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Abstract

We consider the bin packing problem with d different item sizes s; and item multi-
plicities a;, where all numbers are given in binary encoding. This problem formulation
is also known as the 1-dimensional cutting stock problem.

In this work, we provide an algorithm which, for constant d, solves bin packing in
polynomial time. This was an open problem for all d = 3.

In fact, for constant d our algorithm solves the following problem in polynomial
time: given two d-dimensional polytopes P and Q, find the smallest number of inte-
ger points in P whose sum lies in Q.

Our approach also applies to high multiplicity scheduling problems in which the
number of copies of each job type is given in binary encoding and each type comes with
certain parameters such as release dates, processing times and deadlines. We show that
a variety of high multiplicity scheduling problems can be solved in polynomial time if
the number of job types is constant.

1 Introduction

Let (s, a) be an instance for bin packing with item sizes sy,...,s4 € [0,1] and avector a € Zgo of

item multiplicities. In other words, our instance contains a; many copies of an item of size s;.
In the following we assume that s; is given as a rational number and A is the largest number
appearing in the denominator of s; or the multiplicities a;. Let P:={x € Z‘;O | sTx < 1}. Now
the goal is to select a minimum number of vectors from P that sum up to 4, i.e.

min{lT)LI Z/lx-xza; /IEZEO} 1)
xeP
where A, is the weight thatis given to x € P. This problem is also known as the (I-dimensional)
cutting stock problem and its study goes back to the classical paper by Gilmore and Go-
mory [GG61]. Note that even for fixed dimension d, the problem is that both, the num-
ber of points |P| and the weights 1, will be exponentially large. Let OPT and OP Ty be the
optimum integral and fractional solution to (I). As bin packing for general d is strongly NP-
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Figure 1: Knapsack polytope for s = (0.13,0.205).

hard [Joh92], we are particularly interested in the complexity of bin packing if d is constant.
For d = 2 it is true that OPT = [OPTy] and it suffices to compute and round an optimum
fractional solution [MSS97]. However, for d = 3, one might have OPT > [OPT]. Still, [FA05]
generalized the argument of [MSS97] to find a solution with at most d —2 bins more than the
optimum in polynomial time.

The best polynomial time algorithm previously known for constant d = 3 is an OPT + 1
approximation algorithm by Jansen and Solis-Oba [JSO10] which runs in time 22°“ -(log A)°®.
Their algorithm uses a mixed integer linear program and is based on the following insights:
(1) If all items are small, say s; < ﬁ, then the integrality gap is at most onél. (2) If all items
have constant size, then one can guess the points used in the optimum solution. It turns out
that for arbitrary instances both approaches can be combined for an OPT +1 algorithm. Also
note that if the mixed integer roundup conjecture holds true, then there is indeed a signifi-
cantly simpler algorithm achieving the same bound, again by Jansen and Solis-Oba [JS11].
However, to find an optimum solution, we cannot allow any error and a fundamentally dif-
ferent approach is needed.

Note that for general d, the recent algorithm of Hoberg and the 2nd author provides
solutions of cost at most OPT + O(logd) [Rot13,[HR17], improving the classical Karmarkar-
Karp algorithm with a guarantee of OPT + O(log® d) [KK82]. Both algorithms run in time
polynomial in Z?:l a; and thus count in our setting as pseudopolynomial. In fact, those
algorithms can still be cast as asymptotic FPTAS.

Bin packing and more generally the cutting stock problem belong to a family of prob-
lems that consist of selecting integer points in a polytope with multiplicities. In fact, several
scheduling problems fall into this framework as well, where the polytope describes the set of
jobs that are admissible on a machine under various constraints.

We give some notation needed throughout the paper. For a set X < R%, we define the
spanned coneas cone(X) = {)_ex AxX| Ay =0 Vx € X} and the integer cone as int.cone(X) :=
X xexAxx | Ay € Z59 Vx € X}. We will only consider rational polyhedra P = {x € R% | Ax < b}
where both A and b are rational. We define enc(P) as the number of bits that it takes to write
down the rational numbers in A and in b. For definitness one can use the definitions of Korte
and Vygen [KV02], Chapter 4. However, we will only need that enc(P) is polynomially related

1Compute a basic solution A to the LP and buy [Ax] times point x. Then assign the items in the remaining
instance greedily.



to max{m, d,log A} where m is the number of inequalities and A is the largest nominator or
denominator appearing in any of the inequalities definining of P. For the remainder of this
paper we denote log(y) := log,(y). We would like to point out that any rational inequalities
can be multiplied by a least common multiple of the denominators to obtain an equivalent
system Ax < b with integral coefficients whose encoding length is within a polynomial factor
of the original one.

2 Our contributions

In this paper, we resolve the question of whether bin packing with a fixed number of item
types can be solved in polynomial time.

Theorem 1. For any bin packing instance (s, a) with s € [0,11nQ? and a € Zgo, an optimum
integral solution can be computed in time (logA)ZO(d) where A := max{|| d|l oo, Il Blloo, 4} where

This answers an open question posed by McCormick, Smallwood and Spieksma [MSS97]
as well as by Eisenbrand and Shmonin [ES06]. In fact, the first paper even conjectured this
problem to be NP-hard for d = 3. Moreover the polynomial solvability for general d was
called a ” hard open problem” by Filippi [Fil07].

We derive Theorem/[I]via the following general theorem for finding conic integer combi-
nations in fixed dimension.

Theorem 2. Given rational polyhedra P,Q < R% where P is bounded, one can find a vector
d o(d
y € int.cone(PnZ4)nQ and a vector A € Z20%* such that y = ¥, prza Axx in time enc(P)?"" -

enc(Q)°W, or decide that no such y exists. Moreover, the support of A is always bounded by
22d+1 i

In fact, by choosing P = {(7) e R4} ! | s x < 1} and Q = {a} x [0, b], we can decide in polyno-
mial time, whether b bins suffice. Theorem[Ilthen follows using binary search. While for the
proof strategy it will be convinient that P is bounded, it turns out that one can reduce the
case where P is an unbounded rational polyhedron to Theorem 2l However, we postpone
that reduction to Section[7l

Our main insight to prove Theorem 2llies in the following structure theorem which says
that, for fixed d, there is a pre-computable polynomial size set X < P n Z¢ of special vectors
that are independent of the target polytope Q with the property that, for any y € int.cone(Pn
Z% N Q, there is always a conic integer combination that has all but a constant amount of
weight on a constant number of vectors in X.

Theorem 3 (Structure Theorem). Let P = {x € R? | Ax < b} be a polytope with A€ 2% b e
Z™ and set A := max{||Alleo, | Plloo,2}. Then there exists a set X < PN Z% of size | X| < N :=
md%@(logA)¥ that can be computed in time NOV with the following property: For any
vector a € int.cone(P N Z%) there exists an integral vector A € Zggzd such that} ,cpnzd Axx =
a and

(1) Ay €{0,1} Vxe (PNZY\X



2) |supp(A) n X| <224
(3) |supp(A)\X| < 2%,

With this structure theorem one can obtain Theorem[2simply by computing X, guessing
supp(A) N X and finding the corresponding values of A and the vectors in supp(1)\ X with an
integer program with a constant number of variables.

Bin packing can also be considered as a scheduling problem where the processing times
correspond to the item sizes and the number of machines should be minimized, given a
bound on the makespan. A variety of scheduling problems in the so-called high multiplic-
ity setting can also be tackled using Theorem[2l Some of these scheduling applications are
described in Section[6l For example we can solve in polynomial time the high multiplicity
variant of minimizing the makespan for unrelated machines with machine-dependent re-
lease dates for a fixed number of job types and machine types. For an overview over the vast
literature in high multiplicity scheduling we refer to the article of McCormick, Smallwood
and Spieksma [MSS01] as well as the one by Hochbaum and Shamir [HS91].

3 Preliminaries

In this section we are going to review some known tools that we are going to use in our algo-
rithm. The first one is Lenstra’s well known algorithm for integer progamming, that runs in
polynomial time as long as d is fixed.

Theorem 4 (Lenstra [Len83|, Kannan [Kan87]). Given A € Z™*4 and b € 7™ with A := max{|| Allso, | Dlleo, 2}
Then one can find an x € Z% with Ax < b (or decide that none exists) in time d°@ . ;O .
(logA)OW,

For a polytope P < R?, the integral hullis the convex hull of the integral points, abbrevi-
ated with P; := conv(P N Z%) and the extreme points of P (also called vertices) are denoted by
vert(P). If we consider a low dimensional polytope P, then P can indeed contain an expo-
nential number of integral points — but only few of those can be extreme points of P;.

Theorem 5 (Cook et al. [CHKM92} [Har88]). Consider any polytope P = {x € R% | Ax < b} with
Aez™4, bez™ and A:=max{|Alos, [blloo,2}. Then P = conv(PnZ%) has at most m* -
(O(log A)4 many extreme points. In fact a list of extreme points can be computed in time
dO(d)(m _log(A))O(d)_

This bound is essentially tight. Bardny, Howe and Lovész [BHL92|] found a family of poly-
topes P < R? (simplices, in fact) such that P; has Q(¢“"!) many extreme points where ¢ is
the encoding length of P. A simple fact that we use frequently throughout the paper is the
following:

Lemma 6. Let P = {x € R? | Ax < b} be a rational polyhedron where A€ Z™*% and b € Z™ and
set A :=max{||Alloo, | blloo}. Then any x € vert(P) has || x|loc < M where M := d!- A%, Moreover,
if P is bounded then P < [- M, M]¢.

2Here, the original dependence of [Len83] was 20(@) \which was then improved by Kannan [Kan87] to d 0,



Proof. By Cramer’s rule, the coordinates of a vertex x of P are of the form det(Q)/det(R)
where Q and R are d x d matrices filled with entries from {—A,...,+A}. Then | x|o < |det(Q)| <
d!A? = M as one can see from Laplace formula. The “moreover” part follows from the obser-
vation that the || - || o-norm is maximized at a vertex if P is bounded. O

We will later refer to the coefficients A, as the weight given to x. For a vector a € cone(X)
we know by Carathéodory’s Theorem that there is always a corresponding vector A = 0 with at
most d non-zero entries and a = }_ ,c x AxX. One may wonder how many points x are actually
needed to generate some point in the integer cone. In fact, at least under the additional
assumption that X is the set of integral points in a convex set, one can show that 2¢ points
suffice’. The arguments are crucial for our proofs, so we replicate the proof of [ES06] to be
selfcontained.

Lemma 7 (Eisenbrand and Shmonin [ES06]). For any polytope P < R? and any integral vector

A€ ZP07 there exists a € 7207 such that |supp(u)| < 2% and ¥y X = ¥y Ay x.

Proof. For the sake of simplicity we can replace the original P with P := conv(x | 1, > 0)
without changing the claim. Let f : R? — R be any strictly convex function, i.e. in particular
we will use that

1
fGx+iy< S @+ ).

For example f(x) = ||x||§ does the job. Let (i) ce prz¢ be anintegral vector with }_ ,cprza Axx =
Y xepnzd Uxx that minimizes the potential function Y . pnza tix - f(x) (note that there is at
least one such solution, namely A). In other words, we somewhat prefer points that are more
in the “center” of the polytope. We claim that indeed |supp(u)| < 2¢.

For the sake of contradiction suppose that |supp(u)| > 2¢. Then there must be two points
x,y with u, > 0 and py, > 0 that have the same parity, meaning that x; = y; mod 2 for all
i=1,...,d. Then z := %(x + y) is an integral vector and z € P. Now we remove one unit of
weight from both x and y and add 2 units to z.

X
o [ J [ J [ J [ ]
_1\\
\\
\\ z
[ J [ J A N [ J ([ ]
+2\\\
\\\ y
[ J [ J [ J [ J h J
-1

This gives us another feasible vector y'. But the change in the potential function is +2f(z) —
f(x) - f(y) <0 by strict convexity of f, contradicting the minimality of p. O

In fact, the bound is tight up to a constant factor. As it seems that this has not been
observed in the literature before, we describe a construction in Section8where a support of
size 2471 is actually needed.

A family of versatile and well-behaved polytopes is those of parallelepipeds. Recall that

k
7'[={1/0+ uivi|—15uiS1Vi=1,...,k}
i=1

3For arbitrary X < Zd, one can show that a support of at most O(dlog(dM)) suffices, where M is the largest
coefficient in a vector in X [ES06].
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Figure 2: Covering the integer points of a polytope with integral parallelepipeds.

is a parallelepiped with center vy € R% and directions vy,..., v € R%. Usually one requires that
the directions are linearly independent, that means k < d and r is k-dimensional. We say
that the parallelepiped is integral if all its 2X many vertices are integral. Here is an example
of an integral parallelepiped with d =2 and k = 2:

Note that it is not necessary that all vectors vy, ..., Uy are integral.

4 Proof of the structure theorem

In this section we are going to prove the structure theorem. The proof outline is as follows:
we can show that the integral points in a polytope P can be covered with polynomially many
integral parallelepipeds. The choice for X is then simply the set of vertices of those paral-
lelepipeds. Now consider any vector a which is a conic integer combination of points in P.
Then by Lemma [7lwe can assume that a is combined by using only a constant number of
points in P nZ%. Consider such a point x* and say it is used 1* times. We will show that the
weight 1* can be almost entirely redistributed to the vertices of one of the parallelepipeds
containing x*.

Let us make these arguments more formal. We begin by showing that all the integer
pointsin a polytope P can indeed be covered with polynomially many integral parallelepipeds
as visualized in Figure[Zl We will say that a polytope S < R is symmetric around center x, if
xo—x€S©x0+x€Sf0ranyxele.

Lemma 8. Let P = {x € R? | Ax < b} be a polytope where A€ Z™*% and b € Z™ and set A :=
max{|| Alloo, | Plloo,2}. Then there exists a set I1 of [TI| < N := m?d°@ (logA)% many integral
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{xeRY|aj, < Aix-b=aj1}

Figure 3: Visualization of the slicing of P into cells.

parallelepipeds such that
pPnzicJnck

mell

Moreover the set I1 can be computed in time N°W,

Proof. First of all, by Lemmalfl every point x € P has [ x|lo < d!- A% and hence |A; x — b;| <
(d+1A-d!-A? < (d+1)!-A%*!. We want to partition the interval [0, (d +1)!-A%*1] into smaller
intervals [a, aj+1] such that for any integer values p,q € [a;,«+1] N Z one has % <1+ %.
For this we can choose « := (1 + #)j‘z for j=1,...,K and a := 0. The number of intervals
is K < 0(log, 1,42 ((d+1!- A1) < O(d3(log A +log d)).

Our next step is to partition P into cells such that points in the same cell have roughly
the same slacks for all the constraints. For each sequence jy,..., j;,; €1{0,..., K — 1} we define
acell C=C(jy,...,jm) as

{xeRdIajisbi—AixsajiH Vie[m]},

see Figure[3l In other words, we partition the polytope P using at most M := m - K many hy-
perplanes. By Buck'’s Formula [Buc43], the number of k-dimensional cellsin a d-dimensional
arrangement of M hyperplanes is upper bounded by £\ (M) :=34 , , (¥)(,/,) s d- @M.
Then the total number of cells of any dimension is generously bounded by (d+1)-d-(2M)% <
mad%@ (logA)4.

Before we continue, we want to comment on the geometry of the cells. Fix one of those
cells C={xeR? | aj, < b; — Ajx < @j,+1 Vi € [m]} < P. Then for any coordinate i with
0<aj, <d? wehave|aj+1 —aj,| < 1. That means that the integer hull conv(Cn 7% is flat in
direction A; unless the cell has a slack of at least d? in that direction.

Now we proceed to prove that there are only d°@ integral parallelepipeds necessary to
cover the integer points of this cell. We assume that C n Z¢ # @, otherwise there is noth-
ing to do. Next, fix any integral point x, € C 0 Z¢ and define a slightly larger polytope Q :=
conv(xg + (xo — x) | x € Cy), see Figure[d By construction, Q is a symmetric polytope with
center xyg. Moreover all its vertices are integral because vertices of C; and xy are integral.



The reason why we consider a symmetric polytope is the following classical theorem which
is paraphrased from John:

Theorem 9 (John [Joh48]). For any polytope P < R? that is symmetric around center x, there
are k < 1d(d + 3) many extreme points x,..., Xy € vert(P) such that P < conv(xy + vVd - (xo —
xj) | j€[kl).

The original statement says that there is in fact an origin-centered ellipsoid E with xy +
ﬁE ¢ P < xo+ E. But additionally John's Theorem provides a set of contact pointsin 0P N0E

whose convex hull already contains the scaled ellipsoid xg + ﬁE. Moreover, the number of

necessary contact points is at most %(d + 3), implying the above statement.
So we apply Theorem[@Ito Q with center xy and obtain a list of points x,..., xi € vert(Cy)
with k < %d(d + 3) such that

CrcQcconv(xg+[Vdl-(xo—xj) | jelk)=:Q.
Now it is not difficult to cover C; with parallelepipeds of the form

n() = {x0+ Y e = x0) | gl < VAl Vje J}
j€J
with J < [k] and {x; — xo | j € J} linearly independent. To see this take any point x € Q'.
By Carathéodory’s Theorem, x lies already in the convex hull of xy plus at most d affinely
independent vertices of Q’, thus there is a subset of indices J < [k] of size |J| < d and signs
€; € {x1} with x € conv({xo} U {xo + ¢; vd- (xj—xo0) | j €J}). Then clearly x € w(J).
Finally it remains to show that all parallelepipeds 7 (J) are still in P. Let x = xo+_ jey ptj (X —

Xo) with |u;| < [Vd]. We need to verify that x does not violate a constraint i € [m)]. First con-
sider the case that j; > 0, that means C does not lie in the very first slice of constraint i. In
this case we have

bi—Ajx=b;—Ajxo— il - 1Aixj—Aixol =0
i i lzaj.lo ]ZQ]LM/J-L | itj l(;'

' VAl zajn-a =
where we crucially use that |aj,+1 —a ;| = (1+ %)aji —aj, = % Ifindeed j; =0, then |aj,+1—
aj =0+ #)‘1 <1 and for integer points x; and xo one must have |A;x; — A; xo| = 0. Finally
observe that the number of subsets J of size at most d is (3d(d +3))? = d°@ which then
gives the desired bound.

Now let us argue how to make this constructive in time N9, For each cell C, we list
the vertices of the integer hull C; in time d°@ m°%@ (logA)°@ by Theorem 5. Computing
the minimum volume ellipsoid containing all those vertices is indeed a semidefinite pro-
gram that can be solved in time polynomial in the encoding length of the vertices of C;. We
refer to Chapter 8 of Boyd and Vandenberghe [BV14] for details. The contact points can be
inferred from the dual solution of this SDP and the associated parallelepipeds can be easily
computed. O

Note that one could have used the following simpler arguments to obtain a weaker bound
that still leads to a polynomial time algorithm for bin packing if d is constant: first of all, each



Figure 4: Visualization of covering the integer points in a cell C;: Start by obtaining the sym-
metric closure Q. Then compute the contact points of a minimum volume ellipsoid contain-
ing Q. Scale those points with v/d to obtain a polytope Q' with only O(d?) vertices containing
C;. Then extend a triangulation of Q' to %@ many parallelepipeds.

cell is defined by selecting m values « j; € {0,..., K—1}, hence the total number of cells is triv-
ially upper bounded by K. Then every cell C; has polynomially many vertices, hence it can
be partitioned into polynomially many simplices. Then each simplex can be extended to a
parallelepiped, whose union again covers Cj.

As aside remark, the partitioning with shifted hyperplanes was used before e.g. in [CHKM92]
to bound the number of extreme points of conv(P N Z%). The next lemma says why par-
allelepipeds are so useful. Namely the weight of any point in it can be almost completely
redistributed to its vertices.

Lemma 10. Given an integral parallelepiped m with vertices X := vert(sr). Then for any x* €
d
nnZ%and A* € Zx there is an integral vector 1 € Z’;QZ such that

(D) A*x* = errmZd HxXx
(2) Isupp(\X| <24

3) puyef0,1}vxe¢ X.

Proof. Let m = {vg +ZZ.‘:1 a;v; | la;l =1Vi=1,...,k} where vy is the (not necessarily inte-
gral) center of 7. Consider a vector u that satisfies (1) and minimizes the potential function
Y xex Mx (i-e. the weight that lies on non-vertices of ). We claim that p also satisfies (2) and
(3).

First consider the case that there is some point x € 7 0 Z¢ that is not a vertex and has
Ux = 2. We write x = vg +Z§‘:1 a;v; with |a;| < 1. LetH Y=+ Z;‘zlsign(ai) ‘v, ennz®
be the vertex of 7 that we obtain by rounding a; to +1, see Figure[5l The mirrored point
z=x+x-y)=vo+ Z;‘:l (2a; —sign(a;)) - v; lies in  as well and is also integral. Here we use
the fact that -1 < 2a; —sign(a;)) < 1. As x = %(y+ z), we can reduce the weight on x by 2

a=0

1
4Recall that sign(a) = {
-1 a<0



Figure 5: Weight of y is redistributed to vertex in parallelepiped.

and add 1 to u, and u,. We obtain again a vector that satisfies (1), but the weight }_ ¢ x tix
has decreased.

So it remains to see what happens when all vectors in (7 N Z%) \ X carry weight at most
1. Well, if these are at most 2¢, then we are done. Otherwise, we can reiterate the arguments
from Lemmal7l There will be 2 points of the same parity, which can be joined to create a new
point carrying weight at least 2 and part of this weight can be redistributed to a vertex. This
shows the claim. O

Now we simply combine Lemmas|[7] [8land [0l

Proof of Structure Theorem3 We choose X as the at most N = m?d°@ (logA)4 many ver-
tices of parallelepipeds IT that are constructed in Lemma[8lin running time N9 (there is an
extra 29 factor, that accounts for the maximum number of vertices per parallelepiped; this
is absorbed by the O-notation). Now consider any vector a € int.cone(P nZ%). By Lemmal[7
there is a vector u € Zggzd with |supp(u)| < 2% and a = ¥, iy - x. For every x with 1, > 0
we consider a parallelepiped 7 € IT with x € 7 1 Z%. Then we use Lemma [I0 to redistribute
the weight from x to the vertices of 7. For each parallelepiped, there are at most 2¢ non-
vertices with a weight of 1. In the case in which a vector is used by several parallelepipeds,
we can further redistribute its weight to the vertices of one of the involved parallelepipeds.
This process terminates as the total weight on X keeps increasing. We denote the new so-
lution by A. As we are using at most 2¢ parallelepipeds, we have |supp(1) n X| < 2¢-2¢ and
lsupp(M)\ X| <2424, O

5 Proof of the main theorem

Now that we have the Structure Theorem, the claim of Theorem[2lis easy to show.

Proof of Main Theorem[2 As both polyhedra P and Q are assumed to be rational, we can
write them as P = {x e R? | Ax < b} and Q = {x € R? | Ax < b} with A, b, A, b integral while the
encodinglength increases by at most a polynomial factor. We abbreviate A := max{|| All oo, | bl 0o, 2}
and A := max{]| Alloo, | Dllo, 23

We compute the set X of size at most N := m?d°? (logA)¢ from Theorem B for the
polytope P in time N°U. Now let y* € int.cone(P n Z%) n Q be an unkown target vector.
Then we know by Theorem [3] that there is a vector 1* € Zgg‘zd such that }_ ,cpnza Az x = y*,
Isupp(A*) N X| <24, |supp(A*)\X| <29 and A% € {0,1} for x € (PN ZH)\ X.

10



After enumerating all subsets of X’ € X of cardinality | X’| < 2?4 and running the subse-
quent test for each of them, we may assume to know the set X’ = X nsupp(1*). Note that
there are at most N2 sets to testﬁ. At the expense of another factor 22 + 1 we guess the
number k = Y . x A% € {0,...,229} of extra points. Now we can set up an integer program
with few variables. We use variables A, for x € X’ to determine the correct multiplicities of
the points in X. Moreover, we have variables x,...,x; € Zgo to determine which extra points
to take with unit weight. Additionally we use a variable y € Z¢ to denote the target vector in
polyhedron Q. The ILP is then of the form

Ax; = b Vi=1,...k
k

Z/lxx+Zx,- =y

xeX' i=1
Ay < b
Ay € Zsp VxeX
xi,y € Z% Vi=1,...,k

and given that we made the correct guesses, this system has a solution. The number of vari-
ablesis |X'|+(k+1)d < 2°@ and the number of constraints is km+d+m+|X'|d = 20D m+m
as well. Note that the largest coefficient in the ILP is at most A’ := max{d!- A% A} as [X]loo <
d!-A? for x € X' (see Lemmal6), as well as max{|| Alloo, | blloo} < A and max{|| Alloo, | Dlloo} <
A. Hence the ILP can be solved in time (20@)2°? . (20@ p; 1 7i7)00) . (1og A")OW) < 2277
enc(P)°W . enc(Q)°Y via Theorem[

We note that the largest factor in upper bounding the total running time is indeed the
term N2 < enc(P)2”" required to guess the correct choice of X’. Multiplying the different
terms results in a total running time of the form enc(P)2”” - enc(Q)°W. O

Note that the structure theorem uses that integer combination are taken w.r.t. a set X =
P Z4 that is closed under taking convex combinations. On the other hand, without any
assumption on the structure of X, the test int.cone(X) N Q # @ is NP-hard even for d = 1
and Q being a single point. To see this, recall that given positive integers ay, ..., a, with
parameters k € N and S = 2, it is NP-hard to decide whether exactly k of the numbers can
be added to give exactly S [GJ79]. Then for S’ := 2(a; +... + ay), this decision problem is
equivalent to int.cone({S' + ay,...,S + a,}) N {kS' + S} # @.

6 High multiplicity scheduling

In this section, we want to demonstrate the power and versatility of our method by describ-
ing, how most scheduling problems with a constant number of job types and a constant
number of machine types can be solved in polynomial time. For didactic purposes, we begin
with a simple application and then discuss how the approach can be generalized to capture
many more scheduling problems.

5Actually we know that X’ consists of the vertices of at most 2d parallelepipeds, thus it suffices to incorporate
d
a factor of N2°, but the improvement would be absorbed by the O-notation later, anyway.
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6.1 Cutting Stock

In the cutting stock problem, we are given item sizes si,...,54 € N and multiplicity a; € N
for each item j € [d]. Additionally we have a list of m bin types, where bin type i € [m] has
capacity w; € N and cost c; € N. The task is to assign all the items to bins so that the items
assigned to each bin do not exceed its capacity. The objective function is to minimize the
cost where we pay an amount of ¢; for each bin type i that is being used. The study of this
problem goes back at least to the 1960’s to the classical paper of Gilmore and Gomory [GG61].
In particular bin packing is equivalent to the case where m = 1.

We will now explain how this problem can be solved using the test from Theorem[2] First,
using binary search we can reduce the optimization variant of cutting stock to the decision
variant where for a given parameter T € Z-( we have to decide whether there is a solution
of objective function at most T. The intuitive way to model the problem is by defining m
knapsack polytopes that include a coordinate for the objective function as well as a target
polytope by setting

d
L X d . . L a d+1
P,-._{(Ci)elR“|jZ:1xjsjsw,~andxj20V]€[d]} Yie [m] and Q.—{(t)e[ﬂz* |OstsT}

Then the cutting stock problem indeed has a solution with objective function value at most
T, if and only if
int.cone((PyU...UP,) NZ")nQ # @.

The issue with this approach is that in general the union of polytopes is non-convex and
TheoremPlonly applies to convex polytopes. But as we have integer variables at our disposal,
this issue can be fixed using the Big-M method.

Theorem 11. The cutting stock problem with d different item types and m different bin types
o(d+m
can be solved in time (log A)? “" where A := max{|l ¢lleo | Wlloos | Slloos 4}

Proof. We set M := max{w;, c; | i € [m]} and define

Y4 sixi < wi+(1-z)MVie[m]
X j=1°1"%] a
Bi={|y|erElrm yo= arl-aMvielml {04 g.={|e|lose=T
- = y = ¢i—(1-z;)MVie[m] 2
Yiemzi = 1

Here, z; is the decision variable telling whether the vector (x, y, z) originates from bin type i.
First, we claim that

X

m d

pnzdtitm = U< |ci|lxe Zgo and Z SjXj < wj @
i=1 | \g; j=1

where e; is the ith unit vector in R”. So, consider a vector (x, y,2z) € PnZ%*1*™_ Then by
integrality and the constraint }_;c[,,;; z; = 1, there is a fixed index i with z = e;. From the other
constraints in P we can infer that y=c;and Z?:l $jxj < wj+(1-2z;)M = w;. In reverse, we
can see that any vector (x, ¢;, e;) that is contained in the right hand side of (2) satisfies the
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constraints of P. In particular for i’ # i one has Z?:l sjixj < w; < wy+(1—zy)M as well as
¢; < cy+(1—zy)M. Hence the test

int.cone(Pnz ™M) nQ # ¢

correctly decides whether the cutting stock instance has a solution of value at most T. It
remains to analyze the running time. The maximum absolute value in the constraint ma-
trices describing P and Q is upper bounded by max{A,2M, T} < dA? where we use M < A
ancﬁ T < llal - llclo < dA%. Moreover the number of variables is d + 1 + m and the num-
ber of constraints is O(d + m). Then the encoding length of both polytopes are bounded by
enc(P),enc(Q) < (m+d)°Y - 0(log(dA)) and the claim follows from Theorem[2l O

From a more abstract point of view, we have solved the cutting stock problem by reducing
it to a test of the form
int.cone(X; U...UX)NQ# @

with X; = P;nZ%, where Py, ..., P,, are polytopes and hence convex sets. While this approach
was sufficient for cutting stock, it is more restricted than necessary. In fact, we can also
handle sets of the form

Xi={xez%3yez% : Alx+B'y<b'}.

Such sets are called integer projections and are extremely powerful. One should note that
integer projections are in general not closed under taking convex combinations: it is possible
that x, y € X; with §x+ 3 y integral while (3x+ 3 ) ¢ X;. In fact, one can even show that every
finite set is an integer projection. Whether an approach using integer projections is efficient
will be determined largely by the number d; of extra variables as we will see.

6.2 Integer conic combinations of unions of integer projections

Motivated by further applications to high multiplicity scheduling, we now give a generaliza-
tion of the test from Theorem[2]to unions of integer projections.

Theorem 12. Given rational polytopes P;,...,P,, <R%*% and a rational polyhedron Q < R?,
define X; := {x € 7% | dye 7% . (x,y) € P;} and dgayx := max{d; : i € [m]}. Then there is an
algorithm that decides correctly whether

int.cone(X;U...UX,))NQ #¢@

in time (X" enc(P;) -enc(Q)°W. In the affirmative case the algorithm provides a

vector A = (A; x)ie(m),xex; With A, x € Z>o and (Z;’il Y xex; Aix - X) € Q. Moreover, the size of
the support of A is bounded by 22(@*dau*m)+1

)20(d+daux+m)

Proof. Let us write P; = {(x,y) € R4*% | Aix+ Biy < b} and Q = {x e R% | A'x < b'}, again
assuming after multiplying with the least common denominator that A*, B’, b* have only in-
teger coefficients for all i € [m]. Without loss of generality we may assumd] that d; = daux

6We can limit T by the following argument: the cutting stock instance can only be feasible if [|slloo < [l lco-
Then assigning each item to a single bin of maximum capacity results in a solution of cost at most ||all; - [ ¢llco-

“More formally, this means we can replace each polytope P; = {(x, y) € RA+di | Alx+ Biy < b} by a polytope
Pi={xy € RA+daux | Al x4 (Bi,O)y < bi; ¥j =0Vd; < j < daux} without changing feasibility of the problem.
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for all i € [m]. We abbreviate A := max{|| A’ [loo, | B lloo) | b oo : i € [m]} as the largest coeffi-
cient in the representation of any of the polytopes P;. From Lemma [6l we know that each
point (x,y) € P;n 7%+ daux gatisfies || (x, WNloo = (d + daux)! - NG+ daux Again, we use the Big-
M method to convert the union of polytopes into a single polytope. The choice of M :=
(d + dyux + 1) - (d + dayy)! - A%+ %aux will be large enough. We set

. . . m
p.= {(x,y,z)eRd+daux+m|A’x+BlySb’+(1—z,~)-M‘v’i€ [m]; Zzi: 1;z; =0 Vie [m]}
i=1

and extend the target polyhedron to Q := Q x R%x x R"™ = {(x,y,z) | Ax < b}. We can prove
that P indeed encodes the union of P;’s:
Claim. Ife; denotes the ith unit vector inR™, then one has

m
Pnzdtdatm | | {(x, y.e) | (x,y)€Pin Zd+da“X} : 3)
i=1

Proof of claim. Let (x, y, 2) € PnZ?*%uw*™ Then by integrality and the constraint ¥, z; = 1
we know that z = e; for some index i € [m]. Then one has A’x+ B'y < b* +0- M and hence
(x,y) € P;n 2% % For the reverse direction, let (x, y, e;) be contained in the right hand side
of @). Clearly the constraint Alx+B! y< b+ (1-z;)M is satisfied. Now consider a constraint
for i’ # i. Then one has A" x+ B” y < d|| A" [l oo Xl o + daux| B llooll ¥lloo < b* + (1 —z;1) M using
thebound || (x, ) oo < (d+ Aay)!- A4+ s gnd making use of the choice of M. Hence (x, y,¢;) €
P and the claim follows. a
The proven claim implies that the condition int.cone(X; U...U X;;;) N Q # @ holds if and

only if
int.cone(P N Z4t %ty ) # @ 4)

Hence we can apply Theorem[2lto decide (). In the affirmative case, Theorem 2lwill return
an integer conic combination A satisfying 3" y2)ePnzd Ay (%, 1, 2) € Q where the support

size is bounded by 22¢*! with d := d + daux + m. Then for i € [m] and x € X; we set A; , :=
2y /1( x,y,¢;) and return the vector A = (A; x)ie[m),xex; as the desired integer conic combination.

It remains to estimate the running time that is required by the algorithm behind Theo-
rem[2l From the construction of P < R we see that enc(P) < X O(enc(P?)) + O(mlog(M)).
Finally, log(M) < (d + dau) ®P10g(2) is bounded by a polynomial in ¥, enc(P;). The Theo-
rem then follows. O

6.3 A general high multiplicity scheduling framework

Next, we want to formulate a very general scheduling problem that captures most scheduling
problems. Then we will argue that this general problem can be solved in polynomial time if
the underlying parameters are constant.

For our scheduling framework we assume to have job types j € [d] with aj € Z~¢ many
copies of type j. Moreover, we have machine types i € [m] with a maximum number n; € Z>
of machines that are available. There are two types of cost: we incur a cost of f; for each
machine of type i that is used and we pay c;; for each copy of job j that is assigned to a
machine of type i.

14



So far, we have not specified more parameters of the jobs, such as release times, dead-
lines and running times and we also have not specified whether we allow preemption or not.
For our general framework, the only requirement that we make is that the configurations of
jobs that can be scheduled on a copy of machine i can be described as an integer projection

X;={xez%):3yez%: (x,y) e K;}

where K; is a polytope. In other words, if x € X; then it has to be possible to schedule x; jobs
of type j on a machine of type i. The performance of our method depends on the number
of constraints in K; and most crucially on the number of extra variables d; that are used.

In particular, this captures the classical settings of preemptive and non-preemptive schedul-
ing with release times, running times and deadlines. Formally, the general scheduling prob-
lem is to assign the jobs to machines in order to minimize the cost, which can be written as
an integer linear program of the form

min Z Z (fl+( Z c,-jxj))/l,-,x (5)

ie[m] xeX; Jeld]
Y Y Adixx = a (6)
ie[m] xeX;
Y Aix = ni VYie[m] @
xXeX;
Adix € Zsy Vie[mlVxeX; 8)

The variable A; x denotes how many machines of type i should be packed with configuration
x. The objective function pays a “fixed cost” of f; for each copy of machine i plus a “variable
cost” of ¢;; for each single job of type j that is assigned to a machine i. The constraint
forces that every job copy is assigned and (7) guarantees that we do not use more than n;
copies of machine i.

Theorem 13. Consider a general scheduling problem I with d many job types, m many
machine types represented by X; = {x € Zgo | 3y € 2% : (x,y) € K;} with rational polytopes
K;. The general scheduling problem can be solved in time enc(X)?" "™ where dyyuy 1=
max;e[m d; is the maximum number of auxiliary variables and enc(Z) is the total encoding
length of the vectors c, f and n plus the sum of the encoding lengths of the polytopes K; for

i€[m].

Proof. We may assume that all the cost parameters c; j and f; are integers. It suffices to find a
solution of total cost T or determine that there is none. The claim then follows by performing
a binary search on T. Let us write K; = {(x, y) | A’x+ B'y < b'}. Now, define

Pi::{((x,cl-Tx,ﬁ,ei),y)E[R%dle{x[R?x[Rm x R% | (x,y)eK,-}

and
X; = {(x, clx, fie) €z |3y e 7% : ((x, ¢l x, fi,e1), y) € Pi}

where e; is the ith unit vector in R™. Note that any vector in X; represents a packing of a
machine of type i where we have extra coordinates for variable cost and an extra coordinate
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for the fixed cost f; as well as extra coordinates for the vector e;. Then the integer linear
program from (B)-(8) has a solution of value at most 7, if and only if

©)

int.cone(XjU...uX,;)NQ#® where Q={(a,C,Ep)| C+FST}

p<n

Then we apply Theorem[I2/to decide the condition in (9). For the running time note that the
integer projections X; live in R4*+2*™ gnd require d; < dy,x many extra integer variables. 0

6.4 Preemptive scheduling

In the next two subsections, we want to discuss how the polytopes K; should be chosen in
order to represent preemptive and non-preemptive schedules. We begin with preemptive
scheduling (without migration). Note that once the assignment to machines is done, the
Earliest-Deadline First policy (EDF) gives an optimum preemptive schedule [Der74]. This
allows to check in polynomial time whether a given set of jobs is schedulable one a single
machine, even if the number of job types is not constant.

Lemma 14. Given jobs j € [d], each with running time p; € Z», release time r; € Z>o and
deadline d; € Z>o. Then the set of multi-sets of such jobs that are EDF-schedulable on a
single machine can be described as X = {x € Zgo : x € K} where K is a polytope with enc(K) <

O(d?®-logA) and A := max{pj,rj,d;,2: j € [d]}.

Proof. Consider a single machine of type i and a vector x € Zgo of jobs and we wonder how
to determine whether the jobs in x can be scheduled on a single machine, i.e. how to test
if the EDF schedule of a set of jobs containing x; copies of job j will meet all the deadlines.
If we consider a time interval [f1, 2] then it is clear that the total running time of all jobs
that have both, release time and deadline in [#3, f2] cannot be larger than the length #, — 1;,
otherwise the schedule must be infeasible. In fact, for the EDF-scheduling policy, this is
also a sufficient conditionfd. Moreover, it is clear that one does not need to consider all time
intervals, but just those whose end points lie in the set T := {rj,d; | j € [d]} of critical points.
Thus we can define K as the set of vectors x € [R?go such that

Z Xjpjsthh—t Vh,beT: <t (10)
jeldl:
rj,d;€lty, 1]

Observe that a job vector x € Zgo can be scheduled if and only if x € K. The bound on
enc(K) follows from the fact that K has d variables, O(d?) constraints and all coefficients
are bounded by A. O

6.5 Non-preemptive scheduling

Next, we consider scheduling without preemption. In contrast to the preemptive case, even
in the single machine case, finding a feasible non-preemptive schedule is NP-hard [GJ79]
in general. However, we will see that for fixed number d of job types, the set of feasible
schedules allows a compact description:

8This can be easily derived from Hall’s condition for the existence of perfect matchings in bipartite graphs and
the optimality of EDE
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Lemma 15. Given jobs j € [d], each with running time p; € Z, release time r; € Z>o and
deadlinedj € 7. Then the set of multi-sets of such jobs that are schedulable non-preemptively
on a single machine can be described as X = {x € 2%, :3y € 70 : (x, y) € K} with enc(K) <
O(d*logA) where A := max{pj,rj,d;,2: j € [d]}.

Proof. While we index the jobs of the instance as j € {1,...,d}, it will be notationally con-
vinient to set ry := 0, pg := 1, dp := oo, which allows us to use job 0 to represent any idle time
of the machine.

Let T:={rj,d;jl| jeldl} =1{t,..., 24} be the 2d critical points, sorted so that f; <... < f»4.
The crucial observation is that in a feasible schedule, we can arbitrarily permute jobs that
have both start and end time in an interval [#g, tx+1]. Let us imagine that the schedule is
cyclic in the sense that the schedule processes first some (possibly 0) copies of job type 0,
then some (again, possibly 0) jobs of type 1, and so on until type d; then the scheduler starts
again with jobs of type 0. The interval from a job 0 interval to the beginning of the next
job 0 interval is called a cycle. Note that the number of copies of job j that are scheduled
in a cycle can very well be 0, so indeed such a cyclic schedule trivially exists. Moreover, we
want to restrict that a job of type j is only allowed to be scheduled in a cycle if the complete
cycle is contained in [r},d;]. But again this restriction is achievable as we could split cycles
if needed.

We claim that there exists a schedule with at most 4d many cycles. Following our ear-
lier observation it is clear that whenever 2 cycles are completely contained in some interval
[k, tx+1] of consecutive points, then we could also join them. Hence we have at most 2d cy-
cles contained in intervals of the form [y, ;1 1] plus at most 2d cycles that include a critical
point.

We introduce an auxiliary variable y;; which tells us how many copies of job j are pro-
cessed in the kth cycle. Additionally we have a binary variable z telling us whether jobs
of type j can be processed in the kth cycle. Moreover, the kth cycle runs in [7;_, 7] (with
70 :=0). Then the polytope K whose integral points correspond to feasible schedules can be
defined as

x]' = Ziilyjk VjE{l,...,d}
Tk = YeskXoPjVie Vkel4d)
Yik = A~ij VjE[d] Vke[4d]
Tg-1 = 1j—A0-2zj) Vjeld] Vke[4d] (11)
Te = dj+A(1—ij) V]E[d] Vkel[4d]
YikTk = 0 Vjelo,...,d} Vke[4d]
zjr € [0,1] Vjeld]Vke [4d].

For example if yj; > 0 then this forces that zj; = 1 and hence r; < 741 < 7 < d;. A vec-
tor x € Zgo can be non-preemptively scheduled if and only if there are integral 7, y, z such
that (x,7,¥,2) € K. Since K has O(d?) variables and O(d?) constraints, we obtain the bound
enc(K) < O(d*logA). O

One might be tempted to wonder whether the number of variables could be reduced at
the expense of more constraints, which might still improve the running time. But for non-
preemptive scheduling we run into the problem that the set of vectors x that can be sched-
uled on a single machine is not closed under taking convex combinations@. In fact, some

9A simple example is the following: consider a set of d = 3 job types with {rjdj,pj) | j =1,2,3} =
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additional variables are necessary to write those vectors as integer projection of a convex
set.

6.6 A Scheduling Application

As said earlier, many scheduling problems, that involve a constant number of job types and
machine types can be handled by our framework. For the sake of demonstration, let us de-
scribe one natural setting:

Corollary 16. Given job types j € [d] and machine types i € [m] where job j has machine-
dependent release time r;j € 7o, deadline d;j € Z>o and running time p;;j € Z>o on a ma-
chine of type i € [m]. Moreover we have a; € Z>( copies of job type j and using a copy of a
machine of type i € [m] incurs a cost of ¢c; € Z>o. Then one can find an optimum assignment
of jobs to machines minimizing the total machine cost under preemptive [non-preemptive,

+m 2em
resp.] scheduling in time (log A2 [(logA)ZO(d g resp.], where A := max{l| all oo, I 7 ll oo, | &l 0o, | Pll0or 4}

Proof. For the preemptive case, choose K; as in Lemma[l4lwith da,x = 0. In the preemptive
case, we choose K; as in Lemma[I5lwith dauy = O(d?) auxiliary variables. O

It is not difficult to incorporate other objective functions. For example if the goal is to
minimize the makespan, then one can perform a binary search on the target makespan D.
In each search step one sets the deadlines d;; to the current value of D and then runs Theo-
rem[I3]to check feasibility. As another example, consider the case that the objective function
is to minimize the tardy jobs. One can set the machine cost to 0 and add a dummy machine
with infinite resources that charges a cost of 1 per scheduled job. Then the minimum cost
solution will try do maximize the jobs that are assigned to the regular machines. This con-
cludes the discussion on scheduling.

7 Finding integer conic combinations for unbounded polyhedra

So far we have only considered integer combinations int.cone (PnZ%) where P was a bounded
polyhedron. Now we will discuss how that boundedness assumption can be removed. We
will see that P can be decomposed so that the test int.cone(P N Z%) N Q # @ is equivalent to
a test where points come from the union of two bounded polytopes. Such a test can then be
decided by our Theorem[121

Theorem 17. Let P,Q < R? be rational polyhedra. Then the condition int.cone(PNZ%)NQ # @
o(d

can be decided in time enc(P)%” - enc(Q)°Y). In the affirmative case, a vector (Ax) . pnza Of

support 299 with Y. .. prz4 AxX € Q can be computed in the same time.

Proof. Wewrite P = {x € R? | Ax < b}. Again we may also assume that A and b have only inte-
gral entries and set A := max{|| Alloo, | bl oo, 2}. The Minkowski-Weil Theorem (see e.g. [Sch99])
tells us that one can decompose P = S+C where S € R? is a polytope and C = {x e R? | Ax < 0}

{(0,300,150), (100,102,1), (200,202, 1)}. The vectors x’ = (2,0,0) and x” = (0,2,2) can both be scheduled in a non-
preemptive way. But the convex combination %(x' +x")=(1,1,1) cannot be scheduled.
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is the characteristic cone of P. As P is rational, a valid choice@ is S= P n[-M, M]? where
M := d!A?. Also the cone C is rational and hence C = coneiay, ..., ay} for some integer vec-
tors ay,...,an € Z%. Similar to before one can argue that coefficients of size ||a;llocc < M
suffice] for all i € [N]. The next step is to restrict the cone to a bounded region by set-
ting R := Cn [-dM,dM]“. In the following we abbreviate int.cone, (X) := {Y yex AxX | Ay €
Zspand A # 0} as the integer conic combinations of a set X where the combination with
A =0 is excluded. Now we can analyze the decomposition:

Claim I. One has int.cone. (P N Z%) = int.cone, (S + R) N Z%) + int.cone(RN Z%).

Proof of Claim I For the direction “<”, we will show that P n Z9 c int.cone, (S + R) n Z%) +
int.cone(R N Z%) holds. Consider a point x € PnZ% and write it as x = s + ¢ where s € S and
¢ € C (here neither s nor c is guaranteed to be integral). Then by the definition of the cone C,
we can write ¢ = Zi.\i | Mia; for some coefficients y; € R>o where by Carathéodory’s Theorem
(again see e.g. [Sch99|) we may assume that [supp(u)| < d. We write

N N N
=Y piai=Y (wi—lpiDai+Y_ luila;
et et =
l l 1
=r =:Cint
where cjn; € int.conefay, ..., ay} € int.cone(R N Z%). Moreover we know that r € R because
Zﬁ.\il(,u,- —|uil) =d and llailloo < M for i € [N]. Then x = (s+ r) + cint where x and cjy are
integer vectors and so (s+1r) € (S+R)n YA
For the direction “2” take integer conic combinations }_ ¢ s, gjnz¢ AxX With A € Z> and

A#0and Y. cpnza pyy with py € Zgo. Fix a vector x* € (S+R)nZ% with A~ = 1 (this is where
we need that A # 0!). Set x*j := X" + X yepnzd Hyy and note that x** € PN 74, Define a new
integer conic combination A by

Ape = Agee 1, Agei=Ap =1, Ayi= A Vxe (S+RINZH\x*, x**}, A, := 0 otherwisd'2,
In words, we have moved all the weight from points in RnZ¢ to a single copy of a single point
in PNZ% Then Y cpnzd AxX = Y ve(s+R)nzd AxX + X e pnza Hyy which shows Claim I. O

It appears that the overall Theorem almost follows by applying Theorem[I2] if there was
not the slight issue that Claim I contains the expression int.cone; (...) which forbids the all-0
coefficients. However, this issue can be fixed by extending the dimension of the polytopes by
1. In particular we will use P x {1} = {(]) | x € P} which is a (d + 1)-dimensional polyhedron.
Note that if 0 € Q, then trivially int.cone(P N Z%) n Q # @. Hence we may assume from now
on that 0 ¢ Q. Our goal is to reformulate the target condition

int.cone(PNZ) N Q # @. (12)

101f P has vertices then by LemmalB S contains all the vertices and the result is immediate. However, it is
possible that P contains lines. Hence, we consider a maximal index set I < [d] so that the restriction P/ = {x €
P|x; =0Vie I} still satisfies P’ + C = P. Then P’ does not contain a line while it intersects every minimal face
of P. The minimal faces of P’ are vertices and every x € vert(P’) has || X[l < d!A% = M. Then vert(P') € S which
concludes the argument.

U Gonsider the polytope Chounded := C N [-1, 114. We know that the vertices of Chounded SPan the cone, i.e.
cone(vert(Cpoundeq)) = C. While the vertices of Cpoyndeq are in general not integral, we can scale them to be-

come integral with bounded coefficients. More precisely by Cramer’s rule, every x € vert(Chounded) is of the
det(R;) det(Ry)
det(T) ’" " “det(T)
det(T) - x € Z% and moreover || det(T) - Xlloo = max;e(y; | det(R;)| < d!AY = M.

1211 the fringe case where x** = x*, set Ay := Ay for all x.

form x = ( ) where Ry,...,Rg, T are d x d matrices filled with entries from {-A,...,A}. Then
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First note that as 0 ¢ Q, the coefficient vector A = 0 is useless for (I2) and so (I2) is equivalent
to

int.cone, ((P x {1) nZ*) n (Q x [1,00)) # 2. (13)
Then by Claim I, (T3) is equivalent to

(int.cone+(((S +R) x {1) nZ4*!) + int.cone((R x {0}) N zd“)) N(QxI[Lo0) £  (14)
Then (I4) is equivalent to
int.cone((((S+R) x (1) N2 U ((Rx ) N Z*"))n (Q x [1,00)) # 8, (15)

where the extra coordinate enforces that at least one point from ((S+ R) x {1}) n Z%*! needs
to have positive weight in any valid integer conic combination. Now we call Theorem
to decide condition (I5) using that (S + R) x {1} and R x {0} are bounded. Note that in the
affirmative case, an integer conic combination satisfying (I5) can be transformed into one
using points of P n Z4 using the argument from Claim I.

For the running time, note that Theorem [12]is called for (d + 1)-dimensional polytopes
whose encoding length is bounded polynomially in enc(P). O

8 The Eisenbrand-Shmonin Theorem is tight

In this section, we want to describe an example that shows that the Eisenbrand-Shmonin
result described in Lemma [7is tight up to a factor of 2. To the best of our knowledge, this
was not known before. Fix a dimension d = 2 and let k := 2971, Let’s define a set X c Z% of k
points as

{031,014 000, @ EH 25 | € 40,1) Vie (d =11}

For example, for d = 3 we obtain

1 2 1 2
( 1 ) , ( 1 ) , ( 2 ) ’ ( 2 ) .
4k)) \@4k?) \4i?) \@k*

We sort X = {ay, ..., ax} according to their length, i.e. ||a;lloo = (4k)! and define P := conv(X).

Lemma 18. The integer conic combination y := aj + ... + ay. is unique, thus there are 247!
points necessary to obtain y as an integer conic combination of points in P Z¢.

Proof. First, we observe that there is no other integer point in the convex hull P because of
the first d — 1 coordinates of the a;’s. In other words P nZ% = X. We want to argue that due
to the enormous growth of the last coordinate, each a; has to be used exactly once in order
to obtain y. For this sake, consider any integer conic combination

k
y=)_ Aia;.
i=1
Note that y;=3-2¢"2for je{1,...,d -1}, thus 0= A; =3-2¢"2 <2k fori = 1,..., k. We want
to argue that 1, = ... = A = 1 is the only possibility. Suppose this is not the case and let i *
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be the largest index with 1;- # 1. We will see that if 1;+ = 0, then the combined vector is too
short and if 1;+ = 2, then it is too long. More formally, we inspect the difference

k i*—1
”izzlw—na,-ﬂm = W1 laeleo= 3 A larls (16)
<2k =(4k)
.k i*_l .
> Ay —1-(40)" = ) 2k-(4k)! 17)
i=1
> @’ (I -1-2 (X @k (18)
(i -11-3 (L)
—_———
<3/2
> (|Ai*—1|—2)-(4k)i*>0 (19)
—_—
=1/4

In we use the reverse triangle inequality and the fact that [1; — 1| =0 for i > i*. In (I7)
we make use of 1; < 2k and ||a;lle = (4k)!. To bound the sum in (I8) we use that 2k = 4.
Finally in (I9) we reach the conclusion of || (Zf:1 Aiai) — ¥l > 0 which is a contradiction to
the assumption that A is a valid integer conic combination for y . O

Note that || axlleo = (4Kk)* = 20W@2" hence our construction uses numbers that are doubly-
exponentional in d. An argument of [ES06] based on the pigeonhole principle shows that for
aset X €74, every point in int.cone(X) admits an integer conic combination whose support
size is bounded by O(d -log(d M)), where M := max{|| xll» | x € X}. In other words, any set of
integral vectors X where some vector int.cone(X) requires a support of size Q2% must have
M = 292" Hence the doubly exponentially large numbers are indeed necessary.

Follow-upwork. After publication of the conference version of this paper, Jansen and Klein [JK17]
proved a modification of the Structure Theorem[Blwhere the points X are simply the vertices

of conv(PnZ%). Interestingly, in order for that Theorem to be true, the used number of points

from (PnZ%)\ X counted with multiplicity has to be increased from 20@ to 22°” | Their main
algorithmic result is the following:

Theorem 19 (Jansen-Klein [JK17]). Given rational polytopes P,Q < R%, one can find a vector
d o(d
y € int.cone(P N Z%) N Q and a vector A € ZE0Z" in time |vert(P))|? . enc(P)OW . enc(Q)°W)

such thaty =Y ,.cpnzd AxX, or decide that no such y exists.

Here vert(P;) are the extreme points of the convex hull of integers points in P. Plugging
in the worst case bounds of Cook et al. [CHKM92|Har88] does not improve over our running
time of O(logA)ZO(d) even for bin packing in d dimensions. However, one might imagine
applications where the polytopes in question are guaranteed to have rather few vertices so
that the approach of [JK17] dominates.

Open problems. A natural open problem that arises from this work is whether the double
exponential running time is necessary. We pose it as an open problem whether bin pack-
ing in d dimensions can be solved in time f(d)- O(log(A))°Y, where f(d) is an arbitrary
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function depending on the dimension. Phrased differently, we ask whether bin packing is
fixed-parameter trackable with the dimension as parameter.

We would like to point out that there are problems in high multiplicity scheduling that
remain unsolved. For example, imagine that we are given d different rectangles with dimen-
sions w; x h; and multiplicity n; as well as a W x H sized bin. The question is whether all the
rectangles can be packed into this bin (without rotating the rectangles). Schiermeyer [Sch94]
conjectures that this problem is solvable in polynomial time if 4 is fixed. Our framework
does not seem to apply (at least not without structural insights into the optimum rectangle

packing).
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