,. It follows from eq. (4.76) that if lidll, =V d12 +dye =

r, where r > 0, then O,Ir< ligll, = 11Sdll, =V c12 + c22 SO,T foralld e C2. This tells us that all

disturbances d € C2, such that lidll, = r, get mapped to a point on an annulus in e;e,-space.

Furthermore, it follows from eq. (4.66) that if

d=k;v;+kyv,  kj,k, e R? (4.77)
then
e =Sd (4.78)
= (v, 7d) 0; 1 + (wPd) oy 1y (4.79)
=k, 6,1y +k, Oy U, (4.80)

From eqs. (4.68) and (4.76) we see that

lidil,? = dHd (4.81)
= [y ™+ kpvoH] [kqvy+ kovy] (4.82)
k2 +k,? (4.83)

This implies that lidll,2 =12 if and only if k2 + k,2 =12, or equivalently d,2 + d,2 =12. It thus
follows from eq. (4.80) that the circle lldll, =r (i.e. k;2 + k,2 =12) in the d,d,-plane gets mapped,
via §, to an ellipse in the e;e, -plane. This is visualized in Fig. 4.5.2.3. The equation of the

ellipse in the e;e,-plane is given by:

(€,/61)% + (&/0y))2 =1 (4.84)
where .

[91] - [cluu Gyuy | [el] (4.85)

€2 Ojujp Ojupy )
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(vpy,V22) RPN e=5Sd

...O'ir

Fig. 4.5.2.3: Graphical Interpretation of Singular Values.

It is also useful to note that eq. (4.76) implies that

o, lIdll, < liglly <v/m ligll,, foralld,ee C™ (m =2 here) (4.86)

and

liglee < lielly, <o, lidll, (4.87)

since llell,,= max {le;l, le;l} <ve;2+e,2 =llell,. The above inequalities in turn imply that

(1 Vm) o, 1dly < ligll, < llglly, < oy Nidlly (m=2here)  (4.88)

The inequalities in eqgs. (4.86) - (4.88) combined with the geometric interpretation provided by fig.
4.5.2.3 is all we need to interpret the singular values of S;(jw) in Fig. 4.5.2.2.

Assume for notational simplicity that ¢ = €3> 4 =-ds, and that S = S3 so thate =S d. Since

O nax {S(Gw)} < 0.1 (-20 db) for all » <0.06 rad/sec. it follows from eq. (4.88) that
liell,, < llell, < 0.11dll, < 0.1\/5'"@"“, (4.89)

for all @ < 0.06 rad/sec for all d € C2 This inequality tells us that for all @ < 0.06 rad/sec the

ASM AFCS provides at least -17 db (0.1\/5— =(.14) disturbance attenuation or equivalently
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about 86% disturbance rejection in the sense of the infinity norm, Il-ll,,. Replacing d with r3 in eq.
(4.89) tells us that over this frequency range we also have 86% command following (in the sense
of li-ll_,). It is emphasized that these statements are statements about the nominal ASM AFCS, i.e.

they are statements of guaranteed nominal performance. After guaranteeing nominal performance a
designer must address the issue of performance robustness. To do so an unstructured
characterization of modeling errors is needed and the concept of structured singular values (Doyle,
[10]) must be used. Performance robustness is an area of ongoing research and is beyond the
scope of this thesis.

Fig. 4.5.2.2 shows that the worst case amplification of disturbances (in the sense of the two-
norm) occurs at @ = 1.485 rad/sec. At this frequency we have

max Op,..[SGwy] = 0,[S(wy] =1.5252 (3.67 db) (4.90)

w>0

A SVD of S(jw) at this frequency provides us with two important facts. One of the facts can be

stated mathematically as follows:

d= [Q,ﬂgs_& sin @yt fi :l e=5d _ e [Qg&ggﬁsill(wot+27.76°) ft ] 491)
0.1996 sm(mot+40.95°) ft/sec 0.14132 sm(mot+40.48°) ft/sec .

This fact summarizes the information contained in the singular vectors associated with the

maximum singular value at @,. It tells us, loosely speaking, that payload disturbances, due to

wind gusts, at this frequency will be particularly troublesome. It is interesting to note that the

frequency ® o = 1.485 1s very close to the "effective pendular frequency” given by g/H = 1.56

rad/sec. The other fact can be stated mathematically as follows:

d= [-0.1996 sin @t fi ] EZSQ e =1.161 [0.14132_sip(m0t- 104.4°) ft ] (4.92)
0.9798 sin(w,t+40.959) ft/sec 0.98996 sin(w1+88.4°) ft/sec ‘

This fact summarizes the information contained in the singular vectors associated with the

minimum singular value at @_. It tells us that horizontal wind gusts at this frequency will make it
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difficult to control ZX.
Since o, [S(w)] provides us with the "maximum amplifications” of disturbances (and

references) it is useful to get a feel for the type of disturbances that result in this maximum

amplification. To do so we plot Iv,,l and Iv,,| versus frequency. This plot shall be referred to as a

Maximum Output-Input Direction (MOID) plot. Corresponding to this MOID plot we can plot

0, luy;l and o,lu,,! versus frequency. Such a plot will be referred to as a Maximum

Direction (MOOD) plot. It should be noted that similar plots can be constructed for the minimum
singular value. Also we can similarly plot the phase information contained in the singular vectors.
Since only magnitude information is typically known about disturbances and since we're interested
in "maximum amplifications", the MOID and MOOD plots are by far the most useful. The
information which such plots provide, as will be demonstrated in this chapter, is extremely

valuable for understanding the directionality properties of any MIMO feedback system.

Fig. 4.5.2.4. contains a MOID plot for the ASM sensitivity tfm, S(jw) = S3(jw). In this plot

the solid curve corresponds to Iv,,! and the dashed curve corresponds to Ivy,l. This convention

shall be used throughout the remainder of the thesis. Since the output vector is given by y =

[xg-Zx >x]T, and since S(jo) relates disturbances to tracking errors, it follows that Ivy;l

corresponds to x; -Zx disturbances and Iv;,| corresponds to Zx disturbances. The plot should be

interpret ifying the magni f sinusoidal disturbances which when properl
coordinated in time will result in maximum amplification; i.e. given Iv;;l and Iv,,|, where Iv11I2 +

Ivml2 =1, there exist phase angles 6, ,, 8,, € (-n,n] such that if

d =Iidll, [wu! sin (@t+0;,) ft ]

IV12[ sin (ot + 912 ) ft/sec (4-93)

for some IIQ!I:Z <eo, then
llelly = max { liell, } (4.94)
d=0

=6, Iidll < 5; Vm Idll,, (m = 2 in our problem) (4.95)
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Fig. 4.5.2.4: Maximum Qutput Input Direction (MOID) Plot for ASM Sensitivity.

With this interpretation of the MOID plot in Fig. 4.5.2.4 we see that the ASM AFCS will be most
sensitive to x; -Zx disturbances at low frequencies. As the frequency is increased above 0.2 rad/sec,

however, the sensitivity to such disturbances decreases while the sensitivity to Xx disturbances

increases. This continues until approximately 0.4 rad/sec. Above this frequency the sensitivity to

X1 -Zx disturbances increases and the sensitivity to £x disturbances decrease rapidly. Between 1
and 3.5 rad/sec we are particularly sensitivity to x; -Zx disturbances. Just above this frequency

range the Zx disturbances will be particularly troublesome and at high frequencies x;- Zx and Zx

disturbances will be equally troublesome.
Fig. 4.5.2.5 contains the MOOD plot which corresponds to Fig. 4.5.2.4. In this plot the solid

curve corresponds to ¢, lu,| and the dashed curve corresponds to 0, luy,l. This convention shall
also be used throughout the chapter. The Oyluy;! corresponds to errors in x; -Zx and the o{luy;!

corresponds to errors in £x. Given a disturbance d as in eq. (4.93), the corresponding tracking

error, ¢ = S d, will be given by
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e=0, IIQIIZ[Iulls1n((nt+¢ 1) fi ]

lup,! sin (ot + 4)12 ) ft/sec (4.96)

for some phase angles ¢11, ¢12 e (-m,x].
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Fig. 4.5.2.5: Maximum Output Output Direction (MOOD) plot for ASM Sensitivity.

The figure shows that for all frequencies below about 4 rad/sec. we will have our largest

tracking errors in x; -Xx when the disturbances are collinear with the right singular vectors of

S3G); ie.

If d=Im {Iklel®%y Ot )

(4.97)
_ bvyq! sin(wt + 6, +6,) ft ]
i [ Ivy,) sin(ct + 813 + 89 fi/sec (458)
where k= Iklei% C , then
e=Im{ o, lkly, O ) (4.99)
= o, Ikl [ huy ! sin(ot + ¢yy) f ] (4.100)
Iuml sin(omt + ¢12) ft/sec

Above 4 rad/sec if d is collinear with v 1 then Zx errors will be larger than x; -Zx errors but not by
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more than 12 db.

To evaluate the ability of the ASM AFCS to attenuate high frequency noise in our x; -Xx and
Zx measurements, we examine the recovered ASM closed loop tfm, T5(jw). Its singular values, as
well as those of the target ASM closed loop tfm, T3KF (jw), are given in Fig. 4.5.2.6. The

corresponding MOID and MOOD plots for o,[T5(jw)] are given in Figs. 4.5.2.7 and 4.5.2.8,

respectively. 20.
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Fig. 4.5.2.6: Recovery of Target ASM Closed Loop Singular Values.
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Fig. 4.5.2.7: Closed Loop TFM MOID Plot Fig. 4.5.2.8: Closed Loop TFM MOOD Plot
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Fig. 4.5.2.6 shows that the worst case frequency (in the sense of the two-norm) is at 0, =

0.73907 rad/sec. A SVD of T3(jo) at o 8ives us the following two very useful pieces of

information. For notational simplicity lete = g5, T = T, and n = n3. It can be shown that

n = [0.833 sin ot ft ] e=Tn | _ | 64 0903sin(0,14229) ft ] (4.101)
L0.553 sin(w,t+121.1°) fi/sec 7 lo43 sin(a,t+122.1°) fy/sec
and that
n =/ -0.553 sinw_t fr e=Tn __ .. [043 sin(wt+11.99)ft ]
| 0.833 sin(w,(+121.1°) fisec ] = €= 098 | ) 003 sin(or1+96.2%) fusec | (4-102)

Eq. (4.101), loosely speaking, implies that the ASM AFCS will be particualarly sensitive to noisy
measurements in x; -Xx. These equations tell us about noise attenuation.

At this point it is useful to point out two very useful and inciteful stability robustness tests due

to Lehtomaki and Athans [9]. Suppose that the "true linear" loop tfm can be written as:

Gy 3(0) =[1+ A_(j®) 1 Gy 5G) (4.103)

where
Gmax[Am(im)] < lm'l(ico) foral =20 (4.104)

It can then be shown that the "true linear" closed loop system (with Dm at the plant output) will be

stable if
O nax[ T30 < 1, 1Gw) forall®=0 (4.105)
This condition is a sufficient condition for the stability of the "true linear" closed loop system. The

condition, however, becomes necessary if no directional information is known about Am(im).
A (o) is referred to as a pre-multiplicative modeling error. If no directional information is known

about A _(jo) then it is said to be an unstructured modeling error.

For simplicity suppose that

I+A ()=02/(?+2Lo s+o2)] (4.106)
where = 27 rad/sec is the first harmonic of the main rotor. We then have

An(s)=-s[s +2Lw] 1/ (s2 +2{ms +m2) (4.107)
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Suppose all we know is that

Opax A0 €1y Gw) = Is[s + 20w / [s> + 20ws + 021 g, (4.108)

We then have

Iy 1) = 1[s2 + 20w s + 021 /s[s + 2801 | _ie (4.109)

We then ask the following important question: How small a { can we tolerate before losing our

guaranteed stability ? To answer this all we need do is consider smax[T(jw)] from Fig. 4.5.2.6
and lm'l(jco). The stability test can be visualized as in Fig. 4.5.2.9. The answer to this question
falls out easily by making Bode magnitude approximations forl_-1(Gw) atw=w . = 27 rad/sec.

Doing so gives us

o [TaGw)] = 0.0316 < 1 1wy =2{V1-(2 = 2¢ (4.110)
which yields
¢ > 0.0158 (4.111)
—_
60F-———w_  Z '(jw)
P
| ' )
' 27
441 = = | -
0.43 0.74 1 { 5l 6ae
2 0.03l6
_30 A

Fig. 4.5.2.9: Visualization of Pre-Multiplicative Stability Robustness Test.
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Fig.4.5.2.9 shows that if { <0.0158 and if we know nothing about the directionality (phase)

properties of A (jo) then the closed loop may go unstable.

Now suppose that the "true linear"” loop tfm can be written as:

G 3(®) = [[+ A (o)™ Gy 5(w) (4.112)
where

Cmaxl

AyGw)] < l4(w) for all @=0 (4.113)

It can then be shown that the "true linear" closed loop system (with A 4 at the plant output) will be
stable if

Omax[S30W)] < 1I5lGw) for all @20 (4.114)
This condition is also a sufficient condition for the stability of the "true linear" closed loop system.

The condition becomes necessary if no directional information is known about A 4U0). A () is

referred to as a pre-division modeling error.  If no directional information is known about A Q)

then it is said to be an an unstructured modeling error.

The stability robustness conditions in egs. (4.102) and (4.111) are very useful since they
show us how to determine stability given only magnitude information about the error in our linear
model. These results should be particularly attractive to classically-oriented design engineers since
they are direct multivariable extensions of classical SISO Nyquist ideas. It should also be noted

that the conditions in egs. (2.102) and (4.111) show why the target loop properties:

O ax [T kF(G®)] <2 db for all ®20 (4.115)

O xS kEG®)] 0 db for all @=0 (4.116)

are very desirable to have. Other stability robustness tests are given in [9].

Fig. 4.5.2.10 shows the singular values of the recovered ASM LQG/LTR compensator,

K3LQG/LTRGC0)- Fig. 4.5.2.11 shows the singular values of the ASM compensator, Ks(s) =
K3LQG/LTR(S) / s. K5(s) takes the error signals, €3, and generates the control signals, U3, to the
ASM plant, Gp3(s).
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Fig. 4.5.2.10: Recovered ASM LQG/LTR Fig. 4.5.2.11: Recovered ASM
Compensator Singular Values
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In these figures we see the high-pass structure of the recovered ASM compensator. This

high-pass structure is due to the fact that the ASM Design Plant, G3(s) = Gp3(s) / s has singular

values which roll-off at -40 db/dec and -60 db/dec whereas the target ASM (Kalman filter-based)

loop, GSK_F(S), has singular values which both roll off at -20 db/dec.

In fig. 4.5.2.11 we see that errors in the frequency range 2 to 20 rad/sec will be amplified to

generate the controls (A@c and XB;.) to the ASM plant, Gp3(s). A SVD at the worst case

frequency (0, = 4.75 rad/sec) shows that errors which are collinear with

e = [Qm simogt ]
0.493 sin(w,t + 37.8°) fi/sec

will produce controls which are collinear with

(1) = 14374 [Q,28§sin(m0t+30.3°) deg of A8, ]
0.157 sin(w,t- 6.1°)  deg of IB;,

(4.117)

(4.118)

This implies that large errors in x;-ZX (load deviation from center) will require a large A@c

(differential collective).
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In order to better understand the directionality properties of the ASM compensator, we have

provided MOID and MOOD plots for K5(s) in figs. 4.5.2.12 and 4.5.2.13, respectively.
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Fig. 4.5.2.12: ASM Compensator MOID Plot Fig. 4.5.2.13: ASM Compensator MOOD Plot

The MOID plot in Fig. 4.5.2.12 shows that the error directions which receive maximum

amplification vary considerably with frequency. The MOOD plot in Fig. 4.5.2.13 shows much

less variation in the corresponding outputs.

Finally, it is important to understand the effect of reference commands and sensor noise on the

controls. This is best done by examining the reference to control tfm. Fig. 4.5.2.14 shows the

singular values for the recovered ASM reference to control tfm. Figs. 4.5.2.15 and 4.5.2.16 show

the corresponding MOID and MOOD plots, respectively.
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Fig. 4.5.2.14: Recovered ASM Reference to Control Singular Values.
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Fig. 4.5.2.15: Reference to Control MOID Plot Fig. 4.5.16: Reference to Control MOOD Plot

Fig. 4.5.2.14 indicates that some references commands for x; -Zx and X in the frequency
range 2 - 20 rad/sec and 6-20 rad/sec will be amplified to generate the appropriate controls AB,
and ZB,.. A SVD at the worst case fregeuncy (® o, = 4.75 rad/sec) shows us that references which

are colinear with

1(t) = [m sin @t fit :|
0.506 sin(yt + 24°) fy/sec (4.119)

produce controls which are colinear with

uy(t) = 133 [QQBJ sin(@t + 23.3°) dcg] (4.120)
0.16 sin(w,t - 11.9%)  deg J.

Typically we want to regulate the load motion ( x; - Ix = 0)" and command Xx. To assure
reasonable controls for given reference commands, Fig.4.5.2.14 indicates that pre-filtering is
desirable. For this reason we recommend that x; - ¥x and Zk reference commands be passed
through a 3™ order Butterworth filter:

H(s) = 03/ (s2 + 2,52 + 200,25 + @3) (4.121)

with ©, =4 rad/sec. This reduces the + 80 db/dec slope between w = 2 to 4 rad/sec to 20 db/dec.
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Finally it is important to emphasize the affect of decreasing P3. Decreasing p, causes the "far
away" compensator poles (to be discussed subsequently) to move further from the origin. This
improves our stability robustness. Doing so, however, increases the amount that errors and
references are amplified to generate controls. This means more control action, pitching, and

oscillations in the vertical plane. In order to keep the control action, pitching, and oscillations
"somewhat reasonable" we did not lower P53 below 10°3; i.e. we traded-off stability robustness for
performance. The extent to which this trade-off is pronounced shall be shown when time simulat -

ions are presented. It should be noted that as p;—0, however, the reference to control tfm

becomes improper. This implies that for small enough P3, step-like commands result in impulse-

like controls.

4.5.3 ASM AFCS Poles and Zeros

To further understand the strategy of the recovered ASM LQG/LTR compensator, it is
instructive to compare the target ASM loop poles and zeros with the recovered ASM loop poles and
zeros. The target ASM loop poles and zeros are given in Table 4.5.3.1 and are plotted in Fig.

4.5.3.1. These are the poles and zeros associated with the Target ASM open loop tfm,
G3Kp(s) = Cy(sI - A:,,)'1 Hl-l3' The recovered ASM open loop poles and zeros (p3= 1075 are
given in Table 4.5.3.2. These are the poles and zeros associated with the recovered ASM open
loop tfm, Gp3(s)K3(s).

Tables 4.5.3.1 and 4.5.3.2 show that for pz=10‘5 the recovered ASM loop poles include the 7

poles of the ASM plant, Gp3(s), 2 poles associated with the integrators, and 9 poles associated with
the ASM LQG/LTR compensator, K3LQG/LTR(S). The poles of KsLQG /LTR (s) are simply the

eigenvalues of the 9 x 9 matrix A3-B3Gp3-Hu3C3. The tables also show that the recovered ASM

loop zeros include the 4 zeros of the ASM plant, Gp3(s), and 7 zeros associated with the ASM

LQG/LTR compensator, K3LQG/LTR(S). The zeros of K3LQG/LTR(S) = Gp3(sI - Azt B3Gp3 +

H“3C3)'1H”_3 can be shown to be the zeros of the transfer function matrix, Gp3(sI - A3)“1Hu3. This
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follows from the fact that

SI-AstBaG atH -Cx - _ 1 -B.] [sL-A: -H I
[033"3“33 {){”3]‘[ 3][30“3][-c

0 ] (4.122)
03 0 I Gp3 I

3

The tables show that the 9 ASM LQG/LTR compensator poles consist of 5 poles which would

move off toward infinity if p; were decreased. These poles are referred to as "far away poles" in

Table 4.5.3.2. The other 4 ASM LQG/LTR compensator poles are lightly damped poles which

would move toward the ASM plants’ lightly damped zeros if p5 were decreased. This follows from

the fact that the ASM plants' lightly damped zeros do not appear in Fig. 4.5.3.1 which shows the

target ASM loop poles and zeros. That is, they are not zeros of the target ASM open loop tfm,

Table 4.5.3.1: Target ASM Open Loop Poles and Zeros

Poles: Zeros:

s = 0, 0 (Integrator per channel)

s = 0.04022 + j 0.4785; { = 0.084; o, = 0.4802 s =-0.3754 +£j 0.71707; { = 0.4671; w, = 0.8038
s=-0.1976 £ j 0.7364; { = 0.2592; 0, = 0.7624 s=-0.2724 +j0.735; { = 0.5877; o, = 0.4635
s=-2119 s=-2127 _

s=-053131)2.624; {=0.1984; 0 = 2.678 $=-0.5349 +j 2.622; { = 0.199; @ = 2.676
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Fig. 4.5.3.1: Visualization of Target ASM Open Loop Poles and Zeros.
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Table 4.5.3.2: Recovered ASM Open Loop Poles and Zeros

ASM Plant Poles: s =0.04022 £ j 0.4785, o, = 04802, £=-0.084
=-0.1976 £ j 0.7364, o, = 0.7624, £ = 0.2592
s=-2119

s=-05313 £ 2.624, o, = 2..678, { = 0.1984

ASM Plant Zeros: s=-0.1786 % j 6.413, @ = 6.415, { = 0.02784
s=- 13371 £ 9.807, 0 = 9.902, { = 0.1385

M Compensator Poles:  s=0, 0 (Integrator per channel)
s=-1887+8.578, w, =8.783, { = 0.2149

s =-0.8031 %4311, o, = 4.386, { = 0,1831
s=-3.6351j3.942, o, =5.362, { = 0.6779

=-5974
s=-11.75+ ) 8.402, 0, = 14.44, { = 0.8133

ASM Compensator Zeros: s =- 02272 £ j 0.344, @ = 0.4122, { = 0.5511
s =-03391 £ 0.6977, 0 = 0.7785, { = 0.4372
s=-2.124

s =-05319 £ 2.621, o, = 2.675, { = 0.1989.

G3Kp(s) = C5(sI- A3)'1Hu3. These lightly damped poles shall be discussed in more details
subsequently.

The tables also show that the 7 zeros of the ASM LQG/LTR compensator consist of 3 zeros
which make the Anti-symmetric Damping and Pendular Modes uncontrollable, and 4 more zeros
which provide damping for the Vertical Spring and Backflapping Modes. The fact that the
Anti-symmetric Damping and Pendular Modes have been made uncontrollable is not very alarming
since these modes are near our gain crossover frequencies and would otherwise deteriorate our
stability margins.

Finally, the trade-off between performance and stability robustness should be made apparent.
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Decreasing P3 improves our stability margins. This, however, results in a loop with more lead
and lightly damped poles. This, of course, results in larger controls, pitching, and oscillations in

the vertical plane. Increasing p,, worsens our stability margins but improves our performance. The

trade-off is thus apparent.
Before studying the recovered ASM AFCS time response characteristics, it is instructive to
compare the target ASM closed loop poles and zeros with the recoverd ASM closed loop poles and

zeros. The target ASM closed loop poles and zeros are given in Table 4.5.3.3. These are the poles

and zeros associated with the target ASM closed loop transfer function matrix, T3KF(s) = G3Kp(s)

[I+G3K1:(s)]'1 = C3(sI-A3+Hu3C2)'1H“_3. The recovered ASM closed loop poles and zeros are
given in Table 4.5.3.4. These are the poles and zeros associated with the recovered ASM closed
loop tfm, T5(s) = G3(s)K3(s) [I+G3(s)K3(s)]'1 = G3(s) [I+Gp3d>3(s)B3]'1Gp3(IJ3(s)Hu3
[I+C3(I)3(S)Hu3]'l where <D3(s) =(sl- A3)'1. For convenience the target and recovered closed loop

poles and zeros have been plotted in Figs. (4.5.3.2) - (4.5.3.3).

In examining the closed loop poles and zeros in Table 4.5.3.3 and 4.5.3.4, it is essential to
identify which modes will have the greatest impact on our outputs, x; - Zx ansd £x, and which
modes will have the greatest impact on internal quantities such as A®_, Az, ¥B,., and Z0. First

we examine the target ASM closed loop poles and zeros.
Figs. 4.5.3.1 - 4.5.3.2 convey the basic strategy of the ASM AFCS. The figures show that
the Anti-Symmetric Damping and Pendular Modes will be made uncontrollable and that the Vertical

Spring and Backflapping Modes will be drawn toward compensator zeros. From these figures we

expect the ({ =0.42, ® = 0.69, T =3.5) poles, associated with the Backflapping Mode, to have
a predominant effect on Zx, X0, and ZB;.. Because of coupling, however, this mode may also
affect x; - Zx. Similarly the ({ =0.32, @_=0.95, ©=3.2) poles, associated with the Vertical

Spring Mode, is expected to have a predominant effect on Xp - X, Az, and A@c. As far as the

recovered closed loop poles are concerned the poles of greatest impact are those which approach the
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Table 4.5.3.3: Target ASM Closed Loop Poles and Zeros

Poles A;(Az - Hu3C3): s=-0.5423
s=-0.5748
s =-0.2907 £ j 0.6241, w = 0.6885, { = 0.4222
s =-0.3062 £ j 0.9024, o, = 0.9529, { = 0.3214
s=-2.113
s=-0.5323 £ j 2.626, o, = 2.679, { = 0.1987

Zeros: s=-02724 + 0375, o, = 04635, { = 0.5877
s=-03754 + j0,7107, o, = 0.8038, { = 0.4671
=-2.127

s=-0.5349 12622, o, = 2.676, { = 0.1999

Table 4.5.3.4: Recovered ASM Closed Loop Poles and Zeros

Poles: M(A3-Hy3C3):  s=-0.5423
s=-0.5748
s =-0.2907 + j 0.6241, ®_ = 0.6885, { = 0.4222

s=-03062 % j 0.9024, @, = 0.9529, { = 0.3214

§=-2.113

s=-0.5323 +j 2.626, o, = 2.679, {=0.1987
A{(A3-B3Gp3): s=-1.005 % j 4.177, o, = 4296, { = 0.2339

s=-3463+j3.199, o, =4.715, {=0.7346

s =-4907

s=-1891+j847, o, = 8679, L= 02180
=-11.25%j7.797, o, = 13.69, {= 0.8218

Zeros: ASM Plant : s=-0.1786 + j 6.413, ©, = 6.415, {= 0.027841
s=-13711j9.807, 0, = 9.902, { = 0.1385

ASM LQG/LTR Compensator: s=-02272+j0.344, o, = 04122, { = 0.511

s=-0.3391% j0.6977, @ = 0.7758, { = 0.4372

s=-2.124 :
s=-0.5319 % j 2.621, o, = 2.675, { = 0.1989
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lightly damped zeros ({ =0.23, o =4.3, t=1) and ({=0.22, ®, =8.7, ©=0.22). Because
the T = 0.22 pole, approaching the "helicopter zero", decays so rapidly we expect it to have little
affect on the outputs. Its greatest impact is expected to be on ZB;.. The impact of the T =1 pole,
approaching the "load motion zero", is expected to affect the output x; - Zx somewhat. Its

greatest impact, however, is expected to be on Az.

4.5.4 Time Domain Evaluation of ASM AFCS

In this section the ability of the ASM AFCS to regulate the load deviation from center (x; - Zx)

and follow average horizontal velocity (£X) commands is examined. Although Xp, - Zx is usually

commanded to zero we'll also look at a nonzero command for the variable.

(A) Zx Command Following

To examine the ASM AFCS's ability to follow £x commands we will drive it with a pre-filtered
step. The pre-filtered step will be the output of a 3™ order Butterworth filter with cut-off frequency
at @, = 4 rad/sec which is above the closed loop bandwidth ((.oCL3 = 1.5 rad/sec). The resulting
time responses are given in Figs. 4.5.4.1 - 4.5.4.2.

Fig. 4.5.4.1a shows the resulting average horizontal velocity, XX, response with an overshoot

of 5% and an undershoot of 15%. The risetime (time to reach 1 ft/sec) is seen to be on the order of

1.5 secs and the response takes about 12 secs to settle down. Because of the integral augmentation
we see that the Zx response exhibits zero steady state error. This response is primarily governed
by the closed loop poles ({ =0.32, o, =0.96, t=3.2) which are associated with the ASM
Backflapping Mode.

Fig. 4.5.4.1b shows the resulting load deviation from center, x; - ¥x, response which is
dominated by the (£ = 0.32, o =0.96, T=3.2) pole associated with the Vertical Spring Mode.

The lightly damped pole ({ =0.23, o , =4.3, ©=1) which would approach the "load motion

zero" if p, werte decreased, also has a noticeable impact on the response. The response shows
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Fig. 4.5.4.1: ASM AFCS Response to a Zx = 1 ft / sec Filtered Step Command.
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that a filtered Zx = 1 ft / sec command results in a peak x; - Zx of about 0.225 ft.

Fig. 4.5.4.1.c and 4.5.4.1d show the corresponding average pitch attitude, X6, and vertical

separation, Az, responses. Although the X0 response is quite reasonable, the Az response exhibits

far too large rates. The reasons for the large rates are two-fold. One reason, obviously, has to do

with the lightly damped poles near the lightly damped load motion zeros. If we were to make P3

larger (recover less of our target loop) then these rates would decrease substantially but they would

do so at the expense of our stability margins; i.e. a trade-off between performance and stability

robustness. Because we have a high bandwidth design this trade-off is exacerbated. It thus

follows that the main reason for the large rates is because of the high bandwidth specification

coupled with the "relatively large" stability robustness specification. Consequently, a high

performance (high bandwidth) design is feasible only if modeling errors are sufficiently small.

The Ze response shown in Fig. 4.5.4.1e also exhibits more oscillation than desired.

Finally, the ZB,, and A@c responses in Fig. 4.5.4.2 exhibit similar characteristics to the 8

and Az responses.
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9

10



-183 -

In summary, thes responses confirm the rather intuitive fact that a high performance (high
bandwidth) design is feasible only if model uncertainty is sufficiently low. If model uncertainty is
high then a high bandwidth Equal Tether AFCS becomes unfeasible. This is because, in such a
case, the large robustness requirement forces the helicopters to undergo substantial oscillations in
the vertical plane in order to regulate the load motion when horizontal velocities are commanded.

Moreover, if model uncertainty is high then only a low bandwidth design becomes feasible.

(B) x; - Zx Command Following

Although typically the load deviation, x; - Zx, will be commanded to zero, it is instructive to
see the effect of an x| - Zx step command. In this section we drive the ASM AFCS with a
pre-filtered x; - Zx = - 1 ft step. Physically, this amounts to commanding a vertical separation,
Az, of - 2 ft (slave above master). This is because in the steady state x; - Zx = Z Az =05 Az. As
before, the pre-filter shall be a 3™ order Butterworth with cut-off frequency at ®, = 4 rad/sec. The

resulting time responses are given in Figs. 4.5.4.3 - 4.5.4.4.

Fig. 4.5.4.3a shows the resulting Ik response. We see that a filtered x; - Zx = -1 step
command results in a peak Xx of about 0.19 ft/ sec.

Fig. 4.5.4.3b shows the load deviation, x; - Zx, response. The figure shows that the

response exhibits a 17% undershoot and about a 19% overshoot. These rather large excursions are

due to the lightly damped poles ( = 0.23, ® =43, t=1) and the load motion zero's near them
(€ =0.03, ® =6.42, T=15.6). The response's settling time is dominated by the ({ =0.32, o =
0.96, T =3.2) poles associated with the Vertical Spring Mode and the zeros ({ = 0.44, o =0.78,

T = 2.95) near them.
Figs. 4.5.4.3c and 4.5.4.3d show the corresponding £0 and Az responses. As expected,

they are more oscillatory than desired. If p3 were increased these oscillations would decrease

substantially. Increasing p;, however, would result in smaller stability margins. For Py = 10
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the ASM AFCS has a guaranteed multivariable phase margin of 41.5°. If the bandwidth of the
design were reduced we could have such a margin without the substantial pitching and oscillations.
The bottom line is that, in general, a trade-off must be made between performance and stability
robustness and that the high performance specification only serves to make this trade-off worse.

Fig. 4.5.4.3e shows the average tether angle, Zg, response resulting from the filtered load

deviation command. The response is seen to be dominated by the Pendular Mode (£ = 0.2, w0 =

2.7, ©=1.9).

Finally, Figs. 4.5.4.4a and 4.5.4.4b show the corresponding average cyclic, B, and

differential collective, A@c, responses. We see that these responses have characteristics similar to

those exhibited by the 26 and Az responses.
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Fig. 4.5.4.4: ASM AFCS Controls for an x; - Zx = - 1 ft Filtered Step Command.
In summary, the above time responses further confirm the fact that a high performance (high

bandwidth) ASM AFCS is feasible only if modeling uncertainty is sufficiently low.

{0
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(C) Xy, - Zx Disturbance Rejection

Finally, to examine the ability of the ASM AFCS to regulate the load motion (x; - Zx) in the
presence of disturbances, we shall consider an initial condition response in which initially the load
is displaced 1 ft to the left of the center (x; - Zx = - 1 ft) due to an initial average tether angle, Ze =
- 4.3 degs (initially we have 28 = Az =0 and x; - Zx = x;'= H Z€). The resulting time responses
are given in Fig. 4.5.4.5 - 4.5.4.6.

Fig. 4.5.4.5a shows the resulting Zx response. The response shows that a peak value of

about 0.8 ft/sec occurs. The response takes about 10 seconds to settle down to zero.

Fig. 4.5.4.5b shows the corresponding x; - Zx response. The response exhibits a very large
overshoot and is dominated by the ({=0.32, @ =0.96, t=3.2) pole, associated with the
Vertical Spring Mode, and the zeros ({ =0.44, o, =0.78, T=2.95) near them.

Figs. 4.5.4.5c and 4.5.4.5d show the corresponding X0 and Az responses. As with the
command following responses, these responses are too fast. To remedy this we can either increase
P and give up stability robustness or increase I, and give up performance (speed).

Fig. 4.5.4.5¢ shows the Zge response and Figs. 4.5.4.6a and 4.5.4.6b contains the

corresponding controls, ZB;, and A®_, respectively.
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In summary, the responses show that a high performance (high) bandwidth) design is feasible
only if model uncertainty is sufficiently low. In such a case we can increase Py to reduce the

substantial pitching and oscillations that the helicopters must undergo in regulating the load motion.
If model uncertainty is high, however, then the above high bandwidth ASM AFCS becomes
unfeasible. Chapters 5 and 6 attempt to remedy this by examining the virtues of a TLHS in which
the master and slave tether lengths are unequal. Comparisons are made with the Equal Tethered

AFCS developed in this chapter.

4.5.5 Summary of ASM AFCS Design

In this section, the LQG/LTR design mcthodolégy was applied to the ASM Design Plant; an
unstable TITO system with considerable low frequency phase lag and four lightly damped high
frequency zeros. It was shown, as expected from Chapt‘cr 3, tfiat controlling the ASM PLant is
very difficult; particularly when the specifications call for a high performance (high bandwidth)
robust design. More specifically, it was shown that for such specifications the trade-off between

stability robustness and performance is particularly pronounced. Raising the bandwidth would
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exacerbate the situation since this would result in more control action and larger oscillations in the
vertical plane. Lowering the bandwidth would, of course, help but would be sacrificing our "high
performance”.

In summary, we conclude that the LQG/LTR design procedure can be used to develop a real
world ASM AFCS. A high performance (high bandwidth) ASM AFCS, however, is only
feasible if model uncertainty is sufficiently low. If model uncertainty is high then a high
performance design becomes unfeasible. This is because, in such a case, the large robustness
requirement forces the helicopters to undergo substantial pitching and oscillations in the vertical
plane in order to regulate the load motion when horizontal velocity commands are issued.
Moreover, if model uncertainty is high then only a low bandwidth design becomes feasible.
Chapters 5 and 6 shall examine whether having unequal tether lengths lessons the above trade-off

between performance and stability robustness.

4.6 Final Time Domain Evaluation of Equal Tether AFCS
For completeness, we examine the time characteristics of the combined AVM, SM, and ASM

AFCS's. More specifically, in this section the following command scenario is studied:
¥z =5 ft/ sec unfiltered step command;
Ax =1 ft initial condition;
xp - Zx =-1ft (Ze =-4.3 degs) initial condition;

Xx =5 ft / sec filtered step command.

As before, a 3rd order Butterworth filter with @, = 4 rad/sec is used to generate the TX step

command. The resulting time responses for the individual helicopters and tethers are given in Fig,
4.6.1. As expected they exhibit the helicopters undergo substantial pitching and oscillations in the
vertical plane in order to regulate the horizontal separation and load motion while following the

horizontal and vertical velocity commands.
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4.7 Summary of Equal Tether AFCS Design

In this chapter the LQG/LTR design methodology was applied to the Equal Tether Design
Plant discussed in Chapter 3. The method was used to systematically develop an Equal 'I_‘ether
AFCS satisfying the performance and robustness specifications presented in Chapter 3. The Equal
Tether AFCS, consisting of an AVM AFCS, a SM AFCS, and an ASM AFCS, was evaluated in
the frequency domain and in the time domain. The concept of MOID and MOOD plots were
introduced to help visualize the directionality properties of the TITO ASM AFCS.

Finally, it was shown that a high performance (high bandwidth) Equal Tether AFCS is only
feasible if model uncertainty is sufficiently low. If model uncertainty is high then such a design
becomes unfeasible. This is because, in such a case, the large robustness requirement forces the
helicopters to undergo substantial pitching and oscillations in the vertical plane in order to regulate
the horizontal separation and load motion when horizontal and vertical velocities are commanded.

Moreover, when model uncertainty is high then only a low bandwidth design becomes feasible.

Such a design can be obtained by increasing Hys Wy, and P, in order to get target loops with lower

bandwidths. Removing the integrators is another option to consider since it would lessen the
trade-off between performance and stability robustness. Making h = 0; i.e. attaching the tethers
directly to the helicopter c.g.'s may help considerably since in such a case the unstable Tethered
Helicopter Mode moves to the origin giving us a natural integrator in the SM AFCS loop. None of
these options shall be addressed in this thesis. Chapters 5 and 6, however, examine the feasibility
of a high performance (high bandwidth) AFCS design for a TLHS with unequal tether lengths. It
is hoped that having unequal tether lengths would lesson the trade-off between performance and

stability robustness.
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CHAPTER 5: ANALYSIS OF TLHS UNEQUAL TETHER MODEL
5.1 Introduction
In this chapter the linear model developed in Chapter 2 is analyzed using the nominal parameter
values given in Appendix 1. In particular, the chapter will focus on the "Unegual Tether Problem,"

ie. the case in which the master and slave tether lengths are unequal (Hg = 2H_; H A =H). The

chapter discusses the coupling that results between two of the three basic motions (AVM, SM, and
ASM) when the tether lengths are unequal. The natural modes of the Unequal Tether Configuration
are identified and discussed. Comparisons are made between the Unequal Tether and Equal Tether
Configuration properties. The purpose of this chapter is to provide an understanding of the
"Unequal Tether Model" and how it differs from the Equal Tether Model so that we may formulate
design specifications for the Unequal Tether AFCS to be developed in Chapter 6. The primary
reason for studying the Unequal Tether Configuration here is to examine whether or not having
unequal tether lengths lessens the trade-off between performance and stability robustness when a

high performance (high bandwidth) design is desired.

5.2 Coupling Between the Symmetric and Anti-Symmetric Motions
5.2.1 Introduction

It was established in section 3.2 that, regardless of the tether lengths, the AVM is always
decoupled from the Symmetric and Anti-Symmetric Motions. This is due to the fact that the vertical
and horizontal linear dynamics for a hovering helicopter are decoupled (Bramwell, [1]). It was also
shown that when the tether lengths are equal, H=H,, the Symmetric and Anti-Symmetric Motions

decouple from one another. This is due to the perfect symmetry of the TLHS when the helicopters

are identical and the tether lengths are equal. When the tether lengths are not equal (Fig. 5.2.1.1)

master
Hm=H
spreader
bar

payload
Fig. 5.2.1.1: Visualization of Unequal Tether Configuration.
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(Hs # H, ), however, this decoupling does not take place and one must analyze the Symmetric

and Anti-Symmetric Motions simultaneously.

The Symmetric Motion (SM) involves the Ax and A8 degrees of freedom and the control input
AB,.. The Anti-Symmetric Motion (ASM) involves the X, 26, Az, and x; ' degrees of freedom
and the control inputs A®_ and IB;.. The combined Symmetric and Anti-Symmetric Motions shall

be referred to as the Symmetric-Anti Symmetric Motions (SASM).

To get a feel for the coupling that results when Hy# H_, it is necessary to examine the linear

model in Table 2.4.1 - 2.4.2. Inspection of Table 2.4.1 shows the presence of a tether length

"coupling parameter”, S = (H-Hy) / (Hp,+Hy). It thus follows that if H,=2H , then S <0. In
such a case Table 2.4.1 shows that the ASM "drives" the SM with £0 and x;', while the SM

"drives" the ASM with Ax and AB. This can be visualized as in Fig. 5.2.1.2.

ABic'_"" SM Ax (feet)
(degrees) T IAX’AB
| Coupling
EQ,xL’T 1
NAO. X —2Zx (feet)
2B, T~ i — > x (feet/sec)
. (degrees)

Fig. 5.2.1.2: Visualization of Symmetric - Anti Symmetric Motion (SASM).

The degree to which this coupling occurs (when Ho=2H_; H_, = H) shall be examined later in

the section. Before proceeding with the analysis of the Unequal Tether Model, we recall some

basic geometric relationships.
For the Equal Tether Problem the relationships for the horizontal separation, Ax, the

generalized load coordinate, x; ', and the load deviation from center, X1 -Xx, were simply as follows:
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Ax = - [h A8 + H Ag] (5.1a)
x; ' = H [Ze - 26] (5.1b)
x -Ex=h¥0+Z Az+HZe (5.1¢)

These relationships, obviously, are not valid for the Unequal Tether Problem. When Hg # Hthe

relationships are as follows:

Ax=-[hA8+Hy e -He ] (5.2)

xp' = 0.5 [ Hy(e-0) + Hy(e -6 )1+0.5[Hy -H]6_ (5.32)
=0.5[Hge+ Hye ]-H 20 | (5.3b)

xp-Zx = (h + H)Z0 + Z Az + x; ' (5.4)

From egs. (5.2) - (5.3) we get the following two useful expressions:

e ={2[x +HZ0]-[Ax+hA8])/2H, (5.5)
e,=(2[x'+HZ0]+[Ax+hA0]}/2H (5.6)

Eqgs. (5.2) - (5.6) were given in Table 2.4.3.

5.2.2 Notation for Unequal Tether Model: The SASM and Unequal Tether Plants

This chapter shall focus on the case where Hg=2H, and H,=H. Since the SM was

described by the state space triple (Apz, B Cpp) and the ASM by (Ap3, B Cp3), the SASM

p2 p3

shall be represented by the state space triple (Ap23» Bposs Cp23). The SASM shall henceforth be

denoted as follows:

. 11, 3
Xp23 = Apos Xpo3 + Bz U3 Xp3€ R up3e R (5.7

¥p23 = Cpo3 X3 Y3 € R? (5.8)

Gp23(9) = Cpo3(s-An) 1B 5 (5.9)
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Upp3 = [AB 1A®, =B, T (5.10)
X3 = [Ax AB Ak AB||Z8 Az x' Ik B Az %17 (5.11)
¥po3 = [Ax Il xg -Zx 2x]T (5.12)

where Ax, x;', and x; - Zx are given by egs. (5.2) and (5.4), respectively. The state space triple

(A.p23, Bp23, Cp23) and the tfm Gp23(s) shall be referred to as the SASM Plant. we note that the

SASM Plant is a three-input three-output system.

Given that the SASM is described by egs. (5.7) - (5.12), the entire Unequal Tether Model (H,

=2H,,; H,, =H) is given as follows:

Xp=Ap %, +B,u, Xp€ Ru;gpe R4 (5.13)

B=5% y,€ R (5.14)

Gp(s) = Cp(sI-Ap)'pr (5.15)
where

up = [upy Upo3"1" (5.16)

£ = [xpl lp23T]T (5.17)

¥p = [¥p1 ¥p23"" (5.18)
and

A, =diag(Apy, Ajys) (5.19)

B, = diag(B,y, Bjp3) (5.20)

Cp = diag(Cpl, Cp23) (5~21)

The scalars Apl, Bpl’ Cpl, Up1s Xpps and Yp1 Were defined in Chapter 3. The matrices Ap23,

Bp23, and Cp23 are given in Table 5.2.2.1. The SASM Plant parameter values are given in Table

3.2.2.2,



Table 5.2.2.1.1a: State Space Representation For SASM Plant.

-ﬁu: -[g(l!u)°nu;h} -Znuisus -IMN:S
-cw: —ewi(h ) - 2new Sl L apens
1
Ap23 - 1
Lls B2, 1 -s s A
TV TV "[ i ‘ﬁ:] Wy u
% ;u:s ¥ ewih- -qmisu, clrw: ", N
s 275h am, -l ot L
w2 fu 2 H i
L5 vy |5 ) vn g[S ﬁi-]m % N LI R EIRURLN Y
0, 0. 1,0000 0. 0. 9. 0. 0. 0. 0.
0. 0. 0. 1,0000 0. 0. 0. 0. 0. 0.
-0.8231 -0.8674 -0.0600 0. 0.2538 0. 0.5487 0. 0. 0.
-12.9500 -4.0065 2.3493 -3.1000 3.9928 g. 8.6336 0. 0. 0.
0. 0. 0. . 0. . 0. 0. .
=\ . 0. 0. 0. 0. 0. 0. 0. et
0. 0. 0. 9, 0. 0. 0. 0. 0. 0.
-0.1372 -0.0006 0.. . 0. -0.4351 0. 0.8234 -0.0600 0. 0.
-2.1584 -0.1356 0. 0. 1.9964 Q. 12.9520 2.3493  -3,1000 0
-0.2629 -0,0159 0. 0. 0.7018 -0.3885 1.5175 0. ' _0:3351 o
L_l.5948 0.1065 0. 0. -1,7896 0.1844 -10.1690 ~1.1741 1.6284 0.1193

Notes: 1. Although the symbolic representations for Ap23. BP23‘ Cp23 assume that all pitch angles and controls

are measured in radians, the numerical representations assumes them to be measured in degrees.

2. Displacements and velocities are assumed to be measured in feet and feet/second, respectively.

3. Forces (weights) are assumed to be measured in pounds.

Definitions: ¥=1+ey+dpZ28 (1-8))

D-.mAl[l+p+(h+li,)pc+(4TsLi1mA1)1
Ba-[Xy+My(h+H)]
Fu(h+ll,)epo 25 Hy-0,2 1, -4 T8 21,
yminsy Zop2y! '

Tu(i¥y!

Vals(heH)er(1/n)+(482221¥)
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0000




Table 5.2.2.1b: State Space Representation For SASM Plant.

xnlc
nalc
xBlc
unlc
chTJ
-iteq'r.l&l.i '"nlcmme"""-”_ '
1 0 0 0 0
0 0 0 0
0 0 0 0
1.0000 0. 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
TLHS Parameters:
p=[{M +Mgl/2My
Hp =2 Hg Hy /[ Hg +Hpy ]
e=Myh/ Iy

IBE(IIIZ)MBL2

0. 0. - 0.

0. 0. 0. T

0.4702 0. 0.

F47.2400 0. 0.

0. 0. 0.

0. 0. 0.

0. Q. 0.

0. Q. 0.4782

e. 0. 47,2400

0. 27423 243370

0. =€ .

L ’ -

0 o o 0 o

Z 1 0 0 0 0

0 1 0 0 o0

0. 0. 0. 0. 0 °
0.5253  0.5000  1.0000 o, iy e
0. 0. . 1.0000 0. 0.
8 =My /(ML +Mg] 0 2=(g/Hp)
Hp=Hy/L S=(Hp-Hg]/[Hg+Hpy]
Z=Z/L ep= 215 / My L2

0.

- L6l -
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Table 5.2.2.2: SASM Plant Parameter Values.

Wiy = 14000 Ibs. My = 434.78 slugs Wg =6441bs.  Mp =20 slugs
I, = 5700 slug ft> L =69 ft. h = 3.6 ft. Z =13.25 ft.
g = 32.2 ft sec2 H=13.25ft.

u=[Mp +Mgl/2My =0.4515 8 =My /M +Mg] =0.9491
Ig = (1/12) Mp L2=7935 slug fi? e, =2 Iy / My L? = 0.0077
e=Myh/I,=02746 Z=Z/L=05

H, =H=13.25 ft. H, = 2H = 26.5 ft.

Hp=2HH /[ H, +H] = 17.6667 H, = (H, /L) = 0.2561

S =[H,, - H] / [H,, + H] = - 0.3333

0,2=(g/Hy) = 1.8226

W=1+e,+4pnZ28 (1-8)=10295

D
=-w,2[1+p+h+H)pe+@T3 Z/w,2)]=-10.169

E=-[X,+M, (h+H)] =-11741

F=(h+Hy)epw,2SH- 0,2H -4 T8 ZH, =-22247 ft deg’]

T=(1/18, Zw,2) =256

T=pd Zw,2/¥=03793

V=1+h+H)e+1/p)+@8222/¥)=12356

X, =-0.06ft sec2 / ft sec”! Xpe=2741t sec? /rad
M, =0.041 rad sec2 / ft sec’! Mg, =-47.24 rad sec2 /rad
M, =- 3.1 rad sec?/ rad sec’! Zg, = 340.9 ft sec? / rad

Z,=- 0.346 ft sec 2/ ft sec”!
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It can be shown that the state space triple (Ap Bp, Cp) is controllable and observable. It thus
follows that the state space and tfm representations are equivalent minimal realizations. From now
on the state space representation, given by egs. (5.13) - (5.14) and the equivalent input/output

representation, given by eq. (5.15), shall be referred to as the "Unequal Tether Plant". Figs.

5.2.2.1 - 5.2.2.2 provide input/output visualizations for the TLHS and the Equal and Unequal
Tether Plants.

In this chapter we analyze the internal as well as the input/output properties of the Unequal
Tether Plant. Comparisons are made with the Equal Tether Plant. It should be emphasized that
both the Equal and Unequal Tether Plants contain the AVM Plant. This follows from egs. (5.19) -
(5.21). The AVM Plant was carefully examined in Chapter 3. Consequently, we shall not pay

much attention to it in this chapter. Instead we shall focus on the SM., ASM. and the SASM

Plants.
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Fig. 5.2.2.1: Input/Output Visualization of TLHS.
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5.3 Modal Analysis of TLHS Unequal Tether Configuration

5.3.1 Introduction

In this section the natural modes of the Unequal Tether Configuration (Hg = 2H,; H,, = H) are

identified and discussed. Comparisons are made between the modes of the Unequal Configuration
and those of the Equal Tether Configuration. To facilitate the comparisons, the modes of the
Unequal Tether Configuration shall be described using the same names used to describe the modes
of the Equal Tether Configuration in section 3.3.

The natural modes of the Unequal Tether Configuration are found by solving the 12t order
ordinary eigenvalue problem associated with the homogenous system @p=g):
Xp=ApXp (5.20)
where Ap = diag(Apl, A.p23) and X, = [xpl 5p23T]T. Before discussing the modes of the Unequal

Tether Configuration, we compare the "Equal Tether and Unequal Tethjer Ap matrices" which are
both given in Table 5.3.1.1.

It was shown in Chapter 2 that AX and A8 are determined by the following two second order

ordinary differential equations:
My AX = 0.5 [Wy_ + Wg] Ae - [Wg + 0.5 (W + Wg)] A8 + My[X A% + X AB,.]  (5.23)
I, AB = 0.5[Wy +WplhAe-0.5 [Wy + Wl h A0 + L [M A% + M_A® + My AB, ] (5.24)

where

Ae=-[(Ax+hAB) +28 (x '+ H Z8) ] /H, ' (5.25)

From eq. (5.25) we have

Ae = - [4.3245 Ax + 0.2717 A9] (5.26)

for the Equal Tether Configuration and

Ae = -[3.2434 Ax + 0.2038 AQ] + [2.1623 x; ' + 0.9999 Z6] (5.27)

for the Unequal Tether Configuration. It follows from egs. (5.23) - (5.25) that the only contribution



Table 5.3.1.1: Equal and Unequal Tether Ap Matrices
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of Ax, x; ', and X0 to AX and A6 is through Ae. Equations (5.26) - (5.27) show that doubling the
slave tether length reduces the contribution that Ax and A6 have on AX and AB. Tt also results in Xr

and 26 both driving Ax and AB. These observations are confirmed in Table 5.3.1.1.

It was also shown in Chapter 2 that Xx and 6 are determined by the following two second

order ordinary differential equations:
MHESc' =0.5 [W + Wg] Ze - [Wy + 0.5 (W + Wp)] 28 + My[X Ix + Xp,.ZB,] (5.28)

I, 26 = 0.5[Wy + Wp]hZe- 0.5 [Wp + Wp] h 20 + L [M, Tk + M_Z6 + Mg TB, ] (5.29)

where

Te = {S[Ax +h AO] +2[x; '+ H 26] } /2 H, (5.30)

From eq. (5.28) we have

e =4.3245 x; '+ X8 (5.31)

for the Equal Tether Configuration and

Ze = - [0.5406 Ax + 0.034 AB] + [3.2434x; ' + 1.4999Z6] (5.32)

for the Unequal Tether Configuration. It follows from egs. (5.28) - (5.30) that the only contribution

of Ax, AB, and X 110 ¥X and EQ" is through ¥¢. Furthermore, it follows from egs. (5.31) - (5.32)

that doubling the slave tether length reduces the contribution of xL' to X and E'Q. while increasing

the contribution of X0 to ¥X and E'Q'. It also results in Ax and A6 both driving ¥X and ZQ“. These

observations are also confirmed in Table 5.3.1.1.
To understand the effect of doubling the slave tether length on the Az and x;' equations we

recall the following differential equations from Chapter 2:

WAZ=4p8 Zglle- Az/L] +Z, Az +Zg AB, (5.33)



- 205 -
X '=-gll+p+(h+H)ep+482722 (1/¥glZe+g[l+p+h+H)epn =0
+[418 2225 (1/¥ L) Az-[X, + (h + H) M,] Zx - (h + H) M T8

-( Z SL/‘I’) [Z, Az+Zg, A@ ] - [Xp + (h + H) Mp ] B, (5.34)

Equation (5.33) shows that the only dependence of AZ on Ax, A6, x; ', and Z6 is through Ze.
Moreover, the only dependence that AZ has on the tether lengths is through Xe.

Equation (5.34) shows that the only dependence of X} 'on Ax, A®, and x;'is through Ze.
The equation also shows that X; ' depends explicitly on the slave tether length, H,. This is because

of the explicit dependence that x; ' has on Hy:

x ' =0.5 [Hpe  +Hge] - Hg 20 (5.35)

From egs. (5.31) - (5.34) it follows that doubling the slave tether length reduces the

contribution of x; ' to AZ and increases the contribution of ¥6 to AZ and 5EL '. The contribution of

X;'to 3EL' however, increases because of the increase in the X¢ coefficient. For a similar reason

the contribution of 6 to SiL' also increases.

Finally, egs. (5.31) - (5.32) also show that doubling the slave tether length results in Ax and

AB driving both Az and %;!. These observations are confirmed in Table 5.3.1.1.

Having discussed the differences between the "Equal and Unequal Tether A.p matrices” we are
now ready to discuss the differences between the natural modes of the Equal and Unequal Tether

Configurations. The eigenvalues, X,, and right eigenvectors, v;, associated with the Equal and

Unequal Tether Ap matrices are given in Tables 3.3.1.1 and 5.3.1.2, respectively. For

convenience Table 5.3.1.3 contains the magnitudes and phases associated with the complex entries
of the Unequal Tether complex eigenvectors. To facilitate the comparison between the Equal and
Unequal Tether modes we have tabulated the Equal and Unequal Tether eigenvalues in Table

5.3.1.4. It is emphasized that the discussion which follows assumes that displacements are

measured in feet and angle in degrees.
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Table 5.3.1.2: Eigenvalues and Right Eigenvectors For Unequal Tether Model

AVM: Average Vertical Damping Units: ft, degs, ft/sec, deg/sec

Ag,7=0.0478 £ 0.4698

Ag o =-0.1897 +0.7291

A, =-0.2384
/-1.0000
| 0.
I o.
t 0.
—| o.
Y=o
| 0.
too.
o,
Q.
0.
0.
SASM: Tethered Helicopter Horizontal Spring Symmetric Damping
= 0.6604 =- +i —.
A 13,4 0.7883 + j 1.8885 Ag=-2.227
0. 0. +0, i 0.
0.4780 0.0685 - 0.0630i 0.0595
-0.6795 . 0.4029 + 0.0604i -0.3897
0.3157 | 0.0643 + 0.1789i -0.1324
-0.4488 -0.4317 + 0.7132i 0.8679
Vo = -0.0261 v -0.0851 - 0.0641i _ -0.1017
= -0.0221 =3 T _p.0062 + 0.0068i VYs= -0.0032
0.0694 0.0771 + 0.0167i 0.0430
0.0121 0.0074 - 0.0492i -0.0345
-0.0172 © 0.1882 -~ 0.1102i 0.2264
-0.0146 1-0.0080 - 0,0171i 0.0072
0.0458 1-0,0924 + 0,1324§ -0.0958
Backflapping Vertical Spring

0. + 0. i ;0. 40, 1
0.0649 + 0,055%9i 0.0452 - 0.0006i
0.0363 + 0.0103i 0.0354 + 0.01541
-0.0232 + 0.0332i -0.0081 + 0.0330i
-0.0031 + 0.0175i I-o_ona + 0.0229'}
=] 0.2537 + 0.2581i — | 0.3727°+ 0.0326
Y6 =| 0.7266 - 0.1603i Vg =1 _0.6410 + 0.07631
0.0044 - 0,0325i -0,0907 - 0.0103i
-0.3508 + 0.1664i 0.0274 + 0.328Bi
-0.1094 + 0.1315i -0.0945 + 0.2655i
0.1100 + 0.33361 0.0660 - 0.4818i
0.0155 + 0.0005i 0.0247 - 0.0642i
Pendular Anti-Symmetric Damping
© 0. + 0. i 0.
0.0425 - 0.0119i ~0.0558
0.2336 + 0.1017i 0.2865
0.0029 + 0.1110i - 0.1119
_ | =0.3910 + 0.50741 -0.5744
Vg =| 0.2032 + 0.03%4i Vip = -0.3120
0.0131 - 0.0101i -0,0086
-0,.1569 + 0.0262i 0.1168
0.0219 + 0,0875i =0.1218
-0.2205 + 0.4714i 0.6256
0.0360 + 0.0431i 0.0173
0.0321 - 0.3985i -0.2342
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Table 5.3.1.3: Polar Form of Unequal Tether Complex Eigenvectors

Horizontal Spring
MAG PHAS
0.0931 -42.61°
0.4074 8.53°
0.1903 70.07°
0.8337 121.2°
0.1065 -143°
0.0092 132.4°
0.0184 65.25°
0.0498 - 81.5°
0.2181 -30.4°
0.0189 -115.1°
0.1615 124.92°

MAG = magnitude

Units: ft, deg, ft/sec,

Backflapping
MAG  PHAS
0.0857 40.74°
0.0377 15.84°
0.0405 124.94°
0.0178 100.1°
0.3619 45.5°
0.7441 -12.4°

0.0328 -82.3°
0.3883 154.6°
0.1709 129.7°
0.3513 71.8°
0.0155 1.85°
PHAS = phase

deg / sec

Vertical Spring
MAG PHAS
0.0452 -1°
0.0386  23.5°
0.0339 103.8°
0.0291 128°
03741 5°
0.6455 173°
0.0913 -173.5°
0.3299 85.2°
0.2818 109.6°
0.4863 -82.2°
0.0688 -69°

Pendular
MAG PHAS
0.0441 -15.64°
0.2548 23.5°
0.111  88.5°
6406 127.6°
0.2069 10.97°
0.0223 -54.11°
0.1591 170.5°
0.0902 76°
0.5204 115.1°
0.0562 50.1°
0.3998 -85.4°
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Table 5.3.1.4: Natural Modes of Equal and Unequal Tether Configurations

a) Equal Tether Configuration

AVM: Vertical Damping Mode: A =-0.2384;1=4.2

SM:

Tethered Helicopter Mode: A, = 0.7561
Horizontal Spring Mode: 13 4=- 0.8122 +j2.2228; { = 0.34; o, = 237t =1.23
Symmetric Damping Mode: KS =2.2919;1 =044

Backflapping Mode: 7‘6,7 =0.0402 + j 0.4785; { = 0.084; ©, = 0.48

Vertical Spring Mode: 7\‘8,9 =-0.1976 + j 0.7364; { = 0.26; ©, = 0.76; T = 5.06
Pendular Mode: 7\.10'11 =-0.5314 £ 2.6245; { = 0.2; o, = 2.7;1t = 1.88
Anti-Symmetric Damping Mode: A, = - 2.1187; 1= 047

b) Unequal Tether Configuration

Vertical Damping Mode: A; =-0.2384;1=4.2

: Tethered Helicopter Mode: A, = 0.6604

Horizontal Spring Mode: A5 4 =-0.7883 +j 1.8885; {=0.39 ; ©,=2.05 ;T =1.27
Symmetric Damping Mode: 15 =-2227;7t =045

Backflapping Mode: ?LGJ =0.0478 £ j 0.4698; { = - 0.1; 0, = 0.47

Vertical Spring Mode: 1‘8,9 =-0.1897+j0.7291; {=0.25 ; @, =0.75 ;1 =527
Pendular Mode: Ay 17 =- 0.6119 % j 24381; { =024 ; 0, =2.51 ;7 = 163
Anti-Symmetric Damping Mode: A4 = - 2.0053; T=0.5
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5.3.2 Discussion of AVM Modes
We have already shown that the Unequal Tether Plant contains the AVM Plant studied in
Chapter 3. It thus follows that the Unequal Tether Configuration, like the Equal tether
Configuration, possesses an Average Vertical Damping Mode. As explained in subsection 3.3.1,

this mode characterizes the effect of vertical aerodynamic drag forces on the TLHS during average
vertical climbs (£z). This mode is similar to that experienced by a single hovering helicopter

(Appendix 3) but has a larger time constant due to the extra mass in the TLHS. For a single

helicopter the time constantis T =1/1Z, | = 2.89 secs whereas the Average Vertical Damping Mode

has a time constant of T=(1+ )/l Z, | =4.2 secs (Z,,=-0.346, p = [M[ +Mg]/ 2My = 0.4516).

The Unequal Tether Plant consists of the AVM Plant and the SASM Plant. Next we study the
modes associated with the SASM Plant.

5.3.3 Discussion of SASM Modes

The eigenvalues and right eigenvectors for the SM (Apz) and the ASM (Ap3) can be obtained

from Table 3.3.3. The eigenvalues and right eigenvectors for the SASM (Ap23) can be obtained

from Table 5.3.2. Upon comparison of these tables it becomes evident that increasing the slave

tether length from Hg = H to Hy = 2H has not resulted in any large changes in the nature of the

TLHS's modes.

All statements which follow in this section are based on the right eigenvectors in Tables 3.3.3
and 5.3.2, magnitude information in Tables 3.3.4 and 5.3.3, and the eigenvalues in Table 5.3.4.
The magnitude information contained in the eigenvectors is particularly important since it conveys
the extent to which Twin Lift variables are affected by the modes. This magnitude information is
summarized in Table 5.3.2.1 for both the Equal and Unequal Tether Configurations.

For the SM, the unstable Tethered Helicopter Mode had a time to double of 0.92 seconds. For
the SASM, however, the mode has a time to double of 1.1 seconds. The increase (19.5%) is

primarily due to the decrease in the contributions of Ax and A6 to AX and AB, rather than the new

coupling terms due to Z6 and x; . This can be seen by noting that the SM has an eigenvalue of
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Table 5.3.2.1: Comparison Between Equal and Unequal Tether Modes

Note: The variables listed below are listed ( from left to right ) in order of decreasing
magnitude as determined from the eigenvectors in Tables 3.3.1.3 and 5.3.1.2
which assume units of ft, degs, etc.

Average Vertical Damping Mode

AVM: Xz t=42
Tethered Helicopter Mode
SM: AB, A8, Ax, Ax tdouble = 0.92

SASM: A8, Ax, AB, AX, x;', %', £6, Az, Az, %0, TX tgoupje=1.05
Horizontal Spring Mode

SM: A6, A8, Ax, Ax (=034, o =237, 1=123
SASM: A8, AB,X6, Ax, X', 28, Ax, IX, AZ, x;', Az {=039,0,=205,17=127

Symmetric Damping Mode

SM: A8, A®, Ax, Ax =044
SASM: A8, A®, Ax, 26, 26, X', Ax, x', Ix, Az Az 1=045

Backflapping Mode

ASM: Az, Zx, Az, 20, 26, x;', &' tdouble = 17:2, { = -0.084, @, =0.48
SASM: Az, IX, £6, Az 6, Ax, A%, A8, x{, AB, X' tdouble = 14.5,{=-0.1, ©, =04

Vertical Spring Mode

ASM: Az, Az, 20, Ik, 20, x/', %' £ =026, w,=0.76, T= 509
SASM: Az, AZ 26, Tk, £8, x;, %', Ax, A8, A%, AB (=025, =075, 1=527

Pendular Mode

ASM: 26, %', £6, x;', Ik, A% Az =02, @, =27, ©=188
SASM: AB, 38, %', A8, 6, x;', Ak, ZX, AZ Ax, Az [=024, o, =251, 1= 163

Anti-Symmetric Damping Mode

ASM: 3%, %', Az =0 =047
SASM: X6, A8, £6, A8, %', Ik, X, AX, Ax, A%, Az 1=05
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0.7561, the SASM an eigenvalue of 0.6604, and the 4 x 4 submatrix of Ap23 associated with the

SM an eigenvalue of 0.6835. This shows that the change in the Ax and A® terms accounts for about

a75.9% change in the eigenvalue, thus confirming our claim. We also note that for the SM this
mode is primarily associated with A® and A® whereas for the SASM, the mode is primarily
associated with A8 and Ax. This change in eigenstructure, due to doubling the slave tether length,
is also primarily attributable to the decrease in the contributions of Ax and A8 to AX and A®. This

follows by noting that the angle between the SM eigenvector and that associated with the submatrix
of Ap23 corresponding to the SM is 6.44°, whereas the angle between the SM and the SASM

eigenvectors is 10.2°. The change of 6.44°, due to the Ax and A0 contributions, represents a 63%
change thus confirming our claim. Finally, it must be emphasized that because the above times to
double are so small, manual Twin Lift operation would place an untolerable burden on the master
and slave pilots. Automatic control (partial or full) is thus necessary.

In the above discussion we used the fact that the angle, ¢, between two real-valued vectors u
and v is defined according to the relation

cosp=uly (5.36)

Here the concepts of orthogonality and collinearity are well defined and intuitive.

When the vectors u and v are complex-valued, however, we define ¢ as follows:

cosp=uly (5.37)
where

u=[Reul ImyNT (5.38)

y=[ReyT ImyT]T (5.39)

With this definition the concepts of orthogonality and collinearity remain well defined and intuitive.
More specifically, we say that the complex-valued vectors u and v are orthogonal if and only if the
real-valued vectors u and y are orthogonal. Collinearity is similarly defined. Of course, if u and v
are real-valued then the definition in eq. (5.37) reduces to that in eq. (5.36).

Given the definition in eq. (5.37), it can be shown that

uHy = Re (uHy) (5.40)
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hence

cos ¢ =Re (ufly) (5.41)

It thus follows that if uHx = (0 then cos ¢ = 0 and y and v are orthogonal. With this definition of
orthogonality, however, the converse is not necessarily true. The complex "vectors" u=jl and v
=1, for example, are orthogonal by our definition but have ufly = - j1# 0. From this example it
should be apparent that orthogonality, with our definition, is not preserved under muliplication by
a complex scalar; e.g. multiplyin u =j1 by - j1 makes it collinear with v = 1. This is intuitive since
the complex number j1 represents a pure rotation by 90°. Our definition does, of course, preserve
orthogonality under multiplication by a real scalar.

In the discussions which follow the definition in eq. (5.37) shall be used to compare the
complex eigenstructures of the Equal and Unequal Tether Configurations and to understand the
impact of coupling created by having unequal tether lengths. Tables 5.3.3.2 - 5.3.3.3 summarize
the effects of coupling on the Equal Tether modes and eigenstructures. These tables are based on
the Equal and Unequal Tether modes and eigenvectors as well as the modes and eigenvectors of the
Unequal Tether Configuration with coupling purposely neglected. The tables form the basis for

our discussion.
For the SM, the Horizontal Spring Mode ({ = 0.34, ® =2.37) had a time constant of T=
1.23 secs and a period of T = 2.65 secs. For the SASM, however, the Horizontal Spring Mode

(€ =0.39, o = 2.05) has a time constant of T = 1.27 secs and a period of T = 3.06 secs. The

decrease in time constant (3.3%) is primarily due to the new coupling terms X6 and x; . The
increase in the period of oscillation (15.5%), however, is primarily due to the decreasein the
contributions of Ax and A to AX and A8. To understand why this is so we refer to Table 5.3.2.2.

The table shows that for the SM 13 4=- 0.8122 +j2.2228, fof the SM part of the SASM 13 4 =
- 0.8194 £j 2.0391, and for the SASM 7L3 4 =-0.7883 £ j 1.8885. From this we see that the
changes in the Ax and A® terms are responsible for only a 30.3% change in the real part and a

54.9% change in the imaginary part. This implies, therefore, that the X0, x;' coupling terms

have their primary impact on the real part, and hence on the time constant, while the changes in



Table 5.3.3.2: Effect of Coupling on Equal Tether Modes

SM and ASM SASM Modes SASM Modes
Modes (Coupling Neglected)
. (A . ¥ ing= A 7 )

Al( P3)’A1(AP3) AI(Ap23) coupling=0] %AReal AAImag AL(Ap23) AReal AImag
Tethered Helicopter 0.7561 0.6835 75.9 0 0,6604 -0.0956 -0
Horizontal Spring “0.81211j2.2226 —0.81941j2.0391 30,3 54.9 P0.7883ij1.8885 0,0238 ~0.334
Symmetric Damping -2,2919 -2.2047 134.2 0 -2.227 0.0649 0
Backflapping 0.0402+j0,4785 0.0455+j0.4723 | 68.4 | 71.3 |0.0478+j0.4698 | 0.0076 ~0.008
Vertical Spring - -0.1976+j0.7364 | -0.1918+j0.7314 | 73.4 | 69.4 [-0.1897+j0.7291 [ 0.0079 | -0.0072
Pendular . -0.5313+32,6243 -0,5712+j2.33 49.5 158.1 |-0.6119+32,4381 ~0.0806 -0.1862

| A ad g

Anti~mmetslo | -2.1187 -2,0609 50.9 0o |-2.0053 0.1134 0

Damping

A=change in

%A =percent change in

- €1T -
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Table 5.3.3.3: Effect of Coupling on Equal Tether Eigenstructure

Angle Between Equal and Unequal Tether Eigenvectors

SASM (coupling neglected) SASM
AVM: Average Vertical Damping 0° (100 %) 0°
SM:  Tethered Helicopter 6.44° (63 %) 10.2°
Horizontal Spring 7.25° (37.8 %) 19.2°
Symmetric Damping 1.15° (7.3 %) 15.8°
ASM: Backflapping 10° (66.2 %) 15.1°
Vertical Spring 32.3°  (102.9 %) 31.4°
Pendular 31.5° (599 %) 52.6°
Anti-Symmetric Damping 11.5° (27.4 %) 42°
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the Ax, A8 terms have their primary impact on the imaginary part, and hence on the period of
oscillation. Table 5.3.3.1 shows that for both the SM and SASM this mode is primarily associated
with A8 and AS. The table also shows that although 6 and x; ' play no role for the SM, they
play an even more significant role than Ax for the SASM. This follows from the magnitude
information in Table 5.3.1.3. Table 5.3.3.3 shows that when the slave tether length is doubled the

directionality of the SM eigenvector is mainly affected by the new coupling terms which account for

about 62.2% of the total change in direction.

For the SM, The Symmetric Damping Mode had a time constant of T = 0.44 secs. For the
SASM, however, the mode has a time constant of T = 0.45 secs. Table 5.3.3.2 shows that this
change is largely attributable to the change in the SM part of the SASM; i.e. to the decrease in the
contributions of Ax and A8 to both AX and AB. For the Equal Tether Configuration this mode was
primarily associated with A6 and A. Table 5.3.3.1 shows that doubling the slave tether length

does not change this. The change in eigenstructure which occurs, however, makes X9, ¥6, and

’.‘L' even more significant than Ax. Table 5.3.3.3 shows that this change in eigenstructure is

primarily due to the new Z6 and x; ' coupling since it accounts for about 92.7% of the change in

direction.

For the ASM, the unstable Backflapping Mode ({ = - 0.084, ® = 0.48) had a time to double
of ty = 17.2 secs. For the SASM this mode ({ =- 0.1, ®_ = 0.47) has a time to double of ty = 14.5

secs. Upon inspection of Table 5.3.3.2 we see that the change in the real and imaginary parts are
mainly due to the changes in the ASM part of the SASM. Table 5.3.3.1 shows that doubling the
slave tether length has resulted in some reordering of the ASM variables in terms of relative
magnitude. More specifically, Table 5.3.3.3 shows that the change in eigenstructure which occurs
(15.1%) is predominantly due to the changes which occur in the ASM part of the SASM. This is

because these changes account for about 66.2% of the total change in eigenstructure.

For the ASM, the Vertical Spring Mode ({ = 0.26, ®_ = 0.76) had a time constant of T = 5.06

secs and a period of oscillation of T = 8.27 secs. For the SASM, however, the mode ({ = 0.25,

®, =0.75) has a time constant of T=5.27 secs and a periodof T =8.37 secs. Table 5.3.3.2
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shows that the changes in the time constant and perod of oscillation are both primarily due to the
changes which occur in the ASM part of the SASM. Table 5.3.3.1 shows that doubling the slave
tether length has not resulted in any reordering of the ASM variables in terms of relative magnitude.
More specifically, Table 5.3.3.3 shows that the change in eigenstructure which occurs (31.4°) is
primarily due to the changes which occur in the ASM part of the SASM rather than the new

coupling terms due to Ax and A6.

For the ASM, the Pendular Mode (£ =0.2, o = 2.7) had a time constant of t = 1.88 secs and

a period of T = 2.33 secs. For the SASM, however, the mode ({ = 0.24, o, = 2.51) has time

constant t = 1.63 secs and a period of T = 2.5 secs. Upon inspection of Table 5.3.3.2 we see that

the changes in time constant and period are roughly equally attributable to the changes in the ASM
part of the SASM as well as thre new coupling due to Ax and AB. Table 5.3.3.1 shows that

doubling the slave tether length has resulted in AB playing an even more significant role than 6.

In addition, Table 5.3.3.3 shows that the changes in eigenstructure is predominantly due to the

changes which occur in the ASM part of the SASM.

Finally, for the ASM, the Anti-Symmetric Damping Mode had a time constant of T = 0.47
secs. For the SASM, however, this mode has a time constant of T=0.5 secs. Table 5.3.3.2
shows that this change in time constant is equally attributable to the changes in the ASM part of the
SASM as well as to the new coupling terms due to Ax and A®. Table 5.3.3.1 shows that the
relative impact of this mode on Zx has been reduced significantly. Table 5.3.3.3 shows that the
change in eigenstructure is predominantly associated with the new coupling terms to Ax and A6.

In summary, the above discussion indicates that doubling the slave tether length has not
resulted in any drastic changes of the SM and ASM modes. More specifically, while time

constants and periods have renmaines essentially unchanged, directions have changed somewhat.

In most cases the directional changes were attributable to changes in the SM and ASM parts of the
SASM rather than the new coupling terms due to Ax, A8, X6, and x; .

Having studied the differences between the natural modes (poles) of the Equal and Unequal

Tether Plants, we now examine their zeros.
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5.4 Input/Output Properties of the Unequal Tether Plant
S5.4.1 Introduction
The previous section discussed internal properties of the Unequeal Tether Plant. This section
shall discuss some of the input/output properties of the Unequal Tether Plant. Such properties

include transmission zeros (and their directions) as well as singular valves. Since the I/O properties

of the AVM do not change when Hg = 2H_ = 2H, the section shall focus on the input/output

properties of the SASM Plant, Gp23ECp23(sI-A.p23)'pr23. Emphasis shall be placed on the

coupling that occurs between the Symmetric and Anti-Symmetric Motions.

S5.4.2 Transmission Zeros of Unequal Tether (SASM) Plant

The Unequal Tether Plant, Gp(s), consists of the AVM Plant, Gpl(s), and the SASM Plant,

Gp23(s). It was shown in section 3.4.1 that the AVM Plant has no zeros. It thus follows that the

zeros of the Unequal Tether Plant are merely the zeros of the SASM Plant. To obtain them one

solves the following right generalized eigenvalue problem:

[éggg By ] Lzz:' =z [1 8] E] (5.42)

for all ransmission zeros, z, with right zero direction and zero input direction, u_. The

s Bos u,

zeros for the Equal and Unequal Tether Plants have been tabulated in Table 5.4.2.1.

Table 5.4.2.1: Zeros of Equal and Unequal Tether Plants

Equal Tether Plant: (H,=H, = H)

SM: z)5=-155%j9.491,{=0.16, o, = 9.62

ASM: 23 4 =-0.1786 % j 6.413, { = 0.028, &y = 6.42
25,6 =- 1371+j9.807, { = 0.139, 0, = 9.9

Unequal Tether Plant: (Hg=2H,,; H, =H)

SASM:  z),=-154%j9.334,{=0.17, 0, =9.47
z3 4 = - 0.01138 + j 5.874, { = 0.002, o, = 5.874
Z56= - 1.512+j 1093, { = 0.137, @, = 11.03
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To facilitate the comparison between the Equal and Unequal Tether Plant zeros we shall refer to

the Unequal Tether Plant zeros using the same names used for the Equal Tether Plant zeros; i.e.

Z15 shall be referred to as SM Helicopter Pitching Zeros, Z34 as ASM I oad Motion Zeros, and

z5 g as ASM Helicopter Pitching Zeros.

Table 5.4.2.2 shows the effect of coupling on the zeros of the Equal Tether Plant. The table
clearly shows that the effects of coupling, When the tether lengths are unequal, has a relatively
small impact on the zeros of the Equal Tether Plant. More specifically, the table shows that it is the
changes in the SM and ASM parts of the SASM, and not the new coupling due to the unequal
tether lengths, which is responsible foor most of the small differences between the Equal and
Unequal Tether Plants' zeros.

Table 5.4.2.3 gives the zero directions for both the Equal and Unequal Tether Plants. Table
5.4.2.4 summarizes the effects of coupling on the Equal Tether zero directions. The table shows
that the SM Pitching and ASM Load Motion Zero directions are predominantly affected by the
coupling which results from having unequal tether lengths. The ASM Pitching Zero directions,
however, are also largely affected by the changes which occur in the ASM part of the SASM.



Table 5.4.2.2: Effects of Coupling on Equal Tether Zeros

SM and ASM Plants SM and ASM Part of SASM Plant SASM Plant, G 23(s)
sz(s) and Gpa(s) (SASM with coupling neglected) P
‘z z " %AReal| %AReal z AReal AReal

SM Pitching z=-1,55+j9.,491 2 =-1,55+39.3861 0 55.9 |z=-1.5437+39.3034 0.0063 | -0.1876
Zero
REHE T 2=-0,1786+j6.413 2'=-0,0861+35.6942 105.8| 96.4 |2=-0.0912+35.6677 0.0874 | -0.7453
Motion Zero - _— -
ASH ¥ eehiag 98.8 | 159  |=z=-1.4649+j9.6454 | -0.0939 | -0.1616

Zero

z =-1.371+39,807

z=-1,4638+j9.55

- 61T -
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Table 5.4.2.3: Directions for Equal and Unequal Tether Plant Zeros

Equal Tether Plant: SM Pitching Zero ASM Load Motion Zero ASM Pitching Zero
e . ~ . ~ .
=-1.55 +j 9.4907 z=-0.1777 + j 6.4172 =-1.3722 + j 5.8004

0 + 0, . i 0. + 0. ! 0. + 0. 5
-0. i -0.0000 + 0,0000i 0.0000 - 0.0000i
01013 + 900761 ~0.0000 + 0.0000i -0.0000 - 0.0000i
0.0000 - 0.0000i -0.0000 + 0.0000i 0.0000 # 0.0000i
~0.2290 + 0.9497] -0.0000 - 0.0000i 0.0000 - 0.0000]
-0.0000 + 0.0000i -0.0026 - 0,09521 0.0132 + 0.0908i
X=:"0"0000 - 000001 X= _p.0246 + 0.0776i X= | 00063 + 0.0078i
| 0.0000 - 0.0000i -0.0130 - 0.0108i i=0.0070 - 0.03061
i 0,0000 + 0.0000i ¢ 0.0000 - 0.00001 [-0.0000 ¢ 0.0000i
i-0.0000 - 0.0000i | 0.6112 + 0.0002i 1=0.9079 + 0.0052i
| 0.0000 + 0.00001 -0.4938 - 0.1715i '-0.0833 + 0.03071
 0.0000 + 0.0000i +0.0671 + 0.0857i 0.3098 - 0.0270i
. + 0. i i 0. * 9 H 0. + 0. i
or187¢ + 001401 20,0000 % 9-0000. ~0.0000 - 0.00001
1=1_9.0000 + 0.0000i B=: 0.i708 - 0.895 0 U= -0.0691 - 0.1502i
1-0.0000 + 0.0000i =0, 330, = QRS | 0.0317 + 0.1770i
n T : =-1.5437 + j 9.3034 =-0.0912 + j 5.6677 =-1.4649 + j 9.6454
s 1 ° o
N + 0. 0. + 0, i 0. + 0. i
-8_0000 N g.ooooi 0.0000 - 0.0000i —g-gggg £ g-gggg;
0.0366 ¢+ 0.0908i 0.0082 + 0.0489i 00002 < 0000
-0.0000 + 0.0000i 0.0000 - 0.0000i 0 e
-0.9011 + 0.2002i -0.2778 + 0.0423i | 27410 + 8. L eeti
= -0.0067 - 0.0292i 0.0196 + 0.07971 1-0.00 .
xX= : : X= = i X = -0,0029 - 0.0043i
2% _0.0006 - 0.0009i X= 0,0085 - 0.1047i X=; - B.ann
00038 + 0.0158i ~0.0125 + 0.0105i | 0.0057 + 0.03264
. 0.0000 - 0.0000i 0.0000 + 0.00001 85500 & 00800
i e oa o7 + 80001
i - : o d . ¥
51003 + o.01i2i '-0.0584 - 0.07161 -0.3231 + 0.0068i
0. + 0. i i 0. + 0. i 0. + 0. 1
3 {1 0,0210 + 0.0343i -0.0025 - 0.1403i
u= 8:335’3 . 3'3?2;; U= '-0.0296 + 0.5645I U= 0.0262 + 0.0776i
-0.0120 - 0.05211 0.0358 + 0.05531 -0.0171 - 0.11041
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Table 5.4.2.4: Effects of Coupling on Equal and Unequal Tether Plant Zero Directions

Angle Between Equal and Unequal Tether Plant Zero Directions

Coupling Neglected With Coupling
Zero Vector | Input Vector | Zero Vector | Input Vector
SM Pitching Zero 10.6° 11.2° 48.4° 45.9°
ASM Load Motion 0.3° 1° 65.5° 65°
ASM Pitching Zero 48.5° 44.7° 26.1° 15.4°
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5.4.3 Frequency Domain Analysis of Unequal Tether Plant

The Equal and Unequal Tether Plants have four control inputs E@c, ABlc, A@c, EBIC and
outputs Xz, Ax, X -Zx, and Zx. Typically, the four outputs will be commanded by the master

pilot (or computer) to be constant (with Ax = x; - x =0). Because of this we first compare the dc

characteristics of each configuration.
To study the dc characteristics of each configuration we assume that each has been stabilized
and that constant control inputs are applied. From the Twin Lift equations obtained in Chapter 2,

we have the following steady state relationships:

Z,%2+Zg 20 =0 (5.43)

[WH +0.5 (Wp +Wp) -0.5(Wp +Wp) ] [AB] - [MH XBIC] AB,, (5.44)
h

0.5(W, +Wg)h  -0.5(W, +Wp)h|[ax I, Mpyc
Ze=0 (5.45)
-4ud; Z(g/L) Az +Zg, A®, =0 (5.46)

Wy +05 (W, + W) -MpX,| [=6] = [MyXg] 4B,  (5.47)

Assuming angles to be measured in degs and displacements in ft, eqs. (5.43) - (5.47) can be
used to obtain dc gains which are common to both the Equal and Unequal Tether Plants. These
gains are tabulated in Table 5.4.3.1.

To understand the differences between the dc characteristics of each configuration we recall the

following relationships:
Ax=-[hA® +Hye -He ] (5.48)
x'=05[Hye +Hge 1-H 2O (5.49)

xL-Zx=(h+Hs)}."B+2Az+xL‘ ' (5.50)
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Table 5.4.3.1: DC Gains Common to Both the Equal and Unequal Tether Plants

22/20,=-Zg./ Zy=17.195ft sec’! / deg

A8/ ABy, = [Xpy./ €] - Mpy. I,/ gMy h] = 6.194 deg / deg

Ag = [XBlc /8]~ IMp+0.5 My + MpD [ Mpjcl = 18,03 deg/ deg
AB, 0.5 Wy (M, +Mg) h

C

Ze =0deg

Az[A®, = 0.5 MyL?Zg, / Wy Z = 14.873 ft/ deg

50 = /gl X Mg -M Xpl  —_ 07936 deg /deg
By, [0.5 (M +Mpg)hX, - (Mg +0.5 (M, +Mp)) I, M,]

ZX - (Mp+0.5 M +Mp) T Mg, -0.5(M; +Mg) hMy Xpio - 1876 fi sec'! / deg
B, 0.5 (ML +Mpg)h My X, - (Mg +0.5 (M +Mp) L M,

Using egs. (5.48) - (5.50) we obtain the following relationships:

Ax =-[0.0628 A6 + 0.2312 Ac ] (5.51)
x'=02312[Ze-Z9 ] (5.52)
xp - Xx = 0.2941%6 + 0.5 Az + x{ ' (3.53)

for the Equal tether Configuration and

Ax =-[0.0628 A6 +0.2312 ¢ - 0.4625 ¢ ] (5.54)
xp'=0.1156 g  +0.2312 ¢, - 0.4625 X6 ' (5.55)
xp - Zx = 0.52531Z8 + 0.5 Az + x| (5.56)

for the Unequal Tether Configuration. Using egs. (5.51) - (5.56) we obtain the dc gains in Table
5.4.3.2.
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The relationships in Table 5.4.3.2 show that whether the tether lengths are equal or not, the

steady state Ax depends only on AB;.. Moreover, when the slave tether length is doubled the dc
gain associated with Ax increases by approximately 46%. This implies that a smaller differential
cyclic, ABlcv is needed to sustain a fixed horizontal separation, Ax, when the tether lengths are

unequal. The table also shows that the steady state x; - Zx for the Unequal Tether Configuration

Table 5.4.3.2: Differences Between Equal and Unequal Tether Plant
DC Characteristics

Equal Tether Plant: =~ Ax /AB;, = - 4.558 ft / deg
xp '/ ZB;. = 0.1835 ft / deg

XL, - Zx = 7.4365 AQ, - 0.0499 ZB;,

Unequal Tether Plant: Ax /AB,. = - 6.643 ft/deg
xL' =- 1.042 ABIC + 0.0367EB1C

Xy - Ix = - 1.042 ABy_ +7.4365 A®,_ - 0.0499 ZB,

depends on AB;, as well as on A®©, and ZB;.. Finally, it is worth noting that Tables 5.4.3.1 and

5.4.3.2 indicate that whether the tether lengths are equal or unequal, Xz will be controlled with
IO, Ax with ABy, x| - Zx with A@, and Ix with ZB,.

Having compared the dc characteristics of each configuration we now compare their
characteristics at other frequencies. Since each configuration is a MIMO system this is best done
by examining the singular values of the Equal and Unequal Tether Plants. These singular values
have been plotted in Fig. 5.4.3.1.

Fig. 5.4.3.1a shows the singular values for the combined SM and ASM Plants. These consist
simply of the Bode magnitude plot for the SISO SM Plant and the singular values for the TITO
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ASM Plant. Fig. 5.4.3.1b shows the singular values for the three-input three-output SASM Plant.
Upon comparing the figures one sees that there is little difference between the basic shapes of the

Equal and Unequal Tether Plant singular values. For both configurations the maximum singular

value is associated primarily with £x and B, Atlow frequencies (below 1.5 rad/sec) the
minimum singular value is associated primarily with Ax and AB,.. At high frequencies (above 1.5

rad/sec) the minimum singular value is associated primarily with x; - Zx and A® .
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5.5 TLHS Unequal Tether Control Problem Formulation

It has been shown tht the Unequal Tether Plant, Gp(s), consists of two plants:
1. The AVM Plant, Gpy(s) = Cpy(sI - Ay !B,

2. The SASM Plant, Gp3(s) = Cp3(I - App3) "B s

It thus follows that the final "Unequal Tether AFCS", to be designed in the next chapter, will
consist of two AFCS's; i.e. one for each of the above plants.

In this section the structure of the final Unequal Tether AFCS. To help meet the performance
specifications, the Unequal Tether Plant shall be augmented.

The purpose of this section is to formulate the Unequal Tether Control Problem and to
qualitatively discuss the feasibility of a high performance Unequal Tether AFCS vis-a-vis a high
performance Equal Tether AFCS..

5.5.1 Structure of Unequal Tether AFCS
Fig. 5.5.1.1 shows the structure of the final Unequal Tether AFCS to be developed in the next

chapter. The AFCS is seen, simply, to possess a negative feedback MIMO structure. The AFCS

consists of the 12 order Unequal Tether Plant (UTP), Gp(s), a 41 order dynamic augmentation, a

dynamic LQG/LTR compensator, KLQG /L Tr(S), and a pre-filter. When properly designed, the
AFCS "minimizes" the effects of the disturbances, d, and sensor noises, n, so that the system

outputs, y, "approximate” the pilot reference commands, r.

Unequal Tether Design Plant, G(s)

~ ~ d
. +~ & I + 1Y
Pre-filter > Klag/LTr(S) F— 5 * Gp(s) —Y
LQG/LTR Dynamic Unequal Tether
Compensator Augmentation Plant (UTP) +:Y:+ i

Fig. 5.5.1.1: Structure of Unequal Tether AFCS.
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As noted earlier, the Unequal Tether Plant, Gp(s), consists of the (always decoupled) AVM

and SASM Plants; i.e. Gp(s) = diag(Gpl(s), Gp23(s)).

The dynamic augmentation consists of four integrators (one per input channel). As in the
Equal Tether Problem, their primary function is to guarantee zero steady state errors to step
commands for Xz, Ax, X -ZX, and Tx. It should be emphasized that, in general, the dynamic
augmentation can be any linear time invariant continuous system which is realizable and helps the

designer meet the specifications.

The Unequal Tether Plant plus the dynamic augmentation (four integrators) shall be referred to

as the Unequal Tether Design Plant. The Unequal Tether Design Plant consists of an AVM Design
Plant and a SASM Design Plant. The AVM Design Plant, as in Chapters 3 and 4, shall be denoted

by:
G,(s) = Cy(sI - A)1B, (5.26)
= G, (9) /s (5.27)
The SASM Design Plant shall be denoted by:
| Gy3(5) = Cps(sI - Apg)'Bys (5.28)
=Gpp3(8) /s (5.29)
The state space representation for the Unequal Tether Design Plant is as follows:
x=Ax+Bu x€ R16;y ¢ R? (5.30)
y=Cx+d ye R de R4 (5.31)
where
u=[u u, u; u,l’ (5.32)
=[26, ABj, A8, ZBy]T (5:33)
x=[x,T wTT (5.34)
X, =[Z2 1 Ax A8 Ax A§ 36 Az x;'Tx 6 Az ¥ T (5.35)
u,=[26_1AB,, A®_ 2B T (5:36)

y=[Z2IlAx x;-Zx ZX]T+d (5.37)



- 229 -

and d is a four dimensional signal vector which contains output disturbances on Zz, Ax, x; -Zx,

and Zx, respectively. The relationship between (A, B, C) and (Apl, Bpl’ Cpl) and (Ap23, Bp23,

Cp23) is as follows:

A= B (5.39)
[3“ 0"}

B=[0 1T (5.40)

C= [C, o] (5.41)

The Unequal Tether Design Plant tfm is given by:

G(s) = C(sI- A)IB. (5.42)

The Unequal Tether LQG/LTR compensator consists of two compensators (one for each of the

Unequal Tether Design Plants). It can be denoted as follows:
Ky oL r() = diag {K'LootR(S) KPLQo/LTR()) (5.43)

where K1 o/ Tr(s) and K23} o1 Tr(s) denote the AVM and SASM LQG/LTR compensators,

respectively. The order of the Unequal Tether LQG/LTR compensator is 16; the order of the
Unequal Tether Design Plant (Unequal Tether Plant plus dynamic augmentation).
Since the total compensation consists of the dynamic augmentation plus the LQG/LTR

compensator, it makes sense to define the compensator, K(s), as follows:

= diag (K;(5), K5305)) | (5.45)

where K (s) and K,3(s) denote the AVM and SASM compensators, respectively.

The pre-filter consists of three Butterworth filters; one for each reference command input to the
SASM AFCS. As in the Equal Tether Problem, their introduction is essential in order to bandlimit

reference commands so that the pitch rates, control rates, and other internal variable rates are
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tolerable. It should be emphasized though that typically Ax and x; - Zx will be commanded to zero.

As for the Equal Tether Problem, we define the Unequal Tether Loop, Sensitivity, and Closed

Loop tfm's as follows:

Loop: GL(s) = G(s) K(s) (5.46)
= diag( G 1(5), Gy 25(5) ) (3.47)

Gr1(8) = Gpy(8) Ky (s) (5.48)

Sensitivity: S(s) =[I+ G (s) ]! (5.50)
=diag( S;(s) Sy3(s)) (5.51)

S1(s) =[1+Gy(s) 11 (5.52)

Sp3(8) =[ I + Gp3(s) 1! (5.53)

Closed Loop:T(s) = [ I+ Gy.(s) 1" G (s) _ (5.54)
= diag( Ty (s) Tps(s) ) (5.55)

Ty(s) =[ I+ Gp1(s) I'1 G 1(s) (5.56)

Tp3(s) = [ 1+ G p3(s) 11 Gy 5(5) (5.57)

where the subscript "1" refers to the AVM AFCS and the subscript "23" refers to the SASM
AFCS.
As in the Equal Tether Control Problem, the prime objectives of the Unequal Tether AECS, in

addition to guaranteeing nominal stability, can be listed as follows:

1. Low frequency command following;

2. Low frequency disturbance rejection;

3. Insensitivity to low frequency modeling errors;

4. High frequency sensor noise attenuation;

S. Robustness to high frequency unmodeled dynamics.
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To assure the first three, we require that the Unequal Tether Sensitivity tfm, S(s), be "small" at
"low" frequencies where reference commands, disturbaces, and "unintentional" modeling errors
have their greatest spectral content. To assure the last two, we require that the Unequal Tether
Closed Loop tfm, T(s), be "small" at high frequencies where sensor noises and "intentionally"
unmodeled dynamics have their greatest spectral content.

In addition to the above five desirable feedback properties, the Unequal Tether AFCS must be
designed so that the closed loop system exhibits "good" internal performance. This means that the
pitch rates of the helicopters, as well as their vertical and horizontal acceleration characteristics,
must be "passenger friendly". It also implies that the amplitude and/or spectral content of
references, as well as the closed loop bandwidth must be resticted so that the control transients do
not exceed the control limits. This saturation issue is particularly important to Twin Lift engineers
because of the inherent open loop instabilities associated with the Unequal Tether Configuration.
The presence of these instabilities imply that the closed loop system will have a finite "downward
gain margin". Consequently, if the controls are permitted to saturate an effective loop gain
reduction will occur and the system may become highly oscillatory and possibly go unstable.

The sections which follow shall present performance and stability robustness specifications for
the final Unequal Tether AFCS. These design specifications shall be pesented in terms of the final
AVM and SASM loop, sensitivity, and closed loop functions. These specifications will primarily
be based on TLHS capabilities, as reflected in the linear model. Before presenting the
specifications it is important to put our goals into proper perspective.

In chapter 4 we showed that a trade-off must be made between performance and stability
robustness when designing an Equal Tether AFCS. It was also shown that this trade-off is

particularly pronounced when a high performance (high bandwidth) design is sought. In the

remaining sections of this chapter we present design specifications which are comparable to those
presented for the Equal Tether AFCS. In the next chapter we apply the LQG/LTR procedure to the

Unequal Tether Design Plant in order to meet the specifications and ascertain whether the

performance/robustness trade-off is less pronounced when the tether lengths are unequal.
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5.5.2 Design Specifications for Unequal Tether (SASM) AFCS
For simplicity, the AVM AFCS used for the Equal Tether AFCS shall also be used for the
Unequal Tether AFCS. It thus suffices to give specifications for the SASM AFCS.
The structure of the final SASM AFCS is shown in Fig. 5.5.2.1.

—23

SASM Design Plant d

SASM Co‘n:pensotor

Fig. 5.5.2.1: Structure of SASM AFCS.

Since the SASM Plant, Gp23(s), does not contain any natural integrators, it has been

augmented with three (one per input channel) so that we are guaranteed zero steady state error to

step reference commands, 13, for Ax, x; -Xx, and Zx. The integrators will also guarantee zero

steady state error to step output disturbances, dy3. The combined SASM Plant and integrators, as
stated earlier, shall be referred to as the SASM Design Plant and shall be denoted by the tfm

Gy5(s), where

=Cp3(sI - Ayz) 1 Bys (5.59)

In Chapter 6, the SASM LQG/LTR compensator, K23LQG/LTR(S), and the SASM pre-filter

shall be developed. Since a high performance design is desired, the specifications for the final

SASM AFCS were selected as follows:
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SASM AFCS Design Specifications
Performance:

1. Zero steady state error to step commands and step output disturbances in all directions. To
guarantee this the SASM Plant was augmented with three integrators (one per channel) at the
plant input.

2. Less than 10% steady state error (lley5ll, < 0.1 1idy3lly) to sinusoidal commands and output

disturbances with spectral content at or below 0.06 rad/sec. This requires that the final
SASM sensitivity tfm satisfy

cmax[823(jm)] <-20db  forall m <0.06 rad/sec

3. Low frequency errors on the unit circle are of equal importance. This implies that the final
SASM sensitivity tfm should satisfy:

GM[SZ3Gm)] =~ 0. [Sy3(w)] (ateach w)

at low frequencies; i.e. the loop singular values should be matched at low frequencies.

4. Gain crossover frequencies: 0.5 rad/sec < ®

923 < 2 rad/sec.

5. Noise attenuation: © maxl L23(®)] <-20 db for all © 2 20 rad/sec.

Robustness

1. Robustness to low frequency uncertainty and high frequency unmodeled rotor dynamics (o,

= 27 rad/sec).
To ensure this we require that the final SASM sensitivity tfm satisfy:

Omax[S23GW)] < |323 =1.93 (5.72 db) for all ® = 0.
It can be shown that this translates into the following MIMO stability margins:

Gain Margins: {GMp3 2 B3/ (Bys + 1) = 0.66 (-3.6 db)
TGM,3 2 By3/ (Bys- 1) =2.08 (6.3 db)
Phase Margins: | PMy; | 2 2sin"}(1 /2f,,) = 30°

2. Closed loop gain crossover frequencies (bandwidth): Oy 93 < 3 rad/sec.
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The SASM pre-filters shall be selected so that references are appropriately bandlimited.
Butterworth filters shall be used since they are maximally flat in the pass band. The order of the
filters, as well as their cut-off frequencies, will be selected from the final reference to control
singular values since these show clearly what reference frequencies are amplified by the AFCS.

We point out, once again, the similarity between the above method of posing specifications
and the classical Bode method. It should also be noted that the specifications have been expressed
in terrms of the loop, sensitivity, and closed loop tfm's associated with the plant outpuf (or error
signal); ie. the specifications have been presented at the plant output. We make this point
because, in general, a designer may also want to satisfy design specifications "at the plant input”.
Such specifications would be presented in terms of the singular values of the loop tfm obtained by
breaking the loop at the plant input.

In order to assess the ease/difficulty in meeting the design specifications we refer to Fig.
5.5.2.2 which shows the singular values of the Equal and Unequal Tether Design Plants (AVM
Design Plant omitted). Upon comparison of these singular values we see relatively little difference.
It thus follows that the trade-off between performance and robustness exhibited in Chapter 4 for the
Equal Tether Design Problem is not only expected to be present for the Unequal Tether Design
Plant, but it is expected to be just as pronounced. This also follows from the fact that Equal and

Unequal Tether Design Plants have very similar pole-zero structures.

5.6 Summary

In this chapter the TLHS Unequal Tether Configuration (H = 2H,; H, = H) was analyzed

and compared with the Equal Tether Configuration. The primary reason fior studying the Unequal
Tether Configuration in this thesis was to see whether or not having unequal tether lengths lessons
the trade-off between performance and stability robustness when a high performance (high
bandwidth) design is desired. Because of the great similarities between the Equal and Unequal

Tether Plants, it was concluded that the above trade-off would not only be present for the Unequal
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Fig. 5.5.2.2: Singular Values of Equal and Unequal Tether Design Plants
(AVM Design Plant omitted).
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Tether Problem, but would be just as pronounced as for the Equal Tether Problem. This shall be
confirmed in Chapter 6.

In this chapter it was shown that when the tether lengths are unequal the Symmetric and
Anti-Symmetric Motions (SM and ASM) becomes coupled. The combined SM and ASM was
named "the SASM".

The natural modes of the Unequal Tether Configuration were identified, discussed, and
compared to those of the Equal Tether Configuration. The Unequal Tether Plant was then defined
in terms of an AVM Plant and a SASM Plant. The transmission zeros and frequency responses of
the Equal and Unequal Tether Plants were discussed and compared. The comparisons indicated
only small differences between the designs.

Finally, the chapter concluded with a description of the Unequal Tether AFCS and design
specifications to be met. To help meet the performance specifications the Unequal Tether Plant was
augmented giving us the Unequal Tether Design Plant.

In the next chapter we shall use the LQG/LTR design methodology and simple filtering
techniques to develop an AFCS for the Unequal Tether Configuration. The AFCS shall satisfy the

specifications presented in subsection 5.5.2.
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CHAPTER 6: AFCS DESIGN FOR UNEQUAL TETHER CONFIGURATION
6.1 Introduction

In Chapter 4 a high bandwidth AFCS, with modest robustness properties, was developed for
the Equal Tether Configuration. It was shown that in designing an Equal Tether AFCS, a designer
must trade-off performance versus stability robustness. It was also shown that this trade-off
becomes particularly pronounced when a high performance (high bandwidth) design is the
objective.

In this chapter the LQG/LTR design methodology is applied to the Unequal Tether Design
Plant, discussed in Chapter 5. The chapter shows how the methodology, coupled with singular

value ideas, can be used to systematically develop and AFCS for the Unequal Tether

Configuration. A design satisfying the specifications presented in Chapter 5 is obtained and
evaluated. Comparisons are made between the Equal and Unequal Tether AFCS's. From the
comparison several conclusions are drawn. First, having unequal tether lengths does not lessen
the performance-robustness trade-off encountered in the design of the Equal Tether AFCS.
Secondly, a high bandwidth AFCS design for either configuration is feasible only when model
uncertainty is sufficiently low. If model uncertainty is high then the designs become unfeasible.
This is because, in such a case, the large robustness requirement forces the helicopters to undergo
substantial pitching and oscillations in the vertical plane in order to regulate the horizontal
separation and load motion when horizontal and vertical velocities are commanded. More
specifically, if model uncertainty is high then only low bandwidth Equal and Unequal Tether
AFCS designs become feasible. Finally, it is also concluded that there are no major dynamic
advantages or disadvantages between Equal and Unequal Tethered flight. The latter, of course, is

preferred because it offers greater tip-to-tip main rotor clearance.

6.2 Design and Evaluation of Unequal Tether AFCS
6.2.1 Introduction

In this section the LQG/LTR design methodology, described in section 4.2, shall be applied
to the Unequal Tether Design Plant, G(s) = Gp(s) /s = C(sI - A)'1B discussed in Chapter 5. A

compensator satisfying the performance and robustness specifications presented in Chapter 5 is
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obtained. The Unequal Tether Design Plant consists of the Unequal Tether Plant, Gp(s) = C(p sl -

Ap )'pr, preceded by four integrators. We recall that the Unequal Tether Plant has four controls:
2O, ABy, AB®_, B, which are assumed to be measured in degs, and four outputs: Xz, Ax, x

- ¥x, Tx which are assumed to be measured in ft/sec, ft, ft, and ft/sec, respectuvely.

6.2.2 Design of Unequal Tether AFCS

To obtain the target loop dynamics, Ggg(s) = C(sI - A)'lHu, we solved the following FARE:

- T T
0=AZ +Z A+LLT-I CT(1/pCE, (6.1)
H, = zucT(l /). (6.2)
L=B [Cp(-Ap)'pr]‘l (6.3)
and
=1, (6.4)

Eq. (6.3) guarantees that the target loop singular values will be matched at low frequencies. To

"recover" the target loop dynamics we solved the following CARE:

0=-K,A- ATKp - CTC + K BRIBTK,, (6.5)

G, = R-lBTKp. (6.6)
with

R = diag(p;, Py Pz P3) | 6.7)
where

p;=p,=0.1p; =10 (6.8)

The recovered Unequal Tether LQG/LTR compensator is then given by:

Ky oG TR() = Gp (SI- A + BG, + Huc:)-1 H, (6.9)

where the filter and control gain matrices, Hu and Gp, are given in Table 6.2.2.1. The filter and

control matrices for the Equal Tether AFCS are also given in the table.
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Table 6.2.2.1: Filter and Control Gain Matrices For Equal and Unequal Tether AFCS's

Equal Tether AFCS:

'0.0582 -0.0000  0.0000 -0.0000
-0.0000  0.2194  0.0000 -0,0000
0.0000 -0.0000  0.1201  0.0605
0.0000 -0.0000 -0,0233  0.0477
0.4921 -0,0000 -0.0000 -0.0000
Iiil== -0.0000  2.2063  0.0000 -0.0000
0.0000 -4.9246 -0.0000  0.0000
-0.0000  2.4333  0.0000 -0.0000
0.0000 -4.5237 -0.0000  0.0000
-0.0000  0.0000  0,3505 ~-1.0979
0.0000 -0.0000 1.6237  0.312{
0.0000 -0.0000  0.0017  0.0117
0.0000 -0.0000 -0.1552  1.0734
-0.0000 -0.0000  0.2494  0.0244
0.0000  0.0000  0.6729 -0.2014
-0.0000 06,0000  0.0250 -0.0129

COLUMNS { THRU B

(}P = 90.2992 -0.0000 0. 0. 994.7484 0.0000 -0,0000 0.0000
-0.0000 22.7950 0. 0. -0.0000 955.4616 -36.4496 282.7296

~0.0000 0.0000 13.0342 -1.1653 -0.0000 -0.00C0 0.0000 -0.0000

0.0000 0.0000 -1.1653 23.5920 0.0000 0.0000 -0.0000 0.0000

COLUHNS 9 THRU 16
0.0000 0. 0. 0. 0. 0. 0. 0.”
-2.6378 0. 0. 0. 0. 0. 0. 0.
-0.0000 47.7344 138.3322 196.5898 149.B413 49,3383 B7.6480 193.4790
-0.0000 -63.2715 -74.8953 -79.9454 275.6631 -17.1355 -27.2046 =-49.3773

Unequal Tether AFCS:

0.0582 -0.0000  0.0000 -0.0000
0.0000  0.4504  0.0060  0.0019
0.0000  0.0133  0.1186  0.0649
0.0000  0.0004 -0.0255  0.0468
0.4921  0.0000 -0.0000  0.0000
Hu = 0.0000 1.9954 0.1059 0.1175
-0.0000 © -3.4602 -0.0580 -0.5435
0.0000  2.0035  0.1097  0.2149
-0.0000 -2.7217  0.0032 .-0.3350
-0.0000 -0.3285  0.3523 -1.0000
0.0000 -0.0313  1.60%7  0.4537
0.0000  0.2932 -0.0384  0.1879
0.0000  0.1195 -0.1530  1.0522
-0.0000 -0.1433  0.2579 -0.0022
0.0000 -0.0983  0.6341 -0.2005
0.0000  0.3056  0.0455  0.0095

COLUNNS { THRU 8

G.= 90.2992 - -0.0000 0.0000 -0.0000 934.7484 -0.0000 0.0000 -0.0000
o] 0.0000 ° 22.7266 0.0186 © 0.3255 0.0000 966.7645 -35.8927 284.2341
0.0000 . 0.00#9 12.2572 -1.0652 0. 15.0265 0.1072 4.2872

-0.0000 .  0.0326. -1.0652 23.5113 . 0,0000 -12.4205 -0.3739 -2.0392

COLUMNS 9 THRU 16
0.0000 -0.0000 -0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000
-2.5897 6.5393 -1.7077 16.4405 11.1940 2.7003  1.9344 5.3352
0.0354 95.8351 137.3841 176.2613 153.9281 69.8231  90.3329 162.7604
-0.0363 -91.356%1 -76.7285 -99.8125 273.6375 -30.7654 -208.6615 -53,7143

Note: It is assumed here that the Equal Tether Design Plant states are arranged in the
same order as the Unequal Tether Design Plant states (Chapter 5);

ie. x,=[Z2ll Ax AO Ax AGIIZO Az x{' Zx 26 Az x']T
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6.2.3 Frequency Domain Evaluation of Unequal Tether (SASM) AFCS

In this section we evaluate the loop, sensitivity, closed loop, LQG/LTR compensator,
and reference to control singular values for the Equal and Unequal Tether AFCS's. Since the AVM
AFCS is common to both, we shall focus on the singular values associated with the combined SM
and ASM AFCS's and those associated with the SASM AFCS. The combined SM and ASM
AFCS's form a three-input three-output system. The SASM AFCS is also a three-input
three-output system.

Fig. 6.2.3.1 shows the target and recovered loop singular values for the Equal and
Unequal Tether AFCS's. The target loop singular values for each configuration look almost
identical. The recovered loop singular values differ a little.

Fig. 6.2.3.2 shows the sensitivity and closed loop singular values for the Equal and
Unequal Tether AFCS's. The sensitivities for each configuration are seen to be nearly identical.
The same is true for the closed loop singular values for each configuration.

Fig. 6.2.3.3 shows the LQG/LTR compensator and reference to control singular values
for the Equal and Unequal Tether AFCS's. In this figure we see the biggest differences, but even
they are small. |

Based on the Unequal Tether reference to control singular values we shall use 31 order

Butterworth filters:

H(s) = a3 / [s3 + 2052 + 20,2 s + 0] (6.10)
with W, = 4 rad/sec to pre-filter Ax, xj - Xx, and Tx reference commands. This is what we used

for the Equal Tether AFCS.

6.2.4 Unequal Tether AFCS Poles and Zeros

Table 6.2.4.1 contains the target open loop poles and zeros for the Equal and Unequal Tether
AFCS's. Table 6.2.4.2 contains the recovered open loop poles and zeros.

Table 6.2.4.3 contains the target closed loop poles and zeros for the Equal and Unequal Tether

AFCS's. Table 6.2.4.4 contains the recovered closed loop poles and zeros.
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Table 6.2.4.1: Target Open Loop Poles and Zeros For Equal and Unequal

SASM:

Tether AFCS's (excluding AVM AFCS)

a) Equal Tether AFCS

Poles: A.(A,) Zeros: Cy(sI - Az)-IHujl

s=0

s =0.7561 s =-0.34183
s=-0.8122+j2.2228 s=-0.8175+j2.2269
s=-2.2919 =-2.2286

Poles: li(A3) Zeros: Cy(sI - A3)'1Hu3

s=0, 0

s =0.0402 + j 0.4785
s=-0.1976 £ j 0.7364
s=-2.119
s=-0.5313+j2.624

s=-0.3754 £j 0.71707
s=-02724 £ 0.735
s=-2.127

s=-0.5349 +j2.622

b) Unequal Tether AFCS

Poles: li(A23) Zeros: Cys(sl - A23)-1Hl~l23
s=0

s = 0.6604 s=-0.329

s =-0.7883 + j 1.8885 s=-0.7949 + j 1.8927
s=-2.227 s =-2.2249

s=0,0

s =0.0478 £ j 0.4698
=-0.1897 £ j 0.7291

s=-0.6119 +j 2.4381

s =-2.0053

s = - 0.3551 £ j 0.7081
=-0.277+j0.3639

s=-2013

s =-0.6167 £ j 2.4366



Table 6.2.4.2: Recovered Open Loop Poles and Zeros For Equal and Unequal

ASM:
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Tether AFCS's (excluding AVM AFCS)

a) Equal Tether AFCS
Design Plant Poles LQG/LTR Compensator Poles
s=0 s=-14266+j 7.6892
s =0.7561 s =-6.6325 + j 7.7966
s =-0.8122 +j2.2228 s=-12.043
s=-2.2919
s=0,0

s =0.0422 + j 0.4785
s=-1976 £j0.7364
s=-2.119

s=-0.5313+j2.624

Design Plant Zeros
s =-1.55+%j 9.4906

s=-0.1786 + j 6.413
s =-1.3371 + j 9.807

s=-1.887+;8.578
s=-0.8031£j4.311
s=-3.635+%j3.942
s=-5974

s=-11.75+j 8.402

LQG/LTR Compensator Zeros
s =-0.2525
s=-0.816+j22228
s=-2.2898

s=-02272+j0.344
s =- 03391 + j 0.6977
s=-2.124

s =-0.5319 + j 2.621

b) Unequal Tether AFCS
Design Plant Poles LQG/LTR Compensator Poles
s=0 s=-14413+j7.591
s = 0.6604 =-6.5793 £ j 7.6486

s =-0.7883 +j 1.8885
s=-2227

s=0, 0

s =0.0478 £j 0.4698

s=-0.1896 £ j 0.7291

s=-0.6119 +j2.4381
=-2.0053

Design Plant Zeros

s=-1.5437 £ 9.3034
s =-0.0912 £ 5.6677
s =-1.4649 +j 9.6454

s=-11.8387
s =- 1.8707 £ j 8.4977

s=-0.7128 + j 4.0387
s= -3.4453 % j 3.8351
s= -58125

s =-11.6993 + j 8.3816

LQG/LTR Compensator Zeros

s =-0.2499

s=-0.7931+j 1.8883
=-22264

s=-0.3217 £ j 0.6964
s =-0.2267 +£j 0.3334
s=-2011

s=-0.6138 £j 24352



Table 6.2.4.3: Target Closed Loop Poles and Zeros For Equal and Unequal
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Tether AFCS's (excluding AVM AFCS)

a) Equal Tether AFCS

Poles: A,(A - H,C)

s = - 0.7245 + j 0.47483
s=- 0.8084 +j 2.2288
s = - 2.3006

=-0.5423
s=-0.5748
s =-0.2907 £ j 0.6241
s=-0.3062 + j 0.9024
s=-2.113
s=-0.5323 £ 2.626

Zeros: C(sI - A)'IH,_l

=-0.3412
s =-0.8175 +j 2.2269
s=--2.2864

s=-0.2724 £j0.375
s =-0.3754 £ 0.7107
s=-2.127

s =-0.5349 £ j 2.676

b) Unequal Tether AFCS

Poles: li(A - Huc)

: s =-0.6625 * j 0.461

s =-0.7824 £ j 1.8954
s =-2.2309

s = - 0.556 + j 0.0297
s=-0.3041 % j 0.6153
s=-0.2924 + j 0.8876
s = - 2.0019
s=-0.6127 +j 24401

Zeros: C(sI - A)'lHu

s=-0.329
s=-0.7949 + j 1.8927
s=-22249

s = - 0.3551 + j 0.7081
s=-0.277+j0.3639
s=-2013

s =-0.6167 + j 2.4366
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Table 6.2.4.4: Recovered Closed Loop Poles and Zeros For Equal and Unequal

Tether AFCS's (excluding AVM AFCS)

a) Equal Tether AFCS

Poles:

A(Aq - H5Co)

s =-0.72449 + j 0.47483

= - 0.80839 + j 2.2288
s = - 2.3006

A(Ag - BoGpo)
s=-1.6009 * j 7.3321
s=-64223 ] 62478

s=-977284
li(A3 -H C3)
s=-0.5423
s=-0.5748

s =-0.2907 £ j 0.6241
s =-0.3062 £ j 0.9024
s=-2113
s=-0.5323+j2.626

A(A; - BoGpr)
s=-1.005%]4.177
s=-3463%j3.199
s=-4907
s=-1891+j847
s=-1125+j7.797

Zeros:

SM LQG/LTR Compensator
s=-0.25254

s=-0.81602 £ j 2.2228
s=-2.2898

SM Design Plant
s =-1.55+j 9.4906

ASM LQG/LTR Compensator

s=-0.2272 £ j0.344
s =-0.3391 + j 0.6977
s=-2.124
s=-0.5319 £ j2.621

ASM Design Plant
s=-0.1786 + j 6.413
s =- 1371+ 9.807

b) Unequal Tether AFCS
: x,,(A23 -H 93C)q) SASM LQG/LTR Compensator
s =-0.6625 £ 0.461 s =-0.2499
s=-0.7824 + j 1.8954 s=-0.7931 + j 1.8883
s=-22309 s=-22264

s=-0.556 £ j 0.0297
s=-0.3041£j 0.6153
s=-0.2924 + j 0.8876
s=-2.0019

s = - 0.6127 + j 2.4401

A(Ag3 -ByGpoa)
s=-1.6798+] 7.2744
s = - 6.4006 + j 6.2306
s=-9.7147

s=-0.9036 £ j 3.8984
s=-3.2745 + j 3.0896
s=-4.7358

s=- 1.8764 + j 8.3887
s=-11.2155+j 7.7916

s =-0.3217 £+ j 0.6964
s =-0.2267 £j 0.3334
s=-2011

s=-0.6138 +j 24352

SASM Design Plant
s=-1.5437 +j 9.3034

s=-0.0912 +j 5.6677
s = - 14649 + j 9.6454
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Upon comparing table 6.2.4.1 with 6.2.4.2, and table 6.2.4.3 with 6.2.4.4, we see that the
strategies of the Equal and Unequal Tether Compensators are quite similar. Zeros have been placed
at appropriate locations to stabilize the configurations and provide damping (derivative action).
The recovery process has placed poles at "high" frequencies to make the compensators realizable and

limit the reference to control bandwidth.

6.2.5 Time Domain Evaluation of Unequal Tether AFCS
Figs. 6.2.5.1 - 6.2.5.5 show the response of the Equal and Unequal Tethered AFCS's to

filtered Zx = 1 ft/sec step commands. A third order Butterworth filter with cut-off frequency at @,

= 4 rad/sec was used to generate the commands.

The figures show that the Equal and Unequal Tether AFCS's respond quite similarly. The
main difference between the responses are seen in Fig. 6.2.5.3 which shows the degree of
coupling due to the unequal tether lengths. The figure shows that this effect is quite small.

Moreover, we see that besides providing a greater tip-to-tip clearance, unequal tethered flight

offers no major advantages over equal tethered flight.

Figs. 6.2.5.6 - 6.2.5.7 show the response of the Equal and Unequal Tether AFCS's for the
following command/initial condition scenario:
¥z = 5 ft/sec unfiltered step response,
Ax =1 ft initial condition,
Xy, - x = - 1 ft initial condition,
Zx =5 ft/sec filtered step command.

Again, 3™ order Butterworth filter with cut-off at ®, =4 rad/sec was used to generate the commands.
The figures show clearly that even for the modest robustness specifications presented in
Chapters 3 and 5, the helicopters have to pitch and oscillate substantially in the vertical plane in
order to regulate the horizontal separation and load motion when horizontal and vertical velocities are
commanded. Moreover, we see that this is true whether the tether lengths are equal or unequal. If
more stringent robustness specifications were given we would be forced to improveour recovery.

This, however, would result in even more pitching and oscillations in the vertical plane.
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Fig. 6.2.5.4: x = 1 ft/sec Filtered Step Response For Equal and Unequal Tether AFCS's.



Master and Slave Vertical Velocities

1.2
«9 - '\ 7
[ f A
o .6
§ .af / \' "‘
8 /1Y VN T T ]
> E ;\ /\ e N e B —
8 -3 X “ Al / N
= _efl \“ ; |
af e\l
2 1 2 3 4 s & 7 8 ® 10
time (seconds)
Master and Slave Tether Angles
5 -
OE / ' / '\'\-\,
- N
B -t
(-3} r
g b\
-1.5 |
Vi
2.5(; 1 2 3 4 5 6 7 g ©° 10
time (seconds)
Master and Slave Collective Controls
.6
4 r_ e ]
[ 7] -ZP ]/\\". " /\ L
1} r P
E% o \-\<’/
L ' ¢ L ’ ~
S v
ot o
:_‘4C Y \u/ v
[t
!-'so 1 2 3 4 5 6 7 8 s 10

time (seconds)

a) Equal Tether AFCS

-253 -

feet / second

Master and Slave Vertical Velocities

:.5: - 1 7
N L 2 | ] ! l l
:E f'\'t "i\ ‘ _ . i ! |
-oE \ ‘/T\/\ . _l__ { I I
AN . e
LA AT T T
-‘-E 1‘ ;\ ) ‘ I. |
__15 L Kl 3 / I l
FolY RN
ST Tt ¢ 7 & & =
time (seconds)
Master and Slave TetHer Angles
o T 1T 1 1
o N A~ L
i "\“ if?/ - | !
JE b |
-125 \\"‘fr
O |
-2 L : |
2.5f ‘i £ i i
i [\ l
E v !
-3.5 & L el
/] 1 2 3 4 5 € 7 8 ] 0
time (seconds)
Master and Slave Collective Controls
.€ < ;
W ‘.' o
LF / Bl \ -
CE\/ \‘ g d “\/\/>_A
LB b AT
TN
AV L
0 i 2 3 4 ] [ 7 8 ] 10

tme (seconds)

b) Unequal Tether AFCS

Fig. 6.2.5.5: Zx = 1 ft/sec Filtered Step Response For Equal and Unequal Tether AFCS's.



feet / second

degrees

.;2

-254 -

Master and Slave Horizontal Velocities

6
J A |
4 ,/’ ! [~ ]
3 /‘[ ~=slave
2k
1E i
6 %\mastcr
= v/
-20- 3 )Z 3 4 .5 1 7 B - ‘SA “10
time (seconds)
Master and Slave Pitch Attitudes
4
‘FA |
0R ' — !
7Y
-4 X \r’\s .
<k A1 7
GE LA
e
b
-4k . —
[} 1 2 3 4 5 [ 7 8 9 10

time (seconds)

Master and Slave Cyclic Controls

-4

5 6 7 8 9 10

[ 1 2 3 -' 4
time (seconds)

a) Equal Tether AFCS

degrees

Master and Slave Horizontal Velocities

r

E et
L S — E
F A~
o 4 : - 1 I T 4 !
=S I 2 T T S S S
S F I L I
@ozL 1 ] 1 ] i i
':‘: .E a 1 [ H } i
Q i . |
RS0 NN NN NN NN NN SO N S N
S A
B !
¥ | Lo
—‘C z I % 4 € 7 8 -4 0
time (seconds)
Master and Slave Pitch Attitudes
4 = - T - T T
I N I N R R |
RN =N ]
= o - :
il ¥ ML | T
g 4y o0 v
Bb_E 1§ 4 I
&t th 4 | P
o _ bt LY | |
IR . | L
-t : ll i/ i | | i |
LB o b i
o : 3 ¢ 5 & 7 g & 10
time (seconds)
Master and Slave Cyclic Controls
£
> :
N 1 |
| €F
L IA\
o :1 1 NN | —
LR |
i :J W , |
~4 b : | | 1
0 1 2 3 4 5 € 7 g ) 10
time (seconds)
b) Unequal Tether AFCS

Fig. 6.2.5.6: Overall Evaluation of Equal and Unequal Tether AFCS's.



feet / second

degrees

-255 -

Master and Slave Vertical Velocities

7p '
€ !F‘ /,_\\
. E :! \‘ [\\r'/-\-/ : - Lo
R EENEVEY 5
RN, 2
TN =
' / P\ f=— master '§
: AN
0 B—tgla
N sI ve — A
] i 2 3 4 5 3 7 B ] 10
time (seconds)
Master and Slave Tether Angles
rs
SF A
o / R
i —~. 1 @
g Ff’}‘ JA f_’ _ g .
21 3
-4 A L =]
RN | ‘
-S '-J ‘ /
0 1 2 3 4 5 € 7 8 9 10
time (seconds)
Master and Slave Collective Controls
2 ,
1.5 ;,ﬂ\ o~ A
@ 1 \;‘ ‘[; \\ c "
E, . '.l iR /-\. _ E’b
o : \j/ -"f\ j NV ¥ S
LV
r v. ‘V.
-1 L
0 i 2 3 4 5 [ 7 8 8 10
time (seconds)
a) Equal Tether AFCS

a

~

n

(=]

1
L]

E

1
m

Master and Slave Vertical Velocities

S AU I N N N I
TINVY eTYe—/
LAYV X T
- \ 4 i = i | i
AR | |
A L L
SRV | |
Pl |1
[ bl 2 3 < 4 & B 7 2 i
time (seconds)
Master and Slave Tether Angles
S N T O A
b oL 1 | |
SN ——
E -h“i "i,f
E/ AT
N f
= 1/ |
e ottt -
0 1 2 3 3 & [} 7 8 -1 10
time (seconds)
Master and Slave Collective Controls
!rﬁ‘ B
q I
Faa\l './ \f“‘. |
/ b
A = -
LT
tl‘ /7 ‘l [
: V l\}l
i N O DR
0 ! 2 3 4 g € 7 E 9 10
time (seconds)
b) Unequal Tether AFCS

Fig. 6.2.5.7: Overall Evaluation of Equal and Unequal Tether AFCS's.



-256 -
If less stringent robustness specifications were given we would recover less. This would reduce
the pitching and oscillations in the vertical plane. Consequently, we conclude that high

erformance (high bandwidth) Equal an n 1 Tether AFCS's are feasible only if model

uncertainty is sufficiently low. Moreover, if model uncertainty is high then only low bandwidth
designs become feasible.

The figures, combined with the singular values in sub-section 6.2.3, also indicates that
having unequal tether lengths does not reduce the extent to which we must trade-off performance
and stability robustness when a high bandwidth design is the objective. Physically, this is

associated with the high bandwidth specification and the fact that the payload is very heavy. To
reduce the trade-off it is thus necessary to lower the bandwidth or restrict Twin Lift transport
operations to lighter payloads. The latter option is not acceptable since it defeats the fundamental
purpose of Twin Lift; i.e. to transport payloads which existing heavy lift helicopters cannot. It
thus follows that to lower the performance-robustness trade-off, the desired AFCS bandwidth
must be reduced. To further help reduce the trade-off one could replace the integrators with first
order lags with appropriate dc gains. Doing so would reduce the amount of lead needed to have
nice stability margins. It should also be recalled that attaching the tethers directly to the helicopter
c.g.'s (i.e. making h = 0) would result in the unstable Tethered Helicopter Mode moving toward

the origin thus giving us a natural integrator in the Ax channel. This would allow us to remove the

augmentation in the Ax channel all together.

6.3 Summary of Unequal Tether AFCS Design

In this chapter the LQG/LTR design methodology was applied to the Unequal Tether Design
Plant discussed in Chapter 5. The method was used to systematically develop an Unequal Tether
AFCS satisfying the performance and robustness specifications presented in Chapter 5. The
Unequal Tether AFCS, consisting of an AVM AFCS and a SASM AFCS was evaluated in the
frequency and time domains. The Equal and Unequal Tether AFCS designs were compared. The
comparison showed little differences between the designs. In summary, the chapter showed that
besides proQiding a larger tip-to-tip rotor clearance, Unequal Tethered flight does not offer any

significant dynamic advantages over Equal Tethered flight.
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CHAPTER 7: SUMMARY, CONCLUSIONS, AND DIRECTIONS FOR FURTHER
RESEARCH

7.1 Summary and Conclusions

Because of the inherent coupling in TLHS's, SISO design techniques can not easily be used
to systematically develop a MIMO AFCS for TLHS's. In this thesis systematic guidelines for
designing a MIMO AFCS were presented. These guidelines combine state space methods and
singular value ideas with the well established LQG/LTR design methodology.

Two configurations were considered. One with equal tether lengths (Equal Tether
Configuration) and the other with unequal tether lengths (Unequal Tether Configuration). The
configurations were analyzed and design specifications were presented for each in the frequency
domain using singular value concepts. The specifications called for high performance (high
bandwidth) AFCS designs with modest robustness properties. The designs were obtained,
evaluated, and compared.

It was concluded that high performance AFCS designs for either configuration are feasibile
only if model uncertainty is sufficiently low. If model uncertainty is high then the designs become
unfeasible. This is because, in such a case, the large robustness requirement forces the
helicopters to undergo substantial pitching and oscillations in the vertical plane in order to regulate
the horizontal separation and load motion when horizontal and vertical velocities are commanded.
Moreover, if model uncertainty is high then only low bandwidth designs become feasible. This is
due to the fact that a trade-off must be made between performance and stability robustness and that
this trade-off is exacerbated by the high bandwidth objective.

It was also concluded that besides providing a larger tip-to-tip rotor clearance, unequal

tethered flight offers no significant dynamic advantages over equal tethered flight.

7.2 Directions for Further Research

It was shown in the thesis that whether the tether lengths are equal or unequal, Twin Lift
controlengineers must trade-off performance versus stability robustness. Moreover, this trade-off
is exacerbated when the objective is high performance (high bandwidth) designs. To reduce this
trade-off several options should be considered.

One option is to lower the desired bandwidth. This would certainly reduce the amount of
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pitching and oscillations that the helicopters must undergo in order to regulate the horizontal
separation and load motion when horizontﬁl and vertical velocities are commanded. Before
pursuing this option, however, several alternatives should be considered.

One alternative to consider is to completely drop the integrators augmented at the plant input
or to replace them with first order lags with appropriate dc gains. Doing so would reduce the
amount of lead needed to obtain nice stability margins thus lowering the performance-robustness
trade-off. Attaching the tethers to the helicopter c.g.'s (h = 0) should also be considered since it
would result in a natural integrator in the Ax channel. Doing so should significantly reduce
helicopter pitching.

To reduce the oscillations in the vertival plane the parameters Z and L should be appropriately
selected. Z represents the distance that the load hangs below the spreader bar c¢.g. and L is the
spreader bar length. More specifically, Z and L should be selected so that the Vertical Spring
Mode has desirable characteristics. Decreasing the ratio Z=Z /L, for example, results in a larger
damping ratio. Another option which may help is to employ a control strategy which varies the
tether legngths in real time. By doing so we introduce another degree of freedom in the controls.
This new control could be used to further dampen the vertical oscillations and load motion.

After pursuing the above geometric considerations with the 7 degree of freedom TLHS
model used throughout the thesis, designs based on a 16 degree of freedom model (incorporating 6
degrees of freedom for each helicopter and 4 for the load-bar assembly) should be conducted. In
addition, actuator, sensor, and unmodeled rotor dynamics as well as disturbance, noise, and

pilot models should also be considered. Full nonlinear simulations should also be conducted.

Finally, realistic design specifications should be formulated in terms of singular value and

singular vector information at both natural loop breaking points: i.e. i.e. at the plant input and at the
plant output (error signal). To help formulate the specifications, the results of Freudenberg and

Looze [20] should prove helpful. Given specifications at each loop breaking point which are
"dynamically consistent”, the ideas of LQG/LTR [5-9], formal loop shaping [5-9], H*

optimization [22], and structured singular values [10] should be integrated to obtain a methodology

to meet both sets of specifications. Such a methodology does not currently exist.
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APPENDIX 1: Glossary for TLHS Variables and Parameters; Contains Nominal
Parameter Values

Notes: 1. Whether a variable in this thesis is an'incremental' (small signal)
quantity or a true quantity should be determined by the context in
which 1t appears.

2 Equilibrium (large signal) quantities are always denoted by using

zero subscripts.

Ex: v = v + v

— * ’0 * (Al.1)
true equilibrium incremental
quantity quantity quantity

3. Throughout the thesis, the symbol v is often used although &v is
the quantity actually being addressed. In this example v can be,

for example, the actual separation between the helicopters:

Ax = Axo + 6Ax = L + 6Ax where L = spreader bar length.
Throughout the thesis, the symbol Ax is often used although 8Ax is

the quantity being addressed.

Basic Motion Variables

X oXo = Horizontal displacement of master and slave helicopter c.g.s.
2 5T - Vertical displacement of master and slave helicopter c.g.s.
em,es - Pitch attitude of master and slave helicopters.

XpsZp - Horizontal and vertical displacement of load c.g.

XpsZp = Horizontal and vertical displacement of spreader bar c.g.
Em’es - Angle of master and slave tethers with ;espect to vertical.

€ - Angle of spreader bar with respect to horizontal.
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Equilibrium values: X =x__ =0
mo S0
z =3z =0
mo 50
6 =6 =6 =86 =0
mo o] mo so
xLo - zLo =0
xBo N zBo =0
€ =g =€ =¢ =0
mo so mo S0
EBo = EBo =0

(AL.
(AL.
(AL.
(AL.
(AL.
(AL.

(Al.

2)
3)
4)
5)
6)
7)

8)

i.e. At equilibrium the helicopters are motionless with the tethers

vertical and the spreader bar horizontal.

Average Motion Variables

Ix = %—[im+i5] - Average horizontal velocity of helicopters.

Iz = %—[im+is] - Average vertical velocity of helicopters.

I = %-[em+es] - Average pitch attitude of helicopters.

Ie = %-[Em+€sl - Average tether angle with respect to vertical.

Difference Motion Variables

Ax = L Horizontal separation between helicopters.
Az = 2."%s - Vertical separation between helicopters.
Ae = €€ - Difference in tether angles.

Generalized Load Coordinate

- Z .
X =X - Ix - (h+HS)EB— T Az

1

1 1
7 [Hg(eg-8)+H (g -6 )] + 5 [H -H. 16,

For equal tether problem HS=Hm=H and xL=H[ZE—26].

(AL.

(Al.

(AL.

(Al.

(AL.
(AL.

(Al.

(Al.

(AL.

9)

10)

11)

12)

13)
14)

15)

16)

17)
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Helicopter Controls

ecﬁ,ecs - Collective pitch control on master and slave helicopters,

- Controls vertical (up/down) translation of helicopters.

- Positive values of collective cause upward motion.

Blcm’Blcs - Cyclic pitch control on master and slave helicopters.

- Controls horizontal (fore/aft) translation and pitching
of helicopters.
- Positive values of cyclic cause downward pitching and

forward motion.

Ocmo’ecso - Equilibrium (large signal) components of collective for

master and slave helicopters. These provide the vertical

aerodynamic forces, Zmo and ZSo (to be defined subsequently),
which maintain vertical equilibrium.

Blcmo,Blcso - Equilibrium (large signal) components of cyclic for master and

slave helicopters. These generate the aerodynamic forces and

moments, X , X , M , and M (to be defined subsequently).
mo’ “so’ mo S0

are zero since X =X =M =M =0.
mo ' So

Both B o Mso

and B1c

lcmo so

Incremental Control limitations:

It is assumed throughout the thesis that the incremental control limitations are
as follows:

IGCIE_IO degrees for the collectives (Al.18)
|Blc|§_15 degrees for the cyclics. (A1.19)

Average Controls

1
Z@C = E—[@ +0 ] - Average collective pitch control. (A1.20)

-1 . )
IB. & E—[B +B., _] - Average cyclic pitch control. (Al.21)
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A =0 -0 - Differential collective pitch control. (A1.22)

c - cm Cs

ABlc = Blcm- lcs

B - Differential cyclic pitch control. (A1.23)

UH-60A Blackhawk Helicopter Characteristics

=
i}

14000 pounds

H
MH = 434.78 slugs
2
IY = 5700 slugft
w, = 27 rad/sec(258RPM)
h = 3.6 feet

Helicopter weight.

Helicopter mass.

Helicopter moment of inertia about pitch axis.
First harmonic of main rotor.

Distance from helicopter c.g. to helicopter-tether

attachment point.

UH-60A - Control Derivatives Near Hover

X =0 ft/rad sec2

X =27.4 ft/rad sec2

_ 2
Zec—340.9 ft/rad sec

_ 2
ZBlc_O ft/rad sec

_ 2
MeC—O rad/rad sec

_ 2
MBlc_ 47.24 rad/rad sec

Horizontal acceleration per radian of collective pitch.

Horizontal acceleration per radian of cyclic pitch.

" Vertical acceleration per radian of collective pitch.

Vertical acceleration per radian of cyclic pitch.
Angular acceleration per radian of collective pitch.

Angular acceleration per radian of cyclic pitch.

UH-60A Aerodynamic Derivatives Near Hover

2
Xu = -0.06 %%é%ggw— - Used to characterize horizontal drag forces due to horizontal
motion.
X, =0 T - Used to characterize horizontal drag forces due to vertical
motiomn. '
2
=0 p . . .
xq ks - Used to characterize horizontal drag forces due to pitching.

rad/sec
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2
Z =0 Ltises | Used to characterize vertical drag forces due to horizontal

. S motion; results in decoupling of helicopter vertical and
longitudinal dynamics.

Zw = -0.346 . - Used to characterize vertical drag forces due to vertical
motion.
Zg ™ ¥ fElEEEE- Used to characterize vertical drag forces due to pitchin
1 rad/sec & u P g-
rad/sec2 . . . .
M = 0.041 Z———— - Used to characterize pitching moments due to forward motion.
u _ ft/sec
M, = 0 B - Used to characterize pitching moments due to vertical motion.
rad/sec2 . . . . .
M = -3.1 ——5—=— - Used to characterize rotational damping due to pitching.
q _ rad/sec : _

Aerodynamic Forces and Moments Acting on Helicopters

xm,xs - Horizontal aerodynamic forces acting on master and slave helicopter c.g.s.
Zm,ZS - Vertical aerodynamic forces acting on master and slave helicopter c.g.s.
Mm,MS - Aerodynamic moments about master and slave helicopter pitch axes.
Equilibrium values: X = X =0 (Al.24)

mo SO

- - 1 =

Zmo = Zso = WH * 5 [WB+WL] = 20322 1bs. (Al.25)

M =M =20 . (Al.26)

mo SO

Tether Parameters

Hm,HS - Master and slave tether lengths
H :_ZEE.}_[E__ | - (A1.27)
A~ HS+Hm _ '
H
i, = L_A | (Al.28)
S le‘“—HS , (Al.29)
HS+Hm
S (Al.30)
H
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For Equal Tether Problem: H_=H =H=13.25ft.

HA=H=13.25ft.

HA=O'19

S=0
WA=1.559 rad/sec

For Unequal Tether Problem: Hm=H=13.25ft.

H =2H =26.5ft.
S m

H H=17.67ft.

A-

HA=O°256

RIES

.
5 =73
w,= 1.

A 35rad/sec

Spreader Bar, Load, and Load-Bar Assembly Parameters

L = 69ft. - Spreader bar length.
WB = 6441bs. - i " weight.
MB = 20slugs - i "' mass.
1 2 2 . .
IB = Tf'MBL = 7935slug ft - L " moment of inertia about its cg. (Al.31)
e = EEE = fﬁ = 0.0077 (A1.32)
b MHL2 GMH
Z = 34.5ft. - Distance that load is suspended below spreader (Al.33)
bar c.g. during unperturbed hover.
s _ 2
Z = .= 0.5 (Al.34)
WL =120001bs. - Weight of load.
ML = 372.67slugs - Mass " "
ML+MB
u = S 0.4516 - Load-bar to helicopter mass ratio. (Al.35)

H
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M
L
4, = —— = 0.9491 - Load to load-bar mass ratio.
L M. +M
‘ L B
Myh -1
£ = T = 0.2746ft
y
g = 32.2 ft/sec2 - Acceleration due to gravity

- 52 -
= : - = 1.0295
¥ = lvey + 4UZ GL(l GL) 1.0

2 L
D = -w, [Ll+p+(h+H Jue + —5—]
E = —[Xu+Mu(h+HS)]

2 ~
Hs - 4T(’5LZHS

- 2
F_(h+HS)EprSHs - Wy

o
1l

[uﬁszi]—l

- A2
T = uGLZwA/w _

272
4

GLZ

¥

<
i

1+(h+Hs) E+ %-+

(Al.

(Al.

(Al.

(Al.

(AL.

(AL.

(Al.

(Al.

(Al

36)

37)

38)

39)

40)

41)

42)

43)

.44)
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APPENDIX 2: Derivation of Linear Model for Longitudinal Dynamics
of TLHS Near Hover

In this appendix a seven degree of freedom linear model is derived for the
longitudinal dynamics of the TLHS near hover. Fig. A2.1 shows the initial seven
degrees of freedom chosen, the aerodynamic forces and moments acting on the

helicopters, and the key Twin Lift parameters.

master c.qg.

slave c.g.

Wi Ty spreader

bar

1
helicopter- tether
attachment point

Fig. A2.1: TLHS; Longitudinal Configuration Initial Seven Degrees
of Freedom; Aerodynamics Forces and Moments.

The initial seven degrees of freedom chosen were

Horizontal and vertical coordinates of slave helicopter c.g.'s.

~
[}
1

,8 - Pitch attitude of slave and master helicopters.

Angle that slave and master tethers make with respect to vertical.

Angle that spreader bar makes with respect to horizontal.
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The aerodynamic forces and moments acting on the helicopters are as follows:

xm,xs - Horizontal aerodynamic forces acting on master and slave
helicopter c.g.'s.

Zm,Z - Vertical aerodynamic forces acting on master and slave
helicopter c.g.'s.

M.m,Ms - Aerodynamic moments about master and slave helicopter pitch axes.
The Twin Lift parameters which appear in Fig. A2.1 are defined in Appendix 1.
Using the aforementioned seven degrees of freedom, aerodynamic forces and
moments, and the Twin Lift parameters shown in Fig. A2.1, a linear model can be
developed using the Lagrangian method [1]. An outline of this procedure shall now

be given.

Derivation of Linear Model

(1) Use xs’zs’es’em’es’gm’eB as your initial 7 degrees of freedom.

(2) Compute (xB,zB),(x andA(xm,zm) and the corresponding velocities and

LJ ZL) >
accelerations in terms of the above 7 degrees of freedom.

(3) Compute the kinetic energy of the system, E The master, slave, and bar have

K
rotational as well as translational kinetic energy. The load, however, only

has translational kinetic energy since it's being modelled as a point mass.

(4) Compute the potential energy of the system, Ep.
(5) Form the Lagrangian energy function EL = Ek-Ep.
(6) The 7 nonlinear ordinary differential equations describing the longitudinal

planar dynamics of the TLHS are then given by

oE oE oW

d L L _
dt aqi B qu - qu T 9q (Az.1)

where qi:{xs,zs,es,em,es,em,sB} and the qu are generalized forces to be

computed (Appendix 2.1).
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(7) The generalized forces are found by using the xm,zm,em,x z 0 eqs. of (2)

s’"s"s
and the following virtual work function:

W= [X 8x +Z 8z +M 66 J+[X ,6x +Z 8z +M 66 | (A2.2)
m m m m m m S S S 5 S S

The aerodynamic forces and moments acting on the spreader bar and load have

been assumed negligible in comparison to those acting on the master and slave

helicopters (Appendix 2.2).
(8) Assume that the TLHS is nominally at rest with the tethers parallel and the

spreader bar horizontal:

= % = % = 3 = AZ.
*so *mo *Bo = *Lo 0 ( ] %)
. Z s - 3 - 3 - A2.4
zso Zmo zBo ZLo 0 ( )
€ =g =¢g =g =0 (A2.5)
so mo SO mo

A =é = 0 (A2'6)
SO mo

*
Also assume that the helicopter c.g.'s 1lie on the helicopter shafts so that

6 =6__=0.
mo so

(9) Obtain the equilibrium values of the aerodynamic forces and moments:

X =X =0 (master and slave swashplates (A2.7)
T 5o horizontal)
1
- = = A2.8
Z Z Wy o+ 3 [wB+wL} ( )
o} o
M =M =20
m s
o o

(10) Use the equilibrium values of [8] and [9] with the equations found in [6] and
[7]. Each variable should be expressed as a sum of a large signal component
(equilibrium value) and a small signal (incremental) component (deviation of

true value from the equilibrium value).

* The c.g. position, which is of great importance in the stability of fixed-wing
aircraft, has no effect on the stability of the hovering helicopter.
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(12)

(13)
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Ex: X =X +AX (for forces) (A2.10)
m Im0 m

im=im +6im (for position and angular variables) (A2.11)
o

i.e. True value = Equilibrium value + incremental value.

Assume that the variable perturbations §v are small. Neglecting products
and squares of variables gives us a set of 7 linear ordinary differential
equations in terms of the small signal (incremental) aerodynamic forces
and moments acting on the system; namely (Axm,Azm,AMm) and (AXS,AZS,AMS).

For notational economy drop the &§'s on the motion variables (Appendix 2.3).

M_+M h'M M
- L B - H - L
Introduce Y = 55—, € = —— , § = (A2.12)
2 ! ”
MH IY L ML+MB
€ = 5 s IB = TE—MBL (Appendix 2.4). (A2.13)

Next we introduce variables which exploit the symmetry of the TLHS [1].

3 Average Variables

-1 _1 _ 1
Ix = E-[xm+xs] Ez = 5-[zm+zs] zo :75-[6m+951 (A2.14)

3 Difference Variables

Ax = x -x Az = z -z AB =6 -8 (A2.15)
m’ s m s m s

Generalized Load Coordinate

X = x -Ix -(h#H) I8 - £ Az  (Discussed in Appendix 2.5)  (a2.16)

where all variables above represent small perturbations of true quantities

from the equilibrium quantities.
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(15)

(15a)

(15b)

(16)

17)
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ZHSHm : H—HS 2 g
Introduce HA = W 3 S = H +H 5 WA = H_ (Appendlx 2_6) (A2.17)

S m A

After the equations are manipulated a little, we develop the aerodynamic

forces and moments on the helicopters in terms of control and aerodynamic

derivatives which shall be briefly discussed (Appendix 2.7).

What are control derivatives?

They are constants of proportionality that allow us to introduce the four

controls B into the linear differential equations.

ecm’ecs’Blcm’ lcs

What are aerodynamic derivatives?

They are constants of proportionality that allow us to characterize the drag

forces which act on the system as it moves.

Ex: AX_+AX
_— e

= -g(1+u)I6 + xqie + X IX + X Iz (A2.18)

* *p1c"Pic * %o M
Conventionally, helicopter aerodynamic forces are expressed in terms of
body axis forces and body axis motion variables. To use the control and

aerodynamic derivatives one must be careful to use the appropriate rotation

to get the needed space fixed axis quantities from the body fixed axis

quantities.

Substituting in the aerodynamic forces and moments developed in 15-16 gives
us the final seven linear ordinary differential equations describing the
longitudinal (planar) dynamic; of the TLHS near hovering trim (Appendix 2.8).

Note: For hovering flight the following control and aerodynamic derivaties

can be neglected:
(A2.19)
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(18) The final seven linear ordinary differential equations may then be written

in matrix form as

Mz + Nz + Pz = Ru (A2.20)

where T
z = [Zz |Ax A6| Ix I8 Az xL] (AZ.21)
- i T
u = [29, |AB1c] A0 ZB, ] (A2.22)

For details contact Professor Curtiss of Princeton Universtiy [1].

(19) The above model in (18) can be expressed in state space form as

> A ~ ~
A=A\ + Bu & = B = (A2.23)

Az (A2.24)

(20) The model to be used throughout the thesis (Table 2.4.1) does not include

Lz and Ix.
x =Ax_ +Bu  x €Y% uer? ' (A2.25)
P PP PP =
x_ = [Zz |Ax 06 A% AB| 6 Az x! Ix 16 Az x']T (A2.26)
Zp L L
u_ = [Z0_ |AB, | A© IB ]T (A2.27)
- c lc c lc . :
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APPENDIX 2.1: Seven Nonlinear Ordinary Differential Equations for Longitudinal
Dynamics of TLHS Near Hover; Written in terms of True Variables
and Generalized Forces.

% % % % = A2.1.
1. MHxS + MLxL + MBXB + MHXB Qx (
5 2 3 3 - A2.1.
2. Myzg w Mpzyow Mpzp o+ Mgz o+ [2WsWpsl ] st :
e - .. . .. .. .. A2‘1.
3s hcos8  [MpX, + M X + MK ] + hsin®  [MZ, + MZ, + M7 ] (
+ Iy'és + hsin® [W +W+W ] = Qes
4. H cose [MLxL + MB MHx ]+ H sine [M MHz ] (A2.1.
+ H551nes [w +W +WL] Qe
s
5. cose, [M ZX + M Ly o M Ly o Lz ] + I,E
B WXL T Mg 7 %p t My g 2 Myl IpEy
. oM Ly m L A2.1.
+ singg [M L B 5 Xp MHLx xL] (
Wg Wy,
+ Lcosep [WH + 3 ] + W Zsiney = QEB
6. -MHHm [xmcosem+zm51nsm] - WHHmSlnem = Qem (A2.1
. o 1 s e . W _ . = (Az.l‘
7 MHn [xmcosem+zm51n8m] + Iyem WHh51nem Qe

m

em,em].

i h = > > b > >
The generalized forces are qu where qi [xs Zs GS as EB

1)

2)

3)

4)

5)

.6)

7)
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APPENDIX 2.2: Seven Generalized Forces; Written in terns of True Aerodynamic
Forces and Moments Acting on Helicopters

oW

[X 6x + Z &z + M 86 ]J+[X 6x + Z 8z + M 66 ]
mom m m mom s s s s s s

n

[X +X 18x_ + [Z +Z ]8z + [M +X hcos® + Z hsin8 ]66
s ‘'m” s m s s s m s m s* s

+

[XmHScoseB+ ZmH551n§gdes + [—XmLsmEB + ZmLcossB]deB

[-X H cose_ - Z H sine ]8e + [M -x hcos6_ - Z hsinf ]&86 (A2.2.1)
m m m m m m' - m m m n m mm

+

Note: The aercdynamic forces and moments on the load and bar have been as assumed

to be neglible in comparison with the aerodynamic forces and moments on the

master and slave.

From this virtual work function we get the seven generalized forces:

1. Qx = X_+X (A2.2.2)
S m s
= A2.2.3
2. Qzg =7 +Z, ( )
3. Q8 =M +hcosB_+ Z hsiné (A2.2.4)
s s s m s
4. Qe = X H cose_ + Z H sine (AZ2.2.5)
5 m s S m s S
- : A2.2.6
5. QgB XmL51nEB + ZmLcoseB ( )
6. Qe = -X Hcose - Z H sing (A2.2.7)
m m m m m m m
7. Q8 =M -X hcosB - Z hsin® (A2.2.8)
m m m m m m

where Xm, Zm, Mm and Xs, Z_, MS are the aerodynamic forces and moments acting

S

on the helicopters (Figure A2.1.).
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APPENDIX 2.3: Seven Linear Ordinary Differential Equations for the Longitudinal
' Dynamics of TLHS Near Hover; Written in terms of Incremental
Variables and Incremental Aerodynamic Forces and Moments
Acting on Helicopters

Inserting the equilibrium relationships into the equations of motion and assuming
that the angular perturbations are small and neglecting products and squares of the

motion variables, the following linearized equations of motion are obtained:

1. MHiS + MHiﬁ + [ML+MB]iL-MBZEB = AX_ + AX (A2.3.1)
2. ME_ +M[E+2E] + MplZ, + 2 €] M [ +LEL] = AZ_ + AZ_ (A2.3.2)
3. Iy'és - h[ME e MK - MZE + % (M #Mx)B ] = AM_ + hAX (A2.3.3)
4. H [MX +(M MK - MZE, + % (M M Je ] = HAX (A2.3.4)
5. IEp + MLZ[§S+h§S + HE_ + ZEB] + My %-[z + %—EB]

+ MHL[ES+LEB] +* M %—[Es + %—EB] + M gZey = AZ L (A2.5.5)
6. -H MK -5 (MM ] = -HAX (A2.3.6)
7. Iyﬁm - h[M X - % (MM )68 ] = AM - hAX_ (A2.3.7)

where all the variables now represent small perturbations from the equilibrium
values. These equations of motion can now be combined in various ways to obtain

a more convenient set of equations.
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APPENDIX 2.4: Seven Linear Ordinary Differential Equations After Rearranging

Terms and Introducing Parameters

AX ML+MB
2 Horizontal Force Equations: X_ - uge = r— U= (A2.4.1)
s s MH 2MH
AXm
X - HgE = _HE (A2.4.2)
. AMs MHh h
2 Pitching Moment Equations: 65 + eug(es—es) =7 £ = T— = (A2.4.3)
Yy Yy K
y
. M
em + eug(em—em) =1 (A2.4.4)
y
g ML
1 Load Equation: X, - (1—6L)Z€B + 5—(€s+em) =0 6L = ML+MB (A2.4.5)

2 Vertical Force Equations of Helicopters, coupled by the tethers, spreader bar,

and load:

Notes:

AZ 21

- L .. o g m B
- — B o E mamees A2.4.6
(IHDZ + (ep-n) 7 €5 + 2u8 Z(X +gep) 7 € 2 5 ( )
MHL
L o Azs 1 2
(A1)z, - (ey-W) 5 &5 - 2ud;2(X +geg) = T Ig =Ml (a2.4.7)

1.

N
1t
] H‘

The forces AX , AX , AZ , AZ and the moments AM , AM  denote
s m s m s m

incremental aerodynamic forces and moments.

The variables x , € , x , €, 6, 6, x €
s s> "m’® m’ s

m’ “L° "B’
incremental (small signal) quantities, i.e. small perturbations about

z , and z denote
m s

their equilibrium (large signal) counterparts.
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APPENDIX 2.5: A Generalized Load Coordinate

The absolute position of the load can be approximated by

_ L
Xp = X o+ hes + HSES ot ZEB (A2.5.1)
=x_+h0 +He - E‘--+ Z€
m m m m 2 B (A2.5.2)

Taking the average of these gives us

_ 1
X, = Ix + hIf + gvﬁgesi-Hmem) + ZeB (A2.5.3)
Using the fact that €p = é% gives us the following
X, = ILx + hIbf + l-(H e +He) + Z pe (A2.5.4)
L _ 2 S s m m L T
or S Ix -hI8 -2 Az =2 He +He) A2.5.5
X, L 2 V's's m m (AZ.5.3)

Subtracting HSZB from both sides gives us the desired generalized load coordinate:

Z .
L =X - Zx - (h + HS)ZB - E-Az (A2.5.6)

i .
= E—(Hses + Hmem) - HSZB (A2.5.7)

- %-[Hstes-es) + M (e,-0)] # %'[Hm-Hs]e (A2.5.8}

= R E - - = - 3 i -
If HS—Hm then X = 5 [(6S Bs)+(€m Bm)} H[Ze-I6] 1is exactly the average displace
ment of the spreader bar end points from the helicopter-tether attachment points
measured parallel to the helicopters.
It should also be noted that using egs. (A2.5.1-A2.5.2) one gets
Ax = x_ - x_ = -[hA® + He - H e ]l -1L
S m Im S S

To get the incremental (small signal) form of this eg. all we need to do is set L=0.
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APPENDIX 2.6: Seven Linear Ordinary Differential Equations for Longitudinal Dynamics
of TLHS Near Hover; Written in Terms of Incremental Variables and
Incremental Aerodynamic Forces and Moments Acting on Helicopters

2 Horizontal Force Equations

o 1 1 S , Axm+Axs
1. X - ug [ T (xL + HSZB) T (Ax + hAB)] i (A2.6.1)
A A H
AX_-AX
2. A% - ug [- 2> (x] *+ H_20) - i (Ax + hA@)] = —i—2 L G
A s HA ZMH
2 Pitching Moment Equations
) ) s BM_+Ali_
3. I8 + eug8 - epg [ o (X! - H_IB) + 5— (Ax + hAB)] = ——= (A2.6.3)
H L S 2H 21
A A Yy
4. A6 + gpughd - epg [- = (x] + H Z6) - — (Ax - hAB)] = ———— (A2.6.4)
H L S H I
A A y
1 Load Equation
5. % o+ wix' + Bk + (h+H_)I6 + W2H 58 + & wisax + L %snae + & 2a3 (A2.6.5)
: L AL s A's 2 A 2 A L
2 Vertical Force Equations
. AZm+AZS
6. (1+p) iz = ——— (A2.6.6)
My
7 [1+e. +4us. (1-8.)2%] A% + 4us, 2wl A7 - 4us ’iw2 (x! +H_£6)
’ b L L L AA LA L s
(A2.6.7)
. 2 AZm-AZS
- 2u5LZwAS (Ax+hAB) =
where
ZHSHm Hm—[-lS HA 2 g
HA‘“-H-'“:'H"—, S = o+ ° HA-_—_L, WA:H_'" > (A2-6'8)
s m 5 m A
and
H=HA H=HA S=HA—HS
s I¥ > “nm o I- ’ H
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Incremental Aerodynamic Forces and Moments Written in Terms

of Final Incremental Variables

AX +AX
m S

My

AX -AX
m "~ s

For flight

= fg(1+u)29 + XuEx+XwZz + Xq287+ XBlCZBlc + XOCZOC

-g(1+u)AB + Xqu+XwAz+XqAB + XBchBlc + XOCAGC

=Mz£c+Mzz+M2é+M TB. + M. IO
q c cC

MAS(+MA£+MqAé+M TB. + M. A®

-2 =7 Ix+Z %z +ZZ%6 +2Z _  TB. +2Z. %0
u w q c

u W q Blc lc Oc

conditions near hover X =X =X =Z =17 =1
W (€] B

(A2.

(A2.

(A2.

(A2.

(A2.

(A2.

1)

.2)

.3)

.4)

.5)

.6)
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APPENDIX 2.8: Linear Model for Longitudinal Dynamics of TLHS Near Hover (Symbolic)

2 Horizontal Force Equations

H
1. I%-X Sxk+g [1+US == 150 - = uSw>hA®
HA 2 A

u
(A2.8.1)
1 2 2
- 3 WSWpAX - WX = Xp IB)
2. AX-X Ai+uw2Ax + [g(1+u)+pw2h]A8 + 2uw2H SI6
u A A A's
, (A2.8.2)
1 -
+ ZuwASx = XBchBlc
2 Pitching Moment Equations
by 2 . 1 2 1 2
3. EG—MqZé+€uwASHSZG - M IX - 5 euw,SAx - > euw,ShA®
2. (A2.8.3)
= B = Mpg EBeg
4. DB-M Ab+eww® (H +h)AS + 2epw SH I8 - M Ax
q A YA A7 s u
+ € szx + 2 WZS ''= M__ AB e Sl
HW o EHWASXL T MB1c™P1c
1 Load Egquation
.t 2 ' m i 2 1 2
5. X[ W, X, ¥ X + (h+HS)ZB + wAHsZB + E—WASAX
L 2 (A2.8.5)
+ i-wAShAB + 6L2A2=0
2 Vertical Force Equation
6.  (1+W)I% - Z T2 = 2, IO (A2.8.6)
20 . s 20 n 2
7. [l+eb+4u6L(1—6L)Z 1AZ - ZwAz + 4u6LZwAHAAz — 4u6LZwaL
52 52 2 - (A2.8.7)
- 4u, Zw,H_I0 - 2u8, Zw,SAx - ZuGLiwAShAB = Zg Ao,

c
All variables above represent small perturbations from the equilibrium values.

The above seven linear ordinary differential equations may be concisely written
*
in state space form (Table 2.4.1) to obtain the 12th order model (ZZ and IX not included )

to be used throughout the thesis.

*%z and Ix are needed only if "exact load positioning' 1s critical.
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Linear Model for a Single Helicopter Near Hover*

Vertical Dynamics

dc gain

+
z ZOc @C
ZOc
s-Z
w
= Z = -0.346
w
Z
:gs- = 17.2 ft/deg sec

S

Horizontal/Pitching Dynamics

6 o 1 o 8 0
6| =]o MM 6| + B
- q u . MBlc lc
-g 0] X X
u Blc
X M -
s + zlc 4 X
B = M ‘ Blc v
B Ble| — 2
lc s -(X +M )s” + M X 5 +gM
u g g u u
poles: s = 0.034] + j0.6366; [ = -0.053; w = 0.64
s = -3.229
zeros: s = -0.03622
. gM
: 1
dc gain = = x - Bl ) o0 deg/deg
— g Ble KX _
Blc - M
2 Fp1c
X MG T
Blc BlLE 3 2
s -(X +M )s + M X s + gM
u q gu u
zeros: s = -1.55+37.288; [=0.21; wn=7.29- .
M
dc gain = - :lc = 20.11 £ft/deg
u
- -2 -2 -1
g=3.2283 ft sec ~/deg xu=-0.06 ft sec " /sec
_2 ...l -
Mq=—3.l deg sec /deg sec XBlc=O.478 ft sec 2/deg
-2 - . -
Mu=2.3493 deg sec /ft sec 1, MBlc=—47.24 deg sec 2/deg

* Parameter values are given in Appendix 1.

(a3.1)

(A3.2)

(A3.3)

(23.4)

(A3.5)

(n3.6)

(R3.7)

' (A3.8)

(23.9)

(n3.10)

(A3.11)

(r3.12)
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