MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Tensor Algebras in Finite Tensor Categories

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

As Published: 10.1093/IMRN/RNZ332
Publisher: Oxford University Press (OUP)
Persistent URL: https://hdl.handle.net/1721.1/134421

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher's formatting or copy editing

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
https://hdl.handle.net/1721.1/134421
http://creativecommons.org/licenses/by-nc-sa/4.0/

arXiv:1906.02828v4 [math.QA] 10 Dec 2019

TENSOR ALGEBRAS IN FINITE TENSOR CATEGORIES

PAVEL ETINGOF, RYAN KINSER, AND CHELSEA WALTON

ABSTRACT. This paper introduces methods for classifying actions of finite-dimensional Hopf algebras on
path algebras of quivers, and more generally on tensor algebras Tp(V) where B is semisimple. We work
within the broader framework of finite (multi-)tensor categories C, classifying tensor algebras in C in terms
of C-module categories. We obtain two classification results for actions of semisimple Hopf algebras: the
first for actions which preserve the ascending filtration on tensor algebras, and the second for actions which
preserve the descending filtration on completed tensor algebras. Extending to more general fusion categories,
we illustrate our classification result for tensor algebras in the pointed fusion categories Vecg, and in group-
theoretical fusion categories, especially for the representation category of the Kac-Paljutkin Hopf algebra.
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1. INTRODUCTION

Let k be an algebraically closed field of characteristic 0. One motivation of this work is to continue the
last two authors’ study of finite quantum symmetries of path algebras of quivers k@. As finite groups are
viewed classically as collections of finite symmetries (i.e., automorphisms of finite order) of a given algebra,
finite-dimensional Hopf algebras are widely accepted to be an algebraic structure that captures an algebra’s
finite quantum symmetries. The main two classes of finite-dimensional Hopf algebras over k are those that are
semisimple (as a k-algebra, that is, all of its modules can be decomposed into a direct sum of simple modules),
and those that are pointed (as a k-coalgebra, that is, all of its simple comodules are 1-dimensional). The
actions of finite-dimensional pointed Hopf algebras on path algebras were investigated previously in [KW16],
and one aim of the work here is to study actions of semisimple Hopf algebras on k@Q. To achieve this, we
establish a broader framework: we analyze tensor algebras in finite multi-tensor categories, which includes
actions of finite-dimensional Hopf algebras on path algebras of quivers as a special case.

We begin by providing preliminary results on tensor algebras Ts(E) in finite multi-tensor categories C;
here, S is an exact algebra in C and FE is an S-bimodule in C; these are referred to as C-tensor algebras
[Definition B2]. (We can allow Ts(E) to be in the ind-completion of C, but omit further mention of this
technicality throughout the introduction.) Our first result is that any tensor algebra in C can be decomposed
into minimal ones in the sense that F is indecomposable [Proposition B7]. Then one of our main results,
Theorem B1T] classifies (minimal) tensor algebras in a given finite multi-tensor category C; this classification
is given in terms of C-module categories M and (indecomposable) objects in Fun¢(M, M). The classifica-
tion in Theorem BTl is up to equivalence of C-tensor algebras Ts(E) [Definition B4], which is a notion of
equivalence induced by Morita equivalence of the base algebra S and resulting conjugacy class of E. This
framework and result are established in Sections B.I] and

In the case when C is multi-fusion, we show that there are only finitely many equivalence classes of
minimal faithful C-tensor algebras Ts(F), up to Morita equivalence of S and up to conjugacy class of
E [Corollary B.I6]. We also study in Section certain filtration preserving actions of semisimple Hopf
algebras on tensor k-algebras and their completions that do not fit within the framework above, a priori,
but can be classified up to equivalence by Theorem [B.I1] with additional arguments. See Proposition
and Theorem

Now an advantage of our categorical framework for studying finite-dimensional Hopf algebra actions
on tensor algebras is that there are many finite (multi-)tensor categories C over which (indecomposable)
semisimple C-module categories are concretely understood, especially in terms of elementary group-theoretic
data. Our main result [Theorem [B.11] then allows us to classify tensor algebras in such finite tensor categories
by elementary group-theoretic data. For instance, due to results of Ostrik [Ost03b] and Natale [Nat17], this
is true for the pointed fusion category Vecg, whose objects are G-graded finite-dimensional vector spaces,
for G a finite group, where the associativity constraint is given by w € H3(G,k*) [Proposition E3]. Using
this result, we study minimal Vecg-tensor algebras, via several detailed examples, in Section F

Indecomposable semisimple module categories over group-theoretical fusion categories C are also com-
pletely understood in terms of group-theoretic data, and we exploit this in Section [Bl to examine tensor
algebras in such categories C, especially for those equipped with a fiber functor. We proceed in Section
to describe indecomposable semisimple algebras in C, then use this to explicitly classify indecomposable
semisimple algebras in the representation category of the Kac-Paljutkin Hopf algebra Hg in Section (.3}

One could also apply Theorem [BI1] to study tensor algebras in other finite tensor categories for which
semisimple module categories are understood, and we leave this to future investigation. One could consider,
for instance, the Drinfeld center of Vecg, and the category C, consisting of comodules over the quantized
function algebra Oy (SLs); see [Ost03b, Theorem 3.6], [Ost08, Theorem 2.1] [EO04, Theorem 2.5].
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Finally, in Section [6] we return to our study of finite-dimensional Hopf algebra actions on path algebras of
quivers, by first introducing the notion of a C-path algebra for a finite tensor category C equipped with a fiber
functor F' [Definition [6I]. This is simply a C-tensor algebra Ts(FE) in the case when F(S) is a commutative
k-algebra; see Remark for justification of this terminology. We determine in this section necessary and
sufficient conditions for a C-tensor algebra to be a C-path algebra, for C group-theoretical, and end with a
discussion of Rep(Hs)-path algebras in Example

2. BACKGROUND MATERIAL

In this section, we provide a review of certain monoidal categories, namely (multi-)tensor and (multi-)
fusion categories. We also review module categories over and algebraic structures within these monoidal
categories. We refer the reader to the text [EGNOT5] and the references therein for further details.

2.1. (Multi-)Tensor categories and (multi-)fusion categories. Let C be a k-linear abelian category.
We say that C is locally finite if each Hom space is a finite-dimensional k-vector space and if every object
has finite length. Given such a C, we write Ind(C) for the ind-completion of C.

By X € C we mean that X is an object of C. A nonzero X € C is simple (or irreducible) if 0 and X are
its only subobjects. A category C is semisimple if every object is a direct sum of simple objects. Moreover,
X € C is projective if the functor Home(X,-) is exact, and is indecomposable if it is nonzero and cannot be
decomposed as the direct sum of nonzero subobjects. Simple objects in a category C are indecomposable,
and the converse holds when C is semisimple. Let Irr(C) denote the set of isomorphism classes of simple
objects of C. We say that a locally finite k-linear abelian category C is finite if the cardinality of Irr(C)
is finite and if C has enough projectives (i.e., every simple object has a projective cover); in this case, the
cardinality of Irr(C) is referred to as the rank of C.

A multi-tensor category C is a locally finite, k-linear, abelian, rigid, monoidal category, i.e., C is equipped
with a bifunctor ®:: CxC — C, associativity isomorphisms {ax y z: (X®@Y)®Z 5 X®(Y®Z)| X,Y,Z € C},
and a unit object 1 € C with natural isomorphisms Ix:1® X — X and rx: X ® 1 = X for all X € C,
and with isomorphism 1 ® 1 = 1 all satisfying certain pentagon, triangle, and rigidity axioms [EGNOI5),
Sections 2.1 and 2.10]. In particular, for any X € C there exists objects X* and *X that serve as its left
dual and right dual, respectively, via (co)evaluation morphisms (co)evy in C.

We have the following result on decomposing the identity object in a multi-tensor category.

Lemma 2.1. In a multi-tensor category C, there is a decomposition 1 = @, 1;, where {1;}; are pairwise
non-isomorphic simple objects in C that satisfy 1; ® 1; = §;;1; and 17 = *1; = 1;. Furthermore, the set of
summands {1;}; are uniquely determined as subobjects of 1, up to reordering.

Proof. This is proved in [EGNOT5| Section 4.3] except that the uniqueness is not explicitly mentioned. The
summands 1; are the images of a complete collection of primitive orthogonal idempotents in End¢(1). Since
End¢ (1) is semisimple, thus isomorphic to a direct sum of finitely many copies of k [EGNO15, Theorem 4.3.1],
these primitive idempotents are uniquely determined from 1. Thus, the result holds. ([

A multi-tensor category C is called a tensor category if End¢(1) = k, that is, if 1 is a simple object of C.
Examples of tensor categories include:

e the categories Rep(G) and Rep(H) of finite-dimensional representations of a finite group G and of a
finite-dimensional Hopf algebra H, respectively; and

e the categories Vec, Vecg, and Vec of finite-dimensional k-vector spaces, those that are G-graded,
and those that are G-graded with associativity constraint w € Z3(G,k>), respectively.

Though not rigid, we also consider the category Vec of all vector spaces.
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A fiber functor on a tensor category C is an exact faithful tensor functor F': C — Vec such that F'(1) =k,
equipped with natural isomorphisms F(X)® F(Y) = F(X®Y) for all X,Y € C. Examples of fiber functors
include forgetful functors on Rep(G), on Rep(H), and on Vecg. But there does not exist a fiber functor on
Vec: when w is cohomologically nontrivial [EGNO15| Example 5.1.3].

A tensor category C is called pointed if all of its simple objects are invertible, i.e., X®@ X* =2 X*® X = 1 via
the co/evaluation maps for all X € C. Examples of invertible objects include 1-dimensional representations in
Rep(G) for a group G. Hence, Rep(G) is a pointed tensor category when G is an abelian group. The categories
Vec, Vecg, and Vecy, for a finite group G, are also pointed tensor categories [EGNO15, Example 5.11.2].

A (multi-)fusion category is a finite semisimple (multi-)tensor category C. Examples of fusion categories
include Rep(H) where H is a semisimple Hopf algebra, and also include Vec, Vecg, and Vecé.

Next, we turn our attention to module categories. A left module category over a multi-tensor category C
is a locally finite, k-linear abelian category M equipped with a bifunctor ®: C x M — M which is bilinear
on morphisms and exact in the first variable, a natural isomorphism for associativity satisfying the pentagon
axiom, and for each M € M a natural isomorphism 1® M — M satisfying the triangle axiom. Right module
categories are defined analogously. A module category M over C is indecomposable if it is nonzero and is
not equivalent to a direct sum of two nontrivial module categories over C. Moreover, M is called faithful
if each simple object 1; € C in Lemma [2.1] acts by a nonzero functor on M. Also, M is ezact if for every
projective object P € C and every object M € M the object P ® M is projective in M. Note that any
semisimple module category is exact since any object in a semisimple category is projective. Furthermore,
if C is multi-fusion, then the exact module categories over C are precisely the semisimple ones.

The collection of (left/ right) module categories over a multi-tensor category C forms a 2-category, which is
denoted by Mod(C) [EGNO15, Remark 7.12.15]. For C-module categories M and N, denote by Func(M,N)
the category consisting of right exact C-module functors M — A. We denote the category Func(M, M) by
C and call it the dual category to C with respect to M.

Theorem 2.2. [EGNOI5| Sections 7.11, 7.12] [ENOO5, Theorems 2.15, 2.18] For any exact (resp., finite
semisimple) module categories M, N over a finite multi-tensor (resp., multi-fusion) category C, we have that
the category Func(M,N) is finite (resp., finite semisimple). Moreover, the category Chy is a finite tensor
(resp., fusion) category when C is a finite tensor (resp., fusion) category and M is indecomposable. O

Two (multi-)tensor categories C and D are categorically Morita equivalent if there exists an exact C-module
category M so that D°P is tensor equivalent to C3,. The following result shows that there is a bijection
between module categories over C and those over the dual C}, with respect to a faithful, exact module
category M.

Theorem 2.3. [EGNO15|, Theorem 7.12.16] Let M be a faithful, exact module category over a multi-tensor
category C. Then the 2-functor Mod(C) — Mod((C},)°P) giwen by N+ Func(M,N) is a 2-equivalence. [

In other words, there is a natural bijection between exact module categories over two categorically Morita
equivalent multi-tensor categories.

2.2. Algebras, ideals, and (bi)modules in finite multi-tensor categories. Let C := (C,®,a,l,r,1)
be a multi-tensor category.

An algebra in C is a triple (A, m,u), where A € C, and m: A® A — A (multiplication) and u: 1 — A
(unit) are morphisms in C that are compatible with the associativity constraint a and the unit constraints
I,r, respectively. A right module over an algebra (A, m,u) in C is a pair (M, p"t), where M is an object of
Cand p™*: M ® A — M is a morphism in C that is compatible with the associativity constraint a and the
unit constraints I, 7. A left module (M, p'*) over an algebra (A, m,u) is defined likewise. Let Modc-A be the
category of right modules over A; this is a left module category over C. Moreover, two algebras A and B in
C are called Morita equivalent if Mode-A and Mode-B are equivalent as left C-module categories.
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We say that an algebra A in C is semisimple (resp., indecomposable, exact) if the category Modc-A is a
semisimple (resp., indecomposable, exact) category.

Theorem 2.4. [EGNO15, Corollary 7.10.5] [Ost03a, Theorem 3.1] Given a finite multi-tensor (resp., multi-
fusion) category C, each exact (resp., finite semisimple) module category M over C is equivalent to Modc-A
for some exact (resp., semisimple) algebra A € C. O

Example 2.5. [EGNO15, Examples 7.8.4, 7.8.11, 7.8.18, 7.10.2] Consider the algebra A = 1 in C. Since
Modc-1 is equivalent to C as C-module categories, we have that the algebra 1 is exact (resp., semisimple)
when C is finite (resp., finite semisimple), and it is indecomposable when C is a tensor category. In this
case, the algebra 1 is Morita equivalent to the algebra X @ X* for any nonzero X € C, where the latter
has multiplication m = idx ® evx ® idx+ and unit u = coevx. Thus, Mod¢-(X ® X*) is equivalent to C as
C-module categories as well, for any X € C.

For instance, if C = Vec in the example above, then 1 = k. Moreover, for X an n-dimensional vector
space, the algebra X ® X* is isomorphic to the matrix algebra Mat,,(k), which is well-known to be Morita
equivalent to k in Vec.

Now we discuss bimodules in C. Let A, B be two algebras in C. An (A, B)-bimodule in C is a triple
(M, p*, p"t), where M € C and p'*: A@ M — M and p"*: M ® B — M are morphisms in C so that (M, p'*)
is a left A-module in C, (M, p") is a right B-module in C, and p' o (ida ® p™*) 0 aam.5 = p" o (p'* ®idp)
as morphisms from A ® M ® B to M in C. We write Bimod¢ (A, B) (resp., Bimod¢(A)) for the category of
(A, B)-bimodules (resp., (A, A)-bimodules) in C.

Take two C-module categories M ~ Modc-A and N' ~ Modc-B. Then, Bimod¢(A, B) is equivalent to
Func(M,N) [EGNOI5|, Proposition 7.11.1]. Moreover, C} is tensor equivalent to Bimodc(A4)°P [EGNO15,
Remark 7.12.5]. We also have by Theorem the result below.

Proposition 2.6. [ENOQ5| Given an exact (resp., semisimple) algebra A in a finite multi-tensor (resp.,
multi-fusion) category C, we have that Bimod¢(A) is a finite multi-tensor (resp., multi-fusion) category with
unit object A, and it is a finite tensor (resp., fusion) category when C is a finite tensor (resp., fusion) category
and A is indecomposable. g

We get the following consequence.

Corollary 2.7. Given an exact (resp., semisimple) algebra A in a finite multi-tensor category (resp., multi-
fusion) C, we can uniquely decompose the algebra A € Bimod¢(A) into a direct sum of indecomposable
subalgebras {A;}; in Bimod¢(A), with A; being pairwise non-isomorphic A-bimodules and A; @4 Aj = 6, A;.

Proof. Consider A as 1gjmode(4)- Now by Proposition2.6land Lemma 1] we have that A is uniquely a direct
sum of indecomposable, pairwise non-isomorphic objects A; in Bimod¢(A) so that A; ®4 A;j = 6;;A,. O

Finally, an ideal I of an algebra A € C is an A-A-sub-bimodule of A in C, and with this one can form the
quotient algebra A/I in C. Moreover, an ideal I of A € C can be realized as a subalgebra of A € Bimod¢(A)
if I is a direct summand of A in Bimod¢(A); in this case, the unit A — I is given by projection onto I.

3. MAIN RESULTS

Before providing a tensor-categorical framework for studying finite quantum symmetries of tensor algebras,
we review the connection to quivers that motivated this work.

Recall that a quiver is another name for a directed graph, in the context where the directed graph is used
to define an algebra. Formally, a (finite) quiver @ = (Qo, @1, s, t) consists of a (finite) set of vertices Qo, a
(finite) set of arrows @1, and two functions s,t: Q1 — Qo giving the source and target of each arrow. We



6 PAVEL ETINGOF, RYAN KINSER, AND CHELSEA WALTON

assume all quivers in this paper are finite. One can construct a path algebra k@ from a quiver @ which is a k-
algebra whose basis consists of all paths in @), with multiplication of basis elements given by concatenation of
paths whenever it is defined and 0 otherwise. Such an algebra is naturally graded by path length. Moreover,
the path algebra kQy is taken to be the path algebra of the quiver (Qq, ) with no arrows; thus, kQq is a
commutative semisimple (so, exact) k-algebra.

Path algebras arise as a special case of the following construction. Given a finite dimensional semisimple k-
algebra B, and a B-bimodule V, we can construct the tensor algebra Tp(V) = @,~, V5, where V¥5° = B.
It is an object of Bimodyec(B) which admits an N-grading via Tg(V), = V®5n for n € N. When B and
V both lie in Vec, the tensor algebra Tg(V) is finitely generated as a k-algebra and it is then an object of
Ind(Bimodyec(B)). Observe that the path algebra k@ is isomorphic to the finitely generated tensor algebra
T, (kQ1), since k@1 is naturally a kQo-bimodule. Conversely, we have the following classical theorem.

Theorem 3.1 (P. Gabriel, see [ASS06, Ch. 2]). Every finitely generated tensor algebra Tg(V') as above is
Morita equivalent to the path algebra of a quiver. O

We move beyond Vec to finite multi-tensor categories as follows. In Section 3.1l we discuss tensor algebras
T with base algebras and generating bimodules in finite multi-tensor categories C; these are called C-tensor
algebras [Definition[B:2]. Our first result is that such T" can be decomposed uniquely as a collection of minimal
ones in the sense of Definition 3.6 [Proposition[37]. In SectionB.2] we establish our main result on classifying
equivalence classes of C-tensor algebras in Theorem B.I1l Finally in Section we take C = Rep(H), for
H a semisimple Hopf algebra, and show that any H-action on a tensor algebra that preserves its ascending
filtration must be isomorphic to a grade-preserving action [Proposition BI9]; we then prove a similar result
for H-actions on completed tensor algebras that preserve the natural descending filtration [Theorem [3.23].

3.1. Tensor algebras in finite multi-tensor categories. Let C be a finite multi-tensor category. We
introduce the notion of a C-tensor algebra as follows.

Definition 3.2 (S, E, Ts(E)). Fix S an exact algebra in C, and fix an S-bimodule E in Ind(C).
(a) Form the algebra T's(E) in Ind(C), or more specifically in Bimodjq(c)(S), given by

Ts(E)=SOF®(E®RsE)® (ERs E®RsE)® -,

with multiplication morphism given by the natural maps (E®s") @g (E®s™) — E®s(+m) and with
unit morphism induced from the unit of S by S — Ts(E). We call this a C-tensor algebra.

(b) We refer to S and E as the base algebra and generating bimodule of Ts(E), respectively.
(c) If E also belongs to C, then we say that Ts(E) is finitely generated (f.g.).

From now on, we concentrate on f.g. C-tensor algebras. In this case, note that E has finite length as an
S-bimodule in C by Proposition 2.6l Further, T's(E) admits a natural N-grading with (Ts(E)), = E®s" € C
for n € N, and is an object of Ind(Bimod¢(S5)).

Example 3.3. Let Q be a finite quiver and k@ be its path algebra. Suppose we have an action of a finite-
dimensional Hopf algebra H on the algebra k@ preserving the grading by path length. Taking C = Rep(H),
the setup above makes S = k@ an exact algebra in C and E = k@); an S-bimodule in C. The identification
k@ = Ts(FE) described above for k-algebras is an isomorphism of graded algebras in Ind(C). For example, this
could arise from a finite group G acting by directed graph automorphisms of () and by extending linearly to
a kG-action on kQ. For H = kG, see related works of Reiten-Riedtmann [RR85] and of Demonet [Dem10)].

Next, we introduce the notion of equivalence for C-tensor algebras. Consider C-tensor algebras Ts(E) and
TS/ (E/) and set M := MOdc—S and M’ := MOdc—Sl.

Definition 3.4. An equivalence from Ts(E) to Ts/(E') is a pair (F,&) where
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e F: M — M’ is an equivalence of C-module categories, realized by F(M) = M ®g X where
X = F(S) € Bimod¢(S,S");

e &: X ®s E®s X = E'is an isomorphism of S’-bimodules, where X = F~1(S’) € Bimod¢ (S5, S)
realizes the C-module functor F~!.

Note that any C-module equivalence F' : M — M’ defines a tensor equivalence F: Ciy — Cryp, and
¢ is just an isomorphism F (E) = E’. On the other hand, a simple example illustrating equivalence of
tensor algebras defined by nonisomorphic generating bimodules is found in Example B.17, and more subtle
examples throughout Section @l Next, we show that equivalence of tensor algebras is sufficient to imply
Morita equivalence as algebras in C.

Proposition 3.5. An equivalence (F,&) as in Definition [34] induces an equivalence of C-module categories
from Mod¢-Ts(E) to Modc-Ts:(E').

Proof. Retain the notation of Definition B4l The data defining a right T's(F)-module is equivalent to giving
(i) a right S-module Y, and (ii) a morphism of right S-modules ¢: Y ® g E — Y. The corresponding right
Ts/ (E’)-module is given by (i) the right S’-module F(Y) = Y ®g X and (ii) the morphism of right S’-modules
¢ (Y s X)®s E' =Y ®¢ X given by the composition (omitting associativity and unit isomorphisms)

idy@sx ®671 ¢®|dX D
R

(Y®5X)®5/E/ (Y®5X)®S/X®5E®5X§(Y®5E)®5X—>Y®SX.

Our first result is a unique decomposition theorem for f.g. C-tensor algebras Tis(E) by writing them as a
combination of minimal components, as defined below.

Definition 3.6. Take an exact algebra S € C and E € Bimod¢(S), and a f.g. C-tensor algebra Ts(FE).
(a) We call Ts(E) minimal when E is an indecomposable S-bimodule in C.

(b) If E = @&;F;, for E; € Bimod¢(S) indecomposable, then the f.g. C-tensor algebras {Ts(E;)}; are
called the minimal components of Ts(E).

The result below is immediate from the Krull-Schmidt theorem applied to F [EGNOI15, Theorem 1.5.7].

Proposition 3.7. Let Ts(E) be a f.g. C-tensor algebra. Then the minimal components {Ts(F;)}i of Ts(E)
are uniquely determined up to reordering and isomorphism class of E;. Moreover, Ts(E) = Ts(®;E;) can
be reconstructed as a free product of its minimal components {Ts(E;)};. O

Having fixed a minimal component, it will often be possible to simplify the base algebra, as illustrated in
the remark below.

Remark 3.8. Suppose we have a f.g. C-tensor algebra Ts(F) and S decomposes as S = S'®S” as an algebra
in C. When S’ acts trivially on E (even for Ts(E) minimal) so that Ts(E) = S'@Ts~ (E) as algebras, one can
study the smaller algebra T's//(E) in place of T's(E), particularly for classification purposes. More generally,
if S has an ideal I that acts trivially on both sides of F, then we could replace S with S/T.

We keep S fixed in the definition of “minimal components” in order to reconstruct Ts(E) from its minimal
components uniquely, prompting the terminology below.

Definition 3.9. We say that a f.g. C-tensor algebra Ts(F) is (S-)faithful if there does not exist a nonzero
ideal I of S in C so that E € Bimod¢(S/I).

Basic examples illustrating the minimal and faithful properties (or lack thereof) are shown in Figure [l
We end this part by illustrating the failure of reconstructing Ts(FE) from the indecomposable summands
of E, if we were to further reduce the base algebras of minimal components of Ts(E) that are not S-faithful.
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©.< >.©> C.< >.Q CI< >IQ I< >I
o< »0@ o< >0 [ EER ) o< >0
not minimal, not faithful minimal, not faithful faithful, not minimal minimal and faithful

FIGURE 1. Quivers with actions of G = Z (indicated by the dotted red arrow) that give
rise to path algebras in Rep(G), or Rep(G)-tensor algebras, with the properties listed above

Example 3.10. Let C = Rep(G) where G = (g) is cyclic of order 2, and consider the actions of G on the
following two quivers indicated by the dotted red arrow.

o~ >.Q ) o< >0
Q=" | Q=ry
[ EEE ) 0.4 > Q
This gives rise to two path algebras k@ and k@’ with actions of G, and thus two f.g. C-tensor algebras as

in Example B3} call them Ts(FE) and Ts(E’). The minimal components of Ts(FE) and Ts(E’) are the path
algebras on the following two sets of quivers, respectively.

) o

[ R RN

o< o °
and , i
(o) o

If, in each minimal component, we removed the summands of S acting trivially on that component, we
would arrive at the same set of underlying quivers for both Ts(E) and Ts(E’). In this case, we would be un-

<>

o<+—0
o<+—0

< > < >

able to uniquely reconstruct the original tensor algebras Ts(FE) and Ts/(E’) from their minimal components,
since Ts(FE) 2 Ts(E") as algebras in Ind(C) (i.e., they are not even isomorphic as k-algebras after forgetting
the action of G [LLXS86]).

3.2. Classification of tensor algebras. When C is a finite multi-tensor category, the classification of
minimal (f.g.) C-tensor algebras can be carried out in terms of module categories over C as we see below.
Recall our notion of equivalence for C-tensor algebras in Definition 341

Theorem 3.11. Let C be a finite multi-tensor category. Equivalence classes of (f.g.) C-tensor algebras are
in bijection with the pairs (M, [U]), where

(i) M is an ezact C-module category; and
(ii) [U] is the conjugacy class of an object U in Func(M, M) = C}.
Here, U,U" € C, are conjugate if there exists an autoequivalence (i.e., an invertible object) F' € C}, so that
FUF~! is isomorphic to U'.
Furthermore, the equivalence classes of minimal (f.g.) C-tensor algebras are classified by the above data
when restricting to U indecomposable.

Proof. For any exact algebra S in C we have that Mod¢-S is an exact C-module category, by definition. On
the other hand, by Theorem 4] every exact C-module category is equivalent to one of the form Modc-S for
some exact algebra S in C. This shows that the choice for the base algebra S of a C-tensor algebra, up to
Morita equivalence of S, is determined by the data in (i), up to equivalence of C-module categories.



TENSOR ALGEBRAS IN FINITE TENSOR CATEGORIES 9

Fixing such an S, it is immediate from Definition B4lthat equivalence classes of C-tensor algebras T's(E) are
in bijection with conjugacy classes of objects U, and minimal tensor algebras correspond to indecomposable
U by definition. O

Let us consider in more detail the case of minimal C-tensor algebras. Classifying C-tensor algebras can
be carried out by first classifying base algebras S via exact C-module categories. Then, one needs to classify
indecomposable S-bimodules F, identifying those which are invertible in Bimod¢(S), and then compute
conjugates X ®g E ®g X (where X varies over the invertible bimodules and X denotes the inverse of X in
the bimodule category here and below) to identify a representative from each conjugacy class.

When S = 57 & 52 with each S; an indecomposable algebra in C, an S-bimodule can be identified with a
2 x 2 matrix E = (E;;) where each E;; is an (S;, S;j)-bimodule in C. Restricting to minimal, faithful C-tensor
algebras, we can assume

E = (8 E62) , E15 € Bimode(S1,52) indecomposable.
Without loss of generality we may consider invertible S-bimodules of the form
X = X1 0 , X, an invertible S;-bimodule.
0 X

Then ®g corresponds to matrix multiplication and we compute the conjugation as

— Xl 0 0 Fis X4 0 0 Xl ®s FE12 @5 Xo
12 XosE®s X = 7 — _
(3 ) ws Bis ( 0 XQ) <O 0 ) ( 0 X2> (O 0 >

A particular consequence is recorded in the following proposition.

Proposition 3.13. Let S be an indecomposable algebra in C and let E be a faithful, invertible S-bimodule
C. Then the tensor algebra Tses(E) is equivalent to Tsgs(S).

Proof. Considering B12)) with X; = F and X3 = S, we get that
X1®sF12®s X2 = E®Rs E®g S = S.
This yields the desired result. O

The next consequence of Theorem 311 holds by Theorem[2.3]l (The minimality condition can be removed
via Proposition B.11)

Corollary 3.14. A categorical Morita equivalence between finite multi-tensor categories C and D induces a
bijection between equivalence classes of (minimal) C-tensor algebras and of (minimal) D-tensor algebras. O

By Remark [L.5] below, we have such a bijection between (minimal) Rep(G)- and Vecg-tensor algebras for
G a finite group. In general, the data in Theorem [3.11] depends intimately on the structure of C; we explore
this in Section [ for C = Vecg, and in Sections B and [6 for C a group-theoretical fusion category.

This brings us to the following finiteness result in the case when C is a multi-fusion category, beginning
with a remark for C as above.

Remark 3.15. Recall from Corollary 27 that an exact algebra S in C has a unique decomposition into
indecomposable algebras S = @, S;. For any f.g. C-tensor algebra T's(E), this gives a decomposition of S-
bimodules E = @, ; F;; where each E;; € Bimodc¢(S;, S;). Therefore, if Ts(E) is a minimal C-tensor algebra,
at most two of the indecomposable summands of S can act nontrivially on E.

Corollary 3.16. In a multi-fusion category C, there are only finitely many minimal, faithful C-tensor alge-
bras, up to equivalence.
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Proof. Let Ts(E) be a minimal, S-faithful C-tensor algebra. By Corollary2.7land Remark B8, S-faithfulness
implies that S has a unique decomposition into a direct sum of either 1 or 2 indecomposable algebras. By
Ocneanu rigidity [EGNOI5 Corollary 9.1.6(ii)], the number of choices of these summands is finite, up to
equivalence. Then for any such base algebra S, Ocneanu rigidity again applies to the category Bimod¢(S) by
Proposition 2.6l Since T's(E) is assumed minimal, there are only finitely many choices of the indecomposable
S-bimodule E as well, thus finitely many equivalence classes. O

Example 3.17. Take C = Vec. Then the base algebra S of a minimal, faithful C-tensor algebra is Morita
equivalent to either k or k x k, by using both the fact that exact k-algebras are semisimple [EGNO15]
Example 7.5.4] and the Artin-Wedderburn theorem.

e If S =k, then an indecomposable faithful S-bimodule F must be k. Here, a minimal, faithful C-tensor
algebra is unique up to equivalence, and is a path algebra of a loop (isomorphic to k[z]).

e If S =k x k, then it has two isomorphism classes of indecomposable, faithful bimodules, yielding
0
k

autoequivalence of Mod¢-S switching the actions of the two copies of k. Thus we have a unique
equivalence class of minimal, faithful C-tensor algebra over this S; it can be represented by the path
algebra of Dynkin type As.

C-tensor algebras isomorphic to (ﬂé t) and (t ) But the two bimodules are conjugate by the

This shows that each equivalence class of a finitely generated Vec-tensor algebra is represented by a path
algebra of a finite quiver, as we know from Theorem [3.1]

Finally, we consider a special case of minimal C-tensor algebras Ts(E) where the module category M of
Theorem B.1T] (corresponding to S) is C itself.

Example 3.18. Fix C a finite multi-tensor category. Here, we consider equivalence classes of minimal C-
tensor algebras Ts(E) for S = 1, so M = Modc-S is C. (If C is tensor, we could take S = X ® X* for
any nonzero X € C; see Example 2Z5) The tensor equivalence Fung(C,C) ~ C°P [EGNO15, Example 7.12.3]
shows that the equivalence classes of minimal C-tensor algebras of the form T7(E) are in bijection with
conjugacy classes of indecomposable objects in C.

3.3. Filtered actions of semisimple Hopf algebras on tensor algebras. In this part, we restrict our
attention to the case when C = Rep(H), the category of finite-dimensional representations of a semisim-
ple Hopf algebra H. We first study Hopf actions of H (see [Mon93| [Rad12]) on the Vec-tensor algebras
Tr(V) discussed at beginning of Section [B} here, B is a finite-dimensional semisimple k-algebra and V is
a B-bimodule. We then examine H-actions on the degree-completed tensor algebras Ts (V) described in
Definition We do not assume that these H-actions preserve grading (i.e., tensor algebras below are not
necessarily Rep(H )-tensor algebras as in Definition [3:2)).

Recall that T (V) is naturally equipped with an ascending filtration as a k-vector space. Our first result
shows that an H-action preserving this filtration is isomorphic to a graded action.

Proposition 3.19. Let Tp(V) be a Vec-tensor algebra with an action of a semisimple Hopf algebra H that
preserves the ascending filtration of Tp(V'). Then Tp(V') is isomorphic as a Rep(H)-module algebra to the
Rep(H)-tensor algebra Tp(W), where W := (B @ V) /B as a B-bimodule in Rep(H). Therefore, the data of
Theorem [311] with C = Rep(H) classifies such actions.

Proof. The assumption that the H-action preserves the ascending filtration of T5(V') gives us that B is an
algebra in Rep(H) and W := (B ® V)/B is a B-bimodule in Rep(H). So, we get a short exact sequence of
B-bimodules in Rep(H),

0—=+B—=BaV —=>W 0.

Since H and B are semisimple, this sequence splits by [CF86, Theorem 6]. Thus, we get an isomorphism
BaoW = B®V of B-bimodules in Rep(H), as required. O
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Next, we consider H-actions on completed tensor algebras.

Definition 3.20. Let R = T5(V) be a Vec-tensor algebra as above, and J the 2-sided ideal of R generated
by V. The degree-completion Tg(V) is the inverse limit of the system of k-algebras

--—= R/J* = R/J* = R/J* = R/J=B.
We denote by J the closure of image of J under the natural injective map T’ (V) — Ts (V).
We include a proof of the following lemma, although it is presumably well known.
Lemma 3.21. The Jacobson radical of T(V) is the ideal J.

Proof. We write T := Tp(V). Since T/J = B is semisimple, we know .J contains the Jacobson radical of
T. On the other hand, let m be a maximal left ideal in 7. Then m 2 J , because otherwise we would have
m+.J =T, and could write 1 = m + j for some m € m and j € J. But then m =1 — 7 would be invertible
with inverse (1 — j)~! = 1+ j + j2 + - -+, which makes sense because of the completion. This would be a
contradiction. So every maximal left ideal contains J, thus the Jacobson radical of T' does as well. O

The following proposition shows that in the completed setting, H-actions automatically preserve the
descending filtration by degree.

Proposition 3.22. Any action of H on fB(V) preserves J.

Proof. We again write T := fB (V). Consider the coaction map p: T'— H*®T and consider the composition
o T — H*®T/J of p with projection to T/J. Let K = ker p/, which is an ideal of finite codimension in
T because the codomain is finite dimensional. Applying the counit of H*, we get the projection T' — T'/ J
by the counit axiom, so K is contained in J. We claim that K is invariant under the H-action. Indeed,
for a € K we have by coassociativity (1 ® p')p(a) = (A ® 1)p'(a) = 0, so p(a) € ker(1® p') = H* ® K.
Thus, the action of H on T descends to an action on the finite dimensional algebra T'/K. Now by [Lin03,
Theorem 2.1], the given H-action must preserve j/K, since j/K is the Jacobson radical of T/K. Thus, H
preserves J. O

Theorem 3.23. Any action of H on fB(V) is isomorphic to a graded action of H on fB(V).

Proof. First, by applying the integral of H (i.e., the idempotent of the trivial representation of H), the
natural projection J=J /J? splits as a map of H-modules. This is also a morphism of B-bimodules, so the
universal property of the tensor algebra gives a map of algebras Tg(J/J?) — fB(V), which is also a map
of H-modules. Now the codomain of this morphism is complete, so the universal property of completion
induces a map of H-module algebras fB(J/J2) — fB(V), which is an isomorphism. Since J/J? = V as
B-bimodules, this completes the proof. 0

Corollary 3.24. For a tensor algebra Tp(V') in Vec (i.e., finite-dimensional over k) and a semisimple Hopf
algebra H, the data of Theorem [Z11] with C = Rep(H) classifies all actions of H on Tp(V).

Proof. When Tg(V) is finite-dimensional over k, it is equal to the degree-completed tensor algebra and the
theorem above applies. O

Remark 3.25. Every J-preserving H-action on Tg(V) extends to T5(V) by continuity, so the data of
Theorem B.I1] with ¢ = Rep(H) can be used to gain some information about H-actions of T(V) in gen-
eral. However, it may be that two nonisomorphic actions become isomorphic, or equivalent in the sense of
Definition B4l upon extension to the completion (although we do not know an example). So, we do not
immediately get a classification.

Remark 3.26. All results of this section also hold when k has positive characteristic, if we impose the
additional assumption that H is cosemisimple.
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4. TENSOR ALGEBRAS IN POINTED FUSION CATEGORIES

The goal of this section is to study minimal C-tensor algebras [Definition B2 B.6] for the pointed fusion
categories C = Vecg. Due to Theorem [BTT] we first recall results on the classification of indecomposable
semisimple Vecg-module categories and on the categories of Vecg-module functors between such module
categories (bimodule categories); this is done in Section LIl We use this in Section .2 to study Vecg-tensor
algebras and provide several detailed examples of Theorem [3.11] there.

To classify minimal, faithful C-tensor algebras for a given C, Remark [B.15 allows us to restrict our attention
to base algebras with either one or two indecomposable summands. We proceed as such here.

4.1. Module categories and bimodule categories over Vecg. We begin by considering pointed fusion
categories, each of which is equivalent to some category Vecs. Here, G is a finite group with 3-cocycle
w: G x G x G — kX, and objects of Vecg consist of finite-dimensional G-graded k-vector spaces with asso-
ciativity constraint determined by w. Without loss of generality we assume all k*-cochains are normalized,
meaning that they take the value 1 when any coordinate of the input is the group identity.

Notation 4.1 (Y, 9X, 49, n|r). We collect a list of the most frequently used notation below.
o We write 97 := grg~! and 9X := {92: x € X}, for an element g € G.
e Take a 2-cochain ¢ on L < G and an element ¢ € G. The 2-cochain ¥ on L is defined by

¥9(g1,92) = ¥ (991,992) for g1,92 € L.
e Let  be an n-cochain on G and L < G. We write 7|y, for the restriction of 7 to L*" for n € N.

The following module categories over Vecg, play a central role throughout this work. Let G be a finite
group and w a 3-cocycle on G. To a pair (L,v) where L < G and 1 a 2-cochain on L satisfying di = w|z,
we assign the indecomposable semisimple Vecg-module category M(L,v) as follows. First consider the
collection of non-isomorphic simple objects {0, }4ec of Vecg, where d,4 is the 1-dimensional G-graded vector
space concentrated in degree g.

Definition 4.2 (M(L,), A(L,)). [Ost03b, Example 2.1] [EGNO15, Example 9.7.2] The twisted group
algebra A(L,v) in Vecy is @,y 9y as an object in Vecg, with multiplication dg ® dgr = 9(g, g")dge . We
define the Vecg-module category M(L,v) := Modvecy-A(L, ).

If w is trivial, then A(L, ) is an associative algebra in Vec. But in general A(L, 1)) is an associative algebra
only in Vecg. The following fundamental results of Ostrik and Natale tell us that these are the building
blocks of all module categories over Vec¢: (up to equivalence), and they give us a criterion for checking when
two such module categories are equivalent.

Proposition 4.3. [Ost03b, Example 2.1] [Natl?] Every indecomposable semisimple module category over
the fusion category Vecg is equivalent to some M(L, 1)), where

o L is a subgroup of G such that the class of wl|y is trivial in H3(L,k*), and

o ¢: L x L — k™ is a 2-cochain on L satisfying di) = w|r,.
Moreover, M(L,v) and M(L',9’) are equivalent as Vecg-module categories if and only if there exists g € G
such that L = 9L’ and the class of the 2-cocycle '~ 190, | is trivial in H*(L',k*), where ¥9 is as in
Notation[{1l Here, Q4: G x G — k* is given by

w(9g1,%92,9) w(g, 91, 92)

w(gghgag?) OJ

(4.4) (91, 92) =

Remark 4.5. Indecomposable semisimple module categories over Rep(G) are determined by the same
data of Proposition for Vecg. Namely, Rep(G) and Vecg are categorically Morita equivalent since
(Veci)Vee ~ Rep(G) [EGNO15, Example 7.12.19], and as a result, there is a 2-equivalence between the
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2-category of semisimple module categories over Vecs and over Rep(G) [Theorem [Z3]. See [Ost03b, Propo-
sition 2.3], a result due to Miiger [M03], and also [EGNOT5, Example 7.4.9, Corollary 7.12.20] for direct
descriptions of indecomposable semisimple module categories over Rep(G).

We summarize some elementary observations in the following lemma which are useful for applying the
proposition above in specific examples.

Lemma 4.6. Suppose L < G is a subgroup such that wl|y, is trivial in H3(L,k*). Then the following hold.
(a) For every conjugate 9L of L in G, we have that w|sy, is trivial in H3(9L,k*).

(b) If H*(L',k*) is trivial, then the pairs (L',1') yielding module categories equivalent to that of (L,1))
are ezactly those with L =9L' for some g € G.

Proof. (a) Let ¢ € H?*(L,k*) be such that di) = w|z. It can be directly checked that d(’@[]g719971) = wlor.

(b) It is immediate since the condition comparing 1, v’ in Proposition [43]is vacuous in this case. g

Remark 4.7. We also draw the reader’s attention to Natale’s example [Nat17, Example 3.6], which shows
that the 2-cocycle 2, must be considered when computing equivalence classes of indecomposable semisimple
module categories: Even when ¢~14’ is not a coboundary, it is possible for (L,%) and (L,9’) to yield
equivalent module categories. In order to get (L,v) 4 (L,’), one must check for each g € G with 9L = L
that ¢/ ~149Q,|, is nontrivial in H?(L,k*).

Now to describe the minimal Vecg-tensor algebras Ts(E) up to equivalence, we may take S to be a direct
sum of twisted group algebras A(L, ) in Vecg.

Example 4.8. Continuing Example BI8 note that if the pair (L,4) corresponds to the Vecg-module
category Vecg itself, then (L,v) = ({e), 1).

Next, we consider the generating bimodules of minimal Vecg-tensor algebras by recalling a result of
Ostrik that classifies categories of functors between indecomposable semisimple Vecg-module categories. By
Remark B0 it is enough to consider (S;,S;)-bimodules, where S; := A(L;,v¢;) and S; := A(L,,v;) are
indecomposable semisimple algebras. Also for the result below, we follow [Kar93l Section 3.1] and call a
projective representation of a group G with Schur multiplier ¥ a ¥ -representation of G.

Notation 4.9 (L{;). Given two subgroups L;, L; < G and g € G, we write L] ; := L; N gLig™ "

Proposition 4.10 (¢{; =: (g[}ig[};l)g, mi,;(g), M(g,p)). [Ost03b, Proposition 3.2] [GNO9, Theorem 5.1]
Let (Li, i), (Lj, ;) be two pairs determining indecomposable semisimple Veci-module categories as in
Proposition [.3. For each g € G, the group Lﬁj has a well-defined 2-cocycle

(0, 0,9) - wlt,l'g, g ' g)
w(ll'g, g=W0=1g, g~ 1g) '

(A11) 905 (0.0) = (b )g(0,0) = il 1) - (g™ 0 g, g7 0 g) - =

for b0 € Lf)j.

Moreover, let {gk}keLi\G/Lj be a set of representatives of L;-L; double cosets in G. Then the rank of the
category Funvecs, (M(Li, i), M(Lj,1;)), or equivalently of the category of (A(Li,v:), A(Lj,v;))-bimodules
in Vecg, is equal to

(4.12) ZkeLi\G/Lj mi,;(gk)

where my; ;(g) is the number of linear equivalence classes of irreducible f j-representations of the group L_Z e

We get that the simple objects of this category are classified by the pairs (g, p), where p is an irreducible
1/);]’; -representation of the group Lf’; The corresponding simple object M (gi, p) € Vecg is supported on the
double coset L;grL;. O
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We introduced two notations above for the same 2-cocycle because the first is more convenient in this
section, while the latter notation is more convenient in Sections [B] and

Now to understand the rank count above, recall that for a 2-cocycle ¢ on a group G, an element g € G
is called ¢-regular when ¢(g,h) = ¢(h,g) for all h € Ci(g), the centralizer of ¢ in G [Kar93, Section 2.6].
Furthermore, ¢-regularity of an element g depends only on the cohomology class of ¢, and if g is ¢-regular,
then so is every conjugate of g [Kar93, Lemma 2.6.1]. The following result of Schur can be found in [Kar93,
Theorem 6.1.1].

Theorem 4.13 (Schur). Let L be a group and ¢ € Z?(L,k*) a 2-cocycle. Then the number of linear
equivalence classes of irreducible y-representations of L is equal to the number of 1-regular conjugacy classes

of L. 0
We also introduce some terminology that will be used.

Definition 4.14. A finite group G is called Schur-trivial if H?(G,k*) = 1, and we call G sub-Schur-trivial
if each of its subgroups is Schur-trivial.

4.2. Vecg-tensor algebras. Now we study minimal, S-faithful Vecg-tensor algebras T's(E). By Remark[B.15
we know that S has at most two summands, and is therefore Morita equivalent to A(L,1) or

4.2.1. Trivial w. We first consider the case when w is cohomologically trivial. Without loss of generality
we assume throughout this section that w = 1, the constant cochain, and note that Vecé = Vecg. The
classifying data for tensor algebras here is the same as in Rep(G); see Remark .5

Proposition 4.15. Let [G] be a set of representatives of the conjugacy classes of subgroups L of G, let
Ng(L) be the normalizer of L in G, and let | X/T| be the number of orbits of a group T' acting on a set X.
Then the number of indecomposable semisimple base algebras in Vecg, up to equivalence, is

(4.16) > H (LK) /Ne(L).

Le[G]
So, if G is sub-Schur-trivial, then ([I6]) is equal to #[G]; if, further, G is abelian, then ([@I6) equals
#(IL<G).

Proof. We consider Proposition in the case w = 1, noting that w|, = 1 on any L < G. Therefore,
by Proposition 3] the collection of indecomposable module categories over the fusion category Vecg is
parametrized by conjugacy classes of pairs (L,) where L < G is any subgroup and ¢ € H?(L,k*). The
relation (L,) ~ (L',4') simplifies to just L = 9L’ and ¢’ = 99 € H?(L',k*) for some g € G, since each
1y = 1. Then the count [@I6) follows from the orbit-stabilizer theorem applied to the conjugation action
of G on the set of pairs (L, 1) as above. O

Next, we note a simplification for counting bimodules which occurs in the case when G is abelian.

Lemma 4.17. Suppose G is abelian and let (L;,;), (L;,v;) be as in Proposition[{.10 Then the number of
indecomposable (A(L;,;), A(L;, ¥;))-bimodules in Vecg, up to isomorphism, is
|G|Li N Lj|

(4.18)
| L3l L]

(number of Y5 j-reqular conjugacy classes in L; N Lj).

Proof. Since G is abelian, the number of representatives of (L;, L;)-double cosets in G in Proposition [4.10]
is (IG||L; N Ly[)/(|Li||L;]). Since w =1 and conjugation in G is trivial, 1] ; = ¢ ; for all g € G. Then the
count follows from ([AI2)) and Theorem O

By the two previous results, the examination of Vecy is easier in the cases when G is abelian or is
sub-Schur-trivial. So we consider these cases in the four examples below, where G is:



TENSOR ALGEBRAS IN FINITE TENSOR CATEGORIES 15

e a cyclic group Z,, (that is, abelian and sub-Schur-trivial);

e the Klein-four group Zs x Zs (that is, abelian and not Schur-trivial);

e the symmetric group S5 of order 6 (that is, non-abelian and sub-Schur-trivial); and

e the dihedral group Ds of order 8 (that is, neither abelian nor Schur-trivial).

Example 4.19. Take G = (z | 2™ = e) = Zj,, which is abelian and sub-Schur trivial (see, e.g., [Kar93
Proposition 10.1.1(ii)]). Let 7(n) denote the set of positive integers dividing n. If Ts(E) is a minimal,
S-faithful tensor algebra in C, then we may take S = A((z™),1) or S = A((z™),1) ® A((z™'),1) for
m,m’ € 7(n) by Proposition E.T5

Suppose S = A({(z™), 1) for m € 7(n). From Proposition I0, the isomorphism classes of S-bimodules E
are classified by pairs (g, p) where g is a representative of a (x™)-(x")-double cosets (i.e. a (z™)-coset)
in G, and p an irreducible representation of (™). Since G is abelian, all its irreducible representations are
1-dimensional, and it is easy to see that nonisomorphic bimodules will not be conjugates of one another.
So, equivalence classes of tensor algebras with base algebra S are in bijection with isomorphism classes of
S-bimodules in this case.

On the other hand, suppose S = S; @ Sy with §; = A((z™),1) and Sy = A((z™'),1) for m,m’ € 7(n).
Then given any pair E, E’ € Bimod¢ (S, S2), it can be shown by direct computation that there exist invertible
S;-bimodules X; such that F' = X; @5 E ®g X» (where X is the inverse of X; in Bimodc(S;) as before).
Thus for each S with two indecomposable summands, there is only one equivalence class of minimal, faithful
tensor algebra Ts(E).

Next, we consider an abelian group which has a cohomologically nontrivial 2-cocycle.

Example 4.20. Take G = (1,y : 22 = y?> = e, yx = xy) = Zy X Zs. There are five subgroups L of G up
to conjugacy: {(e), (z), (v), (zy), G}, and H?(L,k*) is trivial for L # G. However, H?(G,k*) = Zs (see,
e.g., [Kar93, Proposition 10.7.1]), and a 2-cochain on G representing the nontrivial element of H?(G,k*) is
(4_21) M(Iilyjl’xizyjz) _ (_1)]'11’27 0< i, je < 1.

By Proposition .15 there are 6 indecomposable semisimple base algebras, up to equivalence.

Turning to bimodules, we can compute the quantity [@I8) (or equivalently, (£I12])) for every pair of
subgroups of GG, and the result is summarized in the following table.

The value [@I2)) for
s e BRI @) [ @.0) | @) | () | (G | G
{en ) 4 2 2 2 1 1
(z), 1) 2 1 1 1 2 2
(), 1) 2 1 4 1 2 2
(zy), 1) 2 1 1 4 2 2
(G, 1) 1 2 2 2 1 1
(@, n) 1 2 2 2 1 4

The count is simplified by noting that ¢y ; is cohomologically trivial unless L; = L; = G and either ¢; or ;

is p. When 47 ; is cohomologically trivial, the quantity EI]) is 4 “LLZ;‘LLJJ_“ and so it can be directly computed

case-by-case. In the three cases where v ; is cohomologically nontrivial, we first have that |G\G/G| = 1.
Moreover, when 9; = 1; = u, we get that ¢ ; is symmetric so the number of ¢ ;-regular conjugacy classes
in G is 4. On the other hand, when only one of ¢; or 9; is u, then it can be directly seen from (@21 that the
only ¢f ;-regular conjugacy class is {e}. Now by taking cases where S is either an indecomposable algebra in
Vecyz,xz, or is a direct sum of two indecomposable algebras in Vecz, «z,, one can classify equivalence classes
of S-faithful Vecz, «z,-tensor algebras as done in Example

Now we consider a nonabelian group where every subgroup has trivial second cohomology.
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Example 4.22. Take G = (r,s | > = s = (sr)? = €) = S, the symmetric group on three letters, noting
that there are four subgroups L of G, up to conjugacy: {(e), (s), (r), G}. Here, H?(L,k*) is trivial for all
L < G (see, e.g. [Kar93, Proposition 10.1.1(ii) or Theorem 12.2.2]), so Proposition @.I5limplies that there are
four indecomposable semisimple base algebras S in Vecg, up to equivalence. To illustrate equivalence versus
isomorphism of tensor algebras, we will describe the equivalence classes of C-tensor algebras of the form Ts(E)
and Tsgs(F) for each indecomposable S. Similar methods can be applied to the cases where S = S; @ Sa
with S; and S5 nonequivalent. The descriptions of the bimodules below all follow from Proposition 10

For S = A({e)), the 6 indecomposable bimodules are {J, : g € S3} as objects in C, and are all invertible.
Conjugation of bimodules is conjugation in S3, so there are only 3 equivalence classes of tensor algebras of
the form Ts(E). On the other hand, there is just one equivalence class of minimal, faithful tensor algebra
Tses(E) by Proposition

For S = A((s)), there are 3 isoclasses of indecomposable bimodules. Two of them are 6. & J5 as objects
in C, one associated to the trivial representation and the other associated to the sign representation of (s).
The other indecomposable bimodule is §, @ §,2 ® ds,- B 4,2 as an object of C. The first two are invertible and
conjugation by them acts trivially, so there are 3 conjugacy classes of minimal tensor algebras of the form
Ts(FE). On the other hand, there are just 2 equivalence classes of minimal tensor algebras Tsgs(F) because
the first two are equivalent by Proposition [3.13}

For S = A((r)), there are 6 isoclasses of indecomposable bimodules: three of them are d. @ d, @ d,2 as
objects in C, associated to the 3 irreducible representations of (r), and the other three are ds ® g ® d4p2 as
objects in C, also associated to the 3 irreducible representations of (r). All 6 of these bimodules are invertible.
It can be computed that this group of invertible bimodules is isomorphic to Zg (generated by ds @ ds B 4,2
with either nontrivial irreducible representation of (r)). Thus conjugation is trivial, giving 6 equivalence
classes of minimal tensor algebras Ts(FE). Again by Proposition 313 there is only one equivalence class of
minimal tensor algebras Tsgs(F).

For S = A(S3), there are 3 isoclasses of indecomposable bimodules, all having underlying object € 9ESs g
in C, associated to the 3 irreducible representations of S3. The two 1-dimensional representations give
invertible bimodules and again conjugation by them is trivial, so there are 3 equivalence classes of faithful,
minimal tensor algebras Ts(E) and 2 equivalence classes of faithful, minimal tensor algebras Tsgs(E).

Finally, we consider a nonabelian group in which some subgroups have non-trivial second cohomology.
Example 4.23. Take G to be the dihedral group Dg of order 8, with presentation
(4.24) Dg = (x,y,z | 2> =y* =22 =e¢, xy = yx, 20 =yz, 2y = x2).
Note that there are 8 subgroups L of G, up to conjugacy:

{(e), (@) =%(w), (2) =" (wyz), (wy), (w.y), (wy,2), (2z), G}

Also, H?(G,k*) = Zy by [Kar93, Corollary 10.1.27]. The nontrivial cohomology class is represented by
(4.25) Bla'ry’ 2™, ayl22"2) = (1), 0 <idg, jo,ne < 1.
By Proposition .15 up to equivalence, the indecomposable semisimple base algebras are represented by the
pairs (L, v):
{{e), 1), ({x),1), ((2),1), (), 1), ((z,9), 1), ((=,9), Blia,yy): oy, 2),1), (&Y, 2), Blay,z)), ((2),1), (Ds,1), (Ds,B)}.

We carry out the count of isomorphism classes of indecomposable bimodules for some special cases, but
we leave bimodule conjugacy class computations to the reader.
(a) At one extreme, we can take (L;,¢;) = ({e),1) = (L;, ;). The set of coset representatives {gy} in
Proposition I0lis the entire group Ds. Each L{* = (e), so each m; j(gx) = 1 and the total count of
indecomposable bimodules is |Dg| = 8.
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(b) Now consider (L;,v;) = ((z,y),1) and (L;,¢;) = ({(2),1). In this case we have {gi} = {e} and
Lg ; = (e) with m; j(e) = 1, so there is a unique bimodule for this pair.

(c) If we take (Li,¢i) = ((zy, 2),1) and (Lj, ;) = ((2),1), then {gx} = {e,z}. We have L{, = (z) and
L7 ; = (e). So, m; j(e) = 2 and m; j(x) = 1, and there are three bimodules for this pair.

(d) Next, we examine the case L; = L; = (zx,y) for various choices of v;,1;. We have {gr} = {e, 2}
and L, = L7; = (z,y). Note that H*((x,y),k*) = Zy is equal to {1, 8]z} If i = ¢y =1
or P; = ;= Bz, then ¥f; = 7, = 1, and hence, m; j(e) + m; ;(z) = 4+ 4 = 8. Else, if
either 1; = (4 and ¢; =1, or, ¥; = 1 and ¢; = B(4,yy, then ¥f; = 7 = B|(,); in this case,
m; j(e) +m; j(z) =141 =2. This uses the same reasoning as in Example

(e) Now if (L;,¢s) = (Lj, ;) = (Ds, 1), then {gx} = {e}. By Theorem .13 we get that m, ;(e) = 5,
the number of conjugacy classes of elements in Dg, or equivalently, the number of irreducible repre-
sentations of Dg.

Example [£.23] will be used in Section in the study of C-tensor algebras for C being the category of
finite-dimensional representations of the Kac-Patjutkin Hopf algebra Hg.

4.2.2. Nontrivial w. We now consider w € Z3(G,k*) cohomologically nontrivial. Note that the pairs (L, 1))
parametrizing indecomposable semisimple Vecg-module categories in Proposition 3] are highly dependent
on the choice of w. In particular, there will typically be fewer L for w nontrivial as compared to the case
w = 1 because of the requirement that w restricted to L must be cohomologically trivial.

We study the case when G' = Z,, and when G = Dg for a specific w € H3(Dg,k*) used later in Section 5.3l
We leave other examples for the reader. In the examples below,

(d); denotes the remainder of d modulo t.

Example 4.26. Continuing Example @19, take G = (z | 2" = e) = Z,. Let ¢ be a primitive n*" root
of 1. By [dWP| (2.3.18)] or [EGNO15, Example 2.6.4], the cohomology classes of 3-cocycles on G are
represented by

(4.27) we(zt, 27, 2k) = lltk=Grkin)/n - for 0 =0,1,...,n— 1.

Since w is cohomologically nontrivial in this section, we take £ > 0. Let 7(n) be the set of positive divisors

of n. Recall that the distinct subgroups of G are (2™) = Z,,,, for m € 7(n). Fix L such a subgroup.
Let us consider the restriction of wy to L. We can write

(428) wz(iEmi xmj7xmk) — (Cm)fi(mj+mk—<mj+mk)n)/n'

One can check that j +k — (mj + mk),/m = j +k — (j + k) /m, and thus we can rewrite {Z28) in the
standard form (#27) applied to the cyclic group (™), noting that (™ is a primitive (n/m)* root of 1:
(Cm)fi(j+k—<j+k>n/m)/(n/m)

w[(zmi7 xmj7 xmk)

This shows that w, restricted to L is cohomologically trivial if and only if |L| = n/m divides ¢. So by
Proposition .3 and Lemma [.6(b), the indecomposable semisimple base algebras S in Vec?/ are exactly the
algebras A(L,1) where L = (™) and n/m divides £.

The study of minimal, faithful tensor algebras in Vec/ can then be carried out in exactly the same way
as in Example [£.19 but using only base algebras with summands as described in the previous paragraph.

Example 4.29. Continuing Example with G = Dg, consider the nontrivial 3-cocycle w € Z3(G,k*)
from [Kac68, Section 3.5] given below; this 3-cocycle will be of use in the next two sections. For subgroups

K=(z]|2>=¢) and N =(z,y|2°=y>=e¢, vy=yz)
of G, let e; ; be the dual basis for k™ where e, ;(z*y') = d; 10, and consider the maps

o: Kx K — (KM)* and 7: N x N — (kKf)~
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defined as follows. Put o; j(h, ') := o(h,h')(e; ;) and 7un (p,p’) := 7(p,p’)(z") for h,h' € K and p,p’ € N.
Define ¢ and 7 by setting the value equal to 1 except for the following;:

(4.30) 01.0(2,2) = 001(2,2) = —V/—1,

(4.31)
m(w,2) = 7 (y,y) = a2, 2y) = T(2y,y) = V-1 m(yr) = -1 m(ayr) =y, ey) = V-1

Now let
(4.32) w(ahyt 2™, plylzam2 glsyls,ns) = g 0 (272 2" Tns (27 Y™ 22y72) 0 < ng, g, jo < 1.

Recall the 8 conjugacy classes of subgroups of G listed in Example £.231 We use formula [£.32 to directly
compute that w|z, is trivial in H3(L,k*) exactly when L is one of the following:

(4.33) {{e), (), (wy), (2), (wy), (2y,2)}

Since the first four of these subgroups have trivial Schur multiplier, we get four nonequivalent indecom-
posable semisimple base algebras S from these. For the remaining two subgroups, their Schur multipliers are
each isomorphic to Zs, so we must consider the possibilities for equivalence as in Proposition It turns
out that the two different choices of cocycle end up giving equivalent module categories, just as in [Natl7
Example 3.6]. In more detail, first consider L = (x,y). From a direct substitution of (£32) into ([@4]) and
from the definitions of o, 7, it can be calculated that

Qu(a"y”, ay”) = o (a"y", aPy"),
and that this represents a nontrivial cohomology class on (z,y). Therefore, the two pairs ({(x,y),1) and
((z,9), Bl(z,yy), where 3 is as in (£25]), give rise to equivalent module categories. For L = (wy, z), it can

be similarly computed that 2, restricts to a nontrivial cohomology class on L, and therefore the two pairs
((zy, z),1) and ({2, 2), B (2y,=)) give rise to equivalent module categories.

We end by briefly remarking on the count of indecomposable bimodules for some examples, building on
Example[d.23] (again, leaving bimodule conjugacy class computations to the reader). For each example where
every L_;_;Z_ = (e), the count of indecomposable bimodules does not change. In fact, the only possibility where
the count can change is when some L_;_;Z_ has nontrivial Schur multiplier, and the only possibility for this in
Dg is when Lff] = ZQ X ZQ.

5. TENSOR ALGEBRAS IN GROUP-THEORETICAL FUSION CATEGORIES

In this section, we study C-tensor algebras [Definition B.2] B.6] for group-theoretical fusion categories C
[Definition [B.1], building on the work in the previous section. We begin by providing in Section Bl terminol-
ogy and preliminary results for group-theoretical fusion categories C := C(G,w, K, ), and then we recall in
Section the process of reconstructing a semisimple Hopf algebra whose representation category is tensor
equivalent to C. To obtain results on base algebras of C-tensor algebras, we also examine indecomposable
semisimple algebras in C in Section Finally, in Section [5.3] we illustrate results by classifying all inde-
composable semisimple algebras in the category of finite-dimensional representations of the Kac-Paljutkin
Hopf algebra Hg, up to Morita equivalence; this category is tensor equivalent to a group-theoretical fusion
category C(Dsg,w, Za, 1).

5.1. Background and notation. In this part we establish notation for group-theoretical fusion categories
and module categories over them. Recall the Vecg-module category M (K, o) from Definition

Definition 5.1 (C(G,w, K, «)). A fusion category is called group-theoretical if it is categorically Morita
equivalent to a pointed fusion category, that is, if it is equivalent to one of the form

C(Gv w, Ka Oé) = ((Vecg)j\/l(K,a))op
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where G is a finite group, w is a 3-cocycle G x G x G — k*, K is a subgroup of G with w|x trivial, and «
is a 2-cochain K x K — k* such that do = w|k.

Thus, C(G,w, K, a) is tensor equivalent to the category of A(K, a)-bimodules in Vecg.
Example 5.2. The following are examples of group-theoretical fusion categories.
(1) We have that C(G,w, (€),1) = Vecs. Indeed, A((e),1) = 1vecs,, SO
M((e),1) R Modvecs-A({e), 1) & Vecg.
Moreover, C°P < C¢. See Examples 2.5 B.I8 and 8

(2) We obtain that C(G,1,G,1) < Rep(G) as follows. First, Rep(G) & (Vecg)Vee [Remark 5. By
[Ost03b, Corollary 3.4], M(G, 1) has rank one. Thus,

(Veca) (a,1) = Funvecg (M(G, 1), M(G, 1)) 2 Funvec, (Vec, Vec) = (Vec )Vec-

(3) We also have that Rep(H) g C(G,w, K, 1), where H is the bicrossed product k% "#, kK. Here,
(K, N) is a matched pair of finite groups (so that K and N act on each other in a certain fashion)
yielding a group G = N 1 K that is a semi-direct product when either the action of N on K, or K
on N, is trivial (this is also called an ezact factorization of G). The maps 0: K x K — (k™)X and
7: N x N — (kF)* are compatible cocycles defining the multiplication and comultiplication of H,
respectively. Moreover, w € H?(G,k*) represents the class @(o, 7) for the map @: Opext(k™V,kK) —
H3(G,k*) in the Kac sequence. In this case, H arises as the abelian extension

k - kv - H - kK — k.

See [Nat03l, Section 3 and Proposition 4.5] for more details.

As a special case of (3) above we continue Example [.229] below; we will consider this example in more
detail in Section

Example 5.3. Take the groups N = (z,y | 22 = y? = ¢, vy = yz) and K = (2 | 2% = ¢) from Example £.29]
with the N-action on K trivial, and the K-action on N given by z-x = y and z-y = x. Thus, G = NxK = Dsg.
With the cocycle w = w(o, 7) given in [@.32)), we get that C(G,w, K, 1) g Rep(Hs), for Hs the Kac-Paljutkin
semisimple Hopf algebra of dimension 8 [KP66, [Kac68]; see Definition

Using Proposition .10} we can describe the simple objects of C(G,w, K, 1) in this case:

triv

Xo = M(:E,p<e> ), Xi:=DMle,pk), Xo:= M(e,pggn), X3 := M(xy, pt.), X4:= M(xy,pggn).

Here, M(g, p) is the simple object corresponding to the K-K double coset KgK in G, with p an irreducible
(projective) representation of K N gKg~! (with trivial Schur multiplier). Indeed,

{(2)9(2) }gens = {e, 2} U{m,y, 22, y2} U{ay, zyz},
and we take representatives g = e, z, 7y and compute that K NgKg~!is K, (e), K, respectively.

From Theorem 23] we see that the following categories will play an essential role in studying group-
theoretical fusion categories.

Notation 5.4 (M®:%(L,v)). Fix a group G and 3-cocycle w on G. We write
(55) MK’O[(L”/}) = FunVec‘é(M(Ka Q),M(L,’(/))),
which is an indecomposable semisimple left C(G,w, K, «)-module category by precomposition of functors.

As a consequence of Theorem 2.3] Proposition 4.3, and Proposition [£.10] we have the following result.
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Proposition 5.6. Every indecomposable semisimple module category over the group-theoretical fusion cat-
egory C(G,w, K,a) is equivalent to some M (L), where (L,v) is as in Proposition [[-3, and its sim-
ple objects are M(g,p) as in Proposition [[.10. The conditions for MX-*(L,v) and ME*(L' 4') to be
equivalent are the same as in Proposition [[.3, and the value [I2) is the rank of the functor category
Fune(a w, i,a) (M (Li, i), M (L, 45)). 0

Example 5.7. Continuing Example £.3] we saw in Example [£29 that there are 6 equivalence classes of
indecomposable semisimple Vec?, -module categories, parametrized by pairs (L, 1) where L is one of the

subgroups in [@33). Thus the indecomposable semisimple module categories over C(Dsg,w, (z), 1) 5 Rep(Hs)
are exactly those of the form M(*(L, 1) for L one of the subgroups in (Z33)), up to equivalence.

5.2. Reconstruction. Next, we turn our attention to group-theoretical fusion categories that are tensor
equivalent to representation categories of semisimple Hopf algebras. We have the following reconstruction
theorem for finite tensor categories C equipped with a fiber functor F. Recall that the k-algebra End(F')
of functorial endomorphisms of F has the structure of a finite-dimensional Hopf algebra; see [EGNOTH,
Sections 1.8, 5.2, 5.3] for details.

Theorem 5.8. [EGNO15, Theorem 5.3.12] Consider a finite tensor (resp., fusion) category C, and suppose
that C admits a fiber functor F'. Then C is tensor equivalent to Rep(H), for H = End(F') a finite-dimensional
(resp., semisimple) Hopf algebra. O

We remind the reader that there are group-theoretical fusion categories that do not admit any fiber
functor (e.g., Vecg for w non-trivial, [EGNOI5| Example 5.1.3]), and furthermore there exist semisimple
Hopf algebras whose representation categories are not group-theoretical [Nik08, Corollary 4.6]. In any case,
consider the result below.

Proposition 5.9. We have that a group-theoretical fusion category C := C(G,w, K, «) admits a fiber functor
if and only if there exists a subgroup N < G and 2-cochain v on N such that dy = w|y where G = KN and
K NN has a unique irreducible 1 ;-representation as in (A11). Here, 1 = a and v; = . In this case, the
fiber functor is

(5.10) Fy :C —Vec, X — Homp,(X @V, V),

where Mo = M%2(N,~v) and V is the unique simple object of M.

Proof. Since C admits a fiber functor if and only if it has a semisimple module category of rank 1, from
Proposition [5.6] we see that this occurs if and only if there exists (N, ) as in the statement with M%(N, ~)
of rank 1. This rank is counted in Proposition [4.10] 0

Applying Theorem [E.8 this gives a criterion for C(G,w, K,«) to be equivalent to the representation
category of a Hopf algebra. We fix notation for this situation, which will be studied in more detail for the
remainder of the paper.

Notation 5.11 (C, Fy, Mg, H(N,~)). Assume that C := C(G,w, K, @) admits a fiber functor, and fix one
Fy: C — Vec as in Proposition 5.9 Take also Mg := M%%(N,~) as in Proposition 5.9 We write H(N,~)
for the corresponding semisimple Hopf algebra obtained from the fiber functor Fy. Note that the data
(G,w, K, o) defining H(N,~) is understood from context. Thus, we have Rep(H (N, 7)) < C(G,w, K, a).

Our next goal is to use the classification of indecomposable semisimple algebras in C from previous sections
to study indecomposable semisimple algebras in Rep(H (N, 7)) via the equivalence Rep(H (N,7)) 2C. We
refer to such algebras as indecomposable semisimple H(N,~)-algebras. To describe these algebras more
explicitly, we recall the internal End construction.
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Definition 5.12 (End(})). [EGNOI1S, Section 7.8] Let M be a C-module category and fix an object M € M.
The internal End of M is the object in C that represents the functor C — Vec, X — Homum (X @ M, M); it
is denoted by End(M). Namely, we get that

(5.13) Homu (X ® M, M) = Hom¢(X,End(M)).
We have that End(M) is an algebra in C (see [EGNOIL5, Section 7.9]).

Example 5.14. For any finite-dimensional Hopf algebra H, we have End(k) = H* as algebras in Rep(H)
(see [EGNOTH, Example 7.9.11]). Applying this to H = End(Fy ) using the equivalence of Proposition [5.9]
we get that Fy (End(V)) = H* in Rep(H), for the simple object V' € M.

Lemma 5.15 (Anr, Appg,p))- Every indecomposable semisimple H(N,~)-algebra is Morita-equivalent in
Rep(H(N,7)) to an algebra Fy (Apr) where An := Apg(g,p) := End(M), with M = M(g, p) a simple object
of some M@ (L,4) as in Proposition [5.0.

Furthermore, we have the dimension calculation:

(5.16) dimg Fy (Apr) = Z mx (M) FPdime X where mx (M) := dimg Hom (X @ M, M).
Xelrr(C)

Proof. From the tensor equivalence Rep(H (N, 7)) 2 Cand Theorem[2.4] we see that indecomposable semisim-
ple H(N,~)-algebras are in bijection with indecomposable semisimple C-module categories, which are all of
the form M%%(L,) by Proposition 5.6l Then from [EGNO15, Theorem 7.10.1] we have that an indecom-
posable semisimple module category M¥X@(L, 1)) over C is equivalent to the category of Ajr-modules in C,
where M € M :%(L, 1) can be taken to be any nonzero object.
For the dimension calculation, we can decompose Aj,; as a direct sum of irreducibles in C to write
(5.17) Ay = @ mx(M)X.
Xelrr(C)

Here we are using that mx (M) = dimg Home (X, Apr) by (BI3), which gives the multiplicity of X in Ay
since C is semisimple. Then the dimension calculation follows from [EGNOI5| Proposition 4.5.7]: we obtain
that dimg Fy (X) = FPdimyec Fy (X) = FPdime X. O

Lemma 5.18. There is a bijection between the collection of simple modules over the k-algebra Fy (Apr) and
the collection of simple objects of the category Func(Mo, ME*(L,4)).

Proof. Let B := End(V), so we have My ~ Modc-B and recall that M%%(L,v)) ~ Mode-Ap. Then
Func (Mo, ME2(L, 1)) is equivalent to Bimodc (B, Ayr) [EGNOIS, Proposition 7.11.1], which can be iden-
tified with the category of right Aj/-modules in the category of left B-modules in C, the latter of which is
identified with Vec via the functor Fy,. Thus, Func(Mo, M%(L,4)) is identified with the category of right
Fy (Apr)-modules in Vec as desired. O

Remark 5.19. Suppose that P is a simple object in Mody(Fy (Ans)) with corresponding simple object P’
of Irr(Func(Mo, ME-(L,4))) as in the lemma above. Then,

dimk FV (AM)

FPdim C
Indeed, consider the action of Cy,, on Func(Mg, M™(L,1))) via precomposition. Here, C},, is the repre-
sentation category of the dual Hopf algebra H(N,~)*; see Example (.14 Now for any H*-module X, we
have that

dimyg P = FPdim P’.

This means that there exists a positive number A such that dimg P = A(FPdim P’), as a function satisfying
the displayed equality above is a Frobenius-Perron eigenvector and thus is unique up to scaling. We get the
value \ taking the sum of squares of the last equation.
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5.3. Rep(Hg)-tensor algebras. We now consider Example in more detail. Consider the groups
N = (r,y| 2> =y? =e, vy = yz) and K = (2 | 22 = ¢) from Example E:29 with the N-action on K
trivial, and the K-action on N given by z-x =y and z-y = x. Thus, G = N x K = Dg. Taking the cocycle
w of ([@32), we obtain the group-theoretical fusion category C(G,w, K, 1).

To obtain a Hopf algebra, we construct a fiber functor as in Section by letting Mo = M&L(N, 1)
with p the nontrivial 2-cocycle on N of [@21)). Indeed, dyu = w|y as

d‘u(ajilyjl, :Z?i2yj2, Ii3yj3) :u(xilyjl, Ii2+i3yj2+j3) ‘u(xléyjz7 Ii3yj3)
,lL_l(Ii1+i2yj1+j2, Iisyjs) lu—l(xilyjl, Iizyjz)

— (_1)j1(i2+i3)+j2i3—(j1+j2)i3—j1i2 =1,

and w|y is trivial. The resulting Hopf algebra is H (N, u) = Hs, the unique semisimple, noncommutative,

noncocommutative Hopf algebra of dimension 8 (up to isomorphism), and we have C(G,w, K, 1) £ Rep(Hs).
See [Mas95 Theorem 2.13] or [Rad12 Section 16.3] for the presentation of Hg below.

Definition 5.20. [Kac68] The Kac-Paljutkin Hopf algebra Hg is defined by generators x,y, z subject to
relations

22=1, y’=1, zy=yz, zx=yz, =2y=2z, 2°= %(l—kx—l—y—:z:y),
where x and y are grouplike elements, and

AR)=31®1+y®1+10z-—yRz)(2®2), €z)=1, S(z)==.
Recall that Hg has 5 isomorphism classes of irreducible representations, which have the following explicit
descriptions (see, for example, [Rad12, p. 530]):

(5.21) Wo :=k?, x - (vi,v2) = (—v1,v2), Y- (vi,v2) = (v1,—v2), 2-(vi,v2) = (v2,01);

Wi i=Kki 115 Wa i=ki1,-1; Ws:i=k_y 1 /=1 Wyi=k g o1
where ky ,n denotes the 1-dimensional representation with 2-, y,- z-action being scalar multiplication by
A, N, N respectively.

Lemma 5.22. Via the equivalence C(G,w, K, 1) g Rep(Hs), each simple object X; € C(G,w, K, 1) from
Ezample [53 corresponds to W; € Irr(Rep(Hs)) in (5.21]).

Proof. Tt is clear that the 2-dimensional objects should be in correspondence, so Wy corresponds to Xy. Also
the unit object is W7 in one realization and X in the other, so they correspond. Now, W3, W, are permuted
by complex conjugation, but Xj is clearly fixed by conjugation, so W3, W, must correspond to X3, X4. Note
that whether W3 corresponds to X3 or X, depends on the choice of the 3-cocycle w (whether we use v/—1
or —/—1 in its formula), but we make a choice for w so that W3 corresponds to X3 and Wy to Xj. O

We now classify indecomposable semisimple algebras in Rep(Hg) using the general theory developed
above. We start by proving that the following list of semisimple Hg-module algebras is a classification, up to
Morita equivalence, then afterwards explain how to obtain them from the tensor categorical approach. The
decomposition of each algebra as an Hg-module is noted for future reference; these can be directly computed.

(i) S =k with z,y, z acting as the identity, so S = Wj.
(ii) S =k? with z,y acting as the identity and z - (a,b) = (b, a) for all (a,b) € k?, so S = W; & W.
(i) S = k2 with
x - (a,b) =y - (a,b) = (b,a), z-(a,b) = (ab + bO, b + ab)
where § = 1(1+4) and § = (1 — i), s0 S = W) & Ws.
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(iv) S =k* with
I'(al,b7c,d): (a7b,d,c)7 y.(a,b7c,d):(b,a7c,d), Z'(a7b,c7d):(c,d,a7b),

so S =Wy W, d Ws.
(v) S =k* with

x-(a,b,¢,d) =y~ (a,b,e,d) = (b,a,d,c), z-(a,b,c,d) = (c + df, df + c, af + b, b0 + af)
where 6 = (1 +4) and § = (1 — i), as above, so S = Wy & W & W3 @ W.
(vi) S = Hg with action (h- f)(t) = f(S(h)t) for h,t € Hg and f € HE, s0 S =W oW, @ Wo W3 Wy,

Theorem 5.23. The algebras (1)—(vi) above are pairwise Morita inequivalent in the tensor category Rep(Hs),
and every indecomposable semisimple algebra in Rep(Hs) is Morita equivalent to one on this list.

Proof. Using Theorem [3.17] Exampled.29] and Proposition 5.6, we see that there are 6 equivalence classes of
indecomposable semisimple Hg-module algebras (which serve as base algebras of Rep(Hs)-tensor algebras).
Since we have produced a list of 6 such algebras, it is enough to show that the algebras in the list are pairwise
Morita inequivalent.

Note that if two algebras S and Se are Morita equivalent as H-module algebras, then they are also Morita
equivalent as H’-module algebras, for any Hopf subalgebra H’ of H. In particular, by taking H' =k, we
have by the Artin-Wedderburn theorem that it suffices to verify that the algebras S in (ii) and (iii), and that
the algebras S in (iv) and (v), are Morita inequivalent. For the former, take H’ to be the Hopf subalgebra
(x) generated by x; observe that S in (ii) is decomposable in Rep({x)), whereas S in (iii) is not. For the
latter, observe that S in (iv) has three indecomposable summands in Rep({x)), whereas S in (v) only has
two indecomposable summands. So, the result holds. g

The following example illustrates our classification.

Example 5.24. Consider the adjoint action of Hg on itself, recalling the algebra decomposition Hg =
k* @ Maty(k). The ideal S = Mats(k) C Hs is Hg-stable with action

a bl |a —b a bl |a —b a bl |[d ¢
e dl T |=e 4’ Y0 da] " l=e d)’ e d] T |=b af’
and is an indecomposable semisimple algebra in Rep(Hs) which is not on our list above. However, using

Example we see it is Morita equivalent to the algebra in (i) above via Maty (k) = Wy ® Wi in Rep(Hs),
where Wy is as in (G.21)).

Remark 5.25. In the algebra (iii) we see that the trace of the action of z is 20 = 1 + i. Therefore if we
also consider the Hg-module algebra obtained by switching the roles of 6,0 (complex conjugation), it has
the same dimension as the algebra in (iii), but they are not isomorphic as Hg-module algebras. They are
Morita equivalent, however, by the same reasoning as in the proof of Theorem [(.23

Recall from Example [5.7] that the indecomposable semisimple module categories over (and thus indecom-
posable algebras in) C(G,w, K, 1) are in bijection with the subgroups L < G of {33). We now show how to
match these subgroups with the algebras (i)—(vi).

Proposition 5.26. The following correspondence matches the indecomposable semisimple algebras in
C(G,w, K, 1) and indecomposable semisimple Hg-algebras. That is, for each pairing L < S indicated be-
low, we have Fy(An) = S in Rep(Hs), where M € M¥(L,1) is any simple object.

(627) (el @ed) (@e®) @Hel (nyo ) (oy) o b
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Proof. The multiplicity of each irreducible representation of Hg in the algebras (i)—(vi) has already been de-
scribed above. We will make the match by computing the multiplicity mx (M) of each X € Irr(C(G, w, K, o))
in Ay using (5.16), and comparing these values using Lemma [5.22] In each case, take M = M (KeL, pE{1F).

For L = (e), we have that K N L = (e). Moreover Xy, ® M is supported on KzL U KyL; so, mx,(M) = 0.
For i = 1,2, we have that X; ® M is supported on KeL; so, mx, (M) = 1. Lastly, for j = 3,4, we get that
X; ® M is supported on KxyL; so, mx,; (M) = 0. Therefore, Ayy = X1 @ X3 as an object in C in this case,
thus it matches with (ii) where S = W7 & W5 in Rep(Hsg).

On the other hand, take L = (xy, z) and we get KN L = K. Again, Xo® M is supported on KaLUKyL;
so, mx, (M) =0. Fori =1,2,3,4, we have that X; ® M is supported on KeL, but the 2-cocycle on KN L is
trivial if and only if 4 = 1,3 here. Therefore, Ay; = X7 @ X3 as an object in C in this case, thus it matches
with (iii) where S = W7 ® W3 in Rep(Hs).

The 4 remaining matchings of the algebras S with the subgroups L are computed similarly. O

Remark 5.28. The Hs-module algebras (i)—(vi) were originally obtained by a variety of ad hoc methods
including hand computation and Maple code, and we were able to match them with the pairs (L, ) arising
in Proposition A3l after the fact. We note that all the algebras in our list occur as coideal subalgebras of Hg
(see the lattice diagram in [DT11) Figure 1]). In that diagram, the only Morita equivalences as Hg-module
algebras are between 11 and 12, and between J2 and J4.

For a semisimple Hopf algebra H in general, an indecomposable semisimple H-module algebra S is isomor-
phic as an H-module algebra to a coideal subalgebra of H* if and only if S has a 1-dimensional representation,
which is why all 6 algebras for Hg come as coideal subalgebras. However, different coideal subalgebras can
be Morita equivalent and even isomorphic as H-module algebras. In fact, every 1-dimensional representation
of such an algebra S gives a realization of S as a coideal subalgebra, by composing the coaction map with
this representation; such coideal subalgebras may or may not be the same for different 1-dimensional repre-
sentations. We leave this observation as a starting point for further investigation; cf. [EW14, Lemma 3.9].

Regarding indecomposable bimodules, Example [£.29] yields examples of such bimodules via Theorem 2.3
and the equivalence Rep(Hg) £c (G,w, K,1). While we have explicit formulas in examples for actions of
Hg on some bimodules, we leave the systematic study of this to future work.

6. PATH ALGEBRAS IN GROUP-THEORETICAL FUSION CATEGORIES

In this section, we return to one of the original motivations of this work and classify path algebras that
admit a grade-preserving action of a semisimple Hopf algebra H. Here, we restrict our attention to such H
whose representation category is group-theoretical [Definition [B1].

For now, let us fix C = (C, F) a finite tensor category equipped with a fiber functor F' : C — Vec, and
begin by defining below a C-path algebra, which is a special type of C-tensor algebra [Definition [3.2].

Definition 6.1. We say that a C-tensor algebra Ts(E) is a C-path algebra if F(S) is a commutative k-algebra.
In this case, we say that S is k-commutative, for short.

The notion of whether an exact algebra S in C is k-commutative depends on its Morita equivalence class
in C, but it does not depend on the choice of F: indeed, we have dimg F(S) = FPdimyec F(S) = FPdim¢ S
[EGNO15| Proposition 4.5.7], and computing this dimension is key to checking this property for a given
algebra. The terminology is motivated as follows.

Remark 6.2. If the base algebra S of T's(E) is k-commutative, then F'(S) is a semisimple, finite-dimensional
commutative k-algebra, and thus, is a product of fields. In this case, F'(S) can be realized as the path algebra
kQq on a finite set of vertices Qy. By choosing an appropriate basis ()1 of the generating bimodule E, we can
construct a quiver @ = (Qo, Q1) whose path algebra inherits a Hopf action of H := End(F') and Ts(E) = kQ
as H-module algebras.
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For C = C(G,w, K, a) a group-theoretical fusion category equipped with a fiber functor, a condition when
a C-tensor algebra is a C-path algebra is established in Corollary in Section This is achieved by
studying when the algebras Ap; from Lemma are k-commutative [Proposition [6.§]. Then, the special
case when the group G has an exact factorization is examined in Section[6.2} we end that section by continuing
Example and the work of Section for Rep(Hsg).

6.1. Indecomposable k-commutative algebras in C(G,w, K, «). We continue as in Notation [5.11] to fix
a group-theoretical fusion category C := C(G,w, K, ) equipped with fiber functor Fy, so that it is tensor
equivalent to Rep(H (N,~)). We also fix Ay for M = M (g, p) € M := MF*(L,4) as in Lemma 515

The results of this section require use of Frobenius-Perron dimension, which can be reviewed in [EGNO15|,
Chapters 3 and 6]. Recall that the regular objects of C [EGNO15| Definition 6.1.6] and M are

(6.3) Re= Y (FPdim¢ X)X, Rum= » (FPdimyZ2)Z,
Xelrr(C) Z€lrr(M)

where we use the canonical normalization to define FPdim rq, meaning FPdimaq Raq = FPdime Re [EGNO15|
Exercise 7.16.8]. Note that these regular objects lie in the Grothendieck groups of C and M, respectively,
i.e. they are virtual objects rather than actual ones (e.g. FPdims may not be an integer so these are not
well defined objects in general).

Lemma 6.4. Let M; = M(g;, p;) be the simple objects of M. Then we have for all i that

VIET|L
(6.5) FPdim s = VLI

dimy p;.
KNgLg | &

Proof. There exists a positive number A such that FPdimagM; = A(dimy M;) for all ¢, since both FPdimM;
and dimy M; are Frobenius-Perron eigenvectors of multiplication by X € C, and such an eigenvector is unique
up to scaling. Thus,

K| |L
[K N giLg; |
So, summing the squares of these dimensions over all i, we get |G| = A\ |K| |L| |G|, which yields
A= (K| |L) =/, Thus, FPdimuM; = (IK||L)Y2/|K 1 g;Lg;]) dim p; O

Lemma 6.6. For the object M above, we have that dimy Fy (Apr) = (FPdimaM)2.

Proof. We have that R¢ ® M is an eigenvector in Gr(M) for the left action of any X € C, thus it must be
a scalar multiple of Ry [ENOO5|, Proposition 8.5]. Since FPdima(Re ® M) = (FPdime Re)(FPdimag M),
the canonical normalization condition above gives Re ® M = (FPdima M)Raq. From (BI7) we see that
(EI8) can be rewritten as dimy Fy (Aps) = dimg Home(Re, A ), then (BI3) gives the first equality of

dimy Fy (Apr) = dimy Homag(Re @ M, M) = dimy Hom y ((FPdim g M)Rpaq, M) = (FPdimpy M)?. O
Next, we establish necessary and sufficient conditions for Aps to be k-commutative.

Lemma 6.7. The rank of Func(Moq, ME%(L,4))) is less than or equal to dimy Fy (Anr), with equality if and
only if Ans is k-commutative.

Proof. From Lemmal5.18| the simple objects of Func (Mg, M*%(L,)) are in bijection with simple Fy (Aps)-
modules. Since the k-algebra Fy (Aps) is semisimple, the statement follows from the Artin-Wedderburn
theorem, recalling that a semisimple k-algebra is commutative if and only if each of its simple modules is
1-dimensional. O
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Proposition 6.8. Let my y(h) denote the number of drreducible projective representations of the group
N N hLh™Y with Schur multiplier yib, " from @II). Then we have that

(KL o
heN\G/L

This is an equality if and only if the algebra Ay in C is k-commutative.

Proof. By Proposition 5.6} the left hand side is equal to the rank of Fun¢ (Mg, M%2(L,4))). By Lemmas [6.4]
and [6.6] the right hand side is equal to dimy Fy(Aps), so this proposition is equivalent to Lemma 67l O

Now we can determine when a C(G,w, K, a)-tensor algebra is equivalent to a C(G,w, K, «)-path algebra
in the sense of Definition [6.1]

Corollary 6.10. Take C := C(G,w, K, &) a group-theoretical fusion category equipped with a fiber functor,
and let Ts(E) be a C-tensor algebra. Consider the decomposition of S into a direct sum of indecomposable
semisimple algebras A; in C. Then, Ts(E) is equivalent to a C-path algebra if and only if each A; is Morita
equivalent to an algebra of the form Appg, ) for which equality holds in (63). O

6.2. Exact factorization case. Keep the setting of the previous subsection. Below we also assume that
G = KN is an exact factorization, that is, we have |G| = |K| |N].

Lemma 6.11. Suppose that G = KN s an ezact factorization. Then, for any g € G and any subgroup L
of G, we get

_ K| |L|
NNhLh™| < |7
Z | | < K NgLg— 12
heN\G/L
Moreover, this is an equality if and only if [N N hLh=Y - |K NgLg=!| = |L| for each h € G.

Proof. We can rewrite the inequality in question as
Z |IN N hLh™? < |K| |L]|
INI-IL] = [KngLg~']?

heG

or

SINARLLY? - |K ngLg™' P < |G| |LI%.

heG
So, it suffices to show that for each h € G we have [N NhLh™Y|-|K NgLg~!| < |L|. But this holds because
NNhLh=t =h ™ 'NhNL,and KNgLg~! = g 'KgNL,and G = (g7 Kg)(h ' Nh) is an exact factorization.
We also get that the inequality in the claim is an equality if and only if [N N hLR™1|-|K NgLg~!| = |L|
for each h € G. |

Proposition 6.12. Suppose that G = KN is an exact factorization. Then an algebra Ay, ) as in Lemma
(513 is k-commutative if and only if the following conditions are simultaneously satisfied:

(a) dimp =1 (hence, ayp, ' is a coboundary on K NgLg™");
(b) the group N N hLh~1 is abelian for all h € G, and 71/1;1 s a coboundary on this group; and
(¢) INNALh™Y| - |[KNgLg~t| = |L| for each h € G.

Proof. Recall from Proposition [6.8 that m. ,(h) denotes the number of irreducible projective representa-
tions of the group N N hLh~! with Schur multiplier *yz/;,;l. So, using the Artin-Wedderburn theorem and
Lemma [6.11] we have

- K [L] K] |L] o
Z my,p(h) < Z INNhLR™Y < —5 < —5 (dim p)=.
heN\G/L heN\G/L [KNgLg~!| |KNgLg™!|
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Moreover, we know by Proposition that Ay, is k-commutative if and only if all three inequalities
are equalities. Now the first and third inequalities are equalities if and only if, respectively, conditions (b)
and (a) hold. By Lemma [6.T1] the second inequality is an equality if and only if condition (c) holds. O

Now we finish Example [5.3] and the work in Section [(.3] below.

Example 6.13. Take G = Dg, the exact factorization KN for K = Zy = (z) and N = Zy x Zz = (z,y),
and C(Ds,w,Zs,1) & Rep(Hg). For each MX1(L,1) € Irr(Mod(C)), we choose M = M (e, pEL) as in
the proof of Proposition [5.26, and we study the k-commutativity of the indecomposable semisimple algebra
Apr € C via Proposition as follows. Note that by our choice of M we always have that condition (a) of
Proposition holds.

For L = (e), we have that KN L = (e) and that NNhLh~! = (e) for all h € G. Therefore, conditions (b)
and (c) of Proposition 6121 hold, and Aj; is k-commutative in this case.

For L = (z) or (zy), we have that K N L = (e) and that |[N N hLh™!| = 2 for all h € G. So, Proposi-
tion [6.12(b,c) hold, and A is k-commutative in these cases.

For L = (z), we have that K NL = (z) and that [INNhLh~!| =1 for all h € G. So, Ay is k-commutative.

For L = (z,y), we have that K N L = (e) and that NN hLh™! = N for all h € G. Take h = e, and recall
from Section that v = p of [@2T). Since w|y is trivial, according to (LI we get

,u,ue_l(iliilyjl,il?izyjz) — M(Iilyjl,zizyjz) . M(I_izy_jz,z_ily_jl) — (_1)]‘11’24'1’1]‘27

which is a 2-cocycle on N cohomologous to u. Therefore, pu-t is not a coboundary on N. So Ay is not
k-commutative in this case, as Proposition [E12(b) fails.

For L = (zy, z), we have that KNL = () and that [NNhLh~!| = 2 for all h € G. So, Proposition[6.12(b,c)
hold, and Aj; is k-commutative in this case.

A complete count of the indecomposable bimodules for each pair of algebras above, and thus classification
of minimal faithful Rep(Hg)-path algebras, will be carried out in future work.
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