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TOTAL POSITIVITY IN REDUCTIVE GROUPS, II

G. LuszTIG

INTRODUCTION

0.1. The theory of totally positive real matrices (see [P11]) has been developed in
the 1930’s by I.Schoenberg and independently by F.Gantmacher and M.Krein after
earlier contributions by M.Fekete and G.Polya (1912) and with later contributions
by A.Whitney and C.Loewner (1950’s). In [L94] I extended a part of this theory
by replacing the group SL, (R) by an arbitrary split semisimple real Lie group G.
This paper is a continuation of [L94].

0.2. One of the main tools in [L94] was the use of the canonical basis B of the
+ part UT of a quantized enveloping algebra U (over Q(v)) of type A, D, E,
introduced in [L90], and in particular the use of its positivity properties. Now
Ut admits a family of bases (the PBW-bases) indexed by the various reduced
expressions for the longest element w; in the Weyl group. In [L90] it was shown
that the specialization of any of these PBW-bases at v = oo is independent of the
PBW-basis and is in fact the same as the specialization of B at v = co. Since each
PBW-basis is naturally parametrized by N (where v is the number of positive
roots), it follows that B has a family of parametrizations by N” indexed by the
various reduced expressions for w;. Moreover, in [L90] it is shown that any two of
these parametrizations are related by a piecewise linear automorphism of N* built
from adding or substracting two integers or by taking the minimum of two integers.
These piecewise linear automorphisms extend in an obvious way to piecewise linear
automorphisms of Z* which can be viewed as maps relating the parametrizations
of a new object B (containing B as a subset) by Z", these parametrizations being
again indexed by the various reduced expressions for w;. The set B with this
family of parametrizations by Z" is the first example of a positive structure (see
1.3), which is one of the themes of this paper.

A second example of positive structure appeared in [L94]. In [L94] I define the
positive part U;O and the non-negative part U;FO of the strictly upper triangular
part U™ of the real Lie group G' (which in this introduction is assumed for sim-
plicity to be of the same type as U above). In [L94] it is shown that UZ, has
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several parametrizations by R¥;; moreover any two of these parametrizations are
related by an automorphism of RY which is built from multiplying or dividing
two numbers in Rsq, or adding two numbers in Ro. Moreover, in [L94] it is
shown that this last automorphism is related to the analogous automorphism for
B by a process (“passage to zones”) which connects geometrical objects over R(t)
(t is an indeterminate) with piecewise linear objects involving only integers. I
believe that this was the first time that such a connection was used in relation to
Lie theory, see also 1.4. In later works, this process, introduced in [L94], appears
under the name of “tropicalization” (see for example [FG]) or under the name of
“ultra-discretization” (see for example [NY]).

We now describe the contents of the various sections.

In §1 we give a definition of a positive K-structure and that of a non-negative
K-structure. Here K can be for example R~ or Z, see 1.1.

In §2 we recall following [L94] the definition of the non-negative submonoid
of the real Lie groups G and of UT. A new result is that these non-negative
monoids can be defined by explicit generators and relations. In this definition
these monoids have non-negative K-structures where K can be more general than
R (for example it can be Z).

In §3 we show following [L97] that the positive part B~ of the real flag man-
ifold B of G (defined in [L94]) has a natural positive structure. (This result of
[L97] is one of the ingredients in the work of Fock and Goncharov [FG| on higher
Teichmiiller theory.) By passage to zones we can replace R~ by Z and we obtain
a set B(Z)so with a positive structure (with parametrizations by Z"). This set
can be identified with B and by 3.4(d) it admits a natural action of the monoid
attached to G and Z. This can be viewed as a new symmetry property of the
canonical basis B (which is visible only after B is enlarged to B) In §3 we show
also that there is a version of the positive structure on B~y where B is replaced
by G/U~ (here U~ is the strictly lower triangular part of G).

In §4 we study two involutions ®,®" of B and their lifting over R+ which
originate in the study [L97] of the positive structure on Bs.

In §5 we give another version of the positive structure on B~y where B is replaced
by a partial flag manifold; this complements the results of [L98§].

As shown in [L18], a Chevalley group over an algebraically closed field of any
characteristic can be reconstructed from the non-negative monoid attached to G
and R~g. But this did not include a description in the same spirit of the coordinate
ring of that group; this is done (conjecturally) in §6, where we also describe in the
same spirit the Weyl modules of that group.

In §7 we reformulate some results of Rietsch [R97] on the connected components
of the intersection of two opposed Bruhat cells in B in terms the non-negative
monoid attached to UT and K = Z. The result in §7 suggests that at least in
some cases, the set of connected components of a real algebraic variety can be
described in terms of a positive structure involving R(t).

In §8 we are concerned with the subset B of B attached in [L90] to a dominant
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weight \; this subset has the property that, when applied to a lowest weight vector
in the simple U-module V) indexed by A, it gives rise to a basis of V). (The
elements in B — By applied to that lowest weight vector give the zero vector.) In
[L90], the subset By was given a purely combinatorial description in terms of the
piecewise linear structure of B. In §8 we give another combinatorial description
of By (this time conjectural). One of new ingredients in this description is the
involution ® in §4.

In §9 we prove some (partly conjectural) properties of the semisimple and unipo-
tent part of an element in the non-negative monoid attached to G and R~.

In §10 we define a partition of B indexed by the Weyl group.

0.3. In this paper we write

U+(K>v UJI(K>7 U_(K> Up (K>v G(K)7Gw1,—w1 (K>78(K)>0

Y wr

with K = R for what in [L.94] was denoted by
Ugm ULy, Uy, USy, G>0, G0, B>o.

We use the adjective “positive” (resp. “non-negative”) for what in [P10] is called
“stricly totally positive” (resp. “totally positive”).
In this paper, a monoid is always understood to have 1.

0.4. Errata to [L97]. In Theorem 2.10 delete the first sentence. In 2.10(a),(b),
4.10, 4.11, replace f* by f.

0.5. I thank Xuhua He and Konstanze Rietsch for discussions.
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1. PosITIVE K-STRUCTURES

1.1. The non-negative monoid in 0.2 can be defined not only over R~ but over a
structure K in which addition, multiplication, division (but no substraction) are
defined. In [L94] two types of such K were considered.
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(i) There exists a field k (necessarily of characteristic zero) such that K C
k — {0} and the addition, multiplication, division on K are induced from the
analogous operations in k. (We can take, for example, k = R, K = Ryq or
k = R(¢) with ¢t an indeterminate and K = R(t)s¢ to be the set of f € k of form
f =tcfo/f1 for some fo, f1 in R[t] with constant term in R+, e € Z.)

(ii) K = Z with a new sum (a, b) — min(a, b) and a new product (a,b) — a+b.
(We write Z for Z with these new operations.)

A third type of K is:

(iii) K ={1} with1+1=1,1x1=1.
In each case K is a semifield (a terminology of Berenstein, Fomin, Zelevinsky
[BFZ]): a set with two operations, +, x, which is an abelian group with respect
to x, an abelian semigroup with respect to + and in which (a + b)c = ac + bc
for all a,b,c. In this paper, K is as in (i)-(iii). (However, most definitions and
results of this paper remain valid for any semifield.) There is an obvious semifield
homomorphism K — {1}. We denote by K{ the smallest semifield contained in
K which contains the unit element (1) of K with respect to x. If K is as in (i),
we have Ko = Qs¢. If K is as in (ii) we have Ky = {0}.

1.2. For any m € Z~ let B,,, be the set of rational functions ¢ = f/f’ where f, f’
are nonzero polynomials in the indeterminates X7, X5, ..., X,, with coefficients in
N. Amap K™ — K™ (withm € Z~g,m' € Z~) is said to be admissible if it is of
the form (ay,az,...,am) = (¢1(a1,...,am), P2(a1, ... am),. .., dmr(a, .., am))
for some ¢1, @2, ..., ¢ € Py (Note that ¢;(aq, ..., a,,) is a well defined element
of K if (a1,...,an,) € K™.) In the case where K = Z, such a map is piecewise-
linear. We interpret K% to be a point. If m € N, the unique map K™ — K°
is considered to be admissible. If m’ € Z~g, a map K° — K™ is said to be
admissible if its image is a point in K2 . A bijection K™ = K™ (with m € N) is
said to be bi-admissible if it is admissible and its inverse is admissible. From the
definitions we have the following result (with m,m’,m” in N).

(a) A composition of admissible maps K™ — K™ K™ — K™ s an admis-
sible map K™ — K™,

1.3. A positive K-structure on a set X consists of a family of bijections f; :
K™ = X (with m > 0 fixed) indexed by j in a finite nonempty set 7, such that
fJTIfj : K™ — K™ is bi-admissible for any j, j’ in J; the bijections f; are said to
be the charts of the positive structure. A non-negative K -structure on a set X is
a partition X = Uy ey X, (with H finite) together with a positive K-structure on
X, for every x € H; the subsets X, are said to be the pieces of X.

If {f; : K™ = X,j € J} (vesp. {f}, : K™ — X',j' € J'}) is a positive K-
structure on a set X (resp. X') then {f; x fjr : K™ — Xx X', (j,5') € IxJ'}
is a positive K-structure on X x X’; a map ¢ : X — X’ is said to be admissible
if for some (or equivalently any) (j,j’) € J x J’, the map f;lgbfj c K™ — K
is admissible. If X (resp. X') is a set with non-negative K-structure with pieces
Xy;Xx € H (vesp. X}/, x" € H') then X x X’ has a non-negative K-structure with
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pieces X, x Xy, (x,x') € H x H'; amap ¢ : X — X' is said to be admissible
if for any x € H, #(Xy) is contained in X, for a (well defined) x" € H' and the
restriction of ¢ from X, to X)’<, is admissible.

When K is as in 1.1(iii), a set with positive K-structure is just a point with no
structure; a set with non-negative K-structure is just a finite set with no structure.

1.4. We now assume that K = R(t)~¢. In [L94] we observed that there is a semi-
field homomorphism « : K — Z given by t°fy/f1 +— e which connects geometrical
objects over K with piecewise linear objects involving only integers.

Let {f; : K™ — X,j € J} be a positive K-structure on a set X. Assume first
that m > 0. For any j € J we define an equivalence relation on X in which x, 2’ in

X are equivalent if we have fj_l(a;) = (a1,a2,...,am), fj_l(a;’) = (a},db,...,a)
where ay, a), in K satisfy a(ar) = a(a})) for k =1, ..., m. If this condition holds for

some j € J then it holds for any j' € J. Indeed, setting f]71(aj) = (b1,b2,...,bm),
ot (@) = (b, b, ...,b,) with by, b} in K we have

’ (b17b27"'7bm> - (le(&l,...,am),¢2(a1,...,Clm),.-.,¢m(&1,...,am>),
(b, b5, ..., 0L) = (1(ay, ... al),pa(al, ... al), ... dm(a), ... al.))

where ¢y € B,,,. Since « is a semifield homomorphism it follows that

olalar),...,a(am)), -, om(alar),...,alam)))
a(a(al), ..., alap,)), .., ¢m(a(ay),. .., alay,)))

so that a(by) = a(b),) for k = 1,...,m. Thus, our equivalence relation does not
depend on the choice of j € J. Following [L94, §9], the equivalence classes are
called the zones of X. When m = 0, X consists of one point and by definition it is
a single zone. Let X be the set of zones of X. If m > 0, for any 5 € J, we define
ij : 2™ — X by

(c1,¢2,...,Cm) — zone of X containing f;(a1,as,...,am)

where (ay,as,...,a,) € K™ is such that a(ay) = ¢ for k = 1,...,m. This
map is well defined by the definition of zones and is a bijection. Moreover, for
7,7 in J, the bijection ij_,lij : Z™ — Z™ is bi-admissible; it is induced by the
bi-admissible bijection fJTIfj : K™ — K™. Thus {ij 2™ — X5 € J}is
a positive Z-structure on X. The same is true if m = 0 when ij are taken as
bijections from a point to a point.

If X, X' are two sets with positive K-structure, then X x X’ = X x X’ as sets
with positive Z-structure; if in addition ¢ : X — X’ is an admissible map, then
¢ maps any zone of X into a zone of X’ and the induced map ¢ : X — X' is
admissible. N
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1.5. In the setup of 1.4, let X be a set with a given non-negative K-structure with
pieces Xy, x € H. Let X = Uyen X, . By 1.4, each X, has a positive Z-structure.
This defines a non-negative Z-structure on X with pieces X , x € H.

If X, X’ are two sets with non-negative K-structure with pieces X,, x € H and
X;(,, X' € H', then X x X’ = X x X' as sets with non-negative Z-structure; if in
addition ¢ : X — X’ is an admissible map then there is a well defined admissible
map ¢ : X — X " such that the following holds: if ¥ € H and x’ € H' is such that

P(Xy) C X}/ then ¢(Xy) C & and the map ¢ : X, — X, is induced (as in 1.4)
by ¢: Xy — X[

2. THE MONOIDS U(K), &(K)

2.1. Let k be an infinite field. We will often identify an algebraic variety over
k with its set of k-points. We fix a split, connected, simply connected algebraic
group G over k with a given k-split maximal torus 7" and a pair BT, B~ of Borel
subgroups with Bt N B~ = T, with unipotent radicals UT,U~. Let NT be the
normalizer of T in G and let W = NT'/T be the Weyl group. Let ) (resp. X)
be the abelian group of all homomorphisms of algebraic groups k* — T (resp.
T — k*) with operation written as +. We define a pairing (,) : Y x X — Z by
z(y(a)) = a'¥® for all a € k*. The set of simple coroots (resp. simple roots)
determined by BT, T is a Z-basis I of V (resp. a subset {i*;i € I} of X'). We set
r = #(I). The matrix ((i,5*)) indexed by I x I is the Cartan matrix of G. For
1 €1, let U;r be the simple root subgroup of U™ defined by i* and let U;” (i € I)
be the corresponding root subgroup of U~. We assume that for any ¢ € I we are
given isomorphisms a — z;(a), k — U;" and a ~ y;(a), k — U, as algebraic
groups such that the assignment

((1)?) = zifa), (gb91> = i(b), (i(l)) = yi(a)

where a, ¢ € k, b € k*, defines a homomorphism SLy(k) — G. Let $; be the image

of (_01 é) under this homomorphism. We have s; € NT. For a,b in k* we have

(a) zi(a)i(b) = yi(a™")i(ab™ ) syi(a”"b?).

Let s; be the image of $; in W. Then W is a Coxeter group on the generators
{si;i € I'}. Let w— |w|, W — N be the standard length function. For J C I let
W, be the subgroup of W generated by {i;i € J}. Let w; be the element of W;
such that |w | is maximal. In particular, w; € W is defined. We set v = |wy|. Let
i — i' be the involution I — I such that wys;w; = s, for all ¢ € I. There is a
unique W-action on X such that for i € I, A € X we have s;(\) = XA — (i, \)i* and
a unique W-action on Y such that for i € I,{ € Y we have s;(¢) = ¢ — (¢, i*)i.
We say that G is simply laced if for any i # j in I, s;s; has order < 3 in W.
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For w € W with m = |w| let O, be the set of all sequences (i1,12,...,%m)
such that s;,s;,...s;, = w. Following Tits, for w € W with m = |w|, we set
W= $;, 84, ... 8, wherei= (i1,i2,...,im) € O,; this is independent of the choice
ofi. Let G, = B~wB~ C G.

There is a well defined isomorphism ¢ : G — G such that ¢(x;(a)) = yz(a)
t(yi(a)) = x;(a) fori € I,a € k. There is a well defined isomorphism ¥ : G — G°P
(the opposite group structure) such that U (z;(a)) = yi(a), Y(yi(a)) = z;(a) for

i € I,a € k. Let w: G — G be the isomorphism such that w(z;(a)) = y;(a),
w(yi(a)) = x;(a) for all i € I,a € k. For i € I we have W(;) = §; 1, w(é;) = §; .

Let X* = {\ € X;(i,\) € N Vi e I}. Let C be the category whose objects
are finite dimensional k-vector spaces with a given rational G-module structure.
For any A € X we denote by A, a simple object of C with a nonzero vector n)
which is fixed by the U*t-action and satisfies tny = A\(t)n, for all t € T

2.2. We now assume that k, K are as in 1.1(i). The following identities hold:
tri(a) = z;(i*()a)t, tys(a) = y;(i*(t) ta)t for i € I,t € T,a € K;
yi(a)x;(c) = z;(c)yi(a) for a,c € K and i # j in I;
yi(@)i(d™)zi(e) = 2i(c')it)yi(a’)

for i € I and a,b,c,a’,V’, ¢ in K such that
a =a/(ac+ %),V =b/(ac+b?),c = c/(ac+ b?)
or equivalently a = a’/(a’c’ + b'2),b="V'/(a'c +b'?),c = /(a’'d +V'?).
2.3. Let w € W with m = |w|. The statements (a),(b) below are proved in [L94,

2.7(a),(b)].

(a) Let i = (i1,i2,...,im) € Op. The map 7,7 : K™ — Ut given by
(ar,a9,...,4m) — x; (a1)zi,(a2) ...z, (am)
18 injective.
(b) Let i = (il,ig,...,im) € Oy,i’ = (i1,15,...,1,) € Oy. There is a well
defined bijection R} : K™ — K™ such that for any (a1,as,...,a,) € K™ we

have
i, (a1)Ti,(a2) - - . i, (am) = Ty (a)) 24 (a3) - . 2, (ar,)

where (a},ab,...,al,) = Ri(a1,a9,...,am) € K™ that is, /RS =75 : K™ —
K™.
Now let i,i’ be as in (b) and let i’ = (¢{,45,...,i") € O,. For (a1,as,...,an,) €

K™ we have

iy (a1)wi, (a2) - . xi,, (am) = i (a]) T4 (ah) .. 20 (ay,)
)

=y (af)wgy (ay) ... i (ap,
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where
(a),dy, ..., ) =R (ar,as,...,am), (" al,...,a") =Ry (d},d,...,d"),
(a?,a,....a") =R (a1,as,...,am).
It follows that
R (a1,as,...,am) = RV (d),d,...,d") = RS RY (a1, as, ... am).

Hence

(c) RI" = RV RY.
From the proof in [L94, 2.6, 2.7] one can also extract the following result.

(d) The bijection RY : K™ — K™ is bi-admissible.
By a lemma of Iwahori [Iw], i,i" can be connected by a finite sequence of braid
moves. Using this, (c¢) and 1.2(a), we see that to prove (d) we can assume that
i,i’ are connected by a braid move that is, i’ is obtained from i by replacing
e consecutive entries i, j,7,... of i by the e entries j,4,7,... where ¢ £ j in [
are such that s;s; has order e in W. 1If e is 2 or 3, the desired result follows
from [L94, 2.5(a),(b)]. (Hence (d) holds whenever G is simply laced.) Assume
now that e > 3, that is e = 2¢’ with ¢/ € {2,3}. We can assume G = G, ,
the subgroup of G generated by UZ.+,U]~+,U-_,U]-_, so that that I = {i,j} and
i=(i,4,4,...),i = (4,4,4,...) (both sequences consist of 2¢’ terms). We can
find a group G group like G in 2.1 but of type Az (if ¢ = 2) or Dy (if ¢ = 3)
and an automorphism of order ¢ of G whose fixed point set is G. We have
(i,5%) € {—1,—¢€'}. Let W be the Weyl group of G. The simple reflections of W
are denoted 01,09, ...,0.,00 where o,,0, commute for a,b € {1,2,...,¢'} and
0400 has order 3 for a € {1,2,...,€'}. (The indexing set for the simple reflections
of Wis T = {1,2,...,€¢,0}.) We can identify W with a subgroup of W in such a
way that either

(i) s; becomes 0102 ...0., s; becomes ¢ (in this case (i,j*) = —¢€’), or

(ii) s; becomes o, s; becomes o109 ...0. (in this case (i,j*) = —1).
We consider two reduced expressions for the longest element (of length e’(e’ +
1)) of W namely (1,2,...,¢,0,1,2,...,¢,0,...), where 1,2,...,¢,0 is repeated
e/ times, and (0,1,2,...,¢,0,1,2,...,¢',...), where 0,1,2,... ¢ is repeated ¢’
times. In case (i), the first of these reduced expressions is denoted by i and the
second by 1. In case (ii), the first of these reduced expressions is denoted by i’
and the second by i. In case (i) we define X : K2¢° — K¢ (€'+1) by

(al, as, ..., age/> — (al, ai,...,a1,a2,0a3,03,...,a3,04,...,02'—1,...02e" 1, a281>
. . /7 / ’
(with ageq1 repeated €’ times) and p: K¢ (¢+1) — K2¢ by

(ab az, ..., ae/(e/+1)) = (al, A2, Qe' 42, Ae' 43, A2e/+3; U2e’+4, - - )
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In case (i) we define X : K2¢° — K¢'(¢'+1) by
(a1,a9,...,09¢) — (1,02, .., Q2,43, A4y ...y Qgy ..y A2e/—1, A6l -+« A2¢7)
(with ag repeated €’ times) and p: K€€+ — K2 by
(a1,a2,... 0 (r11)) = (Q1,Qer 41, Gerg2, A2/ 42, A2e/ 43, A3 135 - - - )-

We consider the composition

KZe/ A>Ke/(e/—|—1) B Ke/(e/—l—l) &KQe/

where the middle map is defined in terms of G. By the earlier part of the proof, the
middle map is admissible (since G is simply laced); it follows that the composition
is admissible. By the argument in the proof of [L94, 2.6, 2.7] this composition
is equal to R%I C K2 K2 Thus, R%I . K2¢ — K?¢ is admissible. The
inverse of R%l c K¢ K2¢ g R%, . K2¢° 5 K2¢ which is admissible. Thus,
R : K¢ — K?¢ is bi-admissible and (d) holds.

Another proof of (d) was given later by Berenstein and Zelevinsky, see Theorem
1.6 and 3.1 of [BZ].

Using the automorphism w, from (a),(b) we deduce:
(e) Leti= (i1,42,...,0m) € Oy. The map 7; : K™ — U~ given by

(ar,a2,...,am) = yi (a1)yi,(az2) . .. Yi,, (am)

18 1njective.

(f) Let i = (i1,02,...,0m) € Ou,i’ = (i1,15,...,1),) € Oy. Then the bijection
R%l : K™ — K™ in (b) has the following property: for any (ay,as,...,an) € K™
we have

Yir (a1)yis (a2) - - - yi,, (am) = yi; (a1)yi (a3) - - yar, (a7,)

st . Y, _
where (a},ay,...,a;,) = R (a1,a2,...,an) € K™ that is, 7, R} =1, : K™ —
K™.

2.4. Let i # j be two elemens of I and let e be the order of s;s; in W. Let G ;
be as in 2.3. Then the bijection

(a) R(i,j) := Ri i« K¢ — K°
(where 4, j,14,... has e terms and 7,4, ... has e terms) is well defined in terms of
G ;. It is bi-admissible by 2.3(d). If e = 2, then R(i, j) is given by

(b) (a,b) — (b,a).
If e = 3, then R(i, ) is given by

(c) (a,b,¢) — (a',b', ") where @' = bc/(a+ ¢), 0/ = a+c¢,d = ab/(a+c) or
equivalently a =0’ /(a' + ), b=d' + ,c=d'V/(a’ + ).
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A formula like (c) appeared in [L90] (for K = Z) in connection with the problem
of parametrizing canonical bases.

When e = 2¢' is 4 or 6 then, with the notation of 2.3, R(i,j) is a prod-
uct over a set of braid moves connecting (1,2,...,¢,0,1,2,...,¢,0,...) with
(0,1,2,...,€¢,0,1,2,...,€,...) in a Weyl group of type A3 or D4 of bijections
of type (b) and (c) involving two or three coordinates. For example, if e = 4 and
(i,7*) = —2, then R(i,j) is given by

(d) (a,b,e,d) — (a',b,c,d") where a’ = bc*d/E,b = EJA,d = A%/E,d =
abc/A, A =ab+ad+ cd, E = a?b+ a?d + c2d + 2acd,
or equivalently

(€) d = a'b2c JE!,c = E'JA',b = A?JE',a = Vd' JA!, A' = ¢d + d'd + a'V,
E = d/QC/ + a’d’2 + a/b/2 + 2a’b’d’.

Note that in (d),(e) we have

(f) abe = b'dd  bc*d = a'b*cd,a+c=b +d,b+d=a + .

Conversely, if a,b,c,d,a’, b, ¢/, d" in K satisfy (f), then either the equalities in (d)
hold or we have (a’,V',c,d") = (d,c,b,a).

A formula like (d) appeared (for K = Z) in [L92] in connection with the problem
of parametrizing canonical bases.

2.5. Let UT(K) be the submonoid of U™ generated by {z;(a);i € I,a € K}.
Let U~ (K) be the submonoid of U~ generated by {y;(a);i € I,a € K}. Let
T(K) be the submonoid of T generated by {i(a);i € I,a € K}; it is a subgroup
of T since i(a)™! = i(a™!) for i € I,a € K. Let G(K) be the submonoid of G
generated by {z;(a),yi(a),i(a);i € I,a € K}. (These definitions appeared in [L94,
2.2].) We have W(UT(K)) = U (K), ¥(U (K)) = UT(K), V(T(K)) = T(K),

V(G(K)) = G(K) and w(UT(K)) = U™ (K), w(U~(K)) = UT(K), w(T(K)) =

T(K), w(G(K)) = G(K). The following is proved in [L94, 2.3].

(a) Ifut e UT(K),t € T(K),u” € U (K) then uttu™ € G(K) and u tu™ €

G(K). Any g € G(K) can be written uniquely in the form g = uttu™ with
ut e UN(K),t € T(K),u~ € U (K). Any g € G(K) can be written uniquely in
the form g = ujy tyu] with uj € UT(K),t; € T(K),u; € U~ (K).
Let w € W, m = |w|. Let Uf(K) = 7,/ (K™) where i € O,; by 2.3(b), this is
independent of the choice of i and 7;" defines a bijection K™ = U} (K). Let
Uy (K) =1, (K™) where i € O,; by 2.3(f), this is independent of the choice of i
and 7, defines a bijection K™ — U, (K). Note that U, (K) = w(UJ (K)).

Following [L94, 2.11], for w,w" in W we set

(b) Gu,—w (K) = Uy, (K)T(K)U, (K) = U (K)T(K)U,, (K).

(The last equality follows from repeated applications of the identities in 2.2.)
For future reference we state:
(¢c) UT(K)C B~wB™.

(See the proof of [L94, 2.7]).

From [L94, 2.7(a), 2.8] we see that
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(d) UH(K) = Uwew Uy (K).
Applying w to (d) we obtain
(e) UT(K) = Uwew Uy (K).

2.6. From 2.5(a),(d),(e) we deduce
(a) G<K) = l—lw,w’ in WGw,—w/(K).

2.7. Let w € W,m = |w|. From 2.3(d) we deduce:
(a) The bijections K™ — U (K),
(a1,a9,...,am) = x; (a1)Ti,(a2) ...z, (am)

(for various i = (i1,i2,...,im) € Oy) form a positive K-structure on U] (K).
The bijections K™ — U, (K),

(a17 az, ..., Clm) = Yiy (a1>yi2 (&2) - Yi, (am)
(for various i = (i1,42,...,im) € O) form a positive K -structure on U, (K).
When m = 0 these bijections are interpreted as the obvious bijections from a point

to a point.
These positive K-structures can be viewed as a non-negative K-structure on
Ut (K) (with pieces U} (K),w € W) and a non-negative K-structure on U~ (K)
(with pieces U, (K),w € W).

In the remainder of this subsection we assume that k = R(t), K = R(t)~¢. For
w e W we set U (Z) = Ul (K), a set with a positive Z-structure, see 1.4. We
set UT(Z2) = UT(K) = Upew U} (Z), a set with a non-negative Z-structure, see
1.5. In 2.12 we will see that U'(Z) is naturally a monoid.

Let ~2 be the equivalence relation on U; (Z) generated by the relation for
which z,2" in U] (Z) are related if for some i € Oy, x,2’ correspond under the
bijection Z¥ — U} (Z) indexed by i to sequences (n1,ns2,...,n,), (nf,ny,...,n,)
in Z" such that ny = n), mod 2 for s = 1,2,...,v. Let Uf (Z)/2 be the set of
equivalence classes.

2.8. We assume that K,k are as in 1.1(i). We now explain in more detail the
argument of [L94, 2.11] (based on the identities in 2.2) which was used to prove
the last equality in 2.5(b).

In addition to the set I we consider the set —I = {—i;i € I} C Y and another set
I = {i;i € I} in obvious bijection with I. For w,w" in W with m = |w|,m' = |w’|
let M = m+m'+r and let O, _, be the set of sequences (hy,hg,...,hy) in
I'U(—1)U I such that the subsequence consisting of symbols in [ is in O, the
subsequence consisting of symbols in —1 is of the form (—iy, —is, ..., —iy,) with
(11,02, ... imr) € Oy in O_, and the subsequence consisting of symbols in [
contains each symbol i (with ¢ € I) exactly once.

Let Ty, —y be the set of all pairs (h,a) € O, x KM. We regard Ty, _, as
the set of vertices of a graph in which
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(h, a) = ((hl, ho, ..., hM), (CLl, as, ..., CLM)) S Fw7_w/,

(h',a’) = ((hy, kY, ..., hy), (ah,ab, ... dhy,)) € Ty —w

are joined if one of (i)-(iv) below holds:

(i) for some t and some € € {1, —1} we have (h¢, hey1, ..oy Rerm—1) = (€, €5, €, ... )]
(m terms),

(hg’ :H-l’ tt :ﬁ—i—m—l) = (€j7 67;7 Ei? N )

(m terms) where i # j, m is the order of s;s;,

(aiﬁ a:ﬁ—|—17 ey a:ﬁ—|—m—1) = R(i7j)(at7 Apg1ye ey at-i—m—l)

and hl, = hg,a!, = as for s¢ {t,t+1,...,t +m — 1}.

(11) fOI‘ some t we have (ht7ht+1) = (27 l)? (hihh%—i—l) = (17 2)7 (a:S?a;—l—l) =
(at11,a¢) and hl, = hg,a’, = as for s ¢ {t,t + 1};

(iii) for some ¢ and some € € {1, =1} we have (h¢, hiy1) = (j, €i), (hy, hiy ) =
(€. ). (af, afyy) = (a;”"
s ¢ {t,t+1};

(iv) for some t we have (h¢, hey1, hig2) = (4,4, =), (hi, by, hi,) = (—4,1,19),
where 7 € I,

aty1,a¢) where i,j € I and hl, = hs,a., = a4 for

(a;, a;ﬁ—l—lv a;5+2>

= (a+2/ (a2 + a7yy), (@ao + afy ) /a1, a/(awarie + agyy))

and hl, = hg,a), = as for s ¢ {t,t+ 1,t+ 2}.

We regard O,, _, as the set of vertices of a graph in which h, h’ are joined if for
some a,a’ in KM (h,a), (h’,a’) are joined in Ty, . The map 'y, — Oy a0,
(h,a) — h, respects the graph structures.

This graph O, _, is connected: if h € O, _, we can join h (using edges in
the graph which are images of edges of type (ii),(iii),(iv)) with an h’ in which the
first m terms are in I and the last m’ terms are in —I and then we note that, by
Iwahori’s lemma, any two such h’ can be joined by a sequence of edges which are
images of edges of type (i),(ii).

We define a map vy, —y : Ty, — G(K) by

(a) (h,a) = ((h1,ho,...,har), (a1, a2, ..., anr)) = WY hy* .. hGY
where h%s is z;(as) if hs = i, is y;(as) if hs = —i and is i(ag) if hs = i.

For any h = (hy, ha, ..., har) € Oy, we define ¢y, : KM — G(K) by ¢ (a) =
Yw,—w’ <h7 a)'

From the definitions and from 2.3(d) we see that if h, h" are joined in the graph
Oy, then Yy, = Yno where o : KM — KM is a bi-admissible bijection and
that the image of vy, is equal to the image of ¢y/. (For the last statement we use
the formulas in 2.2 and 2.3(b),2.3(f),2.4(a).) Using this and the connectedness of
the graph O,, _. we see that for any h,h’ in O, _, we have ¢, = ¢n& where
G : KM — KM is a bi-admissible bijection and that the image of 1y, is independent
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of h. Now, if h € O, _, has the first m terms in I and the last m’ terms in —1,
then 1)y, defines a bijection of K™ onto U} (K)T(K)U,,(K) (we use 2.5(a) and

2.7(a)). We see that for any h, ¢y, is a bijection of K™ onto U (K)T(K)U,,(K).
If h € Oy, _y has the first m’ terms in —I and the last m terms in I, then the
image of ¢y is U, (K)T(K)U} (K). We see that the last equality in 2.5(b) holds
and the definition of G, . in 2.5(b) is justified. From the arguments above,

(b) Forh € Oy, —ur, Yn: KM — Gy .y is a bijection;

(c) the bijections ¥y : KM =5 Gy _w (K) (for various h € O, _y) define a
positive K -structure on Gy, — (K);

(d) these positive K -structures can be viewed as a non-negative K -structure on
G(K) (with pieces Gy, —y (K), (w,w') € W x W).
In the remainder of this subsection we assume that k = R(¢), K = R(t)so. For
w,w' in W we set Gy~ (Z) = Gy, —w (K), a set with a positive Z-structure,
see 1.4. We set G(Z) = G(K) = Uyp,w in wGw,—w(Z), a set with a non-negative

Z-structure, see 1.5. In 2.12 we will see that G(Z) is naturally a monoid.

2.9. Assume that K is as in 1.1(i)-(iii). Let U(K) be the monoid with generators
the symbols ¢* with i € I, a € K and with relations
(i) i9® = % for i € I, a,b in K;

(ii) 49159249 ... = j914% % (both products have m factors) where i # j in
I, m is the order of s;s; and (ai,as,...,am) € K™, (a},a5,...,a,,) € K™ are
such that (af,ab,...,al,) = R(i,j)(a1,az,...,am).

In the case where K = Z and G is simply laced, the definition of {{( K') appeared in
[L94, 9.11]. The definition of {(K) is reminiscent of the definition of the Coxeter
group attached to the Cartan matrix ({i,5*)).

For any w € W with m = |w| and any i = (i1,42,...,0m) € Oy let U, (K)
be image of the map e; : K™ — U(K) given by (a1, a2, ..., an) — i11i5% .. i%m;
this image is independent of the choice of i. Indeed if i,i" are in O,, then i,i’ are
connected by a sequence of braid moves (Iwahori’s lemma) so it is enough to show
that e;(K™) = ey (K™) when i,i’ are connected by a single braid move. But in
this case the desired equality follows from (ii). Let &' = Uyew iy (K) C U(K).
We show that

(a) iU C W
for any ¢ € I,a € K. It is enough to show that for w € W the following holds:

(b) if |s;w] > |w| then i*, (K) C s, (K);

(c) if |s;w] < |w| then i*U, (K) C U, (K).

Now (b) is clear from the definition. In the setup of (¢) we have i, (K) =
Upe kg i°Us,0 (K) hence iU, (K) C Uperi®t iy, (K) C U, (K) and (c) is proved.
Thus, (a) holds. From (a) we deduce that I = $(K) that is, U(K) = Upew i, (K).J]
(This proof is almost a copy of that in [L94, 2.8].)

For each w € W we choose i, € O,,. By the arguments above, the map

¢'= Uwewéi,, : quWKlwl - M(K>
is surjective.
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Assume now that K is as in 1.1(i). There is a well defined homomorphism of
monoids ¢ : Y(K) — UT(K) such that i% — x;(a) for any i € I,a € K. (We use
2.3(b),2.4(a).) The composition (¢’ : Uy,ew K"l — Ut (K) is a bijection (we use
2.3(a) and 2.5(d)) hence ¢’ is injective. It follows that (' is bijective hence ( is
bijective. Thus the following holds.

(d) For K as in 1.1(1), the homomorphism of monoids ¢ : U(K) — UT(K) is
an isomorphism.

Similarly,

(e) For K as in 1.1(i), there is a unique isomorphism of monoids (K) —

U~ (K) such that i® — y;(a) for anyi € I,a € K.

Let K be as in 1.1(i)-(iii). We show:

(f) there is a unique isomorphism of monoids U : $(K) — U(K)°PP (the opposed
monoid) such that i* — i® for anyi € I,a € K.
Assume first that K,k are as in 1.1(i). Then there is a unique isomorphism of
monoids W : Y(K) — $U(K)°PP such that the following diagram is commutative:

WEK) —Y s (K

| |
UHK) —2— U~ (K)

Here the vertical maps are as in (d),(e) and ¥ is as in 2.1. Then (f) follows in
our case. The case where K = Z is obtained from the case where K = R(t)~¢ by
passage to zones. The case where K = {1} is immediate.

2.10. Assume that K is asin 1.1(i)-(iii). Let &(K) be the monoid with generators
the symbols %, (—i)%,i* with i € I, a € K and with relations (i)-(vii) below.

(i) (ei)®(€i)® = (ei)?*P fori € I, e = &1, a,b in K;

(ii) (ei)® (€f)% (€)% - - = (€)1 (ei)®2(ej)% ... (both products have m factors)
where e = £1, ¢ # j in I, m is the order of s;s; and (a1,as,...,a,) € K™,
(a},ab,...,al) € K™ are such that (a),ab,...,al) = R(i,j)(a1,az,...,an);
P(—4)¢ = (—i)c/ (actb?) j(actb®)/bja/(ac+V®) for € T, a,b, ¢ in K

] :Z“b iYV=1foriel, a,bin K;
(v) i%j l forzjlnlaban

(vi) j*(ei)? = (ei)® acti” 59 for 4,5 in I, e = £1, a,b in K;

(vii) (ei)?(—e€j)b = (— 6]) (e))* fori#jin I, e =41, a,bin K.

Let w,w’ in W be such that |w|+ |w'| +r = M. Let vy, —w : T,y — G(K) be
as in 2.8. We define a map 0 : I'y, _y» — &(K) by

(a) (h,a) = ((h1,he,...,hn), (a1, a2, ..., apn)) — Wi hs? .. hGH .

Note that 86 = vy, —w’-

For any h = (hy, ha, ..., hyr) € O, —y we define 0y, : KM — &(K) by Op(a) =
d(h,a). As in the proof in 2.8 we see that the image of 6y, is independent of the
choice of h; we denote it by &,, _ (K).

Z
a

El
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Let & = Uyew wew®w —w (K) C &(K). We show

(b) i*®’ C &’
for any ¢ € I,a € K. It is enough to show that for w € W the following holds:

(c) if |s;w| > |w| then *&y _y (K) C Sg,u,—w (K); if |sjw| < |w| then
1By, (K) C Gy —y (K).

The proof is entirely similar to that of 2.9(b),(c). Similarly we have

(d) (—i)*®" C &’
for any ¢ € I,a € K. From the definitions we have

(e) "6 C &'

for any i € I,a € K. From (a),(d),(e) we see that &' = &(K).

For each w,w’ in W we choose hy, _, € O, . By the arguments above,
B" = Uww in whh, ., Uww in w KT s 6K is surjective.

Assume now that K is as in 1.1(i). There is a well defined homomorphism of
monoids § : &(K) — G(K) such that i* — z;(a), (—1)* — y;(a), 1)* — i(a)
for any ¢ € I,a € K. (We use 2.2, 2.3(b), 2.3(f), 2.4(a).) The composition
BBt U in w KWW+ 5 G(K) is a bijection (we use 2.6(a) and 2.8(b))
hence [’ is injective. It follows that 8’ is bijective hence £ is bijective. Thus the
following holds.

(f) If K is as in 1.1(i), the homomorphism of monoids f : &(K) — G(K) is
an isomorphism.

2.11. In this subsection K is as in 1.1(i)-(iii). As in 2.9, 2.10 we have:

(a) U(K) = Upew iy (K), B(K) = Up.w in wBuw,—w (K).
Assume now that K = {1}. In this case ${({1}) is the monoid with generators the
symbols i' = i with 4 € I and with relations i = i for i € I and iji--- = jij ...
(both products have m factors) where ¢ # j in I and m is the order of s;s;. If
w e W, |w| = m, then 4, ({1}) consists of a single element given by i1iz. ..
where (i1,42,...,imy) is any element of O,. We have a bijection W — $(({1})
which takes w to the unique element of £L,,({1}).

Now &({1}) is the monoid with generators the symbols i, —i with ¢ € I and
with relations

(ei)(ei) = (i) for i € I, e = £1;

(ei)(ej)(et) -+~ = (ej)(€i)(€f) ... (both products have m factors) where ¢ # j in
I, e = +1 and m is the order of s;s;;

i(—j) = (=j)ifori,jel.
It follows that we have an obvious isomorphism of monoids $4({1}) x $4({1}) —
&({1}). For w,w’ in W, |w| = m,|w'| = m/, By _w ({1}) consists of a single

element given by iyig...0m(—2))(—i5)...(—i,,) where (i1,i2,...,%m) is any el-
-/

ement of O, and (i},%,...,7 ) is any element of O,s. We have a bijection

W x W = &({1}) which takes (w,w’) to the unique element of &,, _,({1}).

{

For any K as in 1.1(i)-(iii) we have a homomorphism of monoids A : U(K)
$U({1}) given by i* +— i and a homomorphism of monoids A’ : &(K) — &({1
given by i% — i, (—i)® — —i, 1 — 1. From the definitions we have h(il, (K))

[ast
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Uy ({1}) for w € W and A (&, —y (K)) = &y —y ({1}) for w,w’ in W. Since
Uy ({1}) are disjoint for various w € W, it follows that i, (K) are disjoint for
various w € W. Since &,, _,({1}) are disjoint for various w,w’ in W, it follows
that &, _,(K) are disjoint for various w,w’ in W. Combining this with (a) we
obtain:

(b) M K) = Upewthy (K), B(K) = Uy w in wBw, —w (K).
(This is already known for K as in 1.1(i).) Since h,h’ above are monoid homo-
morphisms we see that:

(¢) for w,w" in W, the multiplication in U(K) maps L, (K) x L, (K) into
Uy (K) where w'” is the product of w,w’ in U({1}) = W;

(d) for wi,wa, wh,why in W, the multiplication in &(K) maps

Q5w1,—w1 X Q5w2,—w§ (K>

into Gy, (K) where (w3, wy) is the product of (wy,—w}),(we, —wy) in
S{1}) =W x W.

2.12. We now assume that K is asin 1.1(i). The map L, (K) x4, (K) — Ly, (K)
in 2.11(c) can be viewed as a map U} (K) x U, (K) — U}, (K) (multiplication
in UT(K)); using the definitions we see that this map is admissible. Hence the
map p : UT(K) x Ut (K) — Ut (K) (multiplication in UT(K)) is admissible.
The map &y, —w; X By —wy(K) — Gy oy (K) in 2.11(d) can be viewed as
a map Gy, —w X Guy,—wy(K) — Guy, —w, (K) (multiplication in U(K)); using
the definitions we see that this map is admissible. Hence the map p/ : G(K) x
G(K) — G(K) (multiplication in G(K)) is admissible. Applying these results with
K replaced by K’ = R(t)~o we see that u and p’ induce admissible maps of non-
negative Z-structures p : UT(K')x U (K') — U (K') and i’ : G(K')xG(K') —
G(K'), that is, p : UT(Z2) x UT(Z2) = UT(2) and p : G(Z) x G(Z) — G(2),
which define monoid structures on U1 (Z) and G(Z2).

From the definition there is a unique homomorphism of monoids ¢ : #(Z) —
U™ (Z) which takes i® to the zone of UT(K’) containing z;(t*) (for i € I,a € 2)
and a unique homomorphism of monoids ¢ : &(Z) — G(Z) which takes i* to the
zone of G, _1(K') containing x;(t*), (—i)* to the zone of of G _;, (K') containing
y;(t*) and i* to the zone of G; _1(K') containing i(t*) (for i € I,a € Z).

2.13. Assume that K is as in 1.1(i)-(iii). Let w € W be such that |w| = m. For
any i € O,, we define ¢; : K™ — $l,,(K) by the same formula as in 2.9. We state
the following property.

(a) €5 : K™ — 8, (K) is a bijection.
Let w,w" in W be such that |w| + |w'| + r = M. For any h € O,, _, we define
Op : KM — &, _,(K) by the same formula as in 2.10. We state the following
property.

(b) O : KM — &, _ (K) is a bijection.
Now (a),(b) are already known when K is asin 1.1(i) and are obvious whe K = {1}.
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Moreover the maps in (a),(b) are surjective. It remains to show that the maps
in (a),(b) are injective when K = Z. It is then enough to show that the map in
(a) (resp.(b)) for K = Z is injective after composition with ¢ (resp. ) in 2.12.
But that composition is a bijection since it is obtained by applying the functor of
taking zones to the corresponding map for K = K’ which is already known to be
a bijection. This proves (a),(b).

This argument shows also that ¢ defines for any w € W a bijection ,,(Z) —
U (Z) and that ¢’ defines for any w, w’ in W a bijection & (Z) = Gy, - (2).
It follows that

(c) ¢ : WZ) — UT(Z) is an isomorphism and ¢ : &(Z) — G(Z) is an
1somorphism.

Thus, for any K as in 1.1(i)-(iii) we have

(d) U(K) = UT(K), 6(K) = G(K);
for K as in 1.1(i) this is already known from 2.9(d) and 2.10(f).

For any K as in 1.1(i)-(iii) we have the following results.

(e) Let w € W. The bijections e; in (a) define a positive K -structure on U, (K).
These positive K -structures can be viewed as a non-negative K -structure on U(K)
with pieces h,(K),w € W. The multiplication map U(K) x U(K) — U(K) is
admissible.

(f) Let w,w’ in W. The bijections 0y in (b) define a positive K -structure
on &, _ (K). These positive K -structures can be viewed as a non-negative K -
structure on B(K) with pieces &,y _y (K), (w,w") € W x W. The multiplication
map &(K) x &(K) — B(K) is admissible.

When K is as in 1.1(i) these statements are already known, see 2.7, 2.8 and
2.9(d), 2.10(f). When K = {1} these statements are trivial. When K = Z these
statements can be deduced from the corresponding statements with K replaced

by R(t)s¢ using (c).
2.14. Let N ={0,1,2,...} C Z. Let w € W with |w| = m. Fori € O, let L, (N)

be the image of the map e; : N™ — U(Z) given by (a1, az, ..., am) — 1152 .. i%m;
this image is independent of the choice of i. To prove the last statement it is
enough to show that if i,i’ in O,, are connected by a single braid move then
ei(N™) = ey (N™). This is a property of R(4,7) in 2.9(ii). (The computation of
R(i,7) is reduced in 2.3 to the case where s;s; has order 2 or 3. When this order
is 3 we use that a + b — min(a,c) € N if a,b,c € N.) Let UN) = Uew Uy (N).
This is the submonoid of (Z) generated by i* with i € I,a € N.

2.15. Let w,w’ in W be such that |w|+|w’|+r = M. Forh € O, _y let (NM) =
(a1, ag,...cm) € NM;a, = 0 whenever hy = i for some i} and let &, _,/(N) be
the image of the map (NM) — &(Z) given by (a1, as, ..., am) — h{ hy* ... h3¥;
this image is independent of the choice of h. (We use the argument in 2.14 and
the fact that, if a,b,¢ are in N and b = 0 then ¢ — min(a + ¢,b) = ¢ € N,
min(a + ¢,b) — b =0.) Let &(N) = Uy ' in wOw,—w (N). This is the submonoid
of &(Z) generated by ¢* and (—i)® with i € I,a € N. We have an isomorphism
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of monoids U(N) x LU(N) = &(N) given by (i%, 1) — i%, (1,i%) > (—4).

2.16. Let K be as in 1.1(i)-(iii). Let w € W,m = |w|. For i € I,a € K such
that |s;w| = m — 1 we define T; , : $,(K) — 4, (K) as follows. Let x € i, (K).

We choose i = (ig,...,0m) € O, and we set T; 4i(x) = i*%5% ... i%" where
x = i"45% .. 4% and (a1,a9,...,an,) € K™ is uniquely determined by x. We

show that T; ,.i(z) is independent of the choice of i. Using Iwahori’s lemma, we
see that it is enough to show that T; ,.i(z) = T; 4. (z) if 1,1’ in Os,,, are connected
by a single braid move. In this case the desired result follows from 2.9(ii). We set
T; o(x) = T; 4:i(x) where i is any sequence in Os,,,. This defines the map T; ,. We
have T; ,T; o = T a0 for any and a,d’ in K.

2.17. Let K be as in 1.1(i)-(iii). Let A € X,w € W,m = |w|. We will define a
map

(a) Oy : Uy(K) — K.

For any i = (1,42, ...,%m) € Oy we define 0 ; : 4, (K) — K by

11157 ik e aftas? . oagm
where (a1, as,...,a,) € K” and ¢ = (s;,8i, - .- Si,_, (ix),\) € Z for k € [1,m].

We show that 0y ; = 0,4 for any i,i’ in O,,. It is enough to show this assuming
that i,i’ are related by a single braid move.

Assume first that for some [ we have iy = 4,4, = j where (i,5%) = 0 and
ap =a,a;+1 =b. Weset y=s;8i,...5,_, €W. It is enough to show that

a<y(z)7>‘>b<y51(.7)v>‘> — b<y(j)7>‘>a<ysj(i)a>‘> .

This follows from s;(j) = j, s;(i) = i.

Assume next that for some [ we have i; = 4,411 = j, 9420 = i where (i, j*) =
(j,i*) = —1 and a; = a,a;41 = b,a;42 = c. We set y = s;,8;,...5;,_, € W. It is
enough to show that

a V(@A) p(ysi(9),A) (ysis; (i),))
= (be/(a+ ¢)) YN (q + )5 DN (qb ) (a + ¢) W335 0N,
This follows from s;s;(j) = 1, si5;(i) = 7, si(j) =i+ j = s;(3).
Assume next that for some [ we have iy = 4,441 = j, %142 = i,9+3 = j where

(i,7%) = =2 and a; = a,a;41 = b,a;42 = c,a113 = d. Weset y = 5,8, ...5i,_, €
W. It is enough to show that

V(@A) plysi(9):N) o(ysis; (1),2) glysisjsi(3), )

= (b2d/E)WON (E[A) WA (A2 B Wsisi )N (qbe ) A) 33555 (0)2)
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where A, E are as in 2.4(d). This follows from s;(j) = i + j, s;(i) = @ + 27,
$i8;(1) =i + 27, 858:(J) = i + J, 8i8j8:(J) = J, 855i8(i) = 8.

Finally we assume that for some [ we have 4 = 4,91 = Jj, 9142 = t,0143 =
Jyii4a = 1,445 = j where (i,j*) = —3. In this case an argument similar to the
one above applies. We see that 6, ; is indeed independent of the choice of i; we
denote it by 0. Note that for A, N in X we have 0y1 (u) = 05(u)0y (u) for any
u € Ly (K).

In the case where K = Z,w = wy, a map like 6, (restricted to i, (N)) is
defined in [L90, 2.9(a)].

In the case where A € X and K,k are as in 1.1, we define a map 6, : G — k,
g — x where g € G and x € k is the coefficient of the highest weight vector in the
canonical basis of Ay in the vector obtained by applying g to the lowest weight
weight vector in the canonical basis of Ay. One can show that in this case (with
w = wry):

(b) 6 is the composition U, (K) = U (K) C G Dy k.

3. THE POSITIVE PART OF A FLAG MANIFOLD

3.1. We assume that K,k are as in 1.1(i). Let M =v +r. Let
O, - UwGWOw,—wIw:

a set of sequences of length M in TLI(—I)UI, see 2.8. Let TV be the set of all pairs
(h,a) € O’ x KM. With notation of 2.8 we have I = Uy,ew 'y, —w;w- We define
amap p:I" — G/U~ by the requirement that the restriction of p to I'y, 4w 18

((hl,hg, .. .,hM), (al,ag, .. .,CLM)> — h‘lllhgu .. .hﬁ”(w_le)'U_

where h%s = z;(as) if hs =i, h% = y;(as) if hy = —i and h% = i(as) if hs = 3.

We view I” as the set of vertices of a graph with two kind of edges: in-
ternal edges and external edges. An internal edge is an edge joining two el-
ements in the same I'y, ., for the graph structure of I'y ;. described in
2.8. An external edge is one joining ((hy,hs,...,hyr), (a1,a2,...,ap)) € TV,
((hy, Ry, ..o By), (ah,dhy, ... ahy,)) € TV where

(a) (har—1, har) = (4,4), (R _q, Phyy) = (—i,42) for some i € I,

(a,M—h a?w) = (a;/ll—lv aM—laK/})?

h!, = hg,al, = as for s ¢ {M — 1, M},
this edge joins an element of I'ys, —u,ys, With an element of I'y _,,,, for some
y € W such that |ys;| > |y|.

We regard O’ as the set of vertices of a graph in which h, h’ are joined if either
h, h’ belong to the same O, ;4 and are joined in the graph Oy _w,w (see 2.8),
or

(b) h,h’ are of the form h = (hy,...,hps—o,4,i), b’ = (hq,..., har—2, —i,1) with
1el.
The map I — O, (h,a) — h, respects the graph structures.
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3.2. For any h € O’ we define py, : K™ — G/U~ by pn(a) = p(h,a). We show:
(a) The image of pn is independent of the choice of h € O'; we denote this
image by (G/U7)(K)so. For any h € O, py defines a bijection

ot KM = (G/UT)(K)>o.

The bijections py,(h € Q") define a positive K -structure on (G/U~)(K)sq.
Assume first that h,; h’ in O are joined in the graph O'. Then

(b) pn, pr/ are related by pn, = pwo where o : KM — KM s q bi-admissible
bijection. In particular, the image of pn is equal to the image of pn and pn is
ingective if and only if pn is injective.
If h,h’ are in the same O, v, this follows from results in 2.8. Assume now
that h,h’ are as in 3.1(b) so that h € Oy, _w,ys;» b’ € Oy 4,y for some y € W
such that |ys;| > |y|. Then (b) follows from the calculation

2 (a)i(b)(s; 'y w) U™ = yi(a™)i(ab™ sy (a0 (s y w)U T
= yi(a_l)i(ab_l)éi(si_ly_lwf)'U_ = yi(a_l)i(ab_l)(y_le)'U_

for a,b in K. (We have used 2.1(a) and y;(c)w € wU~, $;w = (s;w) for ¢ € k
and w € W with |s;w| > |w|, or more precisely, w = s; 'y w;.) In this case
o: KM — KMis (ay,...,ap—2,a,b) = (a1,...,ar—2,a" 1, ab™!). In particular,
o is a bi-admissible bijection.

Using (b), we see that to prove (a) it is enough to show (c),(d) below.

(c) For any h € Oy, _1, pn : KM — G /U~ is injective.

(d) the graph O’ is connected.
We prove (c). Let hin O,, 1. Leta € K™ a’ € KM be such that py(a) = pn(a’),
that is

7w1,—1(a>U_ = 7w1,—1(a/)U

(notation of 2.8). Since 7y, —1(a) € BY, v, —1(a’) € BT and Bt NU~ = {1}, it
follows that
le,—1<a) = 7w17—1<a/)'

Using the injectivity of v, —1 : KM — G (see 2.8) we deduce that a = a’. This
proves (c).

We prove (d). As mentioned in 2.8, the graph O,, _y,« is connected for any w €
W. In particular O,,, _; is contained in a connected component O of O’. We show
by descending induction on |w| that Oy, _y,q is contained in Of. We can assume
that |w| < v. We can find ¢ € I such that |ws;| > |w|. Since the graph Oy, —w,w
is connected, we can find h’ € Oy _y,w such that h' = (hy, ho,..., hyr—2, —i,1).
Then h = (hy, ha, ..., har—2,1,1) is joined with h' in O" and is in Ouys; wiws;- BY
the induction hypothesis we have h € Of hence h’' € O so that Oy _y,w C Oj.
This completes the induction. We see that O’ = O}, and (d) holds. This completes
the proof of (a).
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We show:

(e) If g1 € G(K) and gU™ € (G/U™)(K)>o then g1gU™ € (G/U™)(K)>o.

Hence there is a well defined action of the monoid G(K) on (G/U~)(K)s¢o given
by g1 : gU™ — g1gU ™.
Assume first that g1 = x;(a) with i € I,a € K. We can find h € O,,, 1 such
that h starts with 4 and a = (a1,as,...,ap) € K™ such that gU~ = pp(a).
We have z;(a)gU~ = z;(a)pn(a) = pn(a1 + a,a2,as,...,apr) € (G/U™)(K)>o,
as required. Next we assume that g; = y;(a) with ¢ € I,a € K. We can find
h € Oy _,, such that h starts with —i and a = (a1, a2, ...,an) € KM such that
gU™ = pn(a). We have y;(a)gU~ = yi(a)pn(a) = pn(a1 + a,az,a3,...,am) €
(G/U7)(K)>o, as required. We now assume that g; = i(a) with i € I,a € K. We
can find h € O, 1 such that h starts with ¢ and a = (a1, a2,...,am) € KM
such that gU~ = pn(a). We have i(a)gU ™ = i(a)pn(a) = pn(aai,as,as,...,apn) €
(G/U7) (K)o, as required. It remains to use that the monoid G(K) is generated
by z;(a),yi(a),i(a) for various i € I,a € K.

From the definitions we see that for w,w’ in W, the map
Gup,—w (K) X (G/UT)(K)>0 — (G/U7)(K)>o0

(restriction of the G(K)-action in (e)) is admissible. Hence the map

(f) G(K) x (G/UT)(K)>0 = (G/U™)(K)>o
given by the G(K)-action is admissible.

Now let K/ = R(t)>o. We set (G/U7)(Z)s0 = (G/U~)(K")so. By passage to
zones in (f) we obtain an admissible map G(2) x (G/U7)(2)s0 — (G/U7)(Z)>0
which is an action of G(Z2).

3.3. Now T acts on G/U~ by t: gU~ + gtU~. We show:

(a) This restricts to an action of the group T(K) on (G/U~)(K)xo-
Let gU™ € (G/U7)(K)so, t € T(K). Let (i1,42,...,7,) € Oy, and let ji,...,j,
be a list of the elements in I. We have t = j1(by) ... Jj,(b,) with (by,...,b.) € K.
We can find (a1, as,...,a,4+,-) € K¥*" such that

gU™ =z (a1) ...z, (av)ji(av41) - - - r(awsr ) U

We have

gtU_ = Ty (Cll) ce oLy, (au>j1(au+1b1> o -jr(au+7"b7")U :

Hence gtU~ € (G/U7)(K)so.
We show:
(b) The obvious map (G/U™)(K)so/T(K) — (G/U™)/T is injective.
Let gU~ € (G/U7)(K)so, gU~ € (G/U7)(K)so, t € T be such that gtU~ =
g'U~. We must show that ¢ € T'(K). With notation in the proof of (a) we have
gU™ =z (a1) ...z, (@) j1(av41) - - - Jr(Qusr ) U,
JU~ = 23,(a}) .0, (@10 1) -Gy ) U~
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t= j1<61) .. .jT<CT),
with (c1,...,¢) € (K*)", (a1,az,...,ap4y) € K17, (a},dh, ..., al, ) € K¥T".
Our assumption implies

iy (ar) - wi, (@)1 (0 40) - dr(ay, ) U

=x;,(a1) ...z (a)j1(ap+1c1) - - Jr(@pyrc ) U

It follows that B ji(av41c1) ... jr(avire,)U™ = BYji(a, ) ... jr(al, ., )U”. By
a property of Bruhat decomposition we deduce that

jl(au—i—lcl) .. ~jr(al/—|—rc7") = jl(a:/—i—l) s 'jT(a:/—I-T‘)

hence a,41c1 = aj, 41, ...,p4rCr = a,, ., so that (ci,...,¢;) € K" and t € T(K).
This proves (b).

3.4. We assume that K,k are as in 1.1(i). Let B the set of subgroups of G of the
form gB~ g~ for some g € G. Following [L.94] we set

B(K)so={B € B;B=uB"u"" for some u € U, (K)}
={B e B;B=uB " for some v € U} (K)}.

(The last equality is proved in [L94, 8.7].)

Consider the set of orbits for the free action of T on G/U~ given by ¢ :
gU~ +— gtU~. This set can be identified with B by ¢gU~ — ¢gB~¢~!. Under
this identification, B(K)so becomes the set of orbits for the free action of T'(K)
on (G/U7)(K)so (the restriction of T-action above); here we use 3.3(b).

For any h = (hy,ho,...,hy) € O, there is a unique free action ¢ : a —
top a of T(K) on KM such that the bijection K™ — (G/U7)(K)so given by
(a1,az2,...,apr) +— pn(ai,as,...,ap) is compatible with the T'(K)-actions on the
two sides. Let k1 < ko < --- < k, be the subsequence of 1,2,..., M such that
Pkys Py - -y By, are in I U (—I). We define an imbedding ¢}, : K — KM by
(a1,a9,...,a,) — (a},d, ..., a%,) where a;j =aqj forj=1,...,vand a, =1
if e € {1,2,...,M} — {k1,ka,...,k,}. To any T(K)-orbit in K™ for the oy-
action we associate the unique element a € K" such that our T'(K)-orbit contains
¢;.(a). This defines a map d;, : KM /T(K) — K" which is easily seen to be a
bijection. Let &, : KM — K" be the composition of §; with the obvious map
KM — KM/T(K). There is a unique map 7, : K — B(K)s¢ such that the
following diagram is commutative:

KM T (GIU) (K)o

‘| !

—/
Th

KY ——  B(K)so
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Here 7y, is the bijection given by a +— pp(a) and the right vertical map is the
obvious orbit map. Clearly, 7, is a bijection. We show:

(a) The bijections K" LN B(K)~o for various h € O define a positive K-
structure on B(K)so.
Let h, h’ be elements of O'. Let
A=1,"tr: KM 5 KM A= A KV — K.
We have a commutative diagram

KM A gM

dwl
A
KY — K%
From 3.2(a) it follows that A is admissible. From the definitions we see that
the surjective maps 0y, d;,, are admissible. Moreover dpe;, = 1. Thus we have

A =6, Aey,. Tt follows that A is admissible. Interchanging the roles of h,h’ we
see that A~! is admissible. This proves (a).

From 3.2(a) and the definitions we deduce:
(b) There is a well defined action of the monoid G(K) on B(K)so given by
g1:9B g ' gigB g gy where gB= g~ ' € B(K)o.

From the definitions we see that for w,w’ in W, the map
Gw,—w’(K) X B(K)>0 — B(K)>0

(restriction of the G(K)-action in (b)) is admissible. Hence the map

(¢) G(K) x B(K)>0 — B(K)>o
given by the G(K)-action is admissible.

Now let K/ = R(t)so. We set B(Z)so = B(K')>o. By passage to zones in (c)
we obtain

(d) an admissible map G(Z) x B(Z)so — B(Z)~o which is an action of G(Z).

4. THE INVOLUTIONS ¢, &' OF i, (K)

4.1. We assume that K,k are as in 1.1(i). Let i = (i1,i2,...,7,) € Oy,. We

define & : K¥ = B(K)so by (a1,as,...,a,) — gB~g~! where
g =m;, (a1)ziy(az) ...z (ay) € G.
We define & : K = B(K)s¢ by (a1,a2,...,a,) — ¢’Btg'~! where

9 =i, (a1)yi,(a2) . .. yi, (a) € G.

Clearly,
(a) the bijections &, & are parts of the positive K -structure of B(K)so described
m 3.4.
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For v € U] (K) we have by 2.5(d) u = ¢/(u)w;b where b € B~ and ¢/ is a well
defined map U (K) — U~. We show:

(b) u ¢'(u) is a bijection U} (K) — U, (K).
The map U} (K) — B(K)so, u — uB~u"!, is a bijection; the map U (K) —
B(K)so u — uBtu™!, is a bijection. Hence if v € U] (K), there is a unique
u' € U, (K) such that uB~u™! = u/B*tu'~! so that

uB~u! = ¢/ (u)iy B iy ¢ (u) Tt = ¢/ (u) BT (u) Tt = /BT

and v = ¢'(u). Moreover u — v is a bijection U] (K) — Uy (K) so that
u— ¢'(u) is a bijection ¢’ : Uf (K) — Uy, (K). This proves (b).

For u € Uf (K) we have by 2.5(c) u € U w;B~ hence u™' € B~ w;U".
Thus we have u=! = ¢(u)"lwrb where b € B~ and ¢ is a well defined map
Ut (K) — U~. We show:

(¢) ur ¢(u) is a bijection U (K) — Uy (K).

From the definition of ¢', for u € U+ (K) we have ¢ 1 (W(u)) = ¥(u)irrb for some
b€ B~ (with ¥ as in 2.1.) Hence \Il(u) qb Y(W(u))wrb, for some by € BT and
u = botor ¥ (¢’ (W (u))) for some by € B~

From the definition we have ¢(u)~! = u~ti;b3, for some b3 € BT hence u =
wrbzp(u) = byvyd(u) for some by € B~. Thus byriyp(u) = batiy V(¢ 1 (¥(u))).
From properties of Bruhat decomposition we deduce ¢(u) = ¥(¢'~1(¥(u))). Thus
(c) follows from (b).

From the definition, for u € U] (K) we have ¢(u) = bwu for a uniquely defined
be BT. Let i = (i1,42,...,1,) € Oy,. There is a unique bijection 2 : K¥ — K",
(a1,...,a,) — (af,..., V) such that

d(xi, (a1) ...z, (ay) = i, (a)) ... ys, (a),)

where
yi, (ah) i, (ay,) = brx, (a1) ... x4, (ay)

for some b € B*; moreover, by (a), z is bi-admissible.
Applying the involution ¢ (see 2.1) we deduce

i (ay) ... 2, (ay) = by, (a1) - ..y, (an)
for some b’ € B~ hence
vi, (a1) ... yi, (a,) = 6wz, (a)) ... 2 (a)

for some b’ € BT. It follows that z2 = 1.
Let
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(d) e : 8y, (K) = Uy, (K), € : 4y, (K) = U, (K)
be the bijections induced by 2.9(d),(e). We define a bijection ® : l,, (K) —
U, (K) by ® = e’ “Lge. We have &2 = 1 (we use the equality 22 = 1).

We define a bijection @' : i, (K) — i, (K) by ® = ¢’~1¢'c. Recall that the
bijection U : Uy, (K) = $h,, (K) (see 2.9(f)) satisfies @ = ¢/~ 'We and ¥2? = 1.
We have ® = W'~ hence 1 = ®2 = &' 20 and ¥'2 = 1. It follows that

(e) & = V'V,

Now let K’ = R(t)>o. The bijection ® : 8L, (K’) — L, (K’) is bi-admissible
since z is so. Hence @’ is also bi-admissible. Thus ® induces by passage to zones a
bi-admissible bijection i,,,(Z) — i, (Z) denoted again by ® (with &2 = 1), see
also [L97, 2.9]. Similarly, ® induces by passage to zones a bi-admissible bijection
U, (Z2) = Uy, (Z) denoted again by ® (with 2 = 1). Then (e) continues to
hold.

In type As with I = {1,2}, ® is given by

9a21a19a5 |\ 9az/((az+a3)as)q(az+az)/(a1az)9l/(az+as)
In type Az with I = {1,2,3} and s1s35 = s3s1, ® is given by
2a21a13a32a/21013a/3 —

c:./la/3 , ay ; ; ag . (L‘Ll+a/1)(a3;+aé) 1 ; 1 ,
QWIal(a1+al) 3a3(a3+a3) 2 ajagag 1a1+a1 3a3+a3 .

4.2. Let K be as in 1.1(i)-(iii). For i € I,a € K we have

(a) ®T; =Ty 1P : thy, (K) — Uy, (K)
where @ : i, (K) — ,,(K) is as in 4.1 (for K = {1}, ® is the identity map)
and T; , is as in 2.16. For K as in 1.1(i) this follows from [L97, 3.6]; for K = Z
this follows from the case K = R(t)so by passage to zones. For K = {1}, (a) is
trivial.

For K as in 1.1(i)-(iii) we conjecture the following result.

(b) 0x® = 60_y : 4y, (K) — K for any A € X (notation of 2.17(a)); here \' € X
is defined by (i, \') = (i*, \) for all i € I.
When K = Z, (b) can be deduced from [L97, 4.9]. For general K but for type Ay
with I = {4,j}, (b) follows from the identity:

GNP FEA) (0N = (P =) (A -Gy Ly -G
“ ¢ ((a—f—c)c) ( ab ) (a—f—c)

where a, b, c are in K.

When K = Z we define hg € U, (K) by hg = %3 .. .i% where i = (i1, iz, ...,1,)
is any element of O,,,. The following result appears in [L97, 2.9].

(c) Assume that K = Z. Then ® : U, (K) — U, (K) is the unique bijection
satisfying (a) for any i € I,a € K and such that ®(hg) = hyg.
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4.3. Let A: I — K be a map. We have the following results.

(a) There is a unique monoid automorphism Sy : U(K) — U(K) such that for
any i € I,a € K we have Sy(i%) = i*() . This maps the subset L, (K) onto itself
for any w in W.

(b) There is a unique monoid automorphism Sy : B(K) — B(K) such that for

any i € I,a € K we have S)(i%) = i®M9, §y((=i)2) = (—i)ar® " , Sp(*) =%
This maps the subset &, _,(K) onto itself for any w,w’ in W.
Indeed, one can check that the relations defining L[(K ), &(K) are respected by
Sy. Alternatively, assuming that K,k are as in 1.1(i), let Sy : G — G be given
by conjugation by an element t) € T'(K) such that i*(ty) = A(¢) for any i € I.
It is enough to note that Sy maps z;(a) to z;(aX(i)) and y;(a) to y;(aX(i)~1) for
any ¢ € I,a € k. The case where K = Z can be deduced from the case where
K = R(t)so by passage to zones. The case where K = {1} is trivial.

For u € Ut (K) with K,k as in 1.1(i), we show:
(€) 5x(6(u)) = B(5a ().

We have ¢(u) € BTuwru, ¢p(truty e B+w1t,\ut>\ , hence
twﬁ(u)t; € BT u')It,\ut; )
It follows that
Sx(¢(w)) € BYirSy(u), ¢(Sx(u)) € BT Sy (u)
so that Sy (¢(u))p(Sx(u))~' € B. Since
S\((w))p(Sx(u) ™ € U~
and B* NU~ = {1}, we deduce that Sy(¢(u))p(Sx(u))~! =1 so that (c) holds.
For u € 4, (K) we show:
(d) Sx(®(u)) = ®(Sy-1(u)) where A1 : I — K is given by A71(i) = (i)~}

An equivalent statement is that Sy(e/ 71 (¢(e(u)))) = ¢/ ~H(d(e((Sx-1(w)))) Wh'ere
e, e are as in 4.1(d). Let u' = ¢(e(u)) € Uy, (K). From the definitions we have
Sy(e'7Hu) = &1 (Sy-1(u')), e((Sx-1(u))) = Sx-1(e(u)). Hence it is enough
to show that
¢ (Sh-1 (1) = €7 (B(Sx-1 (e(u))))
or that Sy—1(¢ e(u)) $(Sy-1(e(u))). This follows from (c).

(
For u € U, (K) we show:
(€) Sa(®'(w)) = ®'(Sy1 (). o
This follows from (d), 4.1(e) and the identity Sx¥ = WS, (which follows from
definitions).

4.4. For \: I — K, X : I — K we have S)Sy = S),. Using this, together with
4.3(d),(e) and the equalities ®* = 1, &2 = 1, we see that

(a) (Sx®)2 =1, (S\®')2 =1
as maps i, (K) — U, (K).
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5. THE POSITIVE PART OF A PARTIAL FLAG MANIFOLD

5.1. We assume that K,k are as in 1.1(i). Let J C I. Let P} be the subgroup
of G generated by z;(a) with ¢ € I,a € k, by y;(a) with i € J,a € k and by
T. Let P, be the subgroup of G generated by y;(a) with 7 € I,a € k, by z;(a)
with ¢ € J,a € k and by T. Let P; be the set of subgroups of G of the form
gPy g~ ! for some g € G or equivalently of the form ng, g~ ! for some g € G. Here
J' C I is the image of J under the involution i + i' of I (see 2.1). Note that
P(; = BT, Py =B~, Py =B. Let m; : B — P, be the map which to any B € B
associates the unique subgroup P € P; such that B C P. We have 7;(B~) = P,
m;(B%) = PJ,. Following [L98] we define P(K) ;>0 = m;(B(K)s0), a subset of
Py.

Let w = wrwy, m = |w| = |wr| — |wy|. Let i = (i1,i2,...,0m) € O. Define
fi: K™ — Py by (a1,a2,...,6m,) — uPJ_u_l where

u=x; (a1)r;,(az) ... x; (a,) €UT.

Define f{ : K™ — Pj by (a1,az2,...,a0n,) — u’Pj}u’_l where

o = o (@) () g (ar) € U~
We show:

(a) fi, fi are injective.
Assume that (a1, az,...,am) € K™, (a},a3,...,ap,) € K™ are such that, setting

' = xil (ag.)xiZ (al2> te xi?n (a”ll’n) € U+7

u =, (a1)ri,(az) ... x; (am) €UT u
we have uP;u™! = «/P;yu/~! that is, u = u/g for some g € P;. We have
u € Gy, € Gy,g9 € Gy (see 2.1) for some y € W;. Since |wy| = |w| + |y,
we have u'g € Gy. Since u = u'g, it follows that w = wy hence y = 1. Thus,
g€ B~. Wehave u € Ut ' € U" hence g = v'~'u € Ut N B~ = {1}. Thus,
u' = wu. From x; (a1)zi,(a2) ...z, (am) = x; (a))xi,(ah) .. .2, (al,) we deduce

that (a1, az,...,am) = (a},d,...,a.,) (see 2.3(a)). This proves (a) for f;.

Lal,
Next we assume that (a1, as,...,a,) € K™, (a),d5,...,a.) € K™ are such

* m
that, setting

=y, (am) .. Yi, (a2)yi, (a1) € U™, 0’ = w3, (ar,) - - - Yip (a5)yi, (a]) € U™,

we have tuﬁu_l = u' P}~ Applying the involution ¢ : G — G (see 2.1), we

J
deduce v(u)Pe(ut) = o(u')Pru(u' 1) where

J
v(u) = x5, (am) ... 2y (a2)xi, (a1) €U u(u) = 25, (al))...24,(ah)z;, (a)) € UT.

It follows that uy Py uy ' = uj Py u} ! where

up =y (am) 2y (az)z (a1) € U uh = ap (ap,) .. ay (ap)zy (a7) € UT.
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Applying the first part of the argument to (4.4, ,...,4}) instead of i we deduce
that u; =« and (a1, a9, ...,am) = (a},d5, ..., al,). This proves (a) for f!.
We show:

(b) The image of fi is equal to P(K)j>o; in particular it is independent of i.
The image of f{ is equal to P(K)j>o0; in particular it is independent of i.
Let j = (i1,02, -« bm, 1,02, - - -, Js) Where (41,72, ..., Js) € On,. We have j € Oy,
hence P(K) ;o is the set of all gP; g~ where

g =z (a1)Tiy(a2) . .. i, (@m)xj, (b1) 2, (b2) - . . x5, (bs)

with a1, ag,. .., am,b1,bs,...,bsin K. Since xj, (b1),xj,(b2), ..., x; (bs) arein P,
it follows that P(K) o is the set of all gP; g~ where

g =i, (a1)ri,(a2) . .. 24, (am)

with a1, a9,...,a, in K. Thus P(K);¢ is the image of f; (see 4.1(a)). This
proves the first sentence in (b).

Let J' = (imyfm—1s---01,71, 2, -+ -»J5)- We have j’ € O, hence P(K)j ¢ is
the set of all ng}g_l where

9= Yin (am) - - - Yiz (a2)yi, (@1)y;1 (01)y;1 (b2) - -y (bs)

with a1, a9,...,am,b1,bs,...,bs in K. Since yjll(bl),yjé(bg), -5 Y5 (bs) are in Pj},
it follows that P(K) ¢ is the set of all ng,g_l where

9= Yin (am) - - Yiy (a2)yi, (a1)

with a1, ag,...,a, in K. Thus, P(K) >0 is the image of f/ (see 4.1(a)). This
proves the second sentence in (b).

5.2. Let i,j,j,71,J2,.-.,Js be as in 5.1(b) and its proof. Define fJ : KV —
B(K)>o by -
fila1, a2, ... ,am,b1,ba, ... bs) =gB g "

where g = x;, (a1)zi,(a2) ...z, (am)xj, (b1)xj,(b2) ...z , (bs). Define fj’, KV —
B(K)>o by .
fj/’(alv azy ..., 0m, b17 b27 SR bs) = g/B+g/_1

where ¢’ =y, (ap,) .. .yizgag)yil (~a1>yj11(bl)yj!2(b2) oY (bs). Let A K — K
be the bijection given by fj’,A = fj. Let A: K™ — K™ be the bijection given by
flA = fi. We show:

(a) there is a commutative diagram
K —% KV

l |

Km A4 gm
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where the vertical maps are given by

)
(al,ag,. .. am,bl,bg, . ..,bs> — (al,ag, . ..,am).
Let (ay,as,...,aQm,b1,b2,...,bs) € K” and let
(af,ab,...,al, by, by, ... b.) € K”
be its image under A. We must show that (a},db,...,a,,) € K™ is the image of

(a1,as,...,a,) € K™ under A. Let

9 = zi (a1)wi,(a2) - . @i, (@), (b1) x5 (b2) - .. 25, (bs),

9" = Yin () - Yiy (a2)yi, (a1)yy (01)y (b2) - - -y (V).
We have gB~¢g~! = ¢’Bt¢’~! that is g1Bg; ' = ¢} B ¢,"', B=g,B gy', B =
gyBtgh™1, where

91 = @iy (a1) @iy (a2) - - @i, (am), 6 = Vi, (ar,) - - Yiz (a3)yi, (a1),
g2 = @4, (b)) w4, (b2) .25, (bs), g5 = Y1 01y (b5) - - -y ().
Since xj, (b1), xj,(b2), ..., x;, (bs) are contained in P; and
Yt (01), 951 (02), - -5 e (V)
are contained in Pj, we see that B C P and B’ C PJr Hence
g1Bg ' C 1Py gt and giB'gi T C g PFgy”

Since a subgroup in B is contained in a unique subgroup in Py, we deduce that
a1 Prgrt = g1 P} gi~". This proves (a).

Using (a) and the fact that A : K¥ — K" is admissible (see 4.1(a)), we see
that A : K™ — K™ is admissible. Now (a) remains a commutative diagram if
A is replaced by A~! and A is replaced by A~!. Using this and the fact that
A=l . K¥ — KV is admissible (see 4.1(a)), we see that A=! : K™ — K™ is
admissible.

5.3. Let i, f; : K™ — P(K)j>o be as in 5.1 and let j, f; : K — B(K)so be
as in 5.2. Let i' be another sequence in O,; let fi, j*, fji be defined in terms of
i’ in the same way as f;, j, f; were defined in terms of i. Let A’ : K¥ — K" be
the bijection given by fj1 A’ = fj. Let A’ : K™ — K™ be the bijection given by

fir A’ = f;. From the definitions we have a commutative diagram

K A kv

l l

Km A, gm
where the vertical maps are as in 5.2(a). Since A’ and A’~! are admissible it
follows that A’ and A’~! are admissible. This, together with the results in 5.2
implies that
(a) the bijections fi : K™ — P(K)jso0, fl : K™ — P(K)js0 (withi€ Oy)
define a positive K-structure on P(K) 0.
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From 3.4(b) and the definitions we deduce:
(b) There is a well defined action of the monoid G(K) on P(K) >o given by

g1 :gPJ_g_1 — glgPJ_g_lgl_1 where gPJ_g_1 € P(K)j>o-

From the definitions we see that for w,w’ in W, the map
Gu,—w (K) X P(K) 550 — P(K) >0

(restriction of the G(K)-action in (b)) is admissible. Hence the map

(¢) G(K) x P(K)j>0 = P(K) >0
given by the G(K)-action is admissible.

Now let K’ = R(t)~o. We set P(Z)>0 = P(K’)s>0. By passage to zones in
(c) we obtain an admissible map G(Z) x P(Z) >0 — P(Z),>0 which is an action
of G(2).

6. COORDINATE RINGS

6.1. In this section we assume that we are in the setup of 2.1 with k an alge-
braically closed field of any characteristic. For any irreducible algebraic variety V'
over k be denote by O(V) the algebra of regular functions V' — k and by [O(V)]
the quotient field of O(V).

For any i = (i1,42,...,i,) € Oy,, the map f; : k¥ — U™ given by

(CLl, as, ..., al,) = Xy (al)a:iz (CLQ) N (CLV)

defines a field isomorphism f* : [O(UT)] — [O(k¥)]. We fix a numbering [ =
{1,2,...,k,k+1,...,r} where s;,s; commute if i < k > jorifi >k < j. Let
iy=0,2,..0k),j" =(k+1,k+2,...,7). Let j € Oy, be the concatenation
Ji"i'y" ... (of length v) and let j’ € O,, be the concatenation j'j'j”j" ... (of
length v). We state the following conjecture.

(a) Let F € [O(UT)]. We have F € O(U") if and only if f;(F) € O(k”) and

fii(F) € O(k”).
A consequence of (a) is that the algebra O(U™) can be identified with the algebra
consisting of all (h,h’) € O(k”) x O(k") such that under the field isomorphism
[O(k”)] = [O(k")] induced by the birational isomorphism f; fj71, h,h' correspond
to each other. Thus the algebra O(U™) is described completely in terms of the
transition function between two charts in the positive R~ -structure attached to
Ut.

We will verify (a) in two examples.

Assume first that G is of type As. We can assume that I = {1,2}, j =
(1,2,1), i = (2,1,2). We identify k® with UT as varieties by (A4, B,C)
x1(A)x12(B)z2(C) where 215 : k — U™ is a root subgroup corresponding to
the nonsimple positive root. In these coordinates the map f; (resp. fy) is given
by (a,b,c) — (A, B,C) where A=a+c¢,B=bc,C =0b (resp. A=0b,B=ab,C =
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a+ c). The inverse (rational) map to fj is (4, B,C) — ((AC — B)/C,C, A/C); it
is regular on the complement of the hypersurface C' = 0. The inverse (rational)
map to fy is (4, B,C) — (B/A, A, (AC — B)/A); it is regular on the complement
of the hypersurface A = 0. If F' € [O(U")] is regular after taking inverse image
under f; and under fj then it is regular outside the set {(4, B,C); A = C = 0}.
Since this set has codimension 2 in U, F must be regular. Thus (a) holds in this
case.

Next we assume that G is of type As. We can assume that I = {1,3,2},
it =(1,3,2,1,3,2),i2 = (2,1,3,2,1,3). We identify k® with U™ as varieties by

(X, Y, Z, U, V, W) — fL'l(X)CE?,(Y)CEQlS(Z)ZEQl(U)ZL'Q?,(V)ZEQ(W)

where xo1, 723, T123 are root subgroups k — U™ corresponding to the nonsimple
positive roots. In these coordinates the map fj (resp. fj ) is given by

(a,b,c,d,e, f)— (X,Y,Z, UV, W)

where
X=a+dY=b+c,Z=cde,U=cd,V=ce, W=c+f

(resp.

X=c+e,Y=b+f,Z=def+alb+ f)(c+e),U=alc+e)+de,
V=ab+af+df,W =a+d).

The inverse (rational) map to fj is

it is regular on the complement of the hypersurface XUV = 0. The inverse
(rational) map to fj is (X,Y, Z,U,V, W)~ (a,b,c,d, e, f) where

a=(ZW —UV)/(XYW — XV —UY + 2),

b= (XYW — XV —UY + 2)/(XW - U),

c= (XYW =XV -UY + 2)/(WY = V),
d=(XW - )WY —V)/(XYW — XV —UY + 2),
e=UY - 2)/WY —=V), f=(XV-2)/(XW-U);

thisis regular on the complement of the hypersurface (WY — V)( XYW — XV —
UY + Z)(XW — U) = 0. To prove (a) in this case it is then enough to observe
that the last two hypersurfaces have interesection of codimension > 2 (they don’t
have an irreducible component in common).
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6.2. We write i!,i2,...,i" for the order 1,2,...,7 on I. Let i = (iy,42,...,i,) €
Ow,, I = (¢),15,...,i,) € O,. We consider the map fiy : k¥ x (k*)" x k¥ — G
given by

(ar,a9,...,a,,b1,b, ..., b C1,C0,...,¢,) —

zi, (ay)xi, (az) . ..z, (a,)it (b1)i*(by) .. .ir(bT)yi/l (cl)yi/2 (c2) ...y ()
and the map fi,i’ : k¥ x (k*)" x k¥ — G given by

(a1,a2,...,a,,b1,ba, ..., by, c1,C0,...,C) >

i, (a1)yi, (az) . . yi, (a,)it (b1)i%(be) . . A" (b )z (e1) iy (c2) - - iy (cu).

These defines field isomorphisms f{7/, N{fi, from [O(G)] to [O(k” x (k*)" xk")]. We
state the following conjecture.

(a) Let j,j’ be as in 6.1. Let F' € [O(G)]. We have F' € O(G) if and only if

F(F) € O x (k)" x k¥) and f3; ;(F) € O(K” x (k*)" x k).

More precisely, the inverse of the rational map f;j is regular on the complement
of a hypersurface in G and the inverse of the rational map fj/,j is regular on the
complement of another hypersurface in G and it should be true that these two
hypersurfaces have intersection of codimension > 2 (they don’t have a common
irreducible component).

A consequence of (a) is that the algebra O(G) can be identified with the algebra
consisting of all (h,h') € O(k” x (k*)" xk”) x O(k” x (k*)" x k) such that under
the field isomorphism [O(k” x (k*)" x k¥)] = [O(k” x (k*)" x k”)] induced by
the birational isomorphism f;; f;}, h,h’ correspond to each other. Thus the
algebra O(G) is described completely in terms of the transition function between
two charts in the positive R~ -structure attached to G.

We verify the conjecture when G is of type A;. Let V' be the variety of all

(ég) in k* such that AD — BC = 1. Consider the map s : k x k* xk — V

given by (a,z,b) — (g g) where A=z +abx ', B=az ™ ',C =bzx~!,D =271

and the map s’ : k x k* x k — V given by (a,z,b) — (ég) where A = x, B’ =

ax,C = bx,D = abx + z~'. The inverse of s as a rational map is (é g) —

(B/D,1/D,C/D). The inverse of s" as a rational map is (é g) — (B/A, A,C/A).

It remains to note that a rational map V' — k which is regular on the subset D # 0
and is regular on the subset A # 0 is regular everywhere.
We verify the conjecture when G is of type As. Let V' be the variety of all

ABC

(E D F) in k? with determinant 1. Consider the map s : k3 x (k*)2 x k? — V
GH.J

given by

6+(a+c)6715b'—|—ab571a'b' (a—l—c)e*l&—l—ab&*l(a'—l—c') ab51)

(a,b,c,e,6,a',b',c) ( e 1o’ +b5 ta b’ e 15+b5 Ha +c) b5t
s ta'v 5 Ha'+c") 51
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Consider the map s’ : k3 x (k*)2 x k3 — V given by

€ e(a’+c') ea’t’
(a,b,c,e,8,a’ b, ") — | be  be(a'+c) e 1o bea'b' +e 150/
abe abe(a/—i—c/)—l—(a—i—c)e_lé abea/b/—i—(a—i—c)e_léb/—i—(s_l

The inverse of s as a rational map is

ABC Lo
EDF |+ (a,bced,a b, c)

GHJ
where
_gb_Ec_(BF—CE)J€_ 1 )6—1
TP T T T ®I-FH)F T EJ-FH'T T
, (BEJ—-FH)G b,_DJ—FG C,_DH—GE
T DI-FG)J TEJ-FH® DI-FG
The inverse of s’ as a rational map is
ABC
<EDF)H(a,b,c,e,é,a’,b’,c’)
GHJ
where
G D (HD — EG)A
“=pt=aT Ge=BD)p =Y ’
a,_(AE—BD)C b,_AF—CD C,_BF—CE
- (AF-CD)A’"  AE-BD’'~  AF-CD’

It remains to note that a rational map V — k which is regular on the subset
defined by FJ(EJ — FH)(DJ — FG) # 0 and is regular on the subset defined by
AD(AE — BD)(AF — CD) # 0 is regular everywhere.

6.3. Let i',4%, ... i" be as 6.2. Let i = (i1,i2,...,1,) € Oy,. We consider the
map fi : k¥ x (k*)" — G/U~ given by

(al,ag,...,a,,,bl,bg,...,br) —>
Xy (a1)1’1’2 (CLQ) Ly, (ay>'i1(b1>7:2(b2> .. .ir(br>U_

and the map f; : k¥ x (k*)" — G/U~ given by

(al,ag,...,a,,,bl,bg,...,br) —
Yiq (al)y¢2 (ag) e Yiy, (ay>'i1(b1>7:2(b2> .. .ir(br>w]U_.
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These define field isomorphisms f;*, f;* from [O(G/U )] to [O(k” x (k*)"].

Let j be as in 6.1. We state the following conjecture.

(a) Let F' € [O(G/U™)]. We have F' € O(G/U™) if and only if f{(F) €
O(k” x (k*)") and f;(F) € O(k” x (k*)").
More precisely, the inverse of the rational map f; is regular on the complement of
a hypersurface in G/U~ and the inverse of the rational map f; is regular on the
complement of another hypersurface in G/U~ and it should be true that these two
hypersurfaces have intersection of codimension > 2 (they don’t have a common
irreducible component).

A consequence of (a) is that the algebra O(G/U~) can be identified with the
algebra consisting of all (h,h') € O(k” x (k*)") x O(k” x (k*)") such that h,h’

~

correspond to each other under the field isomorphism «* : [O(k” x (k*)")] —

[O(k” x (k*)")] induced by the birational isomorphism x = f; fj_l. Thus the algebra
O(G/U7) is described completely in terms of the transition function between two
charts in the positive R~ -structure attached to G/U~.

We verify the conjecture when G is of type As. Let V be the variety of all

(;‘, 5 CC) in kS such that (4, B,C) #0, (A, B',C") #0, AA' + BB+ CC' = 0.

(We can identify V = G/U~.)
Consider the map s : k3 x (k*)? — V given by

—1 —1 —1
(a,b,c,6,5)l—><56,fm§ (ae) 0 )

—e b e lab

and the map s’ : k3 x (k*)?2 — V given by

€ be abe
(a,b,¢,€,0) — <6bc —5(a+c) & ) '
The inverse of s as a rational map is

(zf’BB’CC’> — (a,b,c,€,0)

where a = —C'/A',b = —-B'JA',c = —AA’/(CB’),e =1/A’,6 = 1/C. The inverse
of s’ as a rational map is

A B C
(A, B C,> — (a,b,c,€,0)

where a = C/B, b= B/A,c=A'A/(C'B), e = A, § = C’. Tt remains to note that
a rational map V' — k which is regular on the subset defined by A’B’C # 0 and
is regular on the subset defined by ABC” # 0 is regular everywhere.

6.4. We preserve the setup of 6.3. Now T acts on G/U~ by t : gU~ + gtU~. For
any A € X we set

O(G/UT )\ ={f € O(G/UT); f(gt™'U™) = At)f(gU~) VgeG,teT}.



TOTAL POSITIVITY IN REDUCTIVE GROUPS, II 35

It is known that O(G/U7), is a finite dimensional k-vector space and it is #
0 if and only if A € X*. Moreover as a k-vector space we have O(G/U~) =
Drcx+O(G/U7)x. The left translation by G induces a G-action on O(G/U™)
and this keeps stable each of the subspaces O(G/U ™), with A € X* which (in the
case where the characteristic of k is zero) becomes an irreducible representation
of G (Borel-Weil).

Consider the T-action on k” x (k*)" given by

t: (CLl,CLQ, .. .,al,,bl,bg, .. .,br) — (al,ag, .. .,ay,bltl,bgtg, .. .,brtT)

where t = i'(t1)...i"(t.), (t1,...,t,) € K". This induces a T-action on O(k” x
(k*)"); for A € X we denote by O(k” x (k*)"), the subspace of O(k” x (k*)") on
which T acts according to A. We have an isomorphism ey : O(k” x (k*)"), —
O(k”) given by f +— f’ where

f’(al,ag,...,al,) = f(CLl,CLQ,...,ay,l,l,...,l).

Now f; : k¥ x(k*)" — G/U~ is T-equivariant hence f; defines an (injective) linear
map f;y : O(G/U)x — O(K” x (k*)")x. Similarly, f; : k” x (k")")x — G/U~
is T-equivariant for the T-action on k¥ x (k*)" described above and the T-action
on G/U~ given by gU~ + gw;tW; 'U~ hence fJ* defines an (injective) linear
map f}k)\ : O(G/U)x — O(K” x (k*)")_x with A as in 4.2(b). For A € X7, the
following statement is a consequence of the conjecture 6.3(a):

(a) Let F' € [O(G/U™)]. We have F' € O(G/U~)x if and only if f;(F) €
O(k” x (k*)")x and f(F) € Ok x (k*)")_x-

As in 6.3, this implies:

(b) O(G/U™)a can be identified with the vector space consisting of all (h,h’) €
O(k” x (k*)")a x O(kK” x (k*)")_xt such that h,h’ correspond to each other under
the field isomorphism k* in 6.3.

Equivalently,

(¢) O(G/U™)x can be identified with the vector space consisting of all (hg, hy) €
O(k") x O(k¥) such that ey (h), ej\!(h’) correspond to each other under the field
isomorphism k* in 6.3.

Thus, the vector space O(G/U ™), is described completely in terms of the transi-
tion function between two charts in the positive R+ ¢-structure attached to G/U~.

We consider for example the case where G is of type Ay and I = {i',i?}. Let

(a,b,c,€,0), (a0, €,

in k3 x (k*)? be such that s(a, b, c,€,0) = s'(a’,b',c, €, 6"), (notation of 6.3), that

1S
8 b 67 Y(atc) 671 o I b'e a'b’€
671 —eilb eilab - 6/b/cl _6/(a/+cl) 6’ .
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We have
a =1/(a+¢),b = (a+c)/(bc),cd =c/(ala+c)),e =6 tbe, 6’ = e Lab.

Assuming that (i',\) = z € N,(i?,\) = y € N, we see that O(G/U7), is
identified with the vector space V of polynomials Z”k in N ni,j,kaibjck in a,b,c
(with n; ;1 € k) such that

(a) Z nijx(a+c) " (a+c)b e (a+ ) FFaF (be) (ab)Y
ij,k in N

is a polynomial in a, b, c. If for example x = 1,y = 0, then by direct computation
we see that V has a basis consisting of the polynomials 1,b,ab. (In this case
O(G/U7)y is known to have dimension 3, which agrees with our computation.)
If z =1,y = 1, then by direct computation we see that ) has a basis consisting
of the polynomials 1, b, a + ¢, ab, be, b?c, ab(a + ¢), ab’c. (In this case O(G/U7), is
known to have dimension 8 which agrees with our computation.)

7. ARNOLD’S PROBLEM

7.1. We assume that K, k are as in 1.1(i) with k = R, K = Ryg. Let K’ =
R(t)>o. Let B* be the set of all B € B such that (B*, B), (B,B~), (B~,B™) are
in the same G-orbit under simultaneous conjugation. Now B* is naturally a real
algebraic manifold. Let [B*] be the set of connected components of B*. Arnold’s
problem asks to compute the number of elements of [B*]. For G = SL,, this
was solved in [SSV]: the number is 2,6,20,52 if n = 2,3,4,5 and is 2 x 3"~1 if
n > 6. (For n = 2, B* is a circle minus two points; thus it has two connected
components.) For a general GG, Arnold’s problem was solved by Rietsch [R97],
who found a combinatorial parametrization of the set [B*]. We reformulate her
parametrization by defining a map o : Uf (Z)/2 — [B*] (see 2.7) which is a
bijection. To define o it is enough to define a map & : Uf (Z) — [B*] which is
constant on the equivalence classes for ~y (see 2.7). Since U] (Z) is the set of set
of zones in U] (K'), it is enough to associate to each zone an element of [B*]. Let
xe Ut (K'). Let i = (i1,i2,...,iy) € Oy,. We have
(a) T = Tjy (CLl){IJiz (CLQ) - Ly, (CLV)

where ag : t — t° fs(t)/fL(t) and fs € R]t], fi € R]t] have constant term in
R-o. We can find 6 € R~¢ such that fs(6') > 0, f.(6’) > 0 for any s and any
§" € (—9,0). Hence for §' € (—6,0), as(d’) is well defined, is in (—1)**R~ and

2(8') = x4, (a1(8") 21, (a2(0") - . 24, (an (0") € UT

is well defined. For §’ € (—4,0) we have x(6")B~x(8')~! € B*; this is contained in
a connected component €(z) of B* which is independent of the choice of i, d, d’.
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7.2. Now let & € U,,(K’) be in the same zone as z (as in 7.1(a)). We show
that €(Z) = €(x). We have T = z;,(a1)xs,(G2) . ..x;,(a,) with i as above where
as : R — R are rational functions of the form t ~— t f,(t)/f.(t) and f, €
R[t], f/ € R[t] have constant term in Rso. We can find §; € Rsg such that
(cfs+(1—¢)f)() >0, (¢f)+ (1 —c)f)(¢') > 0 for any s, any ¢ € [0,1] and any
' € (=61,0). For ¢ € [0,1] we set ac s =t (cfs+ (1—c)fs)/(cfi+(1—¢)f) € K’
and
Te = Ty (ae1)Tiy (ac2) - - i, (ac) € Uy, (K.
Then for ¢ € [0, 1], ¢’ € (—01,0),
e(8') = @i, (ac,1(0))wiy (ac,2(8)) - @i, (e (6) € UT

is well defined. For & € (—61,0) we have x.(0')B~x.(6')~ € B* and the con-

nected component of B* containig it is independent of ¢, d1,d’. In particular for
8 € (=61,0), 2(8')B~x)8)~! and Z(6')B~%)d") ! belong to the same connected

component of B*, so that €(x) = &(Z).

Next let 2’ = z;, (a))x;,(ah) ... x;, (a),) where a’, : R — R are rational functions
of the form t ~ t®+2ns £ (¢)/ f1(t) where f, f., es are as above and n, € N. We
show that €(2') = €(x). We can find € R~ such that (c+(1—c)8"2™) f4(5") > 0,
fL(8") > 0 for any s, any ¢ € [0,1] and any 0’ € (—d3,0). For ¢ € [0, 1] we set

a,, =t ((c+ (1 =)t fs)/f; € K" and

Te = iy (g 1) Ty (az2) - - - T, (ag,,) € U, (K').
Then for ¢ € [0,1],8" € (—d2,0),
2 (0") = @i, (a1 (0")2iy (a2 (5)) - - -2, (ar,, (67) € UT

is well defined. For &' € (—62,0) we have 2.(8')B~z.(§')~! € B* and the con-
nected component of B* containig it is independent of ¢, d2,d’. In particular for
§ € (=01,0), 2/ (8")B~2'(6) ! and x(6')B~x(5")~! belong to the same connected
component of B*, so that €(x) = €(z’.

We see that z — €(x) is a well defined map from the set of zones of Uy, (K') to
the set of connected components of B* and this map is constant on the equivalence
classes on the set of zones for the equivalence relation ~9 in 2.7. The resulting
map U, (Z)/2 — [B*] can be identified with a bijection defined in [R97] hence is
itself a bijection.

8. THE SETS U} (N), 43 (V)

8.1. Let K be as in 1.1(i)-(iii). For any i € I we define z; : ,,(K) — K as
follows. Let x € i, (K). We choose i = (i1,42,...,i,—1) € Oy,s, and we set
zii(z) = a, where z = i{'i5? ...i.""i% and (a1, as,...,a,) € KY is uniquely
determined by = (note that (i1,42,...,4,-1,7) € Oy,). We show that z ;(z) is
independent of the choice of i. Using Iwahori’s lemma, we see that it is enough to
show that z;;(z) = 2z, (z) if i,i’ in Oy, s, are connected by a single braid move.
In this case the desired result follows from 2.9(ii). We set z;(x) = z; ;(x) where i
is any sequence in O, s, -
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8.2. In the remainder of this section we assume that K = Z. Let A € XT.
The function I — N, i > (i, \) is denoted again by A. Define \' : I — N by
N () = A(i') (4" as in 2.1). Let

6 (N) = {z € Uy, (N); 2i(x) < (i) for any i € I}.

It is known that £}, (N) is naturally an indexing set for the canonical basis of the
simple G-module Ay (see 2.1) with G over k = R. (This is proved in [L90] assuming
that G is simply laced; see [L.92], [L11] for the reduction of the general case to the
simply laced case.) According to [L97, 4.9], the bijection S\® : i, (Z) — Uy, (Z)
(see 4.1, 4.3) restricts to a bijection £, (N) — il;)![ (N). In particular we have

() 16, (V) C 45, (V)
where ~

8y, W) = {& € Uy, (N); Sx® (@) € Ly, ().

The following conjecture is suggested by the results in 6.4:

(b) The inclusion (a) is an equality.
We will verify this conjecture in the case where G is of type A; or As. Assume
first that G is of type A; and I = {1}. We have £, (V) = {1%a € N,a < A(1)}.
In our case ® is given by 1% — 1% for a € Z and S\(1*) = 1D for o’ € Z.
Hence S,®(1¢) = 17221 and

S (V) ={1%a € N* a < A1)} = £ (N).

Thus (b) holds.
Next we assume that G is of type Az and I = {1,2}. We have

A a1boc. 3 .
Uy (V) ={2%1°2% (a,b,c) € N°, ¢ < A\(2),a+ b —min(a,c) < A(1)}
= {291°2% (a,b,¢) e N, a < ¢,c < \(2),b < A(1)}L
{291%2¢ (a,b,¢) € N3 a > ¢,c < A\(2),a+b—c< A1)}
In our case ® is given by 221°2¢ + 1¢7472=¢1-? for (a,b,c) € Z3 and
S}\(la/2b/1c/) — 1a/+>\(1)2b/—|—)\(2)16/—|—)\(1)
for (a’,b', ') € Z3. Hence
S}\®(2alb26) — 1c—a—b+)\(1)2—c—|—)\(2)l—b—l—)\(l)
and
(A a1boe. 3
Un, (V) ={291°2% (a,b,c) e N, a4+ b —c < A(1),c < A(2),b < A(1)}.

If a > ¢ we have b < a + b — ¢ hence the condition b < A(1) is a consequence of
the condition a +b — ¢ < A\(1); if a < ¢ we have a + b — ¢ < b hence the condition
a+b—c < A1) is a consequence of the condition b < A(1). We see that in our
case we have {3, (N) =43 (N) and (b) holds.
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9. ON G(K) AND CONJUGACY CLASSES

9.1. We assume that K, k are as in 1.1(i) with k = R, K = R~(. We denote by
G(C) the group of points of G over C.

Let g € G(K). We show:

(a) If V € C (see 2.1), then all eigenvalues of g: V — V are in K.
By [L94, 4.4], there exists a sequence g(k) € Gy, —w, (K), k =1,2,... such that
g = limgy 00 g(k) (limit in G). If (a) holds when g is replaced by any g(k) with
k > 1 then it would follow that the eigenvalues of g : V. — V are in K U {0}.
Since these eigenvalues are # 0 (g is invertible in G) they must then be in K.
Thus it is enough to prove (a) assuming that g € G4, —w, (K). In this case, by the
Gantmacher-Krein theorem in type A and by [L.94, 5.6] in the general case, g is
regular and semisimple and by [L.94, 8.10], we have g = uu/tu™! where u € Uy, (K),
v € Uf (K),t € T(K). Thus we can assume that in (a), g is regular, semisimple
and g = vt with v’ € U™, t € T(K). In this case g is conjugate to t by an element
of U'. Hence we can assume that in (a) we have g = t € T(K). In this case the
eigenvalues of g : V' — V are of the form pu(t) where p € X. It remains to observe
that p: T — R* carries T'(K) into K. (We use that for i € I,a € K we have
p(i(a)) = al™ € K.)

Let g € G(K). By [L94, 8.11], there exists B € B such that g € B. Let B(C)
be the Borel subgroup of G(C) for which B is the group of real points. It follows
that the semisimple part g5 of g is contained in T7’(R) where T” is a maximal torus
of B(C), defined and split over R. We show:

(b) gs is contained in the identity component of T'(R).

Let X’ be the group of homomorphisms of algebraic groups 17”7 — C*. For any
p € X', u(t) is an eigenvalue of g : Ay — A, for some A € X" hence it is in K
(by (a)). An element of 7"(R) such that pu(t) € K for any p € X’ is necessarily in
the identity component of 7”(R). This proves (b).

We show:

(c) In the setup of (b), the centralizer Z(gs) of gs in G(C) is the Levi subgroup
of some parabolic subgroup of G(C) defined over R.

Let R be the set of all 4 € X’ which are roots of G(C) with respect to T”. Let Ry
be the set of all 4 € R such that p(gs) = 1. It is enough to show that Ry is the
intersection of R with a Q-subspace of Q ® X’ or equivalently that:

(d) if o € Rand a® =[] ez, p"* for some integers n,, and some ¢ € Z, then
o € Ro.

In the setup of (d) we have a(gs)¢ = 1. From (b) we see that a(gs) € R~ so that
from a(gs)¢ = 1 we can deduce that a(gs) = 1. This proves (d) and hence (c).

9.2. Let g € G(K). Let Z(gs) be as in 9.1(c). Let g, be the unipotent part
of g, so that g, € Z(gs). We conjecture that there exists a subgroup H of Z(gs)
which is a Levi subgroup of a parabolic subgroup of Z(gs) such that g, is a regular
unipotent element of H; in particular, any unipotent element in G(K) is a regular
unipotent element in a Levi subgroup of some parabolic subgroup of G(C). (This
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last statement is obvious if G is of type A and can be shown to be true if G is of
type D, using the description of unipotent elements in G(K) given in [L94, 6.6].)

10. A PARTITION OF B

10.1. Let w € W, m = |w|. For any i = (i1,i2,...,im) € O and any a =
(a1,a2,...,am) € N™ we set [i,a] = ij 4, ...i; (product in £({1})) where j; <
Jo < - < Jk is the sequence consisting of all j € [1,m] such that a; = 0. We
show:

(a) Assume thati,i’ in O, a,a’ in Z™ are such that i,i’ are equal except at the
indices 1,14+ 1,14 2 where they are respectively i, j,© and j,i,7 with 1 :j = —1 and
that a,a’ are equal except at the indices [,1 + 1,1 + 2 where they are respectively
a,b,c and a', b, ¢ with o’ = b+ ¢ —min(a, c),b’ = min(a,c), = a+b—min(a,c).
Assume also that a € N™. Then a’ € N™ and [i,a] = [{',a’] (equality in LU({1})).
The fact that a8’ € N™ is immediate. Let j; < jo < --- < j; be the sequence
consisting of all j € [1,I — 1] such that a; = 0 or equivalently a’ = 0; let jy <
Jer+1 < --- < ji be the sequence COIlSlStlIlg ofall j €[l+3 m] Such that a; = 0

or equlvalently ay = 0. Let y = ijij,...15, € UT({1}), v/ = th/Z.:]lt r i, €

UT({1}). We have [i,a] = yl(i,,4),(a,b,0)y, [V',a'] = y[(j,4,7), (@', )]y’
Thus, to prove (a) we can assume that i = (4,7,4), i’ = (j,4,7), a = (a,b,¢),a’ =
(a’, b, ). We consider a number of cases.

(I)a=b=c=0sothata’ =b = ¢ = 0. Then [i,a] = i'jli! —j itit = [i’,a’].

(I1) a =b=0,c > 0 so that a’ > 0,0’ = ¢’ = 0. Then [i,a] =i'j! = [i,

(ITI) @ > 0,b = c=0so that ' =¥ =0,¢ > 0. Then [i, a]—jlzl—[’

(IV) a = 0,b > 0,c¢ = 0 so that a’ > 0,6 = 0,¢ > 0. Then [i,a] = i'i' =i' =
[i’,a].

(V) a=0,b>0,c>0so that a’ > 0,0’ =0,¢’ > 0. Then [i,a] =i' = [i’,a'].

(VI) @ > 0,b > 0,c=0so that a’ > 0,0 =0,¢ > 0. Then [i,a] = i! = [{/,a’].

(VII) ¢ > a > 0,b =0 so that a’ > 0,0" > 0,¢ =0. Then [i,a] =j = [i’,a’].

(VII) @ > ¢ > 0,b= 0 so that a’ = 0,0’ > 0,¢’ > 0. Then [i,a] = j! = [i’,a].

(IX) a = ¢ > 0,b =0 so that @’ = 0,0/ > 0,¢ = 0. Then [i,a] = j! = jlj! =
[i’,a’].

(X) a>0,b>0,c>0so that a’ > 0,0’ >0, > 0. Then [i,a] =1=[i,a’].

In each case, (a) is proved.

We show:

(b) Assume that i,i’ in O, a,a’ in Z™ are such that i,i’ are equal except at
the indices [,1 4+ 1 where they are respectively i,j and j,1 with v : j = 0 and that
a,a’ are equal except at the indices |, + 1 where they are respectively a,b and a’, b’
with a’ = b, = a. Assume also that a € N™. Then a’ € N™ and [i,a] = [i’,a']
(equality in U({1})).
As in the proof of (a) we can assume that i = (i,5), i’ = (j,7), a = (a,b),a’ =
(a’,b"). We consider a number of cases.

(I) a=b =0 so that «’ = b = 0. Then [i,a] = i'j! = jlil =[i’,a’].

(I1) a = 0,b > 0 so that @’ > 0,0’ = 0. Then [i,a] =i = [{’,a’].
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(ITIT) @ > 0,b = 0 so that a’ = 0,&’ > 0. Then [i,a] = j! = [i’,a’].

(IV) @ > 0,b > 0 so that @’ > 0,0’ > 0. Then [i,a] =1 = [i’,a’].
In each case, (b) is proved.

We show:

(c) Assume thati,i" in O, a,a’ in N™ satisfy e;(a) = e (a’) (equality in U(Z),
ei, ey as in 2.9). Then [i,a] = [i',a’] (equality in U({1})).
Assume first that G is simply laced. By the Iwahori-Matsumoto lemma we can

find a sequence i = i%,i!,...,i®* =1 in O, such that for any v € {0,1,...,s5— 1},
i“,i%T! are like i,i’ in (a) or (b). We define a sequence a = a’,al,...,a* = a’
in Z™ such that for any u € {0,1,...,s — 1}, i% a% and i*T! a**! are like i,a

and i’,a’ in (a) or (b). Note that each a’ with 0 < ¢t < s is automatically in
N™ (this follows by induction on t from (a),(b)). From the definition we have
eju(a%) = egur1(aTh). From (a),(b), we see that [i% a%] = [i*T!, a**!] for any
u € {0,1,...,s — 1}. It follows that e;(a) = ey (a®) and [i,a] = [i’,a®]. Hence
we have ey (a®) = ey(a’). Since ey : Z™ — U, (Z2) is a bijection it follows that
a® = a’, so that [i,a] = [I’,a] and (c) is proved. If G is not simply laced the proof
is similar or it can be reduced to the simply laced by descent as in [L94].

We show:

(d) Let i = (i1,42,...,0m) € O and let j; < jo < --+ < jr be a subsequence

of 1,2,...,m. Let z = ij ij, ...i5 (product in U({1})); let z be the corresponding
element of W. We have z < w for the standard partial order on W.
We argue by induction on k. If £ = 0 the result is obvious. We now assume that
k > 0. We can assume that j; = 1. We set i = i;. Let v’ = s;,...s;,,. Let
2 =1, ...4;, (product in 4({1})) and let 2’ be the corresponding element of W.
By the induction hypothesis we have 2’ < w’. Hence 2/ < w. If s;2’ < 2’ then
z = 2/ and z = 2’; the inequality z < w follows. If s;2’ > 2’ then z = s;2’ and
z = s;2". Note that s;w < w. By a standard property of < we have s,w < w, 2’ <
w = s;z/ <w. Thus z < w. This proves (d).

Let U({1})S% be the set of elements z of {{({1}) such that the corresponding
element z of W satisfies z < w. From (c),(d), we see that there is a well defined
map

Xw o (N) — U({1})="

such that for any i = (i1,42,...,%,) € Oy and any a = (ay,asg, ..., a,) € N™ we
have X, (11052 . . .i%m) = 45 i, ... 45, (product in UF({1})) where j; < jo <--- <

Jk is the sequence consisting of all j € [1,m] such that a; = 0.

10.2. The fibres of x,, form a partition of i, (N') indexed by 4({1})=¥. Taking
w = wy we obtain a partition of tl,, (N') indexed by W. This can be viewed as a
partition of B (see 0.2) indexed by W.
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