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THE DRINFELD STRATIFICATION FOR GL,

CHARLOTTE CHAN AND ALEXANDER B. IVANOV

ABsTRACT. We define a stratification of Deligne-Lusztig varieties and their parahoric analogues
which we call the Drinfeld stratification. In the setting of inner forms of GL,, we study the
cohomology of these strata and give a complete description of the unique closed stratum. We
state precise conjectures on the representation-theoretic behavior of the stratification. We ex-
pect this stratification to play a central role in the investigation of geometric constructions of
representations of p-adic groups.
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1. INTRODUCTION

Like the classical upper half-plane, its nonarchimedean analogue—the Drinfeld upper half-
plane—appears naturally in a wide range of number theoretic, representation theoretic, and
algebro-geometric contexts. For finite fields, the f-adic étale cohomology of the Drinfeld upper
half-plane P*(F,) ~ P*(F,) with coefficients in nontrivial rank-1 local systems, is known to realize
the cuspidal irreducible representations of GLa(F;). One can generalize this to GL,(F,) by
projectivizing the complement of all rational sub-vector spaces of V = F;en. This is the Drinfeld
upper half-space for F,. In this paper, we consider a stratification of the Drinfeld upper half-
space induced by “intermediate” Drinfeld upper half-spaces of smaller dimension sitting inside
P(V).

In earlier work [CI20], we proved that for inner forms of GL,,, Lusztig’s loop Deligne—Lusztig
set [Lus79| is closely related to a finite-ring analogue of the Drinfeld upper half-space. This
allowed us to endow this set with a scheme structure (a statement which is still conjectural for
any group outside GL,) and define its cohomology. Under a regularity condition, we proved
in [CI20] that the cohomology of loop Deligne-Lusztig varieties for inner forms of GL,, realizes
certain irreducible supercuspidal representations and described these representations within the

context of the local Langlands and Jacquet-Langlands correspondences. After some serious
1



2 CHARLOTTE CHAN AND ALEXANDER B. IVANOV

work in [CI19b|, we are able to relax this regularity condition to something quite general, but
our work still further depends on a formal degree calculation of representations appearing in the
cohomology of these loop Deligne-Lusztig varieties. This is a highly nontrivial calculation which
we obtain in the present paper by studying the cohomology of a stratification—the Drinfeld
stratification—which comes from the aforementioned stratification of the Drinfeld upper half-
space.

We morever frame the Drinfeld stratification in the general context of [CI19a], where we
studied a class of varieties X}, associated to parahoric subgroups of a(ny) connected reductive
group G which splits over an unramified extension. We define a stratification of Xj indexed by
certain twisted Levi subgroups of G, initiate the study of these strata, and, in due course, supply
the necessary input for the formal degree calculation in [CI19b)].

We focus on the setting of inner forms of GL,, and prove the first foundational representation-
theoretic traits of the cohomology of the Drinfeld stratification: irreducibility (Theorem [.2.1])
and a special character formula (Proposition [5.3.1]). Using Theorem [5.2.1] in Section [l we prove
that the torus eigenspaces in the cohomology of the unique closed Drinfeld stratum is supported
in a single (possibly non-middle) degree. Furthermore, this stratum is a mazimal variety in the
sense of Boyarchenko—Weinstein [BW16|: the number of rational points of the closed Drinfeld
stratum attains its Weil-Deligne bound. Our analysis relies on techniques developed in [Chal9]
in the special case of division algebras and gives some context for what we expect to be the role
of maximal varieties in these Deligne-Lusztig varieties for p-adic groups.

In practice, it is sometimes only possible to work directly with the Drinfeld stratification of the
parahoric Deligne-Lusztig varieties X}, instead of with the entire X}. In this paper, for example,
the maximality of the closed stratum allows us to give an exact formula (Corollary [6.6.1]) for
the formal degree of the associated representation of the p-adic group. We prove a comparison
theorem in [CI19b| relating the Euler characteristic of this stratum to that of Xj,. This formal
degree input, by comparison with Corwin—Moy—Sally [CMS90|, allows us to obtain a geometric
supercuspidality result in [CI19b].

We finish the present paper with a precise formulation of some conjectures (Conjecture [Z.1.1]
and [.2.T) which describe what we expect to be the shape of the cohomology of the Drinfeld
stratification and its relation to the cohomology of loop Deligne-Lusztig varieties. In the Ap-
pendix, we present an analysis of the fibers of the natural projection maps X; — Xp_1; we
believe this could be a possible approach to proving Conjecture [[.2.1] and may be of independent
interest. It would be interesting to see if the Drinfeld stratification plays a role in connections
to orbits in finite Lie algebras, a la work of Chen [Chel9].

Acknowledgements. We would like to thank Masao Oi and Michael Rapoport for enlightening
conversations. Additionally we’d like to thank the anonymous referees for their comments and
advice which have greatly improved the exposition of this paper. The first author was partially
supported by the DFG via the Leibniz Prize of Peter Scholze and an NSF Postdoctoral Research
Fellowship, Award No. 1802905. The second author was supported by the DFG via the Leibniz
Preis of Peter Scholze.

2. NOTATION

Let k£ be a nonarchimedean local field with residue field F, and let k denote the completion
of the maximal unramified extension of k. We write O; and Oy for the rings of integers of k
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and k, respectively, and let w be a uniformizer of k (and hence of l::) For any positive integer
m and any | € Z, we let [l],, € {1,...,m} denote the unique element representing the coset
l4+mZ = [l], + mZ.

The setting of Section [3. In Section Bl we work in the following general set-up. Let G be a
connected reductive group over k such that the base change Gy, to k is split and let F' denote
a Frobenius associated to the k-rational structure on G. Let T — G be a k-rational, E-split
maximal torus in G. Let %A(G, l;:) denote the Bruhat—Tits building of the adjoint group of G
over k and let <7 (T) C %(G, k) denote the apartment of 7. Note that there is a natural action
of F on %(G, k) and that since T is k-rational, the apartment < (T') is F-stable.

The setting of the rest of the paper. With the exception of Section Bl we will take G to be an
inner form of GL,, defined over k. Let o € Gal(k/k) denote the Frobenius which induces the
gth-power automorphism on the residue field Fq. Abusing notation, we also let o denote the map
GLn(I::) — GLn(l::) by applying o to each matrix entry. The inner forms of GL,, are indexed by
integers 0 < k < n — 1; fix such an integer. Throughout the paper, we write k/n = ko/ng where
(ko,no) = 1, and we set k = kon/. We will define (Definition ETT]) a particular element b ox
with valdet(bcox) = k and set G = Jp,., (the o-stabilizer of b.ox) with the k-rational structure

induced by the Frobenius
F: GLy(k) = GLay(k), g beox0(9)bome-

Note that G'= GLyy/(Dyy /), Where Dy, denotes the division algebra over k of dimension ng
with Hasse invariant kg/ng. Let T' denote the set of diagonal matrices in G. Let = be the unique
point in the intersection .« (T)) N %B(GLy, k)F. Note that T'(k) is isomorphic to the multiplicative
group of the unramified degree-n extension of k.

If k has characteristic p, we let W(A) = A[w] for any F-algebra A and write [a;];>0 to denote
the element .., a;w' € W(A). If k has characteristic zero, we let W = Wo, Xspeco, Speclky,
where Wop, is the O-ring scheme of O-Witt vectors [FE18|, Section 1.2]. Following the notation
of op. cit. we write the elements of W(A) as [a;];>0 where a; € A. We may now talk about W
uniformly, regardless of the characteristic of k. As usual, we have the Frobenius and Verschiebung
morphisms

o: W — W, [ai]izo — [ag]izo,
V:W—)W, [ai]i20|—> [0,&0,@1,...].

For any h € Z>¢, let W), = W/ VMW denote the corresponding truncated ring scheme.

Summary of the schemes. We give an overview of the various schemes appearing in this paper.
We hope this will be a helpful reference point for the reader. In Section Bl we define in a very
general setting three schemes Sy, Xj, and X (b, w) (Definitions B.I.Tl BI.1l B:2.1). We then
define (Definition B.31]) a stratification for S indexed by certain twisted Levi subgroups of G,
and use this to define a corresponding stratification for X} (Definition [3.3.2)).

In Section Ml we study these varieties in the special case that G is an inner form of GL,
corresponding to the fixed integer k. We comment that in this paper, the role of X} (b, w)
as an alternative viewpoint to Xj (Section [LH). For most of this paper, we implicitly use
the identification X; = Xp(bcox, beox), but our calculations in Appendix [Al require us to take
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advantage of an isomorphism X, = X, (b, beox) for a different choice of b. This flexibility has
been proven to be very useful—as an additional example, see [CI20)].

For our chosen inner form G of GL,,, the Drinfeld stratification of Sy, X}, is indexed by divisors
r of n’ (Definition £3:2)). We will define subschemes S ,(LT) C Sp and X f(f) C X}, which form the
commutative diagram

S A——

L]

X" —— x,

where the vertical maps are quotients by an affine space. The rth Drinfeld stratum (4.1]) of X},
is
X=X Y xY
rls|n’,r<s
and its closure in X}, is X }(LT). In Section [4.4], we give a description of X}, in terms of Drinfeld
upper half-spaces and a finite-ring analogue of an isocrystal. The unique closed Drinfeld stratum
is X}, n/; specializing Lemma [3.333] we have

Xpw=X""= || ¢ XL
where X! = Xj, Nker(G, — Gy).

3. THE DRINFELD STRATIFICATION

In this section only, we let G be any connected reductive group over k which splits over k.
Let F' denote a Frobenius associated to the k-rational structure on G. Fix a k-rational, k-
split maximal torus T C G, let z € & (T) N B(G, k)F, and let G20 be the attached parahoric
model. The Op-scheme G, has a Moy-Prasad filtration [MP94,Yul5| given by a decreasing
series of normal subgroups G, C G, for r € R>¢ and we furthermore define the subgroup
Gx,r-‘,— = US>T’Gx,s of G:c,r-

Let h > 1 be an integer. There is a smooth affine group scheme Gy, over F, such that

Gu(Fy) = G2 0(Ok)/Go (n-1)+(Ok),  Gu(Fy) = G2.0(Op) /Gy (n-1)+(Oy)

(see |CI19al Section 2.5] for more details). Following [CI19al, Section 2.6], for any closed subgroup
scheme J C G}, we may attach a subgroup J, C Gh,Fq- For any integer 1 < s < h, we write
5= ker(J, — Js).

Pick a k-rational Borel subgroup B C Gj, containing 7" and let U be the unipotent radical of
B. The subgroups T'C G, U C Gy, have associated subgroups Ty, C Gy, Uy, C thq such that

Th(Fq) = (T'(k) N Gz 0(Ok))/(T(k) NGy (1-1)+(Ok)),

Tu(F,) = (T(F) N Gea( O/ (T(R) 1 G o1y (Op))

Un(Fy) = (U(k) N Gan(O)/(UR) N G -1+ ()

(Note here that Uy, is defined over F, but may not be defined over F, as U may not be k-rational.)

3.1. The schemes 5; and X;. The central object of study is Xj:
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Definition 3.1.1. Define the F,-scheme
Xy i={2€Gyp: 27 'F(x) € Up}/(U, N F~L(Uy)).
X}, comes with a natural action of G (IF,) x T (F,) by left- and right-multiplication:
(g,t) - = = gat, for (g,t) € Gp(Fy) x Tr(Fy), x € Xp.
In some contexts, it will be more convenient to study Sp:
Definition 3.1.2. Define the F,-scheme
Spi={z€Gyp: 27 'F(x) € Uy}

So, S}, is the closed subscheme of Gy, obtained by pulling back Uy, along the (finite étale) Lang map
Gn — Gp, g — g~ 1F(g). Note that Sj, comes with the same natural action of G,(F,) x Tp(F,)
as Xy,

Observe that since U, N F~1(Uy,) is an affine space, the cohomology of X}, and S}, differs only
by a shift, and in particular, for any 6: Ty (F,) — @ZX , we have

H (X, Q)[0] = H(Sh, Qo)[f)]
as elements of the Grothendieck group of Gy (F,).

3.2. The scheme X}, (b,w). In this subsection only, we further assume that G is quasisplit over
k and B C G is k-rational. In this section, we write 0 = I for our g-Frobenius associated to the
k-rational structure on G. Note that by assumption, the unipotent radical U of B is o-stable.

)

Definition 3.2.1. Let b,w € G(k). Assume that b, w both normalized the subgroups G 0(Oy)

and Gy (h—1)+(0y,) of G(k), and additionally assume that w normalizes T'(k). Define the F,-
scheme

Xp(b,w) = {x € Gy, : 2 bo(x) € UpwUy}/Up,
where the condition 2~ 'bo(x) € UpwUy, means the following: For any lift Z € G of x € Gy, the el-
ement 7 1bo () is an element of (UNGa,0)w(UNG40)Gy (h—1)+ C G. More precisely, X, (b, w) =
Sp (b, w) /Uy, where Sp,(b, w) is the reduced F,-subscheme of Gy, such that Sy, (b, w)(F,) is equal to
the image of {z € G,0(0y) : 2o (z) € (U(k) N Gao(Oy))w(U (k) N Gr0(Oy))Ga 1)+ (Op)}
in Gp(F,). Note that X}, (b,w) comes with a natural action by left- and right-multiplication of
Gp(b) and Ty (w), where G(b) C G(F,) is the image of {g € G20(Oy) : bo(g9)b~" = g} and
Th(w) C Ty (F,) is the image of {t € T'(k) N Ga0(Oy) s wo(t)w™! = t}.

The next lemma is a one-line computation; we record it for easy reference.
Lemma 3.2.2. Let v € G30(0y). Then we have an isomorphism
Xp(b,w) = Xp(v 'bo(y),w), @ F
where 7 is the image of v in the quotient Gy (F,).

Lemma 3.2.3. Consider the morphism F: (Gp)g, — (Gp)g, given by g bo(g)b~t. If
’LUGL(]b_l = G0 and F(Up) = thb_l, then

Xh(b, w) = Xh,

where Xy, is the Fy-scheme in Definition [311 associated to the group scheme (Gh)Fq endowed
with the Fg-rational structure associated to the q-Frobenius F'.
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Proof. We have
X (b,w) ={z € Gy, : 7 F(x) € UpwlU,b~1}/Uy,
= {2 €Gy,: 27 'F(z) € UpF(Uy)}/Up
={z €Gp: 2 'F(z) € Up}/(Uy N F~'U,) = X O

3.3. The Drinfeld stratification for Sj,. Let L be a k-rational twisted Levi subgroup of G
and assume that L contains T'. Recall that a k-rational subgroup L C G is a twisted Levi if Lz is
a Levi subgroup of G. Note also that the condition that L contains T' forces L to be split over
k. Following [CI19al, Section 2.6|, the schematic closure L, in G is a closed subgroup scheme
defined over Q. Applying the “positive loop” functor to L, for each positive integer h we can

define a Fg-scheme Ly, such that Ly (F,) is the image of L,(Oy) in G(F,).
Definition 3.3.1 (Drinfeld stratification for S3). Define
S = {2 € Gy, : 2 'F(x) € (L, NUL)ULY,

where (Lj N Uh)U}L C Uy, is the subgroup generated by LL; N Uy and U}L (which is normalized

by Ly N Up). Note that the subscheme SF(LL) of Sy, is closed and stable under the action of
Gp(Fq) x Tp(Fq).

Definition 3.3.2 (Drinfeld stratification for X, Xj(b,w)). Define X}(lL) to be the image of

S,(LL) under the surjection S, — Xp. Recall that for any v € Gy 0(0y), we have Xj (b, w) =
Xn(y~'bo(y),w) via @ — 7 2. If F(Uy) = wUpb™", then X = Xj,(b,w); in this setting, let
Xp(y" 1o (), w)™) denote the image of XF(LL).

Another subscheme of Sj, which we may associate to the twisted Levi subgroup L C G is the
intersection
Sy, NLLGE = {z € LG} : 27 F(z) € Uy}
= {z € L,G}, : a7 F(x) € (L, NTU,)ULY,
where LhG}L denotes the subgroup scheme of Gj, generated by LLj, and G}L (which is normalized
by Ly). Note that S, NG} is stable under the action of Ly,(Fq)G} (Fy) x Tp(F,).

Lemma 3.3.3. Let L be a k-rational twisted Levi subgroup of G containing T'. Then

SF(LL) = |_| - (Sh N ]LhG}L)
YEGH(Fq)/(Ln (Fq)G}, (Fq))

Proof. Pick any u € Uy (F,)Us (F,). By surjectivity of the Lang map, there exists z € Ly (F,)G} (F,)
and y € Gy (F,) such that 27'F(z) = v and y ' F(y) = u. Then

(wy ) F(ey™) = ya T F(a) = F(y) ™ = yuF(y) " = yuu™ly ™ = L
Therefore zy~! € Gp(Fy). The assertion now follows from the fact that the stabilizer of Sy, O]LhG}L
in Gp(Fy) x Th(Fy) is Ly(Fy)GL(F,y) x Th(Fy). O

By Lemma [3.3.3] we see:
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Lemma 3.3.4. If L is a twisted Levi subgroup of G containing T, then for any character
6: Tp(F,) — Q, and for all i >0,

i D ~ 14 CR(EF i D
HC(S}(LL)a@Z)[H] = Ind]L:((F:))G}l(Fq) (Hc(Sh N LhG}n @6)[6])

4. THE cASE oF GL,

In this section, we study the varieties introduced in Section Bl in the special case when G is
an inner form of GL,. We emphasize that these varieties Sy, Xp, X (b, w)—at least a priori—
depend on a choice of Borel subgroup containing the torus at hand. From now until the end of the
paper, we work with the varieties associated with the Borel subgroup explicitly chosen in Section
We explicate (Section [.3)) the Drinfeld stratification for Sp, Xp, and certain Xp (b, w),
and give a description (Section {4) in terms of Drinfeld upper half-spaces and ¥}, C Wf”, a
finite-ring analogue of an isocrystal.

Let o € Gal(k/k) denote a lift of the gth-power Frobenius on the residue field F,. Abusing
notation, also let

o: GL,(k) = GL,(K),  (Mij)ijet...n = (0(Mi}))ij=1. .n-
For b € GLn(l::), let J, be the o-stabilizer of b: for any k-algebra R,
Jy(R) := {g € GL(R® k) : g"bo(g) = b}.

Jp is an inner form of the centralizer of the Newton point of b (which is a Levi subgroup of GLy,,),
and we may consider
GL,(k) — GL,(k), g+ bo(g)b~"

to be an associated g-Frobenius for the k-rational structure on J,. If b is basic (i.e. the Newton
point of b is central), then J, is an inner form of GL,, and moreover every inner form arises
in this way. If K = kL, (b) := val(det(b)) and b is basic, then Jy(k) = GLy/(Dy/p,) Where
k/n = ko/no, (ko,no) =1, and k = kon’. Note that the isomorphism class of Jj, only depends on
the o-conjugacy class [b] := {g~1bo(g) : g € GLy(k)}. Recall from Section B that for any positive
integer m and any [ € Z, we let [l],, € {1,...,m} denote the unique element representing the
coset | +mZ = [l]m + mZ.

Fix an integer 0 < K < n — 1. In the next sections, we will focus on representatives b revolving
around the Cozeter representative (Def LI and give explicit descriptions of the varieties Xj,
Xp(b,w), and their Drinfeld stratifications {X }(f)}, {X},(b,w)™}, where r runs over the divisors

of n’. The X}(LT),Xh(b,w)(’“) are closed subvarieties of Xy, Xj(b,w); we call the rth Drinfeld
stratum

Xf;“’\( U ij’)), Xh(b,w)(’")\< U Xh(b,w)“’)) (4.1)

r<r/<n’ r<r’'<n/
r|r'|n’ rlr'|n’

so that the closure of the rth Drinfeld stratum is X }(f), X (b,w)). We denote the rth Drinfeld
stratum of X3 by X, ;..
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4.1. Explicit parahoric subgroups of G. Set
diag(1,...,1,w,...,w) if (k,n) =1,

——— N —
P O 1 . n—k K
by 1= , and g, = ) )
Ip—1 O diag(tkgmgs - - - » thono)  Otherwise.
—_———

Note here that t, , is defined inductively in the sense that since (ko,ng) = 1, we take tx, », =
diag(1,...,1,w,...,w) to be the ng x ng matrix where the first ng — ko entries are 1’s and the
remaining kg entries are w'’s.

Fix an integer e, such that (e;,,n) =1 and ey, = ko mod ng. If x divides n (i.e. kg = 1),
we always take e, = 1.

Cr,n

Definition 4.1.1. The Cozeter-type representative attached to & is beox := by™" - tx n.

Define G := J,_,, with Frobenius

9 )

F: GLo(k) = GLo(k), g+ beoxo(g)bal

COX
and define T" to be the set of diagonal matrices in G. Observe that T" is F-stable and that T'(k)
is isomorphic to the multiplicative group of the unramified degree-n extension of k. Since T is
elliptic, the intersection < (T) N AB(G, l::)F consists of a single point x, and an explicit and direct
calculation of = yields that G o consists of invertible matrices (A; ;)1<i j<n Where

,,E{w if [ilng > [ilnos
TTVNVW i [ing < []ng-

For technical reasons, we will need to write down the relationship between the Coxeter element

bg“’" and the Coxeter element by. Define v to be the unique permutation matrix which a) fixes

the first elementary column vector and b) has the property that
by~ = by (4.2)
Note that one can express v explicitly as well: it corresponds to the permutation of {1,...,n}
given by
i [(i = 1)exn + 1n.

4.2. An explicit description of X}. The choices in this section are the same as those from
[CI20, Section 7.7]|. In the setting of division algebras, these choices also appear in [Chal8//Chal9].

Let Uup, Ulow C G}, denote the subgroups of unipotent upper- and lower-triangular matrices.
Define

U := v Uw, U™ =y U (4.3)
Let Uy, U, be the associate subgroup schemes of G;. By [CI20, Lemma 7.12|, we have an
isomorphism of F,-schemes

(Up N FU;) x (Uy N F71UL) — Uy, (9,x) — x 1gF(x). (4.4)
We will need a refinement of this isomorphism later (see Lemma [.31]). Define

L= (W@ (Wh—l)®n0_1)®nl'
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Write t,, , = diag{t1,...,t,}. Viewing any v € %}, as a column vector, consider the associated
matrix

A(v) = (Ul V2 U3‘ Un) ) (4.5)

where v, ,41], = wLko/mol . (po)i(v) for 0 < i <n—1. (4.6)

Lemma 4.2.1. We have
Xp={z€Gp:27'F(z) e U, N F(U;)}
={A\v) € G :v €L, and o(det A(v)) = det A(v)}.
Proof. The first equality holds by ([4.4]). The second equality is an explicit computation: in the
division algebra setting, see [Lus79, Equation (2.2)], [Boy12, Lemma 4.4], [Chal9, Section 2.1]; in
the present setting of arbitrary inner forms of GL,,, see [CI20, Section 6]. We give an exposition
of these works here.

By direct computation, Uy N F(U;) is the subgroup of G; consisting of unipotent lower-
triangular matrices whose entries outside the first column vanish:

UhmF(Ug)z{Cl_ )}
oo

Suppose that z € Gy, is such that 271 F(x) € U, N F(U, ) and let z; denote the ith column of z.
Then recalling that b = by""t, , and writing ¢, ,, = diag{t1,...,t,}, we have
F(z) = <ba(x1) ‘ bo(2) | - (ba(xn)) bl

t[_21—e,17n]b0-(x[2—€m,n}n)

t[_nl—e,i’n]bo'(x[n_eﬁ,n]n)> .

n).

Comparing columns, we see that each x; is uniquely determined by z; and that we have

-1
- <t[1_en,n}bo’(x[l_eﬁ,n}n)
On the other hand, we have

2(Uy NF(U;)) = (*

ZE2‘$3

-1
x[(n_l)em,n"l‘l}n = t[(n—Q)eK’n-Fl}nbo-(x[(n—2)em,n+l}n) (47)
-1 -1
= t[(n—2)eﬁ,n+1}nt[(n—3)e,~i,n+l]nba(ba(x[("_?’)emn‘f‘l]n)) (4.8)
-1 -1 -1 n—1
e e e, £ 0) ). (4.9)

Using Lemma [£.2.2] we now see that = A(x1), and finally, the condition o(det A\(x)) = det A(z)
comes from observation that 2! F(z) must have determinant 1. O

Lemma 4.2.2. For1<i<n—1,
i—1 '
H t[j@m,n‘i‘l}n = wLZkO/nOJ N
j=0
Proof. We prove this by induction on 4. If ¢ = 1, then by definition we have t; = 1, so this proves
the base case. Now assume that the lemma holds for . We would like to prove that it holds for
i + 1. This means we need to prove two assertions:
(a) If [(7 + 1)ko/no] > |iko/no], then te, . 11}, = @.
(b) If {(Z + 1)k0/n0J = I_iko/noJ, then t[iem,n"l‘l}n = .
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The arguments are very similar. For (a): Observe that |(i + 1)ko/no| > |iko/no] if and only if
no > [i€xnlny > no — ko since ey, = ko mod ng. But this happens if and only if [ie. , + 15, >
. = w by definition. For (b): Observe that [(i + 1)ko/no] =
liko/no] if and only if [ies n|n, = 1o Or [i€xnln, < no — ko. But this happens if and only if
[i€xn + 1]n, < no — ko, which means that tlicwn+1], = 1 by definition. O

no — ko, which means t,, 11

4.3. The Drinfeld stratification of X;. For any divisor r | n/, define L") to be the twisted
Levi subgroup of G consisting of matrices (A; ;)i<ij<n such that A;; = 0 unless i — j = 0
modulo rng. Note that L) = Resy,,, /k(GLT) and that every k-rational twisted Levi subgroup of

G containing 7T is conjugate to L for some r | n’. Let Lg) denote subgroup of Gy, associated

to L") and define
Up, =LOUL "D, Uy =LOU Ny
Lemma 4.3.1. The isomorphism of Fy-schemes (&)
(Up N FU,) x (Up, N F71UL) — Uy, (9,2) — z tgF(x)
restricts to an isomorphism
(U, N FU, ) % (Upp N F~ Up,) = Upy
Proof. This lemma is a refinement of [CI20, Lemma 7.12]. Recall that vU,~~! and yUgy_l are
the subgroups consisting of unipotent lower- and upper-triangular matrices in Gy. Recall also
that F'(g) = bg“’"tﬁ,na(g)t;%bg“’". Conjugating ([44)), which is proven in op. cit., we have
(YU N Ey (U7 ™) x (WU N Fy (v Uy ™) = v Uny

where Fy(g) = (bovteny ")o(g)(boyteny )"t Since yLMy~! = L) to prove the lemma, it
suffices to show that if (g,z) € (YUpy ' NFo(vU, v1)) x (WUpy ' N Ey t (yUpy™1)) is such that
A=a2"'gF(z) € yUp,~~1, then

(9,7) € Wy ' N (YU, ") X (WUhey ' NV Fy (Y UR ). (4.10)
Keeping the same notation as in [CI20, Lemma 7.12], write
1
) o 8 1 0 0 0
2 . a1 0 0
1
T = b:.ﬂ ba , g = ca 0 1
' : . 00
bp-11 bn—12 -+ bp—in—2 1 0 . 0 ... 0 1
0 0 0 1 n—1
Let yt,wﬁ_l = diag(s1, $2,- .-, Sp) so that we have
1 0 0 0 0
0 1 0 0 0
0 U(b21)82/81 1 0 0
Fy(x) =
0( ) 0 O'(b31)83/81 0(b32)83/82 1
: : 1 0
0 o(bp-11)sn-1/51 0(bp—12)Sn—1/s2 -+ 0(bp—1,n-2)Sn—1/Sn—2 1
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As in [CI20, Lemma 7.12], we see that the (i, j)th entry of gFp(x) is

1 if i = j,
0 if i <,

(9Fo(2))ij = L : (4.11)
Ci—1 ifi>5=1,

U(bi—l,j—l)si—l/sj—l ifi>j5>1.

We also compute the (i, j)th entry of 24 when A = (a;;);; € YUpy™':

1 if i = j,
0 if i < 7,
(wA)ij = i1 e (4.12)
bij + >y bikars +aij i j<i<n—1,
Gnj if j <i=n.

We now have n? equations given by (11 = (£IZ), viewed as equations in the variables b; ; and
¢;. Let Em, ¢;, @;; denote the images of b; ;, ¢;, a; ; in Wy. In particular, we have the following:

bn_17j_1 =0 <~ Uy j = 0, (4.13)
and for 1 < j <i<mn,
i—1
bi—l,j—l =0 <= bi,j + Z bi,kam +a;; = 0. (4.14)
k=j+1

Assume now that A € YUy, .y~ = ’y(]Lg)U}L NUp)y~t. Then @ ; =0 if rng {i — j. From ({I3)
we see that b,y ;1 =0if rngfn—j=(n—-1) - (j —1). We now proceed by (decreasing)
induction on . If 4,j are such that 1 < j < ¢ < n and rng { i — j, then necessarily either
rng{i—k or rng 1 k — j, and therefore each term in the sum on the right-hand side of ({14 is
zero, and so Ei—l,j—l =0.

We have therefore shown that x € W(LELT)U}L NUL)Y PN F1(yUpy™1). In particular, F(z) €
YUy~ Since ]LE:) is F-stable, we have that F(T) € ]Lgr) and therefore F(x) € ~(U, N
Lg)U}L)’y_l. Hence z € v(Up,» N F‘thw)fy_l.

(r)

Now since A,T € ]LY), we must have g € L;’. Since g € YUpy !

, we must have g €

’y(]Lg)U}L NUp)y~ ! = yUp,y ", and since g € F(yU;, v~1), we must have g € F(’y(Lg)U;’l N

U, )y~'). Hence g € yUy,,v ' N F(yU; v~ '). This establishes ({.I0) and finishes the proof of
the lemma. 0

Definition 4.3.2 (Drinfeld stratification for X}). For each divisor r | n/, we define
S}(LT) ={x €Gy: 2 F(x) € Up,},
X" = {2 € Gy a ' F(x) € Up,}/(Up, N F~U,)
={r€Gy:27 'F(z) €Uy, N FU, .},
where the second equality in X }(LT) holds by Lemma [3.3

Note that S }(lr) is the variety S}(LL) defined in Section B3] in the special case that G is an inner
form of GL,,, the twisted Levi L is L"), and U is the unipotent radical of the Borel subgroup
specified in Section By Lemma [£31] we can change the quotient in the definition of X }(lr)
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from Uy, N F_thm to U, N F~1U}, so that X}(LT) is the image of S}(LT) in Xp; that is, X}(LT)
as defined in Definition [1.3.2] agrees with the variety X f(LL) defined in B.3.2] in the special case
L = L"), Hence we have the picture:

S A—

Lo

X" x,

4.4. The Drinfeld stratification for the Drinfeld upper half-space. Consider the twisted
Frobenius beoxo: k%" — k¥, Then G(k) = Jp., (k) is equal to the subgroup consisting of all
elements of GL,,(k) which commute with b..xo. Now consider the subquotient of %" given by

i i= (W(F) © (VW1 (Fy)®™ )™ < Wi (F,)™"

and write .2 = lim, .Z},. The action of G(k) on k®" restricts to an action of Gz0(Of) on .Z
which induces an action of G (F,) on .%.

Now consider the n’-dimensional F-vector space V := % C F;en. The morphism ™% (b o)™
is a Frobenius automorphism of V' and defines a Fyno-rational structure on V. Observe that
G1(F,) is isomorphic to the subgroup of GL(V') consisting of elements which commute with
@ k0 (b eoxa)™0. For any divisor r | n’ and any Fnor-rational subspace W of V, consider

Q. gror 1= {[z] € P(V') : W is the smallest F nor-rational subspace of V' containing x}.

Note that Quygnor C P(V') is isomorphic to the Drinfeld upper half-space for W with respect to
Fynor. For any divisor r | n’, define

S = Qwgnor,
w

where the union ranges over all Fnor-rational subspaces W of dimension n’/r in V. The following
lemma records some easy facts.

Lemma 4.4.1. We have

(i) 1 = Qygro and Sy =P(V)(Fgn).
(it) If r | " | 0/ and W is a Fynor -rational subspace of V, then Qs nor S Qwgnor-
(iii) If r | ' | 0/, then /1 NS C A NS

Note that .7 is the classical Deligne-Lusztig variety for G;(F,) = GL,(F4n0 ) with respect to
the nonsplit maximal torus Ty(F,;) = Fy. [DL76, Section 2.2] and the variety X; when h =1 is
a F;n—cover of .#1. Hence for any h > 1, we have a map

Xh—>X1—>y1.

Lemma 4.4.2. For any divisor v | n’, the variety X}(LT) is the preimage of 1 N .7, under the
composition map Xp — X1 — A.

Proof. To prove this, we use the explicit description of X}, coming from Lemma 21}
Xp={A\v) € G : v € %, and o(det A(v)) = det A(v)}.
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By Definition £32] if v € %}, is such that A(v) € X}(Lr), then A(v)"'F(A(v)) € Uy, N FU, ,

which is equivalent to
F(A\(v)) = A(v)A, for some A € Uy, N FU,, .
Note that A = (a;;)1<i j<n has the property that

a;; =1, fori=1,...,n,
a;1 € Wy, if i =1 mod rny,
a;1 € VWy_1 C Wy, if ¢ 1 mod rng,
a;j =0 otherwise.

The first column of F'(A(v)) is the vector ™ (v). Therefore (@) implies that
o"(v) = Z a1\ (v); = v+ Z a; 1A (v);,
i=1 =2

where A(v); denotes the ith column of A(v). Recall from (&) that A(v)e,. 415, = H;;B t&iﬁ 1’
(bo)i(v). If [iexn + 1], = 1 modulo rng, then i = 0 modulo 7ng. Therefore, if v denotes the

image of v in £}, we have (using (£0)),
o™ (v) € span{v, @ " (b)) (b), @ 2*0 (b)) ¥ 0 (v), ..., TR (hg) (W =10 ()]

Since A(v) € Gy, necessarily v, @5 (ba)™™0 (v), ..., ="' =Drko (b)) (' =Drno(p) are linearly in-
dependent and therefore span a n’/r-dimensional subspace of .%j. This exactly means that
v € .1 NS, so the proof is complete. O

Remark 4.4.3. By Lemma [4.4.2] we see that for GL,, and its inner forms, the Drinfeld stratifica-
tion of X}, is induced by considering intermediate Drinfeld upper half-spaces of smaller dimension
embedding in IP’",nO .

q

4.5. The Drinfeld stratification of X} (b, w). In this section, we consider the varieties X}, (b, w)
in the special case

b= gobcoxa(go)_l for some gg € GLO(O];), and W = beox-
For any such b, recall from Lemmas and [3.2.3] that
Xh = Xh(bCOX7 bcox) = Xh(ba bCOX)7 (415)

where the second isomorphism is given by z — gyx, where g, is the image of go in Gp(Fy).
Therefore the Drinfeld stratification {X }(LT)} of X}, gives rise to a stratification { X}, (b, beox )™} for
Xn(b,beox). The proof of Lemma 453 shows that if 0™ (g,) = g, then the Drinfeld stratification
of X, (b,bcox) does not depend on the choice of gg.

Definition 4.5.1. Let b = gobeoxo(go) ™! € G(l::) for some go € Gy 0(0y). To each v € %,
define
vn)

where v; := wl(=Dko/m0l . (pr ) =1 (y) for 1 <i<n—1,

gp(v) = <vl ‘vz ‘ v3
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where we abuse notation by writing wl(—1ko/n0l . (h5)i=1 for the map %, — %, which takes v
to the image wl(=Dko/m0] . (b5 )i=1(%) in the subquotient .%j, of k®™, where ¥ is any lift of v in
2L C ko

Lemma 4.5.2. If b = gobeoxo(go) " for some go € G40(Oy), then

det b cox
det b

Proof. First note that one can obtain g3 . (v) from A(v) by permuting columns. In particular,

X (beox,beox) = Xp = {v € & : o(det gy, (v)) = det gy, (v) € Wy}

Xn(b,beox) = {v € L, : o(det gp(v)) = -det gy(v) € Wy}

Since Xp(bcox, Deox) = Xn(b,beox) is given by x +— gyx where G, denotes the image of gy in
Gn(F,), we have that X}, (b, bcox) is isomorphic to the set of gy - gy, (v) Where v € %), satisfies
the above criterion. By direct computation,
90 * Gbeox (V) = 96(Go - V),
and hence if o(det gy, (v)) = det gy, (v), then
a(det gy(go - v)) = o(detgo) - o(det go.., (v)) = o(det Go) - det gy, (v)
o(det gg) _ det b cox
eton(dov) = Z3py

det§0
Lemma 4.5.3. Let b = gobeoxo(go)™" for some gy € G20(0y) and assume that the image

- det gy(go - v). O

90 € Gi(F,) of go has the property that o™(gy) = gy Let v | n' be any divisor. For v € £, let v
denote its image in £. Then

det b cox
o(det gy, (v)) = “deth

0™ (v) € span{w *T (b)) () 1 0 < i < n — 1}

-det gp(v) € W)
Xh(bybcox)(r) 2ved: gb( ) 4
In particular, the Drinfeld stratification of X (b, beox) does not depend on the choice of gq.
Proof. Recall that
o(det gp.,, (v)) = det gy, (v) € Wy
Xh(bcom bcox)(r) =QvE fh : ik : " ’ .
o (v) € span{w " (boxo)" " (0) : 0 <i<n' —1}

By definition, every element in Xp (b, beoy )™ is of the form Gogs... (v) for some v € %, satisfying
the above criteria. Since Gygp.., (v) = g5(gyv) and since 0™ (g,) = gy, we have
To0™(0) € span{Gyw *O"(beoxa) ™0 (0) 1 0 < i < n' — 1},

But now gy k07 (b o) (0) = w07 (bg )0 (v) and therefore the desired conclusion follows.

0

Remark 4.5.4. In Appendix [Al we will work directly with a particular b called the special repre-
sentative in [C120] (see Definition [A.T.1lof the present paper). The special representative satisfies
the hypotheses of Lemma 5.3

5. TORUS EIGENSPACES IN THE COHOMOLOGY

We prove an irreducibility result for torus eigenspaces in the alternating sum of the cohomology
of X, NL{G},
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5.1. Howe factorizations. Let .7, denote the set of characters 0: W, (Fgn) — @Z . Recall
that if h > 2, we have natural surjections pr: W, — Wy | and injections G, — W} given by

x — [1,0,...,0,z]. For every divisor m of n, we have norm maps Nm: W, (Fgn) — W) (Fgm).
These maps induce
pr': T = Tnhs for K’ < h,
Nm*: . = Tnhs for m | n.

First consider the setting h > 2. By pulling back along G, — W}, z ~— [1,0,...,0,z], we may
restrict characters of Wy (IFgn) to characters of Fgn. We say that § € 7, is primitive if 0|g .

has trivial stabilizer in Gal(Fyn /Fg). If h = 1, then 6 € .7, 1, is a character §: F, — Q,, and we
say it is primitive if 6 has trivial stabilizer in Gal(Fyn /F,). For any h > 1, we write 7%, C Z,
to denote the subset of primitive characters. ’

We can decompose 0 € .7, , into primitive components in the sense of Howe [How77, Corollary
after Lemma 11].

Definition 5.1.1. A Howe factorization of a character 6 € %,h is a decomposition
d
0= Hﬂi, where 6; = pr* Nm* 69 and ) € 5,2i,hi,
i=1

such that m; < mjt1, m; | mip1, and h; > h;q1. It is automatic that m; < n and h > h;. For
any integer 0 <t < d, set 0y to be the trivial character and define

d
9215 = H@Z € ‘7717ht'
i=t

Observe that the choice of #; in a Howe factorization § = [[;_, 6; is not unique, but the m;
and h; only depend on 6. Hence the Howe factorization attaches to each character 6 € 7, ), a
pair of well-defined sequences

l=mg<mi<mo<---<mg<mgq1:=n
h=:hy>hy>hy>->hg>hge1:=1

satisfying the divisibility m; | m;+q for 0 <14 < d.

Example 5.1.2. We give some examples of the sequences associated to characters 6 € .7, j,.

(a) If 6 is the trivial character, then d = 1 and the associated sequences are
{mo,m1,ma} ={1,1,n},  {ho,h1,ha} = {h, 1,1},

where we note that 7, = %?1 since any character of Fy has trivial Gal(Fg/F,)-

stabilizer.
(b) Say h > h’. We say that 6 is a primitive character of level A’ > 2 if 9|Wh’(]F y =1 and
h \Fq"
o |W:;’1(Fqn) has trivial Gal(Fgn /IF,)-stabilizer. Then d = 1 and the associated sequences
are

{mo, m1,ma} = {1,n,n}, {ho, hi, ha} = {h, W, 1}.
In the division algebra setting, this case is studied in [Chal6l/Chal8|. For arbitrary
inner forms of GL,, over K, we considered minimal admissible 6, which are exactly the
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characters 6 € .7, j, which are either primitive or have d = 2 with associated sequences
{mo,m1,m2,m3} = {1,1,n,n},  {ho,hi,ha,h3} = {h,hi,h2,1}.
This is a very slight generalization over the primitive case.
(c) Say h > 2. Ife‘w}%(]}“qn) = 1 and the stabilizer of 0wy ) in Gal(Fgr /Fq) is Gal(Fgn /Fgm),
then d = 1 and the associated sequences are
{mo,m1,ma} = {1,m,n}, {ho, b1, ho} = {h,2,1}.
In the division algebra setting, the case h = 2 is studied in [Boy12,[BW16].
(d) Say h > 1. If 0|W}L(Fqn) = 1 and the stabilizer of §: F, — Q, is Gal(Fgn /Fgm), then
d = 1 and the associated sequences are
{m07m17m2} = {17m7n}7 {h07h17h2} = {h7171}

This is the so-called “depth zero” case.

5.2. Irreducibility. Recall that the intersection X N LELT)G% has an action by the subgroup
IL;LT) (Fy)G} (Fy) x Ty(Fy) C Gp(Fy) x Th(F,). In this section, we study the irreducibility of the
virtual Lg) (F,)G} (F,)-representation H}(Xp N LELT)G}L)[Q], where 6: Ty (F,) — Q/ is arbitrary.
We follow a technique of Lusztig which has appeared in the literature in many incarnations,
the closest analogues being [Lus04L[Sta09l/CT19a]. In these works, the strategy is to translate the
problem of calculating an inner product between two representations to calculating the coho-
mology of a third variety . This is done by first writing ¥ = X/ LU %", proving the cohomology
of X" gives the expected outcome, and then putting a lot of work into showing that the coho-
mology of ¥’ does not contribute. In the three works cited, one can only prove the vanishing of
(certain eigenspaces of ) the Euler characteristic of 3’ under a strong regularity condition on the
characters 6,60’. The key new idea here is adapted from [CI19D, Section 3.2|, which allows us to
relax this regularity assumption by working directly with ¥ throughout the proof. We give only
a sketch of the proof of Theorem [5.2.1] here, as the proof of [CI19b, Theorem 3.1] is very similar.

Theorem 5.2.1. Let 0,0": T\,(F,) — Q, be any two characters. Then

(H2(X, NL{Gh)le), H: (X, N LG o)) = #{we W, 0 =00Adw))},

. (r)
L{") (Fq) G (Fy) 0

where Wf;:) = NLl(lr-)(]Fq)(Th(Fq))/Th(Fq)'

Since W¥,, = Gal(Fn /Fynor), we obtain the following theorem as a direct corollary of Theo-
]LgLr) q q

rem [5.2.11

Corollary 5.2.2. Let 0: T, (Fy) = W (Fgn) — Q, be any character. Then the virtual Lg) (Fq)G} (Fy)-
representation H;(XhﬂLg)G}L)[H] is (up to sign) irreducible if and only if 6 has trivial Gal(F gn /Fgnor)-
stabilizer.

In the special case that r = n’, we have IL%"/) = T} and using Lemma [£.2.T] and Definition
[£3.2, we have that S), N T,G} is an affine fibration over

{x € TG} : 2 'F(z) € Up N FU;’I}.
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and that
XpNTWGh= || t-Xi  where X} = X, NG},
teTy (Fq)
Here we have
X} ={z €G}:27'F(z) €U, N FU; "'} (5.1)

Corollary 5.2.3. Let x: Th(F,) — Q, be any character. Then HX(X}E,Qp)x] is an irre-
ducible representation of G}Z(Fq). Moreover, if x,x' are any two characters of T}l(Fq), then

HE (X, Qo)[x] = Hi(X, Q)] if and only if x = X

Corollary £.2.3] follows from Corollary (by arguing the relationship between the coho-
mology of X}L and the cohomology of X N ThG,lL), but one can give an alternate proof us-
ing [Chal9l Section 6.1], which is based on [Lus79]. We do this in Section

Remark 5.2.4. Recall that specializing Lemma [3.3.4] yields that

v (1) 7 ~ Gn(Fq) * (Mm1 =
Hc (Xh 7@()[9] - IndLEf)(IFq)G}L(IFq) (Hc (Xh mLh Gha@@)[e])

We expect that H} (X }(LT) ,@Q,)[0] should be irreducible if 6 satisfies an appropriate regularity condi-

tion depending on 7. In the case r = n/, we prove in [CI19bl Theorem 4.1(b)| that H} (X,(LT) ,Q)[0)]
is irreducible if 9|11‘,11 (r,) has trivial Gal(Fgn /F,)-stabilizer. (This is more subtle than one might
expect—as an indication of this subtlety, we remark that we are only able to establish this
irreducibility for p > n.)

5.2.1. Proof of Theorem [5.2.1. Recall that by definition
SyNLVGL = {g e LI"GL : g7 'F(g) € Up,},  where Uy, = L"UL N U,

Consider the variety

20 = {(z,2',y) € F(Up,) x F(Up,) x LG} : 2F(y) = ya'}
endowed with the Tp,(F,) x Ty (F,)-action given by (¢,¢): (z,2',y) + (tat™ 1 ¢'a/t' = tyt'~h).
Then we have an isomorphism

Ly (Fq)GLE)\((Sh VLV G) x (Sn Ly G)) — 5,
(9:9") = (97" Fl9),d " F(¢'):97"9),

equivariant with respect to T (F,) x Tp(F,). To prove Theorem [5.2.T], we need to establish

D (1) dim H{(M, Qoo = #{w € W]&) 0 =0o0Ad(w)}. (5.2)

The Bruhat decomposition of the reductive quotient G lifts to a decomposition Gy, = |—|w6W(c Ghw,
“h

where Gy, = Uh']I'hw]K}lth and K} = (U;)l N u')_lU;’lu') [CT19al Lemma 8.6]. This induces the
decomposition
LG = || Gy,  where Gy} =Gp.,NL] G}

w
weW?¥ .
L{"

and also the locally closed decomposition

20 = || 50, where ) =N (F(Up,) x F(Up,) x G} )).
weWop
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We will calculate (5.2]) by analyzing the cohomology of
S0 = {(2, 2, y1,7, 2, y2) € F(Uny) X F(Upy) X Upp x Ty X K} x Uy, -
e F(y1mzys) = yrmzysa’}.
Since iﬁ,ﬁ‘) — 28), (x, 2", y1,7,2,y2) — (2,2, y172y2) is a locally trivial fibration, showing (5.2))
is equivalent to showing

: o 1 ifwe WH, and ¢ =60 o Ad(w),
D (U dim Hy(ED, Qo = Ln (5.3)

i 0 otherwise.
As in [Lus04l 1.9], we can simplify the formulation of S by replacing x by xF'(y1) and replacing
2’ by 2'F(y2)~!. We then obtain
= {(x,yl,T,z,yg) S F[Uh’r X th X Th X K}L X th : LZ'F(TZI)Z) c lewzygF[Uh’r}.

Lemma 5.2.5. Assume that there exists some 2 < i < n which satisfies the string of inequalities
[yiy~t(i)] > [yiy~ (i —1) + 1] > 1. Then 3, = @.

Proof. By the same argument as in [CI19b, Lemma 3.4], we may assume h = 1 and come to the
statement that X,, = @ if there does not exist (z,yi2,y21,7) € FUi, x (Uy, N FUl_m) x (U, N
FU;,) x Ty such that

W ryree (i) € yo F(U; NLY).
Therefore to prove the lemma, it is enough to analyze the intersection
[~} (U1, N FUY,) - FUL,F(@)] 0 [(Ur, NFUT,) - F(U; ALY)).
By construction (see {2), [@3), and write Fy(g) = bovteny ‘o (g)t, b0y t), we have
W™ (Ty N Uy, N FUL,) - FUL)F () 0 (Ur, 0 FUT,) - FUL,)
=y YT - (Uiow e N FoUup.1r) - FoUlow, 1) Fo (v ™ty ™)y
Y H(Uiow,1,r N FoUup 1) - FoUlow,1.0)7-
Now the desired result holds by [CI19bl Lemma 3.5]. O

The rest of the proof now proceeds exactly as in [CT19b, Section 3.3, 3.4], which we summarize
now. By [CI19bl Lemma 3.5], if 1 # w € W, e is such that ¥, # &, then U, N WU s
h
centralized by a subtorus of T} which properly contains the center of Gj. In particular, the

group
Hy, = {(t,t') € Ty x Ty : ™ "t F(t)w = t' 7' F(') centralizes Kj, = Unto ™' Upai}

has the property that its image under the projections 7y, mo: Tp x Ty, — Ty x Ty — T; contains
()

a rank-1 regulalﬂ torus. Crucially, H,, acts on %y, via

(1) (91,7, 2,92) = (F(OzF (@) F(yn F ()~ trat’ ™ ™ =L F( )y F () ™),

1We mean here that this torus is not contained in ker(a) for any root a of Ty the reductive group Gi. See [CI19b]
Lemma 3.7].
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~ ~H° _
and this action extends the action of Tp,(F,) x Ty(F,). Then H}(X,, Q) = H:(Eg“”ed,(@g) and
using [CI19bl Lemma 3.6, we can calculate:

S e _ {(ﬂrhu»F if () =,

%) otherwise.

Now (53) holds for all w # 1. To obtain (5.3) for w = 1, we may apply [CI19bl Section 3.4]
directly. We have now finished the proof of Theorem [(.2.1]

5.2.2. Proof of Corollary[5.2.3. Consider
St = {(z,2,y) € (U, N FU,") x (UL N FU,") x G} : 2F (y) = ya'}.
Then we have an isomorphism
GrF)\((Xn NTaGy) x (Xp NTxGy)) = =Y, (g:9) = (97 Fl9),g''F(g'),97'd).

Since G}L has an Iwahori factorization, any y € G,ll can be written uniquely in the form

— — -1
Y = Y1591 Y5, vy € U NFH(Up), vy € Uy N F~HU,),
y! € Ty - (U nFIUh, yy € U, N F1U}.

Then our defining equation becomes

e F(y1y291ys) = v1yay1va’.
By ([4), every element of Uy can be written uniquely in the form yj—1zF(y}). We also have
F(y4), 2" € U} N FU}:’l and we can replace 2’ by x'F(y5)~!. Therefore X! is the set of tuples
(@', .y, 9) € (UL N FU, ) x (UL N F-U0Y x (T, - (U, 0 FPI0LY) x (U0 F0))
which satisfy

Yiysr' € vy UnF (y5) F(yY) = UnF (y3) F ().
Now consider the subgroup
H = {(t,t') € T, x Tj, : t 1F(t) = ' L F (') centralizes Ty, - (U, N F71U1)).
It is a straightforward check that for any (¢,t') € H, the map
(3,91, 95) = (F(E) T F(), e sttt F(E) Ty P (E)

defines an action of H on X!. By explicit calculation, one can check that H contains an algebraic

torus 7 over F, and that the fixed points of ! under T is equal to T} (F,). We therefore have
1 ifx=x/,
0 otherwise,

dim H} (21, Qp)p-1,00 = {

and this completes the proof.

5.3. Very regular elements. Recall that we say that an element g € Tp(F,) = W, (Fypn)* is
very regular if its image in T, has trivial Gal(Fyn /F,)-stabilizer.

Proposition 5.3.1. Let 6: Ty(F,) — Q, be any character. If g € Ty (Fy) C IL;LT) (F,)G} (F,) is
a very reqular element, then
Te(g HX (X NIV = Y 0(a),
~yeGal(L/k)[n' /]



20 CHARLOTTE CHAN AND ALEXANDER B. IVANOV
where Gal(L/k)[n'/r] is the unique order-n’/r subgroup of Gal(L/k).

Proof. Let g € Ty, (F,) be a very regular element and let ¢ € Tj(F,) be any element. Since the

action of (g,t) on X, N Lg)([}}ll is a finite-order automorphism of a separated, finite-type scheme
over [Fyn, by the Deligne-Lusztig fixed point formula,

T ((9,0)%5 HE (X0 N LGHB]) = T (s ) HE (XN LVEL ) 6])

where g = gs9, and t = tst,, are decompositions such that gs,ts is a power of g,t of p-power
order and gy, t, is a power of g,t of prime-to-p order.

Recall from Section that every element = of Xj N L;LT)G}l is a matrix that is uniquely
determined by its first column (1, z9,...,x,). Furthermore, we have an isomorphism

Wi (Fgn)* — Tp(F,),  t— diag(t,o'(t), 02 (t),...,c" V1)),

Under this identification, for g,t € Tj(F;), the element gzt € X3 N L?G}L corresponds to
the vector (gtx1,o(g)txs, o2 (g)txs,. .., o " Vi(g)tz,). In particular, we see that if z € (X, N
L;LT)G}l)(g’t), then (for any i = 1,...,n) z; # 0 implies t = ¢~/ (g)~1. Using the assumption
that g is very regular and therefore g5 has trivial Gal(L/k)-stabilizer, this implies that (X, N
L%T)G,ll)(g’t) exactly consists of elements corresponding to vectors with a single nonzero entry ;.
Now, if 7 # 1 modulo ng, then the corresponding = cannot lie in X}, as then det(x) ¢ W (F,)*.
On the other hand, if 4 = 1 modulo ng and i # 1 modulo ngr, then the corresponding x cannot
lie in IL;LT)G}L. Ifze XpN ]L;LT)G}L corresponds to (0,...,0,2;,0,...,0) for some i = 1 modulo
nor, then z; can be any element of W, (Fg»). Hence:

byTy(F,) if t = o0~ Di(g)~! for some i = 1 mod ngr,

%) otherwise.

(X (LG 01 = {

Furthermore, for gy, t, € Ty(F,) and bjz € (X, N Lg)G}L)(gS’tS),
Gu - 6x ly = bé(baigubé)xtu = bé(a(i_l)l(gu)ﬂftu)-
We are now ready to put all the above together. We have

Te(g; HZ (X, N L GL)[6))

1

- 0(t) " Tr((g,t); H (X, N LGl

ey 2 OO T B X L)
n(Fq)

1 B . )
=g 2 0 YT ((gu, tu); HE (X NLGE)95:8)))
#Th(Fq) €T
h(Fq)

1 . - ”
:m Z 9(0(1 l)l(gs)) Z 0(ty) 1Tr((gu,tu);Hc(bO’]I‘h(Fq)))
n¥a) Jsizn fueTl (5y)
1=1 (mod nor

D DG 70 I SR RS SR A Cean U PRIy

#Th(Fq) _ 1<i<n tuET}L(]Fq) 0": Th(Fq)—Qy
1=1 (mod nor)
= Y Ve ) = Y o). -

1<i<n a n'/r
i=1 (mod nor) 7eGallL/k)lr' /r]
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Remark 5.3.2. The notion of very regularity can be generalized outside the setting that G is an
inner form of GL,,—in [CI19a) Section 5, Definition 5.1 and Theorem 5.3|, we define a notion of
being unramified very regular and establish a character formula for H*(X},Q,)[6] on the locus
of such elements. The same analysis as in op. cit. can be performed to obtain a generalization
of Proposition [5.3.1] for arbitrary G: for any character 6: Ty (F,) — Q) ifge G20(0f) is an
unramified very regular element with respect to x such that g € T(Oy),

Tr(g; H; (X, NLyG}, Qp)[0]) = > 07(g)-
YENL, o(0,) (T)/(T(k)NGa,0(Ok))

6. THE CLOSED STRATUM IS A MAXIMAL VARIETY

Recall that X }(Lr) is the closure of the rth Drinfeld stratum and that the unique closed Drinfeld
stratum is the n’th Drinfeld stratum

X = X}(lnl = {2z €Gy:xto(x) e U}
Recall further that X }(Ln,) is a finite disjoint union of copies of X} := X }(Ln,) N G}L:
9€G1(Fq)

where [g] denotes a coset representative in G(F,) for g € G1(F,) = G,(F,)/G}.(F,). For any
character : Ty (F,) — Q,, we have an isomorphism of Gp(IFy)-representations

i n ~ Gp(Fq i n’ = .
H (X( 7@()[ ] = ndT:((]Eq))G,ll(Fq) <HC(Xf(L ) n ThG}mQZ)[H]) ) for all i > 0.

Let y := 9|11‘,11(]Fq)- As G} (F,)-representations,
Hﬁ(XﬁqﬂT%GbK@>W]éfﬁﬂﬁb@@hi for all i > 0.

The subvariety X} C X}, is stable under the action of I', := {(a,a™1) : @ € Tx(F,)} - (G (F,) x
T} (F,)), where the product is viewed as a product of subgroups of Gy, (F,) x T4 (F,). Observe that
Ly = Fr x (G (Fy) x T, (F,)) and note that 'y - ({1} x Ty(Fy)) = Gp(Fq) x Tp(F,). Therefore

In dGh(Fq)XTh(Fq)(HZ(Xh,@Z @Hz X5, N ThGh)[G ]
0/
where ¢ ranges over all characters of Tj(F,) which restrict to x on T}(F,). The action of
(¢,9.t) € Fiu x (G} (Fy) x T}(Fy)) =T, on z € X} is given by
(C.9.t) xx = ((gzt)C,

where we view ¢ € F. as an element of Wy,(Fgn)* = Ty ().

6.1. The nonvanishing cohomological degree. Recall from Section [5.1] that any character
0: Tp(Fy) — @Z has a Howe factorization. For any Howe factorization 6 = H?Zl 0; of 0, define
a Howe factorization for y := 9|11‘,11(]Fq) by

d if hy > 2,

= i where y; 1= 0; and d' =
X .HX X i {d 1 ifhy=1.
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As in Section [5.1 although the characters y; are not uniquely determined, we have two well-
defined sequences of integers
IT=rmp<my <mg<---<mg <mgy1 <Mgy1:=n
h=:hyg>hy>hyg> > hy >hd/+1 :hd+1 =1

satisfying the divisibility m; | m;;1 for 0 <7 <d.
We state the main result of this section.

Theorem 6.1.1. Let x: T} (Fy) = W} (Fgn) — Q, be any character. Then

i — irreducible G} (F,)-representation if i = ry,
(0T = {O i .
X

where

ry =2(n" = 1) + 2e, + fy
d'—1 n

€x = ( . —1>(hd'—1)— <%—1> —(ho—hd’)+ZE(ht—ht+1)

myr lcm(md/ , o =0

U

= () ) 3 (2

Moreover, Frgn acts on HeX (X}, Qy) as multiplication by (—1)'q™/2.

The assertion about the action of Fryn on H(X},Q,)[0] is equivalent to saying that X} is a
mazimal variety in the sense of Boyarchenko-Weinstein [BWI6]; that is, #X} (Fyn) attains its
Weil-Deligne bound

HXFgn) =D (=1) Te(Fron; HU(XE, Q) < D ¢"/* dim Hi(X}, Q).
i>0 i>0

For easy reference later, we record the following special case of Theorem [6.1.1]

Corollary 6.1.2. Let x: TL(F,) & WL(Fpn) — Q, be any character with trivial Gal(L/k)-
stabilizer. Then
irreducible if i =1y,

0 if i # 7y,

d'—1
re=n(h—h) +h(n—2) +hg — (n—n')+ > mﬁ(ht — hes1).
t=1 't

H{(X,, Qo] = {

where
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Proof. The assumption that x has trivial Gal(L/k)-stabilizer is equivalent to the assumption
that mg = n. We see then that the formula for r, given in Theorem [6.1.1] simplifies as follows:

a—1
Ty = Q(n, — 1) + Z 2(% — 1) (ht — ht+1)
t=0

&—1
! ; ((mit - mzrl)(htﬂ —- (lcm(:lmno) - lcm(mzl,no)))

=2(n" = 1) —2(ho — hg') — (& — > N (lcm(ﬂ?llo,no) B lcm(n?d/,no)>

mo mgyr
n n iy n
—(2hg — hy) — hg —(hy — h .
+m0( 0 —hi) md/( &)+ ;:1 mt( t — hiy1)

Using the fact that hg = h and mg = 1 by construction, the above expression simplifies to the
one given in the statement of the corollary. O

6.2. Ramified Witt vectors. We give a brief summary of ramified Witt vectors, following
[Chal9, Section 3.1]. In this section, we assume k has characteristic 0. We first define a “simplified
version” of the ramified Witt ring W.

Definition 6.2.1. For any F,-algebra A, let W(A) be the set AN endowed with the following
coordinatewise addition and multiplication rule:

[aili>0 +w [bili>0 = [a; + bili>0,
i ¢4t
[ailio *w [bilizo = | X2 af "bi_; .
7=0 i>0
It is a straightforward check that W is a commutative ring scheme over F,. It comes with

Frobenius and Verschiebung morphisms ¢ and V.

The relationship between the ring scheme W and the ring scheme W of ramified Witt vectors
is captured by the following lemma. The key point here is the notion of “major contribution”
and “minor contribution”; this will appear in Lemma [6.3.3] and (implicitly) in Proposition [6.4.4]

Lemma 6.2.2. Let A be an Fy-algebra.

(a) For any [a1],...,[an] € AN where [a;] = [a;]i>0,
IT = II la|+wld,
1<j<n 1<j<n
w.r.t. W w.r.t. W
where [c] = [¢i]i>o for some ¢; € A[af}il ai”ln tip i <, eq,...,en € Z>gl.
(b) For any [ai],...,[an) € AN where [a;j] = [aji)i>0,
lal=1 D la]l | +wld,
1<j<n 1<j<n
w.r.t. W w.r.t. W

where [c] = [¢;]i>0 for some ¢; € Alarj, ... anj:j <1l
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We call the portion coming from W the “major contribution” and [c] the “minor contribution.”

6.3. Normed indexing sets. The group G}L is an affine space of dimension n?(h—1). To prove
Theorem [B6.1.1] we will need to coordinatize G}L, and we do this here by defining an indexing set
AT of triples (i,7,1). Our strategy for approaching Theorem is to perform an inductive
calculation based on a Howe factorization of the character x: Tj(F,) — @Z . In this section, we
will also define a filtration of A* corresponding to the two sequences {m;}, {h;} associated with

X-
The algebraic group G}L can be described very explicitly: it consists of matrices (A; ;)i<i j<n
where
(L A1) Aggo)s - Agh-n] €Wy, if i =,

Aij = [AG500 Ay Aigh—2)) € Waor if [i]ng > [d]ngs
[0, Agijnys Agig2)ys - Al € Wa if [ilng < [f]n, and @ # 3.
Here, we recall that for z € Z, we write [z],, to denote the unique representative of xZ/nyZ in
the set of coset representatives {1,...,n9}. We have a well-defined determinant map

det: G} — W},
In the way described above, G,ll can be coordinatized by the indexing set
1<4,j<n
AT = (i,5,1) € 293 : 0 <UL < h—21if [i]n, > [flno
1 <1< h=1if [ilng < [f]no

We also define:
A= {(i,,1) € A* i # j},
A= (g ) €A j =1}

The indexing set A corresponds to the elements of G}L with 1’s along the diagonal, and A~
remembers only the first column of elements of G with (1,1)-entry 1.

Definition 6.3.1. Define a norm on A™:
AT = Rso,
(1,7,0) — |(4,4,1)] :=1— j +nl.
Definition 6.3.2. For A\ = (i,j,1) € A", define
A= (4,i,h —1—1).
The following seemingly innocuous lemma is in some sense the key reason that the indexing

sets above allow us to carry over the calculations in [Chal9l Section 5| from n’ = 1 setting to
the present general n’ setting with very few modifications.

Lemma 6.3.3. Following the conventions as set up above, write A = (A; j)1<ij<n € G}lﬂ where
(1, Ay A €Wy ifi =,

Aij = [AG500 - AGjh-2)) € Whot if [i]ng > [dlne,
0, A j1ys - A jh-1)) € Wi if [ilng < [flng and i # j.
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Assume that for \1, Ay € AT, the variables Ay, and Ay, appear in the same monomial in det(A) €
Wy, for some h' < h.

(a) Then |A\1]+ [A2| < n(h —1).
(b) If | M| + |A2] = n(W — 1), then Ay = NY, where ¥ is taken relative to h'.

Proof. By definition,
det(A) = Z H Ai,’y(i) € Wh/(Fq).

YESn 1<i<n
Let | < W/ — 1. If K has characteristic p, then the contributions to the w'-coefficient coming
from v € S,, are of the form

n
[T 4600
=1
where (l1,...,1,) is a partition of [. Then
n n n
D 1, y(6), 1) =Y i — (@) +nli =Y nly=nl <n(k - 1). (6.1)
i=1 i=1 i=1
If K has characteristic 0, then the major contributions to the w'-coefficient coming from ~ are
of the form
n
e;
114600
i=1
where the e; are some nonnegative integers and where (l1,...,l,) is a partition of /. Hence

> 1, y(6), 1)] = nl < (k' —1). (6.2)
i=1

The minor contributions to the w'-coefficient coming from + are polynomials in [}, A?; (i)

where 1 + -+ + 1, < [ and the €, are some nonnegative integers. Hence Y i |(i,7(7),l;)] <
n(h' —1).

Suppose now that Ay = (i1, j1,11), A2 = (i2, j2,l2) € A" are such that Ay, and A, contribute
to the same monomial in det(M) € W7,. Then there exists some v € S, such that v(iy) = ji

and v(i2) = jo, and by Equations (G.I]) and (6.2),
IA1] 4 [A2] < n(h' —1).

Observe that if K has characteristic 0 and A; and A2 occur in a minor contribution, then |A;|+
|A2| < n(h'). This proves (a), and furthermore, we see that if [A1| + |[A2] = n(h’ — 1), then the
simultaneous contribution of Ay, and Ay, comes from a major contribution. But now (b) follows:
since the image of G}, under the determinant is W}, if [A1| 4+ |X2| = n(h’ — 1), then necessarily
the contribution of A; and Ay to the (A’ — 1)th coordinate of the determinant must come from a
transposition. O

Given two sequences of integers
IT=rmp<my <mg<---<mg <mgy1 <Mgy1:=n

h=thg>hy >hy> ->hgy >hgi1=hg1 =1
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satisfying m; | m;41 for 0 <i < d, we can define the following subsets of A for 0 < s,t < d:
Asi:={(,75,1) € Ari=j (mod my), i # j (mod mgy1), | < hy — 1},
‘As_,t = ./43715 N .A_.

We will need to understand which A € A are such that x) contributes nontrivially to the deter-
minant. We denote the set of all such A by A™", We may describe this explicitly:

APIn = (3 e A: Y € A} (6.3)
0<1<h—2if[iJny > [jln
=< (i,5,0) e A: 1 <1< h—11f [i]n, < [f]no
1 <1< h—=2if [iJn, = [f]n
For 0 < s,t < r, by considering v relative to h;, we may similarly define
‘g}én ={N € Ast: N € Asi}
0 <1< hy—2if [ing > [fln
= (i,4,1) € Agy - 1 <1< hy — 1if [i]ng < [f]no
1 <1< hy —2if [i]ng = [f]no
Define A;I’Smin = AT NAPR = A7, N AR Define the following decomposition of As_,;min:
Loy o= {(4,1,0) € A™™ :|(3,1,0)] > n(hy — 1)/2},
o = 1{(0,1,1) € A7 1 ](i,1,0)] < n(hy — 1)/2}.

For any real number v, define

r
s | oAme o Asmt e ATnam,
s=[v]
and observe that for 0 < s < r an integer,
j =1 (mod my)

0 <1< hy—2if [i]ng > [f]no
<1< by — L [i]g < [l

1<1< hy — 25 [i]ng = [f]no

gl;r,lt = (i7j7 l) €A

Lemma 6.3.4. There is an order-reversing injection Ls; — Jsy that is a bijection if and only
if A;;mm s even. Faplicitly, it is given by

I&t — js,t, (Z, 1,[) —> ([TL — 17+ 2]n7 1,ht -2 — l)

Note that #As_’gmin is even unless n and hy are both even.

Proof. 1f (i,1,1) € As_,;min, then by definition ¢ = 1 modulo mg and 7 Z 1 modulo mgy1. Thus
[n—i+42], =1 modulo mg and [n—i+2],, # 1 modulo ms1, which shows that (i,1,1) € A;{tmin
implies ([n —1i+2],,1,1) € A;;min. Since ¢ > 2 by assumption, we have i + [n — i+ 2], =n + 2
and

(5, 1,0 4+ [([n — i+ 2]n, 1, hy =2 = 1)| = n(hy — 1).
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Hence if (4,1,1) € T, then ([n —i+2],,1,1) € Js. It is clear that the map is a bijection if and
only if J, + does not contain an element of norm n(ht—1)/2. Such an element must necessarily be
of the form ((n+2/2),1, (hy —2)/2), which is integral if and only if n and h; are both even. [

6.4. The cohomology of X }L The purpose of this section is to establish the following result:

Theorem 6.4.1. For any character x: T}(Fy) — @Z,
_@q"fx/2

Gl (F i — ® _ n/2\ry \deg ifi=r,
Homg) (s, (Indyf ") 00, HA(XL Q) = {?z ((—g"/2)r)des if i =r,

otherwise.
Moreover, Fryn acts on HY(X},Qy) by multiplication by the scalar (—1)'q™/2.

This is a technical calculation which follows the strategy developed in [Chal9| (in particular,
see Sections 4 and 5 of op. cit.). We first rephrase space of homomorphisms in the statement
of Theorem in terms of the cohomology of a related variety. Every coset of G} /T} has a
unique coset representative g whose diagonal entries are identically 1. Over F,, we may identify
G} /T} with the affine space A[A] (the affine space of dimension #.4 with coordinates indexed
by the set A of Section [6.3). Then the quotient morphism G,ll — G}L / T}ll has a section given by

s: G},/Ty — Gy, (T(g0)650ea = (Tig)ij=1,..n
where
1e W if i = j,
Tijj = (200,500 T(ig)s - - Tagn-2) € Whot i [ing > [f]n,

(0,23, 4,1)s T(ij,2)s - - s Tijh—1)] € Wi if [i]ng < [d]ne and i # 3.
As in [Chal9, Section 5.1.1], there exists a closed F n-subscheme Y;! of G} such that Xj =
L;1(Y)}) which satisfies the condition that Fré(th) NFr)(Y,)) = {1} for all i # j. We are
therefore in a setting where we can invoke [Chal9, Proposition 4.1.1].
Define

B: (Gh/Ty) x Ty = Gy, (2,9) = s(Frg(2)) - g - 5(2).
The affine Fyn-scheme S71(Y}}) C (G} /T}) x T} comes with two maps:

pri: BT (V) = Gi/Ty = AlAL - pry: B71(Y,) = T
Recall from [Chal9, Lemma 4.1.2] that since the Lang morphism L, is surjective,

(@,9) €7(Y)) = s(@)-yeXn (6.4)

where y € T} is any element such that L,(y) = g.

Proposition 6.4.2. For any character x: T} (Fy) = W} (Fgn) — Q/, let L, denote the corre-
sponding Qy-local system on W}ll For i > 0, we have Fryn-compatible isomorphisms

OmelL(]Fq) n T}L(Fq)(x)v c( ha@ﬁ) - c( [ ]7 X)7

where P: A[A™] — W}ll 18 the morphism (x(i,l,l))(i,l,l)eA* — Lq(det(glﬁed(l,:ng,...,:En)))_l for
T = [iE(i,l,O), L(,1,1)5 - ’x(i,l,h—l)]'
Proof. By [Chal9, Proposition 4.1.1],

G}, (F i N ~ il a- *
Homgy ) ( Indzt) (00, HA(X0, Q0) ) = HAB™ (V). pr3 F),
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where F, is the rank-1 local system on ']I‘}L corresponding to x. By the same proof as [Chal9l

Lemma 5.1.1], 371(Y;!) is the graph of the morphism Py: A[A] — W} given by z — L,(det(s(z))) ™.

Furthermore, as morphisms on 5_1(Yh1), we have pry = i o Py o pry, where i: W}L — ']I'}L,aj —

diag(z,1,...,1). Therefore, as sheaves on pr; (3~ 1(Y}!)), we have prj F,, = Pfi*Fy, = P{Ly, so
Hy (B (V) prs Fy) = He(pry (871 (V). Py Ly)-

Next we claim that the projection A[A] — A[A~] induces an isomorphism pr;(871(V}})) —
AJA7]. Injectivity is clear: using (6.4]), we know that = € pry(871(V}})) if s(z) -y € X} for some
Yy € T}l. Since s(x)-y is uniquely determined by its first column, then s(x) is uniquely determined
by its first column, which is precisely the projection of = to A[A™]. To see surjectivity, we need
to show that for any x € A[A7](F,), there exists a y € T} (F,) such that gi*d(z) -y € X}.
Pick any y = diag(y1,0(y1),...,0(y1)) € Ti(F,) such that det(y) = det(gi*!(x))"'. Then
gl (z) -y € X, since gi*d(x) -y = gi*Y(ay1) and det(gi*d(z) - y) = 1 € Wi(F,). Under the
isomorphism pr; (371 (Y;!)) = A[A7], the sheaf Pj L, is identified with P*£,,, and the proposition
now follows. O

Note that the last paragraph of the above proof is a simpler and more conceptual proof
of [Chal9, Lemma 5.1.6]. To calculate H:(A[A™], P*L,), we will use an inductive argument on
affine fibrations that relies on iteratively applying the next two propositions:

Proposition 6.4.3. For 0 <t < d', we have Frgn-compatible isomorphisms
) - i * ~ 3 - i * d
HUALAZ"], PP L) &2 HUAIASN] PP Ly, e @ ((—2)%0) 0,
where e; = #(A;ﬁin ~ A;ﬁfl)
Proof. The proof is the same as the proof of [Chal9, Proposition 5.3.1]. We give a sketch here.

By definition, x>; = x¢ - X>t+1 and x; factors through the norm map W,llt (Fgn) — Wilu (Fgme).
Let pr: W}Lt — W}Ltﬂ. Since P: A[A;frtlin] — W}Lt factors through Lgm., this implies that

P Ly, =P Ly, @ P'pr*Ly. ., = QX P Ly
where Q, is the constant sheaf on A[.A;f;in ~ A;;?fl] and P*L,., , is the pullback along
P: A[A;f;rl] — W}ltﬂ. The conclusion then follows from the Kiinneth formula. O

Proposition 6.4.4. For 0 <t <d' — 1, we have Frgn-compatible isomorphisms

HUAAZEE) P Ly ) 2 BUALASY 1] P Lo, )2 ] @ (g,
where fi = #(AST N A5 ) = #A
Proof. By replacing [Chal9l Lemmas 3.2.3, 3.2.6] with Lemmas [6:3:3] [6.3.4] the proof of [Chal9l

Proposition 5.3.2] applies. (The proof is quite technical; simpler incarnations of this idea have
appeared in [Boy12|, [Chal6], [Chal§].) O

Proof of Theorem [6.4.1 By Proposition [6.4.2] we need to calculate HX(A[A™], P*L,). Since
P(AJA™ N A™™In)) = {1} € W} and #(A~ ~ A7™0) = n/ — 1, we see that

Hi(ALAT], P*Ly) = Hi(A[AT™™], P*L)[2(n — 1)) @ ((—¢"/?)*"=D)des,
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Using Propositions [6.4.3] and [6.4.4] iteratively, we have
H(A[AT™], P*Ly)

= Hé(A[Agbr%m]’ P*EXEO) (by def)

~ 77 —,miny % n/2y2e0 ) 48

= Ho(A[AS)] PL>1)[2e0] @ ((—q ) 0) (Prop 6.4.3))
~ 77l —,min * ®q"fo/2 n/2y fo+2eo deg

= HUALASTY"), P Lon)® ™ (o + 260] @ ((—g/2)for2) (Prop 642)

; 1 n ng
= HUALASTS™, P*£22)% " [fo + 2eo + )] @ ((—g"/2)for2e0te)) ™2 (Prop L)

and so forth until

~ ] —,mi % nfy/2

S HMASI ] Py V27 20 8 (a0,
where

Ix=lfo+fi+ -+ fao-1, ey =¢€g+er+ - +eg.

Since A>q @'+1 = @, now we have shown

. . . _ n de
HI(ALA™™™), P L) = Hi(x, Q)" + 20 ] @ (=) ht2) ™ (6.5)

Set ry :=2(n' — 1) + fy + 2e,. By Proposition [6.4.2] we now have

0 otherwise.

—gnfx/2
Gl (F o =\~ Q@ if i =1y,
HomG}l(Fq) <IndT£((F;Z))(X)7Hc(Xh7QZ)) = {QZ X

Moreover, since Fryn acts trivially on H.(A] ;arfliclr,l+1],P*£X>d,+l) = HO(x,Qy), then Fryn acts

by multiplication by (—1)"x ¢""™x/2 on the above space of homomorphisms.

To finish the proof of Theorem [6.41] we need only calculate ey, fy, ry. Unwinding the
definitions of indexing sets given in Section [6.3] we have, for 0 <t < d’,

2<i<n,i=1 (mod my)
AT — L (61,0) € Z83 0 0 < U< hy — 2if [i], # 1
B 1< 1< hy—2if [in, =1
2<i<n,i=1 (mod my)
AR =S (0,1,0) € Z%% 0 <1< gy — 21 [l # 1
1<1<hypy —2if [i]n, = 1

9

Therefore, we have

n .
eﬁzca—iym—hﬁg ifo<t<d —1,

ca = (= 1) (he 1) - (W -1).

For 0 <t <d — 1, we have

2<i<n,i=1 (mod my),i#1 (mod myy1)
s 3 (i1,0) € 299 0 <1< hysr —2f [i]ng £ 1
1< 1< hypq — 2if [i]ng = 1
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so that

ft:<£— n )(ht+1—1)—< " n ) O

me M lem(my, ng) B lem(my41,n0)

6.5. The nonvanishing cohomological degree. In this section, we use the results of the
preceding sections to finish the proof of Theorem[6.1.1l1 Observe that from Theorem [6.4.Tltogether
with Corollary £.2.2] we have the following:

Corollary 6.5.1. Let 7 be an irreducible constituent of HE(Z}L,@() for some r. Then
Homg: ) (m, HY(X}, Q) =0 for all i # r.

In particular, for any x: T}L(Fq) — @ZX , there ewists a positive integer s, such that

irreducible  if i = sy,
0 if T # 5y

Proof. This is the same as the proof of [Chal9, Corollary 5.1.3]. The irreducible G}(F,)-
Gy, (Fq)
Th (F,)

G}, (Fq) 15
HomG}l(Fq) (IndT}?(FZ) (X'),Hg(Xh,Qg)) £ 0.
Theorem [6.4.1] implies that » = 7, and that there are no G}L(Fq)—equivariant homomorphisms
from 7 to H:(X},Qy) for i # ry,. This proves the first assertion.
To see the second assertion, first recall from Corollary 5.2.2 that H(X},Q,)[x] is (up to
sign) an irreducible G}L(Fq)—representation. Therefore, we may apply the above argument to

HY (X}, Q)[x] and we see that if H?(X},Q,)[x] is a summand of Ind?%ggq; (x'), then
h q

HI(XL T = {

representation m C H? (X}, Q) is a summand of Ind (x') for some x’. Hence

irreducible if i =/,
0 otherwise.

HI(XL, Tl = {

Since the number 7,/ only depends on x, we final assertion of the corollary holds taking s, =
T ]

We see now that the upshot of Theorem is that we already know that HE(X}, Qp)[x] is
concentrated in a single degree s,. However, it would be much more satisfying—for many reasons,
computational, conceptual, idealogical—if we could pinpoint this nonvanishing cohomological
degree. Taking a hint from the proof of Corollary [6.5.1], one strategy to prove that s, =y is to

— 1
prove that Ho.* (X}, Qy)[x] is a summand of Indgf’((gq)) (x). This is our next result.
h\taq
Theorem 6.5.2. For any x: T} (F,) — Q/,
G (F =
Homgy ) (Indg} (%) (0, H (2, Qo)) # 0.

In particular, s, = .

The proof of Theorem [6.5.2 is essentially the same proof as [Chal9, Theorem 6.2.4]. By
Frobenius reciprocity, it is enough to show

Homps ) (X, He¥ (X, Qp)[6]) # 0. (6.6)
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We will sometimes write T} = T,l%mq and G}, = Gilw,q’ X} = Xflw,q’ g%, and s, = sy? to
emphasize the dependence on n,q. It is clear that once (6.6]) is established, then by Theorem
.41 it follows that s, = r,. We first establish two lemmas. Just for these two lemmas, we

write Hi(X) to mean HE(X,Q,) for notational brevity.

Lemma 6.5.3. For any ¢ € F 5, with trivial Gal(Fgn /F,)-stabilizer and any g € T}, (Fy),

Tr ((6,1,9): HE (X)) = (~1)™x(g).

Proof. Recall that the action of ((,1,1) € T’y is given by conjugation. Observe that if = €
(X1 ©1Y then x = g,(v1,0,...,0). Furthermore, this forces vy € W} (Fyn). Therefore (X})(¢11) =
T}(F,). By the Deligne-Lusztig fixed point formula,

*. * _ 1 — * . *
Tr <(C,g, 1) ,HC(X;IL)[X]) = mm%q)x(ﬂ Ly ((C,g,t) s H (X}IL))

_ 1 —1 . T 1\(¢,1,1)
= > x(O)7 T (L g, ) HE((X
1

- m@% )X(lt)_1 Tr ((1797’5)*;HZ(T}L(IE‘Q))>
1

=——— >, x®O7 > XX®=x.

T; (F
i h( q) teT} (Fq) x': T} (Fg)—Q,

The conclusion of the lemma now follows from Corollary O

Lemma 6.5.4. Let pg be a prime dividing n. For any € F;po NF7 and any g € T} (F,),

n/pg,qP0

T (L1 HX T (X ) D).

sn/po,qp0
X

(=1 T (61,00 B (X)) = (-1)

Proof. Recall that the action of (¢,1,1) € T’y is given by conjugation. Observe that if = €
(X}l)(c’l’l), then x = gy(v1,...,v,) where v; = 0 for all ¢ # 1 modulo py. The map

f: (Xflz,n7q)(<717l) - Xflhn/p()vqpo

n/po,qPo

n7q
9y (U17 V2, .. ﬂ)n) = 9y (U17 Upo+15 V2po+15 - - - 7Un—po+1)

defines an isomorphism equivariant under the action of T}hn’  Fg) X ']I‘}m’ o) = T}L’n — (Fq) x
']I‘}m /p0,gP0 (Fq). (Note that the determinant condition on the image can be seen by observing
that the rows and columns of x := gzl’q(vl, ...,Vp) can be rearranged so that the matrix becomes
block-diagonal of the form diag(f(x),o!(f(x)),...,olPo=Dln(f(z))). Hence the determinant of
x is fixed by o if and only if the determinant of f(z) is fixed by oP0.)

By the Deligne-Lusztig fixed-point formula,

T ((C.0.0)" HE (X)) = Tr (19,05 HE (X)) 10),
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so that

T ((C0 ) HE (X)) = 2

#T;,(Fy)
1

- - -1 * % 1 (C,Ll)
= FEy teg(:F )x(t) Tr ((1,9,15) S HI(XE ) )[x])
1

#T}(Fy) t@%(‘;q) ( h,n/po,qP0 )

=T (1,9, )3 HZ (X 0 )X
The conclusion of the lemma now holds by Corollary O

S 7T ((Cg ) H (X))

t€T}, (Fq)

Lemma 6.5.5. Let x: ']I'}L(Fq) — @Z Assume that we are in one of the following cases:

(1) n>1 is odd and pgy is a prime divisor of n.
(2) n > 1 is even and py = 2.

Fiz a C € IE‘;,,O such that (¢) = F;po and consider the extension of x defined by

x(9) if q is even,

Y FS, x Th(F,) = Q,  (¢Fg) — na y 1/p0:0”
qPo h\tq 4 ((_1)5Xq+sx/1’0 O)Z'X(g) if q is odd.

Then
> X))t #o.
xEF:po Ny
Proof. This is the same proof as [Chal9, Lemma 6.2.6]. O

Proof of Theorem [6.5.2. The proof is exactly as in [Chal9, Theorem 6.2.4]. We give a sketch
here. Since X,ll’Lq = T} (F,) and hence for any x: T (F,) — Q,, we have

¥yl 0l
He* (X1,0)IX] = He (T (Fg)) IX] = x;
so Equation (6.6 holds for n = 1 and ¢ arbitrary. We induct on the number of prime divisors of
n: assume that for a fixed integer [ > 0, Equation (6.6]) holds for any Hi’:l p; and arbitrary q,
where the p; are (possibly non-distinct) primes. We will show that Equation (6.6]) holds for any

Hi’:o p; and arbitrary q. If n is even, let pg = 2; otherwise, pg can be taken to be anything. Let
X be as in Lemma [6.5.51 Then

~ — sy?
S R (1 g HE (X))
(m,g)E]F:pO X T} (Fq)

~ sn’q
— #(F X TH(F,)) - dim Homgs s ) (% HE (X0,,) )

~ _ n,q_ n/po,a’0
D Xt ()
(2,9)€F 1po X T}, (Fq)

X
z€F ~Fy

PO
sn/po,q

.TI' <(1717g)7HCX (Xflz,n/po,qpo)[x])‘
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By the inductive hypothesis together with Lemma [6.5.5] the second summand is a nonzero
number, and hence necessarily either the left-hand side is positive or the first summand is positive.
In either case, Equation (6.6) must hold. O

For the reader’s benefit, we summarize the discussion of this section to prove Theorem [6.1.1]

Proof of Theorem [611. By Corollary 5.2.2, we know that H} (X}, Q,)[x] is (up to sign) an
irreducible G} (F,)-representation. By Theorem [6.4.1], for any character x/,

G} (F i — ‘
Homqu)(In%f&j;(x’),HC(X}L,@Z))#0 — Q=g

As explained in Corollary B.5.1), this implies that if HY (X}, Q)[x] is a summand of IndérGl’ll((gq))(X’)
h\taq

for some x’, then
Hé(XfleZ)[X] 7é 0 <~ 1= Ty =: Sy.
By Theorem 652, we see that in fact we can take x' = x, and therefore the nonvanishing

cohomological degree of Hi (X}, Q,)[x] is in fact i = ry. The final assertion about the action of
Fryn on HoX (X}, Q)] = (1) H} (X}, Q,)[0] now follows from Theorem O

6.6. Dimension formula. We use Theorem [6.1.1] to give an explicit dimension formula for the
G} (F,)-representation H} (X}, Q,)[x].

Corollary 6.6.1. If x: T} (F,) & W} (Fgn) — Q, is any character, then
dimH!X(X,ll,@g)[X] _ q(n —n)(h—1)— an/2‘

In particular, if x has trivial Gal(L/k)-stabilizer, then

d-1

tog, (dim HI* (X}, Qo)) = 5 (nln = 1) = (har = 1) = (0 = 1) = 5 35 (he = Pus)).

Proof. By applying [Boy12, Lemma 2.12] to calculate the character of HoX(X},Q,)[x] at the
identity, we have
. T ra) —1)"
dim HeX (X, Qo) [x] = )\(#TZ@F) > x(t)- #Su,
P9 e (F)
where S1; = {z € X! (Fy) : o(Frgn(z)) = x -t} and X is the scalar by which Fryn acts on
HeX (X}, Qp)[x]. Suppose that € S;;. Then by the same argument as [CI20, Lemma 9.3],

det(bo(gy(x))) = t - det(b) det(gy(z)), which then forces t = 1. By construction, S11 = G} (F,),
so therefore

. r n #Gl (F ) -
dim HX (X} _ hIq _ ,(n2=n)(h=1)—nry /2
im B2 (5, QN = o 5 |

where we also use the fact that A = (—1)"™x¢™x/? from Theorem The assertion in the case
that x has trivial Gal(L/k)-stabilizer follows from Corollary O

7. CONJECTURES

7.1. Concentration in a single degree. Recall that from Corollary 5.2.2] we know that if
0: Tp(Fq) = W) (Fgn) — Q, is a character with trivial Gal(Fn /Fynor )-stabilizer, then the alter-

nating sum H} (X} N Lg)Gl,@g)[H] is (up to sign) an irreducible Lg)(Fq)G}L(Fq)—representation.
We conjecture that in fact these cohomology groups should be concentrated in a single degree.
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Conjecture 7.1.1. Let r | n' and let §: Tp(Fy) = W) (Fgn) — Q, be a character with trivial
Gal(Fgn /Fgnor )-stabilizer. Then there exists an integer i, such that

Hi(X, NLYGL Q)0 £0 = i=ig,.

In this paper, we proved this conjecture in the case r = n’ and in fact pinpointed the non-
vanishing cohomological degree g, (Theorem G.I.T]). We expect that a similar formula for dg,
is obtainable, where the methods in this paper can be used to reduce the determination of g
to a “depth-zero” setting. The hypotheses of Conjecture [Z.T.1] should be equivalent to saying
that the consequent depth-zero input comes from the 6y-isotypic part of the cohomology of a
classical Deligne-Lusztig variety (of dimension r — 1) for the twisted Levi L; , in Gy, where g
is a character of Ty (F,) = F,. in general position.

7.2. Relation to loop Deligne—Lusztig varieties. The varieties X}, are closely related to
a conjectural construction of Deligne-Lusztig varieties for p-adic groups initiated by Lusztig
[Lus79]. We call these sets loop Deligne—Lusztig varieties, although the algebro-geometric struc-
ture is still unknown in general.

In [CI20], we studied this question for a certain class of these sets attached to inner forms of
GL,,. We prove (see also [CI19bl Proposition 2.6]) that the fpqc-sheafification X of the presheaf
on category Perqu of perfect F,-schemes

X:R—{z € LG(R) : 2 'F(z) e LUR)}/L(UNF~'U)

is representable by a perfect Fq—scheme and that X is the perfection of
U omx
9€G(k)/Gz,0(Oy) h
We see that an intermediate step to understanding the cohomology of loop Deligne-Lusztig is to
calculate the cohomology of Xj,.

However, for various reasons, it is often easier to calculate the cohomology of the Drinfeld
stratification. For example, in [CI19b], to prove cuspidality of H.(X,Q,)[f] for a broad class of
characters 0: T'(k) — @Z , we calculate the formal degree of this representation, which we achieve
by calculating the dimension of H} (X ,(Ln/),@g)[ﬁ] from the Frobenius eigenvalues (see Corollary
[6.6.T)). In this setting, we can prove a comparison formula between the cohomology of X }(Ln/) and
the cohomology of X}, (see Section [[2.1.2).

We conjecture the following comparison theorem between the cohomology of X}, and its Drin-
feld stratification. In Section [[.2.T] we present evidence supporting the truth of this conjecture.

Conjecture 7.2.1. Let r | n' and let §: Tp(Fq) = W) (Fgn) — Q, be a character with trivial
Gal(L/k)-stabilizer. Let x := H\W%(Fqn) and assume that the stabilizer of x in Gal(L/k) is equal to
the unique index-ngr subgroup. Then we have an isomorphism of virtual Gy, (F,)-representations

H: (X5, Qp)[0) = H:(X,Q0)[0).
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Combining Conjectures [ 1.1l and [ 2Tl with Corollary 5.2.2] the above conjecture asserts that
as elements of the Grothendieck group of Gy (F,),

H (X3, Qp)0] = (~1)r He' (X, Q) 16]

(1Yo Tug®E) io. gl G
= (yermdl (7 (X LG TIB)).

7.2.1. Evidence. At present, we can prove Conjecture [[.2.] in some special cases. We discuss
these various cases, their context, and the ideas involved in the proof.

7.2.1.1. The most degenerate setting of Conjecture [[.2.1] is when G is a division algebra over
k. Then n’ = 1 and so the closed Drinfeld stratum X }(l"l) =X }(Ll) is the only Drinfeld stratum.
Additionally, we have that X}(Ln,) is a disjoint union of #Gy(FF,) copies of X,ll = XN G}L.
In [Chal9], all the technical calculations happen at the level of X} (though in different notation
in op. cit.), and using the new methods developed there, one knows nearly everything about the
representations H'(X}, Q,)[x] for arbitrary characters x: T} (F,) — Q, . However, the expected
generalization of these techniques extend not to H(Xj,Q,)[x], but to Hi(X }(Lr),@g)[x]—hence
one is really forced to work on the stratum in order to approach X} (at least with the current
state of technology).

7.2.1.2. Now let G be any inner form of GL,, (as it has been this entire paper, outside Section
B). We are close to establishing Conjecture [.2.1] when x = HIW}L (F,n) has trivial Gal(L/k)-

stabilizer. In this case, Conjecture [21] says that H} (X, Q,)[0] = H} (X }L’”,@)[G] as virtual
Gp(Fy)-representations. In [CI19b, Theorem 4.1], we prove this isomorphism holds under the
additional assumption that p > n. The idea here is to use a highly nontrivial generalization of a
method of Lusztig to calculate the inner product (H}(Xp,Q,)[0], H} (X, ,ﬁ"”,@)[ep in the space
of conjugation-invariant functions on G (Fy).

7.2.1.3. In Appendix[A]l we present a possible geometric approach to Conjecture [[.2.1] which has
its roots in the GLg setting of the proof of [Ival6, Theorem 3.5]. The idea is to study the fibers
of the natural projectiorE 7: X, — Xp_1. We can show that the behavior of 7=!(z) depends
only on the location of x relative to the Drinfeld stratification of Xp: If r is the smallest divisor
of n’ such that = € X}(Lr) (i.e.  is in the rth Drinfeld stratum X} , of X},), then there exists a
morphism
7 Hz) = |_| An1
Wi (F gnor)

which is a composition of isomorphisms and purely inseparable morphisms. Moreover, the action
of ker(WZ_l(IE‘qn) — Wz_l(Fqnor)) on 7~ 1(x) fixes the set of connected components. The crucial
point here is that the fibers of the natural map

X/ ker (W) (Fgn) = WETHE yujimor))) = Xn-1,r

2When G = GL,, then this is literally what we do in Appendix[A] When G is a nonsplit inner form of GL,,, in
order to get a shape analogous to the split case, we work with an auxiliary scheme which is an affine fibration
over Xy,.
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are again isomorphic to | | A"~! and therefore ker (W} (Fyn) — Wz_l(Fqn/(nor))) acts

Wit (F ynor)
trivially on the cohomology of X}

HY(Xp,,Qp) = H (Xp,r, Qp)

Using open/closed decompositions of X} via Drinfeld strata, we have that if 0 is trivial on
ker (W)~ (Fgn) = W) (F n/(on)), then

ker(W27 1 (Fgn )—>W27 ! (Fqn/(no )

H: (X5, Qp)[0) = H:(X,Q,)[6)

as virtual G, (F,)-representations. It seems reasonable to guess that if one can generalize Appen-
dix [Al to study the fibers of X} — X7, then one could establish Conjecture [[.2.1] using a similar
reasoning as above.

APPENDIX A. THE GEOMETRY OF THE FIBERS OF PROJECTION MAPS

In this section, we study the fibers of the projection maps X, — Xp_1. This is a technical
computation which we perform by first using the isomorphism X, = X} (b, beox) for a particular
choice of b which we call the special representative. This is the first time in this paper that we
see the convenience of having the alternative presentations of X}, discussed in Sections and
4.0l

A.1. The special representative. We first recall the content of Section in the context of
a particular representative of the o-conjugacy class corresponding to the fixed integer .

Definition A.1.1. The special representative bg, attached to s is the block-diagonal matrix of

size n X n with (ng X ng)-blocks of the form (1 0 Z) .
no—1

By [CI20, Lemma 5.6, there exists a go € G4,0(0Oy) such that by, = gobeoxa(go) L. Observe

further that since bgp, beox are o-fixed and by, = b7, = whn,
a"(90) = 9o
Therefore b, satisfies the conditions of Lemma 5.3l Recall from Section that we have
Xn = Xp(bsp,beox) = {v € L, : o(det gy, (v) = (—1)" ! det 9, (V) € Wi1, (A1)

where
Ly = (W, @ (VWj_q)®ro—1yen’ ¢ wn
9bop(v) = (v1 | v2]vs] - [on)
where v; = wl(=Dko/mol . (p ) 1=1(p) for 1 <i<n—1.

In this section, we will work with

X;mi={veZ o(detg, ) =detg,(v) € W)} (A.2)
where .i”,f is now the subquotient of W%ﬁl

L= (Wh @ (VW) &)@,
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and gy, (v) is defined as before. Note that (A.1l) differs from (A.2)) in that the former takes place
in G4,0/Gy (h—1)+ and the latter takes place in G 0/Gy n. A straightforward computation shows
that the defining equation of X ;{ does not depend on the quotient .,§fh+ /L = An

Observe that det gy, ((v) = Nm(() - det g, (Cv) where Nm(¢) = ¢ - o(¢) - 62(¢) -~ o™ ().
Picking any ¢ such that o(Nm(¢)) = (—1)""! Nm(¢) allows us to undo the (—1)"~! factor in the
defining equation in (AJ]). In particular, this means

Hé(X;T7@£) = Héﬂ("_"/)(Xh,@g), for all i > 0.

For each divisor r | n/, we define the rth Drinfeld stratum X ;{ . of X ;[ to be the preimage of Xj,
under the natural surjection X ;‘ — Xp.

A.2. Fibers of X;'T, — X}T—l .- For notational convenience, we write b = bs,. We may identify
chr = A1) With coordinates z = {xij}i<i<n,0<j<n—1 which we typically write as z =
(T, 1 h—1,%2h—1s- s Tph-1) € .,2”};"_1 x A™; here, an element v = (vy,...,v,) € f;‘ is such that
v = (2,0, %i1,- .., Tin) if i =1 (mod ng) and v; = [0, 20, Ti1,..., %y if ¢ £ 1 (mod ng).

In this section, fix a divisor r | n’. From the definitions, X }T , can be viewed as the subvariety

of X,J[_LT x A" cut out by the equation
0= Po(x)q — Po(x)

where Py is the coefficient of =1 in the expression det gmd( ). Let ¢ denote the polynomial
consisting of the terms of Py(x) which only depend on Z. An explicit calculation shows that
there exists a polynomial P; in x such that

no—1

Po(x) =c(@) + Y Pi(a). (A.3)
i=0
Therefore X};"T, is the subvariety of X}T—l , X A" cut out by
Py(z)7 — Pi(z) = ¢(Z) — ¢(3)2.
One can calculate P explicitly (see [CI20), Proposition 7.5]):

Lemma A.2.1. Explicitly, the polynomial Py is

q(j 1)ng
E: 5T 4 g (i—1),h—17

1<i,5<n’

where m := (m;;);; is the adjoint matriz of gy(Z) and T denotes the image of T in V = .,%/.,2”0(1).
Explicitly, m - g5(%) = det g5(z) and the (j,i)th entry of m is (—1)"J times the determinant of
!/

the (n' — 1) x (n' — 1) matriz obtained from Gy(T) by deleting the ith row and jth column.

The main result of this section is:
Proposition A.2.2. There exists an X;{_l .~morphism
M,: X5 o x A" — XF < A"

(the left A™ in terms of the coordinates {x;n—1}i—, and the right A" in terms of new coordinates
{zi}_ ) satisfying the following properties:

(i) M, is a composition of X,J[_l .-tsomorphisms and purely inseparable X,J[_l ,-morphisms.
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(i1) MT(X;;T) is the closed subscheme defined by the equation

z‘fnw —z1 =¢(Z) — c(2),

where ¢ is as in (A3).
(iii) M, is WZ_l(Fqn)-equivariant after equipping the left Xf—:_—l,r x A" with the Wz_l(lﬁ‘qn)-
action
1+ o a: Tih—1 Fr Tih—1 + Ti 00, foralll <i<mn,
and the right X}T_Lr x A™ with the WZ_I(Fqn)-action

21 + TrIE‘qn/Fqnor (CL) ZfZ - 1;
l+w" a2 29 +a ifr#n' and i = 2,

Zi otherwise.

In the rest of this section we prove Proposition [A.2.21 To simplify the notation we will first
establish the proposition in the case kK = 0 (i.e. G = GL,), and at the end generalize it to all .
The first part of the proof of Proposition [A.2.2]is given by the lemma below. Before stating it, we
establish some notation. For an ordered basis & of V and v € V, let vy denote the coordinate
vector of v in the basis Z. For two ordered bases #,¢ = {c¢;};—, of V, let M4« denote the base
change matrix between them, that is, the ith column vector of Mg« is ¢; . It is clear that

o My 5= M%}(ga

o for any v € V, Mg 4vy = v,

e for a third ordered basis & of V', one has M» My 9 = Mg .
For alinear map f: V — V, let Mz 4 (f) denote the matrix representation of f; that is, Mz 4 (f)-
vy = f(v)z. In V we have the two ordered bases:

& := the standard basis of V, arising from the basis {e;} of the lattice %,
By = {0 H(x)}1,, attached to the given x € X
We identify V' with FZ via the standard basis & and write v = vg for all v € V.
Lemma A.2.3. Assume k = 0. There exists an X}T_l -isomorphism X;L"_l , X A" = X}T_l . X A"

given by a linear change of variables x;p_q1 ~ a;;h_l, such that Py in the new coordinates xg’h_l
takes the form

7:.
P = ’,q ,7qn71 - -~ ,7‘1)\
1= 1t T gt T2+ Z Z Lst2—j,h—1)
5=0 A=i;+1

and the action of 1 + @' 1la € W}?_l(lﬁ‘qn) on the coordinates :17;7h_1 s given by

x! +a ifi=1,
TS (A4)
Tih—1 ifi > 2.

Proof of Lemma[A:2.3 We have to find a morphism C := (¢;;): X5 | — GL(V) = GLyp,
(this identification uses the standard basis & of V') such that the corresponding linear change of
coordinates

Tih—1 = ci,lxll,h_l + c,~72x/27h_1 + -4 ci,nx;%h_l, foralll <i<n. (A.5)



THE DRINFELD STRATIFICATION FOR GL, 39

brings P; to the requested form. Moreover, it suffices to do this fiber-wise by first determining
C () for any point & € Xij—l,r and then seeing that Z — C(Z) is in fact an algebraic morphism.

Fix & € X, | with image z € X;", and write C instead of C(%) to simplify notation. Let
C; denote the ith column of C. Our coordinate change replaces P, by the polynomial (after
dividing by the irrelevant non-zero constant det gy(z) € Fy)

1
n— n—1

Py = g (mi- C) + 2 (m2 - 0p(Ch)) + 275, (mg - 07 (Ch)) + - +$1qh 1(mn o, (Ch))

b g (ma - Co) + a5 (ma - 0y(Co)) + 254 (ms - 0} (Ca)) + - + 2%, L (my - o H(Cy))
+ N +

+ a5, g (ma - Oy )J’_‘Tnh 1 (ma - Ub(Cn))‘i‘x;{,thl(mS'Ug(cn))"’ +xnh Ly (my - oy (C))
(A.6)

in the indeterminates {«}, |} ,. Here, we write m; to mean the ith row of the matrix m
(adjoint to gp(x)) from Lemma [A.2.1] For z € V', we put

n

m*z = Z(ml - (b0) 71 (2))e;. (A7)

i=1
The intermediate goal is to describe the map m*: V' — V in terms of a coordinate matrix. Of
course, mx is not linear, but its composition with the projection on the ith component (corre-
sponding to the ith standard basis vector) is o'~ !-linear. Thus we instead will describe the linear
map (m#)': V — V, which is the composition of m# and the map 3, vie; = 3, 0~ (v;)e;.
This is done by the following lemma.

Lemma A.2.4. Assume k = 0. We have

1 0 0 0 0
1 0 0 0 o ')
o (y2) *
]\4(5_0,alr m*’ =
)= T
1 0 o~ (y, o) : *
1 U_(n_l)(yn—l) * o * *

where the y;’s are defined by the equation

(bo)" —v—i-ZyZ bo )

More precisely, if p; j denotes the (i,j)th entry of det(gb(:i))_lM&@z((m*)’), then for 1 <i,j <
n we have

1 ifji=1
_J)o ifi+j<n+landj>1
") o ) fi+j=n+2

pic1g+ o D (Gi)o" " (g i) ifi G > 43 and i > 3,
In particular, if i +j >n+3 and y;—1 = 0, then p; j = pi—1,;.
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Proof of Lemma[A27) Let z = > | 2i(bo)"!(x) be a generic element of V, written in %,-
coordinates, that is zg, is the n-tuple (z;)/;. The (4, 7)th entry of Mg 5, ((mx*)’) is equal to
o~ (=1 applied to the coefficient of o'~ 1(z;) in the ith entry of (bo)""'(2), (= the ith entry of
mz).

The coordinate matrix of the o-linear operator bo: V — V in the basis %,,

o 0 --- 0 1
Mox,_a,x(bd): 0 1 Y2
P
0 -+ 0 1 ypg
That is, for any z € V,
bo(2)z, = Mg, 2, (bo) - o(23,), (A.8)

where the last o is applied entry-wise. Explicitly, the first entry of bo(z)4, is o(z,), and for
2 < i < n the ith entry of bo(2)g, is 0(zi—1) + yi—10(2yn). This allows to iteratively compute
boi(z) for all i, which we do to finish the proof.

First, we see that z; can occur in the nth (i.e. last) entry of (bo)*~!(z)4, only if A > n; hence
its contribution to the ith entry of (bo)"=1(2)4, for i < n is simply 0°~1(21). This shows that
the first column of Mg 4, ((m*)") consists of 1’s. Assume now j > 2. Then there is a smallest
(if any) io , such that z; occurs in the dgth entry of (bo)©~1(2)4, . Note that as j > 2, one has
io > 2. Then z; must have been occurred in the nth entry of (b)) =2(2)g,. As z; occurs in 24,
in exactly the jth entry, and it needs (n— j) times to apply bo to get it to the nth entry, we must
have 49 —2 > n — j. This shows that the (4, j)th entry of Mg 4, ((mx)") is 0, unless i > n+2—j.
The same consideration shows that if ¢ = n + 2 — j, then ai_l(zj) has the coefficient y;_1 in
0, (2)5,. This gives the entries of Mg 4, ((m*)') on the diagonal i = n + 2 — j. It remains
to compute the entries below it, so assume ¢ > n + 2 — 5. Again, by the characterization of the
entries of Mg g, ((m*)") in the beginning of the proof and by the explicit description of how o
acts (in the %,-coordinates), it is clear that the (¢, j)th entry of Mg g, ((mx*)") is just the sum
of the (i — 1, j)th entry and o=~ (y;_1)o™ =Y ((n,j — 1)th entry). This finishes the proof of
Lemma [A.2.4] O

Now we continue the proof of Lemma Let € denote the ordered basis of V' consisting
of columns Cy, Cy, ..., Cy, of C. We have My, & = (det gp(z)) " m - C. In particular, to give the
invertible matrix C it is equivalent to give the invertible matrix Mg, . But the ith column of
Mg, « is the coordinate vector of C; in the basis %,, i.e., what we denoted C; »,. We now show
that one can find an invertible Mg, «, such that for its columns C; 5, we have

n

mxChg, = > €ex
A=1
ij
m* Coyo_jz, = >, € for s > j >0, (A.9)
)\:ij+1

m*Cjr g, =0 if j' > s+ 2.
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Taking into account equation (A.6) and the definition of mx in (A.7), this (plus the fact that
x +— Mg, ¢ will in fact an algebraic morphism) finishes the proof of Lemma [A.2.3] except for
the claim regarding the W,?_I(Fqn)-action.

To find Mgy, « satistying (A.9), first observe that by Lemma [A.2.4] there is some invertible
matrix S depending on € X, | (in fact, only on its image z € X;"), such that Mg 4, ((m*)')-S
has the following form: its first column consists of 1’s; its 7th column is 0, unless ¢ = n+1—1; for
some s > j > 0; for s > j > 0, the Ath entry of its (n+1 —;)th column is 1 if ¢; +1 < XA <44
(we put i541 := n here) and zero otherwise. (To show this, use the general shape of Mg g, ((mx*)")
provided by Lemma [A.2.4] and then consecutively apply row operations to it and use the last
statement of Lemma [A.2.4]). Moreover, it is also clear from Lemma [A.2.4] that S will be upper
triangular with the upper left entry = 1.

Secondly, let T' be a matrix such that: the first row has 1 in the first position and zeros
otherwise; all except for the first entry of the first column are 0; for s > j > 0, the (n+1 —1;)th
row has 1 in the (s + 2 — j)th position and 0’s otherwise; the remaining rows can be chosen
arbitrarily. Obviously, T" can be chosen to be a permutation matrix with entries only 0 or 1,
and in particular invertible and independent of z. Finally, put Mg, « := S -T. Explicitly the
columns of the matrix

Mg z,(mx)') - Mg, & = (Mg z,((mx)") - S)- T (A.10)

are as follows: the first column consist of 1’s; for s > j > 0, the the Ath entry of the (s+2—j)th
column is 1if ¢;+1 < XA <4541, and zero otherwise; all other columns consist of 0’s. On the other
side, the jth column of of Mg g, ((m*)") - Mg, « is precisely m  Cj g, (up to the unessential
o *-twist in each entry). This justifies (A.9).

The action of 1 + wha € W;LL_I(Fqn) on the coordinates x; j, is given by (z;4)i~; — (zin +
azip)?_,. We determine the action 1 + w"a in the coordinates a:;h Indeed, let C~1 =
(di j)1<i j<n- Then 1+ wha acts on x;h by

n n n
2= digrin Y dij(win+ario) =i, +ay  dijvio.
j=1 j=1 j=1
Organizing the x;j, for 1 <4 < n in one (column) vector, we can rewrite this as
1+ oha: (x;h)?:l — (:17;7;1)?:1 +aC™ ! .
We determine C~1- 2. As My, & = det(gy(z))*mC = gp(z)~1C (as det(gy(z))~tm = gy(x)™1),
we have C~! = M;ji < 95(z)"1. But z is the first column of g(z), thus
€t oo = M3 gl w = ML (10, O,

so C~1.x is the first column of Mo_?i v = (ST)~! = T~1S~1. But S is upper triangular with upper
left entry = 1, so the first column of M;?i  is the first column of T, which is (1,0,...,0)T.
This finishes the proof of the lemma. O

The second part of the proof is given by the following lemma.

Lemma A.2.5. Assume k = 0. There exists a X,J[_l .-morphism X}T_l , X A" — X}T_l , X AT
such that if {z;} denotes the coordinates on A™ on the target A", then the image of X}'L"T in
X}T_Lr x A™ and the action of W™ (Fyn) on z; are given by Proposition[A.2.4(ii), (iii). Moreover,
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such a morphism is given by the composition of the change-of-variables x!, , and purely inseparable
morphisms of the form xg’h_l > x;;q:lj for appropriate i, j.
/

s+2—j
A

Proof. If r = n, this is literally Lemma [A.2.3] Assume r < n. First, for s > j > 0, replace x
/,qijJrl
s+2—j°

for appropriate 2 < ¢,d < s+ 2 and A (essentially following the Euclidean algorithm to find the
ged of the integers (i;41 — ;) (this ged is equal to 7)), we transform P; from Lemma [A.2.3] to

n—1 ) r—1 )
_ 1q" 1,q"
P = E :xlﬁ'+'§ :$2ﬁ‘
i=0 i=0

As these operations does not involve z1 ;, the formulas (A.4) remain true. Now make the change

by x Then, by applying a series of iterated changes of variables of the form z/, =: 2/, + xfi’q

the form

1 1 F-1 1,q™7 . . 1 i

U r 4 [ _ r q
of variables given by z1 := Ty p+ > J=0 T1p and zo := Typoq- In this coordinates, Py = >, _ #{
and the action is as claimed. O

We are now ready to complete the proof of Proposition [A.2.2]

Proof of Proposition[4.2.2 Combining Lemmas [A.2.3] and [A.2.5] we obtain Proposition [A.2.2]in
the case k = 0. Now let k be arbitrary. It is clear that the proof of Lemma[A.2.3]can be applied to
this more general situation. One then obtains the same statement, with the only difference being
that now our change of variables does not affect the variables x; 1 for i # 1 mod ng (these are
exactly the variables which do not show up in P;). That is, the right-hand side X ;:_1 , X A" will
have the coordinates {xg’h_lz i=1 modng,1 <i<n}U{zp1:7%1 mod no,i <i<n}
and the polynomial defining X }T , as a relative X ij—lm hypersurface in X }—:_—177’ x A™ is

(/1) s ij41 N

— 1,q™0 1,qmotm = 1,q™0

Pr=ayp oy, ety +§: §:$ﬁ%mmv
=0 A=i;+1

and the WZ_I(IE‘qn )-action is given by

:E/Lh_l +a ifi=1

h—1

14+ a:xy, =S ah, ifi=1 modngandi>1

Zin—1 +x0a0 ifiZ1 mod ng.

We now apply the change of variables replacing x;,_1 by :17;7h_1 = Tp_1 — xi,ozn’l’h_l for all
i Z1 mod ng. This exactly gives us Lemma [A.2.3 for arbitrary x (the only difference being the
g™ -powers occurring in P;). Now Lemma [A.2.5] can be applied as in the case k = 0, and this
finishes the proof of Proposition [A.2.2 O
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