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STOCHASTIC HEAT EQUATION LIMIT OF A (2+1)D GROWTH MODEL

ALEXEI BORODIN, IVAN CORWIN, AND FABIO LUCIO TONINELLI

ABSTRACT. We determine a ¢ — 1 limit of the two-dimensional g-Whittaker driven particle sys-
tem on the torus studied previously in [4]. This has an interpretation as a (2 + 1)-dimensional
stochastic interface growth model, that is believed to belong to the so-called anisotropic Kardar-
Parisi-Zhang (KPZ) class. This limit falls into a general class of two-dimensional systems of driven
linear SDEs which have stationary measures on gradients. Taking the number of particles to infinity
we demonstrate Gaussian free field type fluctuations for the stationary measure. Considering the
temporal evolution of the stationary measure, we determine that along characteristics, correlations
are asymptotically given by those of the (2+ 1)-dimensional additive stochastic heat equation. This
confirms (for this model) the prediction that the non-linearity for the anisotropic KPZ equation in
(2 + 1)-dimension is irrelevant.
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1. INTRODUCTION

The two-dimensional g-Whittaker particle system on the torus was introduced by Corwin and
Toninelli [4]. The state of this system is interlacing collections of particles on the two-dimensional
torus. Particles jump right by one on their row according to exponential clocks whose rates are
determined by certain nearest neighbor inter-particle distances — see — as well as a parameter
g €[0,1). As discussed in [4], the dynamics can be seen also as a stochastic growth process for a
random discrete (2 + 1)-dimensional interface. The mapping is based on the fact that interlacing
particle configurations correspond to perfect matchings (dimer coverings) of the hexagonal lattice,
and the associated integer-valued height function provides the discrete interface. In the present
work, we adopt the point of view of the particle system rather than that of the growth model.

These dynamics originated in Borodin and Corwin’s study of Macdonald processes [I] wherein
they were defined on certain triangular arrays of interlacing particles. Based on that inspiration
as well as a recent treatment by Toninelli in [I4] of the ¢ = 0 case of this system, [4] proposed
and then verified that certain local Gibbs measures are stationary for the dynamics — see and
Proposition [I] for a summary of those results.

When ¢ = 0, [14] determined that stationary measures are simply uniform measures on particle
configurations, which are known to enjoy a relation to determinantal point processes and to have
Gaussian Free Field type fluctuations in the infinite volume limit for the torus. In [14] it was also
shown that the dynamics remain well-defined in the infinite volume limit and bounds on the scale
of fluctuations of the associated height function for the system were determined. In particular, it
was shown that height function fluctuations grow at a smaller rate than any polynomial in time ¢
(and that the bound can be improved to O(y/logt) in a certain range of particle densities).

The ¢ = 0 model is predicted (cf. [3]) to be in the anisotropic (2 + 1)-dimensional Kardar-Parisi-
Zhang universality class which is represented by the stochastic PDE

O (:,9) = 3 AR5 ,) + (VB QUR)152,9) + E(t:2,9) (1)
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where h(t; x,y) represents a height function at time ¢ and position (z,y), A is the Laplacian in z and
Y, @ is a 2 x 2 matrix with signature (+, —) and £(¢; x, y) is a space-time white noise. This is called
anisotropic because of the mixed signature on the non-linearity, whereas when the signature of @) is
(4+,4+) or (—,—) the model is called “isotropic”. In 1991, Wolf [15] predicted that the fluctuations
of the anisotropic equation should grow like v/logt and moreover that the non-linearity should be
irrelevant and the long-time behavior of the system should be exactly as that of the two-dimensional
additive stochastic heat equation (i.e., the equation with @ set to zero).

Wolf’s prediction of y/log t fluctuations was demonstrated numerically soon after by Halpin-Healy
and Assdah [I0]. Prahofer and Spohn [I2] considered a microscopic model related to the Gates-
Westcott model, and demonstrated through exact calculation this fluctuation scaling. Borodin and
Ferrari [3] studied a (non-periodic) triangular array variant of the ¢ = 0 case of the g-Whittaker
particle system and, using the technology of Schur processes they proved the /logt scaling and
further demonstrated convergence to a Gaussian free field as time goes to infinity. The occurrence
of a Gaussian free field is consistent with the prediction of convergence to the additive stochastic
heat equation since the Gaussian free field is stationary for the time evolution of that stochastic
PDE. It should be noted that since [3] dealt with dynamics on a triangular array of particles, the
Gaussian Free Field fluctuations only appear after a suitable coordinate change. This coordinate
change is not visible from the renormalization group arguments of Wolff. In this paper we focus on
translation invariant models for which no coordinate change is necessary.

We should note that is not, a priori, well-defined because of the non-linearity and the fact
that solutions are not function valued, but rather generalized functions (like the Gaussian free
field). We are not aware of any rigorous treatment of this equation, though it may eventually fall
into the class of systems which can be defined through Hairer’s regularity structures [9]. As such,
none of Wolf’s predictions have been proved for itself. Let us also note that the story is quite
different when the model is isotropic — see recent numerical studied of Halpin-Healy [11].

To our knowledge, the present paper, together with the forthcoming work of Borodin, Corwin
and Ferrari [2] in the context of these dynamics on triangular arrays, is the first instance in which
the full space-time picture has been rigorously established for a model in the (2 + 1)-dimensional
anisotropic KPZ class converging to the additive stochastic heat equation. To be upfront about
things, we do not prove this convergence as a process (which would require some additional tightness
estimates), but rather in terms of the correlation structure for Gaussian processes.

The initial motivation for this paper was the desire to extend the study of [3, 14] to the ¢ # 0
case. In that case the Schur / determinantal point process structure is lost. To overcome this
impediment, we decided to consider a Gaussian limit of the model, hoping that calculations there
would become sufficiently doable without said structure. In particular, we consider the ¢ = e™¢ — 1
limit of the particle system, as we simultaneously scale the torus width and height like e~'. We
start particles spaced on the e~! scale according to a certain crystalline configuration (see the
beginning of Section [3) with smaller ¢~ /2 scale fluctuations. Speeding time up by e, we prove
(Theorem (1)) that particle positions (multiplied by €) have asymptotically a constant speed v and
that fluctuations (multiplied by €'/2) converge (as a space-time process) to a limiting system of
SDEs. Likewise, under this scaling the stationary measure on the ¢-Whittaker system converges to
a Gaussian measure (Lemma [3]). (Note: we do not prove that the stationary measure concentrates
on the crystalline configuration, though it is certainly compelling to conjecture this).

Once in the setting of SDEs with Gaussian stationary measures (in fact, the stationary mea-
sures are on gradients) we are able to use Fourier transforms to explicitly compute the space-time
correlations as the number of particles goes to infinity (Theorem [2|) as well as the correlations and
Gaussian free field limit of the stationary measure (Theorem (3)). Theorem [2| has a number of corol-
laries. Corollary [1| shows that for fixed, large time ¢, fluctuations grow like v/logt and correlations
decay in a spatial range of order t}/2. Corollary [2| considers the correlations along space-time lines.
There exists a distinguished direction U along which correlations exist in a temporal scale of order
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t and a spatial scale of order t!/2. In fact, Corollary |3| shows that in this scale, the correlations
converge to those of the (2 + 1)-dimensional additive stochastic heat equation — thus validating
Wolf’s prediction for this model. On the other hand, Corollary |2 also shows that for space-time
direction not equal to U, the correlations decay to zero on a t'/2 time-scale, thus much faster than
along U.

We call the direction U the “characteristic” direction. The reason is that the lines y = Ut are
the characteristic curves of a PDE that we conjecture to describe the hydrodynamic limit of our
model when the initial condition is not crystalline, see Section [3.2] There is a close analogy with
what happens in the context of (1 + 1)-dimensional particle systems. In that setting, the hydro-
dynamics are described by Hamilton-Jacobi conservation laws which can be solved by computing
the characteristics and propagating initial data along them. Characteristics are computed as the
derivative of the flux with respect to the local slope. At a more microscopic level, initial data
fluctuations are propagated along characteristics. In particular, one has “slow decorrelation” [7, [5]
along characteristics whereby fluctuations along these space-time directions decorrelate far slower
than along other space-time directions. The phenomenon of slow decorrelation along characteristics
was conjectured (with some supporting evidence) in [3] to hold for the two-dimensional g-Whittaker
particle system at ¢ = 0.

The aforementioned results concerning correlations of two-dimensional systems of SDEs are ac-
tually proved below in much broader generality. In particular, all results are proved provided that
the SDEs take the form of with the matrix A satisfying the conditions of Proposition [2l This
could reflect the expected universality of the (2 + 1)-dimensional anisotropic KPZ class. It would
be compelling to see if any of these universality results can be proved directly for the general ¢
system, without first taking the SDE limit. Without the Gaussian structure, though, it is unclear
how to proceed in this goal.

As mentioned above, in the ¢ = 0 case, there exists a triangular array variant of the g-Whittaker
particle system which was studied at length in [3] using Schur processes. The triangular variant
of the general g case relates to ¢g-Whittaker processes [I] and though the system is no longer
determinantal, there are many useful formulas provided through the technology of Macdonald
processes. In a parallel paper to this, Borodin, Corwin and Ferrari [2] develop the analogous ¢ — 1
limit of this triangular variant of the particle system and explore the limits of the exact formulas and
their applications (in particular, concerning the asymptotic behavior of correlations along certain
space-time directions).

1.1. Acknowledgements. The authors wish to thank Patrik Ferrari for conversations on this
work and the related work [2]. A. B. was partially supported by the NSF grant DMS-1056390.
I. C. was partially supported by the NSF DMS-1208998, by a Clay Research Fellowship, by the
Poincaré Chair, and by a Packard Fellowship for Science and Engineering. F. T. was partially
funded by Marie Curie IEF Action DMCP- Dimers, Markov chains and Critical Phenomena, grant
agreement n. 621894. This work was initiated during the Statistical Mechanics, Integrability and
Combinatorics program at Galileo Galilei Institute (Arcetri). We appreciate the hospitality and
support of these institutes.

2. MODEL AND NOTATION

We start by recalling the definition of the ¢-Whittaker particle system on the torus, and its
stationary measure as defined in [4]. We consider an interacting particle system in which particles
live on the L x N discrete torus Ty, y = Z/(LZ) x Z/(NZ). The horizontal size is L and the vertical
size is N.
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The particle configuration space will be denoted Qf n.m; m., and it depends on two integers
1<mqp < Land1l<my< N such that

ml/L—I—mQ/N< 1. (2.1)

At each site © = (21, 22) € T n there is at most one particle. On each row there are exactly my
particles. We exclude m; = 1 and my; = L to avoid trivialities. The parameter mo has a more
topological nature and its meaning will be explained below.

The horizontal position of particle p is denoted x, € Z/(LZ). Particle positions are interlaced,
in the following sense. Given particle p (say on row i), we let p1, ps denote its right/left neighbor
on the same row (note that if m; = 2 then p; = p4). Then, we require that in row ¢ — 1 there is
exactly one particle, labeled po, whose position satisfies

Tpy €E{ap+ 1,2, +2,...,2p} (2.2)
and exactly one particle, labeled ps, satisfying
Tps € {xp, +1,2p, +2,...,2p}. (2.3)

See Figure Note that, automatically, in row ¢ + 1 there are exactly one particle p; and one
particle pg satisfying respectively

Tps € {xp,, ..., xp— 1}, xp, € {xp, ..., zp — 1} (2.4)
| \Z)\5\ | | | | | | \2\96\ | | | .
r-r@-r-r-r-r-r-r-r-@-r-r-r-r- row i+l

prlo e '

‘777’77’7777777‘777’77’77’7“77777\ rOW 1
| | | | | | | \p3\ | | | 2\ | .
‘r—‘r—‘r—‘r—‘r—‘r—‘rb—‘r—‘r—‘r—‘r—‘.—}3#—1 row -1

| | | | | | | | | | | | | |

FiGure 1. The neighbors pi,...,pg of particle labeled p. Note that conditions
(2.2), (2.3) allow C)p := z, — xp, = 0 but they impose By, + 1 := xp, — zp > 1.

We define non-negative integers A4,,..., F), as
Ap=ap —ap =1 By=ap, —xp—1; Cp=1p—ap (2.5)
Dy =ap—ap, =1, Ep=xp—ap; =15 Fp=xp, — 1.

The particles pq, ..., pe are the six neighbors of p, labeled clockwise starting from the one on the
right. The definition of the dynamics will be such that the labels of the neighbors of a particle p
do not change with time (particles will not jump over each other or change interlacements).

Let Qr, nm, be the set of particle occupation functions, i.e. of functions 7 : Ty x — {0, 1}, with
mq particles (i.e. occupation variables equal to 1) per row, whose positions satisfy the constraints
—. The set Qf, N.m, decomposes into disjoint “sectors”:

Qp,Nm, = U Qr,Nmym (2.6)

m2

as follows. Given any particle p, connect p to its up-right neighbor pg, then pg with its own up-right
neighbor and repeat the operation until the path I' thus obtained gets back to the starting particle
p. Note that I" forms a simple loop: otherwise, there would be a particle r which is reached along I
from two different particles 7/, r”. This is impossible, since both 7" and r” would be the lower-left
neighbor r3 of . Call N, € NU{0}, N}, € NU{0} the vertical and horizontal winding numbers of I"
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around the torus Ty, . It is easy to see that N, N, are independent of the chosen initial particle
p. As discussed in [4, Remark 2],
Np,
mo ‘= 1my Nv (2.7)
is an integer and it satisfies . The set 7, n.n, i is defined as the subset of Q2 n.,, Wwith
mg = k. Each sector Qr, n.mn, m, Will remain invariant under our dynamics.

Let us briefly remark that the particle configurations we are considering can also be mapped
onto dimers on the periodized L x N hexagonal lattice. This perspective is explained in [4] (see
in particular Fig. 2 there) wherein n; := miN corresponds to the number of vertical dimers,
no := moL to the number of north-west dimers and n3 := NL — ny — ny the number of north-east
dimers. We will not pursue this perspective any further here.

Given a configuration 7 € Qr N.m,.m,, draw a directed upward edge from any particle label r
to its up-right neighbor rg if F;, = 0 (in which case r and rg have the same horizontal position).
For the particle labeled by p let VPJr be the set that includes p plus the particle labels that can be
reached from p by following upward oriented edges. The dynamics we consider is a continuous-time
Markov chain on €7, N, ,m,. For each p, there is an exponential clock of rate

(1—¢P)(1 = ¢Pr )
(1= o)

with ¢ € [0,1). When said clock rings, all particles with label r € V,* shift by (1,0). Note that
the rate is zero if B, = 0. This prevents particles from overlapping after the move. Note also
that after the move, the configuration is still in €27, N.n,m,- This is discussed in more detail in
[4]. Another way to understand the dynamics is that when particle p moves, provided its up-right
neighbor pg € Vp+, then C), becomes —1 and the jump rate for pg becomes infinite, and hence it
immediately moves (and so on for all other r € Vp+). These dynamics are called the g-Whittaker
particle system on the torus. As a side remark, let us add that, in terms of dimer model, shift
to the right by +1 of a family Vj corresponds to increasing the height by 1 in ]V;r\ faces of the
hexagonal lattice.
Given g € [0, 1), let m be the probability measure on Qf, n.m, m, defined as

(2.8)

_ 1 (¢:9)4,
ZrNmama 5 (4:9)B, (4 9)c,

(o) : L{o€0s Ny my} (2.9)
where (¢;¢)n = (1 —q)(1 —¢?)...(1 —¢") and ZL N.m,.ms is the normalizing constant necessary to
make this a probability measure. The main result of [4] (Theorem 1 therein) is:

Proposition 1. The probability law 7 is stationary in time for q- Whittaker particle system on the
torus.

Clearly, the measure 7 is not reversible, since the process is totally asymmetric.

We will consider a certain ¢ — 1 limit of the particle system. To fix scalings, for € > 0 let
q = exp(—e¢). For simplicity (to avoid a plethora of |-]), we will assume e~! is an integer, though
all results hold for arbitrary e. Further, let L = ¢~'¢ for some integer . On each row there are
m := my = n1/N particles, with m an integer of order ¢. Also for simplicity we take N = m, so
altogether we have n; = m? = O(¢?) particles. Taking N to be another multiple of m would not
change our results qualitatively.

Remark 1. On Z2, introduce the equivalence relation ~ such that p ~ p' iff p = p' + (jim —
Jjama, jom) for some j1,jo € Z. Observe that if we take N = m steps along T' starting from p,
we get a particle p' that is the j right neighbor of p on the same row, for some 0 < j < m.
Actually, one has j = ma, since Nyj = Npm. Particles will be given a label p € Z? such that
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pr=p+(1,0),p2 =p+(1,-1),p3 =p+(0,-1),ps = p— (1,0),ps = p+ (=1,1),ps = p + (0, 1),
with an arbitrary choice of which particle is labeled p = (0,0). Thanks to the above observation,
given integers ji, ja, particle p+ (jima, joN) is to be identified with p + (jama,0). In other words,
particles are labeled by p € Ry, := 72/ ~ (the quotient set of Z? by ~, which contains m? equivalence
classes).

We will first take the limit € — 0 with m and my fixed, and then m — oo with the ratio ms/m
bounded away from 0 and 1 if we want to take an infinite-volume limit (ms/m < 1 by definition,

recall (2.1)) and m = N).

The average inter-particle distance along a row is

D L
b_L_ ¢ (2.10)

€ m €m

so that, with reference to (2.5)), the average value of D, is e 1D.
The average value of C), is instead fixed by choosing mg suitably, as follows. Let C' € (0, D) be
defined by

C mo
5= (2.11)

and let B = D — C. (Note that, as long as the integers m, mg are kept finite, C' can take only a
finite set of values in (0, D); such set becomes dense in (0, D) if we allow m,ma to diverge with a
fixed ratio).

We claim that the average value of C), in any particle configuration is e~ 1C. Indeed, take the
path I' defined after . It visits exactly N, x N = mN,, particles and its total displacement to
the right equals IV}, x L. On the other hand, IV}, x L is also the sum of the C}, over all particles in
I'. From this, we see that the average value of C), is

N, hL mgL _1M2 el _1 Mo
N = 2 = mm = P 212
where in the first equality we used , and in the third . Eq. then allows to conclude.

Similarly, we see that the average of B, is € 1B. On the other hand, the averages of D,, E,, F},
equal by definition the averages of A,, B, C), respectively.

3. CONVERGENCE TO A SYSTEM OF SDES

We will start the dynamics from an initial condition where each particle p € R,, is within
distance O(e~/2) from its “ideal position” X, in a perfect “crystalline configuration” where D, =
e_lD,Bp = e_lB,C’p = ¢ 1C for every p. Assuming without loss of generality that X, = 0, we
have for p = (p(l),p(2))

X, =pWe D 4+ pPe i (3.1)
where the r.h.s. has to be taken modulo e '/.

Our first result (proven in Section says that particles move macroscopically with a deterministic

speed v(C, D) > 0 and that, in the time-scale of order e~!, fluctuations around such hydrodynamic
limit are of order e /2 and converge to a system of linear SDEs.

Theorem 1. Fiz N = m and {, so that the lattice Aj, y depends only on €. Let {&p}per,, € R™m.
Consider an initial configuration og such that, defining

Mp = Mp,e = \ﬁ(xp - Xp), (3.2)

one has

1%%:§ Vp € Rn. (3.3)
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Define
1 —exp(=B))(1 — exp(=D))
1 —exp(—C)

v(C, D) = ( (3.4)

(recall that B =D — C') and
Mt = Ve (vp(tfe) — Xp— e Tot), t>0. (3.5)

Then, the random process {np.}per,, converges weakly as € — 0 to the solution of the system of
linear stochastic differential equations

{ d&p ¢ :_\/6 dWp,e + Zp/ Ap &t vt (3.6)
£p0 = &p
with
ePl—eP) eBu-eP) eCu-eP)a-e?P)
Ap,p/ = 5p/=p ( 1_ e_c - 1_ e_c - (1 _ 6_0)2 ) (37)
e B(1—e D) e P1-eP)
+5p’=p+(17—1)ﬁ B 51":1’_(1’0)T (35)
e Cl—ebB)1-eD)
+0p—p—(0,1) (1—e0)2 (3.9)

and where dWp,; are independent white noises indexed by p, and one-dimensional in time t.

Remark 2. Note that the matriz A is not symmetric, so that the diffusion (3.6) is not reversible
with respect to its stationary measure described by Theorem[3. In other words, the irreversibility of
the microscopic dynamics survives also in the Gaussian limit.

3.1. Properties of the matrix A. It is convenient to work in Fourier space. For this purpose,
let

1 .
fo: Rmn—C, fr:p— Ee_wk. (3.10)

The set {fx}rek,,, where
K = {((27/m)r1, (27 /m) (grl + 7"2) 71,72 € Zy—m /2 < 11,19 < m/2}, (3.11)

forms an orthonormal basis of CRm .

Remark 3. Note that K., was chosen such that, if we define fir(p) = (1/m)e™P* for every p € 72,
then fr(p) = fr(p) if p ~ P’ (use that mo/m = C/D, see (2.11])). Also, observe that |K,,| = m2.

Define

See =Y &ifr(p), (3.12)
PERm
so that
§pt = Z ék,tfk(p)a and éfk,t :ék,t- (3.13)
kEKm
Let also
A(k) =" Apoe ™k € R%. (3.14)

p
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In our specific case, one sees that

A(k) = Ago+ Agq,_ne ") 4 Ay (g€ + Ag o_1)e™® (3.15)
A(k) + A(—k) = 2[Aog + Ag1,_1)cos(kr — k2) (3.16)
+ A07(_1,0) COS(k‘l) + AO,(O,—I) COS(]{Q)]. (317)

Observe that we defined A(k) for any k € R? and not just for k € K,,.

Proposition 2. The matrix A satisfies the following properties:

(1) Translation invariance: Ay = Apir it for every r;
(2) A(0) =2 App =0;
(3)

R(k) := A(k)+ A(=k) <0 (3.18)

and the only zero of R(k) on [—m,m]? is at k = 0;

(4)
R(k) = W(k) +O(|k]*) = (k, WE) + O(|k]>), &k —0, (3.19)

with W a strictly negative definite 2 X 2 matrix and W(k:) the associated quadratic form.
(5) The function A(-) is 2m-periodic and C* on [—m,7]?.

All properties are trivial to check, except for (3) which is proven in Appendix Bl The fact that
W(k) = _AO,(l,fl)(kl - k2)2 - AO,(fl,O)k% - Ao,(o,fl)kg (3.20)

is a strictly negative definite quadratic form follows from negativity of R(k), together with the fact
that

A e P(1—eP)(1—-eB)?

det(W) = 10y = w? > 0. (3.21)
For later convenience, let the 2 x 2 matrix V be such that
VWwvT = 1. (3.22)
Let us also define
U :=iVA0) =) pAoy = (Aoa,-1) — Ao-1.0) —Ao,1,-1) — Ao,0,-1)) € R, (3.23)

P
and note that U # 0 for any choice of B,C, D = B + C.

Remark 4. A few comments are in order:

e Property (1) (translation invariance of A) originates from the fact that we are considering
fluctuations around a “trivial”, translation invariant hydrodynamic limit where particles
have positions X, + e~ Yt and are therefore equi-spaced at all times. This is the property
that makes it convenient to work in Fourier space (e.g., property (1) is behind the fact that
Eyq. is diagonal in k);

e Property (2) means that the drift of a particle p is unchanged if all particles are globally
shifted by the same amount. This is a consequence of the fact that transition rates ([2.8)
of the microscopic particle process depend only on inter-particle distances, and would hold
even if we studied fluctuations w.r.t. a non-translation invariant hydrodynamic limit (cf.

Section ;
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e Property (3) guarantees that there exists a stationary measure for gradients &, — &y, see
Theorem@ and formula . Negative-definiteness of /l(k‘) + fl(—k:) corresponds to the

fact that in the hydrodynamic scaling the particle configuration is “crystalline” at all times,
and that crystalline configurations are an (at least local) mazimum of the stationary measure
7(-), see Lemmal[3

3.2. A conjectural hydrodynamic equation. We will briefly consider the hydrodynamic be-
havior of the g-Whittaker particle system with general initial data (which may not be close to the
crystalline configurations considered above). We provide a heuristic derivation of the hydrodynamic
(law of large numbers) PDE satisfied by the limit. For us, the purpose of this derivation is to justify
and explain our use of the word ”characteristic” to describe the direction U of slow decorrelation.
In this hydrodynamic limit we will first take ¢ — 0 and then m — oco. With this in mind, let us
rescale space and time by m/e and define

hr,y) = (¢/m)x|ym|(Tm/€)

with y € [0,1]?, 7 > 0, and where the r.h.s. has to be taken modulo (¢/€) x (¢/m) = D because z,
is defined modulo L = ¢/e. Note that, as a consequence of Remark (1} h(7,-) satisfies

h(T,y"‘(]lv]Q)):h(Tay+(C]2/D7O))7 j17j2 € 7.

If at time zero the configuration satisfies the conditions of Theorem (1} then h(0,y) is close to a
linear function:
H(0,y) := lim lim h(0,y) = Dy; + Cya.

m—00 e—0

In this case, it follows from Theorem [I| that, for 7 > 0, the limit
H(1,y):= lim lim h(7,y) (3.24)
m—00 e—0

exists and solves
0-H=v (3.25)
with v(C, D) as in (3.4). Given that D = 8,, H and C = 9y, H, and using B = D — C, we see that
(1 — exp(9y, H — 0y, H))(1 — exp(—9y, H))
(1 — exp(—0y, H))
If we assume instead that the initial condition satisfies

lim lim h(0,y) = H(0,y),
—0

v(C,D) =v(VH) = . (3.26)

m—0o0 €

with H(0, -) some smooth enough but non-linear function, then it is natural to conjecture that the

limit (3.24)) exists and still satisfies (3.25)), with v = v(VH) equal to the r.h.s. of (3.26]). It is easy
to see that the characteristic lines of the PDE (3.25) are the straight lines y = Ut with U as in

(3.23). In fact, the characteristic lines are determined by
yi(t) = tvi’l), 1= 1,2
with V,v the derivative of v = v(Vh) with respect to its i-th argument. Explicitly,

eayQH—aylH(l _ e—aylH) e—aylH(l _ 68y2H—8y1H)
Vlv =

1-— efayzH 1— efayQH - AO’(l’_l) B AO’(—I’O) - Ul

and similarly Vov = Us. We emphasize that the identity 0;v = U; is not a coincidence. Indeed, view
the hydrodynamic speed v as a function of the relative horizontal distances between particle, say, 0
and the other particles p (in our case, the dependence is only through the three neighbors ps, ps3, p4
of 0). On one hand, since the SDEs describe a linearization of the stochastic dynamics around
the hydrodynamic limit, Ao, is obtained taking the derivative of v w.r.t. the position x, of particle
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p, with the others kept fixed. On the other hand, if the slope V;H is changed by ¢, the distance
between particles 0 and p = (p™), p(?)) changes by € x p(). Therefore,

Vo= > pAy,=U (3.27)

p=(pM p2)
This shows that the identity U; = V,v is not related to the particular form of the function
v(+). If we had another interacting particle process for which we could prove convergence to a
hydrodynamic equation and convergence of fluctuations to a system of linear SDEs with a matrix

A satisfying the conditions in Proposition [2| we would have automatically that the direction of slow
decay of correlations would coincide with the characteristic lines of the PDE.

4. CORRELATIONS OF THE (GAUSSIAN SYSTEM

In this section we study the space-time correlations of the SDE system . Since the equations
are linear, they can be solved explicitly.

We formulate the results in wider generality. Again, the solution to with initial condition &
is denoted {& ¢ }1>0,per,, and we let Pg be its law. The matrix A = {4/}, yer,, 18 not necessarily
given by but is required to satisfy properties (1)—(5) of Proposition [2| Theorems [2| and [3| hold
in this generality.

Let C&(t, s) be the m? x m? symmetric matrix

€S (t,s) = Eelépebysl, 1.7 € R (4.1)
and Mé(t) € R™ be the vector
Mi(t) = Belépil, p € Ron (42)
with of course Cf;p, (0,0) = &y, Mf,(o) = &,. By Ito’s lemma,

d _ —
@Mg =D Ay My (1), (4.3)
p/
%Cg(t, t) = vl + CE(¢, ) AT + ACE(t, 1),

iC(t, s) = AC(t,s), t>s,

dt
with AT the transpose of A and I the identity matrix.
Let also
3 N3 _ aq€ 3
Wpyp/ (t’ S) T Cp,p/ (t’ 8) Mp(t)Mp/(S)' (4.4)

Theorem 2. Let A satisfy the properties of Proposition @ Then, W§p+y does not depend on & or
p and the limit

W, (¢, s) = WE (5 9) (4.5)

lim
m—0o0
exists for any given y € Z2. Moreover,

v 1+(t+s)/2 o—|H|*/(4a)
Wy(tvs) = 7da+j(t,s,y), (46)
ATw J1y(i—s)/2 a
where w > 0 is defined in (3.21), H =Vy+ (t —s)VU, V is defined in (3.22)), U = inl(O), and j
satisfies
sup (¢, s, y)| < o0, lim — j(t,s,y) =0. (4.7)

t,s5,y max(t—s,|y|)—oo
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If the matrix A is the one given in (3.7)), using (3.21)) and (3.4)), one sees that

v

— =Vl - 1. 4.8

. (43)
From (4.6)) one can obtain all desired asymptotics. For instance, one can obtain equal-time

correlations.

Corollary 1 (Equal-time correlations). For y =0 one has

v

limsup Wy (t,t) — 1 logt| < oo. (4.9)

t—o00 TWw

For y # 0 one finds, with Y = Vy and after the change of variables a = |Y|?/(4x),
W, (t,t) = — e, (t.t,y) (4.10)
t) = —— S da it t,y). .
Y dTw Jiyp/aae

This implies that

. B v 2 _
S <Wy(t,t) T log(4(t +1)/|Y| )) 0 (4.11)
ly|=0(v/?)
where we used the fact that
Y|
c. < —<c¢ 4.12
<y S (4.12)

for some non-zero constants cy (the lower bound holds because the determinant of V' is not zero).
If instead both |y|,t diverge and |y| > /t, then W, (t,t) = o(1).
The same results hold if t — s = O(1).

As for correlations at different times, the following result shows that the behavior is special
along the space-time lines y = tU (that will be called “characteristics”, in view of the discussion
in Section , with U =iV A(0) = >, pApo € R2. We will assume that t — s >> 1, since the case

1

t — s = O(1) is effectively covered by the previous Corollary.
Corollary 2 (Correlations along the characteristics). We deduce from
ltlfliilif (WLU(ts)j (t,s) — ﬁ log 72; i Z) =0, (4.13)
in particular Wy —g)|(t, s) is large if t — s < t.
If instead u # U, we have
v & e "
Lim sup (st) j(t8) = — oty xdw) =0; (4.14)

from this we deduce that

lim sup W yt—s))(t8) =0, (4.15)

t—00,(t—s)//t—00

while

lim sup W ui—s)|(t;8) — L[logt —2log(t — s)]| < o0. (4.16)

t—s—00,t—s=0(/t) W
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Summarizing: along the characteristic correlations are large as soon as (t — s) < t and grow
proportionally to logt if t — s < t* a < 1. For all other space-time directions, correlations are large
only if t — s < /1.

Equation shows that, along the characteristic, there is a limit for the correlation as ¢, s —
oo with ¢ — s and t 4+ s of comparable size. This suggests that in this scaling the whole fluctuation
field near the characteristic has a non-trivial limit process which, in the following statement, we
identify as being related to the Stochastic Heat Equation.

Corollary 3. Define

4w
hay = aELtU—&-V*lmj,tv a = R (4.17)
Then, for any given x,y, 0 < s <t, from (4.6) we get
lim | Ee(hs-1/2g 510 hs-1/2y5-15) = Belhs-1/20,5-10)Bel-112 6-1,) (4.18)
1 [(t+5)/2 o—lz—yl*/(4a)
= / —  da. (4.19)
8 Jt—s)/2 a

In other words, in this limit the randomly evolving height field h.. has the same space-time corre-
lations as the additive stochastic heat equation in 2 spatial dimensions,

dh = Ah+W (4.20)

with W the (2 + 1)-dimensional space-time white noise (compare (4.18|) with the formal expression
derived in [8, Formula (2.8)] for the covariance of the stochastic heat equation).

Remark 5. If the particle label p is d-dimensional, d # 2, and the matrix A satisfies the analog
the properties (1)-(5) of Pmposition@ (with [—m, 71)? replaced by [—m,7|?), then one can check that
Theorem@ still holds, with (4.6) replaced by

- /1+(t+5)/2 o HP2/(40)
(2m)dw 1+(t—s)/2 a/?
We leave it to an interested reader to derive the analogs of Corollaries for d #£ 2.

W, (t,s) = da+j(t,s,y), yez' (4.21)

4.1. Stationary measure. We cannot expect that there is a stationary measure for {£,},: since
there is invariance by global shifts on R of all positions &, the inverse covariance matrix will have
a zero mode (like a Gaussian Free Field not pinned to zero anywhere). However, the stationary
measure on gradients of £ will be well-defined. Not surprisingly, its scaling limit (which requires
letting m — o0) is the standard massless Gaussian Free Field (see e.g. [13] for definitions), up to
an affine transformation of coordinates by the matrix V' (cf. (4.29)).

Theorem 3. Let A satisfy the properties of Proposition[d. There exists a unique stationary measure
w for the gradients (& — &y )pp/eRn- This measure is Gaussian and its mean and covariances are
given by

Eu(ﬁp - gp’) =0 Vp,p' (4.22)
and
(e’ikyl o eikyg)(e—ikyg o e—iky4)
C 51_52;53_64 = _L = 4.23
ovy [(&y v )i (& va)] 2 kezlc:m Rk (4.23)
m—oo U (eikyr — giky2)(e=ihys — c—ikya)
— (271')2 /[mﬂ2 dk R(k:) (4.24)

COVMoo [(gyl - §y2)§ (fys - £y4)] . (4'25)
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Moreover, one has
v L+ |V(yr — ya)lIV(y3 — y2)

CoViee [(§y1 = €92 )35 (§ys — &yl = D= log T+ V(g —y3)|[V (o —va)] + Ry 95,04 (4.26)
where V' is the matrix in 1 (mcﬂ
Ry oy = (1/(1 +min(lyr — ysl, [y2 — val, [y1 — val, [y2 — 3])))- (4.27)
From this we deduce a convergence to a massless GFF on R2, of covariance proportional to
—log|V(z —y)l,

in the following sense: Let ¢ : R% = R be a C*°, compactly supported function such that fRQ ¢(x)dx =
0. Then, the zero-average random function

€5:=0"> d(6p)(& — &) (4.28)

converges in law, in the limit limgﬁo limy, o0, to a centered Gaussian random variable of variance

y)log |V (z — y)|dzdy. (4.29)

21w

Remark that, given ¢(, i = 1,2 satisfying the same assumptions as ¢ above, the limit covariance
limgs_,0 limy,— oo Eu(§¢<1)§¢(2>) can be simply deduced via

2B, (€ épe) = Eul(€ln) + Eul(Eie)) — Eul((E0_p)?)- (4.30)
In particular, (4.26]) gives
limsup |Var, [0 — &) — 2 log [Vy|| < o0 (4.31)
lyl—o0 Tw

(using (4.12)), one can replace Vy with y).

5. CONVERGENCE TO THE SDEs: PROOF OF THEOREM [I]
5.1. A tightness estimate. Let
log(1/e) < 10g(1/e)}
ﬁ ToVe I
Note that the initial condition o is well inside G, cf. (| . The crucial ingredient in the proof of
Theorem (1] is the following a-priori tightness estimate:

D

€

(5.1)

| Dp —

g= {U € QLthmg Vp,

-2

Lemma 1. Let 9G C G denote the inner boundary of G (the set of configurations from which the
dynamics can exit G with a single update) and define the stopping time

g = inf{t > 0:0(t) € 0G}. (5.2)
Then,
lim Py, (1g < ¢ %) = 0. (5.3)
e—0

The time €2 could be replaced by any e~*. What we need is that a > 1, so that this time is
much larger than 1/e, the time-scale of convergence to the SDEs.

Proof of Lemma(ll Let us start with the following:

lhere, ly; — y;| denotes the Euclidean distance between y; and y; on Z* and not on the “torus” R, (recall that
the limit m — oo has already been taken).
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Lemma 2. Let a = ¢ b+ X with b > 0 and /| X| < e /10 The following asymptotic expansion

holds as e — 0:
) . 1 1 ., 1 1
(¢:9)a = exp EZEB *QZEQ
n>1 n>1

tm X2 b
—XZ b —1-671_ 5+ C(e) +o(1)

n>1
with C(€) independent of b and X .
See Appendix [A] for the proof.

Lemma 3. If o € G and if as in (B.3) we let n, := /e(zp, — € ' P,), then

w(0) = zexp [0 3 R + o(1)

A
keKm
where w(-) is defined in (2.9)) and, as in (3.12)), we set
Me= > mpfe®), mp= > Wfulp)-

PERm kekm
We recall from Proposition @ that R(k) < 0 and vanishes only for k = 0.

Proof of Lemma[3 From Lemma [2] we see that

(o) = %eXp <—;(777 Qn) + 0(1)>

with Z a normalization constant independent of o and

e
—(n,Qn) = Z(Up - 77p+(1,0))2w
P
, e B , e©
- Z(Up - 77p+(1,71)> T B Z(Up - 77p+(0,71)) T .—C°
- 1—e - 1—e
This can be rewritten in Fourier space as
n, Qn) = Z [ *Q (K
A e P e B
Q(k) = oD (1 —cos(k1)) — B (1 —cos(k1 — k2))
e—C
—ﬁ(l — COS(k'Q)).

Here, we use for instance that

S 0= mpra0)? =D > ik fe(0) fr(p)(1 — e®) (1 — )

» D kkEKm
= > |2 — 2cos(ky))
kem
where we used orthonormality of {fx()}xek,, and the second of (3.13]). One checks that

Q(k) = v(A(k) + A(—k)) = vR(k)

(5.4)

(5.5)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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and the proof is concluded. ]

Given any Markov chain with stationary measure m, generator £ and two states x,y, we have
for any ¢t > 0

Piz,y) < Z(g (5.17)
To see this, write
5 oL Tt _ m(y)
Pu(wy) = 5" Y) < | 05| ) = T (518)

where we used 7(-)/7(x) > d,(-). For the initial configuration, one has from (5.8))
1
m(og) > Eele (5.19)

for some finite constant K7 depending on ¢ (and, typically, of order m?). If instead o € 3G, then
one has

1
m(o) < e Kalosd” (5.20)
for some strictly positive Ko (this is proven below). Finally, observe that
0G| = O(e53) (5.21)

for some constant K3 depending on m. This is trivial: indeed, the total number of configurations
is bounded by (¢/€)™ (recall the definition of the model, the fact that ¢ is independent of € and
that there are m? particles). Using (5.17)), (5.19), (5.20) and (5.21)), we deduce

P(o(t) € 0G) < exp(—Ky(loge)?). (5.22)

€241
E /0 Lig(t)eagy dt

Next observe that, if 7g < €72, then there exists a probability at least § > 0 independent of € that
the total time spent in G up to time e 2+ 1 is at least § x €. This is simply because the maximal
transition rate of the Markov chain is of order =1 (this is the case when C, in is of order 1).
In conclusion,

As a consequence,

< (6724 1) exp(—Ky(loge)?). (5.23)

€241
E / Lot)eagdt| g < 6_2] > 5% (5.24)
0
Together with (5.23]) we deduce
2 1 L 2
Plrg <e™) < 5 E /0 Lig(tycagy dt| < exp(—Ks(loge)®) (5.25)

and (5.3) is proven.
It remains to prove (5.20). Recall that (A(k)+ A(—k)) is negative for every k € Ky, and vanishes
only for k = 0, so that

—Lman <5 Y |aP (5.26)

k€K k#0

for some positive ¢ that depends only on the number of particles m?.
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If o € 9G we must have either |9, —n,,(1,0)] > (1/2)1og(1/e€) or |0y —npr1,—1y = (1/2) log(1/€)
for some p. Assume to fix ideas that the former is the case. Then, from (5.7) (and writing >,

instead of » ; x )

1
5 1og(1/€) < lnp = 11,00 = !anfk (e —1)] (5.27)
=Y fe@) (™ = 1)) <2 [> |k Z )2 =2 > 1] (5.28)
k£0 k£0 k40
Then, (5.20) immediately follows. O

5.2. Proof of Theorem (1| Let U(t) = {Up(t)}per,, be defined as

U, (1) = \2 /0 =0+ 1y (o (/)] ds (5.29)

where rp,(0) is the rate at which particle p jumps +1 to the right in the configuration o (this includes
the event that it jumps because it is pushed by another particle, i.e. because clock of particle p’
rings and p € V;f) Note that {M,(t)}+ = {np+ — Up(t)}+ is a martingale, since we have

d
%Up(t) = 8SE[77p,t+S|{77p’,t}p’] s=0+ (5.30)
Next, define V() = {V, 7 (t)}p, as solution to
d
%Vp,p’(t) - asE[Mp,t—irsMp’,tJrs’{Ur,t}r]‘S:0+ Vb,p/(()) =0, (5-31)

so that {M)(t) My (t) — Vp(t)}: is again a martingale for every (p,p’).

We will apply [6l, Theorem 4.1, Chapter 7], that gives a set of sufficient conditions on the processes
n,U and V that imply that {n,+}+>0per,, converges weakly to the solution of H In particular,
conditions (4.3)—(4.5) in [6] are trivial. For (4.6), we have to check that, for any 7' > 0,

sup |Up( / ZAppnp ods| 50 (5.32)

t<T

as € — 0. On the event {rg > ¢ 2}, whose probability tends to 1 as € — 0 thanks to Lemma
no particle can push any other in configuration o(s/e) for any s/e < e~ 2 (particles are far away
from each other and all the families VpJr defined just before ) include only the particle p itself).
Then, r,(0(s/€)) equals the r.h.s. of for any s <T. We have

(1 _ e*B*\ﬁ(np+(1,—1),s*77p,S)>(1 _ e*D*\ﬁ(np,s*ﬂp—(l,o),s)*f)

rp(o(s/e)) = Y r———— (5.33)
=v++e|e™ i_zg(npm 1), — Tps) T eDi_ei(np,s/e —(1,0),5) (5.34)
U o0y + Olclog(1/) (5:39

= v+ v/eY  Apyny s+ Olelog(1/e)) (5.36)

p/
where O(elog(1/€)) is uniform on s < T We used that, on G, |n,—p — np| < log(1l/e), b €
(0

{(-1,1),(1,0),(0,1)}. Plugging this into we get -

2A warning on notations: in [6], 7 is called X, U is called B and V is called A
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Finally, condition (4.7) in [6l, Theorem 4.1, Chapter 7] amounts in our case to requiring that

sup [V, (£) — vtdy | = 0. (5.37)
t<T
Indeed, one has (using that {M,;}:>0 is a martingale)
d
@prp’(t) = Ok [Np,t+sz’,t+s‘{77r,t}r] |s=0+ (5‘38)

where
1 1 t+s 1
Nosss = Very(e e+ 9) = 72 [ nlote w)du
Ve Jo

Note that, by definition of the jump rate r,(c),

t+s
xp(e! S ry(o(e 1 u))du it fr .
08 oy e+ ) [ ol i ] (5.39)
t
= e_lrp(e_lt)/ rp(o(e u)du + (o (e H)ry (a(e1t)). (5.40)
0
Therefore, one sees that
%V}Lp'(t) = —zp(t/e)rp (o(t/€)) — zy (t/e)rp(a(t/e)) (5.41)
e OsElwp((t + 5)/€)zp ((t+ 5)/€)[{nre}r]] o - (5.42)
If p = p/, this gives
%Vp,p’ (t) = —2xp(t/€)rp(o(t/€)) + rp(a(t/€)) (1 + 2xp(t/€)) (5.43)
=rp(o(t/e)) (5.44)

where in the first step we used the fact that when x, jumps +1 (which happens with rate r,), x
increases by (v, + 1)? — :17127 =1+ 2z,. Recall that, on the event {7g > ¢ 2}, we have r,(c(t/¢))

v+ o(1), cf. (5.33). Since the probability of {rg > ¢ 2} tends to 1, this implies (5.37) for p = p'.
As for p # p/, on the event {7g > e 2} the particles p and p’ cannot jump simultaneously since all
particles are well spaced all the time so that no particle can push any other. Then, on this event,

¢ OsE[zp((t + 5)/€) 2y ((t+ 5) /) {nre}el| o (5.45)
= rp(o(t/e))xp(t/e) +rp(a(t/e))zy(t/€) (5.46)

so that %Vp’p/ (t) =0 for every ¢ < T and ({5.37) follows.

=N

6. SPACE-TIME CORRELATIONS OF THE SDESs
6.1. Proof of Theorems 2| In Fourier space, Eqs. (4.3)) give

D Be(é) = AMRE(Er). (61)

%Eé(ék,ték’,t) = V0p4k'=0 + Eg(ék,ték/,t)(fl(k’) + A(k)) (6.2)

G Be(nibirn) = AREeGib ), 1> (6.3)
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whose solution is (just differentiate w.r.t. ¢ to check)

Ee(t) = e P (6.4)

. RK)E _ 1 . .
Eg(&k 8k t) = v0k=—p ) + Eg(&k, ) Ee (& 1), (6.5)

S R R(k)s . .
Eg(ﬁ]ﬁtfk/,s) = U(Sk:,k/eA(k)(t_S)W + EE(Ek,t)EE(gk’,s)v t=>s. (6'6)

Note that it immediately follows that Eg(fk7tfk/75) - Eg(ém)Eg(ék/?S) (and therefore ng, (t,s)) is

independent of the initial condition &.
Using the first of (3.13]) together with we find, for ¢ > s,

3 A R(k)s
Wf)ery(t? s) = LQ Z e ihy g Ak) (t—5) € (A) —1 6.7)
| " e R(k)
R(k)s R
" @ / ke =L i by (6.8)
(2m)? [—,m]2 R(k)

Observe that, as m — oo, the set IC,,, fills the parallelogram
Koo :={(k1, ko) € R?: |ky| < 7, |ka — (C/D)ky| < 7}.

However, since the integrand of is 2m-periodic, integrating over Ko, or on [—7,7]? gives the
same result.

Recall property (3) in Proposition [2} The singularity at (0,0) is integrable and the dominant
contribution to the integral comes from k ~ 0. From one deduces , see Appendix for
details.

6.2. Proof of Theorem The gradients &, ;—§, ; can be written via as linear combinations
of the Fourier components {ékt} kelCm,k#0- Since the random variables ék,t solve a set of linear SDEs,
their invariant measure p (if it exists) is Gaussian. Stationarity of p implies, via and ,
that for every k, k' € K., k, k' # 0,

E.(&) = 0 (6.9)

E,(6éy) = —Opep—— 6.10

1 (Er€rr) k=—k Ak + AR (6.10)
where in the first equality we used that the fact that A(k:) # 0 whenever k # 0. Since a Gaussian
measure is uniquely characterized by mean and variance, uniqueness of the invariant measure also
follows. Using we see that and (4.24) hold. Again, the dominant contribution comes
from k ~ 0 and one obtains the asymptotics (4.26)), see Appendix

Next we prove the claim about the limit behavior of the random variable 4. Since {4 is Gaussian
and centered for any d, m, it suffices to prove that its variance converges to . Note that the
support Sy of the function ¢(8-) has a diameter of order 6~ < m. Let py be a point outside Sy,
at distance of order 1/§ from the origin. Write

Eu(€3) = 6 6(0p)d(0p)Eu((&p — &0) (& — &po)) + 0(1) (6.11)

p,p’

where we used

02> ¢(6p') = 0(6) (6.12)
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(because the integral of ¢ is zero and the function is smooth) together with Cov,,__ ((&, — &o); (o —
€po)) < Clog(671) for p in the support of ¢(8-), which follows from (4.31)) and Cauchy-Schwarz.

Using (4.26]) we have

[V(p— po)l|V4|
E,( 5p)o(6p’) 1o + o(1 6.13
w20 5V~ Veol (049)
Vi(p — po)||Vop'|
=5 (dp)¢(dp”) 1o | +o(1 6.14
s 2 PO 750,75 o) o1
where in the first step we used
1 —0
IglIZ0* > — ; ; = o(1) (6.15)
pics, ML [P = pol, [P'l; [P = #'1; lpol)
The sum in (6.14)) can be written as
Vo4 ! /
- 1 — 1). 1
g X 0 g V() + 12 (6.16)

Indeed, the terms proportional to log|V(p — po)|,log |Vp'| and log|Vpg| are independent of at
least one of the two summation variables p,p’: then, using once more (6.12) together with e.g.

|log |Vop'|| = log 1/4)), (6.16)) follows.
The sum in is the Riemann approximation of the convergent integral (4.29)).

APPENDIX A. PROOF OF LEMMA

Set § = 1/10. To get the asymptotics of (q; q)q, write

log(QQa—Zlogl—q Z Z m:_znl—q 1—¢"). (A.1)

=1

Then we recall that a = e 'b + X and that ¢ = e~ and we write

o n [ee) n

1 ¢ —bn Ll g —bn(,—nXe
log(g;@)a = Ri+ Roi==D oy Z(l=e™)+) oo qe (e 1. (A2
n=1 n=1

") ~ (1 —en/2)/(en) for en < 1,
oo 1 oo
Z_:; €+ Zn2 —Zl

with C'(e) = —>_,,(1/n)¢" /(1 — ¢") independent of b, X. As for Ry, we claim that

We have, using ¢"/(1 — ¢

n e—bn

+o(1) (A.3)

[e.o]

_ _XZ Y e o) (A4)

n=1

which, together with (A.3), concludes the proof of the Lemma.
To get ({A.4), remark first of all that

Z 1 1 i_;im efbn(eane _ 1) — 0(1) (A.5)

n—e—1/2+6
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because b > 0 and Xe = o(1). Next, for n < e~ /2%9 one has | Xne| = o(1). Then,

e—1/2+8

I e —bn/, —nXe
—1/246
‘ 1 —en/2 Xne)?
~ nZ::l E:lg/eb"(—Xne—i-( Ze) +O(|Xnel)). (A7)

The terms proportional to X and X? give the r.h.s. of (A.4]). As for the rest, it is o(1): just recall
that 6 = 1/10 and observe that

| X Pe < 27372739 — (1), (A.8)

APPENDIX B. NEGATIVITY OF R(k)

Recall (cf. (5.16)) that R(k) = (1/v)Q(k). We claim that the only stationary points of Q(k)
are k1) = (0,0),k? = (0,7),k® = (7,0),k® = (7, 7) (modulo 27). It is trivial to check that
Q(k®W) < 0 for i = 2,3,4 (use that B,C' < D and that z — f(x) := e */(1 —e™%) is decreasing on
R™) while of course Q(O 0) = 0. Recall also (cf. (3.21)) that the Hessian of R at k = 0 is not zero,
which implies that R(k) is strictly negative outs1de k=0.

Letting X = sin(k1),Y = sin(ky), the stationary points of Q must satisfy

D)X = f(O)Y (B.1)
FID)X = +f(B)(XV1-Y2+YV1- X?). (B.2)

If we exclude the solution X =Y = 0 (which corresponds to k = k®,i = 1,...,4), (B.1)) implies
that

X ==+ VA (B.3)
2f(D = C)f(C) f(D)?
(1+e9) (€ + eP)(—3eC + e2¢ + el + D)
(1 —eC)2(eC — eD)2(1 — D)2
where we used B = D — C. However, one sees immediately that A < 0, since C' < D, so that
does not give real solutions.

A=-— (B.4)

APPENDIX C. INTEGRAL ASYMPTOTICS

C.1. Proof of ([4.6). Let x : [-m, @]> — [0,1] be a C° cutoff function such that x(k) = 1 for
|k| < 1/2 and x(k) =0 for |k| > 1. We first write the r.h.s. of as

EICER A SR USSR
37 Lo X s A i) (eRY
where j1, as well as the error terms js, js, ... below, satisfies
j1=0(1) and |j1] =0 if max(|y|,t —s) — oo. (C.2)
To see this, remark first of all that
AGR) = SR0) + 5 (A(K) ~ A(-R)) (©3)

and

A(k) — A(—k) € iR, R(k) <0,k #0. (C.4)
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Actually,

A<k) — A(_k) k=0 —i
— =
The function (1 — x(k))/R(k) is a C* function on [, 7|2, so that

=AM
/[ e X8

(k,U) + O(K]?). (C.5)

is o(1) when either ¢ — s — oo (using R(k) < 0) or when t — s = O(1) and |y| — oo (the Fourier
coefficients of a C'*° function on the torus decay faster than any inverse power). Also,

ek (t—s)A(k) —ik
k(1 — y (k) e emiky (C.6)
[~m,m]2 R(k)

is 0(1) when either s or ¢t — s diverge; when s,t — s = O(1) the integral in (C.6)) is again o(1) when
ly| = oo by decay of Fourier coefficients. Eq. (C.1]) follows.
Next, the integral in (C.1]) gives

v eflk)s — 1 (t—s)A(k) —iky |
(27T)2/R2 dl{:x(k)We e "+ ga(t, s, y). (C.7)

For this, just note that, since R(k) is smooth and even in k,

W (k) — R(k)

=Y 0(1)

W (k)R (k)
and . X

W(k) — R(k) _
Vi W0 k) = O(1/|k|)
This immediately implies
GRs A=) (L1 iy
[ i) (W(k) E(k)) v = o(1) (C8)

if max(t,t — s) — oo (use dominated convergence, together with
REsHAR(=9) 5 0 for all & #0 if max(t,t —s) — ).

When max(t,t —s) = O(1) then the Lh.s. of (C.8) is (1/|y|) (just do an integration by parts). One

bounds
Ak) (t—s) 1 1 —iky
R2 W(k) R(k)

similarly and ((C.7)) follows.
As a third step, write the integral in (C.7)) as

v / dk (k)%e(t—svi(k)e—iky+ i5(t, 5, ) (C.10)
(277')2 R X W(]C) J3\t;8,Y)- .
In fact, assume first that s — co. Then, the contribution to the integral
R(k)s _ W(k)s R )
/ dlex (k) S (=8 A(R) iy (C.11)
R2 W (k)



22 ALEXEI BORODIN, IVAN CORWIN, AND FABIO LUCIO TONINELLI

from the region |k| > s71/2t¢ ¢ > 0 is negligible because we have R(k), W (k) < —C|k|®. The

contribution from |k| < s71/2*€ is also negligible, this time because
W(k)s _ ,R(k)s . _ (R(k)—W(k))s
% _ 6W(lc)s1 € _ _ O(S|k“) _ O(Sl/2+e)
W (k) W (k)

(use that s(R(k) — W (k)) = O(s|k|>) = 0(1) and exp(W (k)s) < 1) so that the contribution to the
integral is O(s~1/23¢) = o(1) if € is small enough. The proof of (C.10) in the case s = O(1) is

simpler and follows that of (C.1)) or (C.7).
With similar considerations, one rewrites (C.10) as

v/ dkx(k)%e(t*S)W(k)/%*iky*i(k,U)(t*S) +ja(t,s,y) (C.12)
(2m)? Jge W (k)
_ v / () o =L W )2 ik 0)C5) 4 i g ) (C.13)
(27)? Jpa W (k)
_ v / k=L W+ 2k D) | er s ), (C.14)
(2m)2 Jpe W(k) Y

In the first step, we used f to replace /i(k) with its second-order Taylor expansion
W(k)/2 — i(k,U). In the second, we used that (exp(W (k)) — 1)/W (k) is smooth at k ~ 0 in
order to multiply by exp(W(k)). In the third we remove the cutoff function: the integral with
x(+) replaced by 1 — x(+) is o(1) either because |y| — oo (integrate by parts w.r.t. k) or because

~

(t —s) — 00, so that exp((t — s)W(k)) — 0 (apply dominated convergence).

Remark 6. The reason why in the second step in (C.12) we multiplied by exp(W(k:)) s that
otherwise we could not remove the cutoff function x(-) since for t = s the integrand would decay
only as O(|k|=2) at infinity and the integral would not converge.

The integral can now be computed explicitly. Recall that W(k) = (k, Wk) with W a strictly
negative definite symmetric matrix. From definition (3.22) we have

| det (V)| = % (C.15)

Changing variables as k = V7w and putting H = Vy + (t — s)VU, the integral in the r.h.s. of

(C.12)) becomes

, —slw* _q
v —1(w € —|w|? —s
_|det(v)‘(27r)2 /R2e ( ,H)We [w]?(1+(t=5)/2) gq (C.16)
= —|det(V)] (2U)2 /OO da/ e*i(w,H)(e*s\wP — 1)ef(a+(tfs)/2)|w|2dw (C.17)
i 1 R2

dot (V)] oo | o= |H[?/(4(a+(t+5)/2))  o—|H[*/(4(a+(t—5)/2)) p 18
= | det( )|(27r)2/1 at(t+s)/2  a+t(t-s)/2 “ (C.18)
= | det(V)|-= /1+(t+8)/2 Md (C.19)

a AT Jit(t—s)/2 a ¢ .

Together with (C.15), Eq. (4.6)) then follows.
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C.2. Proof of (4.26]). Similar (actually simpler) arguments as those leading to (C.12|) show that
the integral in (4.24) equals

(27)?

v (eikm _ eik‘yQ)(e—ik‘yg o e_iky‘l) W(k)
i 2
/I‘R? W (k) € + Ry, oy, (C.20)

with R satisfying (4.27)). The factor exp(W(k)) appears for the same reasons as in Remark@ With
the same change of coordinates k = V7w as before, the integral in (C.20)) becomes

e 1P qu (C.21)

v (ei(w,yl) _ ei(w,Yg))(efi(w,Yg) _ e*i(w,Y4))
/.

(27m)%w |w]?

with Y; = Vy;. This equals

v 00 o=V1-Y3]?/(4a) _ o—V1-Yal?/(4a) 4 o—[V2a—Ya?/(4a) _ o—[YV2—Y3[?/(4a)
47rw/1 a . (C.22)
Y1 — Y3/? Y: — Yau|?
— ﬁ [—F <07 ’143‘> +T (07 ’144‘> (C.23)
T

|Y2—Y4|2> ( \Yz—Y3|2> |Y1—Y4||Y2—Y3|]
o 22l L p (o 2220 oy, , C.24
(0.5 i SV VallYa — Vi (©20

where T'(0, ) := [ e™"/t dt is the incomplete Gamma function. Using the exponential decay of

I'(0,z) as * — oo, we get immediately (4.26) (the “+1”s in (4.26]) takes care of the case where
Y; = Y3 and/or Yy = Yj: in fact, —I'(0, 2%/4) + log(1/2?) has a finite limit as 2 — 0).
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