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ABSTRACT

This thesis investigates continuous-spatial dynamic models of
the composition behavior of binary plate distillation columns, These
partial differential equation models are developed from basic distil-
Jlation column principles and the discrete-plate models by treating
the plate number as a continuous-spatial variable, Linearized -
continuous=spatial models are investigated in detail.

The central purpose of this thesis is the development, pres-
entation, suggzested analytical solution technique, and example column
evaluation of the Linear Polynomial-Coefficient Model (LPCM) which
is a linearized continuous=-spatial model in which the coefficients
in the partial differential equation are n-th degree polynomials in
the spatial variable, A general analytical solution technigue is
proposed in which the spatial differential eigenvalue problem
resulting from separation of variables is transformed to a Liouville
Normal-Form equation which is then converted to a homogeneous
Fredholm II integral equation, Several simple examples of the model
are solved in complete detail, and the proposed solution technique

. is applied to a model with first-degree polynomial coefficients,
An analytical and a computational analysis giving the details of
each step of the solution technique is presented, It is suggestied.
that greatly reduced computation times compared to discrete models

- will result from application of the proposed solution technique,

A bibliography of 352 réferences, 202 of which pertain directly
to distillation column dynamics and control, is presented and related
to the areas of the thesis,

~ Thesis Supervisor: Lawrence B, Evans

Title: Associate Professor of Chemical Engineering
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P ‘ CHAPTER AND APPENDIX RELATIONSHIP DIAGRAM

For the convenience of the reader this chapter presents in
flowchart form‘a diagram relating all of the 28 chapters and appen=-
A dices presented in the Table of Contents. The author hopes that
this diagram will aid the reader in quickly establishing a senserf
the structurs of this thesis.
This diagram represents a combination of reading path and
application relationships. The arrows from one box to the next

imply reading direction and dependence direction, For example,

the main reading path through the thesis has been designed as I1,
I2, M1, M2, M3, M4, L1, S1, S2; the other chapters which consider
subcases and solutions of.these are shown leading into the main

reading path which is in double black lines,
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SECTION 1

INTRODUCTION TO DISTILLATION (I)

J1 BASIC PRINCIPLES OF BINARY DISTILLATION
I2 THE BINARY PLATE DISTILLATION COLUMN
I3 PHILOSOPHY AND DISTILLATION

I4 A BRIEF REVIEW OF THE LITERATURE OF DISTILLATION

THE FUNDAMENTAL AND UNIVERSAL ABSOLUTE:

"EXISTENCE, REALITY, THE EXTERNAL WORLD, IS WHAT IT IS, INDEPEN-
DENT OF MAN'S CONSCIOUSNESS, INDEPENDENT OF ANYONE'S KNOWLFDGE,
JUDGMENT, BELIEFS, HOPES, WISHES, OR FEARS — THAT FACTS ARE FACTS,
THAT A IS A, THAT THINGS ARE WHAT THEY ARE."

NATHANTEL BRANDEN (B-28)

THIS SECTION PRESENTS THE BASIC PHYSICAL AND MATHEMATICAL IDEAS

OF BINARY DISTILLATION ORIENTED TOWARD FORMING A MATHEMATICAL MODEL

OF A BINARY PLATE DISTILLATION COLUMN. THE GENERAL PROBLEM OF OBSERV-
.ING AND MODELING PHYSICAL SYSTEMS IS DISCUSSED AND THE HISTORY AND
GENERAL LITERATURE OF DISTILLATION ARE REVIEWED BRIEFLY. SEVERAL
'OPINIONS ON THE PHTLOSOPHY OF OESERVING REALITY AS RELATED TO MODELING

A DISTILLATION COLUMN AND ON THE DESIRE TO ACHIEVE PROFIT AS RFLATED

TO THE COST OF SEPARATION OF COMPONENTS ARE PRESENTED,

| THE CENTRAL PURPOSE OF THIS THESIS IS THE DEVELOPMENT, PRESENTATION,
SUGGESTED SOLUTION TRCHNIQUE, AND EVALUATION OF THE LINEAR POLYNOMIAL-
| COMFFICIENT MODEL (LPCM) OF THE DYNAMIC BEHAVIOR OF A RINARY PLATE
DISTILLATION COLUMN, THIS SECTION PRESENTS THE BASIC PRINCIPLES LEADING
UP TO THE COMPLETR DEVELOPMENT OF THE LPCM IN SECTTON 2(M) AND THE

' PRESENTATION OF AN INTEGRAL ZQUATION SOLUTION TECHNIQUE IN SECTION3(L).
. ' _13_ ’



CHAPTER I1

- BASIC PRINCIPLES OF BINARY DISTILLATION

The purpose of Chapters Il and I2 is to present the basic
principles behind the separation of binary mixtufes and to develop
the techniques for describing mathematically and graphically the
steady state characteristics of a distillation column, These topics
are presented for several reasons:

1., Some readers may not be acquainted with the basic theory,

which is necessary for the developments which follow.

2. This is a convenient method for developing a consistent
notation for usé throughout this thesis.

3. Presentations of those basic principles spécifically
used in this thesis are not often found in the existing literature
in forms easily understood by readers without some background in
the subject,

‘ There are many availabie techniques for describing binary
disfillation in quantitative or qualitativé terms. Most of these
techniques aré oriented specifically‘toward one of these two outlooks,
The technique to be described in Chapters I1 and I2 is the use of the
McCgbe-Thiele diagram which has the unique advantage of a quantitative,
qualitative, and, in a sense, visual insight into binary distillation.

" The theory developed in this chapter represents a combination
of the developments available in the literature. The textbooks used
in this prgsentation of the thedry in this chapter are listed below
in the order of decreasing peftinencé to this chapter.

Gould ; (G-3)

=14~
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Bennett and Myers (B=1)

Van Winkle ' (v-1)

Holland (H~2), (H=7)
Some of the other textboocks which ﬁresent the basic principles of
distillation are: (T-1), (S-1), (H41). (c-1), (R-l?). (c-5), (H-6),
(H-5), (R-21), and (M-2).

I1.1 DEFINITION OF BINARY DISTILLATION AND RELATIVE VOLATILITY

Binary distillation is defined as a process which separates a
mixture of two components by utilizing mass transfer betweenithe
liquid and vapor phases of the components, The essence of this sep-
aration lies in the fact that when the vapor and liquid phases of a
binary mixture are in equilibrium, the vapor is richer in the lighter
'componen£ than is the liquid, The process by which the vapor phase
bécomes richer in the component which boils at the lower temperature
(1ighter component) is called mass transfer. Although the term
distillation is occasionally used to describe the rehoval of volatile
materials from solids, the term as used in this thesis will apply only
to the separation of ﬁolatile components found in liquid solutions.

The equilibrium mentioned aboﬁé is a phase equilibrium in which
the properties of the two phases depend ﬁpon the physical characteristics
of the two components which are present., The primary physieal char-
acteristic of interest in this thesis is the relative volatility a.

If the concentration of the lighter qomponent_in the liquid phase is
defined as u and the cdncentration of the lighter component in the

vapor phase is defined as f(u), then the relative volatility is given

by equation Il.1. This expression is only valid when q does not vary

-15-
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a=1-u, _f(u) I1.1
u 1-f(u)

with composition, which is a valid approximation for a large number
of liquids., Equation I1,1, then, defines equilibrium between the two
phases in terms of the constant relative volatility a.

I1.2 THE EQUILIBRIUM CURVE

The assumption that g 1is coﬂstﬁnt is_essential to the develop—
ments of this thesis because it allows a specific equilibrium function
to represent the characteristics of the phase mixture, Thus, an
equilibrium phase diagram can be drawn as in Figure Il.l and a specific

equilibrium function f(u) can be expressed in Equation I1.2,

f(u) = au 11.2
1+ 2a-15u
1l
N _ £{u)
O
o
-
=
o
=}
[
B ou
[\ or
H i
g |
o
3] t
s 1
O
° :
0 o
u=0 u _ u=1
Concentration in Liquid
Figure I1.1 - THE EQUILIBRTUM CURVE
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In Figure I1.1 the curved line (equilibrium curve) represents

a graphical plot of equation J1.2. If the relative volatility is not

<o

assumed to be constant, then this curve may have a sigﬁificantly
different shape and be represented by a different functional relation-v
ship., In trying to understand the meaning of the equilibrium curve

it is helpful to consider a point u, in Figure Il1.,1,

Given a binary mixture which has liquid and vapor phases at
equilibrium, then the concentration of the lighter component in the
liquid is given by Ug» and the concentration of the lighter component
in the vapor is given by f(uo). Thus, going from the liquid to the
vapor in the two phase mixture corresponds to going from the u line
to the f(u) line on the equilibrium curve, The fact that the relative
volatility is such that f(u) > u in this case implies that a partial
séparation of the mixfure can be‘accomplished by separating the vapor

from the liquid.

I1.3 USING THE EQUILIBRIUM CURVE TO DESCBIBE SEPARATION

If the vapor is separated from the liquid in a two phase binary
mixture, then condensing the vapor produces two separate liéuids of
différent compositions, the one having been condensed being richer in

the lighter component. ' This method of separation is the key to binary‘

distillation,
This separation method can be visualized by using the equilibrium

curve in Figure I1,2. The original liquid at composition u, is boiled

and part of it becomes vapor at composition f(uo). If the vapor at
f(uo) is then separated from the liquid at U, and then condensed, the

-1iquid condensate is of compositien uy = f(uo). The new liquid at

-17-




composition u; can now be boiled to produce vapor of composition
f{uy), where f(ul) > u,. Thus, by successively boiling and condensing
thekliquids’and vapors, a desired degree of separation in terms of

the upper and lower (on the graph of Figure I1.2) liquids can be achieved,

fu)=1

Lll

=

Concentration in Vapor,f(u)
o

£(u)=0 — — L e |
u=0 u, uy =]

Concentration in Liquid, u

Figure 1.2 - DESCRIBING SEPARATION ON THE ZQUILIBRIUM CURVE
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I1,4 PHYSICAL SEPARATION OF VAPOR AND LIQUID

The next Problem to be considered is that of the physical equip-
ment necessary to separate the vapor of f(uo) from the liquid at U,
while at the sa;e time allowing the liquid-vapor contact between the_
vapor at f(u,) and the liquid at u, . Thére are two commonly used
types of equipment for aécomplishing this: packed columns and plate
columns, both of which have innumerable variations,

Packed columns use a form of continuous contacting of liquid
and vapor phases. This is accomplished by use of many small devices

in the form of rings, saddles, spheres, etc,, which are randomly

"packed" into the column, This arrangement is designed to provide a

very large surface area for a given tower volume because the contacting

and mass transfer occur at the surfaces of the particles. The
maﬁhematicalimodels (Section M) of packed columns are usually partial-
differential equations. Packed columns will not be investigated
specifically in this‘theSis, but it is expected that the developments
of this thesis could be applied to packed columns,

Plate columns accomplish vapor-liquid separation and vapor-liquid
contacting by allowing the liquid at compositiocn uy to flow over the
top of a plate, which is designed to let the vapor at f(uo) pass
throﬁgh intb the liquid flowing over it, There are a muititude of
different plate designs which accomplish this efficiently. such as
bubble=-cap, perforﬁted, and sieve plates; Figure I1.3 shows the basic
physical characteristics of a bubble-cap platé. The eoncentrations
shown in Figure Il.3 correspond to those on the equilibrium curve of

Figure I1.2. Using these two figures one can see both physically and

- a19-



A T A TR SR

Vapor f(ul) 1
: Y
H 4 2
Mid w127 N: i N
e %00 I ' Fy 1] v l
vapor £(u,) ' Liquid u
R

Figure I1,3 - OPERATION OF A,BUBBLEfCAP PLATE

conceptually how separation is achieved,

Physically, the liquid at uy enters the plate of Figure I1l.3 from
the left-side downcomer of the plate above. The uy liquid then flows
across the plate, in this'case left to right,,and is mixed (contaéted)
 with thg vapor-f(uo) coming from beneath the plate. Thesevtwo phases
reach an equilibrium such that the liquid leaving the plate is at u,
and the vapor leaving the liquid is at f(ul).‘ Since f(ul) >uy, a
partial separation of the components results. Conceptually, following
these‘same arguments on the lines in Figure Il.2 reveals the properties

. of the mechanism of separation in terms of the mathematical expressions
=20~ '
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deseribing equilibrium.

This chapter has presented the basic principles of binary
separation using distillation.. This separation has been descfibed
conceptually iﬁ terms of the relative voiatility and the resulting
equilibrium curve and physically in terms of the operation of a
bubble-cap plate, The next chapter puts several of these plates
together and presents the physical and conceptual descriptions of

a complete distillation column.

-21-



CHAPTER 12

THE BINARY PLATE DISTILLATION COLUMN

The paiticular binary separation device chosen for study in this
thesis is the plate distillation column, A plate distillation column
is a vertical cascaded arrangement §f individual plates (Figure I1.3)
supported in a tower or column., The distillation column alone cannot
perform separation but requires auxiliary equipment for its operation,
This chapter presents a very briéf description of the physical operation
of a distillation column and its auxiliary equipment, a graphical
description of its operation in terms of the McCabe-Thiele diagram,
and a éteady-state mathematical model of its operation,

12.1 PHYSICAL OPERATION OF A BINARY PLATE DISTILLATION COLUMN

The physical separation of a binary mixture by an indiyidual plate
was described in Chapter Il. In general, one plate is usually in-
adequate to achieve the desired degree of separatidn of the mixture,
thus many plates‘are combined in cascade to achieve greater output
purity. An arrangement of eleven such plates is shown in the cblumn
of Figure I2,1, OA any given plaﬁe“in this column the liquid and vapor
mix and'reach equilibrium, with the vapor rising in the column pla{e-
by~plate through the bubblé caps and with the liquid flowing back and
forth down the column;

Tﬁo of the auxiliary equipments necessary to the operation of the

column are the condenser and the reboiler, The vapor flowing out of

the top of the column enters the condenser where it is liquified and the

resulting liquid is partialiy fed back to the top tray and partially

- removed as tops prodﬁct. Similarly, the liquid flowing out the botiom

22~
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DISTILLATION COLUMN
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of the column is divided into that portion removed as bottoms product
and that portion which is vaporized in the reboiler and fed back to the
bottom plate., The other auxiliary equipments, such as pumps to cir-
culate the fluid, valves for control, structural supports, and many
others, ére not shown in Figure I2,1 but are, nevertheless, essential
to the operation of the system, |
Héving described the operation of the internal cycling of the

fiuids in the column, the overail operation of the system can now be
discussed, The input mixture to be separated is fed fo that tray
designated as the feed tray and enters the fluid cycle, The separated
outputs are then taken off as the top and bbttom products. Energy for
operation of the system is supplied by the reboiler, steam heated in
the case of the column of Figure I2.1, and energy is removed from the
systém by thé condenser, water cooled in Figure I2.1.

| There are innumerablg types, arrangements, designs, and sizes of
distillation columns, just as there are many different aspects bf any
given column which can be studied, such as chemical, thermal, structural,
fluidic, economic, and environmental aspects, The central purpoée of
any column is to sebarate a binary mixture and the main criterion of
"goodness" 6f the operation of the column is how well it performs this
sepdfation. Distillation columns are usﬁally designed to separate the
mixture. to desired purity in such‘a way as to maximize the economic
 profit derived from the sale of the separated products,

Output variations in the product purity greatly affect the profits

derived frém such sales, if the output is overly pure, then the revenue

resulting from the sale of material thought to be of lower purity will

2l
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not be as high as it could have been, If the output is lower than the
desired combosition, then it cannot be sold at the price set for
material of higher qualify and profifs will be feduced.' Thus, composi=-
tion variations in distillation column input; aﬂd outputs are rather
important, and mathematical models for Ehe interactiqn between feed
composition changes and output composition changes will Be developed

in this thesis for the purpose of stﬁdying such variations,

12.2 THE MCCABE-THIELE DTAGRAM

One of the best’graphical techniques for describing the steady-_
state operation of a binary plate éolumn is the McCabe-Thiele diagrém
(M-10). A technique for describing the steady-state operation of the
column is important to considerations involving variations in composi-
tions, especially when composition variations are to be interpreted
as‘upsets or-déviations from an'iﬁitial steady stafe to a final steady
state. The basis of‘the McCabe-Thiele diagram is the equilibrium curve
presented in Figure il.2 f§r the operation of one plate., For the eleven
(11) plate column of Figure I2,1 the McCabe-Thiele diagram for q = 3.0
(M=15) is shown in Figure I2.2.

The graphical expreséion of the individual plate compositions
presented by the McCabe-Thielé diagram gives Eoth a qualitative and a
quantitative view of the steady-state opération of the columﬁ. Qualita=-
tively, it shows how the individual plates act to increase the pdrities
of the output streams by operating in cascade with each step up the
diagram representing a plate corresponding to‘a step up the actual
column, Qdantitatively, the 1ndi§idual plate steady-state compositionsb

and the operating line slopes can be read directly from the diagram,

- -25-




g

R

f‘(u}= 1.0

IR

9

8

o7

hY
.
na

o5

15

.Ll'

3

Composition in the Vapor, f{u)

2

ol

m
T

| B

f{u)= 0

lam
\
€

0

u=0

o1 .2
Uy

Lighter Component

Operating Conditions

'3 *

L o5 .6 .7 .8 .9 1.0

up uy u=l,

Composition in the Liquid, u

Equilibrium Curve

Pla;es
L /v
Ly /v

Ilf
Yy
b}

q

g owoa mono

11
0,492
1,522
. 500
.068
.9l
1,0

- u
f(u) 1+%a-1;u

a = 3.0

Fi e 12,2
MCCABE-THIELE DIAGRAM FOR

AN ELEVEN PLATE COLUMN (M-15)

~26-




The actual operating characteristics of the column are evident
from the McCabe~Thiegle Diagram. The amounts or percentages of liquid
and vapor reflux flows determine the slopes of the two operating lines,
the upper and lower lines in Figure I2.2. Each point of intersection
on the operating lines represents the liquid composition of a plate,
and thus the number of liquid points equals the number of plafes in
the columnf Fach point of intersection on the equilibrium curve repre-
sents the vapor composition between two of the column plates, The
intersection of the two operating lines is determined by the q-line
which depends upon the properties and condition of the feed at Upe All
of these properties are répresented by quantities and equations in the
steady-state model of the distillation column.

12,3 A STEADY-STATE MODEL OF A BINARY PLATE DISTILLATION COLUMN

This éubsection begins the developments leading to mathemati¢al
equations descfibing the operation of a binary plate distillation column.
A mathematical model of the steady-state operation is to be presented
and explained. Since most of the detailed developments of steady-state
models are well covered in the literature(See B2,1 - Steady-State
Analysis and McCabe-Thiele Diégrams), the discfete-plate steady-state
model énd its symbols:will merely be presented, notvderived in detail,
in this section, The format of this presentation will be to present
the description of the symbols to be used, present the model, and give
a brief explanation of the model and the assumptions.behind it,

The presentation of the diécrete-plate gteady-state model begins
by 1isting ahd'describingAthe mathematiqal symbols to be used in the

) modei.' This list of symbols is found in Table IZ2.,1. The symbols are

oo
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By = f'(un) - Y 12,1

f(un) - u,

Where f'(un) is a non-equilibrium state

u - Concentration of the lighter component in the liquid (1bm

mole lighter comp./lbm liquid)

f(u) - Concentration of the lighter component in the vapor (1bm

mole lighter comp./1bm vapor)

o - Relative volatility (dimensionless); assumed constant

F - Feed rate (1bm liquid/hour)
D - Distillate rate (1bm liquid/hour)
W - Withdrawal rate of Bottoms Product (1bm liquid/hour)

- Liquid rate in the upper section (1bm liquid/hour); assumed
constant

1 - Liquid rate in the lower section (1bm liquid/hour); assumed
constant ' :

V - Vapor rate in the column (1bm vapor/hour); assumed constant
- Upper reflux ratio (1bm liquid/lbm vapor), Lu/V

- Lower reflux ratio (1bm liquid/lbm vapor), Ly/V

k - Feed plate index (number); integer

n - Internél plate index (number); integer 1 <n <N

q - Portion of the feed which adds tec the lower liquid rate;

L1 = Lu + qF

Table 12,1 -~ LIST QF SYMBOLS USED IN DISTILLATION
COLUMN STEADY-STATE MODELS
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fairly standard throughout the literature with cne important exception,

‘Usually, in the literature, the composition of the lighter component

in the liquid is répresented by x and that in the vapor by y. In this
thesis x will be used in Sections M and I to represent a continuous-
spatial variable or continuous-plate-number variable; and y is not used,
but the term f(u) is used instead, The term f(u) is standard in most
of the literature, The symbols in Table 12,1 also apply to the corres-
ponding symbols placed on Figure I2,1.

Figure I2.3 presents the discrete-plate steady-state model of a
binary plate distillation column. This model is merely a combination
of the conservatlon-of-mass equations (Inflow = Qutflow) for each plate
énd a listing of the end, feed, and equilibrium description, These
equations say mathematically what the McCabe-Thiele diagram says graph-
ically, Solving these equations mathematically for the plate composi-
tions is also equivalent to “"stepping off" the compositicns on the |
McCabe-Thiele diagram, The amount of mathematical manipulation involved
in solving fbr the platelcompositions when there are many tréys is
rather large when comﬁared with the ease of stepping off these numbers
on the McCabe—Thiele diagram, |

Several very signi