MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Phylogenetics of Indo-European Language Families via an
Algebro-Geometric Analysis of Their Syntactic Structures

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Shu, K., Ortegaray, A., Berwick, R.C. et al. Phylogenetics of Indo-European Language
Families via an Algebro-Geometric Analysis of Their Syntactic Structures. Math.Comput.Sci. 15,
803-857 (2021)

As Published: https://doi.org/10.1007/s11786-021-00507-2
Publisher: Springer International Publishing
Persistent URL: https://hdl.handle.net/1721.1/132955

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’'s formatting or copy editing

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
https://hdl.handle.net/1721.1/132955
http://creativecommons.org/licenses/by-nc-sa/4.0/

PHYLOGENETICS OF INDO-EUROPEAN LANGUAGE FAMILIES VIA AN
ALGEBRO-GEOMETRIC ANALYSIS OF THEIR SYNTACTIC STRUCTURES

The

KEVIN SHU, ANDREW ORTEGARAY, ROBERT C. BERWICK AND MATILDE MARCOLLI

ABSTRACT. Using Phylogenetic Algebraic Geometry, we analyze computationally the phyloge-
netic tree of subfamilies of the Indo-European language family, using data of syntactic structures.
The two main sources of syntactic data are the SSWL database and Longobardi’s recent data of
syntactic parameters. We compute phylogenetic invariants and estimates of the Euclidean dis-
tance functions for two sets of Germanic languages, a set of Romance languages, a set of Slavic
languages and a set of early Indo-European languages, and we compare the results with what is
known through historical linguistics.

1. INTRODUCTION

use of commutative algebra and algebraic geometry in the study of phylogenetic trees and

networks was developed in recent years in the context of biological applications, see [35], [36]. We
argue in this paper that these methods have advantages over the other methods of phylogenetic
reconstruction, such as Hamming distance and neighbor-joining, when applied to the computa-
tional study of phylogenetic trees of world languages based on syntactic data. Computational
studies of phylogenetics in linguistics have been carried out recently in [4], [50], using lexical and
morphological data and in [27], [28] using syntactic data.

The

main advantages of the algebro-geometric approach presented here can be summarized as

follows.

(1)

The use of Phylogenetic Algebraic Geometry to select a best candidate tree avoids some
of the well known possible problems (see Chapter 5 of [49]) that can occur in phyloge-
netic reconstructions based on Hamming distance and neighbor-joining methods. While
such methods were used successfully in phylogenetic inference using syntactic data in [27]
and [28], we argue that the geometric methods provide additional useful information, as
explained below.

Phylogenetic Algebraic Geometry associates an actual geometric object to a best candidate
phylogenetic tree T', together with a boundary probability distribution at the leaves P =
(piy. 4,) derived from the data. This geometric object consists of a pair (Vp,zrp) of an
algebraic variety V7, which depends on the tree topology, and a point z7p € Vr on it,
which depends on both the tree T" and the boundary distribution P. Unlike what happens
with other phylogenetic methods that only provide a best candidate tree T', the geometry
(Vp, x7,p) contains more information: the position of the point P on the variety V7 encodes
information about the distribution of the binary syntactic features across the language
family. For example, one can have different language families with topologically equivalent
phylogenetic trees. In this case one obtains two different points on the same variety Vi
whose relative positions encode in a quantitative geometric way the difference between how
the evolution of syntactic feature happened historically in the two families.

The point 7 p is constrained to lie on the locus of real points Vi (R) of the complex alge-
braic variety Vr, and in particular on the sublocus Vr (R, ) of nonnegative real coordinates,

since it is defined by a probability distribution. In several cases, especially when analyzing
1
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sufficiently small trees, V turns out to be a classical and well studied algebraic variety,
as in the case of the Secant varieties of Segre embeddings of products of projective spaces
that we encounter in this paper. In such cases, there are usually well understood and
interesting geometric subvarieties of Vi and one can gain further insight by understanding
when the point zp p lies on some of these subvarieties, in addition to being contained in
the real locus. For example, this may suggest compatibility of the boundary distribution
P with respect to certain splitting of the tree into subfamilies and subtrees, which may
provide additional information on the underlying historical linguistics.

(4) The algebro-geometric method is compatible with admixtures and with phylogenetic net-
works that are not necessarily trees. The algebraic varieties involved in this setting are
different from the phylogenetic varieties of trees Vi discussed here, but they are analyzed
with a similar method. Results on topological analysis of data of syntactic structures
(see [40]) indicate the presence of nontrivial cycles (first homology generators) in certain
language families. This can be seen as supporting evidence for the use of networks that
are not trees for phylogenetic analysis. The algebro-geometric formalism necessary to the
discussion of more general phylogenetic networks is discussed in [37] and [9].

1.1. Binary variables and syntactic structure. The idea that the possible syntactic struc-
ture of human languages is governed by certain basic binary variables, or syntactic parameters,
is one of the fundamental ideas underlying the Principles and Parameters model in linguistics,
originally introduced by Chomsky [10], [12]. The notion of syntactic parameter underwent succes-
sive theoretical reformulation in the context of more recent minimalist models [11], but the main
underlying conceptual idea remains unchanged. A recent detailed overview of the state of ongoing
research in comparative generative grammar on the topic of syntactic parameters can be found in
the collection of papers in the volume [22]. An introduction to syntactic parameters aimed at a
general audience with no prior linguistics background is given in [3].

Interesting questions regarding syntactic parameters include identifying a minimal set of in-
dependent variables completely determining a language’s syntax and obtaining an explicit and
complete description of the dependencies that exist among the known parameters. A rough anal-
ogy is that the set of syntactic parameters forms a kind of “basis set” spanning the space of
possible human languages (alternatively, grammars, since we are attempting to describe language
structure). Each choice of values for the parameters in this basis set fixes a distinct possible (pre-
sumably learnable) human language. Typically, it is assumed that the parameter values can be
learned from data available from positive example sentences presented to a language learner (i.e., a
child). These binary variables describing syntactic structures can roughly be thought of as yes/no
answers to questions about whether certain constructions are possible in a given language or not.
For a more precise description of parameters as instructions for triggering syntactic operations see
[43].

From a more precise mathematical perspective one can view the question of identifying depen-
dencies between syntactic parameters as trying to identify the correct “manifold of syntax” inside
a large ambient space of binary variables, in the same sense as constraints on a physical system
determine the manifold structure of its configuration space. Any existing relation between syntac-
tic parameters determines a locus inside the space of all possible binary values of these syntactic
variables where the syntactic data of the actual human languages are constrained to lie. Since
identifying relations between syntactic parameters is an open problem, the resulting geometry
cut out by these relations is presently unknown. While the problem of the “geometry of syntax”
in itself is not the main focus of the present paper, the issue of dependencies between syntactic
variables is relevant, because the phylogenetic models we will be discussing are typically based on
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assuming that variables evolving according to a Markov process on a tree behave like independent
identically distributed (i.i.d.) random variables. While this assumption is good enough to draw
some reasonable linguistic conclusions, in a more refined analysis one would like to identify the
extent to which relations between syntactic parameters may cause deviations from this hypothesis.
This problem will be discussed elsewhere, [17].

There are two existing databases of syntactic structures of world languages that we use in this
paper: the SSWL database [52] and the data of syntactic parameters collected by Giuseppe Lon-
gobardi and the LanGeLin collaboration. The binary variables recorded in the SSWL database
should not be regarded, from the linguistics perspective as genuine syntactic parameters, although
they still provide a very useful collection of binary variables describing different features of syntac-
tic structures of world languages. The variables recorded in the SSWL database include a set of 22
binary variables describing word order properties, 01-Subject Verb,..., 22-Noun Pronomial Pos-
sessor, a set of 4 binary variables A01-A04 describing relations of adjectives to nouns and degree
words, a variable AuxSel01 about the selection of auxiliary verbs, variables C01-C0/ still related
to word order properties on complementarizer and clause and adverbial subordinator and clause,
N201-N211 variables on properties of numerals, Neg01-Neg1/ variables on negation, OrderN301—
OrderN312 on word order properties involving demostratives, adjectives, nouns, and numerals,
Q01-Q15 regarding the structure of questions, ()16Nega—(Q)18Nega and QQ19NegQ)—(Q22Neg() on
answers to negative questions, V201-V202 on declarative and interrogative Verb-Second, w01a—
w01c indefinite mass nouns in object position, w02a—w02c definite mass nouns in object position,
w03a—w03d indefinite singular count nouns in object position, w04a—w04c definite singular count
nouns in object position, w05a—w05c indefinite plural count nouns in object position, wl6a-w06¢c
definite plural count nouns in object position, w07a—w07d nouns with (intrinsically) unique refer-
ents in object position, w08a—w08d proper names in object position, w09a—w09b order of article
and proper names in object position, wi0a—w10c proper names modified by an adjective in object
position, wlla—wli1b order of proper names and adjectives in object position, wi2a-w12f order of
definite articles and nouns in object position, w20a—w20e singular count nouns in vocative phrases,
w2la—w21e proper nouns in vocative phrases, w22a—w22e plural nouns in vocative phrases. A de-
tailed description of each of these binary variables can be found on the online site of the SSWL
database, [52]. While these are certainly not considered to be an exhaustive list of binary vari-
ables associated to syntax, they contain a considerable amount of information on the variability
of syntactic structures across languages.

The LanGeLin data of Longobardi record a different set of syntactic features, which are indepen-
dent of the SSWL data. These variables should be regarded as genuine syntactic parameters and
are based on the general Modularized Global Parameterization approach developed by Longobardi
[24], [26], that considers reasonably large sets of parameters within a single module of grammar,
and their expression across a large number of languages. The LanGeLin data presented in [24]
that we use here include 91 parameters affecting the Determiner Phrases structure. The full list
of the LanGeLin syntactic parameters used in this paper is reported in Appendix D, reproduced
from Appendix A of [21].

Unlike the SSWL data, which do not record any explicit relations between the variables, many
explicit relations between the Longobardi syntactic parameters are recorded in the LanGeLin data.
A more detailed analysis of the relations in the LanGeLin data is given in [21] and in [34]. In
our analysis here we have removed those parameters in the LanGeLin data that are explicitly
dependent upon the configuration of other parameters.

1.2. Related Work. A long-standing, familiar approach to linguistic phylogenetics is grounded
on the use of lexical (including phonemic) features; see, e.g., [50] for a survey of phylogenetic
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methods applying such features on a carefully analyzed Indo-European dataset. More recently,
other researchers have suggested alternatives to bypass issues with lexical items, such as the non-
treelike behavior of lexical diffusion, sometimes rapid and different time scales for lexical change,
and the like. For example, Murawaki [32] used linguistic typological dependencies such as word
order (OV vs. VO, in the Greenbergian sense) or grammar type (synthetic vs. analytic), in order
to build phylogenies over longer time scales and across widely different languages. Murawaki’s
approach computes latent components from linguistic typological features in the World Atlas of
Languages, (WALS) and then feeds these into phylogenetic analysis. Longobardi and colleagues
have pursued a detailed linguistically-based analysis of, e.g., Noun Phrases (so-called Determiner
structure) across many different Western European languages to develop a fine-grained explicit
parametric analysis of what distinguishes each of these languages from the others, see [27] and
subsequent work including the more recent [29]. In effect, this is a “hand-tooled” version of a
statistical, principal-components like approach. They have used Jacquard distance metrics as the
measure to feed into conventional distance-based phylogenetic programs. The approach presented
in the current work differs from either of these and from other more familiar phylogenetic methods
applied to linguistic datasets (such as maximum likelihood or Bayesian approaches) in that it
adopts a different approach to the structure of the phylogenetic space itself, rather than relying
on conventional methods, while retaining the non-lexical, typological information as the basis for
describing the differences among languages.

1.3. Comments on the data sets. The two databases used in our analysis, namely the SSWL
database [52] and the recent set of data published by Longobardi and collaborators [24], are cur-
rently the only existing extensive databases of syntactic structures of world languages. Therefore
any computational analysis of syntax necessarily has to consider these data.

In the process of evaluating phylogenetic trees via the algebro-geometric method, we also perform
a comparative analysis of the two databases of syntactic variables that we use. As the extended
version of the Longobardi dataset has only recently become available [24], a comparative analysis
of this dataset has not been previously considered, so the one reported here is novel. Other
methods of comparative analysis of these two databases of syntactic structures will be discussed
elsewhere. In the cases analyzed here we see specific examples (such as the second set of Germanic
languages we discuss) where Longobardi’s database appears to be more reliable for phylogenetic
reconstructions than the SSWL data, even though the latter dataset is larger.

1.4. Phylogenetics and syntactic data. The use of syntactic data for phylogenetic reconstruc-
tion of language families was developed in previous work of Longobardi and collaborators, [27],
[28], see also [25], [26]. Computational phylogenetic reconstructions of language family trees based
on lexical and morphological data were also obtained in [4], [50]. It is well known that the use
of lexical data, in the form of Swadesh lists, is subject to issues related to synonyms, loan words,
and false positives, that may affect the measure of proximity between languages. Morphological
information is much more robust, but its encoding into binary data is not always straightforward.
Syntactic data, on the other hand, are usually classified in terms of binary variables (syntactic
parameters), and provide a robust information about language structure. Thus, we believe that
syntactic data should be especially suitable for the use of computational methods in historical
linguistics.

In [46] it was shown that, when using syntactic data of the SSWL database [52] with Hamming
distances and neighbor-joining methods to construct linguistic phylogenetic trees, several kinds of
errors typically occur. These are mostly due to a combination of two main factors:

e the fact that at present the SSWL data are very non-uniformly mapped across languages;
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e errors propagated by the use of neighbor-joining algorithms based on the Hamming distance
between the strings of syntactic variables recorded in the SSWL data.

An additional source of problems is linguistic in nature, namely the existence of languages lying
in historically unrelated families that can have greater similarity than expected at the level of
their syntactic structures. Another possible source of problems is due to the structure of the
SSWL database itself, where the syntactic binary variable recorded are not what linguists would
consider to be actual syntactic parameter in the sense of the Principles and Parameters model
[10], [12], see also [43]: there are conflations of deep and surface structures that make certain
subsets of the syntactic variables of the SSWL data potentially problematic from the linguistic
perspective. However, it was also shown in [46] that several of these problems that occur in a naive
use of computational phylogenetic methods can be avoided by a more careful analysis. Namely,
some preliminary evidence is given in [46] that, when a naive phylogenetic reconstruction applied
simultaneously to the entire SSWL database is replaced by a more careful analysis applied to
smaller groups of languages that are more uniformly mapped in the database, the phylogenetic
invariants of Phylogenetic Algebraic Geometry can identify the correct phylogenetic tree, despite
the imperfect nature of the SSWL data. The method of Phylogenetic Algebraic Geometry that
we refer to here was developed in [35], [36] for applications to mathematical biology, see also a
short survey in [5].

In the present paper we focus on certain subfamilies of the Indo-European language family,
in particular the Germanic languages, the Romance languages, and the Slavic languages. We
apply the Phylogenetic Algebraic Geometry method, by computing the phylogenetic invariants
for candidate trees, and the Euclidean distance function. We compare the results obtained by
applying this method to the SSWL data and to a more recent set of data of syntactic parameters
collected by Longobardi [24], which are a largely extended version of the data previously available
in [27].

We list here the specific historical linguistics settings that we analyze in this paper.

1.5. The Germanic family tree. We consider the following two sets of Germanic languages:

(1) 81(G) = { Dutch, German, English, Faroese, Icelandic, Swedish }

(2) S2(G) = { Norwegian, Danish, Icelandic, German, English, Gothic, Old English }.
The first one only consists of modern languages, while in the second one we have included the
data of the two ancient languages Gothic and Old English. We analyze the first set S;(G) with
the SSWL data, and we analyze the second set first using the new Longobardi data and then
using the SSWL data. In both cases we first generate candidate trees using the software package
PHYLIP [51], then using the Phylogenetic Algebraic Geometry method we compute the phyloge-
netic invariants and an estimate of the Euclidean distance function for these candidate trees and
we select the best candidate.

For sufficiently small trees one can expect that other methods, including more conventional
Bayesian analysis, would be able to identify the correct candidate tree. However, we see here
in specific examples that the algebro-geometric method performs at least better than standard
phylogenetic packages like PHYLIP when applied to the same data.

Given the large number of alternative phylogenetic methods, why use PHYLIP as a baseline?
There are two main reasons. First of all, PHYLIP is selected here as an example of a well known
and widely used phylogenetic package, hence it is an easy baseline for comparison. Moreover, we
use PHYLIP to preselect a set of candidate trees because likewise parsimony method is a standard
starting point for Bayesian analysis, although maximum likelihood inference is generally regarded
as a more reliable method.
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The estimates we consider here are based on the evaluation of phylogenetic invariants and on
estimates of Euclidean distance. A maximum likelihood degree, which counts the critical points
of the likelihood function on determinantal varieties, can in principle also be computed, see [23],
but only in sufficiently small cases. Although there are cases (such as Gaussian models) where
the maximum likelihood degree and the Euclidean distance degree match, there are also many
examples where these solutions are different, as shown in [13].

We show that, for the set S;(G), the phylogenetic invariants suggest the correct tree among
the six candidates generated by PHYLIP, which is confirmed via the estimate of the Euclidean
distance. The topology of this tree correctly corresponds to the known historical subdivision of
the Germanic languages into West Germanic and North Germanic and the relative proximity of
the given languages within these subtrees. In this sense the algebro-geometric method applied to
a baseline dataset can be confirmed, always a key step in advancing a novel phylogenetic approach
as [50] note.

For the other set So(G) of seven languages, which are common to both databases, we also find
that the phylogenetic invariants computed on a subset of the Longobardi syntactic data point to
the correct best candidate tree, which is confirmed by a lower bound estimate of the Euclidean
distance. With the SSWL data the phylogenetic invariants computed with respect to the ¢* norm
still identify the historically correct tree as the best candidate, but not when computed with
respect to the ¢ norm. This confirms in our setting a general observation of [6] on the better
reliability of the ¢! norm in the computation of phylogenetic invariants. We see here an example
where the lower bound on the Euclidean distance correctly excludes some of the candidates, but
fails to assign the smallest lower bound to the best tree. This different behavior of the Longobardi
and the SSWL data on this set of languages presumably reflects the presence of a large number
of dependencies in the SSWL variables.

In the last section of the paper we discuss a possible issue of the direct application of this
algebraic phylogenetic method to syntax, which is caused by neglecting relations between syntactic
parameters and treating them, in this model, like independent random variables. We suggest
possible ways to correct for these discrepancies, which will be analyzed in future work. We expect
that such discrepancies may be resolved by a better approach taking syntactic relations into
account.

1.6. The Romance family tree. The case of the Romance languages is an interesting example
of the limitations of these methods of phylogenetic reconstructions. We considered as set of
languages Latin, Romanian, Italian, French, Spanish, and Portugues, and we used a combination
of the SSWL and the Longobardi data, which are independent sets of data. We find that PHYLIP
produces a unique candidate tree, which is however not the one that is considered historically
correct. We compute the phylogenetic invariants and the Euclidean distance for both the PHYLIP
tree and the historically correct tree. The phylogenetic invariants computed with respect to the ¢!
norm identify the historically correct tree as the favorite candidate, while they do not give useful
information when computed in the /> norm. The estimate of the Euclidean distance also favors
the historically correct tree over the PHYLIP candidate tree.

1.7. The Slavic family tree. We also analyze with the same method the phylogenetic tree of
a group of Slavic languages for which we use a combination of SSWL data and the data of [27]:
Russian, Polish, Slovenian, Serb-Croatian, Bulgarian. For this set of languages, PHYLIP applied
to the combined syntactic data produces five candidate trees with inequivalent topologies. Using
the phylogenetic invariants computed with the ¢! norm we identify the historically correct tree as
the best candidate, while the computation in the /> norm does not select a unique best candidate.



ALGEBRAIC GEOMETRY OF INDO-EUROPEAN LANGUAGES 7

The lower bound estimate of the Euclidean distance also correctly selects the linguistically accurate
tree.

1.8. The early Indo-European branchings and the Indo-European controversy. The use
of computational methods in historical linguistics has been the focus of considerable attention, and
controversy, in recent years, due to claims made in the papers [18], [7] regarding the phylogenetic
tree of the Indo-European languages, based on a computational analysis of trees obtained from
distances between binary data based on lexical lists and cognate words. While this method of
computational analysis of language families has been considered in various contexts (see [16] for a
collection of contributions), the result announced in [18], [7] appeared to contradict several results
obtained by historical linguists by other methods, hence the ensuing controversy, see [39]. For
comparison, a different reconstruction of the Indo-European tree, carried out by computational
methods that incorporate lexical, phonological, and morphological data, was obtained by Ringe,
Warnow, and Taylor [42]. Neither of these computational analysis makes any use of syntactic data
about the Indo-European languages.

We focus here on some specific issues that occur in the phylogenetic tree of [7] compared with
that of [42]:

e The relative positions of the Greco-Armenian subtrees;
e The position of Albanian in the tree;
e The relative positions of these languages with respect to the Anatolian-Tocharian subtrees.

This means that we neglect several other branches of the Indo-European tree analyzed in [7] and
in [42] and we focus on a five-leaf binary tree with leaves corresponding to the languages: Hittite,
Tocharian, Albanian, Armenian, and Greek. We will consider the tree topologies for this subset
of languages resulting from the trees of [7] and [42] and we will select between them on the basis
of Phylogenetic Algebraic Geometry.

The set of languages considered here (Hittite, Tocharian, Albanian, Armenian, Greek) are listed
in the SSWL database [52], while not all of them are present in the Longobardi data [24]. Thus,
in this case we have to base our analysis on the SSWL data. With the exception of Armenian
and Greek, which are extensively mapped in the database, the remaining languages (especially
Tocharian and Hittite) are very poorly mapped, and the set of parameters that are completely
mapped for all of them is very small, hence the resulting analysis should not be considered very
reliable, due to this significant problem.

Nonetheless, we compute the phylogenetic invariants for the Gray-Atkins tree and for the Ringe—
Warnow—Taylor tree and we also compute the Euclidean distance function to the relevant phylo-
genetic algebraic variety. We find that, while the evaluation of the phylogenetic invariants with
the £>° norm does not give useful information, the evaluation in the ¢* norm favors the linguisti-
cally more accurate Ringe-Warnow—Taylor tree. Similarly the estimate of the Euclidean distance
selects the same Ringe-Warnow—Taylor tree.

The Gray-Atkins tree is not the one generally agreed upon by linguists, while the Ringe—
Warnow—Taylor tree is considered linguistically more reliable. A more recent discussion of the
early Indo-European tree, which is also considered linguistically very reliable, can be found in [2].
However, the part of the tree of [2] that we focus on here agrees with the one of [50] (though the
position of Albanian is not explicitly discussed in [2]), hence we refer to [50] in our analysis.

2. PHYLOGENETIC ALGEBRAIC VARIETIES AND INVARIANTS

Before we proceed to the analysis of the two sets of languages listed above, we recall briefly the
notation and the results we will be using from Phylogenetic Algebraic Geometry, see [1], [35], [36].
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We also discuss the limits of the applicability of this method to syntactic data of languages and
some approaches to improve the method accordingly.

In order to apply the algebro-geometric approach, we think of each binary syntactic variable
as a dynamical variable governed by a Markov process on a binary tree. These binary Markov
processes on trees generalize the Jukes-Cantor model, in the sense that they do not necessarily
assume a uniform distribution at the root of the tree. The model parameters (7, M¢) consist of a
probability distribution (7,1 — 7) at the root vertex (the frequency of expression of the 0 and 1
values of the syntactic binary variables at the root) and bistochastic transition matrices

Me:<1_pe De )
De 1_pe

For a binary tree with n leaves, the boundary distribution P = (p;, . ;,) counts the frequencies
of the occurrences of binary vectors (iy,...,4,) € {0,1}" of values of the binary syntactic vari-
ables for the languages {{i,...,¢,} at the leaves of the tree. This boundary distribution is the
marginal distribution obtained after marginalizing over the internal nodes of the tree. If N is the
total number of syntactic binary variables available in the database (counting only those that are
completely mapped for all the n languages considered) and n;, ;. is the number of occurrences of
the binary vector (i, . ..,1%,) in the list of values of the N syntactic variables for these n languages,
then the frequencies in P are given by

along the edges.

The boundary distribution is a polynomial function of the model parameters

(2.1) Pirsin = O(m, M) = mu,H e e

w,€{0,1}

with a sum over “histories”, that is, paths in the tree. This determines a polynomial map of affine
spaces

(2.2) by AT AT

where 4n — 5 is the number of model parameters for a binary tree T with n-leaves and binary
variables. Dually, the kernel of the map of polynomial rings

(23) W C[Z’il,m,in] — (C[Il, A ,l’4n_5]

defines the phylogenetic ideal Zp. This corresponds geometrically to the phylogenetic algebraic
variety V.

It is proved in [1] that, for these Markov models on trees with binary variables that generalize
the Jukes—Cantor model, the phylogenetic ideal Zr is generated by all the 3 x 3-minors of all the
flattenings of the tensor P = (p;,.. ;). There is one such flattening for each internal edge of the
binary tree, where each internal edge corresponds to a subdivision of the leaves into a disjoint
union of two sets of cardinality » and n —r. The flattening is a 2" x 2"7" matrix defined by setting

(2.4) Flat, r(P)(u,v) = P(ug, ..., U, U1, ..., Upyp),
where P is the boundary distribution. The terminology corresponds to the fact that an n-tensor
P is “flattened” into a collection of 2-tensors (matrices).

These generators of the phylogenetic ideal can then be used as a test for the validity of a
candidate phylogenetic tree. If the tree is a valid phylogenetic reconstruction, then the boundary

distribution P = (p;, . ;,) should be a zero of all the polynomials in the phylogenetic ideal (or
very close to being a zero, allowing for a small error margin).
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In the case of the binary Jukes—Cantor model, where one assumes a uniform root distribution,
there are additional invariants, as shown in [48]. For the purpose of linguistic applications it is
more natural to work with the general binary Markov models described above, where the root
distribution (7,1 —7) is not assumed to be uniform, than with the more restrictive Jukes-Cantor
model. Indeed, there is no reason to assume that parameters at the root of a language phylogenetic
tree would have equal frequency of expression of 0 and 1: the overall data on all languages, ancient
and modern, contained in the available database show a clear prevalence of parameters that are
expressed (value 1) rather than not. (This point was discussed in some detail in [47].)

2.1. Phylogenetic Invariants. The Allman—Rhodes theorem [1] shows that the generators ¢r
of the phylogenetic ideal Zr are given by the minors det(M) of all the size 3 x 3-submatrices M
of the flattening matrices Flat, 1, with e ranging over the internal edges of T'.

In the following, we denote by ./\/l((f% the set of all 3 x 3 submatrices of the flattening matrix
Flat. r, by /\/lg?) 1= UeeE(T)MS% and by DFE,?) = {det(M) | M € Mgf)} We will also use the nota-
tion M®)(A) for the set of 3 x 3 submatrices of a given matrix A, and D®)(A) := {det(M) | M €
M (A)}.

To every candidate tree, one can also associate a computation of a discrepancy that measures
how much the polynomials ¢ fail to vanish at the point P. This can be done using different kinds
of norms. Generally, one can use either the ¢ norm and obtain an expression of the form

|7 (P)l[e= = max | det(M(P))],

MeMéﬁ”

which we write equivalently in the following shorthand notation as

[6r(P)llex = mavs [0(P)],

$eDY;

where the expression |¢(P)| stands for the absolute value of the determinant of the 3 x 3-minor
evaluated at the boundary distribution P. It is also natural to use the ¢! norm and compute

lor(P)lle = > [det(M(P))],

MemP

equivalently written in the rest of the paper as

l6r(P)la = > |6(P)].

peDf)

One can expect that the /> norm will be a very weak invariant, because taking the maximum
loses a lot of information contained in the phylogenetic invariants ¢r(P). Indeed, this turns out
to be the case. As analyzed in detail in [6], the ¢! norm is a more refined and reliable way to
identify best phylogenetic trees on the basis of the computation of phylogenetic invariants than
the £°° norm. We will see several explicit examples in the following sections where the £°° norm
does not provide useful information to identify the correct candidate tree, while the ¢! norm of
the phylogenetic invariants correctly identifies the unique best candidate tree.

For the best candidate tree T', the values of ||¢7(P)||s~ and ||¢7(P)||, will in general be small
but still non-zero. It is possible that these non-zero values may partly reflect a small deviation
from Markov evolution. Namely, the observed distribution P of the syntactic parameters of the
languages at the leaves of the tree may differ from a distribution obtained by the evolution of
i.i.d. random variables via a Markov model on the tree.
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One of the important points we wish to investigate in the longer term is how relations between
syntactic parameters affect their behavior as random variables in dynamical models of language
change and evolution. To that purpose, we can regard the values of phylogenetic invariants as a
possible numerical indicator of discrepancies from the standard i.i.d. Markov model assumption.
As mentioned in the introduction, the presence of dependencies between syntactic parameters is
expected to cause at least some small deviations from the dynamics of an actual i.i.d. Markov
model. We do not analyze in the present paper how possible models of parameter dependencies
affect the dynamics and may be reflected in the value of the phylogenetic invariants. A more
careful analysis of the Markov hypothesis will appear elsewhere, [17].

2.2. Euclidean distance. As a way to compare different candidate trees and select the best
possible candidate, one can use the Euclidean distance, in an ambient affine space, between the
point P given by the boundary distribution and the variety Vi associated to the candidate tree
T. The tree realizing the smallest distance will be the favorite candidate.

It is not always possible to compute the Euclidean distance exactly, but it can sometimes
be estimated, as we will discuss more explicitly in §3.6 and §3.11. We will compute Euclidean
distances from certain Segre and secant varieties, namely determinantal varieties of rank one and
two, for which a direct computation is possible. In some particular cases, like the first set of
Germanic languages we analyze, we will show that a lower bound estimate obtained in terms of
these distances is sharp, under a conditional assumption, which we discuss more in detail in §2.3.

The Euclidean distances of the flattening matrices from the corresponding determinantal vari-
eties can be computed using the Eckart—Young theorem, as in Example 2.3 of [13] and [35].

The Eckart—Young theorem describes a low-rank approximation problem, namely minimizing
the Euclidean distance |M — M’|| between a given n x m matrix M, seen as a vector in R™™,
and an n X m matrix M" with rank(M') < k, for a given k < n < m. One considers the singular
value decomposition M = UXV where ¥ is an n x m diagonal matrix ¥ = diag(oy,...,0,) and
oy > 09 > -+ > 0, > 0, and where U and V are, respectively n x n and m x m orthogonal
matrices. Then the minimum of the distance ||M — M’|| is realized by M’ = U¥X'V where ¥ =
diag(oy,...,0%,0,...,0) with the distance given by

n
min |3 - M = (3 0?1,
i=k+1
This can equivalently be stated as the fact that the minimum distance between a given n x m
matrix M and the determinantal variety Dy (n, m) of n x m matrices of rank < k is given by

(2.5) dist(M, Dr(n,m)) = |[(oks1,---,00)],

where the o; are the singular values of M. The point M’ realizing the minimum is unique iff
Ok+1 # 0k, with k the rank, [31].

2.3. Conditional cases and distance estimates. In the specific examples we discuss below,
we usually consider a list of pre-selected candidate trees, obtained via the use of the PHYLIP
package and among them we test for the most reliable candidate using the algebro-geometric
methods discussed here. Unlike the case where the search happens over all possible interpolating
binary trees, in these cases the pre-selected tree tend to all agree on certain proximity assignments
of some of the leaves. For example, in the first set of Germanic languages that we discuss below,
all the candidate trees agree on the proximity of Dutch and German and on the proximity of
Icelandic and Faroese, though they disagree in the relative placements of these subtrees with
respect to the other languages in the set. This agreement among the candidate trees results in
two of the flattening matrices being common to all of the candidates.
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In a situation like this one it is reasonable to consider a “conditional case” where we assume
that the incidence condition that these common flattenings lie on the respective determinantal
varieties already holds. We then aim at identifying the best candidate tree among those with
these constraints already assumed.

We outline more precisely the reasoning behind the kind of estimation we are going to perform.
We have a preselected small list of candidate trees T;, 7 = 1, ..., N and we assume that one of them
is the correct phylogenetic tree. This assumption means that the point P given by the boundary
distribution of i.i.d. variables that evolved according to a Markov model on this tree will lie on
its phylogenetic variety. Thus, there is a Ti,,c among the T} for : = 1,..., N such that P € V7, ..
If we also assume (as will be the case in specific examples we consider) that all the phylogenetic
varieties V. are intersections of the form Vi, = W N V,, where W is common to all the 7; while
the other varieties V; depend on the tree T;, then this assumption together with the previous one
then gives P € V... = W N Viyue s0 necessarily P € . Thus, in this case the question about
which of the varieties V. the point P lies on is reduced to the question of which of the V; the point
lies on, as it will lie on W anyway. This would imply that it would suffice to check the Euclidean
distances between P and the V.

However, because of possible noise in the data and other effects such as possible small discrep-
ancies from the Markov hypothesis for syntactic parameters, we will in general have only a close
proximity of P to the variety Vp, of the correct phylogenetic tree, rather than exact incidence.
We can account for possible small discrepancies by assuming that there is a sufficiently small
e > 0 such that P € U(Vp,,.), where Tiye is correct phylogenetic tree and Vi, = Vie N W,
and U (Vr,,.) is an e-tubular neighborhood of Vg, .. inside the ambient Euclidean space. With
only this proximity estimate available, one can no longer necessarily relate which T; realizes the
minimum among the distances dist(P, V;) or the minimum among the dist(P, V;NW), as one could
now have a situation where dist(P, V; N W) < dist(P, Vo N W) while dist(P, V3) < dist(P, V4).

Nonetheless, if we compute the minimum Euclidean distances dist(P,V;), instead of directly
obtaining the minimum among the distances dist(P, W N'V;), this will provide a lower bound on
the Euclidean distance dist(P, Vr,,.). Indeed, we can simply obtain an estimate using the fact
that the lower bound dist(P,V NW) > max{dist(P, V), dist(P, W)}, for two subvarieties V, W in
the same ambient space. Since this is only a lower bound, which is in general not expected to be
sharp, one can at best hope to use this estimate to exclude candidates for which the computed
max{dist(P, V'), dist(P, W)} is large (within the set of given candidates), while a small value of this
maximum will not necessarily imply that the corresponding candidate is optimal as dist(P, VW)
could easily be significantly larger. We see however that in many cases this lower bound suffices
to exclude most candidates hence it provides a useful estimate.

A more general theoretical discussion of these estimation methods and their range of validity,
compared to other phylogenetic invariants and tree reconstruction algorithms (such as discussed
in [6], [14], [44]) will be discussed elsewhere, separately from the present application, since they
are not restricted to the specific linguistic setting considered here.

2.4. Limits of applicability to Syntax. One of the purposes of this paper is also to better
understand the limits of the applicability of these phylogenetic models to syntactic data. One of
the main assumptions that need to be more carefully questioned is treating syntactic parameters
as i.i.d. random variables evolving under the same Markov model on the tree. We know that
there are relations between syntactic parameters. While the complete structure of the relations is
not known, and is in fact one of the crucial questions in the field, one can detect the presence of
relations through various computational methods applied to the available syntactic data.
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In [30] and [45], a quantitative test was devised, aimed at measuring how the distribution of
syntactic parameters over a group of languages differs from the result of i.i.d. random variables.
Using coding theory, one associates a binary code to the set of syntactic parameters of a given
group of languages and computes the position of the resulting code in the space of code param-
eters (the relative rate of the code and its relative minimum distance). If the distribution of the
syntactic features across languages were the effect of an evolution of identically distributed inde-
pendent random variables, one would expect to find the code points in the region of the space of
code parameters populated by random codes in the Shannon random code ensembles, that is, in
the region below the Gilbert—Varshamov curve. However, what one finds (see [45]) is the pres-
ence of many outliers that are not only above the Gilbert—Varshamov curve, but even above the
symptotic bound and the Plotkin bound. This provides quantitative evidence for the fact that
the evolutionary process that leads to the boundary distribution P of code parameters may differ
significantly from the hypothesis of the phylogenetic model.

In [38] it was shown, using Kanerva networks, that different syntactic parameters in the SSWL
database have different degrees of recoverability, which can be seen as another numerical indicator
of the presence of relations, with parameters with lower recoverability counting as closer to being
truly independent variables and those with higher recoverability seen as dependent variables. One
possible modification of the evolutionary model on the phylogenetic tree may then be obtained
by computing the observed distribution P at the leaves, by introducing different weights for the
different parameters, which depend on the recoverability factor, so that parameters that are more
likely to be independent variables would weight more in determining the boundary distribution
and parameters that have higher recoverability, and are therefore considered dependent variables,
would contribute less to determining P.

A further issue worth mentioning, though we will not discuss it in this paper, is whether the
hypothesis that the evolutionary dynamics happens on a tree is the best model. There are more
general phylogenetic reconstruction techniques based on graphs that are not trees, see [19] and the
algebro-geometric models in [9]. It was shown in [40] that the persistent topology of the SSWL
data of some language families (the Indo-European) contain non-trivial persistent generators of the
H; homology group. While the persistent generators of Hy appear to be related to the structure of
a candidate phylogenetic tree, the presence of a persistent H; points to the presence of loops, hence
to graphs that are not trees. Persistent generators of the H; are also visible in the Longobardi
data. This is further discussed in [41].

We discuss some possible modifications of the evolutionary Markov model on the tree in the
last section of the paper.

3. PHYLOGENETIC ALGEBRAIC VARIETIES OF THE (GERMANIC LANGUAGE FAMILY

As discussed in the Introduction, we first analyze the phylogenetic tree for the set of Germanic
languages S1(G): Dutch, German, English, Faroese, Icelandic, and Swedish.

These six languages are mapped with different levels of accuracy in the SSWL database: we have
Dutch (100%), German (75%), English (75%), Faroese (62%), Icelandic (62%), Swedish (75%).
There are 90 syntactic variables that are completely mapped for all of these six languages: the list
is reported in Appendix A. We will use only these 90 variables for the analysis carried out here.

We then consider the set Sy(G) consisting of seven Germanic languages: Norwegian, Danish,
Icelandic, German, English, Gothic, Old English. These are chosen so that they are covered by
both the SSWL database [52] and the new data of Longobardi [24], and so that they contain some
ancient languages, in addition to modern languages situated on both the West and the North
Germanic branches. In this way we can test both the effect of using different syntactic data and
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the effect of including ancient languages and their relation to problem of the location of the root
vertex mentioned above.

The Germanic languages in the set So(G) have a total of 68 SSWL variables that are completely
mapped for all the seven languages in the set. This is significantly smaller than the 90 variables
used for the set S;(G). This does not depend on the languages being poorly mapped: the levels
of accuracy are comparable with the previous set with Danish (76%), Norwegian (75%), German
(75%), English (75%), Old English (75%) Icelandic (62%), Gothic (62%). However, the regions
of the overall 115 SSWL variables that are mapped is less uniform across this set of languages
creating a smaller overlap. The set of completely mapped SSWL variables for this set of languages
is reported in Appendix B.

3.1. Candidate PHYLIP trees. When using the full but incomplete data for the six Germanic
languages in §;(G), we obtain with PHYLIP a list of six candidate phylogenetic trees, respectively
given (in bracket notation) by

parsl = ((l1,02), (U5, (€a,05)), le)

pars2 = ((ls, (01,02)), (l4,05),ls)

pars3 = ({3, ((01,02), (04,05)),ls)
bnbl = (g, (L5, La), (L3, (€2, 1))
bnb2 = (lg, (((45,04),03), (1, 42)))
bnb3 = (lg, (((€5,04), ({1, 05)),05))

where /1 =Dutch, ¢ =German, ¢35 =English, ¢, =Faroese, {5 =Icelandic, {5 =Swedish. The
Newick representation of binary trees used by PHYLIP lists the leaves in the order specified by
the choice of a planar embedding of the tree, with brackets and commas indicating the joining
together of branches. In the rest of the paper, for convenience, we will spell out explicitly the form
of the tree graphically, rather than writing them in the Newick bracket notation. In the case of
the trees listed here we obtain the following.

The trees pars1, pars2, and pars3 given above in the Newick representation have the form

0, ’ A @

ls ly Us 351 ly b Uy by s
Note that parsl is a binary tree, while pars2 and pars3 are not binary trees. We will discuss

how to resolve the non-binary structure. The remaining trees bnbl, bnb2, and bnb3 are binary
trees of the form

€6 EG 66
b5 Ly o, b Ay ts
s by Uy Yl
Note how all of these candidate trees agree on the proximity of Dutch and German (¢, and /5)
and of Faroese and Icelandic (¢4 and ¢5), while they differ in the relative placement of these two

pairs with respect to one another and with respect to the two remaining languages, English and
Swedish.

In phylogenetic linguistics the presence of a non-binary tree denotes an ambiguity, which should
eventually be resolved into one of its possible binary splits. As shown in [15], the phylogenetic

62 51 €5 44 63
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algebraic variety of a non-binary tree can be seen as the intersection of the phylogenetic algebraic
varieties of all of its possible binary splits. Thus, the phylogenetic ideal (for the binary Jukes-
Cantor model) is generated by all the 3 x 3 minors of all the flattening matrices of all the binary
splits of the given non-binary tree. Being the intersection of the varieties defined by each of the
binary splits corresponds exactly to the notion of ambiguity mentioned above.

The resolution of a non-binary structure of the type shown in pars2 and pars3 is obtained by
replacing the first tree below with the different possibilities given by its three possible binary splits
that follow:

T
A B C £ 5% (% e o B

Thus, for the tree pars2 we obtain the three binary trees

Q l G
63 gl 62 €4 65 66 /<Q£5 EG

bog g b bah

Note, however, that these three binary trees are equivalent up to a shift in the position of the
root, which however does not affect the phylogenetic invariants, see [1] and Proposition 2.16 in
[5]. Thus, we need only consider one of them for the purpose of computing the generators of the
phylogenetic ideal. For the tree pars3 we obtain the three binary trees

63 66 E?) €6
ls ls l
b by Ly U b by Ly U
Again these three binary trees only differ by a shift of the position of the root, which does not
affect the computation of the phylogenetic invariants, hence we need only consider one of them
for that purpose. Notice, moreover, that the binary tree bnb1 is the same as the second binary
tree for pars2. Also the tree bnb2 has the same topology as the tree parsi, up to a shift in the
position of the root, which does not affect the phylogenetic invariants. Similarly, the tree bnb3 is
the same as the second binary tree of pars3.

1 62 64 65

All of the binary trees considered here have three internal edges, hence all of them have three
flattenings Flat, (P) of the boundary distribution P = (p;, .. i)-

e The flattenings for parsi are given by a 4 x 16 matrix Flate, parsi(P), an 8 x 8 matrix
Flate, pars1(P) and a 16 x 4 matrix Flate, pars1(P). These correspond to the separating the
leaves into two components when deleting the internal edge e; according to

€1 : {ély f2} U {£37 £4a £5a EG}
eyt {01, 0, b} U{ls, Uy, 05}
es : {01, 0y, U3, L} U {ly, 05}
e The flattenings for any of the three binary trees for pars2 are also given by a 4 x 16 matrix

Flate, pars2(P), an 8 x 8 matrix Flate, pars2(P) and a 16 x 4 matrix Flate, pars2(P), which
in this case correspond to the subdivisions

€1 {61762} U {63764765756}
€o {él,fg,fg} U {E4,£5,€6}

ez : {01, 0o, 03,06} U {4, (5},
which only differ from the previous case in the e; flattening.
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e The flattenings for any of the three binary trees for pars3 are given by a 4 x 16 matrix
Flate, parsa(P), a 16 x 4 matrix Flat, pars3(P) and a 16 x 4 matrix Flate, parss(P), which
correspond to the subdivisions

er 1 {01, la} U {ls, Uy, U5, 06}
€2 : {617€27€37€6} U {g4ag5}

es {01, 0y, 0y, U5} U {ls, (6}

e The bnb1 tree is the same as one of binary trees for pars2, hence their flattenings are also
the same.

e The flattenings for bnb2 are the same as the flattening of pars1, since the two tree differ
only by a shift in the position of the root vertex.

e The bnb3 tree is the same as one of binary trees for pars3, hence their flattenings are also
the same.

Thus, in order to compare the phylogenetic invariants of these various trees, we need to compute the
3 x 3 minors of the matrices Flat. r(P) for the splits {1, lo}U{ls, 04, l5, ls}, {{1, la, ls}U{ls, Ly, U5},
{61, 62, 63, 66} U {647 65}7 {gl, EQ, 63} U {64, £5, 66}, {61, 627 64, 65} U {63, 66} We will compute these in
the next subsection.

3.2. Flattenings. As discussed above, there are five matrices Flat, r(P) that occur in the com-
putation of the phylogenetic ideals of the candidate phylogenetic trees listed above. In fact, we
do not need to compute all of them, as some occur in all the trees, hence do not contribute to
distinguishing between them. This corresponds to the observation we already made above, that
all the candidate trees agree on the proximity of ¢; and ¢y and of ¢4 and /5.

To simplify keeping track visually of which flattening is being considered, we replace here the
edge notation e of the flattening matrices Flat, (P) with the explicit splitting of the leaves of
T that corresponds to the edge e. Thus, for example, instead of writing Flat,, parsi(P) we write
Flat (s, ¢,30(¢,04,05,061(F). This notation has the advantage that, when the same flattening matrix
(with the same subdivision of leaves) occurs in different trees, this will be immediately evident
from the notation. We will continue to use the more concise notation Flat.r(P) when more
convenient.

o The 4 x 16 matrix Flats, ¢,10(6;,01,05.653 (P), contributes to the phylogenetic ideals of all the
trees, hence it will not help discriminate between them.

e The same is true about the 16 x 4 matrix Flatye, ¢, ¢5 ¢530{04,5} (P)-

o The 8x8 matrix Flatys, ¢, ¢510{es,04,65} (P) contributes to the phylogenetic invariants of pars1
and bnb2. It is given by

Poooooo  P000100  P001000 P001100 P000010 P000110 P001010 P001110
Po1oooo0  P010100 P011000 P011100 P010010 P010110 P011010 P011110
P10ooo00 P100100 P101000 P101100 P100010 P100110 P101010 P101110
P11oooo0 P110100 P111000 P111100 P110010 P110110 P111010 P111110
Pooooo1  Poooiol  Poo1001  P001101  P00001l Pooolll Pooloil  Poo1lll
Po1ooo1 Poi1oiol  Poi1iool  Poi11o1  Poiooll Poioilll  Poilioil  Poiilill
P1oooo1 Pi1ooio1l  P1o1001  P1o1101  P1oooll Pi1ooilll  P1oioil  P1oiill
P1iooo1r P110o101  P111001  P111101  P110oo1l  P11o11l  P111o1l P1i111l
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e The 8x8 matrix Flats, ¢, ¢,30(04,65,66) (P) contributes to the phylogenetic invariants of pars2
and bnbl and it is given by

Poo0o000  P000010  P000100  P000110 P000001  P000011 P000101  P000111
Po1oooo  P010010 P010100 P010110 P010001 P010011 P010101 P010111
P10oo000 P100010 P100100 P100110 P100001 P100011 P100101 P100111
P11oooo P110010 P110100 P110110 P110001  P110011  P110101  P110111
Poo1oo0 Po01010 P001100 P001110 P001001 P001011 P001101  P001111
Poiiooo Poirio10 Poi11oo0 Poi11110  Poiiool  Poiioil  Poiiiol Poiiiil
P1oiooo P1o1010 P101100 P101110 P101001  P101011  P101101  P1o11ll
Pi111000 Pi111010 P111100 Pi111110 P111ool  Pi111011  Pi1111o1 Piiiill

e The 16 x 4 matrix Flaty, s, ¢, 653076505} () contributes to the phylogenetic invariants of
pars3 and bnb3 and is given by

Po0o0o000  P000001  P001000 P001001
Po1oooo0 Po10001  P011000 P011001
P100000 P100001 P101000 P101001
P11oo00 P110001 P111000 P111001
Poooo1o  Pooooil Po01010 P001011
Po1oo10 Po1oo11 Po11010 P011011
P1ooo10 P1oo011 P101010 P101011
Pi110010 Pi110011 Pi111010 P111011
Pooo100 P000101 P001100 P001101
Po1o100 Po10101 P011100 P011101
P1oo100 P100101 P101100 P101101
Pb1io100 P1i1o101  P111100 P111101
Pooo110 Poooilll Pooi1io Poo11ll
Poio11o0 Poioiil  Poii1io  Poiiill
P1oo110 Pi1ooi11l P1oi11io Pioiill
Ppi11o110 Pi1i1o111  Pi1i1111o  Piiiiil

3.3. Boundary distribution and phylogenetic invariants. Next we compute the boundary
distribution P = (p;,.. ;) of the syntactic variables. We use only the 90 completely mapped
syntactic variables, for which we find occurrences

ni10111 = 3 Moooot1 = 1 Nooooro =4 Moooooo = 40
N110000 = 2 Noo1110 = 1 Ngoo100 = 2 Miininn = 22
ni11110 = 1 Nooorio =1 111101 =3 Maoooo0 = 2
No10000 = 1 Mi11001 = 2 nNarotio =1 noro11n = 1
Noo1000 = 2 Ngoo111 = 1

while all the remaining cases do not occur, n;, _;, = 0 for (i1, ...,4,) not in the above list.
With the boundary distribution determined by the occurrences above the three matrices of

Fl = Fla‘t’{ﬁl,eg,EG}U{€3,£4,€5}(P)7 F2 - Fla‘t{ﬁl,eg,ﬁg}U{€4,£5,€6}(P)7 a’nd F3 = Fla‘t{el,62784,55}U{€3,f6}(P)
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are, respectively, given by

4 1 1 g 2 1 g 1
?4545 45 90 90
o 0 0 0 0 0 0 0
%0000000

1 1

FIZEOOO(I)$O%
0 0 0 0 5 g5 0 0
000 0 0 0 5 0 0
0O 0 0 0 0 0 0 O

1 1 1 11

0 0 £ & 0 & 0 1

4 2 1 1 1 1
gﬁﬁmoﬁo@
@ooooooﬁ
¥0000000
1 1

&:@00@000%
£ 0 0 & 0 0 0 0
0O 0 0 0 0 0 0 0
0O 0 0 0 0 0O 0 0

1 1 1 11
0 0 0 g = 0 4 =

4 1
?ogo
o 0 0 0
1

= 0 0 0
Looi
4251 45
% 9 0 0
0 0 0 0
0 0 0 0
0 0 0 0

F3:1

= 0 0 0
0 0 0 0
0 0 0 0
0 0 0 <+
111
9091090
0 55 0 0
0 0 0 0
1 1 1 1
90 30 90 45

3.4. Phylogenetic invariants. As we discussed above, the splits
{€17£2}U{€3;€4a€5a€6} and {61762763766}U{£47€5}
occur in all the candidate trees, hence the minors coming from the flattening matrices

Flat{fl,KQ}U{ZB,&,%,ZG}(P) and Flat{thQ7Z37€6}U{Z47€5}(P>

do not discriminate between the given candidates (preselected by PHYLIP). Thus it is reasonable
to proceed by assuming that the condition that these two flattenings lie on the corresponding
determinantal varieties is satisfied and only discriminate between the candidate trees on the basis
of the position of the remaining flattenings. There is only one additional flattening involved in
each tree, once these common ones are excluded. Thus, we estimate the phylogenetic invariants
by evaluating the 3 x 3 minors of the remaining flattening matrix for each of the trees, using both
the ¢ and the ¢! norm. We obtain the following:
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(1) For the tree T} =parsl (and equivalently bnb2) we have

22
o (Pl = ma (P = 1
3707
lér (Pl = Z 6P| = 561500
D
(2) For the tree To =pars2 (equivalently bnb1) we have
419
oo — P =

2719
P = P)| =
||¢T2< )”21 Z@ |¢( >| 364500
¢€Dr,

(3) For the tree T3 =pars3 (and equivalently bnb3) we have

22
|67, (P) e = qglagg) [o(P)] = 18905

949
o, (P)lla = > |6(P = 91125

¢€’D%>

Thus, in terms of the evaluation of the phylogenetic invariants, the binary trees of pars2 and the
binary tree bnb1 are favored over the other possibilities. (We discuss the position of the root vertex
below.) Note that the £*° norm does not distinguish between the other two remaining candidates
and only singles out the preferred candidate pars2. We compute the Euclidean distance function
in §3.7.

3.5. The problem with the root vertex. As we have seen above, the computation of the
phylogenetic invariants helps selecting between different candidate tree topologies. However, the
phylogenetic invariants by themselves are insensitive to changing the position of the root in binary
trees with the same topology. In terms of phylogenetic inference about linguistics, however, it
is important to locate more precisely where the root vertex should be. In the case of languages
belonging to a subfamily of the Indo-European languages this can be done, as in the example we
discussed in [46], by introducing the data of some of the ancient languages in the same subfamily
as a new leaf of the tree, that will help locating more precisely the root vertex of the original
tree based on the modern languages. For language families for which there are no data of ancient
languages available, however, this kind of phylogenetic analysis will only identify a tree topology
as an unrooted binary tree. We will return to this point in the following section, where we analyze
the set Sp(G) which includes two ancient languages.

Note that when one or more ancient languages are included in the data (as in the second case
of the Germanic languages, or the Romance languages discussed here) that suffices to constrain
the position of the root vertex, while in other cases like the example discussed here, additional
independent information is needed.



ALGEBRAIC GEOMETRY OF INDO-EUROPEAN LANGUAGES 19

3.6. Varieties. In the discussion above we reduced the question of distinguishing between the can-
didate trees to an evaluation of the phylogenetic invariants coming from the 3 x 3 minors of one of
the three matrices Flat{gl7427g6}u{g3jg4,g5}(P), Flat{gl752743}U{g4745756}(P), and Flat{gl7g27547g5}u{g37g6}(P).
In the first two cases, the phylogenetic ideal defines the 28-dimensional determinantal variety of
all 8 x 8 matrices of rank at most two, while in the third case the phylogenetic ideal defines the
36-dimensional determinantal variety of all 16 x 4 matrices of rank at most two, [§]. These are not
the actual phylogenetic varieties associated to the candidate trees, which are further cut out by the
remaining equations coming from the 3 x 3 minors of the other flattenings Flatye, ¢,10165,04,05,63 (P);
and Flaty, ¢, 0, 661004,65} (P). The varieties associated to each individual tree are intersections of

three different determinantal varieties inside a common ambient space A?°. Since all the polyno-
mials defining the phylogenetic ideals are homogeneous, they can also be considered as projective
varieties in the ambient projective space P21,

In the case of the trees considered here, two of the three determinantal varieties stay the same,
since the flattenings Flat (s, s,10(65,04,05.063 (P), and Flatye, ¢, ¢, ¢530¢00,653 (P) are common to all candi-
date trees, while the third component varies among the three choices determined by the flattenings
Flat{&,@2,56}U{@3,54,@5}(P)? Flat{&,52,53}U{f4,€5,56}(P)7 and Flat{ﬁ,52,@4,55}U{@3,56}(P)'

In general, let D,.(n,m) denote the determinantal variety of n x m matrices of rank < r. As an
affine subvariety in A™ it has dimension r(n +m —r). It will be convenient to consider D, (n,m)
as a projective subvariety of P""~! though we will maintain the same notation. In the case
r = 1, the determinantal variety D;(n,m) is the Segre variety S(n,m) given by the embedding
Pt x Pt — PP realized by the Segre map (@, ;) — (wi; = ;y;). In the case r = 2 the
determinantal variety Dy(n, m) is the secant variety of lines (chord variety) Sec(S(n,m)) of the
Segre variety S(n,m), see §9 of [20].

Thus, we obtain the following simple geometric description of the three cases considered above:

o Flatys, s, 061015,04,051 (P) (tree topology of pars1 and bnb2): the relevant variety is the secant
variety Sec(S(8,8)) of the Segre variety S(8,8) = P7 x P7, embedded in P® via the Segre
embedding u;, i, = Liyigie Yis,iayis-

o Flatys, s, 0,30704,05,01(P) (tree topology of pars2 and bnbl): the relevant variety is again
SeC(S(8, 8)), where 8(8, 8) is embedded in ]P)Gg via WUiy,...ic = Liy,ioizYia,is,ie-

o Flat(s, v, 00.0510005,06) (P) (tree topology of pars3 and bnb3): the relevant variety is the
secant variety Sec(S(16,4)) of the Segre variety S(16,4) = P! x P3, embedded in P% via
the Segre embedding w;, . iy = Tiy ig.is.is Yis.ic -

The evaluation of the phylogenetic invariants at the boundary distribution determined by the
SSWL data selects the second choice, Sec(S(8, 8)) with the Segre embedding w;, s = iy igisYia is ic -

As a general procedure, given a subfamily of languages, {{1,...,¢,} and a set of candidate
phylogenetic trees 17, ..., T, produced by computational methods from the syntactic variables of
these n languages, one can construct with the method above a collection Y7, ...,Y,, of algebraic
varieties, where each Y} associated to the tree T} is obtained by considering the determinantal
varieties associated to all those flattenings Flat. 1, (P) of T} that are not common to all the other
trees T}.

The test for selecting one of the candidate trees, given the boundary distribution P = (p;,.._i.)
of the syntactic variables, is then to estimate which of the varieties Y}, the point P is closest to,
where a suitable test of closeness is used, for instance through the Euclidean distance function.
Assuming that this procedure does not result in ambiguities (that is, that there is a unique closest
Y} to the given distribution P), then this method selects a best candidate T" among the m trees T.
It also selects an associated algebraic variety Y = Y (7'), which is larger than the usual phylogenetic
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algebraic variety X of T, since we have neglected flattenings that occur simultaneously in all the
m candidate trees T},.

3.7. The Euclidean distance. According to the discussion of the previous subsection, on the
geometry of the varieties involved in distinguishing between the candidate trees, we compute here
e the Euclidean distance of the point Flatys, s, 10165,04,051(P) and the determinantal variety
Dy (8,8) = Sec(S(8,8)),
e the Euclidean distance of the point Flat, e, 3012405653 (P) from the same determinantal
variety Ds(8,8) = Sec(S(8,8)),
e the Euclidean distance of the point Flaty, s, 7, ¢510144,65) (P) from the determinantal variety
D5(16,4) = Sec(S(16,4)).
Using the Eckart-Young theorem, we compute these distances using the singular values of these
three matrices. These are given by

E(Flat{fl,Zz,fﬁ}u{és,&,%}(P)) ~
diag(0.44940, 0.25001, 0.19237x 1071, 0.96007x 10~2,0.21595x 102, 0.88079x 102, 4.6239x 10'?, 0)

2(Flat{&,@2,53}U{@4,55756}(P)) ~
diag(0.44956, 0.25018, 0.14729 x 107*,0.44229 x 1072,0.27802 x 107%,0.24881 x 10717, 0)

Z(Flat{h752,€4755}U{€3756}(P)) ~
diag(0.44939, 0.24994, 0.20625 x 1071, 0.94442 x 1072).
Using (2.5) we then obtain

dist (Flat(e, r, 6}uits £a.053 (P), Sec(S(8,8)))* = 05 + - - - + o5 = 0.46768 x 107°
dist (Flate, ,,e530100,65,063 (P), Sec(S(8,8)))* = 03 + -+ - + 05 = 0.24424 x 107°
dist(Flatie, 650005 10{s.66) (P), Sec(S(16,4)))* = o3 + 0 = 0.51457 x 107°

The second Euclidean distance is the smallest, hence this more reliable distance test again favors
the binary trees of pars2 and the binary tree bnbl.

The computation of these Euclidean distances provides a selection between the candidate trees
in the following way. The first distance measures how far the point determined by the data (in the
form of the boundary distribution P and the flattening matrix F3(P)) is from the determinantal
variety Do (8,8) determined by the tree parsl. The second distance measures how far the point
determined by the data, through the flattening F»(P), is from the determinantal variety determined
by the tree pars2, and the third distance measures how far the point, through the flattening F5(P)
is from the determinantal variety D5(16,4) determined by the tree pars3. Since as observed above
the remaining flattenings of P occur in all trees and do not help distinguishing between them, it
suffices to find the best matching condition between the three possibilities listed here, for which
we select the one realizing the smallest Fuclidean distance.

The Euclidean distances computed above provide lower bound estimates for the distances
dist(P, Vr,). Even though these are just lower bounds, they do agree with the phylogenetic invari-
ants test in the selection of the candidate trees. Heuristically, we can think of this as reflecting
the fact that the determinantal varieties associated to the flattening matrices

Flatye, eyuies,00,05.063 (P)  and  Flatye, g, 05 610004,653 (P)

that are common to all the tree candidates are not contributing in discriminating among the
different 7; (though see the more precise discussion in §2.3 above).
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3.8. The West/North Germanic split from SSWL data. Note that the tree topology se-
lected in this way, which (up to the position of the root vertex) is equivalent to the tree

Swedish English

Icelandic Faroese Dutch German

is also the generally acknowledged correct subdivision of the Germanic languages into the North
Germanic and the West Germanic sub-branches. The North Germanic in turn splits into a sub-
brach that contains Swedish (but also Danish which we have not included here) and another that
contains Icelandic and Faroese (and also Norwegian, which we have not included, in order to keep
the number of leaves more manageable). The West Germanic branch is split into the Anglo-
Frisian sub-branch (of which here we are only considering English, but which should also contain
Frisian) and the Netherlandic-Germanic branch that contains Dutch and German. Thus, the
analysis through phylogenetic invariants and the estimate of the Euclidean distance have selected
the correct tree topology among the candidates produced by the computational analysis of the
SSWL data obtained with PHYLIP.

3.9. Longobardi data and phylogenetic invariants of Germanic Languages. Now we an-
alyze the set So(G) consisting of Norwegian, Danish, Icelandic, German, English, Gothic, and Old
English, using the syntactic parameters collected in the new data of Longobardi [24].

The DNA parsimony algorithm of PHYLIP based solely on the new Longobardi data produces
a single candidate phylogenetic tree for the set So(G) of Germanic languages, of the form

English German

Icelandic
Danish Norwegian Gothic Old-English

In fact, because of the presence of a vertex of higher valence in this tree, one should resolve
it into the possible binary trees and compare the resulting candidates. Moreover, the placement
of the ancient languages as “leaves” of the tree is an artifact, and needs to be resolved into the
appropriate placement of the root of the binary trees.

We see here that the fact that ancient languages are treated as leaves in the tree although they
really are intermediate nodes creates some problems in the reconstruction provided by PHYLIP.
In the PHYLIP tree above Gothic and Old English are grouped as nearby leaves in the tree,
since the reconstruction correctly identifies the closer proximity of the two ancient languages with
respect to the modern ones. However, this causes an error in the proposed tree topology when
these are placed as two nearby leaves. The standard way of resolving the higher valence vertex, as
discussed in the previous section, would maintain this problem. We propose here a simple method
for avoiding this problem, via a simple topological move in the resulting trees that restores the
role of these two languages as intermediate nodes of the tree (and suggests a position of the root
vertex) while maintaining their relation to the rest of the tree.
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In particular, this means that we are going to consider possible candidate trees of the following
form, where we set ¢; = Norwegian, ¢, = Danish, ¢35 = Gothic, {4 = Old English, /5 = Icelandic,
l¢ = English, /7 = German.

We first visualize the trees obtained by resolving the triple vertex. To simplify the picture, let
us write A = {{1, 5} for the end of the tree containing this pair of adjacent leaves, and similarly
for B = {l3,0,}, C = {5}, D = {lg, {7}, so that we can visualize the the three possible binary
splits of the vertex in the PHYLIP tree as the trees

B B B
C D A C A D

We then want to input the extra piece of information concerning the fact that the leaves in the
set B = {{3,0,} are not really leaves but inner vertices of the tree, whose proximity is describing
the fact that they are in closer proximity to the root of the tree than the other leaves, rather
than their proximity as leaves. We argue that this can be done effectively by introducing a simple
topological move on these trees that achieves exactly this effect, while preserving the relation to
the rest of the tree, namely the following operation:

More explicitly, this means the following. Suppose that a configuration as in the left-hand-side
appears in a candidate tree, where the two bottom leaves are ancient languages placed as nearby
leaves of the tree, and the two top directions continue to other branches of the tree. One replaces
it, without changing the rest of the tree, with the configuration on the right-hand-side. In this
configuration, the two bottom leaves are still labelled by the same two ancient languages and the
two top directions are still attached to the same other branches of the tree to which they were
connected in the left-hand-side. The configuration obtained in this way represents more correctly
the role of the ancient languages, by assigning to each of them an internal vertex of the tree,
the vertex to which the leaf is now attached. Note that on the right-hand-side there are two
choices of how to place the labels in the two lower leaves: permuting the two lower leaves in the
left-hand-side has no effect, but permuting them on the right-hand-side gives rise to two different
tree candidates, both of which need to be taken into consideration. In a case like the present one,
where these are the only two ancient languages in the tree, this also suggests that the root vertex
should be placed in between these two points. Applying this operation produces the following list
of candidate trees, with (1) and (2) derived from the first binary tree above, (3) and (4) from
the second binary tree above and (5) and (6) from the third one. Note that each of these pairs
corresponds to the two possible choices of labels in the right-hand-side, as mentioned above.

(1) The first candidate tree T7(G) has Icelandic (incorrectly) grouped together with the West
Germanic (German, English) instead of the North Germanic (Norwegian, Danish) lan-
guages. The labels /3 and ¢, should be thought of not as leaves but as intermediate
vertices placed, respectively, above the {{, (s} subtree and above the {5, (g, {7} subtree.

gm

lg U7
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(2) The second candidate tree T»(G) has the same structure as the previous list (with the
incorrect placement of Icelandic), but with the reversed placement of the two ancient
languages (3 and /¢4, this time with Old English placed at the top of the North Germanic
instead of the West Germanic subtree:

,

b ¢ 7y s
1 €2 55 05 0y
(3) The third candidate tree T3(G) has the correct placement of Icelandic in the North Ger-
manic subtree, with Gothic above the North Germanic and Old English above the West
Germanic subtrees:

N
w
N}i>

by 0
50 0, 6 Lr
(4) The fourth candidate tree Ty(G) also has the correct placement of Icelandic in the North
Germanic subtree, now with Old English above the North Germanic and Gothic above the
West Germanic subtrees:

)

2 3 05 0
b0 1 o

(5) The fifth candidate incorrectly places the sets {¢1,¢5} and {lg, {7} in closer proximity and
/5 in a separate branch away from the ancient languages {/3, ¢4}, placing ¢, as the ancient
language in closer proximity to fs:

ls

~
N
)
w

lg U7 (4 Ly

(6) The sixth candidate tree also incorrectly places ¢5 as a separate branch and {¢y, ¢} and

{lg, ¢z} in the same branch, while placing /5 as the ancient language in closer proximity to
651

ls U

~
B~

bg U7 {1 Ly

We first discuss the candidate trees (1)—(4) as these have a lot of common structure that sim-
plifies a common analysis. We then show what changes for the last two cases.

When considering the new Longobardi data for the purpose of computing phylogenetic invari-
ants, we need to eliminate from the list all those parameters that have value either 0 (undefined
in the terminology of Longobardi’s data table) or ? (unknown). The reason for eliminating not
just the unknown parameters but also those rendered undefined by entailment relations lies in the
fact that the result of [1] that we use for the computation of the phylogenetic invariants holds for
a binary Jukes-Cantor model but not for a ternary one. Thus, we stick to only those parameters
that are defined with binary values 1 in Longobardi’s table, for all the languages ¢4, ..., {7 in our
list of Germanic languages. After the change of notation to binary form, obtained by replacing
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1~ 1 and —1 — 0, we obtain the following list of parameters
¢ =[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1, 1,0, 1,0,0,0,0,0,0

2
3
4
5
6

]
[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1,1,0,1,0,0,0,0,0, 0]
[1,1,1,1,0,1,1,0,0,0,0,1,0,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1,0,1,1,0,0,0,0,0, 0]
[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1,0,1,1,0,0,0,0,0, 0]
[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,1,1,1,0,0,0,0,0, 0]
[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,0,0,1,0,0,0,0,0,0,0,0,0,0,1,1,1,1,0,0,0,0,0, 0]

¢(;=1[1,1,1,1,0,1,1,0,1,0,0,1,0,0,1,1,0,0,1,1,0,1,0,0,0,0,0,0,0,0,0,0,1,1,1,1,0,0,0,0,0, 0]
Notice how one is left with a shorter list of only 42 parameters, where most of them have the
same value for all the languages in this group. The only non-zero frequencies for binary vectors
(a,...,a7) € F] that arise in the boundary distribution at the leaves of the trees are

ni111111 = 12 nooooooo = 24 naion11 =1 nainion = 1

Ni111100 = 1

with probabilities

Pi111111 =

P1111100 =

and all other pgy,...q, = 0.

W~

|>~ BN

2

ni111011 = 1

Pooooooo =

P1111011 =

|>~ e

'S

2

P1101111

P1100111

1 _
1 Puinor =

1 _
22 Pooiiinl =

We need to consider Flattenings of the boundary tensor P =

(1) Flat s 06,6:10101,02,65,04}
(2) Flat{gl,@ 03} U{l4,05,06,07}
(3) Flatis, ro,0430105,65,06,00}
(4) Flatis, ro.0530703,04,06,07}
(5) Flat{g4,eﬁ L7 YU{l1,02,03,05}
(6) Flat{g&e.s,&}u{ll,62,44755}

(Pay--ar

n1100111 = 1 Moo11111 = 1

) of the form

Note that we do not need to consider the flattenings Flat s, e.vuge,,00,05,04,053 a0 Flates, o30805,00,05,06.061
as these are common to all the candidate trees and would not help discriminating between them.

All the flattenings above correspond to 8 x 16 matrices as in Figure 1, where in each of the cases
listed above the matrix indices (abedefg) correspond, respectively, to

(1) (abedefg) = (asasazarazasaq)
(2) (abcdefg) = (ayazazasasapsar)
(3) (abedefg) = (arasasazasasar)
(4) (abedefg) = (ar1a2a5azasa6ar)
(5) (abedefg) = (asasararazazas)
(6) (abedefg) = (asasararazasas)
Poooooon  Po001000 Bonoo1on Pooonolo Pooooool Pooolion
P10o00000 P1o01000 BLO00100 P1oooolo P1000001 P1oorioo
Poloooon  Pololooo Bolooio0 Poiooolo Polooool Foiolion
Poolooon  Po0ll000 PO0LO100 PO0100L0 PO010001 Poo11100
Polloooo  Po111000 Pol1o100 Po11oo1o 110001 Pori1ion
Proroooo  Plo11000 Pio1o100 Pro1ooio Doiooo1 Pio1i1o0
P11oooon FPlioiooo P1100100 Flioooio 1100001 Plioiion
Piiiooo0 Piil1o00 Friio1o0 FPi11no10 Pli1o001 Fli1i1o0

Poooioio
PLOOLOLO
Poio1o1n
POOL1010
Poiiioio
Protioio
Frioioio
Priiio1o

Pooo1ool
PLOOLIOOL
PololooL
PO011001
Polilool
Plo11oo1
Flioiool
Pli11o01

FiGURE 1. Flattenings

Poooo1ie
PLOOOLLD
Poioolie
Pon10110
Poiioiio
Proloiie
Priooiio
Priioiie

Poooorol
PlOOOLOL
Poloorol
Poo10101
Poiioiol
Pioioiol
Fliooio1
Fliio1o1

Pooooo11
P1O00011
Poioooil
Po010011
Po11oo1l
Piroroo1l
P1ioo011
P1110011

8 x 16 matrices.

Pooo111o
P1001110
Po1o1110
Poo1111n
Poliiiio
Pio11110
P1101110
Pi111110

Pooo1iol
PLOO1101
Poroiion
Poo11101
Pori1ion
Proi1ion
Prio1101
Priinom

Poooioil
plop1o1l
Po101011
Poo11o1l
Po111o11
Pro1ion
P11io1011
Pri1ion1

Pooooi1l
PLODO11L
Poiooiil
Po010111
Poiioiia
Proioiia
Prioo111
P1110111

Pooo1111
ploo1111
Polo1111
Poo11111
Po111111
Pioiii1a
Prioii11
Pri11i11
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The probability distributions corresponding to the permutations listed above are respectively
given by

(1) nitor = L, niorn1in = 1, nyoori1n = 1, notiiinn = 1, naiireo = 1, natieo1n = 1
) nio111r = L, Pir11101 = 1, ni1i1i00 = 1, natiion1 = 1, nyoornn = 1, oot = 1
) nitto11r = 1, mit11101 = 1, nati1i00 = 1, naion1 = 1, na1oo111 = 1, noor111r = 1
) nintoi1 = 1, nannior = 1, naninioo = 1, naionn = 1, oo = 1, noorninn = 1
) niitior = 1, nior11in = 1, naoorinn = 1, narnine = 1, norror = 1, natioo1r = 1
) noi1iir = 1, nior111r = 1, naoorinn = 1, nariine = 1, norror = 1, natioo1r = 1

while all six cases have the common values n111111 = 12 and ngggogo0 = 24.
The corresponding flattening matrices are given by

200000000000 000 O
000000000000 O0O00 &
00000OOOOOT OO OUOO0O0 0
00000OOOOOT OO OUOO0O0 0
Flatie; to,er)uie ta,t0,00) (P) = 00000O0OOO0DO0OO0OTO OGOGO0O0O0 L
0000000000000001—12
00000OOOOOT OO OUO0O0O0 0
00000 L 0000L0L 00 2
2000000000000 0 0 0
00000DO0O0OO0DO0OO0OO0OOT OO0 0 0
00000 O0O0O0DO0O0DO0OO0OTO O 0 0 0
00000OOO0DO0OOOOTG OO0 0 L
Flatie, 003006, t5.00.07} (P) = 0000000000000 0 00
00000OO0OO0ODO0OOOOT O 0 0 0
00000000000000%?
0000045 0000004 55 0 =
1000000000000 0 0 0
0000O0O0O0OO0DO0OO0OO0OO0T O 0 0 0
00000OOO0ODOOOOT O 0 0 0
00000O0O0O0DO0DO0ODO0ODO0OTU OO0 0 L
Flatie, ta,ea)0tts 566,61} (P) = 0000000000000 0 0 0
00000O0O0OO0DO0OO0OO0OO0T O 0 0 0
oooooooooooooo%o
0000045000000 % &5 & 2
2000000000000 O0O0 0
00000 O0O0O0DO0OO0O0OO0OO0O0 0
00000 O0O0DO0DO0O0OOOO0OO0O0 0
00000OOO0DO0OOTG OOOO0O0 L
Flat e, 653006, 0,07} (P) = 00000000000000G0 0
00000O0OO0ODOOTG OO OO OO OO0 0
oooooooooooooooé
0000045 000045 045 0 45 =
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Flat (e, t,6:y0(01 00,05.65) (P) =

OO OO OO O

SO oo oo oo
S OO o oo oo
SO OO oo oo
SO OO oo oo
SO DD DD oo oo
SO DD Do oo oo
SO oo oo oo
SO oo oo oo
SO oo oo oo

Blroocococococo
Broocoocococ oo
Broocoococococo
Broocococococo
coococoocoo
N OB o © of~o

Flat{faaﬁa,%}u{ﬁ,4275415}(P) =

cCoOO0 0 OO o
cCoococoocoO
coocococooO
coocococooO
cCoococooOoO
cCoOococooOoO
cCoOococoOoOoO
cCoOocooOoOoO
cCoocooo0oO
cCoOococoocoO
Broocococococo
Broocococococ o
coof~ooc oo
cCoOocooOoOoO
cCoococoocoOo
S OFHG- o OBl o

The trees T5(G) and T5(G) have a slightly different structure, since in addition to placing in
closest proximity the pairs {¢1, >} and {lg, {7} like all other trees they also identify pairs {4, {5}
in the case of T5(G) and {3, 05} in the case of T5(G). Thus, while these two trees also have the
flattenings Flatys o,30101,00,05,00,65) a0 Flates o,30805,00,05.06,663 common to all the other trees, they
also have a flattening

Fla’t{€3,f4,€5}u{f1,fz,£6,€7}
common to both trees T5(G) and T5(G) and
F5 = Flat{&’gs}u{gl752,&3756,47} fOI T5(G)

(3.1)
F@' = Flat{g&gs}u{gl7527&17567@7} for T(;(G)

We have as corresponding matrices

Flat{faafmfs}u{&742,66747}(P) =

O OO OO O
OO DO Do o oo
OO O OO oo
DO OO OO o oo
DO DO OO oo
DO DO OO OO

cCoococococooO
Broocococooc o
cCoOooCoOoC OO
Broocoocooco oo
cCoOococooCoO
cCoococococoO
coocococoooO
cCoOooCcoOo oo
Broocoocoocooco
< OBGIHE- o © ©

0 0 0 0

e}

0

while the matrices (written in transpose form) for F5 and Fg are given in Appendix C.

3.10. Computation of the phylogenetic invariants. We compute the phylogenetic invariants
using the ¢>° and the ¢! norm.
(1) The tree Tl(G) Wlth ﬂattenings M1 = Flat{gsj&&}u{gl732753734} and MQ = Flat{gl’g27g3}u{g47357g67g7}
gives

67, (P)lew = max{_max |6(P)|, max [6(P)]} = —=

$€D® (M) " €D (My)
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lon(P)llo = > 6P+ Y. |6(P) = 2932
¢€DB) (M) $eDB) (My)

(2) The tree TQ(G) with flattenings M; = Flat{gs’g&gﬁu{gl752753754} and Mz = Flat{gl752754}%@3,@57@6,@7}
gives
[¢7, (P)|le= = max{ max [¢(P)|, max [¢p(P)[}=——-
¢€DB) (M) D) (M3)

lonPlla= 3 6P+ 3 16(P) = 5o

~ 24696
$€DB) (M) $peDB) (Ms3)

(3) The tree Tg(G) with ﬂattenings M4 = Flat{517g2755}u{g37547g6757} and M5 = Flat{g47g67g7}u{g1752753755}
gives

|73 (P)[|ee = max{ max [¢(P)], max [|o(P)[}= =
$eD®) (M) $eDO) (My)

lonP)lla = > loP)+ > WN:%

€D B) (My) $€DB) (Ms)

(4) The tree T4(G) Wlth ﬂattenings M4 = F]at{gl752735}U{g37347g6’g7} and M6 = Flat{g37g67g7}u{g17g27g47g5}
gives
[67,(P)[[e=e = max{ max [¢(P)], max |¢p(P)[}= -

$eDB) (M) " $eDB) (My)

o (P)la = Y 6P+ > WN:%

DB (My) »€DG) (Ms)

(5) The tree T5(G) with flattenings F5 of Appendix C and M7 = Flats, ¢, 0,301, ,62,06,6,} Sives

— p 4
|67 (P) ] = maX{qseg%%}((Fs) P ¢€D(3E)%€§\47) oI} 1029
Pl = 233
[ (P)]]er E |6(P)| + E |p(P)| = 1606

$€DB) (Fs) $€DB) (My)
(6) The tree T5(G) with flattenings Fy of Appendix C and M7 = Flate, ¢, ¢530{01,00.66,6-} 8iVes

4

|15 (P)|lee = max{ max |¢(P)] max [p(P)|} = 1029

)
€D B (Fp) peDB) (M7)

o (Pl = > lo(P)[+ ’Cb(P)l:%

$eDB) (Fg) D) (M)

In this case we see that both the ¢ and the ¢! norm provide a good test that selects the
historically correct tree T53(G). Note that the (> has the same value 4/1029 on all the other
candidates and the lower value 1/3087 only for the correct tree T5(G).
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3.11. Estimates of Euclidean distance for the S;(G) Germanic languages. We obtain an
evaluation of the candidate trees based on computing a lower bound for the Euclidean distance in
terms of distances between the flattening matrices Flat, 7(P) of the boundary distribution P and
the determinantal varieties they are expected to lie on. As before, we use the notation with the
explicit split of the leaves for the flattening matrices. More concretely, we have the following:

(1) The Euclidean distance estimate for the tree T;(G) is given by dist(P, V) > Ly with

Ly = max{d(Flat, ¢, e30(6s00.t0.03 (P), Da(8,16)), d(Flat gy, g 0010000 tots.0y (P), Da(8,16))}
(2) The Euclidean distance estimate of T5(G) is given by dist(P, Vr,) > Lo with
Ly = max{d(Flat (s, 1, 0,30124,05,06,0:1 (P), D2(8,16)), d(Flatye, o5, 011001 ,00,05,003 (P), D2(8,16)) }
(3) The Euclidean distance estimate of T3(G) is given by dist(P, Vr,) > Ls with
Ls = max{d(Flat{gl Uo,05YU{£3,04,06 57}( ) (8, 16)) (Flat{&l C6,07YU{01 02,03 55}(P) D2(87 16))}
(4) The Euclidean distance estimate of Ty(G) is given by dist(P, Vr,) > L4 with
Ly = max{d(Flatye, ¢, 6530(65.01.06.6:1 (P); D2(8,16)), d(Flatye, o5.0:30101 020,051 (P), D2(8,16)) }
(5) The Euclidean distance estimate of T5(G) is given by dist(P, Vr,) > Ls with
Ls = max{d(Flaty, ¢, ts30(01 02,0603 (P), D2(8,16))?, d(F5(P), D2(4, 32))*}
(6) The Euclidean distance estimate of T5(G) is given by dist(P, Vr,) > Lg with
Le = max{d(Flatye, ¢, t510(01,62.06.0-} (P), D2(8,16))?, d(Fg(P), Da(4, 32))?}.
The singular value decomposition of the flattening matrices gives ¥ = diag(oy, ..., 0g) with
E(Flaties e6,6730101 02.05,03 (P)) ~
diag(0.57143,0.291548, 0.58333x 1072, 0.12240 x 1017, 0.10572x 1073, 0.16149x 10", 0.63652x 105, 0)
Y(Flat i, ey 0530100,05.06.6:3) (P)) ~
diag(0.57143, 0.29059, 0.23973 x 107*,0.33558 x 1072,0.64145 x 10~,0.60260 x 107**,0,0)
YN(Flate, e, 003010.05.86.0:3 (P)) ~
diag(0.57143,0.29061,0.23809 x 1071, 0.33787 x 1072,0,0,0,0)
Y(Flate, e, 053010,04.06.0:3 (P)) ~
diag(0.57143,0.29155, 0.54996 x 10720, 0,0, 0, 0)
S(Flat e, bs,6:30001 2.,85,053 (P)) ~
diag(0.57143,0.29155, 0.54996 x 10720, 0,0, 0, 0)
S (Flat e, 6,6 30(01 2,04,051 (P)) ~
diag(0.57143,0.29059, 0.23892x 107", 0.38881x 1072, 0.12435x 10", 0.73417x 107", 0.32257x 107, 0).
Y(Flat ey o,.0530001 0,065,623 (P)) ~
diag(0.57143,0.29155,0.58333 x 1072, 0.18608 x 10~'7,0.32093 x 107*%,0,0,0)
Y(F5(P)) = (0.57143,0.29061, 0.23809 x 10~*,0.33787 x 10~?)
S(Fs(P)) = (0.57143,0.29060,0.23973 x 107", 0.33558 x 1072)
By the Eckart-Young theorem we then have
d(Flat (s, 5.0:10(01,t2.05,001 (P), D2(8,16))* = 03 + - - + 05 = 0.34027 x 10~*
d(Flate, o, 0510(00.05.06.0:3) (P), D2(8,16))* = 03 + - - - + 03 = 0.58597 x 107°
d(Flatye, o 003000305060} (P), Da(8,16))* = 03 + - -+ + 05 = 0.57831 x 107°
d(Flatye, g 0100030506023 (P), Da(8,16))* = 03 + - -+ 4+ 05 = 0.30245 x 10~
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d(Flatyr, to.0:10(01 00,0505} (P), Da(8,16))* = 03 + - - - + 05 = 0.30245 x 107"
d(Flat (e, rg 630001 00.00.05) (P), D2(8,16))* = 05 + - - - + 05 = 0.58595 x 10~*
d(Flatye, o, 0510001 02.46,0:} (P), Da(8,16))* = 03 + - - - 4+ 05 = 0.34027 x 10~
d(F5(P),Dy(4,32))? = 03 + 03 = 0.57831 x 1073
d(Fs(P),Dy(4,32))? = 03 + 03 = 0.58597 x 1073,
Thus, we obtain
Ly =0.58597 x 1073, Ly =0.57831 x 1073, Ls =0.30245 x 107*, L, = 0.58595 x 1072,
Ls; =0.57831 x 1072,  Lg = 0.58597 x 1073.

Thus, the computation of the phylogenetic invariants selects the tree T5(G) as the preferred
candidate phylogenetic tree. The estimate of the Fuclidean distance shows that the lower bounds
obtained for the trees T1(G),T2(G), Ty(G), T5(G), Ts(G) are comparable and only T3(G) has a
significantly smaller estimate. Thus, this criterion, even if it is only based on lower bounds, also
suggests T3(G) as the most favorable candidate. The tree T3(G) is indeed the closest to what is
regarded as the correct linguistic phylogenetic tree.

3.12. Comparison with SSWL data. The DNA parsimony algorithm of PHYLIP produced
the following two candidate phylogenetic trees for the set So(G) of Germanic languages based on
the combination of the Longobardi data and the SSWL data.

English German

Old-English - Gothic  [..1.7 dic

Danish Norwegian

English German

Teelandic Danish Norwegian

Old-English Gothic

In this case, the inclusion of the additional SSWL data resolves the ambiguity of the PHYLIP
tree discussed in §3.9. In terms of our treatment of the positioning of the ancient languages, the
two trees shown here should be regarded as corresponding to the possible trees in cases (3) and
(4) discussed above in §3.9, for the first tree and cases (5) and (6) for the second one.

Thus, the set of possible binary trees we should consider for a comparison between the phyloge-
netic invariants evaluated on the Longobardi and on the SSWL data, consists of the trees T5(G)
and Ty(G) and T5(G) and T5(G) of the previous section. We will evaluate here the phylogenetic
invariants and estimate the Euclidean distance function of these candidate trees (including for
completeness also T (G) and T5(G) of the previous section) using the boundary distribution based
on the SSWL data.
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3.13. Boundary distribution for S;(G) based on SSWL data. The Germanic languages in
the set So(G) have a total of 68 SSWL variables that are completely mapped for all the seven
languages in the set. This is significantly smaller than the 90 variables used for the set S;(G). This
does not depend on the languages being poorly mapped: the levels of accuracy are comparable
with the previous set with Danish (76%), Norwegian (75%), German (75%), English (75%), Old
English (75%) Icelandic (62%), Gothic (62%). However, the regions of the overall 115 SSWL
variables that are mapped is less uniform across this set of languages creating a smaller overlap.
The set of completely mapped SSWL variables for this set of languages is reported in Appendix B.

The occurrences of binary vectors at the leaves is given by

Thus, the boundary probability distribution for the SSWL data for these seven Germanic languages

10,0,0,0,0,0,0 = 26

nii11,1,1,11 = 16

1oty

10,0,1,1,0,0,1 = 2

10,0,1,0,000 =93  M1,1,01,000 =1  71001,1,1,1,0 =
10,0,1,1,1,0,0 = 1 10,0,1,0,1,0,0 = 1 11,1,0,1,0,1,1 = 2
11,0,1,1,1,00 = 1 n1,1,1,1,1,01 = 1 71,1,1,1,1,00 =

n1,1,1,1,01,1 = 3
11,1,0,0,1,1,1 = 1
10,0,0,0,0,0,1 = 1

11,1,0,1,1,0,1 = 1
10,0,0,0,0,1,0 = 1
10,0,1,1,000 = 1

10,0,0,0,1,0,0 = 1
10,0,0,1,0,0,0 = 2
n11,01,1,1,1 = 1

is given by
_ 13 _ 4 _ 1
P0,0,0,0,0,00 = 37 P1,1,1,1,1,1,1 = 77 P0,0,1,1,0,0,1 = 34
3 1 1

The six flattening matrices corresponding to the different trees of the previous section are in

P0,0,1,0,0,0,0 = &g
P0,0,1,1,1,0,0 = g
P1,0,1,1,1,0,0 = g
P1,1,1,1,0,1,1 = &g
P1,1,0,0,1,1,1 = &g

$0,0,0,0,0,0,1 = §g

this case of the following form.

13 3 1 L 1
Booz2 L oooooLox 000
1 1 1 1 1
00X 0 00000%00 &0 &
4000 0 0000000O0O0 00O
- ) %= 000 0 000004400 000
alyy. =
{€5,€6,67YU{l1,02,¢3,€4} 0O 00 0O O O O0O0O0OO0OTO0 O ?%4 0 0 %
1 1
0000 0O0ODO0DO0O0O0O0O0ZXO0O0G%ZX
0000 0O0DDO0DO0O00&LOOOO0O
1 1 4
00000 Z&L0000UO0O0ZXO0O0G%Z

P1,1,0,1,0,0,0 = &g
©0,0,1,0,1,0,0 = &g
P1,1,1,1,1,01 = g
P1,1,0,1,1,0,1 = g
P0,0,0,0,0,1,0 = g

P0,0,1,1,0,00 = &g

P0,0,1,1,1,1,0 = &g
P11,01,011 = i
P11,1,1,1,00 = é
P0,0,0,0,1,0,0 = 6L
P0,0,0,1,0,00 = 3

P1,1,01,1,1,1 = §g
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Flat{€37€67€7}u{@1,52,@4,%}(P) =

© o o O g gl gk s
S o g o o o g E-
o o o o o o g g
o o o o o o g+ o

o O O O o o o o
o O O O o o o o
o O O o o o o o
o O O O o o o o
o O O O o o o o
o O O O o o o o
o O O O o o o o
o g o o o o g+ o
o O O gk o o o o

e © o g © o o g
©O o o © o © © o
S o gk 8- 8- o g~ o

3.13.1. The trees Ts and Ty. For the two remaining trees we have the flattening matrix

%0095—8%00
g 0 0 g 0 0 00
2000 0 0 0 0
1 1
g 000 0 5 00
% 000 0 0 0 0
0000 0 0 0 0
= 000 0 0 0 0
L 1L g 1L L g 0o 0
Flat{€3,€47€5}u{€1732156737}(P>: fg; %8 0 608 %; 0 0 0
00000 0 0 0 5
00000 0 0 0 0
0000 0 0 0 &
00000 0 0 0
0000 0 0 & &
00000 0 0 0 0
00000 0 0 & +

and the matrices for the flattenings F5 and Fjy given in the Appendix C.

3.14. Phylogenetic invariants. We compute the phylogenetic invariants, using either the ¢> or
the ¢! norm. This case shows, as observed already in [6], that the ¢! norm gives more reliable
results than the ¢*° norm.

e For the first tree 77 (G) we consider all 3 x 3 minors of the flattenings

M, = Flat{fs,%,f?}U{h752753754}(P> and M, = Flat{fl752/3}U{€4,f5,€6,f7}(P)

and we obtain

13
P S = —
|’¢T1( )”é D@)(M?)lg’l))((?’)(Mz) ¢( )’ 4913
8811

Py = P)| =
lén,(P)lle 2. 1P =z

D) (M1)UD®) (M2)

e For the second tree T5(G) we consider all 3 x 3 minors of the flattenings

Ml = Flat{f5,€6,f7}u{€1,52753,54}(P) and M3 = Flat{fl,52,@4}U{53,£5,56,£7}(P)
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and we obtain

13
P oo — P -
7103
P 1 = P fy
D) (M7)UDB) (Ms)

e For the third tree T5(G) we consider all 3 x 3 minors of the flattenings
My = Flat(e, o, 0530050406, (P)  and My = Flatye, 4503000 02.65,053 (P)

and we obtain

13
Pl = P)l= 13
[z, (P) e Iﬂm(ﬂgﬁfgim(kg)|¢( U TIE:
5439

P)lla = P)| =
lén, (P)lle > 1P =155

D) (Ma)UD® (Ms)
e For the fourth tree T)(G) we consider all 3 x 3 minors of the flattenings
My = Flatie, g, 6530065 02,05,y (P) - and Mg = Flatge, 6 630001000653 (P)

and we obtain

13
P)||go = P)l = 1o12
lon (Pl = max o 1P = 2973
5739

|67, (Pl = > 9P) = T5716

D) (My)UDE) (M)
e For the fifth tree T5(G) we consider all 3 x 3 minors of the flattenings

M7 = Flat{g37g47g5}u{417527g67g7}(P) and F5 (as in Appendix C)

and we obtain

13
P[0 = P) = 2
25

D (Mr)UDE) ()
e For the sixth tree T5(G) we consider all 3 x 3 minors of the flattenings

M7 = Flatys, o4 0530001 00,0603 (P) and  Fg (as in Appendix C)

and we obtain

207

P oo = P)l = -
l67(P)le= = max | 16(P)] = 7o
11795

lénPle = > 16(P)l = 515

D) (M7)UD®) (Fg)
When we evaluate the minimum among these candidate trees we see that using the /> norm in
this case would incorrectly select the tree Ts(G) as the best candidate, while using the ¢! norm

correctly selects T5(G)
207

min [| o7 (P) ||~ = 73608 |67, (P) ||
) 5439

The ¢*° norm also does not distinguish at all between the trees T\ (G), ..., T5(G).
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3.15. Euclidean distance function estimates. The Euclidean distance lower bound estimate
can be obtained as in §3.11 by replacing the boundary probability based on the Longobardi data
with the one based on SSWL data. We obtain the following.

The singular value decompositions ¥ = diag(o},) are now of the form
S(Mi) = (0.38754,0.24162,0.36255 x 10~1,0.29457 x 10",
0.17913 x 1071,0.18822 x 1072,0.44554 x 1073,0.81454 x 1071%)
S(M,) = (0.38705,0.24121,0.40755 x 10~1,0.35206 x 10,
0.13458 x 1071, 0.25922 x 10~17,0.30537 x 10~'%,0.12727 x 10-32)
Y (M) = (0.38779,0.24265,0.37646 x 10~1,0.14679 x 107},
0.13520 x 1071,0.72298 x 10717,0.10019 x 107*,0.15015 x 1073%)
Y (M) = (0.38833,0.23760,0.54943 x 1071, 0.25989 x 10!,
0.11091 x 1071,0.37355 x 10717,0.11876 x 10718,0.41814 x 107%2)
Y (Ms) = (0.38730,0.24267,0.35401 x 1071,0.25107 x 1071,
0.13409 x 1071,0.10671 x 1071,0.83305 x 1072,0.63417 x 107'¥)
S(Mg) = (0.38735,0.24147,0.34918 x 10~1,0.29212 x 107,
0.23098 x 1071,0.10765 x 1071,0.17668 x 1072,0.31311 x 1073)
S(M;) = (0.38775,0.24257,0.29048 x 10~1,0.26515 x 10",
0.14181 x 101, 0.11708 x 10~1,0.13047 x 10-2,0.60234 x 10~%)

Y(Fy) = (0.38710,0.24296,0.44347 x 1071,0.15179 x 1071
Y(Fs) = (0.39170,0.23723,0.30854 x 107", 0.20237 x 107)
One obtains from these the Euclidean distances

d(M;,Dy(8,16))* = 03 + - - + 03 = 0.25068 x 102

d(Ms,D5(8,16))* = 03 + - - + 0§ = 0.30816 x 1072
d(Msz,D5(8,16))* = 05 + - + 05 = 0.18155 x 1072
d(My, D5(8,16))* = 05 + - + 0 = 0.38172 x 1072
d(Ms, D2(8,16))* = 03 + - -+ + 05 = 0.21780 x 1072
d(Mg, D2(8,16))* = 03 + -+ - + 05 = 0.27252 x 1072
d(M7,D2(8,16))* = 03 + - -+ + 05 = 0.18867 x 1072

d(Fy,Da(4,32))* = 03 + 07 = 0.21971 x 1072
d(Fs,Dy(4,32))* = 03 + 07 = 0.13615 x 1072
From these distances, computed using the Eckart—Young theorem, one derives then estimates for

the Euclidean distance of the form dist(P, Vr,) > L; where the L; are computed as maxima of the
distances in the list above that occur in the case of the tree T;, in the same way as shown in §3.11.

We find that, in the case of the SSWL data for these Germanic languages, the lower bound
on the Euclidean distance gives a less reliable answer. While it correctly excludes the candidates
T (G), T»(G), T4(G), T5(G), it assigns the lowest value to the tree T5(G) rather than to the correct
tree T3(G) selected by the phylogenetic invariants (computed with the ¢*-norm). Thus, we see here
an example where the lower bound is an unreliable predictor of the actual Euclidean distance. This
example confirms the expectation that Longobardi’s LanGeLin data behave better for phylogenetic
reconstruction than the SSWL data.
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A possible explanation for this phenomenon lies in the fact that, although the list of SSWL
variables for this set of languages is longer than the list of variables in the Longobardi data, there
is a high degree of dependency between the SSWL data. This was also observed in [38] where the
dependencies between SSWL variables were studied using Kanerva networks. Thus, the actual
number of independent variables that contribute to the boundary distribution may be smaller in
the use of the SSWL data. The fact that the languages in the set Sy(G) have a smaller overlap in
the regions of the SSWL variables that are uniformly mapped for all languages, compared to those
in the set S;(G) further explains why the ¢>-phylogenetic invariants and the Euclidean distance
evaluated on the boundary distribution of SSWL data correctly identify the best tree in the S;(G)
case but not in the Sy(G) case and the ¢*-phylogenetic invariant identifies the correct tree in the
case of S3(G) only by a small margin. We will return to discuss this point in §8 below.

4. PHYLOGENETIC ALGEBRAIC VARIETIES OF THE ROMANCE LANGUAGES

We consider here the case of the Romance subfamily of the Indo-European language family. In
particular, we focus of the relative position of the languages ¢; = Latin, /, = Romanian, /3 =
French, ¢, = Italian, {5 = Spanish, and {5 = Portuguese. We use the combined data of the SSWL
and the Longobardi databases for this phylogenetic analysis, where we retain only those features
of the SSWL database that are completely mapped for all of these languages.

When run on this set of syntactic data, the PHYLIP phylogenetic program produces a unique
most parsimonious tree candidate, which is given by the tree T}

b gy 1,

with the additional linguistic information that ¢; (Latin) should be considered as the root vertex,
since the tree produced by PHYLIP is unrooted. There is clearly a problem with this tree, since
the topology one expects based on historical linguistics is instead given by the tree T5

CRYa

4.1. Flattening matrices of the PHYLIP tree. There are three flattening matrices associated
to the tree Ti, given by the three possible splits e; = {1,063} U {l3, 0y, 05,05}, €2 = {l1, 0,05} U
{l3,04,06} and e3 = {l1, 0y, 05, 0s} U {l3,¢,}. With the boundary probability distribution given by
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the combined SSWL and Longobardi data, these are given by

Flateth =

0.2
0
0
0
0.0242
0
0.0061

Flat%ﬂ =

0.0061 0.0364

0
0
0
0
0
0

0

o

Sooooooo-o
x )
)

o O O

0.0061

0.0061
0.0364

while the third flattening Flat., , is given by

0.2 0 0.0121 0 0

0 0 0 0 0

0.0242 0 0 0.0061 0
0.0061 O 0 0 0.0061

0

0

0
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o O oo

o o

0
0.1091

0.0121 0.0606

0

=
S
= = el vl vl sl an i an)
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jen)
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0.1091

0.0606

0.0182
0

o o oo

0
0.0061
0.0061

0.0121
0.0061
0
0.0061

0.0121
0.0061

0 0.0121 0.0061

0.0061 0 0
0 0.0061 0
0 0 0.0182
0 0 0
0.0061 0 0
0 0.0061 0

0.0364 0.0061 0.4121

0.0061 0.0061 0.0061 0 0
0 0 0 0 0.0182
0 0 0.0061 0 0
0 0 0.0364 0.0061 0.4121

4.2. Flattening matrices of the historically correct tree. When we consider the linguisti-
cally correct tree Ts, instead of the tree T} computed by PHYLIP, using the same syntactic data
for the boundary distribution, we find the flattening matrices which correspond to the splittings
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6,1 = {[1,62} U {£37£47€57£6}7 6/2 = {61762,&1} U {63,65,66} and Gg = {61762,63,64} U {65766}.

0.2 0 0 0
0.0121 0 0 0
0.0606 0 0.0061 0.0061
0.0121 0.0061 0 0
0 0 0 0
0 0 0 0
0 0 0 0
Flat, 5 — 0.0061 0 0 0.0182
iz 0.0242 0 0 0
0 0.0061 0 0
0.0182 0 0 0.0061
0 0 0 0
0.0061 0 0.0061 0.0364
0 0 0 0.1091
0 0 0 0.0364
0.0061 0 0.0061 0.4121
0.2 0 0 0 0.0242 0 0 0
0.0121 0 0 0 0 0.0061 0 0
0.0606 0 0.0061 0.0061 0.0182 0 0 0.0061
Flat,, 7 — 0.0121 0.0061 0 0 0 0 0 0
€272 0 0 0 0 0.0061 0 0.0061 0.0364
0 0 0 0 0 0 0 0.1091
0 0 0 0 0 0 0 0.0364
0.0061 0 0 0.0182 0.0061 0 0.0061 0.4121

and with the third flattening matrix Flat,, 1, given by

0.2 0 0 0 0 0 0 0 0.0242 0 0 0 0.0061 0 0.0061 0.0364
0.0121 0 0 0 0 0 0 0 0 0.0061 0 0 0 0 0 0.1091
0.0606 0 0.0061 0.0061 0 0 0 0 0.0182 0 0 0.0061 0 0 0 0.0364
0.0121 0.0061 0 0 0.0061 0 0 0.0182 0 0 0 0 0.0061 0 0.0061 0.4121

4.3. Phylogenetic invariants. We compare the phylogenetic invariants of these two trees com-
puted with respect to the ¢ and the ¢! norm.

(1) from the PHYLIP tree T; we obtain:
@7, (P)lee = max{ max [$(P)|, max [¢(P)], max [$(P)|} =0.89579 x 1077

e1,Tq e,T ¢€,D$>)1T1
|Pr(P)la =D [6P)+ D 6P+ D [¢(P)|=024790 x 107"
¢eD 1. 6eD) 1. ¢eD) )

(2) for the historically correct tree Th we find:
|7, (P)li~ = max{ max [6(P)]. max [o(P)]. max [o(P)} = 089579 x 10°°

eﬁ,TQ 6/2,T2

1P (P)lla = D 6P+ Y [8(P)+ > [6(P)]=0.22681 x 107!

(3) (3) (3)
¢>€DE,1,T2 ¢eDe,2’T2 ¢€D43
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Once again we see that the ¢! norm reliably distinguishes the historically correct tree T5 over
the incorrect PHYLIP candidate, while the /> norm gives the same result for both candidate trees
and does not help distinguishing them.

4.4. Estimate of the Euclidean distance. We also compute a lower bound estimate on the
Euclidean distance. In the case of the first tree T} The Euclidean distances of the flattening
matrices from the respective determinantal varieties are given by

D, = dist(Flat,, 7, D2(4,16)), Do = dist(Flate, r,, D2(8,8)), D3 = dist(Flat., r,,D2(16,4)).
The singular values of the flattening matrices are given, respectively, by
Y(Flate, 7, ) = (0.4320,0.2075,0.14766 x 10~*,0.8211 x 107?)
while the singular values of Flat,, r, are given by
(0.4299,0.2115,0.1390x 10, 0.8586x 1072, 0.7806x 102, 0.4896 x 10~2,0.8464 x 10>, 0.1867x 10~?)

and
Y (Flate, r,) = (0.4299,0.2118,0.1332 x 10_1,0.7593 X 10_2).

Thus, the Euclidean distances are given, respectively, by

D7, =0.2854 x 107°
D7, =0.3525 x 107°
Di 5 =0.2351 x 107

For the second tree Ty the Euclidean distances of the flattening matrices to the corresponding
determinantal varieties are given by

D3, =0.1390 x 1072,
which is computed using the singular values
Y(Flate, 1,) = (0.4300,0.2119, 0.8567 x 1072,0.8102 x 107?),
D3, =0.3390 x 107
computed using the singular values ¥(Flat,, ) given by
(0.4299,0.2115,0.14218 x 107, 0.6889 x 1072, 0.6061 x 1072, 0.6007 x 1072,0.4070 x 1072, 0.7823 x 10~19)

and
D34 =0.2854 % 1077
with singular values

S(Flate, 1,) = (0.4320,0.2075,0.1477 x 10~",0.8211 x 1072).

Thus if we compare the two models T} and T3 using the maximum between the distances as a
lower bound for the Euclidean distance to the phylogenetic variety we find

Ly =max{D},, D} ,, D? 4} = 0.3525 x 10~

Ly = maX{Dg,la Dg,Qv D%,S} = 0.3390 x 10737

hence Ly < Ly, which also favors the historically correct tree Ts:
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Latin

Romanian

Italian

French
Spanish Portuguese

5. PHYLOGENETIC ALGEBRAIC VARIETIES OF THE SLAVIC LANGUAGES

We then consider a set of Slavic languages: ¢; = Russian, ¢y = Polish, /3 = Bulgarian, ¢, =
Serb-Croatian, ¢5 = Slovenian, for which we again use a combination of SSWL and Longobardi
data. The PHYLIP most parsimonious trees algorithm produces in this case five candidate trees
when run on this combination of syntactic data. We use additional linguistic information on where
the root vertex should be placed, separating the West-Slavic branch where Polish resides from the
part of the tree that contains both the East-Slavic branch and the South-Slavic branch.

We see then that the candidate trees are respectively given by

T1 — T2 — T3 —
14 14 14
2 0 ? 12 2/£1>>>\

s ¢, I b gy 1 s g, I
T = Ts =
by b3 ¢ b
Pl b b 3 Ly L5
(1) The first tree T incorrectly places Bulgarian in closer proximity to Serb-Croatian than

Slovenian.

(2) The second tree Ty has a similar misplacement, with Bulgarian appearing to be in greater
proximity to Slovenian than Serb-Croatian.

(3) The third tree T3 correctly places Slovenian and Serb-Croatian in closest proximity, and
it also correctly places Bulgarian in the same South-Slavic subbranch with the pair of
Slovenian and Serb-Croatian, so it corresponds to the correct tree topology that matches
what is known from historical linguistics.

(4) The fourth tree T misplaces Bulgarian in the West-Slavic branch with Polish instead of
placing it in the South-Slavic branch.

(5) The fifth tree T5 misplaces Bulgarian in the East-Slavic branch with Russian instead of
placing it in the South-Slavic branch.

5.1. Flattening matrices. We write here the flattening matrices using either the edge and tree
subscript of the split notation as in §3, according to how it is more convenient: the following list
makes it clear how these two notations match. The splits for the trees above are given by

Ty 0 e ={l, 0} U{ls, by, U5}, eo = {l1, 0z, s} U{ls, 04}
Ty 0 e ={l, 0} U{ls, 0y, 05}, eo = {l1, 0o, 04} U{ls, 05}
(5.1) Ty 0 g ={l, 0} U{ls, 0y, 5}, eo={l1,0a, s} U{ly, l5}
Ty o e ={lo, (3} U{ly, 0y, 5}, eo = {l1, 0o, 05} U{ly, l5}
Ts : e ={l1, 03} U{lo, 0y, U5}, eo = {l1, 0o, L3} U{ly, l5}.
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The flattening matrices for these trees are given by the following
(1) For the tree T the flattening matrices are

0.5122 0.0 0.0122 0.0
00 0.0 0.0 0.0
00 0.0 0.0 0.0
0.0122 0.0 0.0 0.0610
Flate,r, = Flatye, pyutes ) = | 00854 0.0 0.0 0.0
00 00 00 00122
00 0.0 0.0 0.0
00 0.0 00 0.3049

05122 0.0 00 0.0 00122 00 00 0.0
. . | 00 00122 00 00 00 00 00 00610
tep, i = Flabe b 6530603 = | 00854 0.0 0.0 0.0 00 0.0 0.0 0.0122

00 00 00 00 00 00 00 0.3049

(2) For the tree T3 the flattening matrices are Flat., r, = Flaty, ¢,10(6,,04,51 a8 above and

05122 00 00854 0.0
0.0 00122 00 00
00 00 00 00
00 00 00 00

Flate, 7, = Flate, o 0t} = | 00122 0.0 0.0 0.0

00 00 00 00

00 00 00 00122

0.0  0.0610 00 0.3049

(3) For the tree T3 the flattening matrices are Flat., n, = Flatys, r,30¢65,00,51 @ above and

0.5122 0.0 0.0122 0.0 0.0854 0.0 0.0 0.0
Pl _ 7 | 00 00 00 0.0 00 0.0 0.0 0.0122
ale, 75 = Flabin 30063 = | 00 00 0.0 0.0 00 00 0.0 0.0

0.0122 0.0 0.0 0.0610 0.0 0.0 0.0 0.3049

(4) For the tree T the flattening matrices are Flat., 7, = Flaty, ¢, ¢,3u(es,51 as above and

0.5122 0.0122 0.0854 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0122 0.0 0.0 0.0
Flate, 7, = Flatye, esjogen ey = | g g 0.0 0.0 0.0
0.0 0.0 0.0 0.0122
0.0 0.0 0.0 0.0
0.0 00610 0.0 0.3049

(5) For the tree T5 the flattening matrices are Flat., r, = Flaty, ¢, ¢,3001,51 a8 above and

05122 0.0 00854 0.0
00 00 00 00
00 00 00 00

00122 00 00 00

Flate, 7 = Flatie, iyofe sy = | 00122 00 0.0 0.0

00 00 00 00122

00 00 00 00

0.0 00610 00 0.3049




ALGEBRAIC GEOMETRY OF INDO-EUROPEAN LANGUAGES 41

5.2. Phylogenetic invariants. When evaluating the phylogenetic invariant for the boundary
probability distribution given by the combination of the SSWL and Longobardi data we have the
following result

(1) For the tree T7:

|®7, (P)||¢ = max{ max |¢(P)|, max |¢(P)|} =0.19043 x 1072

3
¢6D21{T1

1Pz, (Pl = > 16(P) + Y [6(P)]=0.31794 x 107

(3) (3)
€D 1y ¢ED

(2) For the tree T5:

| @7, (P)||e = max{ max |p(P)|, max |¢(P)|} =0.19043 x 1072
¢eDV ¢eD?

[, (P)lle = > [6(P) + D> |6(P)] =0.36582 x 1072

€D, ¢l

(3) For the tree Tj:

1®7, (P)]le=e = max{ max [$(P)|, max |$(P)} = 0.38087 x 107

(
¢6D61,T3

@7, (P)lle = > [o(P) + D [6(P)] =0.90864 x 10°

(3) (3)
¢€De1,T3 ¢>€D62’T3

(4) For the tree Ty:

@7, (P)|l¢~ = max{ max |¢(P)], max |p(P)|} = 0.38087 x 10~*

(3) (3)
¢€D T, ¢€D,. 1,

lor(P)lo= 3 lo(P)|+ 3 16(P) = 0.13621 x 10~

3 3
6eD 4eD®)

(5) For the tree T5:

|7, (P)lle~ = max{ max |¢(P)], max |¢(P)|} =0.38087 x 10~

®3) ®3)
$€D 1, ¢€D,.) 1,

|22,(P)la = Y 16(P)l + > |é(P)| = 017175 x 10

6eD 6eD)

For this set of languages we see again, as observed in [6], that the /! norm is a better test than the

£ norm for the evaluation of the phylogenetic invariants. While the /> norm does not distinguish
between the trees T, Ty, Ty, the ¢! norm correctly singles out T3 as the preferred candidate.
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5.3. Estimates of Euclidean distance. The matrix Flats, s,)u{¢;,0,,651 has singular values
S(Flatge, e10(6.00.053) = (0.5195,0.3111,0.2023 x 1072,0.2577 x 107'7,0,0,0,0).
The matrix Flat, ¢, ;10404053 has singular values
S (Flatge, £, 6530100.051) = (0.5196,0.3110,0.2391 x 1072, 0).

The remaining matrices have

Y(Flate, ) = (0.5194,0.3112,0.1196 x 1071, 0.2003 x 10~2),

Y(Flate,r,) = (0.5194,0.3112,0.1220 x 1071,0.2004 x 1072,0,0,0, 0),

S(Flate, 1,) = (0.5195,0.3111,0.2438 x 10~ 2,0.1964 x 1072,0,0,0,0),
M(Flat., ) = (0.5195,0.3111,0.2834 x 1072,0.2390 x 1072,0,0,0,0).

The computation of the Euclidean distances then gives
(1) For the tree T}

dist(Flat,, 7,, Do (4,8))* = 05 + - a§ =0.4094 x 107°

dist(Flat,, 7, Da(8,4))* = 3, o7 =0.1470 x 10
(2) For the tree T5

dist(Flate, 7, D(4, 8))?

dist(Flat,, 7, D2 (4,8))* = o
(3) For the tree T3

ooz = 0.4094 x 1077
o8 =0.1527 x 107°

g

—~ +

dist(Flat,, 7, Do (4,8))* = 05 + - - 05 = 0.4094 x 107°

dist(Flat,, 7, Do (4,8))* = 05 + - - - 05 = 0.5718 x 107°
(4) For the tree 1)

dist(Flat,, 7,, D2 (4,8))* = 05 + - - - 05 = 0.9803 x 107°

dist(Flat,, 7,, D2(4,8))* = 05 + - - - 05 = 0.5718 x 107°

(5) For the tree Tj
dist(Flat,, 7., Do(4,8))* = 05 + - -- 05 = 0.1374 x 10~*
dist(Flate, 7, Do (4,8))> = 03 + - - - 05 = 0.5718 x 107°

The lower bounds on the Euclidean distance function obtained above indicate as preferred
candidate the tree T3, which is the correct linguistic tree:

Polish
Russian

Bulgarian

Serb-Croatian Slovenian

6. PHYLOGENETIC ALGEBRAIC VARIETIES OF THE EARLY INDO-EUROPEAN TREE

We now discuss the last phylogenetic problem listed in the Introduction, namely the early
branchings of the Indo-European tree involving the set of languages Hittite, Tocharian, Albanian,
Armenian, and Greek. We analyze here the difference between the trees of [7] and [42], when seen
from the point of view of Phylogenetic Algebraic Geometry.
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6.1. Trees and phylogenetic invariants. Once we restrict our attention to the five languages
listed above, the trees of [7] and [42] that we wish to compare result in the smaller five-leaf trees

Hittite

Tocharian Armenian Albanian  Greek

for the case computed by [7], and the tree

Hittite

Tocharian

Albanian
Armenian Greek

for the case computed by [42].

Forgetting momentarily the position of the root vertex (which is in both trees adjacent to the
Anatolian branch), we are comparing two trees of the form

l
U3 3 8 ;
51 62 64 65 4 62 65

where we have 1 = Tocharian, {5 = Armenian, 3 = Hittite, /4, = Albanian, {5 = Greek. The
splits correspond to

Ty 0 eg = {0, 0} U{ls, by, U5} eo = {l1, 0, 03} U{ly, (5}
T2 L6 = {61763} U {647627€5} €2 = {61763764} U {62765}-

In order to compare the two possibilities then, we evaluate the phylogenetic invariants on the
boundary distribution obtained from the data of SSWL variables for the five languages, distributed
in the leaves of the tree in one of the two ways described above, and we compute estimates of the
Euclidean distance function.

6.2. Syntactic structures and boundary distributions. One of the main problems with the
SSWL database is that the binary variables of syntactic structures are very non-uniformly mapped
across languages. In order to use the data for phylogenetic reconstruction, it is necessary to
restrict to only those variables that are completely mapped for all the languages considered. In
our present case, some of the languages are very poorly mapped in the SSWL database: Tocharian
A is only 19% mapped, Tocharian B 18%, Hittite is 32% mapped, Albanian 69%, Armenian 89%
and (Ancient) Greek is also 89% mapped. Moreover, not all the 29 binary syntactic variables that
are mapped for Tocharian A are also among the variables mapped for Hittite. This reduces the list
of syntactic variables that are completely mapped for all five of these languages to a total of only
22 variables. The variables (listed with the name used in the SSWL database) and the resulting
values are given in the table in Figure 2. Based on these data, the boundary distribution for the
two cases considered above is given by the following. In the first case the frequencies are given by

Pooooo = 4/11, p1111n = 3/11, prio = 2/11,
P1io11 = 1/22, Pio111 = 1/11> Po1oo0 = 1/22
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P [Tocharian A, Hittite, Albanian, Armenian, A.Greek]
01 L1
06 1,1,0,1,1]
11 1,0,1,1,1]
12 1,1,1,1,1]
13 1,1,0,1,1]
15 [1,1,1,1,1]
17 1,1,1,1,1]
19 1,1,0,1,1]
21 1,1,0,1,1]
AO1 1,1,1,0,1]
A02 1,1,1,0,1]
Neg 01 1,1,1,1,1]
Neg 03 [0,0,0,1,0]
Neg 04 [0,0,0,0,0]
Neg 07 0,0,0,0,0]
Neg 08 0,0,0,0,0]
Neg 09 0,0,0,0,0]
Neg 10 0,0,0,0,0]
Neg 12 [0,0,0,0,0]
Neg 13 [0,0,0,0,0]
Neg 14 [0,0,0,0,0]
Order N3 01 [1,1,1,1,1]

F1GURE 2. The SSWL syntactic parameters P that are completely mapped for the
set languages Tocharian A, Hittite, Albanian, Armenian, Ancient Greek, and their
values on each language.

with p;, ;. = 0 for all the remaining binary vectors in {0,1}°. In the second case we have
frequencies

pooooo = 4/11, prun = 3/11, prion = 2/11,

proin = 1/22, pino = 1/11,  poooro = 1/22
with p;, ., = 0 for all the remaining binary vectors in {0, 1}5.

For the first case, the flattening matrices evaluated at the boundary distribution P give the
matrices

Flatel’Tl =

o o ¥~ ==
o o o o
o o o o
N © o o
o o o o
o o o o
o o o o
o 2 © ©

—_
—_
—_
[
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L0 0 0
0 0 0 O
= 0 0 0
Flat 0 0 0 O
ate, 1, =
2T 0 0 0 0
0 0 O ﬁ
0 0 O %
0 20 3
For the second case, on the other hand, we obtain the matrices
4
7 0 % 0O 0 0 0 0
Flat 0O 0 0 0 0 0 0 O
ate, 1, =
. 000 0000 %
000 204 02
4
7 0 5 0
0O 0 0 O
0O 0 0 O
Flat 0O 0 0 O
ate, 7, =
212 0 0 0 0
0 0 O %
0 0 O %
o L o =2

—
=
=
—

45

6.3. Phylogenetic invariants. The evaluation of the phylogenetic invariants on these two bound-

ary distributions by evaluating the 3 x 3 minors of the matrices above gives

(1) For the Gray-Atkins tree 77:

|7, (P)] ¢ = max |p(P)| = ——

(3) (3)
¢>€D617T1 UDS%T1

lon(Ple= S [o(P)] = o

6eD . DD
(2) For the Ringe-Warnow-Taylor tree T5:
8

ey,Tp eq,To

[on (Pl = 3 16(P)] = —

(3) (3)
¢ED51aT2 UD&Q,TQ
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On the basis of this naive test of evaluation of the phylogenetic invariants, the ¢*° norm does
not distinguish the two trees while the ¢! norm prefers the Ringe-Warnow—Taylor tree Tp. We
show below that this preference is also confirmed by an estimation of the Euclidean distance.

6.4. Estimate of the Euclidean distance function. In this case, in order to obtain a lower
bound estimate of the Euclidean distance for the two trees T7 and 15, we compute the distances

D, = dist(Flate, r, (P), D2(4,8)), Dso = dist(Flate, 1, (P), D2(8,4))
with the Euclidean distance estimate of T given by L; = max{D;, D;2} and

D, = dist(Flat,, 1,(P), Ds(4,8)), Dy; = dist(Flate, 1, (P), D2(8,4))
with the Euclidean distance estimate of T given by Ly = max{Ds 1, D2s}.

The computation of the singular values ¥ = (04, ..., 04) of the flattening matrices Flat., 1, (P)
gives
diag(0.3664662612, 0.3394847389, 0.5018672314 x 10~*,0

) = diag( )

) = diag(0.3664662612, 0.3388120907, 0.5454321492 x 1071, 0)

by Flate1 7,(P)) = diag(0.3664662613, 0.3421098124, 0.2700872640 x 107, 0)

Y(Flate, r,(P)) = diag(0.3664662613, 0.3394847388, 0.5018672301 x 1071, 0).
Since the last singular value is always zero, the Euclidean distances are given by the o3 value

Dy, = 0.5018672314 x 1071, D1 5 = 0.5454321492 x 107,

Dy = 0.2700872640 x 107", Dy, = 0.5018672301 x 10~
This gives L; = 0.5454321492 x 10~ and L, = 0.5018672301 x 10~!.

Thus, the Euclidean distance estimate also favors the Ringe-Warnow—Taylor tree T5 over the
Gray-Atkins tree 7). The fact that there are very few parameters that are mapped (at present time)
for all of these languages in the SSWL database, and that these parameters largely agree on this
set of languages, however make this analysis not fully reliable. A more extensive set of syntactic
data for these languages would be needed to confirm whether the phylogenetic reconstruction
based on syntactic data and the algebro-geometric method is reliable.

7. TOWARDS LARGER PHYLOGENETIC TREES: GRAFTING

As we have seen in the previous sections, Phylogenetic Algebraic Geometry is a procedure
that associates to a given language family £ = {¢,...,¢,} an algebraic variety Y = Y (L, P)
constructed on the basis of the syntactic variables (listed in the distribution P).

A possible geometric viewpoint on comparative historical linguistics can then be developed, by
considering the geometry of the varieties Y (L, P) for different language families. This contains
more information than the topology of the tree by itself, in the sense that one can, for example,
look more specifically for the position of the point P on the variety. The point P contains precise
information on how the binary syntactic variables change across the languages in the family. For
example, in the case of the six Germanic languages in the set S;(G), we see from our table of
occurrences that only very few possibilities for the binary vector (iy,...,ig) occur for these six
languages. We also see that, apart from the cases where the value of a syntactic variable agrees
in all six languages (40 occurrences where the feature is not expressed, and 22 where it is), we
find that it is more likely for Icelandic to have a feature that differs from the other languages in
the group (4 occurrences of (0,0,0,0,1,0) of lacking a features the others have and 3 occurrences
of (1,1,1,1,0,1) for having a feature that the others lack). Thus, the location of the point P on
the variety contains information that is related to the spreading of syntactic features across the
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language family considered. This geometric way of thinking may be compared with the coding
theory approach of [30], [45] to measuring the spread of syntactic features across a language family.

As we have seen in the example discussed above of a small set of Germanic languages, as
well as in the examples with Romance and Slavic languages, the use of SSWL data is suitable for
phylogenetic reconstruction, provided only the subset of the completely mapped syntactic variables
(for the given set of languages) is used and the candidate phylogenetic trees are selected through
the computation of phylogenetic invariants, and their evaluation at the boundary distribution
determined by the syntactic variables.

This method works very well for small trees and for a set of languages that is well mapped
in the available databases (with enough binary syntactic variables that are mapped for all the
languages in the given set). However, one then needs a way to combine phylogenetic trees of
smaller subfamilies into those of larger families.

We give a very brief sketch of how this procedure can be articulated in terms of Phylogenetic
Algebraic Geometry, and we refer the readers to §5-8 of [1] for more details. Although we do not
need to use this method directly in the present paper, we mention this for completeness, since
it is a natural question how to proceed towards larger trees. Given two binary trees 7" and 7",
respectively with n and m leaves, the grafting T'=T" x, T” at a leaf ¢ is the binary tree obtained
by gluing together a leaf of 7" with marking ¢ to a leaf of 7" with the same marking. The resulting
tree T has n +m — 2 leaves. It is shown in [1] how the phylogenetic invariants of 7' depend on
the invariants of 7" and T7”. Consider the maps &7 and ®7», defined as in (2.2) using (2.1),
with values in C2" and C2", respectively. We identify C2" = C2"' @ C2, where the last binary
variable corresponds to the leaf £. We then identify the affine space C2" ' @ C2 ~ Hom(CQn*lv, C?)
with the space of matrices Man-1,5(C), and similarly with C*" ~ M, ym-1(C). One then defines
O = O x Py as the matrix product of the elements in the range of @7+, seen as matrices in
Man-1,5(C) with the elements in the range of @7, seen as matrices in My, 9m-1(C). This results in
a matrix in Myn—1,9m-1(C)), which gives a map W with values in C"*™~2, The domain variables
of U are obtained as follows. For those edges of T' not involved in the grafting operation, we
define the 2 x 2 matrices M® to be the same as those originally associated to the edges of T" or
T", respectively. For the edge of 7" and the edge of T” that are glued together in the grafting,
we replace the respective matrices M¢ and M¢" by their product M¢ = M¢ M. Dually, as in
(2.3), this determines the map W of polynomial rings, whose kernel is the phylogenetic ideal of
T. The closure in C"*™~2 of the image of Uy is the phylogenetic algebraic variety of the grafted
tree T =T %, T".

Suppose we are interested in the phylogenetic tree of a language family £, for which we assume
that we already know (from other linguistic input) a subdivision into several subfamilies £ =
L1 U---ULy. Suppose also that for the language families taken into consideration there are
sufficient data available about the ancient languages. (This requirement will limit the applicability
of the algorithm discussed here to families like the Indo-European, where significant amount of
data about ancient languages is available.) We can then follow the following procedure to graft
phylogenetic trees of the subfamilies £; into a larger phylogenetic tree for the family £. For
the procedure described here we need to assume that one knows a priori (via historical linguistic
information) that the members of the subfamilies £; should remain together in a clade of the
grafted tree.

(1) For each subfamily £, = {lk1,...,lkn,}, consider the list of SSWL data that are com-
pletely mapped for all the languages ¢ ; in the subfamily L.
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(2) On the basis of that set of binary syntactic variables, a preferred candidate phylogenetic
tree T}, is constructed based on the method illustrated above in the example of the Germanic
languages.

(3) Use the procedure discussed in §3.5 above to identify the best location of the root vertex
for each tree Ty, and regard each tree T}, as a tree with ny + 1 leaves, including one leaf
attached to the root vertex.

(4) Let {A1,..., An} be the ancient languages located at the root vertex of each tree Ty, ..., Ty.
Consider the list of SSWL parameters that are completely mapped for all the ancient
languages \g.

(5) On the basis of that set of binary syntactic variables, select preferred candidate phylogenetic
tree T" with N leaves, by evaluating the phylogenetic invariants of these trees on the
boundary distribution given by this set of binary syntactic variables.

(6) Graft the best candidate tree T to the trees T} by gluing the leaf Ay of T" to the root of Tj.

(7) The phylogenetic invariants of the resulting grafted tree 7" = T x)_, T}, can be computed
with the grafting procedure of [1] described above and evaluation at the boundary dis-
tribution given by the leaves {{;;|j = 1,...,n, k = 1,...,N} of 7" (coming from the
smaller set of syntactic variables that are completely mapped for all the ¢ ;) can confirm
the selected tree topology T".

The advantage of this procedure is that it is going to work even in the absence of a sufficient
number of binary syntactic variables in the SSWL database that are completely mapped for all
of the languages (5 ; at the same time, provided there are enough for each subset £; and for
the A;. In cases where the number of variables that are completely mapped for all the ¢ ; is
significantly smaller compared to those that are mapped within each group, the last test on the
tree T" becomes less significant. This method also has the advantage that one works with the
smaller subtrees Ty and T, rather than with the bigger tree given by their grafting, so that the
computations of phylogenetic invariants is more tractable.

In the case of language families where one does not have syntactic data of ancient languages
available, one can still adapt the procedure described above, provided there is a reasonable number
of SSWL variables that are completely mapped for all the languages ¢, ; in £. One can proceed
as follows.

(1) For each subfamily £y = {lx1,...,0kn,}, consider the list of data that are completely
mapped for all the languages ¢ ; in the subfamily L.

(2) On the basis of that set of binary syntactic variables, a preferred candidate phylogenetic
tree T} is constructed based on the method illustrated above in the example of the Germanic
languages.

(3) Consider all possible choices of a root vertex for each T}, (there are as many choices as the
number of internal edges of Ty).

(4) Consider all the possible candidate tree topologies T with N leaves.

(5) For each choice of a root vertex in each T}, graft a choice of T" to the give roots of the trees
T}, to obtain a candidate tree T" = T xi_, T.

(6) Compute the phylogenetic invariants of 7" = T i, T} using the procedure of [1] recalled
above.

(7) Evaluate the phylogenetic invariants of each candidate 7" on the boundary distribution de-
termined by the binary syntactic variables that are completely mapped for all the languages
{br;l7=1,...,nk, k=1,..., N}, to select the best candidate among the 7".

There are serious computational limitations to this procedure, however, because of how fast
the number of trees on N leaves grows. While the grafting procedure discussed above makes it
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possible to work with smaller trees and then consider the problem of grafting them into a larger
tree, this would still only work computationally for small size trees, and cannot be expected to
handle, for example, the entire set of languages recorded in the SSWL database.

8. MODIFYING THE SETTING TO ACCOUNT FOR SYNTACTIC RELATIONS

In a followup to this paper, based on the ongoing analysis of [34], we will discuss how to
adjust these phylogenetic models to incorporate deviations from the assumption that the syntactic
parameters are i.i.d. random variables evolving according to the same Markov model on a tree.

Indeed, we know from various data analysis of the syntactic variables, including topological data
analysis [40], [41], methods of coding theory [45], and recoverability in Kanerva networks [38], that
the syntactic parameters are certainly not i.i.d. variables. Thus, it is likely that some discrepancies
we observed in this paper, in the application of the Phylogenetic Algebraic Geometry method (for
example in the case of the Romance languages or the early Indo-European languages where the
tree selected by the Euclidean distance is not the same as the tree favored by the phylogenetic
invariants) may be an effect of the use of this overly simplified assumption.

The approach we plan to follow to at least partially correct for this problem, is to modify the
boundary distribution on the tree by attaching to the different syntactic parameters a weight that
comes from some measure of its dependence from other parameters, in such a way that parameters
that are more likely to be dependent variables according to one of these tests will weight less in the
boundary distribution than parameters that are more likely to be truly statistically independent
variables.

The main idea on how to achieve this goal is to modify the boundary distribution P by counting
occurrences n;, ;. of parameter values (i1,...,7,) at the n leaves of the tree by introducing
weights for different parameters that measure their degree of independence. An example of such
a weight would be the degree of recoverability in a Kanerva network, as in [38], or a computation
of clustering coefficients as in [34].

This means that, instead of assigning to a given binary vector (i, ...,1,) the frequency
o Mg
pll,‘..,zn - N
with N total number of parameters and n;, . ;, number of parameters that have values (iy, ..., 1,)

on the n languages at the leaves of the tree, we replace this by a new distribution

Niq,..., in

p;h__,,in =z Z w(m,)
r=1
where for a syntactic parameter 7 the weight w(7) measures the degree of independence of , for
example with w(m) close to 1 the more 7 can be regarded as an independent variable and close to
0 the more 7 is recoverable from the other variables, with Z a normalization factor so that p
is again a probability distribution.

With this new boundary distribution P’ we will recompute the Euclidean distances of the flat-
tening matrices Flat, r(P’) from the varieties Dy(a, b) by computing the singular values (o7, ..., 0,)
of Flat, 7(P’) and computing the square-distance as 03 + - - -+ 02, and compare the new distances
obtained in this way with those of the original boundary distribution P.

Results on this approach will be presented in forthcoming work.
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APPENDIX A: SSWL SYNTACTIC VARIABLES OF THE SET &1(G) OF GERMANIC LANGUAGES

We list here the 90 binary syntactic variables of the SSWL database that are completely mapped
for the six Germanic languages ¢; =Dutch, ¢ =German, ¢3 =English, ¢, =Faroese, {5 =Icelandic,
l¢ =Swedish. The column on the left in the tables lists the SSWL parameters P as labeled in the
database.

P [£11£27£3:£47£57 gﬁ}
P [61,02,83,04,05, Cg] Order N3 01 HA.1.1,1.1]
01 S ) Order N3 02 [0,0,1,0,0,0]
02 0,0,0,0,0,0] Order N3 03 [0,0,0,0,0,0]
03 (1,1,1,1,1,1] Order N3 04 [0,0,0,0,0,0]
04 1,1,0,0,0,0] Order N3 05 [0,0,0,0,0,0]
05 (1,1,1,1,1,1] Order N3 06 [0,0,0,0,0,0]
06 [1,1,0,0,0,0] Order N3 07 11411
07 [01070107070] P [‘6156215’31845&3: ‘gﬁ] Order N3 09 [010707070?0]
08 0,0,0,0,0,0] N2 01 1,1,1,1,1,1] Order N3 10 | [0,0,0,0,0,0]
09 0,0,0,0,0,0] N2 02 0,0,0,1,0,0] Order N3 11 [0,0,0,0,0,0]
10 0,0,0,0,0,0] N2 03 [1,1,1,1,0,1] Order N3 12| [0,0,0,0,0,0]
11 (1,1,1,1,1,1] N2 04 0,0,0,0,1,0] Qo1 [0,0,0,0,0,0]
12 [1,0,0,0,0,0] N2 05 [1,1,1,1,1,1] Q02 [0,0,0,0,0,0]
13 [L11.4.1.1] N2 06 [1,151.2.1.1] Q03 0,0,0,0,0,0]
14 0,0,1,1,1,0] N2 07 [0,0,0,0,0,0] Q05 [1,1,0,1,1,1]
15 [1,1,1,1,1,1] N2 08 0,0,0,0,0,0] Q06 [1,1,1,1,1,1]
16 0,0,0,0,1,0] N2 09 0,0,0,0,0,0] Qo7 [0,0,0,0,0,0]
17 (1,1,1,1,1,1] N2 10 0,0,0,0,1,0] Qo8 i1,1,1,1,1.1]
18 [0,0,0,0,1,0] N2 11 [0,0,0,0,1,1] Q09 [0,0,0,0,0,0]
19 [1,1,1,1,0,1] Neg 01 (1,1,1,0,0,1] Q10 [0,0,0,0,0,0]
20 [1,1,1,1,1,1] Neg 02 | [1,1,1,1,1,1] Q11 [0,0,0,0,0,0]
21 [1:1:1501] Neg 03 [0,0,0,0,0,0] Q12 0,0,0,0,0,0]
22 [0,0,0,1,1,0] Neg 04 [0,0,1,0,0,0] Q13 0,0,0,0,0,0]
A01 [1,1,0,1,1,1] Neg 05 [0,0,0,0,0,0] Q14 0,0,0,0,0,0]
A02 [0,0,0,1,1,1] Neg 06 |  [0,0,0,0,0,0] Q15 [0,0,0,0,0,0]
A03 [T 1.0 Neg 07 0,0,0,0,0,0] Q16NEGA [1511 1]
A04 (1,1,1,0,0,1] Neg 08 [0,0,0,0,0,0] Q17NEGA [0,0,0,1,0,0]
Aux Sel 01 (1,1,0,1,1,0] Neg 09 [0,0,0,0,0,0] Q18NEGA [0,0,0,0,0,0]
Co1 [1,1,1,1,1,1] Neg 10 |  [0,0,0,0,0,0] Q20ANegQ [.41,1,4.]
Co2 0,0,0,0,0,0] Neg 11 |  [0,0,0,0,0,0] Q21ANegQ [0,1,0,1,1,1]
Co3 [ dd 1) Neg 12 [0,0,0,0,0,0] Q22ANegQ [1,0,0,0,0,0]
Co4 0,0,0,0,0,0] Neg 13 |  [0,1,0,0,0,0] V201 [1,1,0,1,1,1]
EE [1,1,1,1,1,0] Neg 14 || [0,0,0,0,0,0] V202 [1,1,1,1,1,1]
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We list here the 90 binary syntactic variables of the SSWL database that are completely mapped
for the seven Germanic languages ¢; =Norwegian, ¢, =Danish, ¢35 =Gothic, ¢, =0ld English,
(5 =Icelandic, ¢5 =English, ¢; =German. The column on the left in the tables lists the SSWL
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parameters P as labeled in the database.

P 617‘627[3364)657667@7]
01 1,14 1.1,1.9];
03 (1,1,1,1,1,1,1],
04 [0,0,1,1,0,0,1],
05 (1,1,1,1,1,1,1],
06 0,0,1,1,0,0,1],
07 0,0,1,0,0,0,0],
08 [0,0,0,0,0,0,0],
09 0,0,0,0,0,0,0],
10 [0,0,0,0,0,0,0],
11 IRERERRI
12 1,1,0,1,0,0,0],
13 [1,1,1,1,1,1,1],
14 0,0,1,1,1,1,0],
15 [1,1,1,1,1,1,1],
16 0,0,1,1,1,0,0],
17 [1,1,1,1,1,1,1],
18 0,0,1,0,1,0,0],
19 1,1,0,1,0,1,1],
20 [1,1,1,1,1,1,1],
21 1,1,0,1,0,1,1],
22 1,0,1,1,1,0,0],
A01 [1,1,1,1,1,0,1],
A02 1,1,1,1,1,0,0],
A03 [1,1,1,1,1,1,1],
A04 [1,1,1,1,0,1,1],
Aux Sel 01 | [1,1,0,1,1,0,1],
Co1 [1,1,1,1,1,1,1],
C02 0,0,0,0,0,0,0],
C03 [1,1,1,1,1,1,1],
Co4 0,0,0,0,0,0,0],

P [617627€3a£4a€57£6787]
N2 Ol || [L,L,L,L,L,11],
N202 || [0,0,1,0,0,0,0],
N203 | (1111011,
N2 05 [1,1,1,1,1,1,1],
N206 || [1,1,1,1,1,1,1],
N208 || [0,0,0,0,0,0,0],
N209 | [0,0,0,0,0,0,0],
N210 || [0,0,0,0,1,0,0],
N2 11 [1,1,0,0,1,0,0],
Neg 01 || [1,1,1,1,0,1,1],
Neg 02 | [1,1,0,0,1,1,1],
Neg 03 | [0,0,0,0,0,0,0],
Neg 04 ||  [0,0,0,0,0,1,0],
Neg 05 | [0,0,0,0,0,0,0],
Neg 06 ||  [0,0,0,0,0,0,0],
Neg 07 | [0,0,0,0,0,0,0],
Neg 08 | [0,0,0,0,0,0,0],
Neg 09 | [0,0,0,0,0,0,0],
Neg 10 ||  [0,0,0,0,0,0,0],
Neg 11| [0,0,0,1,0,0,0],
Neg 12|  [0,0,0,0,0,0,0],
Neg 13 | [0,0,0,0,0,0,1],
Neg 14 ||  [0,0,0,0,0,0,0]

p £17£27€3u€47€57667€7]
Order N3 04 || [0,0,1,1,0,0,0],
Order N3 07 || [1,1,1,1,1,1,1],
Order N3 08 || [0,0,0,1,0,0,0],
Qo1 [0,0,0,0,0,0,0],
Q02 [0,0,0,0,0,0,0],
Qo3 [0,0,1,0,0,0,0],
Q06 [1,1,0,1,1,1,1],
Qo7 [0,0,0,0,0,0,0],
Qos [11,1,1,1,1,1],
Q10 [0,0,0,0,0,0,0],
Q11 [0,0,0,0,0,0,0],
Q12 [0,0,0,0,0,0,0],
Q13 [0,0,0,0,0,0,0]
Q15 [0,0,0.0,0.0,0],
QI7NEGA || [0,0,0,0,0,0,0],
QISNEGA || [0,0,0,0,0,0,0],
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APPENDIX C: FLATTENING MATRICES F5 AND Fj

CoococoocoHftcooc o oc oo oo oo OO OO OO OO o
cloNoNoNololoNoNeNeNooNoNoNoNoNo oo No o Ro N No oo o e No N o e R
cloNoNeNelolooNoNe ool oo N oo ool N Ne N e Ne o R = R N e
T OO DD DD OO DD DD DD DODODODODDODDODODDODODDODDOD

I

Jmfnb
CoococoocoHfoooc o oc oo oo oo OO OO O O—HTHTIO O -
cloNoNoNololoNoNoNeNooNoNoNoNo oo NoRo o o Ne N o NoNo o Re No N o e R
eNoNoNoNoNoNoloNoNoNoNoNoNoNoNoN oo NoRoNoNoNo N oo ReNe N b el e e Nl
T OO DD DD OO D DD DD DODODODODDODDDODODODODDODDOD

The flattening matrices of (3.1) (written in transpose form for convenience) for the T and Tg

trees, in the case of the Longobardi data are given by the following:
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The same flattening matrices of (3.1) for the SSWL data are given by the following.

O Oo—HBoHEBo oo o o o oHBo o o —~8c © oo o oo oy
oo ococoocococo-iooco oo oo O oo oo on}
ecNoNoNoNoNoloNoNoNoNoNo Nl el oo oo o oo o o~}
o oo oHFBo oo oo o o—HRo oo oo coco oo o oI
I
W:.G
O O B8O BB © o8 © oo © o —=B8o © O Oo~HBo o ok
O-%lBcococoocococo~foooc oo oo oo O oo o oxn3
eNal{feNeNoNelelolololololololo co oo o oH¥o oo o
COomBo ocooHBo oo oo o o—HBo oo oo (e N el Ne o N No)
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APPENDIX D: LIST OF LANGELIN SYNTACTIC PARAMETERS

FGP | gramm. person GSI | grammaticalised inalienability

FGM | gramm. Case ALP | alienable possession

FPC | gramm. perception GST | grammaticalised Genitive

FGT | gramm. temporality GEI | Genitive inversion

FGN | gramm. number GNR | non-referential head marking

GCO | gramm. collective number STC | structured cardinals

PLS | plurality spreading GPC | gender polarity cardinals

FND | number in D PMN | personal marking on numerals

FSN | feature spread on N CQU | cardinal quantifiers

FNN | number in N PCA | number spread through cardinal adjectives
SGE | semantic gender PSC | number spread from cardinal quantifiers
FGG | gramm. gender RHM | Head-markong on Rel

CGB | unbounded sg N FRC | verbal relative clauses

DGR | gramm. amount NRC | nominalized relative clause

DGP | gramm. text anaphora NOR | NP over verbal rel clauses/adpos gen
CGR | strong amount AER | relative extrap.

NSD | strong person ARR | free reduced rel

FVP | variable person DOR | def on relatives

DGD | gramm. distality NOD | NP over D

DPQ | free null partitive Q NOP | NP over non-genitive arguments
DCN | article-checking N PNP | P over complement

DNN | null-N-licensing art NPP | N-raising with obl. pied-piping

DIN | D-controlled infl. on N NGO | N over GenO

FGC | gramm. classifier NOA | N over As

DBC | strong classifier NM2 | N over M2 As

XCN | conjugated nouns NM1 | N over M1 As

GSC | c-selection EAF | fronted high As

NOE | N over ext. arg. NON | N over numerals

HMP | NP-heading modifier FPO | feature spread to genitive postpositions
AST | structured APs ACM | class MOD

FFS | feature spread to struct. APs || DOA | def on all +N

ADI | D-controlled infl. on A NEX | gramm. expletive article

DMP | def matching pron. poss. NCL | clitic poss.

DMG | def matching genitives PDC | article-checking poss.

GCN | Poss®-checking N ACL | enclitic poss. on As

GFN | Gen-feature spread to Poss® APO | adjectival poss.

GAL | Dependent Case in NP WAP | wackernagel adjectival poss.

GUN | uniform Gen AGE | adjectival Gen

EZ1 | generalized linker OPK | obligatory possessive with kinship noun
EZ2 | non-clausal linker TSP | split deictic demonstratives

EZ3 | non-genitive linker TSD | split demonstratives

GAD | adpositional Gen TAD | adjectival demonstratives

GFO | GenO TDC | article-checking demonstratives

PGO | partial GenO TLC | Loc-checking demonstratives

GFS | GenS TNL | NP over Loc

GIT | Genitive-licensing iterator
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