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ABSTRACT

The final size of an oil pool when a volume V of oil is released
over a rough ice surface has been investigated in a statistical way.
The permafrost relief where the spill might occur has been characterized
by a parametered family of power density spectra along with the
variance of the roughness. A simple concept of "most probable pocket"
has been developed, directly connected to the peak of the power spectra.
And finally, the two first statistical moments of the oil pool have
been related to this "most probable pocket" through very simple
relationships, both when the oil spreading phenomenon is one and two-
dimensional.
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NOTATIONS

D(a,b;T) Joint frequency distribution of the values of h at two
different points separated by the interval T .
f Linear frequency.

Frequency position of the peak in the one-dimensional power

no
spectra.
h Denotes the variations in altitude of the ice surface; often
refereed to as "roughness'. h(x) 1in the one-dimensional
case, h(x,y) in the two-dimensional one, such that <h> =0 .
h+ Positive part of h
such that h=h' +h"
h™ Negative part of h
k Modelling parameter of the power density spectra.
Lmp "Most probable pocket' length one-dimensional case.
P Power density spectrum.
P(f) one-dimensional
P(U) two-dimensional
p(a,0;x) Probability density for h and %% to have the values «
and O at point x .
<Q> Ensemble average of the stochastic variable Q .
6 Space average of Q along a profilometer trace.
SMax Final size of the pool (area) in the two-dimensional case.

Smp Area of the "Most probable pocket": two-dimensionszl case.
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Modelling parameter of the power spectra (is equal to

Lmp) .

Frequency vector (components u uZ) .

Frequency positions of the peaks in the two-dimensional

power density spectra.

Total volume of oil released on the ice (one or two-
dimensional).

Volume of a two-dimensional "most probable pocket".
Final size of the pool (length) in the one-dimensional
case.

Position vector (components X,y) .

One of the dimensions of the rectangle approximately
limiting the two-dimensional oil pool. Such that
Xax Max = SMax °

Frequency distribution function of hj; assumed to be
Gaussian.

x-wise dimension of an average two-dimensional pocket.
y-wise dimension of an average two-dimensional pocket.
Dissymmetry factor u = Ax/}y .

Circular frequency = 27f .



Auto-correlation function of h
one-dimensional

Auto-correlation function of h
Two-dimensional auto-correlation of h .

Two-dimensional auto-correlation function of h .
Variance of h = <h2> .
Variance of SMax .

Variance of xMax .

"Volume"of a one-dimensional "most probable pocket".

Slope in the %-power law relationship between the non-

dimensional <xMax> and ox .

Slope in the %-power law relationship between the non-

dimensional <S >and o .
Max s



I -~ Introduction

As one seriously thinks of using the crude oil discovered in the
Arctic Slope, no matter which means of transportation will be adopted,
it appears that some understanding of how 0il would spread on the ice
is of major importance.

This problem cannot be dealt with as a classical oil spill on a
plane surface because the characteristic feature of an Arctic Ocean
ice surface is its roughness. Moreover, field observations show that
such a surface can be regarded as formed of "pockets" of different
sizes, some of them being interconnected. One can easily see that the
oil will stop spreading abruptly after having filled a certain number
of pockets. The goal of this work is to determine the final size of
the pool as a function of the amount of oil released.

It is clear that the geometry of the "pockets" previously intro-
duced is entirely related to the local variations in the ice surface
altitude; it can therefore be determined by functions h(x, %)
defined in an arbitrary plane coordinate system X y as the elevation
of the ice surface above a reference level; most often in the rest of
this work, these functions will be referred to as roughness height.

A simple way to record information about these variations in the

elevation is to take airborne laser profilometer traces*. Such data

T A profiler operating from a plane records the phase delay between
transmitted to the ground and reflected laser beam light, thus
measuring the altitude variations along straight lines and yielding
a random output signal.
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were obtained by the U.S. Navy in the Beaufort and Chuckchi Seas. There
is no doubt, when examining any of these traces, that the major
character of the ice roughness is its randomness (Ref. [3]1). Releasing
the same amount of oil V at different locations on a randomly rough
ice surface would result in different values for the measurement of the
0il pool final size. Clearly, we must then formulate our problem in a
statistical way, namely: the extent to which oil would spread has to be
determined in terms of a certain number of statistical parameters
characterizing the ice surface where the spill occurs. An analytical
treatment of the profilometer traces can provide us with F T, the mean
value of the roughness height h s Qy, the variance of h , equal to
——

<h-:g)2 , and the auto-correlation function of h . Ve will see
in the course of this work that these quantities are sufficient to give
an answer to our problem, provided certain simplifying assumptions are
made.

With no more field data than those just introduced, it is unlikely,
however, that we should end up with an elaborate and complete description
of the oil spreading phenomenon. This paper will only aim at determining
the first two statistical moments of the oil pool final size - i.e., its
average value and its variance - both in cases when the spreading

follows a privileged direction (so called "one-dimensional'’) and when it

doesn't (two-dimensional).

.i-

The bar denotes an average over a sample.
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Section II will introduce and discuss the basic assumptions
necessary to set up a simplified model of the phenomenon, whereas
Section III will give a general mathematical expression for these

quantities in terms of the field data available, namely: h J, and

/
the auto-correlation of h .

In Section IV, we will be concerned with applying the previous
results to certain ice surfaces where field data is available, thereby
involving the modelling of the auto-correlation function of b or,
more exactly of its cosine Fourier transform. Finally, in those
specific cases examined in Section IV, a simple power law will be

derived, relating the first two statistical moments of the final size

of the 0il pool in a dimensionless form.
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I1 - Basic assumptions

1f the ice surface where the spill occurs is being considered as
randomly rough, it is clear that we camnot have a complete definition of
the function h relevant to that specific spill, which is what would be
necessary to yield a single, definite value for the oil pool size in
that case.

A way of overcoming this difficulty is to retain a certain number
of statistical properties of h met by different possible “realizations"T
of the ice surface. These properties are then regarded as "ensemble
averaged” over all those realizations and generally comsist of a
certain number of locally defined statistical moments and correlation
functicns of h . These quantities provide a certain amount of
information common to any ice surface realization that belongs to the
ensemble. Obviously, the smaller this number, the more random is the
surface and, when the number of such properties goes to infinity, the
ice surface tends to be perfectly defined and therefore no longer
random. In other words, since we are talking about ensemble averages,
all the realizations are becoming identical. The idea is thus to have
locally defined functions that give statistical information on a whole
ensemble of possible realizations of the ice surface.

In the present case, the only statistical data we have is h ’

T A "realization" of the ice surface verifying certain statistical
conditions is an actual, observed surface such that it meets the
previous conditions.
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Ty, = U‘)—’—’;)z and b[P)h[ p') where the bar denotes an average over
a specific "realization" of the ice surface and where P and P'

denote any two different points of that surface. Since these data are
"space averaged'" and therefore not locally defined, we are lead to make

an ergodic hypothesis, assimilating the ~. and( {}T averages. Our

random surface is now characterized by <h), 0= <[h—-< L">}2> and
<h(P)h(P)> but clearly, this is not sufficient since nothing is
said about the aspect of the surface.
There appears our second assumption, related to the statistics of

the roughness height h: we will suppose h is normally distributed. If

6?%9 denotes this distribution, we have immediately:

s(h) = %/D{ _‘l@} on)
2rro;

é[h)dh represents the fraction of time that h will be found between
h and h+dh . It does not seem possible to prove this assumption by
any physical argument since the natural processes that make the ice

grow are extremely intricate and not thoroughly known. Therefore, we
have to verify in each case that this is not too far from the observed
distribui}on; this was done as an example on Fig. 3 where the Gaussian
curve./[éq%VCiZ is plotted against h and is compared to corres-

ponding data points measured on a real surface. It appears that



the Gaussian approximation is in relatively good agreement with
observations.

The third assumption concerns the way the o0il would fill the
"pockets' of which the ice surface is formed and more precisely, up to
what level. Since the ice relief is random, the answer to this question
is unlikely to be unique. Most probably, a large number of different
levels would appear, corresponding to more or less "open' or '"closed"
pockets. However, to keep the prohlem feasible, we have to account
only for an average uniform level of the oil pool, which is another way
to say that all the ''pockets are interconnected. Moreover, it seems a
reasonable assumption - at least most simplifying - to say that this
uniform level is the same as that of <’7> . No observations exist so
far to confirm such a point and the reason why we chose this level is
that any other one would have been even more arbitrary and would have
lead to more intricate mathematical derivations.

The fourth hypothesis reads as follows: we will always assume
throughout this study that the number of "pockets" involved in an oil
slick is very large; in other words, the ratio of the volume V
released to the mean volume of a pocket is large; this will allow us to
give a statistical answer for the final size of the oil pool. This
assumption may be considered as valid in so far V is generally large
(10,000 to 50,000 m3 for the crash of a supertanker) and also the ice
roughness is such that a big pocket contains many small ones and so on;

therefore, even if the slick occurs in a big one, the numbers of pockets
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involved will always be large.

These four assumptions obviously cannot lead to a sophisticated
model since they mainly reflect our lack of information about ice
topography in the Arctic Slope. Moreover, the general mathematical
results obtained from this model won't be the unique approximate
solution to the oil spreading problem since, for instance, another
frequency distribution for h could have been selected - log-normal
particularly - , or another height of the oil pool level could have
been chosen. Nevertheless, the simple model we can thus build provides
us with a first understanding of how oil spreads over a statistical

surface.
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I11 - Mathematical analysis

The first four subsections will be concerned with a two-dimensional
study whereas subsection III-5 will briefly state the results for a

one-dimensional case.

III - 1. Problem

We suppose no privileged direction in the ice surface, at least for
the scale of the roughness we are interested in.+ Therefore, the ice
topography is determined by a two-dimensional function h(’-,} ) describing
the variations of the surface altitude with respect to a reference
plane. The origin of the coordinates x and y is taken at the point

of 0il release and the reference level is chosen so that:

< Afxy)> =0 (2)

There again, <")(X—,g¢)) denotes the ensemble average of b[x/y) where
the averaging ensemble consists of the many ice surface realizations
that can be observed in the region one considers. From our hypothesis,
< h(.r.,y,)) does not depend on x and y and therefore has to be
identified to the space average b(;ﬁy) of h[xv;ﬁ) over the
realizations of the ice surface themselves.

By the same token, O',,:(#(.g;,)) is the variance of h(x/;)
calculated over the whole ensemble. Hence, the frequency distribution

of h (:c/?) , assumed to be Gaussian, is independent of any direction

T It has been shown that big pressure ridges do appear with certain

definite orientationms.
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and is given by Eq.(1).
A proper investigation of the actual ice topography can‘r provide us

with a two-dimensional auto-correlation function defined as:

?(5/7) = <h(x+§/y+7) }'y(x./;) > (3)

We can thus pose the two-dimensional problem in the following terms:
in a region of the Arctic Ocean where we know Q) = {hz[x/7)> and
T(§/rl) , a volume V of oil is released at point I.:;:O . What
will be the total area covered with oil and also, what will be the final
geometrical aspect of the pool?

The general mathematical answer will consist of the first two
statistical moments of the oil pool size in terms of V , J;,, and
T(%,q) , along with a dissymmetry factor expressing the most probable

ratio of the longest dimension of the pool to the smallest one.

T By building a two-dimensional grid of laser profilometer traces.
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III - 2. Dissymmetry of the final oil pool.

As we do not allow any dissymmetry in the frequency distribution
of h‘*di)’ the final shape of the slick will be influenced by the
aspect of the "pockets' themselves in the plane aiy . In general, the
ice surface is not isotropically rough. It follows that if A,: and A}
are the ensemble averages of a pocket dimensions in the x and ;%
directions respectively, the ratio/pu of Ax. toriy can be called
"dissymmetry factor" since it provides a rough idea about the final pool
aspect.

From Appendix A, it appears that:
Vo

e 2.
pom () @

Now, let us imagine how oil would spread from point of release.
Since the volume V is supposed to be very large, the shape of the
pockets is not important at the beginning and the slick would propagate
circularly. But, after this initial phase, one can assume that the
geometrical aspect of the pockets would influence the final shape of the
oil slick.

Considering a laser profilometer trace that passes through the
origin of the coordinates X andty , it is clear from our ergodic
hypothesis that the statistics of the roughness height remain the same
all along the trace. It follows that the origin of the coordinates is a

geometric center of symmetry for the pool shape. Moreover, in order to
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simplify further calculations, we assume that the resulting oil pool is
rectangular, 2y, and;/ma‘ being the x -direction and ;{—direction
dimensions respectively.

Therefore, it follows that:

Xrtox # unity, in general.

;jMax
Obviously, when the ice surface is truly isotropic,/p4 is unity and the

final pool is a square in our assumption.
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III - 3. First Two Statistical Moments of the 0il Pool Final Size.

As was suggested ,at the end of the last sub-section, the oil pool
is likely to be symmetric with respect to the poinr: of release i.e.,
the origin of the coordinates. Hence, defining b?-'g Y ) and /'J./x/ ;)

such that ”7=‘1*-0-h~ and:

})-/x/;) =0  when Z’l(x/}) >0
_ (5)
/7(1,7)-,:/7(_1/ )when 1'7[2:,;) <o

we can introduce U’(Jc ,y) as the volume held by the ice surface - under
the third assumption of Section II - within a rectangle of dimensions

,

- d andy . Then:
+X/2 *}/2.

V(x’Z) = _//h-[x,)y)dxdy (6)
7 2

..x,/z -
This is a mathematical definition and, evidently, it does not account

for the fact that the oil-air interface must be horizontal when edge
pockets are not completely filled up to the average uniform level; this
fact is illustrated on the sketch Fig. 1 for the one-dimensional
spreading. It follows that the mathematical extent of the oil is only
slightly different from the real ome: at most within a pocket. Since
we made the assumption of a large number of pockets, we can define

>

M and yﬁﬂ“ as the x-direction and y-direction maximum extents of

the final pool when a volume V of oil is being released over a
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specific realization of the ice surface; namely:
Xplow /2 ;m/z.
V= _ b (*y) decdly 7
~XMax/2 —;mw/z

Or, introducing the area Sna‘defined as:

\SMu = Xpman 7!\4“ (8)

Relation ( 7 ) becomes:

=_ | h{xy)dx
V ./5 (7) d/y (9)

Maoc
As the function h is everywhere continuous, we can also write

relation (9) as:

Vo . J (xg)doedy — (S <Smaay) b ) (10

<Smaxd
where point( M ,f‘) belongs to the surface(SMM‘— <5Hm>); h_( /«4 ’F)

is exactly the average of h taken over the surface (SMM— < SMM>) .

We now assume that:
h(mp) = <H(En)> au

This cannot be justified in general. Therefore, Eq.(11l) is more valid
as this surface becomes large since, when the averaging sample gets

large enough, the average of h approaches h §, ) » hence < H'{ F ))
7 ?
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from our ergodic hypothesis. An "a posteriori" verification will thus
be possible.

Then, taking the ensemble average of (10) and making use of the
previous approximation, we obtain the first statistical moment of the
pool size, namely:

{OMaxy = -V (12)
<hiEn)>

To determine the second moment, let us first notice that Jg ,
the variance of fi“w and U, the variance of U%anu‘>,<yMa@>) are

related. By definition:

G = < (Omax — <SmadS > (13)

) 2
T, =< [u(<xm,>,<;m>)_ <U'(<xmz>,(y m,,>)>} > (14)
From relations (10) and (11), it comes out that:

z 2
<{ J %‘(x&)-\/] Y = <[ o - SSmad) D<K (50> s
(Stax)y
Or:

g, = 05 < k‘(§,7)>2 (16)
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Therefore, computing O, in Appendix B, we end up with:

CrawIE yraxSfE@

| [

From all previous calculations, especially relations (12) and

Js =

0‘»}&&!7 an
<h(§' 7)) ul

(17), it appears that knowing <h(Eh)> and q/-(fl n) enables

us to derive the average value {Sma.)and the standard deviation 0'5"

of the total area covered with oil, in terms of the amount V released.
Furthermore, an idea about the dissymmetry in the aspect of the pool
can be gotten from coefficient /LL . This will constitute our answer
to the two-dimensional problem posed in Sub-section III - 1., provided
we can relate <H(£7)> and #7§7) to the available statistical

data i.e.,J}, and QP(§J]> . This is the purpose of the next sub-

section.
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III - 4. Determination of < h-(§/7)> and T-(f,f?)

We now go into more detail about the distribution function 5( ;7)
that was first mentioned in the Introduction. This function tells us
that the probability h will lie between ¥ and ¥+d¥ is 4(¥)d¥

and therefore:
+ a0

/é(b’)db’z 1 18)

-0

Assuming, as in our second hypothesis, that this frequency
distribution is Gaussian with mean value 0 implies that h will be
negative as many times as it is positive. Since § is the value taken
by a stochastic function h » 1t is also a stochastic variable.
Therefore, as we know its frequency distribution function 5[ X) , 1t
is clear that the average of a stochastic quantity Q uniquely

related to § is expressed by:

+<0
Q> = /Qm $(¥)d¥ (19)
-0

If now we identify Q to the value of h'(x,%) , it follows from

relations (5):

cohen ¥ <O (20)
when ¥ >0

Q=%
Q:O

Then, substituting into Eq.(19) for J[b') and Q(X) :
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<H(EN)Y = J[-_g——_ d¥
(5 J exp (- 55 ) o

Or, performing the integration:
W (En)> = - ]/_ﬂ._' (22)
<k (&) 27T

Now,, to determine YITEﬁO , we have to extend what we previously
did for a one-dimensional distribution of h toa joint two-dimensional

frequency distribution. We end up with the following relation (see

Appendix C for details):

(&) = ﬂ:;ﬂ]%{ﬁu‘-zr_)gf/u) excp (- * 9’ ‘f)du.

T +@)
(23)
+ Lt F
4YTT &
where we have set for convenience:
¢, = %(00) (24)

It appears (see relation (D7) in Appendix D) that 977Q59)==:é-ﬁfﬁaca

which is consistent with the physical conditions at 2T A namely:

Floo) = <Ky =<(H+hf> = <K >+<H

L2ty = 2> @2
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when assuming the statistics of h™ and h" are the same as suggested
by a normally distributed h . The product HPI?- must always be zero
as can be seen by Eq.(5).

Furthermore, when & orV? tends to infinity, ‘I/—(E,q) tends to
2-9;—‘;. , in compliance with the fact that H'(—",y) and h'/xf§/7+7>

are then no longer correlated. Therefore, according to relation (22):

<Lf(r.,y)k'[xf E,y +7) >=< h"(x/g) >< h’(.nf ,7+;7) > :(Lf{f/ r))>" 26)
= O /21
We have therefore provided a means of deriving the statistical

quantities we need in Sub-section III - 3 i.e., ‘l’( §,rz) and

< b ( f‘,r] )) , from the field data generally available, namely:

QL= (h -t )Z , the variance of the roughness height and 9?( 5,7) >

its auto-correlation function.
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III - 5. One-Dimensional Case.

We can imagine that in a particular region, the statistics of the
ice roughness are almost one-dimensional; that is to say, the averaging

ensemble consists here of traces parallel to this privileged direction

we denote by x . Therefore, the ensemble <hy and auto-correlation
function are only functions of X . And, ifhfg)denotes the elevation
(positive or negative) above the mean value of’) taken along the trace

(s-e Fig. 1), we have from our ergodic hypothesis:

<h(x)>= h(x)=0 (27)
< hz[f-)) = h¥x) =g variance of h

and,q{%) being the auto-correlation function of hﬁt):

¢(T)= <h[h(x+T)> = hl)h(x+7) (28)

From the previous considerations, it follows that any actual
surface profile parallel tox will be described by the statistical
properties (27) and (28).

Now, suppose an oil spill occurs in such a zone, a volume V
being released per unit width perpendicular to x ; if the spill is wide
enough, we can regard the spreading of oil as one-dimensional in the
direction of xx . This is not completely unrealistic since narrow
water leads bounded by large floes are fairly frequent in the Arctic
Slope. Under these conditions, a large oil spill would first spread

rapidly on water, thus creating this wide spill (V per unit width) that
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would further spread over ice almost in a single direction perpendicular
to the lead.

We can then put our problem this way: a volume of oil V per unit
direction perpendicular to x 1is released at point x =0 . What will
be the maximum abscissa Xy, reached by the oil when it has come to a
standstill?

We will just state the one-dimensional results since their
derivation is quite similar to that of the two~-dimensional study in the
previous sub-sections. A more detailed analysis is given in Appendix E.
The first statistical moment {Xm)>of the oil pool final size is

found to be:

<ZMand> = - VY
~ <HED (29)

whereas the second moment J, defined as:

Sx = < (-’Cwa - <°°mx>}2> (30)
appears to be:
Ceranep/VE
T = % Xmaed ) (1) T ]dT (31)
T RS [ V2 ][(’V() 217']
o

Here again, (#7(z) and<h™> are related to ¢/(T) and Jj

through the relations:
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<H7 =- V3 (32)

q/-(z):_ l/rr((#“#) {ﬁu- 1)9&*5{(4)%:}9( a_%_}_;)ow

(33)
+ et
AV T

where

o= (o)
¢ = ()
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ITII - 6. General Mathematical Results

In this section, we have been able to give an analytical expression
for the first two statistical moments of the oil slick final size,
resulting from a spill of volume V . Thus, when the oil spreading is
either one-dimensional (with a privileged direction) or two-dimensional
(no privileged direction), the assumptions made in Section II enabled
us to derive the ensemble average value of the pool size and its
standard deviation, as well as a "dissymmetry factor"/q, characterizing
the aspect of the slick (in the two-dimensional case only).

These quantities are all determined in terms of U}, , the variance

of the roughness height ) , and the auto-correlation function of h

(either c{(?:) or ?{57) ).
Namely:

<?Crm¢j> = vvem

VG,

<1Mw>/\(? Lodia

%= o] = G SR OF) [
o

whene. W (T) 4o oblawed éf/ e?aafm (C/S)
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|
<Smn > = Vvam
VQ_T:(-‘HM)/Q" {yrasy 1T
%5 = [Srac-Smf> = E / / [SE>~5) - | ;:m
[z [ € Ten)- F)ddy

z (2
)
= ;??—?&o) 22(00)
where &~ is obtained by Eq.(C18) .
However, we have to point out again that these results do not

constitute the unique answer to the general problem of o0il spreading

over an ice surface since the basic assumptions made in Sub-station III-2

are quite limiting. Nevertheless, they can provide us with a first

understanding of the possible effects of an o0il slick in am Arctic

environment.
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IV - Application - Sample Calculations

In this section, the general mathematical results of the last
section will be applied to a certain number of specific cases of ice
topography where the corresponding statistical field data is available.

Both in the one and two-dimensional cases (for privileged and no
privileged direction of spreading respectively), the statistics, i.e.,
the first and second moments of the final size of the oil pool, have
been determined in terms of Q; , the variance of the roughness and ¥
its auto-correlation function. We recall here that h stands for the

variations in altitude of the ice surface with mean value O .

T, = <h*> (36)
SV(‘C) =< B(x) h[.c-f-'t) > in the 1-dim. case 37
?{f,q) = <J¢(x/y)lq/x+§/;+r))> in the 2 dim case (38)

Then, within a certain region of the Arctic Slope that can generally be
regarded as large compared to the area of an eventual oil slick, the
ice topography obeys the statistics expressed either by Eqs. (36) and
(37) or by Eqs. (36) and (38) when the oil spreading phenomenon is
one and two-dimensional respectively.

Now, in order to give a numerical answer to a specific oil slick

problem, we have to know Jp, and either & or & characterizing that part



-33~

of the Arctic Slope where the spill occurs, and that are the results of
field observations. However, the statistical properties of the perma-
frost relief are generally given in the form of a power density spectrum
of the ice surface (Ref. [3]). We must therefore use that kind of field
data instead of the auto-correlation function itself.

From the Wiener theorem in generalized harmonic analysis, it
appears that the auto-correlation function and the power density
spectrum are related by a Fourier cosine transformation. Thus, if P

denotes the power density spectrum of h , 1t follows that:
+ob

w() = /P{F)cm 2mfT df )

-0 Lo

P(F) = jgz(z)mem )

(39)

in the one-

dimensional
case
(o) = / PLE)dE ]
And: +20
() - j () er(2mU-X)dy
(40)
PlU) = ¥rx QTU-X)dX
( ) / [ )m( ) } in the two-
+00 dimensional
P(Q) = O = jp(g)dg J case

—-o0
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where U 1is a frequency vector of components U, and U, and X any
vector of the plane .xy of components E and l? .

Therefore, it is clear that the information we need about the ice
surface statistics, i.e., O, and the auto-correlation function of h s
is contained in the power density spectrum P . The problem is now to
build a continuous function P fitting the observed power spectrum as

well as possible. This is the object of the next sub-section.



=35~

IV - 1. Modelling of the Power Spectra

In order to make the mathematical analysis of Section II applicable
to any part of the permafrost in the Arctic Ocean, we have to determine
the parameters necessary to describe the most important features of
the ice surface statistics. A general answer to this modelling problem
cannot be given here, even by increasing the number of such parameters
since the actual data is far from being complete and reliable. More-
over, another problem is raised by the two-dimensional case of oil
spreading since no corresponding field data - two-dimensional functions
9?(§ﬂ7) - is available to date. Therefore, in order to obtain numerical
orders of magnitude, we have assumed that a two-dimensional auto-
correlation function 91}57) can be regarded as the product of two one-

dimensional auto-correlation functions. Namely:
P(5,m) = T (8 ¢: (1) (1)

There is no evidence at all that this is correct and it only appears
as a fair and indispensable assumption to treat the two-dimensional
case. Therefore, since the latter can be derived from one-dimensional
fie}d data, this sub-section will only be concerned with the modelling
of the one~dimensional power spectra that directly come out by Fourier
analyzing laser profilometer traces such as those mentioned in the

Introduction. The two-dimensional model will only be stated following
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the above assumption.

There is no doubt that modelling FY¢) or 9U(C) is equivalent
since the power density spectrum and the auto-correlation function are
uniquely related through a Fourier transformation. In fact, from the
few data examined - both ¢ and P - , it turns out that the shape of
the spectra is quite varying thereby making the choice of parameters
difficult, whereas the form of quQ seems to remain pretty much the
same; it is, therefore, easier and perhaps more reliable to propose a
model fo:'qq@j and then take its Fourier transform. Since this function
presents observed damped oscillations around a zero value and starts at
(//[D)r-' O,  (by definition of c// ), we think that two parameters -ﬂe and 7

are sufficient to set up a consistent model. Namely:

— T 42
9V(1;) = f:figza' e éZTTt;:_ (42)

where ‘P\’ is the inverse of a length squared and T has the dimension of
a length.

However, as we mentioned at the beginning of this section, this is
not the form under which field measurements generally appear. Thus, we
have to derive a model for the power spectrum F%@). This can be done
by taking the inverse Fourier transform of the model for y’ and

evaluating 4& and 7 from the power spectra. It follows that:
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P(F) = Lo exp(~ 272 ) cosh (2.) + > Uy

(43)

0 = TG cxp(~ 27 ) cosh(ZRE)  F<Ur

P(F) = P(-F)

There exists a symmetry with respect to the origin and it is therefore
sufficient to consider only the positive frequencies for which a peak
in the power spectrum appears at F::T/Lr . In that case, the

normalization of the spectrum is such that:

oQ
/P{F}df = qy, (44)
o

which is equivalent to multiplying P{F) by a factor two in relation (43).

This relation constitutes the two-parameters model.r we proposé for
the one-dimensional power spectra. When considering specific ice surface
statistics, the parameters g and 7 can be determined by having the
model fit exactly the observed intensity and frequency position of the
peak on the power spectrum. In other words, if Fm is the observed

position of the peak, we have:

T = 1/ Fu (45)

and '& is the solution of the following transcendental equation:

oQ
TG is not a parameter in that model since / P(F)df = oy,
for any s and T /s . ;
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PlFp,) = 2T L R ) cosh (R
() VE %P(TVE (TVE 46)

Figs. 4 to 6 show one-dimensional spectra modelled in this way. Each
figure is relevant to different ice surface statistics i.e., different

Z.and7iz; the solid line shows the proposed model whereas the black
squares represent the corresponding field measured spectrum. It appears
that the decaying of the spectrum is acceptably verified but, unfortu-
nately, the lower frequency region, beyond the peak is not very well
matched. As the peaks of the power density spectra play a central role
in our analysis, a point pertaining to their exact definition has to be
raised here.

As a matter of fact, the behavior of the power spectra for very

low frequencies (where the peaks lie most often) remain unclear. These
data generally come out by Fourier analyzing field measurements of the
jce surface variations in altitude. We must notice that the recording
device does not have an infinite analyzing band-width and that in
order to remove the variations in altitude of the plane which carries
the recorder the data signal is filtered through a high-band pass
filter. Therefore, we cannot rely on the information at low frequencies
provided by such methods, and it would be necessary to set up a
physical argument to account for the general aspect of the power spectra
in the low frequencies. This requires a thorough understanding of the

jce formation and life and has not been done to date. Our
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modelling is therefore restricted to such field measured power spectra

that exhibit a well defined single predominant peak, almost regardless
of their behavior for frequencies less than the peak frequency.
Let us not state the resulting model for a two-dimensional

statistics. Following the assumption we made earlier, we write:

where (/) and (/2 are one-dimensional auto-correlation functions, hence
modelled by relation (42) with parameters %, ,T, and R, /Tz_; respec-~
tively. It follows that the corresponding two-dimensional power spec-

trum is P((_J) such that:
PY) = R(u) B (u=2)

where «, and (. are the components of the frequency vector (/
and F,’ and F?z are the two one-dimensional models corresponding to the

parameters %, ,7; and %z /7; respectively. Namely:
P U, = ____7T encp/— 27U, Ycosh ([ 21T
' ( ') \/F, P/ VE, ) {TVE )

R(w) = T expl- ) casn(Z0p)

if U, Uy > I/T (48)

P u,) = -_71'_— LT COS’? LU
(W) \/E—' M,P[_fr;) [1/5‘,'> iF u, u, < 7/T (49)
(uz) [ 7- %z> coSL:%)

P(—g) = P(Y)
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Here again, F?@{) is symmetric with respect to the origin in the
frequency plane. Hence, one needs only consider a half-plane (for

instance «, >0O), normalizing the power density spectrum so that:

J oo -

U,>o
which is equivalent to multiplying FDHJ) as expressed in Eqs. (48 and
49) by a factor 2.

The overall aspect of such a power spectrum is given in Fig. 7.
Two peaks appear, corresponding to the two peaks of E;(Uz) . As was
said earlier, no comparison with field data is possible due to the lack
of the latter.

In this section, a simple two-parameters model has been proposed
for the one-dimensional power spectra and is in good agreement with
observations in so far as a real predominant peak appears in the
measured spectra. The two-dimensional model has been purely hypo-
thesized as being a cross product of two one-dimensional models. The
next sub-section will use these models to develop a concept of 'most

probable pocket" in the ice relief.
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IV - 2. Concept of Most Probable Pocket

In this sub-section, both in the one and two-dimensional cases,
a "most probable pocket" will be defined as the "most apparent
periodical relief" in the ice surface; mathematically, it will be
identified with the negative part of the main term in the Fourier
series expansion of the ice surface. Moreover, being the most
characteristic feature of an ice surface, this most probable pocket
will be used to non-dimensionalize our further results.

As soon as we have the power density spectrum F?@Qof the function

P?, from harmonic analysisT we know that:

+co
l’:(:c).:.— /F(w) o> (Lox) ol (51)
with 2P(w) dw = | F(w)dw|*
w= 2TF

It is then clear that we can approximate this function by an
infinite Fourier cosine series which is nothing more than replacing the
surface contained between the power spectrum curve and the frequency
axis by an infinite number of rectangles of width O\, and height FY&LJ
where W, is a circular frequency and P(w,) the value of the power

spectrum at that frequency.

T See Ref. [4].
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Thus:

o (52)

/7(xj & %?: Va2Plwn) Awn Cﬂa(zdnJC-—qDﬁ)

in the one-dimensional case

by the same token:

h(X) = E V2P Un) AU coa(Un-X ~Pn) (53)

in the two-dimensional case.

In these equations, the "approximately equal" symbol tends to an
"equal" symbol when Ow,— AUn in the two-dimensional case - tends to
zero, that is to say when the sum is replaced by an integral.

The amount of randommness characteristic of any given realization
of the ice surface among a particular statistics appears in the set of
phases %L that are regarded as completely random variables.

Now, in sc far as the power spectrum decays fast enough when the
frequency increases and decreases from its value at the peak, there is
no doubt that the term corresponding to the frequency position of the

1 2 4
peak,W,, - Lgno ’ QJLO in the two-dimensional case - in the Fourier
series is prevailing over the other ones.

Figs. (4 to 6) show that such a fast decaying is confirmed by
field data when W increases, but this is not the case when W decreases

since, as was already mentioned, this low frequency part of the spectra

is not quite reliable. However, it seems intuitively reasonable to

1RU,,o ,QJ:; refer here to the two peaks of a two-dimensional spectrum.
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expect that the zero frequency values of the spectra have to be zero;
in other words, in the Fourier expansion of h » terms with an infinite
wave length should have zero amplitude because otherwise, this would
mean that there exists points infinitely far from the origin of the
coordinatec with non-zero roughness height. This is intuitively
non-acceptable.

A rigorous argument can only come out from a detailed discussion
of the ice relief formation and evolution. This is beyond the scope of
thié analysis and we must be content with the assumption that a real
peak exists in every spectra and its frequency position and intensity
explicitely appear on the field data.

Thus, it follows that an even cruder approximation for'h would be:

h(x) ~ Vaay, c,o-:(w,,,,x —(Pno> (54)

in the 1-dim. case.

h(X) 2 VEST [ co( Une-X - 9l)

(55)
+ m[g:o.)f - (vao)}

in the 2-dim. case

For the one-~dimensional case, we can look at Eq. (52) as expressing h

in terms of a superposition of sinusoids of period 2T and intensity
Wn
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V2 B(w,) Bw, . Each sinusoid will contribute - in proportion
to its amplitude - to form the actual aspect of a typical one-
dimensional profilometer trace verifying the statistics expressed in
the power spectrum P . Then, Eq. (54) tells us that the greatest
amplitude sinusoid, and therefore that which most influences the shape
of the real pockets, corresponds to the frequency

of the peak. Hence the notation "most probable pocket" refers to this

particular term of the Fourier expansion of h . This privileged
pattern in the ice relief has a length [-Mf equal to one period T of
the sinusoid and a "volume" per unit width EEMf equal to the area

contained between a negative arch of the curve and the axis, namely:

Lmp= 2T _ T (56)
P Whno
me
Zmlp;: — jVZCT[, ocm(w,,ox)olx (57)

neﬁa%ie, Mw

Or, integrating:

Zsz Voot _ T2 (58)
75 T

By the same token, for the two-dimensional case, Eq. (53) is an
expansion of the ice surface in terms of sinusoidal surfaces, the most

apparent pattern corresponding to the two peaks of frequency vectors
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_Qn,o =(uno} y Unoz) and g:o =(“nol/-“noz) as in Eq. (55), (see
Fig. 7). Analogous to the one-dimensional case, the '"most probable
pocket" has here a surface fsmr and a volume \ﬁmr corresponding to
an increase of (u,,,,.)—l in X and (u,,,,z_)_, 1ny .

Or more precisely:

Sp = 417’ | (59)

Unor Uno2

(60)

1 2
\/rw/p = _ /vzo:,(mg,,,,-g +oo::g.,°-_)£)dﬁ
1 period in
1 period in

negative integrand

Upon integration, this yields:

Vop = _8V2%

Unor Unp2

(61)

Since they express the most important feature of the power density
spectra - namely, their peak - , the "most probable pocket" dimensions
will provide a good reference to non-dimensionalize our further results.
This concept of most probable pocket has also the advantage of giving,
in a simple way (through Eqs. (52) and (53), a rough estimate of what

the ice surface looks like.
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IV - 3. General Mathematical Results of Section III Using the Modelled
Spectra of IV -1.

With Eqs. (34) in the one-dimensional case and (35) in the two-
dimensional case, we have obtained a relation between the first and
second statistical moments of the oil pool final size, the auto-
correlation function of h and the parameter U}, of the ice surface
statistics. The purpose of this section is to derive more simple
relations, using modelled spectra, and non-dimensionalize these
results with respect to the "most probable pocket". Thus, it will be
shown that in their dimensionless form, the second moment is proportional
to the first one through a factor v only dependent on the non-
dimensional group ‘&Tz(or ’g,gz_[;z_,;z in the two-dimensional case)

for suitable values of this group.
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IV - 3.1. One-Dimensional Case.

We recall here that if {Xmax> is the final dimension of the oil

pool and O_ its variance, we have, from the mathematical analysis of

Section III:

<xman>/VS

_ 9T [<J¢m«) —C}[y)[v:) _;_T] dz

>

¥ '[ T) being obtainable from QV/?:) defined as:

T) = _Su _ comom L
('V( ) I+ %72 T

Through the relation (see Appendix D).

()= ‘39(q/)_2nf 7 //cabe/xf/ @+b)ye = 22b¢ ) dadb

2(¢-y?)

K ana 7
We can notice that, for ‘Rs and 7.4 such that (

)

(62)

(63)

(64)

(65)

approaches zero within one period T - or one most probable pocket

length me - Eq. (63) becomes:
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L"T

womam [[S2 o)

o

Since the integrand in relation (66) is a continuous function of

T , we can define T, such that:

T = BTTLMf/Si@_Z_'cJ (/’-{TO)__ l] (67)
vz’ qr, R

Now, from Appendix D, it is clear that [ ﬂ)_ e will be
QL 2T
positive between T=0 and CT=_L and negative between T = T

%
and T= 12—_ ; hence:

0L T K T /4 (68)

In so far as <~xnaa> is large as compared to xI , Wwe can rewrite

Eq. (67):

Ox = ZT Lip A <Xtran> (69)
Yl
with &= Yl (76)
Qy, /T

Taking the square root of Eq. (69), it appears that the standard
1
deviation of the oil pool final size is proportional to <X Ma,,)/z'
This is in accordance with the following physical argument. Let AV

be the volume of a pocket per unit width, and let us split it into a
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/
"most probable pocket" volume plus a fluctuating quantity V :
, (71)
DV = LMF < ‘4-> + V
1f G,, is the variance of AV and Uy that of vV’ , we have

obviously:

Qav = Ty (72)

Now the total volume V of a spill is such that:

V= NAV (73)

Furthermore, all these pockets are statistically independent if we

assume that the correlation for h goes to zero within an interval Lm/o .

Therefore
Ty = NTyy = NI (74)
where O, is the variance of the volume occupied by N pockets. Since
<Xmax> 1is always of the form
{xmaxy = Nbwp (75)
we have from (74):
(76)

Lonp

+Lm/= is defined in (56).
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/z Ve

is then proportional to <X maz > as

Yo
-]
expressed. in Eq. (69).

Now,let us show that o{ defined in relation (70) is independent
of <Xmax) for sufficiently large values of < Xmax> .

Eq. (66) can be rewritten:
Lwm

F
A= _! [<xm>/tf" E) (‘-,V(C')/O-Lw _)dl' an
L"’/’ [<IMM/V——) - Z’o]

CtmdNE = T
<‘xMM>/ 61~ T»

the ratio can be regarded as constant in so far T-To.

remains small as compared to <Xmax)> when T varies from O to Lm/,.
In other words, since T, is of order Lm/n /lf , A independent of

< Xpmar> is a reasonable approximation when the number of "most probable

pockets"involved in the oil spill is large (of order 10 or greater).

2
We can also show that, when ’FeT exceeds a number to be determined,
z
A only depends on the non-dimensional group &7

From Appendix D, we know that:

T J*(‘f’)‘ ab &E+b) . -2oby \dad), (78)
1= W[% z)’Z,U <€ 2 w)

Furthermore, it appears that, setting

79
To o Slmp = &T 7>
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X is almost a constant within a few percent; this result comes out

directly from a large number of numerical computations with different

&Qand TIA and is not surprising since the overall shape of the functions

[fgq":(t)_ e_!ﬁ__) does not change very much (see Fig. 9).
Then,
L{V(z-,)_______ LT (80)
+ RY*T?

2
is only a function of ’YQT .

Hence, from Eq. (78)
(71/_[ (3) — ff(q/(n)) = prwoﬁa\. 7”/%7“3 m,% (81)

We have therefore shown that X depends on the non-dimensional

group T’ 1ly.

Non-dimensionalizing Eq. (69) with respect to the "most probable

pocket" length Lm,a , we obtain:

S&) (82)
me

6 - ‘/ g
ve' (83)

/
We now determine the universal curve 9 versus %Ta for £ and / < that

Lmlp
with

verify the assumptions we have made in the previous derivationms.
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The only one concerned with & and 7 tells us that

{ W) 1 ) must decay to zero within a period'r T= Lm/o .
Gy, LT

From Appendix D, we know that this is equivalent to Lk[ T) going to zero
within a period 7 ; if we assume that (//( T): %O) is a good

approximation for QV/T) equals zero, it follows that:

c/p[o)//g/[rj > 50 (84)

or:
/% T° >50
(85)

We will therefore compute the curve 9( ‘PQTZ) for ’ZeTz >50
This is represented on Fig. 1l1. We can notice that, when %TZ goes
to infinity, 6 goes to zero. This is not surprising since, when
T= o0 » X equals a constant divided by infinity and when ‘Qe:.ao y X
equals zero times a constant; in both cases, v is therefore zero.

Knowing the % and 7 of a given ice surface statistics, we are
now in 2 position to obtain the corresponding © (on Fig. 11) and,
with Eq. (82) have got a single relationship between the two first
statistical moments of the oil pool size Max s in their non-dimen-

sional form.

We could have taken the same condition within two or more periods

7T ; the dependence of o on %7 *only would not have been changed,
but X independent of <xmax> could be questioned. Heowever, the
decaying to zero within a period seems to be in good accordance with
field data.
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IV - 3.2. Two-Dimensional Case.

We recall that the two-dimensional size of the oil pool is Sman

and its variance T such that:

<Smae> = MV2TT (86)
Va,
<Zmax>/V3 <IMand/i7
S,= 32T J f[g$m>_§][gz&u>_ ,7], (87

e o [_Qfg?z_)_é%]olfdy

where (.F_[ §,Q ) is obtainable from ?{ S:‘, ’Z) defined as:

¥(8n) =T o 2mE 2Tl (g8
VTR Ry T

Going through the same kind of derivations as we did for the one-
dimensional case, and under the same conditions for %//3 , 7—2 and
SHMax » We will obtain comparasble results.

Thus, for »92, . '%a » 1, and 7, such that S[/—/E,y) goes to 0

within the area 7, X7, and sufficiently large < Smax)> , we can

write
oz _ @( CSman> V2 (89)

2
& being only a function of ’g,‘gz T°T;®  (if we neglect /k,'ﬁ
2 2
+ /ga 7}:1 compared to 45,10\';777; ). ® versus dimension-

less group has also been determined on Fig. 13, and one notices that
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- 2_2
for Y (E, "l) to go to zero within the area Ty xT “Q’,‘gz:r. T,
has to be greater than 2500 if we keep the same standards as in the

one-dimensional case for the meaning of "goes to zero".

Therefore, knowing ‘QE. , péz ,T. and 7 of the two-dimensional
statistics we are considering, we are in a position to obtain the
corresponding ©® and thereby, we have got a simple-% power law
relationship between the non-dimensional first and second statistical

moments of the oil pool size.
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IV.-4. Results.

Having three experimental power demnsity spectra coming from
different parts of the Arctic Ocean, we have attempted to insert them
in our parametered model described in Section IV - 1. We obtained the
following values for the parameters JE and T T (see the modelled

spectra on Figs. 4 to 6).

T £ o8
115 ft. 0.00378 fe.”2 |  2.295 £t.> @
(90) 200 ft. 0.002786 £t. 2|  1.016 fr.2 ©)
540 ft. 0.04075 ££.72 |  0.2033 £e.2| @

Then, on Fig. 10, plotting the relationship between the two first
moments of the oil pool size in the one-dimensional case for any of the
three above statistics. we have compared the simple %-power laws given
by Eq. (82) with the corresponding 6{0 (solid lines) to points obtained
from the general mathematical model - Eq. (34) - for different volumes
released V' . The agreement is extremely good for any statistics, as
well as it is on Fig. 12 for the two-dimensional case; in order to
build two-dimensional statistics, we have made the following combinations

of one-dimensional statistics: @+@ ’ @+@ . @+@ and @+@ of

Table (90).

2
¥ We notice that%fr is always larger than 50 for all three statistics
which allows us to use Section IV - 3 analysis.



Therefore, in so far the conditions ovet'J% and T is verified

( 4L1'22> 50 for instance), this %-power law relationship between the

oil pool final size and its standard deviation appears to be a very
good approximation to solve our problem, both in the one and two-
dimensional case.

It might be interesting to show a rough estimate of what these
numerical results can be. Let us take a volume V = 1000 ft.3 per foot
width in our one-dimensional case; this yields the following figures

for each of the statistics of Table (90):

@) —> <xmand> = 1458 FE g%’ = 304 Ft
@D —» <Xrax> = 7 Ft gt = 40 FE
B > <Xman> = SSEOF O = 7S Fe

s .3
As to the two-dimensional case, let us take a volume V= 5x/O F¥¢
which appears to be a reasonable size, even in case of a supertanker
crash, then, we obtain for the following combinations of one-dimensional

statistics:

D +D @+ D+ | O+@
CStrand = Cotan Jrasy 72210 B |1R4w10 ' 278010 7 | 16,010 € £

(91)

/\Az( NMIMM)-I / / / 2-2

o2 37000 FE2| 72 ooo FE | 116 000 €€ | 146 000 FE

SMf, J3200 FE¥ | 40000 £ | 90 000 FE | 22 00D FE*
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Such results for Ox and 95  provide good evidence that our
assumptions of Eqs. (11) and (£7) are valid. We recall that in chese
assumptions, the average of h over a length 03?& or area (j&yé
was identified to h (§) , the average of b over the whole
realization of the surface, on the ground that CT_,,VZ or G}Vz was
large enough.

Since the correlation for h approaches zero within one "most
probable pocket" dimension, a length édﬂp - or an area meT in the
two-dimension case -~ of the ice surface realization can be considered
as containing all the statistical characteristics of the entire surface.
Therefore, the average value of h™ over a length /_m/o - or area Smlo
should not differ very much from <, (§)> .

Hence, it comes out that for V such that the standard
deviation of the oil pool is much less than a "most probable pocket",
the assumptions are no longer verified, thereby making the lower part
of the curves 0y versus <Xmax)y - or; versus < Spaxd - less

trustworthy.
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V - Conclusion - Summary - Discussion.

In this study, the two first statistical moments of the oil pool
resulting from a spill of volume \/ have been determined in terms of
Q1. , the variance of the roughness height k and the auto-correlation
function of h » both when the spreading is one-dimensional (one
privileged direction) and when it is two-dimensional (no privileged
direction).
These results have then been developed and simplified in compliance
with a two-parameter (4£/7" ) model proposed for one-dimensional
statistics as long as their power spectrum exhibits a single predominant

peak. If F%f)is the modelled spectrum, we have:

A e R

Pf) = aTrGT. exp - av)wsk[em‘) 70 FSYT

T is nothing more than the inverse of the frequency position of
the peak and 4& is determined by the intensity of the spectrum at that

peak, through the transcendental equation:

P(L) = AT exp(- 2L cosh 2%, (93)

Two-dimensional statistics have been regarded as characterized by
a product of two one-dimensional power density spectra, therefore,

their modelling is quite similar to that of the one-dimensional case.
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A "most probable pocket" that could be physically defined as the
"most apparent periodical relief" in the ice surface has been
introduced both in the one and two-dimensional case. Mathamatically,
it is identified to the main term in the Fourier series expansion of the
ice surface.

If % is the frequency position of the peak in a one-dimensional
spectrum and ((Ana: /“noa) R (“nol/ - Llnoz) the positions of the
peaks in a two-dimensional spectrum (see Fig. 7), the dimensions of
this "most probable pocket" are its size and volume:

length Lm/p: T
one dim. case (94)

"volume" Zm/o = I@

e

2
area SMF = T_E =—£{-—T-r—-

{
Uy, U,
o1~ hoz two dim. case (95)

gVag,

MﬂOI u no2

volume \/'"ID =

The first statistical moment of the final size of the oil pool -
namely Xpq, in the one-dimensional case or SMM in the two-dimensional
one - has been determined and then non-dimensionalized with respect to

the "most probable pocket" size:
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{xmaxy _ _V VW: Vo2
LMP me On Z-MID viT

(96)
SSwex> _ V. \/2T - V. &
Sm!: Smlp G: VM/: 773/2

A simple %-power law relationship between the non-~-dimensional
first and second moments of the pool size has been developed with a
slope © - @ in the two-dimensional case - , depending only on the
dimensionless group /kTZ - /p?,‘gz-r/_zﬁ.z in the two-dimensional
case -~ that characterized the modelled spectra. Namely, if Ox 1s the

variance of Xp,, and Jg that of 55,1¢x :

gf'_/z 6 ( C X5\ see Figs. (10)and(11) (97)
LM/, - L'wlo

oz’ _ @(<5W> Z

~SmF see Figs.(12)and(13) (98)

Sep
Therefore, suppose we are given the volume \/ of oil released and the
parameters which characterize the region of the Arctic Ocean where the
spill takes place: 4% and T in the one-dimensional case or /2;;%2/77
and 7, in the two-dimensional one, along with the variance Ow of the
roughness height; we are then in a position to predict the final size
of the oil pool as well as its standard deviation. Furthermore, in
the two-dimensional case, an idea about the dissymmetry of the pool can

be gotten from the quantity/p& , the ratio of the dimensions of the
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rectangle limiting the pool. With relation (4):

= /(zw/ra)z+z%z) % (99)

(en‘/-ﬁ)z'f' 2-&,

We have to notice here that this rectangular shape JCMW~X21Mhz
surely does not represent the real aspect of an oil pool. The latter is
much closer to an ellipse - a circle in the case of a truly isotropic
surface - and it follows that the size computed under this assumption
can result in a 13% underestimation of <t max> and < ; Moz > .
The computations relative to an ellipse, although quite intricate, can
be performed but, in view of the precision obtained on the statistical
field measurements, we did not deem it worthwhile.

The limitations for the use of these power law relationships

between the first two moments of the pool size (Eqs. (97) and (98)) are

concerned with the value of 4eT° and <*mazy - <Smaz> and
J£E1452'7;17;2 in the two-dimensional case - , namely:
hTizs0 a A d, T s 2500 (100)
WXmer>  CSmax> 5 g0 (101)
L"?P LM/’

These conditions, described in some detail in Sub-section IV -3

do not influence more general results as those of Eqs. (34) and (35)
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which are valid for any power spectra model.

Also, an important point to understand is the actual behavior of
the power spectra at very low frequencies since it has been here
purely hypothesized, as was also the two-dimensional statistics, for
there is no evidence at all that a two-dimensional power spectrum should
be the product of two one-dimensional ones.

To conclude this study, we can say that the previous analysis
yields simple and useful results as to the prediction of oil spreading
over a rough surface of ice; but, since the modelling of the power
density spectra has been developed from a limited quantity of data, a
strong experimental ground is required to completely justify this

proposed model.
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Appendix A

In this appendix, we will determine the "dissymmetry factor" defined

as the ratio

= A= (A1)
e Ay

where (\x and r\; are the average dimensions of a pocket in the X and y
directions respectively.

Let us consider an actual laser profilometer trace parallel to the
X direction. Let Q(x) denote the elevation of ice above the mean
level < L[:r))r—o . Considering an ensemble average over all the traces

parallel to X , we can write:
2
<5 ()Y =0 (a2)

And:

<a (P (oY = P(50) (a3)

Using our third hypothesis concerned with the way pockets are filled by
0il, we can see that Ax corresponds to the average distance separating
two zeros of the function Y‘x(x)(see Fig. 2). Q(JC) is normally distributed
from our second hypothesis and, since gg‘ is linearly related to r;[x),

it also holds a Gaussian distribution. Hence, the vector



64—
Fe(x)

dn.
dx [’C)

is normally distributed.

Therefore, if F(o(/ 9/‘ -C) represents the probability that:

X & Nx(x) € A+d<

dn (44)
6 < a;;z(x)< 8+do
we have:

x) = ! M/ . I M) (A5)
P(e1,6,x) W/M/ eap(= L el € // 9//) A
where:

¥(c0) O
M=
o - a—g)(o 0 (A6)

Relation (A5) can easily be reduced to:

Ay
P(o{/@/x) = (- gb q)fO) aeo?/_ o(Z + el (A7)
' 2T

2% @y

T see Ref. [1].
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in which we have set for convenience:

&, - g;?’[ 0,0)

(A8)
@, = & (O, O)

Now, let us find the probability that G(x_) has a zero between X
and x+0dx ; in the interval, all the cross-sections of the possible
realizations of the ice surface are regarded as straight lines.

At first, we will derive the probability for Iy (JC) to have a

zero with positive slope. For this to happen, o( and © have to be

related by the inequality

x / crdec (clearly shown on the sketch
beside):

o G - Bdx (A <O (49)

Then, the probability for Q(x) to have a zero between x and x +0le

with a positive e is:
0

/de F(o(, 8 ; x )d

— <0
And, the probability density for this happening is:

_d def o 6 -x)dof
d(&)f P8 ;x)

o —QA:( Ax =0
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which reduces to:

- /(_ 8) p(-05x;6,x) dE

=]

Dx=0

or:
(=)

O p(0,8;x)dE
f p(0:8i<) (A10)

(o

By the same token, the probability demsity for fz/<) to have a zero

between X and X+d>x with a negative slope is:

o

- /Qp(o/ej-x_) d6 (A1)

— o0
Adding relations (A10) and (All), we obtain Tf[x) , probability

density for G(L) to have a zero between > and e +0lx

-+ 0
Tf[ac) = //ella(o/e;x) o6 (A12)
- ag
Using relation (A5) and integrating, it comes out:
" I
IMlx) = _L [_ ir_) & (A13)
m Po

The integral cof ﬁﬁ)over a unit length gives the number of expected
zeros per unit of a X -direction since the integral from -o) to +°0

obviously gives the total number of zeros.
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Therefore, A.wc , the average distance between two zeros of f}(x) ,

can be approximated by:

Ae = L = /- @:)yl (A14)
() %.

All that has been done for profilometer traces parallel to the
X -direction could be done for traces parallel to thej —-direction simply
by introducing the function 9(‘7) , analogous to T_‘x(;c) . Going through
the same kind of calculations as the previous ones, we would end up

with:
AZ = TT(_. T‘[/(f%)ya (A15)
"O

It follows that/u defined in (Al) is given by:

2 Y
2% (00) " (0
3

_ A _ [ 0% /
Vel T
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Appendix B

The goal of this appendix is to calculate U, defined as:

o, ::<<{U{<Inu$»<yrma?)-<fo34ww>;§7M~¢9>Jz;>

where:

X/2 y/é
”(117) = i////H{u,q)dudu
._x/a -;/2

Expanding the square in (Bl), we obtain:

g, = <uz(<xM”_>/<yna¢>)> <K< u~(<x Max>, <7MM>>) .
U(Kamay <Ymead) > +<U (<zmans , Cymand) >

or:

Ty = <V (Rt ns) > = CU<armon> S mon3) S

Making use of (B2), we have:
ot (Rcmany , Kymasd) ) =

<Xrrax> <;n >
2 Z.M

‘ f [ / [ R (x1,90) K (ee,ys) de, e cly, dya >

_gxmuxggnub
2 2

(B1)

(B2)

(B3)

(B4)

(B5)
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Since ensemble averages commute with linear operations, we can

write: §——~x2“) Chttas?

<02(<Inu>/<ym>)> =// // <k.(r,,y,) h—[legz)>a{x,dxz dy,o‘yz

— Xrmax) _ (';ﬁm&
2 2

Or, introducing the auto-correlation function %.'( f,']) :

?.(gr’?) = < L’—(‘x""?/J*?) %'/x/7)> Y

it comes out that:

Zrand < Y Maxc>

< U"'(<-X:Maa>/<yﬂm>)> :i// F7 /xz_x,/,/yz-/y,/) dt,dxz dy,o’y,_

(B6)
e

Introducing the new variables:

é = I:ca_x,t

(B7)
1=y
we obtain:
< UZ(<JCM%> ,<y Mm>)> =
Comand VT <yuany/iT (B8)

e | JlsE- g e i
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From relation (B2), it is clear that:

2 2ol S :
Ul o) S = (Srax><H(E2)> =V (39)

We also notice that: <inagyws'§7ﬂm¢yﬁﬁ?

<SS lep)S = 16 [ [ g Sty) . dedy

Therefore, from (B4), (B8) and (B9), we end up with:
CxradNZ <ymenyfiZ

=16 | flsg- sl 0G0 o

©
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Appendix C
In this appendix, q/“( ‘C) in terms of ({/[ ‘C) will be derived.

¢ (t)= <K(x)h(x+T)>

(C1)
¢ (T) = <h{x)h(x+T)>
where H—(x) is defined in relation (5).
At first, we introduce the following notations:
Apjza H&):a‘
(c2)

L)[xft):b 1'7-[-(7"1'):‘- b

Let[%@bb/?)be the first joint probability demnsity of the couple 65,&;) .

D(a,b,'t)dadb represents here the percentage of times that ’7(.{ )

will lie between & and a+da while Bﬁf—t ) lies between b and b+db .
Then, from our second hypothesis, D(Q,.’D/Z') is Gaussian with mean

value O , and can thus be written:

B(ab,z) = L Ml eap (-# e 1~ pra) (c3)

where Cirl = Ja b

—

(c4)

and ™M is the second moments matrix:
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la*> <ab>

<ab> <b> | (€3

From the definition of t{[ ), it is obvious that:

B> =<a*> = ¢fo) (c6)
and
b> = [T
in other words, M™ depends only on T .

The mean value of a stochastic quantity Q uniquely related to the
couple of stochastic variables (0,5) is perfectly defined as soon as
we know the joint frequency distribution of the latter i.e., D[a,b/ z) .

It is:

+ 20
Q> = //Q(alb) O(a,b, T) dadb (c8)
—

Or, when identifying () with the product a~ b~

Q= a’b = {ab when a avd b <0 (©9)

O whew a e b>o

and, substituting for D(a,b,t):
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<a-b> = c//*/'c) = !
Tt ) R

oQ
, / / abw7> " (0%B) % -20by \ dadb
(o]

2 (- ) (c10)

in which we have set for convenience:

= T
d (7#[ ) (c11)
Ylo) = ¢
Introducing the new variables X and ;ﬂ such that:
a= X-
;7 (c12)
b = Xy
Eq.(C10) becomes, noticing that the Jacobian of the transformation
is 2:
o X
2 2
(T )= 2 jdzfxiz - x_ __2_)d
v Tyt % ( 7)%'0(%*5” SV-“;") / (13

And, making use of the error function defined as:

X

e’?ﬁ(’c) = V}Zr: j e (c14)

o
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we end up with:

y{e)=[Lotr Z'?[ JEE ) e ffaescp(-i ) e

[% (/) (c15)

We notice that for the two-dimensional auto-correlation function

-‘F—(ﬁQ) » the result is exactly similar to Eq. (C15).

Q/‘{EI;?): <L’(r/g)b_[xr §/0y+7)>

F(&n) =< )'»/I/?)L/z+f/;+7)> (c16)
With the notation:
¢, = #(00)
@ = ¥[&y) (c17)

we have:

v (50)- | W 2| { / ) eff)enplal Lo Yol

(C18)
y et }
4y &,
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Appendix D

The purpose of this appendix is to examine the behavior of w—(T) .

From relation (C15),we have:

w(z) = (Vé %) /} {(.J/Zu-——)earfﬂ()eﬁgw’ u !Zi_iff)cii4

T"(%*S")
v Yer¥
4V

We can split the integral into two parts:

v/éi‘iif:)erfﬁf)EAfwcLl?g?iéf;)CﬁA = 1,+ 1.

©

where: n

I, = [(U=LYerf ‘W Y-y ) d
Jeyertt e s )
I, - «4%,~/Q}fiz%) exf>(;44zisffii?;>cﬁu

with:

k. - Je Dot
;}/zctf-:éi)crgpq‘-t4’7335i2;’> du

kn is perfectly defined since the two above integrals are

convergent.

®1)

(®2)

(03)

4)

Since erf(z) as defined in Section 3 approaches unity when z tends

to infinity, kh tends to 1 when n approaches infinity.
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]; = 4@; (h7+ki)
where:
0
2 2
J= ju exP(-u ﬁ-’)ﬁ%)du

o0

n
K = —j:é— exp[—uz-‘xq%‘.fr)du

n
After some algebra, it follows that:

I, = /ge { _(K_‘f’exlo(n )+ 2y )er'Fc(n M)}
)" g iy doy )]

here, erfc(z) is the complementary function of erf(z)

i) >0

When T =0, ¢ = wo and therefore relation (A5) becomes:

- _%_, ot - 7T q/
1, = 4, { 2l ottty 24 | [T 0 } o6

having n increase to infinity, it follows from (Al), (A2), (A3)

and (A6) that the only remaining non zero term is:

- ) [F50E (82)),,

or, with § = wo
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Pe)= 4 = L)

@7)
il) T »> o
We have to go back here to relation (C10),namely:
oo
2 (2
yi{t) = —-1—2—-; ab exp _(a+b)(§6-€abq/ dadb
Mg~ y2)% 2(w-¢?)
o
T > © 1is equivalent to have Y + 0 since, at infinity, ¥(T) is
zero.
Hence, integrating the above relation for ¢ = 0 , one easily
obtains:
QV'(EO) = Y% _ _qa,
<17 21T (D8)

which is not surprising since, for an infinite T, h (x) and

h (x + T) are no more correlated and therefore:

<h'(x)h'(x+t)> = <)—T(JL>>-<H'(JC+'C)> = <h.[x)> = E—%—)—.

The aspect of a typical ¢ (T) is sketched on Fig. 8.

iii) application

For numerical computation of ¥ (T) from Y(T) , it is interesting

to notice that:

n = 3 in relation (A3) is highly sufficient since:
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erf(3) = 099998 =~ 1

implying k3 =1

Therefore, relation (Al) becomes, for the purpose of numerical

calculations:
. (94 )’ ] / .y )erflWerpl-u L Yol
y(t)= n () Gore

wre o 3(pre) 9% WY 4 Yo | /M) ]/ VZ
+4\/ﬁ"q{, + (o) ex/o( +£(9/ ” % erfc(3 q—‘é:_.)



Appendix E

The purpose of this appendix is to give some details on the deriva-
tions relative to the mathematical analysis of the one-dimensional case
Thus, the first statistical moment <x tax’y of the pool extent and its
variance 0, will be determined in terms of O, , the variance of the
roughness height and V{'L' )the auto-correlation of the latter.

We introduce the notations Jv% ) and Jo'(( )such that

L)(x_): }v'r[x.) + /o_[:c) :

(E1)
W)= hix) whn bso

ht(x) = o whov h<o
W)= hfx) when h<o 2)

11'-({] = O cohe }‘)>O

We define Ux), amount of oil per unit width that would £ill the

pockets between abscissae QJand x :

u(x) = _/L'(§)d§ (E3)

The extent of the pool, X pqn, , for a given realization of

the ice profile is such that:

XMax
V= - fh‘(?)df (24)

(<]
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If <Xmazd denotes the ensemble average of X, s We can always

write (E4) as:
<xrmax>

_V= _/lo"[ﬁ)df + (-‘CMM- <xnaa>) L,‘[&) (E5)

o

since 1‘> is a continuous function of = ; g corresponds here to a

point of the profile where:

<x,‘,a¢> < 5 £ X max (E6)

As was done for the two-dimensional case and with the same limitations,

we assume that:

b(8) = <h(e)> &)

(E5) is then written:
<Xtaa>

V= Jl"’(f)df + (’Cwa—<xMaa>) <1')-(§)> (E8)

Taking the ensemble ave~ige of (E8) and noticing that this kind of

average commutes with linear operations:

-V = <Lf'[§')><xmm> (£9)

Then:

<x' MM> = - 4 (ElO)
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To derive the variance U, of X Masx 5 defined as:

Ox = <{CMM ~ <xMaa:>)z> (E11)

we come back te (E8) and write it as:

lxmony

< [ Jh‘(?)d§ *‘VJ ) = <( ‘mex—<xhwz>)a><1°—[ & )>?- (E12)
Or:
Oy = O <H(E)> (E13)

where O, is the variance of the volume U‘((xmm)> :

Ov = < [U[Q’-Maob) -< V( <x MM>)>JZ> (E14)

Also, expanding (El14):
Ty = KV (<tmax®) > = <maa>< h(E) S (E15)

From (E3), it is clear that
<X maxD>

<\72(<’CM%>> = <jf L’_(f)l—f/q) d§d7>

~
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Cemasy

= //(l«‘[})/—.'[ﬁy}) dfa’y

o
{Xmaz)

j/ (1 £=91) clf by

I

where 9/‘(C) is the auto-correlation for L~

Making the following change of variables:

CT= [8-1]
9 = } §+ ’?l
We end up with: <.Znu>/&’?

Q(Karan) > = % / [ o) @)

o

Noticing that:

<1%m¢z/ﬁ?
Ceman S (83 4//<x~««>_z- O 4
Vz" 21T

O

and using (E13) and (El15), we obtain:

(E16)

(817)

(E18)

(E19)
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<x Maa)/ z

=4 // SE-fv(o-g) -

(E20)

q/z%)in terms of QV/C) is determined in Appendix C (Eq. (C15)) while

the value of <b™> has already been determined in terms of 0, in Eq.
(22).



(1]

(2]
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[4]

[5]
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FIG. 12 RELATIONSHIP BETWEEN <Sy,y> AND oJ/2
TWO-DIMENSIONAL CASE
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