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EXACT FORMULAS FOR THE NORMALIZING
CONSTANTS OF WISHART DISTRIBUTIONS FOR
GRAPHICAL MODELS

By CAROLINE UHLER*, ALEX LENKOSKI', AND DONALD RICHARDS?

Massachusetts Institute of Technology*, Norwegian Computing Center,
and Penn State University"

Gaussian graphical models have received considerable attention
during the past four decades from the statistical and machine learning
communities. In Bayesian treatments of this model, the G-Wishart
distribution serves as the conjugate prior for inverse covariance ma-
trices satisfying graphical constraints. While it is straightforward to
posit the unnormalized densities, the normalizing constants of these
distributions have been known only for graphs that are chordal, or
decomposable. Up until now, it was unknown whether the normaliz-
ing constant for a general graph could be represented explicitly, and
a considerable body of computational literature emerged that at-
tempted to avoid this apparent intractability. We close this question
by providing an explicit representation of the G-Wishart normalizing
constant for general graphs.

1. Introduction. Let G = (V, E) be an undirected graph with vertex
set V.= {1,...,p} and edge set E. Let SP be the set of symmetric p x p
matrices and SI;O the cone of positive definite matrices in SP. Let

(1.1) SLo(G) = {M = (My;) € Sy | Mj; = 0 for all (4,5) ¢ E}

denote the cone in SP of positive definite matrices with zeros in all entries not
corresponding to edges in the graph. Note that the positivity of all diagonal
entries M;; follows from the positive-definiteness of the matrices M.

A random vector X € RP is said to satisfy the Gaussian graphical model
(GGM) with graph G if X has a multivariate normal distribution with mean
p and covariance matrix X, denoted X ~ Np(u,X), where £ € SV (G).
The inverse covariance matrix ¥~ ! is called the concentration matriz and,
throughout this paper, we denote ¥~! by K.
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Statistical inference for the concentration matrix K constrained to S¥ ((G)
goes back to Dempster [6], who proposed an algorithm for determining the
maximum likelihood estimator [cf., 31]. A Bayesian framework for this prob-
lem was introduced by Dawid and Lauritzen [5], who proposed the Hyper-
Inverse Wishart (HIW) prior distribution for chordal (also known as decom-
posable or triangulated) graphs G.

Chordal graphs enjoy a rich set of properties that led the HIW distribution
to be particularly amenable to Bayesian analysis. Indeed, for nearly a decade
after the introduction of GGMs, focus on the Bayesian use of GGMs was
placed primarily on chordal graphs [see, e.g., 11]. This tractability stems
from two causes: the ability to sample directly from HIWs [28], and the
ability to calculate their normalizing constants, which are critical quantities
when comparing graphs or nesting GGMs in hierarchical structures.

Roverato [29] extended the HIW to general G. Focusing on K, Atay-
Kayis and Massam [2] further studied this prior distribution. Following Letac
and Massam [22], Lenkoski and Dobra [21] termed this distribution the G-
Wishart. For D € S ((G) and § € R, the G-Wishart density has the form

15
fa(K | 6,D) o | K|2072) exp(—3tr(K D)) Licesr ()

This distribution is conjugate [29] and proper for § > 1 [24].

Early work on the G-Wishart distribution was largely computational in
nature [4, 7, 8, 17, 21, 32, 33] and was predicated on two assumptions:
first, that a direct sampler was unavailable for this class of models and,
second, that the normalizing constant could not be explicitly calculated.
Lenkoski [20] developed a direct sampler for G-Wishart variates, mimicking
the algorithm of Dempster [6], thereby resolving the first open question. In
this paper, we close the second question by deriving for general graphs G
an explicit formula for the G-Wishart normalizing constant,

Cal0.D) = [ KIHO 2 exp(-bux(K D)) dK,
SY6(G)

where dK = [[t_; dk;; - HK]-’ (if)EE dk;; denotes the product of differen-
tials corresponding to all distinct non-zero entries in K.
For notational simplicity, we will consider the integral

Iq(6,D) = / |K|° exp(—tr(K D)) dK,
S(e)

which can be expressed in terms of Cg (0, D) as follows: Denote by |F| the
cardinality of the edge set E; by changing variables, K — 2K, one obtains

Cq (8, D) = 237 HPl [ (1(5 - 2),D).
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The normalizing constant I (9, D) is well-known for complete graphs, in
which every pair of vertices is connected by an edge. In such cases,

(1.2) Leomplete (9, D) = ‘D’_(M%(pﬂ)) Ty (6+3(p+1)),
where

p
(1.3) L) = AP(p—1)/4 HF (a _ %(z _ 1)) ’

i=1

Re(a) > 3(p — 1), is the multivariate gamma function. The formula (1.2)
has a long history, dating back to Wishart [34], Wishart and Bartlett [35],
Ingham [15], Siegel [30, Hilfssatz 37], Maass [23], and many derivations of a
statistical nature; see Olkin [27] and Giri [10, p. 224].

As noted above, Ig(0,D) is also known for chordal graphs. Let G be
chordal, and let (71,...,Ty) denote a perfect sequence of cliques (i.e., com-
plete subgraphs) of V. Further, let S; = (T7U---UT;)NTiq1,i=1,...,d—1;
then, S1,...,S4_1 are called the separators of GG. Note that the separators
S; are cliques as well. We denote the cardinalities by ¢; = |T;| and s; = |.S;|.
For S C {1,...,p}, let Dgg denote the submatrix of D corresponding to the
rows and columns in S. Then,

H;’jzl IT;‘ ((5) DTiTi)
d—
Hj:% IS]. (67 DS]'SJ')

H?:l <‘DTiTi‘_(5+%(ti+l)) Fti (5 + %(tz + 1)))

| <|Dsjsj|_(5+%(sj+1)) Ty, (64 5(sj + 1)))

I¢(6,D) =

(1.4) -

This result follows because, for a chordal graph G, the G-Wishart density
function can be factored into a product of density functions [5].

For non-chordal graphs the problem of calculating I (0, D) has been open
for over 20 years, and much of the computational methodology mentioned
above was developed with the objective of either approximating I (0, D) or
avoiding its calculation. Our result shows that an explicit representation of
this quantity is indeed possible.

In deriving the explicit formula for the normalizing constant I5(d), we
utilize methods that are familiar to researchers in this area. These methods
include the Cholesky decomposition or the Bartlett decomposition of a pos-
itive definite matrix, Schur complements for factorizing determinants, and
the chordal cover of a graph. Furthermore, we make crucial use of certain
formulas from the theory of generalized hypergeometric functions of matrix
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argument [13, 16], and analytic continuation of differential operators on the
cone of positive definite matrices [9].

The article proceeds as follows. In Section 2 we treat the case in which
D =1, the p x p identity matrix, deriving a closed-form product formula for
the normalizing constant I(6,1,) for various classes of non-chordal graphs.
In Section 3 we consider the case of general matrices D; in our main result
in Theorem 3.3 we derive an explicit representation of I;(d, D) for general
graphs as a closed-form product formula involving differentials of principal
minors of D. We end with a brief discussion in Section 4.

2. Computing the normalizing constant I¢(6,1,). In this section,
we compute Ig(d,1,) for two classes of non-chordal graphs. We begin in
Section 2.1 with the class of complete bipartite graphs and use an approach
based on Schur complements to attain a closed-form formula. In Section 2.2
we introduce directed Gaussian graphical models and show how these models
relate to a Cholesky factor approach to computing I¢(6,1,). This leads to
a formula for computing normalizing constants of graphs with minimum
fill-in equal to 1, namely graphs that become chordal after the addition of
one edge. However, these approaches do not lead to a general formula for
the normalizing constant in the case D = [,. To obtain a formula for any
graph G, we found it necessary to calculate the more general case I (d, D)
and then specialize D = I, as is done for moment generating functions or
Laplace transforms. This is explained in Section 3.

2.1. Bipartite graphs. A complete bipartite graph on m + n vertices, de-
noted by H,,, is an undirected graph whose vertices can be divided into
disjoint sets U = {1,...,m} and V = {m +1,...,m + n}, such that each
vertex in U is connected to every vertex in V', but there are no edges within
U or V. For the graph H,, ,,, the corresponding matrix K is a block matrix,

K — (K a4 K AB)
= - ,
Kip Kpa
where K 44, Kpp are diagonal matrices of sizes m xm and n xn, respectively,

and Kap is unconstrained, i.e., no entry of K4p is constrained to be zero.

PROPOSITION 2.1.  The integral Iy, (9, lmin) converges absolutely for
all 6 > —1, and
(21) Iy, (0,In4n) = [T(6+ in+1)]™ [D(5 4+ m +1)]"
y Crgn (64 3(m+n+1))
L+ 3(m+n+1)Th(d+ S(m+n+1))




NORMALIZING CONSTANTS FOR G-WISHART DISTRIBUTIONS 5

ProOF. Applying the Schur complement formula for block matrices, we
obtain

Tt (8 I = / KPP exp(—te(K)) dE
SU™(@)

= / |Kaal® |Kpg — KX 5(Kaa) 'Kagl|°
m—+n
ST™(G)
‘eXp(—tr(KAA) — tr(KBB)) dKAA dKAB dKBB.

Since K 4p is unconstrained, we can change variables by replacing K4p by

Ki;/jKABK}B/;; then the corresponding Jacobian is ]KAA|”/2|KBB|7”/2. Since

\Kpp — KypKAsKapKypl = |Kpp| - I, — KisKagl,

we obtain

1 1
Ity (6, 1) = / |Kaal’t2" |Kpp|*T2™ I, — KipKap|’

STM@)

-exp(—tr(KAA) — tr(KBB)) dK 4 dK o dKRp,

where the range of integration is such that each diagonal entry of K a4
and Kpp is positive, K op is unconstrained, and I,, — KZBK AB 18 positive
definite. Integrating over each diagonal entry of K44 and Kpp, we obtain

It (8, Lngp) = [0+ in+1)]™ (6 + sm+1)]"

X / I, — K ipKap|® dK Ap.
Kap

Finally, since K4p is unconstrained, we deduce from (3.4) the value of the
latter integral. O

In this computation, we used the special structure of the graph to de-
compose the inverse covariance matrix K into a special block matrix. In
Section 3 we use a similar approach to show how the normalizing constant
changes when removing a clique (i.e. a completely connected subgraph) from
a graph. This leads to an algorithm for computing the normalizing constant
I¢(9, D) for any graph G. In the reminder of this section, we show how
an approach based on the Cholesky factorization of K can be used to eas-
ily compute the normalizing constant for graphs that have minimum fill-in
equal to 1. This requires introducing directed Gaussian graphical models.
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2.2. Directed Gaussian graphical models. Let G = (V,€) be a directed
acyclic graph (DAG) consisting of vertices V' = {1,...,p} and directed
edges £. We assume, without loss of generality, that the vertices in G are
topologically ordered, meaning that ¢ < j for all (i,5) € £. We associate
to G a strictly upper-triangular matrix B of edge weights. So B = (b;)
with b;; # 0 if and only if (i,j) € £. Then a directed Gaussian graphical
model on G for a random variable X € RP is defined by X ~ N,(0,X) with
Y =[(I — B)D(I — B)T]7!, where D is a diagonal matrix.

To simplify notation, let a;; = di; and a;; = —b;;j+/d;j, and let A = (A;5)
with A;; = \/a; and A;; = —a; for all i # j. Then 7! = AAT, and a;; # 0
for i # j if and only if (i,7) € £. Note that AAT is the upper Cholesky
decomposition of X7, Such a decomposition exists for any positive definite
matrix and is unique.

We will associate to a DAG, G = (V,€), and its corresponding directed
Gaussian graphical model two undirected graphs. We denote by G% = (V, £9)
the skeleton of G obtained by replacing all directed edges in G by undirected
edges. We denote by G™ = (V,E™) the moral graph of G, which reflects the
conditional independencies in N,(0,X), i.e.,

(’L,]) ¢ EM if and only if Xi A Xj ‘ XV\{z’,j}~

Since 7! also encodes the conditional independence relations of the form
X L X5 | Xv\{4,j}, this is equivalent to the criterion,

(1,7) ¢ E™ if and only if (E_l)ij =0.

So, the moral graph G™ reflects the zero pattern of ¥ 71,

The moral graph of G can also be defined graph-theoretically: It is formed
by connecting all nodes i, j € V' that have a common child in G, i.e., for which
there exists a node k € V'\ {4, j} such that (i, k), (5, k) € £, and then making
all edges in the graph undirected. The name stems from the fact that the
moral graph is obtained by ‘marrying’ the parents. For a review of basic
graph-theoretic concepts see e.g. [19, Chapter 2].

The moral graph is an important concept for our application. Let G =
(V, E) be an undirected graph, with V' = {1,...,p}, for which we want to
compute Iz(0,1,). Let Go = (V, Ep) with Gy = G. Given a labeling of the
vertices V' we associate a DAG, Gy = (V, &), to Gy by orienting the edges in
Ey according to the topological ordering, i.e., for all (i, j) € Ey let (i,7) € &
if i < j. Note that the skeleton of Gy is the original undirected graph Gy. Let
G1 = (V, E1) be the moral graph of G, i.e., Gi = Gj*, and let G; = (V, &)
be the corresponding DAG obtained by orienting the edges in F; according
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to the ordering of the vertices V. So Gy is a subgraph of G;. We repeat this
procedure until G,41 = G,. This results in a sequence of DAGs,

GoGG1 & &Y

In the following, we denote by G = (V,€) the DAG associated to G =
(V, E) obtained by orienting the edges in E according to the ordering of the
vertices V. We denote by G = (V,&) the DAG associated to G = (V, E)
obtained by repeatedly marrying parents in G, i.e. G = Gq- We call G the
moral DAG of G. Note that G*, the skeleton of G, is a chordal graph with G C
G* (Lauritzen [19, Chapter 2]), so G* is a chordal cover of G. A chordal cover
in general is not unique; however, G* is the unique chordal cover obtained
by repeatedly marrying parents according to the vertex labeling V. We call
this chordal cover the moral chordal graph of G and denote it by G = (V, E).

We now show how to deduce from the undirected graph G = (V, E) the
normalizing constant I (9,1,) as an integral in terms of the Cholesky factor
A. Since the proof is the same for general correlation matrices D € S]:.O, we
give the result directly for I;(d, D). In the following, we use the standard
graph-theoretic notation indeg(i) for the indegree of node i, representing the
number of edges “arriving at” (or “pointing to”) node i in a DAG G.

THEOREM 2.2. Let G = (V, E) be an undirected graph with vertices V- =
{1,...,p}. Let G = (V, &) be the DAG associated to G = (V, E) obtained
by orienting the edges in E according to the ordering of the vertices in V.
Let G = (V,€) denote the moral DAG of G and G = (V, E) its skeleton,
the moral chordal graph of G. Let A be an upper-triangular p X p matriz
with diagonal entries A;; = \/ay; and off-diagonal entries A;j = —a;; for all
1 < j. Then

IG((S’D):/ (ﬁaiﬂindeg(i)> exp[_zp:<aii+ 3 a§j>]

Ax

i=1 i=1 j: (i,5)€E
- exp [— 2 Z di; ( — Qijr/aj5 + Z az‘l%‘l)] dAs,
(i,5)€E I: (3,1),(4,) €€

where D € S¥ ) is a correlation matriz, A, = {a;j : i =7 or (i,j) € £}, the
range of ai; is (0,00), the range of ai; for (i,j) € £ is (—o0,00), indeg(i)
denotes the indegree of node i in G, and for a;; ¢ A,

0 if (i,) ¢ €,
\/(T Z 51051, /Lf (27]) € g \ &
79 lev

(i,0),(5,H €€

CLZ'j =
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ProOF. Let K € S¥(G). Since G C G, then K € S ((G) and we can
view K as an inverse covariance matrix of a directed Gaussian graphical
model on G. Because the Cholesky decomposition is unique, A is a weighted
adjacency matrix of G and hence a;; = 0 for all (i,5) & €.

Let (i,) be an edge that is present in the moral chordal graph G but not
in G. We can assume that i < j. Hence (i,5) € £ \ € and therefore

0=Kij = (AAT); = —aijfaj;+ Y aaag.

I>max(4,5)

Thus, for each edge (i,4) € £ \ £, we obtain an equation,

1
a;; = —— a;1a4].
i \/@ ; 7 Wl djl
(3,0),(4,1) €€

To complete the proof, we need to compute the Jacobian .J of the change
of variables from K to A. We list the a;;’s column-wise, meaning that a;;
precedes ajy, if j < m orif j = m and ¢ < [, omitting a;; for (i,j) ¢ &,
corresponding to the zeros in K. We list the k;;’s in the same ordering.
Let the a;;’s correspond to the columns of the Jacobian, while the k;;’s
correspond to the rows. In order to form J, we calculate the partial derivative
of each k;; with respect to each aj,. Since K = AAT and A is upper-

triangular then J also is upper-triangular; therefore, |J| = |diag(.J)|. Since
kii = ai + Z aj; and ki = —aij\/aj; + Z ailQji,
(Bg)ee GG )eE

for all (i,7) € &, then

P
indeg(i)/2
[ = T ™™
i=1
Collecting together these formulas completes the proof. O

The number of edges in € \ £ depend on the ordering of the vertices. It is
well-known (see e.g. Lauritzen [19, Chapter 2]) that one can find an ordering
of the vertices such that G = G if and only if G is chordal. Hence when G
is chordal we can directly derive the normalizing constant of I¢(4,1,) from
Theorem 2.2 by evaluating Gaussian and Gamma integrals. One could also
prove the following corollary using Equation (1.4).
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FiG 1. Undirected graph Gs (left) discussed in Evample 2.4 and its moral DAG Gs (right).

COROLLARY 2.3. Let G = (V,E) be a chordal graph, where the vertices
V ={1,...,p} are labelled according to a perfect ordering. Then

p
I(6,1,) =« #V2 TT T(6 + & indeg(i) + 1).

i=1

where indeg(i) denotes the indegree of node i in the corresponding DAG G.

ExAMPLE 2.4. We illustrate Theorem 2.2 by studying the non-chordal
graph G5, shown in Figure 1 (left). We wish to calculate

(2.2) I, (6,T5) = / |K|°exp (- tr(K)) dK
KGSE_O(G5)

through the change of variables, K = AA”. The moral DAG of G5 is denoted
by G5 and depicted in Figure 1 (right). Since the edges (2,4) and (2,5) are
missing in G5, we immediately deduce that ags = ass = 0. In this example,
we chose an ordering where only one edge needed to be added in the process
of marrying parents, namely the edge (1,3). This results in one equation
for a3, which can be deduced from the colliders over the additional edge,
i.e., nodes [ € V with (1,1),(3,1) € G, and results in

1

1/ a33

Finally, the Jacobian can be deduced fromithe indegrees of the nodes in
Gs, which corresponds to the moral DAG G5 after omitting the red edge.
Therefore, the determinant of the Jacobian is

a3 = (a14a34 + a15a35).

0/2 1/2 1/2 2/2 3/2
g1 Qg Qg3 Gy Agy
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and we find that the integral (2.2) equals
5 64+1/2 641/2 41 6+3/2
/A 11822 = @33 Ggq 55
a14a34 + Q15035

1/ a33

+ a2 + agg + a3z + a§4 + CL§5 + agq + ai5 + a55>] dA,

_ 2 2 2 2
X exXp ail +a12+ +a14+a15

where a; > 0; a;; € R, 7 < j; and dA denotes the product of all differentials.

As seen in Example 2.4, the equations corresponding to the additional
edges (i,j) € £\ € complicate the integral significantly. Therefore, given a
non-chordal graph G, it is desirable to find an ordering such that |€ \ &| is
minimized. This ordering is given by a perfect ordering of a minimal chordal
cover of GG, where minimality is with respect to the number of edges that
need to be added in order to make G chordal. Using Corollary 2.3, we can
compute the normalizing constant corresponding to a minimal chordal cover
of GG. The question arises: How can one compute the normalizing constant
of G from the normalizing constant of a minimal chordal cover of G7 In the
following theorem, we show how one can compute the normalizing constant
of a graph G that results from removing one edge from a chordal graph.
Such graphs are said to have minimum fill-in equal to 1.

THEOREM 2.5. Let G = (V,E) be an undirected graph with minimum
fill-in 1 and with vertices V = {1,...,p}. Let G¢ = (V, E€) denote the graph
G with one additional edge e, i.e., E€ = E U {e}, such that G¢ is chordal.
Let d denote the number of triangles formed by the edge e and two other
edges in G¢. Then

L PE+5(+2)
T(5+ 1(d+3)) lo<(3,1p).

PROOF. We begin by defining an ordering of the vertices in such a way
that one can directly integrate out the variables corresponding to the end
points of e and the variable corresponding to e itself.

Let one of the end points of e be labelled as ‘1’, the other end point
as ‘d + 2’ and label the d vertices involved in triangles over the edge e by
2,...,d+ 1. Label all remaining vertices by d + 3,...,p. Let G¢ denote the
moral DAG to G¢ with edge set £¢. Then the chosen ordering of the vertices
guarantees that £¢ = € U {e}, and e ¢ &.

Ic(6,L,) =7
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Also, since all vertices 2,...,d+ 1 are connected to vertex d+ 2, no added
edge in £ \ € points to vertex d + 2 and hence @442 412 does not appear in
any equation for the edges in £ \ £. Similar arguments hold for vertex 1,
since due to the ordering there can be no edge pointing to node 1.

Let A and A¢ denote the Cholesky factors of G and G¢, respectively. Then

A — Aj; forall (i,7) # (1,d +2)
T 0 i) =(1,d+2)

Let indeg denote the indegree with respect to the DAG G and indeg® the
indegree with respect to the DAG G°. Let Ax = ((@ii)ig{1,d+2}> (@i5) i j)ee)-
Note that

(2.3) indeg®(1) = 0 = indeg(1), indeg®(d+2) =d+1 = indeg(d+2)+ 1.
Then by Theorem 2.2,

p 7. e/
Ige(8,1,) = / <Hafi+2 indeg® (i) exp(—a@) exp [— Z a?j]

=1 (i.)e€*

dayy dagyo,qi2 day g2 dA

oo oo 1. .
2 0++ indeg®(1)
= / exp(—ai g42) dai,dt2 / ap exp(—a11) dany
0

—0o0
& 6+% indeg®(d+2)
’ Aq12,d+2 exp(—adt2,d+2) dddi2,d+2
541 indeg® (i
/ [ H ai:‘g indeg® (i) exp(—aii)] exp [— Z afj} dA,.
©oiELd+2) (irj)€E

The integral with respect to aj 412 is a Gaussian integral, with value N
Also, by (2.3),

S )
5+ Lindeg®(1) 5+ Lindeg(1)
/0 ap exp(—a11) daj; = ; ap; ’ exp(—ay1) dai;.

Again by (2.3), we have

o0 6+% indeg®(d+2)
Qg yo d42 exp(—ad+2,d+2) dadt2,d+2

D6+ 4(d+1)+1) [ 5+) indeg(d+2)
- L6+ 1d+1) Ad+2,d+2 exp(—adt2,dr2) dadr2,dr2-
2
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Finally, since indeg®(i) = indeg(i) for all i ¢ {1,d + 2}, we obtain

P0+3d+1)+1) [ siinde
Ie(0,1,) = V7 ( 3 ) ) )/ aﬁr deg(1)/2 exp(—a11) daiy
0

6+ 3d+1
ee 5+2 indeg(d+2)
: Ao d+o exp(—aqy2,d+2) dagi2,q42
0
1in, ]
. / ( H aijLQ deg(i) exp(—aj;) > exp [ Z }
A Nig1dr2) j)eE
L0+ 3(d+3))
= V7 15(6,1,).
VT U6+ 1(d+2)) c(0.L)
The proof now is complete. O

EXAMPLE 2.6. Since the graph G5 discussed in Example 2.4 has mini-
mum fill-in equal to 1, we can apply Theorem 2.5 to compute its normalizing
constant. The skeleton of the graph shown in Figure 1 (right) is a chordal
cover of G5 and the given vertex labeling is a perfect labeling. By applying
Proposition 2.3, we deduce the normalizing constant for the graph G5 with
the additional edge e = (1, 3):

Ige(8,1,) = 7' T+ 1) T(6+3) [N +2))* T+ 3).

Since the number of triangles over the red edge (1,3) is d = 3, we find by
Theorem 2.5 that
§+3+1)

105(67 ]Ip) = 712 E

T IGS(& ]Ip)

S+a+1) 0

r(6+3
(2.4) = 7'/? F(((SJF?))?F(5+1)I‘(5+§) [T +2)]°T(5+3).

3. Computing I (d, D) for general non-chordal graphs. In this
section, we study I(d, D) for general D. In Theorem 3.3 we show how the
normalizing constant changes when removing not only an edge, but an entire
clique (i.e., a completely connected subgraph) from a graph. This leads to an
algorithm for computing the normalizing constant I (6, D) for any graph G,
which can then be specialized to the case which D = [,. For general graphs,
we found it necessary to calculate first the general case I (0, D) and then to
specialize to D = I,,, as is done for moment-generating functions or Laplace
transforms.
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3.1. Some results on a generalized hypergeometric function of matriz ar-
gument. We list in this subsection some results, involving a generalized
hypergeometric function of matrix argument, that we will apply repeatedly
in this section.

For a € C and k € {0,1,2,...}, we denote the rising factorial by

~ T(a+k)

() = T'(a) =ala+1)(a+2) - (a+k—1).

For t € C and p ¢ {0,—1,—2,...} the classical generalized hypergeometric
function, oFi(p,t), may be defined by the series expansion,

(3.1) oFi(p; t) = ZZ; o)

We refer to Andrews, et al. [1] for many other properties of this function.
The generalized hypergeometric function of matriz argument, oFy(p; Y),

Y e SI;O, is defined by the Laplace transform,

O [ P ey D) oFi( ¥) 4 = DI expl(D7),
Tp(p) SPo
valid for Re(p) > 3(p — 1) and D € S¥. Herz [13] provided an extensive
theory of the analytic properties of the function o Fj. In particular, o Fy (p; Y')
is simultaneously analytic in p for Re(p) > 3(p—1) and entire in Y so, as a
function of Y, its domain of definition extends to the set SP and to the set of
of complex symmetric matrices. Other properties of the function oF1, such
as zonal polynomial expansions which generalize (3.1), are given by James
[16], Muirhead [26], and Gross and Richards [12].

Herz [13, p. 497] proved that the function ¢Fi(p; Y) depends only on
the eigenvalues of Y, and moreover that if Re(p) > 2(p — 1), D € S, and

C' € SP, then there holds the Laplace transform formula,

32) [ PO exp(-t(YD)) oFi(p; YC) dY
S%o

=Ty(p) |D|™ exp(tx(D~0)),

where, by convention, o F (p; Y'C) is an abbreviation for o Fy(p; Y1/2CY/?)
and Y1/2 ¢ Sf_o is the unique square-root of Y. Setting C' = 0 (the zero
matrix) in (3.2) we deduce from the uniqueness of the Laplace transform
and (1.2) that ¢Fi(p; 0) = 1.
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We will apply repeatedly a generalization of the Poisson integral to matrix
spaces (see [13, pp. 495-496] and [16, Equation (151)]): If A is a k X p matrix
such that k < p, and Re(p) > (k +p — 1), then

(3.3) /O e Iy — X XT P 2040+ D) ey (tr(AXT)) dX
< <lg

- )
B Tr(p)

where the region of integration is the set of all k£ x p matrices X such that
XXT ¢ S’;O and I — XX7T ¢ S’;O. In particular, on setting A = 0 we obtain

oF1 (p; 1AAT),

T2 Tk (p = 5p)
L (p)

(3.4) / I, — XXT|P-2(tptl) g x =
0<X XTI,

a result which was used in Proposition 2.1.
For the case in which Y is a 2 x 2 matrix, Muirhead [25] proved that

o

(3.5) ofi(p; Y) = ; q' (p)2q (p— %)q

Y9 0F1(p+2q; tr(Y)),

where the oF7 functions on the right-hand side are the classical generalized
hypergeometric functions given in (3.1). In the special case in which Y is of
rank 1, it follows from Herz [13, p. 497], or directly from (3.5), that

(3.6) oF1(p; V) = oF1(p; tr(Y)).

3.2. The normalizing constant for non-chordal graphs. We want to cal-
culate

Iq(6,D) = / |K|° exp(—tr(K D)) dK,
S2,(G)

the normalizing constant for G, a general non-chordal graph. By making
the change of variables K — diag(D) /2K diag(D)~'/? we can assume,
without loss of generality, that D has ones on the diagonal and therefore is
a correlation matrix; this assumption will be maintained explicitly for the
remainder of the paper.

In the sequel, we will encounter a 2 x m matrix C' = (Cj;), and then we
use the notation |Cyy 9y ;41| for the minor corresponding to rows 1 and 2
and to columns ¢ and j, where i,j € {1,...,m}. We will need L = (L;;), a
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2 X m matrix of non-negative integers such that Z?Zl Z;”’:l Li; =1, and we
adopt the notation

m 2
l) I!
= Liy =) Ly, and Ly=)Y Ly
(L H?:1 Hj:l Lij! Z ;

i=1
We will also have @ = (Qij)1<i<j<m , a vector of non-negative integers such
that >y, <, Qij = ¢, and we set

q q! - —
(Q> Micreyon @51 Qi+ Z Qij, and Q. ; Qij

j=i+1
In the following result, we obtain the normalizing constant for Hs ,,, a

complete bipartite graph on 2 4+ m vertices.

PROPOSITION 3.1.  The integral Ip,,, (0, D) converges absolutely for all
§ > —1 and D € SEJ™. Let C = (Cy;) denote the 2 x m submatriz of D
corresponding to the edges in G; then Iy, (6, D) equals

IH27m(57 Hm-{-?)
(54 3m +2)), (6 +2)" & !
2 g! (0+5(m+3)),, 2 (6 +2q + 5(m +3)),

=0 1=0
2 m 2 m
ZL:(IZ’><1_11:1_[105”)<1_11(5+(1+ (m+2)) )(H 5+2L+J>
i=1j4= = =1
.ZQ: (g) <1<£[jm |C{1,2}7{i,j}2Qij> <1;[ (6+ Lyj+2) Qj++cz+j>’

with
7™ Ty ((5 + %)

m Lim 9
Ty (0 + 3(m+3)) PE+2)]" T (6 +3(m+2)"

(3.7) In,,,(0,1nmy2) =

PROOF. We order the vertices such that

K:<KAA KAB)
Kpa Kpgp)’

where K 4 = diag(ki, ke), Kpp = diag(ki,...,kn), and Kap is uncon-
strained. We partition D in a similar way,

D <DAA DAB)
Dps Dpgp)’
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where diag(D) = (1,...,1) and Dap = C. By applying the determinant
formula for block matrices and making a change of variables to replace K ap
by KXZKABKJE,/;, we obtain similarly as in the proof of Proposition 2.1:

I, 00) = [ oy KR D)) K

= o aa T Kl L~ K Kal
SZEm™(@)
cexp(—tr(Ka4) — tr(Kpg))
exp |2t (KT KapKH3CT)| dKaa dKap dKpp.
Applying (3.3) to integrate over K 4p, we obtain

Ty (5—|— %)
Ty (6 + 3(m+3))

1
./|KAA\5+2m |Kpp|" T exp(—tr(K44) — tr(KpB))

- oY ((5 + %(m—l— 3); KAACKBBCT) dK 44 dKpp.

IHz,m (5, D) =

Applying (3.5) to expand this ¢F; function of matrix argument in terms of
a classical oFy function of tr(K4aCKppCT), and applying (3.1), we get

oF1 ((5 + %(m + 3); KAACKBBCT)

o0

1
B K aCKpgpCT)4
qgo q! (6+ %(m+3))2q (5+%(m+2))q | AA BB |

. 0F1(5—|—2q+%(m—|—3); tr(KAAC’KBBCT))
zi !
= al (64 5(m+3))y, (6+35(m+2)),

o0

|KsaCKppCT|?

1
I (0+2q+ %(m+3))l

(tr(KAACKBBCT))Z .
=0

By the Binet-Cauchy formula (see Karlin [18, p. 1]),

|KaaCKppCl| = |Kaa|-|CKppCT|
= |Kaal Y kikj [Ciopqipl>

1<i<j<m
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Hence, by the Multinomial Theorem,
|KaaCKppC™ |t

= |Kaal" ) (g) IT (kK |C{1,2},{i,j}‘2)Q”

Q 1<i<j<m
¢\ (17,04
i+t 1 2Q; 4
= [Kaal* <Q> (H kit +> II 1Cusun |,
Q i=1 1<i<j<m
where @ = (Qij)i<i<j<m is a vector of non-negative integers, as defined

earlier. Also,

tr(Ka4aCKppCT) Z Z Kik;Cij,

=1 j=1
and hence, by the Multinomial Theorem,

(tr(KaaCKppCT) (szk CU>

i=1 j=1
I 2 m
=2 (L) T 11 (sikiCip)™
L i=1j=1
I 2 . m Ly, 2 m .
=5 () (T ) (11 ) T T
L i=1 j=1 i=1j=1

where L = (L;j;) is a 2xm non-negative integer matrix defined earlier. Hence

o (0+3) & 1
Tt (0. D) = Dy (0 + $(m+3)) ;) q! (64 3(m+3)),, (0+5(m+2)),

o0

1
I(6+2q+% (m+3)),

é) HHCZ]L” (H/ 6+Q+Ll++ m o " d/iz>

i=1j=1

( ) Cra2pqagy 97
1<z<j<m

H/ 5+QJ++Q+J+L+J+1 —k] dk‘

N

=0



18 C. UHLER, A. LENKOSKI, D. RICHARDS

Evaluating each gamma integral and simplifying the outcomes, we obtain

7 Ty (54 3)
Ty (6 4+ 3(m +3))

In,.,.(8,D) = [P@E+2)]™ [0 (6 +5(m+2)]?

< (§+5(m+2) (6+2)y)" & 1
= 5+ 5mE3), TR
;(D(ZHUHI ) a)(ZHl §+q+35(m+2) )(U 0+2) >
% <g?) <1§i1<_J[Sm |C{172}7{i’j}’2%) (1;[ Ot bt? Q e >

Finally, the value of Iy, (6, I;my2) is obtained by applying Theorem 2.1 or
Theorem 2.5, so the proof now is complete. ]

Note that if we set D = I,,42 in the proof of Proposition 3.1 then
|Ct1,23,1i,1| = Cij = 0. Hence, in the infinite series, the only non-zero terms
are those for which [ = g = 0, so the series reduces identically to 1.

The special structure of K was crucial for the proof of Proposition 3.1. We
now combine Proposition 3.1 with the approach developed in Theorem 2.2,
of representing K by its upper Cholesky decomposition, to describe how the
normalizing constant changes when removing an edge from a chordal graph
with maximal clique size at most 3. Similarly as in the proof of Theorem 2.5,
the main difficulty lies in defining a good ordering of the nodes. For sim-
plifying notation we denote the quotient of the normalizing constants for
general D and the identity matrix by Ig(6, D), i.e

I¢(4, D)

Ig(8,D) = TeO.L)

As an example, note that Iy, (8, D) is given in Proposition 3.1.

COROLLARY 3.2. Let G = (V, E) be an undirected graph of minimum
fill-in 1 with vertices V. = {1,...,p} and mazimal clique size at most 3.
Let G¢ = (V, E°) denote the graph G with one additional edge e, i.e., E¢ =
E U{e}, such that G¢ is chordal and its mazimal clique size is also at most
3. Let d denote the number of triangles formed by the edge e and two other
edges in G¢. Then

F(0+4(d+2) [Digsoyl™?
L (6+5(d+3)) T3 1D 042

I(6,D) = 7~ 1/2 In, ,(6,D) Ige (6, D),
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where Dy, 4,y denotes the principal submatriz of D corresponding to the

-----

rows and columns i1, ..., 0.

PrROOF. We define an ordering of the vertices in such a way that the
integral for the normalizing constant I;(d, D) decomposes into an integral
over a bipartite graph and an integral over the remaining variables. Similarly
as in the proof of Theorem 2.5, label one of the end points of e as ‘1’, label
the other end point as ‘d 4+ 2’, and label the d vertices involved in triangles
over the edge e by 2,...,d+ 1. Label all remaining vertices by d+ 3, ..., p.
Let G denote the moral DAG to G with edge set £ and similarly for G°.

By Theorem 2.2, the normalizing constant for G decomposes into an in-
tegral over the variables A = {a;; | (i,7) € £,i,j < d + 2} and an integral
over the variables B = {a;; | (i,7) € £,a;j ¢ A}. The equivalent statement
holds for the graph G¢ with A° = AU {e} and B® = B. Note that the
integral over B is the same for GG as for G¢. The integral over A is the nor-
malizing constant for the complete bipartite graph Hp 4 with U = {1,d + 2}
and V = {2,...,d + 1} where every vertex in U is connected to all vertices
in V | but there are no edges within U nor within V' . The integral over
A¢ = AU {e} is the normalizing constant for the complete bipartite graph
Hj 4 with one additional edge connecting the two nodes in U. We denote
this graph by Hg ;. So

Iszd(67 ‘D)
IH;d(d: D)

IHZ,d (d, Hd+2)fH2,d (6,D)
Tn; (6, D) !

16(6,D) = Ige(5,D)

= Ige(6,D)

where Iy, ,(6,D) is given by Proposition 3.1.
The additional edge e makes the graph Hj,, chordal and hence the nor-
malizing constant is computed using (1.4):

dr1
[15252 D1 j.av2y

Tng (6, D) = Ing (6, La42) Dpr.aray |71

By Theorem 2.5,

Itp0(6lavs) 4T (0+3(d+2))
IHS,J(CS, Hd+2) r ((5 + %(d + 3)) .
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By collecting all terms we find
IHz,d(57 Hd+2)I_H2,d (57 D) ’Dl,d+2 ’d_l

16(6, D) = Ie (8, D)

Tng ,(6,Ta12) T1555 [D1jasel
r(6+id+2 D =1 _
VR Gl 3 ) _| )  1.,(5.D) Ie (3. D).
r (5 + i(d + 3)) Hj:Q |D{1,j,d+2}‘
The proof now is complete. O

Corollary 3.2 can be generalized to graphs of minimum fill-in 1 and arbi-
trary treewidth to obtain an extension of Theorem 2.5 to general D. This
involves decomposing the normalizing constant for G into a normalizing con-
stant for the chordal graph G¢ and the quotient of the normalizing constants
for the subgraph induced by the triangles over the edge e. This technical re-
sult is given in Theorem (S.3) in the Supplementary Material.

We now prove our main result which can be applied to compute the
normalizing constant for any graph. It involves showing how the normalizing
constant changes when removing a whole clique from a graph. However, for
graphs of minimum fill-in 1 it is advisable for computational reasons to use
the specialized result given in Theorem 4 in the Appendix.

In the following, we denote by G4 the subgraph of G induced by the
vertices A C V. In the following theorem, we will encounter a symmetric
matrix Taa = (1i;)i jea. Denoting Kronecker’s delta by d;;, we define the
matrix of differential operators,

0 1 0
OTaa <§(1 + 5ij)aTij>i,j€A7
as in [9, 23]. The corresponding determinant, det(9/0T44), and the (r, s)th
cofactor, Cof .5(0/0T44), are defined in the usual way.

We will also make use of fractional powers of differential operators, a
concept which is widely used in some areas of probability theory and math-
ematical analysis [3, 14] but which is new to the study of Wishart distribu-
tions for graphical models. In its simplest formulation, suppose a function
f : R — R is such that its nth derivative, (d/dx)" f(x), can be analytically
continued as a function of n to a domain in C; this allows us to define the
ath derivative, (d/dz)®f(x) where o belongs to the domain of analyticity.

Géarding [9] defined fractional powers, (det(9/0T44))", of the determi-
nant det(0/0T44) by means of analytic continuation in «. We will apply
Garding’s fractional powers of operators to calculate the normalizing con-
stant (9, D), and we provide in Example 3.5 an explicit calculation for a
case in which the fractional power of the determinant det(0/0T44) is —1/2.
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The following theorem is the main result of the paper. In this result, we
express I;(0, D) in terms of a series in which derivatives with respect to
the Uga are calculated, then the outcome is evaluated at Ugq = T4 4, then

derivatives with respect to the T)44 are calculated, and then the resulting
expression is evaluated at Taqa = Dag.

THEOREM 3.3. Let G = (V,E) be an undirected graph and partition
V = AU B such that the induced subgraph Gp is a clique. Let I = {(i,j) €
A x B (i,j) € E} denote the edges connecting A and B, and let I denote
the end points in A and I the end points in B (i.e. the projection of I onto
the first and second coordinate). Define

I
(3.8) On,(D,Tan) = < — Dy ), 12(s) COf 1,0y, 1(s) (3T6AA)>LS:1 ;
a |I| x |I| matriz of differential operators. Then
16(8, D) = wl!\/2 Ty (5 + 3B + 1)) [Dpp| 2111
(det O, (D, Tan)) "

) Z . Z (det dr, 1, (D, UAA))_j“

0<jrs<oo
1<r<s<|I|
(]. + 5T5)j7ls jrs jr.s
' ( 11 e CHCRACEABNA®
1<r<s<|I|

’ (COfrs a11,12 (D7 UAA))JM)

A, (6+ 3| +34.,Uan)

Uaa=Taa 'Taa=Daa

As a corollary of this theorem, we obtain an analogous formula for the
case in which D = I,,.

COROLLARY 3.4. Let G = (V,E) be an undirected graph with vertices
V ={1,...,p}. Let V be partitioned such that V.= AU B and the induced
subgraph Gp is a clique. Let I = {(i,j) € A x B | (i,j) € E} denote the
edges connecting A, B and let Iy denote the end points in A and Is the end



22 C. UHLER, A. LENKOSKI, D. RICHARDS

points in B. Then
I6(0,1,) = =1"V2 Ty (5 + (18| + 1))

0.1, (D, Tan)Ic, (6 +|1]/2,Tan)

Taa=l

Theorem 3.3 and Corollary 3.4 enable calculation of the normalizing con-
stant of the G-Wishart distribution for any graph by removing cliques se-
quentially until the resulting graph is chordal, in which case the normalizing
constant is known. In the following example we show how to apply Theo-
rem 3.3 in order to compute the normalizing constant for general D for the
graph G5 given in Figure 1.

ExXAMPLE 3.5. We wish to calculate

Ig.(6,D) = / |K|° exp(—tr(K D)) dK.
KESiO(G5)

We partition the matrix K into blocks,

K — <KAA KAB>
Kiz Kpp)'’

k33 ksa k35

k k 0 k k
Kaa = ( 1 12>, Kap = <k23 84 65>, Kpp = | k34 kaa kus
k35 ka5 kss

Noting that Kpp is unconstrained, we now apply Theorem 3.3. In the fol-
lowing, we provide all the ingredients of the calculation, viz.,

da3
L =(2,1,1), Iy=(3,4,5), vec(Dip)=|diu],
di5

d3zk11  —dsak12  —dsskio
A = |Kaa| ™t | —dsakia  daskos  daskao
—d3skia  daskaa  dsskaa
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Further, the matrix of differential operators is

P 3
On.1,(D,Tan) = <— D, r),12()COL 1, (1)1 (5) <8TAA>> )

0 1 0 1 0
~dary 2duar;  2Barn,
N P R R R O B
= | 29437, daa 57, 245 375,
1 0 1 0 0
2sar,  —2dsar,  —dsan,

and similarly for 0y, 1,(D,Uaa).
Since K 44 is unconstrained, the integral I, (6, Ua4) is a standard Wishart
normalizing constant, so we have

3
16,(6,Uxn) = To(8 4 3) [Uaa|~OF2).
Then from Theorem 3.3 we obtain

IG’5 (67 D)
= %2 T3(6 +2) [Dpp|~ " (det 1,,1,(D, Taa)) "/
Y > To(64+344.) (detdp, 1, (D, Uaa)) -

0<jrs<oo
1<r<s<3
(1 + 5rs)jrs Jrs Jrs
(3.9) : < H T Dzl(T),IQ(r) Dh(s),IQ(S)

1<r<s<3

(Cofrs 811,12(17, UAA))J'TS) . ‘UAA|—(6+3+JL)

Uaa=Tsa ' Taa=Daa

For the case in which D =I5, we have Dy, () 1,;) = 0 for all = 1,2,3
and hence we deduce the result given in Corollary 3.4, viz.,

I (8,15) = 72 T'3(6 + 2) T9(6 + 3)

~(det dp, 1, (D, Tan)) /2 [Tua| 70T

Taa=I 4
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By (3.8),

(det dr,1, (D, Tan))™ |Taa| "+

Taa=l 4

= (=" <8§11)n(81(?22>2n<T11T22)_(6+3) Ti1=To2=1

= (+3)0+4) (424 n)(6+3)(5+4) - (5+2+ 2n)

T(§+3+n)T(6+3+2n)
I(6+3) TI(0+3)

The latter expression, considered as a function of a complex variable n, is
analytic in the complex plane on a region containing the point n = —3.

2
Therefore, in accordance with Garding’s fractional calculus,

(det p,,1,(D, Tan)) V2 [Taa| "+

Taa=l4
T +3+n)T(5+3+2n)
PE+3)  TE+3) |

@ +3) 1@ +2)
(6 +3)T(6+3)

so we obtain the same result for I, (d,15) as in (2.4).

To complete this section, we now provide the proofs of Theorem 3.3 and
Corollary 3.4.

PROOF OF THEOREM 3.3. The matrix K is of the form

_ (Kaa Kap p
K= (K:{B KBB) €S0

where Kpp has no zero constraints. By applying the determinant formula
for block matrices,

|K| = |Kaal| - |Kpp — Kip(Kaa) 'Kagl,
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and changing variables, Kzyp — Kgp + KEQB(KAA)_lKAB, we obtain
IG‘((S,D) = /’KBB‘(S eXp(—tI'(KBBDBB)) dKBB
'/|K'AA|Cs exp(—tr(KAADAA))

‘/exp(—2tr(KABDAB))
cexp(—tr(Dpp K g(K44) ' Kap)) dKap dK a4
and hence
16(5,D) = T\ (6 + 3(|1B| + 1)) | Dpp|~@+z(B+1)

-/]KAA|5 exp(—tr(KaaDax))

'/exp(—2tr(KABDAB))
-exp(—tr(DppKhp(Kaa) ' Kag)) dKap dK ax,

where we applied (1.2) to compute the integral over Kpp.

Denote by vec(Kap) the vectorized matrix K4p, written column-by-
column. We apply a formula for the Kronecker product of matrices (see
Muirhead [26, p. 76]) to obtain

tr(DppKip(Kaa) " Kag) = (vec(Kap))' (Dpp ® (Kaa)~")vec(Kap).

Let I = {(i,j) € Ax B | (Kag)ij # 0} and let I; denote the projection
of I onto the first index and I5 the projection of I onto the second index.
Let vec(K1 ) denote the column vector containing the non-zero entries of
vec(Kap) and let A~! be a matrix containing the entries of Dgp ® (Ka4)™*
corresponding to the components of Vec(KiB), ie.,

(A_l)TS = DIQ(T')JQ(S)(KZ}‘)II("”)Jl(S)
1
(3.10) = Dp),12(5) Kaal Cof 1, (r),11(s) (K a4),

where Cof;;(K44) denotes the (7, j)-th entry of the cofactor matrix of K44.
Then

tr(KapDap) = vec(K L g) vec(DLp),
tr(DppKig(Kaa) ' Kap)) = vec(Kh5)T A1 vec(Kh p),
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and hence we obtain the integral over K 4 in the form of a Gaussian integral:
/exp(—2tr(KABDAB)) exp(—tr(DppKap(Kaa) ' Kap)) dKap

= /exp(—2vec(K£B)TVeC(D,I4]3))
-exp(—vec(KﬁB)T At VeC(K,{xB» dKﬁlB
= 172 |A[Y2 exp(vec(Dh )T Avee(Dhp)).

Therefore,
I6(6,D) = 2172 F|B|(5 + %(|B\ + 1))|DBB’7(6+%(|B|+1))
. /‘KAAM—'II/Q exp(—tr(KaaDaa))

r,s=1

-exp(vec(D )T Avec(Dp)) dK a4.

~1/2
-det ([Dry(ryaa(o) Cof 1y (Kan)] Ly

Now note that

(3.11) det ([DIQ(T),IQ(S) Cth(T)Jl(S)(KAA)]L{L:1) exp(—tr(K44Da4))

= det(ah,b (D, TAA)) exp(—tr(KAATAA))

Taa=Daa
By analytic continuation [9], we obtain
I¢(8,D) = 11/ Ty (5 + 3(1B| + 1))|DBB,—(5+%(IB\+1))
) det(ah,lz (D, TAA))_1/2
(3.12) -/|KAA|6+I|/2 exp(—tr(KAATAA))
-exp(vee(D4g)T Avec(Dhg)) dK 44
Taa=Daa

Now we write the exponential function as an infinite series and apply the
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cofactor formula to express A in terms of the entries of A~
exp(vec(Djyp)" Avec(D)p))
_ (1 + 5T5) Jrs Jrs irs
- ZZ H | Dh(?") I(r )Dfl(S)J2(5) Az

0<jrs<oo  1<r<s<|I| Irs

1+ drs s s
=> > 1l SR ;) Dyt matr) PEio) nato

0<jrs<oo 1<r<s<|I| Irs

. I j?"s
“[Kaal’ Cof s ([Dlz(a),Iz(b)Cth(a),h(b)(KAA)]‘CL,‘b:I)

I _j'rs
- det ([Dr 1oy Cof 1y (Kan)lihy )
Denoting ZO§T<S§|I| Jjrs by 7., and introducing the differentials

o [ N
8UAA - <§(1 +5U)8Uij)i,j€A

similar to (3.11), we obtain

Ia(8, D) — /2 F‘B‘(d_i_ (\B|+1))|DBB| (6+5(1Bl+1))

5 N1l -1
- det ( [ — D]g(r),b(S) COfIl(r)’II(S) <8TAA> :| 1>

P 11| —J..
. Z . Z det ([— DIQ(a),JQ(b)Cofh(a),h(b) <6UAA> } )

0<jrs<oo e
(1 + 57‘8)]'%S st jrs
‘ ( H T DI1(7”)712(7“) DIl(S)JQ(S)
1<r<s<|I|

8 |I| Jrs
- Cof .4 ( [ = Dhy(a),2(0)COF 1, a),12 0) <8UAA) ] b—l)

Ja, (6 +1)/2+7.,Uan)

)
Taa=Daa

Uaa=Taa

where in the last line we used the fact that
Ig,(0,Uan) —/|KAA\6 exp(—tr(K44aUa4)) dKaa.

This completes the proof. O

PrROOF OF COROLLARY 3.4. This follows from Theorem 3.3 by setting D =
I, in (3.12). O
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4. Discussion. In this paper we provided an explicit representation of
the G-Wishart normalizing constant for general graphs. Theorem 3.3 is our
main result and it can be applied to compute the normalizing constant of
any graph. However, for particular classes of graphs one might be able to
obtain simpler formulas using a more specialized approach as can be seen
by comparing the two formulas (3.9) and (4.1) for G5. In Proposition 3.1 we
provided a simpler formula for bipartite graphs Hs,,, and in Corollary 3.2
and in Theorem 4 for graphs with minimum fill-in 1. Note that Corollary 3.2
and Theorem 4 can be applied to graphs of minimum fill-in 1 and also to
graphs which are clique sums of graphs of minimum fill-in 1.

Even in modest dimensions the size of the graph space necessitates iter-
ative methods to address model uncertainty, as exhaustive enumeration is
infeasible. Since the graphical model may be just one part of a larger hi-
erarchy, Markov chain Monte Carlo methods are naturally used to perform
posterior inference. In such scenarios the chain moves between graphs in each
scan of the parameter set and the transition probability reduces to the eval-
uation of ratios of G-Wishart normalizing constants. Since direct evaluation
of these constants has appeared infeasible, previous work used computation-
ally intensive sampling-based methods to approximate this ratio.

Our paper shows that computing the exact normalizing constant of the
G-Wishart distribution is possible in principle. The various examples in this
paper also make it clear that one can hope to find more computationally effi-
cient procedures than Theorem 3.3 for computing the normalizing constant
of the G-Wishart distribution for particular classes of graphs. Important
future work is the development of specialized methods for computing the
normalizing constants of different classes of graphs that are important for
applications, one example being grids, which are widely used in spatial ap-
plications.
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Supplementary Material.

Ezact Formulas for the Normalizing Constants of Wishart Distributions
for Graphical Models with Minimum Fill-In 1. In the following, we prove
an extension of Corollary 3.2 to obtain a generalization of Theorem 2.5 for
arbitrary D. This requires generalizing Proposition 3.1 to block matrices of

the form
_ (Kaa Kap »
K‘(KgB Kgp) €50

where K 44 is arbitrary of size 2 x 2, K4 is complete of size 2 xm and Kgp
is arbitrary of size m x m. In Lemma (S.1) we analyze the case in which
K 44 is complete and in Lemma (S.2) the case in which K44 is diagonal.

LEMMA (S.1). Let G be a graph on 2 4+ m vertices with two nodes that
are connected to each other and to all other nodes, i.e. K is of the form

_ (Kaa Kag 24+m
K_<KZ;B Kpp SIS

where K 44 is a complete 2 x 2 matrix, K 45 is a complete 2 x m matrix and
Kpp is an arbitrary m x m matrix. Then the integral I;(d, D) converges


http://www.ams.org/mathscinet-getitem?mr=MR0381137
http://www.ams.org/mathscinet-getitem?mr=MR0652932
http://www.ams.org/mathscinet-getitem?mr=MR1927659
http://www.ams.org/mathscinet-getitem?mr=MR1925566
http://www.ams.org/mathscinet-getitem?mr=MR1503238

NORMALIZING CONSTANTS FOR G-WISHART DISTRIBUTIONS 31

absolutely for all § > —1 and D € Sﬁ)m. Further,

166, D) = £ Ty 3+ §) |Dal(20m19)
. IGB ((5 + 17DBB — DYAWBDZ}LlDAB)

PROOF. By applying the determinant formula for block matrices, making
a change of variables to replace K p by Ki‘/j Ky BK;/ ; and applying (3.3)
as in the proof of Proposition 3.1 we find that

_ T2 (6+5)
- Ty (6+3(m+3))

1
- / K aal™ 3™ | K gl exp(—tr(KaaDan) — tr(KszDag))

- oF (0 + 2(m +3); KaaDapKppDhp) dKaa dKpp.

Ig(0,D)

Since K 44 is complete, we can apply (3.2):
I(6,D) = 7™ Iy (6 + 2) |DAA|—(5+%(’”+3>)
./|KBB|<s+1 exp(—tr(Kpp(Dpp — DypD 3 Dap)) dKpg
= 7" Ty (5 +3) [Daa|(0F3043)
I6,(64+1,Dpp — DypD 4 Dap).
This completes the proof. ]

In the following lemma, we will encounter a symmetric matrix Epp =
(Eij)ijeB- Denoting Kronecker’s delta by d;;, we define the matrix of differ-
ential operators,

a N
8EBB - <§(1 +5ZJ)aEij>i,j€B

and denote its minor corresponding to the rows {aj,as} and the columns

{517 62} by

0
’ <8EBB ) {araz2},{B182}

LEMMA (S.2). Let G be a graph on 2 4+ m vertices with two nodes that
are connected to all other nodes but not to each other, i.e. K is of the form

_ (Kaa Kap m+2



32 C. UHLER, A. LENKOSKI, D. RICHARDS

where K44 = diag(k1,k2), Kap is a complete 2 x m matrix, and Kpp is
an arbitrary m x m matrix. Then the integral I (d, D) converges absolutely

forall 6 > —1and D € SQ;{]m, and I (0, D) is given by

Ty (54 3) s 0 <m+2>>q
T'(d+ 5 2
I‘z(é—i—%(m—i—?)))[ (0+30m+2) .
e l' 5+2q+ (m+3 ; ll+12 l 1

q
. Z (Q) H DA,{a1,a2}Qa1a2+J> |DA {ﬂ17ﬁ2}|Q++ﬁ1ﬁ2
Q

3<a;<aa<m+2 3<B1<B2<m+2
( o )ll( o )lg < ) ) QD‘1O¢25152
oty Ota 3<ar<az<m+2 9Epg {a1a2},{B182}
3<B1<Ba<m+2

Ig,(0+1,EBR)

Epp=Dpp— Z] 1 {J} BD{]}B t1=ta= 0

where Q@ = (Qaja98:8, 3 <1 <aa<m+2,3< [ <Pr<m+2)isa
vector of non-negative integers such that Q4414+ = q.

PRrROOF. By applying the determinant formula for block matrices, making
a change of variables to replace Kap by Ki‘/j Ky BK;/ ; and applying (3.3)
as in the proof of Proposition 3.1 we find that

7™ Iy (5-1— %)
To(6+ 1(m+3))

1
- / K aal™ 3™ | K" exp(—tr(KaaDan) — tr(KspDag))

- oF1 (04 3(m +3); KaaDapKppD%p) dKaa dKp5.

I¢(,D) =

Applying (3.5) and (3.1) as in the proof of Proposition 3.1 we obtain

oF1 (0 + 3(m+3); KaaDapKppDlp)
oo
_ 1 |KaaDapKppDhip|!
= 1 1
g (0+3(m+3)),, (0+3(m+2),

[e.9]

1

: tr(KaaDasKpeDT o)) .
! (5+2q+%(m+3))l(r( 44Da5Kp5Da5))
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Since K44 = diag(k1, Kk2),

tr(KaaDapKppDlp)
= K1 tr(KBBD%;LBD{l},B) + Ko tr(KBBD?Q},BD{Q},B)

and hence by the Multinomial Theorem

l
(tr(KAAKABKBBK;{B))Z = Z <l ) K G (tr(KBBD{Tl}ﬁD{1},B))l1
l1+1a=1

33

l
. (tr(KBBD?z},BD{Q},B)) 2

By the Binet-Cauchy formula ([18, p. 1]),

|KaaDapKppDhpl

= |Kaal| - |DapKppDlhpl

=rik2 Y. |Dagaratl K {aras) o060 ]1Da, (5,6}
3<a<aa<m+2
3<B1<Ba<m—+2

Hence by the Multinomial Theorem,

|KaaDapKppDhpl?

q
= lﬁ;g ﬁng (Q) H ‘DA,{a17a2}|QD‘1°‘23152
Q

3<a<ag<m—+2
3<B1<Ba<m—+2

' |K{a1,a2}:{51,52}‘QalaQﬁlBQ ‘DA:{ﬂl,ﬁz}

e K/% K}Qq Z <é) < H ‘DA,{a17a2}|Qa1a2++>
Q

3<a<ag<m—+2

- ( 11 ’DA,{ﬁl,ﬂz}’Q++B152>

I<a<ag<m+2

' < H |K{C¥110¢2},{51ﬁ2}|Qa1a261ﬁ2>'

3<a<aa<m+-2
3<B1<Ba<m+2

‘Qa10¢25152
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Collecting all terms, we find that
IG(&D)

me2(5+%) i 1

- Fg(é—i—%(m—i—?))) ¢! (0+3(m+3)),

=0 . (5+l(m+2))

N0 R

Z < ) < H ‘DA,{al,a2}|Qa1a2++>
Q

3<a<ag<m—+42

‘ < 11 ‘DA,{51752}|Q++6152>

3<B1<B2<m+2

2
’/KBB‘(SJrleXp(_tr(KBBDBB))(H(tr(KBBD%}},BD{jLB))lj)
j=1

: ( II ’K{awz},{m,ﬂz}|Q°‘1“2W2) dKpp-

3<a <aa<m+2
3<B1<B2<m+2

e o 5+2q+ 2(m+3))

The gamma integrals over k1 and ko are computed readily, so only the inte-
gral over the variables Kpp remains to be evaluated, and we shall evaluate
that integral in terms of a normalizing constant for the graph Gp. First,
note that

2
l.
exp ( —tr KBBDBB H (tr(KBBD%}},BD{jLB)) J
J=1

— (;ﬁ)ll <£2>l2 exp | — tr(KppEpB))

9
t1=t2=0

where

2
Bpp = D = 3 tiD{jy 5Dy 5
j=1
Let E;; denote the entry of Epp corresponding to nodes i and j in B. Then

/‘KBBP—H exp(—tr(KppEpp)) ‘K{al,a2}7{517ﬂ2}‘Qala26152 dKpp

Qo azp b2 / 5
- K tlexp(—tr(KppE dKgpg.
)<8EBB>{C¥1Q2},{5152} K| xp(~tr(KppEpp)) BB

By collecting all terms, we obtain the desired result. O
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With these two lemmas, we now have the tools to generalize Corollary 3.2
to graphs of treewidth larger than 2. In the following theorem, we show how
the normalizing constant changes when removing one edge from an arbitrary
chordal graph G.

THEOREM (S.3). Let G = (V, E) be an undirected graph with minimum
fill-in 1 on p vertices. Let G¢ = (V, E¢) denote the graph G with one ad-
ditional edge e, i.e., E¢ = E U {e} such that G¢ is chordal. Let d denote
the number of triangles formed by the edge e and two other edges in G*.
Let V' be partitioned such that V= AU B U C with |A] = 2, |B| = d,
|C| = p—d—2, and where A contains the two vertices adjacent to the edge
e in G¢, B contains all vertices in G¢ that span a triangle with the edge e,
and C contains all remaining nodes. Then Iz (0, D) is given by

Ly T (6+3(d+2) 43 (0+3(d+2),
" r(s+1 (d+3)) Ige(6,D) [Daal’t2lot? ZO ¢! (5+5(d+3)),,
0 ! 2 1
'lzz' 5+2q+ 1(d+3)), ll%:l (zl>g(5+q+2(d+2))zi

q
. Z <Q> H ’DAV{al’a2}|Qa1a2++ H |DA1{51762}’Q++51ﬁ2
Q

3<a1 <aa<d+2 3<B1<B2<d+2
Qayagp s )

o\ 0 \2 B
(o) (o) < I 1GEms) e i
EBB:DBB*Z?ZltjD’{j}’BD{j},B

3<a; <aa<d+2
3<B1<Ba<d+2

‘ I, (0 +1,Epp)
T6s3+ 1. D — DD Das)

t1=to=0

PrROOF. Let Gap be the graph induced by the vertices AU B. By The-
orem 2.2 and as in the proof of Corollary 3.2, the normalizing constants
for G and G° decompose into the normalizing constants for G ap and G5,
respectively, and an integral over the variables involving C'. Moreover, the
integral over the variables involving C' is the same for G and for G°. Hence,

16(6,D) _ 1.p(6, Diany a5y
Ige(6, D) Ige (0, DiaByqa,By)

where Dy py (a,By denotes the principle submatrix of D corresponding
to the rows and columns in A U B. Since G»p is of the form needed for
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Lemma (S.2) and G%p is of the form needed for Lemma (S.1), the claim
follows by applying Lemma (S.1) and Lemma (S.2). O

Note that since G is chordal, the induced graph Gp is also chordal. Hence

its normalizing constant is given by (1.4). For the case in which D is the
identity matrix, Egp = Dgp and hence for Iy > 0 or Il > 0 we get

0 9 0 -
(ah)ll ((‘%2)12 ( H ’(8EBB>{0102},{5152} - 2ﬁ162>

3<ar<ae<d+2
3<B1<B2<d+2
_ I, (04 1,Epp)
I, (6 +1,Dpp — DY D\ Dag)

= 0.

In addition, |D 4 fa;.a0}] = [Da,(8:,8,3] = 0. Hence, in the infinite sums only
the terms for ¢ = 0 and [ = 0 are non-zero, and the infinite series reduce
to 1. Since |Dg4| = 1, we see that if D = I, then Theorem (S.3) reduces to
Theorem 2.5.

We revisit the graph G5 discussed in Example 2.6 and show how to apply
Theorem (S.3) to obtain the normalizing constant, Ig, (9, D), explicitly.

EXAMPLE (S.4). A minimal chordal cover of G5 is given in Figure 1
(right). Only one edge is in the chordal cover of G5 but not in Gj itself,
namely the edge e = (1,3). We denote the chordal cover of G5 by G§. There
are d = 3 triangles formed by the edge e in G§. The vertices adjacent to the
edge e are A = {1,3} and all remaining vertices span a triangle with the
edge e, i.e. B = {2,4,5}. The induced graph Gp consists of one edge only,
namely (4,5), so its normalizing constant is

T, (5,Dp) = [Dpasy| 0F2) Ty (54 3) T(5 + 1),

where, in order to abbreviate notation, we denoted by Dp and Dy 5y, respec-
tively, the principle submatrix of D corresponding to the rows and columns
in B and in {4, 5}, respectively. Hence by applying Theorem (S.3), we obtain
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the following formula for I, (d, D):

r(6+3) > (0+3)
—1/2 2) 1+(5.D) |D 0+3 q
T Tty 60D [Da ; a (0+3),,
00 1 I 2
D I — (6+q+3),
lz:;l! (6 +2¢+3), 11%;:1 <ll> };[1 2)1;

q
’ Z <Q>< H ‘DA,{a1,a2}|Qa1a2++>< H ‘DA,{ﬁl,ﬁz}‘Q++61£2>
Q

{a1,02}C{2,4,5} {B1,82}C{2,4,5}
Qal%ﬂlﬁz)

0 0 0
. (8t1>l1 (8t2>l2 ( H ‘ <8EBB){6¥1012}7{51/32}
Epp=Dpp—>;_1t;D{}, zD;}.B

{a1,a2}C{2,4,5}
{B1,82}C{2,4,5}

—1 §5+3
Ppasy = DY asyPaaPajasy "

‘64—%

|Ea5)

t1=t2=0
Note that when 2 € {a1, a2} or 2 € {1, f2} and Qq, 0088, > 0, then

Qayanpy b2

0 3
E -(6+3) — 0.
’ (aEBB ) {a1a2},{B152} | {475}’

As a consequence, the normalizing constant for I, (d, D) is given by

P+ ) = (54

—-1/2 2 I~ (5.D D 0+3 q D 2q
T ) Ge(6, D) |Daal ; £ (43, 1D 4,145}

- o+q+3),

1 5+3
Dgasy = D sy Paalagas 2

)

5+3
|Easy]°2 E(45y=Dyasy=35-1 Dy (a5 Piad a5

t1=t2=0

the evaluation being done first at Ey 5y = D{4,5}—Z?:1 tjD:{j} { 5}D{j}’{4’5}

and last at t; = to = 0. Since G§ is chordal, the corresponding normalizing
constant is obtained from (1.4):

(545
D123 D 5,45 (5+3)

Ice(8,D) =T3(6+2) Ty (6+3) .
Dyl 020y (5 + 3)
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Note also that

q (a3 Iy (642 4¢ (sa3
1B 672 = e 2D 1 ot
2

this can be obtained by writing Icomplete (9, D) as an integral in Equation (1.2)
and applying the differential operator 9/0F, 5, to both sides of the equa-
tion Maass [23, p. 81]. Hence, by collecting all terms, noting that A = {1, 3}
and simplifying the formula for I, (0, D) above, we obtain the normalizing
constant for G for general D:

E
‘8E{475} |Ea5y]

I, (57 D) = Ig; (57 H5)

1Dy gy |23 (6+3),(6+3),

Z q! 5+3)

|Dy1,2,33 102 ’D{1,3,475}‘6+2 q=0

(4.1)
00 1 I 2
. 2q I — 5
Ppayasy Z; NE+20+3) ;:l <l1> 1:[1 O+

_ 5+32
| ( 5 >z1 ( P )12 1Dasy = Diay asy Pasy Plray.gasy 2
3

oty Oty |D{475} — Z?:l tjD%;.}7{475}D{j}7{475}|5+q+2

t1=t2=0

If D =15 then D}y oy v D5} a5y = 0 and hence for I; > 0 or Il > 0 we get

= 0.

_ 5+3

(i)ll(i)h Diasy = Dy pas Py Posnias
ot /) \ot 2 Stat3
L 22 |Dpsy = X1 Dy usm Py sy

In addition, |Dyy3},14,53] = 0. Hence in the infinite sums only the terms
for ¢ = 0 and [ = 0 are non-zero, and the infinite sums reduce to 1. Since
|Dg1sy| = [Dgi23y| = [Dyi 3453 = 1, we see that the formula for Ig, (6, D)
indeed reduces to I, (0,15).
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