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Abstract

The focus of this paper is to understand storage costs of emulating an atomic shared memory over
an asynchronous, distributed message passing system. Previous literature has developed several shared
memory emulation algorithms based on replication and erasure coding techniques, and analyzed the
storage costs of the proposed algorithms. In this paper, we present information-theoretic lower bounds
on the storage costs incurred by shared memory emulation algorithms. Our storage cost lower bounds are
universally applicable, that is, we make no assumption on the structure of the algorithm or the method
of encoding the data.

We consider an arbitrary algorithm A that implements an atomic multi-writer single-reader (MWSR)
shared memory variable whose values come from a finite set V over a system of N servers connected
by point-to-point asynchronous links. We require that in every fair execution of algorithm A where the
number of server failures is smaller than a parameter f, every operation invoked at a non-failing client
terminates. We define the storage cost of a server in algorithm A as the logarithm (to base 2) of number
of states it can take on; the total-storage cost of algorithm A is the sum of the storage cost of all servers.
We develop three lower bounds on the storage cost of algorithm A.

e In our first lower bound, we show that if algorithm A does not use server gossip, then the total

storage cost is lower bounded by 2N7]\;+1 log, [V| — o(log, |V)).

e In our second lower bound we show that the total storage cost is at least 2%}%2 log, [V]|—o(log, [V])
even if the algorithm uses server gossip.

e In our third lower bound, we consider algorithms where the write protocol sends information about

the value in at most one phase. For such algorithms, we show that the total storage cost is at least

*# log,(]V]) — o(log,(|V]), where v* is the minimum of f 4+ 1 and the number of active
write operations of an execution.

Our first and second lower bounds are approximately twice as strong as the previously known bound of
I\,Lﬂtlogg2 |V|. Furthermore, our first two lower bounds apply even for regular, single-writer single-reader
(SWSR) shared memory emulation algorithms. Our third lower bound is much larger than our first and
second lower bounds, although it is applicable to a smaller class of algorithms where the write protocol
has certain restrictions. In particular, our third bound is comparable to the storage cost achieved by most
shared memory emulation algorithms in the literature, which naturally fall under the class of algorithms

studied. Our proof ideas are inspired by recent results in coding theory.
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1 Introduction

The emulation of a consistent, fault-tolerant read-write shared memory in a distributed, asynchronous,
storage system has been an active area of research in distributed computing theory. In their celebrated
paper [3], Attiya, Bar-Noy, and Dolev devised a fault-tolerant algorithm for emulating a shared memory
that achieves atomic consistency (linearizability) [I6L[17]. Consider a distributed system with server nodes,
write client and read client nodes, all of which are connected by point-to-point asynchronous links. The
ideas of [3] can be used to design server, write and read protocols that implement an atomic shared memory
even if the write and read operations are invoked concurrently with the following guarantee: every read or
write operation invoked at a non-failing client terminates so long as the set of servers that fail is restricted
to a minority. The algorithm of [3] used a replication-based storage scheme at the servers to attain fault
tolerance. Following [3], several papers 1124511, 12,15, 21] have developed algorithms that use erasure
coding instead of replication for fault tolerance, with the goal of improving upon the storage efficiency of [3].

In erasure codingﬂ which is studied in classical coding theory, each server stores a function of the value
called a codeword symbol. A decoder that is able to access a sufficient number of codeword symbols recovers
the value. The number of bits used to represent a codeword symbol is typically much smaller than the
number of bits used to represent the value. As a consequence, erasure coding is well known to lead to smaller
storage costs as compared to replication in the classical coding-theoretic set-up (See, for example, [ZI0)19]).
Here, we aim to understand storage costs of shared memory emulation, where in contrast with the classical
coding-theoretic setup, multiple versions of the data object are to be stored in a consistent manner.

When erasure coding is used for shared memory emulation, new challenges arise. Since, in erasure coding,
each server stores a codeword symbol and not the entire value, a read operation has to obtain a sufficient
number of codeword symbols to decode the value being stored. When a write operation begins to write a
new version of the data object, the old version cannot be deleted from the servers until a sufficient number of
codeword symbols corresponding to the new version have been propagated to the servers. As a consequence,
servers have to store codeword symbols corresponding to multiple versions of the data object to ensure
that a reader can decode an atomically consistent version. Previous erasure coding based shared memory
emulation algorithms [TL45ITTLT2I[T521] have noted that the number of versions to be stored at a server can
be large if there are a large number of ongoing or failed write operations whose codeword symbols have not
been propagated sufficiently. Because servers store codeword symbols corresponding to multiple versions,
the storage cost of using erasure coding can be large, even if the number of bits in each codeword symbol is
small compared to the number of bits used to represent the value.

Despite the vast amount of literature in the study of storage costs of shared memory emulation, some
compelling and fundamental questions remain unanswered. Since a server can store an arbitrary function
of all the symbols it receives, can we develop a sophisticated storage strategy that somehow compresses
multiple versions at the servers and thereby results in smaller storage costs? If we add multiple phases to
read and write protocols or include other algorithmic novelties, can we reduce the storage cost of shared
memory emulation? In our paper, we obtain insights into these questions by developing novel impossibility
results that lower bound the storage cost of an arbitrary atomic shared memory emulation algorithm.

2  Summary of Results and Comparisons with Related Work

In this section, we first summarize the shared memory emulation and the classical coding theory set-ups.
We then describe our storage cost lower bounds in Theorems 1] and 51l Then, we describe our storage
cost lower bound related to Theorem Finally we compare our results to previously derived storage cost
lower bounds.

2.1 Set up

Shared Memory Emulation Set-up: We consider an arbitrary algorithm A that implements, over a
network of N servers connected by point-to-point asynchronous links, an atomic multi-writer single-reader
(MWSR) shared memory variable whose values come from a finite set V. The algorithm A is required to
ensure that all operations terminate so long as the number of server failures is no larger than a parameter

1 . .
Server failures are modeled as erasures of codeword symbols; hence the term, erasure coding.



f. The storage cost of a server in algorithm A is measured as the logarithm of the number of possible states
of the server, and the storage cost of algorithm A is the total storage cost over all the servers.

Classical Coding Theory Set-up: Consider a system with N servers, where a single version of a
data object whose values come from a finite set V is to be stored. The value of the data object must be
recoverable, so long as the number of server failures is no larger than a parameter f. The classical Singleton
bound [1820] in coding theory implies that the total storage cost is at least Nlﬁ%zf'w bitdd. The lower bound
of M%"’flw on the storage cost is known to be tight in the classical coding-theoretic set-up for large values
of [V [I8,20].

The power of erasure coding is transparent when we want to design a storage system that tolerates
failures of f server nodes and the number of server nodes N can be chosen freely. If we use replication, every
server stores log, [V| bits. Since we need at least f + 1 servers to tolerate f server failures, the total storage
cost of the system is at least (f 4 1)log, |V| bits. In contrast, if we use erasure coding, the total storage cost
of the system is NI%QM, which approaches log, [V| as N increases. If N is sufficiently large, the storage
cost of replication is approximately f -+ 1 times the storage cost of erasure coding.

2.2 Motivation and Summary - Theorems [4.1] and [5.1]

Motivation: The classical coding-theoretic model does not model clients or channels, and therefore differs
significantly from the shared memory emulation model. However, the storage cost lower bound of loj\g]?—_lv‘
described by the Singleton bound is, in fact, applicable in the context of shared memory emulation as well.
We provide the first formal proof of the lower bound in Appendix [B} in particular, we show that for any
SWSR regular shared memory emulation algorithm that implements a read write data object whose values
come from a set V, the total storage cost is at least Nl%_sz\' The natural lower bound of Nl%ff‘vl

the following question.

inspires

Question 1: Does there exist an atomic shared memory emulation algorithm whose storage cost is
equal to NL# log, |V|?

Summary of Theorems [4.1] and [5.1F In this paper, we answer the above question in the negative by
proving storage cost lower bounds that are stronger than NL# log, |V]. In Theorems 1] and [5.1] we show
that the total-storage cost of single-writer-single-reader (SWSR) regular shared memory emulation algorithm
is at least NE—J}[H log, [V| — o(logy |V]). In particular, if f is fixed and N is chosen freely, the total-storage

cost lower bound of Theorems 1] and [B.] approach ]\?—]_Vf log, |V| — o(]logy |V]) as N increases; therefore
the bounds of Theorems [£.1] and [5.1] are twice as large as the previously known lower bound. Recall that
regularity [17] is a weaker consistency model as compared with atomicity. Since Theorems [AT]and [5.1] apply
for regular SWSR shared memory emulation algorithm, they automatically apply for atomic MWSR shared
memory emulation algorithms. Theorem 1] describe a storage cost lower bound for algorithms which do
not use server gossip. Theorem [5.1] describes a lower bound for any shared memory emulation algorithm,
including algorithms that use server gossip. Our storage cost lower bounds are universal in nature, that is,
we make no assumption on the structure of the protocols or the method of data storage. Because we answer
Question 1 in the negative, an important implication is that there is an unavoidable price, in terms of storage
cost, to ensure regularity in a shared memory emulation system. We next discuss the tightness of Theorems
AT and 5] in the context of previously derived storage cost upper bounds.

2.3 Motivation and Summary - Theorem

In the sequel, we define the number of active write operations at point P of an execution as the number
of write operations which have begun before the point P but not yet terminated or failed at point P. The
number of active write operations of an execution is the supremum, over all points of the execution, of the
number of active write operations at the points of the execution.

Motivation: There is a growing body of literature related to erasure coding based shared memory
emulation algorithms [IL2LAH6LTTLT2ITEL2T23]. These algorithms differ in their structure, liveness conditions
on operation termination, and their communication costs. A common insight that applies to all the algorithms

?For the sake of the discussion here, we assume that |V| is a power of 2. We refer the reader to [6,[18] for more details about
erasure coding.



of [1L121[4H6l 1T 12/T5,2T,23] is that, among the class of all executions with at most v active write operations,
the worst case storage cost of implementing an atomic shared memory object whose values come from a

finite set V is at least VNI%"’]JV‘. In fact, references [2L[4[51[12] conduct a formal analysis of the incurred
N log, |V|
N

storage cost and show that the storage cost incurred is approximately v . While the prior works
highlight the benefit of erasure coding when the number of active writes is small, the storage cost benefits
of erasure coding vanish as the number of active writes increases. In particular, for a sufficiently large value
of v, erasure coding based algorithms can even have a higher storage cost as compared to replication based
algorithms [3}[13], which incur a storage cost of O(f)log, |V| irrespective of the number of active writes.

In contrast with the storage cost upper bounds in literature, our lower bounds of Theorem 1] and (5.1l do
not depend on the number of active writes. Furthermore, if f is proportional to N, then storage cost lower
bounds of Theorem (1] and [5.1] are both o( f) log, |V| + o(log, |V|). Prior literature in conjunction with our
results of Theorems [4.1] and [5.J] motivates the following question:

Question 2: Can we develop an algorithm whose storage cost, when f is proportional to N, is as small
as o(f)log, |V| and does not grow with the number of active writes?

Summary of Theorem We provide partial answer to Question 2 in our lower bound presented in
Theorem The lower bound states that the answer to Question 2 is negative, if the write protocol of
the algorithm satisfies certain technical conditions described in Section[6l Informally speaking, the technical
conditions in Section [6] imply that the write operation is executed in phases, and a message containing
information about the value is sent to the servers in at most one phase per write operation. For any atomic
MWSR algorithm that ensures that all operations terminate in every execution where the active number
of write operations is at most v and the number of server failures is at most f, Theorem shows that if
the write protocol satisfies the conditions stated in Section [Gl then the storage cost cannot be smaller than
*Nl_of%lﬁl_l — o(log|V|), where v is the minimum of {f + 1, v}.

Theorem is interesting from a conceptual viewpoint since it captures the dependence of the storage
cost on the degree of concurrency that has been noticed in the upper bounds of [2[4H6,12]. In particular,
the bound of Theorem can be much larger than the bounds of Theorems [4.1] and 511 if the parameters
v and f are sufficiently large. If the number of active write operations exceeds (f + 1), then our storage
cost lower bound of Theorem [6.5] which equals (f + 1)log, |V| — o(log, |V]), implies that replication based
algorithms are approximately optimal in the class of algorithms described in the theorem.

The class of algorithms that satisfy the conditions stated in Section[@include a majority of the algorithms
in literature [IL4L[5,TTL12L2T]. We refer the reader to Section [0l for a more detailed justification. Theorem
65 in the stated form, does not apply to a few algorithms [2,[T5] because these protocols send messages
related to the value of the write operation in two phases; one phase is used to send a hash of the value
for client verification purposes, and a second phase is used to send codeword symbols corresponding to the
value. In related discussions in Section [6, we conjecture that the statement of Theorem and the proof
can be modified, without deviating too much from our approach, to apply to a larger class of algorithms
which include [2}[15].

In Figure [Il we compare the proposed total-storage lower bounds with the previous achievable upper
bounds.

2.4 Comparison with Prior Storage Cost Lower Bounds

We compare our work with results of [81[9}[131[23H25] which provide some impossibility results in connection
to consistent shared memory emulation. The main reference that directly pertains to our work here is [23],
which describes interesting, non-trivial lower bounds on shared memory emulation algorithms where the
server and client storage schemes satisfy certain restrictions. Reference [23] assumed that every bit stored
in the system is associated uniquely with a write operation, and showed that under such a storage scheme,
the worst case total storage cost of the system is at least Q(min(f,»)log|V|). The implication of [23] is that
in the worst case, if the degree of concurrency is infinite and the server storage scheme is restricted in a
particular manner, then the replication based algorithms of [3|[I3] are approximately optimal.

N
N—f
lower bound on the cost incurred by these algorithms in the worst case, among executions where the number of active writes
is bounded by v.

3There are subtle differences in the storage cost incurred by the algorithms of [2ldH6,12]. Nonetheless, v

log, |V] is a
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Figure 1: Storage cost upper and lower bounds for N = 21 servers and f = 10 server failures. We plot the
total-storage cost normalized by log, |V| when [V —> 0o. Theorems 0.1} [6.5] m are lower bounds obtained

in this paper, that corresponds to 25~ 5V NT erV — N respectively, v* = min(f + 1,v). And ABD

and erasure-coding refer to upper bounds achieved in [3] and [21/4][51[12],respectively, which corresponds to
f+1and I/NL#.
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The assumption of [23] that every bit stored is associated with a unique write operation is restrictive and
does not apply to all possible storage methods. To see this, consider a scenario where V is a finite field. Let
v1, 09 € V be values corresponding to two different write operations. Suppose in some algorithm A, at some
point of an execution, a server stores v; + vy, where + denotes the addition operator over the field. Then a
bit stored by the server cannot be uniquely associated with any of the write operations in an unambiguous
way. Therefore, the proof technique and the result of [23] fails to provide any insight on the storage cost of
the algorithm A. Put differently, the storage method of [23] does not allow for server storage techniques that
potentially compress the values of different versions together (See Appendix [A] for more technical details).
In contrast, the results of Theorems (1] (.11 are universal and would automatically apply to algorithm A.
The result of Theorem does not impose any structure on the storage method, and could also apply to
algorithm A if its write protocol satisfies the appropriate restrictions.

References [8l[13] describe impossibility results which are peripherally related to our work. In particular,
the results of [8[I3] show that if the readers or writers do not help write another client’s value [13], or if
the servers are modeled as read-write objects [§], the number of servers must be at least linear in the degree
of concurrency in the system. However, the results of [8,[I3] do not directly relate to the total-storage cost
incurred by the algorithm. Reference [9] considered algorithms where the readers do not change the state
of the servers, that is, the readers do not write any values or metadata. The reference showed that for the
class of algorithms considered, if the value comes from an infinite set, then there exists no regular shared
memory emulation algorithm that tolerates even a single server failure. The reference nonetheless does not
provide any insight into the storage cost, particularly when the values come from a finite domain.

In information theory literature, recently developed formulations generalize the classical erasure coding
model with the goal of understanding storage costs in systems where consistency is important [24.25]. The
models of [241[25] however, differs from the model considered here. In particular, the models of [24,25] does
not involve formal notions of write and client protocols, and the decoding requirement is only loosely based
on the notion of atomicity. Our proofs of Theorem [Tl [5.1] and bear resemblance to storage cost lower
bounds of [24].



In our concluding section, Section [7 we provide a summary of the state of the art based on the main
results of our paper and of [23].

3 Preliminaries

We study the emulation of a shared atomic memory in an asynchronous message passing network. Our setting
consists of a set of N server nodes and a possibly infinite set of client nodes. Without loss of generality, we
let the set of server nodes be {1,2,..., N}. We denote the set of client nodes as C. We assume a multi-writer
single—readeIH setting, that is, we assume that C has a single write client; the remaining clients in C are
read clients. Each client node is connected to all the server nodes, and the servers are connected to each
other via point-to-point reliable, asynchronous, channels. We assume that the readers receive read requests
(invocations) from some external source and respond with object values. We assume that writers receive
write-requests and respond with acknowledgements. Every new invocation at a client waits for a response of
a preceding invocation at the same client. The goal of a shared memory emulation algorithm A studied in
this paper is to design the client and server protocols that implement a read-write register of a data object
which can take values from a finite set V, with the following safety and liveness properties.

Safety Properties: The algorithm must emulate a SWSR regular registers [I7]. Informally a regular
shared memory object requires that every read operation returns either the value written by the latest write
operation that terminates before the invocation of the read operation, or the value of a write operation that
overlaps with the read operation. In Section [6] we consider multi-writer single-reader algorithms, and we
require the algorithm to be atomic [17]@. Informally, in an atomic algorithm, the observed external behavior
of every execution looks like the execution of a serial variable type. Recall that SWSR execution of an atomic
shared memory emulation is also regular, so our lower bounds for regular algorithms in Theorems 1] and
BTl also apply to atomic emulation algorithms.

Liveness Properties: An operation of a non-failed client must terminate in a fair execution, so long as
some conditions are satisfied in the execution. Specifically, we require operations to terminate if the number
of server failures in the execution is bounded by a parameter f. We consider algorithms with weaker liveness
properties as well in Section Bl where we ensure termination of operations in executions if the number of
active write operations is bounded. A formal statement of the weaker liveness properties is provided in
Section

We require the above correctness properties to hold irrespective of the number of client failures. The
data object can take values from a finite set V.

Storage Cost Definition

Informally speaking, the storage cost of an algorithm is the total number of bits stored by the servers. In
general, for an algorithm where the state of server node ¢ € {1,2,..., N} can take values from a set S;, we
define the storage cost of the server to be equal to log, |S;| bits. The max-storage cost of the algorithm A is
defined to be
MaxStorage(A) = ma logs |S,, |-
ge(A) e max | log S,

The total-storage cost of the algorithm is defined to be
N
TotalStorage(A) = Z log, |S;-
i=1

4 Storage Cost Lower Bound for Algorithms Without Gossip

In Appendix [B] we provide a simple but non-trivial proof of the storage cost lower bound that is analogous
to Singleton bound. Some of the proof techniques there are also applied in this section. The readers can

“The storage cost lower bounds presented in our paper apply trivially to multi-writer single-reader shared memory emulation
algorithms as well.

°In fact, we will study weakly regular multi-writer single-reader algorithms [22]. See details in Section



first read Appendix [Bl as an warm-up exercise.

Our main result of this section is a storage cost lower bound, assuming that servers do not gossip.
Specifically, in this section, we assume that every message is sent from a client to a server, or from a server
to a client. The lower bound is an implication of Theorem [.I], which describes constraints on the cardinalities
of the server states that must be satisfied by any atomic shared memory emulation algorithm where servers
do no gossip. The lower bounds on the max- and total-storage costs are stated in Corollary[42l After stating
Theorem 1] and Corollary [£.2] we provide an informal description of the proof of Theorem [£.1] followed by
a formal description.

4.1 Statement of Theorem [4.7]

Theorem 4.1. Let A be a single-writer-single-reader shared memory emulation algorithm that implements
a regular read-write object whose values come from a finite set V. Suppose that in A, every message is sent
from a server to a client, or from a client to a server. Also, suppose that every server’s state belongs to a
set S in algorithm A.

Suppose that the algorithm A satisfies the following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f, f > 2, then every operation invoked at a non-failing client
terminates.

Then, for every subset N'C {1,2,..., N} where [IN| =N — f,

Z log, |S;] + gleaj\)/clog2 |Si| > logy [V| +log, (|V]| — 1)) — logy (N — f).
neN

Corollary 4.2. Let A be a single-writer-single-reader shared memory emulation algorithm that implements
a regular read-write object whose values come from a finite set V. Suppose that in A, every message is sent
from a server to a client, or from a client to a server. Also, suppose that every server’s state belongs to a
set S in algorithm A.

Suppose that the algorithm A satisfies the following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f, f > 2, then every operation invoked at a mnon-failing client

terminates. Then
S logy [V| +1logy(|V| = 1) —logy (N — f)

MaxStorage(A) > N=T+1 )

and
N(logy [V| + logy (V] = 1) — logy(N — f))

>
TotalStorage(A) > N i1

Proof of Corollary[{.2 We assume, without loss of generality, that |S;| < |S, < ... <|Sy|. From Theorem
41l we have

N—f
Z log, [Sp| +10g, [Sy— s = logy [V[ +1ogy ([V] — 1) — logy (N — f).
n=1

log, |V|+log, (|V|—1)—log, (N—f)
N—f+1

As a consequence, we have logy |Sy_¢| >

logy [V| +logy(|V[ — 1) — logy(N — f)
N—f+1

ne{l,2,...,

log, |V|+lo V|—1)—logy(N—f
. Furthermore, we have log, |S,| > 2V gzj(v\ I +1) £2WV=1) for ev-

. Therefore, we have {max ) log, |S,,| >



eryn € {N — f+1,...,N}. This implies the following chain of relations.

N N
Zlng ISnl > logy [V| 4+ logy([V] — 1) —logy(N — f) —logy [Sy—f| + Z log, |S,|
n=1 n=N-—f+1
N
> logy V| +logy([V] — 1) — logy(N — f) + Z log, |S,,|
n=N-—f+2

> (o Y]+ logy (V] — 1)~ ora(¥ - 1) (14 2527 )

N_f+1
N log, [V| +logy (|V| = 1) —logy (N — f)
N—f+1

This completes the proof. O

4.2 Informal Proof Sketch of Theorem 4.1

Informally speaking, our lower bound argument is as follows. For every subset N’ C {1,2,..., N} where
IN| = N — f, we construct an execution where the servers in {1,2,..., N} — N fail at the beginning of the
execution. The execution has two write operations for values v; and vy, where v; # vy. The second write
operation which writes value vy begins after the termination of the first write operation, which has value v;.

In this execution, after the point of termination of the first write, a reader can return v; because of
regularity. Similarly, after the termination of the second write operation, a reader can return vy. Therefore,
the value v is returnable from the servers at a point before the invocation of the second write operation and
vy is returnable from the servers at a point after the completion of second write operation. Furthermore,
at every point in the interval of the second write operation, at least one of v; or vy are returnable. This
implies that, in the interval of the second write operation, there are two consecutive points P and P’ such
that v; must be returnable from the non-failing servers at point P and v, must be returnable from the
non-failing servers at point P’. Since (v, vs) can be any ordered pair of distinct values from V, there must
be a one-to-one mapping between the set {(vi,vs) : (vi,v9) € V X V,u; # vy} and the set of possible
configurations of server states at points P and P’. This implies that the number of possible server states at
points P and P’ is at least (|V|)(|]V| — 1). Since P and P’ are consecutive, at most one non-failing server
changes its state between these two points. At least N — f — 1 non-failing servers have the same state
at point P as at point P’. We use this fact to show that the number of elements in the set of possible
server states at two consecutive points is at most [[,cn |S;| x max,,cpr [S,| X (N — f). Therefore, we get
[Len ISi] x max,enr |S,| X (N = f) > (|[V])(|V] — 1), which implies the lower bound. We now present a
formal proof of the lower bound.

4.3 Formal Proof of Theorem [4.1]

Consider an arbitrary subset N' C {1,2,..., N} such that |[N| = N — f. We construct |V| x (|[V] — 1)
executions of the algorithm A. In particular, for every tuple (vy,v,) € V x V where v; # vy, we create an
execution """ of algorithm A. In our proof, we first describe execution a'***?) in Section E3.1l Then,

we describe some properties of execution a"1"2) in Section 3.2 We use the results of Section IL3.2 to
prove Theorem [£.1] in Section [£.3.3]

4.3.1 Execution ("1

In execution a'*"'"?) the readers and the channels from and to the readers do not perform any actions.

Among the set of write clients C,,, only one write client takes actions. The f serversin {1,2,..., N} — A fail
at the beginning of the execution. No further server failures occur in the execution. A write 7; is invoked
at a write client with value v;. All the components of the system except the readers, and the channels from
and to the readers, take turns in a fair manner until the completion of ;. Recall that, in a fair execution
where the number of server failures is at most f, any write that begins eventually terminates irrespective



a(v1,v2)

U T2
server
failures write(vy) write(vz)
~ =~
nghw) Pﬁhw) p](\’;l-w)r

(v1,v2)
i

(v1,v2) (levz)'

Figure 2: Pictorial description of executions « and «;

of the number of read client failures. From the perspective of the servers, write client and the channels
between them, the execution alvv2) jg indistinguishable from a fair execution where all the read clients fail,
we can ensure the execution can be extended until the write operation m; terminates. Immediately after the
termination of 7, a write operation 7y with value v, begins. All the components of the system except the
readers and the channels from and to the readers take turns in a fair manner until the completion of m,.

(vi,v2)

The execution « ends after the termination of my.

4.3.2 Properties of Execution o!""'"?
Let Pévl’v2),Pl(vl’vl),PQ(Ul’v2), . ,P]S;l’vz) be the adjacent points (or points after successive steps) of the
2)

constructed execution a(vl’v2), where Po(vl’v is an arbitrary point after the termination of m; and before the

invocation of my and Pﬁ;l’%) is an arbitrary point after the point of termination of 7wy, and M is a positive
integer. For i € {0,1,2,..., M}, we denote by a{"1*2) the execution between the initial point of a("*"?)

i
(v, (v1,v2)

and point P, and o!"""") are depicted in Fig.

7
(v1,v2)

For an integer ¢ in {0,1,..., M}, we refer to point P,

v2) The executions o

as a k-valent point if it satisfies certain

(v1,v2)

properties that are described in Definition 3] £ = 1,2. Informally speaking, a point P; is said to be

k-valent if there exists an execution that starts at H(vl’UZ), where a reader returns vy.

Definition 4.3 (k-valent, k € {1,2}). Fori € {0,1,2,..., M}, a point Pi(vl’v2) in the constructed a§v17v2) is
said to be k-valent if we can extend a§v17v2) to an execution B as follows: After Pi(vl’v2) all the messages from
and to the writer are delayed indefinitely. A read operation starts at point Pi(vl’vz) and all the components,
except the writer and the channels from and to the writer, perform actions until the read operation terminates.

The read operation returns vy,.

It should be noted that a point of an execution can be both 1-valent and 2-valent; thus our definition
of valency has a somewhat different structure compared to other definition of valency in other impossibility
arguments (e.g. [I4]).

Lemma 4.4. Fori€ {0,1,2,..., M}, a point Pi(vl’UQ) that is not 1-valent is 2-valent.

To show Lemma 4.4l we first prove Lemma which informally states that a reader that begins after
the termination of the write 7; should return v; or v, because of regularity of the algorithm.

Lemma 4.5. Consider an execution 3 which is an extension of agvl’%). In B, after point H(vl’UZ), the writer
stops taking steps and all messages from and to the writer are delayed indefinitely. A read operation begins
at some point after point Pi(vl’vz) and terminates in 3.

Then, the read operation returns either vy or vs.
The lemma is a natural consequence of the regularity of algorithm A. We provide a formal proof next.

Proof. The read operation is invoked after the termination of write operation m; in execution g. It is possible
that the write operation 7, is invoked before the invocation of the read operation. Because the algorithm is



regular, we must be able to serialize operations in 5. Because 7, is invoked after the completion of 7, the
operation 7, is serialized after operation ;. Regarding the serialization point of the read operation, there
are only two possibilities: (i) read operation is serialized immediately after m; and before 7y, and (ii) the
read operation is serialized after 7. If possibility (i) occurs, that is, if the read operation is serialized after
71, then it returns v;, which is the value of the write operation 7r;. If possibility (ii) occurs, then the read
returns vy, which is the value of the write operation 7. Therefore, the read operation returns either v; or
v9. This completes the proof. O

Proof of Lemma[{.4] Consider a point Pi(vl’%) that is not 1-valent. We show that it is 2-valent by construct-
ing an execution § that satisfies Definition [£.3] for k¥ = 2. The execution § is an extension of PSSR B,

3
after point Pi(vl’vz) all the messages from and to the writer are delayed indefinitely.
A read operation 7 starts at point Pi(vl’vz) in B and all the components, except the writer and the channels
from and to the writer, execute their protocols taking turns in a fair manner. From the perspective of the
servers, readers and the channels between the servers and the reader, the execution (3 is indistinguishable
from a fair execution of the algorithm where the write client fails before sending or receiving the messages
in its channels. Because of the liveness properties satisfied by the algorithm, the read operation terminates.
Because the read operation is invoked at point Pi(vl’v2) which is after the point of termination of the write
operation 7, Lemma implies that the read operation returns v; or vy. However, because the point

Pi(vl’%) is not 1-valent, the read operation cannot return v;. Therefore the read returns vy at some point Q.

Let B denote the extension of az(v17v2) to the point Q). The execution 3 satisfies the conditions of Definition

A 3for k = 2. Therefore, the point Pi(vl’vz) is 2-valent. O

Lemma 4.6. There exists some integer i € {0,2,..., M — 1} such that Pi(vl’vz) is 1-valent and Pi(ill’vz) 18
not 1-valent.

Proof. To show the lemma, we argue that the following two statements are true.
(i) Point P{"""2) is 1-valent.
(ii) Point Pﬁ;l’%) is not 1-valent.

Among all the numbers in {0,1,2,..., M}, let i denote the largest number such that Pi(vl’UZ) is 1-valent. If
(i) is true, we note that the number ¢ exists. If (ii) is true, then ¢ < M. Since i is the largest number such

that R_(vl,vz) is 1-valent, we infer that Pi(vl’vz) is 1-valent, but Pi(ill’%) is not 1-valent. The point Pi(vl’vz)
therefore satisfies the statement of the lemma. So, to show the statement of the lemma, it suffices to show
(i) and (ii). We show (i) and (ii) formally next.

To show (i) we extend aé”l’UQ) to an execution 8 as per Definition [£.3] for 1-valency. In 3, after point

PO(UI’UZ) all the messages from and to the writer are delayed indefinitely.

Note that at point PO(UI’Uz) the write operation w5 has not yet begun. A read operation 7 starts at point
PO(UI’UZ) in execution  and all the components, except the writer and the channels from and to the writer,
execute their protocols taking turns in a fair manner. Note that the execution is indistinguishable from a
fair execution of the algorithm where the write client fails before sending or receiving the messages in its
channels. Because of the liveness properties satisfied by the algorithm, the read operation terminates. Note
that there is only one write operation m; in execution /. Because the algorithm is regular, and because the
read operation is invoked after the termination of 7, it is serialized after m;. Therefore the read returns
v; at some point Q. Let S denote the extension of agvl’UZ) to the point ). The execution [ satisfies the
conditions of Definition [£.3] for 1-valency.

To show (ii) we show that we cannot extend ag\j{l’%) to an execution 3 as per Definition @3l We provide a
proof by contradiction. Suppose we can construct B as per Definition 3]l Note that in B , the read operation
is invoked after point Pﬁ;l’%), which is after the point of termination of my. Therefore the read operation
is invoked after the point of termination of the write my. Furthermore, m, is invoked after the point of
termination of 7;. Because /3 has regular operations, write operation 7y is serialized after write operation
m, and the read is serialized after the write m,. Therefore the read should return v,, which is the value of
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write operation m,. However, because B satisfies Definition B3] the read returns v; which is not equal to v,.
Therefore the execution [ of algorithm A does not have regular operations. This is a contradiction to the
assumption that the algorithm A is regular. Therefore point P&“’Uz) cannot be 1-valent. This completes the
proof. O

Next, we present the definition of a pair of critical points of execution a(V1*"2).
Definition 4.7 (Critical points). Let Q1, Qo be two points in execution av1v2) | The pair of points (Qq, Q)
is defined to be a pair of critical points if there exists a number i in {0,2,..., M — 1} such that

K2

° Ql — P_('Ulvv2)7 Q2 — ‘Pi(111702)7
e (Q, is 1-valent,

e ()5 is not 1-valent.

Lemma implies that every execution a"1%2) has at least one pair of critical points. Lemma [4.4]

implies that if (Q;, @Q-) is a pair of critical points in a"1%2) | then point Q, is 2-valent in a""*"2). We need
the following lemma before proceeding to prove Theorem (.11

Lemma 4.8. Let (Qq,Q52) be a pair of critical points of execution alvv2), Then,

(a) the readers, and the channels between the readers and the servers, are all in the same state at point QQq
as at point Qq;

(b) there is at most one non-failing server s such that its state at Q, is different from its state at Q5.

Proof. In execution a(vl’%), the readers and the channels between readers and servers do not perform any

actions. So these components are in their initial state at every point of the execution, including points Q;
and Q. This implies that statement (a) is true. We prove (b) next. Note that @, and Q, are adjacent
points of the execution a"1"2) " There are three possibilities: (I) a channel performed an action between
points @; and @4, (II) a server performed an action between points ¢ and @5, or (III) a client performed
an action between points (); and Q5. We study these three possibilities separately.

Case I: A channel action took place between points @J; and Q5. Note that the algorithm A
does not send any messages on the channels between servers. The channels between readers and servers do
not perform any actions in alvrv), Therefore, we only need to consider the case where a channel between
a server and the writer takes an action. If a channel from the writer to server s takes an action, then, for
every server in the set N'— {s}, there was no input, internal or output action between Q; and Q5. Therefore
every server in the set N — {s}, has the same state at Q, as at Q. Similarly, if a channel from a server s to
the writer takes an action, then, for every server in the set ' — {s}, there was no input, internal or output
action between @, and @Q,. Therefore every server in the set N'— {s}, has the same state at Q; as at Q.
This completes the proof for Case I.

Case II: A server action took place between points (); and @Q),. Let s be the server that took an
action between points @; and Q5. This implies that for every server in N'— {s}, no input, output or internal
action was taken between these points. Therefore every server in N — {s}, has the same state at Q; as at
Q5. This completes the proof for Case II.

Case III: A client action took place between points ); and @Q,. If a client action takes place
between ), and @5, then, for every server in the system, no input, internal or external action was taken
between points (Q; and Q. Therefore, in this case, every server has the same state at point (); as at point
@5. This completes the proof. o

We are now ready to prove Theorem [£.1]
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4.3.3 Proof of Theorem [4.7]
Proof of Theorem [{.1 Lemma implies that we can find a pair of critical points (ngl’vz), ngl’v2)) in
v1:¥2)  From Lemma [£.8] we note that there is at most one non-failing server that changes state

(
between ngl’%) and ngl’v2). Let s denote the server which changes state between points ngl’vz)

execution a
and
ngl’UQ), if there is one; if not, let s denote an arbitrary non-failing server. For any s' € N, if s’ # s, the
state of the server s’ is the same at points ngl’%) and Qévl’%).

Let $2) be an element of [Len Sn XN X U,enS, as follows. The first N — f components of Gvrv2)
denote the states of the N — f servers in V at point Qg”l’%). The (N — f+1)st component of §@1¥2) denote
the server index s, and the N — f 4+ 2nd component is the state of server s at point ngl’v2). Note that the
number of elements in the set U {S“r¥2)} is at most [Licar 1Sil X (N = f) x max;ep |S;]-

(v1,02) EV XV, 01 F#V,

To prove Theorem ET] we show that, if (v,,v,) and (vy,vs) are two distinct elements of the set {(x,y) :

(z,y) €V X V,x # y}, then Glvrwa) S0 1 we show this, then it implies that the number of elements

in the set U {§@v2)} is at least equal to the number of clements in the set {(z,y) : (z,y) €
(v1,02) EV XV, 01 Fvy
V x V,x # y}, which is equal to (|V|) x (|[V| — 1). This leads to the following chain of inequalities:

LT 1Sal > (N = f) x max[S,| > (IV]) x (V] = 1)

neN
Lrleajs/(log2 Sl + Z log, [S;] = log, V| + log, (|V[ — 1)) — logy(N — f)
neN

which implies the theorem. Therefore, to prove the theorem, it suffices to show that, if (vy,vy) # (vy,v5),
then §("1v2) £ G2 Quppose, for contradiction, there are two distinct tuples (v1,v5) and (v, vh) in
{(z,y) : (z,y) €V x V,z # y} and Glonve) = Glvrwa),

Let ¢ denote an integer such that ngl’%) is the point Pi(vl’%) in a""*2), We now construct executions
v1,v2) (v1,v2)

and «;,'y"*’. Because the point ngl"%) is 1-valent,

we know there an execution [3§U1’U2) that extends al(_v17v2) such that, after point ngl’%) in B£U1’U2), all

the messages from and to the writer are delayed indefinitely, and a read operation begins and returns v;.

Similarly, because the point Qévl’%) is 2-valent, we know there an execution Bgvl’%) Eill’%)

ﬁ;”l’%) and Bévl’%), which are extensions of ag

that extends «

such that, after point ngl"UQ), all the messages from and to the writer are delayed indefinitely, and a read
operation begins and returns v,.

The following claim describes a useful property of executions ﬁ;”l"%) and ﬁé”l"vz).

Claim 4.9. Let §1"2) = §"2)  Consider the composite automaton A formed by the servers, the readers
and the channels between the readers and servers. For k € {1,2}, every component of the automaton A has

(v1,v3)

(v1,v2) Gy ﬂ,gvl’v2) as at point Q. in execution

the same state at point @, /Blgulﬂ&).

Proof of Claim[].9. We first consider the case where k = 1. At points ngl’%) in ﬂ%vl’%) and ngl’%) in
BEUI’%), all the channels between the readers and servers are empty, the readers are in their initial state and
the servers in {1,2,..., N} — N have failed. Denoting N' = {ay,as,...,ay_¢} where a; < ay < ...ay_y,
the state of every non-failing server a;,j € {1,2,...,N — f} at points Qg”l’%) in B%vl’%) and ngl"%) in
B;Ul’%) is respectively equal to the jth component of §1"2) and S}, v}). Because §"*2) = S0} ),
every non-failing server is at the same state at ngl’vz) in B;Ul’%) as at ngl’vz) in BEUI’%). This completes

the proof for the case where k = 1.

Consider the case where k = 2. Let s denote the server index determined by the N — f + 1st component
of §®¥2) which is also equal to the server index determined by the N — f + 1st component of S"1?2),

All the channels, readers and failed servers have the same state at points ngl"%) in ﬁé”l"%) as at Qéyl"%)

12
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Figure 3: Depiction of the proof of Theorem[ Il (a) Executions B,(CUI’UQ), k=1,2. (b) Executions ﬂ,gvl’%), k=
1,2. (c) Constructed execution ~ for the case that vy ¢ {v;,v5}. (d) Constructed execution 7 for the case
that vy # v,.

in ﬂévl’vﬁ. The state of every non-failing server except server s at points Qévl’%) in ﬂévm@) and ngl,vz) in

ﬁévl’%) is respectively determined by the corresponding component of S§®1v2) and §(v1, vé) The state of

server s at points Qéyl’%) in ﬁé”l’%) and ngl’%) in Bévl’UZ) are respectively determined by the N — f + 2nd

)

component of S and SW}, v}). Because $1"2) is equal to S}, v}), every non-failing server is at the

same state at Qévl’%) in Bgvl’%) as at Qévl’%) in ﬂévl’v2). This completes the proof of the claim.

Proof of Theorem []-1] continued. We now use Claim to obtain a contradiction. Because (v;,v,) and
(v}, vs) are distinct ordered pairs, there are only two possibilities: (I) v} # vy, v] # v, (IT) vy # vy, v # vy,
or vy = vy,V] = vy, both of which imply that vy # v,. We handle these possibilities separately (See Figure

Case (I): v} # vy, 0] # vs.

We create an execution v of the algorithm A which contradicts Lemma Let ¢ be an integer such
that ngl’%) = Pi(vl’UQ) in execution "1""2). The execution v extends execution agvl’%), that is, it follows
execution o""?) until point Qg”l’%). After point ngl’%), the writer, and the channels from and to the

gvl,v2)7 the servers, readers and the channels between the

vi,v3)

writers do not perform any actions. After point @

servers and readers in «y follow the same steps as the corresponding components in ﬁ;

(v1,v2)
%

Claim L9 implies that ~ is an execution of algorithm A. In particular, v is an extension of «

(vy,

after point P,

, where,
U2), the writer and channels from and to the writer do not perform any actions. From point

Pi(vl’v2) onward, since the readers in « follow the steps of ﬂ%vl’%) until completion, a read begins in v after
this point and terminates returning v}, which is not equal to either v; or v,. However, according to Lemma
A5 the read operation in 7 should return either vy or v,,. This is a contradiction. Therefore, if v; # v] and
vy # vy, then Gviv2) # Gwiva),

Case (II): vh # vs.

We create an execution 7y of the algorithm A which leads to a contradiction. Let ¢ be an integer such
that ngl’vz) = Pi(vl’vz) in execution (""", The execution v extends execution agill’vﬂ, that is, it follows

(v1,v2) (vi,v2

execution « until point Qs ). At point Qévl’UQ), the messages from the writers are delayed indefi-

nitely. After point Qg}l“), the servers, readers and the channels between the servers and readers in «y follow
the same steps as the corresponding components in ﬁé”l’vz).

Claim [L£9implies that + is an execution of algorithm A. In particular, « is an extension of ozz(-ill’W), where,

after point Pi(ill’%), the writer and channels from and to the writer do not perform any actions. From point
v3)

Pi(_tll’%) onward, since the readers in « follow the steps of 8,"""*) until completion, a read begins in v after
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this point and terminates returning v5, which is not equal to vy. However, according to Lemma 4] and the
fact that Qéyl’%) is not 1-valent, ngl’”?) is 2-valent, and the read operation in v should return vy. This is

a contradiction. Therefore, §V1v2) £ Gviv2),
This completes the proof. O

5 A Universal Storage Cost Lower Bound

Our main result of this section is a storage cost lower bound that is applicable to any regular shared memory
emulation algorithm, even if it uses server gossip. The lower bound is an implication of Theorem 5.1, which
describes constraints on the cardinalities of the server states that must be satisfied by any atomic shared
memory emulation algorithm. The lower bounds on the worst case and total storage costs are stated in
Corollary 521 We provide a sketch of the proof of Theorem [5.1] highlighting the main differences from the
proof of Theorem (1]

5.1 Statement of Theorem [5.1]

Theorem 5.1. Let A be a single-writer-single-reader shared memory emulation algorithm that implements
a reqular read-write object whose values come from a finite set V. Suppose that every server’s state belongs
to a set S in algorithm A.

Suppose that the algorithm A satisfies the following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f, then every operation invoked at a non-failing client terminates.
Then,

2maxlog, | S| + ) log, |S;| > logy V| +logy (V] — 1) — 2logz(N — f)
neN

Corollary 5.2. Let A be a single-writer-single-reader shared memory emulation algorithm that implements
a reqular read-write object whose values come from a finite set V. Suppose that every server’s state belongs
to a set S in algorithm A.

Suppose that the algorithm A satisfies the following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f, then every operation invoked at a non-failing client terminates.
Then,
> logy [V| +1og, [V — 1| — 2logy (N — f)

MaxStorage(A)

= N—f+2 ’
N(logy [V| +logy |V — 1] — 2logy(N — f))
> .
TotalStorage(A) > 72

The proof of Corollary is similar to the proofs of Corollary in Section M and Corollary in
Appendix Bl and is omitted.

5.2 Informal Proof Sketch of Theorem [5.1]

The proof of Theorem [5.I] shares many common elements with the proof of Theorem Il The main difference
is that now we need to carefully handle the actions performed by the channels between servers. An aspect
that distinguishes the proof of Theorem [5.1lfrom the proof of Theorem F.1lis that their definitions of k-valent
points. For ease of readability, we inherit the lemmas and definitions from the proof of Theorem [l into
this section, so that the proofs can be compared easily. We begin with a proof sketch of Theorem (.11

As in our proof of Theorem ], for every subset N C {1,2,..., N} where |[N| = N — f, we construct
(“1:%2) where the servers in {1,2,...,N} — N fail at the beginning of the execution. The
execution has two write operations for values v; and vy, where v; # v,. The second write operation with
value v, begins after the termination of the first write operation with value v;.

In this execution, after the point of termination of the first write, if we let the channels between servers
deliver all the gossip messages, and then begin a read operation after the delivery of these messages, a reader

an execution «
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can return v; because of regularity. Similarly, after the termination of the second write operation, if we let
the channels between servers deliver all the gossip messages, a reader can return v,. This implies that, in
the interval of the second write operation, there are two consecutive points P and P’ as follows:

e If at point P we stop the writers and the channels from the writers and let the channels between servers
deliver all the gossip messages to arrive at point (), then v; can be returned by a read operation that
begins at point Q.

e If at point P’ we stop the writers and the channels from the writers and let the channels between servers
deliver all the gossip messages to arrive at point @', then vy can be returned by a read operation that
begins at point Q'

By constructing the executions such that gossip messages are delivered in the same order, we can ensure
that after the delivery of the messages, at most 2 servers differ in their states between points Q and Q'
We use this fact to show that the number of elements in the set of possible server states at points @) and
Q' points is at most [],cp [Si] X max,cp [S, | x max,cpr [S,| x (N — f)?. Therefore, we get [Loen 1Sl <
(max,cnr [Su])? x (N = £)* > (]V])([V| = 1), which implies the lower bound.

5.3 Formal Proof of Theorem [5.1]

(v1,v2)

5.3.1 Execution « and Its Properties

Let N be an arbitrary subset of {1,2,..., N} with N — f elements. Like the proof of Theorem [ we
construct |V| x (|V| — 1) executions of the algorithm A. In particular, for every tuple (vy,vy) € V X V where
v, # vy, we create an execution a("""*?) of algorithm A. The execution """ is constructed in a manner
that is essentially the same as Section L3Il The f servers in {1,2,..., N} — N fail at the beginning of
o"1%2) The execution a""*?) has two complete write operations 7, and 7, with values v; and vy, with 7y
being invoked after the termination of ;.

Similar to the proof of Theorem 1] we let PO(UI’U2), Pl(vl’vl)7 P2(U1’U2), e P]E}IJI’W) be a sequence of consec-
utive points in execution oa(vl’UZ), where P()(Ul’v2) is an arbitrary point after the termination of 7; and before

the invocation of 75, and Pﬁ;l’%) is an arbitrary point after the point of termination of m,. We denote by
al"1""2) the execution between the initial point of a("""2) and point P{"*""2).

The definition of 1-valent and 2-valent points are similar to Definitions 3] with the exception that we
allow the channels the servers to deliver their messages before the invocation of the read operation. We

provide a formal definition of 1-valent and 2-valent points next.

Definition 5.3 (k-valent, k € {1,2}). Fori € {0,1,2,..., M}, a point Pi(vl’v2) in the constructed a§v17v2) is

(vl,v2) v1,V3)
K3

said to be k-valent if we can extend o to an execution B as follows: After Pi(

all the messages from

and to the writer are delayed indefinitely. At Pi(vl’vz) all the channels between the servers act, delivering all
their messages. After the delivery of the messages in the channels between the servers, a read operation starts
and all the components, except the writer and the channels from and to the writer, execute their protocols
until the read operation terminates. The read operation returns vy,.

Results analogous to Lemmas [£.4] and in the Section [ hold, with the modified definition of
k-valent points. We simply restate these lemmas without proofs here for the sake of completeness. The
proofs are essentially identical to the proofs in Section 4

Lemma 5.4. Fori€ {0,1,2,..., M}, a point Pi(vl’vz) that is not 1-valent is 2-valent.

Lemma 5.5. Consider an execution 8 which is an extension of agvl’vz). In 3, after point Pi(vl’v2), the writer
stops taking steps and all messages from and to the writer are delayed indefinitely. A read operation begins

. . (vq,v2) . .
at some point after point P; and terminates in 3.

Then, the read operation returns either vy or vs.

Lemma 5.6. There exists some integer i € {0,2,..., M — 1} such that Pi(vl’vz) is 1-valent and Pi(ill’vz) 18
not 1-valent.
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Lemma [4.8 requires some minor modifications to include the possibility that, between a pair of critical
points, a channel between servers may perform an action. We state and prove the analogous lemma next.

We inherit the definition of critical points from Definition L7l The only change is that the terms 1-valent
and 2-valent points use Definition [5.3] We restate the definition here for the sake of completeness.

Definition 5.7 (Critical points). Let Q, Qo be two points in execution arv2) | The pair of points (Qq, Q)
is defined to be a pair of critical points if there exists a number i in {0,2,..., M — 1} such that

° Ql — Pl_(vlﬂb)7 Qz — Pi($1171)2)7
e (Q, is 1-valent,

e ()5 is not 1-valent.

Lemma 5.8. Let (Qq,Qs) be a pair of critical points of execution alvv2), Then,

(a) the readers, and the channels between the readers and the servers, are all in the same state at point Qo
as at point Qq;

(b) there is at most one non-failing server such that its state at Q, is different from its state at Q.

(¢) among all the channels between the servers, there is at most one channel whose state at Q) is different
from its state at Q5.

Proof. In execution a(vl’UQ), the readers and the channels between readers and servers do not perform any

actions. So these components are in their initial state at every point of the execution, including points @,
and @Q,. This implies that statement (a) is true. We prove (b) and (¢) next. Note that @, and @, are
adjacent points of the execution a"¥2)  There are three possibilities: (I) a channel performed an action
between points Q; and @4, (II) a server performed an action between points Q; and Q,, or (III) a client
performed an action between points ¢; and Q5.

Case I: The channels between readers and servers do not perform any actions in a"1"2) We consider
two sub-cases: (i) a channel between a server and the writer takes an action, or (ii) a channel between a
server and another server takes an action.

Case I (i): If a channel from the writer to server s takes an action, then, for every server in the set
N — {s}, there was no input, internal or output action between @Q; and Q. Therefore every server in the
set N’ — {s}, has the same state at Q; as at Q5. If a channel from a server s to the writer takes an action,
then, for every server, there was no input, internal or output action between ); and @,. Therefore every
server in the set A' — {s}, has the same state at @}; as at Q5. Furthermore, all channels between the servers
are in the same state at Q; as at Q5. This completes the proof in Case I (i).

Case I (ii): If a channel from a server, say s’ to a server, say s takes an action, between @Q; and Q,, then,
every server in the set A/ — {s}, has the same state at @, as at Q5. Furthermore, all the channels between
the servers except the channel from s’ to s have the same state at Q, as at Q;. Therefore (b) and (c) are
satisfied in Case I.

Case II: The proof of statement (b) is the same as the proof of Lemma 5.8 We show statement (c) here.
Suppose server s takes an action between (; and Q5. If the action is not an output action, or if the server
outputs a message onto a channel to the writer, then the states of all the channels between servers are the
same at Q; and Q,. If the action outputs a message on to the channel to another server, say s, then all the
channels between the servers except the channel from s to s’ have the same state at Q, as at Q;. Therefore
statement (c) is true for Case II.

Case III: The proof of statement (b) is the same as the proof of Lemma[p.8 Statement (c) holds because
all the channels between the servers have the same state at (), as at Q. O

We are now ready to prove Theorem [5.1}
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5.3.2 Proof of Theorem [5.7]
Proof of Theorem [5.1l Lemma implies that we can find a pair of critical points (ngl’vz), ngl’v2)) in

execution """ From Lemma B8 we note that there is at most one non-failing server and one channel

that changes its state between ngl’vz) and Qévl’%). Let s denote the non-failing server which changes state

) and Qévl’UQ), if there is one; if not, let s denote an arbitrary non-failing server. Let

between points ngl’vz
s’ be a non-failing server such that the channel from s” to s’ change its state between ngl’%) and ngl’v2),
for some server s”, if there is such a server E; let s’ be an arbitrary non-failing server if there is not.

We know that ngl’%) is the point PZ-(U“UQ) for some ¢ € {0,1,..., M — 1}. We create executions B;”l’%)

(v1,v2) (v1,v2)

i and a; 11 next. The construction of executions

and ﬂévl’%), which are respectively extensions of «

ﬁ;”l’%) and ﬁé”l’%) has subtle, but important differences from corresponding constructions in the proof
of Theorem (1] because, here, we carefully handle the actions of the channels between the servers. After
presenting the constructions of B;”l’%) and ﬂévl’%), we state Claim [£.9] which is analogous to Claim

v1,V3) v1,V2) v1,V2)

Because Qg is a 1-valent point, there exists an execution ﬁ; which is an extension of ag

such that, at point H(vl’UQ), the writer and channels from the writer stop performing actions, the channels
between the servers deliver all their messages, a read operation begins after the delivery of these messages
and returns v;. We denote by Rgvl’%) a point in ﬂ%vl’%) after Pi(vl’v2), after the channels between the servers
deliver all their messages, but before the read operation is invoked.

We now create execution ﬂévl’v2). The execution Bévl’%) follows o“"*?) until point Qévhvﬁ, At point
ngl’UQ), all the channels between the servers act delivering all their messages. For a server jin {1,2,..., N —
1—{s, 3/}, the channels with destination j are at the same state at ngl’”?) as they are at Qg”l’%); these

channels act and deliver their messages in the same order as they do after point ngl’%) in B;(vy,v9). At

point Qéyl’%), server j € N — {s,5"} is at the same state as it was at point ngl’%). Also, at point ngl’%),
server j receives messages in the same order as it does at point ngl’%) in BEUI’%); on receiving each message,

server j takes the same action in Bévlm?) as it does in ﬁ;”l’vz). The channels with destinations s or s" deliver

messages in some arbitrary order, and servers s and s’ perform actions based on the protocol specified by
algorithm A. We denote this point as Révl’vz). It is worth noting that at point Révl’vz), all the channels are
empty, and every server in A — {s, s/} is at the same state as it is at point Rg”l’%) in ﬁ;”l’%). After point
Révl’vz), the writer and the channels from and to the writer do not perform any actions. At Révl’v2), a read
operation begins, all the components except the writer and the channels from and to the writer act in a fair

) is 2-valent but not 1-valent, the read returns v,

manner until the read returns. Because the point ngl’vz
in ﬂ(vlﬂb)

5 .

We now derive a lower bound on the storage cost by showing some properties on server states at points

Rgvlvvz) Révlvvz)

and in executions BYJ“%) and ﬁé”l’%) respectively.

Let §“*2) be an element of [Lcn Sn X N X UpenSy, X N X UyenS, as follows. The first N — f
components of §""2) denote the states of the N — f servers in A at point R{"*"*2). The (N — f + 1)st
component of § (v1:v2) denotes the server index s and (N — f+2)nd component denotes the state of server s
at point R\""2) in o("1%2) The (N — £+ 3)nd component denotes the server index s’ and the (N — f +4)th
component denotes the state of server s’ at point Révlm?) in execution Bévl’UZ). Note that the number of
elements in the set U {5@1v2)Y is at most [Ln [Sil < (N = £)? x (max;ep [Si]).

(v1,v2)EVXV,v1#vq

To prove Theorem .1l we show that, if (v1,v,) and (v, v5) are two distinct elements of the set {(x,y) :
(z,y) €V xV,z # y}, then Gvrwa) £ S22 1f we show this, then it implies that the number of elements
in the set U {5@1v2)} s at least equal to the number of elements in the set {(z,y) : (z,y) €
(v1,v2) EVXV, 01 #vs

5Between qul’%),Qng’%), if there is a server s that changes its state, and a channel between two servers s and s’ that
changes its state, it is easy to show that s € {s,7 s”}. We nonetheless use distinct notation for servers s, s/, s” since it simplifies
presentation.
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V x V,x # y}, which is equal to (|V|) x (|[V| — 1). This leads to the following chain of inequalities:

1T 18al x (N = 1)? x (max |S,[)* = (IV]) x (V] - 1)
neN
neN
2maxlogy |S;] + glogz |Si] > log, V| +log, ([V] — 1) — 2logy(N — f)

which implies the theorem. Therefore, to prove the theorem, it suffices to show that, if (vy,vy) # (Ui,v;),

then §("102) §®17%2) The remainder of our proof is similar to Theorem Il We highlight the main
differences.
Suppose, for contradiction, there are two distinct tuples (v, v5) and (v1,vs) in {(z,9) : (z,y) € VXV, z #

y} and S v2) = §1¥2) We now state a lemma that is analogous to Claim

Claim 5.9. Let §v%2) = §01%2)  Consider the composite automaton formed by the servers, the readers,
the channels between the servers, and the channels between the readers and servers. For k € {1,2}, every

)

component of this system at point R,(Cvl’vz) mn [3,(:1’1)2 is identical to the state of the corresponding component

at point R,(fl"%) in execution B,(fl’%).

Proof of Claim[59. We first consider the case where k = 1. At points R{"*"*?) in g{"1""2) and Rgvi’vé)

in ﬂ%vl’vﬁ, all the channels between the servers, and the channels between the readers and servers are
empty, the readers are in their initial state and the servers in {1,2,..., N} — A have failed. Denoting
= 01,09, ..., GN_Ff T, e state ol every non-failing server s at points ’ m ’ an ’ m
N +}, The state of faili t points R{"""*?) in B"1"2) and R ;
B;”l’%) is respectively equal to the sth component of S“**) and g(vi,v;). Because §("1%?) = g(vi,v;),

every non-failing server is at the same state at R\"""*? in {"0"?) as at Q{""""2) in B{"1""2), This completes

the proof for the case where k = 1.

Now consider the case where k = 2. Let s and s’ respectively denote server indices determined by the
N — f+1st and N — f + 3rd components of S§®iv2) Al the channels, readers and failed servers have the
same state at points Révl’%) in ﬂévl’%) as at Révll’vé) in ﬂévi’vé). Denoting N = {ay,as,...,ax_s}, where
a; < ag,... < ay_j, the state of a non-failing server a; € {1,2,...,N — f} — {s, s’} at points ngl,vz) in
ﬁévl’%) and Qévi’vg) in ﬁévi’vé) is respectively equal to the jth component of S§W1v2) and g(vi,vé). The
states of servers s and s at point Qévl’%) in ﬂévl’%)
N — f + 4th components of S"***2); the states of s and s at ngll’vé) in Bgvi’vé) are respectively determined
by the N — f + 2nd and N — f + 4th components of §@12) Because §*"2) is equal to S}, vh), every

non-failing server has the same state at Ré”l’%) in Bévl’%) as at Révl’%) in Bévl’%). This completes the proof
of the claim.

Proof of Theorem [G1] continued. We now use Claim to obtain a contradiction. Because (vy,vs)
and (v},vs) are distinct, there are only two possibilities: (I) v] # vy,v] # vy, (II) vy # vy, vy # vy, OF
vh = vy, V] = vy, both of which imply that vy # v,. We handle these possibilities separately.

are respectively determined by the N — f + 2nd and

v1,03)

Case (I): vy # vy, v] # vy. We create an execution 7 as follows. The execution 7 follows B; until

point Rg”l’%). From point Rg”l’%) in v, every component except the writer and the channels from and to

the writer follows the same steps of the corresponding component in ﬁ;”l’%) from point Rgvl’%). Claim

implies that v is an execution of algorithm A. In particular v extends agvl’%) such that, the writer

stops performing actions, messages from and to the writer are delayed indefinitely and a reader returns vy,

which is not equal to vy or v;. Therefore v violates Lemma [5.5] and results in a contradiction. Therefore, if
vy # vy, v] # vy, then Gviv2) #* S_Y’(”;’”;).

Case (II): v # vy. We show that the point Qéyl’%) is not 2-valent by constructing an execution ~ that
satisfies Definition 6.8 for k = 2. The execution v follows 8$"""*2) until point R$"*""*). From point R{"*""*
in 7y, every component except the writer and the channels from and to the writer follows the same steps of
(v1,v3)
2

the corresponding component in 3 from point Révl’vz). Claim [£.9] implies that ~ is an execution of
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algorithm A. In particular, v extends agill’%) such that, after point Qévl’%), the messages from and to the

writer are delayed indefinitely, the channels between the servers deliver all their messages, and then, a reader

begins returning vh, which is not vy. However, by Lemma [5.4] and that ngl’%) is not 1-valent, ngl’”?) is
2-valent, and the read of v should return vy, which is a contradiction.
This completes the proof. O

6 Storage Cost Lower Bound for a Restricted Class of Algorithms

In this section, we study a restricted class of algorithms where the write protocols have specific structure.
In our restricted class, the write protocols consist of a fixed number of phases. In the protocols that we
study, there is only one phase where a message containing information about the actual value is sent to
the servers. The formal statement of our assumptions on the write protocol in Section is somewhat
technically involved. However the write protocols of most previous algorithms [IL[4H6LTTLT2,2T] satisfy our
assumptions. After stating our assumptions, we state in Theorem in Section [6.2] a storage cost lower
bound that applies to the class of algorithms that we study. The lower bound of Theorem [6.5]is much larger
than the bound of Theorems [£.1] and £.1] and is close to the costs of previously developed algorithms.

6.1 Protocol Assumptions
We now state three assumptions on the write protocol, Assumptions 1, 2 and 3.

Assumption 1: The state of a write client during a write operation is of the form (v, m, h(v,m)) where
v €V is the value of the write operation, m is an element of a set M, and h(m,v) is the value of function
h whose domain is ¥V x M and range is a finite set.

The set M is referred to as the metadata set of the write protocol of the algorithm. The function h(m, v)
can contain components of the send buffers that depend on the value, and hashed values used for verification
to handle Byzantine adversaries [211l[15]. To describe Assumption 2, we first define the notion of a quorum
system and a phase. A quorum system Q is a collection of subsets of {1,2,..., N}.

Definition 6.1 (Phase). For an arbitrary subset N C {1,2,..., N} and a quorum system Q, a (N, Q)-phase
consists of a sequence of actions at a write client as follows: (i) Send message m,, to server node n for every
n € N. (i) Wait for responses from least one subset of servers in the collection Q. (iii) Perform internal
actions, and finish the phase.

Definition 6.2 (Decomposable into phases). A write protocol is said to be decomposable into phases if, on
the invocation of a write operation, it invokes a phase, and on the termination of a phase, it either invokes
another phase, or terminates the write operation.

We are now ready to state Assumption 2.

Assumption 2: The write protocol is decomposable into phases.

Before we state Assumption 3, we state the notion of the black-box action. Informally, a write client
action is said to be a black-box action if every internal and output action of the client handles the data
values as a black box, that is, actions treat the data object obliviously without regard to the actual value of
the object. We state our assumption more formally next. Recall that the write protocol is specified as a set
of transitions (old-state, action, new-state).

Definition 6.3 (Black-box Action). An internal or output action o performed by a write client is said to
be a black-box action if the following holds: if, for some value v € V,

e the action o is enabled when the client’s state is (m, v, h(m,v)) for some m € M, and

e the action o can result in the transition of the client’s state from (m,v, h(m,v)) to (m’,v,h(m,v)) for
somem' € M,

then, for every value v’ € V,
e the action o is enabled when the client’s state is (m,v’, h(m,v")), and

e the action o can result in the transition of the client’s state from (m,v’, h(m,v")) to (m',v', h(m',v").
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For example, in the ABD algorithm [3], all actions are black-box actions. In particular, if the action of
sending of a value is enabled when the metadata is m for particular value v, then the send action is enabled
for every value v € V. Similarly, in erasure coding based algorithms, if the action of sending a codeword
symbol is enabled in at one state, it is enabled at every state.

Note that a write client’s output actions are send and return. Send actions of a write client are categorized
as value-dependent and value-independent actions.

Definition 6.4 (Value-dependent and value-independent send actions). A black-box send action o that is
enabled during a write operation is said to be value-independent if the message sent does not depend on
the value of the operation. A send action that is not a value-independent send action is referred to as a
value-dependent send action.

For example, in the ABD algorithm, value-independent send actions involve sending query messages to
the servers. Messages sent by value-dependent and value-independent send actions are respectively referred
to as value-dependent and value-independent messages. We are now ready to state Assumption 3.

Assumption 3: (a) All write client actions are black-box actions, and (b) in a write operation 7 in an
execution «, if there is a phase where at least one value-dependent send action is performed, then every send
action in every subsequent phase of the write operation m is a value-independent send action.

In particular, Assumption 3(b) implies that there is at most one phase where the writer sends value-
dependent messages on behalf of a write operation in any execution. We next state our main result.

6.2 Statement of Theorem

We state our theorem for weakly reqgular MWMR registers [22]. Informally a weakly regular shared mem-
ory object is one that supports concurrent write and read operations where, in every execution, for every
terminating read operation m,, there is a subset ® of the non-terminating write operations such that the
operations in {7} U ® UTI look like the execution of a serial variable, where II is the set of all terminating
write operations in the execution.

An atomic register is also a weakly regular register. Therefore, the storage cost of Theorem applies
for atomic registers as well.

In an execution «, a write operation 7 is said to be active at point P if the point P is after the point of
invocation but before the point of termination of 7.

Theorem 6.5. Let A be a multi-writer-single-reader shared memory emulation algorithm that implements
a weakly regular read-write object whose values come from a finite set V. Suppose algorithm A satisfies
Assumptions 1,2 and 3 stated in Section[61, and following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f and the number of active write operations is no bigger than v,
then every operation invoked at a non-failing client terminates.

Then, for every subset N C {1,2,...,N},|N|=min(N — f +v —1,N)

_1 * * *
> 1ogy [S,| > log, ('VL* ) — v logy(N — f+v" —1) —log,(v™!)
neN

where v* = min(v, f + 1).

Corollary 6.6. Let A be a multi-writer-single-reader shared memory emulation algorithm that implements
a weakly regular read-write object whose values come from a finite set V. Suppose algorithm A satisfies
Assumptions 1,2 and 3 stated in Section[61, and following liveness property: In a fair execution of A, if the
number of server failures is no bigger than f and the number of write operations is no bigger than v, then
every operation invoked at a non-failing client terminates. Then

*

MaxStorage(A) > m log |V| — o(log |V]),
TotalStorage(A) > __vN log [V| — o(log |V])
ge(A) 2 T oy los g V),

where v* = min(v, f + 1)
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Figure 4: Pictorial description of the execution for v = 3. by =2,b, = 1,b3 = 3.

The proof of Corollary is similar to the proofs of Corollary in Section M and Corollary in
Appendix [B] and is omitted.

6.3 Informal, Intuitive Proof Sketch for Theorem

For simplicity of exposition, assume A" = {1,2,...,N — f + 2}. For our informal description, we set the
parameter v = 3, and f > v —1 = 2. Our proof of Theorem [6.5] constructs an execution o where the servers
in {N — f+3,N— f+4,...,N} fail at the beginning of the execution. The execution has v = 3 write
operations mq, my, w3 with distinct values vy, vy, v3 respectively invoked at distinct clients Cp, Cy, C3. We
assume that at the beginning of the execution before the invocation of any write operation, a default initial
value vy can be returned by any read operation, and that values vy, vy, v3 are distinct from the default initial
value vg.

Writes 7,7y, T3 are invoked respectively at clients Cy, Cy, C5. Recall that, as per Assumption 3, there
is at most one phase where the clients send value-dependent messages. Operations 7, 79, 73 execute their
protocols in a fair manner until they reach their respective phases where they send the value-dependent mes-
sages. The clients send the value-dependent messages onto the channels, but the channels do not yet deliver
these value-dependent messages. Consider the point P after all three clients send there value-dependent
messages. At point P, the channels from the clients to the servers carry all the value-dependent messages
that can be sent in the execution «, and none of them are delivered to any of the servers.

Now we construct an execution o which extends the execution a beyond point P to a point P’ by
allowing the channels from the clients to the servers act to deliver all the value-dependent messages to the
first N — f servers at point P. After the delivery of the messages, it must be the case that the first N — f
servers store “sufficient information” to return at least one of the values vy, vy or v5. This is because there are
no additional phases where value-dependent messages are sent in o, and so, even if we extend the execution
beyond point P’, the servers cannot receive any additional information related to vy, vy or vs. Furthermore,
if we extend the execution o’ beyond P’ by letting at least one of the operations ;, 7y, T3 complete by
performing the remaining phases, then, because of weak regularity, at least one of the values vy, vy or vg
must be returnable from the first N — f servers after the completion of the operation. So it must be the
case that at point P’ in o/, the servers store sufficient information to return one of vy, vy or vs. Let a; be
the smallest number such that, if the channels between the clients and the first a; servers act after point P
by delivering all their messages, then the first a; servers store sufficient information of value v, for some
b, € {1,2,3}. Note that 1 < a; < N — f. In our execution «, at point P, we let all the channels deliver all
their value-dependent messages to the first a; servers. Denote the point after the delivery of the messages as
P,. Since we chose a; to be the smallest number of servers that contain sufficient information of any one of
vy, Uy, v3, sufficient information of any one of vy, vy or v3 is not contained from any of the first a; — 1 servers
at point P;.

Now we construct an execution o’ as an extension of execution a beyond P; by allowing the channels from
clients {C1, Cy, C3} —{Cy, } deliver their value-dependent messages to servers in {a; +1,a;+2,..., N—f+1}.
After the delivery of the messages, sufficient information of one of the values v,, must be available in the
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first N — f + 1 servers for some by € {1,2,3} — {b;}. This is because, if, after the delivery of the value-
dependent messages in o, server a; stops taking actions, and clients {C,Cy, C5} — {Cy, }, and the first
N — f + 1 servers apart from server a; take actions in a fair manner, then one of the operations 7, my, 73
completes; weak regularity implies that one of the values vy, vy, v3 is returnable from the first N — f + 1
servers. However, note that sufficient information related to v, is not contained in the first a; — 1 servers.
As a consequence, vy, cannot be returnable from the first N — f + 1 servers in o if server a; does not
take actions and we do not allow the value-dependent messages from client C, to be delivered to any one
of the servers {a; +1,a; +2,..., N — f + 1}; therefore a value v,, # v,, must be returnable from the first
N — f 41 servers. Let ay be a number with a; < ay < N — f + 1 such that, if all the channels deliver their
value-dependent messages to the first a; servers and the channels from clients in {C}, Cy, C3} —{C), } deliver
their value-dependent messages to the servers in {a; + 1,a; + 2,...,as}, then sufficient information about
value vy, is contained in the first a, servers for some by # by, b, € {1,2,3}. In «, at point P;, we let clients in
{C1,Cy, C3} —{Cy, } deliver their value-dependent messages to the servers in {a; +1,a; +2,...,a,}. Denote
the point after the delivery of the messages as P,.

Similarly, if we let the channels from remaining client in {C4,Cy,C3} — {C,, , Gy, } deliver their value-
dependent messages at point P, in « to the serversin {as+1,a5+2, ..., N— f+2}, then sufficient information
about the value in {vy, vo, v3} —{vs,, vy, } is contained from the first N — f+2 servers after the delivery of the
messages. At this point, sufficient information about all 3 values is contained in the first N — f + 2 servers.
We can show that this implies that there is a one-to-one mapping from the states of the first N — f + 2
servers to the values in (V — {vy})?, where vy is the initial value. This implies that the storage cost must be
at least N%f” log, [V| + o(log, [V)).

Our proof involves developing an appropriate notion of sufficient information of a value that is applicable
even when each server stores some arbitrary function of the values of the different versions it receives. In
particular, we cannot directly borrow from other work [23], whose notion of sufficient information of a value is
tied to the storage scheme imposed by the model studied. Our notion of sufficient information is crystallized
in a notion of valency that is more general as compared with Section Fl

6.4 Proof

To avoid cumbersome notation, we assume that v < f+ 1 and we prove Theorem [6.5 for N = {1,2,..., N —
f + v —1}. The proof for the general case readily follows from the proof provided here.

To prove the lower bound, we construct a set of executions as follows. Every element of the set is
parametrized by:

e an arbitrary permutation o : {1,2,...,v} = {1,2,...,v},
e an arbitrary collection of numbers a,,as,...,a, € {0,1,...,N — f+v—1}, where a; < ay <...<a,,
and
e an arbitrary collection of distinct values vy, vy, vq,...v, € V.
An execution parametrized by permutation o, numbers aq,...,a, and values vy, v; ..., v, is denoted by
alvovv) (0,a4,...,a,). We assume that v, indicates the default initial value that should be returned by

a read operation in an execution where there is no write operation.

The proof is split into four parts. In the first part, we describe our construction of execution ooV (o,
in Section We also prove a property, Lemma [6.9] regarding the states of the components in execution
a(vf”vl""’v”)(a, ay,...,a,). In the second part, we define the notion of valency tailored to our class of exe-
cutions in Section In the third part, we prove a key property in Lemma in Section In the
fourth and final part, we use Lemma to prove Theorem

Notation: In the sequel, we denote ¥ = (vg,vy,...,v,), where vy, vy,vy,...v, € V. We use the term
value-vector to refer to the . We assume that the components of a value vector are distinct, and v is the
default initial value.
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6.4.1 Description of Execution aﬁ(o, ay,...,a,)

We next describe the execution aﬁ(a, ay,...,a,) for an arbitrary value vector ¥ . In the execution, only
v distinet write clients C4,...,C, € C, act. In particular, for i € {1,2,...,v}, one write operation ; is
invoked at client C; with value v;. For every collection of integers aq, gy ooy ly € {0,1,...,N— f+v—1},
where a; < ay < ..o <ay, and for - every permutatmn o, the execution o (a aq,...,a,) is an extension of an

execution ag. The ﬁnal point of ) is denoted as PO We first describe ao and later describe « (U Ay, ., ay).
We choose arbitrarily a reference value vector @,.; € {vg} x V”. The components of ¥,o; are denoted as

V0, U1 refs V2 refs - - - » Uy ref- Next, we construct execution ag™'. After that, we use our construction of g™ to

describe the execution oy for an arbitrary value vector 7.

Execution oy

Initial point: all components are at their initial states.

The last f + 1 — v servers fail

fori=1tovr do

Operation m; is invoked at client C; with value v; ,.f.
Client C;, the non-failed servers and the channels take steps in a fair manner until the beginning of

a phase R,;, where at least one value-dependent send action is enabled, or until operation 7, terminates

without sending any value-dependent message.

6: If operation 7; is not terminated, client C; performs the send actions corresponding to phase R;,
sending all value-dependent message to the channels. (The channels from the client to the servers do
not yet deliver the value-dependent messages. The client C; does not perform any more actions.)

7. end for

8: The channels between the servers deliver all their messages.

9: The channels from the clients to the servers deliver all the value-independent messages.

Note that in execution ozg’“e‘, until the beginning of phase R; at client C; for any i € {1,2,...,v}, every
action is a value-independent action. The only value-dependent send actions in the execution are the send
actions performed by clients C; in their corresponding phases R;, for i € {1,2,...,v}. Note that these value-
dependent messages are not delivered in the execution ozg. Therefore, from the perspective of the servers,
all the received messages by the final point Pg rf are value-independent messages.

We now describe execution ozg for an arbitrary value vector ¢. In execution ag, the behavior of the
environment, servers, clients, and is the same as in execution «. That is, for every point Pl in agmf, there

ref

is a corresponding point P in ag. If at P there is a write invoked at client C; with value v; ¢ for some

i€{1,2,...v}, then at point P in ag, there is write invoked at client C; with value v;. If at P a channel
or a server performs an action, then at point P, the same channel or server performs the same action. If at
P! a client performs a black-box action o, then at point P, the same client performs the action o such that
it takes the corresponding internal transition as in Definition We next argue that ag is a valid execution
of the algorithm. Since read clients do not act in execution o, we only argue that servers and write clients
conform to their protocol specifications in the execution.

Lemma 6.7. The execution ag is a valid execution of the algorithm for every value vector v.

Proof. The servers, channels and clients in the system are I/O automata. Let A, denote the automaton
formed from the composition of all the servers and the channels between servers. Let A, denote the automa-
ton formed by the composition of all the write clients.

The input to the automaton A, are the messages delivered in the channels from the clients to the servers.
Since only value-independent messages are delivered to the servers in executions ag”f and ag, the inputs to
A, in the two executions are the same. Since the components of A, follow their protocol specifications in
execution aO‘Ef, and the steps of the components in ao, are the same as in execution ao’“f the components
of A, follow their protocol specification in execution ag as well.
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The inputs to components of A, are the messages sent from the servers to the write clients, and the
write invocations. Because the write invocations and the server actions in execution ag, are the same as in
execution ozg*e‘, the inputs to the automaton A, are the same. Since all write client actions are black-box
actions, and since write client steps follow their protocol specifications in ozg*ef, the clients follow their protocol
specifications in execution ozg as well. Therefore, execution ozg is a valid execution of the algorithm. O

It is useful to note that, at the final point Pg of oag, the states of the servers, the channels amongst the
servers, the channels from the servers to the clients, and the metadata components of the client states are
all independent of the value vector. The only components whose state may depend on the value vector are
the write clients, and the channels from the write clients to the servers. The following lemma describes this
property more formally.

Lemma 6.8. For any two value vectors v,7, the state of every server, every channel from a server to a
server or client, and the metadata components of the state of any - wrzter Ce{C,C,,...,C,} at the final

point PO of execution ao is the same as at the final point PO of ao

Proof. Consider a component automaton ¢ the system, which is a server, or a channel from a servers to a
server or a client. We consider four possibilities separately. )

¢ is channel from a server to another server: At point PS7 in ag, as at point Pg in ozg the channel c is
empty. Therefore, for a component that is a channel between two servers, the lemma statement holds.

c is a server: Server c¢ takes the same steps in ag, as in ag,. Therefore the state of ¢ at point Pg in ag is

—/ —

the same as its state Py in ag .

¢ is channel from a server to a glient: If ¢ is a channel from a server s to a client, note that the server s
takes the same steps in ag, as in ozg . Therefore, the inputs to channel ¢ in the two executions are the same.
The steps of the channel are the same in the two executions as well. Therefore, for a component that is a
channel from a server to a client, the lemma statement holds.

¢ is a client C; for some i € {1,2,...,v}: The client C; takes the same steps in ozg as in ong, except for
its final action in the execution. The final action of the execution is either a value-dependent send action, or
an operation termination action. In either case, because all actions of client C; are black-box actions, and
the client C; performs the same action that is performed in aO“f the metadata component of the client C;

after the final action is the same at point PO in ao, as at point PO in ao O
We describe a”(a, ay,...,a,) as an extension of ag. If a; > 1, then at point Pg of execution ag(a, ayy...,0a,),
for every server node n in {1,2,...,a;}, the channels from all the writers to server n deliver their messages.

We denote the point after the delivery of all messages as Pf (0,a1,a9,...,a,). After the delivery of the
messages, the following actions take place:
fori=1toi=v—1do
if a;, 1 > a; then For every server node n in {a; + 1,a; +2,...,a;,1} the channels from every writer
in {C,Cy,...,C,} ={Cs(1),Cpra)s - -, Co(iy} to server n deliver all their messages. We denote the point

after the dehvery of all the messages as Pgrl(a, ay, Qg ..., a,).
end if
end for
Based on the above procedure, note that a server n that belongs to {a; + 1,a; +2,...a;,1} receives value-
dependent messages from all clients except the clients in C, (1), Co(2y, ..., Csyy. Fori € {0,1,2,...,v}, the
portion of the execution aﬁ(a, aq,0as,...,a,) from the initial point until point Pf(a, aq,0as,...,a,) is denoted
as af(a, A1, Ay ..y Q).

The following property is due to Lemma 6.8 and the fact that the only client-to-server channels act after
point Py .

Lemma 6.9. For two value vectors U,T , for any two permutations 0,5 and integers 0 < a; < ag < ...a, <
N—-—f+v—-1and0<a <a, <...a, <N —f+v—1and integers 0 < ig,jo < v, the state of every
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channel from a server to a server or a client, and the metadata components of the state of every writer in
{C1,Cy,...,C,} is the same at point

7
})i (Uaalva’Qv"'aaV)
. . 7 ,
in execution ' (0,ay,as,...,a,), as alt point
17/
Pj[) (Uaalaa2a"'7a’u)

/

. . 7 _
in execution &’ (T, @y, o, ..., G0y).

Proof. Consider a component ¢ which is a channel between two servers, or a channel from a server to a client,
or a write client. The component ¢ has the same state at point

7
‘P'L' (Uua17a27 . '7av)
in execution a’(o,aq,as,...,a,) as at point Py of the execution, since it does not take any steps between
Py and P} (0,a4,as,...,a,). Similarly, the component ¢ has the same state at point
’17,
Pj() (Uua17a2u o '7au)
7 7
as at point Py in execution o’ (7,a;,ay,...,q,)-

Lemma[6.8limplies that if ¢ is a channel between servers, or a channel from a server to a client, then it has

— - _ s
the same state at point Py in execution o' (o, ay,aq, .. .,a,) as at point P in execution ’ (7, @y, @y, .., q, ).
This implies that ¢ has the same state at point

7
})i (U)al7a’27"')al/)
. . 7 .
in execution a’ (o, aq,as,...,a,), as at point
’17,
Pjo (Uua17a27"'7a/l/)

in execution a’ (G,a1,q9,...,Gy).
Similarly, Lemma [6.8] implies that if ¢ is a client, then its metadata component is the same at point

RU (Uaalva’27 . 'aav)
in execution aﬁ(a, ay,as,...,a,), as at point

P]?;) (67617627 s 7611)
in execution a’ (,a,,as,...,a,). This completes the proof. O
6.4.2 Definition of Valency
Consider a collection of distinct values vy, vq,...,v, € V, a permutation o and a collection of numbers
a,ag,...,a, € {0,1,2,....,N — f +v — 1}, where 0 < a; < ay... < a, < N— f+ v —1. For a subset
of write clients Cy C {C},Cs,...,C,}, and 1 < j < v, the point P in execution o' (0, ay,as,...,a,) is said
to be (j,Cy)-valent if there exists some execution 3 which is an extension of «j (0, a;,as,...,a,) such that,

after P in 3,

e the writers in C,, — Cy do not send any value-dependent messages, the channels from the writers in
C, — Cy do not deliver any value-dependent messages, and

e there is a read operation that begins at a reader and completes returning value v;.
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A (4, {})-valent point is simply referred to as a j-valent point. It is instructive to note that a point that
is j-valent is also (j,Cy)-valent for any subset Cq C {C,Cy,...,C,}.

Intuition for the definition of valency: Before proceeding, we provide an intuitive explanation of the
notion of valency. Consider a point P (o, aq,as, . ..,a,) which is (1, Cy)-valent. Intuitively, at such a point,
the servers already have “sufficient information” to retrieve value v;. However, to recover v;, value-dependent
actions from client C5 or the channels from C5 could be necessary. To see this, consider the following scenario:
in the execution some algorithm, at point P, every server stores v; + vy, where the set V is interpreted to be
some finite field, and + indicates the addition operator over the field. In this case, in general, neither value
vy nor value vy is retrievable from the system. However, given value v,, it can be subtracted off and the
value v; would be retrievable. A clever protocol could ensure that the value-dependent messages of client Cy
will be used to subtract v, from a sufficient number of servers to ensure that v, is returnable, even if client
C; did not take any value-dependent actions. In this case the point P’ (a,a;,as,...,a,) would be considered
(1, Cy)-valent.

6.4.3 A Key Lemma
The following lemma is a key component of our proof of Theorem

Lemma 6.10. Let < be a total ordering on V. Given a collection of distinct values vy,vq,...v, € V,
there is a permutation o : {1,2,...,v} — {1,2,...,v}, and a collection of distinct numbers ay,as,...,a, €
{1,2,...,N—f+v—1}, where 0 < a, <ay...<a, <N — f+v—1, such that for every i € {1,2,...,v},

(Z) })1_17(0_, ay — 15 Ao — 17 7 17 Ay Qg 1y -+ au) is (0(7’)5 Cw - {Ca'(l)v Ca’(2)7 ceey Ocr(i)})_valent;

(”) Pig(o'a a; — L, Qag — 1,..., Q;—1— 1, Qi Qjg 1y - -+ av) is not (U(j)vcw - {Ocr(l)v Ca’(2)7 SRR Ca’(i)})_valenta fOT
any 1 <3 <i;

(Z”) if}’f(o’7 al_la a2_1a sy ai—l_la Ay Qi 1y - au) is (U(j)a Cw_{Ca(l)a Oo’(?)a sy Ca(i—l)vca'(j)})_valent
Jor some i < j < v, then v,y < Vg(j)-

In our proof of Lemma[6.10, we use Lemmas [6.11] 6.2 [6.13] and [6.14 which are stated and proved below.
The next two lemmas state properties of the point Py (o, aq,as,...,a,).

Lemma 6.11. If a; = N — f, then, for every permutation o and integers a,,as,...,a, € {N — f,N — f +
1,...N—f+v—1} where a; < ay <

<...a,, the point Plﬁ(a, ay, g, ... a,) is (i,C,, — {C;})-valent for some
ief{1,2,... v}

Proof. Let ay = N — f. Consider an execution  that extends off(a,al,az, ...,a,) as follows. Note that

at point Pf (0,a1,aq,...,a,), all the value-dependent messages from the clients have been delivered to the
first N — f servers. Therefore, for every client C;,i € {1,2,...,v}, its write operation m; has sent its
value-dependent messages, and the channels from the client to the servers have delivered all the value-
dependent messages in the execution; all the send actions enabled on behalf of operation m; are value-
independent actions. In the remainder of the execution (3, the last f servers do not take any steps. The
clients C, Cy, ..., C,, their channels and the first N — f servers perform their actions in a fair manner. Since
algorithm A ensures that every write operation terminates in a fair execution so long as the number of server
failures is no bigger than f and the number of active write clients is no bigger than v, we know that a write
operation 7; completes in 3 for some j € {1,2,...,v}. After the completion of a write operation 7;, the
write clients and the channels from the write clients stop performing actions. A read operation 7, begins
at a reader. The reader and the first N — f servers perform actions in a fair manner until read operation
7, terminates. Because read operation 7, begins after the termination of 7;, and because the algorithm
satisfies weak regularity, the operation returns v; for some i € {1,2,...,v}. The execution j finishes after
the termination of read 7. Thus we have created an execution 3, which is an extension of 04117(0, Ay, A9,y ..., aQy)
such that all the clients and their channels only take value-independent output actions, and a read operation
returns v;. Therefore the point Py’ (o, aq,as,...,a,) is i-valent, and thus is also (i,C,, — {C;})-valent. O

Lemma 6.12. If point Pf(a,al,c@, cooyay) is (4,C, — {C;})-valent for some permutation o and positive
integers j,ay,ag, . ..,a, where 0 <a; <ay<...<a, <N—-f+v—-1, thenay > 1.
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Proof. To show that a; > 1, assume to the contrary that a; = 0. Because the point Pf(a, aq,ag,...,a,) 18
(4,Cy — —{Cj})—vsident, there is an execution § which extends aj (0, ay,as, ..., a,) such that, client C; stops
acting at point Py (0,aq,as,-..,a,), and a read operation m, begins and returns v;. Now, because a; = 0,
we note that point Py (0,a;,as,...,a,) is the same as point Py .

Consider the value vector @ = (ug, uq, us, . .., u, ), where for ¢ € {0,1,...,v} — {j}, we have u; = v;, and
v; & {ug,uq,...,u,}. Note that at point Py, the state of every server, channel from a server to a server
or a client, and client in C,, — {C;} is the same as its state at point Py'. Consider an execution 3’ which

extends ag as follows. Starting from point ng , every component takes the same steps as the component
takes starting from point Pj in 3. Note that client C; takes only value-independent actions after Py in B.
Because Lemma[6.9implies that the state of every component except client C;, and the metadata component

of C; is the at point ng in A" as at point Pg in 3, execution 8’ is an execution of the algorithm. In execution

B', read operation 7, returns v; which does not belong to {ug, t1,...,u,}. Therefore execution B’ violates

weak regularity. Therefore a; > 1. O
The next lemma shows that, informally, the valency of the point Pf(a, aq,as,...,a,) does not depend

on value a;,q,...,a,, o(i+1),...,0(v).

Lemma 6.13. Suppose that a point Pf(a, ay,ag,...,a,) s (4,C {Cg(l 5(2)> - - » Co(s) })-valent for some

permutation o and integers j,ai,...,a, such that 0 < al < a2 .<a, <N-—f+4+v—1. Then the point

P (T,a1,a9, ..., Q;, 01, i, .,q,) 08 ( 7,Cw = 1Cr(1): Co(2)s -+ -5 Cg(i)})—valent for every set of integers

Qiy1,0i40,---a, Where a; < a1 <Gy <. § , <N—f+4+v—1, and every g wherec(l) = o(l),1 <1 <.

Proof of Lemmal6.13. Let Pf(a, ay,ag; - -5 ay) be (4,Cp —{Cyr(1y, Co(2ys - - -, Co(s) })-valent. Therefore, there
exists an execution [ that extends af(a, 1,09, .., a,,) such that, after point Pf(a, aq,as, . ..,a,) the clients
and the channels from the clients in C, (1), Cy(2), - .., Cs(;y do not take any value-dependent actions, and
there is a read operation m, that begins and returns Value v;. Now we construct execution f" which extends

b= _ _
; (Ua ap,Q2,...,0a4, ai+17 ai+27 ety au)
as follows. Note that at point P} (7,ay,as,...,a;, 11,0549, --,a,) every server, channel and client is at
op s . U . v . /
the same state as it is at point P (0,ay,as,...,a,) in aj(0,a;,as,...,a,). In execution B, every com-
ponent performs the same actions as the component does in 3 starting from point P} (o, aq,as,...,a,).

Therefore, after point Piﬁ(ﬁ, ay,00,...,0;, i1, 0549, --,a,) the clients and the channels from the clients in
Cs(1)s Co(2)s - - -+ Uy do mot take any value-dependent actions, and there is a read operation 7, that begins
and returns value v;. Therefore the point

T — — _
})i (Uaalaa2a' .. aaiaai+17ai+27'- '7a1/)

is (j, Cw — {Ca'(l)a 00(2), ey C’U(i)})—valent. O

The next lemma, informally, shows that if a point Pf (0,a1,as,...,a,) has sufficient information of a
value v;, then an earlier point Pl(o,a1,aq,...,a,), k <i, already has sufficient information of v; if we allow
some extra clients to take value-dependent actions.

Lemma 6.14. Let 1 <k <[ < i <w. If a point Pf(a,al,ag,..., ay) s (J,Co = {Co1): Co(2)s -+ Coy })-
valent for some permutation o and integers j,ay,...,a, such that 0 < a; < a2 .<a, < N —f4+v—1,
then for every k <1, the point Py (0,ay,as,...,a,) is (§,Cyp — {Co1), Co2), - - - Cg(k)})-valent.

Proof. Let PP(0,ay,as,...,a,) be (j,Cyp — {C,(1),C,(2),..., Cyy})-valent. Therefore, there exists an ex-

ecution [ that extends af(a, a1, G, ... ,a,,) such that, after point Pf(a, aq,0as,...,a,) the clients and the
channels from the clients in Cy(1), Cy(a), ..., Cy(;) do not take any value-dependent actions, and there is
a read operation m, that begins and returns value v;. Note that for k& < 4, execution 3 is an extension
of a}z(o, aq,asg,...,a,), where, after point Pg(o, ay,as,...,a,), the clients in {C,(1),C,(2),...,C,(k)} and
the channels from these clients do not perform value- dependent actions, read operation m, that begins and
returns value v;. Therefore the point Py (0, a1, as,...,a,) is (j,C {C’U(l), #(2)> -+ » Co() })-valent. O
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We are now ready to prove our key lemma, Lemma [6.10

Proof of Lemmal6.10. We begin by choosing a;,c(1). From Lemma [6.11] we know that the set

there exists an integer ¢ € {1,2,...,v}, a permutation 7, and
_ ., integersay,...a, where 0<a@; <@, <...<ag, < N—-f+v-—-1
A= @i such that P (7,a,,a a (1)
1 070’170’27"'70’11)

s (4,C, — {C;})-valent

is non-empty. In particular, Lemma implies that tuple (N — f,i) belongs to A; for some integer
i€{1,2,...,v}. We choose a; to be the smallest integer such that (a;,%) belongs to the set A; for some zﬂ,
that is

a; = min{a : there exists j such that (a,j) € A;}.

Note that Lemma [6.12] implies that a; > 1. We let
o(l) =arg min v,
M (janeA} 7
where the minimum is according to the ordering <.
Next, we provide a procedure that recursively chooses a; 1 and o(iy + 1) given ay,as,...,a; , and
o(1),0(2),...,0(ig), for any iy € {1,2,...,v—1}. Our choice of a; 1 will satisfy a; < a; 11 < N—f+ig—1.
Let

there exists a permutation @, where 7(j) = o(j) for j < iy, and
integers @;, 41, @; 42, --- @, Where a; <@; 11 <Ty40<...<aq, <N-f+v-1
Aiv1 =8 (@ 41,1) : and an integer i € {1,2...,v} —{0(1),0(2),...,0(ip)}
such that Py (7,01 — 1,00 — 1,...,a;) — 1,@; 11, Tj 10, - -, Ty)
S (i,Cw - {Ccr(l)a 00(2)7 ey Cd(io)’ Cl-})-valent 2)
We show that A; 1, is non-empty. We choose a; . to be the smallest integer such that (a; 41, i) belorggs
to the set A; 4, for some i. We let

o(ipg+1) = arg min Vs,
o 1) {(G:(asy 1.0 €A 11}

where the minimum above is taken according to the ordering <.
To complete the proof of Lemma [6.10} we show that

(a) A;, 41 is non-empty, and a; 1 > a;, 1 <ip <v—1;

(b) P;[))-i-l (Ua a; — 1, as — L..., Qi — 1, Qi1 iy 425 - - - aa’l/) is (U(io + 1)7Cw - {Ca(l)a Oo’(?)a ERR Oa(io—i-l)})_
valent, 0 <115 < v —1;

(C) P;:)+1(O',a1 — 1,@2 — 1,. .. ,aio — 1,ai0+1,a/i0+2,. ..,a/l,) iS not (U(]),Cw — {00(1)700(2)7' "7CU(i0+1)})_
valent, for any j <ig+ 1,1 <iy <v-—1;

. T .
(d) if Pi0+1(aaa1 - 1,&2 - 15 H '70’1’0 - 17ai0+15ai0+25 s aav) 18

(O'(j), C’w - {00(1)7 ey Co'(io)7 Co'(j) })—Valent

for some j > i + 1, then v, 1) < v 0<ig<v—2.

Proof of (a):

We show (a) by showing that there is some integer i such that (N — f 4 iy,7) belongs to A; ;1. More
specifically, we will show that for any arbitrary permutation @ which satisfies 7(j) = o(j) for 1 < j < i,
the point Py 1 (7, a; — 1,ag — 1,...,a; — L,N — f +ig,N — f +ig+ 1,...,N — f+v — 1) is (i,C,, —

o(3)

7Informally, a, may be viewed as the smallest number such that the first a; servers contains “sufficient information” of some
value v;, given the information of all other values.
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{Co1), Co2)s - - s Co(iy)» Ci })-valent for some i € {l, 2,...,v} —{o(1),0(2),...,0(ig)}. To show this, we

construct an execution 3, which is an extension of af 1(@a—1ay—1,..., a;, =1, N—f+ig, N— f+iog+
1,...,N—f+v—1)as follows. After point P, +1(a ar—1,a,—1,...,a;, =1, N=f+ig, N=f+ip+1,..., N—f+
v—1)in B3, the write clients in {Cz(1), Cz(2), - - - , C5(i) }» and the channels from these write clients to the non-
failed servers do not send or deliver value-dependent messages. The clients in C,, — {C5 Cz2)s - -+ Cx(ig) }

the channels from these clients, the non-failed servers, and the channels between the servers contlnue taking
actions in a fair manner. Note that algorithm A guarantees that in a fair execution where the number of
server failures is no bigger than f and the number of active write clients is no bigger than v, every write

operation terminates. From the perspective of clients in C,, — {Cz(1), C5(2), - - -, C5(;,) }, the execution 3 is
indistinguishable from a fair execution. Therefore some operation in {71',,(l 1) T (ig+2)s - - - » T (v) | terminates
in 8. After the termination of an operation 7;,j € {@(iy + 1),5(ig +2),...,7(v)}, all the write operations

and their channels stop taking actions. A read operation m, begins at a read client. The reader, the channels
from and to the reader, and the non-failed servers perform actions in a fair manner until the read operation =,
terminates. After the termination of 7, the execution 8 ends. Because the algorithm satisfies regularity and
because write operation 7; has terminated, the read operation m, returns value v; for some i € {1,2,...,v}.

We show that, in fact, m,. returns v; for some i € {1,2,...,v} — {0(1),0(2),...,0(ig)}. Assume the
contrary, that is, assume that the read operation 7, returns vy, for k € {1,2,...,ip}. The existence of
execution 3 implies that the point Pizﬂ(ﬁ, ar—1l,a,—1,...,a; =1, N—=f+ig, N— f+ip+1,...,N=f+v—1)
is (0(k),Cpy — {Cs(1), Co(2ys - - - Co(iy) })-valent. Lemma [6.14] implies that Pg(&, a; — lay — 1,...,a; —
IL,N—f —|— ig, N—f+ig+1,....,N—f+v—1)is (0(k),Co, = {C01); Co(2), - - - » Co(iy })-valent. Therefore
(ap —1,0(k)) € Aj. This however contradicts the fact that we choose a;, to be the smallest element such
that (ag,j) is Ay for some j € {1,2,...,v} —{0(1),0(2),...,0(k — 1)}. Therefore, it cannot be that =,
returns v,y for some k € {1,2,...,4y}. Therefore, A; 1 is non-empty.

We now show that a; 1 > a; . We know a; 1 > a; . To show that a; ., > a; , assume to the contrary
that a; ;1 = a;,. Because a; 1 € A; ;1 and because we assume a; ., = a; , point PizH(E, a;—1,...,a; —
La;,, @ q1,---,8,) 18 (0(ig+1),Copy —{Cr1); Co(2)s - - - » Co(i)s Co(ig+1) })-Valent. By Lemmal[6.T4 this implies
that point P (G,a1 — 1,...,a;, — 1,0, @y 11,---,a,) is (0(ig +1),Cop = {Cor(1); Co(2)s - - s Cosy) })-valent.
Therefore, (a;, —1,0(ig +1)) € A;,, and contradicts the fact that we choose a;  to be the smallest element
such that (a;,,7) is in A, for some j € {1,2,...,v} —{o(1),0(2),...,0(ip — 1)}

Proof of (b):

Because (a;,,0(iy)) € A; ,1 < iy < v there are distinct integers @; iq,d; 4+2,---,a,, and a permutation
o such that

e 5(j) = o(j) for 1 < j < ig
L4 ai0§6i0+1 SE'LOJ,»QSEVSN_f—l—U_l

such that the point

Piﬁ(aa ay — 17 Qag — 17 R aiofl - 17 aiouai0+1vai0+27 s 761/)
is (0(i0); Coy = {Co(1); Co(2)» - - - » Co(iy) })-valent. Using Lemma [6.T3] we conclude that the point
R;(U a; — 1 a2_17"'5ai0—1_laaioaaio-l-lv'-'aal/)
lS (U(Zo) {C 1)7 2)7 ceey Og(io)})—valent.

Proof of (c):

If pOint ‘P;(})Jrl(o' ay; — 1 N 1,.. <y Qg — 1 ) Ajy+1, A 10+27 Y ) ( (.7)7 Cw {Ca'(l)u 00(2)7 B Ccr(iOJrl)})'
valent for j < iy + 1, then by Lemma [6.14} the point P} Yo,ay —1,a9—1,... s = 1,0, 11,05 40, 50,) 18
(0(5):Co —={Cs(1), Co(2)s - - -, Co(j) })-valent. However, thls implies that (a; —1,0(j)) € A;, which contradicts
the fact that a; is the smallest integer among all the integers such that (aJ, k) € A;. Therefore H 11(0,a1 —
Lay—1,...,0a; — 1,&110“, io42s -5 ay) s Mot (0(4),Cop = {Co1y; Co(2)s - - - U(lo)}) -valent, for any j < ig.

Proof of (d): If P} 1 1(0,a1 — 1,00 — 1,... a;) — 1,05, 41,05, 42, .., a,) is

(0(5):Cor = {Co1ys - - -+ Co(iy)s Co(y) })-valent
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for some j > iy + 1, then (a; 41,0(j)) belongs to A; 1. Because (a; 41,0(ip + 1)) also belongs to A; 1,
and because we chose
o(tg +1) = arg min ,
(O ) {(aiy+1,k)€A; 11} Uk

we have v, ;) 11) < Vo(j)- ’

6.4.4 Proof of Theorem

Recall that S,, represents the set of possible server states of the nth server. Let §f (0,a1,a9,...,a,) denote
the N — f + v — 1 dimensional vector in the set HN UL S,,, whose jth component denotes the state of
server j at point

v
Pi (Uva’laa2a"'aal/)
in execution
7
aj(0,a1,a0,...,a,).
For a given vector ¥ = (vg,vy,...,v,) € V’, let permutation ¢ and distinct integers aj,...,a, satisfy

the conditions of Lemma [6.10] as per a total order < on the set V.
Let vg € V be the initial value , and

Vo = {(vg, 01, --,0,) : 01, 09,...,0, €V — {vy} are distinct}.
We show that there is a one-to-one mapping from tuples of the form

17(11
v

L

»—-cu
Mcu
S

R S
~—
=

7&(Uvaa/ll)uagu'-wa:ﬁuss(o—vual{uagu'-'7a11j))- (3)

The one-to-one mapping implies that the cardinality of P x {1,2,..., N — f+v — 1} X HN Frv—l S,, must

be no smaller than |V;|, where P represents the set of all permutatlons on {1,2,...,v}. ThlS implies that
N—f+v—1 |V| -1
CRCEVETEEENS | (TR (e
n=1

which implies the statement of the theorem.

To complete the theorem, we show the relation stated in [B). We provide a proof by contradiction.
Consider two distinct vectors @ = (vg, uy, . . .,u,) and ¥ = (vg, vy, ..., v,) which violate [@B]). Let o = ol =57
and a; :af:af forie{1,2,...,v}.

Since 4 # ¥, we know that there exists an index ¢ € {1,2...,v} such that u; # v;. Let iy be the largest
element of {j : uy(;) # Vo(;) }- Note that if j > ig, we have u, ;) = vy(j). Also, ug(;,) # Vo(s,)- This implies
that either uq(; ) < Vg (i) OF Vg(iy) < Uo(i,)- Without loss of generality, we assume that v, ) < us(,). We

next use Lemma [6.10 to show that u, ;) = vg(io) which is a contradiction.
Because the point Piz (0,a1—1,a0—1,.. —1,a;,,0,,41,---,a,) 18 (0(i0), Co—{Co(1), Coqrys - -+ » Co(ig) })-

. . / .
valent, there exists an execution 5° which extends
T
Ozio(a, a; — 1, a9 — 1, ey aio_l - 1, aio, aio_,_l, ey CLV),

such that after P° S0y =1 ay—1,...,a;, —1,a;,,a; 11, --,a,) the clients in {C, (1), Cr(2), - -+, Oy, } and
the channels from these clients do not take value-dependent actions and there is a read operation that begins

and returns v, (; -
We compare the component states at two points: point Piﬁ (6,07 —1,a9—1,...,a; —1 alo, iot1 s Oy)

. . / . .
in execution 8° and point P} (a ay —lyay—1,...,a; —1,0;,,a; 41, ..,a,) in execution a; (0,a; — 1, a9 —
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L. a;-1—1,0;,a; 41, -.,a,). Because §E = §E, the state of a server at the first point is the same as its
state at the second point. From Lemma [6.9, the metadata components of the state of any write client and
the state of every channel from a server to a server or client are the same at both points. Finally, because
Ug(j) = Vo(y) for all j > iy, and the clients in C,, — {Cy(1), Cy2), - - -, Co(iy)} have the same state at both
points. . .

We now create an execution § that extends O‘Z) (0,a1,a9,...,a,) as follows. Starting at point P;é (0,aq —
Liag—1,...,0; —1,a;,,a; 41, ,a,), every client, server, and channel takes the same steps in 3 as it takes

starting from point P;’; (0,a1 — l,a — 1,...,a;, — 1,a,,,0; 41,---,a,) in B'. Note that every component

except the clients in {Cy(1), Cy(2),- -+ Co(sy)} and the channels from these clients have the same state at

point P} (o,a; — 1,a9 - L,...,a;, — 1,a;,a; 41,...,0,) in § as at point P} (0,aq — 1,a5 — 1,...,0; —
L,a;,,0a, 11, --,a,) in . The metadata components of the states of the clients in {Cy (1), Cy(2), - - - Co(ip) }
and the metadata messages in the channels from these clients are the same at the two points. Because

clients in {Cy(1), Cy(2),- - -, Cp(iy)} and the channels from these clients only take value-independent output

actions after point P;f) (0,00 = Liag = 1,...,a;, — 1,0;,,a; 41,---,a,) in B, B is a valid execution of the

algorithm A. Thus, we have created an execution 8 which is an extension of afo (0,01 —l,as —1,..., a;, —
La; ,a; 11, --,a,), where, after point P;z (0,00 — L,ay — 1,...,0a;, — L,a;,,0; 11,...,a,), the clients in
{Co1), Co(2ys - - s Cosy) } and the channels from these clients do not take any value-dependent actions, and
a read operation begins and returns v,; ). Because the algorithm is weakly regular, we must have v,(; ) €
{vo,ur, ug, ..., u, }. Furthermore, v,y 7# vy since we assume that the components of ¢ are distinct. So,
there exists an integer jy in {1,2,..., v} such that v, = U (jo)-

The existence of execution 8 implies that the point Pfé (0,a1 —Lay—1,...,a; = L,a;,,0, 41,---,a,), is
(0(J0); {Co(1)s Co(2), - - - » Co(iy) })-valent. Statement (ii) of Lemma G.I0 implies that j, > 4y. Statement (iii)
of Lemma implies that if j, > ig, then u,(; ) < u,(j,). However, we started with the assumption that
Us(jo) = Vo(iy) = Uo(iy)- Lherefore, it cannot happen that jo > iy, and we conclude that jo = i, v,(;,) =
Uq(iy)- This contradicts our assumption that v,(; ) # Us(;,)- Therefore, (3] must be true. This completes the
proof.

6.5 Conjecture related to Theorem

The assumptions of Theorem do not apply to some algorithms [2L[15]. These algorithms send value-
dependent messages in two phases. In one of the two phases, the algorithms send erasure coded elements
corresponding to the value. In the other phase where value-dependent messages are sent, a hash of the value
is sent. The hashes are used for verification of the client’s integrity, which is important in [2,[15] as the
algorithms in these references handle Byzantine failures. We believe that it may be possible to generalize
our result of Theorem [6.5] with Assumption 3 (b) modified as follows:

e the algorithm has a bounded number of phases, and
e there is at most one phase where a value-dependent message of size ©(|V|) is sent.

The above restrictions imply that, even if there is more than one phase where value dependent messages are
sent, the value-dependent messages in the additional phases do not carry much information about the value.
The above restrictions would cover algorithms of [2[15], and we conjecture that the lower bound of Corollary
bound still applies.

7 Concluding Remarks

This paper was motivated by the following open question (see Section 2)): Does there exist an atomic
shared memory emulation algorithm whose storage cost is smaller than VNL_f log, |V|, where v represents
the number of active write operations? This question remains open. The insight obtained by our bounds
in conjunction with the result of [23] is summarized here. If there is an algorithm whose storage cost is
g(v, N, f)logy |V| + o(log, [V]), where g(v, N, f) is some real-valued function of parameters v, N, f then

i g(Vvaf)ZNE—]l\f]_kg7
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N then

b Ifg(l/,N,f)<m,

— the writer sends its value in multiple phases to the servers, or
— the writer’s state may not separate the value and the metadata, or

— during a write operation, the writer can take non-black box actions;

e If, for a given values of parameters N, f, we have g(v, N, f) < f + 1 for all values of v, then, in certain
executions, the servers store symbols which jointly encode values across different versions.
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A Discussion on the Storage Scheme Assumption of [23]

For the sake of technical clarity and completeness, we provide a discussion on the storage scheme assumption
of [23]. Reference [23] assumes that every stored bit is associated uniquely with a value of a write operation.
However, this assumption is restrictive, and the storage cost lower bound proof of [23] may not be applicable
for arbitrary storage schemes.

In fact, a critical idea in the proof of [23] is the following. If at a point P in an execution of an algorithm

A,
e 1o value from {v,vy,...,v,,} CV is returnable from a set of servers,
e if there is a value v; € {v,v,,...,v,,} such that no server stores a single bit of the value, and
e after a single step of the execution, some value which is not necessarily {v;, vs,...,v,,} C V is return-
able,

then the number of bits stored in a server must increase by log, |V| bits in the step. However, this is true
only for specific storage schemes, but may not be true for arbitrary storage schemes. We show this via a
counter-example.

Let V be a finite field of 2™ elements for some integer m. Note that every element of V is an m-bit vector
over the binary base field. Let v, vy, v3 € V be three versions of the data object associated with three write
operations in an execution of an algorithm. Suppose that, in some algorithm A, because of structure of the
server protocol, there are two servers which both store v; + vy + v3 at some point P of an execution. It is
impossible to associate a bit stored at the servers with a single value. Note that a reader which accesses only
the two servers cannot recover even a single bit of vy, vy, v3.

For argument’s sake, suppose that the bits stored are associated with none of the values. Note that none
of {v;,v,,v3} are returnable from both servers. Now, imagine a single step, where the first server receives
a message that contains v, and, after the receipt of the message, stores v; + v3 at point P’. Then a reader
which can access the bits stored in both servers can recover vy by simply subtracting the contents of the
two servers. However, the number of bits stored in the servers did not change in the step! Thus the proof
method of [23] would not be generally applicable to algorithm A.

The proof technique of [23], in fact, applies when versions are encoded separately. For instance, if a server
that receives information from three values vy, vy, v3, and stores information of the form (f; (v1), fa(va), fa(vs3)),
where f1, fo, f3 are three arbitrary functions. In this instance, every stored bit can be uniquely associated
with a write operation.
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It must be noted that the algorithm A considered in this section is hypothetical. We do not know whether
we can construct meaningful algorithms that can encode across different versions. Our storage cost lower
bound of Theorem suggests that even if such an algorithm can be constructed, there would be little
benefit from a storage cost perspective if the writers send values in a single phase.

B A Simple Information-theoretic Lower Bound

In this section, we provide a simple information-theoretic lower bound on the storage cost incurred by any
distributed shared memory emulation algorithm. We describe the lower bound in Theorem[B.Il The theorem
leads to lower bounds on the max- and total-storage costs, which are stated in Corollary[B.2l After stating
Theorem [B1] and Corollary [B.2] we provide an informal description of the proof of Theorem [B.1] followed
by a formal description.

B.1 Statement of Theorem [B.1

Theorem B.1. Let A be a single-writer single-reader shared memory emulation algorithm that implements a
reqular read-write object whose values come from a finite set V. Suppose that, in algorithm A, every server’s
state belongs to a set S. Suppose that the algorithm A satisfies the following liveness property:

In a fair execution of A, if the number of server failures is no bigger than f, f > 1, then every operation
invoked at a non-failing client terminates.

Then, for every subset N C {1,2,..., N} where [N|=N — f,

Z log, [S,,| > log, [V
neN

The above theorem naturally implies a bound on the total- and max-storage costs as demonstrated in
the following corollary.

Corollary B.2. Let A be a single-writer-single-reader shared memory emulation algorithm that implements
a reqular read-write object whose values come from a finite set V. Suppose that every server’s state belongs
to a set S in algorithm A. Suppose that the algorithm A satisfies the following liveness property:

In a fair execution of A, if the number of server failures is no bigger than f, f > 1, then every operation
invoked at a non-failing client terminates.

Then
1
MazStorage(A) > ?\7g2_|];|’ and
N1
TotalStorage(A) > %}w.

Proof of Corollary[B.2. We assume, without loss of generality, that |S;| < |S; < ... < |Sy|. From Theorem

B we have
N-f
> log,y [S,] > log, V.
n=1
As a consequence, we have logy [Sy_¢| > m]\gﬁ_ij\' Therefore, we have {max N logy |S,,| > logy [Sy—_f| >
ne{l,2,...,

1
M. Furthermore, we have log, |S,,| > % for everyn € {N—f+1,..., N}. This implies the following

N—f
chain of relations.
N N
Z logy [S,| = logy V] + Z logy |5, |
n=1 n=N—-f+1
1 N1
Z 1Og2 |V| + f 0g2 |V| o 0g2 |V|

N—f N—f

35



This completes the proof. O

We now prove Theorem [B.1]

B.2 Informal Proof Sketch for Theorem [B.1]

Intuitively, the above theorem can be understood as follows. Consider any subset ' C {1,2,..., N} where
IN| = N — f. Consider an execution of the algorithm A where servers {1,2,..., N} — A fail at the beginning
of the execution. After the servers fail, a writer writes value v in the system and terminates. Because the
algorithm is regular, any reader that begins after the termination of the write must recover the last written
value v from the N — f servers in /. Since the state of server ¢ belongs to S, the total number of possible
configurations of the states of the N — f servers in N is Hf\;f |S;]. Since the value v can be any element of
the set V and the reader must recover the value through messages exchanged with the servers, there must be
a one-to-one mapping from the set of values to the set of server states. Therefore, we need [, 1S, | > [V,
which implies the result of Theorem [B.1l We provide a formal proof below.

B.3 Formal Proof of Theorem [B.1]
Proof of Theorem[Bl Consider any subset N' C {1,2,..., N} where |[N| = N — f. We construct |V|

executions of the algorithm. In particular, for every value v in V, we construct an execution o) of the
algorithm as follows. In a(v), the f servers in {1,2,...,N} — N fail at the beginning of the execution.
The servers in A do not fail in a(”). After the f servers fail, a write operation with value v begins and all
components take turns in a fair manner until the write operation terminates. Since, in a fair execution of
algorithm A where the number of server failures is at most f, any operation invoked at a non-failing client
eventually terminates, we can ensure that the execution can be extended until the write terminates. Let
), all the channels in the system act, delivering
all their messages. Let P™) be some point in o) after the channels deliver their messages. At P(U), the
write client fails. At some point after P(U), a read operation begins and all the components in the system

take turns in a fair manner until the read terminates. Because the read client does not fail, and because
(

P™) be some point after the termination of the write. At P

the number of server failures is f, the read operation terminates in « v). The execution o'”) ends after the
completion of the read operation.

For j € N denote the state of server j at point P, We denote by S, the tuple (Sj(-f), SJ(-:), . SJ(-;)#)

of server states, where N' = {41, a,...,Jn_s}, and j; < jo < ...jy_;. Note that S is an element from
the set [],,c - Sn- To complete the proof of the lemma, it suffices to show that for two distinct values v, v’ in

V, we have §) S This is because §) # g implies that there are at least [V| elements in [, .\ Sy
which implies the theorem statement owing to the following chain of relations:

I 8.1 =i
neN

= Z logy |S,,| = log, [V
neN

So, to complete the proof, it is enough to show that for distinct values v # v’, we have 5@ #+ S (v/).
Assume for contradiction that there exist two different values v # v’ such that SV =g (”/). We create an
execution (3 of the algorithm where the operations are not regular, which would contradict the assumption
that the algorithm is regular and complete the proof. The steps of £ are identical to the steps of execution
o) until the point P™ in o'”. Consider the composite automaton that includes the servers, the readers,
the channels amongst the servers, and the channels between the readers and the servers. The state of every
component of this composite automaton at point P® in o is the same as the state of the corresponding
component at point P in o). This is because at both P® and P(U,), all the channels are empty, the

servers in {1,2,..., N} — A have failed, and the state of any server from A is the corresponding element of

g(v), which is equal to 5:(1/)' In 3, after the point P(v)7 all the components follow the steps of the execution
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is after the termination of the write

), we infer that a
(")

a(v,). Clearly B is an execution of the algorithm A. Because pW

) and because 3 is identical to a(*) until the point P
)

operation that wrote value v in «

’
. . . . . /an
write operation wrote value v in 3. Because a read operation begins after P and returns v’ in a , and

because every component follows the same steps in execution 8 as in execution a(v,) after point P(”,)7 we
infer that a read operation begins in /3 after the termination of the write and returns value v". If 3 is regular,
this read operation is serialized after the write operation in 8. Therefore, the read operation should return v.
However it returns v” which is not equal to v. Therefore /3 is not regular, which contradicts the assumption
that the algorithm is regular. Therefore, for any two different values v # v’, we have g #+ g(v/). This
completes the proof. O
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