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FOURIER TRANSFORM AS A TRIANGULAR MATRIX

G. LUSZTIG

ABSTRACT. Let V be a finite dimensional vector space over the field with two
elements with a given nondegenerate symplectic form. Let [V] be the vector
space of complex valued functions on V, and let [V]z be the subgroup of [V]
consisting of integer valued functions. We show that there exists a Z-basis of
[V]z consisting of characteristic functions of certain isotropic subspaces of V
and such that the matrix of the Fourier transform from [V] to [V] with respect
to this basis is triangular. We show that this is a special case of a result which
holds for any two-sided cell in a Weyl group.

INTRODUCTION

0.1. Let V be a vector space of finite even dimension D = 2d > 0 over the field Fq
with 2 elements with a fixed nondegenerate symplectic form (,) : V xV — Fa. Let
[V] be the C-vector space of functions V' — C and let [V]z be the subgroup of [V]
consisting of the functions V' — Z. For f € [V] the Fourier transform ®(f) € [V]
is defined by ®(f)(z) = 2743, (=1)@¥ f(y). Now & : [V] — [V] is a linear
involution whose trace is 27¢ Yoevl= 24, Hence ® has 2P~ 4 2971 eigenvalues
equal to 1 and 2P~1 —29-1 eigenvalues equal to —1. Here is one of our main results.

Theorem 0.2. There exists a Z-basis 5 of [V]z consisting of characteristic func-
tions of certain explicit isotropic subspaces of V' such that the matriz of ® : [V] —
[V] with respect to § is upper triangular (with diagonal entries £1) for a suitable
order on 3.

Assume for example that D = 2. For ¢ € V let f, € [V] be the function
whose value at y € Vis 1 if y = z and 0 if y # z. Let 8 be the Z-basis of Vg
consisting of f) = fo and of f. = fo + f, for x € V — {0}. We have ®(f))) =
—fo+ (1/2) 3 ev_qoy o and @(f;) = f; for 2 € V — {0}. Thus, the matrix
of & : [V] — [V] with respect to § is upper triangular (with diagonal entries
~1,1,1,1).

The proof of the theorem is given in §1; we take 8 to be the new basis F(V) of
[V] defined in [Lus20]. In §2 we compute explicitly the signs +1 appearing in the
theorem for this 5. In §3 we give some tables for 8 = F(V). In §4 we show that
F(V) has a certain dihedral symmetry which was not apparent in [Lus20]. In §5 we
show that the theorem is a special case of a result which applies to any two-sided
cell in an irreducible Weyl group.

0.3. Notation. For a,b in Z we set [a,b] = {#z € Z;a < z < b}. For a finite set YV’
let |Y| be the cardinal of Y.
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1. PROOF OF THEOREM 0.2

1.1. When D > 2 we fix a subset {e;;7 € [1,D + 1]} C V such that for i # j in
[1,D + 1] we have (e;,e;) = 1if i —j = +£1 mod D + 1, (e;,e;) = 0if i —j #
+1 mod D 4+ 1. (Such a subset exists and is unique up to the action of some
isometry of (,).) We say that this subset is a circular basis of V. We must have
e1+ex+ - +epy1 =0 and any D elements of {e;;i € [1,D + 1]} form a basis
of V. Forany I C [I,D+1]let ey =3, ;e; € V. When D > 2 (resp. D > 4) we
denote by V' (resp. V") an Fa-vector space with a nondegenerate symplectic form
(,). When D >4 (resp. D > 6) we assume that V'’ (resp. V") has a given circular
basis {e;i € [1,D — 1]} (vesp. {e/;i € [1,D — 3]}).

When D > 2, for any ¢ € [1, D+ 1] there is a unique linear map 7; : V! — V such
that 7; = 0 for D = 2, while for D > 4, the sequence 7;(¢}), 7:(e}), ..., i(eh_1) is:

€1,€2,...,6;_92,6_1+€ +€41,642,€43,...,6D,ED+1 (lf 1< < D),
€3,€4,...,€p,epy1 +e1+egifi =1,
€s,€3,...,ep_1,ep +epy1 +erifi=D+1.

This map is injective and compatible with (,). Similarly, when D > 4, for any
i € [1, D — 1] there is a unique linear map 7/ : V" — V’ such that 7] = 0 for D = 4,

while for D > 6, the sequence 7](eY), 7/(e5), ..., 7/ (e],_3) is:
€l €. € g€ et e ,€,0,€ 3., g€p 1 (if1<i<D-2),
eh, e, .. ep o en |+l +ehifi=1,
ey, €5, ..., €p _g,€p _o+ep_ +epifi=D—1.

This map is injective and compatible with (,). Note that

(a) if D > 2, then 7;(V’) is a complement of the line Foe; in {z € V; (x,¢;) = 0}.

Assuming that D >4 and ¢ € [1, D — 2], we show:

(b) Tp417] = T;7p_; where j =i+ 1if1<i<D—-2andj=1ifi=1.

If D = 4 the result is trivial. Assume now that D > 6. Assume first that
1 <4 < D — 2. Both sequences

(TD+1T{(€/1/),TD+1T{(€/2/), . 'aTD+1Ti/(e/1,)73))
(Tis17p_1(€), Tixa17p_1(€3), -, Tixa1Tp_1(€D_3))
are equal to
(€2,€3,...,€i—1,€i + €it1 + €i42,€i13,€i44,...,€D_1,€D + €py1 +€1)

ifl<i<D—2andto
(e2,€3,...,ep—3,ep—2+ep_1+ep+epy1+er)

if i = D — 2. Next we assume that i = 1. Both sequences

(tp17(€Y), To417/(€3), - -+, D417 (€D _3))

(TiT/D—l(ell/)v Ti71/3—1(6/2/)7 SRR 7175_1(6’5_3))
are equal to

(e4,€5,...,ep_2,ep +epy1+e1+ex+e3).

This proves (b).
In the setup of (b) we show that for a subspace E” C V" we have

(€)  mp4(ri(E") © Faej) © Faep iy = 7i(mp 1 (B") © Faepp_y) @ Fae;.
Using (b) it is enough to show that

FQTD+1(€;) D F2€D+1 = FQTj (elDfl) (S5) Fgej
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or that
Foeip1 ©Foepi1 = Foepi1 @ Foejpg
if i > 1 and
Foes ® Faepy1 = Fa(epy1 +e1 +e2) + Faey
if 4 = 1. This is clear.

1.2. If D > 2, for any k € [0,d] let Ey be the subspace of V' with basis

{en,nps e2,0-1)5 -+ » €[k, D+1—k] } -

When D =0weset Eg =0C V. If D> 4 and k € [0,d — 1] let E}, be the
subspace of V' with basis

{eh,sz]vefz,Df?,]a SRR e{k,Dfl—k]}
where for any I’ C [1,D — 1] we set e}, = >, e; € V'. When D = 2 we set
E'=0cCV".

Following [Lus20], we define a collection F(V') of subspaces of V' by induction
on D. If D =0, F(V) consists of the subspace {0}. If D > 2, a subspace F of V
is in F(V) if either

(i) there exists i € [1, D] and E' € F(V’) such that E = 7;(E’) ® Fae;, or

(ii) there exists k € [0, d] such that E = FEj.

We now define a collection F'(V') of subspaces of V' by induction on D. If D = 0,
F'(V) consists of the subspace {0}. If D > 2, a subspace E of V is in F'(V) if
either £ =0 or if

(ili) there exists ¢ € [1, D + 1] and E’ € F(V’) such that E = 7;(E’) @ Fae,.

Lemma 1.3. We have F(V) = F'(V).

We argue by induction on D. If D = 0 the result is obvious. Assume that D > 2.
We show that

(a) F/ (V) C F(V).

Let E € F(V). If E = 0 then clearly E € F(V). Thus we can assume that
E =7,(E'") @ Fae; for some ¢ € [1,D + 1] and some E’ € F'(V). By the induction
hypothesis we have E' € F(V). If i € [1, D] then by definition we have E € F(V).
Thus we can assume that i = D + 1. If £’ = 0 then £ = Faepy1 = Faepy p) =
E; € F(V). Thus we can assume that E’ # 0 so that D > 4. Since E' € F(V') we
have E' = 1] (E") @ Fqe), for some h € [1, D — 2] and some E” € F(V"). Thus we
have

E= TD+1(T;L(E”) b F26/h) @ Foepy1 = 7/ (E1) ® Faeypy
where F1 = 75_1(E") @ Faep_1 (we have used 1.1(c)); here ¥ = h+1if h > 1
and W' = h if h = 1. By the definition of F'(V’) we have E; € F'(V') hence
Ey, € F(V'), by the induction hypothesis. It follows that 74/ (E1) @ Faep € F(V),
so that E € F(V). This proves (a).

We show that

(b) F(V) € F(V).

Let E € F(V). Assume first that E = Ej, for some k € [1,d]. From the definition we
have Ey, = 7p4+1(E,_;) ® Foepy1. We have E;_, € F(V') hence by the induction
hypothesis we have E; _, € F'(V’') and using the definition we have Ej, € F'(V).
If E = Ey then E = 0 so that again £ € F(V). Next we assume that F is not
of the form Ej with k € [0,d]. We can find i € [1,D] and E’ € F(V') such that
E = 7;(E’) ® Fae;. By the induction hypothesis we have E' € F/'(V'). From the
definition we have E € F'(V'). This proves (b).
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1.4. For any subset X C V let ¢px € [V] be the function such that ¢x(x) = 1 if
rze X, Yx(z)=0if x € V — X. According to [Lus20],
(a) {¢g; E € F(V)} is a Z-basis of [V]z.
Using Lemma 1.3, we deduce:
(b) {¢g; E € F'(V)} is a Z-basis of [V]z.
We will no longer distinguish between F(V') and F'(V).

1.5. Assume that D > 2. Let [V'], ' : [V'] — [V'] be the analogues of [V],® :
[V] = [V] when V is replaced by V'. For X’ C V' let ¢y, € [V'] be the function
such that ¢, (y) =1ifye X', ¢, (x) =0ifye V' - X'

For i € [1, D + 1] there is a unique linear map z; : [V'] — [V] such that z;(¢;) =
Ur,(y) T Uri(y)e; for all y € V. If E' is a subspace of V' we have z;(¢p,) =
Y, (E)@Fae;- We show:

(a) For f € [V'] we have ®(z;(f)) = z:(®'(f)).

We can assume that f = ¢, with y € V’. We have

((I) f2 d+1 Z yy1 ;1)

y1eV’

—d+1
=27 Z (y yl) Ti(y1) +¢ﬂ:(y1)+61‘,)7
y1eVv’

() = (W) + Uryres) = 271 D (F)TOD) 4 ()OI,

eV
=24+l Z (=1) @)y,

z€V;(eq,x)=0

In the last sum x can be written uniquely as = 7;(y1) + ce; with y; € V', ¢ € Fs.
Thus

Ba(f) =27 S (cme
y1 EV/ cEFy

which is equal to z;(®'(f)). This proves (a).
For E € F(V) we write
(b) ®(¢vp) = ZEle]-'(v) CE,E VB,
with cg g, € C are uniquely determined. (We use 1.4(b).)

Lemma 1.6. Let E € F(V),E, € F(V) be such that cg,p, # 0. Then either
Ey =FE or |E4| > |E|.

We argue by induction on D. If D = 0 the result is obvious. Assume now that
D > 2. If E = 0, the result is obvious since for any E; € F(V') we have either £y =
Eor|E{| > |E|. Assume now that F # 0. We can find ¢ € [1, D+1] and E' € F(V')
such that ' = 7,(E’') © Fae;. Recall from 1.5 that 2; (Y5 ) = ¥ (5)aF.e, = VE-
By the induction hypothesis we have

(V) = o p P + > Ve

EleF(V');|E | >|E|
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with C/E/7E/ € C, cy, B € C. Applying z; and using 1.5(a) we deduce

(2 (V) = e w2 (W) + > e % (V)

EleF(V');|EL|>|E|

/
=cp BYE E CE"E] Vri(B))&F e,
E{eF(V');|EL|>|E|

and the result follows in this case since for F{ in the last sum we have
Imi(E) @ Faes| = [E1| +1> |[E'| +1 = |E].
This completes the proof of the lemma.

1.7. We prove Theorem 0.2. By results of [Lus20|, the basis 1.4(b) of [V] is a Z-
basis of [V]z. By 1.6, the matrix of ® with respect to the basis 1.4(b) is upper
triangular for a suitable order on the basis. The diagonal entries of this matrix are
necessarily +1 since ®2 = 1. This completes the proof.

2. SIGN COMPUTATION

2.1. Let E € F(V). According to [Lus2(] there is a unique basis bg of E which
consists of vectors of the form e; with I of the form [a,b] with a < b in [1, D]. Let
ng be the number of vectors e; € by such that |I| is even.

For k, k' in [0,d] let Fi(V) (resp. F* (V) be the set of all E € F(V) such that
dim(E) = k (resp. ng = K'); let FF' (V) = Fr(V) N F¥ (V).

If E € F(V) we denote by E' the subspace of E spanned by the vectors e; € bg
such that |I| is odd; we have E' € F°(V'). We have the following result.

(a) Let € € F9 (V) where k € [0,d] and let M(€) = {E € F(V);E' = ¢}.
Then M(€) consists of k + 1 subspaces € = €(0) C €(1) C ... C €(k); we have
E(t) € Fipyt(V) fort € [0,k]. We argue by induction on D. If D = 0 the
result is obvious. Assume now that D > 2. If € = 0 then k& = d and M(€) =
{Eo,E1,...,Eq} (see 1.2) and the result is obvious. Assume now that & # 0.
We can find ¢ € [1,D] and ¢ € F(V’) such that € = 7,(¢') ® Fae;. We have
¢ € F9_,_, so that by the induction hypothesis M (€&’) consists of k+ 1 subspaces
¢ = @(0) C €(1) C ... C (k) and we have €'(t) € F , , (V") for t € [0, K].
For t € [0, k] we set €(t) = 7;(€'(t)) ® Fae;; we have € = €(0) C €(1) C ... C €(k)
and €(t) € Fi_,,(V'), €)' = €. Thus {€(0), €(1),...,€E(k)} C M(€). Now let
E € M(€). Since e; € € we have e¢; € E and, using [Lus20, 1.3(f)], we see that
there exists E' € F(V') such that E = 7,(E’) ® Fae;. From the definitions we have
E’ € M(€) so that E' = &(t) for some ¢ € [0, k] and E = &(t) for some ¢ € [0, k].
This proves (a).

From (a) we see that there is a unique involution x : F(V) — F(V) such that
for any € € F9_, (V) we have x(€(t)) = &(k —t) for t € [0,k]. This involution
restricts to a bijection
(b) FHV) = Fa-e(V)
for any t € [0, d].

The following equality follows from [Lus20, 1.27(a)]:

(©) [F*(V)] = (q%) for k € [0.d].

Using (b),(c) we deduce
() |F(V)| = (P) for k € [0.d].
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2.2. For any integer N we set 6(N) = (—1)N(N+1/2 We have the following identity:

(a) Zke[o,d] 6(d— k)(DH) 24,

We prove (a) by induction on D. If D = 0 the result is obvious. Assume now
that D > 2. We must show that

(Qd; 1> (2;_+11> (2;_+21> N <2dd_+31> N (2;1_+41) B (2;1_+51> U
or that

G G- (- )+ ()

() D) () )

—9od
or that 2d 2d 2d 2d
J— — e e d
&J 2@—J+QQ—D 2@—&* ?
or that
2d — 1 2d — 1 2d — 1 2d — 1
(< d )*(d—1>)‘“<d—2>+<d—3))
2d —1 2d —1 o
+2(<d—4>+<d—5>)_”'_2
or that

2d -1 2d -1 2d —1 2d -1 2d —1 d
(i) —2(00e) () (i) (i) -
But this is known from the induction hypothesis. This proves (a).

2.3. The following result describes the diagonal entries of the upper triangular
matrix in 1.7.

Proposition 2.4. Let E € F(V) and let cg g be as in 1.5(b). We have cp g =
0(d—dim E).

We argue by induction on D. If D = 0 the result is obvious. Assume now that
D > 2. Assume first that E # 0. We can find ¢ € [1,D + 1] and E' € F(V’) such
that E = 7;,(E") ®Fae;. By the proof of 1.6 we have cp g = c’E,7E, (notation of 1.6).
The proposition applies to c’E,’ g by the induction hypothesis. The desired result
for E follows since d —dim F = d — 1 — dim E’. We now assume that £ = 0. The
trace of ® is equal to ZEle}'(V) cp,.m, and on the other hand is equal to 2¢ (see
0.1). Thus we have > -5 ¢ 7y CB, B, = 24, In the last sum all terms with E; # 0
are already known. Hence the term with F; = 0 is determined by the last equality.
Thus to prove the proposition it is enough to verify the identity

> 8(d—dimEy) =27
E\eF(V)
or equivalently
> F(V)[6(d - k) =27
keo,d)
This follows from 2.1(d), 2.2(a). This completes the proof.
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3. TABLES

3.1. In this section we assume that D > 2. Let E € F(V). Recall that the basis
bg consists of certain vectors ey where I is of the form [a,b] with a < b in [1, D].
We have e = ep where I' C [1,D + 1] is defined by I’ = I if |I] is odd and
I' =[1,D +1] — I if I is even. Note that |I’| is always odd. Now E is completely
described by the list of all subsets I’ defined as above. In the following three
sections we describe each E € F(V) as a list of such I’ assuming that D is 2,4
or 6. (This list is more symmetric than the corresponding list of the I which is
given in [Lus20].) In each of these tables each horizontal line represents the various
¢(0), ¢(1),...,E(k) with a fixed € € FO(V) as in 2.1. For example the second line
< 1>,< 1,512 > in 3.3 represents two subspaces in F(V); one spanned by e; and
the other spanned by e; and e5 + e + es.

3.2. The table for D = 2.
0,<3>
<1l>
<2>.

3.3. The table for D = 4.
0,<5>,<5,451 >
<1l><1,512>
<2>,<2,5>
<3>,<3,5>
<4>,<4,345 >
<1,3>
<1,4>
<2,4>
< 2,123 >
< 3,234 >.

3.4. The table for D = 6.
0, <7><7,671>,<7,671,56712 >
<1><1,712 >,< 1,712,67123 >
<2>,<2,7>,<2,7,67123 >
<3>,<3,7>,<3,7,671 >
<4d><4,7>,<4,7,671 >
<5>,<5,7T>,<5,7,45671 >
<6 >,<6,567>,<6,567,45671 >
<1,3>,<1,3,71234 >
<1,4>,<1,4,712 >
<1,5>,<1,5,712 >
<1,6 >,<1,6,56712 >
<2,4>,<2,4,7>
<2,5>,<2,5,7>
<2,6>,<2,6,567 >
<3,56>,<3,5,7>
< 3,6 >,<3,6,567 >
< 4,6 >,<4,6,34567 >
< 2,123 >,< 2,123,71234 >
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< 3,234 >,< 3,7,234 >
< 4,345 >,<4,7,345 >
< 5,456 >, < 5,456, 34567 >
<1,3,5>

<1,3,6 >

<1,4,6 >

<2,4,6 >

< 1,4,345 >

< 1,5,456 >

<2,5,123 >

< 2,5,456 >

<2,6,123 >

< 3,6,234 >

< 2,4,12345 >

< 3,5,23456 >

< 3,234,12345 >

< 4,345,23456 >.

4. DIHEDRAL SYMMETRY

4.1. There is a unique linear map R : V' — V such that if D = 0 we have R = 0
while if D > 2, R(e1),R(e2),...,R(epy1) is ez, e3,...,epr1,e1. If D > 2, there
is a unique linear map R’ : V' — V' such that if D = 2 we have R’ = 0 while if
D >4, R'(¢)),R/(éy),...,R'(e5_,) is eh, e, ..., en_1,€). From the definitions we
see that if D > 2,4 € [1, D + 1] we have

(a) Ry =1 R : V' =»Vitie[l,D], Ri=n:V' - Vifi=D+1.

4.2. Let E € F(V). We show:

(a) R(E) € F(V).

We argue by induction on D. If D = 0 the result is obvious. Assume that D > 2.
If E =0 we have R(E) = 0 and the result is clear. Assume now that E # 0. We
can find 7 € [1,D + 1] and E' € F(V’') such that E = 7;,(E’) © Fae;. Applying
R we deduce R(E) = R7;(E’) ® Fae;juq if i € [1,D], R(E) = Rr;(E’") ® Faeq if
i = D+ 1. Using 4.1(a) we deduce R(E) = 7,41 R/(E') ® Fae;41 if ¢ € [1, D],
R(E)=71(E")®Fqe; if i = D + 1. By the induction hypothesis we have R'(E’) €
F (V). Tt follows that R(F) € F(V), as required.

4.3. There is a unique linear map S : V — V such that if D = 0 we have S = 0,
while if D > 2 we have S(e;) = epy1—; if i € [1,D], S(ep+1) = ept1. If D > 2,
there is a unique linear map S’ : V' — V' such that if D = 2 we have S’ = 0 while
if D > 4 we have S'(e;) = ep_1-;ifi € [1,D — 2], S’(ep_1) = ep_1. From the
definitions we see that if D > 2,4 € [1, D 4 1] we have

(a) STi:TDJrl,Z‘S/ Vs Vifie [1,D}, ST, =718 :V' = Vifi=D+1.

4.4. Let E € F(V). We show:

(a) S(E) € F(V).

We argue by induction on D. If D = 0 the result is obvious. Assume that D > 2.
If E =0 we have S(E) = 0 and the result is clear. Assume now that E # 0. We
can find ¢ € [1,D + 1] and E’ € F(V’) such that F = 7;,(E’) ® Fae;. Applying
S we deduce S(E) = S7;(E') @ Foepy1—; if i € [1,D], S(E) = S7;(E’) ® Fae; if
i =D + 1. Using 4.3(a) we deduce S(E) = 17p41-:5(E") ® Faepi1—; if i € [1, D],
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S(E)=7,S'"(E')®Fqe; if i = D+ 1. By the induction hypothesis we have S’(E’) €
F(V'). It follows that S(E) € F(V), as required.

4.5. Assume that D > 2. Let Sp(V) be the group of automorphisms of V, (,). Let
A be the subgroup of Sp(V') generated by R, S (a dihedral group of order 2(D+1)).
From 4.2(a), 4.4(a) we see that the A-action on V induces a A-action on [V] which
keeps stable the basis F(V).

4.6. We now restate the definition of F(V) in 3.2 in more invariant terms. (In this
definition the dihedral symmetry in 4.5 is obvious.)

When D > 2, we consider a connected graph with D+ 1 vertices and D +1 edges
such that any vertex touches exactly two edges (this is a graph of affine type Ap).
Let T be the set of vertices and let A be the set of edges. We assume that we are
given an imbedding I" C V such that for 71 # 9 in I we have (y1,72) = 1 if y1,72
are joined by an edge and (7y1,72) = 0 if 71,72 are not joined by an edge. We then
say that (T', A) is an un-numbered circular basis (or u.c.b.) of V. Note that a u.c.b.
exists; in particular the circular basis {e;;4 € [1, D + 1]} in 1.1 can be viewed as a
u.c.b. in which I = {e;;¢ € [1, D + 1]} and e;,e; are joined whenever ¢ — j = %1
mod D + 1.

When D > 4 we assume that V'’ in 1.1 has a given u.c.b. with set of vertices I'/
and set of edges A’. When D > 4 for any ' € I'',y € T there is a unique linear map
T =Ty~ : V' — V compatible with the symplectic forms and such that, setting
Y] ={v}uU{n €T;(n,y) =1} T, we have 7(v') = > ey ¥ and T restricts to
a bijection IV — {7/} = T — [y]. This map is injective.

We now define a collection F” (V') of subspaces of V by induction on D. If D = 0,
F" (V) consists of the subspace {0}. If D =2, F”(V) consists of the subspaces of
V of dimension 0 or 1. If D > 4, a subspace E of V' is in F"/ (V) if either E =0 or
if there exists 4/ € I",y € I' and E' € F’ (V') such that E =7, ,(E’") & Fay. We
show:

(a) If D > 2 and the u.c.b. of V is numbered as in 1.1 so that F(V) is defined,
we have F''(V) = F(V).

We argue by induction on D. If D = 2 the result is obvious. Assume now that
D > 4. We can assume that the u.c.b. of V' is numbered as in 1.1. For i € [1, D+1]
we have

Ty =Ti—1,; if2<49 < D,

Ti :~7-D—171 if i = 1,

T :NTD_LD_;,_l ifi=D+1.

Using this and the induction hypothesis we see that F(V) ¢ F/(V). If i €
[1,D —1] and j € [1,D + 1] then for some s > 0,7, ; is of the form R7; ;; where
T;,j is as in one of the three equalities above and R is as in 4.1. Using this, together
with 4.2(a) and the induction hypothesis we see that F” (V) C F(V'). This proves

(a).

5. CELLS IN WEYL GROUPS

5.1. For any finite group T, let M(T") be the set consisting of pairs (z,p) where
x € I' and p is an irreducible representation over C of the centralizer of x; these
pairs are taken up to I-conjugacy; let C[M(I")] be the C-vector space with basis
M(T) and let Ar : C[M(T')] — C[M(T)] be the “non-abelian Fourier transform”
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(as in [Lus79]). Let Z[M(T")] be the free abelian subgroup of C[M (I')] with basis
M(T).

5.2. In this section we fix an irreducible Weyl group W and a family ¢ of irreducible
representations of W (in the sense of [Lus79]). This is the same as fixing a two-
sided cell of W. To ¢ we associate a finite group G, as in [Lus79|, [Lus84]. Let
B. be the “new basis” of C[M(G,)] defined in [Lus20]. (It is actually a Z-basis
of Z[ (Gc)]-) This basis is in canonical bijection with M(G.), see [Lus20]. Let

(x p) be the element of B, corresponding to (z,p) € M(G.). We write F for the
non-abelian Fourier transform Ag,. We have the following result.

Theorem 5.3. The matriz of the non-abelian Fourier transform F : C[M(G.)] —
C[M(G.)] with respect to the new basis B, is upper triangular for a suitable order
on Be.

From the theorem we see that there is a well defined function B, — {1,-1}
(called the sign function) whose value at (z,p) € B, is the diagonal entry of the

matrix of F at the place indexed by (z, p). (We use that F? = 1.)

In the case where W is of classical type, the theorem follows from Theorem 0.2
and its proof. In the remainder of this section we assume that W is of exceptional
type. In this case, G. is a symmetric group S, in n letters where n € [1,5]. If n is 1
or 2 the result is immediate. The case where n € [3, 5] is considered in 5.4-5.6. We
shall use the notation of [Lus84] for the elements of M (G.). Let 6,7, be a fixed
primitive root of 1 (in C) of order 3,4, 5 respectively.

5.4. In this subsection we assume that G. = S3. We partition the new basis ]§C in
three pieces (1)-(3) as follows:

(3) (L), (92: D). (92, €). (g3, 1): (93, 6), (95, 6%).

Then
(a) F applied to an element in the n-th piece is + that element plus a Q-linear

combination of elements in m-th pieces with m > n.
We have

F((1,r)

= F((L1) + (L,7) = (L,1)/2+ (L) + (1,6)/2 + (2. 1)/2 + (g2,€)/2

= (g2 €)/2+ (1,7)/2+ (1,1)/2) + (1, ) /2 + (L,7) + (1,1)/2) + ((92,1) /2
+(L,r)/24 (1,1)/2) = (L,7) + (1, 1))
= (92,0/2+ (LO)/2+ (g2, 1)/2 — (L, 7).
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The formula for F((T,\l)) is as follows. If W is of type G2 then

F((L1) = F(1.1)

=(1,1)/6+ (L,r)/3+ (1,6)/6 + (92,1)/2 + (92,€)/2 + (93,1)/3

(93,0)/3+ (93,6%)/3
((95,0)/3 + (92,1)/3 + (1,1)/3) + ((g3,6%) /3 + (92,1)/3 + (1,1)/3)
+ ((93,1)/3 4 (92,1)/3+ (1,1)/3) + ((92,€) /2 + (1,7) /2 + (1,1)/2) + ((1,€) /6
+(1,7)/34+(1,1)/6) = ((92,1)/2+ (L,r)/2+ (1,1)/2) — (1,1)
= (93.0)/3 + (93.0%)/3 + (9. 1)/ + (92,2 + (1.} /6 — (g2 1)/2 = (L. 1).
If W is of type Eg, E7 or Eg then

F((1,1)) = F(1,1)

= (11)/6+ (1,7)/3+ (1,6)/6 + (92, 1)/2 + (92,)/2 + (93.1)/3
+ (93.0)/3 + (95,6%)/3
((93,0)/3 + (92,€) /3 + (1,1)/3) + ((93,6°) /3 + (92, €) /3 + (1,1)/3)
((93,1)/3 + (92,1) /3 + (1,1)/3) = (92, ) /6 + (1,7)/6 + (1,1)/6) + ((1,¢)/6
(1,7)/3+ (1,1)/6) + ((g2,1)/6 + (1,7)/6 + (1,1)/6) — (1,1)
= (93.0)/3 + (93,6%)/3 + (93, 1)/3 — (92.)/6 + (1,€) /6 + (92, 1)/6 — (1, 1).

We see that the matrix of F' in the new basis is upper triangular. This proves 5.3
in our case. ~

(b) The sign function on B. is constant on each piece; its value on the piece
(1),(2),(3) is —1,—1,1 respectively.

+

+ o+

5.5. In this subsection we assume that G. = S, so that W is of type Fy. We
partition the new basis B, in five pieces (1)-(5) as follows:

(1) (L.1)
(2) (1,A7)
(3) (1,0)
(4) (1.22), (92,1, (95, D). (92, "), (92, €)

(937 1)7 (947 1)(gé> 6”)7 (9/27 el)u (géu 'f'), (947 _1)7 (17 )\3)7 (927 6)7 (gé> 6)7

(5) (93,0), (93,6?), (94, 7), (94, —1).-
Then

(a) F applied to an element in the n-th piece is + that element plus a Q-linear
combination of elements in m-th pieces with m > n.

We see that the matrix of F' in the new basis is upper triangular. This proves
5.3 in our case. _

(b) The sign function on B. is constant on each piece; its value on the piece

(1),(2),(5),(4),(5) is 1,—1,1,—1,1 respectively.
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5.6. In this subsection we assume that G. = S5 so that W is of type Es. We
partition the new basis B, in eight pieces (1)-(8) as follows:

(1) (95, <)

(2) (1.1)

(3) (1,A7)

(4) (1,v)

(5) (1, 0)

(6) (1,22, (g2, 1) (92, —1)

(7) (1.2%), (g2.7). (95, 1), (g4 1) (92, 7). (gh,7). (93.0). (9. 6?)

(9/27 6//)7 (g6> 1)7 (927 6)7 (937 6)7 (947 1)7 (957 1)> (gé> 6/)7 (94, _1)7
(967 _1)7 (9679)7 (967 92)7 (1’ )‘4)a (927 _6)’ (93’ 69)’ (93; 692)’ (9/2’ 6)7

(8) (gﬁv _0)5 (gﬁa _02)7 (947 Z)7 (947 _Z)7 (957 CQ)a (95, C3)7 (957 44)
Then

(a) F applied to an element in the n-th piece is £+ that element plus a R-linear
combination of elements in m-th pieces with m > n.

(If n > 2 we can replace R by Q in (a). If n = 1 the coefficients in the linear
combination can involve the golden ratio.) We see that the matrix of F' in the new
basis is upper triangular. This proves 5.3 in our case.

(b) The sign function on B, is constant on each piece; its value on the piece
(1),(2),(3),(4),(5),(6),(7),(8) is —1,—1,1,1,1,—1,—1,1 respectively.

We now give some indication of how (a) can be veriﬁed. Let H be the hyperplane
in C[M(S5)] consisting of all sums ., ) car(s,) @,p(, p) where a, , € C satisfy
the equation

Ags,¢ T Ags,c4 = Agg ¢2 + Qg c3-

One can check that F(#H) = H. Moreover one can check that @ € H for any

(z,p) in M(Ss) other than (gg)/,\g) It follows that to verify (a) we can assume that
n > 2. In that case the proof of (a) is similar to that of 1.6; the role of z; in
1.6 is now played by the maps sy g+ in [Lus20, 3.1]; the commutation of z; with
Fourier transform (see 1.5(a)) is replaced by the commutation of s g with the non-
abelian Fourier transform (see [Lus20, 3.1(b),(e)]). A similar argument (except for
the reduction to the case n > 2 which is not needed in this case) applies to the proof
of 5.5(a). The proof of (b) is similar to that of 2.4; we use an induction hypothesis
where S5 is replaced by Sy, S3 X Sa,S53,52 X So or Sy. Using the known equality
tr(F, C[M5]) = 13, we see that the values of the sign function on the elements not
covered by the induction hypothesis (that is those in the pieces (1),(2)) have sum
equal to —2. It follows that both these values are —1. A similar argument applies
to the proof of 5.5(b) (in this case the only element not covered by the induction
hypothesis is that in piece (1)).
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